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Herbert f'·1assmann * * and John 0. Rasmussen 

Lawrence Berkeley Laboratory,U. of Calif.; Berkeley,Calif. 

November 8, 1974 

Abstract 

A new semiclassical approach, which can be derived from 

Feynman's path integral formulation of quantum mechanics, is 

applied to multiple Coulomb excitation for backward scattering 

angles! The basic features of this method are that the dynamic 

of the problem is treated completely classically (that is, one 

solves classical equations of motion) but the quantum mechani

cal superposition principle is retained by evaluating a phase 

along the classical trajectory and adding probability amplitu-

des for indistinguishable processes rather than probabilities 

themselves. One finds even a quantitative agreement with the 

· conventional De Boer - Winther code. The limit of sudden colli

sion ( ~ =0) for !~00 ( 'e = Sommerfeld parameter) is evaluated 

analytically and is in very good agreement with results publi

shed for this case. 
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I. Introduction 

With the r0~ent availability of heavy ion beams at nuclear 
• 

researc~ energies, a new interest has arisen for semi-classical 

1r theorettcal metb0ds to ex-nlain the experimental results. For hea-

• 

vy ion scattering, counled-channels quantum-mechanical calculations 

ere be~rond the capability of rno<:l ern computers. 

In this 1'aner \'le wish to renort on our exnloration of uniform 

sernicla.;;sical·a:nproximation (USCA) orbital methods of the type de-

velovod an~ applied in recent years to molecular scattering and 
~-3) 

reaction problems -.In this method one uses the classical equa-

tions of motion to generate the semi-classical an:nroximation to 

the time-independent quantum mechanical S matrix. 

In the usual semiclassical approximation m~thods one treats 

the motion of the nrojectile classically, i.e. the radius vector 
~ 

r of the relative motion is ajssumed to be a well-defined function 
...Jt. 

of time r(t). The interaction between the target and the projecti-

le is treated quantum-mechanically, i.e. by solving the time-de-

pendent Schr6dinger-equation for an initial co~iition corresponding 

to the target nucleus in its ground state and numerically integra-

ting the coupled-differential enuations until a later time, when 

the interaction becomes negligible. A problem arising in this tYlJe 

of calculation is accountin~ for the effect the inter~ction has 

on the orbit of the projectileJwhich during the collision trans

fers energy, angular momentum or mass to the target. Some effort 

in qoJ.ving this nrnblem has recently been made for the case of 
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Coulomb Excitation 4-). In the USC_~ method however, this problem 

does not exist since one treats the dynamics of the system cla

ssically and solves this exactly. In the n~ocess of extracting 

the S matrix elements (or the excitation probabilities) hm¥ever, 

one retains the quantum-mechanical superposition principle. 

Section II presents the general e~uations of the USCA me

thod. In this paper we will illustrate the USCA method for back

ward scattering ( .R,in=O) from an even-even defo,....med target, at 

energies belo"'' the Coulomb barrier. The equations of motion 

and the excitation nrobabilities for this ex:ample are 'tiritten down 

in Section III. In Section IV the results of the numerical cal

culations are presented and discussed. 

• 

.. 

ff 
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II Theory 

The theoretical basis of the USCA orbital method has been 

given in great detail by i'1iller '1) ,3) and in its application to 

nuclear physics in refs. 6,8), therefore we will give here only 

the results, referring to those papers for details. 

Let r and Pr be the radial translational coordinate and 

momentum, and q and n the action angle variables describing cla

~;sically a given "internal" degree of freedom of the system. The 

action variable n is the classical counterpart of the quantum 

number for this degree of freedom. The S matrix describing the 

transition betv.reen the 11 quantum" ·states n..,, n2 is then given by: 

( 
9'5f (v\nL)) 

'd n 1 onz.l 
where the phase ~ is given by: 

-t, ~ .foO 

{; j ( r-P .. + ~n) Jt 
t." -I - t:IO 

(1) 

(2) 

The sum in equation ( '') goes over all possible classical paths 

that conserve energy and are such that n(t1 )=n.., and n(t2 )=n2 • 

To find the paths, one solves the classical equations of motion 

for all possible initial conditions consistent with the restric

tions mentioned above. Then one selects those values of q for 

which n(t2 )=n2 • The phase along this path is called ~Cn..,,n2 ). 
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The equations ('1) and (2) are usually derived from Feyn-

man's path integral formulation of quantum mechanics. The semi

classical limit of matrix elements of quantum mechanical opera

tors is found by invoking the stationary phase method to evaluate 

integrals. In the limit -/1~0 the equations ('1) and (2) become 

ex~lct. Finally, we would like to ment~on that the periodicity 

of the angle variable q has as a consequence that .Ll n= J n2-n1} 

has to be an integel"'. 

... 
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III Application to Coulomb Excitation 

We will consider here only the case of backward scatte

ring from an even-even d·-~formed target at energies below the 

Coulomb barrier. By far the most important effect will then be 

Coulomb excitation. This is not of pure academic interest since 

in Coulomb excitation experiments one usually .measures at back

ward scattering angles, since at those angles the excitation 

probability of high spin states is highest ( as long as the cen

ter of mass energy is below the Coulomb barrier ). In Table I, 

one can compare results, computed with the De Boer - Winther5) 

semiclassical code for multiple Coulomb excitation, for the ex-
o 

citation probabilities at two different angles a cm=180 and 
. 0 

e cm=165 for 40Ar on 238u at Elab=170.0 MeV ( e cm=165 ·cor-
responds to 162.0° in the laboratory). The difference of the 

excitation probability between th~e two angles is small compa

red to the variation of the excitation probability with spin 
0 

and therefore excitation probabilities at 180 are useful to 

interpret experimental results at backward scattering angles 

( which are usually not results corresponding to exactly 180° 

because of experimental reasons ). 

If the projectile moves in on the target with zero ini~ 

tial impact parameter, then classically the collision takes 

place in a plane (defined by the projectile and the symmetry 

axis of the target), and only two degrees of freedom are rele

vant. In this case therefore,- one can use theUSCA method to 
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solve a much simpler planar problem and then, by properly weight

ing the probability amplitudes, obtain the backward scattering 

excitation probabilities for the 3-dimension~l problem. 

a) Equations of motion. 

Let the z-axis be the initial beam axis and let 8 , (3 
be the azimuthal angle of the projectile and the symmetry axis 

of the target, respectively. It is convenient to introduce the 

angles (see Fig. 1) 

x = f>~ e 

t=~-~-e 

(3a) 

(3b) 

If r is the distance between the nuclear centers and Pr, p~, Py
are the canonically conjugate momenta to the generalized coordi

nates r' X' r then tve can write the classical Hamiltonian for 

the system as: 

(4) 

Here we have explicitly made use of the fact that iin=O and 

that initially the rotational angular momentum of the target is 

zero (ground state of an even-even nucleus), i.e. that the total 

angular momentum J=O and this implies that pJt(t)=O. In the ex-

• 
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pression for the Hamiltonian m is the reduced mass of the target

projectile system, ;t is the nuclear moment of inertia of the tar

get, ZT' Zp are the charge numbers of the target and projectile 

respectively and Q~2 ) is the intrinsic quadrupole moment of the 

target. This Hamiltonian does not take into account any inter

action between the target and the projectile due to the nuclear 

force nor any higher electric and magnetic multipole moments. 

Also we are not taking into account any excitation of the pro

jectile nor any excitation of the target besides the excitation 

of the collective rotational degree of freedom. The electric 

intrinsic quadrupole moment Q( 2 ) is defined by: 
0 

Q (.2) = 1 !1W 
0 vs 

with 

~.l.D 
e 

where g> (.!:) is the charge density of the target. 

(5) 

(6) 

The Hamiltonian depends only on two coordinates and their 

canonical conjugate momenta. The four equations of motion are: 

v - (7a) 

~ ((.OS X) ( 7b) 
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• ( 1 , 
)rz X - + m ,_... :z. 'l 

z. z 0 (2.) Q ~ ( (Ds;t). Pz 
p e o 

=- -
2r 3 'dX 

If one is interested in the angles ~ and e , then the value 

of f has to be known, which can be found by integrating 

Another quantity of interest is the phase ~ \l>lhich is in this 

case: . -t 

<P = - ~ J t r B- + X fx ) cit 
t.~ 

The differential equation for g? is therefore 

(7c) 

(7d) 

(7e) 

(8) 

(9) 

The eqs. (7) are integrated numerically with the initial 

conditions: 

(9a) 
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p,__ - v2W> ( EG.,- zr;:e~} (9b) 
c.. 

XL· = ~, ( cu--bdr-c.ry) (9c) 

fx. - 0 (9d) -(; 

t: - fo (9e) 

~- - 0 (9f) -(I 

The initial distance, ri' was taken to be 20 times the distance 

of closest approach. The quantity p~ is the classical angular 

momentum of the target; the rotational energy of the planar ro

tor is given (classically) by: 

E= (10) 

One of the advantages of this orbital method is the ease 

of including other terms in the interaction potential. In s6me 

cases a hexadecapole potential 

Z 
.2 n u~) 

p e Yo ( 11) 
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was used \'I here Q~4) is defined by: 

(4) 16 1r ~lfc7 
Qo --

--~ e 
( 12) 

For energies below the Coulomb barrier it is also easy to in

clude the exponential tail of the real nuclear ·potenti-al ~-d so 

get the nuclear-Coulomb interference in this case. However, when 

the energy is above or close the barrier top, the complete nu

clear potential has to be used. The orbital method for complex 

potentials (with complex trajectories),was reo~ntly applied to 

heavy ion elastic and inelastic scattering 6 ' 7). 

b) Excitation Probability. 

Integrating the equations of motion with the initial con

dition X= (!:>o for various values of 

function .IC ~0 ) is found, v1here I 
the integration. 

{6fl , the "quantum number" 

is the value of p ,X after 

The target nucleus has, besides the azimuthal symmetry, 

also a reflection symmetry. This symmetry has as a consequence 

that only even spins I can be excited and one needs to consider 

only roots in the interval [o, 7T/2] ; also in the expression 

for the S matrix the factor 8/i?r instead of 1/2i71 appears in 

the preexponentia,l factor. 
I 

For I ~ I one has t\'IO real roots to the equation 
~ max 

t\ 

I ( ~.) = 1 ('13) 

.. 
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in the interval [ 0, i( /2 ] • Let's call the two roots ~1 and 

~ 2 • The S matrix is then: 

5 = Y~! (;;~Ir1 e<iP1 + -7r~ (a~.z:Ir}, e"~z (14) 

where ~ is given by (2). lvriting it in a different form: 

( 15) 

Using 

( 16) 

and introducing the definitions 

~ 
Lf ( 1-1 s 10) 

= 
71 I ( ;~~U I 

( 17) 

51 = ~((~JJ ( '18) 

(and similarly for root 2) one can \'lri te the S matrix in a more 

useful form: 
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The factor (1- b10 /2.) appears in eq. (17) because the "phase 

space" of initial orientations leading to I=O is half as large 

than for I fo. 
The square of this S matrix can be interpreted as an exci

tation probability for backward scattering angles, so we have 

what is called the primitive semiclassical expression: 

(20) 

where 

(21) 

The USCA method can also be used to obtain excitation pro-

babilities to final states with I > I 2 '3) · For I> I max • max 

there are two complex solutions (one conjugate to the other) to 

·the equation I(P~}=I, also the two phases ~1 and p2 become 

complex conjugate of each other. 

d). - ~R r (.... ~I vif~ <PI ~0 -1 

(22) 

~2 - (" 

Let's note that root 1 is defined as the one with positive 

·i-
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imaginary phase. The S matrix in this case is: 

5-
-~ I 

0 e (23) 

Vlt .( 'dl )' 
2~ . 'd(3t# 1 

Only one root contributes to the S matrix. If the other root 

were present one would have a contribution from that root which 

is exponentially increasing with I, which is unacceptable from 

physical grounds. 

For the excitation probability we find 

(24) 

c) Uniform Semiclassical Expressions 

For I close to Imax the equations (20) and (23) do not 

represent at all a good approximation to the excitation probabi

lity ( one has dl/;;y'J~o and p1 and p2 ~ oO ) • The origin of 

t4is difficulty lies. in the fact that in this case the two roots 

# ... 1, ~ 2 become very close and then the evaluation of the inte

grals,_ in the derivation of the equations of se.ction II, by the 

stationary phase approximation has to be modified. This difficul

ty disappears when the so called uniform semiclassical expres

sions are used: 

P.~nv = rr fZ { ( 11f + (If r A/ (- 2 ) + 

+ ( fP,' -l{Ff r B/( -z)J (25) 

I~ I....,.)( 
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and 

.2. 

Ai ( z ) I > I p.ct.)( (26) 

where Ai and Bi are.the Airy functions, and z is given by: 

(27) 

A rigorous derivation of these equations is possible 2). Using 

the asymptotic expression for the Airy functions one can show 

that eqs. (25) and (26) approach eqs. (20) and (23) when frl 
is not close to I max• 

Equation (26) is not easily applied. To obtain ilg? with-

out integrating the equations of motion with complex variables 

one has to approximate I(~) 
bic about f3max and this leads 

2. (--¥) 
Pvni. 4- A0 

~ 

19Xf I ~ 

A d(bo 
with 

lli - I I I - I ~A)C 

A - ( 'dJ.IrJ~#.') '"QX 

as a quadratic and ~ as a cu

te the equation 2 ). 

(28) 

(29) 

(30) 

.. 
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(31) 

d) Modifications for three-dimensional backscattering 

So far the problem considered ~as been the backscatte

ring from a rotor in two dimensions (2D). Here we would like to 

modify the previous equations so that they correspond to the 

three dimensional (3D) backscattering from a rotor, without in

tegrating the full three dimensional equations of motion. 

The energy levels of a quantum mechanical rotor in 3D 

are given by: 

2 

E = jJ_ (r-t1)I 
l .z 'l 

, Using equation (10) one would like to make the identification 

Px =1i fi(I+1 )
1 

, however, since piG ;t is the action variable in 

this case, it has to vary by an integ_er for the various states 

of the system (see section II). The next best suggestion, and 

the one adopted here, is to make the usual semiclassical identi-

fication: 

fi -1J (I+~) (33) 

which also gives the correct energy spacings when using equation 
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(10). We solve therefore ( in the 3D case ) for roots of the 

function rcfo.) at even integers plus 1/2. 

The moment of inertia is obtained from the experimental 

energy of the first excited rotational state of the target E2 
and eq.(32), that is 

':1-

Figure 

At o' and 90• 

(34) 

A . 

2 shows a typical graph of the function I C~). 
1\ fl.. ~ /"'. 
I(/~) goes trough zero since in those cases no 

torque acts on the target, and we are assuming that initially 

the target is not rotating. How to modify the p's (defined in 

eq. (17)) ·can be deduced by noting that for I-1= 0 

2 I~~"- ~1 >I 
~ 

~ (35) - 11 I ( ;~. J1 I ~ 
.2 

i.e. p1 .has the geometrical meaning that it is the probability 

that the initial orientation of the (2D) rotor is in the inter..,. 

[ . {. A >J (. > . . 
val p 1 , r 1 , ( f 1 and (31 are defined in Fig. 2). Defining 

p1 as the probability that the initial azimuthal angle of a 

rotor in three dimensions is .in the interval [ p ~, f ~ J we 

find: 

F; - (36) 
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The sin~1 factor arises from a purely geometrical argument 

(see Fig. 3). The excitation probabilities for the 3D backseat-

tering problem are obtained when in the previous expressions 

the p's are replaced by the p's~ 

To be able to make the above argument it is necessary for 

the target not to rotate (in the plane where the scattering is 

going to take place) initially and therefore one still integra

tes the equations of motion with the initial condition Px = 0. 

It is not very clear whethe~this is really inconsistent with 

eq.(33) since the equations of motion we integrate belong to a 

rotor in two dimensions and a rotor in two dimensions does not 

have the energy levels given by eq.(32). For I=O one has to mul

tiply p by o. 75 since the initial orientations space leading 

to I=O is 25% smaller then for IfO (see Fig.2). 

The prescription described in this section is the one 

followed in this paper and is the one giving the most consistent 

results when comparing to the De Boer - '.Vinther code (where the 

"internal" degrees of freedom are treated quantum mechanically). 

This prescription is far better than using instead of eq.(33) 

the identification P,t = 11 I • 
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IV Results and Discussion 

a) Examples. 

For a typical case, 40Ar +· 238u at Elab = 170.0 MeV (with-
A. 

out hexadecapole nor nuclear interaction) the function rcplll) 
and ~Cfo~) obtained by integrating the equations of motion are 

shown in Fig. 4 • The func~ion I (~0) is periodic with period of 

11 I 2 since the force from a monopole-quadrupole potential has 

this periodicity. The phase ~ , however, does not have this pro

perty (it is not periodic with any period). 

In our code the functions I(~0 ) and ~ ( ~0 ) were computed 

with an interval of 5°. We .use a simple three-point quadratic 

interpolation between the discrete points to find the roots of 
" ' 

the equation I(~,) =I+ 1/2 • Calling ~1 , (3 2 the roots for I+1/2 

and ~3 , ~ 4 the roots for -(I+1/2) 1 then one finds that . 

Ll4? = I~ 1 - ~ 2 I = I fo3 -P 4 1 ) i.e. even though the function ~ is 

quite different in the 'intervals [o, 1r 12] and [ Tr;2, 71] , the 

phase difference for a given final state is the same in both in

tervals. This justifies restricting oneself to the interval 

[o, 1T I 2]. The derivatives ( Q I/ afo~) k (and therefore p k ) 

are also immediately found by using the fitting coefficients of 

the function I ( ~·) . 
In Fig. 5 D~ and ¥ p., are plotted vs. I • Fig. 6 shows the 

excitation amplitude for this examnle calculated in different 

ways • .First of all there is the classical excitation probability 
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P cl = p1 + p2 , which has no interference effect and goes only up 

to spin I = 8 since this is the largest spin allowed by classical 

dynamics (see .B,ig. 4 ) •. For I = 0 the excitation probability is 

roughly 3 I 4 of what it is for I = 2 ; this is not an interfe

rence effect but rather has to do with the fact that the space 

of initial orientations leading to I = 0 is about 3/4 as large as 

the one leading to I = 2 (see Fig. 2 ) • The uniform semiclassical 

result in three dimensions (that is eq. (25) and (26) but with 

the p's instead of the p's) is indicated by open circles in Fig. 

6 • For comparison the result using the semiclassical code for 

multiple Coulomb excitation of De Boer- VJinther is also indicated. 

The agreement is very reasonable. 

The main features of the 3D-USCA can be understood by u-
\ 

sing Fig. 5 and remembering that the primitive semiclassical ex-

pression should give similar results to the uniform semiclassical, 

except when I is close to Imax (in our example I"" 10). The regions 

where the interference is constructive or destructive are indica

ted in Fig. 5 • For I= 4 , for example, ,Llgj is in a region of des-

tructive interference. Hence, Puni is much smaller then Pel• For 

I = 6, .1~ is only slightly into a region of constructive inter

ference, therefore Pun. is a little larger then·· P 1 • The fact 
,~ l c . 

that Y p 1 goes to zero for small I+1/2 in the 3D case (due to 

the sin {31 in eq. (36) ) has the consequence that the interference 

pattern becomes progressively weaker going to small I • In the 

2D-USCA -yp-:;' does not tend to zero (as a matter fact the curves 
I 

for ~ and f;; are fairly similar and lie between the curves 
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~p 1' and ip; of Fig. 5 ) ; and therefore the 2D interference 

pattern is much larger (see Fig. 6 ), in disagreement with the 

De Boer- Winther code. 

In our example the excitation probabilities add up to 

unity (to within a fraction of /1%) as required by the unitarity 

of the S matrix. 

We would note at this point that we have recently learned 

of a similar independent treatment of Coulomb excitation by Le

vit, Smilansky and Pelte8 ). There are some differences between 

the formulations, such as, ('1) they do not make the sin~ weight

ing to go to the three dimensional application, i.e. they solve 

the backscattering from a planar rotor, (2) they neglect the trans-

verse force term in the equations of motion, so as to constrain 

the orbit exactly to the beam axis (this effect is actually very 

small). 

In Fig. 7 we show the excitation probability for the same 

example at a higher energy (Elab=200.0 MeV), with and v1ithout 

hexadecapole potential. Again vJe find the same kind of agreement 

with the De Boer-\'Jinther code. The excitation probability with 
( ) . ,.,ore. e.lot.~ly ( 4) 

Q : :1= 0 falls off olo~.ve!?' for large I than \vi th Q 0 =0. In our 

" case this comes about because the function I(f
0

) is flatter at 

the maximum when Q(~)fo. 

The main difference between the results computed with 

the De Boer-~-Jinther and our code are the smaller excitation ampli-

tudes we find for large I. Large spins are excited when the ini-
0 

tial azimuthal angle of the target is around 34 (see Fig. 4). 
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The quadrupole potential at this orientation exerts a repulsive 

force on the projectile; the projectile therefore does not come 

as close to the target and spends less time there than if it were 

moving in a pure Coulomb trajectory and as a consequence high.I 

states are less excited than calculated w±th-·the De Boer-\·hnther 

code. However, an estimate of this- effeet shows that it should 

be much smaller than the one shown in Figs. 6 and 7. There are 

several possible reasons to explain this difference; (1) In the 

evaluation of excitation probabilities for "classically forbidden 11 

transitions (that is, transitions to states not reached by cla

ssical dynamics) vJe are using the approximate formula (28) in

stead of equation (26); (2) we are approximating the extremum of 
A 

the function I(~0 ) 
0 

(which occurs around 34 for our example; see 

Fig. 2) by a parabola, an approximation which may not be toogood 

for (classically) yery forbidden transitions; (3) the transition 

from 2D to 3D (as outlined in III-d) may not be quite consistent; 

(4) since a fully quantum mechanical calculation is not availa-

ble for comparison, we do not know the actual errors in either 

the De Boer - VJinther calculation or the uniform semiclassical. 

b) The Limit of Sudden Collision. 

In this section we will limit the discussion only to qua~ 

drupole Coulomb excitation. 

\/hen writing the equations of motion (7) in terms of di

mensionless quantities one finds that the evolution of the sys-

tern depends only on the following dimensionless parameters: 
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(Sommerfeld parameter) 

(Adiabaticity parameter) 

(Quadrupole interaction 
strenght parameter) 

(37a) 

(37b) 

(37c) 

where v. is the velocity of the incoming projectile and a is 

half the distance of closest approach: 

a. =- _2 __ e_Z.____.:.T_e_2 __ 
2 EGM 

(38) 

In order to limit the number of parameters (and so make 

the comparison with the conventional semiclassical method easi

er) we consider from now on the case jb2 =0. This corresponds 

physically to the limit of sudden collision (that is, the period 

of rotation of the target is much lp.~v than the time during which 

the interaction takes place). For the conventional semiclassical 

approach, this ffoz = 0 limit has been stvO.ied by Alder and \vin

ther 10), and one has there that the excitation probability for 

backscattering depends only on the quadrupole interaction strength 

q2 • In our case, however, we have also the additional parameter 

'Z , q2 I 'Z,. giving a measure of how much the orbit of the pro

jectile is disturbed by the interaction. The conventional semi-
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classical method corresponds therefore to ~ ~ oO • It can be 

shown 9 ) that classically the largest a~imuthal angle e through 

which the projectile can be scattered is approximately 2 q2 !z. 
A nice feature of the USCA method is that the j 20 = 0 , 

~ ~ o0 limit for backscatt:ring can be solved analytically. 

The result for the function I(~.) and ~ cp.) is 

(39) 

(40) 

from which the phase difference /j~ and the p 's can be found: 

2fz /Y1-fz'_f~sf/ 
( 4'1) 

2jz /1 F~ 1' -r L~ ( f + Vr-1 ')I 

&xo) . 1 {sir') (Arc~~ f) 
( 1- T f._ ¥1- fz' cos ( A..-c;_---, f ) f< 1 (42a) 

1 
(42b) 

with f defined by: 
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f- I + "'.z 
(43) 

In Fig. 8 the phase difference ll~ . vs. q2 is plotted 

for f < 1 • The regions of constructive and destructive interfe-

renee are also indicated. '.:Ji th this figure one readily under

stands the features of the excitation probabili~y (Fig. G ref. 

10 ) • 

Substituting eqs. ( 4"1) and ( 42) back into eqs. (25) and 

(26) we find the excitation probabilities in the ~ 02 = 0 , 

~ -> oO limit. Let's note that in this case we are using 
''i . 

the "exact" expression (26) for the classicaf¥forbidden transi-

tions (that is for f >1) and not the approximate expression (28). 

For the special case f = 1 the excitation probability is: 

(44) 

In Table II the exc~tation probabilit~es are tabulated 

for some values of I and compared with results tabulated by Al

der and :;Jinther (Table 5, ref. 10 ) • Except for I= 0, where the 

diff.erence is a little larger, the results are very similar, es

pecially for large q2 • The difference between the excitation 

probabilities calculated by the two different semiclassical me-
A.W 

thods (for not toosmall q
2

) is ~P=Puni -P~c ~ 0.003 • The 

results are tabulated since in a figure like Fig. 7 of reference 

10 one would hardly find any difference between the two calcula-
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culations. The agreement is very good even for small q2 ( q2 < 3) 

where the uniform approximation with Airy functions should be-

come gradually worse and a uniform expression in terms of Bessel 

functions should be appli~d 3). J?or ! --t 00 , the conventional 

semiclassical method and the quantum mechanical theory should 

give identical results; however, Table 5 in reference 10 was ob

tained with the use of some additional approximations and it is 

difficult to say whethe~the small differences ~tween the two se

miclassical calculations are due to (1) this additional approxi

mation. , (2) to the numerical evaluation of the excitation pro

·babili ties or ( 3) due to the basic approximations of the USCA 

method. 

In realistic scattering problems, 'Z- is finite and the 

projectile's orbit will differ from a pure hyperbola, the quan

tity q2 I~ being a measure of the size of the correction ex

pected. Fig. 9 shovrs the ( ~ ~ q2 ) values for various target

projectile systems at several energies (in MeV). Figure 10 shows 

the backscattering excitation probability for S otL = 0 and q2==9. 

vs. 1/z . In our calculations one finds that by varying z from 

50 to 350, the phase difference ~~ increases for the various 

states between 0.3 and 0.7 radians; with this fact and Fig. 8we 

can rationalize the variation of the excitation probability with 

~ in Fig. 10. For example for I= 6 , ~~ moves away from the 

region of constructive interference with increasing ~ , there

l~ore the excitation probability decreases; for I = 8 , L1~ moves 
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into a region of constructive interference, the excitation pro

bability increases with 2 . The variation of A~ with ~ is 

the main contribut~on to the change in the excitation probabili

ty with Z ; the p' s also vary with ~ (the larger the spin 

I, the greater the variation). For I = 14 , A~ moves deeper 

into the constructive interference region and the excitation pro-

bability should increase with ~ , but this is cancelled by 

the decrease of the p' s with increasing 7 , so the excitation 

probability actually goes down a little. 

\'le should note here that in the De Boer- Winther code 

one takes approximately into account the energy loss of the pro

jectile during the collision by choosing properly symmetrized or

bits. In other words, some part of the corrections to the hyper

bolic orbit due to the monopole- quadrupole interaction are ta

ken into account. In the ! 02 = 0 case however, there is no ener

gy loss and therefore the finite ~ corrections shown in Fig. 

10 come about because of the change in the projectile's orbit 

due to the angular momentum transfer between the target and pro

jectile. The angulax momentum transfer between target and projec

tile is not taken into account in the conventional De Boer- Win-

ther code although work is currently being done to include it 

approximately 4 ). 

c) Conclusions. 

The basic approach of the USCA is that one employs clas

sical dynamics (equations of motion) but retains the quantum me-
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chanical superposition principle (addition of probability ampli

tud::s for indistinguishible processes rather than probabilities 

themselves). With these basic features one finds even a quanti

tative agreement with more conventional methods. 

It is suggested that one could even get the corrections 

to the excitation probabilities in the De Boer- Winther code due 

to the coupling of the excitation process of the target and the 

orbital motion of the projectile, 

The USCA can lead to a better explanation and gives more 

physical insight to the process as compared to the conventional 

semiclassical and quantum mechanical approach. Another advantage 

of this method is that the amount of computer time needed is 

practically independent of the number of final states considered 

(actually the· more states that are excited the more applicable1 

is the method). 

If one wants results not only for backscattering, then 

one has to solve the full 3D problem. A full 3D calculation for 

Coulomb excitation is considerably more complicated to do; there 

one has two coordinates to specify the initial orientation of 

the target and one has to do a two dimensional root search to 

find the initial orientations leading to a given final state. 

In general there will be four roots; a uniform expression for 

four roots has been made plausible although it has not been pro

ved rigorously 11 ) 
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30 

v b v.l. t t . t +- t. 1 t t; f 1 _ro a1. 1 y .0 eXCl .e a roua 10na S a~e 0 angu. ar 

momentum I calculated with the De Boer-Hinther code 

for 
1~0Ar+2 38u at Elab=170 IvieV, Q~2 ) ='10.8~~ barn. 

I ear= 180 (:)(,11= 165 

0 0.07859 0.08195 

2 0.17013 0.16754 

4 0.05372 0.05422 

6 0.20703 0.22377 

8 0.29012 0.28689 

10 0.15091 0.14127 

12 0.04146 0.03735 

14 0.00716 0.00626 

16 0.00088 0.00076 

• ! 
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Table II 
The nrobabilities for excitation of rotational st~tcs in an 

even-even nucleus in the limit Soa.=O and '!~TXJ. Tabulated 
are the results of the USCA and the traditional semiclassi
cal apnroximation (ref.9) • ... 

USC.!\ .\-\'1 USGA A-W USCA A-1t1 
-
q2 

Pn n p2 p2 p p 
,/ 0 . 6 6 

'1.0 O.f>3~9 0. F,C)l1-5 0.25'18 0.2850 0.0003 o.ooor:; 
/) c; o. )f':.sn il. 4-3Cl0 0 •. ~J-0'17 0.4812 c. OOY1 0.0057 ' . -
2.0 0.'1940 0.2152 0.573~ 0.559'7 o.n?o3 0.02GO 

2.5 n. ~n'),s (). "1 02"1 0.'+892 0.48LJ-2 0.0650 0.0750 
7, .o O.OR'~2 0.0835 0.3084 0.3098 0.1485 0.4572 .. 

~) .. 5 0 • "1 nc-:,'? 0.1'108 o. "i 362 0.138<:) 0.2568 0.2563 

·. L! .• 0 0. '1221!. 0.'17'17 0.0509 0.0514 0.3787 o.:;3:;4 

4-.5 0. '1 "115 0 .. '12'1'+ 0.0622 0.0600 o. 377"1 (~. 3575 
" 

5.0 0.08?0 0.0[)8'1 0.'1'193 0.'1'158 0. 2~Y19 0.7)006 

5.5 o. C1.553 0. 057"1 ().'1569 0. '15L~O 0 .. "1 <)'1 '1 0."19-:)2 

6.0 0. Qli6"1 0. 01+63 CJ. '1 LJ-27 0.'1412 0.0828 :J.08hS 

S.5 0.0530 0.0547 0.0921 0.09"17 0.0242 0.0250 

7.0 o.or-:;3c1 0.0671 0.0462 0.01+59 0.():2i'17 0.03'12 

7.5 0.0637 0.0687 0.0352 0.0343 0 cwog . -" _) 0.0?98 

r:.n 0.05~)2 0.0'570 0.0568 0.0552 0 .125'1 0. "121+2 

n.5 0.03C)6 0.04'13 0.0836 0 • ()[)'H) 0. '1 .293 0.'1292 

C)Jl 0.032Lf. 0.032C) 0.0892 0.0879 0.0925 0.0930· 
0 r; 
,.· ... ·· o.o::S45 0.0355 0.0692 oio685 0.0442 0.0447 

'10.0 0.0409 (). 01132 0. 0LV12 0.0408 0. 0'1 c-;,g 0.0'189 

(to be continued) 
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Table IT (continued) 

TJ'=',Cfi (\_ -\rJ USCA A-W u~.cA. A-W 
-q2 

P,lO p'lO p'll+ p'll+ p'l8 P,,8 
.. 

1.0 

'1.7 
2.0 0. ()('00 (). 0001 

2.5 0.0004 0.0006 

3.0 0.0022 0.0029 
3 • r; 0.0081+ 0.0"104 0.0001 

L1-. 0 0.0?1+7 0.0286 0.000_3 0.0004 

/_~. 5 O.O)W! 0. 063L!- o. oo-~ 1 0.0014 

s.o 0.'1"'2'7 (). ,~ ... 1 ?"l n.o03P, 0.004(: 

s '_;, 
' •... · (). '18.29 0."1P3'1 o.o1nr; O.O"l?L+ 0.0002 

6.0 0.21+5"1 0.?43h 0.0?55 0.0283 0.0006 0.000'? 

(-).5 0.2?68 0.2757 0.0=)23 0.0558 ) • 00'18 0.0022 

7.0 0.26'15 0.2616 0.0933 0.096'1 0.0050 0.0058 
'7 L-

( . ~) 0.200'-l- 0.201L~ 0.1452 o. "1455 O.O'lQO 0.0134 

>~. 0 0. '1 '160 0. '1 '17l~ o. '1946 0.'1938 0.02S~ 0.0271!-

F>. r; . ' 0.011-36 0.04LJ-6 0.2266 0.2258 0.0478 0.0503 

9.0 0.0'124 0.0'~.28 0.2.277 0.2275 0.0808 n.o828 

9.5 0.0290 0.028G 0. "1()')0 0.'1q35 0.'!221 n.1223 

"10.0 0.0725 0.07'19 0.'13'~6 0.'1_326 0.'1627 0.'1622 



33 

Figure Captions 

Fig. 1 • Diagram showing the geometry for the projectile- tar-

get system. 

Fig. 2 • Graph of the function i (~) vs. [3 • The two roots fo 1 

and {3; 2 of ~cp ) ='I+ 1/2 are shown for I= 4 • 

I~ig. 3. Initial orientation of the target. The probabili t;v that 

the azimuthal angle of the symmetry axis lies 

f41 + d~~~ . is clearly proportional to sin ft. 
between f~~ and 

in the 3D case. 

Fig. 4 • Graphs of the function ;Cf ) and ~ ( ft) are shown for 

the case 40 Ar + 238u at E lab= 170.0 MeV • For this example: 

q2=5.574, z=127.0, go2=0.0196. 

Fig. 5 • Graph of t6~ , l p-; and {'P2 

1 
vs. I for the same 

example of Fig. 2 • 

Fig. 6. Calculations of Coulomb excitation probabilities to 

excite members of rotational ground band in 238u with the back-

scattering of 40 Ar at E = 170.0 MeV on 238 U • For this 
lab · 

case: E2 = 0.0449 i'1eV, Q~2 ) = 10.SL+- barn, Qc:;~) = 0.0 barn2 , 

g 02 = 0.01.96, Z = "127.0 and q2 = 5.574. 
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Fig. 7 • Calculation with the USCA-3D and the De Boer- \'linther 

code of Coulomb excitation probabilities to excite members of 

the rotational ground band of 238 U with the backscattering 

( 9 = 180") of 40 Ar ( Elab = 200.0 MeV) on 238 u. For this case: 

E2 = 0.0449 MeV, QS2
) = 10.84 barn, So~= 0.0153, "Z. = 117.1 and 

q2 = 7.112. Two cases are shown: with hexadecapole moment Q~4 ) = 

2.65 barn2 and without hexadecapole moment (Q~4 ) =9). 

Fig. 8 .Graph of phase difference £\~ vs. q2 for the case ~oz =0 

and 'Z---;. oO, obtained with eq. ( 41 ) • Shown are the results for 

all spins up to I = 18 but only for f~ 1 • 

Fig. 9. The (~q ) values for various target- projectile sys-
1~ .... 0 

terns at several energ1.es (in fJieV) are shown. The cross (X) indi-
-1/3 lf/3 

cates the place \V'here 2 a= 1 .4 ( AT + Ap ) ( ~ is defined by 

eq. (38)). 

Fig. 10 • Backward scattering excitation probabilities to Coulomb 

excite members of a ground rotational band of an even-even tar

get. Results are shown vs. '2 for fo 2 = 0 and q2 = 9.0. The 

~ ~ /XJ limit was evaluated in the way described in IV-b. 
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