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Abstract

Searching for the invisible: how dark forces shape our Universe

by

Katharine Schutz

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Hitoshi Murayama, Chair

Astrophysical observations on a wide range of scales indicate that the majority of matter in our
Universe seems to be approximately inert and non-luminous. The existence of this dark matter
implies the existence of an undiscovered particle, since there is no viable dark matter candidate
within the Standard Model. Many terrestrial searches for dark matter particles are underway; how-
ever, there is no evidence to date that the dark matter interacts with particles in the Standard Model
except through gravity. It highly conceivable that the dark matter exists as part of a rich hidden
sector with diverse matter content and its own dark forces (in analogy to the Standard Model)
which would imply that terrestrial searches may not pose an optimal path to discovering dark mat-
ter. Instead, observing astrophysical systems — where dark matter is known to be present through
its gravitational influence — would be the best available way to test theories of dark matter where
dark forces play a role in altering the properties of those systems. The complementarity of ob-
serving various astrophysical systems is a powerful asset for exploring the physics of dark sectors:
one can explore broad classes of theories with dark forces in different environments, on different
length scales, and at different epochs in the history of our Universe. This dissertation explores
several scenarios where astrophysical observations inform our understanding of dark forces in a
way that would not necessarily be possible on Earth. In particular, we consider dark sector energy
dissipation, dark matter self-interaction, and the early Universe production of dark matter through
dark channels. We propagate the implications of these effects for stars, supernovae, the Milky Way
stellar disk, dwarf galaxies, galaxy clusters, large-scale structure, the epoch of reionization, and
the cosmic microwave background.
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Chapter 1

Motivation

The preponderance of evidence for the existence of dark matter (DM) in a wide range of environ-
ments is one of the greatest triumphs of modern astrophysics. Cosmological observations indicate
that DM was present in the first few minutes after the Big Bang on the scale of our entire observable
Universe; astronomical observations also show that DM makes up the majority of matter in nearby
dwarf galaxies at the present day; DM is also seen in many intermediate lengthscales and epochs
on our cosmological timeline. The concordance between different observations in such different
regimes is striking, and in the aggregate the data conclusively indicate that DM makes up approxi-
mately 85% of the matter in our Universe. In spite of this resounding agreement between datasets
about the existence of DM, little is known about its composition and its physical properties.

Historically, DM was first discovered because the gravitational potential wells of galaxy clus-
ters and galaxies [7–11] are not deep enough (based on the distribution of luminous matter) to
support the fast rotation observed at large radii: without DM, clusters and galaxies would fly
apart. More extreme examples with hidden sources of gravitational pull include low surface bright-
ness galaxies [12], dwarf galaxies [13–18], and substructure inferred by strong gravitational lens-
ing [19–23], all of which are environments that appear to be overwhelmingly dominated by DM.
Other observations exclude the possibility that DM is comprised of ordinary baryonic matter that
merely happens to be dimmed by dust or by the failed ignition of would-be stars (i.e. clouds of
gas). For instance, in merging galaxy clusters the spatial distribution of mass (inferred from weak
gravitational lensing) and the spatial distribution of supersonic gas (which can be seen in X-rays)
are rather distinct, with the gas (which makes up most of the ordinary matter) lagging behind as
the clusters pass through each other [24–26]. This implies that the gas, which is slowed down by
viscous drag, is lagging behind some component of inert matter which does not feel the underlying
forces responsible for the drag. The same kind of behavior can be seen in the primordial plasma
that sources the cosmic microwave background (CMB), where baryons undergo acoustic oscilla-
tions due to the competing forces of gravity and radiation pressure. The addition of non-baryonic
matter that does not experience radiation pressure deepens gravitational wells and enhances the
compression of high-density regions relative to a scenario where all gravitating matter is influ-
enced by radiation pressure. Thus, evidence for DM can be seen in the pattern of baryon acoustic
oscillations (BAO) measured in CMB power spectra [27–31]. The BAO are then imprinted onto
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large scale structure (LSS) [32, 33], the growth of which is seeded by DM that was able to cluster at
early times without being washed out by radiation. Observations of LSS on different scales and at
different epochs independently indicate the existence of non-baryonic DM through this BAO fea-
ture [34–41]. The evidence is bolstered by considering how the abundance of elements produced
during big bang nucleosynthesis (BBN) would be affected by the baryon-to-photon ratio; measure-
ments of primordial elemental abundances indicate that the total density of baryons is lower than
the total matter density measured in the CMB and in LSS [42, 43].

The existence of DM poses one of the greatest outstanding questions of modern particle physics1

due to the lack of a viable DM candidate within the Standard Model (SM).2 Moreover, there are
relatively few model-independent restrictions on possible particle DM candidates. DM must not
interact appreciably with light (see Ref. [90] for a recent compilation of the limits), must have
enough mass so that the characteristic length scale (which depends on particle spin statistics) is
smaller than the smallest observed dwarf galaxies [89, 91, 92], must be stable on cosmological
timescales (see for instance Ref. [93]), must not be moving relativistically during epochs that
are relevant for the growth of LSS [94, 95], and must be inert enough to leave LSS [96] and
merging clusters [97] unaffected by DM collisions. These requirements are easily satisfied from
a model-building perspective, leaving little theoretical guidance in the absence of other questions
and anomalies. However, there are other unresolved theoretical questions in particle physics, many
of which have solutions that include DM candidates. For instance,

• the weakly interacting massive particle (WIMP) is a DM candidate that is naturally present in
many solutions of the electroweak hierarchy problem and that has a thermal relic abundance
set by weak-scale annihilations [98–101],

• the axion is a DM candidate that also solves the strong-CP problem in quantum chromody-
namics [102–105], and

• the sterile neutrino is a DM candidate that addresses the origin of the SM neutrino mass [106–
110].

From an empirical perspective, anomalous observations or experimental results can also guide DM
model-building. Examples include

1It is not strictly necessary that DM be comprised of an undiscovered particle; for instance, black holes could be
a component of (or all of) the DM because they are collisionless, dark, and massive. In order to be consistent with
the baryon-to-photon ratio measured at BBN, the black holes must form before the onset of BBN if they are a large
fraction of the DM today. Understanding the formation of primordial black holes and their observational signatures is
an active area of research [44–81] that we do not explore further in this dissertation.

2Massive SM neutrinos would pose an appealing candidate to explain DM if they did not move at relativistic
speeds in the early Universe after thermally decoupling from the rest of the SM plasma. Because relativistic particles
are not easily captured by nascent gravitational potential wells, neutrinos as a component of a fixed matter budget
actually suppress the growth of structure their free-streaming scale [82–84]. Null observations of such a suppression
indicate that neutrinos are not a large component of DM and these observations can actually be translated to a strong
limit on the neutrino mass from cosmology [85–87]. Furthermore, even without cosmological upper bounds, terrestrial
limits on the neutrino mass [88] imply that neutrinos cannot be a substantial fraction of the DM inside dwarf galaxies
because of Fermi packing [89].
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• gamma rays from the Galactic center [111] and extragalactic sources of X-rays [112, 113],

• the rising positron fraction in high-energy cosmic rays [114] and the sharp break in the
cosmic ray spectrum at ∼TeV energies [115],

• the low density and number of local subhalos and satellites (see Chapter 3 for further discus-
sion),

• the cold spin temperature of neutral hydrogen observed by the EDGES 21 cm global signal
experiment at a redshift z ∼ 20 [116],

• the LSND [117] and MiniBooNE [118] excesses,

• and the anomalous magnetic moment of the muon [119].

As one of the most promising potential windows onto new fundamental physics, there are many
efforts underway to probe the particle nature of DM and its interactions with the SM, but to date
it has only been detected through its gravitational influence on visible matter. Most experimental
and observational efforts thus far have focused on the most theoretically well-motivated DM can-
didates, with a strong emphasis on WIMPs and axions. Much of the available parameter space has
been explored by direct detection (e.g. in Refs. [120–124]), indirect detection (e.g. in Refs. [125,
126]), and collider searches (e.g. in Refs. [127–130]) for these DM candidates. Taken together, the
wide variety of null searches for particle DM strongly motivates taking a broader view of potential
models. In particular, it is possible that DM does not dovetail with other theoretical questions like
the hierarchy problem or the strong-CP problem, and solutions to those problems involving a DM
candidate may have no bearing on the true nature of DM. If we abandon the theoretical prior on DM
paradigms that solve other problems in fundamental physics, then DM sectors naturally emerge as
a compelling alternative (for an overview of dark sectors and some of their signatures, see e.g.
Refs. [131–133] and references contained therein). In analogy to the SM, dark sectors can contain
multiple states in the spectrum and can have their own forces with nontrivial gauge structure. Dark
sectors can optionally have portal interactions with the SM, which would make DM searches in-
volving those portals compelling; alternatively, dark sectors can be completely secluded, in which
case they can only ever be detected via gravitational interactions.

By its very nature, the study of dark sectors is an undertaking which requires a diverse set
of theoretical and observational tools. As these sectors have thus far evaded detection, there are
few restrictions on the kinds of dark sector structures that are possible. Thus dark sectors provide
a sandbox for the realm of conceivable DM models. Moreover, dark sectors can be manifest in
select situations but undetectable in others, indicating that complementarity between observables
is necessary for making any conclusive determinations about dark sectors. This is particularly true
of astrophysical observables, which provide such a diversity of environments, energy scales, and
sheer size over which dark sectors can have an impact. This dissertation will make no attempt to
give a comprehensive overview of the status of dark sector models and searches. Rather, we will
try to illustrate the constraining power of astrophysics by considering a few different systems and
a few types of hidden sector theories.
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The theories we consider in this dissertation range from having strong, nearly non-perturbative
interactions to having extremely feeble, sub-Hubble interactions. Some theories considered in this
work are thermal DM candidates produced in the early Universe, much like SM particles. Other
theories considered in this work are so highly secluded that the DM must have a non-thermal
origin. We demonstrate that these theories can be tested by considering their impact at different
cosmological epochs and in different astrophysical environments. In some cases, small portal cou-
plings between the dark sector and SM are constrained when a large quantity of SM material is
aggregated, for instance in stars. Alternatively, dark sectors may be best seen via their influence on
the spatial distribution of DM in galaxies and halos (for instance, if there are collisions or dissipa-
tions in the dark sector) and the subsequent gravitational effect on visible matter. The mechanism
for setting the DM relic abundance in a dark sector may provide yet another observational han-
dle through gravitational and non-gravitational imprints on the CMB and formation of LSS. The
work in this dissertation includes analytic calculations, numerical simulations, and the analysis of
high-precision data, which illustrates the range of techniques that can be used in the pursuit of
uncovering dark sectors.

The remaining chapters in this dissertation are as follows:

Chapter 2 — If a component of the DM has dissipative interactions, it could collapse to form a thin
dark disk in our Galaxy that is coplanar with the baryonic disk. It has been suggested that
dark disks could explain a variety of observed phenomena, including periodic comet impacts.
Using the first data release from the Gaia space observatory, we search for a dark disk via
its effect on stellar kinematics in the Milky Way. Our new limits disfavor the presence of a
thin DM disk, and we present updated measurements on the total matter density in the solar
neighborhood. This chapter is based on the work appearing in Ref. [134].

Chapter 3 — Self-interacting DM is a promising alternative to the cold DM paradigm that can
modify small-scale galaxy formation, making the predicted properties of small DM halos
more consistent with observations when implemented in N -body simulations. Nearly all
self-interacting DM simulations so far have considered purely elastic collisions. However,
the presence of internal structure for the DM — for example, a nearly-degenerate state in
the spectrum that could be collisionally excited or de-excited — can potentially enhance
the agreement between simulation and observation by converting mass to kinetic energy.
We present simulations of a galactic halo within a realistic DM model with inelastic scat-
tering using a novel numerical implementation in the Arepo code, which is based on the
development of accurate approximations in the non-perturbative regime. When compared
to purely elastic DM self-scattering, inelastic scattering can create larger cores inside DM
halos, lower the abundance of subhalos, reduce the mass of halos, inject the equivalent en-
ergy of 100 million Type II supernovae, and avoid the gravothermal catastrophe. The cross
sections needed to achieve these effects are much smaller than for elastic self-scattering,
implying that well-established limits on DM self-interaction must be revised if inelastic col-
lisions are the dominant mode of scattering. This chapter is based on the work appearing in
Refs. [135] and [136].
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Chapter 4 — DM could be a thermal relic comprised of strongly interacting massive particles
(SIMPs), where 3 → 2 interactions set the relic abundance. Such interactions generically
arise in theories of chiral symmetry breaking via the Wess-Zumino-Witten term. We show
that an axion-like particle can successfully maintain kinetic equilibrium between the DM and
the visible sector, allowing the requisite entropy transfer that is crucial for SIMPs to be a cold
DM candidate. Constraints on this scenario arise from beam dump and collider experiments,
from the cosmic microwave background, and from supernovae. We find a viable parameter
space when the axion-like particle is close in mass to the SIMP DM, with strong-scale masses
of order a few hundred MeV. Many planned experiments are set to probe the parameter space
in the near future. This chapter is based on the work appearing in Ref. [137].

Chapter 5 — DM could couple to particles in the SM through a light vector mediator. In the limit
of small coupling, this portal could be responsible for producing the observed DM abundance
through a mechanism known as freeze-in. Furthermore, the requisite DM-SM couplings
provide a concrete benchmark for direct and indirect searches for DM. We present updated
calculations of the relic abundance for DM produced by freeze-in through a light vector
mediator, identifying an additional production channel: the decay of photons that acquire an
in-medium plasma mass. These plasmon decays are a dominant channel for DM production
for sub-MeV DM masses, and including this channel leads to a significant reduction in the
predicted signal strength for DM searches. Accounting for production from both plasmon
decays and annihilations of SM fermions, the DM acquires a highly non-thermal phase space
distribution which impacts the cosmology at later times. This chapter is based on the work
appearing in Ref. [138].

Chapter 6 — We summarize our outlook based on the work presented here in the context of the
broader search for DM.
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Chapter 2

Dark sector dissipation in the Milky Way

2.1 Introduction
As discussed in Chapter 1, many recently-proposed models posit that DM is part of a dark sector,
containing interactions or particles that lead to non-trivial dynamics on astrophysical scales [139–
154]. Meanwhile, the Gaia satellite [155] has been observing one billion stars in the local Milky
Way (MW) with high precision astrometry, which will allow for a vast improvement in our un-
derstanding of DM substructure in our Galaxy and its possible origins from dark sectors. In this
Chapter, we apply the first Gaia data release [156] to constrain the possibility that DM can dissi-
pate energy through interactions in a dark sector. Existing constraints imply that the entire dark
sector cannot have strong self interactions, since this would lead to deviations from the predic-
tions of cold DM that are inconsistent with cosmological observations [97, 157–159]. However,
it is possible that only a subset of the dark sector interacts strongly (in analogy with the Standard
Model) or that DM interactions are only strong in low-velocity environments [160–162]. In these
cases, there is leeway in cosmological bounds and one must make use of smaller scale observables
to constrain such interactions [163, 164]. If the DM component can dissipate energy through emis-
sion or upscattering (see e.g. [135, 154, 165–171] for examples of mechanisms), then it can cool
and collapse to form DM substructure. These interactions could result in a striking feature in our
Galaxy: a thin DM disk (DD) [152, 153] that is coplanar with the baryonic disk.

A thin DD may be accompanied by a range of observational signatures. For instance, DDs
may be responsible for the ∼30 million year periodicity of comet impacts [172], the co-rotation
of Andromeda’s satellites [173, 174], the point-like nature of the inner Galaxy GeV excess [175,
176], the orbital evolution of binary pulsars [177], and the formation of massive black holes [178],
in addition to having implications for DM direct detection [179, 180]. Typically, a DD surface
density of ΣDD ∼ 10 M�/pc2 and a scale height of hDD ∼ 10 pc are required to meaningfully
impact the above phenomena.1

Here we present a comprehensive search for a local DD, using tracer stars as a probe of the
1A thicker DD with hDD & 30 pc can cause periodic cratering [181], however a larger surface density ΣDD ∼ 15-

20 M�/pc2 is required to be consistent with paleoclimactic constraints [182].
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local gravitational potential. Specifically, we use the Tycho-Gaia Astrometric Solution (TGAS)
[183, 184] catalog, which provides measured distances and proper motions for ∼2 million stars in
common with the Tycho-2 catalog [185]. Previous work searching for a DD with stellar kinemat-
ics used data from the Hipparcos astrometric catalog [186] and excluded local surface densities
ΣDD & 14 M�/pc2 for dark disks with thickness hDD ∼ 10 pc [187]. As compared with Hippar-
cos, TGAS contains ∼20 times more stars with three dimensional positions and proper motions
within a larger observed volume, which allows for a significant increase in sensitivity. Our analy-
sis also improves on previous work by including a comprehensive set of confounding factors that
were previously not all accounted for, such as uncertainties on the local density of baryonic matter
and the tracer star velocity distribution. We exclude ΣDD & 6 M�/pc2 for hDD ∼ 10 pc, and
our results put tension on the DD parameter space of interest for explaining astrophysical anoma-
lies [172–178].

2.2 Vertical kinematic modeling
We use the framework developed in Ref. [188] (and extended in Ref. [187]) to describe the kine-
matics of TGAS tracer stars in the presence of a DD. This formalism improves upon previous
constraints on a DD that did not self-consistently model the profiles of the baryonic components
in the presence of a DD [189–193]. These earlier bounds typically compared the total surface
density of the Galactic disk, measured from the dynamics of a tracer population above the disk,
to a model of the surface density of the baryons based on extrapolating measurements from the
Galactic midplane. However, the models did not include the pinching effect of the DD on the dis-
tribution of the baryons, which would lower the inferred baryon surface density for fixed midplane
density. Instead, Refs. [187, 188] consider the dynamics close to the disk and self-consistently
model the baryonic components for fixed DD surface density and scale heights. We summarize the
key components below.

In a collisionless self-gravitating system, such as a collection of stars, particles obey Liouville’s
theorem. In particular, for a population labeled with the upper case roman index I , the phase space
distribution function fI(x,v) obeys the collisionless Boltzmann equation

d fI
d t

= ∂tfI + ∂xfI · v − ∂vfI · ∂xΦ = 0 , (2.1)

where Φ is the total gravitational potential summed over all populations and where we have
dropped the explicit dependence of fI on phase space coordinates. Instead of working directly
with fI , for understanding the bulk behavior of the system it is often sufficient to describe mo-
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ments of the phase space distribution,

νI =

∫
d3vfI (2.2)

v̄I,i =
1

νI

∫
d3v vi fI (2.3)

σ2
I,ij =

(
1

νI

∫
d3v vivj fI

)
− v̄iv̄j , (2.4)

such that νI represents the number density, v̄i,I represents the mean velocity, and σ2
I,ij represents

the velocity dispersion tensor for stars in population I . Note that lower case roman letters here
denote spatial indices. Equipped with these definitions and assuming the system is in equilibrium
(i.e. time derivatives vanish) we can integrate moments of the Boltzmann equation in cylindrical
coordinates. The first non-vanishing moment (the Jeans equation) takes the form

1

rνI
∂r(rνIσ

2
I,rz) +

1

νI
∂z(νIσ

2
I,zz) + ∂zΦ = 0 , (2.5)

assuming axisymmetry. In general, in the Milky Way the assumption of axisymmetry (and of
dropping the related time-dependence) does not hold due to the presence of the rotating spiral
arms; however for the volume considered in this analysis such effects can be neglected [194–
196]. The first term of Eq. (2.5) (commonly known as the tilt term) can be ignored when dealing
with dynamics near the disk since radial derivatives are much smaller than vertical ones (see e.g.
Refs. [197, 198]). However, this term can be important above the scale height of the disk [194].
We further assume that each population is gravitationally well-equilibrated near the Galactic plane
with constant σ2

I,zz (i.e. that Maxwell-Boltzmann velocity statistics for an isothermal population
are satisfied [199]). With these simplifying assumptions, the solution to the vertical Jeans equation
is νI(z) = νI,0 e

−Φ(z)/σ2
I , where we impose Φ(0) = 0 and define νI,0 ≡ νI(0) and σI ≡ σI,zz.

For populations composed of roughly equal mass constituents (including gaseous populations), we
then make the assumption that the number density and mass density are proportional, i.e. ρI(z) =
ρI,0 e

−Φ(z)/σ2
I .

To compute the gravitational potential from the mass density of the system, we use the Poisson
equation for standard Newtonian gravity,

∇2Φ = ∂2
zΦ +

1

r
∂r(r∂rΦ) = 4πGρ , (2.6)

where ρ is the total mass density of the system, summed over all gravitating populations indexed
by I . Under the assumption of axisymmetry, orbits are circular and we can relate the second term
to measured quantities as

1

r
∂2
r (r∂rΦ) =

1

r
∂2
rv

2
c = 2(B2 − A2) , (2.7)

where vc is the circular orbital velocity, and A and B are Oort’s constants, defined as

A ≡ 1

2

(
−∂vc
∂r

+
vc
r

)
B ≡ −1

2

(
∂vc
∂r

+
vc
r

)
. (2.8)
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One of the most recent measurements of these constants comes from Gaia DR1 [200], so for self-
consistency we adopt these values of A = 15.3 ± 0.4 km/s/kpc and B = −11.9 ± 0.4 km/s/kpc.
This means that the radial contribution to the effective vertical density is

ρeff(z) = ρ(z)− B2 − A2

2πG
= ρ(z) + (3.4± 0.6)× 10−3 M�/ pc3, (2.9)

assuming uncorrelated errors. This additional effective contribution to the density is roughly one
third of previous measurements of the local DM density and can be subtracted off at the end of
the analysis to obtain a measure of the physical DM density alone [201]. Note that in principle
Oort’s constants can vary as a function of z; however, in the region we consider which is close to
the galactic plane, this effect is smaller than the uncertainties on their measured values [202].

Combining the Jeans and Poisson equations assuming reflection symmetry in the z direction
yields the integral equation

νI(z) = νI,0 exp

(
−
∑

J

4πG

σ2
J,zz

∫ z

0

dz′
∫ z′

0

dz′′ρJ(z′′)

)
. (2.10)

Here we are again assuming that the mass density of population J , ρJ , is proportional to its number
density νJ , i.e. that while there may be some scatter in the mean mass of tracer stars, this does
not have any dependence on z. In the limiting case with only one population, the solution to this
integral equation is ρ(z) = ρ0 sech2(

√
2πGρ0 z/σ). For multiple populations, the solution for the

density profiles and Φ must be determined numerically. We use an iterative solver with two steps
per iteration. On the nth iteration, we compute the total potential

Φ(n)(z) = 4πG
∑

I

∫ z

0

dz′
∫ z′

0

dz′′ρ
(n)
I (z′′) (2.11)

and update the density profile for the I th population,

ρ
(n+1)
I (z) = ρ0,I e

−Φ(n)(z)/σ2
I . (2.12)

We find that this solver converges within a few iterations when implementing the mass model
described in the next Section. Adding more gravitating populations compresses the density profile
relative to the single-population case.

Once equipped with a converged gravitational potential for the combined components in the
Galactic disk, we can predict the vertical density profile for a given tracer population. Since our
focus is on vertical motion, we assume a form for the distribution function where the motion in
the z direction is separable from the other components, which is equivalent to dropping the tilt,
azimuthal, and rotation curve terms as we have done above. Then for this z component of the
distribution function, the Boltzmann equation reads

vz∂zfK − ∂zΦ∂vzfK = 0 , (2.13)
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Baryonic Component ρ(0) [M�/pc3] σ [km/s]
Molecular Gas (H2) 0.0104± 0.00312 3.7± 0.2
Cold Atomic Gas (HI(1)) 0.0277± 0.00554 7.1± 0.5
Warm Atomic Gas (HI(2)) 0.0073± 0.0007 22.1± 2.4
Hot Ionized Gas (HII) 0.0005± 0.00003 39.0± 4.0
Giant Stars 0.0006± 0.00006 15.5± 1.6
MV < 3 0.0018± 0.00018 7.5± 2.0
3 < MV < 4 0.0018± 0.00018 12.0± 2.4
4 < MV < 5 0.0029± 0.00029 18.0± 1.8
5 < MV < 8 0.0072± 0.00072 18.5± 1.9
MV > 8 (M Dwarfs) 0.0216± 0.0028 18.5± 4.0
White Dwarfs 0.0056± 0.001 20.0± 5.0
Brown Dwarfs 0.0015± 0.0005 20.0± 5.0
Total 0.0889± 0.0071 —

Table 2.1: The baryonic mass model that informs our priors.

where we have indexed tracer (rather than gravitating) populations by K and where again we
are dropping time derivatives. Any function of the form F(v2

z/2 + Φ(z)) will satisfy the above
differential equation. We also note that separability implies

∫
dvzfK(z, vz) = νK(z) ⇒ fK(z, vz) = νK(z)fK,z(vz) , (2.14)

where fK,z(vz) is the velocity distribution function at some fixed height z, normalized to unity. One
can show that in the limit of a single self-gravitating system in equilibrium, the velocity distribution
near the midplane is Gaussian [203]. In general and with the above definitions in mind, we can
write

νK(z) =

∫
dvzfK(z, vz)

=

∫
dvzfK

(
0,
√
v2
z + 2Φ(z)

)

= νK(0)

∫
dvzfK,0

(√
v2
z + 2Φ(z)

)
. (2.15)

Therefore, once we know the gravitational potential and the velocity distribution function for trac-
ers at the midplane, we can solve for the tracer profile. In our analysis we determine fK,0 empiri-
cally and do not assume that our tracer population is necessarily isothermal.

2.3 Mass Model
In order to solve for the gravitational potential, we must have an independent model for the baryons.
In Table tab:massmodel, we compile some of the most up-to-date measurements of ρA,0 and σA
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for the local stars and gas, primarily drawing from the composite model of Ref. [193] and supple-
menting with velocity dispersions from Refs. [204, 205] as described below.

The local gas densities are determined from measurements of the column density of hydrogen
in its various forms, assuming a fixed scale height. A correction factor of 1.4 is applied to account
for the presence of heavier elements whose abundance relative to hydrogen is known. For the case
of molecular hydrogen (H2), there is a 30% uncertainty on the density, while for the ionized hydro-
gen (HII) the uncertainty is 5%. The atomic hydrogen (HI) is split into warm and cold components:
the uncertainty on the density of the warm component is 10% while for the cold component the
uncertainty is 20% due to optical depth corrections.

For the giant stars and stars with MV < 8, we conservatively estimate the uncertainty on the
density as 10%, which is commensurate with the relative uncertainty on the total surface density
of these populations for fixed scale height in the analysis of Ref. [193]. Note that the analysis
of Ref. [5] found very similar values for the density of giant stars and main sequence stars with
MV < 8, within the margins of uncertainty reported by Ref. [193]. Since these stars are such a
subdominant component of the mass model, we do not perform a separate analysis with measured
densities of Ref. [5] but instead perform our analysis with those from Ref. [193], which have more
conservative uncertainties. For the M dwarfs the uncertainty on the surface density (again, for fixed
scale height) is 13%, which we translates to the same relative uncertainty for the density [193]. The
uncertainty on the density of white dwarfs is given explicitly in Ref. [193], while for the brown
dwarfs we assume a 35% uncertainty on the density coming from the uncertainty in the spectral
index of the brown dwarf mass function. Note that for the densities reported here, the thick stellar
disk is already taken into account as described further in Ref. [193].

For the velocity dispersions, we aggregate measurements and uncertainties from several sources.
The velocity dispersions for the gas, giant stars, and stars with MV < 4 came from the revised es-
timates provided in Refs. [187, 204], while for the other category we use velocity dispersions from
Refs. [205, 206]. In particular the updated velocity dispersions and uncertainties we quote for the
gas include additional non-thermal contributions to the pressure, including the effects of magnetic
fields. Where available, the uncertainties on the velocity dispersion were drawn from Refs. [205,
206]. In some cases, the populations were categorized differently, in which case a best attempt was
made to consolidate different references. For instance, Ref. [187] estimated the velocity dispersion
for the category MV < 3 as being the same for the category MV < 2.5, under the assumption
that the contribution from stars with 2.5 < MV < 3 is small compared to the error on the velocity
dispersion. For the stars with 3 < MV < 8 and the M dwarfs, we estimate the error on the velocity
dispersions as coming from the variance of different measurements of the scale height aggregated
in Ref. [193], which yield similar error estimates as those reported in Refs. [205, 206]. Finally, in
other cases where the updated stellar velocity dispersions from Ref. [187] were different from the
values given in Refs. [205, 206], we assume that the relative size of the error on the revised values
is the same as for the previous values. For instance, for the giant stars the error is assumed to be
10% for the new value of the velocity dispersion, as it was for the old value.

We also include the energy density from the smooth DM halo and a possible thin DD com-
ponent. We model the bulk collisionless DM halo of the MW as a constant local density ρDM.
Current measurements favor ρDM ∼ 0.01-0.02 M�/pc3 at ∼kpc heights above the Galactic plane
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[206], though we will treat ρDM as a nuisance parameter in our analysis. For the thin DD, we
parametrize the density as

ρDD(z) =
ΣDD

4hDD
sech2

(
z

2hDD

)
, (2.16)

with ΣDD and hDD the DD model parameters. In constraining these model parameters, we include
the uncertainties tabulated in Table 2.1 and profile over these nuisance parameters in our analysis.

2.4 Tracer Star Sample
As outlined above, we will constrain a DD by considering the distribution of tracer stars in the
underlying gravitational potential, as sourced by the baryonic disk and possibly a DD. In an ideal
situation, we would consider a sample volume as large and inclusive as possible so as to improve
statistics with a larger number of tracer stars. However, we wish to avoid biasing the sample with
systematic errors that can influence our results. In this section, we demonstrate the effects of
different cuts on meeting the above goals and discuss how we estimate the errors on the data.

For our analysis of the tracer density profile, we select TGAS stars within a cylinder about the
Sun with radius Rmax and which extends 200 pc above and below the Galactic plane. This range in
z ensures that we are within the regime of validity for several key assumptions made above: that
the tilt term is negligible, that the various mass components have constant velocity dispersions, and
that the radial and vertical motions are separable. Indeed, Ref. [197] showed in simulations and
with data that these assumptions are satisfied within the z ∼ 200 pc half-mass height of the disk.
Using the color cuts defined in Ref. [207], we consider main sequence stars of spectral types A0-
G4. Older spectral types have density profiles that are closer to constant (i.e. less peaked) in our
volume, and thus less are useful in constraining a DD. In the rest of this Section, we explore how
different sample volumes, parallax uncertainty cuts, and selection functions impact the tracers.

When determining the midplane vertical velocity distributions of our tracer stars, we impose
latitude cuts to ensure that the unknown line-of-sight velocities have a small projection in the
vertical direction. In the rest of this Section, we show how different Galactic latitudes and typical
line-of-sight velocities affect the tracer velocity distributions.

Parallax Uncertainties and Sample Geometry
Perhaps the largest source of error in determining the shape of the tracer density profiles is par-
allax uncertainty. In order to reduce this uncertainty, we can impose a parallax cut on the data.
Since cutting on individual stars could bias our sample, we instead make cuts on the mean parallax
uncertainty in a given region of the sky rather than cutting individual stars with poor parallax mea-
surements. In order to retain sufficient statistics, we make a modest cut on regions of the sky with
average parallax error greater than 0.4 mas. In addition to these statistical parallax uncertainties,
there is a reported systematic parallax uncertainty on all TGAS data of 0.3 mas. In total, this trans-
lates to a ∼ 10% uncertainty on z near the edge of our sample volume at z = 200 pc, as can be
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Figure 2.1: The uncertainty in the height above the Galactic plane z as a function of z for a
cylinder centered at Earth with radius 150 pc. The mean errors are shown as thick lines and the
bands represent the spread in the error. The error in z incurred from parallax uncertainties is similar
between different stellar populations. The fitting function of Eq. (2.17) is shown as a black dotted
line.

seen in Fig. 2.1. These uncertainties can be mitigated to an extent by combining TGAS with other
catalogs [208, 209], but the issue remains that parallax uncertainties are the main contaminant in
our density profiles. In our analysis, we use the fitting form

σ(z) = 0.00183 |z|1.7478 + 0.74 pc (2.17)

for the uncertainty on z at different heights above the Galactic plane, as shown in Fig. 2.1.
Due to the uncertainties in parallax error, we would ideally choose bins in z that are larger than

the uncertainties. However, one possible effect of choosing large z bins is to artificially broaden
the profile through Eddington bias (see below). This could cause our constraints on a DD to be
overly restrictive, since we are searching for the pinching effect from a DD in the profile. To check
for the dependence on z binning, we run our analysis on the data with both fine 8 pc bins and
coarse 25 pc bins, as described in Section 2.7. Parallax uncertainties also feed into the midplane
vertical velocities through the projection of the proper motions onto the z direction. The RMS
uncertainty on midplane vertical velocities from parallax uncertainties is ∼0.6 km/s. Again, to
check for artifacts from binning we run our analysis pipeline with fine 2 km/s velocity bins and
coarse 4 km/s velocity bins in Section 2.7.

In Fig. 2.2, we show the effects of the cut on the average parallax error and the choice of
binning in z on the tracer star density profile, as functions of the radial cutRmax. Fitting the density
of F and early G stars to the profile ν(z) = ν0 sech2((z + zsun)/2h), we find systematic deviations
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Figure 2.2: Best fit parameters for the profile ν(z) = ν0sech2((z+ zsun)/2h) of F and Early G type
stars for cylindrical sample volumes with different radial cutsRmax. We consider data with different
vertical bin sizes (8 pc and 25 pc) as well as data with and without mean parallax uncertainty cuts.
Generally, placing a parallax cut or using finer binning yields a narrower inferred profile. The
different choices of cuts show increasing disagreement in the best fit values for Rmax & 150 pc,
which is suggestive of systematic effects due to parallax uncertainty.

in the scale height h and height of the sun zsun depending on these choices. For both fine (8 pc) and
coarse (25 pc) binning, omitting the parallax cut described in the previous section biases the profile
to be broader due to larger uncertainties on z. The profiles are also broader with coarser binning.
These differences in the density profile are mitigated by considering a smaller sample volume. We
demonstrate this by showing the dependence of the fit results on the maximum radius Rmax of our
sample volume. The most salient feature is the emergence of Rmax =150 pc as the approximate
radius beyond which the profiles start to systematically broaden more with increased radius. This
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Figure 2.3: The density profiles ν(z) for F and early G stars in sample volumes with different
values of Rmax and including parallax cuts. Overlaid on top of the data are the best-fit sech2

profiles. As the sample volumes grow past Rmax = 150 pc, the inferred profiles broaden and shift,
which we attribute to larger parallax uncertainty at the edges of the sample volume and Eddington
bias. Most notably, the profiles inferred with Rmax = 125 pc and Rmax = 150 pc are in good
agreement, while the profiles inferred with Rmax = 175 pc and Rmax = 200 pc are different from
the low-Rmax profiles and from each other.

is illustrated further in Fig. 2.3 where a convergence of sech2 profiles is seen below Rmax=150 pc
for the coarsely-binned data with parallax cuts.

We interpret the broadening of the number density profile as being due to Eddington bias: due
to the increasing parallax uncertainties with distance of the star, a larger sample volume leads
to smearing of the density profiles at large z. Mechanistically this arises because for a peaked
distribution, large uncertainties are more likely to cause excursions from high-count to low-count
bins than the reverse, meaning that excursions that broaden the distribution are not compensated by
ones that would cause it to narrow. In order to maximize the statistics of our analysis while reducing
these systematic effects, we restrict all of the analyses in this Chapter to Rmax = 150 pc. Since we
are searching for pinching due to the presence of a DD, including data beyond r ∼ 150 pc could
artificially make our constraints overly restrictive. Even with this cut, there remains non-negligible
errors in the z-values of the stars due to parallax error, as shown in Fig. 2.1. We account for this in
our analysis by applying a Gaussian kernel smoothing to our model predictions when comparing
to data, as discussed further below.

Completeness and the Selection Function
Within the spatial cuts outlined above, the TGAS sample is not complete. For instance, the Gaia
scanning pattern causes the relative completeness to vary over the sky because some regions do not
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yet have sufficient observations to yield a high-quality astrometric solution [183]. To account for
this, we use the results of Ref. [5], which compared the TGAS catalog counts to those of the Two
Micron All-Sky Survey (2MASS) catalog [210] in order to determine the effective completeness as
a function of position, color, and magnitude. In particular, we used the implementation provided in
the gaia_tools package.2 In the default settings of this package, cuts are placed on regions of
the sky in order to select for those regions with reduced measurement uncertainties. In particular,
the “good” part of the sky is defined as those pixels with sufficient number of observations in
the Gaia scan strategy, small enough variations in the scan strategy for stars in that pixel, and
an ecliptic latitude cut. After these default cuts, approximately 48% of the sky is selected, with
a typical mean parallax uncertainty < 0.45 mas. As discussed in the previous subsection, we
also impose further parallax uncertainty cuts and geometric sample region cuts. When taking the
effective volume completeness into account, the tracer counts yield an optimal estimator for the
true density with Poisson-distributed uncertainties [5].

To determine the number density of stars for a given spectral type, we then obtain the complete-
ness for each spectral subtype (e.g. for A stars, we consider the A0, A1, ..., A9 stars individually),
correct the observed number counts of stars using the effective completeness, and finally sum the
subtypes. In total, our sample contains 1599 A stars, 16302 F stars, and 14252 early G stars, as
compared with ∼ 2000 stars that were used in the analysis of Ref. [187]. When including a three
dimensional model of dust in the selection function, Ref. [5] found that the difference in stellar
density distributions is typically 1-2% for a similar sample volume. We conservatively include a
3% systematic uncertainty on the density in each z-bin, which also includes uncertainties in the
selection function as estimated in Ref. [5]. This is in addition to the statistical uncertainty in the
stellar counts. In Fig. 2.4, we show the completeness for each of our tracer populations in the
fiducial volume with R max = 150 pc. The selection efficiencies are fairly flat in z within our sam-
ple volume, such that we are never sampling the steeply falling efficiencies at large distances. It
can be seen in Figs. 3-4 of Ref. [5] that the effects of dust extinction (which, as discussed above,
are included in the 3% systematic error budget) are also small for these distances. The dashed
lines in Fig. 2.4 are the result for the default selection on “good” parts of the sky, while the solid
lines show the effect of including an additional cut on regions of the sky with average parallax
uncertainty greater than 0.4 mas.

Midplane Vertical Velocities
In determining the vertical velocity distribution function, the primary source of uncertainty is on
the radial (line of sight) velocities, which are not included in the TGAS catalog. In our analysis, we
assume that on average the stars are co-rotating with the rest of the disk and thus the mean apparent
radial velocities are simply given by Earth’s proper motion relative to the disk projected along the
line of sight to any given star. The mean radial velocity is given by 〈vr〉 = −vx,0 cos l cos b −
vy,0 sin l cos b − vz,0 sin b, where l is the Galactic longitude, b is the Galactic latitude, and where
vx,0 = 11.1± 0.7 stat. ± 1.0 sys. km/s and vy,0 = 12.24± 0.47 stat. ± 2.0 sys. km/s capture the proper

2https://github.com/jobovy/gaia_tools
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Figure 2.4: Effectiveness completeness for our fiducial selection volume, with radial cut ofR max =
150 pc. The dashed lines show the result using the default cuts in gaia_tools, while the solid
lines include an additional cut on regions of the sky with average statistical parallax uncertainty
greater than 0.4 mas.

motion of the Sun inside the disk [211]. This mean radial velocity is as large as ∼ 10 km/s,
depending on the angular position on the sky, and the projection onto motion in the z direction
depends primarily on the Galactic latitude.

Thus, in determining the midplane velocity distributions of our tracers fi,0(|v|) we impose a
latitude cut on stars so that the projection of the radial velocity onto the z direction is small. The
projected vertical motions are given by vz = vz,0+(µbκ cos b)/π̃+vr sin b, where vz,0 is the vertical
velocity of the Sun, µb is the proper motion in Galactic latitude b in mas/yr, κ=4.74 is a prefactor
which converts this term to units of km/s, π̃ is the parallax in mas, and vr is the radial velocity
in km/s. Note that this procedure is in contrast with other methods in the literature, such as the
deconvolution approach used in Ref. [212]. For a latitude cut of |b| < 5◦, the largest contribution
to the vertical velocity from the mean radial velocity is ∆vz ∼ 1 km/s. This large contribution is
for the special case where the line of sight to the star is roughly in the same direction as Earth’s
motion relative to the Galactic plane. In other parts of the sky, the radial velocity contributes a
smaller uncertainty to the vertical velocity with this latitude cut.

The effect of the radial velocity uncertainty decreases as we make tighter latitude cuts. How-
ever, tighter cuts also reduce our statistics. In Fig. 2.5 we compare the f0(v) for the F stars inferred
from the data with different latitude cuts. We find good agreement between the different latitude
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Figure 2.5: Using the F stars as a representative case, we illustrate the effect of different latitude
cuts on the inferred midplane velocity distribution f0(|v|). Tighter b cuts help to mitigate the un-
certainty in the radial velocity but add statistical noise. We find that within statistical uncertainties,
the distribution function is not sensitive to the different latitude cuts shown here so for our analysis
we use |b| < 5◦.

cuts within statistical uncertainties, so we take |b| < 5◦ by default. Still, the uncertainty in the ra-
dial velocities cannot be neglected; this can be seen in the left panel of Fig. 2.6, where we compare
the case assuming average radial velocities to the case with radial velocities set to zero. We use the
difference between these two to estimate the size of the systematic error due to radial velocities.

Also shown in Fig. 2.6 are the effects of the dependence of the selection function on spectral
type. The selection function does not depend on velocity, although the effective completeness does
vary for different spectral types (see for example Fig. 2.4). A good consistency check is to make
sure that when subdividing stellar types into subtypes (e.g. dividing A stars into types A0-A9) and
weighting f0(v) accordingly by the subtype selection functions that we do not find a discrepancy
with the unweighted f0(v). We find that the data are consistent between these two procedures, with
the largest difference being for A stars, which have the lowest counts. We include the difference
between the f0(v) data with and without the selection function weighting as part of our estimate of
the systematic uncertainty in f0(v).

Out-of-equilibrium effects
A key assumption of our analysis is that the Galactic disk is locally in equilibrium. However, there
are observations that suggest the presence of out-of-equilibrium features, such as bulk velocities,
asymmetric density profiles about the Galactic plane, breathing density modes, and vertical offsets
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Figure 2.6: Left: The midplane velocity distribution function for different stellar types assuming
mean vr = 〈vr〉 (dark circles) and vr = 0 (light diamonds). The latitude cut |b| < 5◦ accounts for
the smallness of the difference between these situations, which is well within the purely statisti-
cal uncertainties shown here as error bars. Right: The midplane velocity distribution function for
different stellar types when appropriately weighting the stellar subtypes by their selection func-
tions (dark circles) and when ignoring the subtype selection functions (light diamonds). Since
the selection functions do not correlate with velocity but rather with position and magnitude, the
two procedures are expected to be very consistent within the purely statistical uncertainties shown
here as error bars. Indeed, the two procedures give very similar determinations of f0(v), with the
biggest difference coming from the low-statistics A stars.

between populations [213–216]. Such features could also be present in the DM components. While
these effects are typically manifest higher above the Galactic plane than what we consider, it is still
important to account for the possibility that the disk is not in equilibrium.

However, our tracer samples appear to obey the criteria for an equilibrium disk. When adjust-
ing for the height of the Sun above the Galactic plane (which we find to be−1.3±4.6 pc, consistent
with Refs. [5] and [217]), we do not find any significant asymmetry in the density profile above
and below the Galactic plane. We find no significant difference in the vertical velocity distribu-
tion function above and below the Galactic plane, unlike Ref. [218] which claimed evidence for
a contracting mode. We also find that the midplane velocity distribution function is symmetric
about v = 0. We find the vertical Solar velocity vz,0 = 6.8 ± 0.2 km/s, consistent with the mea-
surement of Ref. [211], and has the expected Gaussian profile of a static isothermal population
[203]. To be conservative, we take the systematic uncertainty from non-equilibrium dynamics to
be the difference between the + |v| and − |v| values of f0(|v|). These estimated non-equilibrium
systematics, in combination with the systematic uncertainties from radial velocities and selection
function weighting, are included along with statistical uncertainties in Fig. 2.7 for 2 km/s velocity
bins.
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Figure 2.7: The midplane velocity distribution function f0(|v|) used in our analysis. The error bars
are a combination of statistical and systematic uncertainties stemming from radial velocity un-
certainties, selection function weighting, and non-equilibrium-induced asymmetry in f0(v). Also
shown are the best-fit Gaussian functions, which have velocity dispersions of 6.1± 0.1, 10.2± 0.2
and 13.7± 0.1 km/s for the A, F and G stars, respectively.

Our treatment differs from the out-of-equilibrium analysis of Ref. [187], which evolves the
observed tracer density profile as it oscillates up and down through the spatially-fixed potential of
other mass components (including a DD), while determining the error on this evolution through
bootstrapping. This results in a band of possible tracer profiles that could be caused by a DD in
the presence of disequilibria. In contrast, our approach treats all the data on equal footing. Since
changing f0(v) can potentially mimic the pinching effect from a DD, our analysis accounts for the
possibility that pinching arises from fluctuations or systematics in f0(v). Thus, our analysis also
scans over an analogous band of tracer profiles.

We perform a final consistency check by breaking down our tracer sample into subpopulations
with different velocity dispersions, which are affected differently by disequilibria due to their dif-
ferent mixing timescales. In the presence of out-of-equilibrium features, separate analyses of these
different subpopulations could yield discrepant parameters [219]. As detailed in the SM, however,
we find broad agreement between the subpopulations.

2.5 Likelihood analysis
We search for evidence of a thin DD by combining the model and datasets described above with a
likelihood function. Here we summarize our statistical analysis.
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We use a likelihood function to fit a modelM to the data d, where the model has parameters
θ = {ψ, ζ}; theψ are the parameters of interest and the ζ are the nuisance parameters. For a single
tracer population, the dataset d consists of the log of the binned vertical star counts ln νdat

i , where
i labels one of the z bins, and the midplane binned velocity distribution f dat

j , where j labels one
of the velocity bins. Additionally, the dataset contains uncertainties σln νi and σfj on the number
density and velocity distribution measurements, respectively, that account for both statistical and
systematic uncertainties. Our nuisance parameters include a parameter zsun for the height of the
Sun above the disk, the local DM density from the bulk halo ρDM, baryonic nuisance parameters ρk
and σvk for the densities of velocity dispersions of each of theNb baryonic components, indexed by
k, listed in Tab. 2.1, parameters fν that describe the overall normalization of the vertical star counts
distribution for each tracer population, and nuisance parameters fj that describe the normalization
of the midplane velocity distribution of the Nt tracer populations in each of the Nv velocity bins.
Thus, the total number of nuisance parameters is Nt+NtNv +2Nb+2. Our parameters of interest
ψ are the thin DD surface density ΣDD and scale height hDD. Note that given a parameter space
vector θ, we calculate the number density of stars νi(θ) in each of theNz z bins though the iterative
procedure described in Section 2.2.

More concretely, the predicted z-distribution of stars is a function of the DD model parameters
(namley the DD scale height and surface density) and nuisance parameters, which consist of: (i) the
12 baryonic densities in Tab. 2.1, along with their velocity dispersions; (ii) the local DM density in
the halo ρDM; (iii) the height of the Sun; (iv) the midplane stellar velocity distribution f0(vj), where
j indexes the velocity bins. The velocity distributions are given Gaussian priors in each velocity
bin with central values and widths as described in the previous Section. The baryon densities and
velocity dispersions are also given Gaussian priors with the parameters in Tab. 2.1. The height of
the Sun above the disk and local DM density are given linear priors that encompass a broad range
of previous measurements, zsun ∈ [−30, 30] pc and ρDM ∈ [0, 0.06] M�/pc3 [5, 206, 217, 220,
221]. When combining stellar populations, we use a shared mass model but compute the densities
of the A, F, and G stars independently and give their velocity distributions independent nuisance
parameters. In analyzing all three stellar populations, we have 89 nuisance parameters.

As shown in Fig. 2.1, parallax uncertainties lead to a larger uncertainty on the height above
the midplane at larger heights. Using this information, we can model what the true density profile
would look like on average after a simulated TGAS measurement in the presence of parallax
uncertainty. We apply a Gaussian kernel to smooth the νi(θ) by the TGAS parallax uncertainties,
with the dispersion of the kernel varying as a function of z as inferred from Eq. (2.17), before
comparing the model predictions for νi(θ) to data. After taking the effects of parallax uncertainty
into account in our prediction, we compare to the data through the likelihood function

pν(d|M,θ) =
Nz∏

i=1

1√
2πσ2

ln νi

exp

[
−
[
ln(fν νi(θ))− ln νdat

i

]2

2σ2
ln νi

]
. (2.18)

The total likelihood function for a single population in isolation is then given by the above multi-
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plied by the appropriate prior distributions for the baryons and the stellar velocities:

p(d|M,θ) = pν(d|M,θ)× pf (d|M, ζ)× pb(d|M, ζ) ,

pf (d|M, ζ) =
Nv∏

j=1

1√
2πσ2

fj

exp

[
−(fj − f dat

j )2

2σ2
fj

]
; (2.19)

pb(d|M, ζ) =

Nb∏

k=1

(
1√

2πσ2
ρk

exp

[
−(ρk − ρdat

k )2

2σ2
ρk

])
 1√

2πσ2
σvk

exp

[
−(σvk − σdat

vk
)2

2σ2
σvk

]
 .

Note that the prior distributions on the stellar velocities pf and baryons pb are only functions of
the nuisance parameters. When we combine Nt tracer populations, indexed by `, the likelihood
function instead becomes

p(d|M,θ) = pbaryon(d|M, ζ)×
[
Nt∏

`=1

p`ν(d|M,θ)× p`f (d|M, ζ)

]
. (2.20)

Note that baryonic nuisance parameters and the nuisance parameter for the local DM density in
the bulk halo are shared between all Nt tracer populations, as is the nuisance parameters for the
position of the Sun, while each population is given separate nuisance parameters for the binned
velocities and normalization for ν(z).

Given the likelihood function, we construct likelihood profiles λ(ΣDD) at fixed DD scale
heights hDD:

λ(ΣDD) = 2
[
maxζ log p(d|M,θ)−maxζ,ΣDD log p(d|M,θ)

]
. (2.21)

Above, the second term denotes the maximum log likelihood taken by maximizing over the nui-
sance parameters and ΣDD, at fixed hDD, while the first term is the maximum log likelihood at
fixed hDD and ΣDD. The likelihood profile is only strictly defined for ΣDD greater than the ΣDD

of maximum likelihood. The 95% upper limit on ΣDD is given by the value of ΣDD for which
λ(ΣDD) = −2.71 [222]. The TS, on the other hand, is used to quantify the significance of a
detection, and is defined analogously:

TS = 2
[
maxθ log p(d|M,θ)−maxζ log p(d|M,θ)|ΣDD=0M�/pc2

]
. (2.22)

That is, the TS is twice the log-likelihood difference between the best-fit DD model and the null
model, which has ΣDD = 0M�/pc2.

We present our results in terms of both frequentist analyses, following the statistical treatment
described above, and Bayesian analyses. Both types of statistical analyses use the likelihood func-
tion in Eq. (2.21). The Bayesian analyses proceed through Bayes’ theorem:

p(θ|M, d) =
pν(d|M, θ) p(θ|M)

p(d|M)
. (2.23)
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Above, p(θ|M) denotes the prior distribution; the combination of our prior and likelihood func-
tions, pν(d|M, θ) p(θ|M), is given in Eq. (2.20). The posterior distribution is given by p(θ|M, d),
while the Bayesian evidence (sometimes also referred to as the marginal likelihood or model like-
lihood) is found through the integral

p(d|M) =

∫
dθ p(d|M, θ) p(θ|M) . (2.24)

When performing parameter estimation in the Bayesian framework, we integrate the posterior dis-
tribution over all model and nuisance parameters except for our specific parameter of interest and
then calculate the appropriate percentiles of the resulting one-dimensional posterior distribution.
We also, in the main Letter, compare nested models using the Bayes factor. The Bayes factor in
preference for a modelMA over a modelMB is given by the evidence ratio

BAB =
p(d|MA)

p(d|MB)
. (2.25)

2.6 Validating our Analysis with Mock Data
In this section we test our analysis framework on simulated TGAS data. By analyzing simulated
data with an injected DD signal, we show that our analysis framework is able to appropriately
reconstruct the injected parameters and importantly we demonstrate that the resulting limits to do
not exclude the true DD parameters.

Mock Data Generation
We create an ensemble of mock datasets in the following way. First, we assume a mass model.
For the baryons, we simply take the centers of the priors for the midplane densities and velocity
dispersions. For every mock dataset we set zsun = 0 pc and halo DM density ρDM = 0.01 M�/pc3.
We optionally include a DD in the mass model for testing the recovery of injected DD parameters.

The velocity distributions of the three tracer populations are drawn assuming Poisson fluctua-
tions in each velocity bin, where we assume the true f0(|v|) is given by the measured distribution
of that population. Using the mass model and the randomly drawn velocity distribution function,
we then calculate the gravitational potential and density profile ν(z) for each tracer population.
The calculated density profile is normalized to the observed number of tracer stars in the TGAS
data over the range z ∈ [−200, 200] pc; then, using this distribution, we randomly generate both
the z-positions of stars as well as the total number of stars assuming Poisson noise. Distance un-
certainties due to parallax error are also included in this data set. For every star with distance zi
we introduce a random Gaussian smearing on zi with width given by σ(zi) in Eq. 2.17. Finally,
we assign both statistical and systematic uncertainties to the mock data: for the number densities,
we assume a 3% systematic as for the density profiles, while for the velocity distributions we as-
sume 15%, 5%, and 7% systematic errors for A, F, and Early G stars, respectively, which roughly
reproduce the uncertainty levels we find in the real TGAS data.
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Figure 2.8: Left: The likelihood profile when no parallax error is introduced into the mock datasets
and with no Gaussian kernel density smoothing. Center: Same as the left but with parallax error
introduced into the mock datasets, causing artificially tight constraints. Right: The recovered
likelihood profile when parallax error is present in the mock data and when the Gaussian kernel is
used in the analysis to model the effects of parallax error. The likelihood profile using the Gaussian
kernel has similar statistics and yields a similar limit on a DD under the null hypothesis as the case
with no parallax error. In all three panels, we take hDD = 5 pc and no DD is injected. The
dark (light) shaded regions correspond to the 68% (95%) containment regions, and the thick line
corresponds to the results of the Asimov analysis.

In addition to generating mock datasets with statistical fluctuations, we also generate the Asi-
mov dataset [222]. The Asimov dataset consists of data that are identical to the prediction under
the hypothesis being tested, with no statistical fluctuations, even if this means using fractional
counts in cases where the data consists of binned counts. In this case, we generate data that lies
exactly on top of the predicted density profile for a given mass model. As shown in Ref. [222], the
mean likelihood profile over an ensemble of simulated datasets converges to the likelihood profile
obtained with the Asimov dataset in the vicinity of the point of maximum likelihood. This provides
a way of cross-checking both the likelihood function and the mock-data generation framework.

In Fig. 2.8, we show the likelihood profiles for a sample of mock datasets, as compared with
the likelihood profiles computed on the Asimov dataset. When the datasets are generated without
scatter due to parallax uncertainty and compared to models without Gaussian kernel smearing, the
resulting likelihood profiles behave as expected from the Asimov dataset (left panel). However,
when datasets are generated with scatter from parallax uncertainty and compared to models without
Gaussian kernel smoothing, we obtain artificially steep likelihood profiles (center panel). Finally,
we analyze mock datasets with parallax uncertainty and Gaussian kernel smoothing (right panel),
finding agreement with the expectation from the Asimov dataset. These results indicate the impor-
tance of including the Gaussian kernel smoothing for obtaining the correct likelihood profiles, and
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this also verifies that we have adequately accounted for these effects in our modeling.

Results of Mock Data Analysis
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Figure 2.9: The likelihood profiles 2∆ lnL for mock data with injected DD signals. Different
colors correspond to different values of the injected DD surface density. The bands show the 68%
containment regions for the 50 mock datasets for each set of parameters. The thick line is the
likelihood profile of the Asimov dataset, while the thin line is the median likelihood profile of the
50 mock datasets.

Using the methods outlined above, we generate mock datasets with DDs of varying surface
density between 0 and 15 M�/pc2 and scale heights hDD = 5, 25, and 50 pc. For each set of
DD parameters, we generate 50 such datasets including the effects of parallax uncertainties and
run these datasets through our analysis with Gaussian kernel smoothing. In Fig. 2.9, for each
value of hDD we show the resulting likelihood profiles in ΣDD. Thinner DDs with larger surface
density (and corresponding higher midplane density) are detected with much higher significance
using our analysis. For the thickest DD we inject into the data, even large surface density DDs are
not detected with high significance, in part because the density ∼ ΣDD/4hDD is lower and also
because there is a possible degeneracy of the DD with the baryonic disk and halo DM.

The top panel of Fig. 2.10 compares the recovered best fit ΣDD (green band) with the injected
value (dashed line), where we find good agreement. We also show the 95% limit obtained from
the data sets with injected signals, indicated by the blue band. As desired, we never rule out an
injected signal. The fact that even the 95% containment region of the limit (light blue) does not
have any overlap with the injected signal (dashed line) means that our “95%” exclusion — which
is determined by assuming that the likelihood profile is χ2-distributed in the vicinity of the point
of maximum likelihood — is likely conservative.
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Figure 2.10: Top: For mock data with injected DD signals, the recovered value of ΣDD (green
band, at 68% containment) and the 95% upper limit on ΣDD as determined by 2∆ lnL = −2.71
(blue bands). The dark (light) blue bands represent the 68% (95%) containment regions for the
upper limits determined by 50 mock datasets. Crucially, we never exclude the injected signal,
which is indicated by the dashed diagonal line. Bottom: The 68% containment region for the
maximum TS obtained in our analysis, which gives a measure of the detection strength of the
recovered signal.

2.7 Results
In this Section, we provide the results of our analysis procedure on the real TGAS data. We show
our composite frequentist results as well as Bayesian and frequentist results for individual tracer
populations. We also show how the analysis is affected by alternate binning and gas densities.

Main Results
As detailed in Section 2.5, we compute likelihood profiles as functions of ΣDD by profiling over the
nuisance parameters for fixed hDD. From the likelihood profiles we compute the 95% one-sided
limit on ΣDD, which is shown in Fig. 2.11. We also compare our limit to the expectation under
the null hypothesis, which is generated by analyzing multiple simulated TGAS datasets where
we assume the fiducial baryonic mass model and include ρDM = 0.014 M�/pc3. We present the
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68% and 95% containment region for the expected limits at each hDD value. The TGAS limit is
consistent with the Monte Carlo expectations at high hDD but becomes weaker at low hDD. This
deviation is also manifest in the test-statistic (TS), which is defined as twice the difference in log-
likelihood between the maximum-likelihood DD model and the null hypothesis. We find TS ∼ 5
at hDD ∼ 5 pc and ΣDD ∼ 4 M�/pc2; while this does indicate that the best-fit point has a nonzero
DD density, the TS is not statistically significant. Moreover we cannot exclude the possibility that,
the true evidence in favor of the DD is much lower due to the possible existence of systematic
uncertainties that are not captured by our analysis.

For the limit given in Fig. 2.11, we also show the complete likelihood profiles over the range
hDD = 5 − 100 pc in Fig. 2.12 (left panel). The excess seen in Fig. 2.11 is also manifest in the
test-statistic (TS), which is defined as twice the difference in log-likelihood between the maximum-
likelihood DD model and the null hypothesis. In the right panel of Fig. 2.12 we find TS ∼ 5 at
hDD ∼ 5 pc and ΣDD ∼ 4 M�/pc2; while this does indicate that the best-fit point has a nonzero
DD density, the TS is not statistically significant. In this panel we also show the expectation from
100 mock datasets generated with no DD, similar to the band shown in Fig. 2.11. Although our
TS value is well outside of the 95% containment region of the mock data (light green band), it
is not easy to interpret the statistical significance of this result due to the possibility of hidden
systematics. If the fiducial model is adjusted to have larger baryonic densities or larger halo DM
density, then the expected band of TS values will also increase compared to that shown. It is also
possible that the assumptions going into our vertical Poisson-Jeans modeling do not fully capture
the dynamics.

Component A Stars F Stars Early G Stars
baryons 0.088+0.006

−0.006 0.088+0.007
−0.007 0.085+0.007

−0.006

DM 0.038+0.012
−0.015 0.019+0.012

−0.011 0.004+0.01
−0.004

Table 2.2: Posteriors on the total baryonic and DM halo density at the midplane, in units of M�/pc3.

The model without the thin DD provides insight into the baryonic mass model and the local
properties of the bulk DM halo. While the DD limits described above were computed in a frequen-
tist framework, we analyze the model without a DD within a Bayesian framework for the purposes
of parameter estimation and model comparison. The marginalized Bayesian posterior values for
the total baryonic density and local DM density are given in Tab. 2.2 for analyses considering the
three stellar populations in isolation. Despite only analyzing data in a small sample volume, we
find mild evidence in favor of halo DM: for the model with halo DM compared to that without, the
Bayes factors are ∼8.4 and 1.9 using the A and F stars, respectively, while for early G stars the
Bayes factor∼0.4 is inconclusive. We show the best-fit profiles of our tracer stars in Fig. 2.13 with
statistical and systematic uncertainties on the tracer density and velocity profiles; these profiles for
different tracer populations are generated with the same underlying maximum likelihood baryonic
parameters assuming no DD. As can be seen, the model with no DD reproduces the tracer profiles
remarkably well.
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Figure 2.11: The 95% constraint on the DD surface density ΣDD as a function of the scale height
hDD, as found in this work and in Ref. [187] (Kramer & Randall 2016). The star indicates fiducial
DD parameters that can account for phenomena such as periodic comet impacts [172]. Also shown
is a comparison of the limit to the 68% and 95% containment regions (in dark and light green,
respectively) on the expected limit from simulated data generated under the null hypothesis of no
DD.

Separate Analyses of Tracer Populations
Here we compare the joint frequentist analysis including A, F, and early G stars to the frequentist
limits separately obtained on the individual tracer populations in the left panel of Fig. 2.14. Here
we separately marginalize over the height of the Sun, ρDM and baryons for each tracer population,
as described in Eq. 2.19. Due to the factor of ∼10 fewer stars in the A star sample, our limits are
mainly driven by the F and early G stars. The F and early G stars have similar statistics and sys-
tematic errors, however the F star data favors a higher DD density and the limits are overall weaker.
The right panel of Fig. 2.14 shows the TS values obtained from the separate analyses, which are
lower than that from the joint analysis since the joint result requires the baryon parameters are
shared for the three populations.

Using the nested sampling code Multinest [1], we have also separately analyzed the indi-
vidual tracer populations to obtain posteriors on the DD and nuisance parameters. This allows us to
check consistency of results between the tracers, while differences could be sensitive to nonequi-
librium effects as discussed in Section 2.4. Including all nuisance parameters and a thin DD, we
find the posterior distributions shown in Figs. 2.15-2.17 for the DD parameters, halo DM ρDM, and
the total baryon density ρb. There is a degeneracy between halo DM and thin disk DM, as well as a
broad posterior distribution for hDD, such that the z-dependence of the DM profile is poorly deter-
mined near the midplane. In Fig. 2.18, we overlay the results for the DD parameters and ρDM for
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Figure 2.12: Left: For each hDD, we show the likelihood profile used to set 95% one-sided bounds
on ΣDD in our fiducial analysis. Right: For the same analysis, we show the maximum TS as a
function of hDD (black line). The dark and light green regions are 68% and 95% containment
regions for simulated data generated under the null hypothesis of no DD.

the three populations, finding that they agree within the∼1-2σ containment regions. The results in
a Bayesian framework are consistent with the limits obtained with the profile likelihood method:
for a thin dark disk hDD ≈ 10 pc, we see that the maximum DD surface density within the 2σ
posterior distribution is ΣDD ≈ 6− 7 M�/pc2 for all tracer populations. We also find consistency
in the height of the sun above the Galactic plane for all three tracer populations: for the A, F, and
early G stars we find zsun = −4.0+2.4

−2.6, 1.8+1.9
−2.0, and −1.6+3.7

−3.7 pc, respectively.
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Figure 2.13: The measured number density profiles (top) and velocity distributions (bottom) for
the tracer stars in our sample volume, subdivided by spectral type. The solid lines are the best-fit
from our analysis assuming no DD.

In Fig. 2.19 we show posterior distributions in ρDM and ρb for an analysis where no DD is
included, which gives a measure of the total midplane density under the null hypothesis. The cor-
responding posteriors on ρDM and ρb are given in Table. 2.2. Again, we find consistency between
the three populations for the∼1-2σ containment regions.We have additionally used these distribu-
tions to compute the posterior on the baryon surface density in our sample volume as Σ = 25.4+1.6

−1.6,
26.0+1.9

−1.9, and 26.1+1.6
−1.5 M�/pc2 for the A, F, and G stars, respectively. We can also extrapolate our

baryon density profiles out to z = 1.1 kpc to compute Σ1.1, a metric often quoted in the literature.
In doing this, we extend the assumption of isothermal mass components to beyond the regime for
our analysis, where it is expected that velocity dispersions are z-dependent. Nevertheless, we find
surface densities that agree well with those in the literature. For the A, F, and early G stars we find
Σ1.1 = 40.7+4.0

−4.9, 44.6+4.9
−5.5, and 48.5+5.0

−4.8 M�/pc2, respectively. The larger errors at large z reflect
the fact that our extrapolation is sensitive to small variations in the profile within z < 200 pc.
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Figure 2.14: Left: The joint analysis on all three tracer populations is compared with the limit
obtained from separate analyses on the individual populations. While the limits from only A stars
are noticeably weaker, there are roughly ten times fewer stars than either F or Early G stars. Right:
The maximum TS as a function of hDD for each tracer population as well as the joint analysis.

Dependence of Results on Binning and Gas Densities
As discussed in Section 2.4, our choice of binning for the data was motivated by the size of typical
measurement uncertainties in z and vertical velocities v. In Fig. 2.20 (left panel), we show how
the limits change with alternate binning choices, finding our conclusions are robust to these differ-
ences. Although the limits are somewhat weaker at large hDD with different z-bin or v-bin widths,
the bounds for a thin DD at hDD ∼ 10 pc are unchanged.

The right panel of Fig. 2.20 gives limits under the assumption of a different mass model. Our
main mass model in Table 2.1 drew on gas densities obtained in Ref. [193] (McKee et al.), while
the revised estimates of Ref. [204] (Kramer & Randall) found lower gas densities. The comparison
is given in Table 2.3. With the Kramer & Randall gas densities, a larger DD density is allowed
and we find moderately weaker limits; however, the 95% bound still excludes surface densities of
ΣDD ∼ 10 M�/pc2 for a thin DD with hDD ∼ 10 pc.

Kramer & Randall McKee et al.
Gas Component ρ(0) [M�/pc3] ρ(0) [M�/pc3]
Molecular Gas (H2) 0.014± 0.005 0.01± 0.003
Cold Atomic Gas (HI(1)) 0.015± 0.003 0.028± 0.006
Warm Atomic Gas (HI(2)) 0.005± 0.001 0.007± 0.001
Hot Ionized Gas (HII) 0.0011± 0.0003 0.0005± 0.00002

Table 2.3: Midplane gas densities from the Kramer & Randall [204] compared with those from
McKee et al. [193].
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Figure 2.15: Posterior distributions in DD parameters, the local density of the DM halo ρDM,
and the total baryon density ρb for an analysis including only the A stars. The dark (light) regions
correspond to 1σ (2σ) containment regions.
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Figure 2.16: Same as Fig. 2.15 except for the F stars.
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Figure 2.17: Same as Fig. 2.15 except for the early G stars.
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Figure 2.18: Here we overlay the posteriors for the DD parameters and halo DM ρDM, shown in
Figs. 2.15-2.17, for the three tracer populations. The shaded contours are the 1σ (darker) and 2σ
(lighter) containment regions.

2.8 Stability Analysis of Allowed Dark Disks
Here we briefly comment on the stability of the thin DDs constrained by our analysis. As a basic
check, we apply Toomre’s criterion to the thin DD in two limiting cases: a collisionless gas, or a
cold fluid with speed of sound cs.

For the case of a self-gravitating collisionless gas, the Toomre stability parameter is

Q = σRκ/(3.36GΣDD), (2.26)

where σR is the radial velocity dispersion and κ is the epicycle frequency. For a self-gravitating
isothermal disk, the vertical velocity dispersion is related to the height and surface density as

σz =
√

2πGΣDDhDD. (2.27)

Assuming that σR ' 2σz as for the stars in the MW, then the condition on stability can be written
in terms of dark disk parameters as

Q ' 2
√

2πκ

3.36

√
hDD
GΣDD

> 1. (2.28)

Taking measured values of κ [203], we find that all the DDs we constrain are stable (except the
thinnest DDs with hDD . 7 pc) in this case.
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Figure 2.19: Assuming no DD is present, marginalized posteriors for the midplane baryon density
ρb and halo DM ρDM for each of the tracer populations. The shaded contours are the 1σ (darker)
and 2σ (lighter) containment regions. The posterior on ρb and ρDM is reported in Table 2.2.

In the latter case of a cold fluid, the Toomre stability parameter is

Q = csκ/(πGΣDD). (2.29)

For a self-gravitating fluid in hydrostatic equilibrium, if we assume that the speed of sound is
related to the scale height as cs =

√
2πGΣDDhDD similar to the collisionless case, then we find

that the DD is less stable; however, the DDs we constrain with hDD & 13 pc are within the regime
of stability. For an isothermal fluid rotating about a central mass, the scale height is instead given
by hDD = cs/(

√
2Ω) where Ω is the rotational angular velocity of circular orbits at the Sun’s

Galactocentric radius. The condition for stability can then be written as

Q =
√

2hDDΩκ/(πGΣDD) & 1. (2.30)

For hDD = 10 pc, this implies that only dark disks of ΣDD . 1− 2M�/pc2 are stable, in contrast
to the other scenarios. As demonstrated, the stability of the thin DD depends sensitively on the
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Figure 2.20: Left: Dependence of the limit on the choice of bin sizes. While for the fiducial
analysis (black line), we use z-bins of width 25 pc and v-bins of width 2 km/s, there is a mild
difference in the limits when using finer z-bins of width 8 pc (red dashed) or when using coarser
v-bins of width 4 km/s (blue dashed). Right: Dependence of the limit on different models for the
gas densities, given in Table 2.3. Our main analysis uses gas densities from Ref. [193] (McKee et
al.), but we also consider the lower gas densities obtained in Ref. [204] (Kramer & Randall).

dynamics leading to DD formation and the properties of the dark sector. In addition, the presence
of additional mass components could change these estimates substantially by adding a stabilizing
potential [223].

2.9 Discussion
The main results of our analysis, shown in Fig. 2.11, strongly constrain the presence of a DD
massive enough to account for phenomena such as periodic comet impacts. If we assume that
the DD radial profile is identical to that of the baryonic disk (which need not be the case) then
we can set a limit on the fraction of DM with strong dissipations. Taking the baryon scale radius
Rs = 2.15 kpc [192], the Galactocentric radius of the Earth to be 8.3 kpc [224] and the MW halo
mass to be 1012M� [225], then dissipative disk DM can account for at most ∼1% of DM in the
MW, for hDD . 20 pc. Previous analyses which made this assumption found that up to ∼5% of
the DM in the MW could be in the disk [152]. DDs that are marginally allowed by our analysis
are not necessarily stable as per Toomre’s criterion [182, 193, 226], although this depends on the
collisional properties of the DM [227] and on the presence of other disk components [223, 228].

For the purpose of comparing our results with previous limits, the time-dependent analysis
of Ref. [187] is the most similar to this work: although obtained in different ways, both analyses
search over a band of possible density profiles that could arise from systematic effects. Our analysis
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is more conservative, in that we search over multiple nuisance parameters, such as in the baryon
mass model. However, we set a more stringent limit owing to the increased statistics of Gaia over
Hipparcos.

Our analysis was limited by uncertainties that can be better understood with the second Gaia
data release (DR2), which will have more proper motions, spectra for measuring line-of-sight
velocities, and reduced measurement errors. The improved data will reduce the systematic uncer-
tainty on f0(v) and the line-of-sight motions will (for the first time) allow for crucial checks on
isothermality and any coupling between radial and vertical motions. Thus, the lack of evidence for
out-of-equilibrium features in DR1 can be validated with DR2.
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Chapter 3

Multi-state, Self-interacting DM in Halos

3.1 Introduction
As discussed in Chapters 1 and 2, the formation and dynamics of DM structures can be highly
sensitive to the microphysics of DM. There are stringent constraints on DM interactions with SM
particles, but the interactions of DM within its own dark sector (at most weakly coupled to the
SM) are far less constrained. Increasingly detailed probes of the distribution of DM in halos may
allow us to explore and constrain such interactions, independent of the coupling of the dark sector
to known particles. It is therefore important to understand the potential observational signatures of
dark sector physics. This is particularly true on small scales, where the CDM paradigm has yet to
be verified.

Already, several apparent discrepancies have been identified between observations on sub-
galactic scales and the predictions of collisionless cold DM (CCDM) simulations. Among the
most relevant challenges are: the under-abundance of dwarf galaxies in the Milky Way (the missing
satellites problem, [229, 230]) and in the field [231–233], the unexpected inner DM density profile
in low surface brightness galaxies and dwarf galaxies (the cusp-core problem, e.g. [234, 235]), the
deficit of DM in the inner regions of massive dwarf galaxies (the too-big-to-fail problem, e.g. [236,
237]), and the unexpected diversity in the shape of dwarf rotation curves [238, 239]. In general,
observed dwarf galaxies appear to be less abundant, less massive and less centrally concentrated
than predicted from CCDM simulations.

Most of these problems have been identified by contrasting CCDM-only simulations with ob-
servations, which is an oversimplified comparison that does not take into account the complex
baryonic physics at play. It is therefore possible that some or even all of these challenges to CDM
can be solved through the proper modeling of baryonic physics and by carefully considering obser-
vational biases. Plausible solutions have been presented separately for each problem. For instance,
the existence of DM cores could be explained by the gravitational transfer of energy from su-
pernovae into the orbits of DM particles (e.g. [240–244]). The resulting inner DM densities, in
combination with strong environmental effects like tidal stripping and heating, have been invoked
to alleviate the too-big-to-fail problem in the Milky Way (e.g. [245–248]). Furthermore, account-
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ing for observational biases influences the interpretation of the severity of the dwarf abundance
problem (in the Milky Way satellites e.g. [249, 250] and in the field e.g. [251]), as well as the
too-big-to-fail problem in the field (e.g. [252, 253]), and more recently the diversity problem of
dwarf rotation curves [254].

Nevertheless, a comprehensive solution to these CDM challenges remains elusive since there
is presently no consensus on a definitive implementation of baryonic physics galaxy formation
models. In particular, it is uncertain how to couple the sub-resolution physics of supernova explo-
sions with the effective energy injection into the interstellar medium, and ultimately into the DM
distribution. This coupling between supernovae and DM, which is seemingly crucial in solving
the CDM challenges, depends on the stellar mass content of the galaxy relative to the depth of
the potential well (e.g. [255, 256]), which sets the energy requirements for the cusp-core transfor-
mation: the smaller the galaxy, the less likely it is that this transformation is viable. Another key
ingredient is how efficiently the available energy is deposited in the interstellar medium, and on
which timescales it is injected relative to the dynamical time scales of the inner regions of the halo.
Large modifications to the DM distribution are associated with “bursty” star formation histories,
which have been shown to prevail in galaxies with stellar masses in the range 108−1010 M� [257].
However, at lower masses, where the CDM challenges are more severe, the time resolution needed
to settle this issue remains inaccessible [258].

Given these outstanding CDM challenges, it is conceivable that these problems actually have a
root in the assumptions about the underlying nature of DM. DM self-interaction (via some novel
dark sector physics) can alleviate the discrepancies by transferring energy inward, thermalizing the
inner DM distribution [259, 260]. This process has been shown to create O(kpc) size cores in the
centre of haloes with allowed transfer cross sections per unit mass σT/mχ ∼ 1 cm2 g−1. This is
enough to alleviate the core-cusp problem and the too-big-to-fail problem [261–263], and it seem-
ingly enhances the diversity of rotation curve shapes relative to CDM for a fixed baryonic physics
implementation [264, 265]. Consistency with existing limits on DM self-interaction from merging
clusters (which have much greater virial velocities than dwarf galaxies) is most easily achieved if
the scattering cross-section has a velocity dependence (growing larger at low velocities); however,
constant cross sections in the range σ/mχ ∼ 0.1 − 1 cm2/g remain viable [266]. The effects of
DM interaction across broad classes of models can be studied generically within the framework of
a generalized theory of structure formation (see the ETHOS framework, [267–269]). For a recent
review of DM self-interaction see [270].

With few exceptions [271, 272], structure formation with DM self-interaction has been re-
stricted to elastic scattering between degenerate DM states (i.e. either DM is a single Majorana
fermion, or a Dirac fermion with particle-particle and particle-antiparticle scatterings). However,
the inclusion of multiple DM states is another simple modification to DM physics with poten-
tially striking observational signatures, especially in the presence of non-negligible self-interaction.
Exothermic scatterings from an excited state would deliver velocity “kicks” to DM particles, which
could be comparable to or larger than the escape velocity in bound DM structures, especially in
the slow-moving environs of dwarf galaxies. In this way inelastic DM scattering can dilute dense
cusps or dissipate dwarf halos entirely [273]. Velocity kicks from late-time decays of a metastable
excited state have been considered in e.g. [274–279], but unlike the decay rate, the scattering rate
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can be velocity-dependent and enhanced in regions of high density. Inelastic DM scattering from
either DM or baryonic matter, whether exothermic or endothermic, can also have interesting sig-
natures in direct and indirect searches for DM (e.g. [179, 280, 281] for direct detection, [282–284]
for indirect detection).

The magnitude of the velocity kick in exothermic scattering depends on the exact energy split-
ting, δ, between the ground state (with mass mχ) and the excited state, vkick =

√
2δ/mχ. The

velocity kick would have a substantial impact on the orbits of DM particles if the mass splitting
is comparable to their orbital kinetic energy. Following [285], if we take the typical velocity in
dwarf galaxies to be ∼ 10 km s−1 ∼ 3× 10−5 c, this then implies δ/mχ > 10−9 in order for down-
scattering to have a relevant effect. Scenarios with such small mass splittings are easily constructed
from a theoretical perspective. If DM is charged under some new dark gauge symmetry which is
broken, then the states in the DM multiplet can naturally acquire a small mass splitting, regard-
less of whether the gauge group is Abelian or non-Abelian (e.g. [139, 286–288]). Additionally,
in any case where the mediator of the DM self-interaction is light, the scattering cross section is
automatically enhanced at low velocities, ensuring a larger impact on dwarf galaxies relative to
Milky-Way-size galaxies and clusters. Even in situations where the scattering is purely elastic (i.e.
there is no transition to a state of different mass), as we will show in this Chapter, the presence of
a nearly-degenerate state in the spectrum can significantly modify any resonances present in the
low-velocity scattering rate.

The goals of this Chapter are (1) to derive an analytic approximation for the DM-DM scatter-
ing cross section induced by an off-diagonal Yukawa interaction in the presence of a single excited
state and (2) to study the impact of such a DM scenario on galactic halos using simulations. This
DM scenario corresponds to the case where the dark gauge group isU(1) and provides a simple and
illustrative toy model for inelastic DM self-scattering more generally. As we will show, our expres-
sions give good agreement with the numerical solution to the appropriate multi-state Schrödinger
equation, but are very quick to compute and provide intuitive insight into the scattering behavior.
The efficiency of evaluating these analytic cross sections makes it feasible to implement the be-
havior of this DM candidate in simulations. Our analytic results are applicable to the low-velocity
regime where s-wave scattering dominates the total cross section; we defer study of the “classi-
cal” regime, where many partial waves contribute, to later work. We identify regions of parameter
space with particular relevance to dwarf-galaxy-sized halos, and consequently to the discrepancies
described above. We then show that in simulations the DM self-interactions do indeed modify the
properties of halos. We also determine regions of parameter space which could potentially provide
a DM explanation for the observed 3.5 keV spectral line from clusters [112, 113] via collisional
excitation followed by decay, as in the “XrayDM” scenario [284].

We begin, in Section 3.2, by describing the general parameters and properties of our toy model.
We derive our analytic scattering cross sections (following the method of Ref. [289]), and their
behavior in several limiting regimes of interest, in Section 3.3. We simultaneously verify the
validity of our approximate solutions by direct comparison to the numerical results. In Section
3.4 we provide first simple estimates of the parameter space where such scatterings could affect
the internal structure and dynamics of dwarf galaxies, or yield the appropriate upscattering cross
section to account for the 3.5 keV line in the XrayDM scenario. In Section 3.5 we show the
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results of high-resolution simulations of a Milky Way-like halo within this inelastic DM model
and quantitatively explore the impact on the DM distribution and substructure. Concluding remarks
follow in Section 3.6.

3.2 A Simple Model of DM with Inelastic Scattering
We consider the case of a Yukawa-like interaction coupling two states with some small mass split-
ting, δ. We take the DM to be a pseudo-Dirac fermion charged under a dark U(1). At high ener-
gies, where the U(1) symmetry is unbroken, the DM is a charged Dirac fermion; at low energies,
a small Majorana mass splits the Dirac fermion into two nearly-degenerate Majorana states χ1 and
χ2. Since these states cannot carry conserved charge, their couplings with the U(1) vector boson
AD are purely off-diagonal: that is, there is no vertex of the schematic form χ1χ1AD or χ2χ2AD,
only χ1χ2AD.

We will not specify the high-energy physics that gives rise to the Majorana masses, since
we restrict ourselves to the extremely non-relativistic environment relevant for present-day DM
scattering. The phenomenology of such models in the context of DM annihilation and inelastic
scattering has been discussed in e.g. [139, 280, 282, 289, 290]. Inelastic scattering between states
with small mass splittings can also naturally be generated in other contexts, for example composite
DM [142] and sneutrino DM [291].

Since we work always in the non-relativistic limit, the interaction between the DM-like states
can be characterized entirely in terms of a matrix potential that couples two-body states. The
scattering cross sections can then be calculated using the methods of quantum mechanics (we refer
the reader to e.g. [292] for a field-theoretic discussion using the Bethe-Salpeter formalism, and
[293] for a derivation using effective field theory). The potential matrix coupling the |11〉 and |22〉
two-body states (corresponding to both particles being in the ground state or both particles being
in the excited state) is [289]:

V(r) =

(
0 −~cα e−mφcr/~

r

−~cα e−mφcr/~
r

2δc2

)
(3.1)

where α is the coupling between the DM and the mediator (the dark fine structure constant), mφ

is the mass of the mediator, δ is the mass splitting between the ground and excited states, r is
the separation between the particles, and the first row corresponds to the ground state |11〉. The
two-body Schrödinger equation for the relative motion (factoring out the overall free motion of the
system as usual) then takes the form:

~2∇2Ψ(r)

mχ

=
(
V(r)−mχv

2
)

Ψ(r). (3.2)

Here mχ is the mass of the DM, v is the individual velocity of either of the DM particles in the
center-of-mass frame (half the relative velocity), and Ψ(r) is the wavefunction.

As mentioned above, the interaction between the ground state, |1〉 and the excited state, |2〉, is
purely off-diagonal. This is an automatic consequence of taking the force carrier to be a vector,



CHAPTER 3. MULTI-STATE, SELF-INTERACTING DM IN HALOS 43

as the mass eigenstates are 45◦ rotations of the high-energy gauge eigenstates, and do not carry a
conserved charge. As a result, two particles initially in the same state (ground or excited) can only
scatter into the two-body states where they are both in the ground state, or both in the excited state.
Such scatterings are described by the off-diagonal terms in the V(r) matrix. If the initial state is
|12〉 (i.e. one particle is in the ground state and the other in the excited state) then their scattering
decouples from the other two-body states and is elastic, with the final state being |12〉 or |21〉. This
case can be treated by the existing methods in the literature (e.g. [149]).

In this article we will treat only s-wave scattering (the methods developed in [289] do not
generalize to higher partial waves). Accordingly we will make the ansatz of spherical symmetry
in solving the Schrödinger equation (more formally, as discussed in [289], we expand in partial
waves and only keep the ` = 0 term), and write rΨ(r) = ψ(r).

We define the dimensionless parameters:

εv ≡
v

cα
, εδ ≡

√
2δ

mχα2
, εφ ≡

mφ

mχα
(3.3)

so that rescaling r by αmχc/~ gives the s-wave Schrödinger equation:

ψ′′(r) =

(
−ε2v − e

−εφr

r

− e
−εφr

r
ε2δ − ε2v

)
ψ(r) ≡ V̄ (r)ψ(r) ≡

(
−ε2v −V (r)
−V (r) ε2δ − ε2v

)
ψ(r). (3.4)

In the last line we have defined the matrix potential V̄ (r) and the scalar Yukawa potential V (r) =
e−εφr/r. Solving this equation with scattering boundary conditions will be the focus of Section 3.3.

The model presented above is by no means the only model where DM could have multiple
interacting states. Small mass splittings between states, similar to those we consider, could also
be present in the context of atomic DM (e.g. [294–298]), non-Abelian dark sectors where the DM
is part of a nearly-degenerate multiplet of states (e.g. [299, 300]), or in scenarios where the DM
forms stable bound states (e.g. [301]). However, it should be noted that the scenario we consider
requires that transitions from the heavier to the lighter state occur primarily through collisional
de-excitation; for this type of transition it is thus necessary but not sufficient to have small mass
splittings. In models that include a very light force carrier, such as classic dark atom models, the
excited states are typically depleted by radiative decay rather than collisions, leading to different
effects on structure formation (e.g. [302]). Our calculation has other qualitative features that are
not universal to dark-sector models with small mass splittings: for example, that there are only
two states that significantly participate in the phenomenology, and that de-excitation requires two
excited-state particles to simultaneously de-excite. Thus while this model serves as a valuable
illustrative example of the effects of inelastic self-scattering, detailed quantitative results for other
dark-sector models would generally require dedicated analyses.

We note that in the generic framework of the model we are considering here, the presence of
a potential mediated by light vector exchange automatically implies that both the ground and ex-
cited states can annihilate into the light vectors. For some of the parameter space considered in
this work, the annihilation cross section can be much larger than the thermal relic cross section,
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implying a depletion of the DM states in the early Universe. Additionally, to justify a large primor-
dial abundance of the excited state (which would give the largest impact on structure formation),
a non-thermal origin for these species could be invoked, which could occur through the decay of
thermally produced heavier species, preferentially into the excited state (as discussed in [303]).
Plausible models with late-time decays would need to avoid a series of constraints in the early
Universe, for instance in their gravitational effects on the cosmic microwave background radia-
tion (e.g. [304]) and large scale structure. Such constraints may point toward models where the
metastable decaying species is only slightly heavier than the DM. Since our focus in this paper
is on the implications for structure formation of a large metastable population of excited states in
the early Universe, we leave a detailed study of possible models for later work. Models with large
late-time populations of a metastable excited state have been previously discussed in the context
of indirect-detection and direct-detection signals (e.g. [305, 306]).

3.3 Scattering Cross Sections

Approximate Wavefunctions
The eigenvalues λ± and eigenvectors ψ± of the matrix V̄ (r) are

λ± = −ε2v +
ε2δ
2
±
√
ε2δ
2

+
e−2εφr

r2
, ψ± =

1√
2



∓
√

1∓ 1√
1+(4e

−2εφr)/(r2ε4δ)√
1± 1√

1+(4e
−2εφr)/(r2ε4δ)


 . (3.5)

There is a transition in the behavior of the eigenvalues and eigenvectors when e
−εφr

r
∼ ε2δ

2
. In the

regime where e
−εφr

r
� ε2δ

2
, the eigenvalues and eigenvectors can be approximated as

λ± ≈ −ε2v +
ε2δ
2
± e−εφr

r
, ψ± ≈

1√
2

(
∓1
1

)
. (3.6)

When e
−εφr

r
� ε2δ

2
, the eigenvalues and eigenvectors can be approximated as

λ+ ≈ −ε2v + ε2δ +
e−2εφr

r2ε2δ
, λ− ≈ −ε2v −

e−2εφr

r2ε2δ
, ψ+ ≈

(
0
1

)
, ψ− ≈

(
1
0

)
. (3.7)

In other words, at small radii the symmetry is restored and the energy eigenstates become the gauge
eigenstates, as at high energies; at large radii the energy eigenstates are the mass eigenstates.

At small and large r, the diagonalization of the potential matrix is roughly independent of r. If
φ′′±(r) = λ± φ±(r), then φ±(r)ψ± is an approximate solution to the matrix Schrödinger equation
in those regimes, and we can use standard techniques — in particular, the WKB approximation —
to solve for the scalar wavefunctions φ±(r). However, in the transition region where e

−εφr

r
∼ ε2δ

2
,

the eigenvectors will vary as a function of r.
Provided that ε2δ/2 . εφ, this transition occurs at r & 1/εφ, where the exponential behavior

of the potential dominates: in this case we can use an exact solution for the two-state exponential



CHAPTER 3. MULTI-STATE, SELF-INTERACTING DM IN HALOS 45

Regimes for the wavefunction

V (r) ≈ 1/r for small r (exact solution) V (r)� ε2δ/2, V (r) & ε2v, ` = 0

WKB approximation for intermediate r V (r) & ε2φ, ε
2
δ/2

V (r) ≈ V0e
−µr for large r (exact solution) r & 1/εφ

Match onto large-r asymptotic eigenstates V (r)� ε2δ/2

Conditions on εv, εφ, and εδ

2nd and 3rd regimes above overlap ε2δ/2 . εφ

s-wave dominates, simple matching εv . εφ

Scattering cross section enhanced by dark force εv, εφ, εδ . 1

Table 3.1: A summary of the various approximations and assumptions used for deriving the wave-
function in different regimes. The top four rows characterize the different regimes in r where
various techniques can be applied to approximate the wavefunction in the vacinity of a Yukawa
potential; the lower three rows describe constraints on the parameters which allow the approxi-
mation to hold and cause the scattering cross section to be enhanced. Despite these restrictions,
the various regimes of validity overlap substantially, making these approximations useful in large
swatches of parameter space.

potential (taken from [307]) to cross the transition region and match the WKB solution at small
r to the large-r asymptotic solution. Where ε2δ/2 > εφ, we can still use this approach, but the
exponential potential is a poor approximation to the true V (r) at the radius corresponding to the
transition region, and so the results are less reliable.

The full procedure for determining the approximate wavefunction ψ(r) can be summarized as:
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• For r . 1, we approximate the Yukawa potential as V (r) ∼ 1/r, assume the potential term
dominates (since ε2v and ε2δ are assumed to be small), and solve the resulting Schrödinger
equation exactly.

• For r & 1, we propagate the small-r solution outward using a WKB approximation. The
validity of the WKB approximation in the potential-dominated regime requires that

∣∣∣
√
V ′(r)/V (r)

∣∣∣ =
1

2

√
r eεφr/2(εφ + 1/r)� 1, (3.8)

which is equivalent to requiring that the spatial variation of the local de Broglie wavelength
is sufficiently gradual. For r > 1, the condition for validity of the approximation is that
εφ/
√
V (r) . 1, so the approximation breaks down when V (r) ∼ ε2φ.

• Where the WKB approximation breaks down (at V (r) . ε2φ) or where the diagonalization
approximation fails (at V (r) . ε2δ/2), we must match the WKB solution onto a large-
r solution. Therefore, in this work, we will choose the matching radius rM such that
e
−εφrM

rM
= max

(
ε2δ
2
, ε2φ

)
. For large r (r & 1/εφ, so the exponential behavior dominates)

we can approximate the Yukawa potential as an exponential potential V (r) ∼ V0e
−µr, which

leads to a Schrödinger equation that can be solved exactly even in the two-state case [307].

We summarize the different regimes in Figure 3.1. The large-r solution involves hypergeometric
functions which can only be analytically matched at rM by using an asymptotic expansion. As
alluded to in Table 3.1 (noting that µ ∼ εφ), this matching is simplest if εv . µ; if εv & µ, there
is a term in the expansion that appears exponentially suppressed but can acquire an exponentially
large prefactor. The mathematical condition that εv . µ is physically equivalent to ignoring the
contribution from the small-r eigenstates of the 1/r potential that experience a repulsive interac-
tion. Additionally, for εv & µ, we expect the s-wave term we compute here to be subdominant
[149]1. The method developed here does not generalize straightforwardly to higher partial waves
[289] — it is useful for the “resonant” regime described by [149], not the “classical” regime, which
even in the elastic-scattering case demands a different approach. Consequently we focus on the
part of parameter space where εv . µ ∼ εφ.

We also require that εv, εδ, and εφ are all less than 1 in order to see substantial enhancement
to the s-wave cross section, beyond the geometric cross section associated with the mass of the
DM particle (not the force carrier). If εv & 1, the kinetic energy is large compared to the potential
energy; if εφ & 1, the range of the interaction is short; in both cases the presence of the potential
does not significantly deform the wave-function. If εδ & 1, the mass splitting is large compared
to the Bohr potential energy (∼ α2mχ, leading to a suppression of virtual excitations.) Since the
potential is purely off-diagonal, this suppresses the elastic scattering cross section as well.

For completeness, we present a full description of the approximate wavefunctions below, in-
cluding the WKB matching between the small-r and large-r wavefunctions. A more in-depth

1Numerical studies of inelastic DM scattering in this regime confirm that the higher partial waves provide large
contributions [308].
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Figure 3.1: Example of the different r-regimes and matching points for a sample parameter set
(εv = 0.1, εδ = 0.02, εφ = 0.05), following [289]. The plot shows the exact Yukawa potential
(solid black line) and the approximate potentials we employ, in their regimes of validity. In the
r . rM region where the eigenstates are decoupled, for r . 1 the potential dominates the kinetic
energy and mass splitting and is well approximated by V (r) ≈ 1/r (red dotted line), whereas for
1 . r . rM the WKB approximation is employed to obtain an approximate wavefunction. At
r & rM the WKB approximation may break down, but there V (r) ≈ V0e

−µr (dashed blue line).

derivation of these wavefunctions (including more extensive discussion of the regimes of validity)
can be found in [289], albeit with different boundary conditions.

For small r, we can approximate the Yukawa potential as 1/r, which therefore dominates the
eigenvalues at small r so λ± ≈ ±1/r. The s-wave solutions to the rescaled Schrödinger equation
can be expressed in terms of Bessel functions:

φ−(r) = A−
√
rJ1(2

√
r)− πφ−(0)

√
rY1(2

√
r)

φ+(r) = A+

√
rI1(2

√
r) + 2φ+(0)

√
rK1(2

√
r),

(3.9)

where A+ and A− are the coefficients of the repulsed and attracted eigenstates, respectively. Mov-
ing radially outward (but still within the regime of validity for the V ∼ 1/r approximation), the
large-r asymptotics of the Bessel functions give

φ+(r) =
1

λ
1/4
+

(
A+

2
√
π
e
∫ r
0

√
λ+(r′) dr′ +

(√
πφ+(0)− iA+

2
√
π

)
e−

∫ r
0

√
λ+(r′) dr′

)
(3.10)

φ−(r) =
1

λ
1/4
−

(
− 1

2
√
π

(A− + iπφ−(0)) e
∫ r
0

√
λ−(r′) dr′ +

i

2
√
π

(A− − iπφ−(0)) e−
∫ r
0

√
λ−(r′) dr′

)
.

If the particle velocity is high enough (above threshold) such that there exists a radius r∗ in this
regime where V (r∗) = εv

√
ε2v − ε2δ then λ+(r∗) = 0 and we must perform a WKB approximation

about the turning point. Linearizing the potential and matching the wavefunctions on either side
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using the connection formulae yields:

φ+ =
1

|λ+|1/4

[(−iA+

2
√
π

+
1

2

(√
πφ+(0)− iA+

2
√
π

)
e−2

∫ r∗
0

√
λ+(r′) dr′

)
e
iπ
4

+
∫ r
0

√
λ+(r′) dr′

+

(
iA+

2
√
π
e2
∫ r∗
0

√
λ+(r′) dr′ +

1

2

(√
πφ+(0)− iA+

2
√
π

))
e−

iπ
4
−
∫ r
0

√
λ+(r′) dr′

]
.

(3.11)

In either case (above or below threshold), the small-r wavefunctions are in a form that will match
smoothly onto the WKB wavefunctions.

At large r, we can approximate the Yukawa potential as a purely exponential potential of the
form V0 e

µr. We impose conditions on V0 and µ by requiring that the exponential potential mimic
the Yukawa for r > rM , where rM is the matching radius which we have chosen such that V (rM) =

max
(
ε2δ
2
, ε2φ

)
. The potentials should match at rM so e

−εφrM

rM
= V0e

−µ rM . We also require that∫∞
rM
e−εφr dr =

∫∞
rM
r V0 e

−µr dr, which comes from solving the Lippman-Schwinger form of the
Schrödinger equation and requiring that the rescaled wavefunctions from both potentials match to
first order in the coupling constant α (following [292]). The parameters µ and V0 are therefore
given by

µ = εφ

(
1

2
+

1

2

√
1 +

4

εφrM

)
V0 =

e
εφrM

(
− 1

2
+ 1

2

√
1+ 4

εφrM

)

rM
. (3.12)

The wavefunctions for an exponential potential can be solved for exactly in terms of 0F3 hyperge-
ometric functions [307] as follows:

ψ1 = C1

(
V0e

−µr

4µ2

) iεv
µ

0F3

[{
1 +

iεv
µ
,

1

2
+
i(εv − ε∆)

2µ
,

1

2
+
i(εv + ε∆)

2µ

}
,

(
V0e

−µr

4µ2

)2
]

+ C2

(
V0e

−µr

4µ2

)− iεv
µ

0F3

[{
1− iεv

µ
,

1

2
− i(εv + ε∆)

2µ
,

1

2
− i(εv − ε∆)

2µ

}
,

(
V0e

−µr

4µ2

)2
]

+ C3

(
V0e

−µr

4µ2

) iε∆
µ

+1

0F3

[{
3

2
− i(εv − ε∆)

2µ
,

3

2
+
i(εv + ε∆)

2µ
, 1 +

iε∆
µ

}
,

(
V0e

−µr

4µ2

)2
]

+ C4

(
V0e

−µr

4µ2

)− iε∆
µ

+1

0F3

[{
3

2
− i(εv + ε∆)

2µ
,

3

2
+
i(εv − ε∆)

2µ
, 1− iε∆

µ

}
,

(
V0e

−µr

4µ2

)2
]

(3.13)
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ψ2 = −
C1

(
V0e−µr

4µ2

) iεv
µ

+1

(
1
2

+ iεv
2µ

)2
+

ε2∆
4µ2

0F3

[{
3

2
+
i(εv − ε∆)

2µ
,

3

2
+
i(εv + ε∆)

2µ
, 1 +

iεv
µ

}
,

(
V0e

−µr

4µ2

)2
]

−
C2

(
V0e−µr

4µ2

)− iεv
µ

+1

(
1
2
− iεv

2µ

)2
+

ε2∆
4µ2

0F3

[{
3

2
− i(εv + ε∆)

2µ
,

3

2
− i(εv − ε∆)

2µ
, 1− iεv

µ

}
,

(
V0e

−µr

4µ2

)2
]

− C3

(
V0e

−µr

4µ2

) iε∆
µ

(
ε2v

4µ2
+

(
1

2
+
iε∆
2µ

)2
)

× 0F3

[{
1 +

iε∆
µ
,

1

2
− i(εv − ε∆)

2µ
,

1

2
+
i(εv + ε∆)

2µ

}
,

(
V0e

−µr

4µ2

)2
]

− C4

(
V0e

−µr

4µ2

)− iε∆
µ

(
ε2v

4µ2
+

(
1

2
− iε∆

2µ

)2
)

× 0F3

[{
1− iε∆

µ
,

1

2
− i(εv + ε∆)

2µ
,

1

2
+
i(εv − ε∆)

2µ

}
,

(
V0e

−µr

4µ2

)2
]
, (3.14)

where we have defined ε∆ ≡
√
ε2v − ε2δ . The wavefunctions are expressed in terms of four linearly-

independent solutions, corresponding to ingoing or outgoing particles in the ground or excited
states. In particular,

• the C1 term represents an ingoing wave in the ground state,

• the C2 term represents an outgoing wave in the ground state,

• the C3 term represents an ingoing wave in the excited state,

• the C4 term represents an outgoing wave in the excited state.

To match the large-r wavefunctions to the small-r wavefunctions, one can use the WKB ap-
proximation to propagate the known wavefunctions of the exponential potential into the transition
region. We write the large-r WKB solutions as

φ± =
1

∣∣∣λ̃±
∣∣∣
1/4

(
E±e

∫ r
0

√
λ̃±(r′)dr′ + F±e

−
∫ r
0

√
λ̃±(r′)dr′

)
. (3.15)

where λ̃± are the eigenvalues of the matrix Schrödinger equation with an exponential potential
rather than a Yukawa. In order to match the WKB solution with the exact solution for the large-r
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exponential potential, we define the following convenient quantities:

η ≡ 1

4

[
ε2v
µ2

+

(
1 +

iε∆
µ

)2
]

Γv ≡ Γ

(
1 +

iεv
µ

)
Γ

(
iεv − iε∆

2µ
+

1

2

)
Γ

(
iεv + iε∆

2µ
+

1

2

)

Γ∆ ≡ Γ

(
1 +

iε∆
µ

)
Γ

(
iε∆ − iεv

2µ
+

1

2

)
Γ

(
iεv + iε∆

2µ
+

1

2

)
.

(3.16)

Then, deriving expressions for the WKB coefficients E± and F± to match onto the exponential
wavefunctions is a matter of using the asymptotic behavior of the 0F3 hypergeometric functions in
the r → −∞ limit (see [289] for details), and using the WKB approximation again to propagate
these asymptotic solutions into the matching region. We find that

E+ = 0

F+ = −
√
µ

(2π)3/2
e
∫ rs
0

√
λ̃+(r′) dr′e

2i

√
V0 e
−µrs

µ (C1Γv + C2Γ∗v + C3 η Γ∆ + C4 η
∗ Γ∗∆)

E− =

√
µ

(2π)3/2
e
∫ 0
rs

√
λ̃−(r′) dr′+ iπ

4 e−
2i

√
V0 e
−µrs

µ

×
(
C1Γv e

−πεv
µ + C2Γ∗v e

πεv
µ − C3 η Γ∆e

−πε∆
µ − C4 η

∗ Γ∗∆e
πε∆
µ

)

F− =

√
µ

(2π)3/2
e
∫ rs
0

√
λ̃−(r′) dr′− iπ

4 e
2i

√
V0 e
−µrs

µ

×
(
C1Γve

πεv
µ + C2Γ∗ve

−πεv
µ − C3 η Γ∆e

πε∆
µ − C4 η

∗ Γ∗∆e
−πε∆

µ

)
(3.17)

where rs is some (possibly negative) radius chosen such that (a) V0e
−µr � µ2 (required for the

asymptotic expansion to be valid) and (b) the potential dominates the kinetic and mass-splitting
terms, i.e. V0 e

−µrs � ε2v, ε
2
δ . There is no reason not to choose rs arbitrarily large and negative,

however, and as discussed in the main text, we generally take rs → −∞. (Of course, this does
not correspond to a physical region of real space, but this matching is simply a mathematical trick
to translate the hypergeometric functions into a form that facilitates matching to the previously
derived WKB solutions.)

Note that this procedure setsE+ = 0. This originates from the neglect of a particular (exponen-
tially suppressed) term in the asymptotic expansion for the hypergeometric functions. However,
this term can gain an exponentially large prefactor when εv & µ, as discussed in [289].

In order to match the WKB solution with the small-r solution below threshold, we equate
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(3.15) with (3.10), which gives

E+ =
A+

2
√
π
e
∫ rM
0

(√
λ+−
√
λ̃+

)
dr′

F+ =

(√
πφ+(0)− iA+

2
√
π

)
e
−
∫ rM
0

(√
λ+−
√
λ̃+

)
dr′

E− = −(−1)1/4

2
√
π

(A− + iπφ−(0)) e
∫ rM
0

(√
λ−−
√
λ̃−
)
dr′

F− =
i(−1)1/4

2
√
π

(A− − iπφ−(0)) e
−
∫ rM
0

(√
λ−−
√
λ̃−
)
dr′

(3.18)

and similarly, above threshold, equating (3.15) with (3.11) gives

E+ =
iA+

2
√
π

[
e

2
∫ r∗
0

√
λ+ dr−

∫ rM
0

(√
λ+−
√
λ̃+

)
dr − e2

∫ r†
0

√
λ̃+ dr+

∫ rM
0

(√
λ+−
√
λ̃+

)
dr

]
(3.19)

+
1

2

(√
πφ+(0)− iA+

2
√
π

)[
e
−
∫ rM
0

(√
λ+−
√
λ̃+

)
dr

+ e
2
∫ r†
0

√
λ̃+ dr− 2

∫ r∗
0

√
λ+ dr+

∫ rM
0

(√
λ+−
√
λ̃+

)
dr

]

F+ =
A+

4
√
π

[
e

2
∫ r∗
0

√
λ+ dr− 2

∫ r†
0

√
λ̃+ dr−

∫ rM
0

(√
λ+−
√
λ̃+

)
dr

+ e
∫ rM
0

(√
λ+−
√
λ̃+

)
dr

]

+

(√
πφ+(0)

4i
− A+

8
√
π

)[
e
−
∫ rM
0

(√
λ+−
√
λ̃+

)
dr− 2

∫ r†
0

√
λ̃+ dr − e−2

∫ r∗
0

√
λ+ dr+

∫ rM
0

(√
λ+−
√
λ̃+

)
dr

]
,

where r† is the radius above threshold at which the eigenvalue of the repulsed eigenstate of the
exponential potential passes through zero, defined by V0 e

−µr† = εv
√
ε2v − ε2δ .

We can then equate the coefficients from matching the WKB solution onto the small-r solution
with the coefficients from matching the WKB solution with the large-r solutions. After imposing
appropriate boundary conditions, we can then determine the coefficients for the various physical
solutions to the Schrödinger equation. For instance, we can calculate the coefficients for the re-
pulsed and attracted eigenstates for the small-r solution. We can also determine the coefficients for
the ingoing and outgoing spherical waves in the ground or excited states for the large-r solution.

Boundary Conditions
We will impose one of two sets of boundary conditions: the radially ingoing particles will either
be purely in the ground state or purely in the excited state since the case of a ground state parti-
cle interacting directly with an excited state particle can be treated using existing methods in the
literature [149]. Additionally, in the case of scattering, we impose regular boundary conditions at
the origin, φ+(0) = φ−(0) = 0. This corresponds to setting ψ(0) = 0, which is equivalent to
requiring that the physical wavefunction Ψ(0) is finite at the origin. By contrast, in Ref. [289], the
Sommerfeld enhancement to annihilation was extracted from irregular solutions with φ±(0) 6= 0.
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We then define the following useful phases:

iθ ≡
∫ rM

0

√
λ+dr +

∫ rs

rM

√
λ̃+dr +

2i
√
V0

µ
e−µrs/2

iϕ ≡
∫ rM

0

√
λ−dr +

∫ rs

rM

√
λ̃−dr +

2i
√
V0

µ
e−µrs/2,

(3.20)

where rs is some radius chosen such that V0 e
−µrs � ε2v, ε

2
δ , as in (3.17). Note that the phase ϕ can

be rewritten in the form

ϕ = −i
∫ rM

0

√
λ−(r′)dr′ +

(
max(16ε4φ, 4ε

4
δ)

µ4

)1/4

(3.21)

−
∫ zs

max(ε4φ,ε
4
δ/4)/(16µ4)

1

2µz




√√√√
ε2v −

ε2δ
2

+

√(
ε2δ
2

)2

+ 16µ4z − 2µz1/4


 dz

where we have defined zs = V 2
0 e
−2µrs16µ4. We can now simply take zs → ∞. Furthermore, the

second integral is analytically tractable, yielding (noting that λ− is always negative):

ϕ =

∫ rM

0

√
|λ−(r′)|dr′ − 1

µ


−2

√
ε2∆ + ε2v

2
+

√
ε4δ
4

+ max(ε4φ, ε
4
δ/4) +

iπ

2
(εv + ε∆)

+ε∆arctanh




√
ε2v+ε2∆

2
+
√

ε4δ
4

+ max(ε4φ, ε
4
δ/4)

ε∆




+εvarctanh




√
ε2v+ε2∆

2
+
√

ε4δ
4

+ max(ε4φ, ε
4
δ/4)

εv





 , (3.22)

where we have chosen the convention for the branch cut such that arctanh(x) → −iπ/2 as x →
∞, for x on the positive real line. There is still one numerical integral to perform, but it is fast and
stable. Then, for the below-threshold case, equating (3.17) with (3.18) at the matching radius, rM
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gives

E+ =
A+

2
√
π
eiθ = 0

F+ =
iA+

2
√
π
e−iθ =

√
µ

(2π)3/2
[C1Γv + C2Γ∗v + C3 η Γ∆ + C4 η

∗ Γ∗∆]

E− = −A− e
iϕ

2
√
π

=

√
µ

(2π)3/2

[
C1Γve

−πεv
µ + C2Γ∗ve

πεv
µ − C3 η Γ∆e

−πε∆
µ − C4 η

∗ Γ∗∆e
πε∆
µ

]

F− = −A− e
−iϕ

2
√
π

=

√
µ

(2π)3/2

[
C1Γve

πεv
µ + C2Γ∗ve

−πεv
µ − C3 η Γ∆e

πε∆
µ − C4 η

∗ Γ∗∆e
−πε∆

µ

]
,

(3.23)

where we have defined ε∆ ≡
√
ε2v − ε2δ and Γv and Γ∆ are defined in (3.16). Similarly, above

threshold, equating (3.17) with (3.19) gives

E+ =
iA+

2
√
π

[(
e

2
∫ r∗
0

√
λ+ dr−

∫ rM
0

(√
λ+−
√
λ̃+

)
dr − e2

∫ r†
0

√
λ̃+ dr+

∫ rM
0

(√
λ+−
√
λ̃+

)
dr

)

− 1

2

(
e
−
∫ rM
0

(√
λ+−
√
λ̃+

)
dr

+ e
2
∫ r†
0

√
λ̃+ dr− 2

∫ r∗
0

√
λ+ dr+

∫ rM
0

(√
λ+−
√
λ̃+

)
dr
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= 0

F+ =
iA+

4
√
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e

2
∫ r∗
0

√
λ+ dr− 2

∫ r†
0

√
λ̃+ dr−

∫ rM
0

(√
λ+−
√
λ̃+

)
dr

+ e
∫ rM
0

(√
λ+−
√
λ̃+

)
dr
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− 1

2

[
e
−
∫ rM
0

(√
λ+−
√
λ̃+

)
dr− 2

∫ r†
0

√
λ̃+ dr − e−2

∫ r∗
0

√
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∫ rM
0

(√
λ+−
√
λ̃+
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=

√
µ

(2π)3/2
[C1Γv + C2Γ∗v + C3 η Γ∆ + C4 η

∗ Γ∗∆]

(3.24)

Both above and below threshold, the E+ equation gives us A+ = 0, which is akin to neglecting
the contribution from the repulsed eigenstate at small radii. This indicates that repulsive scattering
occurs most significantly at large r, where the exponential part of the Yukawa dominates the be-
havior of the wavefunction. This makes intuitive sense since we are interested in the low-velocity
limit, which means that incoming particles must climb up to the classically disallowed region of a
repulsive potential in order to even reach the small-r region. Recall that the result E+ = 0 was a
consequence of assuming εv . µ: when this assumption is not satisfied, we cannot expect A+ = 0
on physical grounds. Since A+ = 0, the F+ equation gives

C1Γv + C2Γ∗v + C3 η Γ∆ + C4 η Γ∗∆ = 0, (3.25)

both above and below threshold.
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Cross Sections
Once we have imposed the relevant boundary conditions on the large-r wavefunctions, we can
extract the scattering amplitudes and cross sections by reading off the coefficients of the outgoing
solutions. Since the hypergeometric functions asymptote to 1 as r → ∞, the large-r ground and
excited wavefunctions approach ingoing and outgoing spherical waves:

ψ1 = C1

(
V0

4µ2

)iεv/µ
e−iεvr + C2

(
V0

4µ2

)−iεv/µ
e iεvr

ψ2 = −C3 η

(
V0

4µ2

)iε∆/µ
e−iε∆r − C4 η

∗
(
V0

4µ2

)−iε∆/µ
eiε∆r.

(3.26)

More generally, consider wavefunctions for nondegenerate states X and Y given by

ψX = (A+B)eikr − Ae−ikr

ψY = Ceik
′r

(3.27)

where the A terms represent the unscattered wavefunction in state X , the B term represents the
elastically scattered wavefunction in state X , and the C term represents the inelastically scattered
wavefunction in state Y (hence the wavenumber k′ as distinct from k.) In this case, conservation
of probability current dictates that k |A|2 = k |A+B|2 + k′ |C|2. We can reformulate these wave-
functions (recall that all wavefunctions used in this Chapter are rescaled by r) in the context of a
3-dimensional scattering problem as an ingoing cylindrical wave and a scattered outgoing spherical
wave:

ψ = N

(
r

(
eikz

0

)
+

(
fX(θ)eikr

fY (θ)eik
′r

))
= N

(
1

2ik

(
eikr − e−ikr

0

)
+

(
fX(θ)eikr

fY (θ)eik
′r

))
(3.28)

where the second equality follows because for the s-wave,

eikz → j0(kr)P0 (cos θ) =
sin kr

kr
. (3.29)

While the interaction considered in this Chapter is purely off-diagonal, it is still possible for
particles to scatter elastically, i.e. two particles incoming in the ground (excited) state may scatter
off each other while remaining in the ground (excited) state. This process does not occur at tree
level, in the perturbative regime (see the Subsection on the Born regime), but beyond the pertur-
bative regime it is not suppressed. Figure 3.2 shows schematic perturbative Feynman diagrams
for elastic and inelastic scattering; the non-perturbative regime requires resumming such ladder
diagrams with arbitrary numbers of vector boson exchanges. Thus, below we present results for
ground-to-ground and excited-to-excited elastic scattering, as well as the upscattering and down-
scattering rates.
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Figure 3.2: Schematic Feynman diagrams at lowest order for (left panel) “ground-to-ground” scat-
tering (i.e. χ1χ1 → χ1χ1) and (right panel) “ground-to-excited” scattering (i.e. χ1χ1 → χ2χ2):
swapping the fermion labels 1 ↔ 2 gives the “excited-to-excited” and “excited-to-ground” dia-
grams. The u-channel diagrams also contribute.

In general to get a differential cross section, we relate the incident probability flux through an
area to the scattered outgoing probability flux through a solid angle:

dPin

dσ dt
= |ψin|2 vin = |N |2 ~ kin

m
,

dPout

r2dΩ dt
= |ψout|2 vout =

|N |2 |f(θ)|2
r2

~ kin

m

⇒ dσ

dΩ
=
kout

kin
|f(θ)|2

(3.30)

Equating the top row of (3.28) with ψX from (3.27) gives

A =
N

2ik
, B = NfX(θ) ⇒ dσelastic

dΩ
= |fX(θ)|2 =

1

4k2

|A|2

|B|2
⇒ σelastic =

π

k2

|B|2

|A|2
.

(3.31)
Similarly, equating the bottom row of (3.28) with ψY from (3.27) gives

C = NfY (θ) ⇒ dσinelastic

dΩ
=
k′

k
|fY (θ)|2 =

k′

4k3

|C|2

|A|2
⇒ σinelastic =

πk′

k3

|C|2

|A|2
(3.32)

If we apply the analogy to our wavefunctions for the case where we begin purely in the ground
state (which corresponds to setting C3 to zero), then the elastic scattering cross section is

σelastic =
π

ε2v

∣∣∣∣∣C2

(
V0

4µ2

)−iεv/µ
+

(
V0

4µ2

)iεv/µ∣∣∣∣∣

2

(3.33)

and the inelastic scattering cross section is

σinelastic =
πε∆
ε3v
|C4 η

∗|2 . (3.34)
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Similarly, for the case where we begin purely in the excited state (which corresponds to setting C1

to zero), then the elastic scattering cross section is

σelastic =

π

∣∣∣∣C4 η
∗
(
V0

4µ2

)−iε∆/µ
+ η

(
V0

4µ2

)iε∆/µ∣∣∣∣
2

ε2∆ |η|2
(3.35)

and the inelastic scattering cross section is

σinelastic =
πεv |C2|2

ε3∆ |η|2
. (3.36)

These cross sections must be multiplied by ~2/(c2α2m2
χ) to obtain the physical cross sections,

since we initially rescaled r by αmχc/~.

Incoming in the Ground State

We will impose boundary conditions such that the ingoing wave is purely in the ground state,
which implies that C3 = 0. We are free to set C1 = 1 up to some overall normalization. Dividing
the E− equation by the F− equation of (3.23) yields

e2iϕ =
Γve

−πεv
µ + C2Γ∗ve

πεv
µ − C4 η

∗ Γ∗∆e
πε∆
µ

Γve
πεv
µ + C2Γ∗ve

−πεv
µ − C4 η∗ Γ∗∆e

−πε∆
µ

(3.37)

and combining this with (3.25) gives

C4 =
−2 Γv sinh

(
πεv
µ

)
[1 + e2iϕ]

η∗ Γ∗∆

[(
e
πε∆
µ + e

πεv
µ

)
− e2iϕ

(
e−

πε∆
µ + e−

πεv
µ

)] .

C2 =
Γv
Γ∗v




2 sinh
(
πεv
µ

)
[1 + e2iϕ]

(
e
πε∆
µ + e

πεv
µ

)
− e2iϕ

(
e−

πε∆
µ + e−

πεv
µ

) − 1




(3.38)

So by (3.33) and denoting the initial and final states as “gr” for “ground” and “ex” for “excited”,
the elastic scattering cross section is

σgr→gr =
π

ε2v

∣∣∣∣∣∣
1 +

(
V0

4µ2

)− 2iεv
µ
(

Γv
Γ∗v

)


cosh
(
π(ε∆+εv)

2µ

)
sinh

(
π(εv−ε∆)

2µ
+ iϕ

)

cosh
(
π(εv−ε∆)

2µ

)
sinh

(
π(ε∆+εv)

2µ
− iϕ

)



∣∣∣∣∣∣

2

(3.39)

and by (3.34), the inelastic scattering cross section is

σgr→ex =
2π cos2ϕ sinh

(
πεv
µ

)
sinh

(
πε∆
µ

)

ε2v cosh2
(
π(ε∆−εv)

2µ

)(
cosh

(
π(εv+ε∆)

µ

)
− cos(2ϕ)

) . (3.40)
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Incoming in the Excited State

We will impose boundary conditions such that the ingoing wave is purely in the excited state,
which implies that C1 = 0. We are free to set C3 = 1 up to some overall normalization. Dividing
the E− equation by the F− equation of (3.23) yields

e2iϕ =
C2Γ∗ve

πεv
µ − η Γ∆e

−πε∆
µ − C4 η

∗ Γ∗∆e
πε∆
µ

C2Γ∗ve
−πεv

µ − η Γ∆e
πε∆
µ − C4 η∗ Γ∗∆e

−πε∆
µ

(3.41)

and combining this with (3.25) gives

C4 =
η Γ∆

[
e2iϕ

(
e
πε∆
µ + e−

πεv
µ

)
−
(
e
πεv
µ + e−

πε∆
µ

)]

η∗ Γ∗∆

[(
e
πε∆
µ + e

πεv
µ

)
− e2iϕ

(
e−

πε∆
µ + e−

πεv
µ

)]

C2 =
−2 η Γ∆ sinh

(
πε∆
µ

)
[1 + e2iϕ]

Γ∗v

[(
e
πε∆
µ + e

πεv
µ

)
− e2iϕ

(
e−

πε∆
µ + e−

πεv
µ

)]

(3.42)

So by (3.35), the elastic scattering cross section is

σex→ex =
π

ε2∆

∣∣∣∣∣∣
1 +

(
V0

4µ2

)− 2iε∆
µ
(

Γ∆

Γ∗∆

)


cosh
(
π(ε∆+εv)

2µ

)
sinh

(
π(ε∆−εv)

2µ
+ iϕ

)

cosh
(
π(ε∆−εv)

2µ

)
sinh

(
π(ε∆+εv)

2µ
− iϕ

)



∣∣∣∣∣∣

2

(3.43)

and by (3.36), the inelastic scattering cross section is

σex→gr =
2π cos2ϕ sinh

(
πεv
µ

)
sinh

(
πε∆
µ

)

ε2∆ cosh2
(
π(ε∆−εv)

2µ

)(
cosh

(
π(εv+ε∆)

µ

)
− cos(2ϕ)

) . (3.44)

Relation to the Transfer Cross Section
When considering the effects of DM scattering on structure formation in general, the total cross
section may acquire an unphysical forward divergence. Generally, the literature has instead em-
ployed the transfer cross section σT , which determines the longitudinal momentum transfer:

σT =

∫
dΩ (1− cos θ)

dσ

dΩ
. (3.45)

Since our differential cross sections are angle-independent, we can pull those out of the integral.
Since the cos θ term is orthogonal to the sin θ term in the dΩ Jacobian, the remaining integral just
gives

σT = 4π
dσ

dΩ
, (3.46)
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which is the same as the cross section that we computed. (Note that [149] argues for the use of
the viscosity cross section instead, but computes σT in order to make contact with the literature –
we follow their approach, albeit we reiterate that for the s-wave component of the amplitude, the
distinction is a trivial one.)

Numerical Cross-Checks
Here we compare the results of our analytic approximation to the exact s-wave cross sections,
obtained by numerically solving the matrix Schrödinger equation using Mathematica. Numer-
ically solving for the scattering amplitudes proved computationally expensive and unstable in cer-
tain regions of parameter space, and was in all cases several orders of magnitude slower than com-
puting the semi-analytic results, further motivating the use of these approximations. The results are
shown in Figures 3.3-3.6, for two sample choices of the mass splitting parameter εδ = 0.01, 0.05,

and for elastic scattering in the ground and excited states (i.e. “gr→gr” and “ex→ex” respec-
tively), upscattering (“gr→ex”) and downscattering (“ex→gr”). We show only results for εv > εδ
in this figure, since if this is not the case only ground-to-ground scattering is possible, and also
restrict εv < εφ since otherwise we expect both that our approximation may break down and that
higher partial waves will become important. We note that in all cases, notable resonances and
antiresonances develop at particular values of εφ.

We find that our approximations agree with the numerics to within 10% away from resonances
(at resonances, minor shifts can cause huge fractional disagreement in spite of the fact that the
approximation actually does capture the behavior quite well), and correctly describe the resonance
positions. (Note that the minor numerical artifacts in these plots reflect the instability of the nu-
merical calculation, and should be ignored for purposes of comparison.)

Figure 3.7 shows the analytic calculation of the effect of a non-zero mass splitting on elas-
tic scattering in the ground state, including for εv < εδ, for the same two choices of εδ. For
ground-state elastic scattering, the main effect of the mass splitting is to cause the positions of the
resonances to shift. The effect is much more pronounced for small εφ. We will understand this
behavior in the following subsection, by studying analytically tractable limits of eqs. 3.86-3.89.
The numerical results again agree with the analytic results in this regime (we will show an explicit
comparison in the case of small εv in Figure 3.9).

Features and Limits of the Scattering Cross Sections
We will now study various limits of the scattering cross sections using our analytic approximation.
First, however, let us emphasize a point regarding our definition of εv. This quantity relates to
the energy of the particle relative to the ground state. A particle freely propagating in the excited
state will always have εv > εδ. While, as noted above, the “uphill” and “downhill” scattering
amplitudes are identical above the kinematic threshold given by the mass splitting, the cross section
for downscattering diverges as 1/ε∆ close to threshold (except at anti-resonances) while the cross
section for upscattering goes identically to zero. These different behaviors originate solely from
the very different phase-space factors near threshold, and are demonstrated in Figures 3.3-3.7.
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Figure 3.3: The dimensionless cross sections computed using our approximations, for εδ = 0.01.
Note that “log” indicates base 10.
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Figure 3.4: The same as Fig. 3.3 except with a comparison of these results (red dashed lines) to the
exact numerical results (solid lines).
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Figure 3.5: As Figure 3.3, but with εδ = 0.05.
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Figure 3.6: As Figure 3.4, but with εδ = 0.05.
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Figure 3.7: An analytic calculation of the elastic ground→ground dimensionless cross section in
the εφ vs. εv plane, with εδ = 0.01 (left) and εδ = 0.05 (right). The resonance structures in the
upper left are very similar to those depicted in Figure 1 of [149]. The black areas to the lower right
of the diagonal on the plots indicates where our approximation is no longer valid because of the
repulsed eigenstates and higher partial waves (i.e. when εv > εφ.) The black cross-hatching on the
bottom of the εδ = 0.05 plot indicates where εφ < ε2δ/2 which is a region where our approximation
is less accurate (see Table 3.1.) Note that the use of “log” indicates the base 10 logarithm.

For larger εv, upscattering and downscattering are equally likely, since there is relatively little
energetic overhead to upscattering. As well as Figures 3.3-3.7, the threshold behavior is shown for
a constant-εφ slice in Figure 3.10.

These cross sections, with the same εv, correspond to different physical scenarios in the context
of a virialized DM halo — for instance, an excited state particle in a virialized halo will give a larger
ground state velocity and thus correspond to a larger resulting εv than for virialized ground state
particles in the halo. We further discuss the astrophysical relevance of these scenarios in Section
3.4.

The Degenerate Limit

In the limit where δ → 0, analytic expressions for the scattering cross section in a repulsive or
attractive potential have been previously derived [149]. In this limit, our “elastic” and “inelastic”
cross sections refer to scatterings between particular linear combinations of the attracted and re-
pulsed two-body eigenstates, and it is natural to switch to the basis of (dark) charge eigenstates
accordingly (which in this limit are also mass eigenstates).

In the δ → 0 limit, the potential matrix can be diagonalized, yielding the exact eigenstate basis
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ψ+ = 1√
2

(−1, 1), ψ− = 1√
2

(1, 1) (as in Eq. 3.6). Since the potential is now diagonal, scatterings
from ψ+ to the ψ− (and vice versa) do not occur: the two eigenstates are decoupled. The ψ+ and
ψ− eigenstates experience, respectively, a repulsive and attractive potential.

For the− state, let the scattering solution φ−(r) (for the coefficient of the ψ− eigenvector) have
the asymptotic form φ−(r) = ei(kr+2δ−) + e−ikr. The phase shift δ− characterizes the scattering
amplitude, which is given by

∣∣1− e2iδ−
∣∣2. Likewise, for the + state, let the phase shift be δ+.

Since the differential equation is linear, any linear combination of these solutions (Aφ−(r)ψ−+
Bφ+(r)ψ+) is also a solution. In particular, if we set A = B = 1/

√
2 and A = −B = 1/

√
2, we

obtain the two solutions:

ψ(r) =


 eikr

(
e2iδ−−e2iδ+

2

)

eikr
(
e2iδ−+e2iδ+

2

)
+ e−ikr


 , ψ(r) =


e

ikr
(
e2iδ−+e2iδ+

2

)
+ e−ikr

eikr
(
e2iδ−−e2iδ+

2

)

 . (3.47)

These correspond to the cases we studied above, where the particles are initially purely in the
ground or excited states. So we see that by calculating the phase shifts for these initial conditions
(given by the A, B and C coefficients in Eq. 3.31 and Eq. 3.32), we can recover the values for δ−
and δ+, and vice versa. Our cross sections are given by:

σ(ground→ ground) =
π

k2

∣∣∣∣1−
e2iδ− + e2iδ+

2

∣∣∣∣
2

, σ(ground→ excited) =
π

k2

∣∣∣∣
e2iδ− − e2iδ+

2

∣∣∣∣
2

,

(3.48)
and in this case, since δ = 0, swapping the identifications of “ground” and “excited” states has no
effect. Note that the sum of these cross sections gives σtot = π

k2

(∣∣1− e2iδ−
∣∣2 +

∣∣1− e2iδ+
∣∣2
)

=

σ− + σ+, as it must — the total scattering rate cannot depend on the choice of basis.
In the limit where the phase shifts are small (which we will see is the case at low velocities and

away from resonances), we can expand:

σ(ground→ ground) ≈ π

k2
|δ− + δ+|2 , σ(ground→ excited) =

π

k2
|δ− − δ+|2 . (3.49)

The authors of [149] define a quantity a which corresponds to our εv, and a quantity c = 1/(κεφ),
where κ is set to 1.6. The phase shifts derived for the repulsive and attractive case by [149] in the
low-velocity limit are then given by:

δ− ≈ −[2γ + ψ(1 +
√
c) + ψ(1−√c)]ac, δ+ ≈ −[2γ + ψ(1 + i

√
c) + ψ(1− i√c)]ac, (3.50)

where γ is the Euler-Mascheroni constant and ψ(z) is the digamma function. Note these phase
shifts become small in the low-velocity limit due to the scaling with a, as claimed above.

The asymptotic expansions of the digamma function, as |z| → ∞, are ψ(z) ≈ ln(z) +
iπ(i cot(πz)− 1) b |arg(z)| /πc for z not a negative integer. Thus in the large-c limit (correspond-
ing to εφ � 1, which is necessary for our approximations to hold), and neglecting terms ofO(1/c)
and higher, these phase shifts approach:

δ− = −
[
2γ + ln(c) + π cot(π

√
c)
]
ac, δ+ = − [2γ + ln(c)] ac. (3.51)
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So the cross sections for ground-ground and ground-excited scattering should be set by:

σ(ground→ ground) = π
[
4γ + 2 ln(c) + π cot(π

√
c)
]2
c2,

σ(ground→ excited) = π3 cot2(π
√
c)c2. (3.52)

Note the prefactor 1/k2 has canceled out the factors of a in the phase shifts.
We now take the same limits (first δ → 0, and then v → 0) in our semi-analytic approximation.

Setting εv = ε∆ we obtain:

Γv →
√
π Γ

(
1 +

iεv
µ

)
Γ

(
1

2
+
iεv
2

)
= π 2−

2iεv
µ Γ

(
1 +

iεv
µ

)
, (3.53)

where the second equality comes from the gamma function identities Γ(1 + z) = z Γ(z), Γ(1 −
z) Γ(z) = π/ sin(πz), and Γ(z)Γ(z + 1/2) = 21−2z

√
π Γ(2z). So the elastic scattering cross

section to first order in εδ (for both the ground and excited state, since they are now degenerate)
becomes:

σelastic =
π

ε2v

∣∣∣∣∣∣
1 +

Γ
(

1 + iεv
µ

)

Γ
(

1− iεv
µ

)



i sinϕ cosh

(
πεv
µ

)

sinh
(
πεv
µ
− iϕ

)



(
V0

µ2

)−2iεv/µ

∣∣∣∣∣∣

2

. (3.54)

Off-resonance, in the limit as εv → 0, sinh
(
πεv
µ
− iϕ

)
→ −i sinϕ, and the scattering amplitude

approaches zero. More precisely, a Taylor expansion yields:

σelastic →
π

µ2

[
2γ + 2 ln

(
V0

µ2

)
+ π cotϕ

]2

, (3.55)

where γ is the Euler-Mascheroni constant. On-resonance, where sinϕ = 0, the elastic scattering
amplitude is simply 1.

Meanwhile, for the inelastic case, setting εv = ε∆ yields

σinelastic =
2π cos2ϕ sinh2

(
πεv
µ

)

ε2v

(
cosh

(
2πεv
µ

)
− cos(2ϕ)

) . (3.56)

Off-resonance, as εv → 0, this probability approaches

σinelastic → π

(
π cotϕ

µ

)2

. (3.57)

On-resonance, where cos(2ϕ) = 1, the inelastic scattering amplitude simply approaches 1.
We see that these would agree precisely with the approximate forms of the cross sections de-

rived from the results of [149] if we made the replacements:

µ→ 1/c, ϕ→ π
√
c, ln(V0/µ)→ γ. (3.58)
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These replacements are parametrically correct — µ ∼ εφ ∼ 1/c up to O(1) factors, likewise V0 ∼
µ up to O(1) corrections. The results are most sensitive to the identification ϕ → π

√
c, since this

sets the resonance positions: taking c = 1/(κεφ), and our approximate expression ϕ ∼
√

2π/εφ,
we see that they agree exactly if κ = π/2 ≈ 1.57. The value of κ = 1.6 chosen by [149] therefore
leads to percent-level agreement in the resonance positions.

Perfect agreement between the two analyses should not be expected, since they use different
potentials (albeit with similar properties), but our approach agrees both qualitatively and quantita-
tively with the results of [149] in the region of parameter space where they can both be used.
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Figure 3.8: Scattering with εδ = 0 and εv = 0.01, where the red solid curve comes from our
analytic approximation and the blue dashed curve comes from numerically solving the Schrödinger
equation. The quotation marks in the plot titles serve as a reminder that with εδ = 0 there is no
inelastic scattering because the states are degenerate. Resonances occur as predicted by our Taylor
expansions.

We plot our results for the cross section in this limit in Figure 3.8, again finding good agreement
between our full semi-analytic approximation and the numerical results for εφ < 1. These results
can be used more generally for elastic and inelastic scattering where εδ is small relative to all the
other parameters in the problem.

The Low-Velocity Limit

Now let us consider the case where εv → 0, without first setting εδ → 0. In this limit, scattering
into the excited state is forbidden, so we will only examine elastic scattering in the ground state.
Expanding σgr→gr to first order in εv yields

σgr→gr ≈
π

µ2

(
π cot

(
ϕ− πεδ

2µ

)
+ 2 ln

(
V0

µ2

)
+ 2γ − 4 ln 2− 2ψ0

(
εδ
2µ

+
1

2

))2

(3.59)

where ψ0 is the digamma function and γ is the Euler-Mascheroni constant.
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Figure 3.9: Scattering from the ground state to the ground state with εv = 0.001. Shown here are
different scenarios with εδ = 0 (purple, dotted), εδ = 0.01 (dashed, blue), and εδ = 0.03 (solid,
red). The upper left panel shows our analytic approximation and the upper right panel shows the
numerical solution, which are in close agreement. To show the agreement between the two cal-
culations explicitly, in the lower panel we have overlaid the analytic and numerical results for the
εδ = 0.01 and εδ = 0.03 cases, with the solid dark lines representing the numerical computation
and the lighter dashed lines representing our approximation. The analytic result accurately repro-
duces the numerics, and we can see that the presence of a mass splitting — even a small one—
shifts the resonance positions, most noticeably for small εφ.
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We see that the cross section does not vary with εv in this low-velocity limit, with the cross
section approaching the expected geometric size of ∼ π/m2

φ, up to constant prefactors, once we
convert to dimensionful parameters (making the approximation µ ∼ εφ = mφ/(αmχ), and then
multiplying the dimensionless cross section by 1/(αmχ)2 as usual). Resonances occur when ϕ =
(n + εδ/2µ)π, and in the case where δ = 0 (as mentioned previously) the resonance positions
are ϕ = nπ. Thus the presence of a mass splitting induces a shift to the resonance positions at
velocities below the threshold, to smaller εφ: Figure 3.9 shows the impact of the mass splitting on
the resonances at low velocity for several choices of δ. The effect on the resonances is the same
as found for the case of annihilation [289]. We also demonstrate in Figure 3.9 that our analytic
approximation accurately reproduces the numerical results for low-εv scattering below threshold.

Except for the shift in resonance positions, this cross section is very similar in form to (3.55); in
the limit as εδ → 0 (but εv < εδ) they are identical, except that (3.59) has a 4γ term rather than 2γ
(two extra γ’s come from ψ0(1

2
)). This is a subdominant correction; generally larger contributions

will arise from the cot and log terms. So we see that for elastic scattering in the ground state, the
effect of the mass splitting is primarily just to shift the resonance positions; this contrasts with the
case of annihilation where switching on the mass splitting can lead to a generic enhancement of
the cross section by a factor of 2-4 at low velocities [289].

The Threshold (εv = εδ) Limit

Scattering amplitudes involving the excited state will be suppressed by ε∆ as ε∆ approaches zero
from above, but the corresponding cross sections need not vanish. The case where εv ≈ εδ cor-
responds, for particles initially in the excited state, to very low physical velocities. We perform a
Taylor expansion in small (but real and positive) ε∆, finding for the cross sections:

σgr→ ex ≈
4π2ε∆ cos2 ϕ tanh

(
πεδ
2µ

)

ε2δ µ
(

cosh
(
πεδ
µ

)
− cos(2ϕ)

) (3.60)

σex→ gr ≈
4π2 cos2 ϕ tanh

(
πεδ
2µ

)

ε∆ µ
(

cosh
(
πεδ
µ

)
− cos(2ϕ)

) (3.61)

σex→ ex ≈
1

µ2


ζ2 +

2π cosϕ

cosh
(
πεδ
µ

)
− cos(2ϕ)

(
2 ζ sinϕ+ cosϕ sech2

(
πεδ
2µ

))


2

(3.62)

where for convenience, we have defined the subdominant O(1) term

ζ ≡ 2γ − 2ψ0

(
iεδ
2µ

+
1

2

)
+ iπ tanh

(
πεδ
2µ

)
+ ln

(
V 2

0

16µ4

)
, (3.63)

which is a real quantity because the term with the hyperbolic tangent cancels out the imaginary
part of the digamma function.
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We see that in all cases there is a potentially large enhancement corresponding to the zero-δ
resonances, ϕ = nπ so cos(2φ) = 1. The cross section does not actually diverge at these pseudo-
resonances, but scales as 1/(cosh(πεδ/µ)− 1), and so is large when εδ � µ.

The upscattering cross section vanishes as ε∆ → 0, as expected, as the phase space for newly-
excited particles shrinks to zero. The elastic scattering cross section for the particles in the excited
state scales parametrically as 1/µ2, except close to the resonances, where it instead scales as 1/ε2δ
if εδ � µ. Both these behaviors correspond to geometric cross sections, one governed by the range
of the force and one by the momentum transfer associated with virtual de-excitation to the ground
state. The downscattering cross section — which is perhaps most interesting for scenarios where an
abundant relic population of DM in the halo exists in the excited state — diverges as 1/ε∆, meaning
that if vex = αε∆ is the physical velocity of the incoming particles in the excited state, σvex will
approach a constant value at low velocities. For εδ � µ, the cross section scales as εδ/(ε∆µ2) away
from the resonances, and 1/(ε∆εδ) close to the resonances. Inserting the dimensionful prefactors,
the physical cross sections for downscattering and elastic scattering in the excited state have the
following scaling behavior:

σex→ gr vex ∝
1

m2
φ

√
δ

mχ

off-resonance,
1

mχδ

√
δ

mχ

near-resonance (3.64)

σex→ ex ∝
1

m2
φ

off-resonance,
1

mχδ
near-resonance. (3.65)

We note that for slow-moving particles initially in the excited state, inelastic downscattering
will generally dominate over elastic scattering (due to the 1/v scaling). The constant σv for down-
scattering implies that the argument given in [273] (which predicts a constant density core in dwarf
galaxies as a direct result of a constant σv for exothermic interactions) holds even at low veloc-
ities where the perturbative approach used in that work is not valid. However, the scaling of the
constant σv with the parameters of the model is quite different to the perturbative case. Note in
particular that in regions of parameter space close to a resonance, large scattering cross sections
can be achieved even for large mφ (provided mφ . αmχ so our approximation holds), depending
only on the mass splitting and the DM mass rather than the mediator mass.

The cross section for elastic scattering in the ground state does not have a simple behavior close
to threshold, since there is nothing special about εv ≈ εδ from the perspective of the ground state.
Setting ε∆ = 0 we obtain:

Γv → Γ

(
1 +

iεv
µ

)
Γ2

(
iεv
2µ

+
1

2

)
, (3.66)

σgr→gr =
π

ε2v

∣∣∣∣∣∣
1 +

(
V0

4µ2

)− 2iεv
µ
(

Γv
Γ∗v

)


sinh
(
πεv
2µ

+ iϕ
)

sinh
(
πεv
2µ
− iϕ

)



∣∣∣∣∣∣

2

. (3.67)

The term involving sinh’s approaches 1 when ϕ→ nπ and -1 when ϕ→ (n+ 1)π/2, which gives
rise to the characteristic resonances and anti-resonances in the low-v limit. More explicitly, we can



CHAPTER 3. MULTI-STATE, SELF-INTERACTING DM IN HALOS 70

perform a Taylor expansion in the low-velocity limit εv � µ (here having already set εv = εδ),
obtaining:

σgr→gr ≈
π

µ2

(
π cot(ϕ) + 2 ln

(
V0

µ2

)
+ 4γ

)2

. (3.68)

We see that this cross section has the same form as the other low-velocity and low-mass-splitting
limits we have studied; it is identical to the expression obtained by first taking εv → 0 and then
εδ → 0.
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Figure 3.10: A comparison of the numerical vs analytic results for s-wave inelastic scattering, for
upscattering (left) and downscattering (right), with εδ = 0.01 and εφ = 0.04. The two diverge for
εv & εφ, as expected.

Higher Partial Waves

Figure 3.10 shows a particular slice through the parameter space of Figure 3.3, for inelastic scatter-
ing, but extending to εv > εφ. As expected, our analytic approximation breaks down in this regime
(note that µ and εφ are generally equal up to aO(1) factor). Conveniently, εv . εφ is also precisely
the condition for s-wave scattering to dominate over the higher partial waves. Consequently, while
a more careful treatment of the matching between the WKB and large-r regimes (see Figure 3.1)
might allow extension of our approximation for the s-wave to the region with εv & εφ, at that point
it would be necessary to include the higher partial waves as well.

This can be easily seen by comparing the relevant length scales: for the `th partial wave, the
vacuum solution is proportional to the Bessel function j`(εvr), which peaks when ` ∼ εvr, i.e.
r ∼ `/εv. In order for scattering of the `th partial wave to be significant, this peak must lie within
the range of the potential, i.e. r . 1/εφ, and so we must have ` . εv/εφ. If εv/εφ . 1, then only
the s-wave term can penetrate the potential far enough to experience significant scattering.

In the case where δ is non-zero, this argument still holds — for particles in the excited state,
the asymptotic wave function is now j`(

√
ε2v − ε2δ), but since

√
ε2v − ε2δ < εv, requiring εv � εφ
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is certainly sufficient to ensure that the potential cuts off at smaller r than the peak of the higher-`
wavefunctions. Since whenever particles in the excited state are present and the scattering rate is
significant, their downscatterings will populate the ground state, we will generally consider εv . εφ
to be both a necessary and sufficient condition for our approximate solution to be useful.

The Adiabatic Regime

There is a regime where εv & εφ but our approximate solution remains valid, although the s-wave
does not generally dominate scattering in this part of parameter space, and so we caution that our
s-wave result should not be used as a proxy for the total scattering cross section. However, it can
be used as a lower bound.

As discussed above, our method essentially neglects repulsive scattering at small distances,
which is valid when the range of the potential is relatively short and so the scattering wavefunction
for the repulsed eigenstate is peaked outside its range (note this is the same reason we can ignore
the higher partial waves in this regime).

There is another regime where this approximation is valid, for a different reason. Suppose
the system starts with both DM particles in the ground state (i.e. the state of lowest energy).
At short distances, the lowest-energy eigenstate is the one that experiences an attractive potential
(corresponding to the +− two-body state at high energies). If the transition from long distances
to short distances is adiabatic — i.e. this transition occurs slowly relative to the scale associated
with the splitting between the eigenstates — then particles in the lowest-energy eigenstate at long
distances will find themselves entirely in the attracted eigenstate at short distances, in analogy to
the adiabatic theorem, and ignoring the repulsed eigenstate will be valid because it will simply
never be populated.

The splitting between the eigenstates corresponds to an energy scale of ε2δ in our dimensionless
coordinates, and hence to a time scale of 1/ε2δ; the corresponding distance scale, for an inward-
moving wavepacket, would be ∼ εv/ε

2
δ . The rotation of the eigenstates (from mass eigenstates to

gauge eigenstates of the high-energy potential), as described in Section 3.2, occurs when V (r) =
e−εφr/r becomes comparable to ε2δ/2. If the cause of this transition is the exponential cutoff, i.e.
r ∼ 1/εφ, then the transition occurs over a radius ∆r ∼ 1/εφ; if εφ . ε2δ then it occurs when
V (r) ∼ 1/r and over a range ∆r ∼ 1/ε2δ .

So the criterion for adiabaticity is εv/ε2δ . 1/εφ if εφ & ε2δ , or εv/ε2δ . 1/ε2δ otherwise. In the
first case, the transition is adiabatic for εvεφ . ε2δ; in the second case adiabaticity always holds for
εv . 1 (however, note that εφ . ε2δ is a regime where the approximations we use are known to be
less accurate [289]), which by the condition εφ . ε2δ implies εφεv . ε2δ . We can summarize this
by saying adiabaticity holds if and only if εφεv . ε2δ , provided our other assumptions hold (that is,
εv, εδ, εφ . 1).

This mechanism is also responsible for the enhancement in the annihilation rate noted in [289]
for the case with a mass splitting, compared to the case where the mass splitting is negligible
relative to the kinetic energy and can be ignored; under adiabatic conditions, the presence of the
mass splitting causes particles initially in the ground state to transition into a purely attracted state,
rather than a equal linear combination of attracted and repulsed states.
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Analytic Approximation
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Figure 3.11: A scan through εv with εφ = 0.03 and εδ = 0.04. This demonstrates the shift from the
transition to small-r being adiabatic vs. nonadiabatic. We can see the breakdown near ε2δ ∼ εvεφ,
which happens near εv ∼ 0.06.

This argument cannot be applied to scattering from the excited state or into the excited state, as
if the excited state is populated then this implies the repulsed eigenstate will also be populated and
cannot be ignored. But provided we are only interested in elastic scattering from the ground state
(i.e. for the below-threshold case εv . εδ), we expect our results to be accurate (for the s-wave)
even when εv & εφ, in the event that εφεv . ε2δ .

The Perturbative Regime
The Born approximation can be straightforwardly applied to this multi-state system, by writing the
three-dimensional Schrödinger equation in the form:

Ψ(r) = Ψ0(r)− mχ

4π

∫
d3r0
|r− r0|

(
eik|r−r0| 0

0 eik
′|r−r0|

)
· V̄ (r0) ·Ψ(r0). (3.69)

Here Ψ(r) =

(
Ψ1(r0)
Ψ2(r0)

)
is the full, three-dimensional physical wavefunction for the two-body

state; for the spherically symmetric potential and s-wave scattering we consider, it is related to the
wavefunction ψ(r) by ψ(r) = rΨ(r). Ψ0(r) is the equivalent wavefunction for the unperturbed

system with no potential, satisfying ∇2Ψ0(r) = −
(
k2 0
0 k′2

)
·Ψ0(r). Note, since Ψ(r) describes

a two-body state, we have replaced the mass in the Schrödinger equation with the reduced mass
mχ/2.) V̄ (r) is the matrix potential given in Eq. 3.4, but now with the diagonal 2δc2 term omitted
(we instead incorporate the effect of this term in the difference between k′ and k). Here we use
units where c = ~ = 1.

The first-order Born contribution to the scattering amplitude is solely inelastic, since the matrix
V̄ is purely off-diagonal. For an initial state consisting of a plane wave in a single state (purely for
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notational purposes, we here choose the upper row of the matrix to correspond to the initial state),
we obtain:

Ψ(r) =

(
Aeikz

0

)
− mχ

4π

∫
d3r0
|r− r0|

(
eik|r−r0| 0

0 eik
′|r−r0|

)
· V̄ (r0) ·

(
Aeikz0

0

)

=

(
Aeikz

0

)
− mχ

4π

∫
d3r0
|r− r0|

eik
′|r−r0|

(
−α
r
e−mφr

)( 0
Aeikz0

)
. (3.70)

Writing k = kr̂, k′ = k′r̂, p = kẑ, p′ = k′ẑ, and making the long-distance approximation
eik|r−r0|/|r− r0| ≈ (eikr/r)e−ik·r0 , we obtain:

Ψ(r) ≈ A

[(
eikz

0

)
+
αmχ

4π

eik
′r

r

(
0
1

)∫
d3r0

(
1

r
e−mφr

)
ei(p−k

′)·r0
]

= A

[(
eikz

0

)
+
αmχ

4π

eik
′r

r

(
0
1

)
4π

|p− k′|2 +m2
φ

]
. (3.71)

We can read off the scattering amplitudes as

fX = 0, fY =
αmχ

|p− k′|2 +m2
φ

. (3.72)

Now |p − k′|2 = k2 + (k′)2 − 2kk′ cos θ, where θ describes the angle between r̂ and ẑ, and we
have:

dσBorn
inelastic

dΩ
=
k′

k
f 2
Y =

k′

k

α2m2
χ(

k2 + (k′)2 − 2kk′ cos θ +m2
φ

)2 . (3.73)

Performing the angular integral yields:

σBorn
inelastic =

k′

k

4πα2m2
χ(

m2
φ + (k′)2 − k2

)2
+ 4k2m2

φ

. (3.74)

This result applies to both particles initially in the ground or excited states, with the proper choices
of k and k′. For upscattering, k = mχv and k′ =

√
m2
χv

2 − 2δmχ, where v is the speed of a single
particle in the center-of-mass frame in the initial state. If we use the convention in the body of the
text where v always refers to the speed of the particle in the ground state, then for downscattering
these choices of k and k′ are simply reversed. If instead we take v to be the speed of the particle in
the initial state, for downscattering we have k = mχv and k′ =

√
m2
χv

2 + 2δmχ. Thus we obtain
the upscattering cross section,

σBorn
gr→ex =

4πα2m2
χ

√
1− 2δ

mχv2

m4
φ

[(
1− 2δmχ/m2

φ

)2
+ 4m2

χv
2/m2

φ

] (3.75)
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and the downscattering cross section (taking v to be the speed of the ground-state particle):

σBorn
ex→gr =

4πα2m2
χ√

1− 2δ
mχv2m4

φ

[(
1− 2δmχ/m2

φ

)2
+ 4m2

χv
2/m2

φ

] . (3.76)

The corresponding dimensionless cross sections are respectively:

σBorn
gr→ex =

ε∆
εv

4π

ε4φ(1− ε2δ/ε2φ)2 + 4ε2v/ε
2
φ

, σBorn
ex→gr =

εv
ε∆

4π

ε4φ(1− ε2δ/ε2φ)2 + 4ε2v/ε
2
φ

. (3.77)

The lowest-order contribution to elastic scattering comes via the second term in the Born series.
For the initial condition above, the contribution to the wavefunction is:

Ψ2nd-order(r) =
(αmχ

4π

)2
∫

d3r0
|r− r0|

(
eik|r−r0| 0

0 eik
′|r−r0|

)
· V̄ (r0)

×
∫

d3r1

|r0 − r1|

(
eik|r0−r1| 0

0 eik
′|r0−r1|

)
· V̄ (r1) ·Ψ0(r1)

= A
(αmχ

4π

)2
(

1
0

)∫
d3r0
|r− r0|

eik|r−r0|
e−mφr0

r0

∫
d3r1

|r0 − r1|
eik
′|r0−r1| e

−mφr1

r1

eikz1 . (3.78)

Again making the long-distance approximation we can read off the scattering amplitudes (at this
order) as:

fX =
(αmχ

4π

)2
∫
d3r0e

−ik·r0 e
−mφr0

r0

∫
d3r1

|r0 − r1|
eik
′|r0−r1| e

−mφr1

r1

eikz1 , fY = 0. (3.79)

In the limit where the initial particle is very slow-moving, so we can take k = 0 (but not k′ = 0),
this amplitude has a simple analytic form: for the integral over r1, we can choose coordinates
where r0 lies along the z-axis to simplify the angular integral, obtaining:

∫
d3r1

|r0 − r1|
eik
′|r0−r1| e

−mφr1

r1

=
4π

m2
φ + (k′)2

eik
′r0 − e−mφr0

r0

. (3.80)

The amplitude in the k = 0 limit then becomes,

fX =
(αmχ

4π

)2 (4π)2

m2
φ + (k′)2

(
1

mφ − ik′
− 1

2mφ

)
. (3.81)

For scattering where the initial particles are in the excited state, k′ =
√

2δmχ for k = 0, and the
amplitude is given by:

dσBorn
ex→ex

dΩ
= |fX |2 =

α4

4m2
φ

(
m2
χ

m2
φ + 2δmχ

)2

. (3.82)
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For scattering where the initial particles are in the ground state and k = 0, k′ = i
√

2δmχ, and we
obtain:

dσBorn
gr→gr

dΩ
= |fX |2 =

α4

4m2
φ

(
m2
χ

m2
φ − 2δmχ

)2(
mφ −

√
2δmχ

mφ +
√

2δmχ

)2

=
α4

4m2
φ

m4
χ(

mφ +
√

2δmχ

)4 .

(3.83)
Thus the cross sections for ground-state elastic scattering and excited-state elastic scattering, in the
limit of slow-moving initial particles, are respectively,

σBorn
gr→gr =

πα4m4
χ

m2
φ(mφ +

√
2δmχ)4

, σBorn
ex→ex =

πα4m4
χ

m2
φ(m2

φ + 2δmχ)2
. (3.84)

The corresponding dimensionless cross sections are:

σBorn
gr→gr =

π

ε6φ

1

(1 + εδ/εφ)4 , σBorn
ex→ex =

π

ε6φ

1
(
1 + ε2δ/ε

2
φ

)2 . (3.85)

Note that these second-order cross sections become comparable to (or larger than) the first-order
inelastic scattering cross sections for εφ . 1, signaling the breakdown of the Born approximation
and the need to transition to the resonant regime described in the previous Subsections.

Summary of the Calculation
In the calculations of the previous subsections, we have obtained the following dimensionless
scattering cross sections:

σgr→gr =
π

ε2v

∣∣∣∣∣∣
1 +

(
V0

4µ2

)− 2iεv
µ
(

Γv
Γ∗v

)


cosh
(
π(ε∆+εv)

2µ

)
sinh

(
π(εv−ε∆)

2µ
+ iϕ

)

cosh
(
π(ε∆−εv)

2µ

)
sinh

(
π(ε∆+εv)

2µ
− iϕ

)



∣∣∣∣∣∣

2

(3.86)

σex→ex =
π

ε2∆

∣∣∣∣∣∣
1 +

(
V0

4µ2

)− 2iε∆
µ
(

Γ∆

Γ∗∆

)


cosh
(
π(ε∆+εv)

2µ

)
sinh

(
π(ε∆−εv)

2µ
+ iϕ

)

cosh
(
π(ε∆−εv)

2µ

)
sinh

(
π(ε∆+εv)

2µ
− iϕ

)



∣∣∣∣∣∣

2

(3.87)

σgr→ex =
2π cos2ϕ sinh

(
πεv
µ

)
sinh

(
πε∆
µ

)

ε2v cosh2
(
π(ε∆−εv)

2µ

)(
cosh

(
π(εv+ε∆)

µ

)
− cos(2ϕ)

) (3.88)

σex→gr =
2π cos2ϕ sinh

(
πεv
µ

)
sinh

(
πε∆
µ

)

ε2∆ cosh2
(
π(ε∆−εv)

2µ

)(
cosh

(
π(εv+ε∆)

µ

)
− cos(2ϕ)

) (3.89)
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where we have defined ε∆ ≡
√
ε2v − ε2δ , and µ and V0 are the defining parameters for the exponen-

tial potential V0e
−µr, given by:

µ = εφ

(
1

2
+

1

2

√
1 +

4

εφrM

)
, V0 =

e
εφrM

(
− 1

2
+ 1

2

√
1+ 4

εφrM

)

rM
, (3.90)

with rM chosen so that e
−εφrM

rM
= max

(
ε2δ
2
, ε2φ

)
. The terms Γv and Γ∆ come from matching the

WKB wavefunction onto the wavefunction for the exponential potential, and are defined by,

Γv ≡ Γ

(
1 +

iεv
µ

)
Γ

(
iεv − iε∆

2µ
+

1

2

)
Γ

(
iεv + iε∆

2µ
+

1

2

)

Γ∆ ≡ Γ

(
1 +

iε∆
µ

)
Γ

(
iε∆ − iεv

2µ
+

1

2

)
Γ

(
iεv + iε∆

2µ
+

1

2

)
,

(3.91)

where Γ denotes the gamma function. Finally, ϕ is a phase that comes from extending the WKB
solution to the matching region. Its full form is rather complicated, but where εδ . εφ and our
other approximations hold (i.e. εφ . 1, εv . µ), the phase ϕ can be accurately approximated by
ϕ =

√
2π/εφ (as noted in [289]). More generally, it is given by:

iϕ ≡
∫ rM

0

√
λ−dr

′ +

∫ rs

rM

√
λ̃−dr

′ +
2i
√
V0

µ
e−µrs/2. (3.92)

Here rs must be chosen such that V0 e
−µrs � µ2, ε2v, ε

2
δ , but formally should be taken to −∞.

We emphasize again that these cross sections are only good approximations in the regimes de-
scribed in the lower half of Table I. Since we are only computing the s-wave piece of the scattering
amplitude, which is angle-independent, the viscosity and transfer cross sections are trivially related
to σ (see [149] for a discussion of the different cross sections and their relevance for the problem
at hand). We have verified numerically that our approximations are accurate and we have explored
various limits and regimes, finding that they make physical sense and match on to other scenarios,
including the degenerate limit and the Born limit.

The astute reader will also notice the following salient feature of the scattering cross sections:
the elastic and inelastic cross sections are the same whether the system starts in the ground state or
the excited state, modulo a swap of εv with ε∆ (assuming that ε∆ is the same in both cases, which
requires the system to be above threshold.) The scattering amplitudes are identical. This reflects the
identical interactions of the ground and excited states: swapping εv ↔ ε∆ simply corresponds to
relabeling the states. The result also agrees with our intuition from quantum mechanical scattering
off a 1D step potential: the transmission and reflection probabilities are the same for “downhill”
and “uphill” scattering when the particle’s energy is greater than the potential barrier, and the same
is true in this system above the mass-splitting threshold.
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3.4 Expected Effect on DM Halos

Parameters of Interest for Modification of DM Halos
On dwarf galaxy scales, an elastic scattering cross section of roughly σ/mχ & 0.1 cm2/g is required
in order for DM self-scattering to have a significant impact on the internal structure [266]. This
corresponds to particles in the core interacting once on average over the age of the universe [273],
and so is likely also a necessary condition for exothermic downscattering to be relevant. We will
thus use this cross section as a benchmark.

As discussed in [273], requiring a significant relic population of particles in the excited state
at late times (that was not depleted by scatterings in the early universe) requires mχ at the MeV
scale or lighter. However, the excited state might be populated non-thermally, in which case much
heavier DM masses might also be viable.

For the non-degeneracy of the excited state to have a significant impact on scattering in dwarf
galaxies, the mass splitting should be significant compared to the typical kinetic energy of the
DM particles. Taking the typical velocity in dwarf galaxies to be 10 km/s∼ 3 × 10−5c [309], this
implies δ & 10−9mχ in order to see differences from purely elastic scattering. Our requirements
that εδ . 1, εφ . 1 impose that δ . α2mχ and αmφ . α2mχ

2. So in order for our approximation
to be valid and the mass splitting to be interestingly large, we will focus on the range α & 10−4

(or higher for larger δ: α &
√
δ/mχ), which will also guarantee εv = v/α . 1 as required. For

a vector mediator, this is in agreement with broad expectations from the Standard Model if the
coupling is not fine-tuned to be small.

In general, we will treat α as a free parameter within the range 10−4 . α . 1, since the con-
straints on it are rather model-dependent. In particular, we do not impose the constraint that annihi-
lations of the DM to the force carrier should generate the correct relic density. The self-interacting
DM could be non-thermal or a sub-dominant component of the total DM if α is higher than the
value expected for a thermal relic, or annihilation channels not involved in the self-scattering could
prevent the overclosure of the universe if α is too small. However, for calibration, [290] found typ-
ical values for α (yielding the correct relic density) of a few times 10−2 for TeV-scale DM in a
model with the same potential as the one employed in this work, and the annihilation of the DM to
the force carriers has a cross section scaling as α2/m2

χ at freezeout, so lighter DM will generally
imply a smaller value of α if the DM is indeed a thermal relic.

There are few model-independent constraints on the mediator mass mφ; the coupling of the
force carrier to Standard Model particles is independent of its role here of mediating DM scattering.
For significant scattering we require that mφ . αmχ, and for s-wave scattering to dominate and
our approximation to be valid we will generally require that εv . εφ in dwarf galaxies, i.e. mφ &
mχv ∼ 3× 10−5mχ.

When we consider the exothermic scenario with a significant population of particles initially
in the excited state, their scatterings have εv ∼ εδ in our notation, assuming the kinetic energy of

2Natural scales for the splitting can include α2mχ (analogous to the splitting between atomic energy levels), αmφ

or α2mφ (if the splitting is generated by loops of the mediator) [139]; if the mass splitting is generated by some
higher-dimension operator as in [290], then its size depends on the heavy mass scale.
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the excited-state particles (limited by the escape velocity of the dwarf) is small compared to the
mass splitting. Thus for this scenario we will also require εδ . εφ, i.e. 2δ/α2mχ . m2

φ/α
2m2

χ ⇒
mφ &

√
δmχ. The requirement that mφ . αmχ means that the higher α is above its lower bound

of
√
δ/mχ, the more valid parameter space there will be for mφ (although raising mφ above the

upper bound simply means we should use the Born approximation.)
With the above reasoning as our guide, we performed several cuts through parameter space

to estimate phenomenologically interesting regions in DM mass, mediator mass, mass-splitting,
and coupling. We selected a few fiducial velocity scales which correspond to the virial velocities
of dwarf galaxies, galaxies the size of the Milky Way (MW), and clusters. Practically speaking,
the DM scattering rate within a halo is not determined by one fixed velocity, but rather some
distribution of velocities as DM particles pass through different parts of the halo. In order to
understand these dynamics in detail, one must perform numerical simulations which lie outside
the scope of this work. However, the simple estimates presented here can serve as benchmarks for
simulations of the dynamical behavior of inelastically scattering DM in an actual halo.

The results of our parameter sweeps for four different scattering scenarios (ground to ground,
ground to excited, excited to excited, and excited to ground) can be found in Figures 3.12-3.15,
respectively. All plots depict σT/mχ in nine slices of the mχ vs. mφ plane with α and δ held fixed
(note we label the cross section as the transfer cross section σT for comparison to the literature,
but in our s-wave approximation it is identical to the cross section we have discussed so far). Each
slice has different values of α and δ, with α decreasing from left to right and δ increasing from top
to bottom (with each subplot labelled accordingly.) We also include three velocity scales: 10 km/s
for dwarf galaxies, 200 km/s for MW-sized galaxies, and 1000 km/s for clusters. In terms of our
model, these velocities correspond to εv for situations where the particles are initially in the ground
state and ε∆ for situations where the particles are initially in the excited state. Additional features
of the plots are listed as follows:

• Black regions show where our approximation breaks down. Since we know that our ap-
proximations will give wrong or misleading cross sections in these regions, we cover them
entirely. Black, triangular regions in the lower right corner show when εφ > 1. Black,
horizontal strips across the bottom of the plots (when present) show when εδ > 1. Black,
vertical strips across the left side of the plots (when present) show when ε2δ/2 > εφ. Black
regions in the upper left show when higher partial waves and repulsed eigenstates can no
longer be ignored, which happens when εv > εφ. Note that we chose to black out the region
with εv corresponding to dwarf scales, e.g. the blacked out regions have εφ < 3 × 10−5/α
for scenarios where the particles are incoming in the ground state. Since this criterion is
velocity-dependent, we only plot cross sections for DM in the MW and clusters when our
approximations are valid at those velocity scales (rather than blacking out regions where the
approximation is not valid for those scales.)

• Yellow regions show 0.1 cm2/g < σT/mχ < 1 cm2/g (light), 1 cm2/g < σT/mχ <
10 cm2/g (medium), and 10 cm2/g < σT/mχ < 100 cm2/g (dark) on dwarf velocity scales
with v ∼ 10 km/s.
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• Blue contours represent σT/mχ = 0.1 cm2/g (light) and σT/mχ = 1 cm2/g (dark) on MW
velocity scales with v ∼ 200 km/s. We emphasize that the contours are only plotted when
εv < εφ on these scales, which ensures that the repulsed eigenstates and higher partial waves
are safely neglected.

• Red contours represent σT/mχ = 0.1 cm2/g (light) and σT/mχ = 1 cm2/g (dark) on cluster
velocity scales with v ∼ 1000 km/s. We emphasize that the contours are only plotted when
εv < εφ on these scales, which ensures that the repulsed eigenstates and higher partial waves
are safely neglected. The strongest robust constraints on DM self-interaction come from
observations of merging clusters, with the upper bound being around σT/mχ ∼ 1 cm2/g
(e.g. [310]). Thus, parameter space to the lower left of the dark red contours is effectively
ruled out for our model at the selected masses and couplings.

• Teal contours represent the Born approximation with σT/mχ = 0.1 cm2/g (light) and σT/mχ

= 1 cm2/g (dark). The Born approximation for the elastic cases is shown in dot-dashed lines
(we wish to emphasize that we have taken a low-velocity limit in computing the Born ap-
proximation, so the result does not actually depend on the velocity of the incoming particles;
it is most likely to be valid for dwarfs where the virial velocities are very low).

Meanwhile, for the inelastic cases, the Born approximation is shown in dotted lines for MW
velocities and dashed lines for cluster velocities.

The results in Figures 3.12-3.15 show that in the parameter region where our approximation
holds, parameters below the dark red line are definitively ruled out by cluster mergers while yellow
regions are favored because they potentially solve the small-scale structure anomalies. Interest-
ingly, tentative evidence from cluster mergers suggests that the DM self-interaction cross section
may be nonzero, and the favored value of σ/mχ is 0.8 cm2/g at around 1σ [311]. Thus, the dis-
covery of future mergers may further constrain self-interacting DM or even possibly pick out a
strongly-preferred interaction cross section at that velocity scale.

The resonances occur in thin bands of roughly constant εφ from the lower left corner of the mχ

vs. mφ plane up to the upper right corner. Decreasing α spaces the resonances further apart and
broadens them due to the weak dependence of the ratio εδ/µ (which appears in our expressions
for predicted resonance positions) on α. Increasing δ shifts the resonance positions slightly. For
elastic scattering in the ground state, increasing δ elongates the resonance bands and makes them
slightly more curved; the most pronounced curvature develops at small mφ, as expected from the
discussion in Section 3.3. Increasing δ has the opposite effect on elastic scattering in the excited
state, in that it dampens the resonances (as discussed in Section 3.3) and so reduces their effect
on the favored regions. Our approximations match smoothly onto the perturbative expressions as
εφ → 1, as expected.

We see that for these mass splittings, in the region of greatest astrophysical interest the ground-
ground elastic scattering cross section is generally similar to the case where the DM states are
degenerate [149]. Additionally, the favored regions are quite comparable for elastic scattering and
downscattering, so in the context of this model it is possible for both effects to simultaneously
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Figure 3.12: DM and mediator masses with ground→ground elastic scattering cross sections σ/mχ

in the 0.1-10 cm2/g range, for couplings and mass splittings as labeled. Note that the use of “log”
indicates the base 10 logarithm.
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Figure 3.13: As Figure 3.12, except for inelastic scattering from the ground state to the excited
state (upscattering). Upscattering in dwarf-sized halos, even where kinematically allowed, was
never significant for the parameters we sampled (i.e. σ/mχ . 0.01 cm2/g for all of the parameter
space.) Note that the horizontal cutoffs of the contours come from the mass splitting threshold, as
upscattering does not occur below threshold.



CHAPTER 3. MULTI-STATE, SELF-INTERACTING DM IN HALOS 82

Figure 3.14: As Figure 3.12, except for elastic scattering from the excited state to the excited state.
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Figure 3.15: As Figure 3.12, except for inelastic scattering from the excited state to the ground state
(downscattering). There are significant portions of parameter space where downscattering could
be rapid and where the velocity “kick” to DM particles exceeds the halo escape velocity. Such
downscattering could potentially dissipate halos and help solve the missing satellites problem.
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contribute to the dynamics of DM within halos and help alleviate small-scale structure issues. This
is a consequence of our choice of mass splittings fairly similar to the kinetic energy of virialized
DM particles, since the (non-resonant) ratio of the scattering cross sections at low velocity scales
as
√
δ/(mχv2) (see Eq. 3.64). However, for much higher mass splittings the scattering will most

likely be in the classical high-velocity regime for most of the parameter space of interest, unless
the mediator mass is also raised. However, as expected from our earlier discussion, at small mφ

the resonances occur for different parameters for downscattering, compared to elastic scattering in
the ground state. Consequently, there are regions of parameter space where the ground-state elastic
scattering cross section is large and the downscattering rate small, and vice versa.

Interestingly, for the case of upscattering there are no regions in the sampled parameter space
where upscattering was significant in dwarf halos (i.e. there were no regions where upscattering
exceeded 0.1 cm2/g.) From the perspective of avoiding DM “cooling" in dwarf halos (which could
potentially worsen the core-cusp problem, etc.) the ease of suppressing upscattering is an appealing
feature. However, there are substantial regions of parameter space where upscattering is significant
for the MW and for clusters. It is possible that upscattering could contribute to steepening of the
density profile in the central parts of such large halos.

Regimes of Interest for XrayDM
There has been a great deal of recent interest in the detection of an apparent∼ 3.5 spectral keV line
in radio observations of galaxies and galaxy clusters, as a potential signal from DM [112, 113].
However, there appears to be some tension between the interpretation of this line as originating
from the decays of keV-scale DM, and its non-detection in the Virgo cluster. It has been proposed
that the signal could instead originate from the upscattering of (weak-scale) DM to an excited state
∼ 3.5 keV heavier than the ground state, followed by decay back to the ground state with emission
of a photon [284]. This scenario was termed “XrayDM”. Since the upscattering process involves
two particles, the rate of excitations (and hence decays) scales with the density squared rather
than the density (as would also be the case for annihilation, e.g. [312]), and also depends on the
typical velocity of the DM particles: this can modify the relative strength of the signal in different
regions3.

The example model employed in the XrayDM scenario of [284] is exactly the simple model
studied here: accordingly, we can now use our approximation to calculate which regions of pa-
rameter space can give rise to a sufficiently large cross section to explain the 3.5 keV line. Due
to the large virial velocities of clusters, for small mφ and/or large mχ our approximation becomes
invalid (as higher partial waves become important), but there is a significant region of interesting
parameter space where the s-wave contribution dominates, as shown in Figure 3.16. Here we have

3Recent studies have also claimed tension with or exclusion of the interpretation of the signal as DM decay, based
on samples of dwarfs and galaxies, e.g. [313, 314]; it is not clear how those exclusions generalize to cases with a
different density/velocity dependence than decay, although one would expect a suppression of upscattering in dwarfs
due to their lower virial velocities.
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Figure 3.16: Contours satisfying (3.93) for the characteristic velocity scale of clusters, v = 1000
km/s. These lines serve as illustrative benchmarks – in reality, there will of course be some distribu-
tion of velocities in any cluster. The region where our approximation breaks down because εv > εφ
is masked out, but it is likely that this part of parameter space can also furnish appropriate cross
sections. The horizontal dashed line indicates the threshold for upscattering to be kinematically
allowed, εv > εδ.

imposed the criterion that:

σgr→ex =

(
10−19 cm3/s

1000 km/s

)
×
( mχ

10GeV

)2

, (3.93)

following [284], with v = 1000 km/s and δ = 3.5 keV. As previously, we only show the result for
a single velocity, rather than integrating over a distribution, since our purpose here is to provide
estimates rather than a detailed analysis of the allowed parameter space.

Within the regime of validity of our approximation, we find that DM masses in the range of
a few GeV to a few tens of GeV, moderately large values of α, and mediator masses in the range
of 10 MeV – 1 GeV can naturally produce the required flux. We expect that similar DM masses
and lower mediator masses will also provide viable explanations, but higher partial waves become
important in these cases. We do not show results for smaller α as in that case, for interesting cross
sections, the perturbative regime transitions directly to the classical regime (where high partial
waves are important) without an intermediate resonant regime – this does not mean no parameter
space is open for smaller α, just that it does not require the use of our results.
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A similar analysis could be performed for the original “XDM” scenario [282]; we do not carry
it out here because in that case the mass splitting is quite large (∼ 1 MeV), meaning that only par-
ticles in the high-velocity tail of the velocity distribution (for DM in the Milky Way) are typically
able to upscatter. The viability of this scenario thus depends critically on the details of the velocity
distribution, and also typically requires a more complex model where both particles in a collision
do not need to excite simultaneously (to reduce the energy requirement for upscattering).

3.5 Simulated Effect on DM Halos

Choice of Model Parameters
In the previous Section, we found that at the velocity scale of ∼ 10 km s−1, relevant for the dy-
namics of dwarf galaxies, the range of particle physics parameters that result in interesting cross
sections are approximately: mχ ∈ [0.1, 300] GeVc−2, mφ ∈ [10−4, 1] GeVc−2, α ∈ [10−3, 10−1],
δ ∈ [0.1, 10] keV. For the purposes of simulation, we select one particular model from this range
with δ = 10 keV, mχ = 10 GeVc−2, mφ = 30 MeV and α = 0.1 (see top panel of Fig. 3.17 to see
the velocity dependence of the various scattering channels with this choice of parameters). This
choice results in an elastic cross section per unit mass4 of a few cm2g−1 at the scale of dwarf galax-
ies, while the velocity kick is of the order of vkick ∼ 424 km s−1. We remark that this model has not
been fine-tuned, and only represent a benchmark point in the relevant parameter space. The model
has five different reactions and corresponding cross sections, which are presented in the bottom
panel of Fig. 3.17: elastic scattering in the ground state (χ1 + χ1 → χ1 + χ1), elastic scattering in
the excited state (χ2 +χ2 → χ2 +χ2), endothermic up-scattering (χ1 +χ1 → χ2 +χ2), exothermic
down-scattering (χ2 +χ2 → χ1 +χ1), and elastic Yukawa scattering (χ1 +χ2 → χ1 +χ2). We note
that our benchmark point practically forbids up-scattering for the typical velocities of DM particles
in the Milky Way environment, since the required energy splitting is too large for this reaction to
occur frequently. This can be seen in the bottom panel of Fig. 3.17, where the cross section for
up-scattering is zero for relative velocities v < 2

√
2δ/mχ

∼= 848 km s−1.
Aside from specifying the model parameters, we also have to specify the initial conditions

for the abundance of DM species; i.e. what fraction of DM is in which state initially – ground
state (χ1) or excited state (χ2). Putting all particles initially into the excited state will maximize
the effect of energy release during structure formation. On the other hand, putting all particles
initially in the ground state will do the opposite, and behave like a purely elastic self-interacting
DM model with multiple different cross sections. To explore the relevant range for inelastic self-
interacting DM, we consider in the following two initial configurations: all particles initially in the
excited state (χ2

init = 100%), or half the particles initially in the excited state (χ2
init = 50%). For

the large dark-sector coupling (α = 0.1) and relatively light DM mass (10 GeVc−2) considered
in this simulation, the natural cross section for depletion of DM through annihilation to vectors

4We again emphasize that for the model considered, the relevant cross section, which is the transfer cross section
is the same as the total cross section given the lack of angular dependence of the differential cross section. Hereafter
we use the terms transfer cross section and cross section interchangeably.
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is 〈σv〉 ∼ α2/m2
χ ∼ 10−21 cm3s−1, which is much larger than the thermal relic cross section. As

discussed in Section 3.2, the DM could be produced via a non-thermal mechanism. In order to have
∼ 100% of all particles in the excited state by the starting redshift of the simulations z = 127, it
is necessary to suppress down-scattering (or delay the production of the excited state) until around
the epoch of recombination (z = 1100). If instead, down-scattering is allowed already by the
time of matter-radiation equality (zeq ∼ 3400), then we can make a simple estimate of the ratio of
excited to ground states by the time the simulation starts at zin = 127.

χ = 1−
∫ zeq

zin

Γ(z)

H(z)(1 + z)
dz (3.94)

where H(z) is the Hubble expanstion rate and Γ(z) is the scattering rate for de-excitation:

Γ(z) = ρdm(z)vtyp(z)σde
T (vtyp(z))/mχ (3.95)

where vtyp is the characteristic velocity of DM particles, which at redshifts prior to z = 127 is
roughly equal to the velocity dispersion of unclustered DM particles ∼ T (z)/(mχTkd)

1/2 where
T (z) is the radiation temperature and Tkd is the DM kinetic decoupling temperature. After decou-
pling, the DM temperature and radiation temperature scale as Tχ = T 2/Tkd. We fix Tkd = 10 MeV,
but note that the dependence of χ on Tkd is only mild. The cross section for de-excitation σde

T /mχ

is extrapolated down to the very small typical velocities of DM particles at early redshifts, from
the behaviour in the bottom panel of Fig. 3.17. This calculation results in χ ∼ 0.76.

Numerical Implementation
Although we study in this paper a specific two-state inelastic self-interacting DM model, we have
implemented a more general multi-state DM framework into the Arepo code [6]. This framework
is able to handle an arbitrary number of states with an arbitrary number of reactions and corre-
sponding cross sections, and with arbitrary, also non-degenerate, energy level splittings. This code
represents a generalisation and complete rewrite of the algorithm presented in [261] and [268],
which has been employed in multiple previous self-interacting DM studies [315–320]. Here we
briefly describe this new numerical implementation.

In the following we assume that each DM simulation particle i is in a specific state α, i.e. every
simulation particle represents a single state and not a mixture of different states. The simulation
volume is then filled with DM simulation particles in different states (α, β, γ, δ) with a variety of
possible two-body scatterings:

χαi + χβj � χγi + χδj , (3.96)

where two particles, i and j, with initial states α (particle i) and β (particle j) scatter into two new
states γ (particle i) and δ (particle j). The particle states have masses mα

i ,m
β
j before the scattering

and mγ
i ,m

δ
j after the scattering. We note that these are simulation particle masses, whereas the

actual DM particle masses are mχε , with ε = (α, β, γ, δ), depending on the state. The velocity-
dependent transfer cross section for reaction αβ � γδ is given by σαβ�γδ

T (vαβ), where vαβ is the
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Figure 3.17: Inelastic self-interacting DM model. Top panel: Schematic overview of the two-
state inelastic self-interacting DM model. The ground state (χ1) and excited state (χ2) are split
by δ = 10 keV. This two-state model allows for exo- and endothermic reactions. Bottom panel:
Self-scattering cross section per unit mass for the different reactions of the two-state inelastic DM
model. Up-scattering (χ1 + χ1 → χ2 + χ2, purple) is suppressed in the Milky Way environment
since it can only occur for large relative velocities, v > 2

√
2δ/m1

χ
∼= 848 km s−1. The elastic

cross sections (χ1 + χ1 → χ1 + χ1, red) and (χ2 + χ2 → χ2 + χ2, blue) are nearly flat over
the whole velocity range relevant for the Milky Way environment. Down-scattering (χ2 + χ2 →
χ1+χ1, green) mainly occurs for rather low velocities (v . 10 km s−1). This reaction is exothermic
corresponding to a velocity kick of

√
2δ/m1

χ
∼= 424 km s−1. The largest cross sections occur for

mixed-state elastic scattering (χ1 + χ2 → χ1 + χ2, black), with a normalization that exceeds
∼ 10 cm2 g−1 for low velocities.
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modulus of the relative velocity between particles in states α and β. The scattering rates for the
different reaction channels are then given by:

Rαβ�γδ =
ρβ

mχβ
〈σαβ�γδ

T (vαβ) vαβ〉, (3.97)

where we take the thermal average of the product of the cross section times the relative velocities
between particles. Here ρβ measures the local density of DM particles in state β. We convert
this mass density to a number density by dividing it by mχβ , the mass of the DM particle in
state β. During a scattering reaction an energy ∆Eαβ�γδ is released (exothermic) or absorbed
(endothermic):

∆Eαβ�γδ





= 0, elastic,
< 0, inelastic: endothermic
> 0, inelastic: exothermic.

(3.98)

Once particle i in state α and j in state β have been selected to scatter into states γ and δ, we
perform the scattering in the centre of mass frame and assign new velocities for the particles after
the scattering:

vi =
mα
i +mβ

j

mγ
i +mδ

j

vcm +
mδ
j

mγ
i +mδ

j

ṽαβ�γδ
ij vij ê,

vj =
mα
i +mβ

j

mγ
i +mδ

j

vcm −
mγ
i

mγ
i +mδ

j

ṽαβ�γδ
ij vij ê, (3.99)

where vcm is the centre of mass velocity of the two particles, vij their relative velocity, ê is a
random vector on the unit sphere, and ṽαβ�γδ

ij is a dimensionless velocity scale factor that depends
on the energy splitting related to the reaction the two particles are undergoing:

ṽαβ�γδ
ij =

√√√√µαβij

µγδij

(
1 +

2∆Eαβ�γδ

µαβij v
2
ij

)
, (3.100)

where µαβij = mα
im

β
j /(m

α
i +mβ

j ) and µγδij = mγ
im

δ
j/(m

γ
i +mδ

j) are the reduced masses of the two
particles before and after the scattering event; i.e., we take into account the change in particle mass
during the scattering. We note however, that this change is usually tiny in the cases of interest where
the mass splitting is small. For example, for our specific nearly-degenerate model, it is negligible
(10−6) such that the two reduced masses are essentially given by 1/2m0, assuming a constant DM
simulation particle mass m0. Based on the three cases for ∆Eαβ�γδ we find accordingly for the
dimensionless velocity scale factor:

0 ≤ ṽαβ�γδ
ij





= 1, elastic,
< 1, inelastic: endothermic
> 1, inelastic: exothermic.

(3.101)
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In the inelastic case this energy is either given or taken from the two scattering particles in equal
parts. The endothermic regime is limited by the fully inelastic collision (ṽαβ�γδ

ij = 0) after which
both particles move with the centre of mass velocity. The exothermic case is not limited and can
in principle inject an arbitrary amount of energy into the system depending on the energy level
splitting.

To decide whether a certain scattering reaction occurs between two simulation particles, we
have to evaluate the corresponding scattering probabilities. The pairwise scattering probability for
a given reaction αβ � γδ, and the total probability for scattering of a given particle with any of its
neighbours are given respectively by:

Pαβ�γδ
ij = δαβij m

β
j Wij

σαβ�γδ
T (vij)

mχβ

vij
2

∆ti, (3.102)

Pαβ�γδ
i =

Nngb∑

j=0

Pαβ�γδ
ij , (3.103)

where Nngb is the number of neighbor particles, ∆ti the individual time-step of particle i, and
Wij = w(rij/hi, hi) is the cubic spline Kernel function with a 3D normalization:

w(q, h) =
8

π h3





1− 6q2 + 6q3, 0 ≤ q ≤ 1
2
,

2 (1− q)3 , 1
2
< q ≤ 1,

0, q > 1.
(3.104)

Here hi is the smoothing length including the Nngb neighbor particles j around particle i with
spatial distance rij . We note that Nngb does not distinguish the particle states; i.e., it is possible that
particles of a certain state are not enclosed in the smoothing length. In this case scattering between
the particle in question with this state is not possible. The factor 1/2 in the calculation of Pαβ�γδ

ij

accounts for the fact that a scatter event always involves two particles, and we therefore need to
divide by two to reproduce the correct scattering rate. A given neighbour only contributes to the
sum if the initial states of the reaction match the actual particle states. This is guaranteed by the
Kronecker delta function δαβij , which is equal to 1 if particle i is in initial state α and particle j is
in initial state β. Otherwise the function evaluates to zero.

To decide whether a particle is going to scatter and with which reaction, we first arbitrarily
order the reactions according to 0 ≤ ζ = (αβ � γδ) ≤ ζmax, where ζmax denotes the total number
of reactions. For each particle we then draw a random number xPi ∈ U(0, 1). A scattering of
particle i occurs if there is a reaction ζi ≤ ζmax with

ζi−1∑

ζ=0

P ζ
i < xPi <

ζi∑

ζ=0

P ζ
i . (3.105)

If such a ζi exists, particle i will scatter with reaction ζi = (αiβi � γiδi). This then determines
the energetics of the scattering process (inelastic, exothermic or endothermic), the state of the
scattering partner (βi), and the final states of the reaction (γi, δi). Once the scattering reaction is
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decided, a scattering partner ji for particle i needs to be found. The exact partner depends on the
reaction since it must be a particle which is currently in state βi and will then scatter into state δi.
The selection is done by finding the partner ji that satisfies:

P ζ<ζi
i +

ji−1∑

j=0

P ζi
ij < xPi < P ζ<ζi

i +

ji∑

j=0

P ζi
ij , (3.106)

where P ζ<ζi is the sum of all probabilities for reactions smaller than ζi, i.e. P ζ<ζi =
∑ζi−1

ζ=0 P
ζ
i .

Once the scattering partner ji is found, the scattering can be performed by assigning new ve-
locities to particle i and ji based on the dimensionless velocity scale factor ṽζiiji = ṽαiβi�γiδiiji

. In a
last step we assign the new states to the scattering particles, i.e., the state of particle i is changed
to γi and the state of particle ji is changed to δi. We also change the masses of the particles to
reflect their state change, although we note that in our simulation this only results in a minimal
mass change due to the small mass splitting for the nearly degenerate system presented above.

To avoid multiple scattering per particle in a single time-step, we impose a limit to the time-step
of each particle i:

∆ti < κ min
α,β,γ,δ

(ραi σ
αβ�γδ
T (σαi )/mχασ

α
i )−1, (3.107)

where ραi is the density of particles in state α at the location of particle i, and σαi is the correspond-
ing velocity dispersion. κ is a dimensionless parameter that can be adjusted to control the size of
the minimal time-step. For our simulations we find that κ = 0.0025 is sufficient to avoid multiple
scattering and usually sets the time-step to be smaller than the local dynamical time scale in the
simulations.

Impact of inelastic DM interactions on an isolated halo
We test our inelastic self-interacting DM implementation by setting up an isolated halo in equi-
librium [321] with M200 = 1010 M� and a concentration5 of c = 8 for the benchmark DM model
presented above. The halo is sampled with 107 particles and gravitational forces are softened with
a Plummer-equivalent softening length of ε = 10 pc. We simulate this halo in three different DM
models: CDM, elastic self-interacting DM and inelastic self-interacting DM. The CDM case just
follows the evolution of collisionless CDM, whereas the other two cases employ the two-state
model with the cross sections discussed above (see bottom panel of Fig. 3.17) using the numerical
implementation described in the previous section. The elastic simulation artificially suppresses the
energy release during (de-)excitations, but is otherwise identical to the inelastic self-interacting
DM model. This simulation can then be compared to the inelastic case, where velocity kicks play
a relevant role. To be more specific, the elastic case is realised by simply setting ṽαβ�γδ

ij = 1 during
any scattering process, i.e., ∆Eαβ�γδ = 0. As mentioned above, we explore two different initial
configurations for the non-CDM models. In the first configuration all particles are initially in the

5Defined as the ratio of r200, the radius where the mean density of the halo is equal to 200 times the critical density,
and r−2, the radius where the logarithmic slope of the density profile is equal to −2.
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Model

elastic scattering inelastic scattering

CDM χ2
init = 100% χ2

init = 50% χ2
init = 100% χ2

init = 50%

M200 [1012 M�] 1.609 1.600 1.600 1.478 1.569
r200 [kpc] 243.85 243.39 243.38 237.05 241.81
Vmax [km s−1] 174.87 178.12 177.51 164.14 172.44
Rmax [kpc] 66.14 62.22 63.39 77.21 64.76
Nsub - 16,264 14,486 14,675 13,171 14,409
χ1 [%] (r < 300 kpc) - 7.51 52.23 0.65 51.12
Energy [SNIIs (1051 erg)] - - - 755× 106 268× 106

Table 3.2: Basic properties of the Milky Way-sized halo simulated in the different DM models.
We list the virial mass (M200), virial radius (r200), maximum circular velocity (Vmax), radius where
the maximum circular velocity is reached (Rmax), the number of resolved subhaloes within 300 kpc
(Nsub), the ground state population of all DM particles within 300 kpc, and the injected energy
(in units of 1051 erg, i.e., the canonical energy of a SNII) measured based on the population split
between the two DM states of all high resolution particles at z = 0.

excited state (χ2
init = 100%), while in the second only half of the particles are initially in the excited

state (χ2
init = 50%).

In Fig. 3.18 we present the time evolution of the population split in the halo for the two initial
conditions for the inelastic self-interacting DM case, in the left and right panels, respectively. The
right axis in each panel indicates the total injected energy into the system (solid white lines) in
units of the canonical SNII energy (1051 erg). This measures the total energy released due to de-
excitation that is transformed into kinetic energy by the cumulative effect of velocity kicks in each
scattering event. As expected, in both cases the ground state population increases over time while
the excited state gets de-populated. As mentioned above, this is a consequence of the employed
cross sections, where up-scattering is strongly suppressed (see bottom panel of Fig. 3.17), and
does not occur given the typical relative velocities of particles in a 1010 M� halo. After a few Gyr,
the exothermic reaction has already injected the equivalent of more than one million SNII for the
χ2

init = 100% configuration. After 10 Gyr, the cumulative energy injection of down-scatterings
has reached ∼ 2 × 1057 erg of energy into the system for the χ2

init = 100% configuration, and
∼ 7 × 1056 erg for the χ2

init = 50% configuration. The ground state population increases from
0% to 10% for the χ2

init = 100% initial configuration over the simulation time span of 10 Gyr.
Similarly also the ground state population for the χ2

init = 50% initial configuration increases as
a function of time, although the total increase is lower in this case. As a reference, we note that
the minimum energy required to transform a cusp into a 1 kpc core for a Navarro-Frenk-White
(NFW) halo with a mass of 1010 M� calculated from the virial theorem assuming initial and final
equilibrium configuration is ∼ 1055 erg [255]. Depending on the stellar mass content, efficiency
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Figure 3.18: Time evolution of the level population for the inelastic self-interacting DM model
with different initial population split. For the χ2

init = 100% configuration (left panel) all particles
are initially in the excited state (χ2), whereas for the χ2

init = 50% configuration (right panel) only
50% of the particles are initially excited and the rest is in the ground state (χ1). The split between
the two level populations is shown by the filled areas. The solid white lines present the total energy
injected into the halo through level decay. This energy is plotted in units of the canonical energy of
a single SNII (1051 erg) with the scale shown on the right vertical axis. After 10 Gyr, de-excitation
has injected ∼ 2× 1057 erg (∼ 7× 1056 erg) for the χ2

init = 100% (χ2
init = 50%) configuration.

of energy injection, and star formation history of a given galaxy living in a halo of this size, this
energetic requirement might or might not be satisfied by the SNe-driven core formation scenario
(e.g. [255, 322, 323]). In the inelastic self-interacting DM model explored here the cumulative
energy available easily exceeds this minimum energy requirement.

The mass splitting, which corresponds to a velocity kick of 424 km s−1 is sufficient to unbind
particles, i.e., to efficiently remove DM particles from the 1010 M� halo. This is demonstrated
in Fig. 3.19, where we show the dimensionless energy distribution of all gravitationally unbound
particles after 10 Gyr. The CDM case (black lines) has a very small fraction of gravitationally
unbound particles O(0.01%), caused by numerical noise over the equilibrium configuration. This
population serves as a comparison baseline with the other models. On the other hand, the inelastic
model (red lines) has a much larger fraction of gravitationally unbound particles (∼ 5% − 10%),
with a significant number of them populating a nearly log-normally distributed peak at high en-
ergies. These are the particles that were predominantly expelled from the halo centre during the
velocity kicks imparted in down-scatterings. Notice that this population is absent in the elastic case
(blue lines), which shows a very similar distribution as the CDM case, but shifted towards higher
energies and with a higher fraction of gravitationally unbound particles, of O(1%). This distinct
population of gravitationally unbound particles in the inelastic case is key to understand the further
reduction of the core density that happens in this case compared to pure elastic self-interacting
DM.

We can roughly estimate the energy shifts in the elastic and inelastic self-interacting DM cases.
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Figure 3.19: Dimensionless energy distribution of gravitationally unbound particles after 10 Gyr
for the inelastic models in Fig. 3.18. In the left panel, 100% of the particles are initially in the
excited state, while on the right panel, 50% of the particles are initially excited and the rest is
in the ground state. The legends on the panels also show the total fraction of gravitationally un-
bound particles in the different models corresponding to the black (CDM), blue (elastic) and red
(inelastic) lines. The inelastic self-interacting DM model leads to a significant removal of particles,
predominantly from the halo centre, and has a peak at an energy around ∼ 74GM200/r200 due to
the exothermic reactions (gray, dashed vertical line; see text for an analytical estimate). The elastic
self-interacting DM model has a distribution similar to the CDM distribution, but slightly shifted
towards larger energies. The fraction of gravitationally unbound particles is about twice as large
for the χ2

init = 100% initial configuration compared to the χ2
init = 50% case.

For the elastic case we assume that the shift seen between the blue and black lines is related
to the energy gained by the particles that were barely bound in the inner halo, and that become
gravitationally unbound after elastic scattering with particles with more kinetic energy. Since
scattering is more frequent deep within the potential, this energy gain is approximately bounded
by the the r.m.s. velocity at the maximum of the velocity dispersion profile, which occurs at
rσ, max ∼ a/5, where a is the scale radius of the Hernquist profile. In [261] we found that the
r.m.s. velocity at the core is v2

rms(rσ, max) ∼ 3σ2(rσ, max) ∼ 0.96GM200/a (see Fig. 2 of [261]).
This means that those particles that were barely bound become gravitationally unbound gaining an
additional kinetic energy 0.48GM200/a ∼ 3.42GM200/r200, which is roughly 0.5 dex to the right,
relative to the CDM distribution where this effect is absent. We note that our analytic estimate is
an oversimplification given the radially dependent re-distribution of energy. For the inelastic case
the elastic collisions still cause a similar shift as in the elastic case since the reaction (χ1 + χ2 →
χ1 + χ2) is very frequent (it has the highest cross section). In addition, during down-scatterings,
the resulting ground state particles receive a velocity kick

√
2δ/mχ, which results in a gain in

kinetic energy of ∼ 74GM200/r200, which is shown in Fig. 3.19 as a vertical dashed line. This
estimate describes the numerical result well, demonstrating that the numerical implementation
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Figure 3.20: Injected energy into the Milky Way-like halo due to level de-excitation. For both
initial configurations (χ2

init = 100% and χ2
init = 50%) the total injected energy into the halo due to

down-scattering of the excited states is equivalent to hundreds of millions of SNII (1051 erg). This
energy leads to an increased core formation compared to elastic self-interacting DM models.

behaves correctly.

Impact of inelastic self-interacting DM on a Milky Way-like halo
Next we explore the impact of inelastic self-interacting DM on a galactic halo in a cosmologi-
cal context. We resimulated the galactic halo (M200 = 1.6× 1012 M�) presented in [268] within
inelastic self-interacting DM for the benchmark model presented above with two different ini-
tialisations, χ2

init = 100% and χ2
init = 50%. The simulations employ the following cosmological

parameters: Ωm = 0.302, ΩΛ = 0.698, Ωb = 0.046, h = 0.69, σ8 = 0.839 and ns = 0.967,
which are consistent with recent Planck data [324, 325]. The initial conditions are generated at
z = 127. The gravitational softening length is fixed in comoving coordinates until z = 9, and is
then fixed in physical units until z = 0. The DM particle mass resolution is 2.756 × 104 M� with
a Plummer-equivalent softening length of 72.4 pc at z = 0.

The main properties of this halo are presented in Table 3.2 for the four different self-interacting
DM models, elastic and inelastic with the two different initial state populations explored in this
paper. We can see that the virial mass, M200, is reduced by nearly ∼ 10% for the inelastic model
with initially all particles in the excited state (χ2

init = 100%). This mass loss is a consequence of
unbinding ground state particles after down-scattering. We also find a rather significant reduction
in Vmax of about ∼ 8.5%. The total number of resolved subhaloes within 300 kpc is also reduced
by ∼ 23% for the inelastic model with χ2

init = 100%. Here we count all subhaloes that are found
by our structure finder [326] with more than 20 particles corresponding to a lower mass limit of
5.512 × 105 M�. We note that there is a significant reduction in the abundance of subhaloes in
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Figure 3.21: Projected DM density for the Milky Way-sized halo in CDM and for inelastic self-
interacting DM. The left panel shows the CDM case, whereas in the right panel we present the
inelastic self-interacting DM case where 100% of the particles are initially in the excited state
(χ2

init = 100%). The spatial extent of the maps is 500 kpc across with a depth of 300 kpc, with a
colour scale related to the projected value of ρ2. It is apparent that the inelastic self-interacting
DM model leads to reduced core densities and an overall reduction in the abundance of subhaloes
due to down-scattering. The virial mass for the halo in the inelastic case is reduced by about 10%
compared to the CDM case due to the removal of DM particles in the ground state following de-
excitation. The efficient removal of ground state particles leads to a very small fraction, . 1%, of
such particles within 300 kpc.

both the elastic and inelastic self-interacting DM model. The fact that this also happens for the
elastic model is caused by the rather large elastic cross sections that we employ in our benchmark
model (see bottom panel of Fig. 3.17). In particular, the cross section for the (χ1 +χ2 → χ1 +χ2)
reaction reaches values larger than 10 cm2 g−1 for low relative velocities, and it is around 5 cm2 g−1

at relative velocities ∼ 200 km s−1, which are the relevant ones for subhalo evaporation. For in-
stance, in [261] it was demonstrated that an elastic cross section of∼ 10 cm2 g−1 on galactic scales
leads to a significant suppression of substructure. As anticipated, this reduction in the abundance
of subhaloes is clearly enhanced if inelastic scattering is included. As is clear from Table 3.2, qual-
itatively similar trends are observed for the χ2

init = 50% configuration. The second-to-last column
of Table 3.2 shows the present-day population of ground state particles within a radius of 300 kpc
from the galactic centre. We find that for the inelastic model the ground state population increases
to ∼ 0.7% for the χ2

init = 100% initial configuration and to ∼ 51.1% for the χ2
init = 50% initial
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Figure 3.22: Projected DM density for the total DM density, the lower level, and the upper level
densities for the self-interacting DM models. The total extent of the maps is 500 kpc with a depth of
300 kpc, and we project ρ2. Top row panels: Total DM density fields for the halo in different self-
interacting DM models as indicated. The largest difference compared to the CDM case occurs for
the inelastic model with the χ2

init = 100% initial configuration. The reduction of core densities and
subhalo abundance is smaller for the χ2

init = 50% initial configuration compared to the χ2
init = 100%

case. Middle row panels: DM densities of the ground state (χ1) for the different models. For the
inelastic case nearly all excited particles have been removed from the halo centre due to the energy
injection during de-excitation of the state. This is not the case for the elastic model, where the
ground state particles stay close to the halo centre and are only redistributed due to scattering
events. Bottom row panels: DM densities of the excited state (χ2) for the different models.
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configuration. On the other hand, for the elastic case we find larger fractions of particles in the
ground state at z = 0 than in the inelastic case, ∼ 7.5% and ∼ 52.2% for the χ2

init = 100% and
χ2

init = 50% configurations, respectively. This is because the elastic configuration has been set on
purpose to have the same reactions as the inelastic benchmark case, but without the energy release
(see Section 3.5), i.e., there is no velocity kick associated to down-scattering, which means that the
associated ground state particles remain bound to the halo. For the inelastic case, we provide in the
last column of the table the cumulative injected energy due to de-excitations. For the fully excited
initial configuration we find that a total of ∼ 8× 108 × 1051 erg are injected. This value is a factor
of a few lower (∼ 3 × 108 × 1051 erg) for the configuration where only 50% of the particles are
initially in the upper state. The redshift dependence of the injected energy is presented in Fig. 3.20.
The magnitude of these energies suggest that inelastic self-interacting DM can have a substantial
impact on the galactic halo, both in terms of abundance of substructure, and their density structure.

The projected DM density distribution of the simulated halo for a CDM universe is shown
in the left panel of Fig. 3.21, while the inelastic self-interacting DM model with χ2

init = 100% is
shown in the right panel. These plots clearly show that in this specific inelastic self-interacting DM
model, both the central (sub)halo densities and subhalo abundance are significantly reduced. This
latter property is quite distinct from typical elastic self-interacting DM models where a relevant
difference in the subhalo abundance relative to CDM is only possible for rather large elastic cross
sections on galactic scales (∼ 10 cm2 g−1).

The inelastic self-interacting DM model with χ2
init = 100% represents the most extreme sce-

nario of all our simulations. To show the larger diversity of the non-CDM cases we explored, we
present the corresponding maps of all of them in the four top panels of Fig. 3.22. These four panels
show the total DM density, i.e., taking into account the ground and excited states. Overall, we see
a consistent trend on the abundance of substructure being more suppressed in the inelastic cases
compared to the elastic ones. The effect is however, considerably stronger in the case where all
particles are initially in the excited state (the two leftmost panels are visually distinct, while the
rightmost panels are more alike). In the middle and bottom panels of Fig. 3.22 we show the den-
sity maps but only considering particles in the ground state, and excited state, respectively. The
inelastic model with χ2

init = 100% has a very low ground state density. De-excited particles escape
from the halo centres in that model due to the strong velocity kicks. For the associated elastic
case, these particles are not removed and therefore stay near the halo centres and are visible in the
maps. A visual comparison between the two leftmost panels of Fig. 3.22 shows very clearly the
striking difference between elastic and inelastic self-interacting DM models. For the χ2

init = 50%
configuration, the differences between the ground and excited state populations, and between the
elastic and inelastic cases are barely visible in the maps since the increase of ground state particles
due to de-excitations is only at the per cent level.

To quantify in detail the distribution of the two-state population in the self-interacting DM
models, we show in the top panels of Fig. 3.23 the radial profiles of the ground state population
centered in the Milky Way-sized halo. The differences between the central distributions of the
ground and excited state populations are striking, particularly for the case where all particles are
initially in the excited state (χ2

init = 100%, left panel). As mentioned above this is due to the large
energy imparted to the ground state particles during down-scattering, which is large enough to
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Figure 3.23: Level population and scatter statistics of the Milky Way-sized halo. Top panels:
Radial profiles of the ground state population for the χ2

init = 100% configuration in the left, and
χ2

init = 50% in the right (solid: differential, dashed: cumulative). We show the elastic and in-
elastic cases with blue and red lines, respectively. For the inelastic case, down-scattered particles
escape the centre of the halo, which causes a strong suppression of ground state particles. Bottom
panels: Radial profiles of the mass-weighted average number of scattering events in each reaction
channel according to the legend. The number of scattering events in each channel depends on the
initial configuration and the cross section of each channel. For the χ2

init = 50% case (right panel),
the distribution of scattering events reflects the ranking of the cross section (see bottom panel of
Fig. 3.17). Comparatively, this is different for the χ2

init = 100% case (left panel), where the reac-
tions (χ1 +χ2 → χ1 +χ2) and (χ1 +χ1 → χ1 +χ1) are suppressed since no ground state scattering
partners are available initially. The thick solid lines show the total number of scatters summed over
all channels. We note that we do not show reactions with less then 10−3 average scattering events.
Within the relevant radial range, i.e., within r = Rmax ∼ 60 kpc, all the cases have O(1) scattering
events per particle (including all channels) by z = 0.
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remove these particles from the halo. These removed particles are actually visible in Fig. 3.23 far
away from the halo centre in the differential ground state population distribution. They appear as
peaks in this distribution around and beyond 1 Mpc from the halo centre. Since the velocity kick in
our benchmark model is 424 km s−1, the particle would travel ∼ 1 Mpc already within 3 Gyr. For
the elastic case on the the other hand, the ground state population rises towards the centre since
the down-scattering rate is higher towards the denser and colder halo centre (see bottom panel
of Fig. 3.17), unimpeded due to the lack of energy release. Here we find that the ground state
population reaches more than 20% towards the centre of the halo. Even at a distance of ∼ 100 kpc
we still find a cumulative fraction of∼ 10% of all particles in the ground state for the elastic mode,
whereas for the inelastic case, this fraction is much smaller and less than a per cent even out to
∼ 1 Mpc. The right panel of Fig. 3.23 shows the profiles for the case where 50% of all particles are
initially in the excited state (χ2

init = 50%). We find here a similar trend when comparing the elastic
and inelastic cases, i.e., the ground state is more densely populated for the elastic case in the inner
halo. For the elastic case about 55% of all particles in the centre are in the ground state. Lastly,
we note that the cumulative fraction of ground state particles within ∼ 10 Mpc agrees between the
elastic and inelastic cases for both initial state configurations. This population is at the per cent
level above the initial ground state population. This radial distance is large enough to include even
those particles that were ejected due to de-excitation in the inelastic self-interacting DM model,
and thus, the ground state level populations converge to similar values at large radii. Any remaining
deviations are due to differences in the detailed scatter reactions that occurred during the assembly
history of the halo.

The lower panels of Fig. 3.23 show the mass-weighted average number of scattering events
per particle in each reaction channel. For the χ2

init = 50% configuration (right panel) we find that
the average number of scattering events follows closely the overall ranking of the cross sections
presented in the bottom panel of Fig. 3.17. For example, the mixed elastic reaction (χ1 + χ2 →
χ1 + χ2) has the largest cross section of all channels and, correspondingly, it also contributes to
the largest number of average scattering events at all radii. The exothermic reaction (χ2 + χ2 →
χ1 +χ1) on the other hand, has the smallest cross section, except for very small relative velocities,
and therefore leads to the smallest number of scattering events. The inelastic model shows a lower
number of scattering events along that channel (long-dashed red lines) compared to the elastic case
(long-dashed blue lines), because of the removal of particles once they de-excite into the ground
state. The situation is quite different for the χ2

init = 100% configuration (left panel) since some
channels are initially suppressed because no ground state scattering partners can be found (e.g.
χ1 + χ2 → χ1 + χ2). Also, given that all particles are initially in the excited state, the number of
scattering events for the χ2 + χ2 → χ2 + χ2 channel is the highest despite having a smaller cross
section than the mixed channel. The thick solid lines show the total number of scatters summed
over all channels. These are nearly the same for the elastic and inelastic cases in the χ2

init = 50%
configuration, whereas there is a clear difference in the χ2

init = 100% case. Again, this is caused
by the removal of ground state particles following de-excitation. We note that for all cases, on
average, only a few scatters per particle occur in a Hubble time within the inner halo. This number
is nearly constant within the central ∼ 20 kpc of the halo. Beyond ∼ 100 kpc, the number of
scattering events drops below one rapidly.
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Figure 3.24: Radial density profiles for the Milky Way-sized halo split in the two-state populations.
The inelastic self-interacting DM models lead to larger cores with lower central densities compared
to the elastic self-interacting DM models. This is caused by the removal of ground state particles
after exothermic reactions, which is largest for the χ2

init = 100% case, where more energy is
available for release. For the inelastic case the total density almost never exceeds the CDM density
at intermediate radii. This is distinct from the typical behaviour of elastic self-interacting DM
models, where a small density enhancement over the CDM density is always observed due to the
redistribution of particles from the inner to the intermediate regions. The ground state density
profile for the χ2

init = 100% configuration is very different for the elastic and inelastic cases due
to the removal of de-excited particles from the halo centre. For the χ2

init = 50% configuration, on
the other hand, the profiles are very similar since the de-excited particles represent only a small
fraction of the total ground state population. The bottom panels show the ratio of the total density
profiles relative to CDM.
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The net impact of energy release due to de-excitations is seen in Fig. 3.24 where we show the
spherically averaged total radial density profiles (thick lines) for the CDM (black), elastic (blue)
and inelastic (red) self-interacting DM models. As in previous figures, on the left (right) we show
the χ2

init = 100% (χ2
init = 50%) case. One can immediately see that the inelastic case leads to a

stronger depletion of the central density (a larger density core) than the elastic case. We stress
that the elastic and inelastic cases have exactly the same reaction channels and cross sections,
with the only difference being the energy release during down-scattering in the inelastic case. An
interesting implication of this result is that it is possible in inelastic models to create a core of
the same size and density as in the elastic case but with a smaller scattering cross section. This
is an important point since it indicates that in the inelastic case, a wider range of cross section
normalizations could significantly modify the inner DM density while remaining consistent with
other constraints, compared with the range preferred by elastic self-interacting DM simulations.

The thin lines in Fig. 3.24 show the density profiles of the individual states, ground state (χ1)
and excited state (χ2) with solid and dashed lines, respectively. For clarity, we have shifted those
profiles down by one dex, relative to the total profiles. As anticipated, the density profile for the
ground state in the inelastic χ2

init = 100% case (left panel, dashed red line) is strongly suppressed.
The average density of the ground state is more than two orders of magnitude lower than in the
elastic case, where particles are not kicked out from the halo. This is not the case for the χ2

init =
50% configuration, where the profiles for the different state populations are rather similar and
nearly the same between the elastic and inelastic cases.

The lower panels in Fig. 3.24 present the actual density reduction compared to the CDM case
for the four different self-interacting DM scenarios. Elastic collisions alone reduce the central
density at 1 kpc already by an order of magnitude compared to the CDM case. As stated, the
strongest reduction is for the inelastic χ2

init = 100% model where by z = 0, the density is lower
by nearly a factor of ∼ 25 at 1 kpc. Comparing the elastic-CDM and inelastic-CDM ratio profiles
in more detail, it becomes also clear that, contrary to the elastic case, the inelastic case does not
show an enhancement over the CDM density at intermediate radii (for the χ2

init = 100% case).
This is because in inelastic models the particles are not only redistributed within the halo due to
the effective inside-out heat transport caused by elastic scattering, but they can, at least for our
benchmark model, also be removed, and not contribute to the halo density profiles anymore. This
is a distinctive signature between elastic and inelastic self-interacting DM models since all elastic
models that produce a core also lead to such a density enhancement at intermediate radii. We finally
note that the impact of inelastic down-scattering in the halo density profiles strongly depends on
the initial level population of the excited state. For the 50% case (right panel of Fig. 3.24), we see
only a rather small effect compared to the elastic case.

The total velocity dispersion profile for the χ2
init = 100% initial configuration is presented in

Figure 3.25. An isothermal core of very similar characteristics is formed in both the elastic and
inelastic self-interacting DM models, the key differences are that the inelastic case has a colder
core (to compensate for the lower central density) and a population of ground state particles that
is essentially unbound, moving with large velocities due to the energy injection during down-
scattering.

We expect that inelastic self-interacting DM models have a stronger impact on the abundance
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Figure 3.25: Total velocity dispersion profiles for the Milky Way-sized halo split in the two-state
populations. Both elastic and inelastic self-interacting DM lead to isothermal profiles in the centre.
The ground state velocity dispersion is signficantly higher for the inelastic model due to the injected
kinetic energy gained during the level decay.

of subhaloes compared to purely elastic models. In fact, for elastic models a quite large cross
section on galactic scales (∼ 10 cm2 g−1) is needed to create a relevant difference relative to CDM.
We present the subhalo velocity (Vmax) function for our MW-size simulations in the top panels of
Fig. 3.26. Given the relatively large cross sections of our benchmark model, we already see a mild
impact on the abundance of subhaloes for the elastic case. However, the effect is much larger for
the inelastic case. Specifically, we find that for Vmax & 30 km s−1 (Vmax & 20 km/s) the number of
subhaloes is reduced by ∼ 3 (∼ 4) for the inelastic model with χ2

init = 100%. For the χ2
init = 50%

configuration we find a smaller effect, roughly reduced by a factor of 2.
In the bottom panel of Fig. 3.26 we show the median (solid lines) and 1σ region (shaded areas)

of the distribution of density profiles of the ten most massive subhaloes at z = 0. Similarly to
the main halo density profile, we find that inelastic self-interacting DM models lead to subhaloes
with larger cores and smaller densities compared to the elastic case. We note however, that the
effect of inelastic collisions is larger for these smaller systems with lower velocity dispersion than
the main MW halo since the cross section for down scattering strongly increases towards lower
relative velocities as shown in the bottom panel of Fig. 3.17, where the cross section exceeds the
equal state elastic cross sections for relative velocities below ∼ 10 km s−1.

For the χ2
init = 100% (χ2

init = 50%) configuration we find that the core density is reduced by
∼ 4 (2) compared to the elastic case. Therefore, the inelastic self-interacting DM cross sections
can be smaller by a factor of a few compared to the elastic case while creating a core of similar size
and density. We quantify this reduction in Fig. 3.27, where we compare the elastic and inelastic
model for the χ2

init = 100% initial configuration with an elastic model, where we have increased the



CHAPTER 3. MULTI-STATE, SELF-INTERACTING DM IN HALOS 104

0 10 20 30 40 50 60 70 80
            Vmax [km s−1 ]

0

10

20

30

40

50

60

70

80

N
(
>
V

m
a
x
)

CDM

elastic(χ 2
init =100%)

inelastic(χ 2
init =100%)

Polisensky 2011

(corrected)

lower limit based on Segue I (Kim + 2017)

0 10 20 30 40 50 60 70 80
            Vmax [km s−1 ]

0

10

20

30

40

50

60

70

80

N
(
>
V

m
a
x
)

CDM

elastic(χ 2
init =50%)

inelastic(χ 2
init =50%)

Polisensky 2011

(corrected)

lower limit based on Segue I (Kim + 2017)

10-1 100 101

        r [kpc]
104

105

106

107

108

109

ρ
 [

M
¯
k
p
c−

3
]

CDM

elastic(χ 2
init =100%)

inelastic(χ 2
init =100%)

10-1 100 101

        r [kpc]
104

105

106

107

108

109

ρ
 [

M
¯
k
p
c−

3
]

CDM

elastic(χ 2
init =50%)

inelastic(χ 2
init =50%)

Figure 3.26: Abundance and inner structure of subhaloes in CDM and (in)elastic self-interacting
DM models. Top panels: Cumulative subhalo velocity (Vmax) function for the different models
and observed satellites of the Milky Way including a sky coverage correction [327]. Despite the
relatively large cross sections (see bottom panel of Fig. 3.17), the elastic model leads only to a
minor reduction in subhalo abundance relative to CDM. A substantially larger effect is visible
for the inelastic case. For Vmax & 30 km s−1 (Vmax & 20 km s−1) the number of subhaloes is
reduced by ∼ 3 (∼ 4) for the inelastic model with χ2

init = 100%. Bottom panels: Subhalo density
profiles. The solid lines show the median profile of the ten most massive subhaloes at z = 0,
while the shaded region indicates the 1σ scatter of the distribution. Inelastic self-interacting DM
leads to significantly larger and lower density cores compared to the elastic case. For the χ2

init =
100% configuration the core density is reduced by ∼ 4 compared to the elastic case. This implies
that previous estimates on cross sections within elastic self-interacting DM simulations based on
certain requirements for core densities, are altered in the presence of inelastic self-interacting DM
reactions. We also note that such an inelastic self-interacting DM model will not suffer from the
gravothermal catastrophe if the elastic scattering cross sections are sufficiently small.



CHAPTER 3. MULTI-STATE, SELF-INTERACTING DM IN HALOS 105

104

105

106

107

ρ
 [

M
¯
k
p
c−

3
]

z=0.5z=0.5z=0.5z=0.5z=0.5

CDM

elastic(χ 2
init =100%)

inelastic(χ 2
init =100%)

5× elastic(χ 2
init =100%)

2.5× elastic(χ 2
init =100%)

100 101 102

r [kpc]

0.2

0.6

1.0

1.4

ra
ti
o

104

105

106

107

ρ
 [

M
¯
k
p
c−

3
]

z=0.0z=0.0z=0.0z=0.0z=0.0

100 101 102

r [kpc]

0.2

0.6

1.0

1.4

ra
ti
o

Figure 3.27: Radial density profiles for the Milky Way-sized halo for scaled elastic cross section
models. An elastic model with a 5 times larger cross section leads to a central density reduction
similar to the inelastic model at z = 0.5 (left panel). The scaled elastic models core collapse at
later times, but not the inelastic model (right panel). Inelastic models are therefore more efficient
in core formation, and furthermore avoid the core collapse phase of elastic models. This implies
that current constraints on the normalization of elastic cross sections need to be revised if inelastic
scatterings are the dominant mode of self-interactions. These simulations were performed at level-
3 resolution, which is sufficiently converged.

cross section normalization by factors of 2.5 and 5. These simulations were performed at level-3
resolution, which is sufficiently converged for this test. The figure shows that the central density
reduction for the main halo density profile is comparable for the inelastic model and the elastic
model with a five times larger cross section (left panel). This implies that previous conclusions ob-
tained from elastic self-interacting DM simulations on the requirements for core sizes and densities
given a certain cross section normalization, are strongly altered in the presence of inelastic scatter-
ing. We also note that inelastic self-interacting DM models will not suffer from the gravothermal
catastrophe, as long as down-scattering and the resultant energy release is not suppressed. This is
demonstrated in the right panel, where at z = 0 the scaled elastic models already started to core-
collapse, which does not occur for the inelastic model. This absence of core collapse is distinctly
different from elastic self-interacting DM models, where the runaway collapse of the core is un-
avoidable on a time scale that depends on the normalization of the cross section [328]. As for the
main halo density profile, we find that the inelastic model does not lead to a density enhancement
relative to the CDM case at intermediate radii. As we have argued, this is due to the expulsion of
de-excited ground state particles from the halo.
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Figure 3.28: Numerical convergence of inelastic self-interacting DM simulations. Density profiles
for total density and state density split by ground and excited state for three different resolution
levels of the χ2

init = 100% initial configuration.

Finally, we remark that the formation of a core in the inelastic case is a combination of the
redistribution of energy following elastic scatterings and loss of DM particles during inelastic
down-scattering. The degree to which effect is more important depends on the primordial fraction
of particles in the excited state, and the hierarchy of the velocity-dependent cross sections of the
different scattering channels. A substantial mass loss in the halo centre is a distinct feature of
inelastic models relative to elastic self-interacting DM, and it might be of particular relevance for
constraining the (inelastic) energy deposition. In elastic self-interacting DM for instance, the mass
redistribution in the halo due to elastic scattering can be reversed if the galaxy within is compact
enough (e.g. [329]) or if the gravothermal collapse phase has been triggered. This reversal has
been invoked to argue that in elastic self-interacting DM, not all haloes are expected to be cored,
and in fact the natural diversity of the inner DM densities reflected in the rotation curves of dwarf
galaxies [238] is to be expected for elastic self-interacting DM with σT/m ∼ 1 cm2 g−1 [264]. This
reversal of cored profiles into dense profiles would have only a limited extent in the case of inelastic
self-interacting DM since the central mass loss is irreversible and the gravothermal collapse cannot
be triggered. Thus, it will be quite relevant to explore the interplay of inelastic self-interacting DM
and baryonic physics to check under which conditions they can develop cuspy profiles, which is a
promising avenue to constrain inelastic self-interacting DM.

Numerical Convergence
We test the numerical convergence of the inelastic self-interacting DM implementation in Fig-
ure 3.28. We present the density profiles for total density and state density split in ground and
excited state for three different resolution levels of the χ2

init = 100% initial configurations. The
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three resolution levels differ each by factors of 8 in mass resolution, and a factor of 2 in softening
length. Level-1 corresponds to the highest resolution that has been employed for the paper. We
find good convergence of the inelastic self-interacting DM implementation.

3.6 Discussion
In this chapter we have derived a semi-analytic approximation for the scattering cross sections
for DM interacting via an off-diagonal dark Yukawa potential. This physical model demonstrates
several new features relative to a system with purely elastic scattering, and we have presented
simple analytic forms for the upscattering and downscattering rates in the nonperturbative resonant
regime. Within the regime of validity of our approximations, we readily obtain cross sections that
appear large enough to modify the inner regions of dwarf halos or give rise to interesting signatures
in indirect DM searches.

Our approximations are valid when v . mφ/mχ . α and (for particles initially in the excited
state) δ . m2

φ/mχ . α2mχ, where mχ is the DM mass and mφ the mass of the mediator. Within
this regime, the scattering cross section exhibits resonant enhancement at particular values of the
parameter mφ/(αmχ). For particles initially in the excited state, or scatterings of ground-state par-
ticles with energies above the excitation threshold, the resonance positions are very similar to those
in the case with no mass splitting: however, for scatterings in the ground state below the excitation
threshold, the resonances are shifted by the presence of the mass splitting when δ becomes compa-
rable to m2

φ/mχ. Consequently, the relationship between the elastic and inelastic scattering cross
sections can be quite complex. Away from the resonances, we recover the expected geometric
cross sections at low velocities: σ ∝ 1/m2

φ for elastic scattering, σv ∝
√
δ/mχ(1/m2

φ) for down-
scattering. Our approximations match smoothly onto the corresponding perturbative expressions
when mφ ≈ αmχ.

The incorporation of these semi-analytic scattering cross sections into numerical simulations
has allowed the first detailed studies of halos containing inelastically scattering DM. To this end, we
have performed high resolution simulations of a galactic halo within an inelastic self-interacting
DM model using a newly developed self-interaction DM implementation in the Arepo code to
study multi-state DM models. We simulated a generic inelastic model of a nearly degenerate two-
state DM particle with an energy level splitting of 10−6 with respect to its ground state, and an
interaction cross section of a few cm2g−1 on the scale of dwarf galaxies.

We demonstrated that the physics of inelastic self-interacting DM leads to interesting new
effects, which are distinctly different or absent in elastic self-interacting DM models. Most impor-
tantly, DM particles can be removed from potential wells, which causes large core formation with
lower densities compared to elastic models for the same interaction cross section. Furthermore, in-
elastic collisions also lead to subhalo evaporation reducing efficiently the abundance of subhaloes.
Our main findings are:

• Inelastic self-interacting DM creates larger and lower density cores compared to elastic mod-
els for the same cross section. Specifically, a ∼ 5 times larger elastic cross section would
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be required to achieve the same density reduction and core formation as the inelastic model.
The exact factor depends on the underlying inelastic DM model. This implies that currently
existing constraints on self-interaction cross sections have to be revised if inelastic reactions
are taken into account.

• Similar to models with a power spectrum cutoff, we find that inelastic self-interacting DM
can reduce the amount of substructure for rather small interaction cross sections. The re-
duction of the subhalo abundance is due to gravitational particle unbinding such that for
Vmax & 30 km s−1 (Vmax & 20 km s−1) the number of subhaloes is reduced by ∼ 3 (∼ 4)
compared to the cold DM case.

• The de-excitation of the upper level to the ground state can inject the energy equivalent of
O(100) million Type II supernovae in Milky Way-like haloes.

• The gravothermal catastrophe that can occur in elastic self-interacting DM models, can be
avoided in inelastic self-interacting DM models. This is possible because of the unbinding
of particles that de-excite during the scattering process. If this process dominates over elastic
scattering, a central density increase is not possible anymore since the DM mass is efficiently
removed.

• The virial mass of a Milky Way-like halo is reduced by about 10% compared to the cold DM
case for inelastic self-interacting DM.

• Density profiles for elastic and inelastic self-interacting DM models are distinctly different.
Elastic models lead to an increased DM density at intermediate radii caused by particles
being transferred from the core region to outer parts. This effect is not present for inelastic
models that can unbind particles. For such models the density profile follows the CDM
prediction outside of the core region.

We conclude that inelastic self-interacting DM models have some properties, like the removal
of substructure and enhanced core formation, that are absent in typically studied elastic self-
interacting DM models. Those features can have a significant impact on properties of Milky Way-
like DM haloes and can address many of the small-scale challenges of the cold DM paradigm.
Furthermore, inelastic self-interacting DM models are a rather generic feature of many DM parti-
cle physics models beyond the canonical WIMPs, which have still not been detected. It is therefore
high time to consider also alternative DM particles, like inelastic self-interacting DM, and under-
stand how structure formation progresses in those models. In the future it will be interesting to
study these inelastic models with baryonic galaxy formation models (e.g. [330, 331]) to under-
stand their impact on galaxy formation in more detail. Furthermore, we also expect changes in
the detailed DM phase-space structure (e.g. [315, 332]) due to the energy injection and particle
removal in inelastic self-interacting models.
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Chapter 4

Strongly Interacting DM and an Axion
Portal

4.1 Introduction
As discussed in Chapter 1, DM might be a thermal relic from the early Universe. The most well-
studied thermal scenario is that DM is comprised of WIMPs. The number density of WIMPs is set
by 2→ 2 annihilations of the DM into Standard Model (SM) particles, and the observed DM relic
abundance is achieved when both the DM mass and coupling to SM particles are near the scales
relevant for electroweak processes.

An alternative thermal setup was proposed in Ref. [147] where 3 → 2 DM self-interactions
set its abundance. In this scenario, the observed relic density indicates that the DM mass and self-
coupling should be near the strong scale. This mechanism of strongly interacting massive particles
(SIMPs) was shown to be generic in strongly coupled theories of chiral symmetry breaking, where
the pions play the role of DM [333]. The 3 → 2 interactions are then sourced by the well known
Wess-Zumino-Witten (WZW) action [334–336]. This provides a simple and calculable realization
of the SIMP mechanism, although by no means the only one [337–347].

In addition to providing a novel thermal mechanism for explaining the DM abundance, SIMPs
also offer a possible explanation for issues related to small-scale structure formation (see discus-
sion in Chapter 3). To summarize, observed DM subhalos tend to be less dense than in simulations
(see Ref. [348] for a recent review). While many of these issues may be resolved with better under-
standing of astrophysical processes (for instance in Ref. [349]), it is also possible to mitigate these
issues if the DM can self-scatter (see Ref. [150] for a recent review). The strong self-annihilations
of SIMP DM imply that their self-scatterings are also large, such that they naturally address these
small-scale puzzles [147, 333].

The 3→ 2 DM annihilations would raise the temperature of the residual DM due to conserva-
tion of comoving entropy. Therefore, the DM must be in thermal equilibrium with a heat sink, such
as the SM bath, until after freeze-out [147]. Otherwise, the 3 → 2 DM annihilations would cause
the steady depletion of DM particles and heating of the remaining DM, a scenario referred to as
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cannibalization. While cannibalization was originally proposed to provide a class of DM models
intermediate between hot and cold DM, such models are not observationally-viable [350, 351].
Obtaining the observed DM abundance inevitably leads to an unacceptable washout of small-scale
structure.

To allow for adequate thermalization between the DM and the SM, Refs. [339, 340] explored
the kinetically-mixed hidden photon portal. Here, we explore the possibility of a pseudoscalar
portal using axion-like particles to accomplish the entropy transfer to photons. For brevity, we
refer to axion-like particles simply as “axions” throughout the Chapter. We note that Ref. [352]
also considered an axion portal, but focused on the regime where semi-annihilations set the relic
abundance. In contrast, we focus on the SIMP regime where 3 → 2 annihilations determine
the relic density. For concreteness, we will use the SIMPlest pion realization of the DM based
on an Sp(2Nc) gauge theory with four doublet Weyl fermions following Ref. [333]. Sp(2Nc)
gauge groups with a larger number of flavors or SU(Nc) and SO(Nc) gauge groups allow for semi-
annihilations which can control the relic abundance, although there may still be parameter space
where 3→ 2 annihilations determine the DM density.

The rest of this Chapter is organized as follows. In Section 4.2, we describe the framework and
identify the interactions responsible for setting the correct DM relic abundance and cooling the DM
via the axion portal. In order to cool the DM effectively, the axion must be in thermal equilibrium
with both the DM and the SM; the general equations governing these conditions are introduced
in Section 4.3. In Section 4.4, we illustrate the theoretical and empirical requirements on the
coupling strength between pions and axions, while in Section 4.5 we do the same for the coupling
strength between axions and the SM bath of photons. Concluding remarks and discussions follow
in Section 4.6.

4.2 The framework
Our starting point is an Sp(2Nc) gauge theory with 2Nf Weyl fermions that couple to an axion-like
field a as

Laq = −1

2
m2
aa

2 −
(

1

2
mQe

ia/faπJ ijqiqj + h.c.
)

(4.1)

where ma is the axion mass, mQ is the quark mass matrix, qi are the confining quarks and J is the
Sp(2Nf ) group invariant.1 Upon dynamical chiral symmetry breaking, the ground state is expected
to be given by

〈qiqj〉 = µ3Jij. (4.2)

Any transformation by the flavor symmetry V ∈ SU(Nf ) would also be a ground state, and in
general

〈qiqj〉 = µ3(V JV T )ij. (4.3)
1Note that in terms of a 4-component spinor ψT = (q q†), the identities iψ̄γ5ψ = −iqq + iq†q† and ψ̄ψ =

qq + q†q† hold.
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Switching the description to the chiral Lagrangian, a spacetime-dependent flavor rotation gives the
low-energy excitations,

〈qq〉 → µ3Σ , Σ ≡ V JV T , V = exp(iπ/fπ) , (4.4)

where π ≡ πbT b, T b are the Sp(2Nf ) generators and fπ is the pion decay constant. We use the
normalization Tr T bT c = 2δbc for the generators. In terms of the pion fields,

− i
2
mQJ

ijqiqj + h.c. ⇒ m2
π

6fπ
Tr π3 +O(π5) ,

−1
2
mQJ

ijqiqj + h.c. ⇒ −m2
π

4
Tr π2 +O(π4) .

(4.5)

The theory has an SU(2Nf )/Sp(2Nf ) flavor structure, where the residual Sp(2Nf ) is exact due to
the quark masses’ proportionality to J . For Nf ≥ 2, the fifth homotopy group of the coset space is
non-vanishing and the WZW term exists [334–336],

SWZW =
−iNc

240π2

∫
Tr (Σ†dΣ)5 . (4.6)

Generally, both a Tr (π3) and a2 Tr (π2) terms can appear in the interaction Lagrangian. How-
ever, the former introduces semi-annihilations of pions into a pion and an axion which might
contribute to determining the relic abundance of the DM. Here, we are interested in exploring the
role of an axion mediator in the SIMP mechanism of 3 → 2 self-annihilations of pions. Conse-
quently, we focus on an Sp(2Nc) gauge theory withNf = 2 fermions, where the flavor symmetry is
SU(4)/Sp(4) and Nπ = (Nf − 1)(2Nf + 1) = 5 pions emerge. In this theory, the semi-annihilation
process is absent since Tr (π3) = 0, and pure 3 → 2 annihilations of pions via the WZW term
are guaranteed to control the relic abundance of DM. For more flavors, or for other gauge groups,
3 → 2 annihilation may still control the relic abundance, though in a smaller region of parameter
space. To leading order in pion fields, the WZW term for our choice of gauge group takes the form

LWZW =
2Nc

15π2f 5
π

εµνρσTr [π∂µπ∂νπ∂ρπ∂σπ] =
8Nc

15π2f 5
π

εµνρσεabcdeπ
a∂µπ

b∂νπ
c∂ρπ

d∂σπ
e. (4.7)

The excess kinetic energy generated in the dark sector from 3 → 2 annihilations needs to be
transferred out, which can be obtained through kinetic coupling of the pions to the axions and the
axions to the SM bath. Since the semi-annihilation term is absent for our flavor group of choice,
the interaction Lagrangian between pions and axions is

Laπ ⊃
κ

4
a2πbπcδbc . (4.8)

If the axion coupling to the pions arises in a similar manner to what occurs in QCD, as in Eq. (4.1),
the mass term for the hidden quarks q in the Sp(2Nc) gauge theory gives rise to an axion potential:

Laπ = −1

2
m2
aa

2 − 1

2
mQµ

3eia/faπ TrJΣ + h.c.

= −1

2

(
m2
aa

2 +
2m2

πf
2
π

f 2
aπ

)
a2 +

m2
π

8f 2
aπ

a2 Trπ2 + · · · (4.9)
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wheremπ is the pion mass. Using the normalization of Trπ2 = 2πbπcδbc, we identify the Feynman
rule for the aaπbπc vertex in Eq. (4.8) as

iκδbc = i
m2
π

f 2
aπ

δbc . (4.10)

Meanwhile, the interaction Lagrangian between the axions and SM photons is

Laγ =
1

4faγ
aF µνF̃µν . (4.11)

As long as the kinetic equilibrium between the pions and the SM is maintained through the
interactions of Eqs. (4.9) and (4.11), the preferred mass for the DM is mπ ≈ 300 MeV [333]
with mπ ∼ 2πfπ to set the observed relic abundance. We find below that viable axion masses are
around the same scale, 10 MeV ∼< ma ∼< 1 GeV. Couplings that satisfy mπ ∼ 2πfπ correspond to
the strongly-interacting regime of the theory, where self-interactions are important on astrophysical
scales. In this regime, O(1) corrections to perturbative results are expected, and therefore should
be thought of as a proxy for the scales involved. Phenomenologically interesting pion masses lie
at the edge of perturbativity, where higher order corrections and vector meson effects can impact
the range of observationally-viable pion masses [347, 353].

4.3 Early Universe Thermodynamics
As mentioned in Section 4.1, if the DM is in a secluded sector the 3 → 2 interactions that set
the relic abundance of DM will also raise the DM temperature due to conservation of entropy. To
ensure that the DM stays relatively cold, there must be a heat sink, which can be provided by the
SM thermal bath. The transfer of entropy while the comoving DM number density is changing
can be described by Boltzmann equations that govern the evolution of the phase space fX(p, t) for
particle X ,

∂fX
∂t
−Hp2

E

∂fX
∂E

= C[fX ] (4.12)

where the left hand side is the relativistic Liouville operator in a Friedmann-Robertson-Walker
spacetime and C[fX ] is the collision term. In the regime where 2→ 2 annihilations are negligible,
the relevant terms which appear in the collision term are the 3→ 2 interactions which set the relic
abundance, the DM self-interactions which give it a thermal distribution, the elastic interactions
which transfer energy between the pions and axions, and decays (and inverse decays) of axions to
SM particles. We neglect axions converting to photons (and vice versa) via t-channel scattering off
electrons, which is less efficient than decays (and inverse decays) at thermalizing the axions with
the SM. In the parameter space of interest (with the exception of axions in the out-of-equilibrium
decay scenario), all particles will be interacting sufficiently frequently so that they have thermal
distributions,

fX =
1

e(E−µ)/T ± 1
, (4.13)
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where the + sign (− sign) is for Fermi-Dirac (Bose-Einstein) statistics and µ is the chemical
potential. At temperatures below the mass of a given particle, the effects of quantum statistics
become negligible and the Maxwell-Boltzmann (MB) distribution is recovered.

To solve the Boltzmann equations, it is most useful to look at two moments of the phase space
distribution, which correspond to the number density and energy density

nX = gX

∫
d̄3p fX ρX = gX

∫
d̄3pE fX , (4.14)

where gX is the number of degrees of freedom andd̄3p ≡ d3p/(2π)3. The Boltzmann equations for
axion-mediated SIMPs are

∂nπ
∂t

+ 3Hnπ = −〈σ3→2v
2〉
(
n3
π − n2

πn
eq,Tπ
π

)
, (4.15)

∂ρπ
∂t

+ 3H (ρπ + pπ) = −〈σel.vδE〉nπna, (4.16)

∂na
∂t

+ 3Hna = −
(
〈Γ〉Ta na − 〈Γ〉T SM

n eq,TSM
a

)
, (4.17)

∂ρa
∂t

+ 3H (ρa + pa) = 〈σel.v∆E〉nπna −maΓ
(
na − n eq,TSM

a

)
. (4.18)

where pX is the pressure densities of species X (which is related to the energy density through the
equation of state wX), and neq,T

X is the thermal equilibrium density for species X at temperature T .
Additionally, 〈Γ〉T = Γ 〈ma/Ea〉T is the thermally averaged decay rate of the axion at temperature
T , 〈σ3→2v

2〉 is the thermally averaged 3 → 2 cross-section of the pions for this choice of gauge
group, labeled i = 1 . . . 5,

〈σ3→2v
2〉 =

1

3!2!n3
π

∫ ( 5∏

i=1

d̄3pi
2Ei

)
f1f2f3 |M123→45|2 (2π)4δ(4)

(∑
p
)

=
6N2

c√
5π5

m3
πT

2
F

f 10
π

(4.19)

and nπna〈σel.vδE〉 is the energy transfer rate between the pions and axions (with the initial and
final states labeled as 1 and 2),

nπna〈σel.v δE〉 =

∫
d̄3pπ1

2Eπ1

d̄3pa1

2Ea1

d̄3pπ2

2Eπ2

d̄3pa2

2Ea2

δEπ fπ1fa1 |Mπa→πa|2 (2π)4δ(4)
(∑

p
)
. (4.20)

For MB statistics, the equilibrium values for the number, energy, and pressure densities for a
particle of mass m and temperature T with g degrees of freedom are

n eq = g

∫
d̄3p f eq =

gm2T

2π2
K2

(m
T

)
(4.21)

ρ eq = g

∫
d̄3pEf eq =

gm2T

2π2

(
mK1

(m
T

)
+ 3TK2

(m
T

))
(4.22)

p eq = g

∫
d̄3p

p2

3E
f eq =

gm2T 2

2π2
K2

(m
T

)
(4.23)
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and the boost factor appearing in the thermally averaged decay rate is

〈m
E

〉
T

=
1

n eq

∫
g
d3p

(2π)3

m

E
f eq =

K1(m/T )

K2(m/T )
. (4.24)

4.4 Coupling between Axions and pions
The interaction Lagrangian in Eq. (4.9) leads to annihilations of pions into axions and to elastic
scattering of axions off of pions. The SIMP mechanism requires the former process to be sup-
pressed at the time of 3 → 2 freeze-out (so as not to be dominated by a WIMP process) while the
latter is active (in order to transfer entropy via elastic scattering).

SIMP Mechanism Maintained
The requirement in order for the 3→ 2 pion self-annihilations to dominate the 2→ 2 annihilations
of pions into axions at the time of freeze-out is

nπ〈σv〉 ann . H|TF , (4.25)

where 〈σv〉 ann is the thermally averaged cross section for the annihilation process ππ → aa. The
Hubble parameter at freeze-out is given by

H|TF =

√
g∗,F π2

90

T 2
F

M Pl
, (4.26)

where TF is the freeze-out temperature of 3→ 2 interactions (typically TF ∼ mπ/20 in the SIMP
setup), M Pl is the Planck mass, and g∗,F is the effective number of relativistic degrees of freedom
at the time of freeze-out. We have verified numerically that this requirement on the annihilation
rate does maintain the correct relic abundance as set by the 3→ 2 SIMP mechanism.

The thermally averaged annihilation cross section that appears in Eq. (4.25) can be readily
calculated. For a trivial matrix element,M, of a process 12→ 34 (as is relevant for the Lagrangian
of Eq. (4.9)) in which all states obey Maxwell-Boltzmann statistics, the thermally averaged cross
section entering the Boltzmann equations [354] is expressed in terms of

γ12→34 =
g1g2g3g4T |M|2

29π5

∫ ∞

smin

ds
√
s λ1/2(

√
s,m1,m2)λ1/2(

√
s,m3,m4)K1(

√
s/T ) , (4.27)

where gi counts degrees of freedom for particle i,

smin = max{(m1 +m2)2, (m3 +m4)2}, (4.28)

λ(x, y, z) ≡ (1− (y + z)2/x2)(1− (y − z)2/x2), (4.29)
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and K1 is the first order modified Bessel function of the second kind. The amplitude |M|2 which
appears is averaged over all degrees of freedom. For pion-axion scattering and pion annihilation
to axions, the relevant amplitude is therefore

|M|2 ≡ 1

gπ

1

gπ

∑

b,c

κ2δbc =
m4
π

gπf 4
aπ

(4.30)

since the trace requires that the pions be the same. The thermally averaged cross section for the
annihilation process ππ → aa is

〈σv〉 ann =
1

2

γ ann

(n eq
π )2

, (4.31)

where n eq
i denotes the number density of particle i in equilibrium,

n eq
i =

gi
2π2

Tim
2
iK2(mi/Ti) , (4.32)

whereK2 is the second order modified Bessel function of the second kind. In Eq. (4.31), the phase-
space factor of 1/2 for identical initial particles is cancelled because the number density changes
by two particles per annihilation. For ma � mπ, Eq. (4.31) simplifies to

〈σv〉 ann ≈
g2
am

2
π

64gππf 4
aπ

. (4.33)

Pion-Axion Kinetic Equilibrium
In addition to the suppression of the 2 → 2 annihilations, the SIMP mechanism requires that
the rate of energy transfer in the scattering process aπ → aπ is fast enough to successfully cool
the DM. We therefore impose the requirement that the pions and axions are in kinetic (thermal)
equilibrium during the entire time over which the 3 → 2 process is active. This can be recast as
a requirement that the thermal decoupling temperature between the two sectors is lower than the
temperature at which the 3 → 2 process freezes out TD < TF . In this range of temperatures, the
pions are guaranteed to be nonrelativistic since TF ∼ mπ/20. Therefore, the energy transfer rate
can be re-written as

nπna〈σel.v∆E〉 ' −
∫
d̄3pπ1

2Eπ1

p2
π1

2mπ

C[fπ1 ]. (4.34)

The form of the collision term in the integrand will depend on whether the axions are relativistic
or not at around the time of freeze-out, as detailed below.

In the limit of small ma (where axions are still relativistic and Bose-Einstein distributed at the
time of freeze-out) there are well known methods for computing the collision term [355] which
have been implemented for this type of model in Ref. [356]. For pion-axion scattering in this
regime, the collision term takes the form

C[fπ1 ] =
πg2

am
6
π

360f 4
aπ

(
Ta
mπ

)4 (
mπTa∇2

pπ1
+ pπ1 · ∇pπ1

+ 3
)
fπ1(Tπ). (4.35)
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Integrating over the pion phase space in Eq. (4.34) yields

nπna〈σel.v∆E〉 =
πg2

am
5
π

120f 4
aπ

(
Ta
mπ

)4

(Tπ − Ta). (4.36)

While the 3 → 2 is actively depleting the number density, the pions are nonrelativistic and follow
MB statistics, which means that their energy density Boltzmann equation can then be expressed as

∂Tπ
∂Ta

= 3
T 2
π

mπTa
+

πg2
am

5
π

120f 4
aπH|T=mπ

TaT
2
π (Tπ − Ta)
m4
π

. (4.37)

The first term on the right-hand side comes from the 3 → 2 and causes the pion temperature to
increase, while the second term comes from pion-axion elastic scattering and pushes Tπ → Ta.
The second term cannot keep up with the first as the temperature drops and the pions and axions
decouple. The temperature of decoupling is

TD ' mπ

(
πg2

am
5
π

120f 4
aπH|T=mπ

)−1/4

. (4.38)

Further details of this derivation, including an order unity normalization factor of 4−1/4Γ(3/4),
can be found in Ref. [356]. We have checked numerically that this requirement on thermalization
between the axions and pions does keep the DM cool.

In the regime where TF < ma . mπ, we generalize the approach laid out in Ref. [355], which
only strictly applies when the axion is relativistic. However, similar methods are valid for particles
scattering in the limit of low momentum transfer. This criterion should be met in the regime
where the axion mass is still smaller than the pion mass (which kinematically enforces that the
momentum transferred in a single collision is relatively small) but where the axion is sufficiently
heavier than the freeze-out temperature TF ∼ mπ/20 such that it becomes Boltzmann suppressed.
Most generally, the collision term for 2→ 2 scattering of pions and axions can be written as

C =
1

2

∫
d̄3pa1

2Ea1

d̄3pa2

2Ea2

d̄3pπ2

2Eπ2

(2π)4δ(4)(pa1 + pπ1 − pa2 − pπ2) |M|2 J (4.39)

where J is the relevant combination of phase space factors. In the regime of interest, everything is
MB distributed at thermal decoupling so

J = e−Eπ1/Tπe−Ea1/Ta − e−Eπ2/Tπe−Ea2/Ta . (4.40)

The collision term can be written as an expansion in the momentum transfer, C =
∑
Cj where

Cj =
(2π)4

2j!

∫
d̄3pa1

2Ea1

d̄3pa2

2Ea2

d̄3pπ2

2Eπ2

δ(Ea1 + Eπ1 − Ea2 − Eπ2) |M|2

J
(
(pa2 − pa1) · ∇pπ2

)j
δ(3)(pπ1 − pπ2). (4.41)
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In this expansion, C0 vanishes simply because if the momentum transfer is zero and the number
of a species does not change, the collision term is identically zero. For a contact interaction which
has no angular dependence (as in the scenario we consider here, |M|2 ∼ const.), C1 also vanishes
because the angular integral contains the integrand (pa2 − pa1) · pπ ≡ q · pπ1 , which is odd over
the angular domain. Therefore, the leading-order term is C2. The momentum transfer scales like
∆pa ∼ (mπpa − mapπ)/(ma + mπ), and plugging in thermal values for the typical momentum
indicates that when truncated at O((∆pa/pπ)2), the expansion in momentum is accurate at the
∼10% level when the axion mass is ma . mπ/3. As we will show in the following Subsections,
considerations of the parameter space will restrict us to this mass range, indicating that this trun-
cation is sufficiently accurate for the purposes of this scenario. Plugging in the matrix element of
Eq. (4.30), the leading order piece of the collision term is then

C2 =
πm4

π

8gπ(2π)3f 4
aπ

∫
d̄3pa1

2Ea1

∫
dΩ2 dEa2 pa2

[
2(q · pπ1)2

E3
π1

J ∂2
Ea2

δ(Ea1 − Ea2)

+

(
q2

E2
π1

J − 3(q · pπ1)2

E4
π1

J +
2(q · pπ1)2

E3
π1
Tπ

J ′
)
∂Ea2

δ(Ea1 − Ea2)

+

(
q2

E2
π1
Tπ
− (q · pπ1)2

E3
π1
T 2
π

− 3(q · pπ1)2

E4
π1
Tπ

)
J ′δ(Ea1 − Ea2)

]
(4.42)

=
2m4

πe
−Eπ1/Tπe−ma/Ta(Ta − Tπ)T 3

a (m2
a + 3maTa + 3T 2

a )

gπ(2π)3f 4
aπE

2
π1
TaTπ

(4.43)

where J ′ ≡ e−Eπ2/Tπe−Ea2/Ta . This collision term into the calculation of the energy transfer rate
of Eq. (4.34) under the assumption that the pions are non-relativistic,

nπna 〈σv∆E〉 =
6e−mπ/Tπe−ma/Ta(Tπ − Ta)T 3

a (m2
a + 3maTa + 3T 2

a )
√
π(mπTπ)5

gπ
√

2(2π)5f 4
aπTaTπ

=
3mπe

−ma/Ta(Tπ − Ta)T 2
a (m2

a + 3maTa + 3T 2
a )

gπ(2π)3f 4
aπ

nπ (4.44)

By analogy to Eq. (4.37), the term in the Boltzmann equations that equalizes temperatures between
the two sectors is

3g2
am

3
πm

2
a

(2π)3f 4
aπH|T=mπ

(
Ta
mπ

)−1(
Tπ
mπ

)2(
Tπ − Ta
mπ

)
e−ma/Ta (4.45)

and decoupling happens when this is order unity. The requirement that thermal decoupling happens
after pion freeze-out can be recast as a requirement on faπ

faπ .

(
3g2

am
3
πm

2
a

(2π)3H|T=mπ

(
TF
mπ

)2

e−ma/TF

)1/4

. (4.46)

Eqs. (4.46) and (4.38) do not match exactly due to a difference in numerical prefactors for BE vs.
MB statistics. When that relative factor π4/90 is taken into account, then the two match exactly.
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Theoretical Considerations
In addition to the above requirements, the decay constant faπ must be greater than the cutoff scale
of chiral symmetry breaking. Otherwise, the description in Eq. (4.1) breaks down. We require that
faπ ∼> 2πfπ, where fπ is determined for a given mπ from the solution to the Boltzmann equation.
Since the Sp(2Nc) gauge theory with Nf = 2 we discuss here points to the strongly interacting
regime where mπ ∼ 2πfπ, we require that faπ ∼> mπ. In practice, however, suppressing 2 → 2
annihilations at freeze-out is always a stronger requirement.

An additional preference, though not a requirement, comes from considering how chiral sym-
metry breaking contributes to the axion mass in Eq. (4.9),

∆m2
a =

2m2
πf

2
π

f 2
aπ

. (4.47)

The natural range for the axion mass-squared is therefore where ∆m2
a . m2

a, such that no fine
tuning is present against an unspecified negative contribution, possibly from another confining
gauge theory with θ ≈ π.

Empirical requirements
Having established the theoretical requirements on the axion-SIMP parameter space, we now move
to the observational constraints coming from the cosmic microwave background (CMB). In stan-
dard cold DM cosmology, the intergalactic medium (IGM) is almost entirely neutral after recom-
bination and CMB photons free stream. If some fraction of the DM annihilates to SM particles
and partially ionizes the IGM, this will cause some CMB photons to re-scatter which modifies
CMB anisotropies in a characteristic way. For the scenario we consider in this work, the process
of interest is ππ → aa → 4γ. In the parameter space where there is sufficient thermalization
between axions and the SM (see Section 4.5), the decay of the intermediate-state axions happens
immediately. Thus, the use of the narrow-width approximation is appropriate and the cross section
for this process is set by the cross section for the annihilation process ππ → aa. We use limits
derived in Ref. [357], which are not very sensitive to whether there are two final-state photons or
four.2

Pion-Axion Parameter Space
Satisfying the above requirements on faπ as a function ofma for a variety of DM massesmπ yields
the SIMP regions depicted in Fig. 4.1. We take g∗,F = 10.75 at freeze-out since for the DM masses
we consider, freeze-out happens below the temperature of muon-antimuon annihilation. We learn
that SIMP-axion thermalization is achieved over a broad range of axion masses and couplings faπ.
The observational upper limits from the CMB are also shown in Fig. 4.1 as a set of thick, solid lines
corresponding to the different depicted pion masses. We thus find a viable SIMP-axion parameter
space below the CMB curve and above the thermalization curve.

2This statement is based on private communication with T. R. Slatyer.
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We note that elastically decoupling relic (ELDER) DM [356, 358] is obtained along the ther-
malization curve in Fig. 4.1. For ELDER DM, the kinetic decoupling between the DM and SM
baths occurs before 3→ 2 pion self-annihilations freeze out. This causes the relic abundance to be
exponentially sensitive to this elastic scattering while being relatively insensitive to the strength of
the 3→ 2 pion process. On the thermalization curve in Fig. 4.1, the elastic scattering of pions off
of axions dominates over the 3→ 2 pion self-annihilation process in setting the relic abundance.
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Figure 4.1: The parameter space for axions coupling to pions. The shaded regions correspond
to the regions where the SIMP mechanism is theoretically viable for a given DM mass mπ. The
boundaries of this region are set by requiring that the 3 → 2 rather than the 2 → 2 process sets
the relic abundance (labeled as “WIMP regime”) and that the pions can transfer their excess heat
to the axions and hence the SM sector (labeled as “Thermalization”). Note that the parameter
space along the “Thermalization” curve corresponds to the scenario where DM is an elastically
decoupled relic (ELDER). We also indicate the natural mass range where the axion mass is at least
as large as its contribution from chiral symmetry breaking (labeled as “Naturalness”). Also shown
are the empirical upper limits on pion annihilation from energy injection into the CMB (thick solid
lines labeled as “CMB limits on annihilation”).
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4.5 Coupling between Axions and Photons
Fig. 4.1 presents the viable region where the SIMP and axion maintain thermal equilibrium. If the
axion and SM also maintain thermal equilibrium via the axion-photon coupling in Eq. (4.11), then
the pions will share a temperature with the SM. For most of the axion masses we consider, decays
and inverse decays into SM photons are the most efficient processes for kinetic equilibrium with
the SM at freeze-out. The rate for these decays at rest is

Γa =
m3
a

64πf 2
aγ

. (4.48)

For the axions to thermalize with the SM during freeze-out, two conditions must be satisfied: the
decays and inverse decays of the axions need to thermalize the axions with the SM, and the axions
need to lose kinetic energy via decays faster than they gain energy from the pion 3→ 2 heating. We
have verified numerically that as long as these conditions are satisfied at the freeze-out temperature
of the pion, the relic abundance of DM is unaffected and the pions constitute cold DM.

For axions with masses below the freeze-out temperature, the scattering process ae → γe
is more efficient than the decays considered below. This arises because the rate of scattering is
enhanced relative to decays like ∼ (T/ma)

3 for axions that are relativistic at the time of freeze-
out, while the rate of decays is suppressed due to the boost factor of ∼ (ma/T ). We find that the
parameter space withma < TF is tightly constrained for the pion masses we consider and therefore
do not include the scattering process ae → γe in our analytics or numerics, since it is expected
to be subdominant for axion masses with ma & TF . Note that by including decays as the only
channel to transfer entropy, we are being conservative since adding the ae → γe channel would
only lower the required coupling strength between axions and the SM.

Axions in thermal equilibrium with photons
To understand the requirement that axions maintain thermal contact with the SM, we can ignore
the pions and consider only the relevant Boltzmann equations for the axions:

∂na
∂t

+ 3Hna = −Γama

(〈
E−1
a

〉
Ta
na −

〈
E−1
a

〉
TSM

n eq,TSM
a

)
(4.49)

∂ρa
∂t

+ 3H (ρa + Pa) = −maΓa
(
na − n eq,TSM

a

)
(4.50)

where the average axion energy is 〈Ea〉 = ρa/na. To make the notation less cumbersome for the
remainder of this Chapter, the label for equilibrium distributions will denote chemical equilibrium
and kinetic equilibrium between the axions and SM, i.e. Ta = TSM ≡ T . With this notation, these
equations can be re-expressed as

−T ∂na
∂T

+ 3na = −maΓa
H

na

(〈
E−1
a

〉
−
〈
E−1
a

〉 eq n eq
a

na

)
≡ −maΓa

H
nacn (4.51)

−T ∂ 〈Ea〉na
∂T

+ 3 〈Ea〉na (1 + wa) = −maΓa
H

na

(
1− n eq

a

na

)
≡ −maΓa

H
nacρ, (4.52)



CHAPTER 4. STRONGLY INTERACTING DM AND AN AXION PORTAL 121

where wa is the equation of state of the axion, which is a function of time and axion temperature
wa = wa(Ta). In order to eliminate ∂na/∂T , Eqs. (4.51) and (4.52) can be combined to give a
differential equation for 〈Ea〉:

∂ 〈Ea〉
∂T

= 3wa
〈Ea〉
T
− maΓa

TH
(〈Ea〉cn − cρ) . (4.53)

In the first term, the expansion is driving the change in the average energy, while in the second term,
the decay is driving the average energy. One can check that the first term matches the expectations
for a decoupled particle. Meanwhile, for further examination of the second term, we define the
variable α = α(Ta) such that 〈

E−1
a

〉
≡ α/ 〈Ea〉 . (4.54)

The value of α changes monotonically α ∈ [1, π6/(360 ζ(3)2)] as Ta goes from 0 to∞. Using this
definition, we find

∂ 〈Ea〉
∂T

= 3wa
〈Ea〉
T

+
maΓa
TH

[
(1− α)− n eq

a

na

(
1− α 〈Ea〉〈Ea〉 eq

)]
. (4.55)

The second term vanishes when the particle is in equilibrium, i.e., na = n eq
a with Ta = T . If the

particle is driven out of equilibrium (for instance by the expansion), this term will push it back into
equilibrium. In order to overcome the expansion, Γa needs to be large enough so that the second
term is larger than the first.

First we consider the case that ma � T such that wa = 1/3 and α = π6/(360 ζ(3)2). Assum-
ing the axion is near equilibrium and expanding Eq. (4.55) around Ta = T to leading order gives

∂ 〈Ea〉
∂T

=
〈Ea〉
T
− maΓa

TH
(2α− 3)

(Ta − T )

T
. (4.56)

If the two temperatures differ, then the second term will drive the system back into equilibrium if
it is comparable to the first,

maΓa
TH

&
〈Ea〉

(2α− 3)T
' 4 ma � T. (4.57)

In the next Subsection, we find the strongest requirement on kinetic equilibrium when ma &
mπ. For intermediate masses T . ma . mπ, we analytically continue the condition in Eq. (4.57)
and conservatively require

maΓa
TH

e−ma/2T & 4 ma . mπ (4.58)

when evaluated at the freeze-out temperature. We have checked numerically that this requirement
ensures thermal equilibrium between the axions and SM for the entire region ma . mπ.

Decays and inverse decays come into equilibrium at late times relative to elastic processes. A
priori, this could suggest the need for Eq. (4.58) to hold prior to freeze-out in order to sufficiently
transfer entropy from the annihilating pions into the SM particles. However, we verified numeri-
cally that this is not the case: the SIMP relic abundance is unaffected if decays and inverse decays
into SM particles only come into equilibrium close to the time of freeze-out.
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Energy transfer through decays faster than from cannibalization
We also require that the kinetic energy transferred to the axions from pion 3→ 2 can be compen-
sated by axion decays. In other words, the axions must decay quickly enough to transfer entropy
that has accumulated from the pion sector to the SM. This condition will only be stronger than
the thermalization condition when the axion is heavier than the pion and has a smaller number
density, such that each axion decay must transfer several pions’ entropy. The rate of kinetic energy
density loss through decays for non-relativistic axions is ΓanaT

2/ma. Meanwhile, for the axions
to sufficiently cool the pions, we require that 〈σv∆E〉nanπ & mπṅπ ∼ Hm2

πnπ/T at freeze-out
when the pions are still barely in chemical equilibrium. Therefore, the requirement is

ΓaT
2na

ma

&
Hm2

πnπ
T

(4.59)

at freeze-out. We have numerically checked that this condition keeps the pion, axion, and SM at
the same temperature in the regime ma & mπ. We have also numerically verified that enforcing
the condition only at relatively late times (corresponding to TF ) is sufficient for entropy transfer.

Out-of-equilibrium Decays
The conditions outlined above amount to requiring that the axions and SM have the same tempera-
ture at freeze-out; however, there is another possibility which we outline here. For the DM to cool,
it only needs to transfer entropy to the axions throughout the freeze-out process. Then, instead of
keeping the axions and SM at the same temperature, axions can decay out of equilibrium into the
SM at some later time. Relative to the scenario where the axions are thermalized with the SM, the
pion–axion sector will be slightly hotter than the SM and the relic abundance will be slighter larger
for the same value of 3→ 2 rate. Therefore if the axions and SM are not thermalized at freeze-out,
the value of fπ must be increased slightly to give the right relic abundance. For sufficiently large
ma, the universe undergoes a brief matter-dominated phase where the axions dominate the energy
density of the universe. When the axions decay, they reheat the SM components, the universe
becomes radiation-dominated again, and the pion abundance is diluted. This happens when

H(TRH) =

√
g∗,RHπ2

90

T 2
RH

M Pl
∼ Γa. (4.60)

We require that the reheat temperature be larger than the temperature of neutrino decoupling: if
the reheat temperature is lower, then the photons get preferentially heated and the effective number
of relativistic neutrinos (Neff) becomes smaller than allowed by observations of the CMB [359].
We take the neutrino decoupling temperature to be ∼3 MeV [360], at which point g∗ = 10.75.
Having such a high reheat temperature also enforces that the decay products do not affect Big
Bang Nucleosynthesis (BBN). Therefore, with the considerations outlined here in mind, couplings
that are smaller than what was discussed in the previous Subsections may be viable with a slightly
different 3 → 2 cross-section than in the standard SIMP scenario. More dedicated numerical
studies are necessary in this case and will be explored in future work.
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Empirical requirements
Having established a theoretically-viable parameter space, we must check whether it is allowed by
current experiments and observations. Constraints arise from early universe cosmology, astrophys-
ical bodies, and terrestrial experiments as described in the remainder of this Subsection.

If light axions are in thermal equilibrium with the SM bath, a bound on their mass arises from
their effect on the temperature ratio Tν/Tγ after neutrinos have decoupled. This difference alters
the effective number of neutrino species contributing to the radiation density, N eff, which can be
measured in the CMB by comparing the photon diffusion scale to the sound horizon scale [359,
361]. Such constraints are relevant for light particles in equilibrium with the photon or electron
plasma beneath the temperature of neutrino decoupling unless the particle couples to neutrinos as
well. When applicable, this bound is stronger than the BBN bound of ∼MeV, which comes from
the fact that changes to Neff change the expansion history and hence modify the abundance of the
light elements. Because of this bound, only values of ma > 2.6 MeV are considered.

The direct coupling of the axion to photons can also lead to excess emission from supernovae
(SN) via the Primakoff scattering process [362]. When the coupling between axions and the SM is
sufficiently strong, the scattering of eγ → ea produces axions in the stellar medium which leads
to excess cooling if the axions escape the SN. However, if the coupling is too strong, then trapping
occurs via the inverse ea→ eγ process along with axion decays, in which case the axion does not
carry any energy out of the star. SN cooling primarily proceeds through neutrino emission; due to
the observed neutrino signal from SN 1987A, any new SN cooling process must carry away less
energy than the neutrinos, ∼ 3 × 1053 ergs. For photon couplings that are too weak to produce
significant energy loss in the supernova, there are still constraints from escaping axions decaying
into an observable burst of photons [363].

The couplings between axions and SM particles are further constrained by terrestrial exper-
iments. However, these constraints often come with assumptions about how the axions interact
with the SM. We classify constraints on the axion-photon coupling based on different assumptions
about its fundamental origin, namely that the photon coupling arises from:

(a) solely coupling to U(1)Y ;

(b) solely coupling to SU(2)W ;

(c) equal couplings to U(1)Y and SU(2)W , in which case, the aZγ coupling vanishes.

Measurements from the LEP collider and CDF constrain the decay Z → γγ(γ) [364–366]. BaBar
also constrains the decay Z → γ + invisible [366]. In the third case above, in which the aZγ
coupling vanishes due to equal couplings to U(1)Y and SU(2)W , both of these Z decay constraints
are alleviated. In their place, there is a LEP bound on e+e− → γγ [365] and a BaBar bound on
e+e− → γ + inv [366]. Constraints from electron beam dump experiments SLAC 137, SLAC
141 [366–369], and proton beam dump experiments CHARM and NuCal [370, 371] apply for
axions coupled to photons regardless of how the coupling arises. Constraints from KL → π0a and
K± → π±a with a→ γγ assume the axion couples to SU(2)W . These kaon results were obtained
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in Ref. [372] from analyses of fixed-target kaon rare decay experiments by the E949 [373], NA62
and NA48/2 [374], and KTeV [375] collaborations.

In addition to existing constraints, we consider the projected reach of several future experi-
ments and analyses on the photon coupling to an axion. Experiments such as SHiP [371, 376],
NA62 [371], BaBar [372], Belle II [366, 372], SeaQuest [377] and FASER [378] will affect the
parameter space. In principle there could be a constraint from a process involving the aZZ cou-
pling for all three scenarios, though we expect it would be weaker than the constraints we present
and at this time we are not aware of any existing or projected limits from such a process.

Axion-Photon Parameter Space
In Fig. 4.2, we depict the requirement on faγ such that decays and inverse decays sufficiently
transfer entropy between the sectors. Each solid curve corresponds to the lower bound on f−1

aγ

to maintain thermal contact for a fixed pion mass. We use the full Boltzmann equations and full
energy transfer rates. A crossover between two regimes occurs atma ∼ mπ, where the lower axion
number density starts to matter and Eq. (4.59) becomes a stronger condition than Eq. (4.58). In
the regime where ma & mπ, kinetic equilibrium is maintained by axions in the exponential tail of
the distribution, which causes the precipitous increase in f−1

aγ . As is evident, kinetic equilibrium
between the axion and the SM through decays and inverse decays is possible over a range of axion
masses. Transfer of entropy through out-of-equilibrium decays is also shown as a solid line, where
we require that reheating occurs before the SM neutrinos decouple so as to keep N eff unaffected.
We also show the existing and projected constraints on the parameter space as outlined in the
previous Subsection.

4.6 Discussion
In this Chapter, we have considered the pion realization of SIMP DM in strongly coupled gauge
theories, and have shown that it can be realized with axions as the thermalization portal between the
DM and SM. Throughout this work, we have required that all three sectors — the SIMPs, axions,
and SM — share the same temperature as the 3 → 2 annihilations freeze out. This requirement
sets a target range of masses and couplings for this mechanism to be theoretically viable.

In examining the couplings between the SIMPs and axions, we have required that the coupling
is strong enough to thermalize the two sectors via 2 → 2 scattering. At the same time, we require
that the coupling not be strong enough for 2 → 2 annihilations to overwhelm the 3 → 2 process
that is the hallmark of the SIMP mechanism. Combined, these requirements lead to a well-defined
range of couplings between the pion DM and the axions such that the SIMP mechanism can work.
Constraints on annihilation coming from the CMB narrow the allowed range of couplings, though
a broad parameter space remains. It is possible that a future CMB spectral distortions experiment
can probe this parameter space further, though exploring this possibility is beyond the scope of this
work.
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Figure 4.2: The parameter space for axions coupling to photons through U(1)Y (top left), SU(2)W
(top right), and both in equal amounts (bottom). Solid curves correspond to the lower bound on the
decay rate for thermalization between the axions and SM for various pion masses. Vertical, dashed
lines correspond to the largest axion mass allowed by CMB constraints for a given pion mass (see
Fig. 4.1). Below the thermalization curves, the SIMP mechanism may still be viable down to the
black solid line if the axion decays out of equilibrium and reheats above the neutrino decoupling
temperature. Solid, filled regions correspond to existing constraints. Regions enclosed by dotted,
black lines correspond to projected reach by various proposed beam dump experiments. See the
main text for more details.
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In considering the couplings between the axions and the SM, we focused on the coupling to
photons. For a given pion mass, there is a range of axion masses allowed for maintaining SIMP-
axion equilibrium. Within this axion mass range, the main requirement for axion-SM thermaliza-
tion is that the axions decay quickly enough to successfully transfer the entropy from the pions to
the SM, which can easily be achieved. The relevant couplings to photons can be probed in a mul-
titude of ways. The range of axion masses considered here are at an energy scale that is relevant
for supernovae, which constrains part of the parameter space. Additionally, terrestrial beam dump
and collider experiments have probed complementary parameter space. We find that the SIMP
mechanism can be realized in a broad region of parameter space that is not excluded by current
constraints. Several upcoming experiments are forecast to probe much of the viable parameter
space that is currently allowed, providing an excellent handle for testing the framework.

There are several possible ways to extend the parameter space for axion-mediated SIMPs.
Some of these possibilities are already excluded by existing limits. For instance, heavy axions
which mediate the entropy transfer through off-shell interactions (both through the interactions we
consider here and through the CP-violating interaction L ⊃ fCPV

2
aπbπb) are excluded by the LEP

constraint shown in Fig. 4.2. Another heavily-constrained scenario is that the axions couple to all
fermions through a universal Yukawa coupling, which is almost entirely ruled out by SLAC 137,
CHARM, kaon decays, B decays, supernova 1987a, BaBar and the muon anomalous magnetic mo-
ment [379–381]. A more promising possibility is that axions couple only to electrons or to charged
leptons; in this case, there are known limits from SLAC 137 and the muon anomalous magnetic
moment [379, 381]. In addition, the axion-electron parameter space should be constrained by lim-
its from supernova 1987a and from loop-induced couplings to photons. However, such constraints
have not been explored in the literature and will be the subject of future work. Another possibility
is that the axions have a long enough lifetime that they decay out of equilibrium, dumping entropy
to the SM and diluting the SIMPs— this too will be explored in future work.
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Chapter 5

Freeze-in from Plasma Effects

5.1 Introduction
As discussed in Chapters 1 and 4, one of the most well-studied mechanisms for setting the observed
dark matter (DM) abundance is thermal freeze-out, where DM is in equilibrium with the Standard
Model (SM) thermal bath at very early times. The DM abundance is then depleted through annihi-
lations at later times until the DM drops out of chemical equilibrium. The appeal of this mechanism
is that the final relic abundance is generally independent of the high-temperature initial conditions
at reheating. Furthermore, producing the observed relic abundance requires a particular thermally
averaged annihilation cross section in most thermal freeze-out scenarios, 〈σv〉 ∼ 10−26 cm3/s.
This weak-scale cross section provides a target that can be probed by direct and indirect detection
experiments. Assuming the relic abundance is set by annihilations to SM particles, then consis-
tency with Big Bang Nucleosynthesis (BBN) generally requires that thermal freeze-out candidates
have masses mχ & 1 MeV [361, 382, 383]. The appealing simplicity of this scenario has led to
an enormous number of DM searches targeting the thermal freeze-out mechanism, with a partic-
ular emphasis on WIMP candidates in the mχ ∼ GeV−TeV mass range. More recently, there
has been a growing interest in mχ ∼ keV−GeV thermal candidates where interactions with the
SM or within a hidden sector deplete the DM density to the observed value [137, 147, 333, 345,
384–393].

The freeze-in mechanism for DM production is a compelling alternative to thermal freeze-out,
where DM is instead produced by feeble, sub-Hubble interactions of SM particles [394–399]. If the
dominant freeze-in process is annihilation of SM particles into DM via a light mediator, then many
of the appealing features of thermal freeze-out are maintained. For annihilation through a mediator
lighter than the DM, the thermal cross section typically scales as 〈σv〉 ∼ g2

χg
2
SM/(4πT )2 where gχ

is the mediator-DM coupling, gSM is the mediator-SM coupling, and T is the SM temperature.
With this scaling, DM freeze-in dominantly occurs at the lowest temperature where the process is
kinematically accessible, and thus the mechanism is not sensitive to the reheat scale.1

Freeze-in through a light vector mediator has emerged as a key benchmark for sub-GeV direct
1We assume the minimal scenario where the dark sector is not populated in abundance at reheating.
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detection experiments. Producing the observed DM relic abundance implies a tiny value for the
coupling constants, which is difficult to target with accelerator searches. However, sufficiently
light mediators give rise to scattering cross sections that scale as σ ∝ 1/v4 for relative velocity v,
implying that the kinematics of the Milky Way (where v ∼ 10−3) can enhance the detectability of
DM coupling to a light mediator. If the mediator also couples to charged SM fermions, then the
DM can scatter off of electrons or nuclei and may be detectable with the next generations of direct
detection experiments [400–411] (see also Ref. [131] for a recent review). Indeed, recent experi-
mental results by SENSEI [412, 413], SuperCDMS [414], and DarkSide [415] are demonstrating
significant progress towards achieving the sensitivity needed in the MeV-GeV mass range. It was
also shown recently that Xenon1T [121] is for the first time constraining freeze-in in the GeV-TeV
mass range [416].

In the keV−MeV DM mass range, freeze-in through a light mediator is the leading scenario
that could be tested by proposed low-threshold direct detection experiments. Refs. [417, 418]
studied the possible direct detection cross sections in models of sub-MeV DM, finding that it
would be difficult to observe thermal freeze-out scenarios (even purely within a dark sector) due
to a combination of BBN, CMB, fifth force, and stellar emission constraints. Obtaining accurate
predictions of freeze-in is thus an important step in the program to search for low-mass DM.
While freeze-in from electron-positron annihilations via a light vector mediator has been studied
in the past [400, 419], in this work we thoroughly explore a previously overlooked production
mechanism: freeze-in through plasma effects. The contribution of plasma effects to dark sector
thermalization was estimated earlier in Refs. [420, 421] and the effect on freeze-in via a heavier
mediator was recently considered in Ref. [422] as we were in the late stages of completing this
work, but it was not included in previous studies of freeze-in through a light vector mediator.
We find that the plasma production of DM is a dominant channel for sub-MeV DM masses, and
will therefore restrict our discussion to this mass range. The additional contribution to the relic
abundance implies that the target cross section for direct detection is lower by roughly an order of
magnitude for the lowest experimentally accessible DM masses.

The rest of this Chapter is organized as follows. We begin in Section 5.2 by reviewing the
arguments for the simplest viable freeze-in models in the keV-MeV mass range: either pure mil-
licharged DM arising from a DM hypercharge or effectively millicharged DM that is coupled to
an ultralight dark photon mediator. These two scenarios are almost phenomenologically identi-
cal, with the key difference being that DM-DM scattering can be parametrically larger when dark
photon interactions are present. These DM candidates have recently received considerable atten-
tion in the context of the anomalous 21 cm global signal [90, 116, 423–425]. In Section 5.3 we
compute the DM relic abundance from freeze-in via a light mediator. We include the effects of
plasmon decays for the first time, and show the impact for direct detection. We then present the
calculation of the phase space distribution for freeze-in DM in Section 5.4. A summary of our
results can be found in Section 5.5. In a forthcoming paper [426], we will apply the calculations
of the phase-space distribution to cosmological observables, showing that the cosmic microwave
background (CMB) and probes of large-scale structure (LSS) provide a strong complementary test
of DM freeze-in for mχ ∼ keV−MeV. In particular, we find that existing cosmological constraints
restrict mχ & tens of keV for freeze-in via a light mediator, and it will be possible to probe even
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higher masses with planned experiments.

5.2 Models for sub-MeV freeze-in

The case for light vector mediators
The simplest observationally viable models for sub-MeV freeze-in through a light mediator can be
divided into two classes, where (1) the DM only has interactions mediated by the SM photon or
(2) the DM has interactions with an ultralight kinetically mixed dark photon. We note that models
of millicharged DM [420, 427] can fall under either category: they can arise as a limit of the dark-
photon model where the dark photon is nearly massless, or they could be present as Dirac fermions
with a tiny hypercharge.2

For sub-MeV freeze-in to be relevant for direct detection, vector mediators are the only ob-
servationally viable option due to stringent constraints on other light mediators with the requisite
couplings to the SM, as outlined below. For direct detection of freeze-in, the mediator masses
must be sufficiently small compared to the typical momentum transfer for scattering processes. If
the mediators are heavier, then they do not give rise to the v−4 enhancement that would render
extremely feeble DM-SM interactions detectable on Earth. For nuclear recoils the relevant mo-
mentum scale is set by galactic kinematics q ∼ mχv ∼ 10−3mχ, while for electron recoils the
typical electron momentum in the target material is most relevant q ∼ αme ≈ 4 keV, where me is
the electron mass and α is the electromagnetic fine structure constant. Thus for sub-MeV DM, the
experimentally relevant mediators have masses below O(1) keV.

Assuming an annihilation cross section of SM fermions into DM with the form 〈σv〉 ∼ g2
χg

2
SM/

(4πT )2, the relic abundance can be estimated as

Yχ =
nχ
s
∼ n2

SM〈σv〉
sH

∼ 2× 10−4
g2
χg

2
SMMPl

T
, (5.1)

where MPl = 1/
√

8πG is the reduced Planck mass and we assumed T ∼ MeV. Then for mχ ∼
MeV, we find that gχgSM ' 10−12 to saturate the relic abundance. This order-of-magnitude estimate
is in agreement with more detailed calculations below. Since obtaining the relic abundance from
freeze-in requires gχgSM ∼ 10−12, gSM must be greater than 10−12 if we require the dark sector
to be perturbative (i.e. gχ . 1). Weakly coupled, sub-keV mediators can be emitted in stars,
affecting their luminosity and lifetime. The observed properties of stars lead to strong bounds
on such mediators, which we summarize here (see also Refs. [417, 418] where these bounds are
collected and discussed in the context of sub-MeV DM models):

• Scalars and pseudoscalars coupled to electrons− The strongest bound on a light scalar with
interaction gφeeφēe comes from helium ignition in red giants, with gφee . 7× 10−16 for sub-
keV masses [430]. For a sub-keV pseudoscalar, observations of white dwarfs give typical

2Other models that have been considered in the past require giving neutrinos small charges as well [428], which
we do not consider further due to strong experimental bounds on neutrino charge [429].



CHAPTER 5. FREEZE-IN FROM PLASMA EFFECTS 130

constraints of gaee . 2 × 10−13 [126, 431, 432]. A caveat for most stellar emission bounds
is that when the coupling is increased, the new particle may be trapped within the star and
would not lead to anomalous energy loss. However, this would still affect energy transport
in the star, which can be constrained for the range of couplings relevant for freeze-in through
this mediator [433, 434].

• Scalars and pseudoscalars coupled to nucleons − Similar to the case of mediators coupling
to electrons, red giants constrain gφnn . 10−12 for a scalar [430] and gann . few×10−10 for
a pseudoscalar [126, 435]. While the latter coupling appears at face value to be sufficiently
large, freeze-in through baryons is largely suppressed after the QCD phase transition due to
the low baryon number density. Therefore, in this case our estimate for the minimum gSM

with T ∼ 1 MeV is much too low and freeze-in would have to occur with a larger value of
gSM that is in tension with stellar bounds.

• Scalar mixing with the Higgs − The bounds here are similar to those in the two previous
cases, and it has been shown in Ref. [436] that freeze-in through this portal is only a viable
mechanism for producing all of the DM for DM masses above a few hundred MeV.

• Kinetically mixed dark photon − In this case, the stellar constraints on gSM decrease linearly
with the mediator mass for masses below ∼ 100 eV [437, 438] because of the in-medium
plasma mass suppression of producing dark photons from SM interactions, as detailed in
Eq. (5.5) and the surrounding discussion in Section 5.2. From the collected bounds on dark
photons from Refs. [439], a dark photon can have gSM > 10−12 when its mass is well below
1 eV. At even lower masses, the coupling could be ∼ 10−3 for masses below . 10−14 eV.

• B −L vector − Stellar constraints on a B −L vector are similar to that for the dark photon.
However, for eV-scale and lighter mediator masses, a B − L vector is also strongly con-
strained by fifth force searches (e.g. [440, 441]), which limits the mediator-SM coupling to
below 10−12.

Since we are focusing on the simplest benchmarks for direct detection, we do not consider more
exotic possibilities with additional particles and interactions. From the bounds on new particles
with the couplings described above, we conclude that freeze-in through a light mediator is viable
either when the mediator is (1) the SM photon, and the DM has a tiny electric charge, or (2) when
the mediator is an ultralight kinetically mixed dark photon.

We discuss these two closely related scenarios in the rest of the section. In both cases, DM
has an effective charge Qe (or millicharge Q) with respect to the SM photon. This parameter
determines the relic abundance, irrespective of which of the two models is under consideration.
Both models allow for heat and momentum transfer between SM particles and DM during epochs
when the typical relative velocities are low (as discussed in Section 5.4), which is relevant to
observations of the CMB [442–448] and the cosmological 21 cm global signal [90, 116, 423–425].
The main phenomenological difference between these two possibilities is that DM-DM scattering
via a dark photon can be parametrically larger than DM-DM scattering mediated by the SM photon,
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as discussed below. If present at a sufficient level, the DM self-scattering can play an important
role in determining the DM phase space distribution at late times, well after freeze-in.

DM with photon-mediated interactions
If the DM is a Dirac fermion χ with a tiny hypercharge QY (the only gauge-invariant, renor-
malizable operator leading to a bare millicharge), then it can interact via the SM photon. After
electroweak symmetry breaking, the DM obtains an electric charge given by eQY ≡ eQ (taking
the convention where the Gell-Mann Nishijima formula reads Q = I3 + Y ). Although there are
also Z-mediated DM interactions, they are negligible for the relevant epochs where T � mZ . This
gives the simplest model of millicharged DM. It is difficult to incorporate such matter content into
a Grand Unified Theory (GUT) [449]; however, this scenario is economical in that it requires that
no additional particles be introduced to the SM aside from the DM itself.

The possibility that this DM candidate obtains its relic abundance by thermal freeze-out has
been considered before in Ref. [450], where it was shown to be excluded by structure formation
when all of the DM is produced this way. Thus, freeze-in is the simplest remaining possibility
for producing this DM candidate, with gχ = eQ and gSM = e in the language of the previous
Subsections.

There are stellar emission bounds on this DM candidate because the DM can be pair pro-
duced by the decay of plasmons in stars, leading to additional energy loss [420, 421]. These
bounds are shown as the shaded region in our summary plot, Fig. 5.9. Constraints on DM pair
produced in SN1987a were derived in Refs. [420, 451] and require Q . 10−9 for mχ up to a few
MeV, which does not impact freeze-in. However, there are constraints on freeze-in with mχ below
O(10) keV from emission in white dwarfs, horizontal branch stars, and red giants (see Appendix
B of Ref. [421] for more details). Note that the range of mχ where stellar emission can constrain
freeze-in is exponentially sensitive to assumptions about temperatures within the stars. In addition,
the bounds derived are applicable in the weak coupling limit where the DM escapes cleanly from
the star. For sufficiently large Q, DM emission could contribute to energy transport within the star
and the effects have not been carefully studied in this regime. The couplings for freeze-in are large
enough that they could be in this regime and stellar bounds on freeze-in should be regarded with
care.

The relevant interactions for the relic abundance and phase space distribution in this model are
SM annihilations and plasma decay into the DM. DM-SM scattering can become important at late
times but, as we discuss in Section 5.4, the effect must be small to be consistent with limits from
the CMB. The DM self-scattering cross section is proportional toQ4, and we find it to be irrelevant
for the phase space. Finally DM-photon scattering is also proportional to Q4 and is not enhanced
in the low-velocity limit, so it is also irrelevant.
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DM with dark photon interactions
We next consider Dirac fermion DM coupled to a kinetically mixed dark photon A′, with the
vacuum Lagrangian given by

L ⊃− 1

4
FµνF

µν +
κ

2
FµνF

′µν − 1

4
F ′µνF

′µν +
1

2
m2
A′A

′
µA
′µ

+ eJµEMAµ + gχχ̄γ
µχA′µ + χ̄(i∂ −mχ)χ, (5.2)

where A is the SM photon, κ is the kinetic mixing parameter and χ is Dirac fermion DM. For the
purposes of this discussion, we consider Abelian kinetic mixing, noting that non-Abelian kinetic
mixing is also possible [452, 453]. The mixing parameter κ could have any number of origins;
for instance, it could be generated as a result of loop diagrams with heavy matter fields charged
under both A and A′ [454] or from certain compactifications of type IIB strings [455, 456]. Since
the kinetic mixing term is a marginal operator, we take the point of view of a bottom-up effective
field theory and we will treat it here as a small free parameter without specifying its origin. In this
model, the combination of couplings relevant for the relic abundance is gχgSM = gχκe.

As discussed in Section 5.2, the dark photon mass must satisfy mA′ . 1 eV in order to give
a sufficient coupling for freeze-in while also evading existing bounds on stellar energy loss [439].
However, the requirements are even more stringent because unlike the model presented in Sec-
tion 5.2 there could be large A′-mediated DM self interaction. For mA′ < eV, the mediator would
be light enough to give rise to v−4 enhanced DM self-scattering in astrophysical environments, with
a rate proportional to g4

χ. Furthermore, as mentioned above, the freeze-in relic abundance is deter-
mined by (gχκe)

2 entering into Eq. (5.1) (with κe = gSM), meaning that large gχ can be compen-
sated by reducing κ to give the same observed relic abundance. Thus a sizable DM self-interaction
is possible, and could be relevant to astrophysical probes of self-interacting DM (SIDM). The ef-
fects of SIDM are typically parameterized by the momentum-transfer self-scattering cross section,
which in the limit of a very light vector mediator is given by [457]

σT, χχ =

∫
d cos θCM

dσχχ
d cos θCM

(1− cos θCM) ≈ 8πα2
χ

m2
χv

4
ln

(mχv)2

m2
A′

, (5.3)

where θCM is the scattering angle in the center-of-mass (CM) frame, σχχ is the self-interaction cross
section, and αχ is the dark equivalent of the electromagnetic fine structure constant, αχ ≡ g2

χ/4π.
Typical bounds on SIDM require σχχ/mχ < 1−10 cm2/g for systems ranging from dwarf galaxies
where v ∼ 10−4 to merging clusters where v ∼ 10−2 (for a recent review, see Ref. [150]). While
few simulation-based studies of self-interactions have been done in the ultralight mediator limit
(see for instance Ref. [458]), we can estimate the expected bound. Taking the more restrictive
limit of σχχ/mχ ∼1 cm2/g, the bound is

gχ . 4× 10−5 ×
( v

10−3

)
×
( mχ

1 MeV

)3/4

×
(

10

ln
(
m2
χv

2/m2
A′

)
)1/4

. (5.4)
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Since κegχ & 10−12 is needed for sub-MeV freeze-in, the SIDM bounds imply that the kinetic
mixing is κ & 10−7 for MeV-scale DM. For sub-eV dark photons, such large kinetic mixing is
only possible when mA′ . 10−10 eV [439]. For even lighter DM, gχ is even more restricted
so κ & 10−5 is required for freeze-in, which is possible when mA′ . 10−14 eV. Therefore, we
are required to consider an “ultralight” dark photon [417]. Note that black hole superradiance
constrains dark photons being present in the mass spectrum (in the small-coupling limit where dark
photon interactions do not affect the superradiance) between∼ 10−14−10−11 eV and preliminarily
between ∼ 10−19 − 10−17 eV [459].

Such a light dark photon is phenomenologically equivalent to the massless dark photon limit
for all processes considered in this Chapter because the mA′ is much lower than the effective in-
medium photon mass mA in the early universe. Then, following Appendix D of Ref. [417], the
vacuum Lagrangian in Eq. (5.2) is modified with an additional term m2

AA
µAµ/2.3 Rotating away

the mixing term in the presence of mA and mA′ and rewriting in terms of the mass eigenstates Ã
and Ã′, the in-medium Lagrangian is given by

LIM ⊃−
1

4
F̃µνF̃

µν − 1

4
F̃ ′µνF̃

′µν +
m2
A

2
ÃµÃµ +

m2
A′

2
Ã′µÃ′µ

+ JµEM

(
eÃµ +

eκm2
A′

m2
A′ −m2

A

Ã′µ

)
+ gχχ̄γ

µχ

(
Ã′µ −

κm2
A

m2
A′ −m2

A

Ãµ

)
. (5.5)

From this, we see that when mA � mA′ , the interaction terms above reduce to

LIM ⊃ JµEM

(
eÃµ

)
+ gχχ̄γ

µχ
(
Ã′µ + κÃµ

)
, (5.6)

meaning that DM has an effective millicharge parameter Q = κgχ/e, and the interactions are
identical to those for a massless dark photon. Note that this suppression of the A′-SM coupling
in the mA′ � mA limit is the source of the in-medium (plasma mass) suppression of the stellar
constraints on dark photons [437, 438] discussed in Section 5.2. Also note that this suppression
means that the dark photon is not abundantly produced by SM interactions in the early universe
and does not contribute to the effective number of relativistic species, Neff.

In the exactly massless A′ limit, we are free to perform a field redefinition on A′ → A′+κA in
the vacuum Lagrangian, Eq. (5.2), which eliminates the kinetic mixing term and generates a DM
interaction term gχχ̄γ

µχ(A′µ + κAµ), which is again identical to having a millicharge Q = κgχ/e
under U(1)EM .

The model considered here thus provides another realization of millicharged DM, and all of
the stellar constraints discussed in the previous section apply. The only difference is the additional
DM self-interaction via the A′, which potentially leads to sizeable self-interactions.

3For simplicity we consider a constant m2
A for the schematic purposes of this discussion, although the photon

polarization tensor Πµν(q, ω) (which gives rise to the in-medium effective mass) depends on the photon momentum
q, energy ω, polarization, and thermal properties of the medium. For an on-shell mode with ω ∼ |q|, m2

A would
correspond to the plasma mass, as discussed in Section 5.3. For scattering processes with a highly off-shell mode,
|q| � ω, m2

A is given by the Debye mass [460].
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5.3 Relic abundance from freeze-in
Here we compute the relic abundance of DM from freeze-in. We begin by reproducing the contri-
bution from annihilation of SM fermions ff̄ → χχ̄ that was previously calculated in Refs. [400,
419]. Because freeze-in is peaked at low temperatures and this Chapter concerns sub-MeV DM,
electrons are the primary source of DM for this channel; in the rest of this section we explicitly
refer to freeze-in off electrons, noting we have numerically checked that adding heavier fermions
(for instance muons) to the calculation changes the results by less than 1%. In addition to freeze-in
off electrons, there is a contribution from plasmon decays, γ∗ → χχ̄, which we calculate for the
first time. Photon annihilation into DM γγ → χχ̄ is suppressed by an additional factor of Q2 and
can be safely neglected.

In what follows, we take the observed present-day relic DM abundance to be ωc ≡ Ωch
2 =

0.12 [31]. After freeze-in, the DM density should scale like a−3 and it is common practice to
compare this to another quantity that has the same scaling irrespective of changes to the SM bath
temperature. In this work we choose to compare the number density to the entropy density. Taking
the present-day CMB temperature to be 2.73 K, the observed yield is then

Y ≡ nχ/s = 4.35× 10−7 ×
(

1 MeV

mχ

)
. (5.7)

Formχ & 1 keV, the DM yield is much lower than the order unity yield for relativistic species, such
that DM contributes negligibly to Neff. This is in contrast to other DM models, such as thermal
freeze-out, where sub-MeV DM would generically inject a considerable amount of entropy to the
photon or neutrino sectors and would violate observational bounds on Neff.4

The low DM occupation number also implies that it is possible to self-consistently ignore
back-reactions that would reduce the DM number density, namely DM annihilation to electrons
and inverse decays to plasmons. For instance, if we ignore the back-reaction, the solution for the
number density of DM is significantly lower than the electron number density during the entirety
of freeze-in in spite of the fact that the latter is becoming Boltzmann suppressed. Depletion of
the DM number density through annihilation to dark photons χχ̄ → γ

′
γ
′ is negligible for the

same reason. In what follows, we solve the 0th moment of the Boltzmann equation ignoring back-
reactions, noting that we have numerically checked that they are negligible. The relevant equation
is then

dnDM

da
+

3nDM

a
=

2

aH

(
〈σv〉e+e−→χχ̄ n2

e + 〈Γ〉γ∗→χχ̄ nγ∗
)
. (5.8)

Here we are using a as our time variable. The relationship between a and the SM temperature T
(which determines the DM production rate) is not adiabatic during freeze-in because the electrons
are leaving the thermal bath at this time, as discussed below. Note that we are solving for the

4An exception for thermal, sub-MeV DM was pointed out in Ref. [393], where the DM thermalizes with the SM
thermal bath after neutrino-photon decoupling, reducing the contribution to Neff. Furthermore, in this model changes
to Neff that occur after DM thermalization are compensated by decoupling at a later time.
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total DM density which includes both χ and χ̄ in the matter budget; assuming zero DM chemical
potential, nDM = 2nχ = 2nχ̄, which accounts for the factor of two in Eq. (5.8).5

To evaluate the relationship between a and T , we consider the properties of the SM thermal
bath to be given by their equilibrium values at zero chemical potential. The photons and neutrinos
are relativistic gases with energy and entropy densities

ργ =
π2T 4

15
, sγ =

4ργ
3T

, ρν =
7π2T 4

ν

40
, sν =

4ρν
3Tν

. (5.9)

Here we distinguish between the neutrino and SM bath temperatures T and Tν ; in this work we
assume that the neutrinos kinetically decouple at a temperature that is higher than relevant for
sub-MeV freeze-in and that their temperature evolves adiabatically Tν ∼ 1/a during this epoch,
which is a good approximation at the percent level. We also ignore the negligible neutrino masses.
Meanwhile, the electrons are transitioning from being relativistic to being non-relativistic during
freeze-in, so we use the unapproximated expressions for the energy and entropy density,

ρe =
2

π2

∫ ∞

me

dE
E2(E2 −m2

e)
1/2

eE/T + 1
, pe =

2

3π2

∫ ∞

me

dE
(E2 −m2

e)
3/2

eE/T + 1
, se =

pe + ρe
T

. (5.10)

Throughout the evolution of the SM bath, we require conservation of entropy. Since we are as-
suming adiabatic evolution of the neutrino temperature, its entropy sν(Tν)a(T )3 is constant by
definition. The DM has negligible entropy because of its low occupation number. The remaining
constraint equation on the temperature evolution is then

(sγ(T ) + se(T )) a3 = const., (5.11)

which yields a smooth temperature evolution T (a), as shown in Fig. 5.1. After the electrons have
fully left the bath, we recover the usual result Tν = (4/11)1/3T . We can then use this temperature
evolution to evolve the Hubble parameter smoothly through the transition as the electrons leave the
thermal bath,

H2(a) =
ρe(T (a)) + ργ(T (a)) + ρν(Tν(a))

3M2
Pl

(5.12)

with MPl the reduced Planck mass. The non-adiabatic temperature and Hubble evolution affect the
DM relic abundance and phase space, as discussed in Section 5.4.

Annihilations
In computing the DM relic abundance from annhilations of electron-positron pairs, we use the well-
known results of Ref. [354]. We provide an alternate derivation of these results in this Subsection,

5This factor is related to the usual factor of 1/2 that appears in the Boltzmann equation for Dirac fermions [354,
461]; however, unlike the ordinary case of thermal DM, the change in the comoving DM density for freeze-in is
independent of the DM number density (i.e. there is no factor of n2DM appearing in Eq. (5.8)) which accounts for the
factor of four difference.
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Figure 5.1: The non-adiabatic temperature evolution of the SM thermal bath during freeze-in.

which we validate here here because we use similar techniques to derive the full collision term for
annihilation in Section 5.4.

In our calculation, we treat the two scenarios discussed in Section 5.2 as indistinguishable
in the limit that mA′ → 0. We also ignore the in-medium photon mass for this process, which
we find to be a percent level effect for s-channel annihilations happening at the relevant range of
temperatures. In this limit, the matrix element squared is

∑

d.o.f.

|M|2e+e−↔χχ̄ =
32Q2e4

(pe+ + pe−)4

(
(pe+ · pχ)(pe− · pχ̄) + (pe+ · pχ̄)(pe− · pχ)

+m2
e(pχ · pχ̄) +m2

χ(pe+ · pe−) + 2m2
em

2
χ

)
, (5.13)

where we sum over both initial and final spin degrees of freedom (d.o.f.) without averaging and
where Q is the effective millicharge in the dark photon case, Q = κgχ/e. The thermally averaged
cross section appearing in Eq. (5.8) for this process is given by

〈σv〉e+e−→χχ̄ n2
e =

∫
d̄3pe+

2Ee+

d̄3pe−

2Ee−

d̄3pχ
2Eχ

d̄3pχ̄
2Eχ̄

e−(Ee++Ee− )/T (5.14)

×
∑

d.o.f.

|M|2e+e−→χχ̄ (2π)4δ(4)(pe+ + pe− − pχ − pχ̄)

whered̄3p ≡ d3p/(2π)3. We assume that from the onset of freeze-in, the electrons have entered the
non-relativistic regime where their phase space is given by a Maxwell-Boltzmann distribution with
temperature T and zero chemical potential. As we will show, sub-MeV DM freeze-in through the
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annihilation channel is most effective at temperatures T . me where the effects of Fermi-Dirac
statistics can be neglected. We also ignore Pauli blocking of the DM due to its low occupation
number.

To evaluate the thermal cross section, we note that the primordial plasma has a preferred rest
frame (where bulk motions average to zero), which breaks Lorentz invariance. The phase space
factors of Eq. (5.14) are evaluated in a frame that is comoving with the plasma. Practically, we can
perform the integration by inserting factors of unity,

∫
d3q12ds12

2E12

δ(4)(q12 − p1 − p2) = 1, (5.15)

where q12 is the effective bulk 4-momentum of the particles labelled 1 and 2 and s12 can be thought
of as the effective (Lorentz invariant) mass-squared of a single particle with that bulk 3-momentum
and energy (i.e. here E12 =

√
s12 + q 2

12). Inserting such a factor into Eq. (5.14) gives

〈σv〉e+e−→χχ̄ n2
e =

∫
d3qχχ̄dsχχ̄

2Eχχ̄

∫
d̄3pe+

2Ee+

d̄3pe−

2Ee−

d̄3pχ
2Eχ

d̄3pχ̄
2Eχ̄

e−(Ee++Ee− )/T (5.16)

×
∑

d.o.f.

|M|2e+e−→χχ̄ (2π)4δ(4)(pe+ + pe− − pχ − pχ̄)δ(4)(qχχ̄ − pχ − pχ̄).

The integral over pχ and pχ̄ does not depend on the frame of qχχ̄, so the two-body phase space of
pχ and pχ̄ can be evaluated in the CM frame of qχχ̄. We define

Φχχ̄(sχχ̄) |M|2CM (sχχ̄) ≡
∫
d̄3pχ
2Eχ

∫
d̄3pχ̄
2Eχ̄

(2π)4δ(4)(qχχ̄ − pχ − pχ̄)
∑

d.o.f.

|M|2e+e−→χχ̄

=
Q2e4

2πs2
χχ̄

√
1− 4m2

χ

sχχ̄

(
s2
χχ̄ +

1

3
(sχχ̄ − 4m2

e)(sχχ̄ − 4m2
χ) + 4sχχ̄(m2

χ +m2
e)

)
, (5.17)

and insert this into the expression for the thermally averaged cross section

〈σv〉e+e−→χχ̄ n2
e =

∫
d3qχχ̄dsχχ̄

2Eχχ̄
e−Eχχ̄/TΦχχ̄(sχχ̄) |M|2CM (sχχ̄)

×
∫
d̄3pe+

2Ee+

d̄3pe−

2Ee−
δ(4)(pe+ + pe− − qχχ̄). (5.18)

Again, we can evaluate the integral over pe+ and pe− in the center-of-mass frame. Defining

Φe+e−(sχχ̄) ≡ 1

8π

√
1− 4m2

e

sχχ̄
, (5.19)

the thermally averaged cross section becomes

〈σv〉e+e−→χχ̄ n2
e =

1

(2π)4

∫
d3qχχ̄dsχχ̄

2Eχχ̄
e−Eχχ̄/TΦe+e−(sχχ̄)Φχχ̄(sχχ̄) |M|2CM (sχχ̄). (5.20)
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We can write this result in terms of the first order modified Bessel function of the second kind
K1(z) = z

∫∞
1
du e−zu

√
u2 − 1 with u =

√
1 + q2

χχ̄/sχχ̄ :

〈σv〉e+e−→χχ̄ n2
e =

T

(2π)3

∫
ds
√
s Φe+e−(s) Φχχ̄(s) |M|2CM (s)K1(

√
s/T ) (5.21)

where we have dropped the subscript on the integration variable s. Note that s is restricted to
s > 4 max

(
m2
e,m

2
χ

)
. Our derivation indeed reproduces the result of Ref. [354] as claimed.

Plasmon decay
The early Universe is an optically thick plasma where photons acquire an in-medium mass; this
can be understood classically as arising from the electrons’ oscillatory response to a propagating
electric field and the dynamical shielding of that electric field. This effective mass is also manifest
in the photon propagator and the polarization vectors of external photon legs in the medium; in
other words, the photon mass and wavefunction are renormalized in the plasma. The effective
masses and dressed polarization functions for the transverse and longitudinal “plasmon” modes
are shown in Fig. 5.2. The effective mass for plasmons is closely related to the plasma frequency.
For a relativistic plasma at zero chemical potential, the plasma frequency is ωp = eT/3 ≈ 0.1T
where e is electric charge.

More generally, the plasma dispersion relations can be determined at all temperatures and
densities using the methods in Ref. [462]. The key approximation developed in that work was
to evaluate thermal quantities at typical velocities, where thermal integrals have the most support.
Specifically, the typical electron velocity is given by v∗ = ω1/ωp, defined in terms of the first mode
frequency and plasma frequency,

ω2
1 =

4α

π

∫
dp
p2

E

(
5

3
v2 − v4

)
fe(E) (5.22)

ω2
p =

4α

π

∫
dp
p2

E

(
1− 1

3
v2

)
fe(E), (5.23)

where fe is the phase space density of electron-positron pairs. Protons can also be included but their
contribution is negligible because protons are heavy and thus slow to respond to electric fields, and
also because their number density is much lower than that of the electrons at the relevant epochs.

The propagation of the photon in the plasma can be determined from the electromagnetic polar-
ization tensor, which can be written as a thermal integral and expressed in terms of the longitudinal
and transverse polarization functions, Π` and Πt, as

Πµν
(
ω,k

)
=
(

1,
ω

k
k̂
)µ (

1,
ω

k
k̂
)ν

Π`(ω, k)

+ ((0, ε+)µ (0, ε+)ν + (0, ε−)µ (0, ε−)ν) Πt(ω, k), (5.24)
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Figure 5.2: The effective in-medium mass (left) and wavefunction renormalization (right) for pho-
tons, as computed in Coulomb gauge for a plasma with T = 1 MeV and zero chemical potential.
The transverse mode is relevant at all wavelengths while the longitudinal mode crosses the light-
cone at high k and can thus only propagate at low k. Also shown are the low-k, low-T and high-k,
high-T limits for the effective transverse mass, mt = ωp and mt =

√
3/2ωp, respectively.

where ω and k are the plasmon energy and wavevector, and where the vacuum transverse polar-
ization vectors ε± are chosen to be orthogonal to the direction of propagation and normalized to
unity. In terms of the quantities above, the polarization functions can be approximated as

Π`(ω, k) =
3ω2

p

v2
∗

(
ω

2v∗k
ln

(
ω + v∗k

ω − v∗k

)
− 1

)
(5.25)

Πt(ω, k) =
3ω2

p

2v2
∗

(
ω2

k2
− ω(ω2 − v2

∗k
2)

2v∗k3
ln

(
ω + v∗k

ω − v∗k

))
. (5.26)

These approximations are accurate up to O(α) and up to O(k2) at small k for all electron temper-
atures and densities [462]. The effective propagator can then be constructed; in Coulomb gauge,
its nonzero components are

D00(ω,k) =
1

k2 − Π`(ω, k)
(5.27)

Dij(ω,k) =
1

ω2 − k2 − Πt(ω, k)

(
δij − k̂ik̂j

)
. (5.28)

The poles in the propagator yield the renormalized longitudinal and transverse dispersion relations
for on-shell plasmons,

ω`(k)2 =
ω`(k)2

k2
Π`(ω`(k), k) ωt(k)2 = k2 + Πt(ωt(k), k), (5.29)
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while the residues of the poles are identified as a combination of dressed polarization four-vectors,
ε̃µ(k)ε̃ν(k)∗, for the appropriate polarization. The dressed polarization vectors are given by

ε̃µL(k) =
ω`(k)

k

√
Z`(k) (1,0)µ ε̃µ±(k) =

√
Zt(k) (0, ε±)µ . (5.30)

Given the approximations for Π` and Πt and the dispersion relations, the residue functions can be
written as

Z`(k) =
2(ω`(k)2 − v2

∗k
2)

3ω2
p − (ω`(k)2 − v2

∗k
2)

(5.31)

Zt(k) =
2ωt(k)2(ωt(k)2 − v2

∗k
2)

3ω2
pωt(k)2 + (ωt(k)2 + k2)(ωt(k)2 − v2

∗k
2)− 2ωt(k)2(ωt(k)2 − k2)

. (5.32)

Plasmons with the nontrivial dispersion relations expressed above can undergo decay provided
that it is kinematically allowed. For instance, plasmons can decay to neutrino pairs through mixing
with the Z boson [462]. Plasmons cannot decay to charged particles in the SM because their effec-
tive mass is also renormalized in the medium and it is always kinematically forbidden. However,
this is not the case for millicharged DM where corrections to the mass are suppressed by powers
of Q.

The effective matrix element that captures plasmons decaying to DM is

iMγ∗→χχ̄ = iQe ε̃µ(k)ū(pχ)γµv(pχ̄). (5.33)

We express this process in terms of the DM effective millicharge Q, and the matrix element is the
same for decays through a dark photon in the mA′ → 0 limit. This is most easily seen in the basis
where the dark photon has a coupling eκJµEMA

′
µ. In a thermal plasma, this coupling generates an

in-medium mixing term in the Lagrangian given by κAµΠµνA′ν where Πµν is the electromagnetic
polarization tensor. The matrix element in the dark photon basis is then given by

iM = iκgχε̃
µ(k)Πµν (ω,k)Dνα

A′ (ω,k) ū(pχ)γαv(pχ̄) ≡ iκgχε̃
µ(k)ū(pχ)γαv(pχ̄) Γαµ, (5.34)

whereDνα
A′ is the dark photon propagator. Taking themA′ = 0 limit and again working in Coulomb

gauge, the propagator is given by

Dνα
A′ (ω,k) =

(
1,0
)ν(

1,0
)α

k2
+

(0, ε+)ν (0, ε+)α + (0, ε−)ν (0, ε−)α

ω2 − k2
. (5.35)

Here we are ignoring in-medium corrections on the dark photon propagator, which are suppressed
by factors of κ2. Contracting Dνα

A′ with Πµν yields a vertex

Γαµ (ω,k) = −Πt(ω, k) ((0, ε+)µ (0, ε+)α + (0, ε−)µ (0, ε−)α)

ω2 − k2
+

Π`(ω, k)
(

1, ω
k
k̂
)µ (

1,0
)α

k2

= − (0, ε+)µ (0, ε+)α − (0, ε−)µ (0, ε−)α +
(

1,
ω

k
k̂
)µ (

1,0
)α
. (5.36)
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In the second line, we have assumed on-shell transverse and longitudinal modes for the respective
pieces of the vertex function and used the dispersion relations of Eq. (5.29). Contracting this with
a dressed polarization vector for the external photon yields

ε̃µL(k)Γαµ (ω`,k) =
ω`(k)

k

√
Z`(k) (1,0)α (5.37)

ε̃µ±(k)Γαµ (ωt,k) =
√
Zt(k) (0, ε±)α , (5.38)

which gives the same result as the vertex obtained in the millicharge basis. In squaring and sum-
ming over polarizations, only the diagonal terms (LL, ++, and −−) contribute,

∑

d.o.f.

|M|2γ∗→χχ̄ = 4Q2e2 ×
{

2Zt(k)(p2
χ sin2 θ + ωt(k)Eχ − kpχ cos θ) + + &−−

Z`(k)ω`(k)2

k2 (ω`(k)Eχ − 2E2
χ + kpχ cos θ) LL,

(5.39)

where the DM four-momentum is given by (Eχ,pχ)µ and θ is the angle between k and pχ.
The thermally averaged decay rate is

〈Γ〉γ∗→χχ̄ nγ∗ =

∫
d̄3k

2ω(k)

d̄3pχ
2Eχ

d̄3pχ̄
2Eχ̄

f (ω(k)) (2π)4δ(4) (K − pχ − pχ̄)
∑

d.o.f.

|M|2γ∗→χχ̄ , (5.40)

and can be evaluated directly. Taking the plasmons to be Bose-Einstein distributed, the longitudinal
and transverse contributions to this rate are

〈Γ〉γ∗`→χχ̄ nγ∗` =
Q2e2

(2π)3

∫
k2 dk

Z`(k)ω`(k)(m`(k)2 + 2m2
χ)
√
m`(k)2(m`(k)2 − 4m2

χ)

3m`(k)4 (eω`(k)/T − 1)
(5.41)

〈Γ〉γ∗t→χχ̄ nγ∗t =
4Q2e2

(2π)3

∫
k2 dk

Zt(k)(mt(k)2 −m2
χ)
√
mt(k)2(mt(k)2 − 4m2

χ)

3ωt(k)mt(k)2 (eωt(k)/T − 1)
, (5.42)

where the effective plasmon masses are m`(k)2 = ω`(k)2 − k2 for the longitudinal modes and
mt(k)2 = ωt(k)2 − k2 for the tranverse ones (see Fig. 5.2). The final integrals over k can be
computed numerically and the total plasmon contribution to decay is dominated by the transverse
modes (note that we are working in Coulomb gauge). This is because the longitudinal mode has
a finite range of k over which it can propagate, meaning that it has less available phase space
than the transverse mode which has no restriction in k. Furthermore, the longitudinal mass and
renormalization factors fall steeply within the range of k where this mode can propagate.

Couplings for freeze-in
In solving the zeroth moment of the Boltzmann equation for the DM relic abundance, we find
that the relative contributions from e+e− annihilation and plasmon decays are starkly different
in different mass ranges, as illustrated in Fig. 5.3. This can be understood by considering the
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Figure 5.3: Evolution of the comoving DM number density for mχ = 40 keV (left) and mχ =
400 keV (right) as compared to the relic abundance of DM with that mass. Also shown are the
relative contributions from electron-positron annihilations and plasmon decays, as discussed in the
text.

fact that freeze-in is dominant at low temperatures, provided that it is kinematically allowed and
that the population the DM is freezing in from has a sufficient abundance. For sub-MeV DM,
freeze-in from e+e− annihilation is always kinematically allowed and this process only ends when
the electron number density becomes Boltzmann suppressed, namely T . me. Meanwhile, the
plasmon abundance is not Boltzmann suppressed but the mass runs with temperature, so freeze-in
through plasmon decay ends when it is no longer kinematically allowed, namely when mγ∗ ∼
ωp = 2mχ. Since ωp ≈ 0.1T in the relativistic limit, plasmon decay to millicharged DM shuts off
at an earlier time compared to annihiliation. These two criteria are shown in Fig. 5.3 and indeed
we see that plasmon decays are more dominant in determining the relic abundance for lower mass
DM because the decays are active for a longer period of time.

In terms of the effective millicharge needed to produce the observed DM relic abundance,
we find that including plasmon decays leads to a significant reduction in coupling for keV-mass
DM while the effect is small once mχ = MeV. The change to the freeze-in benchmark for direct
detection is shown in Fig. 5.4, where the cross section for electron recoils is

σe =
16πQ2α2µ2

χe

(αme)4
. (5.43)

Here µχe is the electron-DM reduced mass, µχe = memχ/(me + mχ). At the lowest mass where
proposed low-threshold direct detection experiments are sensitive, the plasmon decay channel for
DM production lowers the expected signal strength by roughly an order of magnitude.

It has been noted in the literature [463–465] that millicharged DM could be efficiently accel-
erated in supernova remnants, which would lead to an accelerated component of dark cosmic rays
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Figure 5.4: The effect of plasmon decays on the freeze-in benchmark for direct detection via
electron recoils. Also shown are the projected sensitivities of low-threshold experiments with kg-
day exposure, including a SuperCDMS G2 experiment [131] and proposals using polar materials
(GaAs and Al2O3) [406, 407], Dirac materials (ZrTe5) [405], or superconductors (Al SC) [411].

and eject DM from the disk. Both of these effects can lead to substantial changes to the predicted
direct detection rates and sensitivities of proposed experiments shown above. However, the conclu-
sions are highly sensitive to aspects of cosmic ray physics which are not fully understood, such as
the injection of particles into the diffusive shock acceleration process. The predictions would also
be sensitive to whether the DM obtains its effective millicharge through a kinetic mixing portal;
in this case, the dark photon mass and couplings can affect the acceleration, and an exploration of
these effects is beyond the scope of this work.

5.4 Dark matter phase space distribution
Since freeze-in DM is so weakly coupled to the SM, it does not thermalize with the SM during
freeze-in and the phase space distribution can deviate substantially from a thermal distribution.
While this has no clear impact on direct detection, since galaxy assembly is expected to signifi-
cantly alter the DM velocity distribution, it does affect DM free-streaming and DM-SM scattering
in the early universe. Here we compute the full phase space distributions needed to determine the
cosmological observables; the signatures, constraints, and detection prospects will be presented in
a forthcoming paper [426].
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We must solve the full Boltzmann equation in an expanding background, given by

∂fχ
∂t
−H p2

χ

Eχ

∂fχ
∂Eχ

=
C(pχ, t)

Eχ
, (5.44)

where C(pχ, t) is the collision term, which encapsulates all interactions that affect the phase space.
At early times, the interactions that determine the phase space evolution are e+e− annihilation
and plasmon decay. We have checked numerically that heavier fermion annihilation processes (for
instance the annihilation of muon-antimuon pairs) affect the phase space by a negligible amount
because they occur only at early times when freeze-in is less efficient. Scattering has a negligible
impact on the phase space during freeze-in since the DM occupation number is much smaller
than that of electrons or plasmons. Neglecting the small effect of scattering during freeze-in, the
collision term is independent of fχ to leading order and the Boltzmann equation can be solved by
direct integration [466],

fχ(pχ, t) =

∫ t

ti

dt′
C
(
a(t)
a(t′)

pχ, t
′
)

√
a(t)2

a(t′)2 p2
χ +m2

χ

=

∫ a(t)

ai

da′

a′H(a′)

C
(
a(t)
a′
pχ, a

′
)

√
a(t)2

a′2
p2
χ +m2

χ

. (5.45)

Here the factors of a in the integrand keep track of redshifting of momentum due to expansion.
We use the scale factor a as our time variable rather than the common choice of using the SM
temperature because it is not evolving adiabatically as the electron-positron pairs leave the bath
during freeze-in, as discussed in Section 5.3.

After freeze-in ends, the DM momenta redshift and the phase space distribution is constant in
comoving momentum. However, at late times DM-SM and DM-DM scattering eventually can be-
come important since the scattering cross sections are peaked at low relative velocities. The effects
of DM-SM scattering on the phase space are generally negligible for the allowed parameter space,
but DM self-scattering can lead to thermalization of the DM phase space distribution. Whether
this occurs is model-dependent, and we discuss the conditions for this to occur in Section 5.4.

Phase space from annihilation
The computation of the full collision term from annihilation proceeds similarly to the computation
of its zeroth moment. Once again, inserting a factor of unity as defined in Eq. (5.15), we find

C(pχ, t)e+e−→χχ̄ =
1

2(2π)3

∫
d3qe+e−dse+e−

2Eχ̄2Ee+e−
δ(Ee+e− − Eχ − Eχ̄) e−Ee+e−/T

× Φe+e−(se+e−) |M|2CM (se+e−), (5.46)

where Eχ̄ =
√
m2
χ + p2

χ + q2
e+e− − 2pχqe+e− cos θ, Ee+e− =

√
se+e− + q2

e+e− and θ is the angle
that qe+e− makes with the unconstrained, unintegrated pχ. Defining x ≡ cos θ and dropping the
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subscript on the bulk electron momentum, we find

C(pχ, t)e+e−→χχ̄ =
1

2(2π)2pχ

∫
dx qdq ds

4E
δ

(
x− 2EχE − s

2pχq

)
e−E/TΦe+e−(s) |M|2CM (s).

(5.47)
Requiring that x ∈ [−1, 1] and switching integration variables,

C(pχ, t)e+e−→χχ̄ =
1

8pχ(2π)2

∫
ds

∫ Eχs+pχ

√
s(s−4m2

χ)

2m2
χ

Eχs−pχ
√

s(s−4m2
χ)

2m2
χ

dE e−E/TΦe+e−(s) |M|2CM (s)

=
T

4pχ(2π)2

∫
ds e

− Eχs

2m2
χT sinh



pχ
√
s(s− 4m2

χ)

2m2
χT


Φe+e−(s) |M|2CM (s). (5.48)

Then, to solve for the final phase space from annihilation, we can combine Eqs. (5.45) and (5.48).
Note that because pχ is fixed (rather than an integration variable), s in the above integral is re-
stricted to s > max (4m2

e, 2mχ(Eχ +mχ)) unlike in the integral for determining the thermally
averaged cross section. The resulting evolution of the phase space distribution is shown in the left
panel of Fig. 5.5.

Phase space from plasmon decay
The collision term from plasmon decay,

C(pχ, t)γ∗→χχ̄ =
1

2

∫
d̄3k

2ω(k)

d̄3pχ̄
2Eχ̄

1

eω(k)/T − 1
(2π)4δ(4)(K − pχ − pχ̄)

∑

d.o.f.

|M|2γ∗→χχ̄ (5.49)

proceeds through direct computation. We find

C(pχ, t)γ∗`→χχ̄ =
Q2e2

4πpχ

∫
dk ω`(k)Z`(k)

k (eω`(k)/T − 1)

(
2Eχ(ω`(k)− Eχ)−m`(k)2/2

)
(5.50)

C(pχ, t)γ∗t→χχ̄ =
Q2e2

4πpχ

∫
dk kZt(k)

ωt(k)(eωt(k)/T − 1)

(
2p2

χ −
(2Eχωt(k)−mt(k)2)2

2k2
+mt(k)2

)

(5.51)

where the limits of the k integral are determined by the requirement that x0 = (2Eχω`,t(k) −
m`,t(k)2)/2kpχ lies in the range [−1, 1]. The limits of integration cannot be solved for in closed
form because of the nontrivial dispersion relations, so the phase space must be determined numer-
ically.

The evolution of the phase space from plasmon decays is shown in the right panel of Fig. 5.5,
and our results for the combined phase space can be found in Fig. 5.6. The distributions are
noticeably nonthermal due to plasmon decays. Fig. 5.7 compares the average momentum and
momentum-squared of the DM to the SM photons, which serves as a useful metric to determine
the DM free-streaming and suppression of the growth of structure.
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Figure 5.5: A comparison of the phase space evolution of DM being produced by e+e− annihilation
(left) and γ∗ decay (right) at mχ = 40 keV. The momenta shown here are comoving, Pχ ≡ apχ
where a = 1 corresponds to T = 1 MeV. The phase space is normalized arbitrarily for the purposes
of comparing the Pχ-dependence side by side. Over time, the comoving phase space converges
to its final frozen-in shape. The phase space from annihilation is similar to that of the thermal
electrons from which they inherit their kinematics. Meanwhile, the phase space from plasmon
decay is highly peaked at low Pχ because freeze-in through this channel occurs predominantly at
threshold when ωp ∼ 2mχ and the decay is peaked when the plasmon is “at rest,” k → 0.

Effect of DM-SM scattering
We argue here that the effect of DM-SM scattering on the DM phase-space distribution is small
from freeze-in until the onset of recombination. The relevant quantity is the momentum-transfer
rate, which we estimate in the limits where the DM is relativistic and non-relativistic. We do not
consider scattering by relativistic, charged SM particles because this is only relevant for electrons
during freeze-in; during freeze-in, the number density of DM is many orders of magnitude smaller
than the number density of electrons and the effect of electron-DM scattering is suppressed by
nχ/ne relative to the dominant effect of electron-positron annihilations on the phase space. As
outlined below, DM-SM scattering becomes more important at low velocities, corresponding to
later cosmological times. This can affect CMB anisotropies and the cosmological 21 cm signal,
and we provide more detailed calculations in that context in our forthcoming paper [426].

In the limit of relativistic DM scattering with non-relativistic SM particles (the case after freeze-
in until Tγ ∼ mχ), the differential cross section with respect to the center-of-mass scattering angle
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Figure 5.6: A comparison of the contributions to the phase space formχ = 40 keV (left) andmχ =
400 keV (right). The momenta shown here are comoving, Pχ ≡ apχ where a = 1 corresponds to
T = 1 MeV. The phase space is normalized to the comoving DM relic abundance for each mass
depicted. The plasmon contribution dominates more at low masses than at high masses because
freeze-in through this channel persists for longer at lower masses, ending when the plasmon mass
is at threshold, ωp ∼ 2mχ. Also shown (dashed lines) are the phase space distributions that would
arise if the DM could thermalize within its own sector, conserving

〈
P 2
χ

〉
for non-relativistic DM.

θCM is given by

dσχb
d cos θCM

=
πQ2α2

p2
CM

(1 + cos θCM)

(1− cos θCM +m2
D/2p

2
CM)2

, (5.52)

where pCM ≡ |pCM| is the momentum in the CM frame and mD is the Debye mass. Here we have
taken pχ � me, which is a good approximation after freeze-in has ended. In this approximation,
the dependence on the SM particle mass drops out, making scattering with electrons and protons
equally important (we refer to them collectively as “baryons,” in the remainder of this discussion,
hence the subscript b in the cross section).

The dependence on the Debye mass comes from considering the longitudinal polarization ten-
sor of the plasma Π00 with the appropriate photon kinematics (ω � |q|) [460], which corresponds
to screened Coulomb scattering. It can also be understood as the effective mass appearing in the
screened electric potential, which takes the form of a Yukawa potential [460, 467, 468] or as a
scale appearing in the electric form factor for a thermal Gibbs ensemble of charged particles in the
plasma [468]. Note that the transverse polarization tensor Πij , which corresponds to the magnetic
scattering mode, vanishes in the static ω � |q| limit [460]; however, this mode of scattering is
negligible for a non-relativistic plasma where its contribution is suppressed by factors of v [467,



CHAPTER 5. FREEZE-IN FROM PLASMA EFFECTS 148

10−3 10−2 10−1 100

mχ [MeV]

0.0

0.2

0.4

0.6

0.8

1.0

R
at

io
w

it
h

th
e

S
M

va
lu

e
〈pχ〉〈
p2
χ

〉

Figure 5.7: A comparison between moments of the DM phase space and the SM photon phase
space as a function of DM mass. For reference, the moments for the SM photon are 〈pγ〉 = 2.7Tγ
and 〈p2

γ〉 = 10.35T 2
γ . While the DM phase space is not thermal, these moments can be thought

of as relating to the DM effective temperature, which will have ramifications for the subsequent
cosmology. As the DM mass rises, the effective temperature increases because e+e− annihilations
become more important than plasmon decays and have a comparatively fatter high-pχ tail. At even
larger masses where mχ is comparable to me, that high-pχ tail is suppressed because the DM mass
becomes relevant to the kinematics of annihilation, causing the effective temperature to drop.

469]. The Debye mass automatically regulates the usual t-channel divergence in the forward-
scattering direction, which is equivalent to cutting the angular integral at the Debye angle, defined
as θD ≡ mD/pCM. Note that our treatment of the Debye angle differs from the one in the often-
quoted Ref. [450]: that treatment did not include the Debye mass in the photon propagator. Once
the plasma has become non-relativistic with Tγ . me, the Debye mass is given by

mD =
√

4παne/Tγ = 3.7× 10−6 Tγ (5.53)

in natural units, assuming Ωbh
2 = 0.022 [31] and that the ionization fraction is unity. The mo-

mentum transfer cross section is defined for DM self-scattering in Eq. (5.3) and the analogous
definition applies for scattering between DM and SM particles. For relativistic DM, we find that



CHAPTER 5. FREEZE-IN FROM PLASMA EFFECTS 149

in the limit of the Debye angle θD � 1

σT, χb =
4πQ2α2

p2
χ

log
2

θD
. (5.54)

We emphasize that this Coulomb logarithm also agrees with other DM-baryon scattering rates
found in the literature, for instance in Refs. [421, 427, 468, 470] but not with the treatment in
Ref. [450]. Since mb � mχ and the baryons are non-relativistic, the DM momentum in the CM
frame can be approximated by the DM momentum in the comoving frame, pχ. As illustrated
in Fig. 5.7, the typical DM momentum is comparable to the SM photon temperature, with both
quantities redshifting after freeze-in. Therefore, we can estimate the momentum transfer rate per
DM particle and per Hubble time as

npσT, χb
H

≈ 5.3× 10−11

(
Q

10−10

)2(MeV
Tγ

)
, (5.55)

where np ≈ 1.5 × 10−10 T 3
γ and pχ ≈ 0.4 pγ ≈ Tγ . For Tγ in the keV-MeV range and Q < 10−10

for freeze-in, this rate is tiny and thus scattering in this regime has a negligible effect on the DM
phase space.

For scattering of non-relativistic DM and charged SM particles (corresponding to lower tem-
peratures and later times), the differential cross section is instead given by

dσχb
d cos θCM

=
2πQ2α2

µ2
χbv

4

1

(1− cos θCM +m2
D/2p

2
CM)2

, (5.56)

where µχb is the reduced mass of the DM and baryon, µχb = mχmb/(mχ + mb), v is the relative
velocity between DM and SM particles, and pCM = µχbv. The momentum transfer cross section is

σT, χb =
4π Q2α2

µ2
χbv

4
log

2

θD
, (5.57)

where again we take the θD � 1 limit. We again emphasize that our approach differs from the
treatment of the Coulomb logarithm in Ref. [450], which has been used for recent CMB constraints
on millicharged DM [442–446]. In that work, the angular integral was cut by using the relation
between impact parameter and scattering angle for (electric) Coulomb scattering, and requiring
that the impact parameter for pairwise DM-baryon scattering not exceed the Debye length λD =
1/mD. This translated to a minimum scattering angle that depended on the DM millicharge, with
θmin = 2Qα/(3TλD). The corresponding minimum momentum transfer in that case would be
|q|2 = 4Q2α2p2

CMm
2
D/(9T

2). For freeze-in where pCM ≈ T and Q < 10−10, we see that |q|2 �
m2
D and so we expect that the Yukawa-like form of the effective potential leads to a strong screening

effect for modes of such large spatial size. In other words, the requirement of Ref. [450] may not
be restrictive enough because DM-baryon scattering is suppressed by factors of Q relative to the
strong collective effects in the plasma that give rise to the Debye mass. Because forward scattering
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is so peaked, the resulting transfer cross section is highly sensitive to the limits of integration
and their procedure yields a transfer cross section that is a factor of ∼ 2 − 3 larger than the one
obtained in Eq. (5.57) during times that are relevant for recombination. As a result, CMB limits on
millicharged DM that use this result may be too strong.

Given the velocity scaling in Eq. (5.57), momentum transfer is most important at late times.
For freeze-in couplings, there may be a substantial effect at the recombination epoch. In particular,
momentum transfer during this epoch leads to a drag force between the DM and baryon fluids,
which can affect CMB anisotropies [442, 446–448]. The CMB bounds require that the momen-
tum transfer rate is slow compared to the rate of Hubble expansion at z ≈ 1100, thus limiting
the possible effect on the DM phase space. We calculate the bounds in detail in a forthcoming
work [426], properly accounting for the velocity distribution for freeze-in DM with the updated
Coulomb logarithm.

In addition to DM-baryon scattering as discussed above, DM-photon scattering is possible.
However, these processes do not have the low-velocity v−4 enhancement in the rate and the cross
section scales as Q4, so the effects are negligible. In the model with a dark photon A′, scattering
processes such as e−+ γ → e−+A′ are also possible and scale only as kinetic mixing squared κ2.
However, these processes are still negligible compared to DM-baryon scattering since they lack the
low-v enhancement and have an additional large suppression due to the in-medium kinetic mixing
effects, as discussed in Section 5.2. Processes like χ + γ → χ + A′ scale as Q2g2

χ; these also
lack the v−4 enhancement and any enhancement (relative to DM-baryon scattering) from the large
photon-to-baryon ratio is more than compensated by the factor of g2

χ, even at the largest values of
gχ that saturate SIDM bounds.

Effect of DM-DM scattering
In the absence of a dark photon, DM self scattering is proportional to Q4, rendering it entirely
negligible. However, self-interactions of the DM can effectively thermalize the phase space dis-
tribution in the model with a dark photon. The rate for dark photon mediated DM scattering is
proportional to g4

χ, and thus may be important if gχ is sufficiently large compared to κ. Similar to
DM-baryon scattering, the cross section scales as 1/v4 and so these effects are most important at
later times when the DM is cooler. Sufficient levels of self-scattering will convert a free-streaming
phase space distribution into a Maxwell-Boltzmann or Gaussian velocity distribution. In the non-
relativistic limit, the quantity 〈a(t)2p2

χ〉 will remain the same after this process (by conservation of
comoving energy), although other moments of the phase space differ.

To determine when self-scattering becomes important, we estimate the redshift ztherm when the
momentum transfer rate per DM particle and per Hubble time is order unity:

nχσT, χχv

H(ztherm)
= 1 (5.58)

where v is the relative velocity between DM particles and σT, χχ is the self-scattering momentum
transfer cross section given in Eq. (5.3), with the dark photon mass regulating the forward scat-
tering instead of the Debye mass that is present for DM-baryon scattering. Using the ratio of the
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Figure 5.8: The approximate redshift when DM self-scattering becomes important, ztherm, as a
function of DM mass in the model with dark photon mediated interactions. The freeze-in relic
abundance is determined by Q = gχκ/e and we show ztherm assuming two values of κ (where
gχ is fixed to obtain the DM relic abundance). The epoch when DM self-thermalization becomes
relevant is highly sensitive to the choice of couplings, which can yield different results for CMB
observables depending on whether thermalization occurs before recombination. Note that DM halo
formation is neglected in this estimate. Also shown are bounds on DM self-thermalization which
come from the SIDM limits on gχ in Eq. (5.4). For illustration, we assume σT, χχ . 1 cm2/g for
scattering via an ultralight mediator and show both v ∼ 10−3 and v ∼ 10−4, speeds relevant to a
halo the size of the Milky Way and to a dwarf galaxy. In this figure we have takenmA′ = 10−14 eV,
which is sufficiently light that the constraints on the kinetic mixing parameter κ are rather weak.

average DM momentum to the photon momentum in Fig. 5.7, we approximate the relative velocity
as v ≈ pχ/mχ ≈ Tγ(z)/mχ. In this estimate, we have assumed that DM is non-relativistic at the
time self-interactions become important.

The self scattering randomizes the DM velocities while preserving the average kinetic energy
3
2
T eff
χ (z) ≡ 〈p2

χ〉/(2mχ), where pχ is physical momentum and the average momentum-squared is
given in Fig. 5.7. After self-scattering becomes significant, the DM phase space is described by a
thermal Maxwell-Boltzmann distribution,

fDM(pχ, z) = nDM(z)

(
2π

mχT eff
χ (z)

)3/2

4πp2
χ exp

(
− p2

χ

2mχT eff
χ (z)

)
, (5.59)

where nDM(z) is the DM number density.
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Fig. 5.8 shows the redshift of thermalization for two representative choices of κ (thus fixing
gχ to yield the observed relic abundance), where we see the assumption of non-relativistic DM is
a reasonably good approximation in our estimates. Since the phase space calculations here will
be an input to determining CMB constraints on freeze-in DM, we compare ztherm with the redshift
of recombination z ≈ 1100. For constraints from structure formation, a range of redshifts will
be relevant. We also show some fiducial limits from SIDM, which give upper bounds on gχ.
Fig. 5.8 illustrates that the DM phase space at the time of recombination depends sensitively on
the model parameters and on the robustness of SIDM limits in different astrophysical systems. For
the largest values of gχ consistent with the weaker assumed SIDM bounds, the DM phase space
is described by a Maxwell-Boltzmann distribution at the time of recombination for all the DM
masses we consider. However, for κ = 10−3 (which is consistent with bounds on ultralight dark
photons), gχ is small enough that DM self-interactions are not important at recombination and the
phase space is described by the results of Sections 5.4-5.4. The comparison of the free-streaming
and thermalized phase space can be seen in Fig. 5.6.

5.5 Results and Discussion
In this Chapter, we have shown that DM freeze-in through a light vector mediator is substantially
affected by plasmon decay, which constitutes a new production channel. This is an efficient way
of producing sub-MeV DM and is dominant over SM fermion annihilation for masses below a few
hundred keV. To account for this extra production channel, the couplings between the DM and
the SM must be reduced in order to obtain the observed relic abundance of DM. For the lightest
DM masses that are accessible to low-threshold direct detection experiments, the predicted cross
section is lowered by roughly an order of magnitude. Updated predictions for freeze-in through a
light vector mediator are shown in Fig. 5.9.

The presence of this channel also affects the DM phase space. In the absence of plasmon
decays, the DM is never technically thermal but it acquires a distribution that appears thermal
by inheriting the electron phase space distribution at the time of production. At early times
fχ, e+e−(pχ) ∼ e−pχ/Tχ, e+e− , where Tχ, e+e− is an effective DM temperature inherited from the
electrons; at late times, this exponential distribution persists because the DM does not thermal-
ize to give the Maxwell-Boltzmann distribution that would be expected for non-relativistic matter
in equilibrium. On the other hand, the plasmon decay channel yields a DM phase space distri-
bution that never appears thermal, which can be attributed to the running of the plasmon mass
with temperature and the fact that plasmon decays occur dominantly as the plasmon wavenumber
k → 0. For DM masses where plasmon decays are the dominant production mode, the phase space
is peaked at low momentum and has a long tail; for DM masses where contributions from both
channels are important, the phase space distribution is bimodal.

Though the DM is born with a highly non-thermal distribution, it may be possible for the DM
to thermalize with itself under the right circumstances. For DM that is only charged under the
SM U(1)EM with millicharge Q, the thermalization rate is suppressed by a factor of Q4 where the
requisite Q to produce the DM relic abundance is Q ∼ O (10−11). If the DM is also charged under
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Figure 5.9: Summary plot including early-universe plasma effects for the parameter space of sub-
MeV freeze-in DM. The correct DM relic abundance is obtained for couplings on the freeze-in
line. We show constraints coming from emission of DM pairs in white dwarf, horizontal branch
and red giant stars [421], while bounds from emission of DM pairs in supernovae apply for Q &
10−9 [451]. Dotted lines are projected sensitivities of proposed direct detection experiments as in
Fig. 5.4.

a dark U(1) gauge group that kinetically mixes with the SM U(1)EM (with mixing parameter κ),
it may be possible for DM self-scattering to thermalize the DM phase space distribution. In this
case, Q = κgχ/e (where κ can take on a wide range of values) and DM self-scattering via the
dark photon scales as g4

χ, meaning that with the appropriate choice of κ and gχ it is possible to
efficiently self-scatter while still producing the observed relic abundance. The coupling gχ cannot
be arbitrarily large due to observational limits on SIDM in astrophysical systems; however, there
is a range of gχ where self-scattering thermalizes the DM before recombination and where the
SIDM bounds are simultaneously satisfied. Energy is conserved within the DM fluid, so for non-
relativistic DM

〈
p2
χ

〉
will be conserved and the resulting distribution has a well-defined notion of

temperature.
Although the freeze-in DM phase space distribution may not be thermal, it is still informative

to take moments of the distribution. When comparing the first and second moments of fχ(pχ) to
the equivalent quantities for the SM photon bath, we find that the typical DM momentum is similar
to the typical photon momentum, 〈pχ〉 ≈ (0.4− 0.7)× 〈pγ〉 depending on the DM mass. In other
words, the DM is born considerably warmer than what is typically assumed for cold DM initial
conditions. This will have ramifications for cosmology in two key ways:



CHAPTER 5. FREEZE-IN FROM PLASMA EFFECTS 154

• Freeze-in DM will behave like warm DM, leading to suppression of the matter power spec-
trum below some physical scale roughly corresponding to the free-streaming length. This
effect is not already captured by existing limits on warm DM, where different DM phase
space distributions are assumed. To understand this suppression quantitatively, a Boltzmann
code is necessary that accounts for the potentially nonthermal phase space from freeze-in.
Having understood this, it will be possible to constrain DM freeze-in via a light vector me-
diator using probes of the matter power spectrum and the halo mass function.

• Existing CMB limits on DM with an effective millicharge do not straightforwardly apply
to the case of freeze-in. These limits stem from a DM-baryon drag; because the drag is
highly sensitive to the relative DM-baryon velocity (the cross section scales like ∼ v−4),
modifications to the DM phase space can substantially alter the size of the effect. Existing
limits have made the assumption of cold dark matter, and the larger DM velocities for freeze-
in will lead to reduced drag force. Taking into account the updated Debye logarithm (which
may weaken existing limits by a factor of ∼ 2 − 3), the limit on freeze-in will be further
reduced compared to previously reported results.

Both of these effects will be thoroughly explored in our forthcoming paper [426], which will place
restrictions on the range of masses where DM freeze-in via a light mediator is observationally
viable.
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Chapter 6

Summary

In this dissertation, we have demonstrated that insights from the study of astrophysical systems
can shed light on hidden sector particle physics. In particular, we have shown that dark sector
dissipations in the Milky Way can be constrained using kinematic analyses of astrometric data,
that multi-state DM self-scattering can dramatically alter the structure and abundance of DM halos
inN -body simulations, that strongly interacting DM can shed entropy through the axion portal and
naturally produce the observed relic abundance of DM that self-scatters in DM halos, and that DM
can be produced from the decay of collective plasma modes in the early Universe and observably
alter the CMB and the formation of LSS. This thesis is far from comprehensive in the sense that DM
remains undiscovered and other astrophysical probes of hidden sectors will certainly be explored
in future works. The contents of our Universe are diverse, and there is yet room for creativity in
harnessing the constraining power of astrophysics for dark sector physics motivations. Perhaps
some new astrophysical anomaly will yield a positive discovery of new forces and particles, but
at present we must be content to learn all we can from what observations of our Universe have
already provided.
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