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Abstract 

A non-canonoical parametrization for the graded group U(l/l) is in
troduced similar to the Euler angles for the ordinary group SU(2). 
Two differential representations for the underlying algebra of U(l/l) 
are constructed on the full and the resticted, i.e. coset, parameter 
space, respectively. A space of functions living on the latter is found 
exhibiting close formal similarities to a Hilbert space. Remarkably, the 
indices of those functions and thus the orthogonality and completeness 
relations involve anticommuting variables. Using this Hilbert space a 
representation of U(l/l) is evaluated which shows analogies to the 
Wigner functions for SU(2). 

"This work was supported by the Director, Office of Energy Research, Office of High 
Energy and Nuclear Physics, Division of Nuclear Physics, of the U.S. Departement of 
Energy under Contract DE-AC03-76SF00098. 
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1 Introduction 

In a previous paper [1], we have presented the Fourier-Bessel analysis in the 
space of ordinary and graded 2 x 2 Hermitean matrices. These investigations 
revealed the necessity to study the graded group U(I/I) in a way analogous 
to the common discussion of the ordinary group SU(2) in terms of angular 
momentum, spherical harmonics and Wigner representation functions, which 
can be found in Edmond's book [2]. It is the goal of this paper to perform 
this study. The mathematical literature on those subjects focusses, to the 
knowledge of the author, more on the graded algebras and their represen
tations. An exception is Berezin [3] who discusses a representation theory 
for graded groups. However, our point of view seems to be a different one. 
Motivated by the physical application [1] we try to transfer the concepts de
veloped in the framework of the ordinary group SU(2) to the graded group 
U(I/I). Our attitude is a more technical one, we introduce a non-canonocal 
parametrization of U(I/I) in the spirit of the Euler angles for SU(2) and 
then derive analogies to the ordinary case, i.e. differential representations of 
the algebra, graded spherical harmonics and graded Wigner representation 
functions. The discussion of more theoretical questions concerning the repre
sentation we construct, especially their reducibility, might be an interesting 
task for a mathematician. 

We tried to write this article self-contained. Although closely related to 
the preceding paper [1], it can be read independently of it. For the con
venience of the reader, we compile some well known results for SU(2) in 
section 2 before we study the U(I/I) in section 3. Our findings are summa
rized and discussed in section 4. Some explicit calculations are collected in 
the appendix. 

2 Ordinary Group SU(2) 

The commutation relations for the generator algebra of the group SU(2) can 
be written in the form 

and (1) 

the vector I is the general angular momentum, including half integer quan
tum numbers, and L± = Lx ± iLy are the non-Hermitean shift operators. 
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The Casimir operator is the squared angular momentum, 

(2) 

where the curly brackets denote the anticommutator. It is often advanta
geous to choose the non-canonical Euler angles parametrization for the group 
SU(2), the formal operator expression is given by 

(3) 

Taking the generators from the matrix representation, more specifically one 
half times the Pauli matrices, one arrives at the familiar result for the SU(2) 
matrix, 

U _ [exp(i1/J/2) 0 ] [cos('!9/2) sin('!9/2)] 
- 0 exp( -i1/J /2) - sin( '!9 /2) cos( '!9 /2) 

[
exp(icp/2) 0 ] 

o exp( -icp/2) 
(4) 

The differential representation of the generators in the Euler angles can be 
derived straightforwardly, 

L 
. a 

z - -z-
acp 

. (.)(1 a _Qa .a) 
-z exp ±zcp sin'!9 a1/J - cotan'V acp ± z a'!9 (5) 

which gives for the Casimir operator 

. (6) 

The group SU(2) considered as a group of transformations of coordinates is 
associated with a Hilbert space which is spanned by the spherical harmonics 
YLM • The SU(2) representation functions, the Wigner functions, are the 
matrix elements of the operator (3) in this Hilbert space 

(7) 
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where the generators are now acting on the spherical harmonics. These 
Wigner functions are eigenfunctions of the Casimir operator (6) in the Euler 
angles parametrization to the eigenvalue L(L + 1), explicit expressions can 
be found in Edmonds' book [2]. Denoting by Ui an element of SU(2) of 
the type (4) with parameters (c.pi,{}i,,,pi) the group operation U3 = U2U1 is 
represented through 

(8) 

There is also an orthogonality relation for the Wigner functions, 

J D~ltl(U)D~t12(U)dJl(U) = 2Ll1+ 1 hL1lrJ hM:M~ hMIM2 (9) 

where dJl(U) = (81r2)-ldc.p sin {}d{}d"p is the normalized invariant Haar mea
sure on SU(2). The character X(L)(U) of the representation to the angular 
momentum L is the trace of the matrix D(L)(U), one finds [4] 

X(L)(U) = f D(L) (U) = sin((L + 1/2)p) 
M=-L MM sin(p/2) 

(10) 

where exp(±ip/2) are the eigenvalues of the SU(2) matrix (4), expressed in 
the Euler angles one has cos(p/2) = cos({}/2)cos((c.p + "p)/2). All results 
are easily generalized to the group U(2) by introducing an additional phase 
corresponding to a generator that commutes with all the others. 

3 Graded Group U(l/l) 

In subsection 3.1 we introduce a parametrization for U(1/1), in 3.2 we discuss 
the generators and the algebra and in 3.3 we construct the group representa
tion. All definitions and conventions concerning the anticommuting variables 
are the same as in the preceding paper [1]. 

3.1 Parametrization 

For reasons which will become clear later, we do not begin with the discussion 
of the underlying algebra but with the parametrization of the graded group 
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U(l/l) itself. It is easily checked that the non-canonical parametrization 

_ ('1"/2) [exp(iW/2) 0 ] [1 + 0:0:* /2 
u - exp z.." 0 ( . /2) * exp -zw 0: 

with two real commuting angles X and.w and a complex anticommuting 
angle 0: has the required properties. Introducing as bases the Pauli matrices 
Ti, i = 1,2,3 and the 2 x 2 matrices Tii with unity in the position (i,j) and 
zeros elsewhere we can write 

u -

uC -

uA - (12) 

which shows at least formal similarities to the Euler angles parametriza
tion (4) in the ordinary case. The coset uA is frequently used in applica
tions [5]. It is instructive to evaluate the group multiplication law for the 
parameters explicitly. We write Ui for a matrix of the type (11) with param
eters ((i,Wi,O:i,o:i) and solve the set of equations resulting from U3 = U2Ul 
for the parameters of U3, we obtain 

(3 - (2 + (1 - i exp (-iWl) 0:20:i - i exp (+iwd 0:;0:1 

W3 - W2 + WI 

0'.3 - exp( -iWl )0:2 + 0:1 

* 0:3 exp( +iWl )0:; + o:i (13) 

Observe that the commuting and anticommuting variables are mixed, they 
do not appear decoupled. Observe that the angles Wi satisfy a simple phase 
shift relation but not the angles (i that actually occur only as phases. This 
is directly connected to the following consideration. 

It is easy to construct a parametrization for the graded subgroup SU(l/l), 
consisting of those elements of U(l/l) which have graded determinant unity. 
By using the formula detg u = exp trg In u we find immediately from equa
tion (12) 

detg u = exp( iw ) (14) 
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hence, the choice w = 0 restricts the matrices u to SU(I/I). Remarkably, 
the dependence on the remaining commuting angle X is only an overall phase. 
This is of course related to properties of the underlying algebra. 

3.2 Generators and Algebra 

We construct the generators satisfying the underlying algebra of U(1/1) in 
the full and in the restricted parameter space of the coset as differential 
operators. Moreover, we derive a matrix representation. 

3.2.1 Full Space 

Once the multiplication law (13) has been established, the differential rep
resentation of the algebra, i.e. the infinitesimal generators can be evaluated 
straightforwardly [6]. Here, however, we want to use a technique which does 
not employ the multiplication law explicitly and seems easier to handle in 
more complicated cases. Graded invariant Haar measures of various kinds 
are very efficiently calculated by variation [5, 7, 8]. Naturally, it is possible 
to extend this method to the evaluation of the generators. We perform this 
calculation in appendix A. The resulting infinitesimal generators are 

Ao 
.0 

- -t-o, 

A3 
.0 

- -t-ow 

A+ - exp(-iw) (! + ia* :,) 

A_ - exp( +iw) (o!* + ia:C) (15) 

The first two generators are even, the last two odd. They satisfy the under
lying algebra for the group U(I/I), 

[Ao, A±l - 0 

[A3' A±] - ±A± 

{A+, A_} - -2Ao 

[Ao, A3] - 0 (16) 

which has to contain one anti commutator for the two odd generators A±. 
The first two relations of this algebra build the closed subalgebra for the 
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subgroup SU(I/I). The algebra (16) shows some formal similarities to the 
algebra (1) for the ordinary group SU(2). The main formal difference is that 
Ao, i.e. the generator commuting with all the others and thus associated 
with a simple phase, appears in the subalgebra for SU(I/I). In the ordinary 
case, however, the corresponding generator does not occur in the algebra for 
SU(2). Using the above algebra it is easily seen that 

(17) 

commutes with all generators and hence plays the role of the Casimir oper
ator. The product AoA3 can be decoupled into a difference of two squared 
generators by introducing the coordinates (±w. The structure of the Casimir 
operators (2) and (17) are very similar. Expressed in the differential opera
tors (15) the Casimir operator takes the form 

2 8
2 

. ( * 8 8) 8 * 8
2 

8
2 

A = 80:80:* + Z 0: 80:* - 0: 80: 8( + 0:0: 8(2 + 2 8( 8w (18) 

This is the analogy to the operator (6), except for the fact that the latter 
is restricted to SU(2) whereas the above formula holds for the full group 
U(I/I). 

3.2.2 Restricted Space 

In many applications it is sufficient to discuss the restriction of the parameters 
to some subspace, for example, the Hermitean matrix utxu where U is from 
equation (4) and x = diag( Xll X2) is diagonal does not depend on the Euler 
angle tP. The generators L± and Lz on this restricted space (19, cp) have the 
form well known from the text books on quantum mechanics [2]. In the 
graded case we face a similar situation [1], the relevant space is restricted to 
the coset uA • Hence we need to construct the generators on this space. The 
calculations a~e performed in appendix B and yield the operators 

Ao 0 A3 * 8 8 - - 0: -- - 0:-
80:* 80: 

A+ 
8 

A_ 
8 

(19) - 80: -
80:* 
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which of course satisfy the algebra (16). The Casimir operator (17) now 
reads 

(20) 

It is precisely this expression that appears as angular part of the full Lapla
cian on the space of 2 x2 graded Hermitean matrices discussed in reference [1]. 

3.2.3 Matrix Representation 

There is also a matrix representation of the generators which follows directly 
from equation (12), 

Ao - ~1 
2 

A3 

A_ 

-

-

1 
-T3 
2 

0* T21 (21) 

The anticommuting variables 0 and 0* have to be introduced here as some 
kind of dummy parameters in order to make the matrices graded. The algebra 
now reads 

[Ao, A±] - 0 

[A3, A±l - ±A± 

[A+, A-l - -20*0 Ao 

[Ao,A31 - 0 (22) 

The anticommutator is replaced by the commutator since the signs are taken 
care of by the properties of the graded matrices, of course, the dummy pa
rameters appear in the corresponding structure constant. 

3.3 Group Representation 

After discussing the Hilbert space in some detail we construct the graded 
Wigner functions, i.e. the representation matrix elements. 

3.3.1 Hilbert Space 

Since it is the Casimir operator (20) on the restricted space that appears as 
angular part in the full Laplacian of reference [1] we will use the associated 
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Hilbert space in order to construct a group representation. As mentioned 
already [1] the eigenequation for the operator (20) reads 

A2 (±)( *) ± * (±)( *) Yp.p.. a, a = J1J1 Yp.p.. a, a (23) 

where J1 is an anticommuting variable. The freedom of sign in front of the 
eigenvalue J1J1* leads to two sets of two eigenfunctions each, we find 

Ylt~(a,a*) - 211' exp( +J1a + J1*a*) 

-(+) ( *) Yp.p.. a,a - 211' exp( -J1a - J1*a*) (24) 

in case of the plus sign and 

(-) ( *) Yp.p.. a,a - 211' exp( +J1a - J1*a*) 

d-) ( *) Yp.p.. a,a - 211' exp( -J1a + J1*a*) (25) 

in case of the minus sign. The functions i;~ are the conjugates, in par

ticular we have y~-;~ = yl:!*. For each sign separately, these functions are 
orthogonal and complete and hence form some kind of Hilbert space. In a 
self explaining Dirac type of notation [1] we can write 

(±, J1J1*I±, J1' J1'*) - 6([J1] - [J1']) 

J d[J1] I±, J1J1*)(±, J1J1*1 - 1 (26) 

where the Yl;~ are in the ket and the conjugates y~;~ are in the bra. We 
used the notation 6([J1] - [J1']) = 6(J1* - J1'*)6(J1- J1'). Since both sets (24) 
and (25) form something like a Hilbert space independent of one another we 
expire here a duality which has no analogy in the ordinary SU(2). This is 
why we could restrict the diSCUSSIon to the set (25) in reference [1]. However, 
the two sets are not orthogonal, for example we find results like 

(27) 

and similar for the completeness relation. We call these functions graded 
spherical harmonics. 
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We now have to study the action of the generators in the representa
tion (19) on this Hilbert space. For the operators A± we find 

(28) 

Although the A± are somehow formally analogous to the shift operators L± 
they dont shift the eigenfunctions because there is no running integer index 
to shift, the indices are anticommuting numbers. In other words, the func
tions (24) and (25) are eigenfunctions of the operators A± to anticommuting 
eigenvalues. Thus, A 2 and A± are digonalized simulaneously. Consequently, 
it is not surprising that these functions are not eigenfunctions of A3, rather 
then we have 

(±) _~ (y(T~ _ y(T») A3 y##- - 2 ## #1-'-

A -(±) 3 y##- - +~ (y~!~ _ y(T») 
##- (29) 

Remarkably, A3 shifts the set (24) to a linear combination of the set (25) 
and vice versa. In the ordinary case, the situation is the other way around, 
the spherical harmonics are eigenfunctions of Lz , but not of L±. This also 
shows that the plus and minus functions are not independent. However, we 
emphasize once again that each set satisfies the orthogonal and completeness 
relations (26). This enables us to restrict the further discussion to one of 
the two sets, as in reference [1] we choose the minus solutions and drop the 
minus index in our notation. 

3.3.2 Graded Wigner Functions 

In order to evaluate the matrix elements of the group representation we 
simply transfer the steps in the ordinary case to the graded. The formal 
operator expression analogous to equation (3) is given by 

u((,w,a,a*) = exp(i(Ao) exp(iwA3) exp(aA+ + a*A_) (30) 

As graded Wigner functions we define the matrix elements taken with the 
graded spherical harmonics, 

(31) 

10 
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where the generators in the expression (30) are the operators (19) acting on 
the Hilbert space. The details of the calculation are worked out in appendix 
C, the result is 

D[~'][~l(u) - exp( +J.la - J.l*a*) 6 (J.l'* - exp( +iw)J.l*) 6 (J.l' - exp( -iw)J.l) 

- ~y~~.(a,a*)6([J.l'] - [exp(-iw)J.l]) (32) 
271'" 

which is independent of the angle ( as expected. 
We now derive some formulae analogous to the ordinary case which show 

that the graded Wigner functions are really a representation. It is easy to see 
that the matrix elements (32) are eigenfunctions of the Casimir operator (18) 
on the full space, 

(33) 

to the eigenvalue -J.lJ.l*. According to equation (23) we conclude that the 
representations of the Casimir operator on the full and the restricted space 
have the same eigenvalue. This corresponds directly to the ordinary group 
SU(2). With Ui being an element of U(I/I) of the type (11) with parameters 
((i, Wi, ai, an and with the group operation U3 = U2Ut, the graded version 
of the fundamental equation (8) is given by 

D[~'][~l( U3) = J D[~'][~"l( U2) D[~"][~l( ud d[J.l"] (34) 

The relation corresponding to equation (9) reads 

J D[~m~11(u) D[~~)[~21(u) dJ.l(u) = (271'")2 6([J.ll] - [J.l2]) 

((J.l~J.l~* + J.lIJ.l~)(J.l~J.l~* + J.l2J.l;) + J.l~J.l~J.l2J.l~* + J.lIJ.l~* J.l~J.l;) (35) 

where the invariant Haar measure on U(I/I) is simply 

dJ.l( u) = d( dw da da* (36) 

as calculated in appendix A. Details of the derivation of the formulae (34) 
and (35) are given in appendix D. Remarkably, equation (35) is only an 
orthogonality relation in the indices J.ll, J.l2 and their complex conjugates. 
We finally try to evaluate something like the character of our representation. 
Formally analogous to equation (10) we define the character through 

(37) 
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A direct calculation yields 

x(u) = 4 sin2
; (38) 

thus, the character depends only on the angle w. Moreover, due to the nature 
of our representation and unlike the ordinary character (10), it is independent 
of any further index. 

4 Summary and Discussion 

We discussed a non-canonical parametrization of the graded group U(I/I) 
which is somehow in the spirit of the Euler angles commonly for the ordinary 
group SU(2). We constructed differential representations of the underlying 
algebra of U (1/1) on the full parameter space and on the restricted parameter 
space, i.e. on the coset. Both show close formal similarities to the correspond
ing representations of the underlying algebra of SU(2), this is also true for the 
Casimir operators. In order to evaluate the differential representation on the 
full parameter space we employed a variation technique thus avoiding explicit 
use of the group multiplication law. In addition, the algebra was represented 
in graded matrices, this, however, requires the introduction of dummy pa
rameters which then show up in the structure constants. A kind of Hilbert 
space exists on the coset, i.e. the corresponding functions live on the coset 
parameter space. This Hilbert space exhibits a duality: we found two sets 
of functions according to the sign of the eigenvalue of the Casimir operator, 
each set satisfies an orthogonality and completeness relation and hence seems 
to form a Hilbert space by its own. We therefore call these functions graded 
spherical harmonics. Nevertheless, these two sets are not independent, rather 
then the action of one generator connects the two spaces. This highly unusual 
situation has no counterpart in an ordinary Hilbert space. Moreover, unlike 
the ordinary case, the graded spherical harmonics are eigenfunctions of those 
generators which formally correspond to the raising and lowering operators 
in the ordinary SU(2). All this must be related to the fact that we can speak 
of the graded Hilbert space only in the sense of a very formal analogy. The 
indices in this space are not discrete numbers but anticonunuting variables. 
However, the orthogonality and completeness relations allow the constuction 
of graded Wigner functions as matrix elements of the operator expression of 
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U(l/l). It was checked that these graded Wigner functions really provide a 
representation. Remarkably, they do not obey a full orthogonality relation, 
this is the only serious difference from the ordinary Wigner functions. This 
might indicate that the representation we constructed is still in some sense 
reducible. Since little is known about representations of graded groups and 
in how far the concept of reducibility of ordinary groups is transferable we 
feel that a further discussion of these questions is beyond the scope of this 
paper. 

Appendix 

The generators on the full and the restricted parameter space of the group are 
calculated in appendices A and B, respectively. In appendix C we evaluate 
the representation matrix elements and in appendix D we work out some 
properties of the representations. 

A Generators on the Full Space 
In the differential representation the generators create the infinitesimal dis
placements near the origin. The latter can be considered as the variation 
parameters in the expansion of a group element around the origin in the 
matrix representation. Thus we write according to the algebra (21) for such 
a variation 

h = [i(he + hTJ)/2 hf3 ] 
v hf3* i(he - hTJ)/2 

(39) 

On the other hand, moving the variation hu of a group element u somewhere 
in the parameter space back to the origin by multiplication with u-1 = u t 

gives also a variation near the origin. Consequently, we can identify both, 

(40) 

The right hand side of this equation is easily calculated in the decomposi
tion (12), 

(41) 

Explicit evaluation yields the linear mapping M of the differentials in the u 
parameter space defined in equation (11) onto the v variations, for conve-
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nience we write it in the form 

[he hTJ h(3 h(3*] - [de dw da da*] M (42) 

where the matrix M is given by 

exp(~J (43) 

The inverse of equation (42) gives the linear mapping in the tangent space, 

[ 
~~~~]- M-1 [~~~~] 
h/h(3 - 8/8a 
h/h(3* 8/8a* 

(44) 

By construction, the variation differential operators on the left hand side 
generate the infinitesimal displacements and can hence be identified with the 
generators iAo, iA3 and A± where we introduced imaginary units according 
to equation (39). Thus we only need to invert the matrix M, we find 

M-
1 

= [ia.J(-iwl ~ exp(~iwl ~ 1 (45) 
ia exp( +iw ) 0 0 exp( +iw) 

Collecting everything yields the desired equations (15). The graded determi
nant of the linear mapping M gives the invariant Haar measure. This was 
already used in references [5, 7, 8] in various cases. Here we have detg M = 1 
and thus the graded Haar measure on U(I/I} in the parametrization (12) is 
given by the expression (36). 

B Generators on the Restricted Space 
The easiest way to calculate the generators A± is by using the variation 
method of appendix A. In the coset space we simply have 

_ [0 h(3] 
h(3* 0 

[
(ada* + a*da}/2 da ] 

da* (ada* + a*da}/2 
(46) 
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which means 8(3 = da and 8(3* - da* in the coset sector and hence 

and 
a 

A =-- aa* ( 47) 

Consequently, the invariant Haar measure on the coset is simply given by 
dJ.L(uA) = dada*. The diagonal elements of the matrix 8uA uAt give no 
information for the other two generators. Another way to evaluate equa
tions (47) is the coset multiplication law. Writing ut for a matrix of the 
coset type with parameters (ai, an we find the relation 

A A A ( 1 *) ( 1 * ) u2 u 1 = u3 1 + 2a2a1 1 + 2a2a1 (48) 

for the matrices and 

and (49) 

for the parameters. According to equation (48) the coset is a group modulo 
a factor which can be absorbed into uc . Hence equation (49) is the relevant 
coset multiplication law, in this case just a simple translation. This in turn 
leads immediately to the result (47). 

In order to evaluate the expressions for Ao and A3 we have to consider 
the action of a group element u on a coset matrix [9], say ut, we find 

uut = uCuAut = (uCuAuCt ) (uCut) 

Since uC ut is in the group the relevant part is 

A, C A Ct [ 1 + aa* /2 exp( +iw)a] 
u = u u u = exp( -iw)a* 1 + a*a/2 

(50) 

(51) 

which is again of coset form yielding for the parameters of u A, the relations 

a' = exp( +iw) a and a'* = exp( -iw) a* (52) 

We can now calculate the remaining generators from 

(53) 
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which is a natural generalization of the formula in the ordinary case [6]. 
Collecting everything we find the equations (19). 

C Calculation of the Matrix Elements 
Since Ao = 0 in the representation (19) of the generators, D[~/][~l( u) does 
not depend on the angle C. Due to the completeness we can write 

D[~/][~l(U) = J d[J.t'1 (Jl'Jl'*lexp(iwA3 )1J.t"Jl"*) (J.t"J.t"*lexp(aA++a*A_)IJlJl*) 
(54) 

thus splitting the problem into the calculation of two simpler matrix elements. 
The evaluation of the second matrix element is very easy because the graded 
spherical harmonics are eigenfunctions of A±. Using the equations (28) we 
find for all well behaved functions f the result 

(Jl" J.t"* If( aA+ + a* A_) IJlJl*) - f(Jla - Jl* a*) (J.t" J.t"* IJlJl*) 

- f(Jla - Jl*a*) 8([J.t"] - [Jl]) (55) 

Here, f is the exponential function yielding the graded spherical harmonic. 
We can now perform the integral over the double primed indices 

D[~%'l(U) = ~y~~.(a,a*) (J.t'Jl'*lexp(iwA3 )IJlJl*) (56) 
271" 

and are left with the calculation of the remaining matrix element. The action 
of powers of A3 on the graded spherical harmonics is given by 

for n > 0 (57) 

which gives for the matrix elements 

for n > 0 . (58) 

For n = 0 we find of course the orthogonality relation. Expanding now 
any well behaved function f in a Taylor series and using the above equation 
yields 

(Jl'J.t'*lf(iwA3 )IJlJl*) = f(O)8(Jl'* - Jl*)8(Jl' - Jl) 

+271" ((J(+iw) - f(O))Jl'Jl* - (J(-iw) - f(O))Jl'*Jl) (59) 
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.. 
In our case the function f is the exponential and this equation can be further 
simplified, we finally arrive at 

(JL' JL'* I exp( iwA3 ) IJLJL*) = o(JL'* - exp( +iw )JL*) o(JL' - exp( -iw)JL) (60) 

which gives in equation (56) the desired result (32). 

D Properties of the Representations 
Although formula (34) is an immediate consequence of the completeness re
lation, it is worthwhile to prove it in a direct calculation. The right hand 
side gives 

(2~)2 J YIl I Il"·(a2,a;)o([JL'] - [exp(- iw2)JL")) 

YIlIl. (all a~)o([JL"] - [exp( -iwdJL)) d[JL"] 

- (2~ )2 Yexp(-iwJ)1l exp(+iwI)ll· (a2, a;)YIlIl· (all a~) 
O([JL'] - [exp( -i(W2 + Wl))JL)) 

1 
- 271" Y Illl· ( exp( -iWl )a2 + all exp( +iwda; + ai') 

o([JL'] - [exp( -i(W2 + Wl))JL)) . (61) 

which is, using the group multiplication law (13), indeed the left hand side 
of equation (34). 

Using equations (32) and (36) we find for the left hand side of equa
tion (35) 

1 f21r f21r 
(271")2 (JLIJLi'IJL2JL;) Jo d( Jo dJ.JJ O([JL~] - [exp( -iW)JLl)) 

O([JL;] - [exp( -iW)JL2]) 

= 271"O([JLl] - [JL2]) 121r dJ.JJ (JL~ - exp(-iw)JLl) (JL~* - exp(+iw)JLi') 

(JL; - exp( -iw )JL2) (JL;* - exp( +iw )JL;) . (62) 

Only those terms in the integrand contribute to the integral which do not 
depend on w, collecting all these combinations yields the right hand side of 
equation (35). 
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