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ABSTRACT 

Online Controlled Experiment Design: Trade-off between Statistical Uncertainty and 

Cumulative Reward 

Liang Dai 

    Online experiment is widely used in online advertising, web development to compare 

effects, e.g. click through rate, conversion rate, of different versions. Among all the 

designs, A/B testing is the most popular one. It randomly segments users into two groups 

with equal probability and shows them different versions. This method is easy to 

implement. However the shortcoming is also obvious: to measure both versions it cannot 

expose all users to the best version, which leads to potential loss of rewards, e.g. clicks 

and conversions. Though this loss is inevitable in experiment, it can be reduced somehow. 

Reducing the loss is essentially equivalent to maximizing cumulative reward, which is 

also the goal of typical multi-armed bandit problem. Thus, multi-armed bandit algorithms 

are proposed to reduce potential loss in experiment. Compared with A/B testing, multi-

armed bandit algorithms produce more cumulative reward during experiment. However, 

they suffer from high statistical uncertainty: e.g. they need more users than A/B testing to 

reach particular statistical significance level.  

     To solve this problem, this paper aims at building a model to analyze two conflicting 

goals: reducing statistical uncertainty and maximizing cumulative reward. We develop an 

algorithm for online experiment to balance the trade-off between these two goals. Right 

now our analysis focuses on one kind of online experiment: batch updating binomial 

experiment. We first discuss several statistical uncertainty criterion and propose 

corresponding algorithms to optimize these criterion for experiment. Then we extend 

some multi-armed bandit algorithms to maximizing cumulative reward for  batch 



 x 

updating problem. Besides that, we propose an new algorithm: sequential two stages 

(STS) to solve this problem. After that, an improved performance evaluation method, 

which integrates statistical uncertainty with cumulative reward, is put forwarded. Instead 

of simply combining two objective functions, this new measure, virtual future measure 

(VFM) establishes connection between statistical uncertainty and cumulative reward 

directly through virtual future reward. Compared with other method, our proposed 

algorithm STS is adaptable to optimize VFM.  
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CHAPTER I: Introduction 

1.1 Controlled Experiment 

 A controlled experiment is one in which everything is held constant except for one 

variable [49]. Usually a set of data is taken for a control group. While one or more other 

groups are examined, where all conditions are identical to the control group except this 

one variable. Sometimes it's necessary to change more than one variable, but all of the 

experimental conditions will be controlled. As a result, only the variables being examined 

vary between groups. A big advantage of a controlled experiment is the capability of 

eliminating much of the uncertainty about the experimental results.  

 Online controlled experiment is widely utilized to make data-driven decisions at 

Amazon, eBay, Facebook, Google, and many other companies for online advertising and 

web development [24] [21] [22] [23]. 

1.2 A/B testing 

    The simplest controlled experiment, which has only one group besides control group in 

test, is called A/B testing [11] [13] [31]. A/B testing is a methodology using randomized 

experiments with two variants, A and B, which are the “control” and “treatment” in the 

experiment. It randomly segments users into two groups with equal probability and show 

two groups different contents. After a while, it examines the stats of the two groups and 

figures out which contents has better effect. The process of A/B test is shown in Figure 1. 

http://chemistry.about.com/od/chemistryterminology/a/What-Is-A-Control-Group.htm
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Figure 1. The Process of A/B testing 

 A motivating example of using A/B testing is 2012 United States president campaign 

[38]. The digital team optimized about everything from web pages to emails by A/B 

testing. For example, they lifted conversions by more than 19% by changing the photo on 

the splash page, which is shown in Figure 2. They overall executed about 500 A/B tests 

on web pages in a 20 month period, which increased donation conversions by 49% and 

sign up conversions by 161%.  

 A/B testing is an efficient way to capture the effect of the variables concerned. 

However, this method is defective in terms of cumulating rewards. The reason is that 

during A/B testing stage, to measure both versions we cannot expose all users to the best 

version, which results in potential rewards loss. Let’s take an online advertising example 

for illustration. Suppose true conversion rates of control group and treatment group are 

0.10 and 0.12, respectively. The sample size of control group and treatment group are 
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both 10,000. Then, the expected loss during this experiment is 10,000 (0.12-0.10) =200 

conversions. 

1.3 Multi-armed bandit problem 

     

Figure 2.  A/B testing example: photos on the splash page for Obama donation website in 2012 US 

President Election from http://kylerush.net/blog/optimization-at-the-obama-campaign-ab-

testing/ 

Multi-armed bandit algorithm has been proposed to substitute A/B testing in industry 

to alleviate the loss as described in previous section [42]. Google Analytics adopts this 

method to run online experiments [40]. In probability theory, multi-armed bandit problem 

[42]  is the problem a gambler faces at a row of slot machines, when deciding which 

machines to play, how many times to play each machine and in which order to play them. 

The goal is to maximize the sum of rewards earned through a sequence of lever pulls. 

This problem is formally equivalent to a one-state Markov Decision Process.  

    A K-armed bandit problem is defined by rewards Xi(j) for 1≤ i ≤ K and j ≥1 , where i is 

the index of arms, and j stands for j
th

 play. when K =2, it becomes a two-armed bandit 

http://kylerush.net/blog/optimization-at-the-obama-campaign-ab-testing/
http://kylerush.net/blog/optimization-at-the-obama-campaign-ab-testing/
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problem. For the i
th

 arm, Xi(j) are independent and identical distributed with unknown 

expectation µi. Let Ti (n) be the number of times i
th

 arm has been played during n plays. 

The objective is finding a policy that chooses the next machine to play based on the 

sequence of past plays and obtained rewards to maximize the expected cumulative reward 

overall. 

   
      

 ∑         ))
 
   , 

where E denotes expectation. It is obvious that if the expectation of each µi is known, the 

maximum reward could be    , where    is defined as the maximum expectation of all 

arms. However, in reality these expectations cannot be known (Even though sometimes 

we have some prior information.). To learn this information, trials need to be taken for 

each arm, which makes the ideal maximum expected reward cannot be reached. The total 

expected loss, which is called regret, after n plays is defined as 

     ∑         ))
 
    . 

    The fundamental tension is between "exploiting" arms which have performed well in 

the past and "exploring" seemingly inferior arms in case they actually perform even 

better. 

     In the classical paper [25], Lai and Robbins have proved that a policy is the best 

possible, if it satisfies, for any suboptimal arm i 

 (    ))  (
 

       
 )
    ))    , 
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where        
 ) is the Kullback-Leibler divergence between the reward density    of i

th
 

arm and the reward density    of the optimal arm. 

     In terms of cumulative reward during experiment, two-armed bandit algorithms 

usually perform better than simple A/B testing. Unlike A/B testing, multi-armed bandit 

algorithm inclines to choose more users exposed to the version with more potential 

reward. But it has its own problem: statistical uncertainty. What multi-armed bandit 

algorithm does is more “aggressively”. So the group exposed to inferior version ends up 

receiving fewer users, which means there’s more uncertainty in comparing the difference 

between two versions of contents. For example, two-armed bandit algorithms need more 

users to reach the same level of statistical significance comparing to simple A/B testing.  

1.4 Goal of Our Experiment Design 

    This paper is to build a model to leverage two conflicting goals: reducing statistical 

uncertainty and maximizing cumulative reward. We aim at developing an algorithm for 

online experiment to balance the tradeoff between these two goals. Right now our 

analysis focuses on one kind of online experiment: batch updating binomial experiment. 

In this situation, data arrives in batches rather than real updating. Batch updating is very 

commom in real life. For example, computer logs cannot be updated after every user’s 

visit. They might be scraped once per hour or even once per day. Then people can only 

receive data and make decision in batch mode. Binomial experiment is taken to 

investigate proportion variables. We are interested in proportion variables because in real 

application, conversion rate and click through rate are both proportion variables.  



 6 

1.5 Current Contributions  

    This paper begins with discussing the two goals: statistical uncertainty and cumulative 

reward seperately. For statiscal uncertainty, several criterions are examined, and 

corresponding controlled experiment algorithms of optimizing these criterions are 

developed as well. For cumulative reward, some classical multi-armed bandit algorithms 

are discussed and extended to maximize cumulative reward for batch updating problems. 

And we also propose an new algorithm: sequential two stages (STS) to solve this 

problem. Then an improved performance evaluation method, which intergrates statistical 

uncertainty with cumulative reward, is put forwarded. Instead of simply combining two 

objective functions, this new measure, virtual future measure (VFM) establishs 

connection between statistical uncertainty and cumulative reward directly through virtual 

future reward. Compared with other method, our proposed algorithm STS is adaptable to 

optimize VFM.  

 

1.6 Outline 

     In this proposal, the background of the problem is firstly introduced. Then, we review 

related work. After that, different models are discussed and new algorithms are proposed 

to tackle the problem, followed by experimental results and discussion. Finally future 

work plan are presented. 
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CHAPTER II: Literature Review 

        This chapter reviews related work of online controlled experiment, including 

statistical analysis of binomial trials and multi-armed bandit problem. 

2.1 Statistical Analysis  

    Suppose two independent random variables x and y drawn from two different 

populations that both have binomial distributions. The first is of size    and has success 

probability   . The second is of size    and has success probability   . That is to say:  x 

~ binomial      ), y ~ binomial      ). Some related work about the difference of the 

two success probabilities         are introduced in this section.  

2.1.1 Posterior Distribution 

    The conjugate prior to the binomial distribution is the beta distribution [15]. It is a 

continuous probability distribution defined on the interval [0, 1], specified by two 

parameters   and  . The probability density function of the beta distribution is:  

 

     )
        )   , 

where B is the beta function, acts as a normalization constant and is defined as: 

     )  
   )   )

     )
, 

where   is the gamma function: 

   )  ∫          
 

   
. 
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It is easy to know given beta priors and binomial likelihood, posterior distributions of    

and    are still beta distributions: 

    However, the posterior distribution of the difference of    and    is much more 

complicate. The exact density of the difference of two beta variables with non-

informative prior is established in the literature [33] [18] 

   )  

{
 
 

 
 

      )   )               )         

                                   )             )            )
        

          )                )         

                                            )             )            )
        

, 

where F is Appell’s first hypergeometric function, defined by 

                     )  ∑ ∑
     )     )     )     )

      )

  
 

  

  
 

  
 
   

 
   . 

Pochhammer coefficient (u,v) is defined  by 

    )       )       )  
     )

   )
. 

The posterior distribution is powerful in analyzing the difference of two beta variables. 

But if posterior distribution is too complex, it is not convenient to be used for analysis. 

2.1.2 Confidence Interval 

    Confidence interval (CI) is a type of interval estimate of a population parameter and is 

used to indicate the reliability of an estimate. 

    Wald CI is one of commonly used confidence intervals for Δ. Let   ̂  
 

  
,   ̂  

 

  
. 

Then the 100(1-α)% Wald CI is  
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[  ̂    ̂        √
  ̂     ̂)

  
 

  ̂     ̂)

  
   ̂    ̂        √

  ̂     ̂)

  
 

  ̂     ̂)

  
]. 

where        is the       quantile of the standard normal distribution.  

     It has been proved that Wald CI is not accurate when sample size is not large enough 

[3]. Many authors have proposed more complicated alternative CIs that can improve on 

Wald CI. For example, in paper [43] [39] [12], some methods are developed to construct 

“exact” intervals for the difference of two proportion variables. The coverage 

probabilities of such confidence intervals are guaranteed to be no less than the desired 

nominal level, but the computation of these intervals is very complicated and they also 

tend to have wide interval lengths [3]. 

    Simpler computational intervals are derived in papers [4] [29]. These intervals are 

asymptotic. And a method based on score test performs better than the Wald CI and 

assumes less time in computation. An easy calculating algorithm is proposed based on 

correcting the Edgeworth expansion [50].  

    The experimental comparison of different methods and recommendations for which 

approach is applicable under different situations are discussed in [30]. They indicates that 

when sample size is small, Wald CI has small width; when sample size is large (larger 

than 50), all the CIs are doing well. 

2.2 Multi-armed bandit problem 

    Multi-armed bandit is a sequential experiment with the goal of achieving the largest 

possible reward from a payoff distribution with unknown parameters. It was firstly 
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introduced by Robbins [37] and has been intensively and extensively researched since 

then. The total expected regret mentioned in previous chapter is the most popular 

performance measure for algorithms.  

    A collection of strategies that have been used with multi-armed bandit problems, 

including ε-greedy, Softmax, upper confidence bounds (UCB) and Gittins index are 

reviewed in the following sections. 

2.2.1 ε-greedy 

    ε-greedy algorithm [46] [45] is the most widely used algorithm to solve multi-armed 

bandit problem. It is quite simple, in both implementation and understanding. And the 

performance of ε-greedy also outperforms lots of other methods [28].  

    In ε-greedy algorithm, at each play round j = 1, 2, … the algorithm selects the arm with 

the highest empirical mean with probability 1- ε, and selects a random arm with 

probability ε. That is to say, given initial empirical means  ̂   ), for i=1,2…K and t>1, 

the probability of picking i
th

 arm at time     would be 

      )  {
                          ̂   )

            
. 

    Linear bound on the expected regret can be achieved if ε is a constant. Actually, any 

algorithm which involves exploiting and exploring can be considered as ε-greedy 

algorithm with ε as a variable. There are some papers try to improve the method of value 

setting of ε [10][6].  
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2.2.2 Softmax 

    Softmax method [27] [36], which is also called Boltzmann exploration, selects arms 

using Boltzmann distribution. Arms with greater empirical means are picked with higher 

probability. Given initial empirical means  ̂   ), for i=1,2…K and t>1, the probability of 

picking i
th 

arm at time      would be 

      )  
  ̂   )  

∑  
 ̂   )   

   

,  

where τ is a temperature parameter to control the randomness of the choice. When τ =0, 

this algorithm acts like pure greedy selection; when τ is very large, nearly infinity, this 

algorithm acts like uniformly selection.  

    Linear bound on the expected regret can be achieved if τ is a constant. Though there 

are some papers try to improve the method of value setting of τ [10], practical advantage 

to constant value is not obvious according to experiments [45].  

2.2.3 UCB 

Upper Confidence Bound (UCB) family of algorithms which use confidence bounds to 

deal with an exploitation-exploration trade-off has been proposed in literature [6] [20] 

[5]. 

    The policy UCB1 is the simplest UCB algorithm, which is derived from the index-

based policy [1]. It maintains the number of times that each arm has been played, denoted 

by     ) , in addition to the empirical means. Initially, each arm is played once. 

Afterwards, at round t, the algorithm greedily picks the arm     ) as follows: 
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    )     
   

      
 ̂   )  √

    

    )
. 

The sum contains two items. “The first item  ̂   ) is simply current empirical means of 

reward. The second item √
    

    )
 is related to the size of one-sided confidence interval for 

the average reward within which the true expected reward falls with overwhelming 

probability.” It is proved that at each turn t, the expected regret of UCB1 is bounded by 

[10] 

 ∑
     )

     
    

  

        )∑       )
 
   . 

UCB1 achieves the optimal regret up to a multiplicative constant because the expected 

regret matches logarithmical bound. 

Some other UCB algorithms are also developed to improve efficiency in solving multi-

armed bandit problem [7] [19] [14]. 

 

2.2.4 Gittins index 

    An alternative formulation of the bandit problem has been studied [16] [17] [44] [47], 

which is called Gittins index. This algorithm does not have to tradeoff directly between 

exploration and exploitation. It assumes a geometrically discounted stream of future 

rewards with present value. And the true reward distribution assumed to be known 

through a process of forward induction. Gittins provides a back induction algorithm for 

computing Gittins index, which is the expected discounted present value of playing an 

arm, assuming optimal play in the future. Thus, by definition, playing the arm with the 
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largest Gittins index will maximize the expected present value of discounted future 

rewards.  

    Calculating Gittins indices exactly is extremely time consuming [34]. There are some 

approximation calculation methods [48] [9] to accelerate calculation. 

     Gittins index is an inconsistent estimator of the location of the optimal arm. The 

Gittins policy eventually chooses one arm on which to continue forever, and there is a 

positive probability that the chosen arm is sub-optimal [8]. 
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CHAPTER III: Methodology 

3.1 Problem Description & Bayesian Analysis  

3.1.1 Problem Description 

     In this paper, batch updating binomial experiment is discussed. In this problem, online 

users are chosen into one of the two groups: control and treatment. For particular user, 

the reward r is assumed to be discrete and to take either the value 1 or 0 per time. 

Proportion variables       and       are defined for the probability that reward of a user 

equals 1 for control group and treatment group, respectively: 

               ) , 

               ) , 

where a indicates which group the user are chosen to belong: 0 denotes control group, 1 

denotes treatment group.       and       is assumed to be independent of each other and 

time invariant. 

 Let n(t) denote the number of users visiting the system during t
th

 time period for t < T, 

where T is the total number of time period. When n(t) = 1 for t= 1,…T, this would be 

real-time updating experiment. Here, assume that n(t) is fixed rather than random 

distributed.  However, the following analysis could be easily extended if n(t) is a random 

variable.  

Let        ) and        ) denote the number of users allocated to control group and 

treatment group respectively during t
th

 time period, which satisfies 
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       )         )     ). 

    The total rewards during t
th

 time period    ) contains two parts: rewards from control 

group        )and rewards from treatment group        ). Both of them follow binomial 

distribution: 

       )                  )      ), 

       )                  )      ). 

    The task is to find a policy to make decisions: how many users enter into control group 

and treatment group respectively, or to say the probability allocated to control group, 

       ) and treatment group,        ) for each i
th

 time period based on    ) and data 

received up to i
th

 time period, including        ),        ),        ) and        )       

        . As mentioned previously, there are two goals for the decision making 

policy. One is to reduce statistical uncertainty. The other is to maximize expected 

cumulative reward during experiment 

∑  (   )) 
    ∑  (       )         ))

 
   . 

These two goals will be discussed in the following two sections 3.2 and 3.3, respectively. 

 3.1.1 Bayesian Analysis 

      Let  ̃       and  ̃       denotes the estimates of       and       at the end of t
th

 period.  

 ̃       and  ̃       are the estimates of       and       in the beginning of experiment, 

which are also the priors of       and      . The conjugate prior for binomial distribution 

is beta distribution. Assume that the priors of two groups are 
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 ̃                        ), 

 ̃                        ). 

It is also known the likelihoods after the first period are: 

(
       )

        )
)      

       )        )
        )        ), 

(
       )

        )
)      

       )        )
        )        ). 

By Bayesian theorem, posterior distributions of        and       after first time period are: 

 ̃                   )               )         )       ), 

 ̃                   )               )         )       ). 

    They are not only posteriors after the first time period, but also priors for the second 

time period. Similarly, the prior knowledge at each time period is evaluated as equal to 

the knowledge of the system at the last time period, which is represented by the last 

posterior distribution. Therefore last posterior distribution is the new prior distribution in 

Bayesian inference: 

                   . 

This procedure could be done iteratively to calculate posterior distribution of        and 

      after t
th

 time period. 

 ̃            ∑        )
 
          ∑        )

 
    ∑        )

 
         ), 
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 ̃            ∑        )
 
          ∑        )

 
    ∑        )

 
         ). 

3.2 Statistical Uncertainty 

    To compare two proportion variables       and      , we analyze their difference. The 

posterior distribution of the difference is shown in Section 2.1.1. However, it is too 

complicated to be used directly in statistical analysis. In this section, we analyze some 

statistical criterions of uncertainty, including statistical power, confidence interval and 

information gain. Algorithms to optimize corresponding statistical criterions are also 

proposed.  

3.2.1 Statistical Power  

    The power of a statistical test is the probability that the test rejects the null hypothesis 

when the alternative hypothesis is true. In Neyman-Pearson hypotheses test there are two 

hypotheses, null hypotheses H0 and alterative hypotheses HA. The rate of type I error α is 

called test size, which is the probability that the test will reject the null hypothesis H0 

when the null hypothesis H0 is true.  The rate of type II error β is the probability that the 

test will fail to reject the null hypothesis H0 when the alternative hypothesis HA is true. 

The statistical power is 1-β, which is the probability that the test will reject the null 

hypothesis H0 when the alternative hypothesis HA is true. 

    For this problem, we care about the difference between       and      . Let the null 

hypothesis and alternative hypothesis to be: 

                     , 

                     . 
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Let       ,       denote sample sizes and       ,       denote rewards. The estimation of 

Statistical Power while comparing the differences between two independent proportion 

variables is [2]: 
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where      is the     quantile of the standard normal distribution,   is the standard 

normal CDF, and   ̅  
                     

           
. 

 

Figure 3. Power Curve with parameters           ,           ,       
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     Figure 3 shows an example of power curve as function of      , with parameters 

          ,           , n=800.  It is found that the statistical power firstly increases 

and then decreases as       grows. In this example, the maximum power 0.0912 is 

derived at          . 

Maximum Statistical Power Algorithm 

    Based on above analysis, we propose an intuitive algorithm to maximize power for 

batch updating experiment. Due to the true value of        and       are unknown, at each 

time period empirical mean  ̂     and  ̂     are used to estimate power. Suppose the 

power reaches maximum at         
     given total sampling size n.  This algorithm 

tries to keep the proportion of cumulative control sample size to be    
       for the 

following time period. The sketch of algorithm is shown in Figure 4. 

 

 

 

 

 

 

 

Figure 4. Sketch of the randomized policy: Maximum Statistical Power 
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Randomized Policy: Maximum Statistical Power 

Initialization: Let   ∑    ) 
   ,  

For the first time period, with equal probabilities select samples into 

two groups 

Loop: for each time period t 

Calculate empirical means  ̂       
∑        )

   
   

∑        )
   
   

 and  ̂       
∑        )

   
   

∑        )
   
   

. 

Given  ̂      ,  ̂       and n,     
                

                      where 

statistical power is calculated as this section describes, 

With probability         )    ) select samples into control group and with 

probability           )    ) select samples into treatment group 
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3.2.2 Confidence Interval 

    In statistics, a confidence interval (CI) is a type of interval estimate of a population 

parameter and is used to indicate the reliability of an estimate.  As mentioned in section 

2.1.2, when sample size is larger than 50, Wald CI performs well.  

     For a single period controlled experiment, the 100(1-α)% Wald CI of              is  

[ ̂      ̂        
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The width is: 
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Given the value of  , to get more accurate estimate of the difference, standard deviation 

(SD) should be minimized.  
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It is easy to find the optimal        is: 
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Figure 5 is an example of SD curve as function of      , with parameters       

    ,           ,                  .  It shows SD at first decreases and then 

increases as       grows. In this example, the minimal SD        is derived at       

   . 

 

Figure 5. SD Curve with parameters           ,           ,       

Minimum CI Width Algorithm 

      Based on above analysis, we propose an intuitive algorithm to minimize SD/ Width of 

CI for batch updating experiment. Suppose SD reaches minimum at         
     given 

total sampling size n.  This algorithm tries to keep the proportion of cumulative control 

sample size to be    
       for the following time period. The sketch of algorithm is 

shown in Figure 6. 
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Figure 6. Sketch of the randomized policy: Minimize CI width 

3.2.3 Lindley Information 

      Lindley [26] proposed that the expected information provided by an experiment 

before performing it is: 

 (   (
        )

   )
)). 

where expectations are taken with respect to the joint distribution of data and parameter 

 . Actually, it’s equal to expected Kullback–Leibler divergence of the prior    ) and 

posterior         ). 

     Because       and       are independent of each other by assumption, the total 

observable information should be the sum of observable control group information and 

observable treatment group information. For a single time period experiment, let prior 

Randomized Policy: Minimum CI Width 

Initialization: Let   ∑    ) 
   , 

For the first time period, with equal probability select samples into two 

groups 

Loop: for each time period t 

Calculate empirical means  ̂       
∑        )
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With probability         )    ) select samples into control group and with 

probability           )    ) select samples into treatment group 
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distributions of       and       are                 )  and                 ) 

respectively. In paper [32], Lindley information was used to calculate observable 

information for single binomial trials. So the total observable information is: 

             )  

∑
                       )          )

        )                        )              )

     
    

∑
                       )          )

        )                        )              )

     
   . 

Here B is beta function.      ) is: 

     )      
     )

           )
   (     )         ))      )  

(       )         )), 

where   is digamma function. 

 

Figure 7. Lindley Curve with parameters         ,           ,         ,                   . 
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Figure 7 shows an example of the Lindley Information curve as a function of      , with 

parameters         ,           ,         ,                            

   .  It shows the information of test at first increases and then decreases as       grows. 

The maximum Information is derived at          . 

Minimum Lindley Information Algorithm 

     Based on above analysis, we propose an intuitive algorithm to maximize Lindley 

information for batch updating experiment. Suppose Lindley information reaches 

maximum at         
     given total sampling size n.  This algorithm tries to keep the 

proportion of cumulative control sample size to be    
       for the following time 

period. The sketch of algorithm is shown in Figure 8. 

 

 

 

 

 

 

Figure 8. Sketch of the randomized policy: Maximize Lindley Information 

3.3 Cumulative Reward  

     By the introduction in section 2.3, it is found that the goal of maximizing cumulative 

rewards during controlled experiment is the same as the goal in two-armed bandit 
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Randomized Policy: Maximum Lindley Information 

Initialization: Let   ∑    ) 
   ,  

  Appropriate Priors for       and       

Loop: for each time period t 

Update the posterior distribution of       and       

Given  ̂      ,  ̂       and n,   
                

                        

where Lindley Information is calculated as this section describes,  

With probability         )    ) select samples into control group and with 

probability           )    ) select samples into treatment group 
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problem. Classical two-armed bandit only have one trial at each step. So updating is real-

time instead of in batch mode. We extend them to solve batch updating problem.  

3.3.1 Pure Greedy  

     Pure Greedy algorithm is simple: it chooses the arm with the highest average reward. 

However, “exploring” is necessary in the beginning of the experiment. In this algorithm, 

this “exploring” does not stop until both of the two groups receive rewards. The 

algorithm sketch for batch updating is shown in Figure 9. 

 

 

 

 

Figure 9. Sketch of the randomized policy: Pure Greedy 

3.3.2 Equal Probability Allocation 

     At each time period, samples are randomly allocated into two groups with equal 

probabilityes. The algorithm sketch is shown in Figure 10. 

 

 

 

 

 

Figure 10. Sketch of the randomized policy: Equal Probability Allocation 

Randomized Policy: Equal Random Allocation 

Loop: for each time period t 

With equal probabilities select samples into two groups 

 

 

Deterministic Policy: Pure Greedy 

Initialization: For the first several time periods, with equal probability select samples 

into two groups until both of the two groups receive rewards. 

Loop: for each time period t 

Calculate empirical means  ̂       
∑        )

   
   

∑        )
   
   

 and  ̂       
∑        )

   
   

∑        )
   
   

 

 If  ̂        ̂      , select all the samples into control group 

Else, select all the samples into treatment group 
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3.3.3 Equal Size Allocation 

     At each time period, samples are randomly allocated with the goal of maintaining the 

sizes of two groups equal. The algorithm sketch is shown in Figure 11. This method is the 

same with equal random allocation if two groups have the same size of prior information. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. Sketch of the randomized policy: Equal Size Allocation 

3.3.4 UCB1 

UCB1 is a deterministic policy which is designed for real-time updating.  So it could 

not be directly extended for batch updating. From section 2.2.3 we know UCB1 is to 

choose the arm with maximum combined sum  ̂   )  √
    

    )
. Suppose control group has 

larger combined sum than treatment group. Then the next sample is selected to be in 

control group. This selection leads the second term of the sum for control group decrease 

in the following time period. So in a sense, UCB1 algorithm keeps the combined sums of 

two groups equal to each other. 
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    )   ) 

       )           ) 

                   ) 

                   ) 

Randomized Policy: Equal Size Allocation 

Initialization: Based on prior information size,             

Loop: for each time period t 

With probability        ) select samples into control group and with 

probability        ) select sample into treatment group 

Update sample sizes: 
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So in our batch updating algorithm we try to keep the two groups have the same value 

of a combined sum. 
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A batch updating algorithm to maintain this equation is shown in Figure 13. 

 

 

 

 

 

 

 

 

 

 

Figure 12. Sketch of the randomized policy: UCB Batch 

Similar with proof in paper [6], the expected regret of this batch UCB1 algorithm is 

bounded by 

Randomized Policy: UCB1 Batch 
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3.3.5 Randomized Probability Matching 

 Google Analytics adopt randomized probability matching algorithm in multi-armed 

bandit online experiment design [40] [41]. At every decision step, it allocates the 

selecting probability for each group based on posterior winning probabilities. This 

algorithm stops exploring after the posterior winning probabilities for any group exceed 

0.95. The algorithm sketch is shown in Figure 13.  

 

 

 

 

 

 

 

Figure 13. Sketch of the randomized policy: Randomized Probability Matching 

3.3.6 Proposed Algorithm 

Two Time Periods Example 

      Let’s take a simpler example to start analysis. Suppose that the problem only has two 

time periods, that is T = 2. The prior distributions are 

Randomized Policy: Randomized Probability Matching 

Initialization: Appropriate Priors for       and       

Loop: for each time period t 

Update the posterior distribution of       and      , which is  ̃       and  ̃      .  

If    ̃         ̃      )      , 

select all samples into control group from time t 

If    ̃         ̃      )      ,  

select all samples into treatment group from time t 

Else 

With probability    ̃         ̃      ) select samples into control group 

and with probability    ̃         ̃      ) select samples into treatment 

group. 
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 ̃                        ), 

 ̃                        ). 

How should we allocate the total    ) samples to be control group and treatment group, 

       ) and        ), and then     ) samples to        ) and        )?  

     Because there is no follow-up experiment, the allocation at the second time period is 

quite straightforward: the optimal decision is to choose group with larger expected return. 

However, the optimal allocation strategy at the first time period is much more complex. 

Besides “exploit” reward, it also needs to “explore” for the second time period. The best 

policy is to maximize the total expected reward 
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The first two terms are the expected reward of the first time period itself. The last two 

terms are the expected reward of second time period given optimal allocation strategy of 

the second time period discussed above. This formula can be easily calculated except the 

probability of control group has no less average reward, which is 
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As the reward received from experiment is binomial distributed: 
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As       and       are distributed independent of each other, their joint distribution is  
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 )                  
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). 

So, the probability of control group has no less average reward      is 
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This formula can be computed either by quadrature or simulation.  

     Now maximizing the total expected reward is equal to 
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Normal Distribution Approximation 

    The complexity of calculating     depends on        )  and        ) . The larger  

       )  and        )  are, the more complex the calculating is. To decrease the 

complexity, we use Normal distributions as approximation of binomial distributions of 

the rewards. As we know, when        ) and        ) is large enough,  
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Now the probability of control group has no less average reward,      turns to be 
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where    is the cumulative density function of normal distribution.   
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Figure 14. Optimal Allocation Probability Curve with Parameters          ,                 

             and     )      

    An example of optimal allocation probability curves as a function of    ) is shown in 

Figure 14. It is found that the optimal allocation probability depends on the value of the 

sample size of second time period n(2). When    )   , the objective function only 

focus on reward of the first time period experiments, so it simply chooses group with 

larger expected reward. When n(2) grows, the objective function focus more on reducing 

statistical uncertainty, so it tends to make allocation in more balanced way. This plot also 

shows that the curve with normal distribution approximation is close to the curve 

calculated through binomial distribution. 
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Proposed Algorithm 

When experiment has more than two time periods, Bayesian analysis would be much 

more complicated. However, we can break the problem to be multiple two-time-periods 

problem and solve it through above result. 

At each time period, assume experiment is a two-time-periods/stages problem: the first 

stage is current time period; the second stage is all the remaining time periods as a whole. 

So there are two stages decisions need to be made. 

1

2

T-1 T

T

1 2 3 ... ... T-2 T-1 T

3

...

1 2 3 ... ... T-2 T-1 T

Original Problem

Sub Problem 1

Sub Problem 2

Sub Problem 3

Sub Problem T-1

Sub Problem T

Solution

 

Figure 15. Sequential Two Stages Solution 

As Figure 15 shows, multi time periods problem is broken to be a sequential two stages 

(STS) problem. The decisions for all of “first” stages are adopted in the solution. 
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Figure 16. Sketch of the randomized policy: Sequential Two Stages  

This sequential two stages (STS) solution produces a sub-optimal policy for batch 

updating problem. However, it fails when the total experiment size is large but each 

“batch” is too small. In this situation, the first stage of our algorithm always has small 

sample size. So      is mainly decided by prior information and nearly uninfluenced by 

the “first” stage experiment, which incurs pure greedy selection.  To solve this problem, 
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Randomized Policy:  Sequential Two Stages 

Initialization: Set proper beta prior information                          

Loop: for each time period t 

The allocation probability        ) and        ) are calculated as 
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With probability        ) select user into control group and with        ) 
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Update Parameters: 
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we includes all the remaining expected experiments in calculating     . The sketch of 

sequential two stages (STS) algorithm is shown in Figure 16. 

3.4 Performance Measure 

3.4.1 Combination of Statistical Uncertainty and Cumulative Reward Goal 

    There are two goals for the decision making policy. One is to reduce statistical 

uncertainty. The other is to maximize expected cumulative reward. It is natural to 

consider setting up a combined objective function for the two goals. For example, the 

formula below is to combine SD and cumulative reward: 
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where     )  is a monotone increasing function and     )  is a monotone decreasing 

function.   is the related weight of cumulative reward. 

     Because there is no explicit relationship between SD and cumulative reward, how to 

define of      )  and     )  is a big challenge. Should they be linear, quadratic or 

logarithmic or other functions? Besides these two functions, how to choose a reasonable 

weight is also a ticklish problem.  

3.4.2 Virtual Future Measure 

    It is hard to find a reasonable function to measure statistical uncertainty and 

cumulative reward together. The reason is that the relationship between two goals is 

implicit. How to establish a bridge between them? 

    Let’s rethink about why we want to reduce statistical uncertainty. Assume a webpage 

has two options of ads, A and B, which could be shown to its visitors. At the beginning, 
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we have no idea of which ads has higher conversion rate. An online controlled 

experiment is launched. The goal of this experiment is to discover which ads will perform 

better accurately and does not lose too many conversions during experiment. After the 

experiment, the winning ads will be put on the webpage for a couple of months before 

replaced by some other ads. The less statistical uncertainty the experiment reaches, the 

more confidence we have in making decision after the experiment, which leads to less 

potential loss in post-experiment time. So, instead of using statistical uncertainty 

measure, why not simulate post-experiment reward directly.  

    The expected sum of experiment reward and post-experiment reward could be a good 

measure to combine statistical uncertainty and cumulative reward, which is 

  ∑        )
 
    ∑        )

 
    ∑     )   

     ), 

where F is the expected life time for the winner of the online experiment.     ) is post-

experiment reward. This method of connecting statistical uncertainty and cumulative 

rewards is more reasonable and also easier to be interpreted. 

    The online experiment ends at T
th

 time period. After that, the winner of the experiment 

is launched. So similar with the second time period decision strategy, it is easy to know 

that the optimal decision of the winner is the one with larger expected reward.  

       )  {
    

      ∑        ) 
   

      ∑        ) 
   

 
      ∑        ) 

   

      ∑        ) 
   

          
                     , 

       )  {
    

      ∑        ) 
   

      ∑        ) 
   

 
      ∑        ) 

   

      ∑        ) 
   

          
                      . 



 37 

3.4.2 Sequential Two Stages for Virtual Future Measure  

      To take virtual future reward into account, the only thing needs to be modified for 

sequential two stages (STS) algorithm is number of the second stage samples. Now it is 

∑    )   
    rather than ∑    ) 

   . The sketch of algorithm is shown in Figure 17 

 

 

 

 

 

 

 

 

 

 

 

Figure 17. Sketch of the randomized policy: Sequential Two Stages algorithm for VFM 

 

 

 

 

       )        )  
      

       )        )
(
         )         )

           

 
         )         )

           

 
           ∑    )   

     

           

 
             )  ∑    )   

     

           

) 

      

(

 
 
                     )  ∑    ) 

   ))                     )  ∑    ) 
   )⁄                      )  ∑    ) 

   )                     )  ∑    ) 
   )⁄

√
       )  ∑    ) 

   

                    )  ∑    ) 
   ) 

             )  
       )  ∑    ) 

   

                    )  ∑    ) 
   ) 

             )
)

 
 
 

 

Randomized Policy:  Sequential Two Stages for VFM 

Initialization: Set proper prior information                          

Loop: for each time period t 

The allocation probability        ) and        ) are calculated as 
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CHAPTER IV: Experimental Results & Discussion 

     In this chapter, simulation is run to evaluate statistical uncertainty level and 

cumulative reward of different batch algorithms. In the experiment, data of control group 

and treatment group are randomly generated given corresponding reward rate. One way 

of simulation is to generate data at sampling stage: at each time period, data are generated 

given reward rate and sampling size derived from algorithms, as Figure 18 shows. 

However, in that case there is a problem that the data generated for different algorithms is 

not the same with each other, though reward rate for the same group is the same. This 

data difference adds more uncertainty of the experimental results. To be free of this 

difference, another simulation scheme is adopted: two groups of sequential data are 

generate ahead of algorithms running. Each algorithm fetches data according to its own 

sampling strategy. Now each algorithm will deal with the same data. So it would be fairer 

for performance evaluation. Figure 19 shows how this scheme works. 

Control Group Data

Treatment Group Data

Algorithm

Control Group 

Treatment Group 

Reward Rate λctrl

Reward Rate λtrmt

 

Figure 18. Scheme 1: Data is generated at algorithm running stage 
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 Sequential Data (Control Group)

Sequential  Data (Treatment Group)

Algorithm

Control Group 

Treatment Group 

Reward Rate λctrl

Reward Rate λtrmt

0, 1, 2,... N

0, 1, 2,... N

 

Figure 19. Scheme 2: Data is generated ahead of algorithm running 

4.1 Statistical Uncertainty 

4.1.1 Experiment Setup 

     In this study, the time period length of experiment is 50. Each update contains 100 

number of observations allocated to two groups. The reward rates of two groups are fixed 

to be 0.07 and 0.06 during the test. No prior information assumes to be known for two 

groups. For each algorithm, experiment is run 100 times to average performance. 

Several algorithms, including random selection (with equal probability), maximum 

statistical power, minimum width of CI, and maximum Lindley information are 

compared with each other. It claims that “RPM algorithm with early stopping condition 

can produce answers far more quickly compared to traditional A/B testing” [40]. So RPM 

algorithm is also included in our comparison. To compare statistical uncertainty, the early 

stopping condition of RPM algorithm is ignored. 
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     The matric of this experiment includes statistical power, standard deviation, maximum 

optimality probability and correction rate. Optimality probability [41] is the calculating 

probability of one group having the largest reward rate, which allocation strategy of RPM 

algorithm bases on. Maximum optimality probability is the maximum among all groups.  

4.1.2 Experimental Result s& Discussion 

     Experimental results of uncertainty metrics are shown in Table 1, including mean 

value and standard deviation of 100 experiments.  Figure 20, 21 and 22 show how the 

three matrices change during experiment.  

 Table 1: Experimental Result of Uncertainty Metrics for Algorithms 

These experimental results show that maximum statistical power algorithm has the 

largest statistical power and minimum width of CI algorithm has the smallest standard 

deviation. However, all the numbers of maximum statistical power, minimum width of 

CI, maximum Lindley Information and random selection algorithm are quite close. The 

reason is that all these algorithms have approximately balanced allocation. And from 

Figure 3 and Figure 5, It is found the slop of statistical power and standard deviation is 

small near balanced allocation, and large away from balanced allocation. Only serious 

unbalanced allocation leads significant change of statistical power and standard 

Algorithm 
Power SD Max Opt. Prob. 

Correction Rate 
Mean SD Mean SD Mean SD 

PWR 0.7764512 0.338168 0.006100565 0.001459258 0.951606 0.1099287 94.7% 

CI 0.7740962 0.3373499 0.005837346 0.001400802 0.954063 0.1053458 95.2% 

LIN 0.7764975 0.3382758 0.00602033 0.00131871 0.95292 0.1076152 95.0% 

RDM 0.7778286 0.3360286 0.006013026 0.001316967 0.953773 0.106029 95.1% 

RPM 0.4799231 0.2239414 0.01068603 0.003737999 0.946497 0.1011881 94.1% 
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deviation. So, simple random selection algorithm which is used in A/B testing is not a 

bad choice in the view of statistical uncertainty.  

RPM algorithm has much lower statistical power and higher standard deviation by 

experimental results. This is because it selects lots of samples into better group during 

experiment. The reason why “RPM algorithm with early stopping condition can produce 

answers far more quickly compared to traditional A/B testing” is only because this early 

stopping condition is much weaker than traditional A/B testing. Under the stopping 

condition of RPM algorithm, A/B testing can even finish experiment earlier. 

 

Figure 20. Statistical Power over time period 
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Figure 21. Standard Deviation over time period 

 

Figure 22. Maximum Optimality Probability over time period 
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4.2 Virtual Future Measure 

     In this section, virtual future measure (VFM) is implemented to evaluate algorithms. 

The experiments also includes the situation of future life time equal to 0, of which virtual 

future measure only consider cumulative reward during experiment. Then it is the same 

measure as two-armed bandit problem. 

4.2.1 Experiment Setup 

    In this study, simulation consisted of 100 experiments. For each experiment, the 

reward rates of two groups are generated from uniform distribution U(0, 0.1). Each 

update contains a Poisson(100) number of observations allocated to two groups. For each 

algorithm, this experiment runs 100 times to get average performance. 

Experiments run with two different lengths of time periods, 5 and 100, respectively to 

represent situations with restricted samples and sufficient samples. It also runs with prior 

observations of control group and no prior observations of control group. For 5 time 

period experiment, 250 observations are assigned. For 100 time period experiment, 5000 

observations are assigned. No prior information of treatment group is assigned in the 

experiment. Future Life Time F is set to be 0, 100 and 500 for 5 time periods experiment 

and 0, 1000, 5000 for 100 time periods experiment. Totally, experiment has 12 different 

settings as Table 2 shows.  

The evaluated algorithms include equal probability allocation, equal size allocation, 

pure greedy, UCB1, randomized probability matching and sequential two stages. 
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Table 2: Experiments Setup Table for Virtual Future Measure Experiment 

Experiment ID 1 2 3 4 5 6 7 8 9 10 11 12 

Time Period Length  5 5 5 5 5 5 100 100 100 100 100 100 

Prior Observation Size  0 0 0 250 250 250 0 0 0 5000 5000 5000 

Future Life Time 0 100 500 0 100 500 0 1000 5000 0 1000 5000 

4.2.2 Experimental Results & Discussion 

Time Period Length = 5, Prior Observation Size = 0 

Table 3: Mean and SD of regrets (Time Period Length = 5, Prior Observation Size = 0) 

Future Life Time  EPA ESA Greedy UCB1 RPM STS 

0 

Mean 7.410283 7.413877 4.024992 6.322252 3.212737 2.597022 

SD 0.00418038 0.00195284 0.0120176 0.00252667 0.00349289 0.00290052 

100 

Mean 13.37419 13.1108 26.03839 12.59857 13.37689 11.05450 

SD 0.109556 0.0522560 0.418003 0.113215 0.144779 0.124510 

500 

Mean 37.74059 36.33763 118.0026 37.99229 53.65423 36.11438 

SD 0.500524 0.263101 2.20135 0.621494 0.705577 0.656187 

 



 45 

 

Figure 23. Cumulative regrets (Time Period Length = 5, Prior Observation Size = 0) under (a) Future 

Life Time = 0 (b) Future Life Time = 100 (c) Future Life Time = 500. Note that black bar is cumulative 

regrets during experiments stage and grey bar is cumulative virtual future regrets.  

 

Figure 24. How does Future Life Time change regrets (Time Period Length = 5, Prior Observation Size 

= 0) (a) Cumulative regrets during experiments stage (b) Total cumulative regrets 
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Time Period Length = 5, Prior Observation Size = 250 

Table 4: Mean and SD of regrets (Time Period Length = 5, Prior Observation Size = 250) 

Future Life Time  EPA ESA Greedy UCB1 RPM STS 

0 

Mean 7.413597 7.81741 3.086902 5.649278 2.447000 2.111957 

SD 0.00446910 0.00168245 0.00588717 0.00258550 0.00290916 0.00273641 

100 

Mean 11.84425 11.35162 17.00135 9.412254 9.145567 7.366655 

SD 0.0464996 0.0361032 0.203317 0.0769668 0.144690 0.0897081 

500 

Mean 29.88097 25.40701 72.06019 24.80907 37.4481 23.15598 

SD 0.294549 0.110346 1.162603 0.37335 0.854644 0.370404 

 

 

Figure 25. Cumulative regrets (Time Period Length = 5, Prior Observation Size = 250) under (a) Future 

Life Time = 0 (b) Future Life Time = 100 (c) Future Life Time = 500. Note that black bar is cumulative 

regrets during experiments stage and grey bar is cumulative virtual future regrets.  
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Figure 26. How does Future Life Time change regrets (Time Period Length = 5, Prior Observation Size 

= 250) (a) Cumulative regrets during experiments stage (b) Total cumulative regrets 

Time Period Length = 100, Prior Observation Size = 0 

Table 5: Mean and SD of regrets (Time Period Length = 100, Prior Observation Size = 0) 

Future Life Time  EPA ESA Greedy UCB1 RPM STS 

0 

Mean 148.1488 148.1653 24.96327 65.17191 9.761653 9.613503 

SD 0.0182676 0.00206033 0.399701 0.00208211 0.0821495 0.00243636 

1000 

Mean 149.5394 149.5519 230.3115 66.55326 47.35902 17.67864 

SD 0.0185711 0.00196484 4.645897 0.00226715 0.979769 0.00224975 

5000 

Mean 155.0736 155.0955 1068.077 72.09497 188.1976 26.51378 

SD 0.0169755 0.00208992 22.25767 0.00214160 4.49216 0.00299169 
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Figure 27. Cumulative regrets (Time Period Length = 100, Prior Observation Size = 0) under (a) Future 

Life Time = 0 (b) Future Life Time = 1000 (c) Future Life Time = 5000. Note that black bar is cumulative 

regrets during experiments stage and grey bar is cumulative virtual future regrets.  

 

Figure 28. How does Future Life Time change regrets (Time Period Length = 100, Prior Observation 

Size = 0) (a) Cumulative regrets during experiments stage (b) Total cumulative regrets 
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Time Period Length = 100, Prior Observation Size = 5000 

Table 6: Mean and SD of regrets (Time Period Length = 100, Prior Observation Size = 5000) 

Future Life Time  EPA ESA Greedy UCB1 RPM STS 

0 

Mean 148.1904 149.0989 21.56430 42.21271 9.422874 5.280005 

SD 0.0189748 0.00194009 0.376613 0.00275169 0.0176001 0.00297323 

1000 

Mean 150.5852 149.4824 252.4254 43.6029 45.78592 8.344196 

SD 0.0160058 0.00180474 2.459249 0.00246558 0.218074 0.00292461 

5000 

Mean 157.1022 155.0245 1172.329 49.13693 191.1284 15.85606 

SD 0.0172936 0.00174546 10.61887 0.00330607 1.018030 0.0036232 

 

 

Figure 29. Cumulative regrets (Time Period Length = 100, Prior Observation = 5000) under (a) Future 

Life Time = 0 (b) Future Life Time = 1000 (c) Future Life Time = 5000. Note that black bar is cumulative 

regrets during experiments stage and grey bar is cumulative virtual future regrets.  
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Figure 30. How does Future Life Time change regrets (Time Period Length = 100, Prior Observation 

Size = 5000) (a) Cumulative regrets during experiments stage (b) Total cumulative regrets 

Based on the experimental results are shown in Table 3, 4, 5, 6 and Figure 23, 24, 25, 

26, 27, 28, 29, 30, we can find some points and draw some conclusions: 

1. Among all the algorithms, sequential two stages (STS) algorithm has the smaller 

mean value of regret, no matter what the values of time period length, prior 

observation size of control group and future life time are.  

2. Equal size allocation (ESA) performs worst if future life time is 0. As future life 

time gets larger, the performance gets better. It’s almost the same as sequential 

two stages (STS) when future life time is very large. This is because what ESA 

does is the same as traditional A/B testing. It focuses on reducing statistical 

uncertainty, which has advantage of return if experiment conclusion could be 

used for a long time. 
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3. On the contrary, pure greedy algorithm performs worst when future life time is 

large. As future life time gets smaller, its performance gets better. This is because 

pure greedy algorithm has the highest statistical uncertainty, which produces 

huge loss when future life time is large.   

4. With no priors, equal probability allocation (EPA) is the same as equal size 

allocation (ESA). With prior information, EPA performs worse than ESA. This 

difference is significant when future life time is large and experiment size is 

limited.  

5. UCB1 and randomized probability matching (RPM) algorithms are more 

moderate than ESA and pure greedy algorithm. They are not like ESA, reducing 

statistical uncertainty without thinking of reward, nor like pure greedy algorithm, 

being too short eyesight in maximizing reward. In the experiment setting, the 

ranking by the level of greedy from high to low is: pure greedy algorithm, RPM, 

STS, UCB1, and ESA.  

6. The greedier algorithm is, the larger standard deviation of regret would be. ESA 

has the smallest standard deviation and greedy algorithm has the largest. 

7. STS is the only algorithm which takes future life time into account in decision 

making during experiment. From Figure 24, 26, 28, 30, we find that the 

experimental during experiment stage of other algorithms do not change as future 

life time changes. Only STS algorithm adaptively adjusts the weight of trade-off 

between statistical uncertainty and accumulating reward. If future life time is 
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larger, STS tends to make allocation in more balanced way to reduce statistical 

uncertainty. If future life time is small, it tends to be greedier to focus more on 

instant reward.  
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CHAPTER V: Future Work 

Multiple Groups Experiment 

How to solve the problem with multiple groups has not been discussed in this paper. In 

that case, the calculation of two time period Bayesian analysis would be much more 

complex. And whether sequential two stages is a good sub-optimal solution for the 

problem also needs experiment to check. 

Not only Binary Reward 

How to solve online experiment problems if reward is not binary variable but 

continues value in the future is also a good future direction. For example, what if reward 

follows normal distribution? How about log-normal or Pareto distribution?   

Features of sample 

In this paper, each sample is assumed to be the same. If these samples have some 

features, this assumption would not hold. Actually, this situation is more practical in real 

life.  Usually cookies could be used to store users’ information, including browser type, 

visiting time, etc. How to use this information to improve the efficiency of online 

experiment is also a hot topic for research. 

Others 

In this paper, batch updating of ε-greedy, Softmax and Gittins index have not been 

mentioned. Actually, ε-greedy, Softmax algorithms could easily be extended to solve 

batch updating problem. There are parameters ε and τ in these two algorithms. To get 
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good performance, how to decide the value of ε and τ in batch updating needs to be 

investigated. The batch updating Gittins index algorithm, however, is much more difficult 

to develop. The calculation is extremely complicated in batch updating mode. How to 

approximately solve this problem might also be a good research topic. 
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