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Foreword 

On February 5-7, 1968 a Symposium was held at Berkeley on the 
acceleration of ions by collective effects. Interest in this subject in 
the Western World was dramatically stimulated by a report by A. A. 
Kolomensky at the Cambridge Accelerator Conference in September 1967 on 
the work of a group of Soviet scientists at Dubna. The original leader 
of this group was V. I. Veksler, whose untimely death occurred in 1966; 
and the present leader of the group is V. P. Sarantsev. 

The principle of how one might use the strong fields associated 
with dense clusters of particles to guide or to ac~elerate other particles 
was discussed in a general way in a number of Soviet contributions to the 
CERN Symposium on Accelerators in 1956 by Veksler, Budker, and Fainberg. 
It is interesting to note that at least two of the ideas contained in 
these early communications have survived in the present concept of the 
electron-ring accelerator, viz., the use of coherent field acceleration 
and the use of a relativistic electron stream. The group at Dubna has 
already performed experiments on the trapping of ions by the collective 
field of relativistic electrons and have constructed a model that should 
be capable of accelerating ions to an energy of 1 GeV per nucleon. In 
addition they have made several theoretical studies on the stability of 
the intense circular current filament of the electron-ring when it contains 
ions embedded and trapped within it. These calculations have encouraged 
many to believe that this may be a promising new principle for attaining 
particle acceleration at all ranges of energy from low to very high. 

As a result of the Cambridge meeting, A. M. Sessler of LRL 
became deeply interested in the properties of electron-ring acceleration 
and launched an intensive theoretical study of the basic principles of 
the accelerator and an exploration of the parameters and economics of 
such a device for accelerating high energy protons. Enthusiasm spread 
rapidly among scientists here, because of the intrinsic elegance of the 
new principle and its potential for leading to a whole new class of 
accelerators, and because of the presence in the Laboratory of accelerator 
and plasma physicists competent to explore this new field. In addition 
the presence, in the Laboratory, of an intense source of relativistic 
electrons, namely the Astron injector, offered hope of being able to carry 
out an experimental program with the minimum of delay. Such a program has 
indeed been begun and two devices are under construction in which an 
electron-ring will be formed and compressed. In these devices the stability 
criteria for the ring and" the trapping conditions for the ions will be 
studied. Later a solenoid guide field will be added and both extraction 
and acceleration in a static magnetic field will be investigated. In the 
meantime, parallel studies have been begun on the nature of a suitable 
method for electric acceleration of protons to very high energies using 
either radio-frequency cavities or pulse-line techniques. 
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Because of the wide interest and curiosity aroused in both the 
U.S. and Europe, it seemed proper to organize this Symposium, even at 
short notice, to allow people to become better informed about the princi
ples, limitations, and potential applications of the electron-ring accel
erator. It was hoped that delegates with background in widely different 
areas would shed more light on this new field which is in the domain of 
none, but tangential to many. We feel that the Symposium has been highly 
successful in both these regards. We regret that, because of prior 
commitments, A. A. Kolomensky and V. P. Sarantsev could not attend and 
give us first-hand accounts of the unique experimental work at Dubna. 

During the week prior to this Symposium a small working confer
ence of theoretical physicists took place. They have accomplished a 
remarkable amount in such a short space of time and have helped greatly 
in quantitatively defining the troublesome effects that must be circum
vented to ensure successful operation of an electron-ring accelerator. 
This has been a useful and productive experience and has served to point 
the way in which further and more definitive theoretical work needs to go. 
The papers resulting from this theoretical working conference are contained 
in Part II of these Proceedings, which also includes, as useful background, 
earlier papers of relevance. 

The first day of the Symposium was primarily an information 
session. In the morning we heard reports on some different kinds of 
collective-effect devices that have been proposed and on one that has 
already operated in prototype form (HIPAC). This latter device is design
ed ultimately to produce heavy-ion temperatures of millions of electron 
vOlts/nucleon and has already achieved a potential well of almost half a 
million volts. The afternoon program included a description of the work 
of the last few months at LRL. Conceptual designs for a high energy 
accelerating column for electron rings were described and the alternative 
possibilities of using radio-frequency cavities or a novel method of pulse
line induction acceleration were presented. There was also a description 
of the proposed developmental work on these types of systems and of the 
current plans for an experimental program on ring-forming and compression 
using the Astron electron-injector. 

The next day and a half were devoted to working sessions in which 
the attendees assembled in working sub-groups devoted to different topics. 
The outcome of the work of these sub-groups was summarized on the final 
afternoon by the various group chairmen. The working groups were less 
concerned with questions that had been solved, or looked easy to solve, 
than with the examination of the knottier problems that remained. The 
chairmen's summary papers reflect this preoccupation with some of the 
difficulties that one may expect to encounter and are a valuable guide to 
the nature of the theoretical and experimental problems that must next be 
tackled. 

, 
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I believe it is a fair summary of the Symposium to say that 
most of those who attended, having informed themselves and worked on some 
of the problems for a few days, departed with enhanced interest and with 
a firm belief that the promise of this new principle makes it essential 
to pursue urgently and effectively, by theory and experiment, its many 
novel ramifications. 

In conclusion I wish to thank the Symposium attendees who, by 
their active participation, made the conference stimulating and these 
Proceedings of value. I thank Andy Sessler for organizing the Symposium 
and Anna Mae Naranjo, Maggie O'Keefe, and Georgella Perry for their 
invaluable assistance before and during the Symposium and in the prepara
tion of the proceedings. I also thank John Wilson and members of his 
staff in the Technical Information Division, in particular Yvonne Stone, 
for their speedy preparation of this volume. 

Berkeley, California 
March 1, 1968 

Edwin M. McMillan 
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SYMPOSIUM ON COLLECTIVE FIELD ACCELERATORS 

Organizing Committee: 
D. Keefe 
E. J. Lofgren 
A. M. Sessler 
C. M. Van Atta 
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Monday Morning, Feb. 5 (Chairman: Dr. C. M. Van Atta). 

Dr. Edwin M. McMillan, Lawrence Radiation Laboratory, Berkeley 
Introductory Remarks. 

Dr. Richard H. Levy, Avco~.Everett 
Prospects and Present Status of the HIPAC. 

Dr. Fred Mills, University of Wisconsin, Madison 
A Linear Coherent Accelerator. 

Dr. W. B. Lewis, Atomic Energy Canada 
Some Preliminary Thoughts on Ion Drag Accelerators. 

Monday Afternoon, Feb. 5 (Chairman: Dr. E. J. Lofgren). 

Dr. Andrew M. Sessler, Lawrence Radiation Laboratory, Berkeley 
The Electron Ring Accelerator-General Concepts and Present 
State of Theoretical Understanding. 

Mr. Ferd Voelker, Lawrence Radiation Laboratory, Berkeley 
Radio Frequericy Acceleration of Electron Rings. 

Mr. Edward Hartwig, Lawrence Radiation Laboratory, Berkeley 
Pulsed Line Acceleration of Electron Rings. 

Mr. William W. Salsig, Lawrence Radiation Laboratory, Berkeley 
Electron Ring Acceleration Column-Engineering Considerations. 

Dr. Denis Keefe, Lawrence Radiation Laboratory, Berkeley 
Experimental Use. 
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Tuesday, Feb. 6 and Wednesday Morning, Feb. 7. 

Dr. Jack M. Peterson, Lawrence Radiation Laboratory, Berkeley 
The LRL Model Program 

Working Group Sessions: 

Working Group Chairman Secretary 

1. Injector Dr. S. V. Nablo Dr. W. Lamb 

2. Compressor Unit and Dr. F. Mills Dr. J. Peterson 
Model Program 

3. RF Accele ration Dr. G. Loew Mr. F. Voelker 

4. Pulsed Line Dr. J. P. Blewett Mr. G. Lambertson 
Accele ration 

5. Theoretical Aspects Dr. E. Courant Dr. L. J. Laslett 

6. Experimental Use: Dr. J. A. Kadyk Dr. D. Keefe 
Protons and Ions 

Wednesday Afternoon, Feb. 7 (Chairman: Dr. D. Judd). 

Reports by the Chairmen of the Working Groups. 

Prof. M. Sands, Stanford Linear Accelerator Center, Stanford 
Summary Remarks. 

j 
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PROSPECTS AND PRESENT STATUS OF THE HIPAC 

Richard H. Levy 

Avco Everett Research Laboratory 
Everett, Massachusetts 

Since most of the material de scribed in this talk has been pub-

lished already, this abstract will confine itself to indication of the 

appropriate references. 

The basic paper on the HIPAC is: Janes, G. S., Levy, R. H., 

Bethe, H. A. and Feld, B. T., "On a New Type of Accelerator for 

Heavy Ions, 11 Phys. Rev. 145, 925 (1966). A slightly earlier paper, 

Janes, G. S., Levy, R. H. and Petschek, H. E., "The Production of 

BeV Potential Wells," Phys. Rev. Letters.!i, 138 (1965), discussed a 

similar concept but in an application which today seems more remote. 

A recent paper, Daugherty, Jo D., Grodzins, L., Janes, G. So and 

Levy, R. H., "On a New Source of Highly Stripped Heavy Ions, 11 Avco 

Everett Research Laboratory Research Report 288, January 1968 (sub-

mitted to Phys. Rev. Letters), describes the application of the mPAC 

as a source of highly stripped heavy ions. Theoretical aspects of the 

stability of the HIPAC are discussed in the following papers: Levy, R. H., 

liThe Diocotron Instability in a Cylindrical Geometry, II Phys. Fluids 8, 

1288 (July 1965); Levy, R. H., "The Effect of Coherent Radiation on the 

Stability of a Crossed-Field Electron Beam, II J. Appl. Phys. B, 119 

• (1966); Buneman, 0., Levy, R. H. and Linson, L. M., liThe Stability 

of Crossed-Field Electron Beams, II J. Appl. Phys. 37, 3203 (1966); 

Daugherty, J 0 Do and Levy, R. H., IIEquilibrium of Electron Clouds in 

Toroidal Magnetic Fields, II Phys. Fluids 10, 155 (1967); Levy, R, H. 
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and Hockney, R. W., "Computer Experiments on Low Density Crossed

Field Electron Beams, " Avco Everett Research Laboratory Research 

Report 273, June 1967 (to be published in Phys. Fluids); and Levy, R. H., 

"Two New Results in Cylindrical Diocotron Theory," Avco Everett Research 

Laboratory Research Report 283, November 1967 (to be published in Phys. 

Fluids) . 

The only experimental paper relevant to the HIPAC and already in 

print is: Janes, G. S .• "Experiments on Magnetically Produced and Con

fined Electron Clouds. II Phys. Rev. Letters..!2.. 135 (1965). A new paper 

bringing the experimental side up to date will appear in the Physics of 

Fluids at an early date under the authorship of J. D. Daugherty, J. E. 

Eninger and G. S. Janes. In a very brief outline these results consist of 

experiments performed on a torus of 10 cm minor radius and 50 cm major 

radius. When the magnetic field in the torus is raised at a rate corres-

ponding to the induction of 800 volts (peak magnetic field about 5 kilogauss), 

electrons are injected and captured at a mean density of 4 x 109 cm - 3, 

giving a potential well greater than 400 kV deep. The confinement time 

scales in an approprIate manner with the base pressure (> 10-
7 

torr). 

,; 
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A LINEAR COHERENT ACCELERATOR 

Fred Mills 

University of Wisconsin 
Madison, Wisconsin 

The material presented has been published in Proceedings of 

the Fifth International Conference on High Energy Accelerators, 

Frascati, Roma (1966), p. 444. 
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SOME PRELIMINARY THOUGHTS ON ION DRAG ACCELERATORS 

W. Bennett Lewi s 

Atomic Energy Canada Ltd. 
Chalk River, Ontario 

I am hoping both to give something to this symposium and 
to get something from it. My special concern is with a study that 
may very well still be active twenty years from now in the field of 
what I will call "factory type accelerators" that have continuous 
power ratings of tens of megawatts, and have an economic purpose 
such as the production of special isotopes, the production of mesons, 
or the production of neutrons as part of a nuclear power cycle. 
Cost considerations force attention to efficiency but the scale 
allows some generosity such as being able to discard, if necessary, 
electron or other beams of up to several megawatts. 

In particular we find ourselves looking for nucleons 
accelerated to y" in the range 1.5 to 5 where y is the familiar 
relativistic mass multiplier l/~ and S == vic. The sub
script " is a reminder that we are seeking a beam, and" denotes 
parallel to the beam axis, so v" is the axial velocity. At 
y = 2 a proton has a kinetic energy of 938.26 MeV or nearly 1 GeV 
while an electron has a kinetic energy of only 511 keV. It is, 
however, important to recognise that an electron with y" = 2 and 
v" = 0.8660 may have a very high mass m y. An interesting 
digression is to note that for y" = 2, 0 v, < O.Sc. Quite generally 
y"SL < 1 for y"S.L = Il-(y,,/y)2 which is merely a statement of the 
composition of velocities V2 = v~ + v~. However, even if v~ becomes 
small the angular momentum may remain-unchanged, and in a frame of 
reference moving with velocity v" the velocity of a high energy 
electron in its orbit remains close to c, and the magnetic field 
resulting from the motion in that frame of reference remains high. 

Use can be made of the very high electric field grad
ients in dense electron bunches or bounded clouds held together 
by a strong magnetic field as in the HIPAC accelerator to transfer 
the collective energy of electrons to individual ions. 

To acquire a high energy from a small bunch of electrons 
the bunch must move like the carrot in front of the donkey but 
also accelerate to keep pace with the ions. To change the 
analogy the ion is like a marble in a saucer on a railway train. '~ 
Given a sufficiently gradual acceleration the marble will stay in 
the saucer and acquire the velocity of the train. This is the 
mode of acceleration called Ion Drag. 
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In ion drag acceleration the electrons are much more 
numerous than the ions, say 50 to 1000 times as many. Several 

~ different means of accelerating the electrons while keeping 
them bunched together have been suggested. For keeping the 
electrons from spreading the Bennett pinch phenomenon is use-
ful. When electrons move parallel and in the same direction 
at relativistic velocities the magnetic field they generate 
partly annuls the Coulomb electrostatic repulsion, it is reduced 
by the factor (1 _ v ~ ~ 2 ) • By seeding the beam wi th pos i ti ve 

ions of negligible veloci ty amounting to (1 - v ~~ 2) of the 

electrons the mutual repulsion is reduced to zero and the electron 
beam becomes self-focussing. We are thus led directly to see the 
electrons in the bunch spiralling at relativistic velocities around 
lines of magnetic induction dragging the ions that settle near the 
tail of the bunch where the electrostatic field is high enough to 
match the acceleration. 

I must not trespass any further into the electron ring 
type of accelerator for that is the territory of the papers that 
follow. I shall therefore keep to the concern I have expressed 
for high efficiency. First we note that, in the ion drag process, 
energy is transferred from the electrons to the ions with almost 
perfect efficiency, we are therefore concerned with 

(1) the efficiency of giving energy to the electrons, 
. 

(2) the efficiency of the separation of the ions after 
acceleration and 

(3) the recovery in useful form of the residual energy 
of the electrons. 

To focus ideas suppose we want 1 GeV protons 

at 50 electrons per proton we need to take 20 MeV per electron 

at 100 electrons per proton we need to take 10 MeV per electron 

at 1000 electrons per proton we need to take 1 MeV per electron 

. If the residual energy of the electrons is 1 MeV and recovery of 
their energy is poor, we are steered towards using the smaller 
numbers of electrons. Probably the most efficient method of 

~ transferring tens of megawatts to electrons would eventually be 
from a D,C. source, but such devices have not yet been engineered 
for more than 1 MV. In the meantime a radiofrequency source 
that may have an overall efficiency in the 50 to 80% range is 
likely to be established. The possibility of feeding in energy 



-8-

by betatron action, as in the electron ring accelerator, does not 
yet seem practicable for many megawatts mean power. 

When the ion acceleration by energy transfer from the 
electrons has been completed ideally the electrons could climb up 
a potential hill to a collecting electrode, while the protons 
would receive a little further acceleration in the potential 
gradient before losing a little in being separated from the 
electrons (climbing to the edge of the saucer). A transverse 
magnetic field would serve to separate the paths of electrons 
and protons if necessary, 

It is basic to the ion drag process that it is the 
collective field of the electrons that provides the accelerating 
force. To achieve the desired acceleration in the shortest time 
and distance the electron density in the effective volume must be 
as high as possible. Recent experiments with electrons at 
several MeV obtained by field emission have reached pulse currents 
of many tens of thousands of amperes in beams focussed to only a 
few millimetres diameter. At high enough densities in the presence 
of positive ions such beams can stop themselves, and other 
instabilities develop. The electric fields associated with these 
densities lie, however, above 10 9 Vim and beyond the practical 
limit for imposed magnetic fields needed for controlled motion. 

Experiments to determine the limits of current in such 
electron beams have just been reported at the Chicago meeting of 
the American Physical Society by S. Graybill, J. Uglum and S. Nablo 
of Ion Physics Corporation, Abstract CG-lO,Bulletin A.P.S. 13, 56, 
1968. The limit is just several times 8500Sy amperes, the-rimit 
indicated by J.D. Lawson's model. Above the limit the beam does 
not propagate but is turned back by the collective magnetic field 
and the influence of conducting walls. For 3.5 MeV electrons 
Sy= 8 the limit might be 3 x 68000 A. It was reported by 
T.G. Roberts and W.H. Bennett last April, BC-9,Bulletin A.P.S.12, 
481,1967, that 30,000 Aof such electrons had been focussed at-
1,6 m from the source to a mean radial spread of less than 2 mm 
or a current density of 

an electron density 

30000 
7Tx(.2)2 

= 238,700 A/cm 2 

2.387 x 10 9 /.99 x 3 x 108 x 1.602 x 10=19 = 5.01 x 10 19 e/m~ 
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The field at the surface of a cylinder of 2 mm radius for electrons 
at this density is 

ner/2£ = 5 x 1019 x 1.602 X 10-19 x 0.002/2 x 8.854 x 10- 12 

o 

= 9 X 108 vim 

One of the open questions it would be nice to resolve is 
what would happen to such a beam if injected into an increasing axial 
magnetic field. It seems clear that the axial velocity would be 
reduced and eventually if the field became strong enough the beam 
would be reflected in the well known style of the magnetic mirror. 
What is desired for an ion drag accelerator, however, is that the 
axial velocity should be reduced only to that of the positive ions 
that are to be accelerated, and then allowed to increase. 

It seems necessary that the beam should be modulated to 
form a train of electron bunches each of which can act (like the 
saucer) to trap ions. The reason for special interest in cases 
other than the electron ring lies in the possibility of more easily 
handling high mean power levels. It may prove quite simple to 
load the ions into the train of bunches because of the great depth 
of th~ potential well, 20 MV or more, formed by the whole train and 
the momentum consequently acquired by the ions in falling into this 
well. 

To focus the ideas let us consider a simple case related 
closely to the field emissibn pulse experiments now so well establi-
shed, It proves quite simple to take a pulse of electrons at 
2 to 4 MeV, 20 to 50 nanoseconds long, i.e. 6 to 15 metres long of 
many thousands of amperes through a thin metal foil into a high 
vacuum, To narrow down the range consider 30,000 amp at 3 MeV 
lasting 30 nanoseconds, the total number of electrons is 6.24 x 10t4, 
Suppose this is modulated into 60 bunches each of 1·04 x 10 13 

electrons, each carrying 3 x 10 1o protons. To achieve a mean 
current of 65 rnA or 4·05 x 10 17 protons/sec requires 1.35 x 10 7 

bunches or 2.25 x 10 5 trains per sec. which is probably quite 
impractical for transmission through any metal foil, but there 
are many other aspects also quite uncertain and the simplicity of 
the system for infrequent pulse trains may make that a useful 
experimental approach. The ratio of electrons to protons suggested 
in this example is 347:1 so if the electrons lost 2 MeV to the ions 
they would be accelerated to 694 MeV. An added D.C. potential of 

. I MV would be sufficient to reach 1 GeV. 

All this is extremely hypothetical but it seems neverthe
less interesting to pursue the idea further. The system differs 
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from the electron ring accelerator in that the electron bunches are 
longer, 900/60 = 15 cm long circumferentially and 3 cm between 
bunches at the suggested minimum axial velocity of 0.2c. so each 
bunch might be 1 cm longo To keep the maximum attraction in the 
bunch high and thereby the acceleratio~ the radius should be no 
more than 1 cm and at 3 MeV the axial magnetic field would then 
be 11 kilogauss. The maximum field at the end of a perfectly sharp 
bunch would be about 

5 x IO-9 n = 5 x 10- 9 x 1.04 x 10 13 = 4.14 X 10 9 Vim 
4n x 10- 6 

so perhaps 10 9 Vim could be achieved falling off as the velocity 
increases and the bunch elongates and swells. 

No doubt the mathematical and experimental results being 
developed for the electron ring will provide a lead concerning the 
stability or otherwise of such trains of pulses" 

Some confidence that the motion of such pulses would be 
controllable, if they do not spread, comes from the study of 
continuous beams in a mode named Brillouin flow. For relativistic 
electrons a solution was published by D.C. De Packh and P.B. Ulrich 
"Brillouin Flow in Relativistic Beams" Journal of Electronics & 
Control, 10, 139, 1961. The important feature is that the axial 
velocity is constant from the axis out to a radius determined by 
the energy Df the electrons and the strength of the axial magnetic 
field. The mechanisms for keeping the bunches from spreading 
axially are those that apply to the electron ring. 

WBL/g 

2/1/68, 
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February 6, 1968 

THE ELECTRON RING ACCELERATOR: GENERAL CONCEPTS 
AND PRESENT STATE OF THEORETICAL UNDERSTANDING 

1. Introduction 

A. M. Sessler 

Lawrence Radiation Laboratory 
Berkeley, California 

It is a pleasure to be able to address you here, today, on this 

subject. More of a pleasure than I suspect you realize: for, when we 

scheduled this Conference I considered it quite possible that by today 

I would have nothing which I cared to say about the electron ring ac-

celerator. Perhaps, then, the most important thing which I have to 

say can remain unstated: my very presence says it. This machine is 

still alive - -after many months of close scrutiny; and that includes the 

criticism of the group of theorists who have been here this past week. 

I would like to talk about the most recent developments - -and 

that, probably, primarily interests the majority of you; but I believe 

some of you would welcome a bit of introductory material. So, I have 

divided my talk into two parts. In the first, I shall prove most tedious 

to those of you who have thought somewhat about the electron ring ac-

celerator - -and I apologize to you now. In the second part, I will try to 

summarize some of the most recent work and outline remaining areas 

requiring theoretical work. (Subsequent speakers, this afternoon, will 

address themselves to non-theoretical problems. ) 

Clearly there is a great deal to be said about this proposal of 

Veksler: the Soviet effort and accomplishment- -what we know and 

don't know about it; the history of the ideal- -why now rather than 10 

years ago, and why now rather than 10 years from now; the 
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capabilities of the dev:ice; the technology requisite for its realization; 

the prograrrnnatic and politico-scientific aspects; and so on. I will 

eschew all of this, and devote what time I have to the purely conceptual 

aspects of the accelerator, but the answers to most of the above ques-

tions will be clear by implication. 

II~:< General Concepts 

In Fig. 1,1 have a schematic of the device--just to remind us of 

the geometry. Incidently, we propose the notation of azimuthal, radial 

and axial directions; in short, don't employ the word longitudinal. 

Parameters close to that of our (and the Soviet) model- -and not 

far from that of a full scale device (except for the pulse rate) are shown 

in Fig. 2. Intensity dependent parameters are shown in Fig. 3. Kine-

matics are treated in Fig. 4. In Fig. 5, I have described what we call 

"peristalsis", a concept suggested by the Soviets, and vital to the suc-

cess of the accelerator. Fig. 6, in this first part of my talk, lists some 

random properties which--taken together--may aid in giving you insight 

into the accelerator. 

III~:< Present Status of Theoretical Understanding 

In the next series of figure s I have outlined the basic as sumptions 

of the theory, and the consequence s thereof, for each of a large 

>:<The figures, which constitute the main content of Sections II and III, 
are presented here without the explanatory comments which accom
panied them during their presentation at the Symp03ium. Neverthe
less, it is expected that they will serve a useful purpose; the reader 
desiring further details and derivations should consult Part II of these 
Proceedings. 
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Astron Injector 

E = 4.5 MeV 

I ::::: 200 A to 600 A 

T = 0.3 iJ.sec 

Compression System 

BO = 750 G. 

B
Max 

= 20 kG 

T. ::::: 200 f.lsec 
rlse 

Stored energy::::: 50 kJ 

Po = 20 cm 

BO = 750 G 

'{ 0 = 9 

a O = 0.5 cm 
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.t:.E/E ::::: 2.0% 

60 pulses/sec 

Emittance::::: 5X10-2 rad cm 

Model: 2 pulses/min 

Full size: 10 pulse/sec 

P =3.7cm cp 

B = 20 kG cp 

'{ = 47 cp 

a =:: 0.1 cm" cp 

N turns in 0.3 iJ.sec = 72 

Fig. 2 



-15- S/ERA-1 

N = 10
13 

N = 10
14 

e e 

10 380.A 3800 A , 
I 2050.A 20,500 A cp 

N turns captured 1.0 10.0 
(at 400 A) 

E 
1.3 MeV/cm 

13.0 Max 
MeV/cm 

Potential well for ions 0.06 MeV 0.6 MeV 

E Max 39.0keV/cm 390 keV /cm 

Fig. 3 

(~ , 
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2 
E =y InC 

elect T e 

2 
E - Y M c 

proton - II P ~ M ) 

therefore E -E P 
proton - . elect Y In 

cp e 

(Analysis valid for N < < N ) 
P e 

S/ERA-1 

To :reach E
prot 

= 1 GeV kinetic energy need YII ;::: 2, and hence 

E 1 t;::: (47)(2) In c
2 

or E 1 t;::: 47 MeV. But E 1 tis 23 MeV in e ec e e ec e ec 

cOInpressed phase so Inust add 24 MeV. At EM = 39 keV /CIn need ax 

about 6 Ineters of rf acceleration. 

SiInple expansion: 

To reach Yllf ;::: 2.0 drop B f = 1/4 Band Pf = 2p cp cp 

Fig. 4 

,. 
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Diverse Aspects 

1. At N = 3X10 13, F is more than can be achieved in practice 
e Max 

without spark break down. 

2. In compression protons will-=if captured in the ring before compres-

sion--spill outside the ring slightly, and gain azimuthal speed by 

betatron action. The proton gyro-radius is comparable to the elec-

tron gyro-radius. (Lawson, Laslett) 

3. 
-1 

Electron frequency decreases as 'YII so the electrons travel rather 

straight down the column as 'YII increases. 

4. Heating of ions is negligible; recombination also negligible. 

Levy) 

5. Careful kinematics: 

E =E 
p e ) [ 

1 - N IN ] 
TTN M PIN em 'Y 

p pee cp 

6. Phase stability--despite different elm of rings --no problem. 

(Morton) 

Fig. 6 

(Helm, 
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number of phenomena. I realize this is a brief and superficial treat

ment, but I want primarily to convey an indication of the extent of our 

understanding, so as to highlight, by omission, what needs further 

work. 

Finally, I would like to present some conclusions, but that would 

be inappropriate"as a major aspect of this conference is to pool our 

knowledge and subsequently arrive at opinions concerning the electron 

ring accelerator. 

Let me, then, present some of my personal opinions - -as of to

day. Firstly, I would point out that we have not yet found any funda

mental difficulty with the device; I don't expect that we will. As far as I 

can see, it should be pos sible to make it work. It looks infinitely easier 

than the controlled thermonuclear research program, and perhaps com

parable to the way storage rings looked 10 years ago. In fact, storage 

rings required technical innovations (high vacuum technology, fast 

kickers, etc.) while comparable developments don't appear to be re

quired for this device. 

On the other hand, 1 believe we must be very "heads _up't in the 

model program. There is no doubt in my mind that we are entering, 

with this device, a new regime of phenomena. Our intuition and prac

tical experiences will not be adequate - -alone - -to make a succes sful 

accelerator (1 think you have seen a number of examples, during my 

talk, of phenomena which could easily have eluded a "seats -of-the

pants" approach, and at the same time precluded success: the impor

tance of good vacuum for high Z materials; the necessity of close walls 

to prevent azimuthal instabilities; the need for peristalsis; avoidance of 
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resonance" crossing during ion loading; the importance of avoiding an 

ion-electron slow wave resonance; gas jet breakdown by radio-frequen-

cy fields; etc.). But, with enough careful analysis, flexible equipment oJ 

with adequate diagnostics, and the pos sibility of a lengthy experimental 

program in which we learn from our failures, it is my opinion that the 

accelerator can be made to work. No, I don't think it will be easy, but 

neither do I think it will be impossible. I look forward to learning, 

during this conference, you:.. opinions on this subject. 

Compression Phase (Laslett, Peterson, Beal, Lawson) 

1. Coil design and firing program. 

2. Dynamics of electrons in space and time varying field. 

(y l' a, p as functions of time) 

3. Ion and electron distributions found. 

Extraction Proces s (Keil) 

1. Five coils of equal radii and spacing equal to the coil radius 

2. First 1 and 4 on; then 2 and 5 excited; then 1 and 4 turned 

off 

3. Have moved ring from location 2.5 to 3.5--maintaining gra

dient and hence focus sing 

4. Can repeat the process any number of times. 

Kinematics of Expansion (Lewis 1968) 

Let G = 
N.M. 

1 1 

Nm e e 

G g-
Ycp 

b = B/B cp 
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Then: Yu = 
fB lcp)2 

B 
13-

ep 

Yll ~ 
1 + g 

1 

b"2 + g 

Limit on Rate of Expansion 

Let 

dE. lon 
dZ 

e EM ax 

But (apB) ep 

= 

= 

~ 

= 

M.e 
2 dYIJ 

az-1 

N 2 
r me 

e e e 
Trap 

(apB)Z 

"IT M. a ep Pep 1 

2N r m 
e e e 

dE. 
lon 

and equate e E Max to dZ to obtain 

SjERA-1 

1 + g 

1 ] 
1 

+ "2 + g 2 
Yep 

1.4 ~----------------~----------------=-2.5 

1.2 

1.0 2.0 
0.8 

Y 
0.6 

0.4 
1.5 

g=O 
0.2 

0 
0 5 

1.0 
10 

( z/y) 
XB L682 -1856 
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For:" = 46, etc... N ,IN = 0.5% -+ g = 0.2 
ICp P e 

Synchrotron Radiation 

N IN = 1.0% -+ g = 0.4 
p e 

Ne = 10
13 

-+ X. = 3.5 meters 

N = 3X10 13 -+ X. = 1.2 meters 
e 

Each electron radiates per turn t::..V: 

t::..V 
2 

m c 
e 

= (Schwinger) 

S/ERA-1 

-7 I In compressed phase t::..V = 7X10 MeV turn. Revolution frequency 

9 -1 -2 = 1.2X10 sec ,so radiation damping time T Rad = 2.8X10 sec. 

Visible radiation: 10 - 2 photons 
electron-turn 

should be easy to see. (Peterson) 

Ionization Processes (Lam.b, Laslett. Smith) 

N (ions produced) = N n (J c 
sec e g 

where n is the gas density and (J is the ionization cross section 
g 

and 

ng = p~t6;r) (5.4X10 19) 

-19 2 
(J :: 10 cm (hydrogen) 

N(ions/ sec) 
N e 

8 = 2.1X10 P(torr) 

< -2 _ 5X105 
If we demand N ions - 10 Ne then T ioniz - P(torr) 

We would like T. . ~ 5X10-3 sec (long compared to compression 
10nlZ 

process) and hence require P $ 10-
8 

torr if H2 background. If H 2 0 

or CO background, then need 7 times better vacuum. For multi-
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-2 < 10 ionization of heavy atoms want ~ 5X10 sec and hence P (CO) _ 10-

torr. 

• Stripping of Heavy Elements (Levy) 

For ring in compressed phase, and at N ~ 3X10
13 

e 
13 -3 (n = 1.7X10 cm ): e 

-0 
10- 1 

Q) 
f/) - 10-2 

Q) 

E 10- 3 -c:: 
0 

10-4 -0 
N 

c:: 10- 5 
0 

0 20 

30 times ionized 

20 times ionized 

10 times ionized 

5 times ionized 

40 60 80 100 z 

Large Z get ionized once, much more quickly than low Z, so ring 

preferentially collects high Z. In millisecond times, most elements 

will be 10-fold ionized: interesting application simply as an ion 

stripper. With 10/sec rate--and good enough vacuum--can ionize up 

to 50 times, 
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BeaITl Loading--or Cavity Radiation (Kolpakov and Katov, Morton and 
Neil, Levine) 

I-G-f 

I 
a 

Q .e.--... -----

> As f3 - 1, and for a» G, a »R, R -G. 

Valid for point charge and one cavity without external conducting coluITln • 

.6.E
M 

corresponds to energy in voluITle 'lTR
2

G reITloved 
ax 

with efficiency = 1/'IT. 

Touschek Effect 

Transfer of energy froITl transverse oscillations to aziITluthal 

oscillations, by electron-electron scattering, causes the synchrotron 

aITlplitude to grow in tiITle and hence beaITl size to increase. 

1 
T 
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. where 

and 
2 2 2 1. 

V = 81T P [ (x ) (y )] 2 

(Pellegrini 1967) 

21. 21. 1 
In compressed phase P = 4 cm, (x ) 2 = (y) 2 = 10- cm,"y = 40, 

2 1. 
(x' ) 2 = 0.018, N = 1014 -Q = 0.7, "- t = 3.9X10-

11 
cm, 

comp on 

"- = 1.2X10-5 and hence F(,,-) ::::: 52. ) T = 170 sec. 

Incoherent Space Charge Limit 

Without images and unneutralized 

N< 

At injection: 

21TQ (.6.Q) "y 
3 

a 
2 

re P 

Po = 20 cm 

a o = 0.5 Cm 

"Yo = 9.0 

If n = 0.5, Q = 0.7 and .6.Q::::: 0.2- NO < 4.1X10
13 

With images and neutralization 

N < 1TQ(.6.Q)"y 
r P e 

where: h is distance to conducting wall and € 1 ::::: 0.2. 

Y) is % protons 

In compressed phase with h ~ 3 cm, r) < 1% - N < 3.2X10
13 

cp 

[i. e., r)::::: 1% gives .6.Q::::: 0.2] 

Self -Focus sing 

1. Condition required for focus sing of both electrons and ions: 
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2 
N >N. >N 1"1 e 1 e 
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2. When ions added to ring, both Q
R 

and QZ increase. (Lawson) 

3. In a uniform field Q
R 

= 1, QZ = O. 

4. During compression (with azimuthally uniform fields), and if motion 

is stable: 0 < QR' QZ < 1 

5. The tolerance on field (and coil shape and location) in order to pass 

through Q
R 

= 1 looks too severe. (Symon) 

Consequently: 

A.) Must have focussing down the column to keep "external Q
R

" 

well below 1. 

B.) Must have Q
R 

> 1 before ions injected; hence probably inject 

before compression. 

Curvature Effects (Laslett) 

The previous formulas are valid only for a straight beam. For 

N = 10
14 

the self-field is 5.6 kG. However the gradient of the self-

field is small 

True gradient = Gradient I ~ + ~ .. { • f} 
st beam 

-4 I f~ 1.1X10 for p a~ 40. 

2 
At injection PJb f z 0.11 and negligible 

2 
In compressed phase P;b f ~ 3.12 but this whole term is negligible 

compared to the term from neutralization. 

Image Field Focus sing (Laslett) 

For ring in uniform field, with pia = 40: 
" 



~Q2 
Nrpp 

- - ----,2,....--::...,.3,.........,...2-
'ITa Yl j3 

Yl z = +0.0014 

YlR = -0.0027 

- 2 7-

2 
[1+T)1'] 
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Consequently self-field gives axial defocussing (when Yl1'2 dominates--

as it does after compres sion). Surrounding the ring with a cylindrical 

I -4 
conductor changes Yl. If R P = 1.10 then Yl

Z 
= 6X10 and axial defocus-

sing reduced. (Electric images domina.te magnetic) 

R p 
z 

Suggests dielectric layer on the wall. 

For dielectric with K» 1, electric images are on the dielec-

tric surface. 

R 
p 

vacuum properties 
dielectric 

For above example (1'1 = 47, pia = 40), T/R::::: 0.002 reduces Yl
Z 

to 

zero (Rip = 1.10). So, for p = 3.5 cm, R = 3.9 cm, T = 0.008 cm. 
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One can go further and make T = 0.16 cm, so as to give 

2 2 
6QZ = 0.26 and 6QR = -0.52. Then QZ = 0.51, and Q R = 0.51--which 

allows ample neutralization before crossing the Q
R 

= 1 resonance. 

R/ p :::: 1.10 is also good for azimuthal stability. 

Tearing Effect of Acceleration (Pellegrini, Courant, Lawson) 

1. "Traffic Effect" --non-interacting particles drift apart as f3 -1y (in 

their frame). 

2. Self forces hold ring together under constant acceleration, so that 

in the lab the axial dimension shrinks as y II • 

3. Peristalsis is vital: Without it, after only a few RF cavities the 

proton oscillations are shaken up so that protons are thrown out of 

the ring. 

4. A magnetic field tolerance is deduced. (Not difficult to meet. ) 

Negative Mass Instability 

\ Motion 

} Force 

f 
( m < 0 reg ion) 

E 

Stability if N < T ~:) ~3 r~) (~, 2 

g ~ { 

N.S.S. (1959) 

Valid for n < < n °t O 1 crl lca 



-
If B;:::: p-n, and for,,» 1, E 

r 
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df;:::: 1 
dE - 1-ff 

At injection g ;:::: 3 and for .c:.p/p -= 2.50/0 (synchrotron oscil ;:::: 

. 13 
• betatron oscil) - N < 3.5X10 • 

In compres sed phase g ;:::: 12 but" dominates and N larger than 

at injection. 

Empirical Comparison Between ERA and Astron (Briggs) 

1. Astron has an instability for injected currents greater than 10 -20 

amps. 

2. Use Briggs -Neil infinite cylindrical layer theory for Astron 

3. Use N. S. S. theory for electron ring. 

Conclude one should compare: 

where IR = ring current 

p = ring radius 

KA = Astron current per unit axial length 

gR ;:::: 1/80 

13 
Deduce IR ;:::: 400 A or Ne ;:::: 10 • 

Coherent Radiation Instability: Compressor (Pellegrini) 

Model of ring between two infinite conducting planes (Ignores 

outer walls and probably overestimates effect. ) 

H 

o 



2. 

3. 

4. 

5. 
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ine 
Consider density modulation::::: e 

'I1'R 
No radiation if n < n 't' 1 == -H crl lca 

Theory breaks down when n ~ Ria (::::: 40). 

S/ERA-1 

For n < < n 't' 1 get usual negative mass and can handle it--to crl lca 

some current 1eve1--with energy spread. 

For n > n 't' 1 get positive mass, and radiation which increases crl lca 

slowly as n increases above n 't' 1. crl lca 

Find one can prevent instability for all n:S 40--by 2% energy 

..... 
spread--if n 't' 1 -;..; 9 (6 no; 12 ok) crl lca 

Coherent Radiation Instability: Accelerating Column (Briggs) 

Model of a ring in conducting pipe (valid if ring moving except 

for time dilation on rate) 

bt':::Lp~L//L 

7777777777 

If bl p ~ 1.07 then no radiation for n ~ 37. If bl p = 1.2 then n = 8 first 

propagating mode and at n = 10 need 100/0 energy spread to give stability. 

If bl p = 3.0 then only n = 1 and 2 will be unstable. 

Haven't studied wall modifications, or inner (levitated? !) 

conductor. 

With I = '2000 A. 13 (compressed phase, N = 10 ), and 1% e 

modulation in a mode requiring 10% energy spread, but not having it-

the energy loss is 4 MeV Imicrosecond per electron! Even just the 
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injection burst will1ight up chamber: ionize gas. 

Two Stream Instability (Azimuthal io:r:-electron oscillati~) 

• Stable provided 

v 
Nr 

e 
z;rp 

Non relativisticly: 
Ohkawa (1960) 

(M/m) 
Extreme relativistic:· vER < 21n(h/a) 

Note: v
NR 

< < v
ER 

At injection: v < 300 for stability 

v ::::; 0.1 (N = 1013 ) to 1.2 (N = 10
14

) 

Two Stream Instability: Transverse (Fowler, Mills) 

Assume displacement::::; e ine , then--in axial direction--

1 = + 
00 

2 J dQ f(Q) 
wpe ( . )2 Q2 2 

W - n Wo - w o 
where wi = ion frequency in potential well of electrons 

QwO = electron betatron oscillation frequency 

f(Q) = distribution function for betatron frequencies (ion spread 

not included) 2 
4'ITN e 

w 2 ___ e __ 
pe y1me 

W. pl 
2 

2 
4'ITn.e 

1 

m. 
1 

With n a spatial density: 

(w / wo)2 ::::; 13.6 
pe 

/ 
2 -3 

(w . wO) ::::; 3.5X10 
pl 

w1/wO ::::; 1/3 

13 m for N = 10 and 1-/0 protons 
e 
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With spread in Q, the resonance is smeared out, but growth is only 

2 
large near the peak: .6w ~ 1m w ~ w . /w

O
• Ion frequency spread pl 

.6w
1 
~ wi would give complete stability. At worst we have an upper 

limit on % of ions [in order to keep wi < (1 - QO) w
O

]. Probably can go 

right through the resonance. 

Transverse Instabilities 

Stability of an unneutralized beam provided frequency spread in 

beam (.6Q) such that: 

Nr p 
.6Q > e --"'1"2-""3 

271'Qa " 

Nr p e 
+-~ 

1TQ"h 

1 

[ 8 .. " (n
C 

_ Q) h Z ] , 

where (] is wall conductivity and n is mode number. 

L.N.S. (1965) 

A .., . h (] 1016 -1 (t t 1) th d t t lnJechon, Wlt = sec s • s ee, e secon erm 

is negligible and .6Q > 0.67X10-
14

N so that at N ~ 3X10
13

, .6Q> 0.2 

which is okay. In compressed phase second term still small and 

at N = 10
14 

we need .6.Q > 0.027 which will be supplied by the (.6p/p) 

~ 2%. 

Transverse Ring Stability in Uniform Field (LNS) (Makhan'kov and 
Ivanov) 

With a conducting shield, a ring of electrons -~even without 

ions --is stable against coherent radial or axial oscillations. Resis-

tivity will lead to an instability, but the growth rate is very slow and, 

anyway, the energy spread takes care of it. 

Inclusion of the ions helps, provided resonances between 

(n - Q)wO and w. is avoided: The ring is stable even in the absence lons 
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of shielding walls (ignoring slow resistive--collisional--instability) 

(Mills) 

.. 
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RADIO FREQUENCY ACCELERATION OF ELECTRON RINGS 

Fo Voelker 

Lawrence Radiation Laboratory 
Berkeley, California 

February 13, 1968 

I should make clear that this is a summary of present thinking on the subject 

of rf acceleration of electron rings, and is not in any 1;Jay an optimization of 

parameters. 

First let me dra1;J on the board a pair of parallel planes 1;Jith a hole 

through them; this is the accelerating gap. (Fig. 1) the radius of the hole is Ro 

and the spacing between planes is h. We can think of this accelerating 

region as part of a parallel plane transmission line, or as the ~ntrant part of 

a low frequency cavity, or as part of an iris-loaded waveguide. The problem of 

transferring energy from the gap to the relativistic electron ring is the same 

regardless of the geometry, because the ring has passed through the gap before the 

fields can penetrate farther than a radius h + R . Consequently enough energy must be 
o 

stored in the fields near the hole to accelerate ring to the required energy. 

There are two competing proc"~sses involved because of the very 
" 

high beam loading (the equivalent of several thousand amperes.) As the ring passes 

through. the gap it will excite the gap just as the beam in a klystron delivers 

energy to the output cavity. At the same time, the fields in the gap deliver 

energy to the ring. We 9an write the energy delivered to the beam as 
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where Q is the charge in the ring, Vo the voltage across the gap, and UR is the 

energy radiated to the gap. We now believe that the energy radiated to tre cavity 

is given by 

where N is the number of electrons (neglecting 
e 

the protons), e is the charge on an electron, and ~c the velocity of the ring. 

If we divide by the charge, we have a retarding voltage 

h 
V = 60 Ne e ~c -

R R2 
o 

which we will use hereafter as a parameter. It is important to realize that the 

voltage across the gap must exceed VR n order to have energy gain. If we define 

the voltage across the gap as 

Vo = F VR, where F > 1, 

we can define the power loss in an rf cavity as 

V 
2 

F
2

V 
2 

P = 0 R = ----L 2Rsh 2Rsh J where Rsh is the shunt r~sistance of the cavity. 

ALlO the net energy gain of the electron ring will be 

T = (V e \ 0 
= (F-l) V

R (in electron volts) 

The energy gain of the protons is proportional to this, or 

T 
P 

= 
1839 
y cp 

(in electron volts) 



where y is the y of the compressed phase electrons, or 47 in the present cp 

parameter list. 

It soon becomes apparent that a major cost of this kind of accelerator is 

the capitol cost of the rf system, which for the small duty cycles we are 

considering,becomes dominated by the peak power required. Consequently, an important 

parameter in this machine is the ratio of required peak power to energy gain of 

the protons. 

VI{ 1lD.2. 
2 R Y sh cp (1) 

Now VR is determined by the number of electrons in the ring and the geometry of 

the gap, 

V 
-.B = 60 Ne .ji£ 
heR 2 

o 

and the gradient is approximately a constant for given electron ring 

( 2) 

parameters. The function of F is a kind of beam loading efficiency factor which 

has been plotted in Fig. 2. For the case of 1013 electrons and a 5 cm radius 
V 

hole -L - 115 kV , and the curve in Fig. 2 is based on this data. It can h - cm 

be seen that the minimum is very broad, but also that the required rf power goes 

up rapidly as the equivalent energy gain per cavity is reduced below 50 KeV/cm. 

The remaining factor in equation (1) is the shunt resistance. For convenience 

in this discussion we will talk about a cylindrical cavity excited in the T11010 

mode for which 
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R = sh 
2 h 

, '14 

0.27 R 2IT a(l+§:) 
, where R is the surface resistivity, ~ is 

s 
s h 

the impedance of free space, and a is the radius of the cavity. Then we find that 

N 
e 

jig-2- R a ( 1 +-ha ) • 
R s 

o 

Now for a cylindrical cavity 1 
a =- f ' and R s ex:. ~cu f ,- • 

r5 

The ratio of conductivity for room temperature copper to ,actualconducti vity is 

included for reasons to be discussed later. Then 

l+§: 
_h_ 
R 2 

o 

rcr;:;
I~ 

Obviously there is reason to consider pushing to a higher 

frequency. We first started thinking about 200 MHz because our linac 

experience makes it familiar and also because the Russian paper given at the 

Cambr.idge Conference mentions 150 MHz, which is their linac f'requencF. An equally 

important factor in choosing a frequency is the cost of rf power. 

A prel'iminary survey indicates that the cost of rf power is dominated by 

previous derm nd, and unless one is willing to pay for a large development program 

to be spread over a very large number of tubes, one must plan around existing tube 

types. The following table shows roughly what frequencies might be considered. 
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Table 1 

f( MHz) 200 400 800 1250 2850 

$/kW 60 10 30-50 10 3 

1:(flsec) >1000 ~30 ",1000 "'15 -2.5 

P k(MW) pea "'5 -30 ",1. 5 -30 ,;,28 

These cost figures are very approximate, but they indicate that one pays for the 

average power capability of the system as well as peak power. The capital cost 

of an rf system can be given as 

COST ($) 
PL k\~ = T (MeV) x Energy (HeV) x $/k'W. 

p 

OGe would choose 2850 MHz based on these figures, but there is the additional 

constraint brought about by the size of the electxn ring. The hole in the gap 

must have a larger- l'adius than the electron ring, and it must be smaller than the 

radius of the cavity, or 

This rules out 2850 11Hz and it is not yet certain 1250 MHz is not too high also. 

Even if the electron ring diameter could be made smaller without affecting other 

factors, it is apparent from equation (3) that decreasing R would increase the 
o 

re quired power. In fact, it may be that our reasons for choosing R = 5 cm are 
o 

not valid, and choosing a larger value of R , say 10 cm, would force us to a frequency 
o 

lower than 1250 MHz. A lower freuqncy (200 MHz or 400 MHz) tends to increase other 

costs. For example, if the guide magnetic field is generated by an external 

solenoid, the increased volume that is required will increase its cost substantially. 
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An example of typical parameters is given in the following table. 

• Table 2 

a 9.6 cm 

h 6.8 cm 

R 5 cm 
0 

f 1250 MHz 

N 1013 
e 

VR IJ5 kV/ cm 

T 
..J2. 5.3 MeV/cm h 

Rsh 2.8 Ml;J 

PL ·440 kW 

PL 14.2 HI/MeV T 
p 

One other parameter which we have considered is the conductivity of copper 

as a function of temperature. Fig. 3 shows how the conductivity behaves at 

1250 MHz at reduced temperatures. The anomalous skin-depth effect begins below 

liquid nitrogen temperature, so there is not much benefit in going below this 

point. The cost of refrigeration has been getting less 

to be a way of reducing the required power. The factor 

. would reduce the cost substantially. 

each year so this seemed 

j °300' - =::: .38 which 
°7'1' 



-40 -

There is the further complication that power required from the amplifier is 

given by 

P = A. 

dU __ s 

dt 

where U is the energy stored. 
s dU 

Even if one could reduce PL to zero, one 

still has the term dt
S The pulse length of the amplifier in our 1250 MHz 

dU 
s case is limited to 15 j.1sec, and he.nce dt can not be kept small compared to 
PL 

PL' In fact, for our particular example, ~ 
p 

can only be reduced from 14.2kW/MeV 

to 11.3 kW/MeV by cooling to liquid nitrogen temperatures. 

The choice of frequency, as well as many other of the parameters, is 

still an open question and we will continue to juggle these in an attempt to 

optimize the costs. 
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PULSED LINE ACCELERATION OF ELECTRON RINGS 

E. C. Hartwig 

Lawrence Radiation Laboratory 
Berkeley, California 

February 9, 1968 

The title is reasonably accurate, but I want to be sure that you under-

stand exactly what I am proposing. The thought is to produce a trayeling wave with 

axial electric field produced by properly synchronized pulses applied to 

the cavities. The cavities would be as shown in Fig. 1, there would be many of 

them, of cours'e. They are supplied by cables coming in from the side. Pulses 

would be applied to the cables in the proper time sequence to provide an 

axial electric field so that it travels along with the electron ring. 

Assuming this can be done, some of the reasons you like it are as 

follows: The electron ring is traveling at the velocity of light and so it 

....,12 
moves its own width in something of the ol'der of 10 seconds, so you really 

need not have electric fields in the cavity for a very long period. It 

appears also, that the phasing problems certainly will be different than ~hey 

are in c.onventional rf because by adjusting the timing of the various impulses , 
that you apply, you can ~dapt this to fit slow particles. You could make it fit 

the particles before they were relativistic; you could make it fit heavy 

particles; you can easily turn the knob up and down to change the voltage so that 

you can, in fact, fit heavy ions of various charge states as you choose. 

The cavities, so called, donrt have to have very high Q because you are 

going to pulse them once--you donrt care where the energy goes--itrs going to be 

dissipated. You may take some of it outside and dissipate it in a resistor, but 
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certainly you are not concerned that the cavities have low losses. You are not 

concerned about the frequency tolerance in the cavity as long as they are 

• reasonably big enough to allow the pulses to go. Because you are applying 

the field for such a really short time, the dc power level is really pretty small-

a few hundred kW for 10 pulses a second of 70 GeV protons. 

As I mentioned, the original thought was to build these cavities and then 

off to the side--a storage line and a spark gap connects to them through the cables. 

You suitably trigger the gap in proper sequence. The cables would have been 

subjected to hundreds of kV, so you start thinking how to eliminate them. There 

is also some concern about the overall diameter of this device. The diameter, of 

course, is limited by what kind of a pulse, that is risetime and jitter, that 

you can produce. The cavity must be large enough in diameter so that the 

electromagnetic wave doesn't find out what's really going on until the electron 

beam has gone by. One embodiment has the form shown in Fig. 2. You would drive 

outside points with cables. Waves would travel as indicated on the figure. The 

wave on the left must travel to the short and back before the wave to the right 

finds out that there is a short-circuit. This distance, which is aQout the diameter, 

has to be long enough to allow for the finiteness of the risetime of the pulse 

that you can produce plus the jitter of the pulse. At the moment, we have a 

model which is roughly 5 1/2 feet in diameter, and we have a picture or two 

of the pulses we have put in. To go on with the story of getting rid of the 

cables, you find very quickly that these pulses are rather short, like 3 to 

5 nanoseconds, and so for pulses of this length, Blu~eins are very desirable 

devices. You remember a Blumlein schematic looks like Fig. 3 with a spark gap 

at the left end. When the gap is fired the pulse goes down to the load. If you 

put V on the line, you get V across the load for the double transit time of the 

line. Of course, if this were a very long pulse, by the time the pulse 

got to the load, you would lose a lot of the rise time so you don't do this, 

but for nsec pulses this is very nice. Now you can reform this and make a 



coax as is shown in Fig. 4. The line is then connected to the accelerating 

gap as shown in Fig. 5. Then it is just a short step to put this charged 

plate inside as shown in Fig. 6. You now have the energy storage device 

inside the volume that you need for the transit time, and you simply apply 

spark gaps around the outside of the cavity until you have enough and then you 

supply enough cavities in the axial direction until you have the energy that 

you require •. 

Fig. 7 is a three-dimensional view visualizing how the cavities will be put 

together. You see the energy storage device here, the gap across which the 

electric field appears, here room is provided for the solenoidal focusing coil 

which was needed, I'm not sure exactly what Andy Sessler's talk did to this, but 

in any case, we do need the short-circuited region for the pulse to be terminated 

so it can't get back at us and this provides it. The magnetic field coils will 

ali:lO be pulsed, since you can pulse them on a millisecond basis, and the time 

scale between that pulse and the electric pulse is the order of several hundred 

thousand, so the skin depth will cause no problems. 

Fig. 8A shows a pulse that was put into the 5 foot diameter cavity (the 

folded one). The lower trace pulse is the input pulse, this is at the outer 

radius of the cavity--just where spark gaps would be-~we didn't actually have 

gaps, we drove this cavity with cables--externally, as you can see, with 16 cables. 

The pulse--a 1/2 nsec rise-- is degenerated much because we haven't done a good 

matching job, we simply tied all these cables in parallel far enough back so that 

we didn't have to worry about reflections, so you see the fast pulse was 

degenerated to something like 1 1/2 nsec rise to the first peak, the succeeding 

peaks are due to azimuthal propagation. The taller trace is the height of the 

pulse at the center of the cavity, you see you are getting a substantial 

step-up. However, it turns out that when you look at it more carefully, 

you will see that a part of the pulse height is due to the variable impedance 
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that the inwardly directed pulse finds as it goes from the outer radius to the 

inner radius It takes about 5 nsec for the transit from 

the outer radius in and back--since it'is 5 1/2 feet in diameter Roughly 

5 nsec later, the pulse goes up ,which is the reflection from thE: short-circuited 

side. So this part would not be terribly useful to us, unless we substantially 

enlarge the cavity. However, you are getting, in here, a region of voltage which 

is something over twice the value, roughly what you would expect from a simple 

open-circuited line. You would utilize then, the characteristics of this rise 

to make up for the lack of rise time that you get in practical spark-gap. So 

to this extent you can say that this device is sort-of-a pulse sharpening 

device, since clearly it will work to transform to higher value anything with 

risetime of the order of the transit time, and components that are slower vIill 

just come through essentially unchanged. 

Fig 8B.shows the'voltage at the center of the gap and the input pulse. The 

input was a little faster rise, we did degenerate it a bit. 

You next need to ask, really what you can do vIi th spark-gaps. What we 

have done is to produce spark gaps with risetimes of a couple of nanoseconds, 

perhaps slightly more, and jitters of the same order. This we did before we 

were thinking of this particular application. This was done when we were 

working on the kicker magnet problem for the rapid ej ection system at Weston. 

Since that time we have been mostly doing literature searching to find what other 

people have done with spark gaps. We find that they have, in fact, produced 

jitters substantially less than a nanosecond. This is reasonably reproduceable. 

Itis done by using laser beams. I'm not sure at this point how much one is 

going to gain, if ohe goes exactly the way we find in the literature. We may 

be simply.trading problems in the spark gap for the problems of the laser, but 

we do have thoughs that we can put many of these things together and come up 

with something better. 
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Fig. 10 illustrates the breakdown stength as a function of pressure vlhen 

the laser is .focus'ed on the gas. At the higher pressure moreof the laser power is 

absorbed in the gas and so less power density in the laser is required. 

From this (F1g. 9) you can see that 600 kV on sulphur-hex gap with 

200 pounds pressure, appears to be feasible. 

Fig. 11 shoHs what people have done, to date, using lasers. They have 

focused the laser beam right on the cathode. They drill a hole in the 

ground electrode, and the beam is focused with the lens in the grounded electrod~ 

on the other electrode and the formative time is from 15.nsec down to 2 nsec, 

vIi th the jitters running to a nanosecond or less. 

Fig. 12 shows what happens when you put the laser beam focus on the gas. 

The gas focusing, of course, has some clear advantages in that you could 

possibly utilize a single laser to trigger several gaps if you just put the 

gaps in line. HOvIElVer, if you hit the electrode, you're IIdead ll and you vlill 

then have to rely on beam-splitting technique. Here you have a disadvantage, 

because once you have the gap going, it would become pretty opaque to 

the light and it wouldn't go on to the next one, but you would trust that 

you could put enough energy through the first gap before it becruneopaque, 

that you lwuldn't have any problem with the second, but this is certainly 

something that hasn't been done, to my knowledge. 

Fig. 13 shows the variation in the formative time with various'laser power levels. 

The power is I) megawatts, 1 megawatt and 1/2 megawatt. This is the power in the light 

beam. The laser beam is directed on the cathode, and it appears,from this figure 

and from several other papers that I have read, that 5 megawatts is sort of a magic 

number to produce small jitter. It isn't clear whether 5 megawatts can be put 

in by another method, or whether it really has to go in by laser. The 

theory that you can find on laser breakdown suggests the cathode is actually 
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heated-up so that you emit a large quantity of electrons thermionically 

and perhaps some vaporized metal just because the pulse of energy is so 

high, the pulse is so short, it simply can't diffuse very far. 

Fig. 14 shows a risetime, which is on the order of 3 nanoseconds, for 

a 50 ohms, 500 kV gap. 

There are at least 3 or 4 ways in which you can fire a spark gap: 

(1) over-voltage; I include here all types of over-voltage such as multiple 

element gaps, triggers, etc., (2) irradiation with some kind of light (lasers, 

UV laser or just plain incoherent UV), (3) electron beams, (4) combinations 

of the aforementioned three. Our intention is to over-voltage the gap. We 

will expect to charge the gap in times like a microsecond or slightly longer 

depending upon how convient it is to do this. You take the view that you 

certainly won't put dc on any of these gaps, you will charge it from an external 

source as rapidly as is convenient. You will do it, in a voltage doubling 

manner, you will use a capacitor or possibly a pulse line with a suitable 

inductor and then the capacitors representing the stored energy of the 

Blumlein, and you will simply provide the switch (like an ignitron, which 

is simple and fairly reliable). You will provide that over-voltage and you 

can add over-voltage probes to the gaps. To my knowledge, people haven't 

tried to really drive these gaps very hard. It seems quite reasonable that 

you can put 5 MW in from a trigger electrode since these gaps are not going to 

breakdown in less than nanoseconds. So for this time you can certainly have a 
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cable that is feeding power of 5 MW into the gap. We will try the laser, also. 

These 5 MW pulses seem to have been applied in the absence of all other devices. 

From the reports that I read, they really haven't done anything in the way of 

putting a fast pulse on the gap itself, but rather you bring it up to a certain 

percentage of static voltage and you fire the laser at that point, and you get 

these results. We believe that if you add a little encouragement, in the way of 

over-voltage, that the laser power will go down and the jitter will go down. An 

electron beam seems to also be a good candidate, although if 5 MW is really 

necessary it seems harder to get 5 MW in electron beam on the surface of the 

electrode (if that is really the important thing) than it is to do it with lasers. 

At the moment, we are playing with sheet metal and plywood cavities, and 

little relay-type pulsers. We are building a Blumlein, coaxial 

on the order of 5 nsec long. It will have a suitable pressurized (200 psi) gap 

on the end into which we can plug in various kinds of over'-voltaging devices and 

the various kinds of radiation. We want to see how well we can do this. 

It will take about 2500 cavities, of the type sketched, and each cavity will 

probably have a minimum of 4 spark gaps, so you come up with a large number of 

spark gaps that have to work with not much jitter and they have to work very 

reliably. I'm sure you can see that if you have these many gaps, and if they 

last for 104 hours then I am changing 1 gap an hour. But of course, that is 

only the steady state condition, transientallyyou can operate a large portion of 

104 hours before you have to change very many, but I think that the view'You have 

to take is that once a year or once every 9 months, you simply pull them all 

out. It is not too unlike (cost-wise) replacing a bunch of Klystrons, 

although you don't pull them out until you need to. 
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ELECTRON RING ACCELERATOR - ENGINEERING CONSIDERATIONS 

W. W. Salsig 

Lawrence Radiation Laboratory, University of California 
Berkeley, California 

February 8, 1968 

S/ERA-3 

Two categories of apparatus will be discussed. First we will 

consider experimental test apparatus for forming and compressing an 

electron ring -- e~uipment we expect to have built and operating by 

the end of this fiscal year. Next an example model of an rf accelerating 

column of significant energy will be examined. I will discuss costs 

as we see them. However, at this early stage, which may not yet include 

all essential elements and arrangements, we must not read these as 

cost estimates of any long-term significance. As you all know costs 

are one of the tools used to guide the direction of development programs. 

In this context we are interested in what proportion of the total cost 

indication is represented by various components, and that will be the 

function of the numbers presented. 

Experimental Apparatus 

At present we are building a simple device, shown in Fig. 1, to 

begin to encounter the problems associated with forming the electron 

ring. This device will initially be operated on the electron linear 

accelerator at Building 25, where the re~uired injection energy, but only 

a fraction of full-scale electron current, is available. In addition, 

layout work is going forward on a device with two alternate vacuum 

chambers in which we hope eventually to form, compress, proton load, 

eject and then accelerate a full-scale electron ring. This device will 
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utilize the "Astron" injector. 

The MK I Ring Forming Device is a simple apparatus consisting 

of a glass bell jar) which contains inflector electrodes. On one side 

the jar is covered with a 5/8" alumina disc. On the other a glass 

tee provides connection for an ion pump. Two sets of compressor coils 

will be used (not shown). The first set of coils will compress the 

ring from 20 to 17-1/2 cm radius) the second set continues the com

pression to 9 cm radius. A capacitor power supply of 12-1/2 kilojoules 

will drive these coils in single pulses at a frequency of approximately 

one kilocycle. 

The inflector system consists of 6 sets of high current electrodes 

in parallel driven by a transmission line of coaxial cables on which a 

few kilovolts are impressed. Before electrons are injected the com

pressor coils have reached a field of approximately 750 gauss and the 

inflector electrodes are on, producing a bucking field of 30 to 40 gauss. 

Electrons are introduced through a heavy wall (2-1/2 mm) copper pipe. 

Eddy currents. in this pipe shield the protons from the rising magnetic 

field of the compressor coils. Betatron oscillations allow the 

introduction of several turns of electrons without striking the tip 

of this pipe. The 30 to 40 gauss bucking field provided by the 

inflector electrodes is turned off in a few nanoseconds contracting the 

radius approximately a centimeter) which allows capture of the ring 

without striking the injector pipe. 

MK II Electron Ring Compressors 

Figures 2 and 3 depict alternate systems to be used on "Astron" 

to form full-intensity electron rings of 1013 electrons or more and 
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to compress them to 3.5 cm radius. Figure 2 shows a sealed glass 

vacuum chamber which can be baked and will reach base pressures well 

-11 into the 10 torr range. However, since apparatus must be installed 

before the chamber is sealed, this system will be rather inflexible for 

changes to internal arrangements. Figure 3 shows an alternate 

vacuum chamber of ceramic discs sealed to an 18" glass cylinder with 

commercial Viton bell jar gaskets. Experimental changes can be made 

-8 quickly but it is doubtful that vacuums less tha~ 10 torr will be 

possible. If the chambers can be alternated, both experimental 

flexibility and tests at high vacuum can be realized. 

Extensive computer investigations of the compressor coil fields 

has been undertaken by Dr. L. J. Laslett, Dr. J. Peterson and Mrs. B. 

Levine. In addition to magnetic fields, the stored energy change for 

small displacements of the coils was also investigated., allowing 

calculation of the forces on the coils. 

Compressor Coil Characteristics 

Diameter Maximum field Electron ring Maximum 
Coil set and at electron radius at axial force 

spacing ring field maximum field on coils 

cm gauss cm lbs 

1 64 diam X 48 1000 17·50 780 

2 40 diam X 30 3300 9 2700 

3 20 diam X 10 20,000 3·5 9800 

The coils must be supported by a non-conducting, non-magnetic 

structure perhaps phenolic or epoxy-glass laminates. If the loads 

are taken on a 1" thick pair of discs as shown in Fig. 2, deflections 

at coils 3 could be as much as 0.4" per pulse. It will then be 
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necessary to build some sort of spaced structure, such as shown in 

Fig. 3 to minimize these deflections. 

The 20,000 gauss solenoid field will also be a pulsed device. 

Coils can be very simple, perhaps as rudimentary as 12-16 turns of 

No. 10 house wire wound on a slotted bakelite ring. However, the 

stored energy represented by such systems is formidable. The compressor 

coil field stores approximately 25,000 joules while one meter of the 

solenoid field (18 cm diam coils) will store 60,000 joules. This 

utilizes a large capacitor bank -- for example the LRL 300 MeV 

synchrotron used a 105,000 joule bank. Fortunately such supplies are 

available which will help keep the effort consistent with a very small 

budget. 

A 70 GeV rf Accelerating Column 

Figure 4 shows a hypothetical 1200 mHz rf accelerating column 

o intended to operate with the rf cavities at 77 K. Superconducting 

coils provide a dc 20,000 gauss solenoid field. The two cryogenic systems 

complement each other and greatly facilitate maintenance of a good. 

vacuum since the vacuum chamber is in essence one large cold trap. 

A 14" diameter, 3/16" wall, stainless steel tube forms the vacuum 

chamber. Sealing will be obtained with reweldable standing-edge welds 

which will be "can-opened" for access, as developed for "Omni tron" vacuum 

flanges. 

The surface resistivity of copper behaves in the ordinary fashion 

(R = ~R . ) to li~uid nitrogen temperatures. 
s dc 

o At 77 K the surface 

resistivity is approximately 1/2.6 that at room temperature. Below 

li~uid nitrogen temperature the anomalous skin effect begins to 
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dominate, although a further reduction of resistivity, in magnitude 

somewhat less than that achieved from room temperature to 770 K, is 

possible. However, the colder cryogenics systems increase rapidly in 

• 0 cost, so that 77 K systems offer the most economic advantage for 

state-of-the-art applications. A comparison of a room temperature and 

a 770 K 1200 mHz rf system is of interest. Rf system information has 

been calculated by F. Voelker 

1) 

2) 

3) 

4) 

6) 

* 

Example Model 
1200 mHz ERA rf Systems 

Number of cavities per 30 mW tube 

Total tubes for 70 GeV 

Total peak rf power rating 

* Average rf power 4 
(Duty factor = 1.5 X 10-
10 pulses of 15 nsec/sec) 

* Copper losses in rf cavities 
(as proportion of power to amplifiers) 

* Nitrogen refrigeration system for rf 
cavities (700 K gaseous N2 ) 

Capital cost of rf system at $lO/kW 
peak power rating (ac substation to 
rf cavities) 

Cost 

See footnote at close of this paper. 

Room temp. 

1020 mW 

153 kW 

$10.2 million 

$10.2 million 

79 

25 

750 mW 

113 kW 

45 kW 
550 hp 
$.2 million 

$7.5 million 

$7.7 million 

The 770 K system thus yields a capital cost advantage of approxi-

mately 25% on rf components other than the cavities. o 
The 77 K rf 

cavities are also advantageous if superconducting coils are used to 
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provide the 20 kG solenoid field. 

Dr. L. J. Laslett and B. Levine have developed computer solutions 

for excitation requirements and field uniformity, both on axis and at 

various radii off axis, for the 20 kG solenoid field. Solutions were 

made at the midpoint of an array of six pairs of coils with constant 

spacing of 9 cm between coils. The variation in the quantities for 

different coil radii is of interest. 

Variation in axial field 
Ave,axial field at electron (midway between & just under coil) 

Exciting coil ring radius (3.5 cm) At electron ring 
radius - cm gauss Lamp turn in coils On axis radius of 3.5 cm 

6 cm 0.1449 18.5% 71.4% 

8 cm 0.1385 4.9% 16·3% 

9 cm (Helmholz 0.1378 2.5% 8.2% 
coils) 

13 cm 0.1358 not known 0.5% 

26 cm 0.1258 not known 0.02% 

Very massive costs are involved if this field were provided by a 

continuous dc solenoid. If current densities of 5,000 amperes per 

square inch were used with 1.5 in. square copper conductor, 7 layers 

are required, or more than 10 in. of copper would enclose an 18 in. 

i.d. hole. Approximately 700 tons of copper would be used for a 150 

meter accelerator which would need 80 megawatts of dc power -- a total 

investment near $20 million. Alternatives must be more attractive. 

Two different systems remain attractive: 1) superconducting dc 

solenoids, and 2) fast pulse (approximately 1 kilocycle/sec) capacitor-

excited coils. 

The pulsed coils should be placed as close as possible to the axis 
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to minimize the energy stored in the field. It is perhaps possible 

to place them near the tips of the accelerating cavity irises (for either 

the rf or the pulsed acceleration system). They would then be covered 

by 0.001" to 0.002" of copper, which is thick compared to the rf or 

pulsed system skin depth for currents, but is near transparent to the 

kilocycle coil fre~uency where skin depth is approximately 0.1". The 

coils would be very inexpensive, consisting of a few turns each. 

However the energy storage capacitor bank is massive. A 20 kG magnetic 

field stores 1.6 joules per cubic centimeter. If 16 cm diameter coils 

are used, a 150 meter long accelerating column will store approximately 

5 megajoules of energy in the solenoid field. An investment of perhaps 

$2.5 million will be re~uired for the capacitor system. 

Interpolating from the Laslett-Levinecomputerprogram for iterated 

coils of 13 cm diameter (which will be outside the rf cavities as 

indicated on Fig. 4) and 7 cm spacing, we find that 1.5 X 105 ampere 

turns are re~uired per coil. Commercially available copper-encased 

niobium-titanium superconducting wire 0.040" o .. d .. will carry approxi

mately 330 amperes in a 20 kG field. Thus, 450 turns or approximately 1200 

ft per coil is re~uired, which, at the current price of 35i/ft is $400 

per coil for material. Experience on several recent superconducting 

cryostats indicates this cost is approximately e~ual to the super

conducting material cost. Approximately 2150 coils will be re~uired for 

a 150 meter accelerating column. The superconducting coils will thus 

cost approximately $1.7 million. 

Sandwiched between elements at li~uid nitrogen temperature, 

radiation losses will be approximately 200 watts for these super conducting 
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coils, loss through supports 400 watts, and distribution losses 

perhaps 100 watts. A 4.20 K gaseous helium refrigeration system of 

700 watts capacity will cost $0.35 million. 

It thus appears that the superconducting and the fast pulse 

methods of obtaining the solenoid field are competative in cost. The 

superconducting approach may yield easier solutions for providing a 

peristaltic field configuration. 

Let us say the 79 cavities which one 30 mW rf power package can 

dri ve will be contained in one vacuum tank. Such a tank would be 

approximately 18 ft long and of 14" in diameter and made of 3/16" 

stainless steel would weigh approximately 800 lbs. The accelerator 

would consist of 25 such tanks with couplings between where vacuum 

pumps and diagnostics may be mounted. However, the solenoid magnetic 

field must be continuous over these discontinuities. Thus, even though 

the magnetic field coils are eClual to the rf cavity width, 2150 coils 

are reCluired where only 1975 cavities will be necessary. The accelerating 

column would be 150.5 meters long, or 494 ft. 

Since the vacuum tanks are essentially one continuous cold trap, 

only a small amount of additional pumping for specific noble gasses 

needs to be supplied. The vacuum system will consist principally of 

roughing capacity. 

Even at this stage, when all essential elements may not yet be in 

adeCluate perspective, an overall estimate is of interest in establishing 

the dominating posture which rf components have on total costs. 



Technical Components 

1) rf system - ac substation 
to rf cavities 

2) N2 cryogenic system 

3) rf cavities 

4) 20 gK superconducting coils 

5) 4.20 K cryogenic syst2m 

6) Vacuum tanks and pumping 

7) Miscellaneous 

Conventional Facilities 

1) Housing (12-ft tunnel) 

2) Housing services 
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3) Electrical power distribution 

1500 kW @ $90/kW 

(1100 rfJ 400 4.20 K cryo. system) 

4) Cooling towers and dist. 

1500 kW @ $60 

* See footnote at end of article. 

S/ERA-3 

Millions $ 

7·5 *} 
0.2 rf 

0.2 

1.7 

0.4 

0.4 

25% EDIA 
0.2 25% contingency 

$10.6 X 1.56 = $16.6 

0.6 

0.2 

* 0.1 

* 0.1 

3/4 rf 

12% AE 
15% contingency 

1.0 X 1.3 = $1.3 

It can thus be seen that more than 70% of the cost of the 

accelerating column is associated with the rf system. Better under-

standing of rf requirenents and optimization may reduce this proportion. 
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* rf System Duty Factor: For the 1200 mHz rf system, which is on 

-4 
for 15 ~sec 10 times per sec, the duty factor is 1.5 X 10 . An 

erroneous duty factor of 10-3, derived from an earlier 200 mHz model, 

was used during the author's talk of 2-5-68. The cost estimate has 

been adjusted for this change. In particular, the size of the N2 

cooling system is reduced from 200 kW to 45 kW and the conventional 

facilities electrical power distribution and cooling from 6.5 mW to 

1.5 mW. Costs reduce $0.7 million in N2 cooling and $0.8 million in 

power distribution and cooling. 

As described in the rf study sessions of the Symposium, F. Voelker 

states that for each 6 units of energy delivered to a room temperature 

rf system, one unit will appear as stored energy in the cavities, 3 

units dissipated as cavity copper losses and 2 units reflected back 

to the amplifier or klystron tubes. For 5 units of energy delivered 

to a 770 K system, 1 unit of energy will appear as stored energy, 1 

dissipated as copper losses in the cavities and 3 reflected back to 

the amplifiers or klystron. For the matched case, the electron ring 

receives 1/2 the voltage and hence 3/4 of the energy stored in the rf 

cavities. If, for some reason, the ring does not appear for acceleration, 

this stored energy is dissipated as copper losses and must be abstracted 

by the N2 cooling system. This safety feature has now been incorporated, 

which explains why the capacity of the N2 cooling system did not reduce 

in proportion to the duty cycle. 
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G lass vacuum vessel-approximately 24" I. D. 

Removeable bake-out jacket 

Compressor: prel i minary concept 
Fig. 2 XBL 681 4440 A 

Fig. 2 
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EXPERIMENT AL USE 

Denis Keefe 

Lawrence Radiation Laboratory 
Berkeley, California 

It may seem premature to consider the experimental use of this 

new type of accelerator when the main principles of its operation still 

remain to be proven. But, if high-energy and heavy-ion accelerators, 

based upon the electron-ring accelerator principle can be constructed, 

they seem likely to be competitive in cost with more conventional types 

of accelerators; therefore, it is necessary, even at this early stage, 

to have some feeling for how useful they may be as experimental tools 

in high energy physics, nuclear chemistry, aad biomedical research. 

Some thought has been given to the characteristics of a high-energy 

proton machine which, for the sake of being definite, we take to have 

an energy of 70 GeV. We hope that during the next few days more light 

will be shed on the properties of an electron ring device for accelerating 

heavy ions and to gauge its usefulness in the nuclear chemistry and 

biomedical research programs evisaged for the future. 

The proton beam from an electron-ring accelerator will have many 

unfamiliar properties. Chief among these is the time structure,since 

the beam will arrive infrequently in very short bursts. The pulse 
2r 

length is T = ~ so that for a ring of minor radius r = 1 mm· and a c y 0 

proton energy of 70 GeV, T = 0.1 picosecond = IDO femtosecond. Thus time 

resolution, e.g. by coincidence, is impossible. It is important there-

fore to realize as high a repetition rate as possible in order to have 

a good event-collection rate. Repetition rates in the region of 10-100 

pulses per second seem technically feasible although experimenters would 

probably like to have rates of 1000 per second and more. 
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The emittance of the proton beam is small, and comparable with 

that of an equal-energy synchrotron. For a well-depth of 50 kV the 

transverse proton momentum will be typically 10 MeV/c,thus 

= 

= 

10 MeV/c 

10 <=::< 

70,000 0.1 mrad 

The azimuthal motion is believed to be much smaller but in many appli-

cations where the bea~ is to be matched into a system with independent 

x and y-motions the s~all magnitude of 6~ cannot be exploited and we 

should take 

6x;' <=::< 6y' <=::< 6e <=::< O. 1 ~rad. 
T 

The area (in x-y space) occupied by the beam (assuming a major radius 

of 4 cm, a minor radius ·of 1 rom) is 

6x; D.y = 2n(40) (2)mm
2 

2 
500 rom 

Thus the four-dimensional emittance is 

6x;' 6y' Ax. 6y = 2 
5(mm mrad) 
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If advantage cannot be taken of the fact that the beam area is distri-

• buted in a thin strip around the periphery of a circle, and instead it is 

assumed just to occupy the whole area of radius r = 4 cm then the diluted 

emittance will be ten times greater (in 4-dimensions). 

The energy spread of the protons can be quite large and is given 

by 

6p 
+ ---1: - Mc 

Thus for 6PT = 10 MeV/c the velocity of the protons in the potential 

well of the ring is ~ 0.01 c,which leads to an energy spread in the 

laboratory frame of ± 1%. 

II. S0retching Ring 

Based upon present-day experience of high-energy physics 

experiments, part of the research program (e.g. bubble chambers, neutrinos) 

can be carried out without suffering any disadvantage from the narrow 

pulse structure. Another part of the program involving time-of-flight 

experiments can take positive advantage of the narrow pulse width. 

But there is a class of counting experiments that represent a significant 

fraction of the prog~am that require a long duty factor of the order of 10% and 

more. At accelerators with rather short beam pulse lengths, reasonable 

duty factors have been achieved by rapid cycling; in the case of the 

electron-ring accelerator, however, this is not a conceivable approach 

because of the extreme shortness of the pulse. For physics experiments 

that could not be done in any other way than with a long duty-factor, 

it would be necessary to add a Stretching Ring in which the beam can 



debunch and be spread out roughly uniformly in time. The addition of 

such a ring would do more than simply recapture the advantages'of a 

synchrotron. Some pulses need not be switched into the stretching 

ring but could be available for experiments needing the narrow pulse 

structure. Second, the stretching ring is a much less complicated 

device than a synchrotron in that it operates at constant field and 

need not have the complexities associated with the acceleration process; 

therefore more involved beam manipulations and intensity modulation 

are possible. In such a ring it is easy to reduce the energy spread of 

the protons to a very small value if needed. Duty factors very close 

to 100% are possible. Finally, beam stacking is another possibility 

in which many pulses are injected and stored in order to deliver a single 

pulse of extra-high intensity. A stacking ring for 70 GeV protons would 

need an aperture of a few square inches and if it contained supercon

ducting dc magnets operating at 60 kG would have a mean radius of about 

50 m and cost about M$15. 

In injecting into a stretching ring it is important to make as 

much use as one can of the intrinsically good emittance of the proton 

ring and to avoid dilution. An optical analogy of how dilution in area 

can be avoided is sho~1 in Fig. lao Here an axially symmetrical lens 

of the profile shown is placed downstream of the point of "untrapping" 

of the proton ring so that the extreme inward-drifting rays almost cross 

the axis at the lens. The action of the lens is to reduce the angular 

spread and to remove almost all of the unpopulated "hole" in the middle 

of the beam (see Fig. Ib). In practice one cannot construct such a 
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lens for protons but a crude approximation would consist of the combination 

of a regular magnetic lens and a wire carrying current along the axis. 

Such a non-linear system will avoid a substantial fraction of the potential 

dilution. 

III. Physics Without a Stretching Ring 

It is more challenging to try to visualize the research that 

can be done without invoking the use of a stretching ring. If the proton 

beam is simply to strike a target in order to produce secondary particles, 

then it is necessary to use only a simple lens-system such as is shown 

in Fig. lc. This produces a waist at the cross-over point where a target 

of the order of a millimeter can be placed. 

Provided the intensities are high enough, the advantages of the 

short pulse length for neutrino physics is well known. The fact that 

11 the intensity may be of the order of 10 protons/pulse and the expecta-

tion value of a good event much less than unity per pulse is not a dis-

advantage since one can receive many pulses before triggering spark 

chambers to record a likely event. The "on-time" of the triggering 

counters can be controlled by a gate just a few nanoseconds wide compared 

with the microseconds previously used,so that integration over many pulses 

will not lead to excessive cosmic-ray background. 

At high energie~ the standard particle-separating device for bubble-

chambers is the r-f separator shown schematically in Fig. 2a. Initially, 

a careful definition in momentum and beam optics is' made, then the 

particles are modulated in angle at high-frequency by the first trans~ 

versely-deflecting cavity. The drift space between the first and second 
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cavities is such that the wanted particles and unwanted particles slip 

o 
apart in phase by about 180 , by virtue of their velocity difference, 

so that the angular deflection in the two cavities will add in the one 

case and cancel in,the other. Thus, physical separation of the two 

components in space can be achieved. Such a system will work in principle 

for arty time distribution of the secondary beam and can be used, with the 

extremely short bunG2h we are considering here. 

The narrow time structure of the proton bunch striking the target --

and therefore of the emergent secondary particles -- allows· simpler systems 

to be used. In Fig. 2b is shown one such system in which the first cavity 

is eliminated and the drift space between the target and cavity is 

occupied by an isochronous momentum-defining transport section. If 

information about the time of arrival of the pulse is known then the 

cavity is phased to deflect the wanted particles consistently to one 

side of a septum magnet and the unwanted particles to the other. This 

system might be suitable for the case of an r-f accelerating column 

in the accelerator in which phase-stability is present; in that, case, 

the phase information of the deflecting cavit~ operating at a higher 

harmonic, would be derived from the accelerating r-f cavities themselves. 

If the time of arrival of the protons at the target is unknown" 

as it might be with a pulse-line accelerating column, one can still 

utilize the narrow bunch structure to make a beam separator (see Fig. lc). 

Here the cavity is operated "c.w." without any phase control and depending 

on the time of arrival, the bunch of wanted particles is deflected 

to one side or other of the septum magnet. In general, the intensities 

of the wanted and unwanted particles will be very different,in which case 
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one can post hoc decide from counters after the septum if indeed the 

. wanted particles have gone down the branch to the bubble chambers. If 

they have,the lights can be flashed and the film advanced, if not, 

no picture need be taken. In this way one useful picture, on an 

average, can be taken every two pulses without unnecessary waste of 

film. In practice, the useful rate will be somewhat less because for 

passage through the cavity at close to 0 deg rf phase-angle the particles 

will strike the septum and not be cleanly separated. This is a situation 

easy to detect with counters and a picture need not be taken. If we 

consider a beam of particles with momentum 40 GeV/c and a cavity operating 

at a frequency of 10 GHz then the "separation distance" needed from 

target to cavity is 200 m. Finally, existing rf power tubes and conven

tional techniques can be used; there is no apparent advantage in using 

superconducting cavities since k~ystron pulse-lengths are long compared 

with the error in the time of arrival of the beam. 

In the case of counter experiments, the narrow pulse inhibits the 

detection of events by means of time coincidences among outgoing secondary 

particles. Thus for an experiment on a low cross-section reaction in 

an intense-beam or one on a high cross-section reaction in a low-flux 

beam one should usually arrange for an event-collection rate with an 

expectation value less than one per pulse. If the repetition rate of 

the accelerator is 100 per second then the event collection rate will 

be less than 100 per second. One can, in fact, improve on this rate 

by employing several parallel channels in the equipment to detect the 

reaction products,provided the channels are finely divided enough so 
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that each is expected to count less than once per pulse. Also, one 

can accept several events per pulse in a system such as a spark chamber 

or multiple-hodoscope array provided the data obtained is sufficiently 

extensive that the tracks of each event can be later uniquely associated. 

The pulse length is orders of magnitude shorter than the best 

available particle counting resolution time so that it is not a limiting 

factor on using ti~e-of-flight techniques. Identification of new heavy 

particles and measurement of the energy of neutrons and neutral kaons 

should not be difficult. Murray at SLAC has achieved resolution ti~s 

of the order of 70 ps by means of photomultipliers modulated at 3 GHz. 

This resolution would allow the definition of the energy of a 10 GeV/c 

neutron to about ± 1% in a distance of 100 m. 

A question that still has to be explored is whether the accelerator 

can accelerate polarized protons. The injection time could be quite long 

(~ 1 msec) and the axial guide field is conducive to maintaining longi

tudinal polarization but it remains to be seen if the fluctuations in 

the guide field or the effects of the electrons or the effects of passage 

through the accelerating cavities, will cause substantial depolarization. 

IV. Conclusion 

A major fraction of the physics prqgram as now envisaged can 

be carried out without the use of a stretching ring. The unusual pulse-length 

feature probably will allow simplification of separation equipment. 

While some counting experiments will be impossible there seems considerable 

room for ingenuity in making use of the narrow beam bunching. 

During the next two days we hope to explore how the properties of 

a low-energy heavy-ion accelerator may be of use for nuclear chemistry 

and biomedical research. 
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THE LRL MODEL PROGRAM 

J. M. Peterson 

Lawrence Radiation Laboratory, University of California 
Berkeley, California 

February 5, 1968 

Electron ring accelerators now seem to be most promising. However, 

many of the concepts and mechanisms involved are so novel and so 

uncertain that it is obvious that experimental test and verification 

of these ideas is essential before one can have any real degree of 

confidence in them. 

The aim of the LRL model program is, of course, to test these new 

ideas and to develop whatever experimental techni~ues are necessary. 

We should like first to form a ring of about 1013 electrons and to 

compress it to the point where it can hold an interesting number of 

protons, or possibly heavy ions of some kind. If this step is successful, 

we should like to go on and try both expansion acceleration and electric 

acceleration of the ring. 

We need first an unusually potent electron gun one of several 

MeV in energy and capable of several hundred amperes of beam in a narrow 

beam with small energy spread. We are most fortunate that such an 

unusual gun exists in the form of the Astron injector at LRL-Livermore. 

It can produce 400 amperes, or more, of 4 MeV electrons with an emittance 

-2 of about 2 X 10 cm radians and a 2% energy spread, all of which are 

more than ideal for our purposes. We are fortunate also that 

Christopholis, Lamb, and others involved in the Astron project are 

cooperating closely in this electron ring program. 
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Next a compressor system is needed to form and compress the 

electron ring. The system we have tentatively adopted is shown 

schematically in Fig. 1 (and in more detail in Fig. 3 of Salsig's 

paper). It consists of three pairs of coils which are pulsed sequentially' 

as the ring compresses. The principal design objectives have been to 

compress the ring to a size small enough to adequately hold the protons 

and small enough to fit through the holes in accelerating cavities, to 

maintain the n-value (magnetic index) in a range suitable for ring 

stability, to minimize the magnetic stored energy, and for simplicity 

to use only a small number of separate coils. 

Before going into the details of the compression sequence, let 

us look first at the injection and capture of the electron beam in the 

compression chamber. The beam from the electron gun is brought into the 

compression chamber through a field-free region provided by eddy currents 

in a copper tube. The injection radius is 20 cm, the field is 750 gauss, 

and the n-value is about 0.6. Only the outer set of coils is energized 

at this time. Several distinct methods of capture have been suggested. 

The method we plan first to try was suggested by Lambertson and is 

illustrated in Fig. 2. The method utilizes a closed-orbit', distorted 

outward at the inflector, which can be produced by a region of weak 

field located diametrically opposite the inflector in a system with 

radial betatron tune (v ) of 2/3. The beam is inflected with an 
r 

amplitude of collective betatron oscillation sufficient to clear the 

inflector for two turns with a 2/3 radial tune. The field perturbation 

is turned off in 3 turns (12 nanoseconds) leaving now a circular 

closed-orbit which has thus been moved away from the inflector. 
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A method of capture suggested by Laslett utilizes an unstable 

fixed point and can be considered as the reverse of multi-turn, resonant 

extraction. In this method the injected beam would spiral inward for 

several turns, approaching a radially unstable circular orbit, before 

tending to spiral back out, the time of several turns being long enough 

conveniently to change the fields so as to capture the injected beam. 

Other mechanisms that appear attractive to utilize for capture of 

the injected beam are the self-induction effects, which can be relatively 

large at high current levels. For example, if one places an insulated 

copper loop just outside the injection radius, the injected beam will 

induce an equal and opposite current in the loop. For a sharply rising 

injected beam of 400 amperes, the field change after one turn due to 

the suddenly induced current is enough to shift the closed-orbit by 

about a centimeter. This shift coupled with excursions due to collective 

betatron oscillation could be an effective capture mechanism. 

The theory of the compression process for a three-stage system 

has been worked out by Laslett using the invariance of the canonical 

angular momentum r[p(r) - A(r)], where r is the radius of the electron 

beam, p the linear momentum at this radius, and A the vector potential 

due to the coil configuration being considered. The computations involved 

have been made convenient to obtain through a computer program prepared 

by Mrs. Barbara Levine. 

The compression sequence envisioned begins at the injection radius 

of 20 cm, where the energy is 4 MeV, and the field strength is 750 gauss. 

Only the outer coil (coil 1) is energized until the radius of the 

electron ring has shrunk to 17.5 cm, at which point this coil is 
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clamped (shorted). Coil 2 is then energized until the radius of the 

ring shrinks to 9 cm, at which point it is clamped. Then coil 3 in 

turn is pulsed until the ring is compressed to 3.5 cm, at which point 

the energy is 20 MeV, and the ring should be ready for loading with 

protons or heavy ions. 

The momentum, magnetic field, n-value, damping of the axial 

betatron amplitude, coil currents, and magnetic stored energy as 

functions of the ring radius are shown in Figs. 3a and 3b. The effects 

of mutually induced currents have been included. These relationships 

are valid and independent of time as lbng as such effects as copper 

losses, ion loading, and synchrotron radiation can be ignored. The 

time for the compression sequence is expected to be about a quarter 

millisecond. 

The coil geometry adopted for this example has proved to be 

defective in some respects. Nevertheless, it has been a very useful 

example to study. The principal defect has to do with the geometry 

of the third set of coils. At the final radius of 3.5 cm the n-value has 

dropped to 0.03 which has two bad effects: one is that the radial 

tune V = (1 - n)1/2 is very close to unity for the electrons in an 
r 

unloaded ring. John Lawson recently pointed out that ion loading of 

the ring serves to raise V , so that an integral resonance becomes a 
r 

prominent danger when the electron ring is loaded with positive ions. 

The other bad effect of a small n-value is that the weak focussing in 

the axial direction enlarges the beam dimension in that direction and 

thus reduces the Coulomb field needed for holding positive ions during 

acceleration. To correct this n-value difficulty the G/R (ratio of 
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coil separation to coil diameter) of the third set of coils should be 

increased from 0.50 to about 0.75. For G/R of 0.5, n varies approximately 

.4. / 2 as r , over the regLon of interest, whereas for G R of from 0.75 to , 

~n varies more like r2, the latter being, of course, much better for 

maintaining a larger value of n at the final radius. Decreasing the 

radii of coils 2 and 3 may help matters also. 

The compressor system described so far is our I1Experiment 1111. We 

expect first to experiment with an IIExperiment III, which consists 

essentially of the first two stages of II. Experiment I developed 

because Bill Baker located a large bell jar and a ceramic disc from 

the Coors bone yard. Using these pieces as a vacuum chamber, he is 

eager to begin experimenting with the problems of injection and initial 

compression using the 8 MeV linac at LRL-Berkeley as the electron gun. 

The geometry of the bell jar excluded the use of the third coil set, as 

can be seen in Fig. 4. The compression characteristics of the electron 

ring in the two-coil system are very similar to those of the three-coil 

system, the momentum of the electrons at small radii, for example, being 

within about 5% of the same value, although the coil currents and ptored 

energies are of course quite different. The nominal peak current of 

this linac is only about 0.1 ampere, and its emittance is relatively 

large. However, we feel that it will be useful in learning about 

injection and vacuum problems and in shaking down some of the technology 

here in Berkeley before we move to the Astron injector in Livermore. 

Our concepts of how to load the ions into the ring are fairly 

primitive at this stage. Bob Pyle has begun to think about this problem 

and may speak about it at the compressor work session tomorrow. The 
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vacuum needed during the compression stage should be 10-3 or better 

to avoid loading the ring with ions from the residual gas. The ions 

probably should be loaded into the ring at the final compressed state 

of the ring. If the ions are loaded earlier, the final amplitude of 

ionic oscillation will be larger, and I should think also that they 

would serve to retard the compression. 

To introduce the gas into the chamber a collimated beam of neutral 

gas has been considered that would be aimed at the ring. Those atoms 

that do not become ionized would pass on to some kind of trap which 

would remove them from the system. However, in my mind such a system 

would be unnecessarily complicated. My favorite concept is 'to have in 

the chamber a ~uick-acting valve of the type devised by Klaus Halbach and 

Ken Ehlers, which can open in a few microseconds. A puff of gas would spread 

throughout the chamber, but it would last only a millisecond or so if 

ade~uate pumping can somehow be provided, perhaps through the use of 

titanium pumping action. The loading of the ring can then be controlled 

by the amount of gas released in the chamber. 

Now what do we hope to learn from these models? First, the 

techni~ues of injecting and capturing an electron ring. Next the 

stability of the electron ring at injection, where the stability during 

the compression phase is most in ~uestion. Third, a check on compression 

theory. Fourth, an experimental determination of the vacuum re~uire

ments. Fifth, the techni~ues of controlled ion loading. Sixth, 

techni~ues of extraction from the compressor. Seventh, the stability 

of the ring when the mirror of the compression chamber is released, 

which is perhaps the worst problem to be solved. Eighth, we hope to 
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demonstrate expansion acceleration, and finally, we want to investigate 

the problems of electric acceleration. These last two objectives may 

be some time off, because it looks as if a decent expansion system is 

~ ~uite expensive, whereas our program is ~uite dollar limited. Electric 

acceleration is also a ways in the future both because of the money 

involved and because a substantial development program is re~uired, as 

has been explained in the papers of Voelker and Hartwig. 

The problems of beam diagnostics in these systems has received 

some attention. At the final compressed state of the electron ring, the 

observation of the synchrotron radiation will be a principal techni~ue. 

A ring of 1013 electrons at a radius of 3.5 cm and an energy of 20 MeV 

radiates at the rate of 1 kW. The peak of the spectrum is in the 
o 

infrared, around 23,000 A, but nevertheless about 30 watts of the 

radiation is in the visible region (about 1 X 10-2 visible photons per 

electron per turn). At this rate the ring loses about 3% of its 

energy in a millisecond. We expect to measure degree of beam loading 

in the compressed state by observation of the fre~uency of collective 

beam oscillations, excited, perhaps, by transverse rf fields and observed 

optically. At injection energy this optical techni~ue does not look 

feasible, but collective oscillations there should be detectable 

through magnetic pickup of the beam position. Beam scraping and other 

destructive methods of observation will also be used. 
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REPORT OF THE WORKING GROUP ON INJECTORS 

W. A. S. Lamb 

Lawrence Radiation Laboratory 
University of California. Berkeley 

February 8. 1968 

At the onset a distinction was made between the immediate requirements 

of an experimental program and the eventual developments which would be neces

sary for a full-scale machine should the concept prove successful. Essentially 

all of the discussion was quite correctly focussed upon the immediate require

ments. A few of the anticipated developments are mentioned at the end of this 

report. 

The approach was to establish the requirements and then to compare these 

with two existing machines. The requirements were derived from the parameters 

given below: 

Po 20 cm Pcp = 3.7 cm 

B = 750 gauss B 20 K-gauss 
0 cp 

Yo = 9 Ycp = 47 

a 0.5 cm a 0.1 cm 
0 cp 

Parameters 

I. Number of electrons per pulse. 

It is felt that because of possible inefficiencies in injection a 

14 
minimum requirement of 10 electrons/pulse from the accelerator would be 

needed to achieve tV 1013 electrons in the trapped ring. Further the potential 

well depth for the indicated 10
13 

electrons in the compressed phase is none too 

deep to prove the principle of this concept. 
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II. Energy Required 

The injection energy required follows from the number of electrons 

required and p. The incoherent space charge limit is given by 
o 

13 
< 4 x 10 for the parameters used here (y = 9). 

o 

A factor of 4 is none too large for a limit such as this and hence the energy 

should be around 4 MeV. 

III. Transverse Phase Area 

The acceptance of the ring is given by 

for our parameters is 

IV. Energy Spread 

'IT (a 2 /p ) Q, which 
o 0 

-2 2.75 x 10 rod-cm; with Q = 0.7, n = 0.5 

For the several injection schemes thus far proposed an acceptable energy 
+ ~ -2 spread perhaps should not exceed - ~p/p ~ 2 x 10 or 2%. 

V. Pulse Length 

The depth of the potential well for ions depends not only upon N but 

also on the volume occupied by the ring after compression and this in turn 

depends upon the density with which one can place multiple turns assuming 

this is necessary to obtain the necessary trapped charge. At injection the 

time for one turn is 

2np Ic = 4.2 ns 
o 
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Further the required current during the pulse is 

N~ 
I= -

t 

for one turn 

I = 3800 A, 

and for 10 turns I = 380 A. 

Ideally the pulse length then should not be greater than 10 turns or 

a maximum useful pulse length of ~ 40 ns. 

Summary of Injector Requirements 

E 4 M V (' 9) < + nergy e Yo = 80 keV (2%) 

Pulse length < 40 ns 

Transverse phase area < 3 x 10-2 rad - cm 

N > 1014 

Existing Accelerator 

Two existing machines came the closest to these requirement~ and the 

performance of these are g~ven below. It is worth a remark to point out that 

these two accelerators were developed not only for applications differing from 

the program considered here, but also for applications markedly different 

between the two. It should not, therefore, be astonishing that neither one 

is ideal. Developments, or even operating adjustments could conceivably 

improve their performance for this application but the parameters given here 

are measurements which have been made in the past. 

The pulse repetition rate needed for the experimental model is governed 

by the repetition rate of the compression system. As presently contemplated 

this rate would not exceed several per minute. The two accelerators dis

cussed below have repetition rates of one to several per minute for the Ion 

Physics machine, and 60 pps to bursts of up to 100 pulses at 1440 pps for the 

Astron induction accelerator. 
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Ion Physics Corporation, Burlington, Massachusetts 

Energy 

Pulse length 

N in 10-2 rad-cm 

Total N in pulse 

N in phase volume 

i.e. ± 40 keV (2%) 

2 MeV ± 200 keV 

25 ns 

2 x 1014 

'V 4 x 10
15 

<! 1014 

Astron Induction Accelerator, Livermore, California 

Energy 

Pulse length 
-2 N in 10 rad-cm 

N in 40 ns 

4 MeV ± 80 keV 

250 ns 

3 x 10
14 

4.8 x 1013 

Both of these machines are somewhat short of the requirements stated 

in the beginning of this report, if the energy of the Ion Physics machine 

were 4 MeV they would be comparable. 

short Range Development Program 

Prior to injection the beam should be momentum analyzed to clip off the 

off-momentum electrons especially on the leading and trailing edge of the 

beam, and a system of lens elements to match the transverse phase area of the 

beam to the compressor would be desirable. 

Gun design exploiting the very short pulse length by the ultilization of 

voltage gradients in excess of those normally used, and cathodes whose 

specific emission for short pulses is much higher than usually obtainable 

will be studied to determine if beams of suitable quality are possible from 

Pierce type geometry including space charge effects and relativistic effects. 

Longer Range Problems 

1. Modulator 

Modulators for the ultimate repetition rate of 10 - 100 pps in the 

4-5 mega-volt range for the 4 - 40 ns beam on-time need to be investigated 
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to determine the most economical methods. The group felt that the require

~ents could be met by present technology but engineering studies could sort 

out the various approaches and pick the optimum. 

2. Gun Design 

The lifetime of high specific emission cathodes under these 

conditions would have to be investigated as well as their pulse-to-pulse 

reproducibility. 

Conclusion: 

The group felt that the injector design although presenting non-trivial 

problems was one of the areas in which, from the point-of-view of testing 

the concept, presents no serious limitations. 

Working Group: 

S. V. Nabla, Chairman 
W.A.S. Lamb, Secretary 
D. H. Sloan 
R. W. Allison 
J. W. Beal 
R. 'E. Hester 
W. R. Baker 
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REPOR T OF THE WORKING GROUP 
ON THE COMPRESSOR UNIT AND THE MODEL PROGRAM 

I. Injection Methods 

F. E. Mills 

University of Wisconsin 
Madison, Wisconsin 

J. M. Peterson 

Lawrence Radiation Laboratory 
Berkeley, California 

February 13, 1968 

G. R. Lambertson discussed the 3- or 4-turn radial multiturn 

system now envisaged in the LRL model program. It is convenient 

and flexible and thus sui ted to the needs of a model program. It 

uses a closed-orbit distortion produced by a pulsed coil which is 

turned off during 3 turns (12 nanoseconds), thus moving the closed 

orbit away from the septum. Emittance dilution by a factor of 2 is 

likely but acceptable. 

Single-turn injection might be ideal, but to be effective it 

would need sub .... nanosecond technology in the inflection system. Such 

a fast reCluirement makes a one-turn system too risky. 

Self-induction schemes have attractive features but generally 

are complicated and current-dependent, so that they too are not favored 

for a model study. 

Unstable-fixed-point methods (reverse of multi-turn, regen-

erative extraction systems) have been examined briefly (L,J. Laslett, 

J. M. Peterson) but so far have not shown significant advantages over 

the 3-turn system. On the contrary, they seem to impose severe 

momentum spread and aiming reCluirements for the input beam, as was 

emphasized by J. D. Lawson. 
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F. Mills pointed out the need to control the length of beam 

chain injected into the compressor, as excess (eventually lost) beam 

can produce gross, undesirable effects on the beam captured. 

J. P. Blewett pointed out the possibility of eliminating the 

injector through the use of a magnetron-type system. With shaped 

end plates and a cathode at one end of the central axis, a field of 

100 gauss and an anode potential of 500 kV, it might be possible to 

2 
form a beam density of 600 amperes/cm at a radius of 30 cm. This 

beam could then be compressed as in the usual compressor concept. 

S. Van der Meer described another injector concept, due to 

Carlos Rubbia (CERN) in which a 3 MeV Van de Graaf is used to stack 

a series of 20 A pulses of electrons into a compressor system. In 

the stacking phase the magnetic field is modulated at 3 kH between z 

500 and 1500 gauss. During the rising portion, each injected electron 

bunch is held at the injected radius by a constant fre~uency R. F. 

accelerating system (as in an ordinary cyclotron), which increases 

the energy to 9 MeV. In the descending portion of the field the 

R. F. is turned off, and the beam conse~uently expands in radius but 

drops in energy to about 5 MeV. In successive cycles the input pulse 

of electrons and the older pulses join near the time of maximum field, 

where the R. F. is controlled so as to stack the beams in momentum 

space. This method seeks to take advantage of the high resolution and 

fine emittance characteristics of a Van de Graaf. 
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A variant method of injection would be to use a wide (say) 20%) 

momentum spread for space charge reasons at injection and then to 

compress to 30 or 40 kG and use radiation damping to achieve small 

beam size in a time on the order of milliseconds. This damping method 

was said to operate with an n of 0.1) but not at 0.3. 

K. Halbach pointed out that the injector function could be 

accomplished also by the use of a more usual type of betatron to form 

the "uncompressed" electron ring. 

, II. Vacuum and Ion Loading 

Although calculations using known cross sections for ionization 

by electrons indicate that a vacuum of about 10-8 torr is ade~uate in 

the compressor to avoid undue loading of-tie ring with ions formed from 

the residual gas) it was generally felt that a capability of 10-10 torr 

should be designed into the compressor chamber system) on the grounds 

that other collective ionization processes are likely to occur at 

high current levels) in accordance with Murphy's law. 

R. V. Pyle outlined a possible ion-loading system using a 

puff valve which releases about 0.1 micron liter of H2 gas in the bell 

jar system. Fresh surfaces of titanium on special metal plates or on 

the walls of the chamber can serve to shorten the effective pu~p-out time 

to a few transit times of the chamber. The sticking probability on titanium 

at liquid nitrogen temperature is about 0.5 and at room temperature 0.06. 

Pyle pointed out the possibility of monitoring of the ion-loading 
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process through the collection of the ionization electrons, which 

spiral out along the field lines traversing the electron ring. The 

desorption of gas induced by these electrons can be controlled through 

the geometry where the electrons are allowed to dump. 

w. A. S. Lamb suggested the use of evaporated heavy ions, which 

stick when striking the chamber wall, as a method of controlled ion 

loading. 

III. Extraction, Beam Transfer 

E. Keil described a system for axially shifting the magnetic 

well containing the compressed electron ring. It involved pulsing 

on coils similar to the final compressor stage coils (but shifted 

axially) and turning off the compressor coils. 

J. D. Lawson pointed out for the nominal compressed ring 

conditions that the ionic fields can push the radial tune to the 

integral value if n ~ 0.11. To avoid crossing the integral value, one 

might arrange strong focusing at the injection phase so that the 

radial tune is greater than unity and load the ions at this point, 

which raises the tune enough that the strong focusing component can 

be removed without decreasing the tune below unity. Then the compression 

phase and extraction can be carried out without crossing v 1. 
r 
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Van der Meer pointed out an alternative approach to the integral 

resonance problem. For the case where the ions are loaded into the 

compressed ring at a n value such that the total radial tune is less 

than unity, one can accelerate the ring axially first w~th a moving 

magnetic well to a speed such that it can cross the integral resonance 

very qUickly, thus avoiding tight tolerances on the magnetic uniformity 

at this point. 

IV. Diagnostics 

F. E. Mills presented the results of an analysiS of electronic

ionic oscillations in a loaded ring system, showing how the frequencies 

involved can be used to analyze the ionic density. These oscillations 

might be observed optically or via rf techniques. It was pointed out 

that rf-type pickup would be difficult to analyze at injection 

because of the rf shock to the system due to the injection of a large 

beam. 
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JOINT REPORT OF RF AND PULSED LINE GROUPS 

John P. Blewett 

Brookhaven National Laboratory 
Upton, Long Island, New York 

G. Loew 

Stanford Linear Accelerator Center 
Stanford, California 

February 7, 1968 

In view of their many common problems, the rf working group 

and the pulsed line group decided to have a preliminary joint meeting 

at which basic parameters could be agreed upon. Joint discussion 

continued to appear appropriate as comparisons were made between 

the systems. Finally it was agreed that a joint report should be 

submitted. 

The following parameters served as a basis of discussion: 

Number of electrons in ring or 

Average accelerating field 30 or 100 kv per cm 

Repetition rate 10 to 60 per second 

At this point questions began to arise which the group was not 

able to answer. Doubts were expressed about whether the above 

accelerating fields were safe against pulling apart of the electrons 

and the protons. So far as could be learned these figures seem to be 

based on somewhat sketchy theoretical studies. How can the accelera-

ting field be increased as the energy of the ring increases? What is 

the distribution of the electrons and protons in the ring? Does this 
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distribution have fuzzy, Gaussian edges? Can protons be allowed to 

drift outside of the ring with subsequent recapture? 

Concern was felt also about the radiation loss formula and the 

as sumptions invovled in its deviation. It is understood that highe r 

harmonic te rms have been neglected. What are the consequences of 

neglecting these terms and how does the radiation los s depend on cavity 

geometry? 

For design and evaluation of the control system for the accelera

ting section, information is needed about the scheme for extraction 

from the compressor. How is this to be timed and can future positions 

of the ring be predicted to fractions of nanoseconds? Definite figures 

for ring diamete r are needed as well as dimensions while the ring ex

pands and contracts during peristalsis. 

Pulsed Line System 

The Blumlein system described on Monday by Hartwig seems to 

be very promising. Cavities about 5 ft in diameter will be required 

to give pulses 5 nsec long. Hartwig's description will not be repeated 

here. Several important contributions to the discussion were made by 

D. Sloan who has built Blumlein cavities for pulses as long as 100 nsec. 

He pointed out that the cavity can be filled with high pressure gas or 

liquid dielectric (e. g., water). For good pulse shaping a resistive 

termin'ation is required across the gap--this could consist of a ring of 

salt water or copper sulphate solution. For very high gap fields the 

inner surface of the dielectric ring separating the cavity from the 

vacuum chamber should have a saw-tooth inner cross section to make 

harmless the electrons extracted from the dielectric surface by the high 

field. 
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It appears that timing of firing of the spark gaps can be accurate 

to one nsec or better. 

Half of the Blumlein system takes no part in the main pulse, 

but is essential to proper functioning. The question was raised as to 

whether the currents in this section could be used to feed part of the 

magnet system used for the containment and peristalsis functions. 

(Probably not. ) 

Rf System 

Some discussion was devoted to the possibility of replacing the 

standing wave system, described on Monday by Voelker, by a traveling 

wave system. Primarily because of energy storage problems this did 

not appear immediately to be practical. Complex considerations re

lating to the choice of group velocity in the system are involved. 

Probably the traveling wave system deserves more study. 

Comparison of Systems 

Neither system is very efficient. Figures of the order of 5 

percent were quoted when efficiency includes energy supplied both to 

protons and to electrons. With the rf system this figure could be 

improved in the future if klystrons (efficiency 30 to 50 percent) can be 

replaced by amplitrons (efficiency as high as 85 or 90 percent). 

Efficiency here is understood to be the ratio of radiofrequency output 

to d. c. input to the final amplification state. 

Timing of the systems is a difficult problem; it is not clear how 

the rings can be started precisely enough or located fast enough to 
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provide control signals. At first glance the pulsed line system seems 

to have an advantage since it can have timing tolerance of 2 -3 nsec 

whereas the rf system timing (for 1200 MHz operation) must be cor-

. rect to about 0.1 nsec. But it is possible that initial acceleration at 

low frequency with phase stability may result in relaxed timing tolerance. 

This type of operation deserves detailed numerical study. It is similar 

to the practice to be used in proton lin~cs for high energies. Here a· 

prebuncher is followed by a linac section run at low frequency (200 MHz). 

At an energy of 100-200 MeV, where phase oscillations are sufficiently 

damped, the frequency of the accelerating field is raised to 800-1000 

MH'z. 

The helix· accele rator originally studied by Johnson and now 

under consideration my Montague (CERN) might be c:;onsidered for ac

celeration in the early stage immediately after the compressor.· This 

device has the advantage of providing a major fraction of its electric 

field pattern in the region where it can be used. 

If, somehow, a closely spaced sequence of rings could replace 

the single ring, acceleration efficiency might be increased markedly. 

The speed of injection seems to be limited by the rate at which the 

compressor fields can be changed. Would it be possible to compress 

in space rather in time and so achieve much higher rates of ring genera

tion? 
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Very high accelerating fields can be reached with the Blumlein 

system. Perhaps these can be made so high that the electrons can be 

dispensed with. The secret of this operation lies in the fact that the 

'fields are applied and removed before electrical breakdown can be 

initiated. 

It is the hope of the two working groups that these flights of 

fancy, if not useful, will at least be found entertaining. 
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THEORETICAL ASPECTS 

Ernest D. Courant 

Brookhaven National Laboratory, Upton, Long Island, New York 

and 

L. Jackson Laslett 

Lawrence Radiation Laboratory, Berkeley, California 

February 7, 1968 

The theoretical working group concerned itself largely with 

questions of stability of the loaded electron ring, both in the compres-

sion and the accelerating phase. Most, if not all, of these problems 

are discussed in more detail in some of the individual reports. In 

addition, the meetings of the working group afforded a welcome and 

stimulating opportunity for accelerator theorists and plasma physicists 

to compare their viewpoints and to benefit from each other's experience. 

As illustrations of interesting phenomena, encountered in the plasma-

physics program, that are related to the subject of the present Con-

ference, one may cite R. F. Post's description of the formation and 

stability of a partially-neutralized spindle of charge in the Table -Top 

device, Harold Furth's discussion of basic Stellerator concepts, and 

R. H. Levy's account of coherent radiative instabilities of electrons in 

crossed fields. Papers concerning results of the type just mentioned 

have appeared in recent volumes of The Physics of Fluids, J. Appl. 

Physics, and Plasma Physics and the Problem of Controlled Thermo

nuclear Reactions. ~:~ 

.... 
"·M. A. Leontovich (Ed.), Pergamon Press, Inc., New York (1961). In 

addition, B. J. Eastlund directed attention to the pos sible significance 
of the inverse ~erenkov effect mentioned by V. 1. Veksler in the Pro
ceedings of the 1956 CERN Symposium (I, 80 - 83). --
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The necessity for the ions to stay within the electron ring 
I 

during the acceleration process imposes a limit on the applied electric 

acceleration field. For a field that is essentially DC the maximum 

. permissible field is, approximately, 

"1 m 1M e p 

times the electron self-field at the surface of the ring. C. Pellegrini 

showed that this limit becomes considerably more severe if the external 

field is applied as a delta-function pulse rather than steadily. There-

fore it seems advisable to accomplish acceleration by a combination of 

magnetostatic expansion alternating with radiofrequency acceleration, 

as is also suggested in the paper by Veksler et al. ("peristalsis"). 

J. D. Law son pointed out that this may lead to a radial separation be-

tween electrons and ions. He estimated that a change of radius of 1 mm 

during each cycle of the longitudinal field modulation is about the max-

imum permissible. However, it appeared (according to a calculation by 

E. Courant) that a radial expansion of about 0.25 mm is sufficient to 

accomplish the uniform acceleration rate called for. 

Instabilitie s of the ring and protons can arise from the excitation 

of unwanted electromagnetic waves by coherent oscillations of the beam, 

which may then in turn accentuate the beam oscillations. Excitation 

of azimuthal modes by this mechanism is similar to the well-known 

negative mass instability, and is potentially a severe constraint on 

acceptable parameters since some of these modes may have very short 

growth times. Analysis of two geometries, approximating the com-

pressor and the accelerating column, was made by Briggs, Pellegrini, 

and Sessler. To suppress such instabilities, it appears necessary to 
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do one or more of the following: (a) Bring the walls very close to the 

ring, so that only very high-order azimuthal modes can propagate. 

(b) As a measure opposite to that of (a) and which is effective in the 

accelerating column, make the aperture very large, with the object 

of lengthening the growth time of all modes. (c) Incorporate a suffi-

ciently large spread of energy in the beam in order to produce Landau 

damping of modes that otherwise would be unstable. A. M. Sessler 

proposed a new set of parameters (listed in a separate report) that 

would tend to alleviate these problems for the E. R. A. -- primarily 

by use of method (c) -- but at the expense of requiring a more intense 

and broader electron beam. 

Other instabilities possibly may arise because of resonances 

between various modes of oscillation and rotation: the oscillations of 

the ions about their equilibrium position in the electron ring (w.), the 
1 

primary rotation of the electrons in the ring (w ), electron plasma c 

os cillations (w;), and electron betatron oscillations (wj3). T. K. Fowler 

and F. Mills have analyzed the resonances of the ion oscillations 'and 

find that instability can occur when w. is near nw -w~. The analysis of 
1 c t-' 

Fowler shows that these instabilities are considerably less virulent 

than the azimuthal instability mentioned previously above. The reso-

nances may be so narrow as to be innocuous; also the instability could 

be removed by a frequency spread for the electrons and ions, but this 

requires a rather large spread in w.. Alternatively, it appears pos-
1 

sible simply to avoid the resonance by a suitable choice of parameters. 

T. Ohkawa and R. N. Sudan initiated an examination of pos-

sible resonance of plasma oscillations with the frequencies Wc and wj3. 
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The longitudinal plasma frequency is determined by the longitudinal 

electron mass my 1 3 ; with the parameters under consideration, this 

lrequency is well below any relevant combination of the frequencies 

,w c and wj3' so that this type of resonance, at least, certainly cannot 

occur. 



-120-

EXPERIMENTAL USES: IONS AND PROTONS 

John A. Kadyk 

Lawrence Radiation Laboratory 
Berkeley, California 

I. Introduction 

S/ERA - 6 

During the past few days, there has been much activity here 

directed to obtaining a clearer understanding of the principles of 

operation of a totally new type of particle accelerator, and to the 

design parameters for it. Anticipating the ultimate successful 

operation of the machine, some thought has been given to possible 

experimental uses of the accelerator, especially the impact of 

several of the unique features of the accelerator. In particular, 

an investigation was made of the expansion acceleration mode for 

possible use in nuclear chemistry and bi~edical work. For such 

purposes the accelerator might evolve into a rather different form 

from that needed for high-energy physics. 

II. Applications to Nuclear Chemistry 

Much of the time in the working session was devoted to 

possible utilization of ERA by nuclear chemistry. The distinction 

must be made here between in-beam experiments, where time-coincidence 

and pulse-height analysis work is performed, and out-of-beam experiments, 

which consist of production of nuclides for use elsewhere. Only in the 

former case is the duty factor of the ERA a disadvantage. In the latter 

12 case, it is desirable to have up to 10 heavy ions/sec. The require-

ments are: 
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Mass number 40-250 

Energy range 3-10 MeV/nucleon 

< 0.5%} "" ,e In-beam 
? 50% experiments 

Energy resolution 

Duty factor 

Intensity > lOll ions/sec 

The in-beam experiments are impossible without some way to improve 

-11 the duty factor: a pulse length is about 10 sec. The increase 

of duty factor to ~ 100% can be accomplished using a "stretching" 

ring of modest size. The ions of proper energy and Z/A are captured 

into a storage ring and allowed to circulate until the bunches widen 

to fill the ring uniformly, because of the finite energy spread within 

each bunch. Then the beam may be extracted to the target with ~ 100% 

duty factor. For uranium ions stripped to Z = 20 charge state, and 

accelerated to 10 MeV/nucleon, the diameter of the stretching ring 

would be about 6 meters using a copper and iron magnet for the guide-

field, or 2 meters with a superconducting magnet. However, because of 

the statistical nature of stripping in the electron ring, a considerable 

variation in charge states exists at any moment, so that the single 

charge state selected by the stretching ring is estimated to consist 

of about 20% of the total accelerated ions. 

The flux of ions which can be accelerated is coupled closely to 

the energy per nucleon achieved, and hence to the number and mass of 

ions accelerated. Conservation of energy easily yields the following 

(approximate) expression: 
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1 + g 

g + bl / 2 ' 
T~ (K.E.) = .... on 

total ion mass 
where: g = total (initial transverse) electron mass 

b = = expanded magnetic field 
magnetic field in compressed phase 

In an example which was discussed b,was assumed to be 25. If we write 

we have! 

Mi Z AMnucleon Z A(l BeV) 

kinetic energy 
nucleon = 800 MeV 

g + 0.2 

The number and mass of ions affects the factor g, and hence the 

permissible flux for a given energy per nucleon. If we use the 

anticipated values of n = 1013 electrons, and y = 47, then the 
e cp 

kinetic energy per nucleon may be plotted vs. the ion intensity as 

shown in the graph which follows. In this graph, upper and lower 

limits have been placed on the ion numbers corresponding to the 

stability limits: 
n 

>Z > ~ n n. 
e ~ 2 

Ycp 

For this purpose, we have taken Z = 5 for A = 20, and Z = 20 for 

A = 200, as being representative of typical charge states. Dashed 

lines are drawn to estimate approximately the region where stability 

is expected to fail. This graph gives roughly the highest nucleon 

energies, since b may be made closer to unity to give lower values. 
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Figure 1 
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The maximum intensities, assuming 10 pps and a loss factor of 5 in 

11/ 11/ a stretching ring, are about 4 x 10 sec for A = 20 and 1 x 10 sec 

for A = 200. If it is possible to pulse 100 per second, then these 

fluxes would be increased by a factor of ten and would then look quite 

satisfactory for nuclear chemistry experiments. However, the effect 

of particle loss due to decrease in potential well depth during 

expansion needs further study. 
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III. Bi~edical Applications 

For bi~edical work, the small duty factor presents no 

problem, and intensities seem adequate. Most applications are 

concerned with formation of a localized lesion by the large energy 

loss of a medium-heavy ion near the end of its range. For this work, 

energies required range from about 50-500 MeV/nucleon, and energy 

resolution of about 0.5%. The expected energy spread can be estimated 

as 

where: 

6. T. lon 
T. lon 

± J 1 + 2!i J (2 6.V e) Z 
T M A 

6.V well depth per proton 

T kinetic energy/nucleon 

e = electron charge. 

For the cases A = 20 and A = 200, and typical energies (from Fig. 1), 

this is typically about ± 1%. If the difference between this energy 

uncertainty and the desired value of ± 1/2% is important, then some 

energy analysis may be performed without a serious loss of flux. 

In general, it appears that most bi~edical experiments now 

envisioned can be performed satisfactorily, if the expected performance 

of the ERA is realized. 

IV. High-Energy Physics Experiments 

The strongest motivation for developing the concept of coherent 

acceleration comes from the possibility of achieving very high proton 

energies at relatively low expense, compared with conventional circular 
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accelerators. Once the ring is compressed and can be transferred 

to an acceleration column, the energy gain per proton is typically 

, two orders of magnitude more than for a conventional linear accel

erator, making linear acceleration feasible at high energies in a 

reasonable length. There is no need for a pulsed accelerator magnet, 

although one probably needs a stretching ring in order to make most 

counter experiments feasible. However, this ring need not be pulsed, 

and so can be easily made of superconducting material. The stretching 

ring cost will be comparable to the accelerator cost, based upon 

present estimates. 

Many experiments are possible without the need for large duty 

factors. For example, total cross-section, elastic cross-section, 

missing-mass experiments can all be done by integrating the particle 

currents, without identifying individual counts. Such techniques have 

not been much explored or developed as yet. 

Bubble-chamber experiments, which do not make use of time 

resolution, also find no problem in the short duty cycle, and this 

will be true also of many spark chamber experiments where sufficient 

kinematic constraints are available in the analysis of the photographs. 

In this sense, however, the spark chamber is doing experiments similar 

to that of the bubble chamber, but may be more flexible in its use of 

geometry, and of plate- and absorber-material. However, adequate 

triggering techniques may be difficult to devise. 

Another category of feasible counter or spark chamber experiments 

are those which expect fewer than one event per ERA pulse, allowing usage 

without duty cycle difficulties. This will include, importantly, neutrino 

experiments. 
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Some advantages of the short pulse length may be found: the 

extremely short burst (10-13 sec) could be used for very precise 

timing, allowing very good momentum measurements of known particles 

(e.g., identified by Cerenkov counters), or mass identification by 

time-of-flight in a momentum-analyzed beam. However, timing techniques 

must be further developed to make full use of such short pulses, since 

present techniques are limited to ~ 10-10 sec. resolution. 

The usable phase-space of the ring of protons is "diluted" by 

the presence of the hole in the middle of the torus formed by the ring, 

but even so the emittance including the hole seems quite adequate for 

experiment work presently imagined. Techniques have been conceived 

to reduce the emittance of the ring, if necessary. 

It has been pointed out that the intense, short burst of x-rays 

generated when the electrons are stopped may be useful as an experi-

mental probe, but no clear application of this unique feature has yet 

been conceived. 
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CONCLUDING REMARKS: WHERE DO WE STAND? 

Matthew Sands 

Stanford Linear Accelerator Center 
Stanford, California 

February 13, 1968 

I would like to limit my comments primarily to what we can now 

say about the feasibility of an Electron Ring Accelerator for high-energy 

protons. When considering such a radical new concept as the ERA we should 

ask two basic ~uestions: 

(r) Can such a machine work? (That is, does it not violate 

any fundamental principle? Is there a choice of the design parameters 

which will permit the realization of a working accelerator?) 

(II) If such a machine ~ be built, would we want to build one? 

(That is, is it "economical," particularly in the sense that it would 

compete favorably with alternative methods of producing high-energy beams?) 

With respect to the first ~uestion, we have heard several sub-

questions posed and discussed. 

(1) Can one make a stable compressed electron ring with 

the desired properties? The answer seems to be that there is no fundamental 

reason why a useful stable ring could not be madej although we can not yet 

say for sure ,That restrictions there may be on the various parameters (e.g., 

ring dimensions and density) which are critical to the overall performance 

of the accelerator. 

(2) Can a stable !'fng be loaded '.-li th a Significant number 

of proto:1s and ej ected into an accelerating coh",::n? Again, it seems quite 

11.kely tent tecc-.niques can be developed for passi.ng from a ring "Thieh is 
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held together by ex~~ernally applied restoring forces to a ring which is 

self-focussed, and that such a ring can be squirted out of the initial 

formation region. 

(3) Will a loaded ring remain stable Uo.'1der the large 

accelerations desired? Again, it seems possible that a suitable choice of 

parameters can be made for which the ring will retain its identity while 

undergoing large accelerations. 

For each of the regimes considered there are known pitfalls, and 

we cannot say with certainty that there exist parameters which wi 11 guarantee 

certainty of operation. It now seems likely that the pitfalls can be 

avoided, but more work is needed--both theoretical and experimental--to 

increase our confiuence that all of the problems can reasonably be solved. 

With respect to the second major question, we have heard a 

preliminary cost estimate which indicated that, for one tentative set of 

parameters, a 70 GeV accelerator might be constructed for a cost of about 

$20 million. On the same basis, a conventional alternating gradient 

synchrotron of the same energy might cost perhaps $40 million to $50 million. 

The cost of the ERA w01.J.ld appear to be favorable. Indeed, the primary 

attractiveness of the ERA idea is that it may offer a cheaper avenue to 

accelerators of very high energy. It is, of course, too early to take 

seriously any cost estimate of an ERA, but it is perhaps not too early to 

emphasize the importance of searching for parameters and techniques which 

will minimize the costs of an eventual practical accelerator. 

One of the most striking aspects of the cost estirr~te we heard was 

the large fraction of the cost (about 50%) represented by the cost of the 

equipment I-Thich supplies RF pOl-ler for the accelerating system. If the unit 

costs ',rere to remain the same, the costs of the HF power source ,,;auld be 

even more dominant for accelerators with a final energy greater than 70 GeV. 
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It seems worthwhile, therefore, to take a look at the reason for the large 

RF costs and to search for ways to reduce them. 

The preliminary studies seem to indicate that the costs associ-

ated ,vi th the construction of the RF acceleration system "rill be determined 

primarily by the impulsive energy required for each acceleration cycle--

and will be much less dependent on the pulse rate,or average power. Assum-

ing that this tentative conclusion is correct, it is instructive to ask 

what are the basic determinants of the RF costs. 

The cost of providing the required RF power can always be written 

in terms of the significant parameters of the accelerator as follows: 

= C 11N o e 

"I m 
-2- E 

M P 
. , (1) 

E and M are the final energy and rest mass of the proton, and "I m is the 
p 0 

electron energy in the frame of the ring. So YomEp is the final energy 

of the electrons; and N e 
times that quantity is the energy delivered to 

the electron ring during the whole acceleration cycle. If we then 

characterize the RF equipment by C ,the cost per unit of RF energy 
o 

generated, and by T), the ratio of the RF energy supplied to the accelerating 

structure to that which is received by the electrons (so that 1/11 is the 

"efficiency" of the RF system), the product shovm gives the total cost of 

equipment for generating the RF energy. (It is assumed that the total energy 

given to the protons carried in the ring is much less than that given to the 

electrons.) 

The usefulness of the formula given here depends, of course, on 

. the magnitude of the RF pmJer costs in relation to other costs. If C
RF 

were to dominate all other costs, the formula gives some indication of the 
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significance of the values of parameters such as :N or 'Y • e 0 
On the 

other hand, if the RF power costs can be made negligible in comparison 

wi th other costs, the formula is of no particula.r significance--i t would 

offer no guide to the selection of para.meters. 

We can try to get some feeling for the possible significance of 

the RF costs by taking some numbers we have heard during this conference--each 

of which has been suggested as a reasonable possibility: 

= 60 GeV 

'Yo = 100 

11 = 30 

C = $lOO/joule o 

(It may be worth remarking that the maximum RF coupling efficiency at SLAC 

corresponds to 11 ~ 15 , whereas at SLAC the RF costs were several times 

greater than the $lOO/joule shOwn.) If one uses the parameters above in 

Eq. (1), one gets that CRF ~ $150M. Such a cost would surely dominate the 

other costs! It would also become a primary consideration in arriving at 

a choice of the parameters (N ,'Y ,etc.) of the ring. 
e 0 

The values taken above for Nand e 
were, of course, the 

extremes of vThat has been suggested. The values referred to most often 

have been N e and "f = 50 • o 
Suppose we could design an RF system 

with a 10% coupling efficiency (11 = 10), which does not seem impossible 

~ priori, and could reduce the costs of the RF generators to $30 per joule 

(which is still well above the $1 per joule usually estimated for simple 

capacitor-discharge systems. With these new parameters our formula wbuld 

give C
RB

, = $0.7 million. Such a cost would certainly not be a dominant 

one. We would, in fact, be in the region where the formula is not relevant 
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since even for the RF systems, costs not associated with energy delivered 

would probably dominate. 

I should emphasize that neither of the two numbers derived above 

should be interpreted as a "cost estimate." They do, however, lead to the 

following conclusions: 

(1) The economic feasibility of a high-energy electron ring 

accelerator may depend critically on the costs associated with the accel-

erating system. There is a need for fundamental studies - - and inventions 

of structures and systems which will have a high efficiency for coupling 

electromagnetic energy to an electron ring at low cost. It may be that 

conventional RF structures and sources are not the most suitable. It is 

certainly not yet obvious that an oscillating field is the most sensible way 

to couple energy into a single blob of charge. An impulsive transient field 

would certainly do as well, and may be more practical or efficient. We have, 

in fact heard at this symposium some specific suggestions for systems which 

would generate transient fields which would couple energy into a traveling 

electron ring. They should receive serious theoretical and experimental 

study. 

(2) The choice of parameters required to achieve stable 

electron rings may if they lead to large values of and N - - have 
e 

a strong impact on the overall cost of a high-energy accelerator. There is, 

therefore, some need for considering such factors while pursuing studies and 

experimentation on the generation of stable rings. 

I have digressed somewhat from my assignment to make some "con-

cluding remarks" - - which should, I suppose, say something about the future. 

What can we conclude today about the future of the Electron-Ring Accelerator? 

At the moment, my personal conclusions are these: 
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(a) The ERA concept offers the exciting possibility of 

achieving beams of very high energy protons at reduced cost. 

(b) This conference has led to a deeper understanding of 

the many new problems faced in an ERA device - - and has disclosed no 

fundamental impediment. 

( c) There are good reasons to hope that a high-energy 

ERA will be feasible. ·We should, therefore, push hard on theoretical and 

experimental investigations on the generation and acceleration of stable 

electron rings. 

With luck we should be able to have soon - - perhaps in a year 

or two - - a definite and realistic picture of the future potential of the 

Electron Ring Accelerator. 
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GUIDE TO THE TECHNICAL REPORTS: 
AN INTRODUCTION AND A SUMMARY 

Andrew M. Sessler 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

February 29, 1968 

1. Introduction 

In the first part of this volume, the reader can find survey 

papers (I-B4 to I-B9) on the electron ring accelerator, and summary 

papers (I-C1 to I-C5) on the activities of the working groups. For 

many readers this material will suffice, but those who desire more 

information will find further details in the second, larger, part of this 

volume. 

Unfortunately, no comprehensive review paper now exists on 

electron ring accelerators; thus the present article will attempt to 

guide the reader in his use of the technical papers in this volume. My 

formq.t will be to consider various aspects of the electron ring acceler-

ator in a systematic manner and to comment on the relevant technical 

papers, the present state of understanding, and the presently foreseen 

areas of uncertainty. No technical details will be given here since a 

technical summary of present-day understanding can be found in the 

papers I-B4 to I-B9. 

I hope that this guide to the technical reports will aid the reader 

in assessing the relative importance of the various aspects which have 

so far received attention. Needless to say, my perspective may be 

highly distorted; and furthermore, the most important aspects may well 
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be untouched at present. But, with this caution noted, let us proceed. 

2. General Topics 

A rather general description of the ERA concept can be found in . 

paper II-B1; the reader will find this report easiest to digest and a good 

starting point--to be followed by paper II-B2, and then the reports of 

Part I-B. 

Parameters make the concept real, and so an examination of 

reports II-B3 to II-B5 might be useful. On the other hand, the choice 

of parameters must appear somewhat arbitrary at this point--therefore 

these three reports must be re-examined after the reader has appre

ciated the problems discussed in the remainder of Part II. 

Paper II-B6 gives a careful treatment of expansion acceleration, 

especially with regard to the influence of ion loading. Paper II-B8 

describes a particularly attractive variant of static field acceleration; 

this paper requires the attention of anyone interested in a "low energy" 

(perhaps up to 25 GeV protons) accelerator. (The paper was submitted 

after the Symposium, so the material is not described anywhere else in 

this volume. ) 

Report II-B7 describes a possible variant of the ERA, but only 

a relatively distant one. Paper II-B9 suggests a novel method of ac

celeration, stimulated by consideration of the ERA. The paper has not 

yet been critically examined. 

3. Mathematical Background 

Any analysis of the ERA must start with a certain amount of 

relativistic transformations and kinematics. The reader has already 
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encountered some in the reports mentioned above (cf. II-B2, Section 6); 

.more may be found in II-C1. 

Dynamics: equations of motion, Lagrangians, force laws, may 

all be found in II-C4; this paper illustrates some of the pitfalls one can 

meet in calculating the dynamics of rings. 

A number of problems which have so far been examined appear 

to require the aid of computer programs for solution. A description of 

the problems, as well as the motivation for exploring them, is given in 

II-C2; Report II-C3 gives more details about the problems and the pro

grams. We shall encounter the results of these studies in subsequent 

reports (II-D2 to II-D7 and II-Fi to II-F3) and need not dwell on them, 

here, any further. 

4. Injection and Compression 

A suitable injector for the ERA is a most interesting subject, 

as may be seen by the report of the injector working group (I-Ci). 

However, none of the technical papers included in Part II deals with 

the subject. 

The design of compressor coils, computation of the resulting 

field patterns and gradients, and the dynamics (of single particles) in 

these fields is the subject of papers II-Di, D2, and D3. This work was 

motivated by, and forms the basis for, the LRL model program; al

though the analysis and computational results are of rather general 

interest. 

The space-charge effect of electrons, on each other, is examined 

in II-D6. There, may be found corrections to the usual space-charge 

formula due to the finite major radius of curvature of the electron beam. 
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Also, the analysis yields ring self-fields, which--at high current level--

are important in determining the ring major radius. 

The potential well which the electrons create for ions is studied 

in II-D5; and the motion of ions in this well is examined in II-D4. The 

influence of the ions on the electrons is discus sed in II-D8 and, in much 

more detail, in II-D7. 

In a uniform field the radial oscillation frequency, Q
R 

Wc (wC is 

the electron cyclotron frequency), is equal to wC. In an azimuthally 

uniform field, a stable orbit will have Q
R 

::: 1. If ions are loaded into 

an electron ring, QZ and Q
R 

both increase and Q
R 

may increase beyond 

unity. Unles s the external field is very uniform, the ring will be de-

stroyed at Q
R 

= 1; papers II-D9, D10 discuss the tolerances necessary 

for crossing of this resonance. In practice, one must either 1) have 

Q
R 

> 1 before ions are loaded; 2) cross Q
R 

= 1, perhaps by pulsing the 

external field quickly; or 3) maintain external focussing in the ac-

celerating column and keep the percentage of ions low enough that 

Paper II-D12 gives a careful analysis of energy transfer between 

energetic electrons and ions. The analysis considers single-particle 

(as contrasted with collective) mechanisms and concludes that there is 

no problem in the ERA. Collective phenomena have been examined by 

Ohkawa (see II-B2 Sect. 9) and found unimportant. 

Stripping rates for heavy ions within an electron ring are esti-

mated in paper II-D11; more careful computations have been promised 

by the author of the contribution, but the present report gives rather 

good estimates. 
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5. Extraction and Acceleration 

It appears to be no problem to take a compressed ring and dis-

place it axially, while maintaining external focussing, by the method 

. suggested in paper II-E1. 

Radio frequency acceleration of rings is discussed in I-B5; while 

the induction accelerator--or pulsed line accelerator--is described in 

I-B6. This last concept is novel; the reader desiring more details may 

find them in II-E2. For a number of reasons, the pulsed line accelera-

tor appears superior to the use of rf (see I-C3). 

The timing-phase problem in the acceleration of rings may be 

analyzed by treating the ring as a single entity (i. e., ignoring any pos-

sible internal motion). General remarks appear in II-E3, while II-E4 

presents a lucid analysis of the situation. It is concluded that attention 

must certainly be given to proper bunching devices in the rf accelera-

tion approach (which is not easy, although not a problem in principle); 

while timing in the pulsed line approach seems relatively easy. Paper 

II-E5 Sect. I supplies the mathematical formalism for a careful analysis 

of the timing -phasing problem, including the variation of the elm of a 

ring, both from pulse to pulse and during the acceleration of a ring 

(such variation could arise from variation in axial field and hence "1 

m , or from variation in the ion loading, or from variation in the ioni
e , 

zation state of heavy ions). 

The acceleration of a physically small object having large charge 

implies significant beam loading. Equivalently we may consider ra.-

diation into an unexcited cavity by the charged entity. A simple, and 

extremely clear, physical description of phenomenon is given in II-E6. 
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Rigorous analysis (for a silTIplified geolTIetry) lTIay be found in the 

paper by Kolpakov and Kotov (see the Bibliography) and in paper II-E7. 

Extension of the analysis to lTIore realistic configurations is necessary, 

as the nUlTIericallTIagnitude is a vital input in the design of accelerating· 

colulTIns (see I-C3); the investigation is at present in progress. 

Acceleration of rings ilTIposes a stress on the electron-ion 

systelTI. Considerable thought has been given to this problelTI (contri

butions II-ES Sect. II, II-ES, E9, and E10); and the general result is, 

as sUlTIlTIarized in I-C4, that with proper care--nalTIely, accelerating 

slTIoothly enough and not too strongly- -the rings can withstand the 

stress. 

The last contribution of Part II-E (II-E11) describes a forlTIalislTI 

which could prove convenient in the study of single-particle dynalTIics 

during acceleration. 

6. Stability Analysis 

Stability--or not--is the crux of the lTIatter. If the ring is 

stable, I alTI confident the rest can be done; and furtherlTIore the ac

celerator will be of interest. 

Much was done on this subject before the conference; and, of 

course, it was the prilTIary purpose of the two-week study-group. A 

relatively large fraction of paper I-C4 is devoted to sUlTIlTIarizing this 

work so I can be briefer, here, than I otherwise would. 

The first three papers in Part II-F (II-F1 to F3) explore the 

effects of the surrounding walls on an electron ring. In particular, 

a ring will generate self-fields which lTIust satisfy appropriate boundary 

conditions at the walls; or lTIore silTIply stated, there are ilTIage currents. 
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Interestingly enough, these currents can cause single -particle axial 

focussing and, at the same time, move the radial frequency off the 

Q
R 

= 1 resonance associated with a uniform external field. Thus an 

• electron ring should--even in the absence of ion self-focussing--be 

both radially and axially stable with regard to single -particle motion. 

Paper II-F4 shows that the Touschek effect is really small in 

the ERA. 

Coherent radiation is a potentially serious phenomenon. It is 

analyzed by Ivanov (see the translations in Part II-G), and also in the 

papers II-F5 to F8. Remedies are succinctly stated in I-C4; we think 

this effect is not fatal, but it certainly impose s tight constraints on 

the design parameters. In fact, after studying these papers the reader 

may want to re-examine the parameter lists (see II-B4 and B5). 

Coherent motion of an electron ring has been examined in II-B2 

Sects. 9 and 10, and in the preprint of Ivanov and Makhan'kov (trans

lation in Part II-G). The results are simple, and comforting: (1) Azi

muthally we have the negative mas s (and also coherent radiation) in

stability which can be handled as discus sed above. (2) Radially and 

axially, for a perfectly conducting surrounding chamber, the coherent 

modes are all stable. (3) Resistive instabilities are sufficiently weak 

so as to be unimportant. 

Coherent electron-ion modes are analyzed in II-F9 and F10. The 

first paper gives a physically motivated discussion; the second a rather 

comprehensive analysis. Again, it is concluded that there is a con

straint on design parameters, but no profound difficulty. 
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7. Conclusions 

Having studied the technical papers of Part II of this volume, the 

reader will probably want to re-read the summaries of the working 

group activities (Part I-C), and then the concluding remarks at the 

Symposium (I-D); he may now wish to read these papers more critically, 

having already formed his own summaries and conclusions. 

I have mine, also: We in the western world have lived with this 

idea for only half a year, so our judgment must be appropriately 

weighted. But many, like myself, have lived during the last months 

with this idea alone--for we find it absolutely fascinating. So fascinating, 

we have no choice but ever to pursue electron rings. And I, at least, 

feel that with sufficient ingenuity and effort we, and our colleagues at 

Dubna, can--and will--make the electron ring accelerator successful. 
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THE ELECTRON-RING ACCELERATOR 

D. Keefe 

Lawrence Radiation Laboratory 
Berkeley, California 

January 17, 1968 

1. General Description 

ERAN-15 

The general principle of a high-energy accelerator based upon 

coherent-field effects is as follows. If one can create a stable cluster of 

light mass particles (f.L) and accelerate them in an accelerating column 

that provides an energy gain U per meter, then the rate of change in the 

y of the cluste r is 

b.y =U/f.L per meter. 

If, now, a small number of heavier particles of mass M can be embedded 

in the cluster, viz. held in the potential well arising from the collective 

fields, they will experience a similar rate of change in y. In what fol

lows it will be assumed that the total mass of the ions is a negligible 

addition to the mass of the cluster, or NMM « Nf.Lf.L. 

particles gain energy at a rate 

b.E = Mb.y = (M/f.L}U per meter. 

Thus the heavier 

(1) 

In an accele rating column supplying U per mete r, the heavier particles 

therefore acquire energy at a rate enhanced by the factor M/I.l. If this 

factor is large, one then has the possibility of constructing a very com

pact high-energy accelerator for protons or ions. 

The essential ingredient is the creation of a cluster that will be 

inherently stable and will have a suitably strong potential to contain the 

ions during the acceleration process. Several years ago, Veksler pro

posed that a circulating ring, or toroid, of energetic electrons should have 

the required stability. The current in the ring must be high and the radius 

of the filament of current small, if the fields in the interior of the toroid 

are to hold the ions trapped. In principle one could inject an intense 

stream of electrons transversely into the magnetic field of a solenoid, 

inject neutral gas which would become ionized by the electrons in the ring 

causing ions to be trapped, and then accelerate the ring parallel to the 

axis of the field by means of radiofrequency cavities. (In practice it is 

necessary to inject rather low-energy electrons on an orbit of large radius 

I~ 



-146-

and, before accelerating axially, to compress the ring to a small size by 

means of a rapidly pulsed magnetic field.) Typically the electrons might 

have a transverse momentum of 24 MeV/c and the ring a radius of 4 cm. 

II. Elementary Kinematics 

Consider the ring to be moving in the laboratory frame with a velocity 

~ and an associated -1/2 2 
Y = (1 - ~ ) 

* If the electrons have velocity ~ in the rest system of the ring then the 

energy of an electron in the laboratory system is given by 

* * * YL = YY (1 + ~~ CosB). 

Since we consider motion of the ring at right angles to the plane of the 

* ring, CosB vanishes, and 

* YL = YY 

If we imagine the case of acceleration by electric fields (Electric 

Acceleration), where the guide field holds the ring-radius constant, then 

* the transverse momentum of the electrons is conserved (y = constant) .. 

Thus the energy-gain per meter is given by 

* 6.y = Y 6.y = 
L 

U/m per meter. 

We will continue to assume that the number of trapped ions is small enough 

that their presence can be neglected. For protons carried along within the 

ring the energy gain is 

6E proton M 6.y per meter. 

* If the transverse momentum of the electrons is 24 MeV/c then y is 47, and, 

6.E =' (lf
7
36)U ::::: 40 U 

proton per meter. 

Comparing with Eg. (1) we notice that the effective mass, ~, of the light 

carrier particles is not the electron rest mass (m) but the transverse 

* mass my. Although the enhancement in the rate of energy gain is not 

1836, but 40, the latter factor is still a very substantial one. 

(2) 
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In the case of a transverse electron ring travelling along the axis of 

a solenoid, another type of ion acceleration can occur if the strength of 

• the magnetic field diminishes longitudinally with distance (Expansion 

Acceleration). If the field decreases gradually from B to B' the ring will 

• expand to a new radius r' = r(B/B,)1/2 and the transverse momentum of the 

electrons will decrease to a new value p*' = p* (B ' /B)1/2. Thus the energy 

in the transverse direction is diminished and re-appears as increased energy 

in the longitudinal direction. Since no energy is supplied by the static 

magnetic field, Y
L 

must remain a constant, so, from Eq. (2): 

*, * y l Y n 

For the total energy gain of the protons, we have: 

E' 
L * 

---R '" 
P 

E '" --:;r 
P Y p 

'" (B/B 1 )1/2 
'" 

Thus if the strength of the guide field decreases over some distance by a 

factor of four, the energy of the protons will be doubled. This is true 

only if the protons are negligible in numbe~which will be approximately 

the case. If initially the ring were moving very slowly (Ep Z Mc2 ~ 1 GeV), 

then after such an expansion the protons would have acquired a kinetic 

energy of 1 GeV. 

III. particle Accelerators 

Electron Ring Accelerators utilizing only the Expansion Acceleration 

process would be interesting in their own right both for heavy ion physics 

and for medium-energy physics in the 1 GeV region. If suitable operating 

parameters could be achieved in practice, Expansion Acceleration could be 

accomplished in a compact device, and an energy of 1 GeV per nucleon should 

be acquired in a distance of the order of 10 meters. The characteristic 

length of such an accelerator, as detenp.ined by the maximum tolerable 
Rr acceleration, is proportional to the quantity N where R is the major 

radius of the toroid, r the minor radius and N is the total number of 

circulating electrons. For an accelerator to be of short length 
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it is crucial to achieve a very large number of electrons (1013 - 10
14

) in 

a ring that has both a small minor radius (r ~ 1 rum) and a small major 

radius (R ~ 4 cm). 

For high-energy proton accelerators a substantial part of the energy 

must be supplied by Electric Acceleration, although in practice a fraction 

of the total energy might be derived from Expansion Acceleration. High 

electric gradients will be needed in the accelerating column and, when the 

enhancement factor M/~ ~ 40 is taken into account, proton energy gains of 

several hundred MeV per meter should be achievable. Thus high-energy 

machines could be compact with corresponding gains in capital costs, real

estate, etc. Some details of possible dimensions, parameters and costs for 

a real machine are given later. 

An obvious drawback to such an accelerator is that, of the energy 

contained in the beam, only about one-third is carried by the protons. 

(The electrons, although some 40 times less energetic than the protons, 

are 100 times more numerous and thus account for about two-thirds of the 

total beam power). It does not follow, however, that the overall power 

conversion efficiency from external sources, such as MG sets, rf power 

supplies, etc., into the useful beam-power is lower than that of present

day accelerator designs; it may in fact be higher. 

IV. Work at Dubna 

Theoretical work on the electron-ring accelerator concept has been in 

progress in the USSR for at least four years, and experimental work has 

been carried out at Dubna at Veksler1s laboratory (now headed by V. P. 

Sarantsev) for the last two years. The work of Veksler, Sarantsev, et al. 

was first reported on in the U.S. by Kolamensky at the Cambridge Accelerator 

Conference in September 1967. In the following month (October 1967) D.Keefe 

of LRL had an opportunity to talk with Sarantsev at Dubna and see some of 

the equipment in his laboratory. They have constructed an electron induction

accelerator injector capable of delivering 200 A at 1.5 MeV, a compressor in 

which the trapped ring is compressed to a final radius R = 5 cm and final ., 
energy 15 MeV, an rf accelerating column with four cavities each capable of 



. 

-149-

giving a proton energy-gain of 25 MeV, and a drift tank for expansion

acceleration to about 1 GeV per nucleon. A preliminary version of the 

model, which yielded experimental results on the compression and ion

trapping process, had been taken apart by October 1967, and a more advanced 

version was due to be assembled by December 1967. As described by Sarantsev, 

parameters for the new model and for a possible 1000 GeV machine are presented 

in Table I. 

Table I 

Model Real Machine 
Parameter (1 GeV) (1000 GeV) 

Electron Energy at Injection (MeV) 1.5 3·0 

Electron Energy after Compression (MeV) 15 ~ 20 

Electron Current (Amps) 200 500 x 4 turns 

No. of Electrons/Pulse 1013 1014 

No. of Protons/Pulse lOll 1012 

No. of Pulses/Second 1 100 

Proton Energy Gain/Meter (MeV) 50 650 

RF Frequency (MHz) 150 Same ? 

RF Cavity Mode E010 Same ? 

No. of RF Cavities 4 3000 

Accelerator Length (m) 15 1500 

The action of the new model was described as follows. Electrons of 

energy 1.5 MeV are injected into the compressor from the induction 

accelerator onto an orbit of radius 25 cm (see Fig. 1). A set of nested 

coils are pulsed in a time of 500 ~sec (see Fig. 2) to bring the field at 

the orbit up from 200 G to 10 kG and shrink the orbit to a final radius 

of 5 cm. The electron transverse momentum is thereby raised to about 15 

MeV/c. The final minor radius of the ring is 0.15 mm. At some time during 

the compression process hydrogen gas is injected and ions are created and 

trapped within the filament of current. During compression the ring remains 

stable because of suitable choice of the field gradient. 
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Following compression and the trapping of the ions, additional windings 

Ware pulsed (see Fig. 2 and 3) that cancel the magnetic mirror and cause 

the ring to be squeezed out of the compressor. During this process longi

tudinal energy is gained by virtue of the Expansion Acceleration process. 

In the absence of a gradient field the ring stability is now ensured by 

the presence of the contained positive ions. The ring next passes through 

the four rf accelerating cavities where the total energy gain of the protons 

is 100 MeV. In the region of the rf cavities the magnetic guide field is 

modulated in a way that is important when one considers the extrapolation 

to longer structures (see Fig. 4). Within the gaps, where electric accelera

tion takes place, the magnetic field increases; the ring tends to shrink, 

because of magnetic field variations only, leading to increased energy stored 

in the rotational motion. In the drift space between one cavity and the 

next the magnetic field decreases and the stored rotational energy is trans

ferred into longitudinal energy. In this manner the lumped electric-field 

impulses within individual gaps can be partially bucked out and the energy 

recovered in the drift-epaces, so that the acceleration process is smoothed 

out. Thus the condition that the electric field strength should not exceed 

the value needed to tear the ions out of the potential well of the electrons 

can be applied, not as a condition on the peak field (within the gap), but 

as a condition on the average field. During the process the electron ring 

will pulsate in size. 

In the final drift tank, of length 12.5 m, the magnetic field decreases 

from 10 kG to a few thousand gauss. The ring expands in radius by about a 

factor of two and the protons should gain kinetic energy of approximately 

1 GeV. 

V. Work at LRL 

Considerable interest was aroused among physicists at LRL, Berkeley 

and Livermore, by the reports of the Russians' work. During the past four 

months theoretical studies have concentrated on the range of parameters 

that might be needed and some of the limits imposed by ring instabilities, 

preliminary engineering studies have begun to examine if indeed the idea 
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looks attractive when applied to the construction of a high-energy accelerator, 

and, finally, plans have been evolved for an experimental program to repeat 

~he Russian work and to attempt both expansion and electric acceleration. 

To maximize the rate of energy gain of the protons during acceleration 

. one would like to keep the transverse mass, ~, of the electrons as small as 

possible (see Equation 1). This is an advantage, however, only if the trapping 

field is kept high by creating a ring with a large number of electrons(N) 

with very small major and minor radii (R, r). To achieve the latter, one 

would like to compress very strongly, since the product Rr varies roughly 

as liB, but this leads to an increase in the transverse mass. These 

opposing desires therefore tend to lead to a rather limited choice. One way 

in which a large compression ratio might be achieved without leading to a 

too-large transverse mass in the compressed state, would be to inject on a 

very large orbit at low energy. Here, however, a very stringent limit on 

the number of electrons, N, is imposed by incoherent space-charge effects 

that depend on the third power of the injection energy. When the balance 

of these factors is examined it appears that a good choice is 

* RinJ" ~ 20-30 em, R 1:::1 3-5 em, r ~ 1 mm, p 1:::1 15-25 MeV/C. comp comp comp 

The parameters for a model compressor at present under construction at 

LRL are given in Table III in the next section and these numbers will be 

used in deriving numerical results in what follows. At injection the 

incoherent space-charge limit is calculated to be N = 4 x 1013 for a tune 

shift of 6Q = 0.2. This assumes the beam is un-neutralized; the introduction 

of hydrogen gas just before injection, so that ions are formed and partial 

neutralization occurs, should alleviate this limit. Unless some methods 

are adopted for removing the negative-roass instability it will seta limit 

of N = 3.5 x 1013 at injection. Instabilities of the ring due to twisting 

and bending should not be troublesome below N = 1014; likewise the two

stream instability would not be expected to occur until much higher values 

of N. It appears, therefore, that the ring can be made with N > 1013 electrons 

but that special solutions will have to be devised, and perhaps injection 

. parameters modified, if N = 1014 is to be achieved. 

As regards the time needed for compression, one has very little choice. 

The pulsing of the magnetic fields becomes difficult in times shorter than 
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a few hundred microseconds. However, a substantial number of ions of 

residual gas (nitrogen?) will be created and trapped in the ring in a 
-8 . 

time of about 5 msec even if the pressure in the compressor is 10 torr. 

Also the synchrotron radiation from the ring in the compressed state leads 

to a damping time of about 30 msec. Hence it is necessary to accomplish 

the compression in a time of a few hundred microseconds. 

After the ring has been compressed it is ejected and travels down the 

accelerating column in a more-or-less uniform solenoid guide-field. Unless 

it contains a certain number of trapped ions the ring will be unstable 

because the electrostatic repulsion of the electrons exceeds their mutual 

current-current attraction. The net repulsive term is proportional to 
*2 * (1 - ~ ) and becomes smaller the higher the transverse energy, m, , of 

the electrons. The ring becomes self-focussing if the number of positive 

ions (Ni ) obeys the inequality 

N 

where Z is the charge of each ion. For protons, a suitable operating 

condition would be Ni/N Z 0 .• 01. There are other de-stabilizing effects 

which the presence of the positive ions will not counteract; it will be 

necessary to make slight periodic modifications of the guide-field to 

give additional focussing and control. 

VI. Mode 1 Program 

The availability of the Astron electron injector at LRL, Livermore, 

provides a unique opportunity for making a rapid start on an experimental 

program to investigate the main features of an electron-ring accelerator. 

The major parameters of this electron linear induction-accelerator are 

given in Table II. Both the pulse-length and the pulse repetition 

frequency are greater than needed for the initial experimental tests. 

Also the full current and phase-space density are ample for achieving a 

ring of more than 1013 electrons. Having these several reserves to draw 

on in different forms should be of great benefit in solving the injection 

problems and in studying a broad range of parameters of the injection 

process. 
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Table II 

Par~eters o~ the Astron Electron Injector 

Total Energy 

Peak CUrrent 

Pulse Length 

Repetition Rate 

Minimum Energy Error 

Beam Quality (calculated) 

Beam Quality (measured) 

4.5 MeV 

1000A 

0.3 Ilsec 

60 pps 

± 2.5% 
-2 1000A in 5xlO rad-cm 

-2 150A in 10 rad-cm 

The whole program is conceived to be in two phases. The goal o~ 

Phase I is to achieve compression o~ a ring, expulsion o~ the ring ~rom 

the compressor and expansion acceleration to an energy in the range o~ 

1 GeV/nucleon. Unless there are major stumbling blocks Phase I could be 

completed by September 1968. At the end o~ Phase I the utility o~ the 

device ~or medium-energy and heavy-ion physics could be assessed. Phase 

II is necessary to establish the use~ulness of the principle ~or high

energy proton accelerators and could be completed by July 1969. It would 

involve the addition o~ a number o~ accelerating sections to provide 

electric-~ield acceleration with a proton energy-gain o~ about 1 GeV. 

Phase II would also involve the addition o~ a velocity-regulation section 

which would be needed in the subrelativistic region o~ the ring trajectory 

to assure correct phasing in the later sections o~ the accelerator column. 

The e~~ort needed to meet these goals can be divided into ~our 

categories; Theory, General Studies, Development, and Experiment. The 

need ~or strong and continuing theoretical guidance in this highly novel 

~ield is obvious and needs no ~urther comment. The major purpose o~ 

General Studies would be to continue and extend the types o~ consideration 

that have recently occupied attention at LRL, viz. whether electron ring 

acceleration will be a use~ul, interesting and relatively inexpensive way 

o~ building high energy accelerators, and how such an accelerator could 

best be constructed. At any time the conclusions o~ such studies would 
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have an immediate bearing on both the direction and urgency of the other 

categories of the program. Conversely, the results of theoretical experi

mental and developmental work will need such general and continuing 

examination to understand their application to a real machine. 

The Development work will mainly be concerned with small-scale models 

for electric-field acceleration. Studies are needed to determine the best 

choice of the frequency of the rf system and model cavity experiments 

needed at room and cryogenic temperatures. A promising and inexpensive 

scheme for "pulse-line" acceleration proposed by Hartwig and Faltens needs 

development. In their system (independently and previously proposed by 

Sloan) a high voltage pulse, a few nanoseconds in length, is produced by 

discharging an array of transmission lines arranged radially around the 

periphery of the accelerating plates. Accurate phasing of the spark-gap 

switches and achievement of very small jitter-times « 1 nsec) are 

essential to the success of this system. While development and study of 

several systems may proceed in parallel,an early decision will have to be 

made on the nature of the electric-acceleration sections that must 

be begun during Phase I and installed towards the end of 1968 to allow 

Phase II to proceed. Sub-assemblies of both an rf section and pulse-line 

section should both be installed and tested. 

The Experimental part of the program is the most important one. The 

design of a compressor is still in progress and a schematic incorporating 

present ideas is shown in Fig. 5. The high vacuum system (10-8 torr) is 

of glass and is contained in a low-vacuum (~ 1 torr) manganese steel tank 

to relieve the pressure stress. The pulsed magnetic field during compression 

is produced by three nested coils as shown, with spacings varying from twice 

to once the Helmholz ratio. Further windings to give a tapered solenoid 

field for expulsion of the ring are shown. The parameters for injection 

and compression are given in Table III. 

The compressor will be coupled to the Astron injector in early 

Summer 1968 and studies of inj.ection and compression will then begin. 

Measurements of the ring stability are needed as a function of many 

parameters, e.g., current, energy-£pread, ion-concentration, field gradient, 

time, etc. It is expected that numerous diagnostic techniques will be 
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Table III 

Proposed Compressor Model (LRL, January 1968) 

At After 
Injection Compression 

Parameters: 

Electron Total Energy, E. 4.5 MeV 24 MeV 

Major Radius of Ring, R. 20 cm 3.7 cm 

Minor Radius of Ring, r. 0.5 cm 0.09 cm 

Magnetic Field at orbit, B. 0.75 kG 20 kG 

No of Electrons, N. > 1013 Same 

Current, r. > 380A ;:: 2050A 

needed to make these measurements. Expulsion of the ring and expansion 

acceleration are the final parts of the Phase I program and will require 

the addition of a long solenoid guide field section and further diagnostic 

equipment. 

As a pilot project in advance of the construction of the compressor 

sketched in Fig. 5 a smaller device made of available off-the-shelf parts 

is being assembled by Baker at LRL. This will have only two sets of coils, 

will not have the full field capability and will be tested initially at 

the 7 MeV electron linac at Berkeley. It will be valuable in establishing 

useful injection techniques, tolerances on field gradients, etc., and in 

helping define more clearly the diagnostic equipment needed for the later 

model. 

VII. Example of a High-Energy Electron Ring Accelerator 

As mentioned earlier, the pace and scale of the experimental program 

to study the features of electron-ring acceleration should be related to 

the utility of the phenomenon in the design of high-energy accelerators. 

The application to high energy machines has been examined in a preliminary 

way during the past few months at Berkeley and the results look attractive. 

One of the striking features of these studies is that there is clearly 
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considerable room for invention - and therefore greater economies - as the 

new features of this type of accelerator become clearer. In order to be 

specific, numerical estimates have centered around an accelerator energy 

of 70 GeV; ~his is in an energy range beyond that available at present in 

the U.S., and is representative of useful high energy machines, but still 

not in the super-energy region (> 1000 GeV) where errors in unit-costs 

could lead, by scaling, to very large errors in absolute costs. The cost 

figures given below are quite tentative in that they represent current 

best estimates but are based on only a small amount of study. They are 

valuable because they indicate that high energies in the future may be 

reached rather inexpensively. If these preliminary studies had shown 

differently, namely that the cost of a high energy electron ring accelerator 

were more than that of an equivalent synchrotron, the motivation for pursuing 

experimental studies of the new device would have been considerably weakened. 

For a 70 GeV accelerator t.he major part of the cost is in the electric

acceleration column and the housing, both of which will scale with energy; 

therefore, this is a suitable example for simple scaling to higher energy 

devices if one chooses. The results on the main components of such an 

accelerator-are summarized briefly below. 

a. Injector: Although the initial experiments will be conducted using 

the Astron injector it is hoped that one would not have to replicate this 

machine for the 70 GeV accelerator. The replication cost would be approxi

mately 5 M$. A smaller version of the same machine with a pulse length 

one-tenth as long but still capable, with multiturn injection, of giving 1000A 

might be constructed for about 1.0 M$. There are several commercially

available machines with lesser performance capabilities that could, with 

extension and modification, meet the requirements of injection at a 

repetition rate of 10 pps. Including modification, the cost of such an 

injector would be about 0.5 M$. 

b. Compressor: Based upon the experience of the planned experimental 

models a fully instrumented compressor could be built for about 0.5 M$. 

As mentioned earlier, the parameters for the compressor do not have much 

latitude and .its size and complexity cannot be much greater than envisaged 

at present. 
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c. Ring Regulator: Variations in the final transverse momentum of the 

electrons after compression and in the number of trapped ions will lead 

to the formation of rings of variable charge-t~ass ratio. Correct 

phasing of the electric-field accelerating elements depends upon accurate 

information about the velocity of the ring when it is still sub-relativistic 

and this in turn is affected by variations in the charge-t~ass ratio. 

Velocity measurement or velocity correction devices may occupy about 30-40 

meters of structure and the details cannot now be specified because the 

magnitude of the effects are still unknown. Tentatively, this section of 

the accelerator is estimated to cost 0.5 M$. 

d. Accelerating Column: Several approaches are possible here and it is 

a matter for further study and experiment to decide which will be the most 

suitable. The solenoid guide-field might be supplied by D.C. super

conducting coils or by small pulsed copper coils. The frequency chosen 

for an rf system could range from 200 MHz to 1200 MHz, and the choice of 

4 0 0 operating temperature from .2 K to 300 K. Alternatively, the electric 

field acceleration might be supplied by a pulse-line system; here again 

the radius of the pulsed plates could be between one foot and four feet. 

It is even possible that one might choose a mixed system for the accelerating 

column containing a combination of rf and pulse-line sections. 

It is inescapable that large peak power must be supplied to the 

accelerating column. In the case of an rf column,to fill the entire struc

ture with energy requires a period about a thousand times longer than 

that of the passage of the ring, so that the peak power requirements are 

determined mainly by the skin losses during this time. The on-time of 

the rf power can be reduced by using higher frequencies and the losses 

can be reduced by operating at cryogenic temperatures. The cost of a 

column operating at 1200 MHz, where good power sources are available, and 

refrigerated to 600 K, would be in the neighborhood of 14-17 M$. Such a 

column would be between 200 m and 400 m in length. (See Fig. 6.) 
The immediately attractive feature of a pulse-line accelerating column -

if it should prove feasible - is that the individual "cavities" are energized 

only when the electron ring has arrived in their neighborhood and the voltage 



-158-

pulse lasts only a few nanoseconds. Thus no energy is stored in the 

cavities before the ring starts on its journey down the column, and while 

it is passing through, only about 1% of the structure is energized at a 

given time. The fabrication of the plates does not involve stringent 

tolerances and a cheap method would be to use moulded epoxy resin plated 

with copper. The major cost of this type of system lies 

in the spark-gaps and high-speed switching arrangement. Preliminary 

estimates indicate that a pulse-line column could be as short as 140 m 

and cost between 8.0 and 11.0 M$. 

e. Conventional Facilities: We include under this heading the accelerator 

tunnel complete with services and foundations, electrical power distribution 

and cooling facilities. From the discussion in the previous paragraphs it 

is apparent that the length of the accelerator may range from less than 

200 m to almost 500 m, but because of the way that these various items 

scale in opposite directions the total cost remains approximately constant 

at a level of 2.5 M$. 

f. Experimental Use: A 70 GeV machine of this type is imagined to operate 

at a repetition rate of 5-50 pulses per second with a proton intensity in 

the region of 1012 to 1013 protons per second. It cannot be directly 

compared with a synchrotron in evaluating its usefulness because the type 

of physics experiments it could perform are so different. The pulse length 

is 0.1 psec so that the duty factor is far too short for counting more than 

one event within a pulse. However the advantages of the high intensity and 

short pulse-length are obvious for neutrino experiments. The use of an rf 

deflecting cavity for separated bubble chamber beams becomes almost trivial. 

Experiments with high-energy neutral particles - KO and neutrons -

with precise momentum definition are feasible because of the unique timing 

information possible. The electron ring may be a promising vehicle for 

accelerating polarized protons. Conventional counter and spark chamber 

experiments could be performed only for reactions involving expectation 

values of about one per pulse. 
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It is felt that quite a range of physics different in the most part 

from that available at synchrotrons would be performed. To extend the 

.range to include experiments needing long duty-factors would involve the 

addition of a stretching-ring. Such a ring is envisaged to be a DC super-

~ conducting magnet with small aperture and with a 60 kG guide field. It 

could supply essentially a 100% duty-factor for experiments and in addition 

be capable of energy monochromatization and beam manipulations (e.g., 

stacking, short pulses) more complicated than those available from synchro

trons. For a 70 GeV stacking ring the cost would be approximately 16 M$. 

Summary 

The above. paragraphs summarize the range of cost figures for various 

components of a 70 GeV accelerator. Until more developmental and experi

mental work is done it is impossible to combine them into a realistic overall 

cost figure. By arbitrary additions, nevertheless, we see that a 70 GeV 

proton machine might be built for 12-21 M$. .Any figure in this range is 

sufficient justification for pursuing vigorously further studies of the 

principles of electron ring acceleration. 
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1. Explanatory Remark.§, 

On November 8, 1967, a draft document with the same title as 

ithis paper, was first circulated as a private communication. Soon there-

after) the electron ring accelerator became, at LRL) a subject of intense 

interest and effort; the draft document was never published, for it was 

rapidly outdated. 

Some technical sections of the draft document would seem to be 

of general interest; they are included herein--with some minor modifications 

and corrections. 

2. Introduction 

(a) General Description of the Accelerator 

1 
The Electron Ring Accelerator (ERA) was conceived by Veksler et a1.; 

a brief description of the device follows. 

Electrons from a linear induction accelerator (at about 3 MeV) 

are trapped in a ring which is then compressed adiabatically by a series 

of nested coils. The electron energy rises--during compression--to 
2 

'7 m c • cp e 

A precise amount of gas is admitted to the system and the ions formed in 

the ring are trapped in the ring by the potential well due to space charge. 

The ring containing the ions is then accelerated by electric fields whose 

strength must not exceed the gradient by which the ions are trapped. 

The ERA thus uses the self field of an electron ring to accelerate 

protons (or other ions) trapped in the ring. Conse~uently when the ring 

is brought to velocity 1311 c, the heavy particles have energy 

2 2 -1/2 
Mion c (1 - 1311 ) • The electrons have--because of the circular motion 

in the ring--a transverse mass ('1 m), and hence a final energy cp e 
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2 -1/2 
Ycp me(l - ~ll) • Thus accelerating electrons to energy E produces 

ions of energy (M. 1m Y )E. lon e cp (A derivation is given in Section 6.) 

Typically Y ~ 40j while the electron mass 
cp is of the order 

of the ion mass N M ion ion Thus the accelerator is less long than an 

ordinary ion accelerator (with an efficiency factor of about 30%) but 

consequently has a higher rf power requirement per unit length. 

In fact, an upper limit to the performance of the accelerator 

can be readily obtained by assuming that the ring is capable of holding 

protons against the largest accelerating fields which can be made in 

practice. In particular, sparking probably occurs in the range of 

4 Megavolts/foot, or 140 kV/cm. Taking 

see Section 7--accelerating fields over 

Y ~ 40 we find, assuming-cp 

50% of the structure, that 

(d E t /dz) $ 0.35 BeV/meter. This assumes the rf power can be pro on 

supplied, and the average field of 70 kV/cm can be maintained all along 

the structure. (Ref. 1 discusses how this can be done.) The accelerator 

looks most exciting: compare this with a typical value of 1 MeV/footj 

the gain is about two orders of magnitude. 

The accelerator might be compared with two other novel concepts. 2,3 

In contrast with Budker's proposal, the ERA should accelerate a large 

number of energetic ions. In contrast with the IDFAC (which according 

to private communication from R. H. Levy has already produced potential 

wells of 325 kVj apparently time limited only by poor vacuum), the ERA 

produces a beam of small emittance. 
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, (b) Proposed Program 

Preliminary investigation of the coherent-field accelerator, 

has suggested that this device is potentially capable of producing 

interesting ~uantities of both intermediate-energy heavy ions and high

energy protons. It is proposed to employ the facilities of this 

Laboratory--primarily the Astron electron accelerator, and a reservoir 

of experience with high-pulsed fields and accelerator technology--to 

construct and operate an experimental device similar to the-Soviet model. 

It is estimated that two years should allow experimental testing of the 

basic principles, and provide experience relevant to the potential 

application of these principles in a full-scale device. Were we to 

start without making use of the available facilities, several years and 

a large amount of money would be re~uired. 

If successful, the model will produce protons of 1 GeV and 

provide experience necessary for construction of a large ERA. Concur

rently, the examination of engineering and utilization problems will-

if encouraging--provide the basis for a subse~uent detailed design study 

of an accelerator in the multi-tens of GeV range. 

3. Farameters 

We employ, as an injector, the Astron electron accelerator, with 

the following parameters: 
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Energy 

Peak current 

Pulse length 

Maximum rep rate 

Minimum energy error--

Beam (luality 

4.5 MeV 

1000 A 

0.3 I-lsec 

CW -- 60 pps 
Burst 1440 pps (to 100 pulses m~ximum) 

± 1% 
1000 A - 5 x 10-

2 
rad cm 

(anticipated from calculations) 

150 A - 10-
2 

rad cm (measured) 

The vacuum chamber could consist of 24-inch diameter glass pipe 

which is isolated from the accelerator vacuum by means of a mylar foil. 

-8 
The base pressure should be 10 torr. The glass vacuum chamber is 

protected from the beam by an insulating shield. 

The basic parameters of the proposed magnetic trap and compression 

device are: 

Maximum f~e11 at mirrors 

Maximum field at center 

separation of outer coils 

Diameter of Vacuum System 

Rise time (1/4 cycle) 

Pulse field rep rate 

stored energy 

30 kG 

20 kG 

50 cm 

24 in 

250 I-lsec 

2 per minute 

100 kilojoules 

Parameters following from those already presented are: 
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= 20 cm 

750 G 

E := 4.5 MeV 

'0 = 9 

:= 0.5 em 

3.7 cm 

a = 0.09 cm 
cp 

B = 20 kG 
cp 
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injection radius 

injection field 

injection total energy 

injection energy in rest mass units 

minor radius of beam at injection 

radius of ring after compression 

minor radius of ring after compression 

central field after compression 

energy of electrons after compression 

magnetic compression ratio 

number of turns which accelerator can 
inject 

The electron current depends upon the efficiency of the capture 

process and the current limit imposed by self-field phenomena. We 

envision an initial goal of 1013 electrons, with an ultim~te goal of 1014 

electrons. Parameters involving beam current are: 
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I 
cp 

N 

E max 

= injected current 

= current in compressed phase 

= number of turns to be 
captured (at 1000 A) 

= field at surface of ring 
after compression 

ea E max = potential well depth for 
ions 

F 

rJ 
cp 

v 
cp 

maximum accelerating field 
to retain ions 

density of electrons in 
compressed phase 

= line density in compressed 
phase 

Budker parameter in compressed 
phase 

N 
e 

2050.A 

0.4 

1.3 MeV/cm 

O.06,MeV 

33. keV/cm 

4 4 11-1 
. x 10 cm 

0.12 

WC/ERA-25 

3800.A 

20500.A 

13.0 MeV/cm 

0.6 MeV 

330. keV/cm 

14 -3 1. 7 x 10 cm 

12 -1 4.4 x 10 cm 

1.2 

The accelerating process will be either by expansion into a 

decreasing magnetic field, or by rf cavities. Sections 6 and 7 

describe these methods. The expansion is an inexpensive way to attain 

moderate energies (like 500 MeV/proton), while use of rf simulates 

the acceleration techni~ue that woUld be necessary for the attainment 

of much higher energies. 
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4. Injection Process 

The Astron injector beam--at 103A--is 2.1 x loll electrons/cm. 

~ An injected beam of 1013 (10
14

) re~uires 48. cm (480. cm) of beam length. 

A single pulse has a length of 0.3 ~sec or 9. x 103 cm. The repetition 

rate is 60 pulses per sec, while the compression can only be done at 2 

per sec. Clearly, the injector is much better than re~uired. Conversely, 

this high performance injector should make the injection process rather 

easy. 

Taking, arbitrarily} P = 20 cm we find 0, BO = 750. g., and 

also one Astron injector pulse is 72 turns. We contemplate injection 

with either a pulsed electric inflector or a particularly rapid initial 

increase in field. 

The ring acceptance is ~(a02/po)Q where for a field gradient 

n of 1/2, Q = 0.7 both horizontally and vertically and the acceptance 

is (for a = 0.5 cm o and .) -2 Po = 20.0 cm 2.75 x 10 rad. cm. This is 

-2 rather well matched to the Astron emittance of 5. x 10 rad. cm with 

a beam radius of about 1.0 cm--only a small amount of focussing and/or 

beam shaving is re~uired. 

To clear the inflector, the beam must be moved 0.5 cm·+ septum 

thickness "'='0.75 cm in bne turn; Le. dBo/(lt "'=' 6.7 x 10
10 

gauss/sec. 

The rise rate of the condenser bank is only 8. x 107 gauss/sec. It is 

necessary to have the higher rate--but only from BO 750 g. to 

.~ BO = 780 g.; which might be accomplished with a pulsed delay line. 
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5. Compression Process 

As a trapped ring is compressed by the time rising magnetic field 

? 
the ~uantity P~-/B is a constant} hence 

2 
PJ.cp 

B cp 

where and are the values of momentum and field at injection} 

and cp indicates values in the compressed phase. Since radius p is 

proportional to (P;../B) we have 

PJ.cp 
== 

(:;)12 
P.L.O 

} 

and} in fact} the ring minor radius a also compresses by the same ratio 

as the major radius: 

Taking 

Taking P.L 0 == 4.5 MeV/c and 

B = 20 kG we deduce 
cp 

p = 20 cm} o determines BO = 750 gauss. 

p == 3.7 cm; while cp 

from a = 0.5 cm (as determined by the injection process) we deduce o 

a == 0.09 cm. cp 
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6. Expansion and Acceleration Processes 

(a) Rf Acceleration Process Kinematics 

The kinematics of the acceleration process, in which the field 

B is maintained, is easily derived from the fact that the transverse cp 

electron momentum is a constant of the motion. Thus, in the compressed 

phase p - 0 and 
IIcp 

is rather large. At the end of acceleration 

and P.J..f = Pj,cp 

we may write: 

is large. If E is the total electron energy, 

E = 

and hence The final velocity in the longitudinal direction 

determines the final energy of the trapped ions. 

velocity in the longitudinal direction and 

it is easy to show: 

This says that the final electron energy 

Let cl3 f be the 

" 2 -1 = (1 - 13 ) • Then IIf 

is 

times the final ion energy In our model, where 'Y = 47, cp 

to make protons of 1 GeV kinetic energy (~ 2 GeV total energy) we must 

have electrons of 51. MeV (of which 23 MeV is present in the compressed 

phase), and thus add 28. MeV/electron. If this is done at ~x = 39 keV/cm 

we will re~uire 7. meters of rf acceleration. 

(b) Expansion Process Kinematics 

After compression all of the energy is in the azimuthal direction; 

however, if now one of the mirrors is lowered the system will move axially 

in the direction of the reduced magnetic field. Thus a longitudinal 
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velocity, and hence ion energy, can be developed--even in the absence of 

rf acceleration. Since the compressed phase transverse energy is large, 

a considerable ion energy can be developed in this manner. 

It is easy to show (by use of conservation of canonical angular 

momentum and conservation of electron energy, neglecting the presence 

of the relatively few ions) that 

== 2 ( B
f 

) P..Lcp 1 - Bcp 

and hence that: 

Also 

In the relativistic limit, (Bf/Bcp)l'cp2 » 1, we have: 

1', If "'" (:;pf2 , 

l'J.f 
"'" (:~S/2 

I' .Lcp 
, 

and 

Pf (fr
2 

:=: 

Pcp 

Thus if 1 
2 Pcp 

B :=: '4 B , then P == and I'Hf "'" 2.0, which is f cp f 

a proton kinetic energy of about 1 GeV. This process is limited to 

something like Pf "'" 5 Pcp and hence to proton energies of 4 GeVj for 

higher energies rf acceleration is required. 

,. 
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(c) Field Fall-Off Law for Expansion Process 

The acceleration rate of the ring must not exceed a certain 

~ritical value in order to prevent spilling ions out of the trap. The 

field of the trap is given by 

e t.max := 
Ne2 

reap 

Nr 
e 

2 
mc 

----, reap 

where r is the classical electron radius. Let z measure longitudinal 
e 

distance (z:= 0 being the center of the trap), and write 

B(z) := B f(z), cp 

so that f(O) 1. 

The energy of a trapped ion is 2 
Mi ~,(z)c. and hence 

dE. 
~on 

a:z-
2 

M.e 
~ 

dy (z) 
II 
dz 

Equating dE. /dz 
~on 

to e e ,we obtain a differential equation for 
max 

f(z) : 

where A:= rep a M./2Nr m. Integrating, yields cp cp ~ e 

B(z) B - - + [
3 Z 

cp 2 A 

as the field fall-off law. 

13 For the parameters of our experiment, and with N := 10 , A := 350.cm. 

Thus to reach 1 GeV protons requires an expansion distance of 16.4 meters. 

With N = 3 x 1013, the expansion could be accomplished in 5.4 meters. 
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7. Rf Accelerating structure 

The rf accelerating section is shown in the block diagram of 

Fig. 1. It consists of four cylindrical re-entrant cavities resonant ~ 

at 200 MHz. The accelerating gaps are approximately one half the 

axial length or 6.5 cm, and the re-entrant section is 13 cm in radius, 

giving a capacitance of about 8 pF. With 865 kV across the gap there will 

be about 3 Joules stored in the electric field of each resonator. 

This is the amount of energy re~uired for the first cavity to accelerate 

3 x 1013 electrons to a y = 1.0266. 

With a peak voltage of 865 kV, each cavity will dissipate about 

60kW in the walls, or a total loss of 240 kW. We would plan to power 

a short rf manifold from a single rf amplifier, and each cavity would 

be coupled to the manifold through a coupling loop and transmission 

line section. The rf manifold should lock the phase and amplitude of 

the cavities together during the build up and flat top time until the 

beam pulse empties the cavities. 

A crystal-controlled oscillator and suitable drive stages will 

supply rf drive to the 250 kW rf amplifier. A relatively small power 

supply and energy storage system is re~uired for the twice a minute 

pulse rate. A series modulator will be used both for swtiching and 

regulating the rf level in the cavities. A low level timing and 

control chassis is re~uired to synchronize the rf system to the preceding 

parts of accelerator. 
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8. Incoherent Space Charge Limit 

Without images and for an un-neutralized beam 

N , 

(r is the classical electron radius) which imposes the most severe limit 
e 

at injection (where Po = 20 cm, aO = 0.5 cm, Y = 9.0). Taking the 

field gradient n = 0.5 yields Q = 0.7, and adopting 6Q = 0.2 we 

find 13 N < 4.1 x 10 • This limit will not be significantly modified 

by including images. It is greatly improved by allowing some neutralization: 

> N /y2 is self-focussed.
2 

It could be tricky to A beam with N > N. e 1. e 

control neutralization during the injection process; it may be necessary 

to do so in order to reach the 10
14 level. 

4 
In the compressed state images must be considered and 

( 
1fQ(6Q)Y I 

I 
N < ( 

r p \ e \ 

l 

1 

2a2 y2 
+ 
~ .. }-l 
·2 
h 

where h is a typical distance to a conducting surface and E ~ 0.2. 

If h ~ 3 cm, however, then images can be neglected and, in addition, 

the limit on N is adequately large. Furthermore, in the compressed 

state, the self-focussing condition will probably be satisfied. 
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9. Longitudinal Instabilities 

The two-stream instability will not occur provided5 

v 
Nr 

e < 
2rcp 

(1 _ 12 ) .,,--l_~ (_1'1 + ( m
M
- )1/3 )-

3 

2tn b/a 
I' 

Taking YO = 9· and 2tn b/a ~ 3., yields v < 300., which is certainly 

satisfied. After compression the limit is even more ample. The formula 

quoted is for a neutralized beamj a partially neutralized beam should be 

more stable. 

The negative mass instability will not occur if:
6 

N < rc ( ..e... ) 
1'3 E df (~p,2 

2 r g f dE P j , e 

where g is the geometry factor. If the field 

E df 
f dE 

and for I' » 1 

E df 
f dE ~ 

- 2 
(1 - n) EO 

-1 , 
1 - n 

_ l E 2 
o 

so that the stability criterion becomes 

3 
I' 

g(l - n) 

J 

B~ 
-n 

P then 

• 

Taking Po == 20 cm, g ~ 3, n::': 0.5, I' 0 = 9, and (L-p/p) = 2.5% " 

(corresponding to full synchrotron spread of 0.5 cm), yields N < 3.5 x 1013 • 
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_,After compression the limit is ample, but the limit at injection is 

severe. Suggestions have been made regarding means for removing the 

negative mass instability by wall modifications7--these may be needed 

to reach the 1014 level of operation. 

10. Transverse Instabilities 

The criterion far sta bili ty of the ring against twisting and 

bending is: 
8 

N r e P N r P r pc ll/2 
e r i 6.Q > + ! 

2:rrQ a2r3 h
2 I 2 I 

) 

:rr Q r l 8:rrcr(n - Q)h J 

where cr is the wall conductivity, h is the distance to the 

conducting wall, n is the mode number of the instability, Q 0.7 

( - 1) for field gradient n = 2 . 

Taking the injection situ~tion: 

n = 1, PO = 20 cm, a
O 

= 0.5 cm, r = 0 

is negligible and 6.Q < 0.67 x 10-14 N. 

small frequency spread, but at N = 1014 

h = 3 cm, 

9; one finds 

At N = 10
13 

it is close 

-1 
sec , 

the second term 

this is a very 

to the limit 

and the instability may have to be controlled by feedback, or may be 

circumvented by compressing in less than a growth time. 

In the compressed phase the second term is still negligible and 

now 

-16 > N 2.7 x 10 , 

or at N = 1014, 6.Qcp >0.02 7 • This is a small spread in tune; the 

2:5% spread in (6.p/p) more than supplies it. 
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These estimates ignore the effect of the ions. Such an 

approximation is probably adequate; it is certainly better than the 

opposite assumption of a highly conducting medium, but it should be 

examined in more detail. (The same remark applies to the material 

of Section 9.) 

11. Ionization Processes 

The number of ions produced per second is 

N. / = N n a c , 
~ons sec e g 

where N is the total number of electrons in the ring, n is the 
e g 

gas density, and a is an ionization cross section. Thus 

n = 
g 

p(torr) 19 
760 (5.4 x 10 ), 

and taking 2 
cm , appropriate to hydrogen, we deduce 

N. !.. ~ons sec 
N 

8 
2.1 x 10 p(torr). 

e 

Taking -8 
p = 10 torr hydrogen equivalent, 

The number of ions is--for self-focu3sing--limited by 

N > N. > N /l . e ~ e 

Typically N. ~ 10-
2 N and thus we obtain a lifetime limit by 

~ e 

requiring N. / 1". • «N. ~ 10-2 
N 

~ons sec ~on~z ~ e Thus 

~ 5. x 10-3 sec, which is adequately 'long. 1" • • 
~on~z 
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Ion formation during the expansion or acceleration process should 

be unimportant since the ions will not be captured by the moving electrons, 

but rather left as a wake behind the ring. 

Also, the heating of ions which are within the ring, by the electrons, 

is negligible during the acceleration time. 

12. Synchrotron Radiation 

Each electron radiates energy per turn, 6U, given by9 

6U 
--2- := 
m c 

e 

4:J! ( r e ) 133 y 4 
3 p 

For the compressed phase (13:= 1, y:= 47., p:= 3.7 cm) 6U:= 7. x 10-7 

MeV/turn. Since the revolution fre~uency is 
9 -1 

1.2 x 10 sec ,the 

radiation damping time 
-2 

~ d(compressed phase) := 2.8 x 10 sec-ra 

confortably long. 

is 

On the other hand, the wavelength at the peak of the spectrum 

-4 
~ := 3 x 10 cm, which means visual ooservations can be made. 

13. Acknowledgments 

This paper constitutes a revision of one originally prepared by 

W. A. S. Lamb on the basis of discussions with, and contributions by, 

C. Van Atta, F. H. Coensgen, N. Christofilos, K. Fowler, R. Hester, 

D. Judd, L. J. Laslett, E. M. McMillan, R. Post, R. Pyle, L. Smith, 

A. M. Sessler, A. Garren, J. Peterson, V. K. Neil, J. Beal, F. Voelker, 

E. Lofgren, D. Keefe, and W. Wenzel. F. Voelker contributed Section 7; 

W. Lamb contributed to Section 12 and parts of Section 3. 

The author is grateful to the many physicists who checked the 

numbers in the original draft, and thus helped to eliminate a number of 

~* .. errors from this p'3.per. 



-182- WC/ERA-25 
~.~ 

r 
14. References 

1. V. 1. Veksler, V. P. Sarantsev, A. G. Bonch-Osmolovsky, G. V. Dolbilov, 

G. A. Ivanov, 1. N. Ivanov, M. L. Iovnovitch, 1. V. Kozhukhov, 

S. B. Kusnetsov, V. G. Makban'kov, E. A. PerelI shtein, V. P. Rashevsky, 

K. A. Reshetnikova, N. B. Rubin, S. B. Rubin, P. I. Ryl'tsev, 

O. I. Yarkovoy, Collective Linear Acceleration of Ions (submitted to 

the International Conference on Accelerators, 1967). 

2. G. I. Budker, Relativistic Stabilized Electron Beam, CERN Symposium 

on High-~nergy Accelerators, 1956, p. 68. 

3. G. S. Janes, R. H. Levy, H. A. Bethe, and B. T. Feld, On a New Type 

of Accelerator for Heavy Ions, Research Report 235, Avco-Everett 

Research Laboratory, Everett, Mass., December 1965. 

4. L. J. Laslett, On Intensity Limitations Imposed by Transverse Space 

Charge Effects"', Proceedings of Brookhaven Summer Study, 1963, 

BNL-7534, p. 324. 

5. T. Ohkawa, Notes on the Electrostatic Instability of Neutralized 

Electron Beams, CERN 60-35 (1960). 

6. C. E. Nielsen, A. M. Sessler, and K. R. Symon, Longitudinal Instabil-

ities in Intense Relativistic Beams, CERN Symposium on High-Energy 

Accelerators, 1959, p. 239. 

7. R. G. Briggs and V. K. Neil, Plasma Phys. (J. Nuclear Energy, Part C) 

§; 255 (1966). 

8. L. Jackson Laslett, V. Kelvin Neil, and Andrew M. Sessler, Rev. Sci. 

Inst. L§., 436· (April 1965). 

9. J. Schwinger, Phys. Rev. ::0 1912 (1949). 



c[ (~ 

Low 
Level 

RF 

Low 
Level 
Timing 

~ 

RF 
Driver 

Mod 
Driver 

~ 

RF 
Amp 

Modulator 

~ 

'1 

Instrumentation 
and 

Monitoring 

Crowbar 
and 

Energy 
Storage 

Fig. 1: Block diagr&Jn for the accelerating structure. 

[I 

Po~r 

Supply 
+- AC 

Line 

... : (., 

I 
~ 

00 
Vol 

::<:: 
~ 
~ 
~. 



-184- WCjERA=14 
February 7, 1968" 

SOME USEFUL PARAMETERS 

J. D. Lawson 

Rutherford High Energy Laboratory 
Chilton, Didcot, Berks. England 

This list is based on that given in ERAN-l with some additions 

and minor corrections. 

Current in ring, amps 

YJ. 

(assuming 1 Major axis of ring n = 2") 

(assuming 1 
Minor axis of ring n = "2) 

Magnetic field at ring, gauss 

2 2 
v = Ne fmc where N = line density of 

electrons 

2v/Y.j. 

Electron density N/na02, cm-3 

Potential well for ions 2 
VilleC , kV 

E at beam edge, MeV/cm 

Neutralization fraction f = N /N. 
e 1. 

Generalized perveance 

K = - ~V • ~2 . (f - ~2) 

(see ERAC 35) 

Injection Compressed 
Phase 

380 2050 

9 47 

20 3·7 

0·5 0.09 

750 20,000 

0.023 0.12 

0.005 0.005 

1.06 x lOll 1.7 x 1013 

11.1 60 

.047 1.36 

0.01 0.01 

, 

~I 
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Electron rotation frequency in ring frame, 

/ 
-1 w 2n sec e 

Ion oscillation frequency -2 e -V 2N/M. naO 1 

due to ions when n 
1 K 2 = _ = _(2-) 
2 ....f2 \..aO 

(see WC/ERA-4) 

Accelerating electric field for which ions 

are in equilibrium at edge of beam, 

kV/cm ~ 

Injection 

8 2.4 x 10 

WC/ERA-14 

Compressed 
Phase 

35 
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A RATHER DIFFERENT SET OF PARAMETERS 

A. M. Sessler 

Lawrence Radiation Laboratory 
University of California, Berkeley, California 

1. Introduction 

It bas been emphasized by Levy and Fowler that reducing the ion 

oscillation frequency, ~,to a value below the electron circulation 

frequency illO will avoid resonances between the ions and negative 

energy transverse electron waves. 

Correspondingly, Ohkawa and Sudan have pointed out that 

resonances between the electron plasma frequency, ill and negative pe' 

energy transverse electron waves could be serious: Reducing ill pe 

to a value below illO will avoid the problem. 

Fowler, Levy, and Furth, drawing on their experience with 

electron beams, have suggested that operation with ill / illO > 1 is pe 

likely to be difficult: often the criterion for beam blow up is 

simply ill = ill • pe 0 

Briggs and Pellegrini have found that coherent radiation is 

possibly serious, in that it can lead to growing azimuthal density 

waves. The phenomenonessentially increases the negative mass 

geometrical factor by a factor of 10: It would be no problem if the 

energy spread in the beam could be increased. 

, 
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In view of the above, possible, theoretical problems it is 

interesting to consider whether a change in parameters can be made 

which relieves the many-body phenomena and yet preserves the interesting 

properties of the accelerator. Furth h~s emphasized that, unlike some 

CTR devices, we have considerable freedom in the ERA. This note is a 

quick attempt to explore the effect of parameter changes. We find that 

a very different set of parameters, from those previously considered, 

may be rather interesting. At least it is a comfort to know that there 

exist uless dangerous" machines upon which we can fall-back in case of 

troubles. 

The following quantities vary with machine p~rameters in the 

manner indicated. We consider a ring of major radius p, minor 

radii a and b (a in the radial direction), energy y, and number 

of electrons N --all quantities in the compressed state. 

2 
NP/yab ((1) /(1)0) pe 

((1)1/(1)0)2 NP/ab 

ec N/pa 

N 
k 

coh1 
2 

( L\p) py -" 
P 

N 
k := 

2 coh2 py3 (6P ) 
p 

k. h 
Np 

b < a 
J..DCO y3 b(a + b) 

, , . 
N/p • v := 
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The Cluantity k 
cohl 

measures the degree of difficulty from coherent 

radiation; k that 
coh2 

for the negative mass problem; k. h lnco the 

incoherent space charge. The last is most severe at injection, of course. 

2 
We want to reduce (CD /CDO) by a factor of 30, and decrease pe 

k by a factor of 30. Both these Cluantities are the same in the 
coh

l 
compressed state as at injection. We also increase the accelerating 

field strength which is permissible by a factor of 3. 

We attempt to keep 

3. Calculation 

B cp 
and from increasing. 

Taking alp ~ 6p/p, and indicating the change reCluired by 

arrows, we have 

Np I 30 
lab ~ 

Clearly it is easiest to let y increase, but that is uncomfortable 

for accelerator efficiency. We let I f 2, as our first arbitrary 

assignment. Then it follows that 

We want to reduce p, but that makes B go up. Also we must 
cp 

keep p > a, b. We are essentially forced to the value p ~ 2.1 and 

conseCluently a t 11, b i 11, N t 16. We arrive at [scaling from 

N = 10
13

, p = 4 cm, a = b = 0.1 cm, Icp = 47]: 

, 
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t::' 
94 • Yep :=: 

Pap 2.0 em 

a 1.1 em 
ep 

b 1.1 em cp 

N :=: 1.6 x 1014 
e 

F accel 200 keY/em 

CD 

(~) 
CDO 

0.63 

CD 

(.-!) 0.18 
CDO 

flcp 0.04 

k cohl 
3
1
0 keoh (previous) 

B :=: 80 kg. (Follows from P+ 2 and y1' 2.) cp 

N "'" 1012 (usual 1% neutralization rule). p 

A second arbitrary assumption is that we still use the Astron 

injector with Yinj :=: 9. 

B .. 
lnJ 

It then follows that BIB. . :=: 100 and hence: 
cp'· lnJ 

0.8 kg 

20. cm 
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a.. 11. cm 
~nJ 

b =: 11. cm. 
inj 

We can use all 11 cm for energy spread, or make it mostly betatron 

oscillationj a 

and probably is ade~uate. 

k. h 
~nco 

1 
11 

still gives a factor of 10 in 

kincoh, before . 

Self-field effects I haven't yet calculated, but I don't expect 

problems. The incoherent radiation time has come down by a factor of 30 

and is of the order of a millisecondj acceptable, but tight. 

4. Conclusions 

One doesn't have to go as far as I have gone, and hopefully we 

donlt have to go at all in this directionj but it is mighty comforting 

to know we can move this way if experiment forces it upon us. 

, 
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PARAMETERS, PARAMETERS~ PARAMETERS· • . 

A. M. Sessler 

Lawrence Radiation Laboratory 
University of California, Berkeley, California 

1. Introduction 

I have not yet absorbed, in detail, the arguments of the plasma 

theorists which are quoted in We/ERA-15. In partlcular, I am not sure 

if (illp~illO) .must be less than unityj or even if ill 
pe 

is to be 

calculated using the electron rest mass, transverse mass, longitudinal 

mass, or effective (negative) mass associated with azimuthal motion. 

On the other hand, I can readily appreciate the advantage of 

increasing frequency spread so as to reduce the coherent radiation 

problemj and I can believe it is important to keep the ion oscillation 

frequency well below w00 

It therefore seems worth exploring parameter space so as to 

see if one can reduce kcoh' keep (~/illO) < 1, and at the same time 

keep the accelerating field high. I have done this, in a manner 

similar to We/ERA-15. The details of the calculation are not worth 

recording, but perhaps these different sets of parameters which 

resulted are of some interest. 

2. Input and Output 

In the first case I raise the maximum accelerating field, F, 

by a factor of 3j and reduce 

~fProposal'f values. 

k coh by a factor of lO--from the 
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, 
In the second F is up by a factor of 2, and kcoh down by 

a factor of 10. 

In the third F is held constant, while k coh is reduced by 

a factor of 10. 

Parameters are given in Table 1. All of the machines are 

'itheoretically safer tt than that of the proposal (even though some have 

as much as 10 times the proton flux of the "Proposal'i), but all are 

ffmore dangerous" than the machine of WC/ERA.-15. Personally, I rather 

like the last set of parameters. 
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~ Table 1. Farameters 

Quantity "Proposal 'I WC/ERA-15 Case 1 Case 2 Case 3 

N 1013 1014 
1014 1014 

2.5 x 1013 
e 

N lOll 1012 1012 1012 2.5 x lOll 
p 

(1% neutrali-
zation) 

Binj (kg) 0.75 0.8 0.4 0.2 0.36 

Y inj 9.0 9.0 9.0 9.0 9.0 

Pinj(cm) 20. 20. 40. 80. 43. 

ainj(cm) 0.5 11.0 7·0 5.0 1.9 

b. . ( ) 0·5 11.0 2.0 5.0 1.9 lnJ cm 

Reduction 
factor of 1 30 10. 10. 10. 
k coh 

Reduction 
factor of 1 11. 3. 2.5 2.3 
k. h lnco . lnj 

( 6E ) 
E 

2.5% 30% 20% 12% 8.7% 

B cp(kg ) 20. 80. 40. 20. 20. 

P cp( cm) 4. 2.0 4.0 8.0 5.7 

a 
cp( cm) 

0.1 1.1 0.7 0.5 0.25 

b cp(cm) 
0.1 1.1 0.2 0.5 0.25 

v 0.12 3. 8 1.2 0.6 0.21 
cp 

Ycp 47 94. 94. 94. 67. 

' .. 

y 
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, 
Table l. (Cont. ) 

Quantity "Proposal" WC/ERA-15 Case 1 Case 2 Case 3 

(v/Y)cp 0.0025 0.04 0.013 0.0064 0.0032 

(illp/illO) 
3·5 0.63 4.5 4.8 2.2 (transverse 

electron mass) 

(~/illO) 0.5 0.2 0.6 0.6 0·7 

(F 1) (kv/cm) 33. 200. 100. 66. 33. acce 

dE 
_p_(MeV) 130. 390. 200. 130. 93· dz M 

.' 
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(\ ( 1 DM-92) ffiELIMINARY COMPARISON OF ION DRAG ACCELERATOR ffiOPOSALS 

APPENDIX A: Ion Drag Acceleration by Fall-off of Magnetic 
Field with Reference to the Electron Ring of 
the ACFER Proposal. 

W. B. Lewis 

Atomic Energy Canada, Ltd. 
ChaJk River, Ontario, Canada 

January 3, 1968 

The attachment is being given a limited separate circulation 

before DM-92 has been completed in the hope that it may be useful and 

nelp to suggest in what direction further analysis should proceed. 

The reference documents are: 

1. DM-87 "Proposed Experiments to Test New Principles for a High-

Energy Accelerator, " W. B. Lewis, February 1967. 

2. Acceleration by the Coherent Field of an Electron Ring (ACFER). 

Proposal for an Accelerator Development Study, A. M. Sessler, 

lawrence Radiation Laboratory, November 9, 1967, and documents 

quoted in these. 

I am greatly indebted to A. G. Ward, J. S. Fraser and 

D. McPherson for most helpful discussions, simplifications of-the 

analysis and the small computation for this Appendix. 

W. B. Lewis 

3 January, 1968 
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ION DRAG ACCELERATION BY FALL-OFF OF MAGNEl'IC FIELD 

For Ring of Electrons in Magnetic Field 

1. Basic Terminology and Conservation Relations 

Total Energy E 
2 

mc 

v/c 
r-"··----· 

(3 Y 1/'11 - (32 

m mOY 

For Cyclotron orbit radius p in magnetic fieldB 

mvl. == eBp. 

* Conservation of angular momentum 

Flux linkage Bnp2 == ¢ == constant, 

Assume Bpa constant 

a == radius of cross section of electron ring. 

* 

ERAC-25 

(1 ) 

(2 ) 

(4) 

The conservation of angular momentum relation may be derived from 
...... ...... 

mvp - eAp = constan~ where A is magnetic vector potential and -e 

is the charge an the electron. 

For uniform axial B, A is circumferential and 
2 

np B 2npA. 

1 2 
mv~p - 2 eBp == constant. 

But from (2) m'j. p 
2 eBp 

Hence 1 2 2 eBp 

Eliminating p, 

constant and 

mv == eBp = 
.J. 

Bnp2 == ¢ 

e'.{i¢/n I. 

constant. 

, 



JJ:, 
' .. ' 

.,. ,~I 

-197- ERAC-25 

2 2 2 
(radial velocity Composition of velocities t3 = t3" + t3 J.. 

negligible) 

i.e. 1 -
1 

1 -
1 2 

'2 = 2 + t3J. 
'I 'I" 

or 

'I 
'1'1 (5 ) = 

Jl 
2 

t312 - 'Ill 

Note 'It t3.L ~ 1 . (5a) 

Conservation of energy E (in static magnetic field) 

Initial energy E N 
2 

Ni Mi 
2 

= mO c rcp + c . e 

Final energy E N 
2 

N. M. 
2 

= mO c 'I + c 'I" . e J. J. 

Ne' Ni , mO' Mi are numbers and rest mass of electrons and positive 

ions. 
Write 

Then 

G = N. M./N mO • 
J.J. e 

'I + r"G = r + G • cp (6) 
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the classical electron radius 

ec max 
::: (lla) 

By E~. (4) a p B ::: (apB) cp cp cp Z 

but this takes no account of the varying Bennett pinch effect which 

controls a, nor of the fact that the cross section cannot be a 

circle in both the frame moving with the ring and the laboratory 

frame. Assuming that a is proportional to p is only a simplifying 

concept for a first assessment. 

On this basis 

e emax 

Writing "-

et 

E~uating eCmax to 

from (10), 

bN r moc
2

/rea p e e cp cp 

Morea P ~2N r mO 
1. cp c e e 

b Moc 2 
2"- 1. 

dE o 1.on 
dz 

, 

eE. max 
2 Moc 1. 

::: 
b 

2"-

(lIb) 

(12 ) 

(llc) 

The maximum rate of fall-off of B is then found from db/dz 

from relation (9b) 
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'. 

or 
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2 
[3 (g + 1) . cp 

(g + b l / 2)2 

g + 1 

db 
dz 

ERAN-25 

(14) 

(llJa ) 

Together with Eq. (13) this enables b and ~, to be evaluated as 

functions of Z/A with A defined by (12). The results are shown 

in the figure for selected values of g, proportional to the ratio 

of ions to electrons. 

For r = 46 and g = 0.2 protons/electrons 
cp . 

g = 0.4 " " 1.0% 

g = 0.8 " " 

5. Bennett Pinch 

So far the analysis has not taken into account any interaction 

between the electrons, or the coulomb attraction by the ions that 

constricts the cross section of the ring. These effects are large 

and important. 
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The energy of the electron ring considered as a ring of current 

in a uniform axial magnetic field B is 

1 L.2 
- J. 
2 

? 
where L = self inductance discussed below and magnetic flux ¢ = B1!P-, 

the current i = Nev,J./2rcp. 

(Note 

electrons.) 

1 2 2" Nmvj. the kinetic energy of the 

It may be noted that when ~, = 2, ~,/c = ~ = 0.866 and 

from (5a) v~c ~ 0.5 so that i is reduced by this as well as 

by the increase of p. 

The self inductance of a uniform ring of current of radius of 

cross section a where a < p/20 is given with close approximation 

by L = 4rtp[tn(~) - 1.75 ] x 10-7 Henry where p is in meters. 

This assumes uniform current distribution over the cross section and 

a relative permeability = 1. 

It is of interest to evaluate 1 L.2 
- J. 
2 

and i¢ for the electron 

ring with Pcp = 3.87 cm, B = 20 kG, a = 0.09 cm, v.L = t3 c, cp cp cp 

t3cp 
~ 1 and N = 1013 or 1014• e 

Then i l 1976.5 A for N = 1013 

i2 = 19765 A for N = 10
14 

(i
2 

= 390655 ) 

.. 
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= 0.00941 weber. 

i~ = 18.60 joule 

and 

L = 51.4p cm = 0.1990 ~ 

1 L' 2 2" 11 = 0.3887 joule (i.e. 2.0gfo of i~) 

1 L' 2 2" 12 = 38 •87 joule (i.e. 20. gfo of i 2¢) . 

It is apparent that for the higher current the self-inductance 

energy is significant compared with the main field interaction 

energy which is the calculated initial kinetic energy of the electrons 

neglecting their mutual interaction. 

Moreover for an axial acceleration to "1\ = 2 for g = 0.4 

BIB = 0.09 so pip = 1/\1'0.09 = 3.33. As we have seen cp cp 

vLf ~ 0.5 c, hence if = 0.15 icp and Lf = 3.33 Lcp so 

( ~Li2)f = 0.075 ( ~ Li
2

)cp' All this assumes that a remains 

proportional to p. If in fact a increases more, then L is 

further'reduced. The result is that for the higher current the energy 

transferred during the acceleration to increase the final energy of 

the electrons and ions is significantly larger than calculated 

for a given initial ring neglecting mutual interaction of the 

electrons. 
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The standard analyses (e.g. Bennett, Lawson loco cit.) for the 

Bennett pinch in a linear beam appear applicable to the constricted 

electron ring in its initial stages. When, however, the axial 

velocity v approaches c a new analysis is re~uired to determine 

an effective value of a and it must be noted that the mass of the 

electron my o may still be high. 



.,. -:.1£. . 

G .00 G = .20 ,--. 
U" == .40 G == . 80 

Z/L B GAMMA B GAMMA B GAMMA B GAMMA p..lp.. 
N b:J 

.00 1.00000 1.00000 1.00080 1.00000 1.00000 1.00000 1.00000 1.00000 II 

.50 .68861 1.20507 .64292 1.19782 .60134 1.19102 .52877 1.17866 t-Jil-' 
.........---. 

1.00 .54288 1.35721 .48661 1.33694 .43787 1.31862 .35848 1.28688 b:J 
\..N 

1.50 .45577 1.48125 .39642 1.44645 .34676 1.41577 .26964 1.36439 
~ 

,-... 

2.08 .39685 1.58740 .33688 1.53765 .28803 1.49464 .21494 1.42448 t;:' 
l-' 

2.50 .35389 1.68099 .29425 1.61628 .24675 1.56121 .17786 1.47331 ~ 
+ 

3.00 .32094 1. 76517 .26204 1.68564 .21603 1.61889 .15109 1.51426 
Q 
'-' 

rv 
3.50 .29472 1.84202 .23673 1. 74787 .19222 1.66980 .13086 1.54939 ~ 

,-... 
l-' I 

4.00 .27328 1.91293 .21626 1.80441 .17317 1. 71539 .11506 1.58006 N 
+ 0 

0 
U'1 

4.50 .25535 1.97895 .19932 1.85629 .15758 1.75667 .10238 1.60718 I 
'--' 

\..--1 

5.00 .24010 2.04083 .18504 1.90429 .14456 1. 79439 .09200 1.63144 

5.50 .22694 2.09917 .17281 1.94898 .13351 1.82912 .08336 1.65333 

i 6.00 .21544 2.15443 .16222 1.99083 .12402 1.86128 .07605 1.67323 
6.50 .20530 2.20700 .15294 2.03020 .11578 1.89123 .06979 1.69144 

II 

7.00 .19628 2.25718 .14474 2.06739 .10854 1.91925 .06439 1. 70819 

~4: 7.50 .18818 2.30522 .13743 2.10264 .10213 1.94557 .05967 1.72369 

8.00 .18087 2.35133 .13037 2.13616 .09643 1.97038 1.73808 .05552 o 0 
8.50 .17423 2.39571 .12494 2.16813 .09130 1.99383 .05185 1. 75149 ~ 9.00 .16817 2.43850 .11957 2.19868 .08668 2.01607 .04857 1.76403 I 

rv 
9.50 .16261 2.47984 .11466 .08249 .04564 1.77580 

\.Jl 
2.22795 2.03721 



G = .00 G = .20 ,... 
'J = .40 (' J = .80 

Z/L B GAMMA. B GAMMA. B GAMMA. B GAMMA. 

10.00 .15749 2.51984 .11016 2.25604 .07867 2.05735 .04299 1.78688 

10.50 .15275 2.55861 .10602 2.28306 .07518 2.07657 .04060 1. 79732 
11.00 .14836 2.59625 .10220 2.30908 .07197 2.09496 .03842 1.80719 
11.50 .14426 2.63282 .09866 2.33418 .06901 2.11258 .03644 1.81655 
12.00 .14044 2.66840 .09537 2.35843 .06627 2.12948 .03462 1.82543 

12.50 .13686 2.70306 .09230 2.38188 .06374 2.14573 .03295 1.83387 
13.00 .13350 2.73685 .08943 2.40459 .06137 2.16137 .03142 1.84191 
13.50 .13034 2.76983 .08674 2.42661 .05917 2.17643 .02999 1.84959 
14.00 .12737 2.80204 .08422 2.44798 .05712 2.19096 .02868 1. 85692 J 

N 
0 

14.50 .12455 2.83353 .08184 2.46873 .05519 2.20500 .02746 1.86394 0"-
J 

15.00 .12189 2.86433 .07960 2.48891 .05338 2.21857 .02632 1.87066 
15.50 .11936 2.89448 .07749 2.50854 .05168 2.23170 .02526 1.87710 
16.00 .11696 2.92402 .07549 2.52766 .05007 2.24441 .02427 1. 88329 
16.50 .11468 2.95297 .07359 2.54630 .04856 2.25674 .02334 1. 88924 
17.00 .11250 2.98137 .07179 2.56447 .04713 2.26870 .02247 1.89496 

17·50 .11043 3.00923 .07008 2.58220 .04577 2.28031 .02165 1.90048 
18.00 .10845 3.03659 .06845 2.59951 .04449 2.29160 .02088 1.90579 
18.50 .10656 3.06346 .06689 2.61643 .04327 2.30256 .02015 1.91092 

~ 19.00 .10474 3.08987 .06541 2.63296· .04211 2.31324 .01947 1.91587 
19.50 3.11584 .06400 2.64914 .04101 2.32362 .01882 1.92065 

I 
.10300 I\) 

\Jl 

20.00 .10133 3.14138 .06264 2.66497 .03996 2.33374 .01821 1.92528 

";: -:l1li., 
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'I' CONCERNING A CIRCULAR ELECTRON RING ACCELERATOR 

National Accelerator Laboratory 
Oak Brook, Illinois 

Acceleration of electron rings containing protons in a circular 

machine may be an interesting alternative to the linear method. As with 

present accelerators, use of a circular machine should reduce the capital 

and possibly the power cost of the acceleration system because each 

electron ring will pass through the accelerating gap or gaps repeatedly. 

Rather than accelerate a single electron ring for each pulse, the 

accele~ator may be loaded with a train of rings about the entire circum~ 

ference. The acceleration could be done with conventional rf cavities, 

however rather high frequency may be desirable to help keep the rings 

bunched aZimuthally by phase-focussing. 

In a linear ERA the electron field of the electron ring is 

used to accelerate the protons. This will also be true in a circular 

machine, but·as the acceleration will be slower a smaller electron 

density would suffice for this purpose alone. However this electric 

field must also provide the centripetal force needed to bend the ions 

around in a circular path, a more stringent requirement. A simple 

* On leave of absence from the Lawrence Radiation IBboratory, 

University of California, Berkeley, California. 
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calculation shows that if we were to accelerate protons to 1000 GeV by 

electron rings with 

and minor radius a 

N e 

= 0.1 

electrons, with major radius p = 3.7 cm 

cm in an axial field of 20 kG as proposed 

for the model, the radius of the accelerator would be approximately 

where r 
p 

q. 2 = e/Mc 

R 

= 

2 
1tapyf) 

~ 

r N p e 

-16 
1.54 x 10 

10,000 meters, (1 ) 

cm, as compared to about 2,500 meters 

for a conventional synchrotro~ and a circular ERA could have the same 

circumference as a synchrotron if each ring contained 4 x 1013 electrons. 

I 

An intriguing aspect of a circular ERA is that it may be possible 

to make the solenoidal windings about the vacuum chamber super-conducting. 

The current in these windings provides the field required to hold the 

electrons in their transverse orbits and is de as the electrons are 

not acceleratEd transversely. If, with these superconducting coils, a 

field of 200 kG could be achieved, then the radius of a 1000 GeV machine 

would be 1000 meters at 1013 electrons per ring (or 100 meters at 10
14 

electrons). This follows from Eq. (1) because both a and p will 

scale as B-l / 2 , so that in this case a ~ 0.03 cm and p "" 1.2 cm. 

For a given circular machine, the peak energy achievable 

depends inversely on the number of electrons per ring, according to the 

formula above. One may build a comparatively modest machine, and as one 

learns to stabilize the rings better, more electrons and ions can be 

injected into ~m, and both the energy and intensity of the ions will 

correspondingly increase. The proton intensity may conceivably be very 

large. Suppose the rings in a 1@0 meter radius machine are 1 meter 
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'. 14 12 apart, and each contain 10 electrons and 10 protons. The machine, 

containing 600 rings, would accelerate 6 x 10
14 

protons to 1000 GeV, 

16 and 6 x 10 electrons to 0.5 GeV! Another advantage is that it may be 

possible to recover the energy imparted to the electrons by decelerating 

them with the rf, after ejecting the protons. 

Injection may bE quite a problem for such a circular device. 

One scheme may be to have a system of compressor coils as in the proposed 

model at one portion of the ring. These would repeatedly compress rings 

and start them moving around the accelerator with low velocity until the 

ring was filled. If these compression coils could not reach 200 kG, 

the solenoidal winding could initially have to be run at a low current. 

After the machine was fully loaded with electron rings, the solenoidal 

coils would slowly increase the field to 200 kG, while simultaneously 

the ions are injected. After this the rf could be switched on, to 

accelerate the rings. The time for a complete cycle may be long 

compared to a conventional synchrotron, but the high intensity per pulse 

may compensate. 
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STATIC-FIELD ACCELERATION OF ELECTRON RINGS 

Introduction 

H. P. Furth 

Princeton University 
Princeton, New Jersey 

and 

M. N. Rosenbluth 

Institute for Advanced Study 
Princeton, New Jersey 

. . , 

Static magnetic fields can be used to convert the ir;.itial electron-ring 

energy partly into axially directed ion kinetic energy. This type of 

scheme may be of practical interest from the point of view of avoiding 

the complexity of ring-acceleration by high-frequency electric field. 

Alternatively, a static -field accele rator may prove valuable for pre-

acceleration of electron rings to very high axial velocities before injec-

tion into an RF accele rator stage. 

The simplest type of static-field accelerator expels the electron 

ring from a magnetic mirror, and allows it to expand radially while 

gaining axial velocity. 1£ the electron magnetic moment is assumed to 

be conserved (or if the axial magnetic field at the orbit is assumed to 

maintain a constant ratio to the mean axial magnetic field within the 

orbit) the result is Yzf = (B O/B£)1/2 = riro. This method is limited 

in practice to Y zf ~ 5 because of the inconvenient radial expansion of 

the ring.
1 

The electric field of the ring electrons drops by Y;f during 

expansion, thus reducing the effectiveness of the electron ring as a 

vehicle for the ions. 
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A considerable improvement can be made in static-field acceleration 

by avoiding the conservation of magnetic moment~ This can be dOne in 

quite a number of ways, using either axisymmetric or nonaxisymmetric 

magnetic field structures. For example, superposition on the axial 

magnetic field of a helical multipole winding, with the same pitch as 

the electrons, would violate magnetic-moment conservation and give 

rise to an axial acceleration (dependent on the phase of the electrons 

with respect to the helical winding). The simplest approach for pur-

pos e s of analysis is to maintain axisymmetry, while controlling the 

magnetic flux within the orbit independently of the magnetic field at the 

orbit --as in a betatron. 

In what follows, we consider the properties of a simple axisymmetric 

static -field accelerator, and point out some limitations that are en-

countered once magnetic-moment conservation has been removed as 

the limiting factor. 

Illustration: an Axisymmetric Accelerator 

An illustration of a static axisymmetric accelerator scheme is 

given in Fig. 1. The basic equations for such devices are the following. 

Conservation of canonical angular momentum gives us for a centered 

electron orbit: 

where 

2 
r B (r, z) == z 

<j>(r, z) 
2 

<j> == 2 ~r dr 1 r 1B
z
(r1 ,z) 

.veBo 
r == 

(1) 

(2) 

(3 ) 
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and the zero subscript refers to the values of B z and <j> at r = r
O

' z = 0 •• ' 

Neglecting the ions for the moment, we use the energy-conservation 

equation 

c 
2 2 

v z 

combined with Eq. (3) to give: 

1 

2 
c 

=--z
y 

2 = c 

1 
2" 
y 

(4) 

2 2 
The case of principal interest is y z «y , so that the end value after 

acceleration may be written simply: 

= (6 ) 

where the subscript f refers to the end position of the orbit. If we 

require magnetic moment conservation, then 

from which follows 

(
BB

f

O )1/2 
Y·zf = = 

(7) 

(8) 

as noted above. This choice, however, is arbitrary, and we may elect 

instead to expand r to a lesser extent or even to reduce it or modulate 

its z-dependence. A convenient choice for analysis is to hold r con-

stant, so that 
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(9) 

For simplicity, we will confine ourselves to r = const. orbits in 

what follows. This is the case illustrated in Fig. 1. The internal 

solenoid must be wound so as to satisfy Eq. (1). To see the gross 

features of the flux-plumbing, we approximate the orbit as lying just 

within a constant, external axial field B and just outside a constant 
ze 

internal magnetic field B.. Then Eq. (1) implies 
Zl 

B 
ze 

B. 
Zl 

-y- = const. (10) 

This is satisfied conveniently by letting B
zi 

pass from BO to 2B
f 

- BO 

while B ze drops from BO to Br 

More generally, the detailed magnetic-field structure near the 

orbit, as given by Eq. (1) and by the equations V • B = 0, V XB = 0, 

must obey: 

vB z 
az 

vB 

= -

af- = 0 

vB 
r 
~ 

= 
vB 

z 
ar 

To first order in r 1 = r - rO we then have 

( 11) 

( 12) 

(13 ) 

(14) 
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( is) 

with f(z} arbitrary. 

As far as the unperturbed orbit':c is concerned, we can thus describe 

a static-field accelerator capable of reaching very high '( zf in a rrlagnetic

field structure of reasonable design. 

Lirrlitations on Ion Energy 

Significant lirrlitations on '( zf COrrle in as soon as one considers 

the problerrl of electron focussing. 

If we require, first of all, that the ring be self-focussing, this 

sets a lower lirrlit on the ratio N./N of ions to electrons. At the end 
1 e 

of the acceleration process the condition is: 

N. 
1 

N 
e 

(16 ) 

Repeating the derivation of Eq. (S) so as to include the ions in the 

energetics, we find on the other hand, an approxirrlate upper lirrlit. 

~:.: 

N. 
1 

N 
e 

< 
rrl 
M- (17) 

If the ions of the electron ring initially have equal and opposite angular 
rrlOrrlentUrrl relative to the electrons, they will follow the sarrle trajec
tory as the electrons. We aSSUrrle he re that this is the case. (If the 
ions initially had ve=O, they would acquire during the axial accelera
tion an angular rrlOrrlentUrrl equal to the initial electron rrlorrlenturrl, 
and of the sarrle sign. The resultant radial outward force on the ions, 
as seen in the ring rest frarrle, is of order eE r = eBOrrl,(/M, where rrl 
and'( refer to the electrons, and M to the ions. It is easy to see that 
if y is at all appreciable, the ions cannot be held radially by an elec
tron ring of practical pararrlete rs. ) 
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'" From (16) and (17) we then have: 

(18) 

This result is still extremely favorable, since proton energies in the 

10-100 GeV range can be envisaged. (For this purpose, an electron 

ring of ""500 MeV could be energized in a high-magnetic-field betatron 

section identical with the injection end of the accelerator of Fig. 1.) 

More severe restrictions on 'Y zf come in as a function of the initial 

energy and angle spread of the ring electrons. This is easy to see by 

noting that the static-field accelerator is essentially an inverse betatron, 

which undoes in space the 8-acceleration that a normal betatron would 

provide in time. Seen in the ring rest frame, the radial focussing 

problem is in fact identical with the betatron problem--or rather, with 

its inverse. Variations Or in orbit radius, due to different initial 

energies, are strongly amplified along z by the static accelerator: 

( 19) 

(There is also a resultant spread in axial velocity.) Radial oscillations 

due to the initial spread of the centers of gyration are also amplified, 

but not so strongly: 

(20) 

The resultant enlargement of the electron ring causes the electric 

field of the ring to drop by a factor of 'Y zf in the case of initial energy 

spread (19) and by a factor of 'Y z//2 in the case of initial angular 

spread (20). If, on the other hand, we could neglect the external-field 
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defocus sing and consider only the effect of the self-field, then the ring 

would have very little change in dimensions or electric field provided 

(16) is overfulfilled by a factor of 2 or so. In that case, the length of 

the static -field accelerator need be no greater than that of an RF 

accelerator in the same energy range. 

Sufficient ring self=focussing to overcome the ring-enlargement 

due to angular spread (20) could indeed be provided; but to overcome 

the radial spread (19) in this way would require ring currents of impracti-

cal size. An alternative approach is to make orO so small that Or 

remains mode rate even if Eq. (19) applies. In the absence of instabili-

ties, this would automatically happen if the ring were injected at v ef 
and then energized by betatron acceleration to veo: the subsequent 

axial acceleration merely restores the ring to its initial parameters at 

injection. 

A difficulty in providing focus sing by means of large ring currents 

and small energy spreads is that both these features tend to promote 

cooperative ring instabilities. (Single-particle orbit stability is simi-

lar to that in a betatron, and should be manageable.) The problem of 

maximizing '{ zf in a static -field accelerator is thus seen to reduce 

mainly to the matter of finding focussing techniques compatible with 

ring stability. For example, RF-focussing could be introduced; but 

even if we confine ourselves to static magnetic fields, there are several 

possibilities. An axisymmetric Be-field, based on an axial current 

within the internal solenoid can be used to reduce the or-amplification 

1/2 
[Eq. (19)] from orde r '{ zf to orde r '{ zf • The introduction of this 

~agnetic-field component transverse to the ring trajectory produces a 
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'"' radial stress on the ions, which must be compensated by the ring elec-

tric field or by adjusting the initial ion ve and departing from the 

constant-r ring trajectory. Since the magnitude of the required Be 

-1 
is only of order Y zf however, relative to B O' this approach to focussing 

apppears to be practical. More generally, one could use the Be-com

ponents of nonaxisymmetric multipole windings. It also appears that 

the periodic modulation of f{z) and r{z) may be helpful in focussing, 

though again introducing a stre s s on the ions 0 

We note, finally, that there are many practical limitations on Yzf' 

for instance the synchrotron radiation loss during initial energization 

of the electron ring. There are also mechanical levitation and stability 

problems connected with the internal solenoid, but these are relatively 

trivial. On the whole, the operation of a static -field accelerator, at 

least in the ion-energy range 2: 10 GeV, appears to be a serious 

pos sibility. 

REFERENCE 

1. Acceleration by the Coherent Field of an Electron Ring, Draft 

Outline for the Symposium on Collective Field Accelerators, 

Berkeley, February 1968. 
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ACCELERATION OF POSITIVE IONS 
WITH A SWEPT BEAM OF ELECTRONS 

R. M. Johnson 

Lawrence Radiation Laboratory 
Berkeley, California 

February 23, 1968 

WC/ERA-33 

The principle of acceleration using a beam of free electrons to 

form a potential well to hold positive ions and eventually accelerate 

them has been pursued by Russian scientists 1 with some recent success. 

UCLRL is now studying this electron ring accelerator method (conceived 

by the Rus sians) to see if machines of this type may be practical for 

physics research. 

I propose another method which uses only a swept beam of elec-

trons (in a manne r similar to that used in cathode ray tubes) to accel-

erate protons or positive ions. The schematic diagram (Fig. 1) illustrates 

the principle. 

The beam of electrons would be formed by an electron gun using 

a voltage, VO' of say 100 kV. The electron velocity would be -e/2 

(13 = 0.547) at 100 kV. This electron beam would then pass through a 

focusing lens, sweeping or deflecting electrodes (or magnets) to an 

acceleration region. Here the electron beam would focus to a cross-

sectional radius, a, with a beam current of magnitude 10 , to produce 

a radial electric field, 8 E ,at the beam edge of -10 volts. max 

One sees from the graph (Fig. 2) that various combinations of 

current and cross -section will produce electric fields of 10 8 volts per 
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meter. For example, .... 60 amperes at 1/10 mm radius or -600 amperes" 

at 1 mm radius may be practical. 

I do not know how difficult it would be to produce such a beam of 

electrons at 100 kV. There exist electron microscopes and electron 

beam welding machines that operate in this voltage regime with beam 

cross-sections at least this small but probably not at such high currents. 

One needs to know if 60 to 600 ampere currents will focus to such small 

radii and whether there are possible instabilities. 

You will notice I have arranged to have the beam pass between 

bending magnets in order to form a kink in the beam in the line where 

the ion acceleration takes place. The idea here is to prevent the ions 

from being lost in the upstream or downstream part of the electron 

beam. Since the potential well only exists strongly in the direction 

transverse to electron beam the ions would tend to slip up or down the 

electron beam if there were no kink. With the kink, ions can only go up 

or down the electron beam by moving faster than the sweeping electron 

beam or by moving into a region of the electron beam where a large 

electric field will force the ion back toward the line of acceleration. 

The collector electrode is a means of regaining most of the 

kinetic energy remaining in the electron beam after passing through the 

accelerating region. 

Since the ions are accelerated by the sweeping action of the elec-

tron beam, the rate of acceleration is limited to E . This is an ad-
max 

vantage over the electron ring accelerator, (ERA), where the accelera-

ting field is limited to E (M /M.), the ratio of the electron to ion 
max e 1 . 

8 
mass. Thus if E is -10 volts per meter it should be possible to max 

give the ion "'10 8 volts in a meter of sweep. 



-221- WCjERA-33 

In practice I feel the dimensions, X and Y, of such a device 

will be approximately equal and range from "'1 meter to -10 meters, 

maximum. The possibility of cascading these sweeping accelerators, 

while theoretically possible, seems technically difficult because of the 

problem of accurate timing of cascading sweeps. If this timing prob

lem could be solved then a linear cascade of sweeps of say 1000 meters 

could produce ions of -10
11 

volts or 100 GeV. 

REFERENCE 

1. V. 1. Veksler, et al., Collective Linear Acceleration of Ions, 

International Conference on Accelerators, 1967. 
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NOTES ON RELATIVISTIC KINEMATICS 

J. D. Lawson 

Rutherford High Energy Laboratory 
Chilton, Didcot, Berks., England 

February 7, 1968 

WC/ERA-13 

These notes supplement those give~ in ERAN-l, Section 6. 

Veloci ties are given in units of c. Then 

~Jl velocity of electrons in frame of reference with respect 

to which ring is at rest. 

~ft velocity of ring in lab frame. 

~T velocity of electrons in J.ab frame. 

These are related to the corresponding yls as 

222 
y" = ~Ii YII + 1, and 

By the composition of velocities 

2 2 ~ 2 
~..J. +~" = T 

( 1) 

converting to yls yields 

YT y" yJ.. . 

Also, the angle in the J.ab frame is given by 

tan e 

Let us assume for the moment that the minor cross section of the ring 

is circular with radius aO in the frame of reference with respect to 
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• which the ring is at rest. (This will not in general be true in the 

actual accelerator.) (See WCjERA-12.) 

Then in the lab frame the ring is foreshortened in the ratio 

l/r" ' but the electric field exerted on the ions remains constant. 

_~_ll:o 

·--·----t-----

This follows from the Lorentz contraction of a rigid body. It 

is not perhaps immediately evident however that the ring is a "rigid 

body. " The cri terion for rigidity will now be sought. 

First we consider a body which is clearly not rigid, name1y 

two electrons far enough apart for their interaction to be neglected. 

We assume for the sake of argument a dc accelerator, through which 

the two electrons pass. Let them have velocity ~l before entry, 

and ~2 after leaving 

Then the separation between them as 

in the accelerator from to 

seen in the lab frame increases 
~2 

x
2 

-- x If however we put in 
~l 1· 
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at the same time a rigid rod of length Xl} it decreases in length to 

= (Furthermore, a number of rods which are end to end 

just touching before they enter the accelerator will come out separated' 

--this may at first sight appear paradoxical, but ceases to be puzzling 

if one thinks of a stream of cars bumper to bumper which accelerates.) 

The reason for the contraction can be readily seen if one remembers 

that the rod is really an ensemble of coupled oscillators. As the mass 

of the individual electrons increases with increasing ~,' the oscillators 

damp adiabatically and their amplitude decreases. The ions in the ring 

form rather a simple oscillator, and the mechanism for this damping may 

be readily seen. 

The equation for a harmonic oscillator is 

MX + ex o (4) 

where M is the mass and e the spring constant. The angular frequency 

is ill = -Vc7M and the energy associated with an amplitude Xo is 

The adiabatic invariant is W = -21 e 2 Xo 

W 
ill 

const. (5) 

For a relativistic particle the longitudinal mass is cc 13, 

furthermore the spring constant, which arises from the longitudinal 

electric field of the charges is oc 1 (in the lab frame). It 

follows from Eq. (5) therefore that Xo oc 1/1, i.e. the oscillators 

damp as 1/1' 

For Lorentz contraction we need adiabatic behavior, this should 

occur if 01/1 during one cycle of oscillation is small. This condition 
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* "will hold in ERA, (assuming smooth acceleration)" • 

In the transverse direction M ~''Y, and the electric field E oc '12. One 

might therefore expect the tr,ansverse amplitude to decreasE; as 

It must be remembered however that the charges form a current, which 

produces a magnetic field of magnitude 13
2 times the electric field, 

giving a decrease of effective field in the ratio 1/(1 - 132) 2 
= '1 . 

The spring constant is thus weakened as 1/'1 and together with the 

increased mass 'YM this gives xo invariant, but a frequency in the 

lab frame of 'm/'Y' 

To summarize 

Longitudinal Transverse 

Mass '1
3 

'1 

Spring constant '1(1 _ 132 ) -1 
'1 '1 

Variation of amplitude -1 
1 '1 

Variation of frequency -1 -1 
'1 '1 

* The validity of this assumption must be investigated. 

Postscript: These arguments are very woolly and may not be correct 

in detail; the subject needs a more careful appraisal. 
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COMPUTATIONAL PROGRAM 

L. Jackson Laslett 

WC/ERA-1 

Lawrence Radiation Laboratory, Berkeley 

We thought it might be useful for me to describe very briefly 

some computer programs we have been setting up for application to the 

electron-ring program here, and to report on certain of the initial 

results that might be relevant to the work of this Conference. 

As described in ERAN-16, these programs are of two types: 

(1) The first type essentially is concerned with the question 

of particle handling--either concerning the fields and 

dynamics of compression, or with the fields one might 

maintain down the acceleration tube--and 

(2) The second group of programs concerns the fields of the 

beam itself. (Some computations similar to those of the 

first type have also been programmed and performed at 

Livermore. ) 

The first of these topics was important to us in planning for 

model experiments in which one would try to create and compress a ring. 

This topic is only indirectly relevant, however, to the theme of this 

Conference, which is dedicated primarily to the stability of rings per 

se. In reporting here on this work, therefore, it will be only with 

the object of indicating the type of compression schedule that we have 

thought of trying. If one suspects instability problems during this 
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stage of the operation, the parameters to be mentioned then may define 

an example that will be a convenient frame of reference for discussion, 

and reasons may emerge for modifying these parameters in the interests 

of stability. 

One of the programs (called COILS) visualizes a number of con-

centric coil pairs with a common median plane, and presumes that all 

are pulsed together. The pattern of the median-plane field is calcu-

lated for this system, and the contraction of the orbit radius is 

computed on the principle that the canonical momentum conjugate to 

the azimuthal angle is a constant of the motion. 

It was suggested in the "Draft Proposal" (ERAN-l) that r ex: I/IH 

and p ex: ~, where H is the field at the orbit of the particle. This 

is true for a "scaling field" B(r,t) ex: f(t)r- n (so AlB ex: r, where 

27TTA = flux enclosed by the orbit), and data obtained with the "COILS" 

program show this damping law to be approximately followed with fields 

of the type produced by some simple coil-pair systems. 

The minor dimension of the ring, however--to the extent that 

it is due'to betatron-oscillation amplitudes--will be expected to damp 

adiabatically in a way that depends on the local instantaneous field 

and on the local n-value. Thus 

I I 
6.z ex: -- • ~ 

-VH Vn 

Since in practice we would wish to have a low mirror ratio at the end 

of compression--in order to expedite later extraction of the ring into 

the acceleration pipe--it will be desirable as well as expedient to 
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have n low at the end of compression. For this reason, the axial 

dimension of the ring accordingly will be somewhat larger than other-

wise expected, but only as influenced by the weak proportionality to 

-1/4 n . 

The use of coil .pairs that effectively are in series is wasteful, 

however, because unnecessary energy is put into the field when one con-

tinues to pulse a large coil after the orbit radius has become small. 

Our PULCO program permits us to analyze what appears to be a far more 

satisfactory system. In this system we first pulse the largest of 

three pairs of coils, allowing the current to build up until the ring 

of injected electrons has shrunk from an initial radius Po to some 

desired Pl' This first pair of coils is then short-circuited and the 

second coil pair is pulsed--to a level that shrinks the orbit radius 

to a prescribed P2 ' At this point, finally, the second coil pair is 

also shorted and the third set of coils is turned on. 

The sequential shorting of the coils has the effect, approxi-

mately, of maintaining a constant circulating current in these coils, 

and, more exactly, of maintaining a constant flux-linkage-through the 

coils in question--in the face of possible induced electromotances 

from pulsing other coils. [The self- and mutual inductances required 

to allow for this coupling can be computed from a separate program 

(INDUCT), or can be evaluated by initial preparatory computations within 

the PULCO program if the cross-sectional dimensions of the coils are 

given.] What is interesting about the results is the range of local 

n-values that might be experienced by the electron ring during its 
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.. 
compression by such a system. We would wish to begin with an n-value 

near 0.5 at injection) so that there is the greatest latitude for 

space-charge effects in the two transverse directions. Of course this 

is not a firm value) and presumably one could chose a somewhat larger 

injection radius where the n-value of the coil-field is possibly as 

great as 0.6. 

As the orbit moves in) its local n will decrease) and at some 

point a second coil pair can be employed to produce further compression. 

This may occur at a radius where the n-value of the second coil-pair 

alone would be quite large) since for a while the field shape will be 

primarily determined by the circulating currents in the first coil. 

When the orbit has moved in sufficiently) the third coil pair may be 

energized) and) by the end of the process) the n-value of the field 

will be determined almost entirely by this last coil. 

In this final situation) at the end of injection) we would 

wish the n-value to be quite low) so that there is only a relatively 

modest "magnetic mirror" to be overcome later during extraction. It 

thus appears that one necessarily will carry the beam through a series 

of n-values) and correspondingly through a series of values of betatron-

oscillation frequency (for example) of V ). z 

One Example: Coil Pair Radius Half-Gap 

1 32 cm 24 cm 

2 20 15 

3 10 5 (Helmholtz spacing) 
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Orbit Kinetic 
Radius Energy n

l n2 n3 neff 
(cm) (MeV) 

Injection 20.0 4.0 0.62 0.62 (750 gauss) 

End of stage 1 17·5 4.4 0.41 1.9 0.41 

During stage 2 16.0 5·0 0·32 1.4 0·52 (local max.) 

End of stage 2 9·0 8.5 0.07 0.24 2·9 0.20 

End of Contraction 3·5 20.0 0.01 0.025 0.03 0.03 (20 kgauss) 

At the end of this contraction process, when the field at the orbit is 

about 20 kilogauss, the total energy in the magnetic field will be about 

28 kilojoules and the axial betatron oscillations will have damped to 

about 4/10 of their original value--this shrinkage is 

-1/2 -1/4 4 4 4 6Z « H n =0.19 x2.l = o. 15. 

For reasons we might return to in a moment, we had thought that it would 

be at this stage of compression that one would undertake to load the 

electron ring with positive ions. 

Another computing program (EXTRAC) in this same group provides 

the field components off the median plane (as a function of z for vari-

ous radii), and so gives a numerical indication of the mirror field. 

One other program (JINKS), that has just come into operation, gives 

the fields produced within a circular pipe by surface currents, azi-

muthally directed, whose strength varies periodically with position 

down the pipe. This will permit one to investigate means of realizing 

peristaltic or AG focusing fields down the accelerator portion of the 

device. 
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With respect to the question of loading the electron ring with 

ions) we might inquire concerning the consequences of loading prior to 

completion of compression--perhaps with the object of influencing ring 

stability in some favorable way. These ions will be formed by ioniza-

tion throughout the area actually occupied by the circulating electron 

beam) and will be held by attractive electrostatic forces that essenti-

ally vary linearly across the beam. If the contraction then continues) 

the amplitude of these oscillations will vary adiabatically as 

1/ ~Spring constant) as long as the ions remain within the beam. 

Since E ~ _2~r/b2 = _(Q/vab
2

)r) the spring constant will be propor-
r 

tional to b-3) provided the major and minor radii (a and b) damp 

together. Thus the oscillation amplitude may be expected to vary as 

b3/ 4 
and hence not shrink quite as fast as the minor radius itself. 

For this reason) at least) it seems somewhat cleaner to think of load-

ing the beam with ions after compression is complete (see ERAN-14). 

The second category of computations may relate more directly 

to topics of interest to this Conference. In regard to the potential 

well and the associated electric and magnetic fields of the electron 

ring) we are inclined to make our first estimates on the supposition 

that the beam is straight. This may not be a drastically incorrect 

assumption for the potential drop within the beam) but one certainly 

is uneasy about this assumption when calculating the space-charge 

fields that for a straight (unneutralized) beam show the well-known 

1 - ~2 cancellation of electric and magnetic forces. It seems desir-

able) therefore) to examine the effect of curving the beam into a ring. 

For this geometry) a beam of negligible cross section gives 
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potentials and fields that require complete elliptic integrals for their 

specification in closed form) and such expressions must now be inte-

grated over the cross section. This we have undertaken to do numerically) 

by a simple-minded summing procedure) for the potential and fields of a 

ring of circular cross section and a ratio of major to minor radius 

(a/b) equal to 40. From the internal consistency of the results) we 

believe that the fields are reasonably free of numerical error (trunca-

tion) from the integration. Most particularly) the difference 

E - (-B) and likewise E - B can be computed for ~ = 1) and so indi-
p z z p 

cate directly the extent to which one fails to obtain the cancellation 

expected for a straight beam. 

The results have been summarized in ERAN-8. Basically) one 

expects a certain "bias" in the field) in that E and B at the center 
p z 

of the beam are each about~/2~ £n 8a/b times the magnitude of the field 

that would be calculated at the edge of a straight beam of the same 

minor radius and the same charge or current density. The numerical 

work indicated that E and B in the direction normal to the plane of z p 

the ring varied ~uite linearly with respect to the distance from the 

center. The components E and Bz in the plane of the ring exhibited a 
. p 

linear plus quadratiC variation) but the average linear trend across 

the beam could be obtained from the data. 

If these slopes are interpreted in the usual way as leading to 

a tune-shift due to space-charge) one infers that the usual formulas 

for the tune-shift should be increased by the following correction 

factors because of the failure to achieve complete cancellation of 

electric and magnetic forces in the limit ~ ~ 1: 



Axial: 

Radial: 
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1 + 0.0014/ 

2 
1 - 0.00271' 

WC/ERA-l 

for a ring of the aspect ratio considered (a/b = 40). It is seen that 

these correction factors would have a magnitude of 4 or 5 for I' = 47 

(the value suggested in the Draft Proposal); at low energy (e.g., at 

injection), however, the correction factors would not differ markedly 

from unity. 

It may be that this matter should be pursued further-~possibly 

if the ring parameters are modified from those assumed here, or, more 

particularly, if the ring cross section is found to be distinctly non-

circular. 

A somewhat related computation, for which the program is just, 

now being written (RIMIC), concerns the modification of these fields if 

the ring is situated (concentrically) within a long conducting tube of 

circular cross section. In this geometry, the field components felt 

by an individual particle will be modified, in strength and gradient, 

by contributions from the charges and currents induced on the wall of 

the conducting tube ("images"). It may be anticipated that when the, 

ring radius (a) is almost as great as that of the tube (R), so that all 

elements of the ring are close to the tube wall, the image fields will 

be very similar to those that can readily be found for a straight beam 

running above a single plane conducting sheet (incoherent image-field 

coeffiCient, El = 1/8). Hopefully, more explicit computational results 

should be available, for anyone interested, prior to the end of the 

Conference (see WC/ERA-7). 
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A related problem, that (so far) we have not formulated for 

possible computational investigation is that of the fields due to an 

off-center ring in a conducting pipe. One might think that so-called 

"coherent" image-field coefficients would be of interest. One must 

take care not to think too literally, however, of our electron beam--

that is orbiting in a magnetic field--as simply a rigid conductor that 

might be attracted to a wall by means of image forces. If there is a 

problem here, some analytical thought would be helpful at this time. 

A similar question concerning the dynamics of an electron ring 

is touched on in a very simple way in ERAN-5. Here we consider a beam 

that is orbiting in a magnetic field so that the plane of the ring is 

normal to the x-axis, and we consider an instant of time at which both 

rand r vanish. The x-motion of this ring can be analyzed, of course, 

in any inertial frame one choses--obtaining the forces from the fields 

that prevail in the coordinate frame being employed. It is noted, 

however, that these forces do not transform from one frame to another 

in the way that one might suppose by consideration of a single force 

acting on a rigid ring. Specifically, the transformation law 

V f = f' + ~....;.-
X x 2 

c + urV 
X 

Gil . 11) 
1 1 

requires recognition of a velocity component u = u in the particle 
1 <p 

motion even though the ring as a whole has no transverse component to 

its motion. 

s s' (/hstanta..rre OU5 
rest jrCLme of r,'n;;) 
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COMPUTER PROGRAMS 

L. Jackson Laslett 

Lawrence Radiation Laboratory 
University of California, Berkeley, California 

January 25, 1968 

ERAN-16 

The following programs have been constructed, by Mrs. Barbara 

Levine, to permit use of the LRL CDc-66oo for the solution of certain 

computational problems relating to the Collective Ion Accelerator. 

Basically, the areas treated can be classified as follows: 

A. Space-Charge Fields 

1. Self-Fields of Ring 

2. Image-Field Coefficients for Ring in a Conducting 
Tube 

B. Compression Fields and Dynamics 

C. Fields from a Periodic Azimuthal Current on the Surface 
of a Tube. 

The following notes describe very briefly the function of these programs. 

Details concerning their execution are obtainable from Mrs. Levine. 

Al. Self Fields of a Ring 

One considers here a ring of charge Q 

and current I, uniformly distributed over the 

cross section (constant-~) and around the toroid. 

The major and minor radii of the ring are 

denoted a,b; L denotes the ratio alb (L > 1). 

Distances x or y to the field point are 

measured from the center of the minor cross 

section (either in the plane of the ring, with the positive direction 

radially outward, or normal to the plane of the ring), in units of b. 

Thus x = : 1 or y = 1 corresponds to the edge of the beam. 
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Electric and magnetic field components, and the electrostatic 

potential, are computed by numerical integration (double summation) 

of elliptic-integral expressions similar to those given by Smythe 

(Sec. 7.10) for the magnetic field of a slender-wire ring. The 

numerical integration is somewhat crude for an integrand of the 

character encountered here, especially for a field point just at the 

edge of the beam, but what appear to be consistent results appear to 

be obtainable by use of sufficiently small integration intervals. 

One thus specifies the ~uantity L, together with information 

concerning the size of the integration steps and the coordinates at 

which the field ~uantities are to be evaluated. Separate programs 

evaluate the 

P1BQE 

FIBBZ 

PlPEL 

PBEZQ 

FIBBR 

PBQFZ 

VAQAP 

VBABQ 

following 
2b2 

_1f __ E 
Q p 

1fb B 
21 z 

~uantities: 

in the plane of the ring (e.s.u.) 

in the plane of the ring (e.m.u.) 

2b
2 

] _1f __ [E + B == 
Q p z t3==1 

in the plane of the 
ring 

1fb B 
21 p 

21fa V 
Q 

21fa V 
Q 

E 
z 

through the center of the beam, normal to the 
plane of the ring 

through the center of the beam, normal to the 
plane of the ring 

2b2 1 b 
_1f_ E _ - ~ B 

Q z L 21 p - B J 
P t3==1 

in the plane of the ring 

through the center 
of the beam, normal 
to the plane of the 
ring 

through the center of the beam, normal to the 
plane of the ring. 
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A2. Image-Field Coefficients for Ring in a Conducting Tube RIMIC 

One computes the image-fields and gradients at the location of 

the particle beam (assumed of negligible minor radiUS), taking the cylin-

drical boundary to be a perfect conductor and imposing ac boundary 

conditions on the magnetic field (B == 0). 
n 

The scalar and vector potentials of the images are respectively taken 

to be 

v 

A 
~(kT) 
I,"TkT) II (kR) 11 (kr) cos kz dk. 

1 

One specifies one or more values of the factor 8 == T/R and obtains 

a table, vs. 8, of the following'~uantities: 

1 
f( -A), 

and an (incoherent) electric ima~e-field 
coefficient that is (n/2)(8 - 1) times this 
latter ~uantity; 

and an incoherent 
field coefficient 

(1/4)(8 - 1)2 times this last ~uantity. 

image
that is 
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[The image-field coefficients mentioned above, denoted El,E and El,M' 

respectively, each approach the value 1/8 when S approaches unity, 

as would be expected for a straight beam passing above a single 

conducting plate.] 

Bl. Compression Fields and Dynamics, for Series Coil Fairs 

One considers one or more pairs of 

co-axial coils with a common median plane, 

pulsed together so that the ratio of their 

currents (or the ratio of their ampere-

turns) remains constant. The radii and 

half-spacing of these coil pairs (assumed 

to be constructed with negligible minor-

dimension cross section) are denoted 

Ri , Gi (i = 1, 2, "'M), and their 

respective currents (ampere-turns) by J .• 
~ 

i 
I 
I 

I 
I 
~ 

COILS 

Gr 

The following quantities are computed and printed, for each of 

a specified sequence of points situated at a radius x in the median 

plane: 

The magnetic field,B, ~lllB:.lized to be unity at x = l. 

N, the n-value (field index) of the above field. 

The vector potential, A, for the above field. 

A/B 

The quantity F xA, that is proportional to the flux 
through a circle of radius x at a 
given time. 

--
l~ 

z --
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1 
P x - AlB} a quantity proportional to the linear 

mechanical momentum of a particle whose 
circular orbit moves in to the radius x 

H 
P X } 

H/B } 

(as a result of the constancy of the canonical 
momentum conjugate to the azimuth angle). 

a quantity proportional to the magnetic field present 
at the circular particle orbit at the time that the 
particle is describing this orbit. 

a factor showing the relative growth of coil current 
as the particle orbit moves from one radius to another. 

W INI 3/ 4/(IHI 1
/

2 N)} a factor supposed to be proportional 
to the z-amplitude of axial betatron 
oscillations if this amplitude damps 
adiabat:ifr;ally in a mann Eft proportional 
to H-l / 2 and to n -l/~. 

B2. Compression Fields and Dynamics} for Flat-Topped Coil Fairs PULCO 

One considers one to three pairs of co-axial coils} with a common 

median plane} into which a particle of linear mechanical momentum 

(magnetic rigidity) Po (gauss.cm) is to be injected at an initial orbit 

radius Po cm. 

The pulse current is considered to rise in the first coil (the 

remaining coils .being open circuited) until the particle orbit radius 

has shrunk to a specified P
l

} and this coil is then short circuited 

(so that the magnetic flux linking this coil may be assumed to remain 

constant thereafter). 

The second coil is then pulsed until the orbit radius shrinks to 

a specified radius P2} and then this coil also is short-circuited. 

Finally the third coil is pulsed until the orbit radius shrinks 

to a specified value P
3 

that terminates the computational run. 
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In using this program, one has the option of introducing or 

omitting coupling coefficients 

= 

that, if used, will adjust the currents in the shorted coils so that the 

flux linkages through these coils remain constant even when the neigh-

boring coils are pulsed. These coefficients can be entered as input 

parameters, or they may be computed automatically from the inductance 

matrix; the inductance matrix in turn can be computed internally if the 

cross-sectional radii of the individual coils (assumed to be of circular 

cross section) are specified (in addition to the major radii and half-

spacings), and elements of this matrix can be overwritten if experimental 

mutual inductances (and/or self inductances) are to be used. 

The program computes and prints the following quantities at each 

of a specified sequence of values for the orbit radii in the range 

P, the linear particle momentum (magnetic rigidity) of the 
particle when its orbit radius has shrunk to the value 
r , (gauss·cm). 

T, the kinetic energy of an electron with the above 
momentum, (MeV). 

the currents in the respective coils at the 
instant mentioned, (ampere.turns). 

H, the magnetic field at the orbit, (gauss). 

E, the field energy of the magnetic field at this instant, 

~ ~,j Ii I j , (joules). 



N, 

w, 
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the n-values of the field contributions from the 
respective coil pairs. 

the n-value of the composite field at this instant. 

the presumed amplitude of axial betatron oscillations, 
normalized to unity at injection (see Section Bl). 

B3. Mirror Fields from Compression-Field Coils EXTRAC 

For one to six pair of co-axial coils, such as those described 

in Section Bl (Radii R. cm, Half Separations G. cm, Currents J. amp), 
l l l 

the following Cluantities are computed and printed for specified values 

of radius (p) and axial coordinate (z): 

B z 

Bz/BO 

B at z == 0 
z 

Bz I/BO: d(Bz/BO)/dZ 

[The fields are given in gauss (or in kilogauss, if the J' S are regarded 

as expressed in kiloamps).] 

B4. Self- and Mutual-Inductances INDUCT 

Up to as many as six co-axial coil pairs, with coincident median 

planes, are considered. Major Radii == a., Minor Radii == b. (for a one-
l . l 

turn circular cross-sectional winding on each coil of a two-coil pair), 

Half Spacing ~ h., all dimensions being in centimeters. The matrix of 
l 



-244- ERAN-16 

self- and mutual-inductances, in Henrys, is printed. 

Cl. Azimuthally-Directed Current Windings on the Surface of a Circular 

Cylinder JINKS 

Azimuth~lly-directed current windings are visualized on the 

surface of a non-magnetic circular cylinder of radius R, with the 

linear current density J (amps/cm, dc) a periodic function of z 

(period L). The input data concerning the current can be given either 

(i) in the form of a column of values (to represent non-zero current in 

the interval W/2 < z < L - W/2), (ii) by giving the coefficients of a 

simple quartic polynominal that expresses J for the interval 

W/2 < z < L - W/2, or (iii) by specifying the coefficients of a 

trigonometric series that represents this current density. 

Magnetic field components (gauss) within the cylinder are 

evaluated and printed for specified values of the radial coordinate 

and for a specified sequence of values of z through the one-period 

interval 0 < z < L. In addition, Bz is printed for points just 

outside the current layer for these same values of z. 

The analysis on which the computations are based employs a 

trigonometric series to represent the current density J, and then 

develops the fields in a suitable series of terms that involve 

Modified Bessel Functions (radial dependence) and circular functions 

(z dependence). The values of J that are numerically implied by 

this actual trigonometric series are printed out prior to printing 

the field components. 
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CONCERNING THE FORCE ON A CURRENT RING IN AN 

ELECTROMAGNETIC FIELD 

L. Jackson Laslett 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

December 6, 1967 

One may be concerned with the motion of one or several 

identical charged particles moving in roughly circular or helical 

paths under the influence of an imposed magnetic field and additional 

electromagnetic fields. The circulation of charge is often then 

regarded as a current, and one is interested in the force acting on 

the ring as-a-whole. 

The dynamical equations of a particle of course can be 

written and analyzed in any inertial frame of one's choosing. It is 

the purpose of this note to point out, by means of an example, that 

one must exercise restraint, however, in attempting to transform the 

force on the ring as-a-whole from one such inertial frame to another. 

We consider a ring 

current formed from N 

particles, each of charge 

q and rest-mass m , whose o 

motion will be described in 

terms of cylindrical co-

ordinates (x,p,~) of inertial 

coordinate systems. The 
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electric and magnetic fields will be assumed to be ~-independent and 

derivable from a single-component vector potential: A = A(x,p,t)e , 
~ 

with 

t = _ 1 dA A 

C dt e~ , 

It = 'V X A = 1 d ( pA) A PdP ex 
dA A 

- "'\"" e ex p 

Gaussian units are employed, with charge and current in esu. 

In broad terms, the situation with which we shall be 

concerned is that in which, at a given instant all charges (if more 

than one are present) lie in a common plane perpendicular to e The x 

orbit(s) ,prOjected onto such a plane are at least roughly circular, 

and the circular orbit or "ring" moves forward (in general) in the x-

direction. 

In any inertial frame, say the (unprimed) "laboratory frame", 

the dynamical equations are conveniently derived from a Lagrangian 

function. l 

.2 .2 2.2] , 
x +:2 + p ~ + ; p~ A(x,p,t). 

For the purposes of the present illustrative example, we shall, in 

the interest of simplicity, restrict our consideration at an early 

stage of the detailed analysis to examination of the equations of 

(1) 

motion at that instant of time at which (due to suitable fields) p and 

p each vanish, with p = a at that time. For interpretation of the 

equations we may also wish to write,. for N particles, 



I 

"circulating current" (esu). 
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U 

Nr1 -L 
':I. 2:n:a 

The eCluations of motion that follow from ECl. (1) are 

[AJ 
.2 

d 
m pcp 

0 --
dt 

H 1 - u
2 

c 

and 

2. m p cp 
9. pA 0 

+ n c 

1 - u
2 c 

where 

= 

Cl . - - pcp B c p 

- 9. u B c cp p f x 

9. pcp 
c 

[!. O(pA)] 
p dp 

9. u B f c cp x p 

const. , 
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(2a) 

(2b) 

(2c) 

These ECls. (2a-c) are, of course, well known; in the special instance 

that 1:5 = P 0, p = a they assume the form: 



or 

.2 
m pcp 

o 

-Vl -u: 

m 
o 

c 

-Vl - u: 
c 
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u cp 

9:. u B 
c cp x 

9. a B 
c x 

and, by differentiation of Eq. (2c) and some simplification, 

mu u u U +uu u 
o cp ~ x x cp cp q[2 B + E ] +m 2 

[ u
2t2 = . 

~l _ u: 

0 c p cp c 
1 - '2 

c 
c 
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(3c) 

In particular, the right-hand equality of Eq. (3a), if summed over the 

particles that constitute the ring current, assumes the attractive form 

F x 
I 

= - 2rca - B 
c P 

(4 ) 

representing the force experienced by a length 2rca of ring current Ilc emu 

due to the "r X B force" in the magnetic field B e 
p p 

One may feel assured that equations of the same form as those 

written above would be valid concurrently if written entirely in 

terms of quantities u', ... , t', B', ... , E', f', ... that apply in x x cp. x 

any other inertial frame S' moving with a constant velocity ve with x 

respect to our original frame. This would be true in particular, then, 

for a frame Sf in which the ring is instantaneously at rest ("rest frame," 

u f = 0). It will be of interest to investigate explicitly the trans
x 

formation of the left- and right-hand members of Eq. (3a) to such a 
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rest frame. It may be instructive, however, first to transform 

E'l. (3b) by expressing all the 'luantities that appear therein in 

terms of appropriate 'luantities measured in the st system in which u t o. 
x 

and 

With u == V, x 

B 
x 

Bt 
X 

u t 

cp' 

E'l. (3b) becomes, after some easy algebraic simplification, 

m o 

,r-:;?-
Vl 

- ~ 
c 

~ a Bt 
c x 

(in which u t = u t
, since both u t and u t are zero in this "rest frame"). cp -- p x 

It is seen that, as expected, E'l. (5) is of the identical form as E'l. (3b), 

differing only in being expressed in terms of 'luantities measured in 

2 the new st frame. 

It is now informative to undertake a similar transformation 

of the extreme left- and right-hand sides of E'l. (3a) as written, but 

not for the present undertaking to re-express fx in any other pre

sumably-identical form. With3 

u 
x u t V 

x 
1 + -2-

c 

u cp 

uNl -i cp 2 
c 

utV 
1 + _x __ 

2 
'c 
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(in which for our special example we may put u' 
x 

o following whatever 

differentiation operations are required), 

and 
B' - ~ E' 

B = P c cp 

P -Yl _ v: 
Eq. (3a) after some simplification becomes 

+ ~2 '2 )11 
u + u ~ x cp 

2 
c u' 

x 

c 

= f = - 9. u' [B' - ~ E']. (6) 
x c cp p c cp 

o 

One can readily check the validity of the statement, expressed 

by Eq. (6~ that the extreme left-hand member of that equation is , 
equal to the extreme right-hand member: 

(i) The relation 

- 9.. u' B' 
c cp p 

f' 
x 

is simply Eq. (3a) written in terms of the quantities that apply in 

the frame S'. 

(ii) Also the relation 

mV 
o 

'2 
u + 

x 
2 

c u'=O 
x 

u'V 
qiE' 

2 cp 
c 
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from which the common factor V can immediately be cancelled, can 

be Quickly chec'ked by rewriting it as 

Q E' cp (7b' ) 

this last form (7b') can be seen to be the result obtained by writing 

EQ. (3c) in the S' system and setting u' = 0 in the result. x 

It is now evident, from a comparison of EQs. (6) and (7a), that 

f f f' , but that the relation instead is 
x x 

f 
x 

V 
f' + Q-u' E' x 2 cp cp 

c 
(8) 

The relation expressed by EQ. (8) is not in itself surprising. Although 

force components in themselves do not directly constitute the spatial 

part of a 4-vector, they are simply related to the components of the 

4-vector Minkowski force,4 and the relation5 

f 
x 

f' + 
x 

V 

c2 
+ u'V 

x 

becomes in our special example (u' 
x 

f 
x 

f' + ~ u' f' 
x c2 cp cp 

0, ~l u' ) cp 

The result expressed by EQ. (9b) is immediately seen to be identical 

to that given by EQ. (8) when we make the identification f' = QE' . cp cp 

We now note that the relation expressed by EQ. (9b) would not, 

if summed over many particles of a ring current, lead to F eQual to 
x 



-252- ERAN-5 

F ' , despite the fact that in our situation the ring as-a-whole has 
x 

no transverse motion [although if we had been concerned with a single 

made a Lorentz transformation V = Ve to a rest frame x particle and 

in which the particle were truly at rest the equality would apPly6] . 

Equation (7a) does, however, if summed over the particles that constitute 

the ring current, lead to the attractive form 

F' -2rca 
II 

B' (10) = x c p 

[analogous to Eq. (4) J, in which 

or 

u I/~l - ~ II Nq -.L 
2rca 

I = ~ 1 - ~ I I ("slowing down" of moving clocks). 
c 

Despite the validity of the relations expressed by Eqs. (4) 

and (10) for the situation discussed here, we none the less must not 

overlook the fact that f f f' and F f Fl. 
X X X X 
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1. Cf., for example, P. G. Bergmann, "Basic Theories of Physics, 

Mechanics and Electrodynamics" (Prentice-Hall, N. Y., 1949), Eq. (21) 

p. 241. 

2. The radial dimension "a" is recognized as a transverse dimension 
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3· See any standard reference concerned with restricted relativity. 

Kinematical transformations and the transformation of field com-
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4. W. K. H. Panofsky and M. Phillips, "Classical Electricity and 

Magnetism" (Addison-Wesley, Reading, Massachusetts, 1962), Ed. 2, 

Sect. 17-5, esp. E<l' (17-51), p. 316. 

5. w. R. Smythe, Ref. 3, Sect. 16.04; esp. E<l. (5), p. 565. 

6. This follows from E<l. (9b), taken from Ref. 5, with ~ 

Ref. 4, E<l. (17-52), p. 317. 

0; or see 

* In Gaussian units, 

Ecp 
1 (E' - Y.. B' ) E' 1 (E + Y.. B ) 

Vl 
_ v2/c2 cp c p cp 

Vl 
_ v2/c2 cp c P 

B == B' B' == B x x x x 

B 1 (B' - Y.. E' ) B' 1 (B + Y.. E ), 
P 

1/1 
_ V2/c2 P c cp P 

Vl 
2 2 P c cp 

- V /c 

with B2 - E2 an invariant -- contraction of the electromagnetic field 

tensor. 7 

7. R. Becker and F. Sauter, "Theorie der Elektrizitat", Bd. I (Teubner, 

Stuttgart, 1957), p. 241. 



-254-

* NOTE ON THE COMPRESSOR COIL SYSTEM FOR ERA 

J. W. Bea1 

Lawrence Radiation Laboratory, University of California 

Livermore, California 

December 21, 1967 

This note describes some computer calculations pertaining 

ERAN-9 

to the compressor coil system design for a collective ion accelerator 

type of machine. It was desired to take a preliminary look at the 

coil system with respect to several accelerator parameters. The 

computer calculation is for dc vacuum fields with no provisions for 

eddy currents, etc. in nearby conducting elements. 

For the compressor coil system, a Helmholtz coil arrangement 

has been envisioned. It was desired to investigate for various 

coil geometries the pertinent field parameters, namely the field 

index 

n 
d in B 
d in r 

the magnitude of the field, and the mirror ratios. The inset in 

Figure 1 shows the coil geometry parameters; L is the mean axial 

distance from the coil to the symmetry plane, R is the mean-coil 

radius; in these cases the coil was a one inch square cross section. 

Figure 1 presents results of the field index versus radial 

position for several values of L/R. In the figure the radial 

position is given in units of the coil radius. From the figure it 

is seen that the area of "good n" (0.2 < n .::. 0.8) increases as 

L/R increases. For a L/R = 2.0 the useful area extends from 0.47 

to 0.94 of the coil radius while for an L/R = 0.5 the useful area 

extends only from 0.53 to 0.70 of the coil radius. 

* Work performed under the auspices of the U.S. Atomic Energy Commission. 
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As L/R· increases, however, the magnitude of the trapping 

field decreases rapidly and hence the stored energy increases. 

ERAN-9 

Figure 2 shows this result of the relation between the trapping field 

B 
z 

(r = z = 0) versus L/R for a fixed coil radius. Extrapolating 

the curve to larger L/R ratios yields the result that B at the 
z 

origin changes by a factor of 8 as L/R goes from 0.5 to 2.0. Since 

the stored energy varies as the square of the field strength 

integrated over the volume, the stored energy increases quite 

rapidly. 

Figure 3 shows the relation between the field index and the 

axial position at a fixed radius for several values of L/R. This 

information would be pertinent to injection errors and to the 

possibility of injecting off the symmetry plane. The curves in 

the figure show that as L/R decreases, the variation of the field 

index with axial position increases. However, for the ratios of 

L/R that are envisioned at this time, the resultant variation as 

shown in the figure does not appear too serious. 

Figures 4 and 5 show results of the computation of the 

axial field on the axis vs axial position for values of L/R = 0.5 

and 2.0 respectively. As shown in Figure 4 for the case of L/R = 
0.5, there is essentially no magnetic mirror corresponding to the 

case of a standard Helmholtz coil configuration. In this case 

the electron ring could be extracted from the compression ta.nk 

rather simply. Figure 5 shows a similar plot of B vs z for L/R 
z 

2.0. In this case the mirror ratio is approximately 5.7. This 

large mirror ratio presents a severe complication to extraction 

of the ring. 

Computer calculations were also made to look at the 

magnitude of field errors due to the dipole created by the lead 

connections to the coils these calculations indicate that for a 

one-connection coil system the dipole field error for the case 
-6 

of L/R = 2.0 is of the order 0.8 x 10 gauss/amp and a field 
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gradient of approximately 0.1 x 10
8 

gauss/cm-amp. For the case 

of L/R = 0.5 the dipole field error is of the order 4.5 x 10-5 

gauss/amp with a field gradient of approximately 6 x 10-7 gauss/cm-amp. 

These results follow the expected cubic dependence of the dipole 

field strength vs distance from the dipole source. 

Figure 6 presents results of a computation to determine the 

mirror ratio, on the axis, as a function of L/R, the geometry 

factor, for a Helmholtz type coil system. For this calculation 

the coils were all 1 inch square in cross-section. 

As can be seen from the figure, the mirror ratio increases 

rapidly with increasing L/R. A practical upper limit appears to 

be in the neighborhood of L/R 1.0 with a mirror ratio of 

approximately 1.5. The lower limit is clearly L/R = 0.5 where 

there is no mirror. 

The parameters of the external coils of the Russian machine 

appear to be L/R = 0.77 with a mirror ratio of approximately 1.17. 

These results indicate how some of the magnetic field 

parameters vary with the coil geometry and demonstrate some of 

the practical limitations for a coil arrangement of this type. 
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CONCERNING THE DAMPING OF ORBIT RADIUS IN A PULSED FIELD 

L. Jackson Laslett 

Lawrence Radiation Laboratory, Berkeley 

1. For study of the compression process, in an axially-symmetric 

field of a pulsed coil or coil system, it is helpful to make use of 

the constancy of the canonical momentum conjugate to the azimuthal-

angle coordinate ¢. For a negative 

charge, -e e.m.u., orbiting with a 

linear mechanical momentum P, this 

constant may be written 

Pr - rA = C, 

where P is measured in units of gauss'cm (magnetic rigidity), and A 

is the vector potential (A = A~¢). In addition, since we assume circu

lar motion at any epoch, 

P = Br. 

The quantities A and B that appear in Eqs. (1) and (2) represent the 

vector potential and field at the orbit radius r at the time that the 

particle is describing an orbit of this radius. 

From (1) and (2) one may write 

Br2 - rA = C. 
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2. The relations just mentioned can be applied to examine the 

evolution of the orbit of a particle launched with an initial momentum 

Po into a circular orbit of radius rOo 

A. A particularly simple situation is that in which the 

pulsed field retains a fixed spatial distribution: 

B(r,t) F(t).H(r). 

For this type of field, the vector potential also assumes, of course, 

the form of a function F(t) times a function of r. 

One obtains immediately from Eq. (3) 

. B(r(t2 ),t2 ) 

B(r(tl ),t1) 

[ r(r - A/B)l t 
:,Jrl'l 

= c---------~----
[ r(r - A/B)' r t 

:J 2' 2 

and one recognizes that for the type of field considered here the 

expressions r(r - A/b) on the right-hand side are each functions of 

r alone (in the sense that they depend on t only through the dependence 

of r on t). Thus one may write that 

or 

B(r(t2),t2) 

B(r(tl),tl ) 

(r(r 

[r(r 

1 
B cx: ____ _ 

at orbit r(r _ A/B) 

By virtue of (2), it then follows immediately that 

(4) 
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1 
P 0: ----

r - A/B 

It may be noted that for a "scaling field," 

B(r,t) = F(t)r-n (and only for a scaling field), A/B 0: r. 

When this condition is satisfied, we have from Eqs. (4) 

and (5): 

and P 0: l/r; 

i.e. , 

and 

( 5) 

B. The utility of the relation (l)--or equivalently of (3)--

of course is not confined to pulsed fields that retain a constant 

spatial form. If, for a given pulsed-coil system, one has available 

a family of curves, each showing Br2 - Ar ~. r for a particular time, 

then the values of orbit radius r at various times t will be given by 

the intersections of such curves with a horizontal line drawn through 

the point that lies at the injection radius (rO) on the curve drawn 

for the moment of injection (to)' From similar curves of B vs. rand 

of P = Br ~. r, one of course then can read the corresponding values 

of magnetic field at the orbit and particle momentum. 

3. The principles described above have been applied in construct-

ing computer programs described previously (ERAN-16, We/ERA-I). 

A. In the program called COILS, the field B of the given 

coil system is calculated for various radii and is normalized for some 

convenient radius (e.g., B = 1 at the radius of the first coil pair). 
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Concurrent computation of l/(r - A/B) a~d of l/[r(r - A/B)] then gives*

quantities that are respectively proportional to the particle momentum 

and to the local field at the orbit radius r. Also) the quantity 

1/(Br2 - Ar) is proportional to the current in this series coil system. 

B. In the program called PULCO) coils are successively pulsed 

and short-circuited. At any stage of the process) however) evaluation 

of P = PO(r - A/B)o/(r - A/B) permits the determination of the particle 

momentum at any desired radius) and also permits one to solve for the 

individual coil currents) local field) etc. for that instant in the 

contraction process. 

4. An an explicit illustration of the application of these prin-

ciples to a pulsed-coil system (Sects- 2A and 3A)) we may proceed as 

follows: 

(i) One may first construct a graph showing b vs. r for any 

fixed level of coil excitation) together with the corresponding plot 

of A vs. r and of A/B~. r. [ThiS is a "spatial distribution" graph) 

from.which the slope of B vs. r gives the local "n-value" and the curve 

A/B~. rindicates the extent to which this ratio is (or is not) 

directly proportional to r (as it would be for a truly "scaling" 

field) .] 

(ii) Secondly) one may then construct a graph showing 

l/[r(r - A/B)] and l/(r'- A/B) vs. r. These curVes show the factors by 

which B (at the orbit) and P increase as the orbit radius (r) decreases 

* See Eqs. (5) and (4). 
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during the contraction process that occurs as a result of increased 

coil excitation. (The extent to which these curves do or do not have 

slopes corresponding respectively to a l/r2 and l/r dependence indi-

cates the degree to which the behavior is like that expected for a 

truly scaling field.) 

(iii) Finally, a plot of l/B[r(r - A/B)], or 1/(Br
2 

- Ar), 

will depict the factor by which coil excitation must increase as the 

orbit radius changes from one value to another. 

Examples of plots of this type are attached, for the case of 

a pulsed coil pair in which the distance of each coil from the median 

plane is twice the radius of either coil. It will be noted that the 

behavior A/B « r, and the consequent relations B « 1/r2, P « llr, will 

occur to a reasonable approximation at the smaller values of r. [r::: 1 

corresponds to the coil radius. The minimum of the curve that depicts 

P « l/(r - A/B) on the second of the three graphs occurs at the radius 

for which n ::: -(r/B) (dB/dr) ::: I--namely for r ;- 1.05 in the present 

example--and stable contracting orbits can exist for points to the 

left of this r-value on the diagram.] 



-268-

10 

" Vector potential and field vs. rad ius 

" at a fixed time 

" "~=I hla = 2.0 

" " 
AlB 

,n= 1 " ........... 2 

" 
, 

'-.. 

" B 
, 

.......... 

" ~" ~~ 
1.0 

O.I~~~~~~ __ ~~~~~~ _____ ~~~~ _____ ~~ 
0.1 1.0 

x-
XBL682-2001 



-269-

Field and momentum vs 
Field radius for particles 

h/a=2.0 

10 

I ~~ __ ~~~~~~~~~~ __ ~~~~~ 
0.1 1.0 

x-
XBL682-2000 



10 

-269a-

Coil current 

Coil current vs 
orbit rod ius for 
part iC,le 
(Coil current in 
arbitrary units) 

I ~ __ ~ __ ~~~ __ ~~~~~~ __ ~ __ ~~ __ 
0.1 1.0 

)(8L682- 1999 



-270- WC/ERA-6 

CONCERNING THE DAMPING OF MINOR RADIUS FOR A TOROID 
(DURING COMPRESSION) 

L. Jackson Laslett 

Lawrence Radiation Laboratory 
Berkeley, California 

1. The previous note (We/ERA-5) has reviewed the basis for com-

putations (ERAN-16) or estimates (We/ERA-I) concerning the shrinkage 

of the major radius of a toroid during compression, and reference has 

also been made (We/ERA-I) to the anticipated adiabatic damping of 

betatron-oscillation amplitudes. It is of interest also to inquire 

concerning the consequences of energy spread in the particles that 

are injected simultaneously onto their respective circular orbits, as 

distinct from the damping of betatron oscillations for particles that 

have a common energy. 

For particles whose linear mechanical momentum and orbit radius 

differ respectively by & and 6.r, the constancy of the quantity (canon-

2 
ical angular momentum) Pr - rA =:Sr - rA for anyone particle through 

the course of compression permits us to write 

2 6.(:Sr - rA) = constant throughout compression, 

where the field and vector potential (:s and A) are to be simultane-

ously evaluated at the local orbits for the particles in question. 

The differences between these quantities, evaluated simultaneously at 
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radii that differ by the small amount 6r, can be conveniently expressed 

in terms of the local n-value ("field index") that prevails in the 

neighborhood of the orbits in,question. 

Since 6(rA) = [d(rA)/dr]6r = r:Pill', and 6(Br2) = (2 - n)r:Pill', 

'W:! thus obtain 

(1 - n)Br6r = const., 

1 1 
or 6r « ----------------------- = ------------------------

(Br)orbit(l - n)local, 
at orbit 

Pinstan-' (1 - n)local 
taneous at orbit 

The corresponding spread of linear mechanical momentum is 

6P = 6(Br) (1 - n)mr 1 
« - , 

r 

the factor containing the field index being seen to drop out when 6r 

is introduced from Eq. (1). 

2. From the results of Eqs. (1) and (2), we may write, for the 

(1) 

(2) 

relative radial spreads due to energy differences and due to betatron 

oscillations [Cf. H. Bruck, "Acce'l~rateurs Circulaires de Particles," 

Eq. (18.14), p. 185], respectively: 

6r 1 1 

r 
6E 

«----- . 
(1 - n) Br2 

~;; 6r 1 1 1 
and « 

ttl -
=4 2' 

r i betatron n ;fB r 1 - n Br 
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3. In the case of a "scaling field)" in which the local B is 

B « 1/r
2 

(or Br2 = constant) and P « l/r) 

1 &1 «--- ) :L = constant) (5a) b) 
r 6E 1 - n 

6.r 1 
« 4 

r betatron ;Jl - n 
( 6) 

4. From the simple results of Sect. 3 above) one thus may expect 

for this case that) if n has decreased by the end of compression) the 

minor dimension of the toroid) in the radial direction) will shrink 

rather ~ rapidly that does the major radius--sofar as the radial 

spread is due to momentum errors. The same will be true) but to a 

much lesser extent) for. the radial spread due to betatron oscillations 

that arose from the injection process. The corresponding axial ampli-

tudes of betatron oscillation would grow somewhat relative to the 

major-radius dimension (6.Z/R« ]I~ for a scaling field) under these 

same circumstances. 
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CONCERNING THE AMPLITUDES OF OSCILLATION FOR POSITIVE 
IONS IN THE ELECTROSTATIC FIELD OF AN EIECTRON BEAM 

WHOSE MINOR RADIUS b IS DAMPED 
(Total Electron Charge is Constant) 

L. Jackson Laslett 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

January 6, 1968 

1. Assume form-factor of the electron beam to be constant, so 

that the major radius acC b. (This may not be exactly true -- we 
1 

expect the major radius to be approximately proportional to B-2 , 

although this is strictly true only in a scaling (r-n) field, while 
1 1 

the axial betatron-oscillation amplitude presumablyce n-4 B-2 and 

a marked reduction of n would cause b/a to increase somewhat for 

the z dimension.) 

2. The electric field within the beam is (e.s.u.): 

2'Ar 
Er = - --- and the potential difference is V(b)-V(O) = A; 

b
2 

in terms of the total charge, Q = 2na'A, 

E = r ~r 
nab 

and V(b) - V(O) = 2~a • 

Thus the "spring constant" for an ion of charge q is k = q ~ and 
:rcab 

the "potential weIll! has a depth q 2Q from . :rca 

[Note: kc:x:l/b3 if aoc. b (as assumed).] 

the edge of the beam • 
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3. If ions are formed after compression, whenb == b , the maximum c 

amplitude of oscillation will be A = b (for ions formed at the edge --c c 

of the beam). 

For ions formed earlier, when b = b
i 

(b 0 > b ), the maximum 
t c 

amplitude at that time would be Ai = b
i 

and, for S.H.M. oscillations 

(with constant mass, b~t adiabatically-changing spring constant), 
1 

A cc. k -"4; thus we would have, for such ions, 

AI 
I 

ko °t o 1 lnl la 

kfinal 

provfded the motion is S.H.M. 

(hi)t (bi)t 
b - = - A c -b b c' 

c c 

:4. Thus, under the assumption of simple-harmonic motion,the 

damped oscillation-amplitude would exceed the maximum amplitude of 

ions captured after compression (A~ > A ). 
t c 

Actually, moreover, the ions with initial amplitude bi thus 

come to oscillate into the region outside the electron beam and are 

attracted les.s strongly than the stated spring-constant would imply, 

so an even larger final amplitude would result than suggested by the 

result of Paragraph 3. 
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POTENTIAL WELL OF A TOROID 

L. Jackson Laslett 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

December 17, 1967 

ERAN-7 

We report here computational results for the electrostatic 

potential of a toroid of major radius R, minor radius b, and constant 

charge density Q/2n
2

Rb
2 

per unit volume (esu). (The potential as 

evaluated is positive; if Q were negative, the potential would provide 

a potential well for positive ions.] 

Values tabulated are 

for R/b = 40. 

For a straight beam, we would expect 

V - V center edge 
X = 1.0. 
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TABLE OF ELECTROSTATIC POTENTIAL FOR A TOROID 

AT POINTS IN THE PLANE OF THE TOROID * 
Rib = 40 

x = rib !.V 
A x = rib !.V 

A 

0 12.5370 (beam center) 

0.1 12.5126 -0.1 12.5414 

0.2 12.4684 -0.2 12.5258 

0·3 12.4044 ~0·3 12.4900 

0.4 12.3209 -0.4 12.4338 

0·5 12.2178 -0·5 12·3573 

0.6 12.0952 -0.6 12.2602 

0·7 11.9534 -0·7 12.1425 

0.8 11.7924 -0.8 12.0040 

0·9 11.6124 -0·9 11.8446 

1.0 11.4133 (outer -1.0 11.6643 ( iriller 
beam edge) beam edge) 

1.1 11.21427 -1.1 11.48274 

1.2 11.03196 -1.2 11.31765 

1.5 10.56175 -1.5 10.89750 

2.0 9·94941 -2.0 10.36358 

3·0 9.07342 -3·0 9.62920 

5.0 7·94691 -5·0 8.74356 

10.0 6.38458 -10.0 7·64490 

20.0 4.82564 -20.0 6.743613 

-30.0 6.385484 

-35·0 6.308444 

-39·0 6.284659 

-39·5 6.283922 

-40.0 6.283676 (axis) 
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TABLE OF ELECTROSTATIC POTENTIAL FOR A TOROID 

AT POINTS IN THE PLANE OF THE TOROID 
(continued) . 

For x = + 1.0, ~ [V t - V dg ] = 1.1237 
1\ cen er e e 

For x = -1.0, ~ [V t - V dg ] = 0.8727 
1\ cen er e e 

* A.'" I 1 Ae I :rr 
OJ'.. = 200' w = 240 

ERAN-7 
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TABLE·· OF ELECTROSTATIC POTENTIAL FOR A TOROID 

AT POINTS ON A LINE NORMAL· TO THE PLANE OF 

THE TOROID* 

ERAN-7 

Rib = 40 

y = rib 
1 r;V 

0 12·5370 (beam· center) 

0.1 12·5270 

0.2 12.4970 

0·3 12.4470 

0.4 12.3769 

0·5 12.2869 

0.6 12.1768 

0·7 12.0468 

0.8 11.8967 

0·9 11. 7267 

1.0 11.5366 (beam edge) 

1.1 11.34593 

1.2 11.17183 

1.5 10.72528 

2.0 10.14939 

3·0 9·337123 

5·0 8.311855 

10.0 6.912555 

20.0 5.491612 

60.0 3.192529 

100.0 2.212455 

160.0 1.484418 

1 For y = ± 1.0, ~ [V t - V ) = 1.0004 
" cen er edge 

* ,_ 1 8' _ 2n 
6;y - 200 ,f::, - 400' 
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SELF-FIELDS OF A TOROID 

L. Jackson Laslett 

University of California 
Lawrence Radiation Laboratory 

Berkeley, California 

December 17, 1967 

ERAN-8 

We have examined the self fields of a toroidal charge and 

current distribution, with the object of determip.ing to what extent the 

space-charge forces (that act on a single particle) differ from the 

forces calculable for a straight beam. 

The toroid was taken to have a mean major radius R and a minor 

radius b. For evaluating, electric fields, the charge· density per unit 

volume was taken to have the constant value Q esu. For evaluating 
2lT2Rb2 

magnetic fields, the current density per unit area was taken to have the 

constant value -1- emu. These assumptions would be consistent if 
lTb2 

I' := f!R! 2lTR and all portions of the beam have the same speed v := ~c. 

The fields were computed by integration of elliptic-integral 

expressions given by Smythe (Sect. 7.10) for the magnetic field of a 

single-turn loop of negligible cross-section, and by integration of 

analogous expressions for the electric-field components. 

Basically, one expects that 

plane of the toroid) and Bz (normal 

the field components E (in the p 

to the plane of the toroid) will 

show an approximately linear variation across the charge-current 

region, but will be somewhat "biased" with respect to the fields of a 

straight beam because of contributions from more remote parts of the 

toroid. An approximate evaluation of this bias at the center of the 

circular cross-sectional region occupied by beam leads to the result 
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E ~ 
p tn 

8R 

b 
B ~ + 

z 
I .·8R 

tn for R» b. 
R b 

These field components are seen in each case to have a magnitude that 

is ~ tn 8R times the field that would be calculated at the edge of a 
2R b 

straight beam of the same minor radius and same charge-current density. 

For a mqre detailed and precise determination of E and Bz in 
p 

the plane of the torid and of Ez and B normal to the,plane of the 
. .. p 

torid, the requisite a~ea integration was performed by digital summa-

tion (cDc-6600 computer). With moderately fine interval size the 

truncation error appeared to be small, save for ppints at the very 

edge of the beam, and suggested an accurately linear variation of 

these field components across the beam. With somewhat finer interval 

size, the results (to be reported below) indicated that this linear 

variation continued right up to the edge of the beam. Further decreases 

of interval size were terminated when the slopes appeared to agree with 

the slopes of the field components for a straight beam to about one 

part per !lll'l .(1·.103). [As '11 b t d bs q tl· at . W:L e no e su e uen. Y" even gre er 

reliance can be placed on the computational results for E . P + Band . z 

for Ez - Bp ' when E.p and Bz are computed with the same interval size 

and similarly for E.. and B .] z p. 

R = 40. 
b 

The results reported below are specifically for the case 



x r 
- -

b 

-2.0 
-1.6 
-1.2 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 

0 
0.2 
0.4 
0.6 
0.8 
1.0 
1.2 
1.6 
2.0 

*In terms 

suggests: 
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TABLE OF Ep vs. DIST. FROM CENTER OF BEAM 

IN PLANE OF TOROID * 

rr2b2 
--E 

Q P First Differences 

-0.0360 
-0.0456 
-0.0616 
-0.0743 > 0.0158 
-0.05852 > 0.01589 
-0.04263 > 0.01583 
-0.02680 > 0.01577 
-0.011028 > 0.01571 
0.004681* > 0.01565 
0.020332 > 0.01559 
0.03593 > 0.01553 
0.05146 > 0.01548 
0.06694 > 0.0153 
0.0822 
0.0690 
0.0523 
0.422 

Avg. S lope bet. -+ xl 
Slope for Straight Beam t 

0.996 
0.9984 
0.9983 
0. 9983 
0.9982 

of the field at the edge for a straight beam, this result 

E ) center 0.004681 
E ) P . rr/40 ; from our simple analytic 

P edge, stralght 

formula for the ttbias tt , we expect for this ratio io ln 320 = 0.0721 

2 A 2A Q Q 
t For a straight beam, dE/dr = 1)2 and dE/dx = b' where A =2rrR = 2rr(40)b 

. dE /dx 40 d rr 2b2 
tabulated lS Q = - - (-- Ep). 

Q rr dx Q 
Hence the ratio 

rr(40)b2 

:j: Interval sizes, for -l:sx:sl: AX' - 1 
- 200' 

, rr 
AB=-

240 



r 
x =-
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TABLE OF Bz ~. DIST. FROM CENTER OF BEAM 

IN pLANE OF TOROID* 

lTb B . Avg. Slope bet. +.x 

ERAN-8 

b 21 z First Difference Slope for Straight Beamt 

-2.0 
-1.6 
-1.2 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 

o 
0.2 
0.4 
0.6 
0.8 
1.0 
1.2 
1.6 
2.0 

1.774 
2.173 
2.835 
3.35 > 
2.737 > 
2.110 > 
1.483 > 
0.8552 > 
0.2265* > 

-0.4030 > 

0.61 
0.627 
0.627 
0.628 
0.629 
0.629 
0.630 

-1.033 
-1.664 
-2.296 
-2·92 

> 0.631 
> 0.632 
> 0.62 

-2.409 
-1. 764 
-1.380 

0.999 
1.001 
1.001 
1.001 
1.001 

* In terms of the field at the edge for a straight beam, this result 

suggests: 
Bz)center 

Bz )edge, straight 
0.2265 = 0.0721; from our simple 

IT 

analytic formula we also obtain this value. 

t dB 21· dB 21 
For a· straight beam, dr = b2 and dx = b 

:f: Runs for x = ±l made with D.X' = 2;0' AS' 

Ax! = ~ AS' =-2L. 
100' 120 

- IT • others with 
- 240' 



y = rib 

2.0 
1.8 
1.6 
1.4 
1.2 
1.0 
0·9 
0.8 
0.7 
0.6 
0·5 
0.4 
0.3 
0.2 
0.1 

0 

, 
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TABLE OF Ez ~ DIST. FROM CENTER OF BEAM 

NORMAL TO PLANE OF TOROID:!: 

rr 2b2 
--E Avg. Slope 

ERAN-8 

Q, Z . First Difference Slope for Straight Beam 

0.039312 
0.043672 
0.049123 
0.056132 
0.065478 
0.0783 > 0.0076 0.997 
0.07071 > 0.00786 1.0003 
0.06285 > 0.00785 1.0003 
0.05500 > 0.00786 1.0004 
0.04714 > 0.00786 1~0003 
0.03928 > 0.00785 1.0003 
0.03143 > 0.00786 1.0005 
0.02357 > 0.00786 1.0003 
0.01571 > 0.00785 1.0001 
0.007856 > 0.00786 1.0003 

0 

, 1 2rr :j:~y =-, ~e - 400' 200 



r y =-
b 

2.0 
1.8 
1.6 
1.4 
1.2 
1.0 
0·9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

0 

:f For y 
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TABLE OF Bp ~ DIST. FROM CENTER OF BEAM 

NORMAL TO PLANE OF TOROID =1= 

Avg. Slope 

ERAN-8 

lTb .. 
-B 
21 P First Difference Slope for Straight Beam 

1.565 
1.740 
1.958 
2.239 
2.614 
3.12~ > 0.304 

0.996 
2.82 0·999 
2.511 > 0.313 0·999 
2.197 > 0.314 0.999 
1.883 > 0.314 0·999 
1.569 > 0.314 0·999 
1.255 

.> 0.314 0.999 
0.9414 > 0.313 0·999 

> 0.314 0.6276 0.314 
0·999 

0.3138 > 0·999 
0 > 0.314 

~ 1, Ay' = _1_ and AS' _ 2lT . e ls ewhere, Ay' 
1 . t 2lT 

- 400' = -, AS = 100' 200 50 
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Because error is necessaily introduced into the numerical work 

by truncation, and because there is virtually complete cancellation 

of the electric and magnetic forces when ~ is large, it appears rel-

evant to evaluate numerically the combined fields 

and Ez - B . 
P 

We thus are determining the curvature eff.ect, on the net effective 

field, for a discrete (but finely-subdivided) set of circulatin.g 

currents with their associated electric charges and 13 = 1. [In the 

summation process, ~ of these charge-current units coincided in 

position with the point at which the net field was being ev~l~ated.] 

We tabulate below the quantities 

[ Ep +BJ . = (1I"
2
b2E )+.2... (1I"b B) 

z A=l Q P Rib 2I z 
I-' ~=l 

for points in the plane of the toroid, and 

= ) -
Q 

1 

Rib 
( 

7rb B ) 
2I P {3=1 

for points on a line drawn through the center of the beam and 

normal to the plane of the toroid. In practice, the net effective 

field gradient will be 

= ~ (Ep + B ) ... 1 dBz 
dr z,{j;::l ~ dr {3=1 

2' ~ ~ (Ep + B Q-l) + ~ 2 
b dx z'IJ- lTRbc ,), . 

= Q d 
lT 2b 3 dx 



Q 
= 

~Rb~"'y2 

2X 
- b2-y2 

and similarly 

d 

dr 
(E _,Q 2 ) 2 X 

Z IJ Bp,,Q=l = -2 2 
IJ b -y 
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l 1 + ! ~ -y2 ~ [~2~2 
F p ] I ~b dx 

~ 1 
+ ! ~ "(2 d [ ~:2 Fp ] ! ' ~ b 'dx 

The Cluantities in curley brackets thus represent correction factors 

to be applied to the field gradients that would be calculated for a 

straight beam. 



r x=-
b 

-2.0 
-1.6 
-1.2 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0 
0.2 
0.4 
0.6 
0.8 
1.0 
1.2 
1.6 
2.0 

*~x 
I 1 
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TABLE OF F vs. DIST. FROM CENTER OF BEAM 
p-

IN PLANE OF TOROID * 

First Difference 

0.008368 
0.008749 
0.009251 
0.009576 
0.009893 > 0.000317 

0.010127 > 0.000234 

0.010280 > 0.000153 

0.010351 > 0.000071 

0.010344 > -0.000007 

0.010258 > -0.000086 . 

0.010096 > -0.000162 

0.009857 > -0.000239 

0.009544 > -0.000313 

0.009157 > -0.000387 

0.008770 
0.008151 
0.007665 

f TT 

- 200' ~8 = 240' 

ERAN-8 



_ r 
y-

b 

2.0 
1.8 
1.6 
1.4 
1.2 
1.0 
0·9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
o 
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TABLE OF F z vs. DIST. FROM CENTER OF BEAM 

NORMAL TO PLANE OF TOROID * 

0.00019688 
0.00018121 
0.00016491 
0.00014786 
0.00012993 
0.000ll088 > 
0.00010084 
0.00009047 > 
0.00007981 > 
0.00006889 > 
0.00005774 > 
0.00004642 > > 0.00003494 > 
0.00002336 
0.0000ll696 ~ 

o 

0.00001004 
0.00001037 
0.00001066 
0.00001092 
0.00001ll5 
0.0000ll32 
0.0000ll48 
0.0000ll58 
0.0000ll66 
o .0000ll70 

1 I 2rr t 1 I * For y > 1: Ay' =-, AS = -' for y _< 1, AY = -,AS 
50 ~ 100' 200 

ERAN-B 

2rr 
- 400' 
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From the values tabulated, it appears that Fz exhibits a small 

but consistent linear growth with y, with :y (n~b2 Fz) ~ 0.000111. 

For Fp ' on the other hand, the second differences are substantially 

constant, but the average slope between x =~l is about -0.00021 for 

_d (n2b2 F) 
dx Q P' 

or roughly twice the value obtained for the slope of the 

corresponding quantity formed from Fz (but of the opposite sign). 

If we accept the value ~ (n
2b2 

F ) = 0.000111, the correction 
dy Q z 

factor previously described becomes, for 'Y = 47: 

= 1 + ~ 40 (2209) (0.000111) = 1 + 3.12 = 4.12, 
7r 

implying an enhancement of the usual 1_~2 factor by this amount. This 

result may be interpreted as follows: 

For Ez the average slope (IYI~ 1.0) 
40 

is 0.07831 TT = 0.9971 

times the theoretical value for a straight beam, and, correspondingly; 

for Bp the average slope is 3.;280 = 0.9957 times the straight-beam 

value. Thus the expected cancellation fails to occur by the amount 

0.0014 and this curvature effect contributes an additional defocusing 

of the relative amount y2 (0.0014) = 3.1 to that which would be 

computed for a straight beam. 

A corresponding calculation concerning the implications of 

Fp ' if based on the average slope between x = ± l.0, suggests the 

correction factor 1-5.90 = -4.90 [In detail, on the basis of average 

8 40 slope, Ep has a slope that is about 0.07 214 x 1T = 0.99585 times the 

theoretical value for a straight beam, and Bz has a slope whose mag-

3.13694 nitude is n = 0.99852 times the straight-beam value. Hence one 
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expects an additional focussing of the relative amount~ 2(0.99852 -

0.99585) = (2209) (0.00267) = 5.9, in place of the defocussing of a 

straight beam.] 



" 
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CONCERNING THE ELECTROSTATIC FIELD OF IONS 
LOADED INTO A UNIFORM ELECTRON BEAM 

L. Jackson Laslett , 

Lawrence Radiation Laboratory 
Berkeley, California 

It is of interest to consider the electrostatic field of ions 

loaded into an electron beam, such as that used to form the toroidal 

current of the projected Electron Ring Accelerator, since the net focus-

ing force on electrons in this beam may be due primarily to these ions 

in view of the strong 1 - ~2 cancellation between the forces that arise 

from the electric and magnetic fields of the electron beam itself. 

The ions, created by ionization of neutral gas molecules that 

impinge on the beam, may be presumed to be created essentially at rest 

and, for an electron beam whose current density is constant across its 

cross section, the density of ions at the point of creation moreover 

may be taken to be independent of position. The radial coordinate 

(measured from the center of the beam cross section) at which a given 

ion is created then also represents the amplitude R of the oscillatory 

radial motion that the ion subsequently will undergo in the E field 

of the electron beam. We undertake to investigate below the expected 

density distribution of ions--and their associated electric field--

when a relatively small number of ions is introduced in this manner 

into the electron beam. There seems to be no outstanding mechanism 
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for imparting angular momentum to these ions} so their oscillations 

may be presumed to pass through the beam center} and a quite strong 

central positive charge density therefore may be anticipated under 

these circumstances. 

We begin by expressing 

the number of ions} per unit 7j,Pical /' 
If1n Am/, f-

tu..de 'R 

circumferential length around 

the torOid} whose amplitudes of 

oscillation lie between Rand 

R + dR as 

2R dR 
} (1) 

where NO then is the total number of ions per unit circumferential 

length regardless of amplitude (or of the radial coordinate at which 

the ions were formed). These ions will undergo ,radial oscillations 

that may be presumed to be essentially simple-harmonic under the 

assumption of a constant electron density and a relatively small 

number of ions. Thus} for this group of ions} the radial distribu-

tiOh of their r displacement is 

2 
dn = (dN) 

If 

dr 

2 
- r 

} 

in which the normalization factor 2/1f can be seen to be such that 

(2) 



-293-

R 1 dn = dN. 

o 

WC/ERA-19 

For the entire assembly of ions} regardless of their oscilla-

tion amplitudes} then} the radial distribution function becomes 

4 [ R=b R dR 

] dr dn = N~ J 
Jrl 2 7rb R=r - r 

4NO [V~ - ~b] 2 
dr = 

7rb2 r 

R=r 

= 4N~ Jb2 _ 2 dr. r 
7rb 

[AS a check} 

b b 

1 4NO J )'2 2 dn = -:2 b - r dr 
o 7rb 0 

as desired.] 

The electrical charge density of ions within the beam thus 

appears [from (3)] to be 
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e dn 
p=---

2'IT r dr 

(4) 

where ~I = NOe denotes the linear charge density (i.e., per unit cir

cumferential length) of the ions held within the beam. 

The corresponding electric field, within the beam, due to this 

ion distribution is then given by Gauss' Law (e.s.u.): 

As a 

r 

21Tr Er = 4'IT 1 21Tr P dr 

o 

l6~IJr ~ 2 
= -2- r (b/r) - 1 dr 

E r 

check 

~ 

b .0 

2 
- r 

= l&"r ~ Jb2 _ 2 
r 

b2 b 

4t.. [J1 -(r/b)2 = _...I 
'lTb 

dr 

b2 

+-
2 

b 
+-

r 

div E = " 1 d div(E u ) = - dT (r E ) r r r r r 

4 Ar d [.; 2 b 
= .. - - - 1 - (rib) +-

'IT br dr r 

8 ~I 
J(b/r)2 - 1 4'ITp. = ; b2 

-1 r] sin ~ , 

-1 r] sin ~ • 

-1 bJ sin ~ 

(5) 
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A rough table of values of this functional expression is 

presented below: 

rib bEr/~I 

0 2·55 

0.1 2·54 

0.2 2·53 

0·3 2·51 

0.4 2.47 

0·5 2.42 

0.6 2·38 

0·7 2·32 

0.8 2.24 

0·9 2.14 

1.0 2.00 

Thus 'this electric field, although still attractive for the (negative) 

electrons, and monotonic in its dependence on r, has the opposite slope 

from that which would be expected for an ion-density distribution that 

was constant within the beam. Outside the beam, of course, the field 

Er will falloff in the usual way (Er ~ 2~I/r), since the external field 

of the ions does not depend on the radial distribution of these ions so 

long as the density is independent of azimuthal position. 

An implication of the field expressed by Eq. (5) and tabulated 

above is that the focusing force that these ions provide to the elec-

trons is markedly ~-linear, and the role of non-linear resonances 

therefore may warrant careful investigation if significant AG fields 

are present. 
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• Supplemental Note (1-8 February 1968) 

The electric field produced by ions that are formed and move 

in an electron beam of constant density has been seen to grow from a 

value ~I/b at the edge to 2.55~I/b at the center of the beam. The 

assumption of constant electron density, and the corresponding assump-

tion with respect to ion-amplitudes, is scarcely realistic. We may 

rather expect some sort of "bell-shaped" distribution which will fur-

ther enhance the electric field at small distances from the center. 

This characteristic of the electric field produced by the ions may be 

of interest because of its effect on the electrons--especially because 

the net force from the electrons themselves will be expected to be 

small, due to the approximate 1 - ~2 cancellation of the electric and 

magnetic forces that arise from any electron-current distribution. 

It has been pointed out by Dr. Lloyd Smith that individual 

electrons moving in a field that continues to grow from the value 

2~I/b as r decreases from the value r = b will encompass a greater 

phase-space area than would be the case for a field E = ~Ir/b2. In 

the latter, simple-harmonic case, the potential difference between 

the center and the edge amounts to ~I' whereas the field distribution 

implied in the present report implies a potential difference equal to 
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February 2, 1968 

THE EFFECT OF TRAPPED IONS ON THE Q-VALUES AT INJECTION 

J. D. Lawson 

Rutherford High Energy Laboratory 
Chilton, Didcot, Berks. England 

We consider a guiding field with field index n giving 
1 1 

~e := (1 - n)2, ~e = n2 for a single electron. The subscript e 

denotes that these Q's are due to the external field. We assume 

also a beam of form described in ERAC 35 (i.e., sharp edge and uniform 

distribution of ions and electrons). We shall derive r\ the contri
"'Gs ' 

bution to the actual Q arising from the self field. TheseQ values 

are related by 

Qs can be found simply in terms of the "Generalized Perveance" K, 

defined in ERAC 35. For t3::::: 1 

where 2 2 v := Ne fmc , 

, 

N := number of electrons/unit length of ring, 

f := ratio of ions to electrons. 

(1) 

(2) 
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The assumption that the density both of electrons and ions is 

uniform across the beam section is certainly not true, but useful to 

give a first order result. We assume an elliptical cross section for 

the ring. 

Now 

1 

+ a..)}2 1 
_____ V_ ~ Q (-K)2 

"f. a Q - Q - P 
'Rs - ?f. - .L 

[t(~ + ~)}2 

(see ERAC 35, Eq. (16)) 

Equation 3 is only exact when the beam is circular and 

~ = ~ = aO• The departure from circularity is likely to be small 
1 

however, since for adiabatic changes a <X! Q, -2 (see ERAN 14). In 

fact, if aO is the value of a quoted in the proposal, where the beam 

is assumed circular, then for a field with n+ ~ we have 

, (4 ) 

where a is the value of beam radius after the n value has been 

changed from 1/2 and the ions inserted into the ring. (This is true 

at whatever time during the cycle the ions are injected, if the effect 

of differential damping rates pointed out in ERAN 14 is neglected.) 

From 1, 3, 4 
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for ~ 1, 

n (6) 

For the proposal (ERAN 1) 

40, 2v/Y 0.005, f = .0.01, 

(all these are invariant during the compression phase). For large Y, 

K ""' 

Substituting ~ = 1 in 5 yields n = 0.11. For avoidance of 

integral resonance therefore, we must have n ~ 0.11. 

Equation 5 is a quadratic, and may be solved in terms of ~ 

To first order 

~ is simply 

1 

(1 - nF 
2 

:J;(~) 

n2 1 + K 4 1 ~ 2 4 
2 a

O 
n 

(K « 1) it is seen that the correction to Q or 
--V 

(8) 

When n = 0, the QV will be due to the self field only. From Eq. (8), 

we find for the parameters given above, ~ 

To conclude, we emphasize again that the model taken here is 

highly idealized, nevertheless the error is not likely to be large. 

Departures from the simple model will be considered in another note. 
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February 9, 1968 

BUILD UP OF ELECTRON OSCILLATION AMPLITUDE IN RING 
IF THE Q

R 
= 1 RESONANCE IS CROSSED 

J. D. Lawson 

Ruthertord High Energy Laboratory 
Chilton, Didcot, Berks. England 

The presence of ions in the electron ring increases ~ and 

~ (see WC/ERA-4); since n = 0 for transfer of the ring to the 

accelerating region (unless it is held in a travelling wave field) 

it follows that ~ > 1, so that an integral resonance needs to be 

passed, or ~ made >1 at injection with the aid of strong focussing. 

We consider here the former possibility, and calculate the rate at" 

which the resonance must be crossed if disastrous blow-up is to be 

avoided. If the ring is held stationary during ionization period, 

dQ/dt is determined by the ionization rate; alternatively if the 

fields are changed dQ/dt is determined by the detailed way in which 

the change occurs. 

A formula for oscillation amplitude induced by a field error 

(f type) has been given by Garren et al, (Nuclear Instruments, 18-19, 

p. 525, 1962). This is 

(1) 
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where EBO cos 9 is the first harmonic component of the error field, 

w is the angular frequency, and R is the orbit radius of the 

electrons. If A is the maximum tolerable amplitude, then 

dQ > 
dt 

Typical values might be 

9 w = 8.1 x 10 yields 

-4 
E = 3.10 , 

dQ 6-1 
dt > 2·5 x 10 sec 

R/A 10; inserting these and 

One possibility is that the resonance will be passed with 

the ring stationary and contracted during the time that ions are 

being formed. dQ/dt can be related to the rate of ionization with 

the aid of equation 7a of WC/ERA-4 which relates Q to n and f, 

the fraction N./N of ions in the beam. 
J. e 

Differentiation yields, for small K 

1 (R)2 dK = (~a)2 ~ v V2 a dt 
df 
dt ' 

if we assume a uniform ionization rate, producing 170 of ions in a 

(2) 

(4) 

time Ti' then Ti = (100 df/dt)-l. Putting R/a = 40, 2v/r = 5 x 10-3 

in 3 yields 

., 



dQ 
dt == 

so that from 3, 

6 x 10-2 

T. 
1 

4 -8 
T. < 2. x 10 . 

1 
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This seems rather short. 

It must be remembered that the charge in the electron ring is 

by no means uniform with radius, because of the radial motion of ions 

(WC/ERA-20) and also the fuzzy beam edge. Order of magnitude estimates 

indicated a variation of Q of at least l~ over the beam. This 

means that Q, is a function of amplitude, and that the way in which 

blow up actually occurs will be complicated; with luck the severity 

of the phenomenon will be decreased. 
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ON THE TOLERANCES NECESSARY TO CROSS THE 
Q

R 
= 1 RESONANCE 

K. R. Symon 

University of Wiscon sin 
Madison, Wisconsin 

February 19, 1968 

I. Equation of Motion for Betatron Oscillations. 

We write the radial equation of motion for an electron in the ring 

as follows: 

d
2

x 2 -- + Q x = a cos B + b x cos 2B , 
de

2 (1 ) 

where x is the deviation from the equilibrium orbit, e is the azimuthal angle, 

Q is QR' and the terms on the right represent those components of the total 

field errors and gradient errors which drive the resonance Q = 1. We have 

specialized Eq. (1) to particular phases of the error terms, but this will be 

of no consequence. The oscillation frequency Q includes all focussing 

forces, including any due to space charge. Since the first term on the right, 

the field bumPJ will produce a coherent and stationary displacement of the 

entire beam, and it seeITlS plausible that the ions will follow such a displace-

Inent" neither the di r e ct focussing force nor the electron space-charge 

force will appear in Q when we study the integral resonance Q = 1. Focussing 

forces due to the iITlages will appear but must be ITlodified to take account of 

the ITlotion of the iITlage as the beam ITloves. The half-integral resonance 

Q = 2/2,' driven by the second term (the gradient bUITlp), produces a growth 

of the beaITl incoherent in amplitude (though coherent in phase), so that the 

beam as a whole is unaffected except for a periodic (in B) modulation in 

amplitude, and the space-charge focussing forces will hardly be affected by the 

resonance, at least in the early stages. For the half-integral resonance 

Q = 2/2, we should therefore use the incoherent space-charge formula for Q. 
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Thus, curiously, the resonances Q = 1 and Q = 2/2 may not OC'Curat 

precisely the same moment. If the image forces are not too large, the 

integral resonance Q = 1 may not occur at all. We will therefore study 

the two resonances separately. For small amplitude growth, the amplitude 

increments in crossing the resonances are additive whether the resonances 

Q = 1 and Q = 2/2 are crossed simultaneously or successively. 

In order to evaluate the coefficients a and b, we compare Eq. (1) 

with the Newtonian form 

., ev.6.B ev (0 B) my x + kx = - - - .6. --- x, c c ar (2) 

where the terms on the right contain the field and gradient errors. Thus 

2 2 
Q = k/myw , (w = el3/myc), 

(.6.B)1 ev 
a = - -- 2 ( .6. B ) = - R -----:;:::---

b = -~;::2[ ~ (~;) 1 = +B(~n)2 · 
(3) 

where the subscripts 1 and 2 designate the amplitudes of the appropriate 

Fourier components. 

II. The Integral Resonance. 

In order to solve Eq. (1) near the integral resonance Q = 1, where 

the first term On the right is dominant, it is convenient to change from e 

to an independent variable !!.. expressed in units which vary with e so 

that the resonant frequency in e remains constant at the value ~ = 1, say. 

We therefore require 

8 e 
J- Q de = 1 Qd e , 
o - - eo 

(4) 
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or 
e 

e = i. J Q(e)de, 
- Q e 

o 
(5) 

where we will retain Q, even though it is unity in this case, in order 

that our formulas will be valid near any integral resonance Q = 9 = m. 

The resonance crossing occurs at e = eO. We expand near the resonance: 

so that QI 2 
~ = e-e

O 
+ 2Q (e-e

O
) + •••. (7) 

We may solve Eq. (7) for 

(8) 

We substitute in Eq. (1), omitting the second term on the right: 

The second term on the left gives the adiabatic damping due to changes of 

Q and is only of interest for large changes in Q; we therefore neglect it. 

We also put Q = 9 on the right and neglect the dotted terms in the argument 

of the cosine. The steady-state solution of Eq. (9) is then 

x 
ss 

_1
Q 

J~ 1 = a sin Q(e-e l ) cos [Q (e + e l ) - - QI el 2] del 
- - - 0 2 

- -00 

a J~ [, 1 

(10) 

= 2Q -00 lSin[g(~ + eO) -"2 QI e
12

] + sin[9(~-~) 

- 2ge' +} Q' e' 21}de'. 
The first term in brackets is the resonant term. The second contributes 

negligibly to the growth in amplitude upon crossing the resonance (when 

1/2 
~ = 0), and we neglect it. We have then, for ~ > > (41T/QI ) , 
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Ii 

j~ 1 2 a 
sin 9 (~ + eo) cos -2 w dw - 1/2 

-~ Q (QI ) 

~ 

Xcos9(~+eo)J sin 
-00 

The general solution of Eq. (1) is solution (10) plus a solution x
h 

of the 

homogeneous part of Eq. (1). Since solution (10) is chosen so that x = 0 ss 

long before the resonance, x h represents the free betatron oscillation be

fore the resonance is crossed. Moreover ~ changes only slightly in 

amplitude as the resonance is crossed (there is only the small adiabatic 

change in amplitude corresponding to the change in (Q) 1/2). Therefore 

the maximum increase in amplitude upon crossing the resonance is the 

amplitude 

(12) 

of x after the resonance. The maximum occurs if x. and x are 
ss h SS 

in phase; otherwise the amplitude increase is less. Using Eq. (3), we 

have 

(.6.x)1 = f.2TT)1/2 (.6.B)1 

R \U' B 

o ~26"'r2 (£>:)1 (13 ) 

At maximum compression, we take 

R = 5 cm, 

w = 6X 109 sec-1 

(11) 
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Then the tolerance on the first harmonic field bump amplitude is 

<3X10- 5 ( 6 )1/2 
1000 sec-1 

If'the ionization loads this ring in about 1 msec, during which Q crosses 

the resonance, then 

• -1 Q - 10 sec 

(~B)1 -6 
B <3X10 , 

a rather tight tolerance. If we start from Q
R 

= 1/2, then we do not cross 

the resonance until the mirror is removed at ring ejection. If we lower 

• 6 -1 the mirror fast enough to achieve Q - 10 sec ,say in 1 p. sec, then 

(~B)1 -3 
B < 10 

is fairly easy tolerance. It may turn out that even with Q
R 

only slightly 

less than one, the integral resonance is not crossed during ionization, 

since the Q shift comes only from image effects. However when the 

mirror disappears, Q
R 

= 1 without space charge, and the image terms 

will be important even though sman - indeed if they are too small, the 

ring may remain so close above Q R = 1 that x remains large in amplitude. 
ss 

III. The Half-Integral Resonance. 

Equation (1) follows from the Hamiltonian 

12122 12 
H = 2" Xl + 2" Q x + a x cos e + "2 b x cos 2 e , (14) 

where Xl = dx/de is the momentum conjugate to x. We will omit the third 

term which drives the integral resonance. It is convenient to transform to 

canonical polar coordinates in phase space: 

(
2 )1/2 

x = cf sin '(, 

1/2 
Xl = (2pQ) cos ,(, 

(15 ) 

'> 



• 
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so that 

H = Qp - i b (ci') cos (2y-20) + i b (~e.} 2 cos 20 - cos (2y + 20) l. (16) 

The first term in H gives the unperturbed linear focussing, the next 

term contains that part of the error fields which drive the resonance, 

and the remaining terms represent small nonresonant perturbations, 

which we neglect hereafter. The latter terms could be transformed 

away up to any desired order with a consequent small change in Q, but 

this effect is very slight if a and b are small perturbations; and in 

any case the effect is no greater than that of other harmonic components 

of the field errors which we have already omitted from the beginning. 

We now transform to a rotating coordinate system in the phase 

plane via the generating function 

S = P (y-e), 

8S 
P = 8'1 = ~ , 

8S 
Y = ap 

L 

=,{-e, 

(17) 

so that the Hamiltonian becomes, if we omit the nonresonant perturbation 

terms, 

!:l = H + ~ = (Q-1)p - ~ b (ci' ) cos 2'{ • (18) 

We have omitted the redundant bar under p. We now allow Q to be a 

function Q(e) which crosses the resonant values Q = 1 at say e = O. We will 

put 

Q - 1 = QI e (19) 

in the first term. We neglect the variation in Q in the remaining term, 

putting Q = 1 ther"e. The astute reader will have noticed that an additional 

term (QI jQ)p must be added to the Hamiltonian (16) if Q in transformation (15) 
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is a function of e. That term we also neglect; its effect is to change 

slightly the precise moment at which the resonance is crossed. 

For aesthetic reasons, we will retain the Q in the perturbation 

terms, even though Q = 1. Our formulas will then be applicable to any 

other half-integral resonance ZQ - m = O. In that case, e would be re

placed by ~ e in all formulas up to and including formula (17). The 

remaining formulas would be unchanged except for replacing Q - 1 by 

Q - m/Z in Eqs. (18) and (19). 

The equations of motion which follow from the Hamiltonian (18) 

are 

dy b 
de = Q - 1 - 4Q cos Z y. ' (ZO) 

dp _ 1 (Zp) " 
de - 4" b Q sm Zy • (Z1) 

We integrate Eq. (ZO), neglecting the small perturbation term: 

!. 1 QI eZ 
Y - YO + 2: ' 

(ZZ) 
where YO is the phase when Q = 1. We insert this in Eq. (Z1) and in

tegrate: 

Since p 

Pz b £z Z - = ZQ sin (Q' e + Z YO)de • 
Pi e 

1 Z 
is proportional to x , we have for the 

ln (Z3) 

ratio of the amplitudes 

before and after cros sing the resonance: 

00 

sin ZYoJ 
-00 

Z b 
cos w dw + 1/Z cos 

4QQl 

__ ~(~) 1/Z sl"n 
4Q Ql 

( Z YO + 'IT /4) (Z4) 

The maximum amplitude change occurs for YO = 'IT/8: 

" 
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-= exp.- (-) X z [ b 7T 1/ZJ 
x 1 4Q QI 

(Z5) 

If the exponent is small. this gives 

1/Z 

~[~(;,) J (Z6) x 

If we make use of formula (3). we find: 

x (Z7) 

The gradient error (~n) Z can arise either because the field coils 

are not exactly circular or because they are not centered on the axis. 

If the coil has a flat spot where it is depressed a distance h over a 

length Z{r Oh) 1/Z, where r 0 is the coil radius, then this produces a 

gradient bump of approximate amplitude 

(~ ~~)2' :~ (:0 t2 (28) 

in the second harmonic (cos Z8) at the ring. Formula (Z8) is valid when 

the distance D from ring to coil is small compared with the coil radius; 

. 1/Z 
otherwise it overestimates the error. If there are Z .1Ta/Z(r Oh) such 

errors arranged randomly around the coil, we have for the rms gradient 

error 

(~ aB) = 4Ih (71Zh )1/4 
ar Z D3 \- rO 

(Z9) 

If we put ZI/D, assuming that the entire field comes from this coil, 

we have 

(r:)
1/4 

(~n)Z ~ 4Rh 
DZ 

(30) 



-312- WC/ERA-28 

Except for a factor of the order of the square root of the number of coils, 

this formula is valid also wheri B is produced by several coils with a 

tolerance h on the precision with which any of the currents are located. 

We then find 

5/4 ~ 2 1/4 (6 \ 1/2 
h - D r 0 \-'ITRC) 

We put 

• -1 Q = 10 sec 

R = 5 cm, 

r = 10 cm, o 
D = 5 cm, 

x 

and require that the betatron os cillation grow by no more than one 

e-folding: 

Then 

-3 
h < 10 cm. -

• 
Increasing Q of course relaxes the tolerance. 

(31 ) 

A gradient bump can also be produced if a coil is not centered 

on the axis, but a moment I s reflection shows that the cos U) gradient bump 

is second-order in the coil displacement. A somewhat elaborate calculation 

leads to the formula 

(32) 

where h is now a displacement of the entire coil, and the formula is 

again more accurate when D < < r o. As above we may write this roughly 

as 

(33) 
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The tolerance in coil displacement is then 

h ~ D: (~R) 1/4 ((~)2 t2 . 
rO 

(34) 

With the values above, this gives 

h ~ 0.005 cm. 

IV. Do Nonlinearities Help? 

We now consider whether nonlinearities may help to reduce the 

growth in amplitude when the resonance is crossed. It is easiest for this 

purpose to treat the extreme opposite case when the resonance is crossed 

very slowly and the betatron oscillations behave quasi-adiabatically. The 

Hamiltonian appropriate to the integral resonance is 

1 2 1 2 2 . 
H = '2 Xl + '2 a x - axcostl + nonhnear terms. (35) 

The nonlinear terms which help are those which shift the frequency a 
with amplitude, and we will therefore include only these. We now make 

the transformation (15) and obtain 

1 (2P)1/2 H = F(p) - '2 a Q sin(y-tl) , (36) 

where we have omitted a small nonresonant term and 

2 
F(p) = Qp + kp /a + (37) 

Without the driving term, 

dy aF / CW" = a p = Q + k(2p Q) + (38) 

2 
so that k = 6.Q/x is the frequency shift per amplitude squared. 

m 

We note in passing that transformation (15) is not suitable for 

studying the linear motion as in Section II because the driving term 

li_Eroduces a shift in the fixed point away from the origin p = O. 
--::4r 

""'. -. 

'" 
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We now introduce a rotating coordinate system ..e., 'i. in the 

phase plane via the generating function 

s = p (y-e) , (39) 

so that 
y = y-e, p = p, (40) 

and 

.H = (

2 )1/2 2 1 p 
(Q-1)p + kp /Q - - a -= sin y • _ _ 2 Q (41) 

Since a!i/ae = 0, !i is a constant of the motion. Curves of constant H 

are sketched in Fig. 1 for several values of Q, assuming k < ° as it will 

be for almost any mirror-type field, and taking a > 0 for definiteness. 

Curves are drawn in the ~, ~ phase plane· 

! =(5 )1/2 sin]' = (2&y/2 Sin(y-~) = x cos e-Q -ix' sin e, 
(42) 

P = (2Qp)1/2 cos Y = (2Qp)1/2 cos (y-e) = Xl cos e + Qx sin e, 

so that ~,~ = X, P at e = 0, 2 iT, •••• The amplitudes Ai' A 2 , A3 of the 

fixed points are roots of the cubic equation 

3 a 
kA + (Q-1)A - 2Q = 0. (43) 

Above the resonance, at the value 

Q = Q = 1 + (3a)2/3 (_3k)i/3 
1 4Q (44) 

equation (43) has a double root, and for Q > Qi' it has three roots. 

[ We may take Q = 1 on the right in Eq. (44).] Below the resonance, the 

single root Ai corresponds approximately to the amplitude of the forced 

motion for the linear oscillator if k is not too large. This root would 

become infinite at resonance if k = 0, but with k'< 0, it remains finite, 

moving to the right, and above resonance it becomes nearly equal to the 

amplitude at which the frequency is reduced to 1 by the nonlinear term, ~ 

~>-
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if a is small. Meanwhile the new root A2 appears at Q = Q1 and 

moves toward the origin, becoming eventually nearly equal to the ampli-

tude of the forced motion of the linear oscillator above resonance. Thus, 

unfortunately, the small amplitude particles oscillating about the point 

A1 below resonance will adiabatically follow A1 out to its final position, 

which will correspond to a fairly large amplitude unless k is very large. 

The prospect for controlling the resonanc~ by nonlinearities is therefore 

not hopeful. If k were positive, or if we started above resonance and 

moved down, the sequence of figures would be reversed. Particles 

initially oscillating at small amplitudes about A2 would follow it out 

adiabatically until the collapse of the separatrix as A2 and A3 coalesce, 

after which they would be left OSCillating on a phase curve of approximate 

amplitude 

A4 = - (a/4kQ)1/3 , (45) 

which is the amplitude A2 = A3 when Q = ~1. Thus for large enough 

values of kia, the amplitude change on crossing the resonance can be 

kept small if it is crossed in the favorable sense. 

We now treat briefly the half-integral resonance Q = 2/2. Making 

the same sequence of transformations which led to the Hamiltonian (18), 

but including relevant nonlinear terms, we arrive at the analog to Eq. (41): 

!l = (Q-1) £. + k<>.Z /Q - ~ bf ~ y/z cos Z:'I.. (46) 

Curves of constant .!i for this case are sketched in Fig. 2, in an~, P 

phase plane as defined by Eqs. (42). We again take k < 0 for a mirror-

field and b > 0 by convention (if b < 0, rotate the figures 90 0
). We also 

assume b/4Q < < 1 since the perturbation b = (.D..n)2 is small. The singular 

points have the amplitudes 
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Y = 0, ± Ai = e-r/2 (Q - i + ~ ) 1/2 x= ± -4k 
/ 

(47) 

x ~ 0, y ~ ± A2 ~ ± (~~k11/2 (Q ~ )1/2 - i -

If b is small, then above the resonant region, both amplitudes Ai' A2 

are approximately equal to the presumably rather large amplitude at 

which the nonlinear term reduces the frequency from Q to 10 If we start 

below the resonance with a small amplitude motion, a propeller appears 

in the phase plane when we enter the half-integral stop-band as Q crosses 

the value 1 - b/4. The small amplitude particles are then trapped in 

small amplitude motions about the fixed points ~ = ± Ai" Above the stop

band when Q > i + b/4, a stable region reappears around the origin, but 

our particles continue to follow the points x = ± Ai out to large values. 

We conclude again that nonlinearities will not help (unless k is so 

large as to limit Ai to small values, which seems not to be a practical 

alternative). If, somehow, k were made positive, then the sequence of 

Fig. 2 would be traversed from right to left, and particles initially os-

cillating at small amplitudes would be left OSCillating about the origin 

with an amplitude determined by the propeller size at Q = 1 + b/4, i. e. 

roughly in amplitude 

A4 ~ (4~) 1/2 . (48) 
Since b = (Don) 2 is small, a relatively small positive value of k would 

suffice. Unfortunately, it is easy to show that if the field is symmetrical 

about the z-axis, k < 0, so this could only be done by introducing azimuthally 

varying fields, a proposal the avoiding of which was the primary purpose of 

this exercise. 

)l 

.( 
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Fig. 1 

Phase plane near the resonance Q=l 

b b 1- - < Q < 1 +-4 4 

Fig. 2 

Phase plane near the resonance Q-2!2 

XBL682- 1858 

XBL682-1857 
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STRIPPING OF HEAVY ELEMENTS IN THE ERA 

R. H. Levy 

Avco-Everett Research Laboratory 
Everett, Massachusetts 

In calculating the stripping time for heavy elements in the 

ERA the following assumptions are made: 

1. The only relevant process is stripping of one electron at 

a time. by electron impact ionization. 

2. The cross sections for this process decrease like 

(electron energy)-l up to 511 keV, after which they remain constant. 

The ERA electrons (Y ~ 47) are in the constant region. This assumption 

was suggested by Dr. R. Main (Private Communication, January 30, 1968). 

In a recent paper by Daugherty, Grodzins, Janes and Levy 

(Avco-Everett Research LaQoratory Research Report 288; submitted to 

Phys. Rev. Letters), the stripping time calculations were done using 

the following expression for the ionization cross-section: 

a 
4 

Krre 
E I ,en Ell 

where E is the electron energy, I the relevant ionization potential, 

and K a constant ~.25. This formula was taken from Janes, Levy, 

Bethe, and Feld (Phys. Rev. 145, 3, p. 925). 
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For a standard electron density of 10 -3 2 x 10 cm ,and for an 

electron energy of 13.6 keY, the results of the stripping time 

calculation are reproduced in Fig. lao 

For the purposes of the ERA, assumption 2 alone allows direct 

scaling from Fig.la. Thus all cross-section are to be reduced in the 

ratio 13.6/511 = 0.0266; this slows the ionization process down by 

a factor of 42.5. It should be noted that assumption 2 clearly breaks 

down for ionization potentials approaching 13.6 keY. The effects of 

this would be to flatten the curves in Fig~a at their left-hand 

ends. Again for the purposes of the ERA, a reference density of 

1.7 x 1013 is suitable; this has the effect of speeding the 

ionization process up by a factor 10 
10 = 850. 

Lastly, the speed of a 13.6 keY electron is 6.8 x 109 cm/sec, the 

speed of the electrons in the ERA is 3 x 1010 cm/sec; this has the 

effect of speeding the ionization process up by a factor 

10 9 3 x 10 /6.8 x 10 = 4.4. 

Collecting all these factors, ionization in the ERA should 

be faster than that shown in Fig. la by a factor 850 x 4.4/42.5 = 89. 

Thus, for example, the creation of U+30 in the ERA should take 

about 10 m secs. 

The rate of production of heavy stripped ions in the ERA can 

be estimated on the following assumptions: 

1. The number of ions contained in the ring is loltzeff 

where Zeff is the effective charge on the stripped ion. 
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2. The cycle time is determined by the stripping time T. 
~on 

These two assumptions yield a mean rate of production of heavy ions 

of 10l1z ff T. ions per second. The same calculation was per-e ~on 

formed by Daugherty et al., but for a number of ions equal to 

14 
2 x 10 jz ff T. ,and the results of this calculation are shown e ~on 

in Fig. lb. For application to the ERA, then, the ion production 

rates should be reduced by 2000 (effect of the coefficient) and 

increased by 89 (reduction in T. ), or, combining these factors, 
~on 

the rate of production of ions listed in Fig. lb should be reduced 

by 22. 
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erRedue. times by 89 ~ Reduce rates by 22 

1017r--_"'-_~_--r----r------r---r--..., 

ESTIMATED FRACTION 
PER CHARGE STATE 
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Fig. 1. (a) Time required to remove Z eff electrons from element 

Z under the stated conditions. (b) Estimated production 

rate of the ion source having the general dimensions quoted 

in the text. The total number of ions is at any time concen-

trated in a few charge states. The estimated fraction of the 

total ions in the desired charge state is indicated. 
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ION LOSS BY ELECTRON SCATTERING IN COMPRESSED ELECTRON RINGSt 

R. H. Helm 

Stanford Linear Accelerator Center 
Stanford University, Stanford, California 

INTRODUCTION AND SUMMARY 

The heating by electron scattering on the ions trapped in a compressed elec-

tron ring can in principle lead to ion energies sufficient to permit escape from 

the potential well. A correct treatment of this question presumably would include 

the effects of random and systematic fluctuations in electron density, in which 

many particles might act collectively in exciting the ions. 

The purpose of the present note is to investigate the much simpler problem 

in which the ring is assumed to be uniform and quiescent, and the scattering 

events are assumed to be random and uncorrelated. 

Three separate processes may be thought of: (1) Single scattering, in which 

the recoil from one large-angle scattering event imparts escape momentum to 

the ion; (2) Azimuthal drag, in which the recoils from many small-angle events 

result in a cumulative tangential acceleration of the ions; and (3) Random walk, 

or statistical accumulation of impulses normal to the electron velocity. 

As had been expected, under typical conditions for the ERA * these processes 

all lead to inSignificant losses of protons (lifetimes much greater than one second). 

In the case of highly ionized heavy ions, the random walk and azimuthal drag 

effects could have lifetimes on the order of the ionization time. ** 

* See e.g., A. M. Sessler, ERAN-1 

** R. H. Levy, WC/ERA-2 

t Work supported by the U.S. Atomic Energy Commission 
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KINEMATICS, ETC. 

The following inequalities are assumed to hold: 

P« p «Mc and p »mc 

where P is the ion momentum, p is the electron azimuthal momentum, M is the 

ion mass, and m is the electron rest mass. The collision kinematics (see sketch) 

then are extremely simple. To first order in small quantities, it may be shown. 

that the ion recoil energy is 

E = ! p2/M ~ ~ P~ sin
2 

fJ/2 ( 1) 

and the recoil angle is 

sin IjJ ~ cos fJ/2 (2) 

The coulomb scattering cross section is 

2 
cos fJ/2 

sin 4 fJ/2 
(3)* 

where r 0 = e2/mc 2 
= 2.8 x 10-13 cm, Z = ion charge/e, f3 = (electrons azimuthal 

velocity)/c ~ 1 and mcf3'Y = PO' We neglect nuclear form factor and center-of-

mass corrections to the cross section. 

* In the present note, 'Y will always refer to the azimuthal energy. It will be assumed 

throughout that f3 = 1 for the electrons. 
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SINGLE SCATTERING 

The rate of loss of ions by single large-angle scattering is 

() 

. J j2 
N./N. = - (j 
lIe 

2n sin () d () 

()1 

where J is the current density in the ring; ()1 and ()2 are the minimum and 

maximum angles which lead to escape from the well. 

( 4) 

To estimate the angles () 1, 2 we consider an ion starting at the major ring 

radius and moving in a harmonic oscillator potential with initial momentum 

P sin 1/;, related to the maximum amplitude by 

P sin I/; = M w1 Ar max 

_c yNeZrom 
where (V '" l=a npM 

= the ion frequency. 

Here a and p are the minor and major ring radii, respectively. 

( 5) 

( 6) 

Roughly defining the escape momentum as .J2 M (VI a and using Eq. (1), we 

find 

Integration of (4), using (2), (3) and (7) gives 

. 
N./N. ::::: 

1 1 

2NeMZro 

2 
7rm')l P 

( 7) 

( 8) 
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Typical numbers from ERA-1 are: 

'Y = 47 azimuthal energy 

p = 3.7 cm major radius of ring 

a = 0.1 cm minor radius of ring 

Ne 1013 number of electrons 

Equation (8) then gives (for hydrogen iOllS) 

. / -4 -1 N. N. ~ 0.7x 10 sec 
1 1 

as the rate of ion loss by single scattering. For slightly larger values of N , 
e 

Eq. (7) cannot be satisfied; i. e., no single scatter can knock out an ion if the 

well is deep enough. 

Inclusion of nuclear form factor would make the result even smaller. 

Since the loss by single scattering is negligible, it will be assumed that plural 

scattering, involving a few large-angle events, may be ignored. 

AZIMUTHAL DRAG 

The rate of accumulation of azimuthal momentum by forward recoil is 

p ~ ~ f~ "p cos IiI 2w sinO dO 

emin 

(9) 

where e . is the minimum angle at which any scattering can occur. It will be 
mm 

assumed here that e . is determined by the maximum impact parameter, that mm 

is the maximum distance at which an electron can pass by an ion. In this case, 

the relation for an ion near the center of the ring is 

2Z rO 
emin ~ a'Y 



Integration of (9) then gives 

2 2 
2NecZ rO 

p fmc ~ -2-=-----
1Ta p 'Y 
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(fu~ - .!) 
ZrO 2 

(10) 

To estimate the rate of ion loss, we assume that the azimuthal acceleration 

is adiabatic on the time scale of the ion oscillation frequency. Then the centri-

fugal force of the azimuthal motion may be equated to the electrostatic restoring 

force 

2 2 ·2 2 
MW

1 
Ar :=::$ Mv /p :::: P t /(Mp) (11) 

Using (6),( 10) and (11) and assuming that the ion is effectively lost if Ar :=::$ a /2, 
we find 

l/t = 2
3
/

4 
£. (Nm)1/2 (

zr
O)3/2 (bl...!!Y.. _ .!) 

'Y P 1TM a Zr 0 2 
(12) 

The above numerical values then give 

-3 -1 1/t :=::$ 1. 7 x 10 sec 

for the rate of loss of ions by the azimuthal drag effect. 

RANDOM WALK 

The impulse normal to the electron velocity, due to the passage of the i-th 

electron, is 
e. 

oP. = P. sin t/J. = 2PO sin -2
1 

1 1 1 

It is assumed here that the cyclic and betatron motions are irrelevant; this may 

be justified either by saying that the coherence of a given electron on successive 

passages is destroyed by the scattering processes, or simply by assuming that 

no resonance conditions [SUCh as (1 - Q)wO :=::$ W1] are satisfied. * Then the 

* Instabilities associated with resonances of this type are treated by T. K. Fowler, 

we/ERA-3. 



cumulative impulse is 

P = L: 
t.~t 

1 
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OP. cos WI (t - t.) 
1 1 

(WI = ion frequency) in which we assume that the same electron on successive 

passages is a "different" particle. To find the expectation value (p2) , we 

note that (OP. OP. cos WI (t-t.) cos WI (t-t.) = -21 «Op.)2) 0 .. , because 
1 J 1 J 1 IJ 

the events have been assumed to be uncorrelated; and that the weighting factor 

as a function of scattering angle is a ( e.) 6. Q. . Then replacing the sum by an 
1 1 

integral and using previous results, we find 
7r 

- - 2p SIll-Jt f 1 ( . () 
e 202 cos ~r a(8) • 27r sin e de 

()min 

(13) 

Suppose that we define the escape energy as 

E* = 7rp 

which is twice the energy required to lift the ion from the center of the well to 

6.r = a. (This is consistent with the definition of escape momentum used previously.) 

1 2) Then using (E) = 2M (p , we have 

(14) 

for the rate of ion loss by the random walk process. 

The numerical values used previously then give 

( . I -2-1 E) E* ~ 1. 4 x 10 sec • 
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February 10, 1968 

EXTRACTION OF ELECTRON RINGS BY A SEQUENCE 
OF AXIALLY SHIFTED COIL PAIRS 

E. Keil 

CERN, Geneva, Switzerland 

1. Introduction 

After compression in the compression chamber the electron 

rings want to be displaced in the axial direction to a point where 

they can be picked up by the rf accelerating field. In the following, 

we shall describe a system of coils which achieves this aim in such 

a way that the axial and radial stability of the electron rings is 

conserved without relying on self-focussing. 

2. The Coil Arrangement 

The coil arrangement consists of five coils with e~ual 

radius (R = 1) and the spacing between adjacent coils e~ual to the 

coil radius. The fields in this arrangement were computed using 

EXTRAC program (WC/ERA-l ). They are shown in Fig. 1. 

Electron ring extraction proceeds as follows. After com-

pression, the electron ring is trapped in the magnetic mirror 

formed by the coils no. 1 and 4 at Z = 0, as shown by curve I in 

Fig. 1. When the coils no. 2 and 5 are excited slowly, the minimum 

in BZ slowly moves towards positive values of Z. It is easy to 

perform this operation slowly enough to make the electron rings 

follow the minimum in BZ adiabatically. Curve II shows the 
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situation when the currents in the coils no. 1, 2, 4, 5 have become 

equal. It is obvious that the ring is now centered around Z = 0.5. 

In the next phase of the operation the current in coils no. 1 and 4 

is slowly turned down to zero. This is shown in Curve III. The 

electron ring is now at Z = 1, just one coil spacing away from its 

original position. 

A few remarks can be added: 

i) The increase in current in one coil pair and the 

reduction of current in the other pair can be done simultaneously, 

thus keeping the minimum value of BZ more constant than in Fig. 1. 

ii) The process described above can obviously be repeated 

any number of times by adding more coils to the arrangement. This 

may be a method to achieve an accurate timing of the rings with 

respect to the accelerating rf. 

3. Limitations and Obvious Extensions 

The axial field component B
Z 

is taken on the axis of the 

coil system, and only axial stability is assured by the condition 

of having the electron ring in a minimum of BZ' thus having 

dB 
n e. --E. > 0 B dZ . 

Radial stability requires that n < 1. The obvious extension in the 

design of a practicable extraction system involves the following 

steps. 

i) Compute the field Bz(Z,p,t) of a set of N coils with 

currents In(t), ... , IN(t). This can be done with a very small 

modification of the EXTRAC program. 
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ii) Find the axial position ~(t) of the minimum in BZ(t). 

iii) Find the radial position PM(t) of the electron ring at 

1M(t), for a given initial position p(O), using invariance of angular 

momentum. 
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PULSED ACCELERATING COLUMN AND PULSED MAGNETIC FIELD 

FOR THE ELECTRON RING ACCELERATOR 

A. Faltens, E. Hartwig, and P. Hernandez 

Lawrence Radiation Laboratory 
University of California, Berkeley, California 

December 28, 1967 

ERAN-12 

Introduction 

The Electron Ring Accelerator requires an axial electric field 

for acceleration and an axial m~gnetic field of ~10 kilogauss for 

focussing. An average electric field of 100 kV/cm accelerating a ring 

13 11 
containing 10 electrons and 10 protons would produce 70 GeV protons 

in a length of 140 meters. A 10 pps rep rate suggests the use of 

pulsed accelerating and focussing fields. The electric field pulse 

length is determined by the rise time and the timing uncertainty or 

jitter between the electron ring and the pulse, as the transit time of 

the ring across an accelerating gap is negligible by comparison. The 

magnetic field pulse would be a half cycle sine wave obtained from a 

capacitor discharge circuit and would not require critical timing. 

The accelerating structure would consist of a number of discs 

forming radial transmission lines which are energized by individual 

spark gaps. The spark gaps are switched on sequentially to make the 

electric field pulses coincide with the electron ring as it travels 

down the structure. The physical dimensions of the accelerating 

discs are determined by the requirement that the pulse travel time 

through the structure is longer than the risetime plus jitter of the 

pulse. 
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The Accelerating Column 

Two structures which have most of the desirable properties for 

pulsed acceleration are shown in Figures 1 and 2. 

The Electric Field Pulse 

A short risetime pulse enters the radial transmission line 

(formed by each pair of discs) simultaneously from n cables spaced 

symmetrically at a radius r . 
c 

The pulse divides at the cable junction, 

with approximately half the power being directed inward to the accel-

erating gaps and the rest being directed outward as in Fig. 1 or into 

a short circuited line as in Fig. 2 and wasted. The inward traveling 

pulses in a radial line go in the direction of higher impedance and 

thus increase in voltage. At the center the ingoing pulse reflects 

as from an open circuit, or alternatively the pulses from opposite 

sides of the disc pass through each other. The voltage across the 

accelerating gap is maintained until reflections from the far end of 

the radial line reach the gap. Bec,ause the electric field lines are 

perpendicular to the discs, removal of the discs after the imploding 

pulse is established does not change the field distribution, and thus 

a fairly large beam hole may be used. The electrostatic energy stored 

within the gap U , given by 
e 

increases with a larger beam hole 

electron ring back into the gap, 

r , and the energy radiated by the 
g 
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Fig. 1: Cross-Section and One Cell of Accelerator - Radial Line 

rb = radius of electron ring, ~ 4 cm. 

r = radius of accelerating gap 
g 

r = radius at which cables enter 
c 

r = radius of solenoidal magnet 
m 

r = radius of outer electrostatic shield 
0 

d = gap length 

t = disc thickness 
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Fig. 2: Cross-Section and One Cell of Accelerator - Folded Radial Line 

r = b radius of electron ring, ~4 cm. 

r = radius of accelerating gap. g 

r = radius c at which cables enter. 

r = radius of solenoidal magnet. m 

r = radius of outer electrostatic shield. 
0 

d = gap length. 

t = disc thickness. 
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2 
q d 

Urad = 
2 

8n EO :r g 

decreases. 

The impedance of a radial line is Zr 60d/r. The cables 

drive the radial line in both direction, or Zc = 3Od/r. Each of n 

driving cables has an impedance 30nd/r. The number n has not been 

determined yet, but would be between 8 and 24. The mismatch in going 

from a cable to the radial line, and the shape of the imploding 

waveform both improve as the number of input cables is increased, with 

V(r=O) ::.: ~ V(r ). The voltage at the gap, V 
c g 

mately related to the input cable voltage by 

Ed#: .JL r /r 
2 g c 

E d, is approxi
g 

with the approximation failing at small r. For a conventional pulse 

line half the line voltage appears at the load so 

Taking Eg and rg as 100 kV/cm and 10 em and Vpt as 200 KV 

r 
c 

d 

Vr: c 

V 
--IlL 
E y;-: 

g g 

is determined by the pulse risetime 

r 
c [

( c)( tr + t j ) ] 
2 + rb 

0.63 

plus jitter as 
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in order to have the pulse present at the time the beam goes by. The 

reflections from the back wall are assumed to be delayed by a similar 

time interval, t + t., and hence do not affect the gap field. With 
r J 

r and V fixed, d is directly proportional to the incident voltage. c g 

Circuits exist which put the entire pulse line voltage on the load such 

as a Blumlein pulse line, or a line with 2 switches, and a scheme which 

places a Blumlein within a folded radial line is being investigated. 

The Magnetic Field Pulse 

The solenoidal ID9.gnetic field for focussing the electron ring 

would be obtained by disch~rging a capacitor bank into coils located 

in the tips of the accelerating discs. The field uniformity require-

ment of 1 dB 
B dZ < permits a fairly large field variation, so 

that neither timing nor coil configurations are critical. The largest 

cost in such a pulsed system is for the energy storage capacitors, which 

for a given field depends only on the magnetized volume. The capB,citors 

are arranged in such a way as to utilize the switch between the capacitors 

and the magnet most efficiently, which would be an ignitron operated at 

'" 10 kV. 

The pulse length could be chosen from about 0.010 to 1 millisecond. 

A short pulse decreases power and cooling requirements but requires more 

switching tubes. Choosing for an example, an ignitrori with a 5kA current 

capability for alms pulse, each tube can power a 40 cm length of the 

accelerator. The voltage on the capacitors would be allowed to ring to 

minus the starting voltage on each pulse, reversing the solenoidal field 
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every other pulse and requiring two tubes for 40 cm, or a total of 

700 for the accelerator. 

Arrangements and Design 

The mechanical design of the cavity system appears to be 

straightforward. Cavities can be made of metal if there is a radiation 

problem or a sparking problem, or if they are very large. Each cavity 

will have several coaxial transmission line connections and a magnet 

coil. 

For accelerator diameters of about a meter it appears that a 

very economical cavity could be made of cast epoxy and electroplated 

with copper. The cavity accelerating plates might be made so that one 

nested into the other. About 20 discs could be gluffi together with a 

vacuum-tight joint to form a cell sub-assembly. Each cell could have 

one end cavities that would not be pulsed but would contain a connection 

for Vacuum pumping. The end cavities would be different from the 

intermediate cavities as they would contain flanges that would permit 

bolting the cells together. For maintenance a fixture could be used to 

force the cavities apart so that any cell could be removed and replaced 

anywhere in the accelerator. The magnet coil is pulsed about 10 times 

per second for 0.01 to 1 millisecond so that it does not require very 

much copper. It may be possible to add more copper to the coil and 

remove the heat by conduction through the outer tubes of the coaxial 

transmission lines and thereby eliminating water cooling. 
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The cable arrangement and the spark gap assembly mie not been 

worked out. There is little experience with high voltage pulses of a 

few nanoseconds; mostly because there has been no demand for them rather 

than because of difficulties. 

(a) Spark Gap 

The principal problem is the spark gap which must not only 

function properly, but must be of convenient size. The spark gap 

impedance should match the driving point impedance of the accelerating 

disc, Z ~ 30d/rn , which has a value of a few ohms. The gap size is 
'-

determined by having a given impedance, 60 tn d/a, and a given voltage 

holding ability, ~ b - a, where a and b are the inner and outer radii 

respectively. For a given pulse line voltage the accelerating gap d, 

is determined. The risetime plus jitter determine the driving radius, 

r , and hence the spark gap impedance follows. The state of the art 
c 

should be pressed to decrease the risetime and jitter to reduce the 

accelerator diameter; however, this makes the tracking of the pulses 

with the electron ring more difficult as they travel down the column. 

A higher voltage on the gaps is desirable to reduce the number of 

sections needed. A trade-off between diameter and length is possible, 

as shown in Fig. 1 and 2, and this also provides more room for the spark 

gaps. 

(b) Trigger 

The type of trigger for the spark gaps may be conventional, an 

electron beam, or a laser. Recently, progress has been made with 

electron beam and laser triggered spark gaps. In the case of laser 



-340- ERAN-12 

triggering, the ionization produced has been sufficient to decrease 

the risetime--somewhat like bridging the spark gap with a plasma 

conductor. The trigger power re~uired in all cases decreases as the 

static breakdown voltage is approached, or exceeded for short times, 

so that a scheme using cascaded spark gaps might prove most econom

ical. How many spark gaps can be fired by one trigger is still 

unknown. 

'.' 
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ON LINEAR ACCELERATION~:c 

W. Walkinshaw 

Rutherford High Energy Laboratory 
Chilton, Didcot, Berks., England 

February 9, 1968 

WC/ERA-37 

Dr. Walkinshaw has directed attention to the kinematics of par-

ticle motion in a linear accelerator, as might be usefully noted with 

respect to the acceleration of a charged macro-particle such as the 

electron ring of the ERA. Most particularly, the relevance might be 

with respect to the lock-in behaviour that is obtained when j3 == v/c 

becomes quite close to unity and with respect to the tolerances that 

must be met during the lower -energy stages of acceleration. 

Taking the origin Z = 0, t = 0 at the hypothetical point where 

-j3 = 0, one may write for a constant field E = Ee
Z

: 

2 
mc = e E Z 

and 
2 

mc j3 = e E c t, 

where m denotes the relativistic mass of the particle in question. 

Similarly, for a reference particle that moves with v = c, 

It then follows that 

2 
mc (1 - j3) = e E (Z - ct) 

=eEc(to-t), 

or = 
2 

mOc 
-e ..... E...-c- ~ V T+"t . 

*Manuscript prepared by L. J. Laslett from notes of W. Walkinshaw . 

. ' 
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On Fig. 1, the solution. for Z (t) is indicated. 

As an illustration, if one puts rn Oc
2 = 938 MeV, takes a field 

strength such that eE == 1.3 MeV/crn, and sets 13 =- 1, 

6:.t = 938 ~ 
1.3X(3X1010) X rz 

= 1. 7 Xi 0 -8 ..n::-:73 sec 

=17~ nsec 

For 13 = 0.9, this suggests 6:.t = 5.4 nsec; and for 13 = 0.99, 6:.t = 1.7 

nsec. The latter value of 13 (B = 0.99) irnplie s a kinetic energy of a 

li ttle over si Ge V. 
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Fig. 1. Position as a function of time for two particles, each starting 
with zero velocity. 
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REMARKS ON THE COMPRESSOR - ACCELERATOR INTERFACE 

A. Introduction 

L. Srrlith 

National Accelerator Laboratory 
Oak Brook, Illinois 

February 19, 1968 

In a conventional electron linear accelerator, electrons errlerge 

frorrl a gun as a DC- bearrl to enter a bunching section which causes a sub-

stantial fraction of therrl to traverse the rrlain accelerator at an aSYrrlptotic 

phase close to the crest of the accelerating wave. The buncher is phased 

frorrl the accelerator so that the tirrle structure of the bearrl is established 

by the accele rator itself and a high degree of uniforrrlity can be achieved in 

phase and final energy of the electrons during the rrlore or less steady state 

condition within a pulse, and frorrl pulse to pulse. In the ERA, there is 

no steady state condition; there is no natural relation between the tirrle 

sequence of events in cOrrlpression, release, and tirrling of the accelerator; 

and there is even uncertainty in the charge and rrlass of the ring. There is 

clearly a need for devices to correlate the systerrls; in order to enter an r. f. 

structure within, say, a 10° phase range requires a precision of 1.5X10-10 sec. 

at 200 rrlC and 2.5X10-11 sec. at 1200 rrlC, whereas even the jitter in tirrling 

release frorrl the cOrrlpressor is likely to be 5 -10X10- 9 secs. 

Two types of accelerators are being considered, an r. f. linac and 

an induction, or pulsed line, accelerator. In either case, the synchroniza-

tion problerrl can be attacked by an a~tion on the released ring or by a re

adjustrrlent of the accele rator on the basis of inforrrlation about the ring. The 

initial speed of the ring is given by the forrrlula for the effect of adiabatic 

changes, expressed for this purpose in the following forrrl: 
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13 = R 
[BCPB~pBR J 1/2 (1 ) 

where I3
R 

is the longitudinal velocity after release and BR and B cp 

are the magnetic field strength in the accelerating column and in the 

compressor, respectively. A small release velocity would require a 

very small difference in fields, which might be difficult to control. It 

seems more reasonable to ·consider differences of perhaps 250/0, which 

implies that I3
R 

"" 0.5. The following remarks on the four pos sible situa

tions (two types of accelerator combined with two approaches for synchroni-

zation) thus are predicted on the assumption of a fairly high release 

velocity. 

B. Pulsed Line Acceleration 

If the ring sees a longitudinal electric field uniform in space and 

time, its momentum will increase according to: 

(2) 

and its spatial position according to: / 

z = 

where Q and M.l are the charge and effective mass of the ring, E is the 

applied field, and 'I and 13 refer to the longitudinal motion. The variation in 

time of arrival at a given downstream location, Z, due to variations In 

~E , ('II3)R' and starting time is obtained by differentiating Eq. (3): 
.1 

1 
[ - - 'I (1-1313 )] 

'I R R 
(4) 
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For the values 

Ml = 70 me' QE::: 50 kv/cm, f3 ,.., 1, 

6.

f3 RJ -f3-- (seconds) 
R 

(5) 

It would thus appear that variations of as much as 10% in the 

parameters of the released ring would not affect the timing, provided that 

the pulses are long enough to cover the anticipated range of 5-10 nan-

seconds in 6.t
R

. It should be remembered, however, that Eq. (3) shows 

that y at the end of the accelerator is proportional to (~~) • so that this 

quantity must be controlled to more like 10/0 to achieve an acceptable uni-

formity in final proton energy. 

If the uncertainty in release time is indeed dominant and if it is 

both desirable and possible to keep the accelerator pulse short, the trigger 

for the accelerator could be provided by a signal created by the ring pas sing 

an upstream reference point far enough from the accelerator to allow for 

jitter. Assuming that the information as to the whereabouts of the ring can 

be transmitted accurately at the speed of light, the drift distance required is 

L = f3
R 

c6.t, where 6.t is the uncertainty in pulsing the lines - i. e., about 

15 cm per nanosecond accelerator jitter. Thus a meter or two of drift dis-

tance should be adequate; fluctuations in f3
R 

would not seriously affect arrival 

time at the accelerator if the distance is that short. 

C. r • f. Acceleration 

An r. f. accelerator seems to present greater complications. The 

fields would have been established much earlier and nothing much could be 
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done about re-phasing on this time scale without increasing the instan-

taneous power requirements very substantially. It would seem, there-

fore, that the synchronization must be achieved by acting on the ring, 

with the accelerator serving as time reference. A straightforward way 

to accomplish this end would be to precede the accelerator by a bunching 

cavity, tied to the accelerator in phase but oscillati~g at a sufficiently 

low sub-harmonic that the range of release-time errors falls within the 

linear range of the buncher sine-wave. By this means, the ring could 

be given a velocity increment proportional to its time deviation from 

ideal; and thus, after drifting some distance, it would arrive at the 

accelerator at the correct phase, though with the wrong velocity. Un-

fortunately, the numbers look unattractive; in order to cover 10 ns un-

certainty in a quarter of an oscillation requires a buncher frequency of 

about 25 megacycles; and the drift distance required to make up the time 

error, given by 

L =!3 c R 

.6.t 
R 

(~:) 
(6 ) 

-9 1 
is 70 meters for .6.tR = 5X10 sec, .6.!3/!3 R = 0.01, and!3 R = '2' Before 

seriously contemplating such a scheme, it would be important to measure 

what .6.t
R 

really is, and to calculate what range of velocity and phase errors 

is tolerable to the accelerator. Such a tolerance calculation is not as easy 

to do as for the pulsed line accelerator but rather necessitates an integration 

of the phase oscillation equation to determine the final y of the ring as a 

function of initial conditions. For the present, the tolerance of 1% on vel-

ocity used above is nothing more than a guess. 
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It might be possible to correct the arrival times of the ring without 

introducing a velocity errot by using a magnetic perturbation. The time of 

passing a pick-up loop shortly following the compressor could be compared 

to the phase of the accelerator, and the magnetic field between compressor 

and accelerator could be raised or lowered to change the ring velocity and 

thus the time of arrival at the accelerator. Expression (6) applies to this 

situation also, but now 6.t
R 

need be no more than half an r. f. cycle, and 

the fractional velocity change in the altered field region could be large, 

since it is undone when the ring encounters normal field strength again. 

In this case, the drift. length is probably determined by the time needed 

to make the field change before the arrival of the ring. From Eq. (1) 

A JB -B ~= . cp . Ra 
A B - B t-'R . cp R 

(7 )' 

where the extra subs cript, a, refers to values in the altered section of 

solenoid. If B = 20 kg, BR = 15 kg, f3 R = 0.5, and f3
R 

differs from cp. a 

f3
R 

by 10%, then BR - BRa = 1 kg, a field difference which must be established 

over a distance of a meter or so before the ring arrives. For a rate of rise 

of 10 9 g/sec for the correcting supply, the required drift distance would be 

150 meters. 

D. Conclusion 

These numbers can be juggled considerably, and this report is only 

intended as an attempt to point out s orne of the problems. As mentioned in 

section (A), the nominal release velocity must not be too low, in the interest 

of reproducibility; on the other hand, the above examples show that the cor-

recting distances can easily get out of hand if it is too high. In the case of an 

r. f. accelerator, the drift times should be small compared to an r. f. period .; 
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divided by the uncertainty in release velocity if a timing correction is 

to succeed. Measurements of ring velocity and ;}- have not been con-
1 

sidered because the author has no idea of the achievable accuracy. 

Appendix. On the Validity of Adiabatic Formulas 

The formulas used here and for the peristaltic process during 

acceleration for the effect of spatial variations in the solenoidal mag-

netic field are based on the assumption that the field changes take place 

over many rotation periods of the electrons. In fact, the axial distance 

traversed per transverse revolution increases so rapidly with 13 11 that 

the as sumption is not very good, even for the manipulations at low vel-

ocity contemplated in this note. The axial progress per turn is given by: 

(8) 

which, for R = 4 cm, is already 25 cm at 13 11 = 0.7. 

Some idea of the seriousness of this effect can be obtained by 

considering the opposite extreme of a sudden step in longitudinal field. 

eR 
In transition, ~R = ~PR = 0, but ~p 1 = 2c ~B, so that the center of 

curvature of the orbit is dis placed by an amount, ~: R. Thus, except 

for pos sible self-field effects, the ring would thereafter pulsate radially 

at rotation frequency with that amplitude. On the other hand, the change 

in axial speed is the same as in adiabatic approximation, so that one 

might anticipate that the desired timing and peristaltic effects do not de-

pend on the approximation. The remaining worry would be the effect of 

inducing a coherent radial oscillation by imposing field changes over too 

short a distance. 
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CONCERNING THE AXIAL ACCELERATION OF ELECTRON RINGS 

P. L. Morton 

Stanford Linear Accelerator Center 
Stanford, California 

February 23, 1968 

The recent interest in accelerating a ring of elect rons in the 

axial direction by means of rf fields has posed several questions 

that must be answered for this means of acceleration to be useful. 

For example, assuming that the electrons and protons are accelerated 

as a single entity, is the longitudinal phase motion of the ring stable 

if the total charge and mass of the ring differ from the values for 

which the accele rating structure was designed? The total charge 

will differ from the designed value if the number of electrons minus 

the number of protons differs from the design value. The total mass 

will differ from the designed value if the number of protons plus the 

number of electrons differs from the design value or if the transverse 

energy of the electrons (due to an incorrect magnetic guide field or 

improper injection ene rgy) differs from the design value. This prob-

lem is discussed in the first section of this paper with the ring treated 

as a single particle with various values of the total charge and mass. 

The analysis used in this paper parallels the analysis Livingston and 

1 Blewett employed in treating the phase stability for a linear accel-

erator where the mass and charge are equal to the values for which 

the structure was designed. 

In the second section of the paper the question of the tearing 

apart of the electrons as well as the separation of the protons from 
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the electrons due to rf fields is treated. The protons have a tendency 

to be separated from the electrons because the rf field that accel-

erates the electrons deaccelerates the protons. Similarly, electrons 

with different transverse energies have different effective masses so 

that they receive different accelerations from the rf fields. These 

different accelerations tend to spread the electron ring axially and 

the reby weaken the space charge forces holding the protons in the 

ring. Criteria for the maximum accelerating field that can be used 

without destroying the ring are derived. 
1 

SECTION I 

A. Derivation of Equation of Motion 

It will be assumed that an rf accelerating structure has been 

designed to accelerate a reference particle of charge qo and mas s 

mO at a stable phase angle <PO' The properties of this reference 

particle will be designated by the subscript zero, while the properties 

of the actual particle will be designated without a subscript. For an 

actual particle that has an axial position 

s at time t the phase of the rf accelerating field felt by this parti-

cle is 

4J(s, t) = (1 ) 

where w is the rf frequency in radians/sec and v O(s) is the velocity 

that the reference particle would have at this position. 

The phase of the field acting on a reference particle that has a 

• position So at time t is 
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r 
l\JO(sO' t) = wit - fOSO 

'-

Hence the phase difference 

WC/ERA-32 

J . (2) 

(3 ) 

where we have neglected terms of the order (V~:s ) and higher. 

It will be useful to use the dimensionless quantity 

11 = p/mc, so that vic 

where p is the particle momentum, 

m is the particle mas s. 

v the particle velocity, 

and c the velocity of light. 

From these definitions it follows that 

-- = c c 

where again we have neglected terms of order 

From Eqs. (3) and (4) we find that 

6.8 = 1 d 
w dt 

When Eqs. (5) and (6) are combined we obtain 

( VOIV6.0S) • 

(4) 

(5) 

(6) 
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(7) 

The momentum difference can be related to the time rate of change of 

the phase difference by noting that 

(8) 

with .6:.m = so that 

(9) 

The phase can be related to the time of change of the momentum dif-

ference by the use of the fact that 

p = q ~ sin lJ-l. 

where ~ is the electric field of the accelerating structure. Thus 

with .6:.q = q - qO. 

By equating the time derivative of Eq. (9) with Eq. (10). we obtain 

the equation of motion 
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1 d [ 2 3/2 d ( TJO~ljJ .)~ wq t [sin.l, - sin 'I'OJ dt m(1+ TJ O) dt _ 2 1/2 + mc 't' 't' 
(1 + TJ O) I 

m 

(11) 

d 
dt (TJO~m) + 

B. The Case of Constant Mass and Charge 

It is useful to discuss the equation of motion, derived in the 

preceding section, for the case where the mass and charge may dif-

fer from their design values, but where their values are constant in 

time. Thus if in = ~in = q = ~q =0 we obtain for the equation of 

motion 

d [ 2 3/2 d ( DO~ ) J + 
wqt tin~ -Sin~o] CIT (1 + TJ O) dt . 2 1/2 . mc 

(1 + nO) 

wqo t sinljJo r ~m M] ( 12) = 
Lmo -mc qo . 

where we have used the fact that 710 = ~O = O. 

By means of the definition 

sin ljJ 1 {It qo [~m ~~ J } sin ljJ 0 ' (13 ) = -q mO 

we can write Eq. (12) as follows: 

+ wqt. 
mc 

( 14) 

These results state that if an accelerating structure is designed 

so· that a particle with mass mO and charge qo will have a stable 
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phase angle <PO' then a particle with mass m and charge q will be 

accelerated about the stable phase angle <Pi that is given by Eq. (13). 

Since the admittance is a function of the effective s table phase angle, 

the tolerance on the mass and the charge is determined by the amount 

the admittance is allowed to vary. For small mass and charge dif-

ferences, 

(15 ) 

In addition to the change in the effective stable phase angle, the 

phase oscillation frequency is changed. This is easy to see when the 

phase oscillations are linear, i. e., <P - <Pi «2IT. To study this case 

we linearize Eq. (14) and obtain 

d 
dt [ 

3 dUJ "0 CIT 
u = 0 ( 16) 

In the adiabatic approximation the small amplitude solution for 

(<p - <P 1) can be written 

• (17) 

Thus we see that damping of the phase oscillations depends only upon 

the design parameters of the accelerating structure. 
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SECTION II 

In this section we treat the problem of the tearing apart of the 

electrons due to the different accelerations that particles with dif-

ferent effective masses receive from the rf fields. The electrons 

have different effective masses, m = me "T' because of the energy 

spread .6.'YT from the injector. In fact, for other reasons such as 

stabilizing various instabilities. this spread may be desirable. The 

protons have a tendency to be separated from the electrons due to the 

rf acceleration of the electrons. and this problem is also treated in 

this section. 

A. Axial Spread in Electrons Without Protons Present 

From the results of the previous section we see that electrons 

with diffe rent effective mas ses will oscillate about different stable 

phase angles given by 

.6.m 
m 

( 18) 

This gives a spread in the stable axial position for the electrons 

( 19) 

For w:::::6X10 9 rad/sec, 
.6."T -- = 0.01 and f3 -1. we obtain 
"T 

.6.z::::: 2 mm. This distance is measured in the laboratory frame and 

must be multiplied by "II to obtain the ring's axial width in the rest 

frame of the ring. For large values of "II the axial width in the 

moving frame of the ring is too large to be tolerable, In addition to 
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the spread in the stable phase angle, it is possible for the ring to 

spread axially because of the spread in the phase oscillation frequency.':< 

The phase oscillations of different electrons become incoherent when 

the spread in the numbe r of phase oscillations equals one phase oscilla-

tion. Then this happens the axial spread becomes equal to twice the 

initial phase oscillation amplitude. The phase amplitude damps as 
. 

seen by Eq. (17), however, this damping may be too slow to avoid 

spreading the ring. In order for the oscillations to remain coherent 

it is thus necessary for 

1/2 

(~) dt < 21T 

f3 oYO 

(20) 

It appears that it is necessary to include the protons in order to 

control the axial spread of the electrons in the ring. 

B. Effect of Self Fields in the Presence of an RF Accelerating Field 

The following notation is used in studying the effect of the shelf 

fields. t 

a subscript i refers to the ith particle, 

a superscript + or - refers to a proton or electron, 

a subscript zero refers to the designed value for 

the structure, 

':<The author would like to thank L. Smith for pointing out this effect. 

tIn this section we will be refering to values for a single particle in 
contrast to the previous section where we treated the whole ring as 
a single particle. 
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N± is the total numbe r of protons or electrons in 

the ring, 

+ the mass of the proton m is the same for all 

protons, while the mass m ~ of the ith electron 
1 

may differ from the designed value mO. 

In addition we define the dimensionless quantities 

p. 
1 

-m.c 
1 

From Eq. (7) in Section I, we have 

± 
~r]. = 

1 w 

::: 

+ 
PO 

+ m c 

+ and r). 
1 

d 
df 

::: 

+ 
Pi 
-+-
m c 

(21) 

(22) 

The momentum gain'for the protons and electrons is given by 

• + t . ljJ+ + N-k- (ljJr - (ljJ-»), p. ::: e ~. Sln i 
1 

e t s in ljJ ~ + N + k + (ljJ ~ - < ljJ +) ), 
(23) 

p. ::: 
1 1 1 

where ( <j» is the average value of <j> 

k - pc [ ZeZ J ::: 
w . rrR(a -)2 

(24) 

k+ ::: 
pc [nR~:~)Z ] w 
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e is the electron charge, 

R is the major radius of the ring 

and a± is the minor radius of the proton or electron ring. 

In Eq. (23) we have neglected the force on the protons due to 

+ -the other protons since N «N, and we have neglected the force on 

the electrons due to the other electrons since ~- «N+. The 

YT 
momentum gain for the reference particle is given by 

~ .+ = ec sinljJO' and PO = 
+ m 

(25) 

By taking the difference between Eqs. (23) and (25) and using Eq. (22) 

along with 

.6.p~ 
1 

= m~c.6.r]~ +.6.m.cr]O' and .6.p: = 
111 1 

+ + m c.6. r]. , 
1 

(26) 

we obtain the equations of motion for the protons and electrons: 

and 

1 d 
dt m. 

1 

= 

= 

_ .wet. 
+ m c 

(Sin~~ + :: Sin~o) 
(27) 

{- 2 3/2 d [no~~ ]} we~ 
(sinljJ; - sinljJO) m i (1 + r]o) dt (1+r]~)112 + -m. c 

1 

(28) 

[~i d 
(.6.mi r]o) -

wN+k+ (~: -N+»J · dt m i c 
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If we now ignore the damping term and assume that (1jr~ - \jIO) «1 

we obtain the approximate equations of motion 

(29) 

(30) 

The protons will execute stable oscillations about a stable phase 

angle if the electric field:' satisfies the following condition 

(31 ) 

while the electrons execute stable oscillation for all value s of the 

accelerating field. 

(32 ) 

':'The quantity (e t) is assumed to be positive. 
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It is neces sary that the position of the stable fixed points be close 

to the average position of the particles in the ring and so we require 

and (33) 

+ -where we have let a = a = a for the minor ring radius. The separa-

tion of the protons from the electrons is 

where 

and 

+ z - z - 2 
2N r (m c ) 

e e 

2 
lTRa 

-13 r = classical radius of the electron = 2.4X 10 cm, 
e 

2 
m c = rest energy of the electron = 0.5 MeV. 

e 

(34) 

The spread in the axial direction of the electrons due to the 

transve rse energy spread is 

D.z. 
1 

(35) 

As a numerical example we take et:, = 0.02 MeV/cm, R = 4 cm, 

a = 0.1 cm, (m+ + mO/mO) = 40, N = 10
13

, N+ = 10
11 

and 

D.yTlVT = 0.01. For this case we obtain z + - z- ::::: 0.04 cm and 

D.z. :::::0.001 cm. Thus for fields less than 0.02 MeV/cm the ring is 
1 

not torn apart by the rf field. Furthermore, as the minor radius of 

the ring decreases due to the adiabatic damping term, the situation 

improves since both (z + - z -) and D.z. are proportional to a 
2

. 
1 
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RADIATION BY A RELA TIVISTIC PARTICLE 
PASSING THROUGH A CAVITY 

A. Faltens 

Lawrence Radiation Laboratory" Berkeley 

February 14, 1968 

By Lorentz transformation of the static field of a moving 

particle to the lab coordinate system, the .fields at a point rand 

time tare 

E 
r 

E 
z 

== )'qr 
[r2 + (~)'ct)2]372 

~E r 

where t == 0 corresponds to the time of closest approach of the charge 

q to the point r. At high)' these fields are indistinguishable from 

the fields of a TEM pulse of radiation, and the energy lost will be 

the energy reflected by the metal walls of the cavity and diffracted 

forward by the hole of radius R. For high frequencies or short pulses, 

the reflected arid diffracted energies are equal. A high frequency here 

corresponds to one whose wavelength is short compared to the hole 

circumference 2nR. The pulse duration at r is of the order of 

r --, hence the high frequency limits apply to the entire pulse, and the 
)'C 

reflection cross-section of an obstacle becomes its geometrical 

• cross-section. 
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The fields of a ring of charge will be similar to those of 

a point charge on axis at high " i.e. both transverse, and therefore 

both would have a similar energy loss. 

. ~ The POyntlng vector S has two components, Sand S , of which z r 

only S has a nonzero time integral. The radiation emitted by a 
z 

charged particle is concentrated in a cone of half angle 

e = 
2 mc 

E 
1 , 

which also results if the radiation is given off radially with velocity 

c in the particle's rest frame and this is transformed to lab coordinates. 

After a particle has passed through a hole the fields are distorted, 

with the final value to which they are tending being the "static" 

fields given above. The energy radiated into a large cavity with beam 

hole radius R and width h is then approximately equal to the energy 

scattered by an annulus of inner radius R and outer radius R + hi,. 

R+h/, 
6U = 2 J 

6U 

r=R 

1 22 (c 2)t3, q 

2 
3:n: q h 

00 

,_f 2:n:r 

t=-.oo 

6U 11) 4:n:E R(R + hi,) 
o 

compared with the USSR result 

obtained by different means. 

dr dt 

223 [r + (t3,ct) ] 

(in MKS units) 
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THE INTERACTION OF A RING OF CHARGE PASSING 

THROUGH A CYLINDRICAL RF CAVITY 

P. L. Morton 

Stanford Linear Accelerator Center 
Stanford, California 

and 

V. K. Neil 

Lawrence Radiation Laboratory, University of California 
Livermore, California 

February 16, 1968 

A. Introduction 

Recently there has been interest in accelerating a ring of electrons 

in the axial direction by means of rf cavities. The problem arises as 

to the maximum energy that the electron ring can gain from an rf cavity 

resonating in the lowest mode. The energy gained by the electron ring 

can be written as 

(1) 

where A and B are constants that depend upon both the cavity geometry 

and the phase and magnitude of the accelerating field, and Q is the 

total charge in the ring. It is the purpose of this report to determine 

the constants A and B. 

It is convenient to think of the first term in E~. (1) as due to 

* the interference between the energy radiated by the ring and the energy 

* In the case treated in this paper, the interference term is only 

for the lowest mode. 



-366- WCjERA-29 

that was present in the cavity before the ring arrived. The second 

term is equal to the energy that the beam would radiate into a cavity 

that was void of energy. 

B. Radiation into Empty Cavity 

In this section the energy that an electron ring radiates into an 

empty cylindrical cavity is calculated, i.e., the cavity is void of 

energy before the beam enters. It is assumed that the ring is moving 

axially at a uniform velocity v with the axis of the cavity coinciding 

with the axis of the ring. The cavity-end holes are neglected, and the 

cavity is assumed to be completely closed with infinitely conducting 

walls. This assumption gives a good description of the radiated fields 

for wavelengths much greater than the actual hole radius and gives 

inaccurate results for wavelenghts shorter than the hole radius. 

1 The normal mode method of analysis used here is due to E. U. Condon 

and is discussed in the Appendix. It is shown in the Appendix that for 

the cylindrical cavity the mode A is characterized by three numbers 

s, p, and n -- which are the radial, axial, and azimuthal mode numbers, 

and the energy radiated into the A th mode by the beam is 

(2) 

where qA is a solution to the following equation: 

o before the beam enters the cavity (the beam enters the 

cavity at time t = 0). 

The integral in the above equation is over the cavity volume, c 

is the velocity of light, r is the current density and XA(r) is the 
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vector potential for the A th mode (defined in the Appendix). 

We now ignore the azimuthal motion of the ring and assume 

~J; -- Qv ~(z t) ~( )A 
2~r u ~ v u r - a e z ' (4 ) 

where Q is the,total charge in the ring, a is the major ring radius, 

and the Dirac delta functions are used. When this expression is combined 

with the expression for ~(~ from the Appendix, we obtain for the driving 

term in E~. (3) the following expression 

lJ (7~) C J·A, dV 

with a: = p~ 
L 

{~ cos at 

o 

L = the length of the cavity 

MA = 0 for n t 0 

b cavity radius 

·L for 0 < t < -
v 

otherwise 

and ~ is defined by the e~uation J (~ b) = 0, where J is the nth s 0 s n 

order Bessel function. When E~. (5) is substituted into E~. (3) and 

the resulting solution of E~. (3) for ~(t) and q(t) is substituted into 

E~. (2), the result for the energy radiated by the beam into the A th 

mode is found to be 
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(6) 

It must be emphasized that the above solution has neglected the 

holes in the cavity and the finite cross section of the beam. Thus, 

for modes where the wavelength is of the order of any of these dimensions 

the result is inaccurate. Also, the axial velocity of the ring is 

assumed to be constant. 

C. Energy in Cavity Resonating in Lowest Mode 

In order to determine the amount of energy that can be extracted from 

the cavity, by the interference between the energy in the cavity and 

the radiation by the beam, it is necessary to calculate the energy 

that is present in the cavity without the beam. It is assumed that 

the cavity has been driven externally in the lowest mode. From the 

Appendix we see that if we write the electric field along the axis as 

w L' 
E 

z 
E sin (w t - ~ + cp ) m 0 2v 0 ' 

with cp the phase of the electric field when the beam would be centered o 

in the cavity, then we obtain for the initial energy in the cavity before 

the beam enters, 

W. oJ. (8) 

where the subscript zero ,emphasizes the fact that all of the energy is 

in the lowest mode. 

D. Energy Gained by the Beam 

The most straightforward way to determine the energy gained by the 
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beam is to calculate the initial energy contained in the cavity before 

the beam enters (LW"i) and the final energy contained in the cavity 

after the beam passes (LW"f)' Because energy is conserved, it follows 

that the energy gained by the beam must be 

From the previous section we see that W7\i = 0 for all modes except 

the lowest mode so that, 

W .' 
Ol 

(10) 

It also follows that for all modes except the zero mode the final energy 

left behind is equal to the radiated energy, i.e., 

" f O. (11) 

The final energy left in the lowest mode for the driven cavity is, 

however, not equal to the energy radiated in this mode for an empty 

cavity. One can solve Eq. (3) with the proper initial conditions for 

the lowest mode, 

2.[2 w 
o 

w L 
cos (cp -~) 

o 2v 

w L 

sin (cpo - 2~ ) 

and use Eq. (2) to determine the energy in the lowest mode. 

(12 ) 

However, it is more direct to note that the electric fields must 

obey the superposition principle and that the energy is proportional to 

the square of the electric field. Since 
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it follows that 

W f == W . + W R - 2.[W . W R sin cp • o 01 0 01 0 0 
(14) 

The energy gain by the beam can be calculated from Eq. (9) with the 

help of Eqs. (10), (11), and (14). 

.6U 2 ~R sin cp 
01 0 0 - L. WAR' 

11.=0 

By the use of Eqs. (6)·and (8), it is possible to write Eq. (15) 

in the following form: 

with 

and 

A == E L sin 
m 

2 
.6U == AQ - BQ , 

B == L. 
2 2p 

8v J (13 a)[l -(-1) cos (w,L/v)] o s 1\ 

2 2 2 2 2 2 
c 13 0 J l (13 b )L[l + (pn/rl3 L) ] s s s 

s, p 

(1 ) 

(16 ) 

(17) 

This same result has been obtained by O. A. Kolpakov and 

2 
V. I. Kotov and they have proceeded to calculate the sum for B by 

neglecting all terms with p not e'lual to zero, letting the major ring 

radius go to zero and cutting off the sum over s when the wavelength is 

equal to the hole sizes. While the expression for B is inaccurate vhen 

the wavelength is smaller than the hole size, it is not clear that one 
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can just neglect these terms in the sum. It would, of course, be better 

to find an expression for B that is accurate for all wavelengths. 
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APPENDIX 

The method of analysis used in this paper as well as some useful 

relationships used in the main body of the paper are presented here 

in the appendix. 

. ~-7 ) -7 
First, define the vector A(r,t and the scalar ~(r,t) which are 

solutions to the following equations 

(A-l) 

\l.t = 0, ~~ = -4np, 

where ris the current density and p the charge density that obey 

the continuity equation 

\l·t+ ~ = O. (A-2) 

The above gauge is the Coulomb gauge, and while it cannot be 

properly transformed by a Lorentz transformation, it has the advantage 

that the scalar potential is unretarded. Next, we define the vectors 

if and ~by 

and (A-3) 

It can then be shown that ~. and K are solutions to the following 

equations: 

\l·if = 0 

(A-4) 
~ 

\l·E = 4np, 

which are Maxwell's equations. Thus if and gmust be the magnetic and 

electric fields. 
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Next, define the orthogonal set of AA(r) such that 

(A-5 ) 

(A xn) = 0 on the surface of the enclosed volume with it being the 

outward normal, and 

with 0AA' the Kronecker delta function. 

Also, define ~(r) such that 

o on surface of enclosed volume and 

We will assume that the sets are complete so that we can expand 

A( 1, t) = LClA ( t ) ~ (1) , 

cp(1,t) =LrA(t)~(1). 

(A-6) 

(A-7) 

(A-8) 

(A-9) 

By substituting these expressions for Kand cp into the original defining 

eCluations and noting that 

we obtain the basic eCluation for ClA and r A 

(A-10) 

and 

(A-ll) 
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The energy in the A th mode in the enclosed volume 

(A-12) 

Note that the quantity r A is zero if there are no free charges present 

in the enclosed volumej therefore for the case in which we are interested 

only in the energy in an enclosure before or after passage of a beam of 

particles, we may ignore the quantity rAo For the case in which the beam 

is not present 

(A-13) 

For a cylindrical cavity as shown, we have 

(A-14 ) 

where the mode A is characterized by the mode numbers s, p, and n, 

8c 
( 

4 ]l~ 
(A-15 ) 

f3 is determined by the enuation J (A b) ns ~ n ~ns o 

and 

(A-16 ) 

Next, we connect the quantity q(t) to the electric field of a cavity 
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resonating in the lowest mode by noting that if the field on the axis 

for this case is 

E = E sin (w t - w L/2v + cp ), 
z m 000 

(A-17) 

then 

cE m cos (w t - w L/2v + cp ) '10 
w N t3 

2 000 

o 0 00 

(A-18 ) 

cE m sin (w t - w L/2v + cp ) '10 = 2 
Not3oo 

o 0 . 0 
(A-19) 

and 

c2E 2 Lb2J 2(t3 b)E 2 
W 

m 1 00 m = 
2N 2t3 4 0 16 o 00 

(A-20) 
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WHAT IS THE AXIAL EXTENT OF THE RING, AND THE 
FIELD AVAILABLE TO ACCELERATE THE IONS? 

J. D. Lawson 

Rutherford High Energy Laboratory 
Chilton, Didcot, Berks. England 

In ERAN 1 parameters for the machine are given assuming that 

the Ting contracts down to a minor radius of 0.09 cm, and that the 

equilibrium position of the ions during acceleration is at the edge 

of the minor axis. 

Assumptions 
in ERAN-1 

/ 
Equilibrium ____ -...--~~-- =7 
position of 

ions 

Unless special measures are to be taken, both these assumptions 

are very optimistic, so that the quoted field of 39 kV/cm (35 if 

arithmetic corrected) is too high. Here we look at both factors in 

turn. 

1. What is a? 
z 

If B is uniform, the only focussing in the z direction z 

is due to the self-focussing of the ions. First we evaluate this. 
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Let a be the semi-axis of the ellipse representing the beam, then 
z 

according to Eq. (4) of ERA-4 Q = 0.06, and a/0.09 = -/ (l/-{2)/0.06 ' 

so that a z = 0.33 cm. This is pessimistic, since in ERA-4 the field 

at the end of the major axis in an elliptical charge distribution was 

taken as 2Ne/a instead of 4Ne/(a + b). This introduces an error 

between 1 and -v-;:, for an order of magnitude we take 

a ~ 0.25 cm. z 

This is still 3x larger than assumed in ERAN-l however, and gives a 

field reduced by a factor 2. 

How can it be increased? 

Do image charges help, if so how near to the wall must the 

ring be? 

Is dielectric required? 

Is this practical in the presence of high rf voltages? 

Quantitative estimates are needed. 

Alternatively, can a fixed or travelling focussing field be 

provided? It is not yet clear whether a fixed field can be designed 

which provides focussing in the axial direction. It has been specu-

lated that an alternating field might produce strong focussing, but 

a quantitative estimate, including an estimate of whether the ions 

follow the electrons,is needed. In any focussing system the 

axial contraction of the bunch will render it relatively ineffective 

at large values of Y". 
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This latter difficulty also applies to a travelling wave 

system, which does however certainly work in principle. In practice 

it would be very hard to provide except perhaps at extremely small e 

because of the presence of the metal rf cavities. 

2. At what radius should the equilibrium position of the ions be? 

The ions obviously must sit at r< a otherwise the z, 

slightest "shake" will lose them. Further, for r not much less 

than a the motion will be highly nonlinear, though this may not 
z 

be a disadvantage. For a realistic sound design I 
r / az = 2' ,,[ould 

seem reasonable until one can see clearly that a larger value would 

be safe. There is not much that can be done about this. 

Conclusion 

A more realistic assessment of the design of ERA implied in 

ERAN-I would seem to indicate a factor of 
I 
1+ to be applied to the 

accelerating field quoted there. This would make the accelerator 

four times as long. Perhaps the number of electrons in the ring 

should be increased for an optimum design. 
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February 8, 1968 

CRITERION FOR ELECTRONS TO PULL AWAY FROM IONS 
WHEN CROSSING THE rf GAP 

J. D. Lawson 

Rutherford High Energy Laboratory 
Chilton, Didcot, Berks. England 

The situation to be analyzed is indicated in the figure 

( 

EO 
I 

I 
~c~o f 

Eh~ -h; ~Clr 

i 
)C-~~ I 

E~l.t··~ 

A criterion for the ion bunch to move from to 

) 

r = a as the ring crosses the gap will be found, with the following 

assumptions: 
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1. The fractional change in ~ and y during a transit of 

the gap is small. 

2. The value of E is large compared with the field required 

to hold the ions in equilibrium at 1 
r = 2" a. (This field is of 

order ~ x 35 kV/cm in ERA). 

These assumptions imply that the change of velocity of the 

ions crossing the gap can be neglected. The criterion can thus be 

stated 

a 
2 g - ~O t o 

(1) 

where ~Oc is the axial velocity of the ions and electrons at entry to 

the gap. (When the subscript to ~ and y is omitted, ~ and Y. 
1\ II 

are implied). 

If YO is the value of ~I 

Y = 

so that 

~o 

v Eex 
I. +--
o Yl. 

,! 

Go +l~y 1 

at x = 0, then 

Substitution of 3 in 1, yields after integration 

(2) 



a 
2 

::: g -
(30~ 

eE 
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eEg)~ + --
YJ.. 
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(4) 

By virtue of assumption 1 this may be expanded to yield the criterion 

a 
2 eEg 

2 
Here E in is units of~lectron rest mass) x c per cm. 

Converting to MV/cm, and writing Eg::: V where V is the 

gap voltage in MV gives as a criterion that the electrons should not 

separate from the ions 

4 2 
Y - Y (6) 

Taking typical values (arising from discussion in the "rf Acceleration" 

working group on February 7) g::: 7 cm, V ::: 0.8 MV, and 'Yl.::: 47 

yields 2 4 > 2 . (3 Y ·3, 1.e. 

> 1.45 

This corresponds to Y
T

::: 0.45 x ""i. x 0.51 MeV = 10.7 MeV 

Something must be done therefore for the first 13 (= 10.7/0.8) gaps 

(e.g. peristalsis). 

If peristalsis is used, then the ring diameter oscillates, and 

it is necessary to ensure that the ions are not left behind radially. 
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We assume that the ring radius changes by A p in passing 

through a gap of width g. Then 

!:::.p (8) 

where E is the radial field on the ions and 938 is the (proton mass) x c2 

in MeV. Setting this equal to ~ x 1.36 MV/cm in order to get an 

order of magnitude result, and putting g = 7 cm yields 

!:::.p 
2 x 10-2 

S2 
cm. This indicates that the ions do not move 

effectiv~I~, so that !:::. p must be kept much less than the ring radius. 

Fortunately it appears that during peristalsis this is so. This may be 

seen by putting d~l/dYT 0, which yields d~/dYT = ~/YT. The 

fractional change in radius of the ring is therefore the ratio of the 

energy gained at the gap crossing to ~mec2, which is of the order 

of a few percent only. 
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REMARKS ON THE ELECTRON-ION RING AXIAL MOTION 

C. Pellegrini 

Laboratori Nazionali de Frascati, Frascati, Italy 

February 8, 1968 

We want to consider the motion of the ring in the z, axial, 

direction defined by the axis of the magnetic field which extends all 

along the accelerating column. The ring is a two component system, 

electrons and ions, on which are acting external forces due to either 

electric fields or to a gradient in the axial magnetic field. In 

addition there are the internal forces which we will treat only in the 

linear approximation. 

Let us define: 

N , N. 
e l 

number of electrons or ions in the ringj 

(e) (i) 
zi ,zi = z-coordinate of the i-th electron or ionj 

z(e) = (>. z~e))/N z(i) = (L: z. (i))/N .• 
electron l e' lon l l' 

F. (e), F. (i) = external force acting on the i·th electron or ionj 
l l 

electrons and acting on the i-th electron or ionj 

and acting on the i-th electron or ionj 

relativistic mass factor for electrons and ionsj 
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m, M = rest masses of electrons and ions. 

Using these definitions, the e~uations of motions can be written as: 

(i) (i) We now assume that the ions have no energy spread, i.e. y. = y , 
1 

and that the electron energy spread is small enough, so that assuming 

one has 

o. « 1-
1 

Summing e~uations (1), (2) over all electrons and ions we then obtain 

where F(e), F(i) are the average values of the external forces. The 

characteristic fre~uencies appearing in (3), (4) are related between 

themselves since one has 

Furthermore they can be expressed by means of the maximum value of the 

electric field trapping the ions inside the ring,~. In fact 

(1) 

(2) 

(4 ) 

h(e) = ~/a (6) 



-385 - WC/ERA-18 

where a is the torus minor radius. The fre~uencies can then be defined 

as 

w 
e 

2 

2 
w. 

l 

== + 

and for the parameter of the model 

M (i) 
(~ ~ 1 MeV/cm, a ~ 0.1 cm, N /N. ~ ~) 

e l m/\e j 

one has 

w 
e 

2 

In order to study, to a first approximation, the relative motion of 

the electron and ion center of masses, we now make the following two 

assumptions: 1) The term 

LZ.(e)O. 
ill 

is negligible in comparison with z(e); 2) The time in which the ,IS 

(8 ) 

change is long in respect to the time defined by the fre~uencies w , W.' e l 

Then neglecting the derivative of y(e), y(i) with respect to time and 

introducing the new coordinate 

the e~uation for S which follows from (3), (4) is 

(10) 
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The term 

is zero when the external forces are magnetic (ring expansion or com-

pression) and is small compared to 

when the forces are electric. Hence from now on it will be neglected. 

To study the behavior of ~ we now consider two simple and extreme 

cases, also if they do not usually apply in the case of a real accelerator: 

1) case of constant external force; 

2) case of an impulsive external force. 

In the first case we have simply a constant separation, ~ , between the 
c 

electrons and ions, provided that this separation is smaller than the 

torus minor radius a. This implies the condition 

which, using (7), (8), can be written as 

In the second case the external force excites an oscillation, whose 

ampli tude we still want to be smaller than a. Assuming 

this condition can be written as 

6p(e) 

my(e) 
[ 2 2]-1/2 w + W. < a, e l 

(11) 
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or, using (7), (8), as 

c6p . < eR_amy c . (e) t (e) 2 my(e) 
-M Myh) 

Clearly condition (12) becomes less stringent as the electron 

energy increases, although this dependence is slow being proportional 

to the square root of the energy. 

For the parameters of the model and at the energy of the ring 

injection in the accelerating column one has c6P(e) < 0.3 MeV. 

Finally we want to study the electron motion around their own 

center of mass and within the limits of the approximation used before. 

Defining 

(:. (e) 
l 

== z. (e) _ Z(e) 
l 

== z. (i) _ z(i) 
l 

one obtains from equations (1), (2), (3), (4) 

F. (e) _ F(e) 
B. )JS. (e) == w 2B. (: + _l_~~_ 

l l e l my(e) 

( ) F. 
(i) _ F( i) 

'1". (i) 2 h i (i ) l 
~ + [ W • - --,-;'"\ ] (:. == ---,Cr-:: ....... )--

l l My\lJ l My l 

2 (e) where we have neglected terms like B. or B.(:. . The difference 
l l l 

F. (e) _ F(e) or F.(i) _ F(i) . . th f t· f 'f lS zero In e case 0 magne lC orces l 
l l 

we assume the magnetic field to have a constant gradient. In the case 

(12) 

(14 ) 

of rf acceleration and if A » a, A being the wavelength of the electric 



field, the differences F. (e) 
1 

Since also the terms 

K(e) 

my(e) 
and 
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F. (i) F(i) are much smaller 
1 

2 2 
are much smaller than wand w. one can conclude that in both cases 

e 1 

of constant or impulsive external forces the conditions (11), (12) 

are sufficient to establish that the maximum values of s. (e) and s. (i) 
1 1 

remain always smaller than a. 

/ 
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ORBIT EQUATION WITH TORSION 

Lee C. Teng 

National Accelerator Laboratory 
Oak Brook) Illinois 

February 6) 1968 

WC/BRA-27 

In this report differential equations are developed for particle 

motion about a curve with torsion. We write: 

and 

with 

--+ --+ " /\ 

r = rO + xn + yb 

--+ /\ 

drO t dz) 

/\ '" dz /\ dz 
dn=t-+b-p 1" 

/\ /\ dz 
db = -n-

1" 

/\ /\ dz 
dt = -n -

p 

.. 
b(lI) 

~<!-5eren,e C"-rve l/n(~ 

1'// 'l(l) 
/ 

where p and 1" are respectively the radii of curvature and torsion. Then 

--+ --+ '" A A A 
dr = drO + n dx + b dy + x dn + y db 

A A /\ x'" x A yA 
= t dz + n dx + b dy + - t dz + - b dz - - n dz 

p 1" 1" 

y '" X A X /\ 
(dx - - dz)n + (dy + - dz)b + (1 + -)dz t 

1" 1" P 

and 

(dS)2 = (dx - r dz)2 + (dy + ~ dz)2 + (1 + ~)2(dz)2 
1" 1" P 

== g dxl-L dxV 
I-LV 



where 

with 
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dxll (dx) dy) dZ) 

1 0 l.. 
or 

0 1 x 
gllv - -or 

( )2 2 2 _ l.. x 1 + ~ + x or; y -or 1" 

g (1 + ~t !gll) 

2 
+L xy 

2 -"2 
1" 1" 

1 2 
x (1 + "r gllV xy 

(1 +~r 
-"2 p, +2' 

1" 1" 

l.. X - -
1" 1" 

One may then employ the Lagrangian function 

ds dxll 
(€ ~ ;c) L = - + E-

dz dz 

~:=F~t +(Y' +~f + (1+~r 
=l+2~+::+(x' -~r +(Y' +~r 

l.. 
1" 

x 
1" 

1 

lx' -~r + ~ (Y' + ~ r -~ :: + 
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, 1 + % + ~ ( x' - ~ r + ~ [y, + ~ r + terms of 3rd order 

and 

The magnetic field may be expressed in terms of a scalar 

potential) <D J 

or a vector potential} A } 
V 

To express A in terms of B~} one first makes the arbitrary choice 
V 

Then 

dA
l 

dA
2 

Al + x -- + y--
dX Cy 

d1 + (x~ +Y~h +y(:2 _ :1) 
and 

(1) 

\~VP equals ±l if the indices represent respectively an even or odd 

permutation of 1}2}3 and is zero otherwise. 



.... 

Also 

and 

-"392-

. d dA2 dAl o = -s:: (xAl + yA2 ) = A + Y - + x -
uy 2 dy dy 

A2 + (x %x + Y ~lA2 " x (1 + ~ V 

WC/ERA-27 

Similarly 

so 

( d ~ 1 (x 12 (' X)l x dX + Y tiY A3 = -x 1 + P . B + y 1 + P B • 

From Eq. (l)) thinking of a power- serie s development} 

00 00 

Al = L A (n) (il il) L In) 1 } x dX + Y""&j Al = nAl } 

n=O n=O 

00-

(1 + ~) B3 "[ [B{n) + ~ ~n-1))' B3 = L 3 
B(n)} 

n=O . n=O 

00 00 

L (n + l)Ai
n

) -y L [B~n) + ~ ~n-1)] 
n=O n=O 

(3) 



.' 
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A (n +1) 1 [B3 x B3 ] 
1 -y n + 2 (n) + p (n-l) 

1 
n + 2 [

3 x 3 1 
B(n) + p B(n-l)J = -yF. 

n=O 

Similarly, from Eg. (2), 

Also, from Eg. (3), 

CD 

(x ~ + y ~ ) A3 " L nA~n) 
n=O 

x Bl ] 
+ P (n-l) 

and 
2 1 = -xG + yG 

CD 

where G
1

" L n ~ 1 [BCn) + ~ Bcn-1 )] 

n=O 

00 

G
2 

= ~ _1_ (B2( ) +!p B
2
(n_l)]' ~O n + 1 n . 
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Thus, altogether, 

Al = -yF, 
2 1 

A3 = -xG + yG , 

<D 

where F =L 1 
n + 2 [

B3 + x B3 ] 
(n) p (n-l) 

n=O 

and 

The procedure to be followed is as follows: 

1. Write II>. 

2. Adjust the coefficients in II> to satisfy ~II> O. 

3. Obtain B = clI>/cx~ and then B~ = g~VB . 
~ v 

4. Obtain A and substitute into the Lagrangian, L. 
~ 

These steps are followed below. 

2 2 
1. II> H + ax + by + c ~ + dxy + e ~ + ••.• 

c 1 xyc x x C xc [ { [( }2 2] }] 
+ dY 1 + ~ - -r2 dx + 1 + P + l dY - :r dz 

+ 



1 1 

( X)3 P 
1 +

P 
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Y 1 a x t a ] --T ~+-T ~ eIl 2 ax 2 ay 
T T 

WC/BRA-27 

o. 

With eIl given correctly to second order) ~eIl 0 can oe correct only 

to zero order: i.e.) 

2 a a 
veIl = c + e + HI! - - + 2 -

p p 

a 
c + e + WI + - = O. 

P 



3· 

Then 

B1 = 

B3 
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dD 
B1 = dX = a + ex + dy 

c¢ 
B2 = dY = b + dx + ey 

c¢ x2 2 
B3 = dZ = HI + alx + b'y + e l ~ + d'xy + e l ~ 

1 ~ + "r + iJ B 
- xy B 

(1 + ~t 
p 2 1 2 2 

T T 

a + ex 

a + ex 

1 

+ dy 
HI 

+:r Y 

+ (d HI) + :r y, 

- xy B 
2 1 

T 

HI 
b + dx + ey - --- x 

T 

1 [Y B - ~ B +B3] (1 + ~r " 1 1"2 

1 2 [H' 
2 

+ a'x + b'y + e l x 

(1 + ~) 
~ + d'xy 

a e d 2 
+-y + :r xy +:r Y 

T 

b d 2 - % xyJ - - x - - X 
T T 

~ B 
T 3 

2 y 
+ e l 

~ 



-397- WC/ERA-27 

= (1 -2 ~ + 3 ::W + (a' -~)x + (b' + ~IY 

+ (e' _ 2 *) ~2 + (d' e ~)XY + (e' + 2 %) n + - -
't 

HI + ( a l ~ - 2 ~)x + (b' + ~)y 't P 

+ (c' d HI r - 4 
a l b x 

-2-+6- - +4- -
't 2 P p't 2 

P 

(d' e - e b' a ) + (e' + 2 *) ~2 . + +--- 2-· -2-xy 
't P p't 

4. xF, 

with 

and with 
( 

[c + ~)x + ~ (d + ~} 
I 1 1 

i G a + 2" 

G
2 

b 
1 (d - H' 

+ ~)x 1 
+- +- ey. 

" 2 't 2 

Then 

dXJJ. 
A ~ = x'A + ylA + A3 

JJ. oz 1 2 

= ~ H' (y'x - x'y) + ay - bx - ~ ( d _ ~' + ~)x2 

+.l (e +~ - e)xy +.l (d+ ~ly2 
2 p 2 't 

and 
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EH' + - (y'x - x'y) + Eay -
2 

+ ~ (c -e + ~)xy + ~ ( d 

Ebx -qd 
+-y H') 2 

T 

H' 
T 

bj 2 +px 

1 2 2 1 EH' = 2 (x' + y' ) + ~ (y'x - xty) + ~ (y'x - x'y) 

+ €~y +(i -€b)X - Hd 

+~(c-e+~r+H 

H' + E ) _ l..] x
2 

T p 2 2 
T 

HI) 1] 2 +_ +_ L 
T 2 2 

T 

For the reference curve to be the equilibrium orbit} it is 

necessary that 

We also put 

2 - = 
T 

1 
p 

- EH' and 

and a = O. 

to eliminate the coupling terms y'x - x'y and xy. These together 

witp. the relation c + e + Hit + alp = 0 then give 

Thus 
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Now 

B (dx 
_ ';L 

dZ) + B (dy 
x 

dZ) + Bz (
1 + ~ 1 dz +-

X 1" y' 1" 

[( Xl xB - YBx ] 
== B dx + B dy + Bz 1 + P + y dz, x Y 1" 

where we have utilized the relations 

we have 

Bl B == Bl _ ';L B3 
x 1" 

B2 B == B2 + ~ B3 
y 1" 

= (1 + ~) Bz 

xB - yB 
B3 

y x 
+ 

1" 

= ~l + ~r + 
2 2] 2 yBl 

x 1"~ y B3 xB -
+ 

T 

In terms of the Cartesian components B , B ,B of the field x y z 

b B , 
YO 

c 

e == (dBy ) , 

dY 0 

HI 

The conditions we have imposed on the field thus are 

o 

1 
p 
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2 - -
1" 

with (dBX
) = (dBy

) as the only remaining adjustable parameter. 
dy 0 dX 0 

Now if we define 

2 '0. -p E 

and v amd v as the number of transverse oscillations per 2~p distance 
x y 

along z, we have 

v 
x 

2 

2 p2 
v = 2 + n. 

y 1" 
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INCOHERENT RING IMAGE IN A CIRCULAR CYLINDER: 

ANALYSIS AND PROPOSED COMPUTATIONAL PROGRAM 

L. Jackson Laslett 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

January 24, 1968 

ERAC-38 

Analytic Back-Up 

Electrostatic Problem: 

form: 

V 

---··---------·-------------T -

We may write the scalar electrostatic potential as the harmonic 

()) 

[ KO(kT) 1 2Q. J rr KO(kR) - IO(kT) IO(kR) IO(kp) cos kz dk o < P < R 

0 

co 
KO(kT) 2Q, J [KO(kP ) IO(kP )] IO(kR) cos kz dk R < P <. T. 

rr IO(kT) 
0 

It is seen that this potential is continuous at P = R and 

vanishes at P = T. Furthermore, the discontinuity of E 
P 
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is such that 

E I -E .\ 
Pout P in 

_ 2Q 

rr 

)( cos kz dk 

x cos kz dk 

2Q _. o(z -0) 
R 

4rr cr , 

as required. 

As b ~ 00, these expressions for the potential approach the following 

forms for an isolated ring of charge (no image effects): 

CD 

2Q, J rr 
KO(kR) IO(kp) cos kz dk o < p <:: R 

0 

V self 
ill 

2Q, J KO(kp) IO(kR) .cos kz. d.k 
11' 

R < P < T. 

0 
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Hence the image fields may be taken_as characterized by the potential: 

V 
Image 

_ 2Q, 
n: { o < P < T, 

o 

from which it follows that, with S = T/R, 

ro 

~ (-V), 
Q z=o 

p=R 

~R 
n: I 

It also follows that 

E r 

dE 
r 

dp 

2Q 
n: 

2Q, 
n: 

ro KO (kT) . 

J k I (kT) 10 (kR) 
0 

0 

fOO KO(kT) 
k I (kT) 10 (kR) 

o 0 

2 ( 
2 

KO(Sx) [ ( )l 10 xl dx. 
IO(Sx) n: 

IO'(kp) cos kz dk 

Il(kp) cos kz dk, 



Hence 

R2 I -E Q, r 
z=o 
p=R 

R3 dErl 
Qdp 

z=o 
p=R 

-404,.. ERAC-38 

2R3 fCID 2 KO(kT) [ 2 2R2 JCO Ko(kT) 
k IO(kR)] dk - -rr k rr IO(kT) ~IO-r(~kT~) 

o 0 
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Finally, 

or 

R3 
Q, 

z=o 
p=R 

(~) 
z=O 
p=R 

CD 

~Q J 
o 

2R3 
00 

2 KO(kT) J [ 10 (kE)] 
2 

k IO(kT) dk. 
11 

0 

CD 

2 J 2 KO(8x) 2 
x I O(8x) 

[1
0 

(x) ] dx. 
rr 

0 

We may define an "incoherent If electrostatic image ... field 

coefficient 

Image 

rrR3 (8 _ 1)2 ( ~:z) 
2Q Image 

KO(8x) ] 2 
( 8 ) (10 ( x ) dx • 

10 x 

As a check, we may note that in the limit of 8 only slightly 

greater than unity, the integral becomes very large because 

of continuing contributions from large x, and we may evaluate 
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El E in this limit by use of asymptotic forms for KO' 10: , 

CD 

J X2 (n:e -2Sx ) r -L e2X) d.x 
\2n:x 

for S near unity. 

o 

fm xe -2(S-1)x dx 

o 

(S - 1)2 
2 

1 1 
2 = 8" ' 4(s - 1) 

This checks the expected expression for the image field of a 

line charge near a single plane conducting sheet. 

Magnetic Problem: /l-- J<p = I ,,Hz- 0) 
-------"7-------- -

With application of A.C. 
boundary conditions 

- JOILt 

In analogy to the analysis of the electrostatic problem, we 

write the vector potential ~ " (A = A(p,z) u¢ e.m.u.) in the form 

OO[ Kl (kT) 
4IR J Kl (kR) - I (kT) 

o 1 
Il(kp) cos kz dk 0 < P < R 

A = 

R < P < T, 
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~ 

This potential satisfies the relation ~ x ~ x A = 0, the 

forms are continuous at p = R, and at p = T the vector 

potential vanishes identically in z (so B = 0 at p = T). 
p 

Also the discontinuity of Bz is such that 

- B I 
z Out 

1 d I p dp (pA) 
In 

1 d I - - do (pA) 
p p Out 

'I. cos kz dk 

co 

4IR ~ k [ II' (kR) IS. (kR) - IS.' (kR) II (kR) I 

x cos kz dk 

41 ~ODcos kz dk" 4. I 5(z - 0) " 4.J¢, 

as required. 
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As b ~ 00, these expressions for A approach the following 

forms for an isolated ring current (image effects absent): 

CD 

4IR J Kl(kR) Il(kp) cos kz dk o < P < R 

0 

A self 
co 

4IR J Kl(kp) Il(kR) cos kz dk R < P < T. 

0 

Hence the image fields may be taken to be characterized by the vector 

potential: 

A Image 

and 

-4rn JOO 
o 

It also follows that 

o < P < T 



B z 

Hence, 

1 d - "'\ (pA) 
p op 

~ (-B ) I I z 
z=o 
p=R 

and 

~2 ~ ~)IZ"O 
p=R 

00 

4R2 J k 

o 

-409-

)( cos kz dk 

K1 (kT) 
( ) 10(kR) 11 (kR) dk 11 kT 

ERAC-38 
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Finally, we expect the same result for RI2 ( .. ~Bzr) 

R2 ( OBr) R2 02A 
00 

Kl(kT) 
4R

3 J k2 
[11 (kR) t dk I - d"Z: I oz2 

::: 
I1 (kT) 

z=O z:::O 0 

p:::R p:::R 

00 
Kl(SX) J 2 2 

::: 4 x 
Il(SX) [ 11 (x)] dx. 

0 

One now defines an incoherent A.C. magnetic image-field 

coefficient 

::: 

::: 
(8 - 1)~2 (OBr) 

41 dz- I . mage 
::: 

In the limit of S only slightly greater than unity, this 

coefficient will approach ~ (just as was the case for 

the identity of the coefficients €l,E and €l,M being 

expected in this limit. 
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C t P "RIMIC" ompu er rogram [Ring Image, IncoherentJ 

Given one or more values of a parameter S [S > 0, and in 

practice S > IJ. For each value of S, compute the following 

integrals: 

F = 

x 

I KO (Sx) 2 1 J<D 1 -2(S-1)x dx 
Io(Sx) [IO(x)J dx + 2 x e 

X 

6 

+ Jf [- tn(aSx)J dx 

o 

lX) 
2(S-1):iC 

1 
+ 6 tn 6 . 
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G { 

x 
Kl(Sx) -2(S-1)X J' 2 e [1 - 2(S : l)X] + 

6 
Il(SX) 

[11 (x) ] dx + 4(S - l)X 2S2 . 
6 

00 
KO(Sx) 

K IX IO(x) Il(x) dx = IO(SX) 
0 

x 
Ko(Sx) co 

rv f Io(x) Il(X) dx ~J -2(S-1)X dx x 
IO(SX) + e 

6 X 

+ j 6 X22 
[-.en (CXSX ) ] dx 

o 
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L = 
IS. (Sx) JOO IS. (Sx) 
I (S ) IO(x) I1 (X) dx = x I

1
(Sx) IO(X)I1 (X)dx 

1 x A 

A 
+ 2' 0 

S 

y = 

x KO(Sx) 
co 

'V I 2 2 1 f -2(S-1)x 
= x 

IO(SX) [10 (x) J dx + '2 x e dx 

X 

co 

J 2 [-.en(o:Sz)] dx + x 

0 

X 
KO(Sx) [1 + 2{S - llX] e -2(S-1)X J 2 2 

= x 
IO(SX) 

[10 (x)] dx + 
8(S _ 1)2 

A 

+ 13 1 
"3 ~ .en:6.0 
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CD IS. (Sx) 

~ 
2 2 '" Z x 

11(Sx) 
[11 (x) ] dx == 

x 

~ + 

ERAC-38 

CD 
Kl(Sx) 

~ 
2 2 

X' 
11(Sx) 

[11 (x) ] dx 

.6. 2 

+J ~dx 
2S2 

0 

[1 + 2(S - 1)X]e-2 (S-1)X 

8(S - 1)2 

Note: 1. Presumably one would take numerical-integration steps 

/:s;{ '" O. 01. 

2. It would be preferable if, for any given S, one employed 

the same value of A in all 6 integrals and the same value 

of X in all 6 integrals. 

3. Presumably X would be some limiting value that 

(i) does not exceed (say) 50, and 

(ii) for which Sx does not exceed (say) 100~ 

4. Note that, for any given S and particular value of x, 

the same Bessel Functions appear as factors in more than 

one of the above 6 integrals, so these need not be 

recomputed in every case for each integral. 

For each value of S, compute (from the above) and print as a line of 

a Table (y§. S) the following. 



-415 -

S (:= T/R, the ratio of tube radius to beam radius) 

. ~ (-V) := ~ F 
:rr 

~Provided S > 1.10 

~K 
:rr 

R3 <JEr 
- d - 2 [Y - KJ 
Q, r - :rr 

1 (-A) 4G ~Provided S > 1.10 
I 

:= 

R 4L - (-B) 
I z 

R2 ( dBz) 
4z 

] s~e 
- - dr 
I 

R2 ( <JBr) 4z I - dZ:: 

ERAC-38 

Note: The above relations are consistent, as required, with the 

conditions 



dE 
z 

+ dz 

and 

[VxBJ • ~¢ 

Test Runs 
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E r 
R 

ERAC-38 

dE 
+ z 

dz 

2 Q [K + Y - K - YJ = 0 
;- R3 

41
2 [-z + zJ = o. 

R 

If S is just slightly greater than unity, one expects that 

the integrals will be given rather well by the asymptotic "add-on's" 

setting X ~o, except for the integrals F and G. 

Specifically, for 0 < S - 1 « 1, 

K 
1 

4(S 1) 

1 
Y = 

8(S - 1)2 

so that 

1 
2n(S - 1) 

or 

L ~ 4(S = 1) 

1 Z :;: 
8(S - 1)2 

Q, 

2n(S - 1)R2 = (S - l)R 

[2(T - R) ] 



R 
- ( -B ) = I z 

R2 ( dBz) 
I - dr:: 

1 
2 

4rr(S - 1) 

1 
S - 1 

1 

or 

2(S - 1)2 

or 

or 
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dE 
r '" 

dr == 

or 
dE z 
dz = 

Q, 

I I 
B == -(S - l)R = - R z T 

dB 
I z or dr = 

2(S _1)2R2 

dB 
r dz = same, 

and, in particular, El,E and El,M ~ 1/8 = 0.125. 

ERAC-38 

2", 

2", 

2I 
2(T - R) 

2I 

[2(T - R) J2 

The value of ~ (-V) might be compared with the magnitude of ;rr<:2~av:> 

obtained from the VAQAP program for x = -80(8 - 1) and L = 40. 

Suggested values for test runs: S = 1.010, 1.025, 1.050, 1.100. 
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Production Runs were made with the following values of S: 

S 1.010 1.2 2·5 8. 

1.025 1.4 3·0 10. 

1.050 1.6 4.0 20. 

1.075 1.8 5. 0 

1.100 2.0 6.0 25· 
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INCOHERENT RING IMAGE IN A CIRCULAR CYLINDER: 
RESULTS 

L. Jackson Laslett 

Lawrence Radiation Laboratory 
Berkeley, California 

February 10, 1968 

1. A previous report (ERAN-8) has presented results for the self-

fields of a toroidal charge and current distribution, assuming a 

constant charge density per unit volume and considering ions to be 

entirely absent. Specifically, numerical results were presented for 

an example in which the beam cross section was circular, and the ratio 

of major to minor radius was taken to be 40 (as suggested in ERAN-l). 

These results indicated that one does not, with this toroidal geometry, 

attain the virtually complete 1 - ~2 cancellation of electric and mag-

netic forces on the beam particles that is customary for straight 

beams. In particular, the net force in a direction normal to the plane 

of the beam is outward in the limit ~ ~ 1, and one has axial defocusing. 

2 For the example chosen, the customary formula for 6Q should be in
z 

2 
creased by the factor 1 + 0.0014r . 

2. For the reason noted, it would be particularly desirable, in 

the interest of single-particle stability, to obtain axial focusing 

from "image forces" in the accelerator tube. To investigate the 

character of the relevant image fields, with ac boundary conditions 

applied to the magnetic field at the tube walls, the RIMIC program 
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(ERAC-38) was constructed by Mrs. Levine. It is evident that the 

electric image forces will act in a sense to provide focusing (for 

individual particles that sense the image field of the beam as a 

whole), and the magnetic forces will be of a defocusing character. 

The computational results indicate the sense and magnitude of the 

net image force that results. 

In particular, for a charge Q (e.s.u.) and circulating cur-

rent I (e.m.u.) in a toroid of negligible minor radius, 

R3 (_ dEZ) 

Q dZ z=o 

00 

:~ 
p:::R 

and 

R2 (_ dBr ) 

I dZ z=o 
p:::R 

where S ::: T/R denotes the ratio of the tube radius to the major radius 

of the toroidal beam. The gradient of the net focusing force in the 

limit t3 -+ 1 is then expressed in terms of an "effective" electric 

field, F , by 
Z 

R3 (_ dFz )::: R3 (_ dEZ ) _ ~l-R2 (_ dBr )] 

Q dZ Q dZ 27r I dZ 
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The image fields noted above can also be characterized by the "image-

field coefficients" 

(T - R)2 ( dEz ) 2 JOO 2 KO(SX) [ )2 
- - = (S - 1) x I (x) dx o 

4~ dZ 0 IO(SX) 

and 

2 Kl(Sx) 
x 

Il(Sx) 

In the limit that S is only slightly greater than unity, these expres-

sions for El,E and El,M each tend (as expected) to the value 1/8 that 

would be computed for a straight charge or current situated a dis-

tance H = T - R above a single plane conducting sheet. 

3. The results of a computational evaluation of the integrals 

shown are given below for various values of the ratio S = T/R. (It is 

not claimed that all digits shown for the individual entries are sig-

nificantj however "tail pieces" were estimated for the various integrals, 

in order to extend the range down to x = 0 and up to x = 00, and these 

estimates were added to the results obtained for a finite range of 

integration. In addition, the use of similar algorithms and interval 

steps for the numerical integration lends additional weight to the dif-

ferences that one may wish to construct between electric and magnetic 

quantities.) We also list the result of an evaluation of the differ

ence integral that was written above for the quantity (R3/Q)(-dF /dZ) 
Z 

that pertains to the net "effective" electric field in the limit t3 -+ 1. 

4. It is seen from the first two of these tables that the image-
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Electric Quantities 

R/Q R
2

!Q R3/Q R3/Q Epsilon 1 
S = T/R Times Times Times Times 

-V E sub R D(ER)/DR -D(EZ)/DZ (Electric) 

1.010000 1. 5158E-tOl 7·80772E-t02 7·95930E+02 0.125024 

1.025000 5·7255E-tOO 1. 21735E-t02 1. 27461E+02 0.125134 

1.050000 2.6500E-tOO 2. 92931E-tOl 3·19431E-tOl 0.125440 

1.075000 1. 6534E-tOO 1. 25889E-tOl 1. 42423E+Ol 0.125841 

1.100000 1.168lE-tOO 6. 87248E-tOO 8.04059E+OO 0.126301 

1.200000 9. 287lE-Ol 4.7743E-Ol 1. 56502E-tOO 2 . 0424 5E+OO 0.128331 

1.400000 7·1447E-Ol 1.7467E~01 3·48665E-Ol 5·23335E-Ol 0.131528 

1.600000 5·9461E-Ol 9·0604E-02 1.44156E-Ol 2. 34760E-Ol 0.132754 

1.800000 5·1403E-Ol 5·4826E-02 7· 67903E-02 1. 31616E-Ol 0.132315 

2.000000 4. 5503E-Ol 3. 629lE-02 4. 6928lE-02 8. 32190E-02 0.130720 

2·500000 3· 5778E-Ol 1. 6238E-02 1. 88706E-02 3·51091E-02 0.124086 

3·000000 2. 9793E-Ol 8. 7861E-03 9·7034lE-03 1. 84896E-02 0.116173 

4.000000 2.2785E-Ol 3·4825E-03 3· 67256E-03 7·15508E-03 0.101153 

5·000000 1. 8831E-Ol 1·7378E-03 1. 79638E-03 3· 53417E-03 0.088823 

6.000000 1. 6317E-Ol 9·9512E-04 1.0179lE-03 2.01303E-03 0.079051 

8.000000 1·3357E-Ol 4.2081E-04 4. 26047E-04 8.46860E-04 0.065182 

10.000000 1.1716E-Ol 2.2084E-04 2.22527E-04 4.43365E-04 0.056411 

15·000000 9· 7919E-02 7· 6323E-05 7· 65408E-05 1. 52864E-04 0.047063 

20.000000 9·0157E-02 4.2494E-05 4.25443E-05 8.50378E-05 0.048221 

25·000000 8. 6461E-02 3·1084E-05 3·10997E-05 6.21832E-05 0.056262 

Magnetic Quantities 

l/r R/r R2/r R2/r Epsilon 1 
S = T/R Times Times Times Times 

-A -B sub Z -D(m)/DR -D(BR)/DZ (Magnetic) 

1.010000 1.0466E-t02 4. 99658E+03 4. 99658E-t03 0.124914 

1.025000 4. 3812E-tOl '; . 96919E-t02 7·96919E~02 0.124519 

1.050000 2.2977E-tOl 1. 97390E +02 1. 97390E-t02 0.123369 

1.075000 1. 5778E-tOl 8. 66014E-tOl 8. 66014E-tOl 0.121783 

1.100000 1.2055E+Ol 4. 79503E-tOl 4. 79503E-tOl 0.119876 

1.200000 2.2123E-tOO 6. 1139E-tOO 1.10407E-tOl 1.10407E+Ol 0.110407 

1.400000 1.1840E+OO 2.8037E-tOO 2. 24180E+00 2. 24180E-tOO 0.039672 

1.600000 7· 3372E-Ol 1. 637lE+OO 7. 96655E-Ol 7. 96655E-Ol 0.071699 

1.800000 4.9227E-Ol 1.0647E+OO 3. 59220E-Ol 3. 59220E-Ol 0.057475 

2.000000 3·4835E-Ol 7· 3936E-Ol 1. 85865E-Ol 1. 85865E-Ol 0.046466 

2·500000 1.7108E-01 3. 5424E-Ol 5.07924E-02 5·07924E-02 0.028571 

3·000000 9. 6969E-02 1. 9845E-Ol 1. 86628E-02 1. 86628E-02 0.018663 

4.000000 4.0138E-02 8.1276E-02 4.07317E-03 4.07317E-03 0.009165 

5·000000 2.0396E-02 4.1109E-02 1. 28614E-03 1. 28614E-03 0.005145 

6.000000 1.1769E-02 2. 3663E-02 5.06796E-04 5·06796E-04 0.003167 

8.000000 4. 968lE-03 9· 9654E-03 1.17993E-04 1.17993E-04 0.001445 

10.000000 2·5579E-03 5·1253E-03 3.83490E-05 3. 83490E-05 0.000777 

15·000000 7· 797lE-04 1. 5606E-03 5.03392E-06 5·03392E-06 0.000247 

20.000000 3.4409E-04 6. 8846E-04 1.21038E-06 1. 21038E-06 0.000109 

25·000000 1. 8677E-04 3· 7362E-04 4.10066E-07 4.10066E-07 0.000059 
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Gradient of Net Focusing Field (when t3 = 1) ---

S = T/R 
R3/Q 

Times Effective 
-D(EZ)/DZ 

1.010000 6. 99820E-Ol 

1.025000 6. 27277E-Ol 

1.050000 5.27494E-Ol 

1.075000 4. 59247E-Ol 

1.100000 4.09057E-Ol 

1.200000 2.85257E-Ol 

1.400000 1. 66541E-Ol 

1.600000 1.07968E-Ol 

1.800000 7. 44443E-02 

2.000000 5. 36376E-02 

2·500000 2·70252E-02 

3·000000 1. 55193E-02 

4.000000 6.50681E-03 

5·000000 3· 32947E-03 

6.000000 1. 93237E-03 

8.000000 8. 28081E-04 

10.000000 4. 37262E-04 

15·000000 1. 52062E-04 

20.000000 8.48452E-05 

25·000000 6.21179E-05 
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force coefficients, El,E and El,M' each indeed tend toward the value 

1/8 = 0.125 as S-~ I, but that the electric (focusing) force evidently 

exceeds somewhat the magnetic (defocusing) force. An indication of 

the resultant net focusing from the images is provided by the values 

listed for (R3/Q)(-dF /dZ) in the third table. Thus a value of about 
Z 

0.41 is indicated for this latter quantity when S = T/R = 1.1, and a 

value as great as essentially 0.7 would appear to be obtained if one 

were able to employ a value S = 1.01. 

For comparison, we may recall that, for the example treated 

in ERAN-8 (major/minor radius ratio = 40), 

for t3 = I, 

or 

- __ z ~ 2 (1.1 x 10-4) R3 (dF) (40)3 

Q dZ IT 

for the "direct" fields. 

For this example (and in the absence of ions), then, it appears that 

the net focusing effect of the image fields might well, in practice, 

cancel out or remove some 50 (or 55) percent of the defocusing effect 

from the "direct" self fields of the toroidal beam. Alternatively, 

one could express this conclusion by stating that, for R/b = 40 and 

S = T/R = 1.10, the formula for 6Qz2 for a straight unneutralized beam 

in the absence of images should be corrected by the factor 
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4 2 .8 2 
1 + 0.001 y - 0.000 Y = 

2 
1 + 0.0006y • 

WC/ERA-7 

[Of course the image fields of the electrostatic images of positive 

ions would partially cancel the focusing force that such ions would 

provide--on the other hand, a dielectric layer at the wall would 

enhance the focusing treated here (see WC/ERA-9).] 
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ENHANCEMENT OF INCOHERENT RING-IMAGE FOCUSING 
THROUGH USE OF DIELECTRIC 

L. Jackson Laslett 

Lawrence Radiation Laboratory, Berkeley 

In a recent report (WC/ERA-7), computational results of the 

RIMIC program (ERAC-38) were reported for the (incoherent) image fields 

of a charge-current ring coaxially situated within a circular conduct-

ing cylinder (Et and Bn = 0 at the wall). In evaluating these results 

it was noted that the net focusing force (axially) of these images 

could partially, but not completely, cancel the defocusing effect of 

the direct self fields that previously were reported (ERAN-8) for a 

toroidal beam with a ratio of major to minor radius equal to 40. 

(Because the electric and magnetic forces in this cylindrical geometry 

fail to exhibit the 1 - ~2 cancellation characteristic of strictly two-

dimensional fields, attention is directed specifically to the net 

effective field that remains in the limit ~ ~ 1.) 

It has been suggested that it would be desirable to achieve 

single-particle axial stability for an unneutralized beam in the elec-

tron ring accelerator, and it has been proposed that this might be 

achieved in practice by enhancement of the effective image field 

through use of a thin dielectric layer at the surface of the tube. 

Although the potential problem could be solved rigorously for this 

configuration, by methods analogous to those outlined in ERAC-38, 

Dr. Sessler has suggested that it would be of interest to obtain an 
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interim estimate by considering a dielectric layer of high electrical 

permittivity to affect the electric field virtually in the same way as 

a conductor. We undertake below to estimate in this way, from the data 

presented in WC/ERA-7, the thickness required for a high-permitivity 

dielectric layer in orde-r to annul the axially-defocusing effective 

self-field found for the example considered in ERAN-8--namely to com-

pensate the following quantity that measures this effective self field 

in the limit ~ ~ 1: 

1T

2
b

3 (dFz ) = 1.11 x 10-4 
Q dZ 

- __ z = 2 (1.11 x 10-4 ) 
R3 (dF) (40)3 

Q dZ 1T 

= 0·720 

For the image fields, the effective focusing force that corre-

sponds to the above quantity is obtained by forming 

R3 (_ dF Z) = [R3 (_ dEz ]ll _ =- [R2 (_ dBr )] 

Q dZ Q dZ Us 21T I dZ s 
E . M 

for these image fields, now, however, employing (as indicated) different 

values of S = T/R for the electric and magnetic field-derivatives be-

cause of the assumed presence of a high-permittivity dielectric layer. 

Such a calculation is illustrated, by direct use of data tabulated in 

WC/ERA-7, in the following Table: 
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[R3 ( dE)] 1 t2 
( dB)] R3 ( OF) 

SE SM ~ -dZ

z 

S 21T~ -dZ

r 

S 
Difference: __ _ ___ z 

Q dZ 
E M 

1.100 1.100 8.04059 7·63153 0.40906 

1.075 1.100 14.2423 " 6.6108 

1.100 1.100 8.04059 7·63153 0.40906 

1.100 1.200 " 1·75718 6.28341 

From the last column of this table it is seen that, although a configu-

ration with SE = SM does not give sufficient image-field gradient to 

cancel completely the effect of the direct self field (namely 0.720 in 

these terms)} a small change of either parameter relative to the other 

can provide more than enough effect to accomplish this cancellation. 

We may estimate the small change in SE ~ in SM that would be 

required just to achieve the cancellation of direct- and image-forc~s, 

if we note that for small changes of S the corresponding image-field 

derivative will vary in proportion to l/(S - 1)2 __ as is indicated by 

the fact that El,E and El,M change only slowly with S. Thus, if we 

wish to keep SM at 1.100 and reduce SE' in order to obtain the result 

R3 ( dFz )_ -- ---- -
Q dZ 

0·720, 

we write 



SE - .1 = (0.100) 

= 0.09812 

SE = 1.09812 

-429 - VlC/ERA-9 

8.04059 
7·63153 + 0.720 

Alternatively} if we wish to keep SE at 1.100 and increase SM to 

achieve this result} we find 

8.04059 - 7.63153 

SM - 1 = 0.100 

0.10210 

SM = 1.10210 

(0.100)2 

(SM - 1)2 

7.63153 
8.04059 - 0·720 

Accordingly) in either case} we require a layer of high permittivity 

material whose thickness is 

6T = MS 

when S is in the neighborhood of 1.100j hence for R = 3.5 cm (for 

example)~ 6T ~ 0.007 cm < 0.003 inch. 

This result may be expressed in a concise algebraic form in 

terms of the image-field derivatives by writing 

6T = (S - 1) 

R3 ( CF) 0.720 ____ z 

Q cz 

2 R3 (_ CEz) 
Q cz 
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where} in place of (R3/Q)(-eE fez) in the denominator one alternatively z 

could employ (1/2~)(R2/I)(-eB fez). In the present example (8 = 1.100)} 
r 

this result gives 

,6.T = (0.100) 0.720 - 0.409 
2(8.04 or 7.63) 

~ 0.002R} as before. 

R 

We may make a similar evaluation of 6T for 8 1.200: 

6T = (0.200) 

~ 0.023R} 

0.720 - 0.285 
2(2.04 or 1. 76) R 

which is some 10 or 11 times the thickness that was found necessary 

for the smaller value of 8. 

Presumably if the dielectric constant K is large} but not 

infinite} the necessary thickness of the dielectric layer should be 

approximately K/(K- - 1) times the above. 



-431- WC/ERA-24 

TOUSCHEK PHENOMENON IN THE ERA 

A. M. Sessler 

Lawrence Radiation Laboratory, Berkeley 

February 13, 1968 

To evaluate the transfer rate from transverse to longitudinal 

energy, I use Pellegrini I s formulation: 

where 

and 

A == 

v == 
2 [2 2]· 1/2 8:rr p (x) (y ) 

Taking p == 4 cm, cm, I' 0 == 40, 

Q == 0.7, ~ == 1, 

(x t2 )1/2 8 == 0.01 , 

-11 
AC t == 3·9 X 10 cm, so that omp on 

and N == 10
14

; I find A == 1.2 X 10-
15 so that 

F(A) ~ 52., and then T == 170. sec. This is a comfortably long time. 
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February 2, 1968 

EMPIRICAL COMPARISONS OF THE ERA 
WITH OBSERVATIONS OF RF IN THE ASTRON 

R. J. Briggs 

Lawrence Radiation Laboratory, Livermore, California 
and 

Massachusetts Institute of Technology 
Cambridge, Massachusetts 

In the normal mode of beam injection in the Astron, an instability 

is observed during the first few microseconds for injected currents 

greater than the order of 10-20 amps. An important question is how one 

might g~ess (in a somewhat intelligent manner) about the stability of 

the ERA on the basis of the Astron observations. 

To do this, we will assume that the infinite cylindrical layer 

calculations (Briggs and Neil, Plasma Physics 2, 209-227, 1967) are an 

adequate representation of the AstroD negative-mass modes, and we will 

compare this dispersion relation with the similar formulation for a 

ring of relativistic electrons. For a ring of unperturbed 

charge/length = ~o (current IR = ~o c) and radius R, we have 

where 

Q 2 
R 

is the ring geometry factor (currently under intensive study), 

and stability requires n 5 0)0 > I~ I . 
For the cylindrical layer model with surface charge aO 

(Ko aO c current per axial length) and radius RA, we have 
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2 1 1 
n gA ( 2" - 2) 

V -'0 

where is the "Astron g-factor," which in Briggs and Neil (p. 216) 

was termed 

1 

In comparing the two geometries, therefore, one should compare 

(taking RA '" R) 

Calculations on the layer model (p. 227), in rough agreement 

with experimental data, give Ib + b I '" 1 or 2 for n = 3, 4, 5 
+ -

(say IgAI '" 1/4). The threshold current density in Astron is the 

order of one amp per cm, and therefore an educated guess at the order 

of the threshold IR for instability of the ring is (R = 20 cm) 

An optimistic figure for I~I is '" 1/-,2 '" 1/80 (well-shielded 

beam), and this gives threshold IR '" 400 amps. More pessimistic values 

of I~IJ like I~I '" 0.1, are less cheerful. 
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COHERENT "RADIATIVE" INSTABILITIES OF THE 
COMPRESSED ELECTRON RING 

R. J. Briggs 

Lawrence Radiation Laboratory 
Liverm.ore, California 

and 
Massachusetts Institute of Technology 

Cam.bridge, Massachusetts 

We consider the azimuthal stability of an electron ring 

situated in a circular pipe of infinite length. It is concluded 

that if the pipe radius is large enough for a mode synchronous with 

the beam to propagate, that the coupling of the beam with this mode 

can lead to a potentially dangerous instability. 

Section 1 has the conditions for modes to propagate, Section 2 

has the field analysis (g-factor calculation), and Section 3 discusses 

growth rates and stability conditions for various cases and the 

order of magnitude of the radiation rate from a developed instability. 

1. Mode Cutoff Conditions 

The lowest mode to propagate is an H-wave (TE) with the 

dispersion relation 

0, or pb (1) 

with 



-435 - we/ERA-II 

Here ill ~ nno = nv~/R for synchronism with the beam, R = beam 

radius, b = pipe radius, SL = vi/c, k = axial wavenumber. For 

large n, 

j , ~ n + 0.8086 nl / 3 , 
n -

and the nth mode will not propagate if 

< 0.8086 
1 + 2/3 

n 

The coherent modes will probably not be of importance for n 

values greater than the order of (p = minor radius of beam) 

~ 1 

(or at least our analysis is no good beyond n "t)' For the design crJ. 

parameters R = 3.7 cm and p = 0.1 cm, n "t ~ 37· crJ. 

gating waveguide modes with n < n "t' we must have crJ. 

For no proIa-

(2) 

(4) 
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which isn't very comfortable. For b/R = 1.2, modes with n > 8 

will propagate. For b/R = 1.1, n > 23 will propagate. 

2. Formulation of the g-factor 

To solve for the g-factor, one can use mode expansions or a 

Fourier integral approach. We will use the latter. We write the 

perturbation (a.c.) ring current as a surface current at r = R 

of the form 

K(z) i(mt-ng) I 
11 o(z) e 9 

The transform pairs are 

+00 

K(k) J K(z) 
ikz 

dz e 

-00 

+00 

f K(k) 
-ikz dk 

e 
2n 

K(z) 

-00 

so that K(k) = .Ir (To avoid divergences, it may prove necessary in 

calculating the complete Eg(Z = 0) to let K(z) have a finite 

extent p, which will be equivalent to replacing ±oo in the k 

integral by ±n/p.) 

Using the usual waveguide mode fields (see Briggs and Neil, 

(6) 

Plasma Physics 2, 209 (1967) for the solution of essentially the same 

problem), we can derive the transform of Eg(r = R) as 
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{

ruIJ.O:rtR J I (pR) ( ~ 
-i 2 n J I (pR) N I (pb) - J I (pb) N I (pR) 

I
n

' (pb) n n n n 

2 with p given in Eq. (2). The g-factor will be defined as 

(8) 

and since 

we have 

g == 

2 
ruEOR Eg(R, z=O) 

in2 II 
(10) 

where 

(11) 
-00 

with Eg(k)/K(k) given in Eq. (7). This formula might be useful for 

numerical computations. In the present report, we only give parts of 

the whole story. 
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Note that g is pure real unless there is a zero of J I (pb) 
n 

or J (pb) on the real k-axis. The condition for such zeroes is 
n 

precisely the condition that H-waves or E-waves can propagate. If 

thr re is one or more such propagating modes for a given n (H-waves 

are the lowest), then we will have g = g + i g. with gl. given 
r 1 

by the residues at the poles. (It is physically obvious that all 

contributions to are positive.) Therefore we can get an 

explicit expression for gi rather easily, and this is useful since 

Igl ~ !gil and Ig/ enters in the growth rate and stability conditions, 

thus giving necessary conditions or stability. 

After some tedious algebra and "Besseling", we get, assuming 

only one propagating mode, 

2 R 1 
t3 J. b ""(kJ)) 

n 

, 
with z the root of J (z) n 

1 

o and 

= 2 (nb) 
2 

2 t3.L R - z • 

, 

(Note: I checked this answer by a separate derivation from a mode 

expansion, so I think it's right.) 

(12) 
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3. stability Conditions and Radiation Rates 

The dispersion relation in the absence of spread in energy is 

n 
2 g(!.... -..1:..-) 

2 r 2 
v 0 

(14) 

Let: 

e 11.0 
ex 

== R2 2 
EO YO mO (1)0 

!-LO IO 
((3 2: 1) (15) 

R BO 

The stability condition is n&nO > /Q/, or 

(16) 

(forgetting the fiEld index factor, which is probably small in the 

acceleration tunnel). 

For the design parameters (IO = 2 x 103 amps, R = 3.7 cm, 

4 -2 / / BO = 20 kG), we have ex 2: 3. x 10 • A value of g 2: 0.3 would 

therefore require more than 10% energy spread, which is not tolerable. 

In Table I we give results of some random calculations of 

gi from Eq. (12). As mentioned before, since /g/ > gi' the use of 

gi in Eq. (16) yields necessary conditions on &nO for stability. 
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One might think from looking at Table I that large values of 

b/R are "better", but this conclusion is highly tentative until a 

calculation of Re g is made. 

Table I. (B ~ 1 Assumed Throughout) 

b 
R n g. 

]: 

1.2 10 0·5 (n = 8 first propagating mode) 

1.4 4 0.27 (n ::::. 3 first propagating mode) 

1.4 8 0.03 

3 1 0.11 

3 5 5.6 x 10 -4 

We cannot accurately calculate growth rates without a 

knowledge of gr' but if we assume gr ~ gi' then we find that 

for small spreads, 1m ill ~ 0.1 illO is a typical "bad" case for 

the parameters given before. 

The radiation power is easily calculated in terms of gi' 

since 



.' 

2 
rrn 

= (l)EOR 
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The rate of energy loss per electron is, for N = 1013 

electrons, 

, 
B 

'V P eV/'t-l sec. r 

(eV/sec) 

For 5% modulation of a particular n mode (II 'V 100 amps), 

and gi 'V 0.1, the energy loss is the order of one MeV per microsecond~ 

Even more horrible numbers could be calculated; the point is that the 

radiation loss is not a small effect. 
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EFFECT OF COHERENT RADIATION DURING RING COMPRESSION 

Claudio Pellegrini 
Laboratori Nazionali de Frascati 

Frascati (Roma), Italy 

and 

A. M. Sessler 
Lawrence Radiation Laboratory 

University of California, Berkeley, California 

We consider the somewhat idealized case of an electron ring of 

radius R moving on a plane equidistant from two infinite, perfectly 

conducting, parallel planes at a distance H. 

1 
lH/2 

H -,- - - ring plane 

The same problem, but in a different range of parameters, was studied in 

C. Pellegrini, A. M. Sessler CERN Report ISR-TH/67-40 (1967) (to be 

published in Nuovo Cimento). We will use the notation of this paper, 

and will also use the previously derived results for the electromagnetic 

fields of the ring within the conducting planes. 

We assume a perturbation of the azimuthal beam density described 

by the function 

l: N 
n n 

(1) 
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The resulting azimuthal electric field at the beam position is then 
2 

2rr enNn E ne = ~ ~ f - f32 g ! 2 n n 
'Y 

HR 

where 

L: 
(1) f = I n ( 'Y .R) H b n .R) n j=I,3, ... nJ n J 

gn L: ~ I n+lbnjR) H( 1) ('Y .R) + 
j=I,3, ... n+l nJ 

+ J b .R) H(I) ('Y .R) - 2J b .R) H(I)b .R) 
n-l nJ 1 nJ n nJ n nJ n-

and 

'Y .R = { n2 
nJ 

2 
f32 _ / ( 7T R ) 

H 

} 1/2 

Let us introduce the number 

n 
1 

7T R 
H 

~ 

Now we know that for n « nl the field EnS' corrected for the 

divergence due to the infinitely narrow beam, reproduces the 

Coulomb field, plus a correction due to the curvature of the 

electron trajectories: 

+ 
H 2 

(-) , 
7TH 

geff = 12 (1 + 2 In 2H) 
'Y rra 

(2) 

(4 ) 

(6) 
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where a is the beam minor radius. 

In general stability against azimuthal density perturbations 

is obtained if 

(8) 

where N is the number of particle in the ring. We want now to compare 

the values of the field for n.?; nl' with the values for n < < nl' 

It is important to notice that, contrary to what happens in the usual 

accelerator, for the ERA nl is a small number, and the shielding effect 

of the metallic walls is reduced. From (2), (6), (7) it follows that 

to compare the n-th field component for n ~ nl' with .the field obtained 

for n < < nl' it is convenient to introduce the quantity 

One must also notice that for modes with n > B, that is 
a 

n > 40 for the model parameters, the derivation of the field is no 

longer valid and one could expect that instabilities in these higher 

modes do not occur. (There is some experimental evidence, from Astron, 

which seems to support this assumption.) 

We have evaluated the values of gn and geff for several sets 

of the parameters nl,Y. The results are shown in fig. 1, where 

gn is plotted against n. Values of geff' as obtained from (7) and 

using R/a = 40, are indicated on the curves. The 1m gn is always of 

the same order, or smaller than Re gn' From fig. lone noticesthat 

for small values of nl, for instance nl = 3, several modes with low 
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n values have Re gn > geff/TInl' For larger values of nl , the sit

uation improves in the sense that only higher values of n give 

Re gn > geffjTInl · 

Evaluating (8) for N 1013 , R = 20 cm,E df = 2 one obtains 
f de 

as a condition for stability 

2 
geff < 210. (.6: ) (10) 

Notice that (8), (10) are essentially invariant under compression. 

From (10), and if ~p = 2.5 %, it follows that geff must be less 

than 0.13 or gn < 9·13, which requires nl ~ 12. If .6p = 9.% and 
TIn

l 
P 

N = 2.5 X 1013 then we require only nl ~ 3. 
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RESOLUTION OF AN APPARENT DISCREPANCY 
BETWEEN THE RESULTS OF IVANOV AND BRIGGS-NEIL 

V. K. Neil 

Lawrence Radiation Laboratory 
Livermore, California 

February 13, 1968 

The work of Ivanov (Influence of Shielding on the Negative Mass 

Effect) which has the designation ERAC-33 has a result that at first 

sight seems inconsistent with the results of Briggs-Neil (Negative 

Mass Instability in a Cylindrical Layer of Relativistic Electrons, 

Plasma Physics 2r 209(1967), hereafter referred to as BN). Ivanov 

treats a special case of the more general problem treated in BN in 

that the external field has no radial gradient, and there is no inner 

conducting cylinder. Ivanov's results agree with BN up to a point, 

namely his E~. (28). This e~uation is identical to E~. (43) of BN 

if we set v = 1 and insert the appropriate expression for b. If 

there is no inner conducting cylinder we have 

b 
I I 

= J (pR )/J (pb), n n 

in the notation of BN. The ~uantity b+ is given by E~. (50) of BN. 

The results of BN are that if the outer conducting wall is 

"close enough" to the cylinder, azimuthal density fluctuations with a 

given number (n) of wavelengths around the machine can be stabilized 
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by the presence of the wall. The distance from the electron cylinder to 

the outer wall necessary for stability is a function of n. But, as 

noted in E~. (58) of BN, the stabilizing influence of the wall is lost 

if it is placed so close that the condition 

(b - R) < 
R 

is satisfied. 

2 1 1 
:5 2 < 

Yo n 
(2 ) 

Ivanov, on the other hand, does not find that the outer wall 

stabilizes the azimuthal bunching. In order to obtain this result, he 

expands Bessel functions in the region where the argument and order are 

nearly e~ual. His stated condition for the expansion is 

(b - R )/R « 1/nt3
2 

• 

Clearly the range of values of (b - R)/R studied by Ivanov is within 

the range for which the results of BN predict no stabilizing effect. 

Thus there is no inconsistency in the two results. 
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MUTUAL OSCILLATIONS OF IONS AND ELECTRONS IN THE ERA 

1. Introduction 

F. E. Mills 

University of Wisconsin 
Madison, Wisconsin 

February 29, 1968 

We attempt to account for all forces exerted on particles in the 

beam and on the ions. These are "direct" space-charge forces, which 

would exist if the beam were not enclosed in a conducting cavity, and 

"image ll field due to charges and currents on the conducting surfaces. 

It is important to notice that curvature effects will be important so 

that the usual 1 _13 2 
cancellation for a linear beam will not be applicable 

to this situation. On the other hand, the fields appropriate to rings 

inside of conducting cylinders have been computed by L. Jackson 

Laslett and may be employed for numerical calculations. 

With respect to the image forces, we may distinguish two cases. 

It seems reasonable to suppose that the image fields may be composed 

of two parts. First, a part which is a restoring force which is cente red 

on the local {(1) position of the beam and, second, a part which is 

dependent on the average {in (1) position of the beam. The first case 

would be most appropriate for a beam very near a wall, whereas the 

second case would be most appropriate for a ring in a tube whose 

diameter is large compared to that of the beam. It is to be noted that 

the second type of force provides a possible" reference plane" for the 

beam and has possible implications about the axial stability of the ring 
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in that it provides a v value for the beam. The first term may be 

lacking for very high frequency oscillations because of retardation 

effects (as pointed out by Ohkawa). In any case, this treatment deals 

only with the first type of field and further neglects resistive effects 

which would be es sential for a complete treatment. 

II. Electric and Magnetic Fields 

We expres s all fields in terms of an equivalent electric field 

which is felt by the electrons. The ions, by virtue of their low velocity, 

will then feel only the electric fields, whereas the electrons will feel 

both electric and magnetic fields. We let z(O) be the center of mass 

position of the electron beam and Z(O) be the center of mass position 

of the ion beam. We then have the following equivalent electric fields: 

A. Forces due to electrons 

1. Electric images 

eE 
my 

= A [z - z(O)] 

2. Magnetic images 

eE -B[z - z(O)] = my 

3. Free space electric field 

eE -C[z - z(e)] = my 

4. Free space magnetic field 

eE D[z - z(O)] = my 
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B. Forces due to ions 

1. Electric images 

eE 
my 

= -Q! A[ z - Z ( B) ] 

2. Free space electric field 

eE 
m'Y 

= +Q!C[z-Z{B)] 

WC/ERA-36 

Here, we have chosen Q! to be the ratio of ion density to electron 

density and have as sumed that their density profiles are equal and, in 

fact. uniform. 

III. Coherent Equations of Motion 

A. Equation of motion for electrons 

The equation for an electron in these fields is obtained 

simply by adding all these force terms together. To obtain the equa-

tion for motion for the center of mas s of the electron beam we sum over 

all electrons at each value of B and, of course, are left with only the 

reaction of the ions on the electrons. 

'z (B) + Q!{C - A) z{B) = Q!{C - A)Z{B) 

We define 

2 
W = Q!{C - A) 

e 

The equation of motion for an ion is obtained by taking only the electric 

field components. With reference to the above definitions of E we 

must multiply by a coefficient 

s = 
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If we average all the ions of each azimuth we obtain the equation of 

center of mass for the ions. 

2(0) + S(C - A) 2(0) = S(C - A) z(O) 

He re, we define 

2 
w = S(C - A) a 

We see that w is the bounce frequency referred to by Levy. 
a 

It is of interest to note that the forces obtained on the ions in 

this manner agree with those obtained by T. K. Fowler from the dipole 

field corresponding to a shift of ion center with respect to the electron 

center. We further notice that the approximation is made here that 

all particles have the same frequency. If we had not made this approxi-

mation then when we averaged over the electron and ion distributions 

we would have obtained coupled equations involving integrals of the 

electron and ion distribution functions. This will give the proper 

Landau damping terms and threshold values for growth. This will be 

left until a later report. 

IV. Coupled Motion and Dispersion Relation 

We look for solutions of the type 

z = Zo exp i (nO - cut) 

2 = 20 exp i {nO - cut} 

where n is an integer and w is the frequency of oscillation. The time 

derivatives above are interpreted as convectional derivatives. 
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d a 
dt = at +n~ ae 

WC/ERA-36 

We may neglect the velocity term in the ion motion since it is small. 

We then obtain the coupled equations 

2 2 2 
[-w + wa ] Z 0 = wa Z 0 

which lead to the dispersion relation 

22,22 
[ - (w - nn) + W ] l - W + W ] e a 

2 2 
= W W 

a e 

We notice that we may account for field gradients, therefore betatron 

focusing, by including a term v
2n2 

in the first bracket on the left-

hand side. 

v. Solution of the Dispersion Relation 

To solve the dispersion relation we first look at the case where 

the coupling is very small. We may interpret this as the case where 

Q' = O. In this case, we obtain two sets of roots: 

A. W = ±w. These are then independent oscillations of the 
a 

ions in the electron potential and will imply Zo = O. 

B. W = nn (double). These are stationary waves in the electron 

stream which merely shake the ions out of resonance. We obtain a 

corresponding ion amplitude 
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1 

It is instructive to point out that if we had included the betatron fre-

quency v in the equations of !notion we would have obtained roots 

w = nO ± vr2. It can be shown that one !nay need only consider the 

!ninus root and all values of n for a cO!nplete description of the !node. 

The negative energy waves then are n > v. 

We now consider a non-zero value of a, and solve for the roots. 

We first look at the ion oscillations and find 

with 

where 

2 w w 
e a 

2 w 
e 

The second set of roots, near the electron frequencies, are given by 

with 

w=(n-v l )r2 + 

= 

2 2 
w w /v 1r2 

e a 
2 2 2 

(n-v l ) r2 -w a 

Both sets of roots exhibit a resonant behavior when the ion bounce 

frequency beco!nes equal to the space charge shifted electron wave 

frequency. Since w is in general s!nall, we !nay expect difficulty a 

only when the electron frequency is s!nall. This will be particularly 
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true for the radial motion, where v ~ 1 for the mode n = 1. The mode 

n = 0 for the axial motion has solutions which are complicated but real: 

2 1{2 222 j2 22 2} w =..., w +w + vn ± [w +(w -vn) ].[w +(w +vn)] • 
'- a e e a e a 

VI. Incohe rent Equations 

The motion of an electron with respect to the center of mass of 

the electron system is given by 

z c + [v 2n 2 + (A - B - C + D) + a (C - A)] z c = 0 

We immediately infer that the space charge induced tune shift is given by 

= (A - B - C + D) + a(C - A) 

n2 

Similarly, the motion of an ion with respect to the center of mass of the 

ion system is given by 

•• 2 
Z + Z(1-a)w .. 0 

c c a 

VII. Interpretation 

Limitations on the operation of the ERA are related to both space 

charge limits and collective effects. It is seen that there is a relation-

ship between these two. The incoherent shift of the electron tune prior 

to ionization is given by setting a = 0 in the equation above. These 

terms, ina linear beam, cancel as 1-13
2

• 
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In the present situation where curvature is important we may 

not be justified in neglecting (A - B - C + D) with respect to Q' (C - A) 

Rather we can say that (A - B - C + D) will correspond to a negative 

tune. shift, prior to ionization, and that we will then allow a positive 

tune shift after ionization which is no less than twice the shift before 

ionization. Then we may write approximately 

2..., A 2.....,2 w - ~v ~~ e -

where ~v2 is the maximum allowable incoherent tune shift. We also 

note that 

Then 

or 

w 
e 

2 

But S = my/M:::: 1/50, Q'?;; 1/100 to 1/50, and ~v2 $ 1/2 to 

avoid half-integral resonances; consequently space-charge considera-

tions automatically require that 

Hence all collective modes, except n = 1 for radial motion, are stable. 

The radial n = 1 mode is unstable when 

w - nQ -
a 

or approximately when 

w a 
1'2 ~ 1 - v 

= 0, 

Unless the resonance is avoided by appropriate design, it will be 
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necessary to employ Landau damping to stabilize the mode, although 

electronic feedback could be used, in principle, in the compressor. 
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NOTES ON THE INTERACTION OF ELECTRON RING WITH IONS 

T. K. Fowler 

Lawrence Radiation Laboratory, Livermore 

January 30, 1968 

Let f(Q) be the probability that electrons have betatron 

frequency ~ and rotation frequency w. The charge perturbation 
o 0 

~ 

due to a displacement ~(Q) (along Btl) is ex erna 

dQ P (Q) = - en ~(Q) f(Q)dQ 
e e a 

(1) 

where n is the density per vnit volume of all electrons, and a is 
e 

the minor radius of the electron ring. The displacement satisfies 

(for s(Q) oc exp inS) 

222 I. - (w - nw ) ~(Q) + w Q ~(Q) = - eEjm o 0 e 
(2) 

where Q2 takes account of both magnetic restoring forces and lack of 

neutrality in equilibrium. Here me is the relativistic mass. 

For ions, which oscillate in the potential well caused by the 

electrons at frequency wi' 

and 

(4) 

From Poisson1s equation 

V·E = 4~(p. + JdQp (Q)} 
J.. e 
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Tb evaluate (5), we solve (1) - (4) for p. and p (Q) and note that if 
1 e 

E = Eo(z)exp in8 and (:zkEo(l« n/R where R is the radius of 

the electron ring, we can drop dEeid8 in 7·E and then 7·E = - E/a. 

Doing so and using 

1 
n(l) 

o 
-Q:D 

o 

we obtain from (1) - (6): 

1 (l)~ i + (l)~e 100 

d Q f ( Q) f ___ l_---",---
2 2 (l) 2Q 1m - l1ill - Q:D (l) (l)l 0 0 0 0 

where 

j = e or i 

(6) 

(8) 

Note that n. is density per unit volume; that this enters follows on 
J 

taking 7·E = - E/a, so that geometrical corrections to n. cancel. 
J 

Fixed Q 

Let f=o(Q-Q). 
o 

Then 

1 = 
(l)2. (l)2 [ 1 

Pl +~ 
2 2 2Q (l) (l) - l1ill - Q (l) 

(l) -(l)l 00 - 0 00 

For the interesting regime ((l)Pl' «(l) ~ (l) ) there is instability but pe 0 

only for special values of (l)l' (l)pi as one passes through resonance such 

that 

2 
( Ilill - Q (l) ) 

000 
(10) 
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in which case the growth rate Y is 

2 
ru 

pe 
2Q, ru o 0 

WC/ERA-3 

The condition for validity is that ru given by (10) satisfy 

ru-nru +Q,ru <Y 
000 

(11) 

(12) 

with Y in (11), which defines the accuracy within which the second 

equality in (10) must be satisfied. Since Y < ru . «ru by (11), we 
pl 0 

see that the resonance is narrow and occurs only for special values of 

Spread in Q, 

If there is a spread in Q" resonance in the above sense does 

not occur, the condition being 

with Y in (11). 

ru ,0Q > Y o 

Since Y < ru . «ru , ,0Q is quite small. 
'" pl 0 

(13) 

However, instability persists, but the growth rate decreases 

rapidly if ru
l 

« (n - Q)ruo for the mean Q,. To calculate this case, 

write (7) as (ru = ru + iY) 
r 

o 0 
ru- nru +QpJ } 

2 

ru 100 

+ i pe dQ,f(Q,) 
2ru Q, o 0 

[ 
Y Y ] 

- 22+ 2 2 
(ru-nill -Q:D ) +Y (ru-nill +Q:D ) +Y o 0 0 0 

(14) 
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For small Y, and defining Q = jdQQf(Q), this is 

2 2iru ru
2 .y (ro f i.ro2 

[ ru. f(Q) + f(Q) 1 = 
pJ. r pJ. ~ +~ 

2 2 (2 2)2 2~ 2m
2 Q Q -(~~OJ ru -ru ru -ru ru-!)(l) 

r 1 r 1 o 0 
Q -

0 Q=--+ ru - ru 
0 0 

(15 ) 

or 
2 

ru . 2 
pJ. ~ ru 

1 + ~~ef 1 

(16) 

o 

One must be careful about the approximations if Q_ is very smallj there 

is a criterion relating Y to Q. Note that n = 0 is stable, since Q_ 

would be negative (out of the range of Q) and, though Q+ > 0, the Q+ 

term gives stability. 

The growth rate given by (17) is proportional to n. and tends J. 

to be large only if 

Q ~ Q = jdQQf(Q) 

For modest oscillations II B t' Q is small so large growth requires ex 

rul/ruo ~ n just as in the sharply resonant case with no spread in Q. 

Spread in Ion Oscillation rul 

If there were also a spread in rui, the ion term becomes 
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by analogy with the electron term in (7). The spread matters if 

~l > ill in which case the ion term also contributes poles. But if 

Q is spread, then the ion and electron imaginary terms to lowest order 

in Y do not determine Yj they do not contain Y and in fact the modes 

are stable (I think). 

Since without spread ill ~ ill
l

, the spread required is 

This is sizable, and of course initially the ions have essentially 

no spread. 

Conclusions 

A large spread in the ion oscillation frequencies in the 

potential well (large :i II B to sample nonparabolic shape of the 

potential well) may stabilize electron-ion interactionj this should 

be investigated further. But it looks as if a very large spread 

~ ~ illl is required. 

Otherwise, there is growth, even if the electron betatron 

oscillation frequency is spread (spread in Q). The growth is sharply 

resonant if there is no spread and one might possibly pass through 

the resonances (illl ~ (n-Q )ill). With spread, the resonance is not 
o 0 

sharp in principle but in fact the growth rate is large only if 

ill
l 
~ (n-Q)ill

o 
where Q is the mean value. At resonance, the growth 

rate is reduced by the spread from ill . (without spread)to the order pl 

Y ~ (m
2 ./ill ) with spread. 

. Pl 0 
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In any case, at worst, electron-ion oscillation sets a limit 

If such a condition also holds for radial betatron oscillations, for 

which Q ~ 1, this could be serious for n = 1. 

This question needs more study. 
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*********************************************************************** *********************************************************************** *********************************************************************** 

INFLUENCE OF SHIELDING 

ON THE NEGATIVE-MASS EFFECT* 

by 

I.N. Ivanov 

Increasing the beam intensity in modern accelerators has 

necessitated experimental and theoretical study of the influence of 

the electromagnetic self-field on the beam motion. While in motion, 

a beam can create a-field both varying and constant in time (the effect 

of this on the longitudinal and transverse motion has been fairly 

thoroughly investigated and reduces to a change in the separatriss 

dimensions and a shift of the free-oscillation frequencies). The first 

is always associated with a change in the particle-distribution function. 

The effects produced by a change in the beam-distribution function in 

* Submitted to ZhTF (Soviet Journal of Technical Physics). 
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accelerators can be divided into the negative-mass effect and the so-

called resistive instability, i.e., an instability caused by the finite 

conductivity of the walls of the chamber into which the beam is placed. 

If the chamber walls possess infinite conductivity, then, as we know, 

they may lead to resistive instabilities, but, by altering the electro-

magnetic self-field, the shielding can influence the factors governing 

the beam's existence. In the static case they may, for instance, alter 

the effective field-index; in the dynamic, they may effect the growth 

rate of perturbations arising in the beam. As an example we shall 

investigate the influence of shielding on the "negative"-mass effect. 

It should be mentioned that in the studies cited (refs. I and 2), in which 

the beam-density threshold for this effect was first found, the beam 

was placed in a metal chamber. In their analysis of the dispersion 

equation, however, the authors used approximations which did not permit 

study of the beam's behavior near the chamber walls. 

Our purpose in this paper is to explore the influences of 

perturbing-field shielding without such limitations. To do this, we 

select the following geometry: 
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We have a ring current, infinite in the z-direction, 

surrounded by a circular metal shield. The current cylinder and shield 

are placed coaxially. In the unperturbed steady state the current 

cross-section is an infinitely thin ring having the radius rO' The 

velocity in the direction + e , expressed in units of the speed of 

light c , is 
woro 

~ = c ,where wo is the rotation frequency of each 

particle. The current is situated in an external uniform magnetic field 

directed along the unit vector r 
z This field is considered so strong 

that the influence of the electric and magnetic self-fields on the 

unperturbed motion of each particle can be disregarded. In what follows, 

we shall be concerned with perturbation of the particle motion and not 

with questions having to do with changes in the ring thickness. In the 

process it will be easy to show that disregarding the self-fields acting 

on each particle moving in an orbit with r = rO ' as compared with the 

external fields, is possible with fulfillment of the inequality: 

eo 2" r o 0 
----:2~-- « 1 , (1) 

m c Yo 

where 0"0 is the surface density of particles. 
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Here we must make the following observation. As shown in 

refs. land 2, a beam with a zero energy spread is always unstable with 

respect to the negative-mass effect. Our deliberate choice of an 

unstable configuration for study of the effect is in the interest of 

simplicity. We consider that the variation of the instability increment 

in the presence of the metal shield will make fairly clear the shielding's 

influence on the effect. 

To derive the equations of motion, we adopt the mathematical 

method used in ref. 3. We let the orbit of the perturbed particles be: 

(2) 

where eO ,rO are the particle coordinates of an unperturbed point, 

-> 

.P r ' o 
the unit vectors of that point. Finding from (2) the velocity 

and acceleration 

.. ( & ) it + (;, + '" " r 0 + cv 0 elf" v co .. - AI '1 r "' '" "0 o '0 (3) 

we write the equation for the motion of these particles: 
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.. .... 
dy V .... s 
__ "'yV+Vy 

dt 

( v v ) 
c 

e .. 1 .... =-- (E+-[VH), 
c * (4) 

III 
o 

where 

y .. -j;=l=_===:iY;=Vi= 

c 2 

We shall consider that the particles are moving in a self-consistent 

field. For this, on the right-hand side of equation (4) we substitute 

not only the external field Hz 0 but also the electric and magnetic 

self-fields of the cylinder, all of whose particles along with their 

sand 11 are "perturbed." Regarding sand 11 as small quantities, 

and viewing the whole in linear approximation, we get the following 

equations of motion: 

In the equations (5), 

.". + c.> 0 e =' __ e__._
s

-

11\ 0 Yo 

(5) 

H1 are the intensities created by 
z 

the perturbing currents and charge. 

Translator's Note: The Russian is verbally ambiguous, 

* Equation 

is meant; 

of motion (4) 
a a 

at + Wo 09
0 

says literally " ••• by currents and charge of 
perturbation. " 

is essentially a hydrodynamic equation. By 
..... 

d 
dt 

, so that V is the hydrodynamic velocity and 

has the meaning of an Euler variable. Introducing the coordinates of a 
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To calculate the fields, we use Green's function for the two-

dimensional Helmholtz equation in a cylindrical system of coordinates: 

G = i TT H~1) (~R), where R = h2 + r,2 - 2 rr' cos (a - a'), (6) 

H~1) being a Hankel function of the first kind. 

Assuming the current increments -+ 1 -iwt 
j e and charge densities 

to be known, we write Fourier transforms of the potentials: 

.. , 1 "1' 
A c-(Gr J ds 

c 

(7) 

1 -iwt 
p e 

We integrate the current 
-+1 
j and density 

1 
p in (7) over a cross-

.... 
section perpendicular to the unit vector .. ~ • Here r is a unit 

z 

affinor. Obtaining the fields with the formul~e (7), which satisfy 

the boundary conditions at the metal sheath, is a cumbersome process, 

the details of which we omit. The end result has the form: 

il.; _I_"_! f e'D(O-O'1 ds' I [ 
C 8=-00 

+§ D (k r) U 

\I 

r D (8) 

perturbed and unperturbed point is convenient for plotting the 

velocity increment [g - wO~' ~ + wOS }. Everywhere hereafter 

the word "particle" should be understood to mean a particle flux. 
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f: (kr) U .. 
-~~ (kr)VD]f +[ -~' .. (kr)VD]ikf(J r" • , 

Hill (k r) V 

"I H e 
I"k 

c 

U c I 
I 

(J 

I 

R 

.. 

~J; 
c r r 

r' > r 

r> r' 

.. .. 
e Ie , (J - 6'1 d s' [ 

' .. (kr)U , I f • 111)0 r ) V aa-oo .. 
r' >'r -. (kr)VD] .. r> r 

H"J'(kr') + ijl II HIIIO r') --.. r k r' 
.. 

AI e __ , 

e 

(8) 

where D is the coefficient associated with the shielding. In the 

case of metal 
H (1)' (k b) 

D = .....:;n":-~~~ 
J' (k b) 

n 
( b is the radius o~ the metal sheath). 

Throughout the formulae a prime indicates differentiation with 

respect to the argument. To write the current increment, we must 

remember that we wrote the particle-current velocity on the left-hand side 

-> 
of equations (,5) in the system of vectors ~ 

rO 

-> 
and ..fe' which in 

o 

general differs from the cylindrical in the noncorrespondence of the 

.... 
direction of the vector y and in the rate of variation of the 

rO 

azimuth e Formulae (8) are given in the ordinary cylindrical system 

.... 
of coordinates, where the vector P r rotates at the velocity e . Hence 

-the currents -:>1 
J are written in the system of vectors p .... 

r and fa 
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To understand more clearly the difference between these systems, we need 

only look at Figure 1, where the two are depicted, and deduce the velocities 

in the system of unit vectors { 
r 

... 
and .f' e in terms of the velocities 

... ... 
..P rand Jl e • 

o 0 

In fact, by expanding the vectors 

~ 

~, p cos ( 8 - e ) - r sin ( 8 - 8 ~ ) 
ee 8. o'~ 

(9) 

we get the following for the radius vector: 

.... ~ ..; 
= r cos (9 - 8 ) r + r sin (8 - () 0 ) f 8 = (r 0 + e-) r, + 11 c () 0 

• ~ '. 0 a 
(10) 

From this it is easy to obtain 

(11) 

Moreover, 

• 
+ [V sin «() - () ) + v 6 cos (8 - 8 0 ) 1 i e 
,0 0 

= ( i -cu 11) P + (cu r + ~ + cu 0 e 1Vf) 
o '0 0 0 0 

(12) 

We shall now have: 

v c (~ - cu ,,) cos ( 8 - () ) + ( cu r + ~ + cu e) sin ( () - 8 ), 
, 0 0 00 0 0 

V
LI 

=(cu r + ~ +cu ,) cos(8-9 )-Ce-cu 11)sin(/i-8
0
). (13) 

" 0 0 ~ 0 0 

We define the currents in the cylindrical system as 
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.. .. .. 
j",Vp .. ulJ(r'-r) v. 

..... 
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(14) 

In formula (14) the components of V are given by (13), while r is 

defined in (11). We substitute these currents in the continuity equation: 

* 
1 a ,'. 1 
---r J +--
r' ar' r r' 

1 a p. 

"'-----
r' at (15) 

After performing all the operations involved in substituting 

the current components in the continuity equation, we must linearize the 

expressions obtained, by writing cr = cro + cr
1 

• 

We consider to be of the first order. It represents the 

variation of the number of particles on a unit surface. 

Hence the continuity equation is an equation for determining 

cr 1 • It is not difficult to verify that the result will be 

(16) 

Now we have 

* The term pr stems from the fact that, according to the meaning of 

the continuity equation, on the right-hand side stands a term that 

defines the variation in time of the number of particles in a volume 

~ r r ~ e ~ z. In our case not only the number of particles in 

a unit volume varies, but by reason of the variation r ~e the 

elementary volume itself varies. To allow for this, we must take 

1 apr 
r' at instead of QQ. at . 
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+ g • 
.. 

8(r'-r
o
H

O 
-g Q) r 8'(r'-r )'0 o Q 0 o· 

Expression (17) shows that, in addition to the increased 

(17) 

numerical value of the current, the current density also has changed 

because of the appearance of magnetic dipoles with a density Wo rOaO s. 

So, we have 

(18) 

j 1 c ~ g 8 (r' -I ) - '" r e c 8' ( r' - r ) (} at 0 0 0 Q 0 0 

Substituting the expressions obtained into (8), and regarding sand 11 

as dependent on the time and azimuth in the form 
i (n9 - wt)* e , we get 

the following expressions for the self-fields: 

* 

+ 

(19) 

{ 

H(J) (k r )[ _D_ ~ (k r) f + 
" 0 r D I 

D (1) .. 
Or ){--H (krH + 

IS 0 r a .r 

co .. 
+I-~' (kr)felr<r 

c n 0 

co (I)' .. 
+ I - H (k r)' e 1 r > r 0 ' e .. 

f3 .. 
(oj 

Generally sand 11 are functions of 90 , but for the first order 

of smallness it makes no difference. 
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We recall the intensities written formally in (8). If we consider 

that those intensities were produced by the currents 

1 
j eo K 8 ( r' - r ). 

r r 0 
(20) 

jl .. K 8 (r' - r ). 
6 (} 0 

where K 
r 

and are the surface current-densities given at the 

radius r
O

' by comparing (8) and (19) we obtain those effective current 

densities in the form 

1 «70 
K .. ---(0) r e(l-~~",) 

r rOo 
o l«7 

K m ___ o_c~, .. n'l' 
6 r -

(21) 

o 

-+ -+ 
Since the intensities are proportional to S and 11 , then .f' ~..p 

r rO 

-+ 

and I' e ~ as a first approximation. The forces acting at radius 

ro we define as the averages 

I 1 I 1 1 1 1 1 1 I 
<E;>"'-2 IE ++E ) .. E <E,,>=-(E

8 
+E ) .. E(J 

. • r- r 11 2 + 8-
1 1 1 1 1 

< H & > co -.2- (H & + + H &_ ) .. H & 

Taking all of this into account, we write the intensities on 

the right-hand side of the equation of motion: 

2 l" n 2" D 
2 

E I = K eC - K A • (22) c (0) fO 
r 

i 211 r o Q) 2 IT n i 
E(Jc- Ke B- K r C • 

c 2 C 

1 1 
H a _ ~'" E 

r 
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In these expressions the following designations have been adopted: 

A '" I , . '" I 2 '" I _:~ ( __ O_lH 1)( __ 0)_ § (--~lD, 
rr II. cae II. C 

B '" I ' '" I ",I _=~' ( __ O_lH(1) ( __ Ol_~,2( __ G )0, 
ff D CDC a C 

(23) 

C 1 ",1,) ",r 1 ",I (1)' ",r ",r o "'10 ~' ( __ O)H 1 ( __ 0 ) +_ § ( __ O)H ( __ 0 ) _~ ( __ )~' ( __ ) D. 
-1r-=2" C .. C 2" c .. c .. c .. c 

Making use of (22) and (21), we can write the equations of motion 

themselves in the form: 

I a I 
_p1e+O_y'l",2f,-i", y2p1) =0 (1-f3f3 )--[f3 1)C +1(1-f3f3 )~Al. 

.. 0 0 0 0 '" f32 '" '" 

I n = 

2 
eu o 2rr.r o "'0 

I 
m OC Yo 

(24) 

For the existence of a nontrivial solution of the homogeneous 

algebraic system (24) it is required that the system's determinant equal 

zero. That equality is the dispersion equation, from which we can find 

the relation of wand n to the parameters characterizing the system. 

Utilizing the smallness of 00 [see the inequality (l)J, we shall solve 

system (24) by the successive-approximation method. Disregarding the 

terms containing 00 ' we obtain the dispersion equation 

2 I 2 0 p ('" _p )c . 
o (25) 

From it we see that in the system the following waves can propagate: 
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(26) 

Here one solution is degenerate. Allowing for the terms with a
O 

removes 

the degeneracy. The solution W = n Wo is for the case in which a 

perturbation moves along with the beam. Two others show that a pertur-

bation can lag behind or run ahead of an unperturbed particle by the 

period of the betatron oscillations. Analysis of the determinant of 

system (24) should yield the instability increments for a circular beam. 

First we make some assumptions that would permit comparison of the 

1 2 
results with those generally known.' For this it suffices to exclude 

the electromagnetic field's transverse components and the terms associated 

with the currents i.e., to consider that C = A = 0, and to look 

also at the increments of the wave Re w n wO. After making these 

assumptions, we shall have the dispersion equation 

2 AI r p _-1 B ( __ 0 ) 

c 

2 2 2 2 
p +f3 Yo"'o 

2 • 2 Y (COl -p ) 
II II 

(27) 

The first term of the successive-approximation method gives us: 

2 2 22 lI"'oro 
(Jm p) .. -, n ft {3 i B ( --c-- ) . (28) 
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For the first harmonics, considering b = ~, we get 

and the increment in the absence of shielding 

J:n p '" + n v' -; ,. (29) 

which agrees with the results of refs. 1 and 2. 

If we now take into account that our current passes near the 

shield and consider n ~ « b ' then by expanding D 
- rO 
b 

into a Taylor 

series around the point rO = b, we get 

n /2(b-t o) 
Jm p '" ± n -- v b • 

~o 
(30) 

As seen from (30), the shielding substantially alters the negative-mass 

instability increment. If we now recall that the presence of an energy 

spread in the beam also results in a lessening of the increment, we can 

infer a possible cutoff of the negative-mass-type instability through the 

joint "efforts" of shielding and an energy spread. The lessening of the 

negative-mass increment occurs, apparently, as a result of a decrease in 

the effective Coulomb charge of the perturbing density, as a result of 

the shielding. 

We analyze the system obtained as a whole. The dispersion 

equation, with account taken of the transverse currents and intensities, 
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is obtained in the form: 

QI r a 
IB(--) -

c 

(31) 

I 4 2 2 2 Qla QI r p I QI rOD (1-/3/3 ) 
----0- f3f3 )piC(--O )--- 0-/3/3) 1 A ( __ 0 )]+ - 4> 

/3 QI C /3 2 /I) C I 4 
:; QI YD 13 

From this we see that in the approximation of the small beam-density (1) 

we obtain in the first order of the successive-approximation method the 

same buildup increments of the waves Re·w = as when the transverse 

currents and intensities are disregarded. 

When the beam is straightened, a wave of the w = n Wo type 

remains,which means that that wave is longitudinal,in contrast to the 

transverse waves W = (n = 1) wO. The stability of transverse waves 

and the relation thereof to shielding is a matter of some interest. The 

stability of such waves can be analyzed with equation (31), but that falls 

outside the scope of the present problem. 

The author deems it his agreeable duty to express profound thanks 

to E.A. Perel'shteyn and his colleagues for many valuable discussions. 

* In deriving the dispersion equation, we took into account the readily 

AB _ C2 = -...,...1:.--_ 
n2 ~2 

w 

verifiable equality: 
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Ustoychivost' kol'tsevogo toka v tsilindricheskom rezonatore (Stability 

of a ring current in a cylindrical cavity) by I.N. Ivanov. JINR Pre

print ~9-3474-2. Dubna (1967), 14 pp. Translated from the Russian 

(January 1968) by Benjamin Thayne. 

***************A A AA A A A AA A A AA A****************************************** *********************************************************************** *AAA*AAAAAAAAA~AA****************************************************** 

ST ABILITY OF A RING CURRENT 

IN A CYLINDRICAL CAVITY 

by 

I.N. Ivanov 

If a charged beam is placed in a resonant cavity, there 

may develop within it an instability linked to·the beam's 

interaction with the cavity's self-field. This type of 

instability is investigated for ring configurations in 

a cylindrical cavity. The instability increments are 

found for an infinitely thin current ring. The results 

are readily generalized to formation of a kind of E-layer. 

The entire study is conducted within the scope of a 

hydrodynamics with zero thermal spread. 

1 I n t rod u c t ion 

As we know (see ref. 1, for instance), in a cavity resonator 

there can exist standing electromagnetic waves having a certain frequency 

00 ' which satisfies the condition: 
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(1) 

In this equality c is the speed of light, k the wave number of the 

oscillations in the z-direction, X the wave number of the oscillations 

in the r-direction. The field of a cavity resonator can be imagined as 

a superposition of E-waves and H-waves. In the case of the E-waves 

x = n s 
b 

, where A n s is the root of the equation I n ( An s) = 0, 

A' n s 
X = ?* and k m 'IT /L, m = 0, 1, 2, •••• In the case of the H-waves 

where A' n s in turn is the root of the equation J'( A' ) = ° while n n s ' 

k = (2m + 1) 'IT/2L, m = 0, 1, 2, ••••• 2L is the length of the cavity, 

b its radius. The Bessel-function subscript coincides with the mode 

number of the oscillations in the azimuthal direction. We select a 

cylindrical system of coordinates whose center coincides with the geometric 

center of the cavity, the z-axis being directed along its generatrix. 

Let us now imagine that into this cavity is placed a circular ring current 

je = Po c~eo ' the charge density 

N 2 e 

2 2 
'IT r O mO c 

e N 
Po ~ 2 'IT r

O 
being fairly small, namely: 

8rO log -- «1, (2) 
a 

* Translator's Note: Denominator omitted. 
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where a is the inside radius of the ring, rO its outer radius, and 

The charge and rest mass are denoted by e and 

mo ' respectively. 

Assuming condition (2) fulfilled, we shall consider that the 

ring's self-field has not substantially affected the field of the cavity 

resonator. By the ring's self-field we mean the field of the ring in the 

steady state plus the field of the "stray" current and charge densities 

that arise within it for whatever reasons. (Specifically, the latter 

may be linked in origin through the interaction of ,the field of the steady-

state ring with the self-field of the cavity.) 

From what follows, we shall see that it is the "stray"-density 

fields that will play a leading role in the behavior of the beam. 

We shall explain the confirmed insignificant change in the 

cavity field. It has been thought that the influence of the ring fields 

amounted solely to a variation of the cavity's natural frequency, while 

the field's space distribution remained the same. Below it will become 

clear, from the general form of the dispersion equation, that we are 

entitled to regard the space distribution of the field of a loaded cavity 

as invariant. 
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The interaction of the fields of the "stray" densities with 

the cavity field, whose frequency has changed, may result in an increase 

of these densities. In that case we shall have an instability of the---

(for determinacy) electron---beam associated with the cavity's natural 

frequency. 

In what follows, in addition to the inequality (2), we shall 

use the inequalities 

a« -- • 
X 

(3a) 

a« k. (3b) 

Fulfillment of these will permit us to regard the ring as infinitely 

thin, and to extend the results to a torus having the inside radius x a. 

2 D e r i v i n g the dis per s ion e qua t ion 

The assumptions stated enable us to solve the problem by the 

variational method. The fundaments of this method and appertaining 

literature are cited in reference 2. 

x Condition (3b) is mandatory only for the ring. 

considered, it does not exist. 

When the E-layer is 
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~ 
-+ 

The strength of the electric field E, created by the stray 

densities of the current and charge 
~ 
p , is found from the equation 

~ ttl tt:II .. 

2'" 2 2'" ~ : a E 1 a E 1 a E 4". a J .. V 2 E + __ + ______ - -- : - -- + 4". grad p • (4) 
• p az' r2 at ' c 2 at 2 c at 

The quantities 
~ 
-+ 
j and p are related through the continuity equation 

~ 
-+ 

where by j we mean: 

.. a p 
clivi + --= o. at 

.. 
J .. .,;p ~ +Pe(p ~"+pv,, )+Pp ;-

tOr. 0" ,,0 & 0 • 

(5) 

(6) 

In writing (6) we have assumed that in the steady state the ring has a 

particle distribution with the density PO(r, z) and particle velocity 

-+ -+ Vo = Q eVeo· We let PO(r, z) = crO(z) 0 (r - rO) • With perturbations 

in the ring , for each particle we can write the corresponding 

s( e, z, t), 11( e, z, t), C( e, z, t). Here S is the displacement of 

the radial coordinate, 11 the particlers azimuthal displacement from an 

equilibrium particle rotating with the frequency 

co c __ :_ 

o to 
(7) 

and , is the z-coordinate of the perturbed particle. The density 

distribution of such a formation can be written as: 
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p.( r , Z , (J. t ) '" (/ ( (J • % , t ) 0 [ , - r -.; ( (} • z , t ) ] • 
o 

The radius vector of each particle is written in the form: 

.. .. .. 
R .. (ro +eH.o+ ""60+(' sO' 

... 

(8) 

(9) 

where i rO' are the basis vectors of the point at which an 

unperturbed stationary particle is found at the instant t. Regarding 

" ~, S as Euler variables, we can plot the hydrodynamic velocities 

R;j ... R;j 

and accelerations, relate p = p - p o and V in linear approximation 

through the continuity equation (5), and write a system of equations of 

motion. The final result has the form: 

* 

1 1 a." a, , pc-a (-.;+---+--)0(,-, >-ea 0 (,-r ), 
0, ,a(J a% 0 0 0 

o 0 

• '" a oe 0 ( ,- r 0 )" 

.. a." 
f "'a __ 0('_' )-a 
6 0 at 0 0 

'" , E o'(r-, )-a ~'" r 0('-' ), 
00· 0 a,a% 00 Il 

~ + '" 0 e*' __ ,e __ E (J' 

Yam 0 

(10) * 

Translator's Note: The above set of equations is unnumbered in the Russian, 
but the ensuing text suggests that the author intended to number it (10). 
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A more detailed presentation of the method of deriving (10) is found 

in references 3-5. The 

d a ~? \) 2 
1 = at + Ul O = 

dt 08 0 

equation 

dot in (J,O) 

rO oHz - ---H z 

.. 
4 

lOt E 

or 

means that 

I * . r = rO 

cat 

System (10) and the 

(11) 

enable us to express the right-hand side of (4) also in terms of the 

~ 
-+ 
E components. To do this, we set down all the quantities of interest 

to us in the form: 

.. 
E(r,8,z,t) 

!J 
H(r,8,z,t) 

~(fl, :I, t) = f d", I 

,,( 8, z, t) 

(O,z,t) 

~ ..... 

k, .. 

Itc-I .. O+ICU t 
e 

., 
~ 

E (r) 
CU,D,k 

.. .. 
H 
. (0, n ,k 

~ CUt II, k 

1J Q), II, t 

( 

(r) 

W, ft, t 

~ 
Substituting p and j from (10) into (4), we multiply it by 

(12) 

1 -ik'z 
2L e and integrate with respect to dz from zero to 2L. 

Making use of (12), we get: 

.. 2 2 v'i (r)+(_", ___ ft __ k)E (r)~ 
I' (U,n,k C 2 r2 "",,B,k 

, 
F tt' I r {a ~ +a" +a, 

J l~ """,k 117 cu, .. ,k l( ""Il,k 

(13) 

* Translator's Note: Th to k 0 thO 0 k the s;te e ques ~on mar ~n ~s express~on mar s ~ 

of an illegible symbol in the Russian. 
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j = corresponds to r, j = 2 - 9, and j = 3 corresponds to z. 

The coefficients are the following: 

'.t "'- _1_ p w S ( r - r ) - _1_ S' ( r - r ) - S II (r - r 0 ). 
.. c! 0 r a a 

a 
"I 
.,~S'(r-r ). 

r a 
a 

•• ( .,"- I k 'I) , ( r - r 0 ) • 

I '" W a ro III I II ., '( ) _
___ I)'·(r_r ). --I)(r-r ). --0 r- r .• 

8ee ., - a 2 a r a 
c 2 roo 

~ .... 

2 2 

a e .. '" -. --""-.5(r - r ). _11_ S (r - r ), 
'j c! 0 r 2 0 

o 

Dk ' 
a "J; "'. -, -- I) (r - r ) - k 'I) '(r.- r ) , .,.. r 0 . 0 

o 

Ik' 
a.te:- --I)(r-r )-k'S'(r-r ), 

.. rOO 

F 
k k' 

o 

k'D 
a .,---8(r-r), 

• '1 r 0 o 

2L 

2L 
f q (z) 

o 

l(k -t ',', 
e d z • 

E are functions solely of r. These functions can be thought of w,n,k 

as the expansions 

X R (r), (15) 
• 
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-+ 
where x s 

are the expansion coefficients, and the R (r) 
s 

are considered 

Translator's Note: Subscripts in the Russian are 
barely legible. 

known, since we have assumed the invariance of the field's radial distri-

bution. The R (r) have the form shown in reference 1. 
s 

For the E-wave: For the H-wave: 

R' I k ~. (xr) R 
Dc.; 

~ (XI) "'--• X Il • e r X 2 
,ft 

R6 kD 
~ (X r ) R6 .,_I~ §. '" -;""2; ( x /\,,) 

• .. I ex .. 
R· .. ~ (X r) • R ., 0 . .. 

Using (15) and the equations of motion (10), we get: 
2 2 

X ,(V 2 R '(I)+(~ ___ n __ k )R .(r)]= 
I • I c 2 r2 • 

1 ' 
",-417 ! X ,.F .--- ! 

, , • kk 2 p2 J"'l 
• • k P 1 

r (x +X 
I 01 1 J 

where 2 2 
P '" P - y '" 

1 

X OJ '" 8 
1'1 m 0 y 0 

e. a 6 
X .. (a ~ p + i cu 8 ) --- [ p R .( r ) + i c.; - r R .( r ) 1 1 -

11 I.. '1'1 moyo'" • 0 0 ar 8 '='0 

e 6 
-icu a --- R .(r ). 

o Ie • 0 
m 0 y 0 

X 21 .. 

• ,6 r p R .( r ) - '" r k' R • (r) J • 
8 a 00 • ~ 

-+ 

(16) 

(17) 

We mUltiply the equality (17) by R (r) r d r 
s 

and integrate from zero to b. 

Taking into account the orthogonal function R (r) 
s 
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b 

f i (r)R,{r)rdr .. M8 " •• •• • (18) 

we get from (17) the equation: 

x. 
411' Fn' b 3 J 

I X ,_. -- J rdr I R ,(r) {x +x p+x pi 1 
.',t'. p2p:O 1'=1· OJ 11 2J 1 

• (19) =---
M 

Expression (19) represents an algebraic system of equations 

for determining the coefficients x s Since the system is homogeneous, 

to arrive at a nontrivial solution, we must set the system's determinant 

equal to zero. We obtain the dispersion equation. Analysis of the system's 

determinant (19) in a general form is difficult, but it can be done 

approximately by utilizing the resonant character of certain terms in the 

series on the right-hand side of (19) and the fact that the entire right-

hand side is proportional to the problem's small parameter, the beam density. 

3 Analysis 

e qua t ion 

o f the dis per s ion 

Since the right-hand side of (19) is proportional to the small 

parameter, we can consider that as a first approximation w = Re.w + i 1m w, 

'where Re 0 = Re w and _0_« 1 (0 _ 1m w). 
Re w This same proportionality 
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proves the correctness of the assumed invariance, in linear approximation, 

-> 
of the functions R (r). The cavity's natural frequency we write as 

s 

i ° = ° 0 ( 1 + Q)' (20) 

where Re ° = ° 0' and Q is the cavity's figure of merit. We consider 

that Q» 1 so that propagation condition (1) will not be violated. 

Thus Re w °0 • But for every w there exists a certain set of wave 

numbers k' , x' (as a function of s' ), while each 00 has its own 

set of numbers k, X (as a function of s). From this it follows that 

the reson'ance condition Re w = 00 selects automatically a wave having 

a frequency close to 00 and the specific set k' k and X' X 

(which means that s' s). This entitles us to leave, instead of the 

double summation in (19), only one term with k' k and s' s. As 

readily seen, the equality Re w = 00 is insufficient for resonance; we 

d h d·t·"'" (w1.·th p2 ""'_ - 1:
2) or "0 nee t e con 1. 1.on ~~o = n Wo u ~~ (n ± y) Wo 

(with Regarding Q as the small parameter and using 

the successive-approximation method, we get for the resonance 00 

the increment: 

(21) 
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where on the right-hand side we have to consider that p = 0 and 

2 2 
-\) Ul o For the resonance 00 = (n ± \) Ul 0 we have, respectively: 

fI' C 2 F 
DCo! kk b S 

6(8 ___ 0_)=,: ______ Jrdr! J 
()( +p)( )R (r) (22) 

Q " Col 2 (n + ,,) p 2 M 0 Ja \ OJ IJ • 
o ,_. 

and . p m ! .., Col 0 p .. O • 
1 

The case in which \) = 0 is special. Here p = P1 ' and we have the 

increment 

4 a '" b S , J 
8 (8 ___ °)= 

Q 
- J rdr I '" R (r). 

" CJ • J .. \ 
(23) 

From (21), (22) and (23) we see that the large harmonics in the azimuthal 

direction = /) have lesser increments than do the small ones. 

we shall consider only those harmonics for which 
n Ul

O -Q-« /) . These, 

Next 

incidentally, are the most dangerous, powerfully affecting the shape of 

the beam. The picture that we get is completely analogous to the beam 

instabilities in plasma. If the field of a cavity resonator is compared 

to that of an infinite plasma, and the ring or layer to a beam passing 

v 
through it, then the beam instability associated with the Cerenkov 

interaction of a particle with a wave will correspond to the increment (21). 

The increments (22) are a splitting of the resonant line of the 

\I 
'Cerenkov interaction as a result of an anomalous Doppler effect. 
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With v = 0 , we get a confluence of resonant lines and an oscillation 

buildup with the increment (23). 

The frequency w = n Wo is the frequency of the longitudinal 

oscillations (along e) that arise in the beam. The frequency 

w = (n ± v) Wo is that of the transverse oscillations. If the resonance 

of w with the cavity's natural frequency 00 is not assumed, it is 

obvious all the same that, with p = 0 and P1 ~ 0 , we shall get an 

instability. The first is associated with the negative-mass effect that 

develops in the beam, the second with "corkscrew"- br "flute"-type 

distortions of the ring shape. 

With v = 0 the frequencies of the transverse and longitudinal 

oscillations coincide, and the occurrence of increment (23) is apparently 

due to a supplementary resonance between the longitudinal and transverse 

motion of the particles. 

Before proceeding to a detailed analysis of (21), (22) and (23), 

we point out that the selected coefficient 

1 
2L 

2L 

f 
o 

(J 0 (z) d z 

/ 
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proves that there is no fundamental difference in the behavior of a 

thin ring or E-layer. 

If then eN 1 , where N is the 
2 TT rO 2L 

total number of particles in the ring. If crO(z) ~ const (E-layer), 

then eN , but now 
2 TT rO 

N is the number of particles in a unit 

length of the layer. After performing all the operations in (21), (22) 

and (23), we get the following expressions: 

3 
li =-

222 
2iITeFkk c n (2-,80) 1 1 

-------...:- (-- - -- + 
maY 0 M ron cu 0 Y: ,,2 

() () 
)R (r)[R (r

o
)-

• '0 • 

2 k r " 
- --- __ 0_ R (r) 1 

2 _ ,82 D • 0 

o 
(25) 

2 
li = + 

-kr (n+y)R"(r)-2nv r 
o - • + 0 

oRSer) oR"(r) 

• k • 1 +-___ I +2 r vr 
or '='A- ODor rer 6 

v tlR (r) 
2 • 

!.v(n:v)r.f3 o ar 

(26) 

re r 
o 

Regarding condition (3b) as fulfilled, we shall estimate the increments 

for a thin ring when \I = 1, 13 0 ~ 1 • We shall examine in detail 

increment (24), since in these circumstances it will be maximal. We 

6hould mention that the condition for p:.'lopagation of these waves (1) has 
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From the fact that k
2 

is 
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2 Q2 
n fJO 

=-2-
rO 

2 ~2 
k2 = x2 

n 
[ 0 - 1]. 2 2 

X rO 

positive it follows 

UCRL-Trans-1368 

that 

(27) 

Using (27), we arrive at an estimate of for (24) over-

valued by 

Yo ~. 4 , 2L ~ 150 cm, 

r 
~20 _0_) 

" .. a b 

g ! + I (.\".) 
r 

~.2 U, _0) 
" "a b 

g2 (.\ ' 
It + 1 1'1. 

for the E-waves 

(28) 

for the H-waves 

A detailed analysis of the increments (25) is pointless, since 

they are smaller than (28). The following is of interest. From (16) it 

is obvious that the right-hand side of (25) is always real so long as 

2 
X > 0 , i. e., 

2 
w > 2 "2 X 
c 

If we assume that there is no resonance with 

i 0 
the chamber, then, by dividing the left-hand side of (25) by (n ± v) w ' 

o 

we get the increments of the transverse instabilities. It is clear that, 

with 

2 2 
(n ± v) Wo 2 

> k , o ~ i T (where T is real). 
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From this we deduce that such oscillations are stable in the 

absence of resonance. Formula (26) gives an increment greater than (28). 

We must not forget, however, that it gives the correct values of the 

increment provided This means that it is valid (in application 

to the ring) only for the densities 

e N 1 1/5 
--- ----J «1. 

m e 2 2L Yo 
o 

(29) 

Only low densities satisfy condition (29). For other cases a more 

careful analysis of the dispersion equation is necessary. Nevertheless, 

it does follow from the above that a ring in a magnetic field with 

v ~ 0 is more unstable with respect to any typ'e of perturbation than 
1 

a ring in a field with v ~ 1. 

In closing, the author expresses his profound thanks to 

V.I. Kuri1ko for his valuable comments during this study. 

Ref ere n c e s 

1) 

2) 

V.V. Niko1'skiy: Teoriya e1ektromagnitnogo po1ya (E1ectromagnetic
field theory). Izdat. Vysshey shko1y (1961). 

V.I. Kuri1ko: Ustoychivost' modu1irovannogo puchka v vo1novode, 
nagruzhennom diskami (Stability of a modulated beam in a disk-loaded 
waveguide). UFTIPreprint (1966). 



-500- UCRL-Trans-1368 

3) V.K. Neil, W. Heckrotte: J. of Applied Physics, vol. 36, 9 (1965). 

4) R.J. Briggs, V.K. Neil: Plasma Physics, vol. 9, 2 (1967). 

5) I.N. Ivanov: Vliyaniye ekranirovki na effekt otritsate1'noy massy 
(Influence of shielding on the negative-mass effect). JINR Preprint 
P9-3676, Dubna (1967). 

Manuscript submitted to 
Publishing Section 
8 August 1967. 



-501- UCRL-Trans-1369 

Ustoychivost' okruzhennogo metallicheskim ekranom tsilindricheskogo sloya 

elektronov v odnorodnom magnitnom pole (The stability of a cylindrical 

layer of electrons, surrounded by a metal shield, in a uniform magnetic 

field) by I.N. Ivanov and V.G. Makhan'kov. JINR Preprint P9-3475-2. 

Dubna (1967), 17 pp. Translated from the Russian (January 1968) by 

Benjamin Thayne. 

************************************************************************* *******************************~~***************************************** ************************************************************************* 

THE STABILITY OF A CYLINDRICAL LAYER 

OF ELECTRONS, SURROUNDED BY A METAL 

SHIELD, IN A UNIFORM MAGNETIC FIELD , 

by 

1. N. Ivanov 

V.G. Makhan'kov 

I n t rod u c t ion 

Of late---in connection with studies of storage rings, colliding 

beams, etc.---much attention has been devoted to the stability of 

123 cylindrical and circular formations of heavy currents. " In addition 

to the well-known "negative"-mass instability in storage rings, other 

instabilities have been discovered, linked to the finite conductivity 

~f the walls of the sheath into which a stored beam is placed. 4 ,S 
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We know that a charged current of particles in a magnetic field 

is unstable. Along with the above-mentioned longitudinal instability of 

the negative-mass type, transverse instabilities may develop within it 

also. The latter are associated with changes in the beam shape, and lead 

to the appearance of "flutes," "corkscrews," and the like. While an 

infinitely conductive sheath obviously cannot cause additional instabilities, 

it is of considerable interest to examine the influence of the shielding 

on the development of the instabilities that do arise in the beam. In 

6 
an earlier paper the development of a negative-mass instability in a 

shielded beam was analyzed. Our purpose in this paper is to elucidate 

the process of development of transverse instabilities in a beam enclosed 

in a conductive shield. 

1 D e r i vat ion 

e qua t ion 

o f the dis per s ion 

6 In the earlier paper we wrote a dispersion equation linking 

the frequencies of both the longitudinal and transverse waves wfrh their 

wave numbers and the system parameters. For clarity, however, we deem 

it expedient to repeat the basic features and general statement of the probr~m. 
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We take the case of an infinitely thin cylindrical layer of 

charged particles in a magnetic field. The layer is surrounded by a 

cylindrical, perfectly conductive sheath. 

In the selected cylindrical system of coordinates the axis is 

directed along the axis of the shield, which we shall consider coaxial 

with the layer of particles. The problem is solved as a linear approxi-

mation, the thermal spread being desregarded. In the interest of simplicity 

we consider that l 
o z 

o • It would seem, though, that this limitation 

is inconsequential, and that the analysis is valid for all wave numbers 

k for which the condition for propagation of the continuous cylindrical 
z 

waves is fulfilled: 

(1.1) 

where w is the frequency of the wave in question. 

In the steady state the current cross-section is a ring whose 

..... 
radius equals rO . The veloci ty in the direction la , expressed in 

units of the speed of light is ~O 
wOrO 

where is the c , =-- , wo c 

rotation frequency of each particle: 

(1.2) 
"'0"'-----

c: m 0 Yo 



-504-

where HO is the external magnetic field, e the particle charge, mO 

-~ 
its mass, and YO = (1 - ~~) The equality (1.2) is obtained for the 

condition: 

where 

eO' 2:7 r 
_Io'_e_" _----'0--:--0-« 1, 

m c 2y 
a 0 

is the surface density of particles. 

(1. 3) 

If each particle in the ring has undergone a radial shift 

s (eO' t) and an azimuthal shift ~(eo' t) from an unperturbed particle 

whose coordinates at the instant t are frO' eo}, then the equations 

for S and ~ 
3 are: 

A dot over and d 
means that 

dt 

(1.4) 

The 

H are the intensities associated with the appearance of the 
z 

E , 
r 

perturbing current and charge. By relating the components of the velocity 

of the perturbed particles and the density of the perturbed charges through 

the continuity equation, we can write the linear increments of the current as: 

J ce 17 S(r-r ), 
• 0 0 

(1. 5) 
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r 
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H 
z 

in terms of and 

close the system and make equations (1.5) self-consistent. This 

process as well as the derivation of (1.5) are discussed in detail in 

ref. 6. Here we give the result: 

-pt~+0-Y:)"':t-l"'oY02p'1 ~ n 2 0 - POp ", }4[p",1J C+l(t-poP",}~A) 
1 01 1 D 2 P '" Po (1. 6) 

-p 1J+lp"'o~~-2 Q2 [p",'1 B + 1(1-p op",}e c ]. 
Yo fJ 0 

In deriving (1.6) we have assumed that S and ~ are dependent on 90 

and t 
iwt - in9 0 in the form e 

Translator's Note: 
Superscript barely legible. 

In system (1.6) the following designations are adopted: 

2 

o -

p ~ '" -' 0", o • 

2 
eC7 0 21r'o"'0 

mo C 2 Yo 

'" r 0 
~ ~---'. 

Col DC 

'" , '" r 2 Col , 
~ '" J (-~) ,H' I) ( __ 0 ) _ J ( __ o) D • 
tr D CDC - .8 C 

(1. 7) 

C ",r (1) ",r 1 ",r ",r ""0 "" _., 1- J ( __ o)H ,( __ o)+_ J '( __ 0) HI l)(~) -J ( __ )]' (_'_0) D. 
Ir 2 II C _ II C 2, D' C II C II C II C 

D ~------
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where b is the radius of the shield, a prime with the Bessel functions 

denoting differentiation with respect to the argument. 

2 

From the system (1.6) we get the dispersion equation 

(1. 9) 
o 4 \I 2 (1 _ {3 {3 )2 

2 2 0 (oj 

- -.-p - ( 1 - {3 (3 ) i A ] + -------"'-
{32 D (oj y2{34 

(oj D a 

I n V est i gat ion o f 

the 

the dis per s ion 

e qua t ion i n a b sen c e o f 

a con d u c t i v e s hie 1 d 

To derive a dispersion equation that describes the cylindrical 

layer in the absence of a shield, we must formally set D = 0 in 

equation (1.9). As will be shown below, this operation is sufficient 

for going to the limit b ~ 00 , which signifies removing the shield to 

infinity. In this event, in (1.9) A ~ ~ 

C Ie C/oeo 
(2.1) 

Turning to the dimensionless variables 

equation (2.1) has the form: 

pI = -2 , we see that 
Wo 

(2.2) 
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where is the small parameter, and in our case € = 
\) 

= ....Q.« 1 • 

YO 

Equation (2) can be solved for this small parameter by the successive-

approximation method. The first step in the iterative process leads to 

the equation 

(2.3) 

From this expression it follows that there are two branches of the 

oscillations 

pI = 0 (2.4) 

and 
pI ± 1 • (2.5) 

By analogy with a plane layer (see below and ref. 3), the first 

branch is associated with the longitudinal oscillations, the second with 

the troansverse. The real and imaginary parts of the corrections to 

branch (2.4), associated with the small terms in equation (2.2), characterize, 

respectively, the frequency shift of the longitudinal oscillations and 

the increment of the instability due to the so-called "negative"-mass 

effect. Since this branch of the oscillations has been fairly thoroughly 

studied (see, for instance, refs. 1 and 2), we shall 'not stop to examine 

in detail equation (2.1) in the pI =.0 region. We mention only---which 
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follows directly from (2.1)---that the longitudinal-oscillation instability 

increment is proportional to the square root of the small parameter s, 

i.e., Imw~.fs. 

We proceed to investigate equation (2.1) in the region 

p' = ± 1 • The second step in the iterative process leads to 

2 o~ .2, 2 
p' -1 .. ----(o+IJ II[J (al+KJ (al] -

2 - a. -: Do 
(U 

° 
-0 '" (al ±K J" (all [N: (al ±. K N" (al]1 • 

where 
G.I r o l-fJ fJ 

a ____ • K e- _--"O--,CI),,--

C f3 CI) 

By assuming p' = ±' 1 + ~ , we get 
wo 

(2.6) 

(2.7) 

the subscript n with the complex correction to the frequency corresponding 

to the number of the harmonic. Using the properties of the Bessel 

functions 7 N' (-x) = N' (x) + 2iJ ' (x) , we readily verify that for the n n n 

harmonics n = 0 and n = 1 there are only weakly damped solutions in 

the form: 

(2.8) 

- 2 

Jm 8, _ I ",-·2 11 ~ G.I [J' (2 f3 1 +K 1 J 1 ( 2 f3 )] 
I, 0 1 0 0 

Yo 

(2.9) 
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This means that even allowing for the natural forces in the 

ring results in its stability with respect to variation of the outer 

radius and its shifting as a whole. 

For the harmonics n > we get unstable solutions of the form:* 

"v 2 2 
JmB e-_e_(n-l) '" [J' (a)-I( J (a)1 , 1.;.1 2 Yo . 0 a D a 

a c Qill-l){J., 

1 _ I D 1-·1 {J 2 

I iI I C 
I( e ---..:....-:..----

a In 1-1 
, n I {J 0 

where 

From :(2.8) it follows that the harmonics with n> 
~ 

(2.10) 

have the 

maximum increments, since, by using the asymptotic form of the Bessel 

functions for n» 1 , we get a situation in which, as n increases, 

the increment Jm 0 ~ n e-sn , i.e., exponentially decays. 

To conclude this section, we point out that the real part 

of equation (2.1) defines the correction to the frequency associated 

with the natural forces. Under the adopted assumptions, however, this 

correction has a relative order of 
\I 

e 

YO 
, hence is of no interest. 

* We should mention here that in ref. 3 unstable solutions of the (2.9) 

type were not obtained. This was due, apparently, to passing to the 

limit W ~ 0 on the right-hand side of equation (2.1), which does not 

hold for the relativistic rotation of particles ~O ~ 1 • 
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the 
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a 

Returning to equation (1.9) and following the reasoning used 

in the preceding section, we readily see that in this case there are 

two branches of the natural oscillations of a thin cylindrical layer 

of charged particles: quasi-longitudinal and quasi-transverse. The 

first branch corresponds to the frequencies w = n Wo ' the oscillations 

near which are unstable, with an increment6 

(3.1) 

which decreases with decreasing distance between the layer of particles 

and the shield. For a more detailed discussion of the buildup of quasi-

longitudinal oscillations in the presence of shielding (which happens 

here too as a result of the "negative"-mass effect) see an earlier paper 

6 by one of the authors. Here we dwell at greater length on the interesting 

effect of the complete suppression of the quasi-transverse instabilities 

[the branch w = (n± 1) wOJ by a cylindrical shield having infinite 

conductivity. We must point out straight away that this suppression of 
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the transverse instabilities is absent in the case of a plane charged 

layer near a conductive wall.* 

We look at equation (1.9). Writing the Hankel function as 

H(1)(z) = J (z) + i N (z) , instead of (1.7) we easily obtain: 
n n n 

N' (~) 
2 D C 

B ~ i 17 [ J' (a) N' (a) - J' (a) .. 1. 
D D D J,(_(i)_,,_) 

D C 

N'(~} 
D C 

• A ~ i 17 [ J D (a ) N ~ (a) - J D (a) b 1. 
~ J' (_(i) __ ) 

D C 

Alb 
N' (-_) 

[1- l' (a) N (a) + _1_ J (a) N ' (a) -J (a) J ' ( a ) Del. 
2 D D 2 D D D D J: (~) 

D C 

(3.2) 

(3.3) 

(3.4) 

From expressions (3.3) and (3.4) it follows that for n ~ 1 (with 

a ~ 0 and wb ~ 0 ) the quantities A, B, and C are purely 
c 

imaginary, whence the right-hand side of equation (1.9) is real. It 

innnediately follows from this that the quasi-transverse oscillations 

with frequencies w ~ (n ± 1) Wo and n ~ 1 are stable, and the 

real right-hand side of (1.9) defines only the correction to the oscillations' 

natural frequencies.** Actually, writing p as p = ± Wo + 0, we get 

* For more on a plane layer near a conductive wall and on the boundary 

conversion from cylindrical to plane geometry, see section 4 below. 

** We point out innnediately that the above reasoning concerning the 

stability of the quasi-transverse oscillations retains its validity 

only with fulfillment of the inequality vO« 1 , since for 
YO v 

~ ~ 1 equation (1.9) is transcendental 
YO 

and may have complex roots. 
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v 
Sa+...!..._e_(U (D+1)~J'(a)+ KJ (a)[N'+KN (a)-(j' (a)+KJ (a) 

2 y 0 - " " "-,, "-,, 
o 

N' (a ) 
" 1 ]. 

J ' (a ) 
" I 

(3.5) 

b 
a c (n + 1).B --. 

I - 0 r 
o 

It remains to examine the harmonics with n ~ 0 , since for them 

a = (n ± 1 )~O and wb 
c 

are negative. Using relations for the Bessel 

functions with the negative argument N (-x) = N (x) + 2iJ (x) , 
-n n n 

J (-x) = J (x) instead of (3.2), we get 
-n n 

(3.6) 

(3.7) 

C=l1!1-LJ'1 <la\)N <la\)+~J <la\)NI'I<lall <la\)x (3.8) 
2 "I ~11 I 2 I" I " 

N' <I~I) 1,,1 c 
x I. 

J' q~l) 
I" 1 c 

From this it follows that the expressions (3.2)-(3.4) for A, B, and 

C and the conclusions concerning the stability are valid for any 

harmonics of the quasi-transverse branch of the oscillations, 

included. 

n < 0 
~ 
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4 I n v e s t i g a t i o n 0 f t h'e s t a b i 1 i t Y 

o f a c h a r g e d cur r e n t - car r y i n g 

p 1 a n e i n t h e vic i n i t Y o f a 

c 0 n d u c t i v e s h i e 1 d 

To ascertain the essential differences between the stability 

of a cylindrical layer of charged particles surrounded by a conductive 

shield and that of a plane layer near a conductive wall, we examine the 

problem of the natural oscillations of the latter. We consider that the 

layer is situated at a point x = a, the conductive wall at x = b 

By analogy with the preceding problem, we further assume that ....2.= oz a . 

The charged particles are moving in the positive sense of the y-axis 

at the nonrelativistic velocity va. It is easy to verify that there 

is a hydrodynamic steady state for such a system. The equations for the 

perturbing potentials in the region x < b have the 

~ o 1-""'Q.4---=-,~:~" form 

AA"'I ",2 "'I 4"., A"'I-
A
'" + AI 

Ll +-- A =---i; -
1 c2 1 ell 1 1 

(4.1) 

(4.2) 

I 

Using a method analagous to that proposed in ref. 6, we write the 

current and charge densities as 



-514-

.. 
j, =j', (y,I<»8(z-a(y,,,,)] (4.3) 

p '" p , (y, I<> ) 8 ( x - a (y , 1<» ] • (4.4) 

Applying the Fourier transform for x and y to equations (4.1) and 

(4.2), we get 

.. 4" 
A (x,k ,1<»=-- Ji'(a,k.,I<» , • c: 

.. 4" rp (z,k ,I<»=--fp'(a,k ,I<» 
• c: • 

,t (. - a I 
e I 

1e2_~ 

c: 2 

It (x·-a I 
e I 

dk , 

dk 
I 

(4.5) 

(4.6) 

Using the method of images, we get expressions for the perturbing 

potentials in the region x < b associated with the presence of the 

conductive shield 

:2 4" I eiklC2b-a-x I 
A I (z,1e2,1<»--c:-fl (a,k 2,1<» ---2--",-2- dk

l 
k ---

c: 2 

eIkIC2b-a-xl 

.p l(x,k
t 

,,,,)-417 J p I(a,le
l 

,,,, )-------dle
l 

2 Q) • 

Ie ---
c: 2 

Finally, the potentials in the region x > b have the form 

ItI[Ccx-bl+b-cr] 
IJ 4rr,.,. 11 e k 

A I (z, Ie., '" ) ., -c:- f j (a, k 2 ,c.» --------- d I 

n ) 41T f IJ (L ) .p (z , Ie 2' Q) ., - p a, &. ' '" 
f 

2 • 2 ",2 
, Ie +11 ---f,.,. 

I 2 c: 2 

It [CCx-bl+b-a] 
e. I 

--------- d k I 
2 2 2 c.> 2 

, Ie +k ---fjL 
I 2 c: 2 

(4.7) 

(4.8) 

(4.9) 

(4.10) 
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By satisfying the gauge condition div "1 + .§.l!. a~ = 0 
. c at and 

boundary conditions for x = b , and allowing for the equation 

2 
k2 = e~ W2 ' valid at all points except x = a , we get the system 

c 

of equations: 

where 

ck 
~j' -k c p'+ _c_ k Ac---I

- B, 
cal Ci) I Ci) 

Ci) C (c 
-j'-k cp'+-k Ac--k1B, 

c ., I Ci) 1 fCi) 

J 
A .. k j J +k I 

I., I a 

n n 
Be (k11., -kala' 

(4.11) 

(4.12) 

(4.13) 

The first two equations of the system (4.11) are linearly dependent, 

whence the solution of (4.11) is 

e 
f (4.14) A~ (k 1 I'., - k 2 j '" ); , 
-+ 1 

f 

2 
( k I j ~ - Ie 2 j '" ). B .. 

..L+ 1 (4.15) 
f 
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We further assume (for the sake of simplicity) that the shield is 

infinitely conductive € ..... co , whence 2 , ..... € 
2 

W 

k
2 2 
1 c 

and 

(4.16) 

(4.17) 

Formulae (4.16), (4.17) together with (4.12), (4.13), (4.5)~(4.8) and 

the continuity equation QQ. + div"1 = 0 at enable us to derive expressions 

for the perturbing fields as the linear approximations 

(4.18) 

(4.19) 

(4.20) 

and 
Co> V 0 

Co> '.; Co> - k2 V 0 • K = 1 - --72 -

k 2 C 

On integrating with respect to dk1 in expressions (4.18)-

(4.20), we must introduce a small decrement to get properly around the 

poles of the integrands, i.e., instead of the denominator 

2 

2 
k2 _ W 

2 
c 

we 

have to write k
2 _",w h '" 2' were has the small positive imaginary 

c 

correction (I€I ~ 1 ). Here two types of oscillation may exist: 

surface waves and directional waves. The former are dependent on x as 
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2 
to 

2 ' the latter as 
c 

-exp( ia
1 Ix IJ 

and It suffices, however, to derive a dispersion 

equation for just one type, since transition to the other is accomplished 

by the simple replacement a ~ ia
1 

• Substituting formulae (4.18)-(4.20) 

in the linearized equations of hydrodynamics 

.. 
av ~ ... ~ eE e [ .... 1 

__ +v(vv)=--+-- v H • 
at m me (4.21) 

we get a system of homogeneous equations for the velocity perturbations 

v and v 
x y 

q I" PI" -i (cu ' + --) v + (i -- - cu· ) v cO, 
C&J' z (U' HO Y (4.22) 

q2 .. P
2 

., 
(I--+cu )v -i(ev'+--)v =0, 

~' HO Z Cd' Y (4.23) 

where 

(4.24) 

(4.25) 

P 1 ·"-Qa' (4.26) 

(4.27) 

Here .the following designations are introduced: 
41Tep' r/ = ___ ...;;;..0 

o and 
rna 

~ is a positive constant proportional to Jm e • 
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From the equations (4.22) and (4.23) we get a dispersion 

equation describing the natural oscillations of the system in question: 

(4.28) 

We consider that the plane layer is in an external field. 

This accounts for the appearance of the frequency wHO in (4.22), 

(4.23) and (4.28). We thereby achieve complete analogy with the 

preceding problem. Also, as before, we shall assume 
[l o 
wHO 

« 1 • 

From (4.28) it is obvious that the zero-th approximation 

for this smallness parameter of the successive-approximation method 

gives us: 

(4.29) 

Here the frequencies Wi = ± wHO are the frequencies of the transverse 

oscillations of the layer. This assertion is readily verified by setting 

E = 0 in (4.21). Then the dispersion equation assumes the form 
y 

From this it follows that the branch Wi = ± w 
HO 

(4.30) 

is unstable, and 

the instability increment /) is found from the equation: 

1 
/) "' + ---- [ - jm q I :; Re p I 1· 

2"" HO 

(4.31) 
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We return to equation (4.28).* For the branch Wi = ± wHO we get: 

1 
I) .. + --- [ -1m (p + q ) - 2 Re pl. 

- 2 2 1 + 'I 
"'H 0 

(4.32) 

In the light of (4.24)-(4.27) we see that, in contrast to the preceding 

problem, formulae (4.31) and (4.32) give nonzero increments for the 

transverse branch of the oscillations. 

We shall not investigate the branch Wi = O. We merely 

observe that the increments obtained for it are proportional to the 

square root of the density. 

5 Dis c u s s ion o f the res u 1 t s 

The foregoing study enables us to observe a qualitative 

difference between the stability of a cylindrical shielded layer and 

that of a plane layer} near a conductive wall with respect to the quasi-

transverse oscillations. In section 3 it was shown that the presence 

of a conductive cylindrical shield nullifies the instability of this 

type of oscillation. On the other hand, from section 4 it follows that 

a plane shield may increase the flute-instability increments. 

-* We note that its form coincides with that of equation (1.9). 
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This difference is due, apparently, to the differing structure of the 

images in plane and cylindrical geometry. There exists, however, a 

direct boundary conversion of the formulae of cylindrical geometry for 

the quantities A, B, and C [see (1.7)J when the problem is 

"straightened" to q1 ' q2' P2· Here the dispersion equation (4.30) 

fully converts to equation (1.9) [on condition that in (1.9) we consider 

Yo = 1J. 

The problem's "distribution" consists in rO .... 00 , b .... 00 , 

but b - rO has to be considered finite. When performing this boundary 

conversion we must remember that in deriving the coefficients (1.7) we 

assumed w to have a small positive imaginary part. As an example, 

we shall show the asymptotic correspondence of the quantity A to the 

quantity q1 • As is evident from a comparison of equations (1.6) and 

(4.21), (4.22), between A and q1 there should exist the following 

asymptotic relation 

Using asymptotic expansions for the functions and 

111 b 

(5.1) 

J (z), we get 
n 

1 111. 
A .. - e 0 

2 

-111. 
+e 0 

I I e 
u- a· o .) (5.2) 

1 (lab -sa~ 
- e -e ) 
2i 

" 
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where 
w a=
c 

We extract from w the imaginary part w = w' + i~ • 

Retaining from (5.2) the principal terms in parentheses proportional 

to 
'T1ro ~b 

e , e , we have: 

21C1(b-r a , -'1(b-r' 
A .. l+e e a (5.3) 

It is readily seen that the coefficients for A and q also coincide 

when we set 
n k =-

2 rO 

In the same way we can show the correspondence between the 

rest of the quantities: 

(5.4) 

The authors are grateful to E.A. Perel'shteyn for fruitful 

discussions. 
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