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L ABSTRACT
The question of the existence of the Freund-Karplus natural boundary
in the two-body scattering amplitude is examlned. We consider a pos-‘
‘sibllity not previously discussed of a cancellatlon of smngularitles,
- but it is found. to be insufficlent to prevent the natural boundary from
"',belng present. o ‘ .
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I. INTRODUCTION

We wish to eonsider whether the singularities and sheet structure
¥ ; ‘ | of the two~-body ecattering amplitude A(%,z) implied by u@iﬁarity necessarily
act together to produce a'naturel boundary, as was first suggested by Freund
and Karplus.‘l Ie particular we shall show that the dense accumulation of
< singulafitiee islnotvaverted either.sy;sheet~structure or: cancellations of
singularities. Our ciaim is that the feature of the scattering amplitude
which is diecussed here‘doeé not prevent the occurrence of a netural
.boﬁndary. Ve wish to emphasize, hoﬁever, that.ne opinion ie\expressed
as to what might happen if other mechanisms come inte play. Fo?
simplieity we shall festrict our attention to a theor& containing only!a
:single spinless meson with G = +1l., We are not eoncerned here with.thef
d&namical qﬁestion.of wvhether such & system can successful;y bootétrap .
itself, | |
. As usual, we assume that the only siﬁgularities of A(s,z) in
s on the physicel_sheet are a pole for s'= m2 and branch points at thevmanyé
- particle ;hresholds s,éjn?m2, = 2,3 +00 . We have, of course, the same

. fixed singularities in the crossed-channel energy varlable t and u., If we

take'm = 1 and define & new variable

2 _ n
. %y = l+-s--:-n- = .cos 90., - (1) N
the positlon of the pole in the t channel is z = 2q
.- ‘ g : Assume the amplitude A(s z) on . the phys1cal sheet is given; then

the elastic unltarlty equatlon

o A“Z)(s 2) = Als,z) - £/BSE **[A(s z)A(z)(s 2*)an (@

et ‘may be regarded as an 1ntegral equatlon for the amplltude A( )(s z) on




has & pole for z = 2z

,'by 2 = cos neb.

‘one first "pinches" the pole at z' =

-3-

the first unphysical sheet in the s plane, reached by going through the

,cuf associated with the square-root singularity ag s = L, Since A(s,z)

o A(2)(s,z) must also have a pole at z = Zge Then

by the method of successive iterations, which will be discussed shortly,

one deduces the existence of Landau surfaces whose positions are given
1-3

If one know that these Landau surfaces were singular

.on all éheets ova(E)(s,;)'in the s variable one could immediately

deduce the existence of & natural boundary for -1 € z. & 1, sigce then

0

.for all 2z -the singularities would‘densely accuﬁulate‘am this interval

6nvall_sheet§.
II. SINGULARITY STRUCTURE IN THE MANDELSTAM REGION R

- In analyzing the singularity structure implied by Eq. (2),
2, with the pole at z" = z, to deduce
the existence of a new singularity in A(2)(s,g). Next one pinches this

new singularity with the pole in A(s,z) to produce still another singularity,

and so fqrth.' Let us define & sequence of functions containing thesev;

~ singularities, dropping unimportant factors:

, I ! 1 '
Dl(syz) , = lel _.zo -Z' - Zo an 9 (38')
D (s,z) = J[ Dn_l(s,z")-;rf%-;; aa . - (3p) .

It is well known from the work of'Mandelstamh that, if one considers

E Dn_l(é;z) and ané;ytically continues it, starting from the physical

region where it is known to be real, by increasing z and keeping s

fixed, then the first singulaxity encountered is located at z = cos neo.

w
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In other words continuation along & path AO

as above, circling z = cos'neb vith a small loop, andfdecreasing z back .
fg'tb ité originalvvalue gives a nonvanishing discontinuiﬁy. This resultv
~ can most eﬁSil& be proved by induction, using Egs. (3a) and (3b)f.

. Therefore in tﬁe region {z > 1, zq5 > 1}, which we shallccall the

Mandelstam regibn, there is no possibilit& of cancellation of singularities:l

on sheets reached dlrectly from the physical reglon (i.e, by paths such

" as A ), and hence these 51ngularit1es are all present in A(z)(s z). From
fthls fact Freund and Karplus 1mmed1ately deduced the ex1stenqe of the

_natural boundary. What.they did not dlscussvls that the function

Dn(s,z) also contains Landau surfaces for z = cos (n - 2)90, (

i}

z = cos (n - h)60510-- and that these surfaces are singular on sheets !

reached by first loopiﬂg 2z ='cos neo, say. It therefore appears to be .

- necessary to check whether in the vicinity of the proposed natural

bdundary the Landau surfaces get tangled up, revéaliné these additional
singular surfaces in-the separate iterations and thereby allo#ing a
possibilfty of systematdc cancellation of singularities in the compléte
exbression A(2)13,z).: '

In our discussion so far we have made no mention of the sin-

gularities arising from pinches involving the threshold singularities.

Although the resulting singularities also accumulate densely at the interval

0

-lsz, 51, théy.do not. have the same locations and therefore could not
reasonably be.expected simﬁly to cancel the singularities we hgvé already

- found. The more difficult problem is that .they introduce additional sheet
ﬁxistrugtﬁre théh does in fédt‘have th¢ féature that the singularities at

' '? = cos neafmay be absent on certéin}sheets. This point still reguifes

‘described by increasing z
&
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further investigation.” It isoobvious;'of.course, that‘the'inclusion of

singularitles arising from pinches with u-channel 31ngularit1es would- not'

. affect our conclusions.’

III, DESCRIPTION OF PATHS

For a glven value of z, the Landau surfaces in the 2q plane will

iall lie inside an ellipse passing through z w1th foc1 at 2q = + 1. In

+ fact, putting z = cos 6, the positions of thevLandau surfaces in the z,

v

EAN

_.plane are.given by1

N
N S , for k = 0,1, ***, n =1
o A ‘ ' | .
29 = cos (n‘+ n } ' : (h?

' ) . !
and n .= 1,2, *°*°* ., .

To be specific we shall consider the discontihuityiof A(z)(s,z) arising
from continuation along the following path A: Start ay‘o physical point

P(-1 <z <1, z, >1) and increase Im z to ¢ (small and positive, for

0
convenience). Now fix . z there and increase Im'zo so that Im 24 > €}
next decrease Re z, until Re zo'coincides with a value determined by
Z = cos meo, for any given m, Then decrease Im zO to almost reach

the point satisfying z,='°°? meo, circle it with a small loop (i;e,, not

enclosing any other Landau surfaces) and then retrace the path back to P.

- If all but a flnlte number of paths of this type give rise to a nonvanishlng

R diecontinulty, then it follows that A(2)(s z) contains the natural
boundary, even when considered as a function of two complex variables.

A few of the surfaces z = cos nb, in the Re z - Re z, plane are

0 0
shown in Fig., 2 for Im z = 0, When Im z = ¢ they are changed quite

drastically; for one thing they no ldngér intersect (one could; for _}
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' example, imagine Im z

" in Section II, the path A

. cnineide with - A

£ TR SR e

“6e
o to be out of the ﬁlene of the paper). As discussed

0 gives a-ndnzero discontinuity. The question

{"therefore becomes whether the path A can be slipped back (homotopy)‘to

o without getting "Hooked up" on curves of higher ny in

the former case it will give the same discontlnuity.

It is very difficult to demonstrate the MOmotopy of “A and AO

discussed above in terms of the variables 2z and ,z « However, with

0

w‘sqme cane the qnestion becomes tractable if we uée the variables © and

eo instead. In these variables the relevant equetions are “{,

for n = 0,1, °*"*,

6 = n@ +2tk ) (5)

and  k 0,+1,42, *** .

-

. There is, of course, a loﬁ,of‘redundancy due to the multiple-valuedness of

the arc cos function. One could, for example, consider only those‘eurfaces'

0

'; which pass throughi.the origin. The important point is that Im 6, = %-Im ]

for the nth set of surfaces., However, the detailied demonstration that A

. and AO are homotopic still requires picturing the situation in four

" dimensions and is relegated to an appendix in which the homotopy is.

;already been 100ped around. It therefore follows that analytlc continuatxon '

explicitly-displayed..
IVv. CONCLUSION

To summarize the situation, each successive set of singularities

" “'is on a smaller and smaller ellipse, for a given z. We have proved that’

a Landau surface of given n will be singular when approached starting

from the physical region, say, if singularities of hlgher n - have not

’ [

2
¢ i .
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we use the technique

;7-‘
of A(z)(s z) is 1mp0351b1e along any path (even if it depends on both

varlables) whlch crosses -® < g < 3. Actually, as we mentloned earlier,
| ‘

‘the proof is.rlgorous only if we neglect the singularities produced by.

pinches involving threshold branch points.-

We remark that recently Omnes and Karplus (unpublished work)

' have glven a satlsfactory proof of the same result us1ng quite different

methods. - - _)‘« 'i : .
\’\“ .
APPENDIX
We wish to show here that the paths A and A., defined in = |

0'

‘.

- Sections II and ITI respectively, are homotopic. We first describe A and

A in the-variables 6 and 6. and then pictorially display the homotopy.

In ordei to draw in a plane curves in the space of two complex variables

>

standing that the point to which it is attached gives the real coordine
| _

ates while its magnitude and direction give the two imaginary coordinates. -

In Fig. 3 we display the path 10 in the complex 6 plane, since

AO is fixed for this curve. To be explicit we draw thé case n = 2, In

. Fig, b, we draw points.along-the path NO (numbered successively) in the
full_four—dimensiohal space, and similarly in Fig. 5 for the path A, The
' claim is that-ifvone stares at Figs, 4 and 5 long enough A, and X are.seen

'to be homotoplc, but to make it somewhat easier to visuallze ‘we drav a case

in Fig.,6 which is roughly halfway between.

of representing a point by a vector, with the under-

o ,“"ﬁ»"

e
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- The path A in the 2

- The path A in the four-dlmen51onal 6 - 6,

40 ;f{ ‘L
FIGURE CAPTIONS = . &
0 plane. | |
The paths A’and A in the Re 2 - Re z0 plane. V‘v%f'

' The path A in the ) plane.

: The path A in the four-dimensional e - 60 space,

0 SP&C?o' ’

7“‘A.path homotoplc to;both A and A in the fOuradiméﬁsional 6. -0

0 °

A ]

0

space.
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