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CLASSICAL-LIMIT QUANTIZATION OF NON-SEPARABLE SYSTEMS:

v | MULTI-DIMENSIONAL WKB PERTURBATION THEORY

m> . Jimmie D. Doll+ and William H. Miller
Inorganic Materials Research Division, Lawrence Berkeley Laboratory

and Department of Chemistry; University of California,
Berkeley, California 94720

ABSTRACT

A general dynamical systemvof N degrees of:freedom is considered as
.a_zer."o-iit—l orderlseparable part plus a non-separable perturbation, and
explicit formulas are derived for the classical—limit approxlmation to
the eigenvalueslthrough second order in the non-separable interactionm.
"As a numefical example the first and second order perturbation energles
ef the helium atom are calculated semiclassically, ‘and agreement with

the exact quantum mechanical values is quite.reasonable.



I. INTﬁODUCTiON

Parallélihg recent d2veiopﬁents of sémicléssical scattering theoryl_3
is the development of related techniquégrfér bound state proBlems. Aside
from hisforical interest in the problem there is the desire for:some'way
to facilifate'ahalysis of the eigenvalue spéctruﬁ of multi-&imensiénaI'

systems. The long-range goal of this directidn.of-sfudy is the establish-

- ment of "inversion relations" analogous to the'oneQdimensional RKR

formulas4 whereby one could use the expérimentally obéerved'spéétrﬁm of

a triatomic molecule, for example, to construct its multidimensional

- potential energy surface.

Reéeﬁt work'by-Gui_:zwil'le_r5 and Miller6 has established the general-
izétion of the Bohr-Somﬁerfeld quantization rulé to general, non-separable
systems. By examining the singularities of tﬁe semiclassical approxima-
tion'tb the Green's function it was shown that the multidimensional
quantizatibn»éonditidn'aéain iﬁvolvesvan action integral, the paths of
intégratioﬁ being along the periodic orbits of thevéystem;'earlier'WOrk
by Kellér7 led to a quaﬁtization condition of the same form.

While ;hese periodic ofbits are trivial for systems of one degree‘

of freedom, their multidimensional counterparts are in general quite

difficult to establish. Moreover, even if the periodic trajectories

could be conveniently determined, a more serious shortcoming of this

periodiclorbit theory is the difficulty it has with "almost separable"

systems: ‘since separable -and non-separable degrees of freedom enter this
theory in an intrinsically different mannerﬁ,.syétems with weak coupling
between various degrees of freedom are inaccurately described. This is

a serious defect in practice, for systemsAof interest are oftenAof'this




—2-

"almost separable" variety; for example, a good zerosb order description

of thé vibrational statés of a polyatomic molecule is the normal mode

"approximation. Thus although pe?iodic orbit theory appears to be a

formally correct solution of the classical-limit eigenvalue problem, it .

is not g»particularly useful solution in its presént fofm. : _ "
One thus seeks‘alternant formulations of the problem that aviod

these difficultiesbof peribdic orbit theory; In this paper we develop

such an approach, a nul tidimensional WKvaerturbelltion'theory fdr the

eigenvalues 6f_non—éeparable systemns. Since'the'unperturbed system is

. separable and only the perturbation non-separable, it is>c1ear that this

theory will'épply best to "almost separable'” systems and thus complement

periodic orbit theory.
Similar in spirit to this perturbative approach is the genefalized

Miller-Good theory developed by Pechukass, in which one attempts to map

a non-separable potential onto a related separable one by a suitable

‘transformation. Since both approaches relate the original non-separable

'system to a simplet‘éeparable Oné, the éigenyalues‘for the non-separable

system are characterized by the full éét of-qﬁantum numbgrs of the

undérlying>séparable reference system; this is in contrast to periodic

orbit theory in which there is no reference to the "bad quantum numbers",

~ but only the the single "ordering quantum numbef"6;

Section II.firstcarries 6ut é perturbation exﬁansion of the One-dimensiénal

- WKB quantum.condition, obtaining explicit expressions for the first and T v

second order perturbation enérgies. Since this procedure is possible

only for sysﬁemé of one degreevqf freedom, it.is also shown in Section II

how these same expressions can be derived 'in a manner that is directly
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extendable to.the geﬁefdl N-dimensional case; ﬁameiy? we begin with the
“known quantum‘mechahical expressions for the pertuibation'energies and
evaluate them semiclaSsically. (In the course of this approach it is
hecessary to aeyelop a semiclaséieal expression for the projeétor onto
the unﬁertufbed sub—spece}) ‘In Section IIIvthe desired‘ﬁulti—&imensional
expressions are obtained and Sectlon IV concludes by showing that these‘
general expre551ons give quite reasonable results for the first and
second order perturbation energies_of the ground state two elect;on atom..

II. ONE-DIMENSIONAL SYSTEMS

A. Direct Expansion of the WKB Quantum Condition.

For one dimensional systems the semlcalssical quantum condltion

is the well known WKB, or Bohr—Sommerfeld relatlon9
1 -+ L
(n:+ 2)2mi(2m) % = ¢ dx [E - V(x)]2 , - (11.1)

n = 0,1,..., where the contour integral in the complex x-plane encloses

the two classical turning points X and xé. (One usually writes the

contour integral as a real integral

‘¢ dx = 2 f dx s
Xy :

but Equation (II.1) is more convenient at present.) If the potential

energy V(x) is an unperturbed part plus a perturbation,
V) =V ) AV,
and if the eigenvalue E is similarly expanded,

o 2 ,
E=E +)E + ) E2>+ = ,



: v

then expénsion of the RHS of Equation (II.1) in powers of A'gives

. 1
@+ P2mem 7 = §dx [E) - V()12

1
+ A6 ax [BV 0172 3HE) - V(0]

| L |
+ 2§ ax I8 - v 01 7{3e, - LiE, - v, 0012

X

£, - v, +o0d . (r.2)

Equating corresponding powers of A gives the expected quantum condition
for Eo and the following expressions for the first and second order

perturbation energies:

-
!

: | ) -1 '
1 =9 dx V®I[E, - v, (1 2/¢ dx [E - V_(x)]72 (II.3a)

1
1

_ , ' 3 -1
s, = 3§ ax T oo’ts, - V@17 [fex s, - v @1, araw

The contour integrals in Equation (II.3a) can be immediately

‘reduced to real ones, so that

-1 . o 5 S : ' : o
E, =D }f( | dx V) [E -V (]2 (n.-{;)
1 _
where
' X, , K _ _ .
D=[ dx [E -V (x)]72 : (11.5)
X, °c o _

this is the standard éxpression9 for the time average of the perturbation

in the uhperturbed potential. To express the numerator of Equation (IIL.3b)

1Y




P

as a real integral one first uses the relation
§ax V. UE -V (01F = 2 L § ax 7, 02E - V.017% , (I1.6)
1Y o o , dEo ‘ 1 o o - *
so that the second order expression can be ﬁritten as

Com-l d 2o 2 -1 |
E, = -(20) 3, ]f{ VyTE, -V (0] - (11.7)
= 1

(It is necessary to make the replacement in Equation (II.6) because the

. - 3
real integral'with integrand [Eo - Vo(x)] 2 is divergent.) Higher order

terms can be similarly derived.

vKuations (I1.4), (I1.5) and (I1.7) are the desired one-dimensional
ekpressions. As a simple application, consider the.quartic pefturbation

of a harmonic osciilator; i.e.,

1 22
VO(X).—-Qmwx
.. 4 .
Vl(x) = x. .
Thus
Eo(n) = (n + %)ﬁw s

. and Equations (II.4) and (II.7). give:

By () = 2+ %t
B == erpia

_éompated to the exact quantum mechanical results .

B @ = @ *i%>2 + 3 fw
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17 1.3 67 .
Ez'(n) = [- —4-(n + E) - R(n + -;-)] ﬁw' .

The semiclassical perturbation energies are accurate, therefore, for
quantum numbers not too small.

Although the above derivation of Equations (II. 4) and (II1.7) is
quite adequate for the one dimen31ona1 case, it offers little clue as
to how one should proceed for ;he generai case of N dimensions. The
remainder of Section Ii, therefofe, will be devoted to a re;derivation
of Equations (II.4) and (11.7) by a procedure that can be extended:to
multidimensional systems.' |

The.quantum mechanical expressions10 for. the perturbaeion energies

are

B =< AACE : (I1.8a)
E, = < ¢|V, (E - Ho)'l vile >, . (11.8b)

2
where ¢ is the unperturbed eigenfunction for the potential Vo(x) and

the singular operator (E° - Hov)-l is interpreted in a principal value

sense. It is actually more suggestive to write Equation (II.8) in the

form
El = tr[PVl] » o (II.9a)
E, = tr[PV,(E - H) V] (II.9b)
2 1Y o 1 > '
whrer P = |¢ >< ¢| is the ﬁrojector onto the unperturbed state and

tri{ ] means a quantum mechanical trace,

tr[A] = ) < nfA|n > ,
o




A being any operatof and'{|n>} a cﬁmplete set of states.
| 'To.obtain the classical limit of Equafion (I1.9) one simply replaces
the quantum:mechanical trace by a classical trace; i.e., if Aop is a
quantum mechanical operator expressed in terms of the coordinate and
momentum operators,
Ao ='A(xop 'P op) o,

then its trace is given in the classical limit by a phase space integral
tr[Aop] = h'_l f dx f dp A(x,p) y o ' (II.10)

where A(x,p) is the same algebraic function of the classical variables
X and.p that Aop is of xop and pop' Applying Equation (II.10) to
Equation (II.9) thus gives the following classical limit approximations

to the perturbation energies:

3
I

1= h_l f.dx f dp Vl(x) P(x,p) ’  . - (II.ll#)

txt
!

= h—l f‘dx f dp Vi(x)z [Eo - Vo(x) - P2/2m]—1 P(x,p) ~ (I1.11b)

where P(x,p) is the classical phase space distribution corresponding to
the projection operator P. The determination of.P(x,p) and its properties
are the subject of the next section.

B. Semiclassical Projection Operator'_

The projector P.is an integral operator defined by
PE(x) = ¢(x)f dx' 6(x')" £(x') . . (11.12)

We wish to express P in terms of the multiplicatibe and differential

operators x and p, so that Equation (II.12) will have the form



PEGK) = P(x,p, ) £G0

where

To accomplish thir.s,. f(x') in the integral of Equation (II.12) is expanded

in a Taylor series about x

£(x') = £(x) + £'"(X)(x" - xX)+ ...

exp[%(x' - };)pop.] f(x) s
so that Equation (1X.12) becomes
Pf(x) = ¢(x) expl[- % X p ]f d:;' ¢(x')* exp[% x'p ] f(x) s
p op
and one thlerefore de-ducés the desired .classical function P(x,p) to be
P(x,p) = x) exp(-—%xp)f dx' ¢(x')* exp(%—x'p) . (II1.13)

It is easy to see that P(x,p) in Equation (II.13) gives the correct
coordinate and momentum distributions when it is separately integrated

over the conjugate variable, i.e.,

nt [ dp P(x,p) = |6(x) ]2 | (II.14a)

W [ dx P(x,p) loy |2, ' (1I1.14b)

where &(p) is the normalized momentum wavefunction

1
o(p) = (27h) 2 [ dx ¢(x) exp(-% x) . (11.15)

At




- From both'Equation (I1.14a) and (I1.14b) it is seen than P(x,p) is

correctly normalized-
.—]_‘ ' ' _
h [ dx [-dp P(x,p) = 1.

Equation (II.13), having the form of a "half Fourier transform”, is quite

reminiscent of the Wigner_distribﬁtion functionll.pf statistical

. mechanics, énd indeed Hahn and W’atson12 have shown that this result can

be defivéd by that approach.
To proceed further semiclassically the integral over x' in Equation
(I1.13) is evaluated by stationary phase. Thus the WKB approximation

for ¢(x) is introduced

_ DR X | _ |
¢ (x) C% p(x)—% Sin[%-+-ﬁfl f dx' p(x")] Z , (11.16)
: 1

where

- ' 1 < ,
p(x) f{zm[Eo - Vd(x)]} 2 ‘ . }(11.17)
¢ =E () 2m/(m)

Ed(n) being the zero-t-:-}—l order quantum number function. The stationary

phase integfation in Equation (II.13) then proceéds as usual, and one

obtains
Plx.p) = E ' om \! R S I . B
x,p) = E '\ 75)? [PV, (x(p))] Zexpl 7 + 2 { { ) dx' p(x")
-plx-x(®)1 } 1 , S ' (I1.18)

where x(p) is that-value.of X detéfmiﬁéd by the classical relation

L2, | | E— |
Eg =9 /2m + V_(x) 5 | o , (11.19)
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i.e., x(p) is the inverse of the funétibn_p(x) defined by Equation (II.17).
(There are actually two values of x thatvsatisfy'Equation (1I1.19) —
i.e., x(p) is a multi-valued function — so that Equation (II.18) is

actually the sum of two such terms. The notation is simpler, however,

if we do not indicate this explicitly, and it shall not be necessary for .

d

—
&
~

our purposes to deal with this feature,)

The usefulness of Equation (II.18) is that it shows P(x,p) to be

an oscillatory function of its arguments. Thus an-ihtegral of the form
Jdx P(x,p) £(x) ,

where f(x) is a smooth (i.e., non-oscillatory) function, must be -
evaluated by stationary phase. . The value of x that is the point of
stationary phase is determined by the condition
. re) X . . v
0 === [ dx' p&x") - [x - x(p)]Ip. R
(x(p) '

= p(x) - p,

or x = x(p) is the point of stationary phase; i.e., the stationary
phase relation is the same as the classical relation between x. and p
in Equation (II.19). Within the stationary phase approximation the

above in;egral thus becomes

[ax P(x,p) £00) = £ 2) Jax PGy . . (1.20)
Simil#rly, an.intggfal over momentumlsuch és

fap PCx,p) £(p)

~ where f(b) is a non-oscillatory function of p,.ié'to be evaluated by

i
{

Ry




C

Q%
&2
el

U
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statiphary phase. In this cése the stationary phase condition is

oP

, N |
0 =‘jz [ dx' p(x'") - [::—'x(p)]€5= -px' (p) + x'"(p) - [x - x(p)]
nd x(p) e

= x(p) - x .

or p = p(x) is the point of stationary phase; i.e., the same relation

‘between p and x is recovered. The above momentum integral thus becomes

[dp P(x,p) £() = £((x)) [ dp P(x,p). (11.21)

It is important to note in Equations (II1.20) and (II.21) that once the

integral of P(x,p) over x or p is carried out, the resulting function of

- p or x in not oscillatory; this is true because the phase

X
[ ax' p(x") - [x-x(@1p

x(p)

evaluated at x'= x(p) or p = p(x) is identically zero. In particular, it

is not difficult to show that these integrals are

Jax RGep) = EM@L/|V) Gy @)+ 1V ] (1222

and

fdP-P(X,P) Eo'(n) 2m/p (x) , ' © (I1.22b)

where xi(p)'and_xz(p)'aré the two branches of. x(p).

..C." Semiclassical Evaluation of Quantum Expressions.
With the semiclassical limit of the projector estabished it is
now rather straight forward to evaluate the phase space integrals in

Equation (II.11). For the first order perturbation energy [Equation
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(I1.11a)] the momentum integral can be carried out according to Equation

(I1.21), so that one obtains

. g2 | ) 5
E1 ='E°'(n) 2m h _f . dx Vl(x)/p(x) s : (11.23)
énd éihce Lo
. X S .
-1 2 B
E'(m)=hem) 2/ [ dx [E, -V )12 , (11.24)
S |
1

it is seen that Equation (II.4) is reproduced.

In carrying out the momentum integral for E, in Equation (II.11b)

2
one must probeed more carefully, for the value of p which is the point

of stationary phase is also a singularity of the integrand. Thus the

integral over p in Equation (II.11lb) is of the generic form
' =2 2.1 =2 o
I=[dp " - p)7" expliatp - P , (I1.25)

where P = p(x), and where we are considering only the positive stationary
phase value of p; there is an idéntiéal contribution from the negative

of this value. Letting z = p - ;;VEquation (1II1.25) becomes
I=- [dz 21z + T N éxp(iazz) ;

since the dominant contribution to the integral is from the region about
z=0 (becausé this is the stationary phase point and also a singularity

of the integrand), one expands the non-singular factor about z = 0
—,—1 ——1 —, =2 2, '
(z+2p) © = (2p) ~ - (2p) "z + O(z") ,

so that the integral becomes
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I=- [dz 2" exp(102?) + (2}?;)'2 'fdz.exp(iazz) e

The first term is zero because the 1ntegrand is an odd function of z,

so -that the desired approxlmation for ‘the 1ntegra1 in Equation (11. 25) is
—2 2.1 2, -2 -2
fdp (p - P ). exp[ia(p_— p) 1= (2p)‘ fdp_exp[iu(p - p) ] (11.26)

Using the integral approximation in Equation (II. 26) to evaluate

the momentum 1ntegra1 for E, in Equation (II.11b) gives

2
-1 = 21 1
E _-=__h | fd}t "1@ 315 - Vo(x){_] Jer Px,p),
and with Equations (II.22b) and (II.24) this becomes
B = (4p)~) [ax T, 02 B - v 0] | (11.27)
2 ' ! () o : ’ - | ’

D being the normaliaation constant ofﬂEquationsh(II.S);_ As was noted in
‘Sectioh:IiA; howevef, the real_iﬁtegral with the above integrand is
divergent, so that it must be replaced by the derivative expresslon in
Equation (II 6), with thls replacement the previous expression for
2 [Equatlon (II.7)].is recovereo.

Having thus verified that the semiclassical perturbation energies
‘-obtained’directly from the WKB.quantum eonditioo also result from a
semielassical_evaluation of thevquantum~meeoanieal_perturbation formuias,

we are now ready to proceed to the multi-dimensional case.

III. MULTI-DIMENSIONAL SYSTEMS
' The quantum mechanical expressions in-Equations'(II.S) and (11.9)
apply, of course, to‘systems of any numbers of degrees‘of freedom, and

the classical-limit approximation for the'traces.in-Equation (II;9)'is the
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following generalization of Equation (II.11):

- | E |
By =h Jax fdg vy (=) P(x,p) : ' (III.1a)

o
!

fax Jap V0% (B - 1 PGup) . (TILb)

where_f E.(xl, x2, ..,,'xN) and E-E (pl, Pos +oes pN) ,
H_(x,p) = Z pi /2m + v (x) o, | | (111.2)
: - i=1 » L . v
and P(x,p) is the unperturbed phasevspace dehsity. Progress can only be
made if thevunperturbed potehtial.is‘segarable,
B N | ; . o
V@ = ] vx) s _ o  (IIL.3)
iél - L
for in this case P(x,p) is correspondihglyﬂseparable_into'a product of N

factors, one for each degree of freedom
P(x,p) = P, (x;,p;) PZ(XZ’PZ)"'?N‘*N’pN)', .

Each one dimensional phase space deﬂeity Pi(xi’pi) is of the form

discussed in Section IIB. The‘ﬁnperturbed energy is
N | L | :
E = ) €. , ' : - (II1.4)

€4 being the WKB eigenveloe fofAthe one dimensioﬁal'ootential vy (x ).

_The perturbatlon is in general not separable, of course, or else the
complete problem would be separable and therefore exactly solvable with-
~ out fecourse to perturbation theory. ‘

The task is to carry out the integfations,oVef momenta. in Equetion’:

(II1.1). For the first order perturbation energy"this is quite simple,

< =
v
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for the only dependence of the integrand on momenta is that in P(;_:_,R);

and since

[ap P(xp) = [[dp, ?l(xl,pi)][fdPZJPZ(xzapz)]-Q-;..

[IdPN PN(XN’RN)] ) s

Equation (II.21) of the'preVious section can be used and it iéffﬁén easy
to show that Equation (III.la). becomes

— . 1 1
B =D fax vy () (e =vy G 172le, =y (177 e

— 1 ' “ | |
[EN ;vh(xN)] . L o N .- - (I1I1.5)
where the norﬁalization constant D is
o 1 -1 _1 o
D= Jax [e; - vy G §2le, vy 2o Loy — vy 172 (111.6)

It is considerably trickier to carry out the mbmehtum integf;tions
in Equation (III.lb) fortthe'second order perturbation energy. For the
véase'N ='2, for exaﬁple,'tﬁe momentum integral is a generalization of the
generic-fofm ih_Equatian(Ii.ZS), namely |

o -2 -2 _ 2 _2-1 — 2
I= fdap; fdp, (0" +2," = py” - 2,7 explia (p; - 7))

+ 1&2(p2 - pz) 1, ' | (111.7)

.where we are again considering only the contribution from the. positive

13

stationary phase points. With the aid of integral tables™~ the integral

.over'pz, say, can be carried out explicitly

—2 ., -2 2 2. . -2
[ap, (17 +3," - py =P, ) " explio,(p, - p,)7]

1. 1 ) : .
?:(255)_2[(iﬂ/a2)? - iﬂIZEézF(%,i)] o ‘ (I11.8)
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where 

-2

| - -2, 2

and P(%,z) is thevincomplete gamma functioﬁla. Since we seek the
asyﬁptotic value of the integral for large oy and Qs the large z limit
of the gamma functionl4 is invoked, whereby the RHS of Equatioh (I11.8)

becomes

-2 2,-1
]

/a2 + @2 - o)

The'remaining integration over p, can now be performed just as for the
one dimensional case in Sectioh'IIC, giving

-2

R 1o _ —
e (/o)A )@ + (BT

thus the folloWing'aéymptotic apprbximation is established as the general-

ization of Equation (II.26):
2. —2 2 2.-1 | — .2 =2
fap; [ap, (7, Pyt P TPy )~ explia; (py - py)" + d0,(p, - py)7]

= [ 72 + (B~ fap, [dp, explio;p; - 7% + 10,(p, - 571

(I11.9)

Applying the relation in Equation (III.9), generalized in the.
obvious fashion to N dimensions, to the momentum integrations in

Equation (III.1b) thus gives .
-1. = 2 -1 =1
By = D)7 Jax V) 7e) - vy (P 172ME, - vy (x)]72
Ly - g1 D+ ke, s
. N VN xN [el - Vl(xl)] : [€2 - vz(xz)] s

+ ley - vN(xN)J~1} : L - (I;I.iq)
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Just as for the one dimensional case in Section IIC, however, integrals
‘ ' o | _3 v _ .
involving the factor [ei - vi(xi)] 2 in the integrand are to be replaced

using the following.relation
[ax ‘[6 -v (x )T = = g9 f&x le. - v. (x )];% .

using this transcription the final ezpreséion for the second order

perturbation energy is the following generalization of the one-dimensional

result:
Eé = _(zn)jl[‘égz ag +‘... +3 },fd§ Vi(g)z
-1 1 ' -4
. X»[El - Vl(xl)] 2[€2 - Vz(xz] 2"'[€ﬁ —vN(xN)] 2 s (I11.11)

D being the norﬁalization constant in quation‘(III{6).
Equations (III 5), (I1I1.6), and (ITII.11) are'the desired ekpressions

for the classical llmit of the first and second order perturbation

»energies and are the primary result of this paper.

In contluding this section it is illustrative to note the limiting
form taken by these expressions in the special case that Vl(x) is

separable,

12

AC)) - v, . - | o  (;11;12)

i=1

In such a case the perturbation energy should simplyvbebthe sum of

' individual contfibutions;from each degree of freedom:

(111.13a)

N , . L -
E,= ) € (2) e ‘ . ' ~(II1.13b)
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It is easy to show that Equation (III.13a) does result from Equation
.(III.S) when the perturbation is of the form in Equation (III.12), but
the second order perturbation energy has the following term in addition

to the sum of individual terms in Equation (III.13b):

N
‘ : " 1 . IIIcll.
143
where o : :
_ v o 21
< va(l)Z > - Id ( )(x ) - i(1)]2ISi _'Vi(xi)]~2
3 fdxi[ei - Vi(xi)] 2 ’

and nj(eh) is the zeror'-l—1 order quantum number for the jEE degree of -
freedom; i.e., the de31red relation in Equation (III 13b) is true only

if the expression in Equation (III.14) is zero.  If the unperturbed

' potentlals are harmonlc, then nj"(e ) =0 and the term in- Equation.GII 14)
is indeed zero. .In general however, this will not be true, although

the additional term in Equatlon (III 14) is. expected to be small

compared to those in Equation (III.13b).“ The fact that it is identically
zero for.harmonic,systems is another example of the:special role of the
harmonic potential in semiclassical theory.

IV. EXAMPLE: THE.GROUND STATE HELIUM ATOM

An interesting application of the formulas developed in the nrevious
'section is to the ground state of the two electron atom, taking the
1nterelectronic repulslon as the perturbation. This problem received
considerable attention in the days of the "old quantum theory 15, and

indeed-the inability of the theory'to’deal;effectively with it was then

e




~
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" considered an omen of its eventual downfall. _
Scaling length by thebnuclear‘charge Z gives the us'ual16 Z"1

expansion for the energy

-1 -2

2 - . N
EF’Z;(EJ? Ep + 2By +.0) o, - (I:V.l)'
and by introducing the kngwn angular functions (i.e., spherical harmonics)
- one can reduce the problem to one involving only intermal cobrdinates16.
Equations (IIL.4), (III.5), and (III.11) then give
E°H= € + €, (IV.Z))
B =L far far, ay sinylky (r )k, (x,)]1 1r 7t )
1 Zﬁz 1 - 2 T12 )
SRR DR - PR |
E, b ( 2)( ) fdr fdr dy 51nY[kl(rl)k2(r2)]
' -1‘ 2 . _ L | :
X @E - L - L (IV.4)
where
' 2 1 172 ‘
ki(r) = (2€i -+ T (1IV.5)
4r v
T ™ (rl + r,” - 2rlr2 ;osY) . : o : (IV.6)
'Fl’f €, = =5 . o ) : (Iv.7)
* v ‘The (4r2)fl terﬁ in k(r) arises from the usual Sémiclassical‘replacement
N - of &L + 1) by (2'+‘%)2'.in the centrifugal potential.
One thus obtains | |
E, = -1 _ s: | | o | v (IVS)

and direct evaluation of the integral in Equatioh (IV.3)'gives 
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E, = 1- 2/3 /n° = 0.649

1

the exact quantum mechanical result is the same foron)and for El it is
. exact :
E .= 0.625 L]

For the second order energy some of the integrations and differentiations

. must be carried out numerically, and one obtains

E, = - 0.181

compared to the exact quantum mechanical valué16

E,"**F = - 0.158.

It is seen, therefore, that the semiclassica17expressioﬂs give quite

reasonable approximations to the exact quantum perturbation energies even

though the zero!:ll order potential, - %- + —15 , is far from pure harmonic.

. - 8r . ,
In conclusion it is expected that the semiclassical perturbation

formulas [Equations (I11.5), (II1.6), (IIi.ll)] should be a useful

approximation for the eigenvalues of non-separable systems. In particular,

they should apply quite well to the description of vibrational states of
polyatomic mplecules for which the coupling between normal modes is not

So strong as to invalidate perturbation theory.

.
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