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Lawrence Berkeley Laboratory 
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March 14, 1977 

ABSTRACT 

We present a detailed study of the bare pomeron graph in 

two-dimensional QCD in the 'Nl approximation. The absence of a 
c 

new ·singularity unrelated to quark parameters is derived. The 

"cylinder" graph is shown to induce renormalization of the vertex 

and intercept associated with quark anti-quark exchange in ~he 

vacuum chffimel. 

I. Introduction 

Quantum chromodynarnics (QCD), the theory of colored 

quarks interacting via colored gauge fields, may be the fun-

damental theory of strong interactions. Some time ago, its 

asymptotic freedom at short distances was demonstrated.
1 

Al

though there are qualitative affirmations of the theory in the 

pattern of scaling violations observed in deep inelastic lepton 

scattering, it remains to be demonstrated that the precise, quanti-

tative predictions of the theory for the asymptotic behavior are 

* This work was supported under the auspices of the Division of 
Physical Research of the U. S. Energy Research and Development 
Administration. 
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correct.
2 

More seriously from a theoretical point of view, it has 

not been proved that quarks and gluons are confined in color singlet 

bound states. Finally, it is not known whether the spectrum of 

such states actually agree with the observed hadron spectrum. 

Considering the theory in two space-time dimensions, 'tHooft 

showed how the properties of its solution might be obtained. 3 In 

many ways, this two-dimensional model is triviiil compared to the 

QCD infour dimensions. 3ince the model is superrenormalizable, 

its asymptotic freedom is demonstrable by nc.wer counting. Because 

there are no .transverse dimensions, the dynamical degrees of 

freedom aasociated with gluons ca,1 be gnuged away. And since the 

Coulomb potential is linear, ·confinement occurs already in lowest 

order. 

Nevertheless. the model is not without interest, since it can 

be m:ed to s ~~~dy some prototypical of asymptotically free gauge 

theories with confinemen·G. 4 Its structure resernbl'"s parton models? 

and it is interesting to inquire whether those pr·operties of parton 

moJels which are not derivable from the sh~rt-dist~:~.nce structure 

o{ aii asymptotically free field theory actuall;f survive. In ad-

d:L iion, one c<:-.n gain. some insight into the paradox cf part on models 

;•hich suppose that quarks interact weakly but are confined. Inter

actions with currents have been studie;i from this point of view. 4 ' 6 

It is also interesting to co'.leider pJ·c·perties of mesOJ1 scattering 

in the mndel, not only to S<~e how quarks are confin'"c:, but also 

because of its resemblance w dual models. 7 ' 8 ' 9 In ref. 9, we 

have summarized some of th: .Properties obt.aii:ed so f1•r. 10 Elsewh('re, . 

we present details C<JI:cerning Regge behavio'·. Here, we wculd like 
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8 9 to e1aborat" 011 the absence o·· the bare po;neron ' and +,o present 

de taiJ s co·Kerning the bred i!'lg of excl: ange degeneracy vi'" ·vertex 

and i:-~tercept renorma.iizations dua to the twisted lo.-:>p or cycinder. 

11 
graph. -

A related, extremely interesting subject which we will not 

touch on h~-.~e is the rela·Gion between this field theory a•1d the 

. ] f - d 12 strl ng mod•~ o na rons. 

In the next section, we review qualitatively the results 

obtained previously and summarize results to be derived in this 

paper. In Section III, we present the detailed justification of the 

results on the pomeron and regge-like renormalizations. Section IV 

concludes with a brief summary and suggestions for future investi-

gations. 

II. Meson Scattering in (QCD)
2 

Following 'tHooft, 7 we perform an expansion of Feynman 

graphs in 1/Nc for fixed where g is the gauge coupling 

constant and Nc is the number of colors. To leading order, 

the theory is described by non-interacting, color-singlet, mesonic 

bound states of a quark-antiquark pair. In two dimensions, we may 

choose gauges (e. g. A_ 0) in which the gluon field has no self-

coupling, but represnets a coulomb potential acting between quarks. 

The "radial" excitations in the potential produce a meson spectrum 

with masses ~2n (n = 1,2, ... ) which, for high excitations, behaves 

like a linear "trajectory" 

as n~oo. ( 1 ), 
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The scattering of these bound states appears first in order 

1/Nc. To this order, all the Feyrunan diagrams for two-body scattering 

are planar diagrams with no intental quark locps. These may be 

classified according to the three cyclicly inequfvalent planar .graphs 

as (st), (ut), or (su) diagrams, in a language familiar from 

the Veneziano model. 13 For example, all the graphs contributing to 

the (ut)-diagram are depicted in Fig. 1 These graphs pictorially 

. l't d' · 3· resemble the Hararl-Rosner dua l y lagrams , it will be seen 

that the resemblance is not just superficial. The full amplitude A 

is the sum of (st), (ut), and (su) graphs. Its imaginary part is 

given by a sum over mesonic resonances in the s-channel. At the 

same time, the leading asymptotic behavior for forward scattering 

is power-behaved and given by 

The parameter ~d is additive in the exchanged quarks b,d 

(Fig. 1) and is given by 

where ·B 

to 

~d 

is determined by the renormalized quark mass 

2 -m. 
l 

(i b,d) 

2 m 

( 2) 

(3) 

according 

(4) 

5 This behavior reflects the fact, emphasized by Feynman, that mesons 

scatter by exchanging their wee constituents - in this case 

the slow moving valence quarks. The high energy behavior ex

pressed by Eq. 2 corresponds to what, in four dimensions, would 

be called Hegge asymptotic behavior, governed by Hegge pole 

• 
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exchanges in the t-channel which factorize and are strongly exchange 

degenerate. lYe add that; from the view point of hadron unitarity, 

there are no quark discontinuities of the amplitude. Indeed, the 

quark discontinuities of Fig. la are cancelled by similar.con

tributions to Figs. lb and lc. 10 

The lowest order contributions to the class of planar diagrams 

having two quark boundaries and no handles (usually identified with 

the "bare" pomeron 7 ' 13 ) appears in order 1/Nc 2 . (See Fig. 2) 

Trusting by now that the imaginary part will be given by a sum over 

·),() me sonic intermediate states, we will calculate this by actually 

performing the sum: 

0 

Im P ( 5) 

m,n 

Here P denotes the bare pomeron amplitude; ~2 ~ nm(s), the (ut)-

amplitude depicted in Fig. 1; and pnm'· the phase space factor 
_,. 2 2 

>. ( s , 1J , IJ ) , where 
n m 

proportional, in two dimensions, to 

·is the triangular function. Although the sum includes only two-body-

intermediate states to this order in 1/Nc, we must remember that 

the spectrum of states extends to iftfinity. Consequently, as s 

increases, the number of channels open also increases. 

We are prima.rily interested in the question of whether, by 

unitarity, the high energy behavior of Im P is dominated by a new 

power whose exponent is· independent of quark parameters. To gain 

some insight into how a ''bare" pomeron might emerge, consider the 

following argument: There is a scaling amplitude to find a quark of . 
momentum fraction ~ ( x 2 ) in meson 1 ( 2 ) . The quark from 

meson ~ binds with the .anti-quark from meson 2 

to fnJ·w meson lln with 2 
IJn 

-6-

s· . 2 lffi1larly, IJm 

= x/ l - x1 )s. Suppose there were a scaling amplitude for this 

to occur, 

as s ~ oo • 

One can easily show that 

L Pnm % J d 
2 2 

pnm( s) ~ sfdx dx IJ niJm ' 1 2 
nm 

(6) 

so 

Im P ~ sf dx1dx2!A(x1 ,x2 !2 
(7) 

Thus, if A12 ~ nm(s) scaled in this region of phase space, there 

would emerge from the unitarity sum a new power, unrelated to quark 

parameters, corresponding to intercept one! As we shall discuss 

in the next section, the result of the detailed calculation is that, 

although each time-ordered contribution scales as described above, 

terms conspire in pairs to cancel and we find that Im P receives 

a contribution from this region of phase space which vanishes at 

least as fast as -1 s 

It is also interesting to see whether exchange degeneracy is 

broken by renormalization of "vacuum" Hegge exchanges by the cylinder 

graph. Contrary to the result on the pomeron, we find that other 

regions of phase space behave more or less as expected. The region 

where one intermediate mass, say iJ be la b m' comes rge ut where the other mass, 

IJn' stays finite (or vice versa) leads to a vertex renormalization of 
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the planar graph. (See Fig. Ja) The corresponding behavior of the 

ainplitude A_ ( ) ( 2 )-8. -~2 ~ nm s . is ~m This contribution leads to 

and so breaks strong exchange degeneracy of the "vacuum" 

exchanges. 

Next we study the region of phase space in whicl'l both intermediate 

masses become large but such that p = \J~)J!/s remains finite. Experience 

with the dwl model leads us to expect this to give rise to renormalization 

of the intercepts in the vacuum channel. (See Fig. Jb) The corres-
-8 -8 

ponding asymptotic behavior of A
12 

... nm( s) is ( 1Jm2 ) b ( \Jn2 ) d 

For ~ I Bd' this corresponds to mixing between the two trajectories. 

it gives ·ImP~ s-28 tn s which is, as usual, 

interpretable as the first term in an expansion of an intercept 

shift. Thus, weak exchange degeneracy is also broken in the vacuum 

channel. We turn now to the detailed calculation of all these 

effects. 

III. Mathematical Details 

This section consists of a detailed treatment of the 

scattering process; its outline is as follows: First, we will cast 

the full amplitude into a form amenable to investigation in all 

regions of phase space. The main result obtained is Eq. (21). 

Next, the asymptotic energy dependence is studied in the various 

kinematic regions of physical interest, in particular, in the limit 

of regge behaYior· and associated renormalizations and in the pomeron 

limit. In each case for illustrative purposes, we single out a 

particular term for which the detailed analysis is presented. 

A. 

-8-

Calculation of the (ut)-amplitude 

Following 'tHooft3 , we work with light-cone coordinates, 

1 ( 0 1 ) 12 p :!: p ' with metric tensor g++ = g_ = 0, g_+ = 1. 

In addition, we c.hoose the light-cone gauge A 0. Because this 

-gauge is not parity invariant, the symmetry between right and· left 

movers is destroyed. However, this is the only gauge in which the 

solution has been explicitly worked out. In this gauge, it turns 

out that all quantities studied depend ultimately on the (Lorentz-

invariant) ratios of the minus components of the various momenta. 

These may then be evaluated in the center-of-mass frame where we 

have chosen : · 

I 

pn (En,p ) 
I 

pm (Em,-p ) 

We shall use notation and conventions employed earlier. 14 

• For those unfamiliar with this earlier work, we summarize the basic 

results in an Appendix. We begin with the exact calculation of the 

(ut)-planar-diagram, Fig. 1, whose square gives ImP. The first 

diagram, Fig. la, has only free quar~ as intermediate states. 

Whatever contribution they give to the u-channel discontinuity 

must be cancelled by other, similar contributions so that the 

imaginary part can be expressed solely in terms of mesonic inter-

mediate states. This cancellation will be demonstrated shortly. 

The amplitude corresponding to Fig. la is 
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X r i k-q, p2 )S( k-q )r:n( k-q ,pm) , ( 11) 

where q = p1 - Pm is the u~channel momentum. The amplitude for 

Fig. lb is 

( 12) 

The amplitude for Fig. lc is 

X T(k-p ;i-p ;~) n n S( i-pn) r/ i-q,p2 )S( i-q )r m( i-q,pm )S( i-p1), 

( 13) 

where ~ = p1 -pn is the t-channel momentum. 

Since the only dependence on the plus components of the loop 

momenta enters via the propagators, whose exact form is known, the 

integration over these components may be explicitly performed. This 

brings the "covariant" amplitudes above into a sum of "time"-ordered 

diagrams as in old fashioned perturbation theory. To illustrate, 

consider the plus-integration in the amplitude TB: 

( 14) 
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These integrations may be easily performed by contour integration 

yielding 

in 

X 
in 

~E( P. , i) 
. n 

8( q_ < k - < pl- ) 

M:( p 'k-q) m 

8(q_ < i < pn_) 

~E( p
2
,i-q) 

8( 0 < k < q_) 

~E( q,k) 

8( 0 < i_ < q_) 

~E( q,i ) 

where the "energy denominator" in each case is the function 

2 2 
~E( r,s) r m 

r r -s 

( 15) 

(16) 

For notational simplicity, we have suppressed possible differences in 

the masses for quarks of different flavors. We shall restore this 

dependence in our final formulas. When this result, Eq. (1?) is 

inserted back into T8, we get a sum of. four x_-ordered terms 

depicted in Fig. 4. Similarly, one can perform the plus-integrations 

in TA and Tc leading to diagrams depicted in Fig. 5 and Fig. 6. 

(The names assigned the various time-ordered amplitudes in Figs. 4, 

5, and 6 will be useful later.) The corresponding formulas are not 

very illuminating, depending as they do on energy denominators and 

proper vertices, both of which are gauge dependent. The energy 

denominators are also misleading, their vanishing represents free 

quark singularities which eventually must not occur. As discussed 

previously14 , these quark singularities are cancelled by zeros in 

the proper vertices through relations such as 
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l. 
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·p 
-l!.E( r ,p ).p./ ...=. 

1\r _ / 

P_ 

r 
(17) 0 < < l. 

When p_/r_ ~ (0,1), we may use Eq. A-6 to write it in terms of an 

integral over the wave function .pi. Such formulas have the advan

tage of eliminating any gauge dependence, since the wave function 

"'(). . . tl4 ~i x l.S gauge 1nvar1an . In general, the T-matrix is also gauge-

dependent, so it is useful to display the gauge dependence ex-

plicitly. For this purpose, it is useful to note Eqs. ( A-7 ) 

and (A- 9). For k_/r_ £ (0,1) it is easy to show that 

* T(k_,R._;r) 

where x = A_/r_ y 

can show that 

* T(k_,t_;r) 

'Jl l!.E( k' r ) t o 
2 dv G(x,v;r ) 

' 2 (y-v) 

t_/r_. If, in addition, y £ (C,l), one 

l!.E(k,r) 6(k_-t_) 
2 

l!.E(k,r)~(t,r)G(x,y;r ) 

( 18) 

( 19) 

The 6-function arises because of the long-range force. In practice, 

it has the effect of cancelling contributions from "disconnected" 

diagrams such as Fig. la. For example, the 6-function contribution 

to the amplitude corresponding to s
11 

precisely cancels the ~or

responding time-ordered contribution from TA, namely ~- Quark 

intermediate states are thereby eliminated, as expected in a theory 

of confinement. Indeed, one can show that A
2 

is cancelled by the 

6-function pieces coming from B22 plus c
11

; A
3

, by c
22

. 
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The second term in Eq. 19 above supplies two additional 

inverse energy denominators necessary to cancel any quark singular-

i tie_s remaining. Combining all these operations leads to fairly 

compact expressions. For example, one can write 

4 11 2 11:J' I [<Pm(u) <Pl (~J· N q_ p2_pm- j' dxdydudv - 2 (up + ( 1-x )q ) / m- -

<P ( yq_ '\ <P ( v) l 
2 

n \ p ·; 2 
G(x,y;q ) n-· ? 

(vp2_+ (1-y)q_ ~ 

• 

X 

( 20) 

Notice that this amplitude is purely real, as expected. All 

integrations run from 0 to 1. The amplitude is free of any 

quark singularities and is manifestly Lorentz invariant and 

gauge invariant. 

The same procedure, applied to all diagrams, when added 

together yields the complete result: 

+ 

(Equation 21 continued on next page) 
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X 

-13-

(p u+q(l 
m 

All momenta appearing in the formula refer to their minus 

( 21) 

components, i. e. q/p1 = q_/p1_ all integrals run over (o,l). 

Here U = q2 T - t/ 
1.1 1.1 

The first term in the expression above comes from TA 

and the Born term of TB; the second, from TA and the Born term 

of Tc. The third term comes from the rest of TB; the fourth, of 

Tc. The diagrammatic interpretation of each of these terms is 

represented in Fig. 7. In order to avoid having quark and gluon 

lines crossing each other, we have drawn figs. 7 in a planar fashion. 

However, one should understand that, like Figs. 4, 5, 6, they refer 

to particular x -ordered contributions and that the Coulomb potential 

is "instantaneous" in x . No confusion can arise from this when one 

recalls that all quark and antiquark constituents have their minus 

components of momenta restricted so that the arguments of all 

mesonic wave function lie in the interval (0,1). The relative minus 

signs between pairs of terms car1 be understood by observing that they 

-14-

diffe:::- by the coupling of a gluon to a quark or to an antiquark 

in a color singlet meson. The minus sign reflects the opposite 

color charge carried by the quark and the antiquark. Within the 

class of A = 0 gauges, one can easily show that the piece of 

TA contributing to the first term and the Born contribution of TB 

are not separately gauge invariant. Only when combined as in the 

first term do they give a gauge-invariant quantity and, in so doing, 

remove the infrared singularity. (An analogous remark applies to 

the second term. ) The third and fourth terms differ in this regard, 

since there is no infrared singularity within the region of integration. 

For example, each of the four contributions to the third term appears 

to be gauge-invariant. 

Looking at the diagrams corresponding to each piece of Eq. 

(21), one can easily develop heuristic rules for writing down the 

form of the final answer directly. We will not pause here to discuss 

them but will pass on to the study of the asymptotic behavior of this 

amplitude. Note that in the case meson 1 is massless, the wave 

function ¢1(x) is constant for any x leading thus by virtue 

of Eq. (21) to a zero scattering amplitude. This demonstrates one 

aspect of the decoupling of zero mass mesons conjectured by Callen 

et a1. 4 . Proving the decoupling of a zero mass left moving meson 

(2) seems much more complicated in this gauge. 

B. Asymptotic Behavior of the Scattering Amplitude 

In this section, we discuss the high energy behavior of the 

(ut)-amplitude, Eq. (21), in various kinematical limits. We are espec-

ially interested in its contributions to ImP Eq. (5), se we shall also 

need to know the behavior of the phase space factor. In Table I, we 

summarize the values of the minus components of all the relevant 
2 2 

momenta and the triangular function A(s,lln•llm). 
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l. The "Hegge" limit 

The high energy behavior of the (ut)-amplitude for fixed 

masses ~n'~m corresponds to a Hegge limit and is expected to behave 

as sa as s ~ oo. It turns out that every term in Eq. 21 gives the 

same result, so we will illustrate the features of the calculation 

by presenting the details for two terms. 

Referring to Table I, we note that p
2

_ and p both m-
tend to zero as 1 

Ts This, in turn, implies that the dorrdnant 

contribution to each of the integrals in Eq. 21 comes for every 

gluon exchange denominator becoming O(s-1 ). For example, in the 

2 2 2 2 first term, we face ( vp2 - upm) ~ ( ~2 - u~m ) /s. The argu-

ments of ~l and ~n tend to 1, i.e., the quark emitted by meson 1 

and ~bsorbed by meson n carries all the momentum of the.mesons. 

Recalling that 

as X ~ 1, ( 22) 

the asymptotic behavior of the first integral is 

if 
fi~; s- ~~) B~ /(1-us )~;) ~] 

~ .dudv kalbl\::.__....;;:_--.,..:--,.~:...,....;~--
( v" 2 _ 2 )2 

.. 2 u~m 

s 

(Equation 23 continued on the next page) 
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X (23) 

Note that the power is, as expected, related to the (wee) quarks b 

and d exchanged between mesons l and m arid between mesons 2 

and n, respectively. ~otice that the. dependence of the coefficient 

of the power (Hegge residue)on mesons 1 and 2 is entirely given by 

the factors kabkad 
l n in the first curly bracket. 

The analysis of the third and fourth terms is slightly 

more complicated. Consider, e. g., the third integral. Because 

p tend to zero, the dominant regions of integration are 
m 

x and y near 1. To· this end, let 

q( 1-x) - pm E; 
( 24) 

q( 1-y) 

Once again, the arguments of ~l and ~ tend to one. 
n . 

Noting also 

that u·% -s, we must use the scaling relation for Green's functions, 

G(l a 1-~;s)~g(a,B) 
s s s~ 

( 25) 

Then the asymptotic behavior of the third term is 

B 6 ~ 

[ 
(l+n) d -}1-v) dj 

(n+v) 

g(a,B), g_(a,B) are the scaling functions defined in Eq. (A-10), 

(A-ll). 

• 
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So it goes with eac)1 integral.. In every term the depend.ence 

on mesons · 1 and n of the Regge .residue is expressed by k
1

abknad 

Thus, not only does each term exhibit t-charu1el factorization but so 

does their sum. By parity invariance, the full sum must be pro-

portional to 

-R.. -Bd - -
'0 kabkad 

s l n 
( 27) 

(At this point we must admit that we have not succeeded in showing 

that the proportionality constant is non-zero.) As is frequently 

the case in the A_ 0 gauge, parity relations are not trivial and 

we have not attempted to demonstrate this final form directly from 

the integrals above. At this level in the -1 expansion we have 
N~ 

established that one can b~ild pairs of signaturized amplitudes, 

looking exactly like strongly exchange degenerate regge exchanges. 

Eq. (27) is indeed an equality, one has also shown that the leading 

regge exchanges have CT = + (the equivalent of charge conjugation 

times signature) if Eq. (27) is just a proportionality relation and 

a different one holds for the (s,t) diagram one can construct also 

15 cT = -1 exchanges. 

One may be interested in the non-leading behavior as well, 

but this is difficult to discuss without knowing precisely the rate 

for which the wave functions approa.ch k( 1-x )8 as X -+ l. Naive 

consideration of the individual integrals suggests the presence of 

negative integer powers, but whether these powers actually survive 

or are cancelled is an open question. 

If 

-18-

The contribution to Im p of this region of phase space is 

2Cl-1 s 
16 

rerrdniscent ~f the AFS-cut. .Whether the sum over states 

n,m leads to a non-zero coefficient is an especially interesting 

d h Later, we shall return to Hegge question also left unanswere ere. 

renorrnalization effects, but after this warm-up, we turn to the 

primary subject of this paper. 

2. The "porneron" lirni t 

As discussed earlier in Section II, we want to consider the 

region of phase space where both 2 
j.Jm and 2 

IJn are of order s, 

2 
say }.Jn = ClS 

2 
}.Jrn = Bs. The parameters Cl and B are related to the 

· · 1 and 2 according momentum fractions of the qq pa1rs 1n mesons 

to and Accordingly, the allowed values 

of Cl and are most simply specified by noting that 

The kinematics of this limit is given in Table. I, where we see that 

is 0( ..S ) a principal difference from the Hegge limit is that Pro

instead of O(lj/s). Consder the first integral in Eq. 21. The 

dominant reg1on comes · from u% O·, to this end, we define uprn = np2 . 

t f ~ and ~rn tend to end points, Now, even though the argurnen s o ~n 

both wave functions, in fact, scale. (A-lO,A-11) 

2 (nP2 ., % c, 1Jmnp2 
1P ( u) 

m 

/q+vp 
' . 2 

~Pn \·-p-. 
. n 

~Prn ~ Ji;.. IP \, -p;; ( 28a) 

( 28b) 

Now consider rrieson 1. The arguments of both.terms tend to the same 

fixed value, viz. hence, unlike the 

Hegge limit, the terms cancel. Therefore, provided the remaining 

are fl·n1·te, the scaling asymptotic behavior has decoupled. integrations 

Altogether we get 
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{ 29) 

The integral over n is seen to converge at oo Convergence at n 

is somewhat less ob-.rious. Letting v = nz, we find that the inte-
26 -1 

grand behaves as n c and so is integrable at n = 0. The next 

term in the expansion comes from 

The integral ov . .:-r n it< of the form 

dz sin z 
z 

at the upper limit and, hence, is convergent. 

find the asymptotic behavior to be nominally 

2 

(
p p2 ' 

4>c _n_ {1- v)}4>2{v) 
p ' n 
( v - n) 

Since 

-1 
s 

( 30) 

p2 -1 p = 0( s ), we 
l 

(We say nominally 

since we have not proved the coefficient is non-zero. ) 

All the other integrals may be treated in a similar fashion 

with .the same sort of cancellation occurring by pairs. Is there a 

0 

simple physical reason for the cancellation? Noting again the vanish-

ing of the gluon propagator, we infer that the cancellation reflects 

the sum of a quark's lightlike color charge Q_ with an antiquark's 

opposite color charge. 

Finally we note that we have also calculated the contribution 

to the unitarity sum coming from high mass produetion by the (s,t) dia

gram mechanism, in that case even in each time-ordering no new 

-20-

singularity unrelated to quark parameters is bui 1 t up. 

We turn next to regions of phase space responsible for Regge 

intercept and vertex renormalizations. 

3. Regge renormalizations 

a. Vertex renormalization 

Cbnsider the region in which ~~ becomes large, say 
2 

llm = Ss, 

but p~ stays finite. ~ig 2a) We anticipate that this should lead 

to a vertex renormalization of the (dd)-trajectory, thereby breaking 

strong exchange degeneracy. Proceeding in a manner analogous to the 

pomeron discussion above, we find a cancellation occurs in the first 

three integrals, so that these do not cause a. breaking in the leading 

trajectory. However, the fourth integral appears to give a Regge 

power, which can be seen as follows: Referring to the kinematics 

in Table I, it is easy to see that the leading asymptotic behavior 

of the amplitude, Eq. ( 21), comes for y "' 1 and 

this end, let Y 1'1_ "' nP2_ Then one finds 

Inserting the definition of the Green's function 

cto Ba 
(j}£( X) -> k X flS x -+ 0, we can write 

v fixed. To 

( 31) 

G and using 

:• 



• 

0 

-n-

X ( 32) 

Since -1 
cr S we see that this is proportional to 

When squared, this gives a contribution to 
-2s Im P a s d, which we 

interpret as a renormalization of the vertex for the exchange of 

dd quarks. 

2 
If we nad instead let ~n = as 2 

and ~m finite, we expect to 
-2Bb 

find a contribution to Im P cr s which would renormalize 

the vertex for (bb) exchange. It is a simple (by now) calculation 

to show that this is indeed the case. The lack of manifest parity 

invariance reveals itself in an amusing way: Whereas in the previous 

calculation, only one of the form integrals survi~ed in the limit, 

in this case we find. all four terms in the amplitude Eq. (21) yield 

the same power 
-Bt 

s We have no explanation for this and, in fact, 

have not even demonstrated that the vertex given, e. g., by Eq. (31) 

is non-zero. We also have not been able to show that the renormali2ed 

singularity factorizes. 

b. Intercept renormalization 

Our experience with multiperipheral or dual models leads us 

to suspect that an intercept renormalization may eome from the 

region of phase space for which both and 2 . 
~ ~ncrease as 

m 
s 
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grows, but such that remaining finite. (Fig. 2b) The 

rather complicated kinematics of this limit are summarized in Table I. 

Proceeding to analyze each integral, we again find that the first three 

cancel but the fourth susvives to give the result anticipated. For 

simplicity, one may choose the symmetric case where and are 

O(ls). Again, we set Y~- = np
2

_ but unlike' the vertex renormalization 

above, we have tl_/pn- -+ 0, so we must let u -. L Thus, we set 

( 1 - u )p .:: E,tl 
n-

One can easily check that, in this limit, 

2 T = tl~~ -p. Not only does ¢m scale, but also ¢n scales, ·and we 

find 

X ( 33) 

This is proportional to which is 

the result sought for. 

IV. Summary 

In this paper, we have shown that, unlike the dual resonance 

model, the cylinder graph in (QCD)2 does not lead to a new singu

larity which one might want to identify with a bare pomeron. It 

might happen that, inclusion of quark-antiquark pairs (the "sea") in 

higher orders could generate a new singularity. It seems likely that 

the absence of this new singularity to order l/N2 is related to the 
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abs_ence of gluonic degrees of freedom ar,d gluonic bow1d states 

("glueballs") in two space-time dimensions. If so, an analogous 

calculation in (QCD)
4 

ought to yield a bare porneron. The 

attempts to derive the bare porneron in ( QCD) are at a preliminary stage. 

F. E. Low17 and S. Nussinov18 have introduced schemes in which the 

pomeron indeed appears as a singularity at one. J. F. Gunion and D. E. 

Soper19 have summed a certain class of diagrams in QCD to obtain the 

Low-Nussinov type results, they also obtain a decoupling of the bare 

. * pomeron at D = 2 for reasons similar to those we address. Recently 

G. Veneziano 20 has presented a unified approach to QCD and the 

topological expansion .. The bare pomeron he discusses coincides with 

the one we had set out to calculate in this paper in (QCD)2 , it seems 

to us that the bare pomeron he describes in (QCD)4 is the one whose 

properties should be pursued. However, in the context of the topo-

. 21 . 1 't logical expansion, it has been conJectured that no new s1ngu ar1 Y 

results from the cylinder graph, in which case, the situation would 

more nearly resemble our two-dimensional calculation. 

Two technical improvements on our method seem feasible and 

desirable. It would be a considerable increase in efficiency if the 

asymptotic limits could be extracted without decomposing the covariant 

amplitudes into a sum of "time"-ordered amplitudes. We have done 

* While their results are much nearer to the desired ones, we 

think that the interest in our work8 •9 is that we derive the 

properties of high energy diffractive scattering in a well-defined 

field theory which is both asymptotically free and confining. 
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this for the virtual Compton ampli tudi2 and believe it is possible 

in general by introducing Sudakov variables. 

Secondly, it would be useful if parity invariance were made 

manifest, even at the expense of Lorentz invariance. To this end, it 

would be useful to solve the theory in the~ = 0 (Coulomb) gauge. 

In this gauge, parity is manifest and the language of Feynman's 

discussion5 should be transcribable almost verbatim. As Feynman 

showed, the infinite momentum frame may restore simplicity even 

though Lorentz invariance is not manifest. However, in this regard, 

we must note that there are puzzling questions of consistency in 

. 1 23 ax1a gauges. 

Finally, it may be of considerable theoretical interest if 

one could solve the model in a covariant gauge or any gauge in which 

the self-coupling of gluons is non-zero. One could even hope to 

get some insight, into the four dimensional c:onfinement problem. 

We especially wish to acknowledge S. Nussinov. We also thank 

W. Bardeen, R. Brower, G. F. Chew, J. Ellis, Y. Eylon, J. Gunion, A. 

Mueller and G. Veneziano for stimulating discusiions and correspon-

dence. 
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APPENDIX A 

Review of Feynman rules and Previous Results 

The FeyrillEn rules and results have been summarized elsewhere. 15 

We recall that, in the A_ = 0 gauge with light-cone-quantization, the 

Coulomb gluon exchange may be characterized by a "propagator" 

1 
7-

1 
+ 

(k 

The exact, dressed quark propagator is 

'\( p) 

~ 
( p-y + + - y + mo ) 2p_ -

The renormalized mass is related to the bare quark mass m
0 

by 

( Al) 

( A2) 

2 iN m ---o 1T • We take units where g2
N!rr = l. As before., because 

S(p) always enters a calculation sandwiched between y_ matrices, 

it is useful to define y_SR(p)y_ 2S(p )y_ 

S(p) = rp -Ji_] -l L! + 2p_ 
(AJ) 

The proper vertex for the meson-quark-antiquark is denoted by rn(p,r), 

where r(p) is the momentum of the meson (quark). In fact, in the 

light-cone gauge, this has the form 

r ( p,r) 
n -

1 
r (AI.) 

where x = p_/r_. For 0 ~ x ~ l, _this is simply related to 
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bound state wave function ¢n(x) by 

m2 - l a ----
X 

2 
'\ - 1 J .,. _l___ ¢ (x). 

- x n 

The proper vertex is defined for all x by the integral 

.-1 

r ( x) 
n = ! 

.) 0 

(A5) 

(A6) 

where, for 0 ~ x ~ 1, we take the principal value prescription. 

In this region, combining these two equations gives 'tHooft's bound 

state equation. The T~matrix for quark-antiquark scattering in the 

color singlet channel is given by 

T(k_,R._;r) 
7! 

N (k 
l 

r (x)r (y) 
n n 
2 2 

r - ~n 

(A7) 

where x = k_/r_, y = R._/r_ are the momentum ratios for the initial 

and final quarks. A number of other relations are useful: Defining, 

as before, the Green's function 

2 G(x,y;r ) 

n 

¢n(x)¢n(y) 

2 2 
r - ~n 

we may also write the T-matrix as 

T(k ,R._;r) -I: 

(A8) 

1 
durlv G(u,v;r

2
) ~1 

2 2 . 
(u-x)(v-y) 

0 

(A9) 
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The Green's function 2 G(x,y .r ) obey::: the scaling relation (Eq. 25) 

where g (a,S) is given by 

g( a, S) ( A-10) 

In Eq. (25) we have defined g(a,S) for·a fixed real ratio a/S 

as an ru1alytic function of a with a cut for positive, real a. 

In particular we define 

g_(a,S) g(-a,-S). (A-ll) 

Finally in the course of calculations we rely on some scaling 

properties of the wave function, i. e. 

/ f, · .. 

(
-I 

2 I 
J..!n / 

where for I; > 0 the scaling function is the solution of the 

equation 

(A-12) 

-23-

REFERENCES 

l. See the review by H. D. Politzer, Physics Reports 14C (1974) 130. 

2. A. De Hujula, H. Georgi, H. D. Politzer, "Trouble with /;-Scaling?" 

Harvard Preprint HUTP-76/Al79, and references therein. 

3. G. 'tHooft, Nuclear Physics B75 (1974) 461, and "Gauge Theory 

4. 

5. 

for Strong Interactions," ITP Utrecht, 1975 (lectures given at 

Erice and Coperillagen Summer Schools). 

Explorations of the mOdel from this point of view have been 

carried out by C. G. Callan, N. Coote, and D. J. Gross, Phys. 

Rev. Dl3 (1976) 1649, and by M. B. Einhorn, Phys. Rev. Dl4 

(1976) 3451. 

The parton model was originated by R. P. Feyrlman, Photon-Hadron 

Interactions, W. A. Benjamin, Inc., Reading, 1972. Later develop-

ments and formulations are reviewed by P. V. Landshoff and J. C. 

Polkinghorne, Physics Reports 5C (1972) l. 

6. M. B. Einhorn, "Failure of Naive Parton Models in Inclusive 

Electron-Positron Annihilations", Phys. Rev. to be published. 

J. Kripfganz and M. G. Schmidt, "Lepton-Pair Production in Two-

Dimensional QCD," Ref. Tli. 2266-CERN, 1977. 

7. G. 'tHooft, Nuclear Physics B72 (1974) 461. G. Veneziano, 

Ref. Th 2200 CERN (1976). 

8. R. C. Brower, J. Ellis, M. G. Schmidt, and J. H. Weis, 

Ref. Th. 2233-CERN. 

9. M. B. Einhorn, S. Nussinov, and E. Rabinovici, University of 

~lichigan Preprint, UM HE 76-39 (1976). 

• 

• 



• 

.. ,. 

0 
·~ 

-29-

10. A more thorough discussion of Regge behavior is given elsewhere: 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

M. B. Einhorn, in preparation. 

We understand that an elaboration of Ref. 8 is also forthcoming. 

( J. Ellis, private commw1ication). 

I. Ears, Phys. Rev. Letters 36 (1976) 1521. For an intriguing 

marriage of (QCD)2 with a string in four dimensions, see 

S.-H. Tye, Phys. Rev. l3D (1976) 3416. 

A collection of papers is reprinted in Dual Theory (M. Jacob, ed. h 

North-Holland. 

See Einhorn, ref. 4. 

We wish to thank Y. Eylon for discussions related to this point. 

D. Amati, S. Fubini, and A. Stangellini, Nuovo Cimento 26 

(1962) 896. 

F. E. Low, Phys. Rev. Dl2, 163 (1975). 

18. S. Nussinov, Phys. Rev. Lett. 34, 1286 (1975). Phys. Rev; Dl4 

246 ( 1976). 

19. J. F. Gunion and D. E. Soper, U. C. Davis Preprint. 

20. G. Veneziano, Nuclear Phys. Bll7, 519 (1976). 

21. G. F. Chew and C. Rosenzweig, Phys. Letters 58B, 93 (1975). 

22. M. B. Einhorn, unpublished. 

23. Y. Frishman, C. Sachrajda, H. Abarbanel, and R. Blankenbecker, 

SLAC PUB-1808 (1976); A. J. Hanson, R. D. Peccei and M. K. 

Prasad, Nucl. Phys. to be published; A. J. Hanson, M. K. Prasad, 

LBL-6ll7; N. K. Pak and H. C. Tze, SLAC-PUB-1792 (1976). 

H 

8 
t 

N E 

;jw; 
t 

a. N >:: 
;::1. 

I 
,-; 

p, 

~ 

I 
N p, 

~ 

- 3o-

,;.;.;...::, 

I 
0' 

~ 

. --,..:..:..,·. 

...... 
.-< 

I 
<:!l 
+ 
l:l 
I 

,-; 

I 
<l 

~ 

..... 

m 

:E. 
<:!l 

I 
,-; 

m 

·ro-
N 

I 
l:l 

N 
I 

N <:!l 

<:!l l:l 
I~ 

1:) ..... 
~ .-< 
+ ro 

c 
til Ill 

w 



-31-

FIGURE CAPTIONS 

Fig. 1: The (ut)-qmplitude to leading order in l/N in a gauge 

without self-coupled gluons 

(a) No quark rescattering, (b) s-channel rescattering, 

(c) t-channel rescattering. 

Fig. 2: Three equivalent representations of the bare pomeron graph: 

(a) planar graph with two quark boundaries, (b) cylinder or 

tube showing gluonic exchanges in the t-channel, (c) 

twisted loop displaying mesonic intermediate states. (The 

many T-matrix insertions possible have been suppressed.) 

Fig. 3: Regge renormalizations of the cylinder graph 

(a) Vertex renormalization of (dd) exchange 

(b) Intercept renormalization: mixing between (bb) and 

( dd) exchanges. 

Fig. 4: "Old-fashioned" perturbation theory diagrams for T8 : 

B11(0 < k_, £ < q_); B12 (0 < k_ < q_; q_ < £ < pn_); 

< p ,q <i_<p J 
1- - n 

(The dashed line represents the quark-antiquark T-matrix; 

all quark propagators are understood to be fully dressed.) 

Fig. 5: "Old-fashioned" perturbationtheory diagrams for TA: 

~(0 < k < q_); A2(q_ < k_ < $n_); A
3
(pn- < k_ < P1_). 

Fig. 6: "Old fashioned" perturbation theory diagrams for T : . c 

Cll(O < k_ < Pn_,q_ < £_ < Pn_); Cl2(0 < k_ < Pn_•Pn- < £ 

< Pl_); C2l(pn- < k_ < Pl_,q_ < £_ < Pn_): C2)Pn- < k 

< 

-32-

Fig. 7: Diagrammatic representation of each of the integrals in 

(ut)-amplitude, Eq. (21). (The wavy line denote gluon 

exchange. To avoid confusion because of lines crossing, 

we have not drawn (c) and (d) in "time"-ordered form 

even though the gluon exchange occurs instantaneously.) 
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