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ABSTRACT

This manuscript introduces a regression-type formulation for approximating the Perron-Frobenius
Operator by relying on distributional snapshots of data. These snapshots may represent densities
of particles. The Wasserstein metric is leveraged to define a suitable functional optimization in the
space of distributions. The formulation allows seeking suitable dynamics so as to interpolate the
distributional flow in function space. A first-order necessary condition for optimality is derived and
utilized to construct a gradient flow approximating algorithm. The framework is exemplied with
numerical simulations.

Keywords Regression analysis · Perron-Frobenius Operator ·Wasserstein space

1 Introduction
It is often the case that dynamics are to be inferred by the collective response of dynamical systems (particles, agents,
and so on) recorded as distributional snapshots of observables [15]. Regardless of whether the underlying dynamics
is linear or not, provided there is no interaction between particles, the distributional data on observables evolve under
the action of a linear operator. The two broadly-studied alternatives for this purpose are the Perron-Frobenius and
the Koopman operators, both known as transfer operators. They are indeed linear, but defined on infinite-dimensional
spaces of distributions and of observable (functions), respectively, and are adjoint to one another [14].

Modeling and approximation of transfer operators often relies on samples of along collections of trajectories, e.g.,
see [5, 16, 17, 22]. This, in fluid mechanical systems, can be effected via recording the motion tracers seeded in
the flow; such tracers provide pointwise correspondence among particles at different snapshots. However, perhaps
equally often, in many real-world situations, complete trajectories may not available. Labeling and tracking particles
individually is simply not feasible. In such cases, distributions of ensembles at different time instances is the only
accessible data. This may also be the case in applications, as in modeling flow/traffic, when density, average speed,
and other parameters quantifying congestion are being recorded and available, and not the path of individual drivers.
Herein, we are concerned with such problems where dynamics are to be inferred from data on density flows. We
advance a viewpoint that leverages the geometry of Optimal Mass Transport (OMT) and the Wasserstein metric on
distributions, to identify underlying dynamics.

Besides applicactions related to flows of particles and collections of dynamical systems, the problems we consider
are relevant in image registration, tumor growth monitoring, and system identification from visual data [27]. Another
instance is domain adaptation, which aims at finding a model on a target data distribution, by training on a source data
distribution [10, 34].

A popular and effective method in identifying dynamics using snapshots of data is due to Schmid and Sesterhenn
(2008) and is known as DMD (Dynamic Mode Decomposition). Their algorithm aimed at modeling time-series mea-
surements of fluid flow data [28]. The connection between DMD and the Koopman operator was pointed out and
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discussed in [26]; a reformulation as a least-squares regression problem was proposed in 2014 [29] and an extension,
referred to as extended DMD, for approximating the eigenvalues and eigenfunctions of the Koopman operator was
proposed in [32, 33].

The Liouville operator [25] is another example of a linear operator associated with non-linear dynamics; this is the
infinitesimal generator for the Koopman operator [24]. In this context, we also mention the concept of occupation
kernels which allows for the embedding of a dynamical system into a Reproducing Kernel Hilbert Space (RKHS). For
further studies and taxonomy of the substantial and rapidly expanding literature we refer to [11].

A well-known method for the approximation of Perron-Frobenius operator is Ulam’s method, in which the evolution
of a set of test points within the discretized state-space under the action of dynamics leads to a probability matrix in
the discretized state-space [13,18]. There are other methods to approximate Perron-Frobenius operator, most of which
rely on Petrov-Galerkin projections of infinite-dimensional operators onto some finite-dimensional subspace (see for
example [6,12,14]). Also, one can utilize one of the aforementioned techniques to approximate the Koopman operator
and use the duality property to find an approximate representation for the Perron-Frobenius operator [15]. These
approaches hypothesize the existence of pointwise correspondence among the distributions at different snapshots as
the data are collected along one or several trajectories of the dynamics.

In this paper, data are assumed to be probability distributions over a suitable state-space, and that any statistical de-
pendence between pairs of distributions is not available. These observations (one-time marginal distributions) are the
successive projections of the flow generated by the underlying dynamics. We seek a suitable approximation of Perron-
Frobenius operator and, thereby, an embedding of the dynamics into a function space based on these distributional
snapshots. The Wasserstein metric is employed to define an appropriate cost, by minimization of which, a desirable
embedding can be achieved. This notion of distance, which represents cost of transport, compares two probability
distributions based on the ground metric of the underlying state-space. The Wasserstein metric is becoming increas-
ingly popular in recent years due to a number of natural and useful properties (e.g., being weakly continuous, allowing
efficient computation via entropic regularization) [4, 9, 31].

The paper is organized as follows. Notation and preliminaries on transfer operators are presented in Section 2, and
rudiments of Wasserstein geometry needed for the development of the method are explained in Section 3. These
tools are then used in Section 4 to derive a first-order necessary condition for two different approximations of Perron-
Frobenius operator. Further, a gradient-descent approach in finding sought parameters in a system identification setting
is presented. The proposed framework is highlighted via two numerical examples in Section 5.

2 Transfer operators
In this section we discuss the Perron-Frobenius operator and Koopman operators. These encode information on the un-
derlying dynamical equations, which are nonlinear, in general. The operators are linear albeit on infinite-dimensional
spaces, the space of distributions and observables, respectively. Although our study focuses on approximating the
Perron-Frobenius operator, we concisely summarize the duality between the two [14].

2.1 Notation
The three-tuple (X,Σ, λ) represents a measure space X ⊂ Rd equipped with a sigma-algebra Σ and measure λ.
Typically, and unless otherwise stated, X = Rd, Σ is the Borel algebra, and λ the Lebesgue measure. The Banach
space Lp(X) (1 ≤ p ≤ ∞) is the space of p-Lebesgue integrable functions endowed with the norm ‖ · ‖Lp . We
denote by (P2(X),W2) the Wasserstein space where P2(X) is the set of Borel probability measures with finite second
moments, and W2 the Wasserstein distance. The push-forward of a measure ν by the measurable map S : X → X is
denoted by ν′ = S#ν ∈ P2(X), meaning ν′(B) = ν(S−1(B)) for every Borel set B. If a measure µf ∈ P2(X) is
absolutely continuous with respect to the Lebesgue measure, then we can assign to µf , a density f ∈ L1(X), that is, a
positive function with unit L1-norm, such that µf (B) =

∫
B
fdλ, for every Borel set B. The Dirac measure at point x

is denoted by δx.

2.2 Perron-Frobenius operator
A discrete-time dynamical system

xk+1 = S(xk)

on X is defined by a λ-measurable state transition map S : X→ X. This map is assumed to be non-singular throughout
this paper, which guarantees that the push-forward operator under S preserves the absolute continuity of (probability)
measures with respect to λ. The time is assumed to be discrete. In other words, for the time lag τ , the evolution of
measures under S can be written as µtk+τ = S#µtk , (k = 1, 2, . . .); for convenience we compress the notation by
writing µtk =: µk.

2
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The Perron-Frobenius operator (PFO), P : L1(X)→ L1(X), is defined by∫
A

Pf dλ =

∫
S−1(A)

f dλ, ∀A ∈ Σ

for f ∈ L1(X). When f is a density associated with the probability measure µf , PFO can be thought of as a push-
forward map, that is, Pµf = S#µf . The connection between the dynamics and PFO can be seen in that the PFO
translates the center of a Dirac measure δx ∈ L1(X) in compliance with the underlying dynamics, that is, S#δx =
δS(x).

It is standard that PFO is a Markov operator, namely, a linear operator which maps probability densities to probability
densities. It is also a weak contraction (non-expansive map), in that, ‖Pf‖L1 ≤ ‖f‖L1 for any f ∈ L1(X). For many
dynamical systems, the PFO drives the densities into an invariant one (measure, in general) which is unique if the map
S is ergodic with respect to λ.

2.3 Koopman operator
The Koopman operator (KO) with respect to S, U : L∞(X)→ L∞(X), is the infinite-dimensional linear operator

Uf(x) = f(S(x)), ∀x ∈ X, ∀f ∈ L∞(X),

see e.g., [8]. This is a positive operator and a weak contraction, that is, ‖Uf‖L∞ ≤ ‖f‖L∞ for any f ∈ L∞(X).

It is straightforward to see that KO is the dual of PFO, namely,

〈Pf, g〉λ = 〈f, Ug〉λ, ∀f ∈ L1(X), g ∈ L∞(X)

where 〈·, ·〉λ is the duality pairing between L1(X) and L∞(X). To reconstruct the underlying dynamics (S) from KO,
we can pick the full-state observable g(x) = x, where g is a vector-valued observable and KO acts on it component-
wise.

2.4 Data-driven approximation of transfer operators
As mentioned earlier, the most popular method in the literature to discretize PFO is the Ulam’s method [13, 18]. In
this method, the state-space (X) is divided into a finite number of disjoint measurable boxes {B1, ..., Bn}. The PFO
is approximated with a n × n matrix with elements pij . To do so, first we choose a large number (k) of test points
{xil}kl=1 within each Box Bi randomly. Then, the elements of this matrix can be estimated by

pij =
1

k

k∑
l=1

1Bj
(S(xil))

where 1Bj
denotes the indicator function for the box Bj .

Extended dynamic mode decomposition (EDMD) [32], on the other hand, approximates the Koopman operator for
an available time series of data, i.e., {xi}mi=1. First, a dictionary of observables D = {φi(·)}ki=1 is chosen. We then
consider the vector-valued function Φ = [φ1 φ2 . . . φk]T . We stack up the values of this function at the snapshots in
two matrices as

Φ[1,m−1] = [Φ(x1) . . . Φ(xm−1)],

Φ[2,m] = [Φ(x2) . . . Φ(xm)].

A finite-dimensional approximation of the restriction of the Koopman operator on the span of D can be sought by
considering a k × k matrix K that satisfies

Φ[2,m] = KΦ[1,m−1]. (1)
Depending on the values of m and k, the system of equations (1), may be over- or under-determined. For example, if
it is over-determined, K can be obtained by solving a corresponding least-squares problem.

3 Rudiments of Wasserstein space
In this section, we recall the definition and some properties of the Wasserstein distance [1, 30], which are used in this
paper.

Let µ0 and µ1 be two probability measures in P2(X). In the Monge’s formulation of optimal transport, a mapping
T ∗ : X→ X is sought such that T ∗#µ0 = µ1 and∫

X
‖T ∗(x)− x‖22 dµ0 ≤

∫
X
‖T (x)− x‖22 dµ0

3
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for any transport map T such that T#µ0 = µ1. This is the minimization of a quadratic cost over the space of maps
T : X → X which “transport” mass dµ0(x) at x so as to match the final distribution µ1. If µ0 and µ1 are absolutely
continuous, Brenier’s characterization states that the optimal transport problem has a unique solution obtained as
gradient of a convex function φ, that is a monotone map T ∗ = ∇φ(x) [7].

In case a transport map fails to exist, as is the case when µ0 is a discrete probability measure and µ1 is absolutely
continuous, we consider a relaxation of Monge’s problem, known as the Kantorovich’s formulation, in which one
seeks a joint distribution (referred to as coupling) π on X×X, having marginals µ0 and µ1 along the two coordinates,
namely,

W 2
2 (µ0, µ1) := inf

π∈Π(µ0,µ1)

∫
X×X
‖x− y‖2dπ(x, y)

where Π(µ0, µ1) is the space of “couplings” with marginals µ0 and µ1. In this, a minimizer always exists, and we use
Π∗(µ0, µ1) to denote the space of optimal couplings between the marginals µ0 and µ1. In case the optimal transport
map for the Monge problem exists, the consistency between the two problems can be realized through the relation
π = (x, T ∗(x))#µ0.

The square root of the optimal cost, namely W2(µ0, µ1), defines a metric on P2(X) referred to as the Wasserstein
metric [2, 31]. Moreover, assuming that T ∗ exists, the constant-speed geodesic between µ0 and µ1 is given by

µt = {(1− t)x+ tT ∗(x)}#µ0, 0 ≤ t ≤ 1,

and known as McCann’s displacement interpolation [21].

In the following, we state an important lemma from measure theory which will be used in the proof of main theorem
in this paper.

Lemma 1 (Gluing lemma [2, 31]) Let X1, X2, and X3 be three copies of X. Given three probability measures
µi(xi) ∈ P2(Xi), i = 1, 2, 3 and the couplings π12 ∈ Π(µ1, µ2), and π13 ∈ Π(µ1, µ3), there exists a probabil-
ity measure π(x1, x2, x3) ∈ P2(X1 × X2 × X3) such that (x1, x2)#π = π12 and (x1, x3)#π = π13. Furthermore,
the measure π is unique if either π12 or π13 are induced by a transport map.

That is, the gluing lemma states that for any two given couplings, which are consistent along one coordinate, we can
find a measure on the product space (X1 ×X2 ×X3) whose projections onto each pair of coordinates match the given
couplings, respectively. With this, we are ready to present the main results in the next section.

4 Main results
In this section, we formally define the problem of PFO approximation in the presence of distributional snapshots for
a dynamical system. As already noted, it is assumed that there is no information on the correlation between each
pair of data points (distributions). We seek system dynamics, S : X → X, as a λ-measurable map such that it can
serve as a model for the flow encoded in the sequence of data points µ1, µ2, . . . , µm. This is in the sense that, either
S#µk = µk+1 over the data set for k ∈ {1, . . . ,m − 1} (exact matching), or that the discrepancy between S#µk
and µk+1, for the successive data points, is small in the average over the available record of distributions. Below, in
Section 4.1, we first develop the case where S is a linear map

S : x 7→ Ax,

with A ∈ Rd×d. Then, in Section 4.2, we detail the approach for the case where S(·) =
∑n
j=1 θjyj(·) is nonlinear (in

general) expressed in terms of a linear combination of specified basis functions yj , j ∈ {1, . . . , n}.

4.1 First-order approximation
We first draw an analogy with the EDMD problem by stating the problem to find a matrix that satisfies the condition
in Eq. (1). Thus, given a sequence of probability measures {µi}mi=1 in P2(X), we seek to find a matrix A ∈M(d) (the
space of real d× d matrices) such that

[µ2 µ3 . . . µm] = (Ax)#[µ1 µ2 . . . µm−1]. (2)

In (2), similar to EDMD, the probability distributions (µ1, µ2,. . . ) are stacked in arrays, where one is the shifted
version of the other. The push-forward operator acts on “stacked up” measures separately.

Typically, the problem is over-determined, in which case there might not exist a matrixA that satisfies (2), we consider
the following regression-type formulation.

4
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Problem 1 Determine a matrix A ∈M(d) that minimizes

F (A) =

m−1∑
i=1

W 2
2 (Ax#µi, µi+1). (3)

If (2) has a solution, it trivially coincides with the minimizer of Problem 1 and F (A) = 0.

If, on the other hand, all the measures are Dirac, that is, µi = δxi , i = 1, . . . ,m, the problem to satisfy (2) reduces to
an ordinary DMD problem. This shows the consistency of DMD with our formulation on measures.

Next, we provide a stationarity condition that can be used to obtain the solution to Problem 1.

Theorem 2 Consider a sequence of absolutely continuous probability measures {µi}mi=1 inP2(X). If a minimizerA ∈
M(d) for (3) exists and is nonsingular, then there exist unique ηi(xi, xi+1) ∈ Π(µi, µi+1) for each i ∈ {1, . . . ,m}
such that

(Axi, xi+1)#ηi ∈ Π∗(Axi#µi, µi+1),

and moreover, A satisfies
m−1∑
i=1

∫
X×X

(Axi − xi+1)xTi dηi(xi, xi+1) = 0. (4)

In the theorem, each probability measure ηi is a coupling between two distributional snapshots µi and µi+1 such that
the push-forward measure (Axi, xi+1)#ηi is an optimal coupling between its marginals. In turn, since these marginals
are absolutely continuous by virtue of the fact that A is nonsingular, the latter coupling (i.e., (Axi, xi+1)#ηi) is
singular and “sits” on the graph of a “Monge map.” As explained in the proof of the theorem, application of the
Gluing lemma shows that each ηi exists and is unique. At this point, the absolute continuity of the marginals is
essential; later on, we will discuss how to relax this assumption so as to include a class of discrete measures as well.

Proof of Theorem 2: According to the assumption that A is a minimizer of (3), the Fermat’s condition

d

dε
F (A+ εδA)|ε=0 = 0 (5)

holds for any tangent direction δA, that is, any matrix in M(d). Without loss of generality, we consider only one of
the terms in (3) and define

G(A) = W 2
2 (Ax#µ1, µ2).

To calculate the directional derivative (Gateaux derivative) of G(A), first we show that for any real ε and δA ∈M(d)

G(A+ εδA)−G(A) ≤ (6)

〈
∫
X×X

2(Ax1 − x2)xT1 dη1(x1, x2), εδA〉F +O(ε2)

where 〈·, ·〉F is the Frobenius inner product and η1 is as stated in the theorem. To do so, let the measure
γ1(x1, x

′
1, x2) ∈ P2(X3) be such that (x1, x

′
1)#γ1 = (x1, Ax1)#µ1 and (x′1, x2)#γ1 ∈ Π∗(Ax1#µ1, µ2). Since

these two constraints coincide along x′1, by application of the Gluing lemma, we conclude that γ1 exists. Moreover, as
the projection of γ1 onto (x′1, x2) is the optimal coupling between two absolutely continuous measures, it is induced
by a transport map (Monge map), and thus the choice of γ1 is unique by once again invoking the Gluing lemma. Then,
η1 := (x1, x2)#γ1 where its uniqueness immediately results from that of γ1. Hence,

G(A+ εδA)−G(A) ≤∫
X1×X2

(‖(A+ εδA)x1 − x2‖22 − ‖Ax1 − x2‖22)dη1(x1, x2).

This follows from the fact that G(A + εδA) is the Wasserstein distance (i.e., the minimum among all the couplings
between (A+ εδA)x1#µ1 and µ2). Finally, by expanding the integrand above with respect to ε, (6) is derived.

Without loss of generality we take ε > 0. According to (6), we can readily conclude that

lim sup
ε→0

G(A+ εδA)−G(A)

ε
≤

〈
∫
X1×X2

2(Ax1 − x2)xT1 dη1(x1, x2), δA〉F .

5
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The next step of proof is to show that

lim inf
ε→0

G(A+ εδA)−G(A)

ε
≥

〈
∫
X1×X2

2(Ax1 − x2)xT1 dη1(x1, x2), δA〉F .

This last inequality follows from the semi-concavity of the squared Wasserstein distance [3, Proposition 7.3.6].

By combining the “lim inf” and “lim sup” results, it readily follows that

d

dε
G(A+ εδA)|ε=0 = (7)

〈
∫
X×X

2(Ax1 − x2)xT1 dη1(x1, x2), δA〉F .

Finally, writing the directional derivative for all the terms in (3) and using Fermat’s condition the proof is complete. 2

Remark 1 In the statement of Theorem 2 we assume the existence of a minimizer A to Problem 1. We now explain
that this assumption holds in many reasonable settings, as for instance, in the case where the probability measures
have compact support. To see this, note that F (A) is coercive, i.e., F (A) → +∞ as ‖A‖F → +∞ for absolutely
continuous µi’s with compact support. Further, using the lower semi-continuity of W2 (see Proposition 7.1.3 and
Lemma 5.2.1 in [3]), we conclude the lower semi-continuity of F (A) with respect to the Frobenius norm. These two
observations guarantee the existence of a solution to Problem 1. 2

Remark 2 Equation (7) shows how to generate a gradient flow, and thereby a steepest descent direction for minimizing
F (A). Specifically,

∇AF (A) = 2

m−1∑
i=1

∫
Xi×Xi+1

(Axi − xi+1)xTi dηi(xi, xi+1), (8)

allows us to construct a gradient-type numerical optimization to find the minimizer of (3). 2

Remark 3 We note in passing that the setting of our approximation Problem 1, can be used to construct pseudo-
metrics for various applications. Specifically, an admissible set of transformations F may be available (e.g., rotations,
translations, scalings of images and so on), and that these are natural for the problem at hand, and thought to “incur no
cost.” Thence, a distance can be defined between distributions as follows

W 2
F (µ0, µ1) = inf

S∈F
W 2

2 (S#µ0, µ1).

Such a construction is relevant in image registration where alignment/scaling may be desired. 2

4.2 Higher-order approximations
In this subsection, we extend the previous result to non-linear models for the underlying dynamics.

We consider system dynamics, S : X → X, a λ-measurable map, to be expressed as a linear combination of basis
functions yj : X→ X, with j ∈ {1, . . . , n}, i.e.,

S(x; Θ) =

n∑
j=1

θjyj(x).

where Θ = [θ1 . . . θn]T ∈ Rn.

The set of basis functions may be chosen to include polynomials. In such a case, the corresponding-order moments of
the distributional snapshots need to exist, so that integrals remain finite.

Extending (3) to this new setting, we now consider the problem to minimize

F (Θ) =

m−1∑
i=1

W 2
2 (S(x; Θ)#µi, µi+1), (9)

over Θ ∈ Rn. We follow a strategy that is similar to that in the proof of Theorem 2, to derive a first-order optimality
condition for Θ in the form

m−1∑
i=1

∫
X×X

(Y (xi))
T (S(xi; Θ)− xi+1)dηi(xixi+1) = 0. (10)

6
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Here, Y (xi) = [y1(xi) . . . yn(xi)] ∈ Rd×n and, as before, ηi(xi, xi+1) ∈ Π(µi, µi+1) is such that

(S(xi; Θ), xi+1)#ηi ∈ Π∗(S(xi; Θ)#µi, µi+1).

In a similar manner, the absolute continuity of µi’s guarantees the existence and uniqueness of all the ηi’s.

Equation (10) extends our formalism to nonlinear dynamics, parametrized by the span of Y , for approximating the
PFO. In a way similar to (8), we consider the gradient of F (Θ) in (9) with respect to Θ,

∇ΘF = 2

m−1∑
i=1

∫
X×X

(Y (xi))
T (S(xi; Θ)− xi+1)dηi(xi, xi+1), (11)

and employ a gradient-type descent to find the minimizing value for Θ.

5 Simulation results
5.1 Gaussian distributions

Figure 1: Value F (An) as a function of iterated steps in (15).

Figure 2: The rows exemplify the convergence of (Anx)#µ1 → µ2 and (Anx)# ((Anx)#µ1)→ µ3, respectively, as
n = 1, . . . , 8, towards µ2 and µ3, which are displayed on the right and separated by a vertical line (with µ2 on top of
µ3).

We exemplify our framework with numerical results for the case where the distributional snapshots are Gaussian. In
this case, the Wasserstein distance between distributions can be written in closed-form.

Consider1 µ0 = N (m0, C0) and µ1 = N (m1, C1). The transportation problem admits a solution in closed-form [19,
20], with transportation (Monge) map

T ∗ : x→ C−1
0 (C0C1)1/2 = C

−1/2
0 (C

1/2
0 C1C

1/2
0 )1/2C

−1/2
0 x,

and transportation cost W2(µ0, µ1) given by√
‖m0 −m1‖2 + tr(C0 + C1 − 2(C

1/2
1 C0C

1/2
1 )1/2) (12)

where tr(.) stands for trace.

1N (m,C) denotes a Gaussian distribution with mean m and covariance C

7
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We begin with a collection µi = N (0, Ci), i = 1, . . . ,m as our distributional snapshots; for simplicity we have
assumed zero-means. The cost (3) reads

F (A) =

m−1∑
i=1

tr(ACiA
T + Ci+1 − 2(C

1/2
i+1ACiA

TC
1/2
i+1)1/2). (13)

The gradient ∇AF (A), for the case of Gaussian snapshots, is expressed below directly in terms of the data Ci,
i ∈ {1, . . . ,m}.
Proposition 3 Given Gaussian distributions µi = N (0, Ci), i = 1, . . . ,m, and a non-singular A ∈M(d),

∇AF = 2

{
A

m−1∑
i=1

Ci − (

m−1∑
i=1

(Ci+1ACiA
T )1/2)A−T

}
. (14)

To determine a minimizer for (13), we utilize a first-order iterative algorithm, taking steps proportional to the negative
of the gradient in (14), namely,

An+1 = An − α∇AF (An), n = 1, 2, . . . (15)
for a small learning rate α > 0.

As a guiding example, and for the sake of visualization, we consider the two-dimensional state-space X = R2, in
which probability measures are evolving according to linear non-deterministic dynamics,

xk+1 =

[
− 1

2 2
−1 3

2

]
xk +

2

5

[
∆ω1

k
∆ω2

k

]
, k = 1, 2, . . .

starting from µ1 = N (0, I2), with I2 a 2× 2 identity matrix. We take ∆ω1
k, ∆ω2

k = N (0, 1) to be independent white
noise processes.

This dynamical system is an example of a first-order autoregressive process (AR(1)) which can also be thought of as
an Euler-Maruyama approximation of a two-dimensional Ornstein-Uhlenbeck stochastic differential equation where
∆ω1

k and ∆ω2
k are the increments of two independent Wiener processes with unit step size.

We note that A is neither symmetric nor positive definite, which implies that it is not a “Monge map” and, thus, the
flow of distributions is not a geodesic path in the Wasserstein metric.

Using the first five iterates (m = 6), we employ (15) to obtain dynamics solely on the basis of these 5 distributional
snapshots. We initialize (15) with α = 0.1 and experimented with different starting choices for A1. Specifically,
we took A1 to be the identity matrix I2, and also, the average A1 = 1

m−1

∑m−1
i=1 C−1

i (CiCi+1)1/2, without any
perceptible difference in the convergence to a minimizer. For the first choice, A1 = I2, the values of F (An) in
successive iterations is shown in Fig. 1.

Our data Ci (i ∈ {1, . . . , 6}) is generated starting from µ1 = N (0, C1) with C1 = I2, i.e., the 2 × 2 identity matrix,
and the gradient search for the minimizer is initialized using A1 = I2 as well. In Fig. 2 we display contours of
probability distributions. Specifically, on the right hand side, separated by a vertical line, we display the contours for
µ2 = N (0, C2) and µ3 = N (0, C3), with µ2 on top of µ3. Then, horizontally, from left to right, we display contours
corresponding to the approximating sequence of distributions. The first row exemplifies the convergence

(Anx)#µ1 → µ2,

whereas the second row, exemplifies the convergence

(Anx)# ((Anx)#µ1)→ µ3,

as n = 1, . . . , 8.

5.2 Non-linear dynamics
For our second example, to highlight the use of the approach, we consider the C1 (continuously differentiable) map
S : x 7→ S(x), on X = R with

S(x) = 0.7 + 0.6(1− x)− 0.8(1− x)3. (16)
The idea for this example has been borrowed from [23]. The map S is depicted in Fig. 3(a), in red solid curve, and
pushes forward a uniform distribution on [0, 1] to distribution with discontinuous density. This density is shown in Fig.
3(b). Due to the fact that the density is discontinuous, the optimal transport (Monge) map has a “corner” (not smooth)
and is displayed in Fig. 3(a), with a dashed blue curve.
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(a) (b)

Figure 3: The two maps in (a) transport a uniform distribution on [0, 1] to the same discontinuous density in (b).
Monge map (blue) is injective but not in C1 everywhere. The non-injective map (red) is in C1.

Figure 4: The evolution of uniform distribution under S(x; Θ) at different iterations of the algorithm. On the right-
hand side the target density is depicted. In the beginning (left) no jump discontinuity is observed.

The method outlined in this paper allows us to seek a transportation map, within a suitably parametrized class of
functions, that pushes forward µ1 (here, this is the uniform distribution on [0, 1]) to µ2 displayed in Fig. 3(b). To this
end, we select the representation

S(x; Θ) = θ3 + θ2(1− x) + θ1(1− x)3,

in the basis Y = {1, (1−x), (1−x)3}, and seek to determine the parameters θk (k ∈ {1, 2, 3}) via a gradient-descent
as in (11).

The two probability distributions are approximated using 100 sample points (drawn independently). We initialize with
θ1 = −2, θ2 = 0, and θ3 = 2. A discrete optimal transport problem is solved to find the joint distributions ηi in (11) at
each time step. The convergence is depicted in Fig. 5, where successive iterants are displayed from left to right below
the resulting pushforward distribution. On the right hand side, separated by vertical lines, the target µ1 is displayed
above the cubic map in (16).

It is worth observing that, as illustrated in Fig. 5, our initialization corresponds to an injective map resulting in no
discontinuity in the first pushforward distribution. In successive steps however, as the distributions converge to µ1 and
the maps to S(x) in (16), a discontinuity appears tied to the non-injectivity of the maps with updated parameters.

6 Concluding remarks
We presented an approach to interpolate distributional snapshots by identifying suitable underlying dynamics. It is
assumed that no information on statistical dependence between successive pairs of distributions is available. The

Figure 5: The transport map S(x; Θ) at different iterations of the algorithm. This shows the convergence to the
non-injective map.
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scheme we propose aims at modeling a Perron-Frobenius operator associated with underlying unknown dynamics.
It is based on formulating a regression-type optimization problem in the Wasserstein metric, weighing in distances
between successive distributional snapshots. A first-order necessary condition is derived that leads to a gradient-
descent algorithm. The method extends to search for nonlinear dynamics assuming a suitable parametrization of the
nonlinear state transition map in terms of selected basis functions. Two academic examples are presented to highlight
the approach as applied in two cases, the first specializing to Gaussian distributions and the second dealing with more
general distributions (albeit with one-dimensional support for simplicity).
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[2] Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient flows with metric and differentiable structures,
and applications to the Wasserstein space. Atti Accad. Naz. Lincei, Mat. Appl, 15:327–343, 2004.
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[8] Marko Budišić, Ryan Mohr, and Igor Mezić. Applied Koopmanism. Chaos: An Interdisciplinary Journal of
Nonlinear Science, 22(4):047510, 2012.

[9] Yongxin Chen, Tryphon T. Georgiou, and Michele Pavon. On the relation between optimal transport and
schrödinger bridges: A stochastic control viewpoint. Journal of Optimization Theory and Applications,
169(2):671–691, 2016.
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