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ABSTRACT OF THE DISSERTATION

Design and Analysis of Distributed Algorithms with Applications to Networked
Traffic Systems

by

Evan Gravelle
Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)
University of California, San Diego, 2017

Professor Sonia Martinez, Chair

There are many benefits of solving problems in a decentralized manner. Dis-
tributed algorithms often do not require global information which can alleviate the curse
of dimensionality in large networks, there is often robustness to failure of parts, and they
are often more robust to failure of parts, and to dynamic changes to the environment
that can occur while maintaining performance. This dissertation will focus on three
problems involving networked systems in which distributed algorithms have signifi-
cant benefits: constrained load balancing, traffic congestion minimization, and traffic

intersection efficiency.



Many physical limitations of real systems are not considered in the literature of
distributed load balancing algorithms. We address the specific problem of quantized
distributed load balancing over a network of agents subject to upper-limit constraints.
We then shift focus to traffic systems, where endowing traffic control systems with local
information and communication can be exploited for further efficiency. Motivated by a
desire to reduce congestion, we propose two distributed algorithms to reduce delays: a
dynamic lane reversal algorithm and a rerouting algorithm. Finally, we present a novel
intersection control algorithm based on an objective function that accounts for drivers’
time preferences.

For each problem, a specific objective is formed mathematically. An algorithm is
designed to achieve this objective, and stability and convergence of the algorithms are

analyzed. Experiments are run through simulation to verify stability and convergence as

well as to test performance.

X1



Chapter 1

Introduction

Modern technology has made the existence of cyber-physical systems common in
society, and these systems will be increasingly more common in the near future. Cyber-
physical systems integrate computer algorithms and communication with a physical
system and users. One example is seen in traffic systems. The advancement of au-
tonomous cars has removed the requirement of a human driver, and this has far-reaching
consequences. Transportation costs will greatly decrease due to the existence of driverless
taxis. Traffic congestion will be greatly reduced due to more conservative driving of
autonomous vehicles, there will far less accidents, there can be less cars on the road
due to easier vehicle sharing, and traffic intersections can be redesigned in a much more
efficient way to take advantage of vehicle autonomy, greater quality and quantity of
information, and more intelligent algorithms. To achieve this, vehicles and intersection
controllers require high amounts of information, algorithms to process this information
and make intelligent decisions, and methods to communicate with other agents in order
for the system to benefit as a whole. Beyond traffic systems, similar gains can be found
in air and sea travel, manufacturing, agriculture, and power networks.

However, there is much research to be done to make this a reality. The complexity



of these systems makes many centralized algorithms intractable, so responsibilities must
be distributed, and only local information should be used whenever possible. Safety
guarantees should be made when the systems involve humans, required thorough analysis
of the system dynamics. Performance should be weighed against cost and computation
to accomplish each objective. This dissertation provides the work we have done towards

this end.

1.1 Outline

e Chapter 2: This chapter focuses on the load balancing problem over a network. We
formulate the problem, provide a distributed load balancing algorithm to balance
the loads, analyze the convergence properties of the algorithm based on graph

conditions, and examine performance in simulation.

e Chapter 3: This chapter focuses on the traffic lane reversal and rerouting prob-
lems. We formulate the macroscopic traffic model and lane reversal/rerouting
objectives, provide a lane reversal algorithm and rerouting algorithm, and examine

performance in simulation.

e Chapter 4: This chapter focuses on the traffic intersection efficiency problem.
We formulate the microscopic model and the intersection objective, provide an
algorithm to optimize the objective, analyze the convergence properties of the

algorithm, and examine performance in simulation.

e Closing Remarks: This chapter will conclude the dissertation.



1.2 Notation

This section presents some basic mathematical notations and concepts used
throughout the thesis.

We let R denote the set of real numbers, R>o denote the set of non-negative
real numbers, N denote the set of natural numbers, and No = NU {0}. Similarly, R"
(resp. RZ,,N",Np) denotes the product space of n copies of R (resp. Rxo, N,Np). The
n x n identity matrix is designated by I,. The transpose of matrix B is denoted by B'.
The n-dimensional vector of ones is represented as 1, = [1,...,1]". The cardinality
of set A is denoted by |A|. The floor (resp. ceiling) operator on R is denoted by |-]

(resp. [-]) : Rsp — Np. Assigning the value y to a variable x is denoted x « y. We define

i= V-1. Matrix A = {q;;} satisfies A € sparse(G), for G = (V,E), if a;; =0 when (i, j) ¢ E.

1.3 Graph Theory

We now summarize some basic notions from algebraic graph theory. A directed
graph G consists of a set of vertices V and a set of directed edges E, G = (V,E), such
that £ Cc Vx V. Vertex a is an out-neighbor of vertex b if (b,a) € E. Similarly, a is
an in-neighbor of b if (a,b) € E. Vertex a is a neighbor of b if b is an out-neighbor or
in-neighbor of a. The set of out-neighbors (resp. in-neighbors) of a is denoted N (resp.
NIM). A graph is undirected if ¥ (i, j) € E, (j,i) € E. For undirected graphs, N; denotes
the set of neighbors of node i in V. The graph G is connected if for any pair of nodes (i, j)
there exists a sequence of edges (i,ay),(ay,a2),...,(an, j) connecting i with j. A node i

is within d-hops of j if there exists a sequence of d or less edges connecting i with j [5].



Chapter 2

An Anytime Distributed Load
Balancing Algorithm Satisfying

Capacity and Quantization Constraints

2.1 Abstract

Current research in the field of distributed consensus algorithms fails to adequately
address physical limitations of real systems. In this chapter we propose a new algorithm
for quantized distributed load balancing over a network of agents subject to upper-limit
constraints. More precisely, each node has a load that takes an integer value and is
constrained to remain under its maximum load capacity at all times. Convergence to
a set of balanced states is proven for all connected graphs with any feasible initial
load distribution, given some conditions on the placement of nodes with finite capacity.
We present simulations that verify our results and discuss possible extensions of the

algorithm.



2.2 Introduction

An important problem in distribution and service networks consists of splitting
tasks among a group of providers or nodes which can offer certain network commodities
to users. Examples include task distribution among a set of processors or robots, energy
provision by a set of generators, or traffic control by a group of network managers.
The nodes in the network may be subject to capacity constraints, which can restrict the
amount of load they can handle, e.g. a finite memory bank in a processor, a maximum
generating capacity of a generator, or a maximum road capacity in a traffic network.
Another potential restriction is the indivisibility of jobs that need be completed by nodes
in the network. Motivated by this, we design and analyze a new distributed algorithm
that can achieve load balancing while satisfying capacity and indivisible load constraints.
If this algorithm is interrupted prior to completion, the state will satisfy all constraints
and will generally be more balanced.

The problem of distributed consensus or agreement has received much attention
in recent years. The problem has roots in parallel computation [4] and has been addressed
in complementary ways in [25], [36], and [6]. Load balancing is a constrained version
of the consensus problem, and gossip-based algorithms for distributed load balancing
over different types of graphs with various constraints and objectives have been proposed
[18], [19]. More recently, there has been a focus on quantized consensus to address the
problems of finite capacity in communication channels and finite precision in computation.
An example of this work studies distributed gossip algorithms which converge to an
integer approximation of the average of the initial values and satisfy the integer constraint
at all times [26]. An efficient method of quantization using symbols instead of numbers
as exchanged data in solving the distributed average consensus problem is seen in [9].

Dithered forms of quantization are also seen in [3]. An algorithm solving the distributed



quantized consensus problem over heterogeneous networks which also minimizes time
given different processor speeds is found in [20]. Quantization under a distributed
averaging algorithm that does not conserve the initial sum can be found in [33].

The convergence rate of gossip-based distributed quantized consensus algorithms
is studied in [21] while convergence rate for non-gossip based algorithms is studied
in [51], [29]. Fanti et al. [17] consider discrete consensus in networks with constrained
capacity, where nodes have the same finite capacity, tasks have different costs, and initial
states are infeasible. Employing a gossip communication scheme, this work focuses on
finding an initial feasible task assignment, which minimizes the total load assigned to
agents. Gossip-based algorithms are often easy to analyze but in general do not converge

as quickly as synchronous algorithms.

2.2.1 Contributions

Here, we design a new distributed algorithm to balance quantized loads among
nodes which can be subject to maximum load capacities. A node filled to capacity
behaves differently from a node that is below its capacity, and this distinction is crucial
for convergence of the algorithm. Nodes which reach their maximum capacity introduce
an effect similar to state-dependent delay, so a major difference between our algorithm
and standard quantized consensus algorithms is that these nodes can make passes which
unbalance the network, significantly complicating the analysis. We prove convergence of
this algorithm to a set of balanced states assuming certain conditions on the graph and on
the distribution of nodes subject to maximum capacities. We then simulate the algorithm
over a variety of graphs and initial load configurations to test our results, one example is

provided.



2.2.2 Outline

The chapter is organized as follows. In Section 2.3, we characterize the specific
problem we wish to solve and the solution set that we wish to converge to. In Section 2.4,
we provide our load balancing algorithm. In Section 2.5, we prove convergence of our
algorithm to our desired solution set under some basic assumptions. In Section 2.6, we
simulate our algorithm and provide some results on convergence rate. In Section 2.7, we
summarize our results and discuss possible ways to extend our work. In Section 2.8, we

provide some additional proofs.

2.3 Problem statement

In this section we define the system and describe the objective. Consider a
network of n agents with communication and interaction described by an undirected
graph G = (V,E). The state of the network, denoted by x = [x1,x2,...,x,]" € Ng, is given
by the total load at each node, which is initially x(0). Each node i has a maximum load
capacity ¢; € NU {co}, constraining x;(k) < ¢; for all times k € N.

The objective of the network is to distribute loads as evenly as possible across
the nodes of the network. This translates into achieving a state that is a solution to the

following minimization problem, Problem (2.1):

mlmmlze W(x) = Z(x,—x)
i€V

subject to Z X; = nx,
icV 2.1)

x;<c;,Viey,

x; €Ng, YieV,



where X = %I,Txi(O). This function W(x) is the variance of x, which measures the distance

between x and x1,,. A state is feasible if it satisfies all constraints.

2.3.1 Characterization of balanced states

We will characterize the set of solutions to Problem (2.1). If a state x is in this
solution set then we call it a balanced state. Assuming some initial state x(0), the

following lemma will be useful:

Lemma 3.1. If there exists p € argmin;.y ¢; with ¢, < |X], then any solution to Prob-

lem (2.1) requires x, = cp.

Proof. Suppose x, < ¢, with ¢, < |x] in some feasible state x for some node p € V,

and define a new state x* by updating two nodes, x;, = x,, + 1 and x; = x, — 1 for some

q € argmax;.y X;, and holding the rest constant.
For some node g € argmax,.y x;, x; = x;— 1 is a feasible state for g because
- o . . +
cp < [x]and xp < cp implies there is some g such that x; > 1. Since xj, < cp, then x;, < c¢),

so x,, is feasible. Define AW = W(x") — W(x). Then,

AW = (xf = %)%+ (x =0 = (5= 0> = (x, = %)°
=2(xp —xg+1). (2.2)
Soif x; > x, + 1, AW < 0. To see that this holds,

e Suppose | x| = x. Then, nx = n|x] = 1, x(0).

) _ ) , _ .
Since x), < x, then there exists ¢’ s.t. x,» > x with xy < x4, s0 x4 > x, + .

e Suppose | x] < x. There must exist ¢" s.t. x; > [x] = [x]+1. Since x, + 1 < |[x] <

Xy —1<x,—1,then x4 > x, + 1.



In summary, for some p € argmin,ey, ¢;, if ¢, < |x] and x;, < ¢, then we define

x, = xp+ 1 and x7 = x;— 1 which results in W(x") < W(x). After ¢, — x,, iterations of

this, we have x; = ¢p, S0 we can say that a state that minimizes W(x) when ¢, < [x] must

include x, = c),. o

Apply Lemma 3.1 to x(0), and if such a p exists, pick one and define V| = {p},
nx—c

Vi =V\Vy, and X; = b , where X is the new average load excluding p. With a

slight abuse of notation, we redefine x as the vector of remaining free states (here and
later on). Our problem now reduces to

minimize W(x) = Z(xi -%)

xeRn-1 4
i€V,

subject to xi=m-1)xq,
iezvl (2.3)

x;<c;,, YieV,
x; €Ny, Yie V.
Lemma 3.1 can be applied to this new problem with reduced state. Define a new

p € argmin.y, ¢;. If ¢ <[x1] then we know the solution contains x, = ¢,,. We repeat this

(I’l -+ l)fg_l —Cp
n—~{ ’

until we have min;ey, ¢; > [X¢]. This results in Ve=1{ieV|ci <|X¢]). After defining

process for £ iterations, defining Ve={p)UV,_1, Ve =V\V,, and X, =

= |V| and labeling our remaining node indices from 1 to m, Problem (2.3) reduces to

mlmmlze W(x) = Z(x,—x)

m
subject to Z X; = mXxy,

- (2.4)

x; <c;, YieVy,

x; €Ng, Yie Vg,
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and we know that ¢; > |x,], Vi € V. To solve Problem (2.4) we will first temporarily

relax the last two constraints so we are left with

m
minimize  W(x) = ) (xi-%7,
xeRM °
i=1
m
subject to Z X; = mxy.
i=1
We can reduce dimensionality and eliminate the last constraint by substituting

X = mMXp— ;’i‘ll x;, so we are left with

m—1 2 m—1
minimize W(x)=|m%,— > x—-%| + Z (x; — %)%
xER’"’l i= 1 l:]

The partial derivitive is
OW m—1
5= 2xj+2 ) xi=2m¥, je{l,...,m—1},
j

i=1

and the Hessian is

4 2 .- 2
oW 2 4 ... 2
= (x) = :
6x,~6xj
2 2 - 4

Note that H is a circulant matrix with eigenvalues given by

rg—l

/lj:4+2wj+2w§+...+2w] ,

2nij

wj=en, Vje{0,l1,...,n—1},
where {wo, w1, ...,w,-1} are the n-th roots of unity, which satisfy w " —1 = 0. In particular,
wo = 1 implies A9 =2n+2.

27ij
If n>2, then for je{l,...,n—1}, a)j:eT/ # 1. We can rewrite " — 1 = (w —



11

Dd+w+...+0"™ 1) =0. Since wj#1,then l+w+... +w" 1 =0. We can simplify our
equation for the remaining eigenvalues of the system, 4; =2+2(1+w;+...+ a)?_l) =2.
For any n € N, all eigenvalues of the system are positive, so H is positive definite. This
implies that if we find a critical point, this point will be the global minimum.

Setting each component of the gradient of W equal to zero, we obtain the follow-

ing system of equations:

2 1 1|l x 1
1 2 - 1| x 1

=| |mxe.
11 2| Xm-1 1

which has a unique solution in x = x¢1,,.
In order to meet our integer constraint and find a feasible solution to Problem (2.4),
for each node i € {1,...,m — 1} we will choose x; = |x¢] or x; = [x,]. To meet our

conservation of loads constraint, we solve

a+B=m,
(2.5

alxe] +Bxc] = mxy,

where @ and S are the number of nodes at | x,] and [x,], respectively. In the event that x,
is an integer, we define @ = m and 8 = 0. Otherwise, it must hold that @ = m([x¢]—X¢), B =
m(xy — | x¢]). This satisfies our other relaxed constraint x; < ¢;, Yi € V, because we know
that ¢; > [x,], Vi € V. Permuting the set of nodes which have x; = | x¢| or x; = [x,] has no
effect on our function W(x), so there can be multiple solutions. Any integer configuration
for which x, > [x¢] or x,, < |x¢] for some g, p € V¢ is not a solution to Problem (2.4).

With the same reasoning as in Lemma 3.1, we can achieve a reduced W(x) by increasing

xp and decreasing x,. With this, we have determined our optimal set of states. We
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summarize our results with the following theorem:

Theorem 3.2. A state x which solves Problem (2.1) and is therefore in the set of balanced
states must satisfy x; = cj, Vi € Ve, xi = | %] for a nodes in Vy and x; = [x¢] for the rest,
where Vo ={i e V| c; < |%¢l}, @ = m([X¢]1=%¢), Ve = V\ Vy, X¢ is previously defined in

this section, and m = |Vy|.

2.3.2 Main theorem

In this section we provide the main convergence theorem, under the following

assumptions:

Assumption 3.3 (Graph Connectivity). The underlying undirected graph G = (V,E) is

connected.

Assumption 3.4 (Capacity Distribution). For each node i with finite capacity c; <

max jey x;(0) + 1, there is no node h with c, < max ey x;(0) + 1 within 3-hops of i.

Assumption 3.5 (Neighbor Condition). If the graph is divided into subgraphs where
each node i s.t. ¢; <max jey x;(0) + 1 and all neighbors of i separate the subgraphs, then
each subgraph is aperiodic. Additionally, each node i with ¢; < max jey x;(0) + 1 has at

least two neighbors.

Assumption 3.6 (Initial Condition). The initial state x(0) is either feasible or Vi €V s.t.

xi(0)>c;,Vje argminjeNi xj(0), ¢j—x;(0) > x;(0) —¢; + 2.

Assumption 3.3 ensures interaction between all nodes, so that there is conver-
gence towards a global average. Assumption 3.4 prevents accidental imbalancing caused
from one node having to choose between two offers from two different capped nodes,
sometimes leading to a load being relayed in the wrong direction. Without more infor-

mation than the states and capacities of immediate neigbors, a node cannot distinguish
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between accepting from the node that will result in more balancing, or accepting from the
node that will create further imbalance. Assumption 3.5 ensures the system does not fail
to fully converge due to periodic interactions caused by capped nodes. This assumption
is crucial for being able to break down the graph and analyze its components to prove
convergence over all initial conditions and many different graph sizes and configurations.
For simplicity we consider a fixed underlying graph, however, Assumption 3.3 can be
replaced with the assumption that, for all time k, agents are connected with others by
means of graphs G(k) such that Ugepx x+5)G(£), for some B > 0, is connected. The main
effect of this will be on the convergence time. If connectivity fails during one of the
phases of the algorithm, then convergence can not be guaranteed. Assumption 3.6 ensures
that once an unfeasible state becomes feasible, the previous assumptions are still met.

We use these assumptions to state the following theorem, the main result of this chapter:

Theorem 3.7. Consider a network of nodes modeled by an undirected graph G = (V,E),
subject to the constraints listed in Problem (2.1). Given Assumptions 3.3 (Graph Con-
nectivity), 3.4 (Capacity Distribution), 3.5 (Neighbor Condition), 3.6 (Initial Condition),
and applying the dynamics of our quantized distributed load balancing algorithm, any

initial state x(0) converges to a balanced state in finite expected time.

2.4 Load Balancing Algorithm

This section describes our proposed load balancing algorithm that satisfies integer
and capacity constraints as well as conserves all initial loads at every discrete time. We
have designed a synchronous algorithm which can be divided into three main sections.
In the Main Algorithm, a node runs three sub-algorithms in sequence repeatedly, and
terminates when certain conditions are met. In the Offering Phase, a node selects among

its neighbors with minimum load to make an offer to. If this node is at its capacity, it
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may select a node with a larger load than its own to offer to, in order to maintain passing
connectivity of the graph. In the Accepting Phase, a node selects among its neighbors that
offered, usually selecting the node with maximal load but sometimes giving priority to a
node at its capacity. In the Passing Phase, passes are made to nodes that have accepted
offers, where the amount passed is calculated such that the offering node expects to
minimize the difference between the two nodes’ loads after the pass.

Initially define time k = 0, each node i € {1,...,n} runs Main Algorithm, and
the algorithm terminates when k = k¢, a predetermined sufficiently large time. Note,
individual nodes will not be able to verify that they have converged without requiring

more information than from immediate neighbors.

Algorithm 1: Main Algorithm for Node i
Inputs :k,ks.¥ j € N; Ui, xj(k) and c;.
1 while k < ky do
2 Execute Offering Phase;
3 Execute Accepting Phase;

4 Execute Passing Phase;
5 Increment k;
6 end

If all nodes’ capacities are infinite, this algorithm is identical to the balancing

algorithm proposed in [33], except in that algorithm the amount of load passed from i to

jiS (x,' —xj)/3.

2.5 Convergence Analysis

We prove convergence of our algorithm to the set of balanced states by using
ideas from Lyapunov stability theory; an outline of the proof is as follows. First, we
define a Lyapunov function to characterize how close the system is to being balanced.

This Lyapunov function also includes a term which counts how many nodes are at a
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Algorithm 2: Offering Phase for Node i
Inputs tk,kp Y j € NjUI, xj(k) and c;.
1 x"(k) < min x;(k);
JEN;

Ji(k) — {j € Ni | xj(k) = XM (k)};
Choose jrandomly from nodes in J;(k);
if (295095 ¢~ xi(k) then

min* k : (k):
x; (k) « ,-g}\%xf( ); |
JEk) e {j € Ni\ Jlxj(k) = x™™ (k);
Choose j* randomly from nodes in J} (k);
if 1(xi(k)— x5 (k) > c;— x;(k) then

| Je T
10 end
11 end
12 if x;(k) > Xj(k) or (x;(k) > c; and k < kf) then
13 \ send an offer to j consisting of (i, ¢;, xi(k));
14 end

wn A W N

N=IE- RN B

minimum value. For visualization purposes, we say that a node with this minimum value
(x; = ¢) has a g-coin or token, which is often “passed” to neighbors when a neighbor
passes a load to i. We define coins, a set of rules for passing coins, and how these traverse
the graph over time until they are eliminated in the proof of the theorem. Precisely, the
algorithm and coin passing rules ensure that all minimum values have coins (Claim 5.1
and Claim 5.2) or are neighbors of exactly one node at its maximum capacity. Thus,
coins can not be “created” by agents affected by a capacity limit, and eliminating coins
guarantees minimum values necessarily increase. Claims 5.4 and 5.6 are used to bound
the Lyapunov function and characterize its minimum, respectively. Claim 5.7 is used to
show that the Lyapunov function is non-increasing, and then Claims 5.8, 5.9, and 5.10
combine previous results to show that the Lyapunov function is decreasing over time, and
reaches its minimum in finite expected time. A finite expected time 7" means E[7'] < co.
This minimum value corresponds to a balanced state, so our algorithm has converged to

a desired state.
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Algorithm 3: Accepting Phase for Node i
Inmputs : M| = {(j1,cj,, xj; (k). ..., (Jm:Cj,>Xj,(k))} 1s the set of messages
received at time k.
1 if |M;| > O then

2 | xM(k) « maxge(,... m) Xj,(K);
3 if x; >c; forany se€{l,...,m} then
4 ‘ h— jg
5 else if c; < x;(k) for any s € {1,...,m} and x]"**(k) < x;(k) + 1 then
6 ‘ h— jg;
7 else
8 Qi(k) —{js € My | xj (k) = ;" ()}, s € {1,...,m};
9 Choose h randomly from nodes in Q;(k);
10 end
11 Send an acceptance to & consisting of (7);
12 end

Proof. Initially, if x;(0) > ¢; for any node i, then the first iteration of the algorithm will
proceed as follows. Any node with x;(0) > ¢; will offer to its lightest neighbor j. This
neighbor will accept the offer from i because it prioritizes nodes above their capacity, and
because from Assumption 3.4 there can only be one neighbor with finite capacity. The
amount passed from i to j will ensure that x;(1) = ¢; and x;(1) < c¢; due to Assumption 3.6,
so after one iteration of Algorithm 1 we have a feasible load distribution that also satisfies
Assumption 3.4 atk = 1.

Now define z = 0 and g, = min;ey{x;(0) | x;(0) <c;—2}and Q, ={ie V| x;(0) =
qz» xi(0) < ¢;—2}. For every node j s.t. x;(0) = ¢;, remove one node h € N; from Q, (if it
exists), and define a g-coin at every other node in Q;. A g-coin (or simply coin) at a node
represents that this node has or can create a minimum load value. We define this notion
because these values can travel around the network, and for convergence we need to track
them. We will later define g-coin dynamics for all times k£ > 0. Over time, g-coins will be
destroyed, and once there are none we will redefine new g-coins but at a greater g, value;

this will be useful in proving convergence.
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Algorithm 4: Passing Phase for Node i
Inputs :M, ={(j)} is the message received at time k.
1 if |[M5| > O then
2 if x;(k) > c; then
3 |6 —xi(k)—ci;
4 else if x;(k) > x;(k) then
5 (5<—min(|'w'|,cj—xj(k));
6 else
7
8
9
10

‘ 0« 1;
end
Pass ¢ load to j;

end

We consider

W) 2 W = ) (2-97,

ieV

where x = rlllTx(O) is the average of the initial states and X is a modification of state x.
We define % by the following rule: if for some i€ V, x; = ¢;, and ¥ j € N;, x; > x;, then
Xi =x;—1 and x;, = x5 + 1 for some & € argmin eN; Xj- Otherwise, x; = x;. Note that the
value of W is independent of the choice of /. Intuitively, % is a feasible state where all
capped nodes (nodes in the set V;) with no neighbors with smaller load have passed a
load to temporarily unbalance the system; this represents a worst-case scenario in terms
of minimizing W.

We define W(x) = W(x) + W.(x), where W.(x) = (n+ D) ([x,] - q;) + s(x), s(x) =
IS (x)], and S(x) = {i € V | i has a g-coin}. Recall that X, was found in Section 2.3.1
and corresponds to the average of the excess load that needs to be divided among the
remaining non-capped nodes. We know that 0 < g, < [x,] and 0 < s(x) < n, so W.(x) is
positive, implying W(x(k)) is positive for all k > 0. With a slight abuse of notation we
denote W(x(k)) = W(k), W(x(k)) = W(k), and s(x(k)) = s(k). When a g-coin is destroyed
from time k to k+ 1 and if s(k) > 1 and s(k+1) > 1, then W.(k+ 1) < W.(k). If s(k+1)
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reaches zero, then at that time step we will redefine ¢, and g-coins until g, = [x/].
While s(k) may increase by some amount between zero and n after redefining coins,
(n+ 1)([x,]— q;) decreases by at least n+ 1 so overall W.(k) decreases. We will later
prove that W(k) is non-increasing over time, and we will use the composite W (k) to prove
convergence. Note, we cannot simply use W(k) as our Lyapunov function because the
behavior of nodes with finite capacities eliminates the monotonic behavior of W(k).

Generally, when some node i € S (k) receives at least one load from a neighboring
node j at time k+ 1, a g-coin is either passed from i to j or is destroyed. The existence of
no coins on the graph implies that the graph no longer contains that particular minimum
value, so that once this happens, we can increment z by one, define ¢, = g,—1 + 1, and
redefine coins in a similar way as done at step k = 0 but with respect to the new value of
g, and accounting for the possibility of a node at g, — 1. This process is repeated until
q. = [x¢] or convergence to the set of nearly balanced states is achieved. We will precisely
characterize the set of nearly balanced states later in order to conclude the proof.

First, we will define the motion of g-coins. Given a pass from node j to node

i € NjNS (k) at time k, we characterize the following scenarios:

(1) Suppose that x;(k) = g; and x (k) > g, +2. Then, the coin at i is destroyed at time

k+1.

(ii) Suppose that x;(k) = ¢, and x;(k) < g, + 1. Then either x;(k) = ¢; and c; < g, or
xj(k) =g, + 1. If xj(k) = cj,cj < q,, then we must look at two cases. If there is a
node h € N s.t. x;(k) = x;(k+ 1) = g, without a coin, then the coin at i is passed
to i at time k+ 1. If there is no such node 4, then the coin at i is passed to j. If
xj(k) = g, + 1 then we must look at more cases. If 7 € N offers to j and j accepts,
then xj(k) = ¢y or xj(k) > g, +2. If x;(k) = ¢, and ¢j, < g, then the coin at i is
passed to h at k+ 1. If x,(k) > g, +2 or ¢, = g, + 1 then the coin at i is destroyed. If

Jj receives no offers, then the coin at i is passed to j at k+ 1.
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(iii) Suppose that x;(k) = ¢;— 1, ¢; < q,. If x(k) = g, + 1 and there exists 1 € N passing
to j, then the coin at i is destroyed. If j does not have one such neighbor, then the
coin at i is passed to j. If x (k) > g, +2, then the coin at i is destroyed. If x;(k) = g,
and there exists 4 € N passing to j, then the coin at i is destroyed. If there is no
neighbor of j offering to j then the coin at i is passed to j if j had no coin at time %,

and if j did have a coin at time k then the coin at i destroyed.

(iv) Suppose that x;(k) = g, — 1, ¢; 2 g, + 1. If xj(k) = g, + 1 and there exists h € N
passing to j at time k, then i retains the coin. If j does not have one such neighbor,
then the g-coin at i is passed to j. If x;(k) = cj,c; < g, then the coin stays at
i. If x;j(k) = g, +2 and there exists h € N passing to j at time k, then the coin
is destroyed. If there is no such neighbor, then the coin at i is passed to j. If

xj(k) > g, + 3, then the g-coin is destroyed.

This is a complete list of possible passes involving coins following the algorithm.
To prove convergence using W(x), we first need to prove that these coins are expected
to disappear in finite time if the state is not nearly balanced, and to do so we prove
that a g-coin has a finite expected meeting time with a node % s.t. x,(k) > g, +2. A
meeting between a coin and a node £ s.t. xy(k) > g, +2 at time k is defined when they
are neighbors. Note, the number of coins can be determined for any state x(k) without
knowledge of previous states, so we use both W.(x) and W, (k) interchangeably.

A few claims will help us characterize coins and the function W(x). In the rest of
the claims in this chapter, we assume both Assumption 3.4 (Capacity Distribution) and
Assumption 3.5 (Neighbor Condition) hold. Note, proofs for all claims are provided in

the appendix.

Claim 5.1. Any node i s.t. xj(k) = q;, ¢i > q;+?2 has a g-coin or has a neighbor j s.t.

xj(k)=cj,cj<qy forall k> 0. O
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Proof. Suppose coins have most recently been defined at some time ¢ > 0, we know any
node i s.t. x;(t) = q, ¢; > g, +2 either has a coin or a neighbor j s.t. x;(¢) = ¢;. In the latter
case, i is the only neighbor of j which does not have a coin (by how these are defined).

We examine next all of the possible ways in which a g, value can be at a node i
without a coin at some time k > ¢. One way for it to happen is when coins are redefined at
k > t. In this way, there is j € N; s.t. x;j(k) = ¢; and i is the neighbor of j which does not
get assigned a coin. In the next time step k+ 1, i is guaranteed to receive either a load or a
coin without making a pass by case (ii) in the coin passing rules, so we see that the claim
holds. Now we consider when a node i s.t. x;j(k) = g, without a coin is created by passes.
In this way, it can be that (a) xj(k—1) = g, — 1 and x;(k) = g, (b) xi(k—1) = x;(k) = ¢q,
and (c¢) xj(k—1) > g, and x;(k) = q,.

Assume (a) for which xj(k—1) = g, — 1 and x;(k) = ¢g,. Then, it must be that
dj€e N;s.t. xj(k—1) =cj. This is because a g, — 1 value at i can only be created by a
value of g, at i and a neighboring agent jata c;—1 at a time k —2. Since j offers to i at
k—1, i will receive at least one load, so x;(k) = x;(k—2) = q, and x (k) = c;— 1. However,
this means that node i necessarily retains the coin that it had at time £ — 1.

Assume (b) for which x;(k — 1) = x;(k) = g,. Then, node i keeps the coin it has,
or it must be that i passes to a j with value xj(k—1) = c;— 1 and receives from i € N,
resulting in a coinless i with j € N; s.t. x;(k) =cj, ¢; < q;.

Assume (c) for which x;(k—1) > g,, and x;(k) = g,. Then, xj(k—1) =¢q,+1 and
i has passed a load to some j such that x;(k—1) = g, or xj(k—1) = c;— 1. In the first
case, i obtains either a coin from j, or if j had no coin then a coin from a neighbor of
the capped neighbor of j, as explained in the coin passing rule (ii). In the second case,
coinless i is neighbors with a capped node at its cap.

From all of the cases above, the nodes with g, values without a coin created for

the first time at k are all neighbors with a capped neighbor j at a value c; with ¢; < g, + 1.



21

Due to the rules of the algorithm, we show next that at time k + 1, this coinless g, will
disappear.

At time k, the capped neighbor j will offer back a load to i or to another neighbor
h such that x;(k) = x,(k) = g,. Note that any 2 € N;\ i such that x;,(k + 1) = g, needs to
have a coin. If it did not, then it would have been created close to a different capped
agent at a previous time less than &, which is impossible at time k + 1 given Assumption
5.2. Now we can have the following cases: (1) j offers back to i and i accepts, so that
xi(k+1) =g, +1and xj(k+1)=c;—1. (2) j offers back to i, but i accepts another offer.
Then, i only accepts from a node that at least has a ¢, + 2 load, and then x;(k+ 1) > g, + 1.
(3) j offers back to another /& having xj(k) = g.. It must be that / has a coin, and by the
passing rules (ii), this coin is sent to i.

We see that given the first time there is a node i s.t. x;j(k) = g, without a coin, the
next time step this coinless node at g, does not exist anymore. Moreover, a coinless node
at ¢, is created near a neighbor at a maximum capacity that accepted a load from it. Then,
the previous argument can be repeated to any time that a coinless node at g, is created.
So any node at i s.t. x;(k) = g;, ¢; > g, +2 has an g-coin or a neighbor j s.t. x;(k) = c¢; for
any time k.

O
Claim 5.2. Any node i s.t. xj(k) = q,— 1, ¢; > q. + 1 must have a g-coin, for all k > 0. O

Proof. If a node i exists s.t. xj(k) = q,—1 and ¢; > g, + 1, then it must be that either a
coin was just defined on this node or ¢; = o0, xj(k—1) =¢q,,and j e N;s.t. xj(k—1) =
cj—1,cj < g;. By Claim5.5, any coinless node at g, at time k — 1 must have a neighbor &
s.t. xp(k—1) = cp, cp > g +2. By Assumption 5.2, i cannot have two capped neighbors.
So i must have a coin at time k — 1, and by the coin passing rules, this coin is retained at

k, so i has at least one coin. O
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Claim 5.3. One node cannot contain two or more coins at any time k. O

Proof. The only way a node can have two coins is if two coins are passed to the same
node at one time step or a coin is passed to a node that already has a coin and it retains
both. If node i receives two coins at time k then this implies that this node made two
offers to neighbors, which is impossible.

A node i can contain a coin at time k only if (a) xj(k) = ¢g; and ¢; > g, + 1, (b)
xi(k)y=q,—1land ¢; > g, + 1, or (c) xj(k) =c;—1 and ¢; < g;,. In cases (b) and (c) node
i cannot make an offer to any neighbors so i will not receive a second coin. In case (a)
where x;(k) = q; and ¢; > g, + 1, node i can only pass to a neighbor j s.t. x;(k) =c; -1,
and if this happens then the coin on j is destroyed as seen in case (iii) of coin passing
rules. A coin cannot jump two or three hops to i because i already has a coin, so there is

no way for a node to have two coins at any time step. m|
Claim 5.4. Any node i s.t. ¢; > q; is lower bounded by q,— 1, forward in time. O

Proof. A node i s.t. x;(k) = q,—1, ¢; > g, must have a new coin defined on it at time k,
must have passed to a capped node at time k — 1, or must be a capped node with ¢; = ¢.
If coins were just redefined at time ., then there were no coins at k before the redefinition
so dj e N;s.t. xj(k) =cj, cj < q,. If i passed to a capped node at time k — 1 then this
capped node is full at time k. If ¢; = g;, due to Assumption 5.2 (Capacity Distribution),
there are no capped neighbors of i, so there are no nodes with lighter loads for i to pass
to. We know that in each case i will receive at least one offer at time k + 1 and again due
to Assumption 5.2 (Capacity Distribution), i will not offer, so x;(k+ 1) > g,. Because any

node i s.t. ¢; > g, can only reach g, — 1 under specific conditions and this value increases

in one time step, it is impossible for i to reach a value less than g, — 1. O

The next claim requires a precise definition of the set of nearly balanced states.

By Claim 5.6, these are the states partly characterized by the minimum value of W(x).
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Intuitively, this set contains states which can be balanced in one time step and whenever

possible, pairs load values at | x,] with capped nodes.

Definition 5.5 (Nearly Balanced States). Consider Problem (2.5). Let « be the number
of nodes at | x¢| for some balanced state given x(0) and |V¢| = n—|V|, where |V;| is the
number of nodes whose capacities do not affect the solution to Problem (2.1). A nearly

balanced state satisfies one of the following conditions:

(i) If a < |Vy|, then there are a nodes with xj(k) = c;, i € V¢ which have exactly one
neighbor at | X¢] with the rest at | X¢) + 1, or x;(k) = ci— 1, i € V; which have all
neighbors at | x¢] + 1. The remaining |Vl — a capped nodes are either at their cap
with all neighbors at | X¢] + 1 or below their cap by one unit with one neighbor at

|X¢] +2 and the rest of the neighbors at | x¢] + 1. All other nodes are at | X¢] or [x¢].

(ii) If a > |Vy| then each capped node below its cap by one unit has a neighbor at
|xX¢]+ 1 and each capped node at its cap has a neighbor at | x¢]). All other nodes

are at | x¢| or [x7].

Claim 5.6. Recall o, X, and V; from Section 2.3.1, we define W* = W* + W*, where
Wi =ys% s =max{0,a— \Vel} and W* = W(xbest) where xyeg IS a feasible minimizer of

W. It follows that x(k) is a nearly balanced state if and only if W(x(k)) = W*. |

Proof. We first show that W (k) = (n+ 1)(Lx¢] — g;) + s(k) > s* for all k. The first term of
W.(k) is positive because, by definition of the g, values, it holds that g, < [x,]. Note that,
when |X¢] > g;, then W.(k) > n+1 > s*. Suppose that | x¢| = g.. If s* =0, then s(k) > s*
by definition. If s* > 0, then & > |V,| and there are more | X¢] values than capped nodes to
be assigned in a balanced state configuration.

The minimum number of coins at a state with g, = [ x,] is s* by the conservation

of loads constraint. To see this, consider such a state for which g, = | x/]. For all nodes
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that are at their cap and have neighbors with coins, take one load out of the capped node
and put it on its coinless neighbor. In this way, we can assume without loss of generality
that the total number of coins is given by @ + a; where @ is the number of coins given
by the g, neighbors of nodes in V; below their cap by one unit, and > is the number of
|x¢] values which are not neighbors with any node in V,. All other nodes at their cap
have at most only one neighbor with a |x,| value, which is coinless, and at least one
other neighbor with strictly higher values. Assume the number of such capped nodes is
¥ <|V¢|. Then, the other nodes producing coins is exactly Vel —y. By taking one load at
a time from neighbors of capped nodes in the y group, and respecting the g, lower bound,
we can fill up all of the capped nodes providing coins in the @ group. In the worst case,
we create exactly vy new | x,] values. By conservation of loads, by filling out all capped
nodes and having ¢, = | x¢], we necessarily obtain a balanced configuration where there
are no longer higher values than g, + 1. Then, the number of | x| values is exactly given
by a =a1+az+7y. Fromhere, a1 +ar =a—-y>a - [Vel. Finally, note that the minimum
value s* can always be achieved by a state with g, = | x¢|, and where all capped nodes are
at their cap and have a neighbor at | x/].

Let us now prove the claim. Suppose that W(x(k)) = W*. This implies that
We(k) = s*, W(k) = W*, and g, = | %¢].

If & < |Vy| then s* = 0, which means that there are no coins, so every node i with
xi(k) = [x¢l, ¢i > [ x¢] +2 has a neighbor j s.t. xj(k) = cj, ¢; < q,. There are no nodes
at g, — 1 with ¢; > g, + 1 because there are no coins, and no nodes at less than ¢, — 1
due to Claim 5.8. Every node i with ¢; < |x/] has x;(k) € {c;,c; — 1} because ¢; < | x¢].
Consider all of the agents j for which x;(k) = c; -1, c; < [x¢]. By the above, they have
all neighbors at values higher or equal than | x/] + 1 = [x/]. By filling up these nodes with
one load from one of the highest-loaded neighbors, we arrive at a configuration which

must correspond to a balanced state, otherwise we would be able to decrease W (k). By
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the conservation of loads, there must be a values at | x,] and g values at | x/] + 1 after
this process. Then, these conditions guarantee that the state meets exactly case (i) of
Definition 5.5.

If @ > |Vy|, then there must be exactly s* = & — V| coins. Since W(k) = W*(k),
we again have that every node i with ¢; < | x¢| must satisfy x;(k) € {c;,c; —1}. Also due to
W(k) = W*(k), all nodes are upper bounded by | Xx¢| + 1. By conservation of loads we can
fill up all of the capped nodes by moving sequentially one load from the highest loaded
neighbors of the capped nodes. We can do this without creating any new | x| value and
conserving the number of coins. This leads to a balanced state where, by conservation
of loads, there are  values at | x¢|, and only @ — |V| have coins. Then, the remaining Ve
values at | X, ] must be neighbors of the V; capped nodes (one per capped node in order not
to count for the number of coins). In terms of the original state, x(k), it means that every
node at x;(k) = ¢; has a neighbor at | x,/] and every node at x;(k) = ¢; — 1 has a neighbor at
|x¢] + 1. Because the total number of loads is a|x¢| + (|V¢| — @)[x¢] + Zief/[ ¢j, any coin at
less than ¢, means an extra load exists at another node which implies that W(k) > W*. So
there are no nodes i with x;(k) = [x¢] — 1, ¢; > | x¢] + 1. All these conditions guarantee
that we are in case (ii) of Definition 5.5.

To prove necessity, we use Definition 5.5. We have already proven that s* is the
minimum, and W,(k) = s* for any nearly balanced state. The requirements on neighbors

of capped nodes as well as the rest of the nodes ensures that W(k) = W*, so any state that

is nearly balanced minimizes W(k). |
Claim 5.7. It holds that W(k) > W(1) > W(1), Yt € [k, ..., ks —1]. O

Proof. Recall Ky as the time in which the algorithm is terminated. It holds that W) >
W(t) for any ¢ in this interval because any difference between X(#) and x(¢) will increase

the variance, by definition of (). To see this, note that, in order for X(¢) # x(), there
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must exist at least one capped node i s.t. x;(1) = ¢; and ¥ j € N;, x;(¢) > x;(1). We can
apply Equation (2), defining ¢g as node i and p as some lightest neighbor of i. Because
xp(1) > x4(1), then AW = W) - W(@) is positive, so this bound holds.

In order to prove that Wk) = W) forall r € {k,....K — 1} in this interval, we
show that W(z+ 1) < W(z). We know that W(1) = Ycy(2i(k) = %)% = Yje,, (Rilk) = 3)* +
Sier, (Rilk) = %)% + ... + Tjey, (Ri(k) =) as long as v UvaU...Uvy = V and v, Nvp =
0,Ya,bell,...,y},a+b. In the following, we find a collection of sets vi,v7,...,V, s0
that their component of W(t) is nonincreasing from 7 to ¢+ 1. In doing this, recall that
if a node at its cap has multiple lightest neighbors, we can select any one of them to be
changed by £(k) without a loss of generality since W(k) is independent of this choice.

Because a node can pass to at most one node and receive from at most one node
at time ¢, any group of nodes passing to and receiving from each other will form a line,
where the head of the line is a node that passes and does not receive, and the tail of the
line is a node that receives and does not pass (note that a ring is impossible). Initially,
let us make every node in a line of passes part of a group and call it vy, and define
Wi (k) = Diey, (X(k) —X)2. Suppose that at the tail of the line, node z is passing to j,
xj(t+1) = c;, and there does not exist 1 € Nj s.t. x,(t+1) < x,(t+1). Then, it can be seen
that Wi(t+ 1) < W1(2), proof available in the appendix. If x;(z + 1) = c; and there does
exist h € Nj s.t. x5(t+1) < x,(¢+ 1), then we define £(z + 1) by choosing & instead of j, so
we add 4 and any line of passes that 4 is in to our set v; and repeat the previous process
with the new end node. Individually, each of the component lines of the new v; does not
increase W,(f) for some component s (see appendix), so their sum will not. In addition,
this potential reselection made by x(¢ + 1) at node j will ensure Wslu st+1)< Wslu 5, (D),
we can see this by defining ¢ = z and p = h and applying Equation (2). Lastly, if
xi(t+1) < ¢; then we do not change v{. After applying this process to all lines, we group

the rest of the nodes into vy, and because these nodes are not passing, receiving, or
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being newly selected by x(z + 1), we know Wy(t+ 1) = Wy(t). We have found subsets
of nodes that satisfy our exclusivity and exhaustivity conditions, and for each subset
s€{vi,...,vyh W(r+ 1) < W,(2), so we can conclude that W(z + 1) < W(7). By applying
an inductive argument where W(t+2) < W(r+1) <...,itis clear that W(k) < W(¢) for all
r+1<k<Ky.

O

Claim 5.8. Given Assumptions 3.3 (Graph Connectivity), 3.4 (Capacity Distribution),
3.5 (Neighbor Condition), and 3.6 (Initial Condition), any initial state x(0) will converge

to the set of nearly balanced states in finite expected time.

Proof. As discussed early in this section, in one time step an infeasible state becomes
a feasible state. Because of Claim 5.7, we can use W(k) = W(k) + W,(k) as a Lyapunov
function for this system, for k > 1. We treat W, (k) as the main component and use W(k)
to indicate balancing for some cases where W.(k) does not capture it. The function W(k)
is positive, non-increasing under the dynamics, and any decrease has a fixed lower bound.
Proving that W (k) will decrease in finite expected time from any state x(k) that is not
nearly balanced is enough to prove convergence to the set of nearly balanced states.
First, we look at the case where Vi € V, ¢; > max;cy x;(0), which is the case
where the capacities of the nodes never influence the load balancing process. In this
case, W(k) = W(k) and we can just use W, as our Lyapunov function, because when
W(k) = W and there are no capped nodes, we satisfy (ii) of Definition 5.5. If W,.(k) > W}
then at least one coin needs to be destroyed to reach the nearly balanced set. We start by
assuming there is a coin at node i. We know that any node at ¢, contains a coin, this is true
because capacities do not influence balancing in this case. If 4 j € N; s.t. x;(k) > g, +2,
then j will offer to i and W,.(k) will decrease in one time step. In the event that all

neighbors of the coin for some time interval are at g, + 1 and W,(k) remains constant
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for this interval, then we have a homogeneous Markov chain over this time interval. We
know this is irreducible (because the graph is connected) and recurrent (because the
probability of the coin leaving and never returning to a node is 0), so with probability 1
the coin has a finite hitting time to any node on the graph. For the expected hitting time
to be finite, we require positive recurrence, which is satisfied because null recurrence is
impossible for a discrete time finite state space Markov Chain. The motion of the coin
and any value that the coin can balance with (so at least at ¢, +2) are independent, so a
finite expected hitting time induces a finite expected meeting time, and then we know
W.(k) will decrease.

Now suppose there are multiple coins in the graph with no capped nodes and node
i has a coin. Note that any neighbor j of i s.t. x;(k) > g, + 2 will offer to i or to another
node at g,. Whichever node it offers to, this node will accept from j or from a neighbor
at least at g; + 2, so a coin is guaranteed to be destroyed. For there to be a time interval
where no coins are destroyed, there cannot be any neighbors of coins at g, + 2 or higher.
Since we only allow neighbors of a node with a coin to be at g, or g, + 1, the coin has a
positive probability of being passed to all nodes at g, + 1, and all nodes at g, have coins.
To find the expected hitting time of any coin to some node j, we locate the closest coin to
Jj that is d-hops away. The probability of a coin reaching j in d time steps is at least as
probable as if there were only this one coin, because any other coins offering to nodes
along the path to j will increase the likelihood of the coin reaching j, and because we
are looking at the path from the closest coin, there is no negative interference from other
coins. This means we have a finite upper bound on the expected hitting time, implying
finite expected meeting time and decrease of W, (k).

Once all g-coins have been destroyed at time k, we increment z, define ¢, =
g.-1+ 1, define Q, ={i € V| x;(0) € {g;,q, — 1}, xi(0) < ¢; —2}, and for every node j s.t.

xj(0) = ¢;, remove one node i € Nj from Q, (if it exists), and define a g-coin at every
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other node in Q.. Define S (k) = {i € V | i has a g-coin at time k}, s(k) = |S (k)|, and iterate.
An increase in g; means we have tightened the bounds on certain nodes’ loads because
of Claim 5.4. There cannot be a node i s.t. ¢; > ¢;, x;j(k) = g, —2 via Claim 5.4, so our
definitions still hold. Coins are destroyed and redefined until W,(k) = W}, and the state is
nearly balanced.

We now consider the case of the graph containing at least one node 4 s.t. ¢, <
max;cy x;(0). If W(k) > W*, then we are not at a nearly balanced state. So we will first
assume that we have exactly one coin that needs to be destroyed, then there must also
exist at least one node with a large load (either at least at g, + 2 without a neighbor at
cj— 1 or at least at g, + 3 and with a neighbor at ¢; — 1).

We will show that from any initial position, there exists a sequence of states that
can occur with some positive probability to make the coin meet with the larger node.
This is sufficient to ensure that there is a finite expected meeting time between the two.
We will assume there is exactly one coin and one large node, as if there are multiple then
the meeting time between any two is less.

First we must see that because capped nodes have at least two neighbors, they
must choose between them to make offers or accept offers. If a capped node is full and
both of its neighbors are equal, then it chooses randomly between them to offer to. If
its neighbors are not equal, then if offers to the lowest of them. In the next time step,
given no change to the state of the other neighbors, it will either accept from the larger
of the two or choose randomly if they are equal. This randomness is important in order
to be able to break the graph into subgraphs and analyze them as a whole, as seen in
Section 2.8.3. Periodic behavior of loads across nodes is possible if the state is already
nearly balanced, but if it is not, then there must be a large node somewhere or a coin that
can be destroyed.

We will break G into subgraphs, defined by removing each capped node and its
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edges. If a coin lies on one of the capped nodes, then it can be treated as if it were in any
of its neighboring subgraphs. Suppose that the coin on node i and a large load on node
h remain in the same subgraph during an infinite number of iterations, and we would
like these to meet in order to move towards the set of nearly balanced states. Without
interference from capped nodes, there is a finite expected meeting time between the coin
and the large load. Capped nodes interfere with the motion of coins when the coin stays
within one hop of a capped node j over time. This occurs when x;(k) = q,, xj(k) =c; -1,
and whenever x;(k) = g, — 1, all neighbors of i are at g, or less. However, this condition
will not hold because the large node is in this subgraph, creating enough load difference
to remove periodicity. While the passes to and from a capped node can be periodic, when
both of these values are in the same subgraph, this periodicity is broken by an immediate
decrease in W(k) (for example if the subgraph is small), or by the graph itself being
aperiodic due to Assumption 3.5 which leads to a finite expected meeting time.

If the coin and large load are not in the same subgraph, then there must be one or
more capped nodes between them. Note that the difference between the coin’s load and
the large load is at least two. All neighbors of the coin and of the large load must be within
one, otherwise W(k) would decrease. So somewhere between these two values, there
exists a capped node with values between ¢, and ¢, + 1 on one side and ¢, + 1 and ¢, +2
on the other side (or a potentially larger difference). Because each separating subgraph
is aperiodic (via Assumption 3.5), the algorithm shows sufficient random behavior to
ensure than at one time step this capped node can pass to the lighter of the two sides,
and then receive from the heavier of the two sides, completing a relay of a load across
the capped node, full proof found in Section 2.8.3. If this relay does not reduce W(k)
directly, then we now have a scenario with potential balancing on a subgraph (similar to
the above case), which will reduce W (k) in finite expected time. Note that by the strong

connectivity assumption on G, the relay of loads across capped nodes ensures that, if the
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coin and the higher load were not eliminated, there will have to be an infinite number
of times for which they reach the same subgraph, a contradiction with the previously
discussed case.

This means that any coin will have a finite expected meeting time with a node
with large load, and eventually W.(k) converges to W;:. We also require W(k) = W*. If
W(k) > W* while W,(k) = W then there exists a large load. With a proof similar to the
previous coin traversal argument, this large load will also traverse the graph until it meets
a node at | x;| with positive probability, so we again have finite expected meeting time
of these values. For all cases we have a finite number of finite expected times in which
W (k) decreases by an amount with a nonzero lower bound, and W (k) is lower bounded

by W*, so we can conclude the result.

Claim 5.9. The set of nearly balanced states is invariant under the dynamics of our

algorithm.

Proof. Recall the definition of the set of nearly balanced states from Definition 5.5. If
@ < |V;|, then capped nodes can pass to neighbors at [ X¢] or |X¢] + 1 and nodes at [ X¢] + 1
can pass to nodes at [ x| or¢c;— 1. If @ > |V,|, then capped nodes can pass to neighbors at
| x¢] and nodes at | x¢| + 1 can pass to nodes at | xg| or ¢; — 1. All of these passes result in

a state which satisfies the constraints on the set of nearly balanced states. O

Claim 5.10. If x(k) is a nearly balanced state for some k < k¢, then x(ky) is a balanced

State.

Proof. We require x(k) to be a nearly balanced state for some k < k¢. Due to Claim 5.9
we know x(ky—1) is also nearly balanced. The last iteration of the algorithm ensures
that for our last iteration k¢, if x;(ky —1) < ¢; < [X¢], then x;(ks) = ¢; and the load was

received from a node at | x¢| or [ x|+ 1. No node i at its capacity is permitted to offer to
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anode js.t. xj(kr—1) > xi(kf —1). In conclusion, our final state is: Vi € Ve, xi(ky) = ci,

and VieVy, xi(kf) e {lxel,[x¢1}. o

2.6 Simulations

2.6.1 Example Problem

We have simulated this algorithm on a wide range of graphs, each with various
capacity configurations and initial load conditions. One sufficiently complex graph is
seen in Figure 2.1. The square vertices represent nodes with finite capacities and the
circular vertices represent nodes with infinite capacities. We can see that some nodes
with finite capacities are located at central points on the graph, and if removed will
disconnect the graph. The initial load configuration is shown in Figure 2.2 and the final
load configuration is shown in Figure 2.3, after ky iterations of our algorithm. In both of
these figures, finite capacity values are shown as triangles. We can see in Figure 2.4 the

non-increasing behavior of W(k) and convergence to the optimal value.

2.6.2 Convergence Rate

We have generated three types of graphs of varying sizes to estimate the time
complexity of our algorithm as a function of the number of nodes in a graph. The basis
for each graph is a line graph, with small capacities placed every 4 nodes. With some
probability, we generate edges for every other pair of non-capped nodes. This probability
is zero for type one, it is simply a line graph. This probability is 16/N? for type two, so
that the average number of edges added stays constant as the size of the graph grows.

This probability is 0.5 for type three, so the connectivity of the graphs scales with the
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Figure 2.1: Example connected graph

number of nodes.

In Figure 2.5, the average convergence time over 100 trials is plotted for each
graph type, and the 20% confidence interval is shown (this small interval is chosen to
see the increase in error as the number of nodes grows, it is cut off in Figure 2.5 for
graph type 1 with 32 nodes and graph type 2 with 64 nodes). We note the superlinear
relationship between the number of nodes and the average convergence time for each
graph type. The confidence interval is very large for a large number of nodes, due to the
increased effect of randomness and the lower probability of a decrease in the Lyapunov
function when the state approaches nearly balanced.

We have also simulated a modified version of the algorithm incorporating mini-
mum load requirements at certain nodes, for example x;(k) > b;, ¥ k for some node i. A
node at its minimum cannot make an offer, a node chooses which neighbor to accept
from based on the how large the offer is (not their load), and the amount passed from a
node cannot create a state where x;(k) < b(i) for any node i. This extension seems to work

well, though convergence for all configurations of capacities and load limits has not been
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Figure 2.2: Initial load distribution

analyzed. A new Lyapunov function should be found to characterize the evolution of the
system, and convergence can likely be proven under some conditions on the distribution

of both nodes with finite capacities and nodes with minimum load requirements.

2.7 Conclusions and Future Work

We have designed a new quantized distributed load balancing algorithm that
accounts for maximum node capacities. We proved convergence to a set of balanced
states in expected finite time under some assumptions on the location as well as a
neighbor condition of nodes with small capacities. We tested this algorithm over a variety
of graphs and initial conditions, verifying its convergence properties and time complexity.
Simulations also showed good performance of the algorithm extended to include nodes
with a minimum capacity along with nodes with maximum capacity. We will aim to fully
characterize these cases in future work as well as investigate upper bounds on the rate of
convergence of the algorithm.

Chapter 2, in part, has been published in proceedings of IEEE Int. Conf. on
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Decision and Control, Los Angeles, CA, USA, December 2014, by E. Gravelle and
S. Martinez, and in IEEE Transactions on Control of Networked Systems, 4(2):279-
287, 2017, by E. Gravelle and S. Martinez. The dissertation author was the primary

investigator and author of this paper.

2.8 Additional Proofs

The following three proofs are used in the main theorem result in this chapter.

2.8.1 Proof that lines of passes without capped nodes always cause

a decrease in W

Consider
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W) = > () =% = (xa() =% + .. + (x(k) =)

i=1

Wk+1) = (xa(k+ 1) =32 +...+ (x(k+ 1) = %)%

We would like to prove AW < 0. Compute,

AW = W(k+ 1) = W(k) = (xak + 1)? = 2x,(k + DX+ %> +... + x(k+1)°

—2x,(k+ DX+ 72) = (xa(k)? = 2x, ()X + %> + ... + x,(k)* = 2x,(k + DX + 7).
Simplifying,

AW = xo(k+ 1%+ .+ x(k+ 1) = xgk+1)> —...—

x,(k+ D2 = 2%(xa(k + 1) = x(k) + . .. + x,(k + 1) — x,(K)).
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Since we know X is constant over time,

%Zxxk) - %anxl(kﬂ),

1=

and substituting,

AW = x(k+ 1%+ ..+ x(k+ 1) = xgk+ 1)> —...—

x,(k+1)2 = 2% in(m 1)—Zx,~(k) :

i=1 i=1

The update rule is x;(k + 1) = x;(k) + 6in — dout, SO

AW = (xa(k) = 85)* + (xp(k) + Oap — Sbe)* + ... +

(1K) + Sy = Bz + (500 +6y2) = xak)? = ...~ . ().
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Further simplifying,

AW = =264 % + 62, +2(8ab — Gbec)Xp + (Sab — Obe)> + ... +

(Sxy = Oyz)Xy + (Bxy = Oyz)” + 20y, + 63,
We break this into two components,

AW = AW+ AW,,

where

AW = 2805 [6a — (X = x)] + .. + 26y, 8y = (y = x2)]
and
AW = =2[6up0bc + ... + OxyOyz |

- —xp+1
Ta = o Oab = %. Simplifying the first term of AWy,

We know 6, =

—(xa— xb)2
2
rounding. This guarantees that AW; < 0 because a requirement of a pass to occur is

it can be either or —%(xa —xp + 1)(xg, —xp — 1) depending on the effect of
Xg—xp > 1, and this can be extended to every term in AW7. The end result is that AW <O0.

Every term in AW; is strictly negative by definition of the line graph, so as
long there are at least 3 nodes involved in this line, we have AW, < 0. From these two
statements, it is clear that AW < 0 for a line with 2 nodes and AW < O for a line with at
least 3 nodes. We can see that as long as loads are conserved along the line and X stays

constant over k, it has no effect on AW(k).
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2.8.2 Proof that lines of passes including maximum capacities al-

ways cause a decrease in W

We look at a line of passes, and define i as the node passing without receiving and
J as the node receiving without passing. In order for x(k) # (k) or x(k+1) # x(k+ 1), we

have x;(k) = ¢; or xj(k+ 1) = ¢;. We will only look at W for this line, with node denoted

{i’a’b’”'ayazaj}-

‘We know that

We(x(k) = We(i(k) = ) (2,00~ %),

pel

and we would like to prove that
We(x(k + 1)) < We(x(k)), Yk € N.

Let’s assume that x;(k) = ¢; and xj(k+ 1) = ¢; as a worst case. We know that
Xi(k) = xj(k) =1, X4(k) = xo(k) + 1, X,(k+1) = x,(k+ 1)+ 1,and Xj(k+1) = xj(k+1)—1.

We must show

D Eplk+ 1) =% < > (5, (k) ~ X7,

pel pel

or

Rk + 12 =281k + DI+ X + Ro(k+ 1)* =28k + DX+ 3 +...+
R+ 17 =28, (k+ D)X+ X + 2k + 1)? = 2%(k)xX + % <
£1(k)? = 22,00% + T2 + £4(k)? = 22, ()X + X2 + ...+

2,002 = 25, ()X + X%+ &j(k+ 1)? = 25 (k)X + X°.
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We know that

xi(k+1) = xi(k) = 64

Xa(k+1) = x4(k) +0iq — Oap

xz(k+1) = x;(k) + 6y, — 67
Xj(k+ 1)= Xj(k)+5zj,

and

Xp(k) = xp(k), ..., X (k) = x:(k), £ (k) = x;(k),

Ritk+1) = xi(k+ 1), Rq(k+ 1) = xo(k+ 1),..., X (k+ 1) = xy(k+ 1),

because nodes that both pass and receive cannot be at their cap. So we substitute in to get

Xk +1)% = 2x;(k + DX+ X%+ xa(k + 1)? = 2x,(k+ DX+ X +...+
(xg(k+ 1)+ 1) =200,k + 1)+ DX+ % + (xj(k + 1) = 1)? = 2(x;(k+ 1) = DX+ X <
(xi(k) = 1) = 2(xi(k) = DX + X+ (xa (k) + 12 = 2(x4(k) + DX+ X +... +

%, () = 220, (k)% + X2 + x (k)% = 2x (k)% + X

We can now substitute further,
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(xi(k) = ia)* = 2(xi(k) = 8ia) X + % + (X0 (k) + 810 = O ap) > = 2(20 () + s = Sap) T+ X + ...+
(g (k) + g = 8, + 1)% = 2(x (k) + Sy = 8, + DX+ X2+ (x(k) + 6, — 1)*—
2(x (k) + 8, — DE+F < (k) — 1) = 2(x;(k) — 1)x + X+

(Xa (k) + 1)% = 2(xa (k) + DX+ X% + ...+ x,(k)* = 2x,(k)% + % + x(k)* — 2x, (k)X + X7,
and expand to get

Xi(k)? = 281 (k) + 62, = 2(xi(k) — 8ig)X + X+
Xa (k) +2(8ia = Sap) Xa(k) + (Sia — Sap)’—
2(x4(k) + 0ig — Oup) X + .+ xz(k)2 +2(6y; =0+ Dxz(k)+
(Byz =6+ 1) = 20,(k) + 8y, — 6+ DX+ % + x;(k)*+
2855 — Dxj(k) + (55— 1) = 2(x(k) + 6, — DX+ X <
xi(k)? = 2x;(k) + 1 = 2(xi(k) = DX + X2 + x4(k)* + 2x4(k) + 1-

2(xa(k) + DX+ X + ...+ 5,00 = 200, (k)X + X% + x(k) = 22 (k)X + X

Canceling some terms we are left with

= 261xi(k) + 67, + 2(8i0)X +2(Bia ~ Sap)Xa(k) + (Sia = 6ap) ~2(Bia — Sap)X ..+
2(6y: = (62 = D)x:(k) + (B2 = (82 = 1) = 2(8y: = (62 = )T+

2(65j— Dxj(k) + (67 — 1)? - 26, — Dx < 2(xq(k) — x;(k) + 1).
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So now
26ia(xa(k) = xi(k) + 6iq) + 20 ap(xp(k) — x4 (k) + Ogp) + ... +

25yz(xz(k) - xy(k) + 5yz) + 2(611' - 1)(xj(k) —x,(k) + (5jz -1)-

2(6iabab + - +0y2(02j = 1)) < 2(xa(k) — x;(k) + 1),

and because we know ¢;, = 1 for the case where the first node is capped,
20ap(xp(k) = x4(Kk) +0ap) + . .. + 20, (x(k) — xy (k) + 6y7)+
206z = D(xj(k) = x(k) + (6 j: = 1) = 2(6iabab + . . . +6,2(67j— 1)) < 0.

xp(K) = xg(k) + 1
fg S s
2

xr(k)—x.(k
For all 6aba---,6yz, we know 5fg < # or &

these terms simplify to either —2(5?(g or =26 74(6rg — 1) which are never positive given

x(k)—x;(k)+1 .
0rg > 1. We know that 1 <¢6,; < 3 , which means that the last term is upper

bounded by -26,;(6,; — 1) which is also never positive, so We(x(k + 1)) < We(x(k)).
A similar argument can be made for the cases where x;(k) = ¢;, xj(k+1) < c¢; and

x;(k) < ¢y, Xj(k+ 1)= Cj.

2.8.3 Proof of destruction of coin in finite time
Define G, a condensed version of G as follows. Nodes of G,:

e Labeled as B; = {i} U N;, where ¢; < max;cy x;(0)+ 1.

e Remove G\ | J; B; and define G, as the remaining connected graphs. G, is a node

in G,.
Edges of G,:

e (B;,G,)isanedge < there exists anode / in B; and anode £ in G, s.t. (h,{) € E.
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Assumptions:

e G, is strongly connected.
e (B;, B)) is never directly connected, whereas (B;,G,) can be.

e Each G, is aperiodic.

Suppose G is not balanced, then coins must move to meet nodes at values greater
than g + 1.

Proof outline:

Coins are at nodes with x; € {g,q— 1,c¢;}. If g and > g + 2 often come to a G, and
never balance with other values, it means they never meet with values far from their
own. By the same arguments as when there are no capped nodes, they will meet in finite
expected time. Thus, nodes at g or > g +2 must be confined into subsets of G separated
by at least one B;.

Assume first all g values are in G. If these never balance, then all other values at
G are g or g + 1.If there were no g+ 1 values in Gy, since G is connected to a By, a g
always reaches Bj. If there are ¢ + 1 values at G, and no coins are destroyed, then there
will be load transfers that result in passing of coins in G. The g+ 1 values in G are not

forced by B nodes because they are at least one hop apart.

C:l B1
7 ‘1 In'r l l.fl “
Q Q @ ppm & L Q
L oq g+l q+l1 iL /

o If x; > g+2 with x; = ¢, this will result into a value > g + 2 inside g; which is

impossible.
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o If x; > g+2 with x; = ¢; -1 with x; = ¢; — 1, it does not affect Gy, so g can

approach n.
o If x; = g—1, i will never accept from n.

o If x; € {g,q + 1}, i will never accept from n.

In all cases, ¢g* will meet with B with non-zero probability. Since G| is aperiodic,
the times at which this happens are not periodic. So the only way in which ¢* can be
confined in some parts of G, is by blocking B sections. This can occur if B does not
accept or B does not release g* values.

Suppose B persistently interacts with ¢g* in G| (by strong connectivity of G,
there has to be such a B; interacting with ¢* if coins are not destroyed, else coins would
be traveling back to a B; from some other side). These time are never periodic.

Suppose coins are not destroyed by the interaction with By. Then the only way ¢*
can meet with By is via g —1,¢, and g + 1 values else eventually this will be the case or
the coin destroyed: if x; > g + 2 then with some probability a value at > ¢ + 2 will move

into G1. If x;x = g or x; = g+ 1 then B will balance across c to have g,q + 1 everywhere.

In By we can separate nodes into groups, because i will choose randomly amongst

nodes with the same value, we can treat the whole group as one node.
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Case 0. Assume there exists ¢ — 1 value in B. By assumption B is blocking, so
these values are > g+ 1. Then we have

ol s
% rJ"' " i \\11 -
Q—Q @ L —4&d
a gl e >q-1/

In this case i transfers to g — 1 deterministically. With a nonzero probability, we
get to

Bl B
* ,JI *‘/ﬂ'—\\ ‘\‘ L * i ‘1‘
Q—-Q ® maay © Q——Q Q—+—0Q
9 a el >q/  >q \q e 2
D

g on the left persists interacting with B, and will interact at a configuration as
follows:

45
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Case 1.

-]
Pay o
L]

; >q ' g+l e-1 g+l /
_BL_ /
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Then we have two subcases, Case 2.1 is
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B1
\ g+l c >q
Case 2.2 is
B (B
* q\ /_\ ‘/""_\ s I]\ “|
=0 & Q—0Q 0 Q-
q e-1 ‘:vq‘f >q+l q ¢ >q /
B s
Q
q+1\#/_\
=0 & Q-
q e-1 >q /

So having only one B blocking is not possible. We could have more than one B

blocking, let these be By and B;, this looks like
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B2

OO —O

If coins are not destroyed then g + 2 values always exist, and we can reduce the

above situation to
B1 B2
05O
g+l

In all, we have

B_l B_2
G .
| ;oatl
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>q \q e g+l / g+l g+l e qt? [ =qi2

B1 B_Z
"—*" s . i ) R .

g O . E O .
i q \ SN \“ ; Q‘H\ Pt \“
Lo Qo-—Q— o
' g+l el g+l gtl g2 e-1 g2/
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' g+l e q / gl g2 € gl /

Other cases are



B1 B_Z
f0—e—0F—0—+0—8—0-
' g+l ¢ q gtl g+l e g2/

or

'81_ _B_?._

—Q @ Q+—Q—0Q ® Q-
' g+l el g+l / g+l ' g+l ¢ q+2 /

in which with a non-zero probability we fall under Case 2.2.
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Chapter 3

Distributed Dynamic Lane Reversal
and Rerouting for Traflic Delay

Reduction

3.1 Abstract

Traffic congestion is a major source of delays in modern road networks. Motivated
by this, we propose two distributed algorithms to reduce delays: a dynamic lane reversal
algorithm and a rerouting algorithm. When there is a density imbalance on a road, time
can be saved by reallocating lanes from the less dense side to the more dense side, which
motivates dynamic lane reversal. When a road has greater density than nearby roads, time
can be saved by redirecting flow into the least congested roads, this motivates dynamic
rerouting. Given a communication system between infrastructure and vehicles on the
road, the local state of the network can be approximated and utilized by the algorithms
to minimize travel time. In order to provide a better fundamental understanding of

the system dynamics, we analyze equilibrium conditions for the system and prove

50



51

convergence of the lane reversal algorithm to a critical point. Overall performance is also

examined in simulation.

3.2 Introduction

Congestion is a major source of traffic delays in modern road networks, but the
problem can be mitigated by smarter traffic systems. Significant imbalances of traffic
density in a given road network can arise due to many events, such as when there is a
large flow of vehicles towards an industrial center in the morning, a large event ends and
there is a mass of flow out from large event, or there is an accident which creates heavy
congestion on one side of a road. Modern infrastructure endowed with new information
technology requires no additional space or construction and can substantially reduce
overall traffic delays. Motivated by this, here we investigate the implementation and
benefits of lane reversal and traffic rerouting distributed algorithms that can improve
traffic flow.

In particular, recent advances in design, performance, and cost of autonomous
vehicles (see [8]) has fueled a growing interest in Autonomous Intersection Management
(AIM), an efficient policy for coordinating autonomous vehicles using an intersection
manager (IM) to safely pass through an intersection [15]. With the help of the AIM policy
and vehicle-to-infrastructure communications, an approximation of the state of traffic can
be constructed. The IM can then implement more dynamic procedures to reverse one or
more lanes or communicate a new route to some vehicles if traffic delays will be reduced.
The future presence of autonomous vehicles is also important in implementing the actual
lane reversal and vehicle rerouting, as physically moving a barrier to reverse a lane is a
slow process that can take hours, [14], yet merely indicating a lane’s direction or a new

route for a vehicle is likely to cause driver confusion and increase risk of accident. With



52

advances in vehicle autonomy, lane reversal and rerouting are less restricted by physical
safety considerations and can be achieved through simple communication from the traffic
signal to the vehicle.

Many recent papers have furthered Autonomous Intersection Management. Batch
processing of reservations in AIM to enforce liveness is proposed in [2]. An auction-
based scheme under AIM is analyzed in [10]. Local information is shared and utilized
to minimize delay time under Greenshield’s traffic model in [48]. Some effort has
also recently been put towards solving vehicle routing problems in modern context. A
provably safe distributed solution for coordinating vehicles outside an intersection is
provided in [42]. Work has also been done analyzing traffic evolution over networks.
Classical traffic models are examined in a network setting in [47]. Passivity is used
to generalize the network flow control problem in [45]. A solution to the problem of
assigning freight loads to available carriers given unbalanced network conditions is found
in [1].

Much of the literature concerning lane reversal discusses evacuation procedures
in order to respond effectively to natural disasters, [11], [44]. These papers propose
the solution of lane reversal to accommodate emergency evacuation in a non-dynamic
way. Some works discuss procedures and results for location-specific cases where lane
reversal would be beneficial, [50], [49]. More recently, some have attempted to further
improve results through dynamic lane reversal. The solution presented in [23] requires a
centralized computer to find an allocation strategy, with a minimum timestep of one hour.
In [32], the authors formulate a model and present a centralized solution which does not
use network dynamics. In [22], dynamic lane reversal is implemented in limited form on

a single road and tested in simulation.
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3.2.1 Contributions

In this chapter we extend the cell transmission model to characterize the evolution
of vehicle density in a road network and the effect of both lane reversal and rerouting on
these dynamics. We establish objective functions with the goal of minimizing total vehicle
time spent on the road, and propose two algorithms. Using lane reversal, we propose
a distributed dynamic algorithm to efficiently calculate and implement an appropriate
lane allocation and prove convergence of the algorithm to a more efficient solution. An
important aspect of this work is to provide a fundamental understanding of the system
dynamics. To do so, we analyze the long term behavior of a road network with balanced
lanes, and establish its convergence to an equilibrium under certain regularity conditions
on its sources and sinks. We also propose a distributed rerouting algorithm to more
efficiently achieve this long-term equilibrium. We show through simulations performance

gains using lane reversal and rerouting on various initial conditions.

3.2.2 Outline

In Section 3.3, we define our objective and formulate two problems under different
constraints to be solved. In Section 3.4, we provide stability results of lane reversal, and
we present the lane reversal algorithm. In Section 3.5, we provide analysis of weight-
balanced traffic networks and we present the rerouting algorithm. In Section 3.6, we
simulate and discuss both algorithms to further verify their effectiveness. In Section 3.7,

we conclude our work and discuss future possible extensions.

3.3 Problem Statement

We consider traffic evolving over a road network. Each road consists of one

or two sides for each direction of traffic flow and which have a given number of lanes.
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In addition, each side is divided into cells of length L, which are used to describe the
evolution of traffic density, see Figure 3.1.

We define a directed graph G¢ = (C, Ec) of cells i € C, such that (j,h) € Ec if
traffic can flow from cell j to cell 4. A side is defined as the set of connected cells
bounded by a source, sink, or an intersection manager (IM). A source (resp. sink) is a
special cell in which traffic only flows out (resp. flows in), while an IM is an intelligent
traffic management system at an intersection of roads. The set of all roads is denoted by
R and the set of neighbors of road r is denoted by N,, where two roads are neighbors
if they share an intersection. We denote S as the set of all sides, p,—p € § are the two
sides of a road, and n = |C|. The intersection graph Gz = (Z, E7z) consists of the vertex
set Z containing all IMs and edges (z1,22) € Z if there is exactly one road connecting
intersections z; and z2 € Z. A cell which flows into a sink is contained in set B and a cell

which receives flow from a source is contained in set B.

_J ‘ ‘ l Cells | ‘ ‘ I_
77777 —p - I I T~ W—
””” P =0 —

Figure 3.1: Road divided into cells

3.3.1 Traffic Model

The following traffic model is based on the Lighthill-Whitham-Richards Partial
Differential Equation, [30] and [40], to describe the evolution of vehicle density p € R on

each side,
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9 +0x0(p) = 0. (3.1

This equation maintains conservation of mass, and the flow function Q(p) is given

by
V§p, P = Pe,
Qp) = (3.2)
VfPc
pja;{lp—pc (pjam —0)s P> Pes

where p < p. is the condition for free flow, p > p. 1s the condition for congested flow, v
is the free flow speed of the vehicles, pjan is the density at which a traffic jam occurs, and
pc 1s the critical density value where maximum flow occurs, see Figure 3.2. This model
is based on experimental data and is commonly used to model traffic flow, particularly

because it is a simple model that captures the wave behavior of traffic.

Traffic Flow Model

Flow rate (veh/hr¥lane)

0 Il P
Density (veh/km*lane)

Figure 3.2: Vehicle flow model

The Cell Transmission Model [12] is a discretization of (3.1) using time step At
and spatial step Ax, where is assumed that all cells have length L = Ax. For convenience,
k indexes the discrete time step, with ¢ = fo + kAt. For a cell i with exactly one in-neighbor

i — 1 and one out-neighbor i + 1, the density of the cell is updated according to
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pik+1) = pi(k) + (qi-1,i(k) — giiv1(k)),

At
L€y +up)
where i is contained on side p of road r, £, is the number of default lanes of
side p, p;(k) s the density (veh/lane-km) of vehicles on i at time k&, g, 1s the flow rate
(veh/hr) from cell a to cell b, and u,(k) € {1 -¢,,...,£_, — 1} is the number of additional
lanes on side p. The constraint u, +u_, = £, + {_, must hold to keep the total number
of lanes in a road constant, where u_, € {{_, —1,...,{, — 1} is the number of additional

lanes on side —p. We have

gi-1,i(k) = min{q;_1(k),q;(k)}, (3.3)

with the piecewise functions q;— (k) and q;(k) defined as

vl + up()pi-1 (k). pic1(k) < pe,
qi-1(k) =
Vf(fp + up(k))pw pi-1(k) > pe,
(Lp+up(k)pe, i(k) < pe.
aw=] Y S
s (L + () (jam = piK)), pilk) > .

Intuitively, the flow from i —1 to i is restricted when p;_1 (k) is small or p;(k) is large [7].
Cells can also be connected to sources or sinks of various strengths, these make
up the boundary to the system. A source or sink is just like another cell but with an

effective density given by

Pi = @pe, i 1S a source,

pi=(1=Bpc, iisasink,
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where «;(83;) is the strength of the source (sink), resp.

To model a network of roads at intersections, the flow out of a cell must equal the
sum of flows into other cells. We define a matrix K = {k;;} € R™" where k; ;j contains the
fraction of vehicles which move from cell i to cell j. For now, we assume K is constant. If
J 1s the only out-neighbor of i in G¢ then k;; = 1, but if j is one of multiple out-neighbors,

then k;; < 1. The flow out of any cell i, based on conservation of mass, is given by

@k =) kijqi i), (3.4)

JeNP

where Nl out i the set of out-neighbors of i in G¢. In this model, intersections
are assumed to be small compared to the length of each cell, so the time spent in the
intersection is negligible. The role of an efficient Autonomous Intersection Management
policy is important in this assumption.

We similarly define
gy = )" knigni(k), (3.5)

heNin
where N/ in is the set of in-neighbors of i in Gc.
The evolution of any cell in the network is given by

piltk+1) = pi(k)+ - (q"(k)—g"'(k)), i€C. (3.6)

(€ +up)

To enable lane reversal, the control input u € Z!® determines the number of lanes per road
which directly affects that road’s density, see Figures 3.3 and 3.4.
Based on conservation of mass, cell i on side p is updated after lane reversal as

follows:
Cp+up(k)

pik™) = pi(k) - W
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Figure 3.4: Vehicles after lane reversal

where u,, is the control before the update. For analysis purposes we assume that the
change in road density is instantaneous, based on an assumption that vehicles respond
quickly to a lane opening or closing. The clearing time 7., the time it takes for all vehicles
to vacate a lane being reversed, is also assumed to be zero. Lane clearing can realistically
be performed in 15 seconds or less under most traffic conditions in which a lane clearing

occurs, so this assumption is reasonable, [22].

3.3.2 Problem Formulation

To characterize performance of the system, we define the objective function as

the time spent of each vehicle in the system G¢ summed over every vehicle, or

N
W(u) = Z (£ -12).
w=1
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where £, is the time in which vehicle w leaves G through a sink, #¢, is the time in which
vehicle w enters G through a source, and N is the total number of vehicles that spent time
within the system. The total time spent is inversely proportional to the total flow rate, so

total time can be approximated as

N

Gavg ZpeS gp
kg

W(u) ~

Z N
i\ Siec(@™ k) + g5 (k) /2 )

~
~

where gayg is the average flow rate in G. The average of flow in and out of each
cell 1s required to account for coupled dynamics.

We define the first control input as the directional lane allocation of each road
ueZR where u » = 1 corresponds to reversing one lane from the default lanes in the
direction of —p to the direction of p in the road r € R. The goal is to minimize W () while
satisfying two physical constraints, one which maintains the total number of lanes of a
roadway (the sum of lanes in both directions is constant), and the other which requires a
positive integer number of lanes. This is stated as

Problem 1:

ky
maximize W(u) = Z [Z(qi-n(k) + q?m(k)))

I®i
uek j=0 \ieC

subjectto u, ef{-€,+1,...,0_,—1},
upel{-t_,+1,...,0,-1},

up+tu_p==C,+0_,,¥p,—pes.

A point u* is a critical point for Problem 1 if u* satisfies the above constraints and
if W(u*) > W(u) for all u s.t. ¥ p € S, u satisfies the above constraints and ”Z =us,Y{#p.

If vehicles can be redirected through intersections, then K = {k;;} € R™" is the
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control variable, where k;; is the proportion of vehicles flowing from cell i to cell j. Each
non-zero value is lower bounded by a value kp;, in order to maintain connectedness of
the graph. Assuming a uniform critical density value in the network and given boundary
conditions, maximum flow is obtained by distributing as much flow as possible into
uncongested lanes. This can be formulated as

Problem 2:

minimize W(K) = max{0,p;(t+1)—
inimize  W(K) ZC] X{0.pi(t +1) - pe}

subjectto (K1,);=1,Yi¢ B,
(K1,);=0,Yi€B,
K € sparse(Gc),

kij € [kmin, 1],V(l,]) € E

3.3.3 Approximation of the State

Here, we will use the assumptions employed in [22] for an intersection manager
(IM) to approximate the state of the traffic on the roads at the intersection. Vehicles
have unique identifiers and transmit a message within D ~ 300 meters to the IM for a
reservation request to cross intersections more efficiently. The IM at intersection z € Z
maintains a counter variable z,, for road side p, adding one to z, when it receives a
notification message from a vehicle on road side p and subtracting one from z,, whenever
a vehicle from road side p with a confirmed reservation is expected to leave the road and

enter the intersection. The state of road side p at time ¢ is calculated as

zZp(k)
(£, +up)min{L, D}’

pplk) = (3.7)
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If L > D then assume that the state of the entire road is equal to the state in the nearest
section. Note, with more sensing than just at intersections, the state of the roads can be
more accurately approximated, so smaller cells can be used. This approximation is used

in both algorithms to determine whether or not travel efficiency can be improved.

3.4 Lane Reversal Policy

In this section we provide a distributed Lane Reversal Algorithm together with

its stability properties. The performance of the algorithm is also analyzed in Section 3.6.

3.4.1 Lane Reversal Algorithm

Problem 1 is a non-convex, non-smooth optimizal control problem with integer
constraints. We assume that there is an intersection manager z; and z; at both ends of
each road, and that z; is assigned its control. This IM requires estimates of the road states
from its neighboring IMs and from the neighbors of z; to construct the complete local
state. These estimates are calculated by counting vehicles in and out of each road as
explained in Section 3.3.3 and in Equation (3.7).

We define C, ={a € C|aisacell of p} for p € §, and similarly C, =C,UC_,,
where p, —p are the sides of road r € R. Suppose that T(¢') € {1,... T} represents a clock
ticking from 1 to 7 at each IM synchronously, where At << At is a smaller discrete time
step. Each IM updates its assigned roads on specific ticks, which are given by a schedule
A(r) efl,... ,T}, computed during an initialization phase. As an example, in the road
network in Figure 3.5 each road with the same number A can update simultaneously.
By means of the flag function “to_update,” computations are reduced to cases when

changes in the neighboring conditions can lead to non-trivial updates. When the turn of

an IM to update takes place (line 5), then, in order to find the best control policy for some
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road r with sides p,—p € S while keeping other roads fixed, W,(u + w,A,) is maximized

over w, € Q, in the LANE REVERSAL ALGorITHM. Here,

k+n
We=>" > (@) +a" k),
k aGC,UNr

where 7 is the width of the optimization window, note that for large 7, accurate prediction
of the local state could require more states than just immediate neighbors. In addition,
Q, ={-Cp+1,...,0_,—1}"is any sequence of controls and A, € Z" has zeros everywhere
except 1 for each component i € C}, and —1 for each component j € C_,. Since in real
road networks most roads have 4 or less lanes, an exhaustive search is computationally
inexpensive in this domain. If a trivial update takes place, then a new update for
neighboring roads is not necessary. This is encoded by setting the to_update function
equal to zero, otherwise this function is set equal to one. State estimates are updated and
information on updated controls, states and the to_update function is communicated to

neighbors. The algorithm runs until time k.

B e TR 2 N 2

1 3 1 3
| 4 4 4 |:
T 3 1 3
N 2 2 2 [
T 3 1 3

e 11

Figure 3.5: Schedule of road network
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Algorithm S: Lane Reversal Algorithm of IM z

1 Initialize time ¢’ = 0, schedule A(r), Vr € R;

2 Initialize to_update(r)=1,VreR;
3 for all r € R with sides p,—p controlled by z and t' do
4

Update u,, u_,, to_update(r’), and p; if messages were received from
neighbors;

5 if to_update =1 and A(r)=T(t') then

6 wy. < argmin, .o W, (u+w,Ay);

7 ut —u,,YveR\{p,-p}

8 Uy« Up+ W

9 ut p & Up— Wy
10 if u;, = u), then
11 | to_update(r) < 0;
12 else
13 to_update(l) « 1, YA e N,;
14 to_update(r) « 0;
15 end
16 Initiate lane swap, set p;" = p; - fr’:;‘ri, YieCp,and

+
pi=pj- ?,:’Z,j_ VjeCp;
17 Transmit u,, u” ,, to update()V 1€ N;, p; Vi€ Cp, and
p; Vie C_, values to neighbors of r;

18 end
19 V <1t +AY;
20 end

3.4.2 Stability Analysis of Lane Reversal

We first establish an upper bound on the objective function:

Lemma 4.1. Under the constraints given in Problem 1, the objective function satisfies

W(u) <2vep.tn,

at each time step, assuming that €, = €, ¥ p € S. This upper bound is achieved when roads
are lane-balanced (for any path on the network, the number of lanes remains constant)

and p; = p¢, Vi € C. Intuitively, this is the state when flow through each lane is maximized
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over the whole network, and there is no congestion formed through lane merging. O

The proof for this lemma is omitted, as it is simply calculated by maximizing

each cell’s flow.

Lemma 4.2. The LANE REVERSAL ALGORITHM converges in finite time to a critical point

u* of Problem I under the listed constraints. i

Proof. The update u" is implemented in the LANE REVERSAL ALGORITHM by evaluating
W,(u) and choosing w, which maximizes this value. Note that the algorithm constrains
wy s.t. uy, € {1 =¢p,...,0_, —1}. Since a local maximizer of W,(u) also maximizes W (u)
and the algorithm maintains a schedule which is compatible with the separability of W
(no two road neighbors update simultaneously), it is guaranteed that W(u*) > W(u). In
this way, W is a monotonically non-decreasing function through the algorithm. Using a
discrete-time Lyapunov stability argument with W, asymptotic convergence to a point u*
satisfying the constraints of Problem 1 for which W can not be improved by modifying u*
entry-wise can be guaranteed. Due to the finite discrete state space, convergence occurs

in finite time.

3.5 Vehicle Rerouting Policy

In this section, we provide a stability analysis for the road density evolution under
the dynamics (3.3) to (3.6), under the assumption of balanced sources and sinks. This
motivates the distributed rerouting algorithm, which is simulated in Section 3.6. For this
section only, we assume that there is no lane reversal occuring, and that the number of

lanes on each road are equal, so £, +u, =€y +uy =€, ¥p,p’ €S5.
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3.5.1 Stability Analysis of Weight-Balanced Traffic Networks

Because one solution to Problem 2 is achieved when as many vehicles are in
free flow as possible, we are interested in finding conditions that guarantee that system
achieves this state naturally. Such fundamental analysis helps gain intuition and a better
understanding of how the system behaves. We find one such sufficient condition here.

We define a = [ay,...,a,]", where a; € [0, 1] is the strength of the source con-
nected to cell i (a; = 0 if no source is connected to cell i). Similarly, 8 = [B1,...,8.]"
where 8; € [0, 1] is the strength of the sink connected to cell i (8; = 0 if no sink is connected

to cell 7). We use two assumptions:

Assumption 5.1 (Critical Density Value). The critical density value is p. € (0,2 J;m).

Assumption 5.2 (Weight Balanced). The graph Gc is weight balanced including bound-

ary conditions, or equivalently, K'1,+a =1, and K1, +f = 1,,.

Assumption 5.3 (Existence of Sources and Sinks). There exists a source and sink with

nonzero strength somewhere in Gc.

Note that while these are strong assumptions, the following analysis helps clarify
the overall behavior of the system dynamics. Each assumption is required in the proof of
Theorem 5.4. Assumption 5.1 bounds the critical density value to be between reasonable
values. Assumption 5.2 requires that sinks and sources have specific coefficients to enable
free flow if possible. Assumption 5.3 allows for flow into and out of the system. Under

these conditions, the following result holds.

Theorem 5.4 (Stability to critical density values). Given Assumptions 5.1, 5.2, 5.3, the
dynamics of Equations (3.3) through (3.6) and a connected graph Gc, any initial state
with p;(0) € [0,pjam], Yi € C, converges practically to p.. In other words, limy_,« p(k) €

[(0c =€)y, (pc + €)1 p], where € < %‘ -
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Intuitively, this result holds due to the natural dynamics as well as the existence

of ideal boundary conditions.

Proof. First, we check that p* = p.1, is indeed an equilibrium. Combining Equa-

tions (3.3) to (3.6) gives

pitk+1) :Pi(k)"‘ﬁ_; Z kaimin{qq(k), qi(k)} - Z kip min{q;(k), qp(k)} |-
aeN™ beNOU
The first minimum term simplifies to v¢{p. if a is not a source, and a,v¢lp. if a is
a source. Similarly, the second minimum term simplifies to v¢{p. if b is not a sink,
and Bpvrlp if b is a sink. Setting p;(t + 1) = p;(?) to define an equilibrium results in
K™1,+a = K1, +B. This holds given Assumption 5.2, so p = p.1, is an equilibrium.

To prove convergence to this equilibrium, we define a Lyapunov fuction
V(i — Pe)s Pi < Pes

V(p) = mi
(p)rirélcn

VfPc i )
Piam—pe ©c—pi)s  Pi > Pe-

This function is inversely proportional to the minimum flow rate in the system, is
minimized at p = p,, and is non-increasing along the dynamics assuming a small Az, we
will see this by bounding the flow in and flow out of each cell. For some state p, define
d=V(p)/vs and d = V(0)(0jam — pc)/ (vVpc). Assume for now that p, < p; < p, +d for

some cell i. Then based on Equations (3.3) to (3.6),

P

v llpe - d) <q"(K) € —L2— L(pjam — piK),

Pjam ~ Pc
vrb(d—pe) g (k) < vflpe.
This holds regardless of the number of in-neighbors, out-neighbors, sources, and

sinks that are connected to i because of Assumption 5.2. Using these inequalities, we can
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bound the density update as follows:

At . -
pi<k+1)3pi<k>+va ( p (pjam—pxk))—(pc—d)).

Pjam —

Under Assumption 5.1, pjag - o < 1 which means p;(k+ 1) < p. +d if

At < (3.8)

L
Vf

Similar arguments show p;(z + 1) > p. —d when Equation (3.8) holds, so V(p)
is non-increasing. If initially p. —d < pi(f) < p., analogous arguments using differing
bounds on qi“ and q?ut lead to the same conclusion of Equation (3.8).

To prove a guaranteed decrease in V(p(k)), we must look the cardinality of
E(k) = {i € C | pi(k) = maxjec pi(k)} and ®(k) = {i € C | pi(k) = minjec pi(k)}, and prove
that each cardinality will decrease.

Suppose there exists some i € Z(f) NE(k+ 1) s.t. pi(k+1) = pi(k) = p. +d with
one out-neighbor j. This only occurs when qi.“(k) = ¢?"'(k), and applying Equations (3.3)
to (3.6), this requires p;(k) = p. +d where j is the out-neighbor of i. If j satisfies
pjlk+1)=pjk) = p;+d then we reapply this argument until we can find the front of
group (defined when an out neighbor is not p. +d, or is a sink). For this cell z, we know
qih“(k) > qzu‘(k), so pp(k+ 1) < pp(k) and = loses a member at time ¢+ 1. It is possible
for a node i s.t. p;(k) < p. +d to satisfy pij(k+1) = p. +d, but this can only occur if
each out-neighbor of i is at p,. + d, this can be seen from Equation (3.4). So for each
cluster of nodes in Z(k), one (or more, at an intersection) node can join Z(k + 1), but each
node that joins requires all of its out-neighbors to be at p. +d. On a single road side,
one cell can join Z(k + 1) and one cell must leave Z(k + 1), at a normal intersection four
cells can join E(k + 1) and four cells must leave Z(k + 1), this can be also derived from

Equations (3.3) to (3.6). This is a traffic congestion wave. Under Assumption 5.3, the
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wave will eventually propagate to a source, and once the wave is adjacent to a source,
the it must be |E(k + 1)| < |=(k)| because any cell leading into the wave will not achieve
Pc+d. Analogous arguments hold for @. Once both Z(k + 1) and ®(k + 1) are empty, then
V(p(k+ 1)) < V(p(k)). This holds for sufficiently large V(o(k)), so in summary V(p(k))

approaches a neighborhood around v sp. asymptotically. O

We can make a similar Lyapunov argument proving that

: min _max .
tll)rlg.})pl(t) E [psrc ’psnk ]? VZ e C,
where pe" = pe minjec(@; + 2 jec kji) and pJl* = pjam — pe Minjec(Bi + 2. jec kij)- Bound-
ing the flow rate in and out excludes any state from being at equilibrium outside these

bounds, given the previous assumptions.

Remark 5.5. Given additive zero-mean i.i.d. noise on the dynamics equation (3.6), it
is easy to see that V(E[p(k+ 1)]) < V(o(k)). The effect of this noise on convergence to

equilibrium is tested in simulation, see Figure 3.8. m|

Remark 5.6. The previous analysis helps motivate the rerouting algorithm. Maintaining
the sufficient condition Assumption 5.2 is crucial for equilibrium behavior of the network,
and it is expected that, when boundary conditions oscillate about this condition, conver-
gence to a close-to-equilibrium condition will occur. However, within these constraints
we would like to hasten convergence to further reduce delays, the benefits of which are

heightened under time-varying boundary conditions.

3.5.2 Rerouting Algorithm

In some situations, it is feasible to direct vehicles where to go, in order to maintain

a balanced network over time. One example is a near future road setting where driverless
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vehicles can be dynamically reassigned to pick up waiting passengers. Freight-type of
vehicles or autonomous cars in mobility-on-demand systems could also be influenced
in real traffic based on AIM-vehicle communication mechanisms. Control over vehicle
direction means that K can be altered under some constraints to improve the total flow
over the time interval. Because maximum flow is achieved when p; = p., Vi € C, flow
through intersections can be redirected from more dense roads to less dense roads,
keeping the system close to p.. This problem is formulated in Problem 2.

A greedy approach suits this problem because it increases immediate flow through
the intersection and speeds up the balancing of neighboring roads while maintaining
the equilibrium of the natural dynamics. A potential strategy is to redirect flow from
all in-neighbors of an intersection to the least dense out-neighbor. If the least dense
out-neighbor is more dense than p., then redirect towards a sink if possible. However,
this approach creates congestion when sinks are not ideal by attempting to direct flow
out of the system but the sink restricting the flow out, so we require an alternative policy.
Instead, each out-neighbor is sorted according to how much flow they will allow in, and
they are paired with in-neighbors which provide the most flow, see REROUTING ALGORITHM.

This algorithm is decentralized, the only information required is from immediate
neighbors of an IM. Intuitively, the algorithm is improving flow by directing flow from
the most dense in-neighbors of the intersection to the least dense out-neighbors so that
the flow from/to the most/least congested road is relatively unrestricted. This pushes both
states more quickly towards p., and because they are the furthest away from p., this helps
decrease V(p(k)) more rapidly. Under varying boundary conditions, this improvement is

enhanced.
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Algorithm 6: Rerouting Algorithm

1 for each intersection z € Z at each time k do
2 D* « vector of cells flowing into z, sorted by decreasing density;
3 D™ « vector of cells receiving flow from z, sorted by increasing density;
4 for ye{l,...,|D*|} do
5 X D;;
6 y D;, ;
7 for £ €{l,...,n}do
8 if k, s > 0and { # y then
9 ‘ kx,( — Kmin;
10 end
11 if k;, > 0 and { # x then
12 ‘ k{,y  Kmin;
13 end
14 end
15 kxy < 1=(D"|= Dkmin;
16 end
17 end

3.6 Simulation Results

In simulation, both lane reversal and rerouting vehicles reduce overall traffic
delay under imbalanced conditions as we discuss next. We use Af = 1 second, L = 500

meters, ¢ = 4 lanes per road, and vy = 60 km/hr, which also satisfy Equation (3.8). Note,

veh
km-lane

Pjam ~ 226 was calculated by assuming an average vehicle length of 4.11 meters

and an average gap between stationary vehicles of 0.31 meters. We chose p. = pjam/3.

3.6.1 Lane Reversal Algorithm

Generally, lane reversal creates a significant short-term improvement of traffic
flow. Lane reversal can hinder overall traffic flow in the long-term when reversing a lane
requires lane merging somewhere else in the system or when the road side with less
lanes receives heavy traffic flow afterwards. This first issue can be addressed through

coupling roads together so that their control variables are equal and no lane merging is
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required between them, in simulation we choose the more conservative control value
from both intersections and apply that to both roads. The second issue can be at least
partially addressed through predicting traffic patterns using past data or communications
with a larger portion of the road network, though we do not address this in this chapter.

We simulated a two road network with an intersection between them, sources and
sinks at the boundary, and an initial state which had light congestion randomly sampled
from [0, pjam/2] on one side of both roads and heavy congestion randomly sampled
from [pjam/2,pjam] On the other. Instead of optimizing over a time horizon, a greedy
algorithm was enough to see significant improvements. The boundary conditions a and 8
on one end of the network were randomly sampled from [0,1] and @ =1and =1 on
the other side, creating an imbalanced flow. U-turns do not occur, and flow from each
road to any neighbor is equally likely. One example of the benefit of lane reversal on
the objective function is shown in Figure 3.6, it is evident that the flow rate increases
immediately after lane reversal. In this figure, the solid line represents lane reversal and
the dashed represents no lane reversal, note the immediate improvement. In this example,
one lane was reallocated from westbound to eastbound at ¢ = O then the state remained
constant.The throughput improvement of 100 experiments is shown in Figure 3.7, we
can see a large variance in the data but there is always significant improvement. Note,
maintaining a constant number of lanes along all paths becomes impossible with a larger
system, creating merges which can negatively affect the overall equilibrium.

We also added zero-mean Gaussian noise to Equation (3.6) to check the robustness
of Theorem 5.4 (Stability to critical density values), the effect of noise on the two road
network is seen in Figure 3.8. Deviation from equilibrium was averaged over each cell
and over 120 time steps, with the initial state at equilibrium. With zero noise there is no
deviation from equilibrium, and as the noise level increases, the average deviation from

equilibrium increase quite linearly from small noise values.
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3.6.2 Rerouting Algorithm

72

The rerouting policy improves flow rate in both short term and long term while

maintaining the original equilibrium, though in a less dramatic fashion than lane rever-

sal. We have simulated a two block by two block road network with random initial

densities under random constant boundary conditions with kp;, = 0.05. We implemented

the rerouting policy on the central intersection, see Figure 3.9, black represents very

dense and white represents no vehicles. This shows an initially unbalanced state which

converged to a more efficient state with help from the rerouting policy in the middle
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Effect of Noise on Equilibrium
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Figure 3.8: Effect of noise on equilibrium

intersection, see 3.10. The dashed line represents rerouting and the solid line represents

no rerouting, note the consistent improvement.

t = 0 seconds t = 20 seconds

Figure 3.9: Road network density

In Figure 3.7, we can see relative improvements on the total flow rate given by
this policy, ranging from negligible to moderate. We note that the objective function
describes the performance of the each cell in the system, and in this network there are
240 cells, only 8 of which are connected to the intersection performing the policy, so
only moderate improvement is expected. Under specific initial conditions, the most

improvement was seen at 36%, on average improvement is between 0 and 8%. In every
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Figure 3.10: Flow rate using lane reversal on two roads

case, this algorithm improved overall flow rate.

3.7 Conclusion and Future Work

In conclusion, we extended the cell transmission model and established objective
functions with the goal of minimizing total time spent on the road. We proposed a
distributed algorithm to efficiently calculate and implement an appropriate lane direction
reallocation. We also proposed a distributed algorithm to dynamically reroute vehicles
to improve the long term behavior of the system. We proved convergence of the lane
reversal algorithm to a critical point and bound the equilibria of the traffic rerouting
algorithm under certain conditions. We showed through simulations performance gains
using lane reversal on a network under particular conditions and using rerouting under
different conditions.

There are many avenues for future work on this problem. Another approach
based on the idea of synchronizing a system of intersections to some ‘“mean intersection”

behavior in order to achieve adequate coupling [37] could be attempted. One avenue is

improving the traffic model and comparing its predictions with real traffic traffic data
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to ensure accuracy, in particular the vehicle time spent in an intersection is currently
assumed constant. A microscopic model will better capture the dynamics of real vehicles
on a road network, for example by implementing simulations which include spawning and
tracking individual vehicles. Measurement and model uncertainty could be characterized
for more accurate estimation. Reinforcement learning can address some of the issues
with using a greedy lane reversal algorithm to further reduce total time delays.

Chapter 3, in part, has been published in proceedings of Mathematical Theory
of Networks and Systems, Minneapolis, MN, USA, July 2016, by E. Gravelle and
S. Martinez, and is submitted for publication to International Journal of Control, 2017,
by E. Gravelle and S. Martinez. The dissertation author was the primary investigator and

author of this paper.



Chapter 4

Using time-inconsistent wait-time
functions for cycle-free coordinated

traffic intersections

4.1 Abstract

Sensing and computing capabilities of modern traffic intersections have greatly
improved in recent years, but current control policies do not fully utilize these capabilities.
In this chapter, we present a novel intersection control algorithm based on an objective
function that accounts for drivers’ time preferences. In particular, the intersection
places greater importance on a vehicle which has been waiting at an intersection over
one that just arrived. Coordination between intersections is achieved through added
a term to the objective function using the green wave idea. Under this policy and a
macroscopic dynamical model, we provide a sufficient condition for the controller to
maintain uniformly bounded weighted queues at an intersection given sufficiently small

spawn rates. We test our algorithm and results extensively in a realistic microscopic

76
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simulation, through measuring queue stability and various performance metrics.

4.2 Introduction

Modern advancement of technology combined with the rapid decrease in cost of
processors has exponentially increased the capabilities of common infrastructure systems
over recent decades. One such system is the traffic intersection manager, which controls
the phases of a traffic light, allowing vehicles in certain lanes to pass safely through
the intersection. The estimation of traffic around intersections together with the use of
adaptive control algorithms can lead to significant improvements on traffic conditions
and quality of service. Most modern intersections use loop detectors in the road to
approximate the position, velocity, and/or density of vehicles and make control decisions.
However, loop detectors are expensive to install and maintain, a significant fraction of
loop detectors are not functioning on a given day [39], [38], and they only provide data
at discrete points on the road. Improved camera quality as well as tracking algorithms
has opened the door for traffic intersections to stop relying on loop detectors and start
using cameras, offering a more robust and rich source of information. Motivated by this
scenario, we design a novel intersection control policy utilizing the position and velocity
information of each vehicle to enable a more intelligent policy.

One common algorithm for intersection control is SCOOT, or Split Cycle Offset
Optimization Technique [24]. This controller adjusts the split, cycle, and offset param-
eters of the cyclical sequence of phases to accomodate instantaneous traffic demands
as read by loop detectors. However, there are a few problems with this formulation
which many alternatives also fail to address [31], [27]. One issue is that the parameters
which SCOOT optimizes perturb the cycle in a limited fashion, so SCOOT is quite

constrained and efficiency is lost. Another limitation is given by the assumption that
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each vehicle is just as important as the next, which is implicit in the objective. We claim
that a better objective accounts for the time that a vehicle has been waiting so that the
relative importance of one vehicle which has been waiting is more than one vehicle which
has just arrived. Intuitively this idea makes sense as a mechanism to ensure that every
vehicle eventually crosses the intersection, studies have also shown that humans value
time inconsistently [28] and that uncertainty in travel time is costly [34], both of these
issues are mitigated by this new objective.

Some more recent works have extended these classical algorithms. Backpressure
routing techniques are applied to traffic systems using fixed time slots without considering
phase transition times in [46]. Linear-quadratic regulator theory is applied in [13] with an
emphasis on heavily congested conditions, which does not consider the effect of offset of
consecutive junctions. A multi-objective linear programming approach which considers
light switchover dates in a time horizon is described in [16]. A genetic algorithm is
applied to maximize traffic flow using a graphics processing unit in [41]. Work has also
been done on bandwidth maximization using variable speed limits [35] and partitioning
techniques [43]. However, none of these works fully utilize modern sensing technology
in a flexible optimization setting, which can be used to e.g. prioritize those who have

been waiting longer times.

4.2.1 Contributions

In this chapter, we devise a traffic intersection policy to minimize an objective
function that accounts for time-inconsistent waiting-time functions. These waiting
functions have similar properties to hyperbolic discount functions, providing a simple
model for human rewards, and seem to be effective to control traffic at intersections.
In particular, the objective considers incoming vehicles from neighboring intersections,

and places additional weight on a vehicle which has been waiting some time, this is
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representative of human preferences. We consider a class of policies that can be effective
for controlling traffic at intersections and keep traffic bounded at intersections. We
provide a sufficient condition on the intersection switching rule using a macroscopic
flow model that ensures uniform bounded weighted queue lengths under a small enough
vehicle spawn rate. We also add a term to the objective function to enable cooperation
between intersections with the goal of increasing overall efficiency. In simulation, we
model vehicle agents after real drivers: a driver attempts to drive its route at the speed
limit while following traffic laws and maintaining adequate distance between it and other
vehicles. We simulate our intersection controller policy with the more complex vehicle
agents on a system with two intersections and show the benefits of the new control
algorithm. In particular, we verify the bounded weighted queue result for the complex
model, and we show how the policy effectively minimizes the total squared waiting time
or human impatience at the intersection. Simulation results verify how the acyclic policy
is more effective in showing bounded weighted queues than a cyclic policy counterpart,

and show the effect of the coordination term on various performance indices.

4.2.2 Outline

This chapter is organized as follows. Section 4.3 contains the problem formulation
with motivation and the vehicle behavior model. Section 4.4 contains the queue stability
theorem and proof under a simplified macroscopic model. Section 4.5 contains simulation
details and numerical and plotted results. Finally, Section 4.6 contains a summary of our

work and a discussion of future work.
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4.3 Problem Formulation

In this section, we formulate the intersection control problem by defining the
objective function and control variables. The goal of the intersection policy is to minimize
an objective function which characterizes travel time of all vehicles while ensuring that

vehicles rarely have wait for a long time at a given intersection.

4.3.1 Single intersection problem

An intersection / is a junction of road segments of given length L; > 0. These
roads can have any number of lanes and/or feasible allocation of turn lanes. We denote by
N the total number of vehicles that flow into the intersection system over a time horizon,
[0, H], which is discretized as h = kAh < H, for k € Ny where Ny is the set of natural
numbers including zero and Ah > 0 as a small discretization step.

Leti € {l,...,N} denote a vehicle passing through the intersection over this time

horizon. As a first approximation to the intersection problem, consider the cost function:

N
minimize Z (At +w(i)).

ueUHL 3
i=1

The variable At; (with At; = k;Ah, for some k;) is the time that vehicle i would spend at
the junction if it were to move through the system without stopping, #; (with 7; ~ k;Ah, for
some 1A<,-) is extra time spent by vehicle i due to the delay at /7, and w : [0, +00) — [0, +00) is
a class K. weighting function which penalizes long delays. A function f : [0, c0) — [0, 00)
is said to belong to class K if it is strictly increasing, f(0) = 0, and lim,_,o, f(r) = co.
The set U is the set of phases by which a conflict-free set of lanes is selected at a
given time. For example, one possible phase would allow all vehicles travelling straight
through the intersection north or south to pass through the intersection safely, while

all other vehicles would be prohibited. The sequence U™*" is a sequence of phases
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for HAh time steps. For ease of notation and without loss of generality, we consider
U ={N;S|,N|Ns,NS1,81S s, WIE;, WW,, W,E}, E|E}, where the base variable represents
whether the road originates from north, south, east, or west, and the subscript denotes left-
turn lanes (/) or straight/right lanes (s). The extra time #; is incremented when v; < yv 1>
where v; is the velocity of vehicle i, y € [0, 1] is the wait threshold which defines when a
vehicle is waiting, and vy is the speed limit.

We assume that the intersection can track vehicles within some distance L which
are in lanes moving towards it, so it knows time-of-sighting (measured in its time clock
fsys), position, and velocity of each vehicle. Estimating 7; for all vehicles is difficult
because the dynamics of each vehicle must be calculated forward in time until they leave
the system, and this is both error-prone due to many influences on the dynamics and
computationally expensive. Thus, we simplify the original problem above by proposing
a simpler objective that does not require explicit travel time estimates. More precisely,
we consider only the current time step, and focus on the current cost of delays of each
lane that are weighted to determine which directions to allow through. In other words,

we consider:

minimize Z we(t) = Z Z w(f), 4.1

leu leu iel
where wy is the sum of weights of vehicles in lane £ which are allowed through in phase
u. This problem is solved at every time instant 4 > 0, and a switch from a ug to a u; is
implemented provided the following additional constraints hold.
First, a substantial difference in lane weights is required to be able to switch to a
new phase due to delays associated with changing phases including yellow lights and

vehicle acceleration time. So a change is triggered from ug to u if

PRGEE DR (4.2)

leu Ceu
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holds, for some 7 > 1, where 7 is a tuning parameter called the switch threshold. In other
words, this is a constraint to our Problem (4.1).
In addition, we require a lower bound on the time spent at a specific state ug to

consider the time it takes for vehicles to accelerate from rest. We define this bound based

I

on getting a certain number of vehicles through the intersection from rest. We define n,,

as the minimum number of desired vehicles to let through at each lane ¢ at intersection /.
Then, n}, = maxe, nj is the minimum number of desired vehicles to allow through during
control u, based on which lanes will be allowed through by . With knowledge of the
queue lengths at each lane Q}, define Qf = maxe, Q) and the minimum time in a phase

is given by
2L
I il

g, = (min{Q,,n,} — 1)tgap + 7’4, 4.3)
where 1g,p 1s the time between vehicles moving safely at maximum velocity, L! is the
maximum length of the path through the intersection during phase u, and a is the average
acceleration of vehicles. Let ki be a discretized time instant, for some k € N. Suppose
that koh was the last time a phase change was implemented. Then, the optimization

problem (4.1) need not be re-solved unless (k —ko)Ah > g{,o.

4.3.2 Multiple intersection problem

Given a system of multiple intersections, a naive extension would partition the
roads between the intersections and assign each part to the nearest intersection, serving
to decouple the intersections and localize their control. To avoid a complete decoupling,
which could have detrimental effects on joint performance, we extend the one-intersection
problem formulation by adding a term to enable cooperation using the idea of green
wave [35]. A green wave results from the offset synchronization of green traffic lights

along a road, which allows vehicles within a certain bandwidth to pass through multiple
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intersections without stopping, we call this group of vehicles a platoon. This requires
some communication between the intersections, however at most only a few floating
point numbers are required to be transmitted every second. Current methods which
attempt to maximize this bandwidth usually require a fixed cycle length. To incorporate
this idea in a more flexible non-cyclic framework, we introduce a coupling term. The
problem now is extended to

minimize Z (we(@) + Be),
uel

leu

subjectto ueP,

where By is a term that exploits the knowledge of future vehicles either from intersections
or just from additional sensors to plan ahead, and % is the set of phases which satisfies the
constraints in Equations (4.2) and (4.3). We assume that intersections are synchronized,
and that an intersection / will have some information about when vehicles will be arriving
in the future from another intersection. We assume it knows {£,,, E,, T}, where p denotes
a platoon and ¢, E,, T, are the lane, the number of vehicles coming, and the expected
time of arrival, respectively. A transition time between each phase is required, which is
simply the time a light must stay in yellow before transitioning, we denote this as ¥ [1,.
We define §{, as the amount of time required for all vehicles in platoon p to cross the
intersection /, and we let z}, = fys + Y, +S — T}, represent a centered time, where S is the
average vehicle’s time to stop from full speed and #yys is the system time shared by all
intersections. In this way, zﬁ, = 0 means that the platoon arrives and sees a green light
simultaneously.

With knowledge of this data, a benefit is achieved if the light is green when

the first vehicle arrives, and stays green for the whole platoon to make it through the
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intersection. With this, define

o gl gl -7
B¢ = aE¢ymax< 0,min _117 +1,min< 1, —? , —Ip , 4.4)
&p &) &

where £ = €, a is a control parameter determining how heavily to consider the platoons,

see Figure 4.1. This term is maximized when the platoon overlaps completely with

1

a green light and is zero when there is no overlap. Inside the minimum, ;—‘,’ +1 is the
P

fraction of the platoon which benefits from a switch to green when the platoon arrives

early, min{1, 2#} characterizes the maximum fraction of the platoon which can cross

8u
&
I
during the green, and g”glzp is the fraction of the platoon which benefits from a switch to
p

green when the platoon arrives late. Intuitively, B, is minimized and therefore provides
the most benefit when the green phase coincides with the arrival of vehicles, and is
maximized and provides no benefit when the green phase has no overlap with vehicle
arrival.

Coordination term

-20 -10 0 10 20 30
z (seconds)

Figure 4.1: Plot of coordination term
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4.3.3 Vehicle Behavior Model

In our subsequent simulations, we modeled vehicle agents’ behavior after real

drivers, according to the following rules:

(i) A vehicle has a fixed path through the system, from origin at a boundary to

destination at a boundary.
(i) Lane changes are not allowed.
(iii) A vehicle accelerates uniformly up to the speed limit unless:

e there is risk of collision with another vehicle, with an added safety buffer,

e there is a red or yellow light and the vehicle can safely stop in front of an

intersection,

in which the vehicle decelerates uniformly.

4.3.4 Wait-Time Function

The weight functions model the wait-time of drivers at the intersection. The
functions we consider here are related to hyperbolic, time-inconsistent discount functions
in reward maximization problems [28]. Unlike exponential discouting, these functions
reflect the human preference to choose smaller-but-sooner rewards over larger-but-later

rewards as the delay occurs sooner rather than later in time. Hyperbolic discount functions

1

pwd where a and ¢ are some

in reward maximization problems take the form f(7) =
fixed coefficients, and 7 is the delay. In our cost-minimization setting, this translates into
wait functions of the form w(f) = a + ¢t. With a similar property to these, we consider

functions of the form

w(t) = ¢ + at + 3, (4.5)
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and, for simplicity in the computations and simulations that follow, w() = ¢t for some
constant ¢ > 0. These functions preserve the hyperbolic discounting property, while
performing better than purely hyperbolic functions in maintaining bounded weighted
queues in traffic simulations. Additionally, the functions ensure that no vehicle is stuck
indefinitely, and should help reduce the average travel time variance compared to a linear

model.

4.4 Queue Stability

In this section, we prove weighted queue length stability under a simplified model.
Weighted queue length for road r is defined as w,. System stability is achieved when
all lane queue lengths remain bounded below some value such that each queue does not
spillover into other intersections.

The following assumptions were made to construct the new model:

Assumption 4.1 (Traffic model). Traffic flow follows a continuous-time macroscopic
model where change in vehicle density on some part of the road is proportional to the net
flow rate in, or p(t+ At) = p(t) + At(qg™ — g°*). Density near an intersection is proportional
to the queue length. There is a constant flow rate qin,, = g™ into each non-outbound road
re{l,...,4} from the boundary. Given a queue of vehicles with the freedom to move, the

flow rate at the front of the queue is g°"' > g™

Assumption 4.2 (Two-phase intersections). There are two intersection phases, each
allowing bi-directional flow on the two roads, one running north-south and the other
east-west. Each phase has minimum duration of gns,gew, respectively. Flow begins

immediately when a new phase begins.

Assumption 4.3 (Linear wait time). The average time that a vehicle has been waiting at
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an intersection is proportional to the number of vehicles in the queue, n,. This means

w, (1) o n% for road r.

We formed a simpler dynamical model and applied Algorithm 7 in order to

theoretically ensure stability. The following theorem contains the stability result:

Theorem 4.4. Given Assumption 4.1 (Traffic model) with constant flow-rate parameters
Gins, Yr€{l,...,4} and q°", Assumption 4.3 (Two-phase intersections), Assumption 4.3
(Linear wait time), and sufficiently small spawn rate qi» = q¢™, ¥r € {1,...,4}, any finite
switch threshold n > 1 will ensure that the intersection control solution of Equation (4.1)
under constraints (4.2) and (4.3) maintains uniformly bounded weighted queues in all

lanes for all time.

Interpreting this result leads to the following intuitive explanation: 7 is directly
related to T, and as long as 7 is small enough so that that the growing weighted queues
remain bounded and large enough so that the minimum green time does not affect the

dynamics, the system is stable.

Proof. Road indices 1, 2, 3, 4 indicate north, east, south, west, respectively, relative to
the center of the intersection. For now assume initial conditions such that the north-south
road has a green light u(0) = [1,3], n, is the number of vehicles on road r, wns(0) =
nwew(0), and when a switch occurs at time T, T > gns. Given any initial phase u(0),
a cycle with duration f¢ycle > 0 occurs when u(tcycle) = u(0) with u(t) # u(0) for some
1 €(0,T). Queue lengths will remain bounded if, n,(r + feyele) < np(1), Yr € {1,...,4}.
Define wgw(#) = w1 (f) + wa(t) and wns(?) = wa(f) + wa(t). Then due to Assumption 4.3

(Linear wait time),

Wwaw (D) = ny(t)? N ny(t)? _ (n2(0) + ginat)? N (14(0) + gin 41)?
2qin2  2qin4 2¢in2 2Gin4

b



88

where

n(0) = ZQin,rWr(O), Yref(l,...,4}.

Simplifying,

qin2 t qin4
Wew(®) = wa(0) +wa(0) + (24in2w20) + v2qin awa(®)) 1+ L2204 2
Now define Ag, = ginr — Goutr» Y7 € {1,...,4}. Computing wns(?),

n(1)? N n3(1)? _ (n1(0) + Ag11)? N (n3(0) + Ag3t)?
2qin1  2Gin3 2qin,1 2qin3 '

wns(?) =

Simplifying,

V2 V2w3(0) AG  AG
wis (1) = w1(0) +w3(0) +{ Ag W1(0)+Aq3 W3(O))f+[ Ny ]fz,
qin,1

Gin,3 2¢in,1  2¢in3
One condition guaranteeing the previous definition of bounded weighted queues is
wew(T) = wew(0) and wns(T) < wns(0) at some time 7. Due to the symmetry of the two
phases and the immediate flow condition after a switch of Assumption 4.2, an equivalent
condition is wgw(7T') = wns(0) and wns(7T') < wew(0) for some time 7. Assume the phase

changes when wgw(7T') = nwns(T'), so after applying these equations, we get

qin2 + gin4
0= w2(0) +wa(0) = wns(T) + ( V24 2w2(0) + V24inawa(0)) T + =512,
(4.6)
VZwi(0 VZw3(0 A Ag
0> w1(0) +w3(0) — wgw(0) + (AqlL() + Aq3L())T T P T £ 1 U
i, 1 Gin,3 2¢in,1 2¢in3

(4.7)



89

Plugging in initial conditions to Equation (4.6) gives

0= (1= 1P)2(0) + w0+ V2qin2w20) + g awa @) 7+ (L2220 )72
Define . .
A = (%n,z er qin4 )
B = (v2qin2w2(0) + 24in4w4(0)),
Ci = (1=17)(w2(0) +wa(0)),
then

-Bi+ ,[B%—4A1C1

2A; ’

T = (4.8)

and because n> 1, A1 >0, B; > 0, and C; <0, a real positive solution exists for 7'. This
quantity represents how much time passes before wgw(7") = wns(0).

Equation (4.7) is satisfied when

-By — | /Bg —4A,C,

T < ,
24,
AG?  AG?
A2 = ql + (]3 s
2qin1  2Gin3 (4.9)
2w1(0 2w3(0
B, = (Aql_vwﬂ) N A%_VWM),
qin,1 qdin,3

C2 = (n— D(w2(0) + w4(0)).
Due to the fact that Ag, <0, Vr e {1,...,4} from Assumption 4.1 (Traffic model), A, > 0,

B> <0, and C; > 0, the solution to Equation (4.9) is real and positive when

B} -44,C, > 0,

By + QIB% —4A,C, <0,
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both of which are satisfied when g;, , is small enough, for all r € {1,...,4}.

This argument can be repeated for each future switch by simply replacing in-
stances of wgw with wns and vice versa, due to giy, = qi“, VYre{l,...,4}. Now re-
laxing the assumption on initial conditions, in finite time one of two scenarios can
occur. One is, the light will switch due to the weights so either wns(7T) = nwgw(T') or
wew(T) = nwns(T), this is treated as the new initial condition and the argument holds.
The second scenario is that the light will switch at gng due to the green time constraint,
and wgw(gns) = wew(T) + 6. However, from here either a switch will occur due to the
weights or a switch will occur due to the constraint from Equation (4.3), either case will
results in queues bounded by wgw(7) + 6, and this argument can be propogated forward

in time as well.

Remark 4.5. If Assumption 4.1 (Traffic model) is relaxed and qi, /() € [qmin. g1, V1 €
{1,...,4},Vt, then the solution to Equation (4.8) is bounded (due to convexity) by the
solutions to (4.8) with qin.r = qmin and qin, = ¢"™, Y r € {1,...,4}. Similarly, if ¢°"" must
ramp up to the maximum value from 0, a similar argument can be made, leading to
similar results and overall stability but with tighter bounds on 1.

If we relax Assumption 4.3 (Linear wait time), the same ideas and mathematical
principles can be applied to the more complex case where there are four possible phases
(left-left, left-straight, left-straight, straight-straight) instead of one (straight-straight)
in each direction. In the multiple intersection case, each individual intersection can be
viewed as discussed previously, but now with a perturbation in the form of the cooperation
term By. This perturbation is bounded as seen in Equation (4.4), and in the worst case
where many lanes have long queues, the perturbation will be small compared to the
quadratic wait-time costs, so we expect bounded weighted queues in these scenarios as

well.
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4.5 Simulation Results

The algorithm applied in simulation is seen in Algorithm 7. An intersection
knows which lanes are associated to which phases, and has parameters fixed. At each
time step, the weights are calculated in each lane, and these weights are associated to
different phases. If there exists another phase with n times the weight of the current
phase, a transition occurs to this phase. If there exists another phase which shares a
direction with the current phase and has 7/2 times the weight of the current phase, a

partial transition occurs to this phase.

Algorithm 7: Intersection Control Algorithm for Intersection /

1 Initialize queue lengths Q « 0, phase u, min green time per phase g,, yellow
time y, current phase u, switch threshold s, switch time /g < oo

Define U as set of phases and N, as set of phases which share a direction
with u

for each time h do

[\%}

3
4 if h—hg > g, then
5 Calculate weights in each lane wy
6 Calculate weights in each phase w,,
7 if max,cq; w, —wy > nwy; then
8 U« argmax ,cqs Wy
9 Z 1
10 Iyt
11 else if maxzen, wi —wy; > 0.5nw;; then
12 U argmax;ep, Wi
13 Z 1
14 ty —t
15 end
16 if Z =1 then
17 Send packet of data D containing source intersection I, Q, for all
lanes ¢ leading to neighboring intersection J, and expected time
of arrival T
18 Z=0
19 end
20 end
21 h e« h+Ah

22 end
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Figure 4.2: Image of microscopic model.

Simulations were run on single intersections and systems of two intersections,
see Figure 4.2. We define the discrete time step & = 0.1. The safety gap is f5ap = 1
second, so a vehicle maintains a gap with the vehicle in front such that they would not
collide even with a one second delay in reaction to the vehicle ahead. The speed limit is
vy =20 kph, yellow time is y = 5 seconds for each phase. The minimum time in green
was initially 10 seconds, however during simulation we found this to be inefficient, so
an adaptive minimum green time was used, where g{, =min{10,3.5 + 1.5maxse;, Qé},
where L is the set of lanes which are allowed through intersection / in phase p, Qf, is the
length of the queue in lane ¢, and the coefficients were chosen to give enough time for
each vehicle to pass through. Travel time across intersections 7, = 17.5. The scaling
factor in Equation (4.5) is ¢ = .05, the switch threshold is = 2, and the wait threshold
is y = 0.1 as defined in Section 4.3. Vehicles spawn at each time step according to a
Poisson distribution with parameter A, and vehicles are distributed into available spawn
points with uniform probability unless stated otherwise. The spawn rate was chosen by
selecting the highest value in which queues remained bounded for all time, this value

was around A ~ 0.8 veh/sec, see Figure 4.3.
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Figure 4.3: Plot of max queue length

In the single intersection case, our intersection algorithm significantly outperforms
a simple intersection with constant phase cycles, where an entire cycle takes 1 minute.
We use three performance metrics to compare algorithms, the total travel time of all
vehicles 7z, the total wait-time of all vehicles rwt, and the total weighted wait-time of all
vehicles rwwt. It can be seen in Figures 4.4 and 4.5 that the wait-time is kept lower using
our algorithm. Results of a few five minute simulations on one intersection are found in

Table 4.6.

500 Weight of each phase for algorithm
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Figure 4.4: Evolution of weight per phase under custom algorithm
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Figure 4.5: Evolution of weight per phase under cyclical algorithm

Cycle Custom

Q 1t twt twwt it twt  twwt
0.60 | 5.88 3.26 5.32 5.00 2.29 2.83
0.80 | 820 4.50 7.83 742 396 6.33
1.00 | 12.00 8.38 18.8 10.40 5.78 10.30

Figure 4.6: Performance of algorithms, in kiloseconds

In the two intersection case simulated over five minutes, we compared each
performance given different values of @ using Algorithm 7, where « is the coefficient on
the cooperation term By, see Figure 4.7. This simulation used a non-uniform Poisson
spawn, where vehicles are twice as likely to spawn on the road which passes through both
intersections. These simulations were run for two minutes each. We can see a trade-off
where increasing a reduces #t but increases twt and twwt, which is expected because By
is perturbing an algorithm which is minimizing twwt to allow more vehicles through
immediately. In Figure 4.8, five minute simulations were run to better characterize
performance as a function of @ when « is small. The thin lines represent the performance
under the default cyclic policy under the same conditions. Notice the large decrease in

twwt but small increase in tt by using our algorithm.
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Figure 4.7: Plot of performance over coordination coefficient
4.6 Conclusion and Future Work

In summary, we presented a novel intersection control algorithm based on an
objective function which attempts to accurately characterize driver preferences. A
realistic vehicle model is constructed and a simplified version is used to guarantee
bounded weighted queues given small spawn rates. The algorithm is tested thoroughly in
simulation and compared with other methods.

We are considering several possible extensions to this work. One potential
problem with this formulation is that vehicles must be delayed before they are considered
important, perhaps a more sophisticated model not based on a threshold value will
perform better. We plan to compare performance to more established algorithms such
as SCOQOT or SCATS. We are interested in addressing the spillover problem, when the
queue from one intersection spills into another, we believe the current formulation would
allow this to be addressed through an additional term in the objective function. We are
also considering a learning-based method for tuning parameters such as wait threshold vy,
switch threshold 7, time spent in each phase g/, and coordination coefficient a.

Chapter 4, in part, is submitted for publication to IEEE Conf. on Control Tech-
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Figure 4.8: Zoomed plot of performance over coordination coefficient

nology and Applications, 2017, by E. Gravelle and S. Martinez and IET Control Theory
& Applications, 2017, by E. Gravelle and S. Martinez. The dissertation author was the

primary investigator and author of this paper.



Chapter 5

Closing Remarks

In this dissertation, we have made a few contributions to the vast and ever-growing
field of distributed systems. We have formulated problems with specific objectives
for load balancing, lane reversal, rerouting, and intersection control, mathematically
modeled the systems, analyzed their stability and convergence properties, and tested their
performance in simulation.

There is much future work involving both more analysis and more experiments.
Analyzing each system’s stability under uncertainty, various noise conditions, perturba-
tions, and modeling errors would show the systems robustness properties in greater detail.
Convergence rates should be characterized or bounded to provide realistic time scales for
other decisions.

On the other hand, increasing the complexity of the models to come closer
and closer to real world systems would make the simulations better predictors of true
performance. While analysis may become infeasible with a very complex model, the
behavior of the simulated system could be used to discover and test solutions for many
complications that may not arise in the simpler model.

Over time, more and more responsibility is put into computers as they continue to

97
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expand they domains in which they outperform humans. In this context, this dissertation
has attempted to take a step towards establishing intelligent distributed algorithms that

improve efficiency of various systems while ensuring overall stability.
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