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Abstract
Perspectives on Multi-Agent Systems: From Characterization to Intervention
by
Geng Zhao
Doctor of Philosophy in Computer Science
University of California, Berkeley
Professor Christian Borgs, Co-Chair

Assistant Professor Jiantao Jiao, Co-Chair

Many modern applications of computing, ranging from school choices to epidemic model-
ing, are fundamentally multi-agent in nature, involving interactions among strategic and
often adaptive entities. This thesis presents theoretical methodologies for understanding
macroscopic behaviors in such multi-agent systems and establishing insights that inform
both inference and learning within such systems as well as the design and improvement of
mechanisms and interventions.

Across a spectrum of settings, we showcase how mathematical analysis reveals novel under-
standing on the structure and dynamics of various multi-agent systems shaped by strategic
interactions and network structures. In Stackelberg games with information asymmetry, we
demonstrate that expert follower behavior can paradoxically hinder the leader’s learning
process, highlighting subtle challenges in multi-agent learning dynamics. In large two-sided
matching markets, we introduce a notion of agent fitness under heterogeneous preferences
and prove that stable outcomes exhibit universal statistical structure. Such structural char-
acterization lends further insights on school choice systems, as we show that the widely used
deferred acceptance mechanism is, with high probability, far from Pareto efficient. We then
turn to the problem of estimating global parameters in networks based on local samples and
propose a new robustness condition under which certain local estimations become viable.
In another setting where network structure is crucial, we study the control of epidemics
in networks with community structure, assessing the effectiveness of common intervention
strategies, such as social distancing and travel restrictions. Finally, we highlight a simple
token-based local policy for service systems such as kidney exchanges, and show that it
effectively maintains stability of the system.

Together, the approaches we develop form a methodological toolkit for analyzing multi-agent
systems with limited information, drawing on concepts from information theory, probability,



random graph theory, and game theory. They demonstrate how mathematical analysis of
local information and agent behavior can yield predictive and design-relevant insights into
the global dynamics and performance of large-scale systems.



To my parents and my wife, Zoey
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Chapter 1

Introduction

Modern systems of computation and algorithms are becoming increasingly large-scale and
decentralized, often deployed in complex, dynamic environments with multiple agents. Al-
gorithms now play central roles in tasks such as school assignment and resource allocation,
where individual preferences must be reconciled with global constraints; massive networks
that capture social interactions, infrastructure, or communication are analyzed to track
contagion, detect vulnerabilities, and shape information flows; looking ahead, fleets of au-
tonomous vehicles interacting with human drivers may soon operate in real time with limited
coordination and partial observability. Understanding, designing, and improving such sys-
tems presents fundamental challenges.

Complex as they are, such systems can often be abstracted into concrete, albeit difficult,
mathematical objects. Algorithms, mechanisms, control policies, estimators, etc. can be
thought of as functions, and under appropriate models of the noisy environment, they are
just random variables or stochastic processes. For these, we have plenty of tools to study
them.

This thesis aims to showcase a few examples of how mathematical analysis can lead to
new insights on the structure and dynamics of different kinds of multi-agent systems, ranging
from matching markets to epidemics over contact networks. We will address questions such
as characterizing welfare and efficiency in matching markets and evaluating intervention
measures to control the spread of epidemics. Even though our models are often stylized
for tractability reasons (as is common in theoretical studies), we believe that the insights
revealed by the theorems are novel and fundamental and should go beyond theory.

Our analytical approach integrates tools from information theory, game theory, ran-
dom graphs, and stochastic processes. A unifying theme across the chapters is that local
properties—of structure or behavior—can collectively give rise to sharp global phenomena.
For instance, Chapter [5| establishes conditions under which global parameters of a graph
can be estimated from local neighborhood samples; Chapter [7] demonstrates the remark-
able effectiveness of a simple local-improvement policy for maintaining stability in token
economies.
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1.1 Organization

Each of the following chapters examines a different facet of the theme of large multi-agent
systems, where we analyze stylized models to characterize outcomes, evaluate policies, and
establish fundamental limits of learning and inference.

Chapter [2| begins with the foundational problem of online learning under information
asymmetry in Stackelberg games. Here, we study a setting when a leader must learn from
responses of an omniscient follower. This setting reveals challenges such as the “curse of
expertise,” where the follower’s optimal responses can obscure useful feedback, highlighting
the tension between strategic interactions and efficient learning. The chapter is based on
[214], a joint work with Banghua Zhu, Jiantao Jiao, and Michael I. Jordan.

Chapter 3| shifts focus to characterizing welfare and fitness in large matching markets.
We study random two-sided matching markets and show that, despite the complexity and
randomness, the empirical distribution of welfare exhibits surprisingly regular behaviors.
This analysis highlights techniques from concentration and large deviation theory, as well as
ideas about fixed points and maximum entropy. The chapter is based on a joint work with
Itai Ashlagi and Mark Braverman [20].

Chapter [4] builds on the topic of matching markets by addressing the efficiency limita-
tions of stable mechanisms. Using tools from random graph theory, we demonstrate how
stable matchings, often obtained through deferred acceptance in practice, suffer substantial
inefficiencies. The analysis is carried out with graph theoretic tools applied to the concept
of an envy digraph, which helps identify which students can be helped by alternative mech-
anisms. The chapter is based on a joint work with Josué Ortega, Gabriel Ziegler, and R.
Pablo Arribillaga [165].

Chapter [5] moves to large-scale networked systems and considers local algorithms for
structural inference. Focusing on the k-core structure in sparse random graphs, this chapter
analyzes when and how local neighborhood information can be used to estimate global
properties such as the size of the 2-core. We introduce the notion of structural robustness
and use ideas from random graph and percolation theory to establish theoretical guarantees
on natural local estimators. This chapter is based on a joint work with Christian Borgs [48].

Chapter [6] focuses on the problem of epidemic control in networks with community struc-
tures. We analyze SIR epidemic spread across weakly connected communities, accounting
for dynamic travel and internal structure. Our results quantify how interventions such as
travel bans or social distancing alter the epidemic trajectory, providing new perspectives for
understanding the efficacy of epidemic intervention measures. This chapter is based on a
joint work with Christian Borgs and Karissa Huang.

Finally, Chapter [7]demonstrates how a simple local rule can sustain system-level stability
in token systems. Motivated by applications such as national kidney exchange systems, we
explore how participants can use a policy reflecting the idea of the “power of two choices”
[156] to coordinate resource sharing. Leveraging Lyapunov theory and fluid approximations
for stochastic processes, we establish several desirable properties of the resulting dynamics,
even in markets with thin supply. This chapter is based on a joint work with Itai Ashlagi,
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Stileyman Kerimov, and Omer Tamuz [24].

1.2 Notations

We summarize some key notations used repeatedly in this thesis.

Sets, vectors, and matrices. N,Z, and R denote the sets of natural numbers, integers,
and real numbers, respectively. R, denotes non-negative reals. For a set S, |S| denotes its
cardinality. For n € N, we write [n] = {1,...,n}.

For a vector v € R™, we use ||v||, to denote its /% norm for p € (0, c0].The notation
diag(v) denotes the n x n diagonal matrix with entries of v on the diagonal.

Asymptotics. We use standard notations to describe asymptotic behavior. For functions
f:Ry > Rand g : Ry — Ry, wesay f = O(g) or f < g (resp. Qg) or f = g) if
limsup,, ., |f(z)|/g(x) < oo (resp. lLminf, o [f(2)[/g(z) > 0); f = o(g) or f < g if
f(z)/g(x) - 0asx — oo;and f = O(g) or f < gif f =0(g) and f = Q(g). We write O(g)

to hide polylogarithmic factors, e.g., O(g) := O(glog" ¢) for some constant k.

Probability. Bern(p) denotes the Bernoulli distribution with success probability p € [0, 1],
and Bin(n,p) denotes the binomial distribution from n i.i.d. trials each with success prob-
ability p € [0,1]. Exp(A) and Poi(\) denote, respectively, the exponential distribution and
the Poisson distribution with rate A. For real-valued random variables X and Y, X <Y
denotes stochastic domination of X by Y, i.e., P(X > ¢) <P(Y > t) for all t € R. We say
an event &, happens with high probability (whp) if P(&,) — 1 as n — oo.



Chapter 2

Online Learning in Stackelberg
Games with an Omniscient Follower

Understanding and controlling multi-agent systems necessitate a theoretical foundation for
how agents interact strategically. The literature on this topic is abound. In this chapter, we
examine a benchmark scenario: online learning in Stackelberg games. This setting highlights
the essential challenges that arise from strategic interactions, information asymmetry, and
decentralized decision-making. Through analyzing regret and sample complexity in this
simple game-theoretic framework, we provide insight into the interplay between information
availability and strategic learning.

2.1 Introduction

The multi-agent learning problem [82, 209, |83, 213] has received significant attention re-
flecting its wide variety of real-world applications, including autonomous driving [192, |187]
and human-robot interaction [126] (140} (93, [210]. In a multi-agent system, it is natural to
assume that each agent possesses a different set of information due to its different viewpoint
and history of actions. This phenomenon is commonly referred to as the property of infor-
mation asymmetry |211]. Such information asymmetry poses challenges to the coordination
and cooperation between learning agents. In this chapter, we study how the information
asymmetry affects the sample complexity of learning a two-player decentralized cooperative
repeated Stackelberg game, with a focus on the setting where the follower is omniscient and
myopic, and always best-responds to the leader’s actions.

Consider an illustrative example in human-robot interaction where a robot is required
to collaborate with a human to achieve some shared objective. This can be formulated as
a repeated Stackelberg game where the interactions between human and robot happen in
multiple rounds, and the human is an omniscient expert who knows the exact target and how
to achieve it. In each round, the robot, as the leader who hopes to learn the world model
and human behavior from scratch, first takes some action. After seeing the robot’s action,



CHAPTER 2. ONLINE LEARNING IN STACKELBERG GAMES WITH AN
OMNISCIENT FOLLOWER 5

the human, as an expert follower who possesses perfect information about the world, always
best-responds to the robot’s action to maximize their reward. The robot hopes to use as few
as possible interactions to learn the world model and human behavior, and eventually find
the optimal action that maximizes a shared reward.

Concretely, during each round ¢ of the interaction, the leader first plays an action a; € A,
and the follower plays another action b, € B upon (perfectly) observing a;. We assume
that the two players share a reward, r, = h*(ay, b;) + z;, where z; € R is some zero-mean
sub-Gaussian noise, h* belongs to a family H. We also assume that the follower has full
knowledge of the reward and always best responds with b, € argmax, .z h*(at,b). However,
the leader does not know h* and can only explore via taking actions a; and making inferences
from past observations (aq,by,71), -, (a1, b1, rt_l)E] We are interested in providing tight
bound for the Stackelberg regret, defined as

T
Z (rlr)le%xh (a,b) — Ibilélé(h (&t,bt))] :

R(T) = maxE
acA

The Stackelberg regret characterizes the gap between the reward achieved from the optimal
leader action and the reward from the actual leader action a;.

Compared with the traditional bandit problem, the extra observation of b; can be viewed
as side information accompanying the usual action-reward pair. Depending on how the
function family H and side information b are designed, the complexity of learning for the
leader may vary. Here we briefly summarize several illustrative examples where the follower
may help or harm the leader’s learning process. We will present a general formalization that
encompasses these examples in the next section.

1. Curse of expertise. Imagine that in a driving system, the self-driving vehicle (leader)
and the human driver (follower) work together to avoid collisions. For most of the
aggressive actions the leader takes, the final reward for non-collision is high since the
human driver will consistently exert efforts to evade the self-driving vehicle in order to
prevent collisions. From the leader’s point of view, aggressive actions lead to similar
outcomes as safe actions. The expertise of the human prevents the leader from learning
from failure cases.

2. Imitation Learning. Consider an assembly robot (leader) that learns to move goods
to a destination with a human expert (follower). This can be modeled by the robot
choosing a drop-off location, from which the human expert continues to the correct
destination. In this simple example, the robot and the human expert cooperate in a
“linear” fashion—the expert can complete whatever the robot leaves undone, and upon
observation of the expert’s move the robot should simply imitate the behavior of the
human expert in the future. This corresponds to an “imitation-based” interaction that
can greatly accelerate the learning process.

!For simplicity, we assume in the introduction that the leader can see by, - -- ,b,—; without noise. Later
we generalize to the case when the observed b; is also noisy.
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3. Expert-guided learning. In most cases, the self-driving vehicle may have some
target that is similar but not exactly the same as the human driver. For example,
they both aim to avoid collision while heading to a different target. In this case, a
pure imitation-based learning will fail. But the self-driving vehicle can still glean good
driving standards from the human driver. With the extra observation of the behavior
of human driver, the self-driving vehicle can learn much faster.

Extending beyond robotics applications, our framework is potentially applicable in var-
ious repeated cooperative game settings where direct communication is hard, unreliable, or
forbidden. For instance, it captures the learning aspect of language models adjusting to hu-
man preferences, personalized digital healthcare, or other settings of Al-human interaction
where explicit revelation of utility function is difficult: in such settings, the Al system (e.g.,
the language model, or the digital “doctor”) works with a human user to achieve a common
goal without direct communication of the true preferences or needs; instead, the system must
learn them through repeated interactions with the users.

In this chapter, we abstract and formalize these three scenarios into a simple linear
Stackelberg game and analyze the sample complexity of this game. We briefly overview our
main results in the next section.

2.1.1 Main Results

Contrary to the traditional literature on linear bandits, we show that the worst-case sample
complexity for achieving e-Stackelberg regret is at least exponential even when A* belongs to
the linear family H, = {0-¢(a,b)}. The hard instance corresponds to the ‘curse of expertise’
example discussed above, where the follower’s best response hurts the observation, and thus
harms the whole learning process.

Theorem 2.1.1 (Curse of expertise, informal). There exists some ¢ such that for any algo-
rithm, we can find some h* € H, with the regret being Q(T@=3)/(d=2)),

This shows that the leader needs an exponential number of samples to learn a good policy
even when the reward is linear. We also present an upper bound O(T(@+1/(@+2)) for linear
rewards in Theorem [2.3.3]

On the other hand, the side information b, can also greatly improve the sample complexity
when the linear family is structured. We provide an Upper Confidence Bound (UCB) based
algorithm [26] that leads to an improved bound in this setting. In particular, we recover the
rate for imitation learning when the leader can simply mimic the behavior of the follower.

Theorem 2.1.2 (Imitation learning, informal). There exists some ¢ such that for any h* €
Hy, when by is observed, the leader can achieve regret O(log*(T)) by imitating the follower
behavior. However, when by is not observed, the regret is @(\/T)
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Similarly, we can also design cases where observing b; helps reduce the problem to a
traditional linear bandit, while not observing b, suffers from exponential sample complexity.

Theorem 2.1.3 (Expert-guided, informal). There exists some ¢ such that for any h* € H,,
when by is observed, the leader can achieve regret O(\/T) However, when b, is not observed,
the regret is Q(T(4=/(d=2)),

In addition to these three examples, we discuss more complicated scenarios where UCB
fails and we show that a careful analysis is necessary to achieve a near-optimal rate. In par-
ticular, we establish such a rate for polynomial bandits, where the best-response corresponds
to a lower degree polynomial, which helps improve the rate when the noise level for reward
and the observed follower behavior is similar.

Theorem 2.1.4 (Polynomial bandit, informal). There exists a family of 2k-degree polyno-
mial, such that the regret is ©(V d**~1T) when b; is observed, and ©(Vd**T) when b; is not

observed.

2.1.2 Related Work

Decentralized Stackelberg Games. The problem of repeated Stackelberg games has
been studied extensively [194] (147, [135, [116], in a standard setting where the leader leads
and the myopic follower follows with its best response for the current round.

Kao, Wei, and Subramanian |116] and Lauffer et al. [135] study a similar setting to
ours, in which a leader and a follower interact through a cooperative Stackelberg game
that comprises a two-stage bandit problem. However, Kao, Wei, and Subramanian [116]
restrict their focus to the tabular case where both A and B are finite and the reward h* is
uncorrelated for different actions (a, b). They also assume that both the leader and the agent
are running regret-minimization algorithms independently. They show that the classic upper
confidence bound (UCB) algorithm for the multi-arm bandit problem can be used for both
the leader and the agent, respectively, to achieve asymptotically optimal performance (i.e.,
no-regret). However, it is unclear that such results can generalize to bandits with function
approximation and the case of omniscient agents. Indeed, our results show that the general
case (or even just the linear case) is not always statistically tractable. Note also that Lauffer
et al. [135] show that the regret can depend exponentially on the dimension of the agent’s
utility.

Other examples of Stackelberg games include Stackelberg security games [63, [196], strate-
gic learning [96, (72, [143|, dynamic task pricing [121] and online contract design [100, 216].
The problem of online learning in contract theory considers a decentralized general-sum
Stackelberg game with omniscient agents. It focuses on a special case where the rewards for
the leader and the agent are both linear. It is shown in Zhu et al. [216] that one has to pay
exponential sample complexity in this setting to achieve small regret in the worst case.
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Centralized Stackelberg Game. Centralized Stackelberg games are also well studied in
the literature [215] |29, 89, 212], where the machine learning algorithm has control over both
the leader and the follower. Bai et al. [29] consider the repeated Stackelberg game where
both the leader and the agent learn their optimal actions (a Stackelberg equilibrium) from
samples. However, they assume a central controller that can determine the actions of both
the leader and the agent. Moreover, they rely on an assumption of a bounded gap between
the optimal response and an e-approximate best response. In contrast, in our framework,
we assume that the agent’s utility is unknown, and that the agent always takes the best
response.

Bandit with side information. There has been significant effort in studying bandits with
side information [207, 133, 85]. Such side information is generally assumed to be available
before a decision. Foster et al. [85] also consider the case when an extra observation is
available after taking the actions. However, they mainly focus on the setting of reinforcement
learning where the extra observation is the trajectory. Although our observation of follower
behavior can also be viewed as side information, it also alters the reward in the Stackelberg
game, which changes the structure of the multi-agent problem.

2.2 Formulation

We consider a two-player cooperative Stackelberg bandit game with an omniscient follower.

Let A C R™ and B C R% be compact sets. Up to a scaling factor, we will assume that
A and B reside inside the unit ball centered at the origin. During each round ¢t € [T] of
interaction, the leader plays an action a; € A, and the follower plays b; € B upon (perfectly)
observing a;. The two players both receive a reward r, = h*(ay, b;) + 2;, where z; € R is zero-
mean o,-sub-Gaussian and is independent of all past events. We will make the realizability
assumption that A* belongs to a (known) family H of real-valued functions on B x B%. As
is common in the study of bandits, we assume that reward function is bounded, i.e., there
exists C' € (0,00) such that 0 < h < C for all h € H. We assume C' = 1 throughout the
chapter unless stated otherwise.

We will assume that the follower, modeled after an expert human player, has full knowl-
edge of the game and can always best respond with an optimal action b; € argmax,z h*(as, b).
The leader then makes a noisy observation of b;, given by b, = b +wy, where w, € R® is zero-
mean oj-sub-Gaussian (e.g., component-wise oj-sub-Gaussian with independent zero-mean
coordinates) and independent of all past events.

For convenience, we denote the set of best responses to leader’s action a when the ground
truth reward function is h by b} (a). Denote h(a) := maxycp h(a,b). The optimal action,
unbeknownst to the leader, is denoted a* := argmax,. 4 " (a).

The leader’s objective is to minimize the regret during 7' rounds of interactions, defined
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as

R(T) = maxE
acA

> h(a) - F(at)] . (2.1)

t=1

We will also focus on the sample complexity of achieving low (average) regret; that is, for
some €,0 € [0, 1], the minimal 7" € N such that R(T") < €T.

Notations. We use calligraphic letters for sets and operators, e.g., A. Given a set A, we
write |A| for the cardinality of A. B? and S ! denote the unit ball and the unit sphere,
both centered at the origin, in d-dimensional Euclidean space. Vectors are assumed to be
column vectors except for the probability and measure vectors. For a vector v € R? and an
integer ¢ € N, we use v; to denote the i-th element of v, and v_; to denote the vector of all
elements in v except for v;. For two n-dimensional vectors x and y, we use -y = x 'y to
denote their inner product.

Parameterized family. In subsequent discussions, we will consider the parameterized
case when H admits a parameterization over a compact parameter space ©. The class is
denoted by He = {hy|0 € ©}. When the parameterization is linear, that is,

ho(a,b) =0 - ¢(a,b) (2.2)

for some feature function ¢ : A x B — B?, we will denote the class by He 4. We denote the
true parameter by 6*. For instance, when A and B are the sets of standard basis vectors in
RM and RIB! with ¢(a,b) = ab” and 6 is bounded in RHXIBl we recover the tabular case
model in Kao, Wei, and Subramanian [116] with finite action sets. In general, however, we
will focus on cases with infinite action sets.

2.3 Linear Stackelberg Games: Curse of Expertise

In this section, we study the sample complexity of learning in linear Stackelberg game, where
the family of reward is restricted to He 4 for some given © and ¢.

2.3.1 An Exponential Lower Bound

It is well known that the regret for traditional linear bandits grows as ©(dv/T) [1]. In the
case of a linear Stackelberg game, we present a worst-case lower bound on the regret that
is exponential in dimensionality for the linear family. This suggests that the leader cannot
learn the task well unless in possession of an exponential number of samples even when we
restrict to linear Stackelberg games.

Assume the leader makes perfect observations of the follower’s responses (i.e., o, = 0).
We have the following lower bound.
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Theorem 2.3.1. For any d > 4, there exists some ¢ such that, for any algorithm that the
leader runs, one can find some instance with hg € He 4 such that

R(T) 2, T\=H/d=2), (2.3)

In other words, the sample complexity for achieving € (average) regret is at least Q((l/e)%)

The proof is detailed in Appendix The worst-case instance presented below can

be reduced to the ReLLU bandit problem shown below, which is known to suffer from the
exponential sample complexity [73].

Example 2.3.2. Let A=B41 B=[0,1] and © = {0 | 0_4 € S 2,0, =1 — A} for some
A € (0,1). Let the feature function be ¢(a,b) = ((1 —b)a,b).

One can verify that in this case, one has
he(a) = max{l — A, 0_q-a}. (2.4)

Thus when a is chosen far from 6_4, the reward will remain constant.

Theorem is no mystery mathematically: the best response may destroy linearity
for the leader’s observations, imposing a toll. Conceptually, however, the message from the
theorem is striking: it highlights a “curse of expertise”; i.e., the potential difficulty to learn
with an expert on a decentralized bandit learning task with a large action space. From
the classic single-agent bandit learning perspective, the task the two agents aim to solve is
straightforward: a linear bandit on an action space ¢(A, B). In other words, if the expert
follower lets the novice leader control the choice of b, the average regret would steadily
decrease at a rate of O(dv/T). On the other hand, with a myopic focus, the follower’s
expertise in best responding ironically results in a significantly higher regret, as it deprives
the learner of the ability to explore.

In the context of autonomous driving, for example, this can manifest in scenarios where
the autonomous vehicle takes a poor action (e.g., an aggressive lane change) yet other vehicles
or pedestrian immediately respond by slowing down or steering away to avoid a possible
collision, thereby hiding the potential negative consequences of the action. The lack of
coordination and the constant best response from the follower, both common in practice,
makes it hard for the leader to efficiently learn the reward landscape or improve their current
policy.

2.3.2 An Exponential Upper Bound

For any class H of reward functions on a pair of actions (a, b), an upper bound on the sample
complexity (and regret) can be obtained using a covering argument.

Theorem 2.3.3. Let N(e) = N(H, €, |- ||o) denote the £>° covering number of H with radius

€ > 0. Then we can achieve
R(T) S iI>1£ €l + /N(e)T. (2.5)
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To achieve this, simply compute an e-covering of H and let the leader play no-regret
algorithms on the e-covering set. Note that although the covering is constructed for pair of
actions (a,b) € A, x B,, it suffices for the leader to run no-regret algorithms on actions A..
The detailed algorithm and proof are given in Appendix [A.1.2]

This upper bound is achieved when the leader does not even utilize the observations of
the follower’s responses. Indeed, in the worst case (e.g., in Example , the responses
will not provide information.

As a corollary, in the linear regime with Hg 4, the covering number is N(e) = N(O, €, || -
1) < exp (O(dlog?)) [206]. Choosing € =< T~/(4+2) Theorem reduces to the following
upper bound in the linearly parameterized case.

Corollary 2.3.4. In the linear case, we can achieve R(T) < T\@+D/(d+2),

In other words, the sample complexity for achieving average regret equal to € is upper
bounded by O((l / e)d+2). This upper bound is agnostic to any structural property of the
feature function ¢, such as smoothness or even continuity.

2.4 UCB With Side Observations

Although the worst-case sample complexity for linear Stackelberg games is exponential, it
is possible to obtain a fine-grained analysis and improved rate for the family Heg 4, when ¢
is better structured. A natural choice of algorithm for the leader is some variant of UCB
that incorporates observations of the follower’s actions. In this section, we will describe a
general recipe for a family of UCB algorithms to incorporate the side information as well as
the challenge in their design.

2.4.1 Algorithm Description

We consider the following variant of UCB that uses the follower’s responses as side informa-
tion to improve the confidence set.
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Algorithm 1: UCB with side information from expert

Input: Regression oracles Reg(b), Reg(r) on reward and response; confidence radii
{o},, {B:}L,; action set A; horizon T
Output: Sequence of actions ay, ..., ar
1 fort <+ 1toT do

2 hgb) — Reg(b) (81, c.. 7615—1)
3 hgr) — Reg(r) (?"1, e ,’f'tfl)
t—1
b * *
i | 1 = {h Y Ibia) = b (@) < o}
=1

t—1

r 2 (r 2 (r 2
s | HD = (S (@) — (@) < 5
=1
6 | H, +— HP nH"
7 ap <= argmaxged SUDpeyy, h(r)(a) // optimistic response estimate
8 Observe reward r; and response I;t

Remark 2.4.1. The regression oracles and the sequences {au }iepr), {5t frepr) must be chosen
appropriately so that the following condition holds: Given an error tolerance 6 € (0,1), we
require h* € (1, Hy with probability at least 1 — 6.

Remark 2.4.2. A common choice for Reg(b) and Reg(T) 18 the least-squares regression oracle
that computes

t—1
h® € argmin b (a;) — b;l|? 2.6
: %{;HA) | (2.6)
and
t—1
A € argmin Y (h(a;) — ;)% 2.7
€ argmin 3 (i(a) - 1) 1)

When the least-squares computation becomes infeasible under complex response-reward struc-
tures (this is common for ), custom oracles need to be designed. A more intricate ap-
proach may be to jointly construct the estimate using both {BT}Te[t—u and {r:}rep-1). We
leave it for future research to study systematic designs of the oracles and the confidence sets.

Remark 2.4.3. When the responses are unobserved or ignored (e.g., by choosing a; = 00),
Algorithmm reduces to the classic Eluder UCB using the least-squares (reward) oracle with

H, =M [185)].

The choices of {a;}en and {B; }ren can pose another challenge. A naive attempt to get
a generic upper bound on a4 is to use a covering argument as in Russo and Van Roy [185]
using the following measurement between two functions h, h' € H: d® (h, h') = sup, ||b}(a)—
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b5/ (a)]]. But note that this does not necessarily define a norm, and further the covering
number of H in this sense can be infinite when the best response is discontinuous in the
leader’s action a. Thus, such an approach is often not useful and one may have to determine
ay on a per instance basis.

2.4.2 Examples

While Theorem 2.3.1lshows that the involvement of the omniscient follower can lead to “curse
of expertise,” a stark deterioration in the sample complexity, there are many scenarios where
the leader’s observation of the follower’s responses can expedite learning significantly. In this
section, we will explore a few such examples.

2.4.2.1 An Imitation-Based Example

Let us consider a setting where the leader achieves efficient learning through imitation.
Heuristically, imitation arises when the optimal action for the leader is equal to the best
response for the omniscient follower or a function of it. This may capture, for instance,
real-world robotics applications where the actions of the robot and the human expert are
exchangeable and the true goal can be easily inferred from the expert’s action. A simple
scenario is when the robot and the human expert are supposed to carry out the same task
perfectly, in which case the robot should simply treat the expert as a role model and imitate.
The following is a concrete example.

Example 2.4.4. Let A = B = © = S (or B¢ equivalentlyﬂ. Consider the linearly
parameterized function class He 4 with feature function

é(a,b) = a+b. (2.8)

Here, the optimal response b} = 6 is independent of a, and hg(a) =0 - a + 1.

Construction of confidence sets. The (noisy) observations of the follower’s best re-
sponses simplify the problem into an imitation learning task. A simple oracle for the
best-response observations is to take the A-projected empirical average of responses, i.e.,

0,@ =1I A(ﬁ Zf;i I;Z) . The response-based confidence set reduces to

ol = {9 c @‘He 99 < L}
Vvit—1

2While it is customary to consider © = B? we will observe below that the imitation-based algorithm
does not crucially rely on ||6*|| and only incurs smaller regret if ||0*|| < 1. This is because the algorithm
asymptotically relies solely on the response observations, which are invariant under scaling of 6*. It is also
without loss of generality to restrict all actions to the sphere.

Define the projection of y € R? onto a closed set X C R? as Iy (y) := argmin, . y ||y — x|, breaking ties
arbitrarily when the minimizer is not unique.
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Standard sub-Gaussian concentration results suggest that the (Euclidean) radius of this
confidence set shrinks at a rate of ¢~*/2.

Lemma 2.4.5. To ensure 0* € ﬂtE[T] O, with probability at least 1 — 9, it suffices to choose

oy = @(Ub,/d%—log%).

UCB chooses actions on S ! increasingly close to the empirical estimate Gt(b) The regret
bound follows from these choices of confidence sets.

Proposition 2.4.6. In Example UCB achieves a regret bound
Rucp(T) < ologT - (d+logT). (2.9)

In other words, the average regret decays at a rate of 5(0§d/ T). This has also been
analyzed in the setting of imitation learning [179], and the results are consistent.

Remark 2.4.7. When the follower’s responses are unobserved (still assumed to be best re-
sponses), this is simply a linear bandit, and the minimaz regret is Q(opdy/T) > O(o2dlog® T).
This indicates the value of the by observations. When the follower’s response is noiseless, one

can see that a single sample suffices to find the optimal response since one always observes
by =10.

Remark 2.4.8. Note the gap in the ©(logT) regret when the response observations are
used and the @(\/T) regret when they are ignored or unavailable, showing the value of those
response observations. In fact, it is easy to modify this example slightly (e.g., taking ¢(a,b) =
max{ |0 a|, A}b for some A € (0, 1)) to create an even larger gap: When the leader uses the
response observations, the regret is O(dlog T) with sample complexity O(d log = ) When the
response observations are unavailable, the sample complexity increases to Q(e~?).

2.4.2.2 Expert-Guided Exploration

In many scenarios, the omniscient follower’s actions may not directly reveal the exact state
of the world but still provide crucial information. The next example illustrates a simple
setting where the follower’s response can significantly reduce the sample complexity.

Example 2.4.9. Let A= B =S%"! and
O = {(0,,0,) € ST x S0, - 0, > ¢}
for some ¢ € (0,1). Consider the parameterized family of functions He = {hy|0 € ©} where
ho(a,b) = ReLU(0, - a — A) + 6, - b,

for some A € (0,1). For simplicity, we will assume that the response observations are
noiseless (i.e., o, = 0), although the noisy case can be analyzed analogously.

4Even simpler, the leader can play the A-projected empirical average of responses. Under our choice of
constant «, the analysis will be the same, with the result differ by at most a constant factor.
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Confidences sets. The best response is b; = 0, again independent of the leader’s action.
Upon observing b; = 6, the leader should construct confidence sets ©,” = {0, € S 16,0, >

¢} x{b1}, while e§ ") is chosen as in linear UCB. As a result, all subsequent actions the leader
takes must fall into

Al = {CLEA|CL'b1 ZC} (210)

This refinement of the action set will reduce the sample complexity, and depending on the
size of ( relative to A, the reduction can be significant.

Strong reduction. When 1 — ¢ < (1 — A)/4, the leader learns that 6, - b; > (. In
particular, any action a € 4; must satisfy

2= [1a —all® _ 2= (102 = bll + [la = ba])*

2 = 2
_ 2 (2220’
- 2

0, -a=

=1-4(1-¢) > A, (2.11)

and thus h(a) = 6, - a — A + 1 behaves as a linear function within 4;. By playing UCB
within A;, the leader reduces the problem to a linear bandit instance and thus achieves the
following regret bound.

Proposition 2.4.10. Assume 1 — ¢ < (1 — A)/4 in Ezample[2.4.9 UCB achieves
Rucs(T) < O(dVT). (2.12)

This leads to a sample complexity of 6(d2 /€?), in contrast to the exponential sample
complexity exp(O(dlog 1)) if the responses were unobserved. Information from the follower’s
response guides the leader’s exploration to the well conditioned part of the action space.
Given the Q(dv/T) sample complexity of linear bandits, the upper bound is tight (up
to logarithmic terms).

Weak reduction. When ( is small relative to A, the problem does not immediately reduce
to a linear bandit, but we have the following improved upper bound.

Proposition 2.4.11. There exists an algorithm Alg that achieves
Rag(T) < O((CITHY)757), (2.13)

where C¢ :=+/1—(?€(0,1).

This bound improves as ( decreases. The sample complexity is therefore 5(Cd —d=2y,
a C’d reduction compared with the original complexity without observing the responses in

Corollary 2.3.4

Since the reduced problem is still a ReLLU bandit, UCB will not be suitable. Instead,
(2.13) can be achieved through discretization of A; as the upper bound in Theorem [2.3.3]
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2.5 Beyond UCB

Although the UCB algorithm gives a near-optimal rate in most of the above examples. We
also provide two cases where UCB fails to achieve the optimal rate. This necessitates a
tailored algorithm design in specific settings.

2.5.1 Nonlinear (Polynomial) Family

UCB is known to fail to achieve the optimal rate in the case of the polynomial bandit family
[104], where the reward is a polynomial activation on top of a linear family. We construct
an example which utilizes the structure of the polynomial bandit, formally defined below.

Example 2.5.1 (Polynomial bandit). Consider the convex function f(x) = x?* for some

keZ,. Let

A=B"1 B=[-1,1,0 =B x {1}, (2.14)
and
where f* is the convex conjugate of f. Consider the nonlinearly parameterized family

Ho = {hola,b) = F(60- 6(a,h)) | 6 € O}, (2.16)

By properties of the convex conjugate,
Fola) = F(0-q-a) = (0_a- a)* (2.17)
with the best response

by(a) = argmax 2kb0_,; - a — f*(2kb)
—1<b<1
 F6aa)

o%h (0-q-a)* " e [-1,1].

This observation allows us to apply results on polynomial bandits [104].

Response-regret structure. Observe the following properties of the best response func-
tion in Example [2.5.1

1. The expected reward is a function of the best response, independent of the true pa-
rameter. Namely,

ho(a) = by(a)2+T. (2.18)
This mapping is Lipschitz:

_ — 2k
[ho(a@) = ho(a)| < 57—

by(a) — by(a')], (2.19)
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and further

argmax bj(a) = 0 € argmax hy(a), (2.20)
acA acA

with both maxima being 1.

2. The response observation, as a degree 2k — 1 polynomial, is more informative than the
reward observation, a degree 2k polynomial, when the noise levels are the same and
0_4 - a is small.

Based on these two observations, the leader may view the response b; as a prory reward and
aim to minimize the proxy regret

T

R(T) =Y 1—bylay). (2.21)

This is consistent with minimizing the true regret R(7"), which differs from the proxy regret

ﬁ(T ) by at most a constant factor by (2.19).

Regret bound. Using the response observations exclusively to minimize the proxy regret
R(T) = ZtT:1 1 — bj(ay), the leader reduces her task to a polynomial bandit problem with
a degree 2k — 1 polynomial activation function. By , we may focus on bounding the
proxy regret. Corollary 3.16 from Huang et al. [104] suggests that

R(T) < O(Vd*—1T), (2.22)

or equivalently the sample complexity is 5(d2k—1 /€?) for achieving e average proxy regret.
The following bound on the true regret follows from (2.19) and ([2.22)).

Proposition 2.5.2. In example there exists an algorithm Alg, using the response
observations exclusively, that achieves

Rag(T) < O(Vd1T), (2.23)

Proposition suggests an ,Ov(d%_1 /€?) sample complexity. For instance, the leader
can achieve this regret with the zeroth-order algorithm proposed in Huang et al. [104, Algo-
rithm 6.

Remark 2.5.3 (Lower bound). Since the reward observations have a higher signal-to-noise-
ratio, we should expect that the sample complexity of Example to be the same order
as the sample complexity of achieving € average regret in a degree 2k — 1 polynomial bandit.
Huang et al. [104] shows that this is lower bounded by Q(d**~1/€?). Thus, is essentially

optimal.
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Remark 2.5.4 (Benefit of observing responses). If the leader does not observe the responses,
the problem 1is equivalent to a degree 2k polynomial bandit. The optimal regret without ob-
serving the experts actions will lead to an O(d** /€*) sample complexity. Thus, the response
observations contribute to shaving of a factor of d, which can be significant when the dimen-
stonality is high.

Remark 2.5.5 (Suboptimality of UCB). Using the traditional Eluder UCB algorithm leads

to a suboptimal sample complezity of 5(d2k/62) when the leader solely uses the response
observations. Still, this is a factor d improvement compared to what she can achieve with
UCB without the response observations.

2.5.2 Failure of the Optimism Principle

The next example is adapted from the ReLU bandit in Example [2.3.2] and shows that
optimism-based method can have dramatic suboptimality in certain problems.

Example 2.5.6. Let A =B B=B"1 x[0,1], and
O ={(0_4,00)|0_qa€B 0;=1—A} (2.24)
for some A € (0,1). Consider the linear family He » with

1 — [a]

¢(a,b) = [la]|(1 — ba)a, ba — [[b—all) + (b—a, 0). (2.25)

For any § € © with #_; € S*!, the optimal action for the leader is 0_4, with the follower
best responding (0,0) and achieving unit expected reward.

When ||a|| = 1, this function behaves exactly as in Example [2.3.2] where b}(a) = (0,1)
whenever 0_;-a < 1 — A; When a = 0, the best response is b;(0) = (6_4,04). Thus, if
the response observations are noiseless, the leader learns the true parameter and hence the
optimal action in one round by playing a; = 0.

However, any optimism-based method such as UCB will not achieve such efficient learn-
ing, even when the response are noiselessly observed. It is straightforward to verify that, for
any action a with ||a|| < 1, the optimistic reward satisfies

sup hg(a) < 1. (2.26)
)

Thus, as long as the confidence set contains some 6 with #_; € S !, which holds under
our initial condition, optimism causes the leader to only take actions a € S%!, reducing the
problem to the worst-case Example [2.3.2
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2.6 Conclusion

We have studied a model of online learning in decentralized cooperative Stackelberg games.
We showed that, even with an omniscient follower who always best responds (myopically),
the worst-case sample complexity for a linear family can be as large as exp(©(dlog 1)). This
“curse of expertise” highlights the challenge caused by miscoordinated exploration. This also
raises the question of how a non-myopic expert follower should respond to the leader’s actions
(without knowing the leader’s exact algorithm) to expedite their learning and maximize their
long-term reward.

We considered the UCB-type algorithm that incorporates response observations. A few
examples of various hardness were considered, ranging from efficient learning through imi-
tation and guided exploration to the worst-case linear family example with an exponential
sample complexity.

Besides the examples considered in the chapter, there are numerous scenarios where
the roles of the leader and the follower are more complex to reason about. This poses
unique challenges for both the learning process of the leader and the subsequent analysis
of regret, indicating a fertile ground for future research. Specifically, our current template
of Algorithm [1| requires designing the confidence sets based on the specific response-reward
structure of each problem. It remains open to find a general design (or prove the lack thereof)
that systematically synthesizes the response and reward observations. A general framework
of analysis that can provide a unified yet sharp upper bound on the examples is also valuable.
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Chapter 3

Fitness and Welfare in Random
Matching Markets

Understanding large multi-agent systems is challenging in general, especially with stochas-
ticity and heterogeneity in agent profiles. But in many settings, structure emerges despite
these difficulties, allowing us to understand key aspects of the system. This chapter illus-
trates such a case in the context of two-sided matching markets, where we use tools and
insights from probability and information theory to establish a sharp characterization of
welfare distribution and individual fitness under the classic stable matching framework.

3.1 Introduction

In this chapter, we study distributional outcomes in random two-sided matching markets.
The market we will consider follows the marriage model of Gale and Shapley [88], where
agents on each side of the market have preferences over potential partners on the other side.
The market is assumed to be stable, meaning that that there are no blocking pairs of agents
who would rather match to each other over the their assigned partners. In the markets that
we consider, agents have latent preferences generated according to observed characteristics.
We are interested in the empirical distributional outcomes of each side of the market and
the relation between outcomes of each side of the market.

We study these questions in large randomly generated markets, with both vertical and
horizontal differentiation. Every agent has an observed personal score for every other agent
in the market, and her preferences follows a logit model based on these scores. We assume
that no agent is a-priori overwhelmingly more desirable than any other agent. It is shown
that the observed characteristics alone determine the empirical welfare distribution on each
side of the market. Moreover, the joint surplus in the market is fixed, and the average
welfare of one side of the market is a sufficient statistic to determine the empirical welfare
distribution on both sides of the market.

The model we consider has an equal number of men and women. For every man m;
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and every woman w;, we are given non-negative scores a;; and b;;, which can be viewed as
generated from observed characteristics. Each man and each woman have strict preference
rankings generated independently and proportionally to these latent scores, as in the Logit
model.[] Equivalently, each man m; has a latent value from matching with woman w; that
is distributed exponentially with rate a;; (smaller values are considered better).ﬂ Women'’s
latent values for men are generated similarlyf

We identify an intrinsic fitness for each agent that represents her relative competitiveness
in the market, independent of the realized stable outcome. For every pair of agents on
opposing sides of the market, we can obtain a mutual score of the pair’s match. If we write
these scores in a matrix, the intrinsic fitness values correspond to scaling coefficients that
make the mutual matrix bi-stochastic[f] Intuitively, this bi-stochastic mutual matrix can be
thought of as consisting of a-priori probabilities of each pair matching. This representation
captures the interactions between the sides of the market.

We find that the welfare, or agents’ ranks , when scaled by their intrinsic fitness, have
an approximately exponential empirical distribution on each side of the market. Moreover,
the average welfare of agents on one side of the market is sufficient to determine the average
on the other side. Overall, each agent’s welfare can be seen as determined by a global
parameter, her intrinsic fitness, and an extrinsic factor with exponential distribution across
the population. This characterization holds with high probability in every stable matching.
In fact, this structure extends to matchings that are only approximately stable, which allow
for a vanishing fraction of blocking pairs.

As the result applies to all stable matchings, the proof approach follows a union bound
argument. The probability of each matching being stable can be derived from the the
integral formula by Knuth [123]. The heterogeneity of preferences, however, brings great
difficulty, which we overcome with a truncation technique to accommodate heavy tails of
agents’ outcomes and a fixed-point argument on the eigenspace of the characterizing matrix
of the market. As we show, the number of stable matchings is small, and for each stable
matching the exponential empirical distribution arises intuitively as it has the largest entropy
among all non-negative distributions with a given mean.

Closely related to this work are Menzel [153] and Peski [169], which analyze matching
large markets and find that the joint surplus in the market is unique.E] Both papers charac-
terize the matching rates between agents of different types while our focus is on evaluating
the welfare and rank distributions for each side of the market.

Menzel [153] uses a fixed point argument in a supply-demand model generalizing and

'Numerous empirical papers that study two-sided matching market assume agents’ preferences follow a
logit model (see e.g., [8,[99]).

20ne can view the utility of an agent for her match to be the negative of the corresponding latent value.

3Special cases of this general model are markets with uniformly random preferences [124, 172} (125} [170,
21] or when agents have common public scores [151} [25].

4This representation is valid since preferences are invariant under such transformations.

SPeski [169] considers a large roommate model and analyzes proper stable matchings, and the results
apply also to two-sided matching markets.
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building on insights from Dagsvik [65]. A technical assumption on outside options allows
Menzel [153] to establish uniqueness by showing that rejecting chains must be short.

Our proof approach is closer to Peski [169], which directly bounds the number of stable
matchings that (do not) satisfy certain properties, through handling large deviations. In
Peski [169], the desired property regards the distribution over match rates, while we require
that the empirical welfare on each side follows an exponential distribution.

Peski [169] shows that the distribution of matched types is the one that maximizes the
sum of the average welfare and the entropy of the distribution. Our result implies that
stability also maximizes entropy but in the finer rank or welfare distribution on side of the
market. A technical contribution of our work is the notion of (anti-)fitness, obtained via
Sinkhorn matrix balancing, which constructs an explicit non-trivial mapping from types to
values.

Finally, there are some differences in the assumptions over agents’ preferences. Menzel
[153] establishes that, at the limit, agents choose partners according to a logit model from
opportunity sets, while we analyze large markets and assume that agents have logit based
preferences. Peski |[169] also has more general preferences that can allow for correlations in
idiosyncratic shocks.

3.1.1 Related Works

The analysis of random two-sided matching markets goes back to Knuth, Motwani, and Pittel
[124] and Pittel |[172,170], who consider markets with uniformly random complete preference
lists. These papers establish the number of stable matchings as well as the average ranks
on each side. A key finding is that the product of the average rank of agents on each side
of the market is approximately the size of the market [170], implying that stable matchings
essentially lie on a hyperbola. Our findings generalize these findings to markets to random
logit markets. We also expand these findings to describe the distributional outcomes in the
market.

Several papers consider markets with uniformly drawn preferences with an unequal num-
ber of agents on each side of market [21, 171, [51]. The key finding is that stability is essen-
tially unique agents on the short side have a substantial advantage. Our work contributes
to this literature by considering more general preferences and offer structural insights about
approximately stable outcomes.

There have also been studies of random matching markets with non-uniform preferences
[107, (127, 136, |19, (92} 25]. These papers study either the size of the core and manipulation
in matching markets and the typical finding is that in large markets, the outcomes are
essentially unique and frictions are limited.

3.1.2 Notations

In this chapter, we follow the convention where boldface letters denote vectors (lower case)
and matrices (upper case), e.g., X = (;)ic[n) and A = (aij)icpn],jepm), and capital letters
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denote random variables.

For two identically shaped matrices (or vectors) M and N, MoNN denotes their Hadamard
(entry-wise) product. For a vector x € R” with non-zero entries, denote its coordinate-wise
inverse by x 1.

We denote the probability density function (pdf) and cumulative distribution function
(CDF) of Exp(A) by fx and F), respectively. For distributions D; and Dy over spaces X
and ), Dy X Dy denotes their product distribution over X x Y. F (x) denotes the empirical
distribution function for the components of a vector x, treated as a function from R to [0, 1].
F(D) denotes the CDF of a distribution D on R. For real-valued random variables X and
Y, X <Y denotes stochastic domination of X by Y.

We say f = o0,(g) if f/g — 0 as a — 0 (uniformly over all other parameters, such as n).
For example, /e = o.(1).

3.2 Model and Preliminaries

3.2.1 A Matching Market

We begin with describing a general two-sided matching market.

Matching markets with random preferences. We consider a two-sided matching
market consisting of two equally sized sets of agents: men M and women W, where
|IM| = [W| = n. The men are labeled my,..., m, and the women wy,...,w,. Each man
(resp. woman) has a complete strict preference ordering >, (resp. >,) over the agents on
the opposite side drawn from some distribution.

A matching is a bijection pu : M — W. For notational simplicity, we identify men
and women with the index set [n] and write p : [n] — [n], where u(i) = j (equivalently,
p~t(j) = i) indicates that m; is matched with w;.

Stability. A matching y is unstable if there exists a pair (m;, w;) such that w; =n. w,q
and m; =, m,-1(;. That is, m; and w; both prefer each other over their assigned partners,
forming a blocking pair. A matching is stable if no such blocking pair exists. Denote the set
of stable matching by S. It is well known that § is nonempty.

Ranks and their distribution. Given a stable matching p, the rank of a man m;, denoted
by R;(u), is the position of his assigned partner pu(z) in his preference list. The vector
R (1) = (Ri(1t))icm) captures the ranks of all men in the matching.

3.2.2 Logit-Based Preference Model

We consider a general model of matching markets with logit-based preferences. Preferences
in the market are randomly generated as follows. For each man 4, we are given a stochastic
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vector &; = (G;j) jem) € R}, Then, m;’s preference list is generated from a logit model based
on a;. In particular, let D; be the distribution on W that places probability a;; on w;; then
m; samples from D; his favorite partner, and repeatedly sample from it without replacement
his next favorite partner until completing his list. Similarly, each w;’s preference list is
generated from a logit model based on a given stochastic vector Bj = (I;ji)ie[n]. Denote by

~

A = (aij)ijepm and B= (lf)ji)ﬂe[n] the row-stochastic matrices.

Example 3.2.1 (Markets with public fitness). A matching market is said to have public
fitness if all agents on the same side of the market share an identical preference distribution.
Formally, this means that for all i € [n], the stochastic vector a; is identical across agents,
i.e., a; = (G5)jem € RY, and similarly, for all j € [n], b; = (I;i)ie[n} € R%. This can be
interpreted as having for each agent j a common and observed fitness a;.

Beyond the public fitness model, defining fitness for agents is less clear. For instance, it
is unclear how the prior scores women assign to men could be meaningfully aggregated into
scalars that captures mens’ fitness independent of the realized outcome.

Matrix balancing and intrinsic fitness. To analyze the market, it will be helpful to
describe it using an alternative scaling scheme. We look for scaling vectors ¢, € R’} for
the rows of A and B such that M = n~'A o BT is bistochasticlﬂ, where A = diag(¢)A and
B = diag(¥)B. As shown in Sinkhorn [193, Theorem 1], under mild conditions that we will
discuss later, such a bistochastic matrix M always exists, and the scaling vectors ¢ and
are unique up to constant rescaling. That is, ¢ and 1) jointly solve

%diag(q.’))(A oB")diag(¥)1 =1 and %diag&p)(]:% o AT)diag(¢)1 =1,  (3.1)

where 1 is the vector consisting of all 1’s. The matrix M will be referred to as the mutual
matriz.

The bistochasticity constraint implies that a uniform increase of m;’s popularity among
women results in a proportional decrease in ¢;. Thus, ¢; can be interpreted as the “aver-
age anti-popularity” of man m; among women; Note that since A = diag(¢)'A is row-
stochastic, we conveniently have ¢; = Z;;l a;j, and similarly ¢; = >""" | bj; in the balanced
form/[]

We refer to the vector ¢ and 1) as the men’s and women’s anti-fitness vector, respectively
(and note that a smaller intrinsic fitness value means the agent is more competitive). In the

~

matching market with public scores (Example , the fitness vectors are ¢ = b™! and
1p = a~!, where the inverse is taken component-wise and the mutual matrix M = J :=

(™ Y)igemn-

6 A nonnegative matrix M is bistochastic if the sum of entries in each row and each column is one.

“One can construct examples where every woman prefers m; over m, by some margin (say, I;jl > 1.1I;j2
across all j € [n]), yet my has a lower anti-fitness value. While seemingly counterintuitive, this arises because
an individual’s fitness depends not only on others’ preferences but also on her own. In short, a man who
prefers women who also favor him may appear more fit than one who prefers those less likely to reciprocate.
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Latent values. Preferences based on the logit preference model can be generated equiv-
alently as follows. Let X, Y € R}*" be two random matrices with independent entries X;
(resp. Yj;) sampled from Exp(a;;) (resp. Exp(bj;)). The preference profile is then derived
from X and Y as follows:

Wi, Zm, Wy, = Xij < Xy,

My =w, My, = Yy, <Y,

We refer to each X;; (resp. Yj;) for ¢, j € [n] as the latent value (or simply value) of m; (resp.
w;) if matched with w; (resp. m;). Note that a lower rank corresponds to a lower latent
value.

Market connectivity. As we study the asymptotic behavior of matchings in large mar-
kets, we require that the market is “sufficiently connected”. A counter example is given

by
- ~ 21 0
A-p=2(00). 5:2)

which represents two disjoint markets, each with uniform independent preferences among its
participants. In this case, even the anti-fitness vectors are ill-defined because their scaling
can vary between the two sub-markets. Intuitively we require that no agent finds any other
agent disproportionately more favorable than any other agent. We formalize this:

Assumption 3.2.2 (Strong connectivity). There exist an absolute constant C' € [1,00) such
that

— < min min{a;;, bj;, nm;;} < max max{a;;,bj;,nm;;} < C  for all n. (3.3)
i,j€n] i,j€[n]

Remark 3.2.3. Assumption imposes strong connectivity on the market by requiring
the attractiveness among all pairs of men and women to vary by at most an constant factor
as the market grows. We expect the results to hold under a weaker assumption, which can be
described through the spectral gap of the matrix M. ﬁ The spectral gap is a common notion
in the studies of the structure of networks and communities’] Assumption substantially
simplifies the analysis and exposition.

8Recall that, as a bistochastic matrix, M has a largest eigenvalue of 1 and all other eigenvalues of
magnitude at most 1. One may think of the market as contiguous in this weaker sense if the spectral gap of
M, given by 1 — [Apax(M — J)|, is bounded away from zero as the market grows.

9n the model, the spectral gap of M describes the extent to which the market interconnects globally
or decomposes into multiple sub-markets. A larger spectral gap means that the market is more cohesive,
with more uniform or homogeneous preferences. For instance, the uniform market with M = J has a unit
spectral gap, the maximum possible value. A smaller spectral gap means that the market is more clustered,
with a clearer boundary between communities. For instance, any block-diagonal bistochastic matrix (with
at least two blocks) has a zero spectral gap, and corresponds to a market that decomposes into two or more
independent sub-markets; One cannot hope to have a uniform structure result in such markets.
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3.3 Warm-Up: Uniformly Random Preferences

Before analyzing the general model, we consider a special case where agents have preferences
generated independently and uniformly at random and use numerical simulations to generate
intuition.

Figure [3.1] plots histograms of the ranks for both sides in four arbitrarily chosen stable
matchings in such a market with n = 10000 agents on each side. Two patterns emerge
from the simulations: (i) The empirical distributions of ranks exhibit an approximately
exponential shape, and (ii) the product of the average ranks on the two sides is close to n.
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Figure 3.1: Histograms (counts) of ranks in four arbitrarily chosen stable matchings for
a market instance with uniformly random preferences with n = 10000 men and women.
Red vertical dashed lines indicate average ranks on each side; orange dashed lines show the
theoretical histogram according to an exponential distribution.

The second observation (ii) is a manifestation of the “law of hyperbola,” a result first
shown by Pittel [170]. It highlights a fundamental trade-off: if one side enjoys lower average
ranks, the other side must compensate with proportionately higher average ranks. Observa-
tion (i) appears to be novel. It suggests a natural hypothesis: in large markets, the empirical
distribution of ranks in a typical stable matching follows an exponential law. As the market
size grows, one may expect the empirical rank distribution to “converge” to a limiting ex-
ponential distribution in an appropriate sense. Formally, for any fixed error tolerance € > 0,
we expect that with high probability, for any stable matching u € S, there exists a positive
parameter A such that R

IFR(1) = Exmllo <e,
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where F(v) denotes the empirical cumulative distribution function (CDF) of the components
of a vector v, and F)(t) = 1 — e * is the CDF of an Exp()) distribution. Furthermore, a
natural choice for A should be the average rank of women in p. In the remainder of this
chapter, we establish that a similar behavior arises in a general logit-based preference model,
which allows intrinsic qualities.

3.4 Main Results: Large Market Behavior

In this section we characterize the empirical distributional outcomes under any stable match-
ing.

For a matching p, we denote by X(u) the vector of realized latent values of the men
under the matching; that is, X(u) = (Xj 4 )icfn). Similarly, we denote by Y (i) the vector
of realized values of women. Recall that R(u) denotes men’s rank vector under y. Denote
by F(v) the empirical distribution of the components of a vector v and by F\ the CDF of
Exp()).

Theorem 3.4.1 (Empirical distribution of values). Fiz any e > 0. With high probability,
for any stable matching pn € S there exists A\, > 0 such that

IFX(1) = Far, lloo < € (3.4)

The choice of A, in (3.4 can be chosen as the truncated mean of the women’s values.

Theorem 3.4.2 (Empirical distribution of fitness-adjusted ranks). Fized ¢ > 0. With high
probability, for any stable matching p € S there exists A\, > 0 such that

|F (™" o R(1)) — F, jnlloo < €, (3.5)

where ¢ is the anti-fitness vector.

Again, the choice of A, in (3.5) can be chosen as the truncated mean of the women’s
fitness-adjusted ranks. Corollary has the advantage that the ranks, unlike latent values,
are directly observable from the matching outcome.

3.4.1 Discussion

Theorem implies that the average value of one side of the market is essentially sufficient
to determine the average value of the other side. Roughly, for a given stable matching u,
the value of A in (3.4) and (3. is approximately the sum of the women’s values in [l

10Technically, the choice of A can be taken as the sum of the values of women after excluding a small
fraction ¢ of the women who are the least satisfied (those with the highest latent values) under the matching
. This truncation, which is also done for technical reasons, avoids outliers, and in fact shows that the
predictions still hold under even weaker notions of stability. Such trimming need not be necessary with a
more careful analysis.
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This suggests that the average value of men is approximately 1/A =~ 1/||Y (u)||:. Therefore,
the product of the average values of the two sides of the market gives approximately 1/n
simultaneously in all stable matchings with high probability. We believe that, with a refined
analysis, one can show that sup,cg [n ™[ X (1) [[1[[Y (1)1 — 1] 0.

Moreover, the average value of men is also sufficient to predict the empirical value distri-
bution on each side of the market. For example, if we find that 30% of the men have value
h or higher, then we should expect 9% to have value 2h or higher.

Values are not always observable, however, Theorem [3.4.2] offers a similar characterization
with respect to ranks. It implies that the product of the average scaled ranks of men
and women should be asymptotically n, and the average rank on each side determines the
empirical rank distributions.

Observe that the scaling in is consistent with the intuition that ¢; = Z?:1 a;; is the
average fitness of m;. Within a stable matching, a more popular man should, on average,
achieve a better (smaller) rank than a less popular one. For instance, in a market with
bounded public scores (Example , the number of proposals each man receives during
the woman-proposing deferred acceptance algorithm is approximately inversely proportional
to his anti-fitness. This implies that his rank is proportional to ¢; in the woman optimal
stable matching.

Remark 3.4.3. To emphasize the role of stability in the results, it is helpful to contrast these
with the outcome generated by the random serial dictatorship (RSD). For simplicily, assume
preferences are generated uniformly at random and women choose their favorite partner
sequentially. By a coupon collector arqument, the average rank of the women is of order
logn. On the other hand, the fraction of women who get their top choice is asymptotically
1—e~t. Therefore, the women’s rank distribution must have a heavy tail, thus departing from
an exponential or geometric one. The men’s rank distribution again fails to be exponential:
the matching is completely independent of men’s preferences and thus the rank distribution
must be uniform, although the value distribution will be simply Exp(1). Note also the failure
of the law of hyperbola in this case: the average rank is of order logn for the women and
linear for the men.

Robustness. The results apply also to approximately stable matchings, defined as follows.

Definition 3.4.4 (Sub-market approximate stability). We say that a matching p between
M and W is a-stable for some 0 < a < 1 if there exists a sub-market of size at least (1—a)n
on which  is stable; that is, there exist subsets M’ C M and W' C W both with cardinality
(M| = [W'| > (1 — a)n such that (M) = W' and the partial matching induced by
between M’ and W' is stable (within this sub-market). We refer to the stable sub-matching
between M’ and W' as the stable part of u. Denote the set of a-stable matchings by S,.

The following can be derived from the quantitative versions of Theorem and Corol-
lary which we will present in Section [3.8
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Corollary 3.4.5. Assume o < n™" for some constant n > 1/2. Then, as n — oo,

inf (| F(X (1)) — Falloo = d inf || F(¢p" o R(1)) — Fallo 2 0. (3.
max inf [[F(X(1) = Fille =0 and  max inf [|7(¢7 o R()) — Fille = 0. (3.6)

The approximately exponential empirical distribution applies to any matching that is
stable except for o(y/n) agents. The key observation is that, if the market satisfies the
contiguity assumption, then each sub-market is also contiguous, and we can apply a union
bound over all sub-markets of size (1 — a)n.

Similarly, stable matchings should have a similar behavior in markets that are slightly
imbalanced (if there is a linear imbalance agents on the short side will get on average a
constant rank, contradicting the exponential empirical distribution).

3.5 Proof Ideas

3.5.1 Intuition

We begin with offering a high-level intuition for the result. The proof does not follow exactly
the intuition due to technical difficulties. We would like to establish, using a union bound
argument (over the n! matchings), that

ZP(M € S and the conditions of (3.4)) fail) - 0 as n — occ. (3.7)
m

Establishing (3.7]) directly appears to be difficult. A more approachable statement is to first
bound the expected number of stable matchings:

Y P(ueS) = exp(o(n)), (3.8)

I

and then show that for an arbitrary matching pu, the probability failing (i.e., the em-
pirical distribution of X(u) is not exponential) conditional on stability of u is exponentially
small.

To better understand this, consider a matching p selected randomly and its realized
value vectors X = X(u) and Y = Y (u). Note that the probability of an unmatched pair
m; and w; to block in p is approximately a;;b;; X;Y; = nm;; X;Y;, and therefore nX'MY
is approximately the expected number of blocking pairs. Without imposing stability, this
would be of order n?. However, stability would require this to be of much smaller order, and
therefore a large deviation event.

Consider the case of uniform preferences, where n X' MY = ||X||;||'Y]; since M = J :=
(n~")P,=;. In this case, the sums || X[|; and [[Y||; are essentially sufficient for determin-
ing stability. Condition on these two quantities, the exponential empirical distribution is a
consequence of maximum entropy positive distribution conditional on a fixed mean. In the
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non-uniform preferences, the large deviation event combined with the strong connectivity as-
sumption (Assumption assures that these quantities are sufficient for similar reasoning
about stability.

The proof requires careful analysis to handle the tail events and make the argument go
through.

The intuition above reveals another reason why assumptions like Assumption is
necessary apart from our discussion in Section . Observe that even (3.8) can fail when
we relax Assumption Consider a market consisting of n/2 small markets with just 2
men and 2 women in each. Under the uniform preferences within each market, the expected
number of stable matchings is 9/8, thus

Y P(ueS)=(9/8)"* # exp(o(n)).

3.5.2 Proof Sketch

Case with uniformly random preferences. Let us first look at simple case, in which
agents’ preferences are generated independently and uniformly at random, i.e., all canonical
scores equal 1/n. The proof in this case is more straightforward due to the symmetry among
agents and the established high probability bound on the number of stable matchings [172].
We keep however the discussion informal in this section.

For a given matching p, we study the conditional distribution of the value vectors
X (@), Y () € R™ conditional on stability of p. Conditional also on women’s value vec-
tor Y(u) = y, man m;’s value X;(p) must satisfy X;(u) < X;; for each j # p(i) with
Yj; < y; in order not to form a blocking pair. Since X;; and Y}, are ii.d. samples from
Exp(1) for each j # p(i), one should expect X;(u) to be effectively less than the minimum
of about >>, ;1 —e™ ~ |y|i number of Exp(1) random variables. Such a constraint
acts independently on each X; (conditional on Y (u) = y), and therefore in the posterior
distribution one should expect X(1) to behave like i.i.d. samples from Exp(]|y||1)-

Concretely, conditional on U(u) =u=1— F(x) and V(u) = v =1 — F(y), where we
recall that F'(z) = 1 —e~* is the CDF of Exp(1) and is applied component-wise on the value
vectors. The likelihood of (x,y) when y is stable is [[ ;) (1 —uw;) [172]. With some crude
first order approximation (namely, 1 — z &~ e~ %), this expression can be approximated by

[ @ —ww) mexp | = wiy; | = exp(=[xlhlyl),
JFAu(@) i,j€[n]

where we also put in the terms x;y,;) for i € [n] despite their absence in the original product.
By Bayes’ rule, conditional on Y (u) = y and that p is stable, the distribution of X(u) is
approximately p(x|ji € S, Y = y) o< exp(—|[x[1[yl|1) Iy e = [T, exp(~(1+ [y 1)),
Note that this is the joint density of the n-fold product of Exp(1+||y||1). Our main theorems
in the case with uniformly random preferences follow directly from the the convergence of
empirical measures.
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The general case. The entire result can be viewed abstractly from the following lens:
For any matching p, we expect the value vectors (X (u), Y(u)) to behave “nicely” with very
high probability conditional on stability of u, so that even if we apply union bound on all
stable matchings (which we will show to be “rare” separately) it is still unlikely to see any
“bad” value vectors. To do so requires a careful analysis on the conditional distribution
of value (given stability) D, € A(R"} x R"), which depends on both the (unconditional)
preference distribution (the “prior”) and the conditional probability that p is stable given
a pair of value vector X(p) = x and Y (i) = y, which we will denote by p,(x,y). We
will define the ultimate “nice” event to be the e-proximity of empirical distribution of value
(or fitness-adjusted rank) to some exponential distribution, but unsurprisingly it is hard to
analyze this event directly from D,,, which is complicated itself, in one single step. Instead,
we will follow a “bootstrapping” approach. Namely, we will construct a nested sequence of
subsets R} x R} = Qg D Q; D -+ D Qg representing events on the joint value vectors of
a stable matching, with Qg the desired event that the empirical distribution of value for
men is e-close to some exponential distribution. Step by step, we will show that a stable
matching, conditional on its value vectors in €2;, must have value vectors in €2;,; with very
high probability. Here is the roadmap to establishing these increasingly “nice” events:

(a) As a first step, we approximate p,(x,y), the likelihood of value vectors x and y in a
stable matching i, by the function ¢(x,y) = exp(—nx'My). That is, the log likelihood
of value vectors in a stable matching is approximately bilinear in the two vectors. To
establish this, we identify a weak regularity condition on the value vectors of all stable
matchings in terms of the first and second moments and extremal quantiles of the value
vectors, under which the approximation holds (see Section . Such a condition is
met by all stable matchings with high probability (see Appendix for details). The
proof primarily consists of standard analysis of the deferred acceptance algorithm and
careful use of first- and second-order approximation of p,(x,y). Here we use the fact
that the men-proposing and women-proposing deferred acceptance algorithms output
the extremal outcomes with respect to the two sides’ values among all possible stable
matchings.

(b) In the expression for ¢(x,y), the value vectors relate through the matching matrix
M. However, we show next that, in stable matchings, we can further simplify things
by approximately factoring nX(u) "MY () into a product || X (u)||1]|Y (1)||1 of sums of
values on the two sides; since nM is bistochastic, this essentially says that only the first
“principal component” of M matters. More specifically, both MY (1) and M X (1)
lie near the principal eigenspace of M. To prove this, we use a fixed point argument to
deduce that MY (1) depends almost deterministically on M "X (p) and, symmetrically,
M "X (1) on MY (u); For such relationship to hold, both quantities need to lie near
the principal eigenspace of M, which is the span of 1 under Assumption [3.2.2] (see
Section . Along the way, we also deduce an upper bound for the (unconditional)
probability for p to be stable (see Section , suggesting an sub-exponential upper
bound on the typical number of stable matchings (Corollary [3.6.3)).
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(c) Under the previous event, the men’s values behaves approximately like i.i.d. expo-
nential samples with rate ||[Y(u)||; conditional on stability of p and Y (i) — in fact,
they are conditionally independent and nearly identically distributed. The result on
the empirical distribution of men’s values follows immediately from a concentration in-
equality of Dvoretzky—Kiefer—-Wolfowitz (DKW) type, generalized for nearly identically
distributed independent random variables (Lemma [B.1.3).

(d) Finally, we translate values into ranks. Using the classic first- and second-moment
method, we show that for majority of the agents in the market, the rescaled rank
(based one’s own scores) lies close to the value. This implies Theorem [3.4.2

There is one caveat, however: In [@], a second order expansion of p,(x,y) is required
in order to justify the approximation with ¢(x,y). As a result, we need to control second
order behavior of value, ie., |X(p)||3 = >5, Xi(i)?, in any stable matching p. However,
the second moment cannot be easily controlled due to the heavy tail of Exp(1)—the moment
generating function for X? does not even exist for X ~ Exp(1). To resolve this issue, we use
a truncation technique in the upper ¢/2-quantile of the values on each side. By choosing ¢
sufficiently small, we can ensure that the truncation only affects the empirical distribution
by an arbitrarily small amount in £*° norm; this small sacrifice can be easily absorbed into
the € error term in ([3.4). The real challenge, however, is that in [(b)| and [(¢)] we will have to
deal with not just all stable matchings, but all stable partial matchings: that is, matchings
that are stable when restricted to some (1 — §)-fraction of the market. See Section for
the technical definition of truncated and partial matchings.

3.6 Approximating the Probability of Stability

The goal is to understand the likely ranks (or values) of agents that can be realized when
a matching p is stable. Since the prior distribution of the values is known (as given by the
matrices A and B) , it is enough to understand under what configurations of values p is
likely to be stable. Furthermore, knowing the probability of stability for a matching allows
to compute the overall probability that p is stable. This section provides a closed form
expression for the probability of stability and its approximation. The heuristic analysis will
suggest that the log probability of stability behaves as a bilinear function in the value vectors
of the two sides through the mutual matrix. The validity of such an approximation will be
formally established in Section [3.6.3] For the precise argument, we also need to extend
the definition of stability to partial matchings, i.e., matchings between a large fraction of
the market, which emerge naturally from stable matchings once attention is restricted to a
well-behaving part of the market.
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3.6.1 Probability of Stability and Its Bilinear Approximation

As mentioned above, a central quantity to our analysis is the probability of stability, which
is defined for each matching ;1 as a function p, : R x R — [0, 1] to be the probability that
1 is stable given values of men and women in p. That is

pu(x,y) =P(p € SIX(1) = x,Y (1) =y).

Just like the integral formula used by Knuth [123] and Pittel [172} 170] to study matching
markets with uniformly random preferences, the probability of a matching p being stable
can be similarly characterized by an integral

]P)(:u € '5) = ]EXNH?:1 Exp(a,u(i)), Y~ 12y Exp(b; ,~1¢;)) [p“<X’ Y)]

~ [ ) [ o (8 () iy
RY xR} i1

The function p, can be further expressed in closed form. Condition on the value vector
X(p) =x and Y (p) =y and sample the rest of the values X;; and Yj; for all j # u(i). Each
pair of 7, j € [n] with j # (i) may form a blocking pair when X;; < z; and Yj; < y;, which
event happens with probability (1 —exp(—a;;x;))(1 —exp(—b;iy;)). For u to be stable, there
must be no blocking pairs and thus

pu(x,y) = H (1—(1—e ™) (1— 6_bﬂyf)) : (3.9)
St

While exact, the closed form of p, is hard to use; approximations (including upper
and lower bounds) of it will often simplify our analysis. Under Assumption 3.2.2] i.e.,
max; ;, j, ij, /@ij, < C* and max;;, i, bji, /bji, < C?, we observe a simple upper bound

Pu(x,y) < H <1 - (1- e*ii/ca) (1- e*‘@j/cz)), (3.10)
(D)#7

where 2; = ;a;,;) and §; = y;b; ,-1(;) for i, j € [n] are the renormalized values (thus named
because they have unit mean). This bound is fairly conservative and crude for our final
purpose, but will prove useful for establishing preliminary results.

To further simplify the analysis, we recognize that, through first order approximation,

pu(x,y) = [ ] (1 = aibjimiy;) < exp ( -y aijbjiajiyj) ~ exp(—nx' My). (3.11)
i7#] i)
As mentioned in our proof sketch, we write

g(x,y) = exp(—nx"My) = exp ( -y mimyj)

4,j=1
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for this approximated expression for the probability of stability. In other words, the log
probability of achieving stability with realized value vectors x and y is approximately x My,
a bilinear function in both vectors. The bilinearity will allow to decouple the two sides of
the market, and analyze each side while conditioning on the other.

Our analysis will show next that ¢(x,y) is indeed “good” approximation of p,(x,y).
Before formalizing this statement, we do need to discuss some technicalities.

3.6.2 Partial Matchings and Truncation

A challenge in arguing that ¢(x,y) serves as a good approximation of p,(x,y) is that the
second-order behaviors of the men’s and women’s values, which are relaxed in , are
hard to control due to the heavy tail of exponential distribution. However, outliers in the
upper o-quantile of the values can affect the empirical CDF by at most 0 in ¢£*°-distance:
this can be absorbed into our error tolerance. We address the concern of outliers using a
truncation technique, where we consider matchings that are stable within a significant subset
of the market. It will later turn out that this approach also allows us to study approximately
stable matchings.

We now formalize a general partial matching and then describe a particular way to form
stable partial matchings. Let M’ C M and W' C W be subsets of the men and women with
cardinality |[M'| = |W'| = n'. A partial matching (/' : M' — W' is a bijection between M’
and W'. Denote the values of men among M’ and women among W’ in the partial matching
i1 by X (i) and Yy (1), respectively. Although it may be natural to view X (p') and
Yy (1) as n'-dimensional vector, we choose to view them as n-dimensional vectors where
the components corresponding to men in M\ M’ and women in W\W' are zero (recall that
since smaller values are better outcomes, zero is the best possible latent value). Therefore,
conditional on X (') = x' and Yy (i) =y’ for X'y’ € R" supported on M" and W',
respectively, the probability that p is stable (as a matching between M’ and W) is simply
P (X, y).

Given a full stable matching p and any 6 > 0, we define the following routine to construct
a stable partial matching of size n — [dn]: Let M, s C M be the subset of [dn/2] men
with the largest value (i.e., the least happy men) in y, and similarly let W52 C W be the
set of [on/2] least happy women. Construct M, 5 € M\ (M, 572U (W,,5/2)) of cardinality
n — [on]. This is always possible because |Mu 52 U Wys2)| < 2[0n/2] < [0n] and in
fact here can be multiple ways to choose ./\/l’ . The specific way /\/l is chosen (when
IM\(M,5/2UpW,52))] > n—|on/2]) is 1rrelevant to our discussion, but it may be helpful
to assume that the choice is made based on some canonical ordering of the men so there is
no extra randomness. Let us : M), 5 — (M, ;) be the partial matching induced by u on
M, 5 and their partners. Define the 6 truncate value vector for i to be Xs(p) := X, (o)

and Ys() = Yuou, ) (1)



CHAPTER 3. FITNESS AND WELFARE IN RANDOM MATCHING MARKETS 35

3.6.3 Validity of the Approximation and Reduction to Partial
Matchings

We now show that for any stable matching p, our ¢(x,y) serves as a good approximation to
pu(x,y) for its truncated value vectors x = X;5(p) and y = Y5(p).

Proposition 3.6.1. For any 6 > 0 and ¢ € (0,1/2), with probability at least 1 — exp(—n®),
for all stable matchings p, the truncated value vectors Xs(p) and Ys(p) satisfies

L (Xs(00). Y1) "
A0, Yol <O <O<<log n'>1/2)> | &)

We will establish the bound (ED in two steps. First, we identify a family of conditions
on the value vectors, and show that together they guarantee @ We then work with each
individual event and show with a union bound argument that, with high probability, no
stable matchings will violate it. The construction of such conditions is technical. See Corol-
lary in Appendix [B.2

Some of these conditions are particular useful in our proofs and provide analogous bounds
to classic results in the setting with uniform preferences. The next lemma describes some of
them.

Proposition 3.6.2. Let § > 0 and ¢ € (0,1/2) be fized. With probability at least 1 —
exp(—n®), for all stable matchings p, the truncated value vectors Xs(u) and Ys(p) satisfy

Qlogn) < [ Xs(p)lh, [IYs(1) [l < O(n(logn)~™%) (3.12)

and
X5(1) 'MY5(p) < O(logn)'/®, (3.13)

where O(-) and §)(-) hides appropriately chosen constants independent of n.

It is helpful to compare the conditions and to properties of stable matchings
in the classic uniform preference case: the optimal and pessimal average ranks on each
side of order Q(logn) and O(n/logn) [172], respectively, and the “law of hyperbola” that
characterizes the product of the average ranks on the two side as asymptotically n in all
stable matchings |170]. Our conditions are close parallel. However, due to the heterogeneity
of preferences in our model, we have to pay a small price of an extra multiplicative factor of
up to (logn)¢ with an arbitrarily small constant ¢ > 0 in some of these conditions.

3.6.4 Estimating the (Marginal) Probability of Stability

With the approximate expression ¢(x,y) for the probability function of stability, we can
derive the following sub-exponential (in probability) upper bound on the number of stable
matchings by integrating x and y over the likely region.
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Proposition 3.6.3 (Number of stable matchings). Fiz any 6 > 0. Let Ns denote the
number of stable partial matchings of size n — |dn| in a random instance of the matching
market. Then, N5 < exp(os(n)) whp. Further, the number N of stable matchings satisfies
N < exp(os(n)) whp.

To derive the bound on the number of full stable matchings from that of stable partial
matchings, we use the following observation: any such partial matching can be extended to a
stable full matching in at most exp(©(dn)) ways. This is because any such extension requires
the remaining [dn] men and women to be at least stably matched among themselves, but
this sub-market of size |0n| admits at most exp(©(dn)) stable matchings [166]. It therefore
suffices to bound the number of stable partial matchings. We do so by classifying these
partial matchings according to whether their realized value vectors (x,y) fall into a likely
region (namely R*, formally defined in Corollary [B.2.13). We show that (1) stable partial
matchings with likely value vectors total in expectation of order exp(os(n)) and (2) those
with unlikely value vectors, not surprisingly, typically do not exist. The proof is deferred to

Appendix

3.7 Uniform Influence Profiles

While the approximation ¢(x,y) is simpler to analyze than p,(x,y), the heterogeneity in
preferences suggest that men’s typical outcomes may depend on the women’s values in a
complicated way. Recall the intuition that nx My = —log ¢(x,y) gives an estimate of the
expected number of block pairs in a matching if the realized value vectors are x and y,
and we expect this quantity to be small for stable matchings. We can think of My as the
“Influence” of the women on the men: a higher value in the i-th component of Mly (compared
to other components) would require the i-th component of x to be further suppressed. It
is a priori unclear that such influence profile should appear mostly uniform across men, i.e.,
My is typically near a scalar multiple of 1. This is formalized in the next Proposition.

Proposition 3.7.1 (Approximately uniform influence profiles). Foré > 0 sufficiently small,
there exists a choice of ( = ((§) > 0 such that ( — 0 as 6 — 0 and, with probability at least
1—0(e™), for any stable matching p € S, there exists t, > 0 such that

S 1{(My): — 4] = ¢t} < ¢ (3.14)

Note that this result holds trivially in a market with uniform preferences, where M = J
has a 1-dimensional column space in the direction of 1. For general logit-based prefer-
ences, however, the claimed alignment is far less obvious. The intuition here is related to
the bounded spectral gap of M: namely, Assumption ensures that M has a strict
smoothing effect on the components when applied to a vector. Through the lens of large
deviations, we show that, conditioned on y, a typical value of M x exhibits strictly smaller
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(relative) fluctuation across its components than My, and vice versa. This leads to a pair of
approximate fixed point equations, which jointly push both vectors M "x and My towards
scalar multiples of 1. This fixed-point perspective is conceptually similar to the techniques
developed by Menzel |153] and Peski |169].

3.8 Empirical Distribution of Values and Ranks

We now establish our main results on the structure of values and ranks from the approxi-
mate uniformity of influence profiles in stable matchings. The next theorem quantifies the
proximity of the empirical distribution of values in stable matchings to some exponential
distribution, and essentially follows from the heuristics that the men’s values X, conditioned
on stability and the women’s values, behave like i.i.d. samples from Exp(||Y]|1).

Theorem 3.8.1 (Empirical distribution of value). Fiz any ¢ > 0. Then

. - _ < —nc
P max i 170X(0) = Rl > ¢) S (3.15)

asymptotically as n — oo. In particular, the infimum over X\ in (3.15)) can be replaced with
the choice of A = ||Ys(u)||1 for & sufficiently small.

The next theorem is a generalization of the “law of hyperbola” in Pittel |[170]. It can be
seen as a corollary of the approximately Exp(]|Y||;) empirical distribution of the vector X,
except that a d-truncation is again needed to avoid sensitivity to outliers in the upper tail.
The proof is essentially the same as Theorem [3.8.1] and shall be omitted; the only difference
is to replace the DKW-type concentration inequality for the empirical distribution with a
Bernstein-type concentration for the empirical average.

Proposition 3.8.2 (Law of hyperbola in truncated matching). For any fized ¢,6 > 0 and
0<c<1/2,

P e b IXs0 (0l — 1> €) S e (310

Our final result characterizes the empirical distribution of fitness-adjusted ranks in stable
matchings, and follows naturally from the value distribution in Theorem [3.8.1] Heuristically,
we would expect the rank R;(u) for man i to be proportional to his value X;(u) conditioned
on stability of 1 and the values X;(p) = x; and Y (i) = y. Indeed, a woman w; with j # p(7)
stands ahead of w,(; in the preference of man m; exactly when X;; < x; and Yj; > v,
As X;; and Yj; jointly follow the product distribution Exp(a;;) x Exp(b;;) conditional on
the event that X;; < z; and Y}; < y,;) do not simultaneously happen, the conditional

(1—e”“id"i)e"iiY%
1—(1—e~%3%)(1—e~ %3iY%)
we should expect that the rank R;(i) to be in expectation close to z; Z#i a;; X T
further, as the sum of independent Bernoulli random variables, R;(x) should concentrate at

probability that w; >m, W, is ~ a;jr;. By summing over j # pu(i),
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its expectation, therefore leading to R;(u) ~ x;¢; simultaneously for most i € [n]. The proof
in Appendix formalizes this intuition.

Theorem 3.8.3 (Empirical distribution of fitness-adjusted ranks). For any fized € > 0,

. - -1 N < —nc
P ((max nf [7(67 o RO~ Bl > ¢) S ¢ (3.17)

asymptotically as n — oo, where ¢ is men’s fitness vector. As in Theorem the infimum
over A in ([3.15) can be replaced with the choice of A = ||Ys(u)|l1 for & sufficiently small.

3.9 Conclusion

We studied the welfare structure in stable outcomes in large two-sided matching markets
with logit-based preferences. Under a contiguity condition that prevents agents from dispro-
portionately favoring or unfavoring other agents, we characterize stable and almost stable
matchings outcomes in terms of the empirical distributions of latent values and ranks of each
side of the market.

Our results suggest that the welfare in a stable matching of a random market can be
decomposed into three parts: a global parameter that determines the trade-off between
the two sides, a personal intrinsic fitness computed from the systematic scores, and an
exogenous factor behaving as a standard exponential random variable. In other words, the
average fitness-adjusted rank of one side of the market is a sufficient statistic for the outcome
distribution.
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Chapter 4

Efficiency and Envy in School Choices

The concept of stable matching, as studied in the previous chapter, has seen wide applications
across market design and allocation problems. One key limitation is that stable outcomes are
not necessarily efficient. Drawing on random graph theory, this chapter shows that typical
stable matchings can exhibit substantial inefficiency. The resulting structural insights help
inform the design of improved mechanisms or policies.

4.1 Introduction

The deferred acceptance (DA) algorithm, first proposed by Gale and Shapley in their study
of the stable matching problem, has been widely adopted for assignment problems, as it
ensures stability and encourages truthful preference reporting. Many school choice systems,
such as those in Boston [6] and New York City [3], use a student-proposing version of DA
to assign students to schools; this chapter focuses on such school choices settings. However,
DA is known to result in outcomes that are Pareto-inefficient for students; in some cases,
it may assign most students to one of their least-preferred schools [120]. Its inefficiency
has also been documented empirically. Abdulkadiroglu, Pathak, and Roth [4] show that
approximately 2% of students in the New York City high school match (using a version of
DA) could have been assigned to a more preferred school without harming others.

To address this inefficiency while preserving weaker forms of stability and strategy-
proofness, several mechanisms that Pareto dominate DA have been proposed. One such
mechanism, Kesten’s Efficiency-Adjusted Deferred Acceptance (EADA), has shown excep-
tional promise in both theory and the lab. Yet empirical work suggests that EADA’s ef-
ficiency gains may be unevenly distributed (see Section [4.1.1]). Consequently, two natural
theoretical questions emerge: which and how many students can improve their DA placement
under FADA, and more generally, under efficient mechanisms that Pareto dominate DA?
We tackle these two questions in this chapter.

We begin by identifying which students are improvable. Our analysis introduces a novel
analytical framework: DA’s envy digraph, a directed graph in which nodes represent students
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who point to each other if they are envious of their DA assignment, irrespective of whether
the envy is justified. Proposition [4.3.2] shows that a student is improvable if and only if they
lie on a trading cycle in this graph. This characterization allows us to identify improvable
students using a graphical approach and directly implies that sources and sink nodes in the
envy digraph are unimprovable. While sink nodes correspond to those assigned to their top
choice under DA (who trivially envy nobody), source nodes (those whom nobody envies)
always include every unassigned student or those matched to their least preferred choice
(Proposition . This observation has an important policy implication: students who
are poorly assigned or unassigned cannot be helped by any mechanism that preserves DA’s
outcome as a baseline.

Next, we focus on how many students are unimprovable. Using the probabilistic frame-
work of random matching markets with uniformly and independently distributed preferences,
we analyze the proportion of unimprovable students in a typical large market, and show that
this fraction becomes arbitrarily small as market size grows large. The proof leverages the
density of DA’s envy digraph, as most students (resp. schools) make (resp. receive) a log-
arithmic number of applications. This density implies that the probability of two sizeable
groups of students not pointing to each other becomes vanishingly small in large markets.
The envy relations in school choice markets under DA exhibit a characteristic property of
random homogeneous directed graphs—the emergence of a unique giant strongly connected
component where most nodes participate in at least one cycle.

Although DA’s inefficiency was previously known, Theorem reveals that its per-
vasiveness is not confined to pathological examples or specific datasets but emerges as a
systematic, expected property in random markets. The consequences are so severe that the
vast majority of students could find ways to improve their placement without harming oth-
ers. Our result has important implications: while the most disadvantaged students cannot
benefit from enhanced efficiency, the vast majority of students are improvable, revealing both
the substantial scope for welfare improvements and the fundamental inefficiency of DA in
large markets.

Our final result, Theorem [4.4.6] addresses a related policy question: which efficient mech-
anism dominating DA should be chosen to maximize the number of improved students? By
connecting student improvability to the classical cycle-packing problem in graph theory, we
prove that in large markets, any mechanism that Pareto dominates DA will improve ap-
proximately the same number of students—almost all of them. This surprising asymptotic
equivalence occurs because the high density of DA’s envy digraph ensures that if a student
is not included in one particular trading cycle, they will likely participate in an alternative
trade. This result has important implications for market design: while different mechanisms
that Pareto dominate DA may perform differently in small markets [122], they are virtu-
ally indistinguishable in terms of size of improvement in large markets. Thus, policymakers
can focus on other desirable properties—such as minimal manipulation incentives or weak
stability, both areas in which EADA excels—when selecting among mechanisms that Pareto
dominate DA.

In summary, our contributions are threefold. First, we introduce the novel envy digraph
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framework that provides a precise characterization of improvable students in school choice.
Second, we prove that almost all students are improvable in large markets, revealing the
pervasive inefficiency of DA and the substantial scope for welfare improvements. Third, we
establish the asymptotic equivalence of all efficient mechanisms that Pareto dominate DA,
demonstrating that the choice among such mechanisms becomes increasingly irrelevant as
markets grow.

4.1.1 Related Literature

Our work contributes to several strands of literature on matching mechanisms and random
market models. We organize our discussion around four interconnected themes.

On DA’s Pareto-inefficiency. The Pareto-inefficiency of DA (for students) is well-known
[5]. Theoretical bounds on DA’s inefficiency were established by [120]. Numerous empirical
studies have documented this inefficiency in practice |3} 4, 4, [164].

Efficient mechanisms that dominate DA. The most prominent mechanism in this class
is Efficiency-Adjusted Deferred Acceptance (EADA) [120]. Over the past decade, EADA’s
properties and implementation have been extensively studied [35, (197, 74} [201} [202} |77, |198],
71}, [180} 56|, demonstrating that it is possible to achieve an efficient improvement over DA
while maintaining relatively low instability and manipulability. Another well-known efficient
mechanism that Pareto-dominates DA is DA+TTC, which applies the top trading cycles
(TTC) procedure to the allocation obtained by DA [10].

Two seminal papers have studied the family of mechanisms that Pareto dominate DA:
[16] provide a comprehensive study of stable-dominating rules, which include any efficient
mechanism that improves on student-proposing DA, and [197], who introduce the concept of
improvable students and under-demanded schools. While these foundational works identify
the existence of improvable students, they do not provide a complete characterization of
who is unimprovable or quantify their prevalence—gaps we address by introducing the envy
digraph framework and deriving asymptotic bounds[]

Empirical evaluations of mechanisms that dominate DA. [68] conduct an exten-
sive comparison across course allocation datasets, finding that the difference between DA
and EADA rank distributions is not statistically significant in 7 out of 19 datasets. They
also show that EADA and DA always match the same number of students. [164] compute
counterfactual EADA allocations for Budapest’s school choice system and find that, while
EADA improves the average student placement, it does not help unassigned students or the
worst-placed pupil (assigned to his 13th ranked school under both mechanisms) or those

!Tang and Yu [197, p. 548] conjectured that the set of unimprovable students is large. Our work
demonstrates that this is not the case in large markets.
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unassigned. In laboratory experiments, [52] find that EADA generates Pareto-efficient al-
locations more frequently than DA in the lab but note that the distribution of efficiency
improvements is uneven among participants.

Random matching markets. Our analysis of the proportion of unimprovable students
builds on a rich literature on random matching markets at the intersection of economics and
computer science [208, 123, 172, (170} [108|, 127, 53, 137, (136} |142] 21|, 55, 54, (177, [25, |20,
163], 164], 182]. Our work advances this literature by providing a characterization and quan-
tification of unimprovable students, introducing new analytical tools that connect matching
theory to random graph theory. The emergence of giant strongly connected components
in random digraphs is a well-studied phenomenon in graph theory, but its application to
understanding efficiency in matching markets represents a novel theoretical contribution.

Finally, our Theorem is related to a number of asymptotic results in matching
markets. While previous equivalence theorems focus on anonymous statistics such as nor-
malized rank distributions or average utilitarian efficiency |53} (137, 142, (177, 55|, we prove
equivalence in terms of the number of students who improve over DA. Since this statistic
is non-anonymous and mechanisms that Pareto dominate DA are not strategy-proof, exist-
ing equivalence results, in particular Pycia’s comprehensive framework, do not apply to our
setting, making Theorem a distinct theoretical contribution.

4.2 Model

Following [5], a school choice problem P consists of a finite set of students I and a finite set
of schools S. Each student ¢ has a strict preference >; over the schools. Each school s has
a quota of available seats ¢s and a strict priority over the students >4, determined by local
educational regulations. To allow for unassigned students, we allow the existence of a null
school (denoted sg), which has unlimited capacity. We use n = |S| to denote the number of
schools.

For a given school choice problem P, a matching i is a mapping from [ to S such that
no school is matched to more students than its quota. We denote by u; the school to which
student 4 is assigned and by p ! the set of students assigned to school s. With this notation,
a matching needs to satisfy |u;t| < ¢, for every s € S. We call every student ¢ with p; = sp
unassigned.

The function rk; : S — [n] specifies the rank of school s according to the preference
profile >; of student :

rki(s) = |{s'€S: =; s} +1,

so that the most desirable option gets a rank of 1, whereas the least desirable gets a rank
of n. With some abuse of notation, we use the same rank function to specify the students’
rank per the priority profile of schools, i.e. rky(i) = [{j € [ :i>s j}| + 1.
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A matching p weakly Pareto-dominates matching v if, for every student i € I, rk;(u;) <
rk;(v;). A matching pu Pareto-dominates matching v if u weakly dominates v and there exists
a student j € I with rk;(u;) < rk;(v;). A matching is Pareto-dominated if there exists a
matching that Pareto-dominates it and is Pareto-efficient if it is not Pareto-dominated.

Student ¢ desires school s in matching p if rk;(s) < rk;(u;) and he envies student j at
matching g if rk;(11;) < rk;(p;). We say that student j violates student i’s priority at school
s in matching p if ¢ desires s, p; = s, and rky(i) < rks(j). A matching p is non-wasteful
if every school s that is desired by some student in p satisfies |u;'] = ¢;. A matching p is
stable if it is non-wasteful and no student’s priority at any school is violated in .

A mechanism associates a matching to every school choice problem. We are mainly
interested in the student-proposing deferred acceptance (DA) mechanism [88], which works
as follows:

Round 1: Every student applies to her most preferred school. Every school tentatively
accepts the best students according to its priority, up to its capacity, and rejects
the rest.

Round k: Every student rejected in the previous round applies to her next best school.
Among both new applicants and previously accepted students, every school ac-
cepts the best students according to its priority, up to its capacity, and rejects
the rest.

The procedure stops when there is a round without any new rejection. We use DA(P) to
denote the unique resulting matching generated by DA in school choice problem P. DA;(P)
denotes the school to which student 4 is assigned. DA;'(P) denotes the set of students
assigned to school s in DA(P).

Similarly, we will use M to denote an arbitrary mechanism that returns a Pareto-efficient
allocation that dominates DA. We use M(P) to denote the class of such mechanisms for
school choice problem P, which include Efficiency-Adjusted Deferred Acceptance (EADA)
and Top Trading Cycles using DA’s allocation as endowments (DA+TTC).

We now introduce a key concept in this chapter: unimprovable students.

Definition 4.2.1. A student i € I is unimprovable if, for every matching M(P) € M(P),
we have M;(P) = DA;(P).

Unimprovable students do not necessarily need to be in an adverse situation. For example,
every student who is assigned to their most preferred school in DA is unimprovable. We
denote by U(P) the set of unimprovable students in school choice problem P. It is well-
known that, for any school choice problem, there is at least one unimprovable student [197].



CHAPTER 4. EFFICIENCY AND ENVY IN SCHOOL CHOICES 44

4.3 Identifying (Un)Improvable Students

Recall that a digraph G is given by a set of nodes V' and a set of directed edges F. We define
DA’s envy graph as follows.

Definition 4.3.1. Given a school choice problem P, we define DA’s envy digraph GPA(P) =
(I, E(DA(P))) where each node corresponds to a student and edge (i, 7) exists if i envies j in
DA.

DA’s envy digraph gives us a full characterization of unimprovable students by identifying
cycles in GPAP). A cycle of a digraph is a sequence of nodes i, i1, . . ., i;,49 such that there
is an edge between any consecutive nodes and no edge is repeated. A trading cycle is a cycle
in which every node appears only once, except for 7.

Proposition 4.3.2. A student is unimprovable if and only if he does not belong to any cycle
in GPAP),

Proof. The if direction, stating that a student is unimprovable if he does not belong to any
cycle, is well-known in the literature [120} 197, |78].

For the only if part: if the cycle in which he participates is a trading cycle, then simply
execute such exchange so that each student node is now assigned to the school assigned to
the student node he points to. By construction of the graph, every student node involved in
the swap is better off, while all other students remain unaffected.

If the cycle is not a trading cycle, then at least one node besides iy appears multiple times
in the sequence. Let i; be any such node. Then, rewrite the sequence so that every node
appearing before i first appears remains, and every node appearing after i; last appears
remains (in other words, remove everything between i, first and last appearance). Note that
the modified cycle that obtains is still a cycle in the original graph. If any repeated node
remains, repeat the previous step until there are no other repeated nodes left. Because the
length of the cycle is finite, we end up with a trading cycle in which students may execute
the exchange prescribed by the edge’s direction to improve their placement without affecting
others, concluding the proof. O

This characterization will be key for us to quantify unimprovable students in a prob-
abilistic framework in the next section using a graph-theoretical approach. We can use a
similar approach as before to find students who are always unimprovable, as follows.

Proposition 4.3.3. For any school choice problem P, if there is a student i such that
i) rk;[DA;(P)] = n and there is at least one school that is under-demanded, or

then i is unimprovable.
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Proof. For part i): if a student 7 is assigned to his least preferred school and some school is
under-demanded, then DA;(P) must be the only under-demanded school because every other
institution rejected student 7, ad since any students assigned to an under-demanded school
is unimprovable [197], the conclusion follows. Part ii) is proven by [16], but we provide a
short proof nonetheless. If a student is not assigned, then the fictitious school sy is under-
demanded, as it did not reject any student due to its infinite capacity. Consequently, per
the previous argument, such student is unimprovable. O

The characterization of unimprovable students through cycles of the envy digraph pro-
vides us with a clear identification of specific categories of students who cannot benefit from
any mechanism that Pareto dominates DA. However, it remains unclear how many students
fall into these categories in a typical school choice problem. In the next section, we turn to
quantifying the proportion of unimprovable students using a probabilistic framework, which
will allow us to understand the scope and distribution of potential welfare improvements
through mechanisms that Pareto dominate DA.

4.4 Quantifying (Un)Improvable Students

Now we turn to the question of identifying how many students are expected to be unim-
provable on an average school choice problem. We consider a random school choice problem
where strict preferences and priorities are drawn independently and uniformly at random,
with an equal number of students and schools (and each school’s quota is one). We will use
this framework assuming (as the majority of the aforementioned literature) that the number
of students and schools is equal and given by n. The benefit of imposing this strong assump-
tion is that it allows us to obtain tractable results. We denote by P, a random instance of
a school choice problem of size n and by GP*») the corresponding random envy digraph
generated by DA in such problem ]

In such markets, it can be shown using a coupon collector argument that in expectation
about n/H, (resp. H,) students envy (resp. are envied by) nobody asymptotically as
n — oo, where H,, = O(logn) is the n-th harmonic number; see Ortega et al. |[165] for a
formal analysis. Importantly, the fraction of students who are unenvied or who envy nobody
vanishes (albeit slowly) as n grows large. This observation naturally leads us to a broader
question: What is the asymptotic behavior of the total fraction of unimprovable students?
To answer this, we introduce a novel approach using strongly connected components in graph
theory, which enable us to characterize the global structure of DA’s envy digraph as market
size grows.

2We discuss extensions to many-to-one matching and correlated preferences in Appendix
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4.4.1 The Giant Strongly Connected Component

A digraph is strongly connected if there is a path in each direction between each pair of
nodes. That is, a path exists from the first node in the pair to the second, and another
path exists from the second node to the first. A strongly connected component (SCC) of a
directed graph G = (I, F) is a subgraph G’ = (I’ C I, E’ C F) that is strongly connected
and is maximal with this property: no additional edges or vertices from G can be included
in the subgraph without breaking its property of being strongly connected. The size of an
SCC is the number of nodes in it. An SCC is trivial if it only includes one node. An SCC
is giant when the fraction of nodes it contains is bounded away from zero asymptotically.

In our envy diagraph, improvable students and non-trivial SCCs are related by Proposi-
tion [£.3.2] First, note that if a student belongs to a non-trivial SCC, it must be part of a
cycle with other nodes in the SCC and therefore is improvable. Conversely, if a student is
improvable, they must belong to a cycle and every node in this cycle can reach the others
and be reached by them, thereby forming (part of) a non-trivial SCC, which the student we
started out with belongs to.

While the geometric out-degree distribution of GPA») differs from the Poisson distri-
bution characteristic of the standard Erdos—Rényi random digraph model, we demonstrate
below that a unique giant SCC also emerges in DA’s random envy digraph with high prob-
ability.

Theorem 4.4.1. Fiz an arbitrary € > 0. With high probability, G**™») has a unique giant
SCC containing at least (1 — €)n students.

4.4.2 Proof of Theorem [4.4.1]

The proof strategy hinges on establishing that DA’s envy random digraph is sufficiently
dense to preclude fragmentation into two large disjoint components lacking directed edges
between them. Such a partition would imply that no student in the first component had
applied to any school matched to students in the second component during the execution of
DA, an event whose probability decreases super-polynomially as n approaches infinity. We
formalize this intuition through a series of lemmas. First, we demonstrate that, with high
probability, any substantial subset of students generate a significant number of applications
during DA. Subsequently, the probability of the absence of cross-component applications
between large partitions is vanishingly small. The proof concludes by applying the union
bound across all possible partitions, establishing the desired result.

Bounding the number of applications. We use a simple fact about DA in large markets:
with high probability, the total number of applications made by a sizable subset of students
is at least on the order of nlogn. This is because any single student, with high probability,
needs O(logn) applications to become matched. We formalize the claim that every set of
students of size at least en collectively makes at least dnlogn applications for some constant
0 > 0 depending on e.



CHAPTER 4. EFFICIENCY AND ENVY IN SCHOOL CHOICES 47

Lemma 4.4.2. Fix ¢ > 0 and L < oco. With high probability, all but at most en of the
students each make at least L applications in the DA process.

Proof. Tt suffices to show that a single student ¢ makes at least L applications with probability
at least 1 — ¢§, for some 0 that can be arbitrarily small as n — oo. Once this has been
established, we can let X; be the indicator that student ¢ makes fewer than L applications.
Then E[} . X;] < on. By Markov’s inequality, the probability that more than en students
make fewer than L applications is bounded above by § /¢ for large enough n. Taking ¢ to be
sufficiently small relative to e implies that with high probability, at most en students make
fewer than L applications.

That any student makes Q(log n) applications in DA in probability is a well-known result
in random matching markets [123}, [172] ] O

Partition argument and probability of no cross-applications. Suppose that GPA(F»)
has two disjoint subsets Iy, I; C I, each of size at least en, such that there is no directed edge
from Iy to I, in GP*(P»). By definition, (i — j) means student i prefers DA;(P,) to DA;(P,).
So if there is no edge from I to Iy, it means no student in I prefers the school matched to
any student in [; over its own match. Equivalently, no student in I, applied to any school
DA;(P,) with j € I; in the DA algorithm; otherwise, that application would produce an envy
edge i — 7 if that school ultimately ended up matched to j.

Hence, an equivalent statement is: If GP*») has an SCC of size at most (1 — 2¢)n, we
can split I into two blocks Iy, I1, each at least en, so that no student in Iy ever applied to
any school in S; = {DA;(P,) : i € I;}. We first show that for a fized partition (Iy, S7), the
probability of no-application across blocks is very small.

Lemma 4.4.3. Let Iy C I and S; C S be subsets of students and schools with |Iy|,|S1| > en.
Then the probability that the students in Iy in combination make at least Ln applications yet
no one applies to any school in Sy is at most (1 — €)™

Proof. If applications were all mutually independent, the claim would be a simple conse-
quence of standard binomial concentration. In DA, however, the applications depend on
the history of rejections and hence see slight correlation. Instead, we consider a version of
deferred acceptance with redundant applications (what [123] calls the amnesiac algorithm)
where we generate students’ preferences in a deferred manner and direct each application-
to-be-made to a uniformly random school independently. That is, we allow a student to
re-apply to a school that has already rejected her (and hence will do so again). To get her
true preferences, we simply remove the duplicates from the sequence of applications she will
ever make. It is easy to see that this version of amnesiac DA can be coupled exactly to the
conventional DA to yield the same outcome.

3See also Ashlagi, Braverman, and Zhao |20, Theorem 3.2] for a characterization of rank distribution in
any stable outcome.
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In the amnesiac algorithm, each student makes weakly more applications. Thus, it suffices
to consider the event that the students in [y in combination make at least Ln applications
in the amnesiac algorithm yet no one applies to any school in .S;.

To understand this probability, we use the following coupling trick to handle the pref-
erences (and applications) of students in Iy: First, generate an (infinite) sequence of i.i.d.
uniform samples 0 = (07,09, ...) from the set of schools S independent of the preferences
of all schools and all students outside I; Then, run DA with redundant applications, and
whenever an application is to be sampled from a student ¢ € Iy, supply with the next element
from 0. We can verify inductively that, at any stage, this coupling yields the same distri-
bution (as in the amnesiac algorithm) for the next applications to make—simply uniform
and independent of all previous events. Our target no-cross-application event in the lemma
statement implies that (1) at least Ln elements from o are read before DA terminates and
(2) none of these elements belong to the set S;; these two combined imply that o; ¢ Sy for
all j = 1,..., Ln. By construction, the sequence oy, ...,0r, are i.i.d. samples independent
of all other sources of randomness, and thus P(o; ¢ S; Vj € [Ln]) = (P(oy ¢ S1))*". Since
|S| > en, we have P(g; ¢ S;) < 1 — ¢, and our desired upper bound of (1 — €)™ follows
immediately. O

Union bound over all subsets We now combine Lemma 4.3 with a union bound over
all possible realizations of Iy and S; to obtain the following corollary, from which the proof

of Theorem follows naturally.

Corollary 4.4.4. Fix e > 0. With high probability, there does not exist a subset of students
Iy € I and a subset of schools S; C S such that (1) both subsets are of size at least en, and
(2) no one in Iy ever applied to any school in Sy in DA.

Proof. For any Iy C I and S; C S satisfying the cardinality condition, let &, g, denote the
event that no one in I ever applied to any school in S in DA. Proving the corollary reduces
to bounding the probability of the union event

pi= IP’( U 5,0,31).

[To],|S1|>en

Let Aj, denote the event that students in [, makes a combined number of at least Ln
applications (including redundant ones) for some constant L to be specified later. By a
union bound, we have

< U Esnagud)s 3 B0 +r( U 4 @
|Io|,|S1]|>€en [1o],|S1]>€en [Io|>en

By Lemma [4.4.3) P(£,.5, N Af,) < (1 — €)™ The number of ways to choose any I C I
is at most 2" and same for S; C S. We only need to consider partitions where |Iy| > en and
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|S1| > en, so the total number of relevant partitions is strictly smaller. Thus, the summation
term in the right-hand side of expression (4.1)) is at most

(2")?- (1 — )" = exp((2log 2 + Llog(1 — €))n) — 0

as n — oo, granted that L is sufficiently large compared to e. By Lemma [4.4.2] with high
probability, all but en/2 students each make at least 2L /e applications, and as a result any en
students make in total at least 2L/e-en/2 = Ln applications, implying the event (-, Ar,-
Thus, P(Ullo\Zen ﬁo) — 0 as n — oo. Combining the bounds on the two terms gives an
upper bound on p that tends to zero as n — oo, finishing the proof. O

We now prove Theorem using Corollary

Proof of Theorem[{.4.1} Note that DA with redundant applications produces the exact same
matching and envy graph (modulo duplicate edges due to redundancy). Thus, we may use
DA with redundant applications as our underlying data generation algorithm.

Given that € is arbitrary, it suffices to show that the giant SCCs contains at least (1—2¢)n
students with high probability. When this is not the case, there must exist a set of SCCs
of combined size at least en that either cannot reach or cannot be reached from the largest
SCC. In either case, there exist disjoint subsets Iy, I; C I both of size at least en where there
are no edges from I to I;, and equivalently no students in I have applied to any school in
Sy := {DA;(P) : i € I}. This is, however, unlikely: By Corollary the probability of
being able to find such sizable subsets I, and S; with no applications between them tends
to zero. Hence, the size of the giant SCCs is at least (1 — 2¢)n with high probability. O

Theorem yields a surprising corollary, namely:

Corollary 4.4.5. The fraction of students who are unimprovable converges to zero in large
markets.

Theorem implies that the set of improvable students forms a substantial majority
of the entire student population, but is silent regarding how many of them can be improved
by the same mechanism, nor does it specify which mechanism chooses the maximum im-
provement over DA. Our next Theorem tackles both questions.

4.4.3 Equivalence Among Mechanisms That Dominate DA

We define a cycle packing H as a union of pairwise-disjoint cycles in GG, with the property
that no additional cycles exist in the subgraph G\H. V(H) denotes the vertex set of H, or
equivalently, the set of nodes that are in some cycle in H. Note that, by Proposition [£.3.2]
every efficient mechanism corresponds to a cycle packing of DA’s envy digraph. Our second
Theorem shows that, with high probability, every efficient mechanism improves almost all
nodes.
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Theorem 4.4.6. With high probability, every cycle packing of the envy digraph G**») covers
at least (1 — €)n nodes, for any arbitrary constant € > 0.

Proof. Let H C G™() be a cycle packing. Consider the induced subgraph GPA(")\ H =
GPME)[[\V (H)], which by definition, contains no cycles.

Suppose, for contradiction, that |V (H)| < (1 — €)n. Then, the directed acyclic subgraph
GPMP\ H contains N = [I\V(H)| > en vertices. Hence, there exists a topological ordering
i1, ... 1y of vertices in I\V (H) such that no directed edge from iy to iy for 1 <k <l <N
is present in GP*("»)\ H (and hence GPA(")),

Partitioning these nodes into Iy = {i1,..., 4N/} and It = {i|n/2)41,--.,in} yields two
subsets, each with size at least [en/2], and crucially, no edges in GPA("») go from I, into
I;. This scenario is identical to the one in Theorem [£.4.1] which is improbable due to
Corollary [£.4.4] Consequently, we must have [V (H)| > (1 — €)n with high probability. [

Theorem [4.4.6] establishes not merely the prevalence of improvable students but also
demonstrates that nearly all such students can concurrently benefit from improvement via
non-intersecting trading cycles. Furthermore, Theorem [4.4.6] establishes the asymptotic
equivalence across all such mechanisms regarding the proportion of students they improve.
This result has significant implications for policy implementation. When policymakers delib-
erate on which efficiency-enhancing mechanism to adopt as an alternative to DA, concerns
about differential distributions of efficiency gains become largely irrelevant, as all such mech-
anisms ultimately benefit approximately the same number of students in large markets. This
equivalence result is particularly striking given that in carefully constructed small instances,
different efficient mechanisms that dominate DA may significantly differ in their correspond-
ing number of improved students [122].

4.4.4 Simulations and Extensions

The simulations depicted in Figure show the emergence of a unique giant component in
GPA(Pn) for even relatively small values of n.

The simulations in Figure [4.2] illustrate the convergence of unimprovable students to
zero as market size increases. The convergence rate is approximately O(1/logn), directly
corresponding to the rate at which students receive their top choice under DA (as shown in
Corollary 1). This theoretical relationship explains the gradual nature of the decline.

In the Supplementary Appendix, we discuss two extensions of our work.

1. Many-to-one matching: Our probabilistic analysis has assumed that the number of
schools and students is the same, yet our main results (Theorems and [4.4.0))
can extended to a model with n schools, each with a quota ¢, and gn students. In
this model, each student makes fewer applications, but each rejection makes him envy
q instead of only 1 student. This trade-off between application frequency and envy
multiplicity results in an envy digraph that becomes even more densely connected.
Consequently, the emergence of a unique giant strongly connected component remains
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a robust phenomenon, as well as the asymptotic size equivalence among efficient mech-
anisms that dominate DA. However, convergence occurs more slowly as ¢ increases.
We provide proofs and simulations in Appendix

2. Correlated preferences: In in Appendix [C.2] we introduce correlation on students’
preferences by dividing the set of schools into hard tiers, similar to the setting in [25].
We find that several giant SCCs form, in fact as many as tiers, including a sizeable
fraction of students. Simulations suggest that the fraction of nodes in a giant SCC
converges to one asymptotically.

4.5 Conclusion

DA’s inefficiency affects almost all students in large markets, with nearly all students be-
coming improvable through trading cycles in the envy digraph as market size grows. While
our findings suggest that an efficiency adjustment should be implemented, our equivalence
theorem says such debate should be guided by other properties and not by the number of
students who benefit from a better school placement.
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Chapter 5

Local Estimation of the Size of k-Core
in Networks

Building on the graph-theoretic reasoning in the previous chapter, we now turn to a different
domain—mnetworks with limited observability—but retain a shared analytical lens. Our goal
in this chapter is to understand when global properties such as the size of the giant SCC can
be inferred from local information (e.g., via sampling), a question relevant for inference and
intervention on large, complex networks. We introduce the notion of structural robustness
for graphs and examine the possibility to locally estimate the size of k-cores.

5.1 Introduction

Real world networks are often enormous. For example, the Facebook network involves over
3 billion users as of 2024 |154], and the internet easily has more than 15 billion nodes [109].
The sheer sizes of these real world networks makes it hard for an analyst to load the entire
graph into memory, or even to fully determine the entire network (e.g., contact tracing
over the entire population for the study of epidemics is impossible). As a result, testing
global properties or estimating global quantities can often be hard. Examples of such global
quantities include the size of the largest component, the size of the k-core, or the probability
and size of an epidemic outbreak under a given epidemic model for the spread.

One possible solution to this challenge is to develop local algorithms, that is, algorithms
depending only on bounded neighborhoods. The general framework for local algorithms is
to sample a vertex v in the graph G, explore its radius r neighborhood (which we denote
by N.(v; G)), and then compute a local estimate for the desired quantity. This subroutine
is repeated for T times and the average is taken as the estimate. Advantages of local
algorithms include reduced memory use, parallelizability for distributed computing settings
(each machine doing computation on an independent neighborhood), and scalability (run
time not scaling with the network size).

For instance, a natural local algorithm to estimate the (relative) size of the largest con-
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nected component (often called the “giant”) in a graph G operates as follows: Repeatedly
draw random vertices v, and output the fraction of them that are in connected components
whose size exceeds a certain threshold (checked, e.g., using breadth first search). Clearly,
such an algorithm does not always give approximately correct answers: it has no way to
distinguish between a large connected graph Gy and a graph consisting of two copies of Gy.
However, when G is obtained from some random graph model (e.g., Erd6s—Rényi random
graphs, inhomogeneous random graphs, configuration models, etc.), it is know that, with
appropriately chosen parameters, the local algorithm gives approximately correct answer
with high probability. These models are locally tree-like, and can be approximated with a
branching process.

In this chapter, we analyze convergence of the (fractional) size of the k-core in converging
sequences of graphs, with a special interest in the case of k& = 2. The k-core C*)(G) of a
graph G is the maximum subgraph of G where all vertices have degree at least k. For many
classic random graph models such as the Erdés-Rényi model [173], the configuration model
[113], and inhomogeneous random graphs [181], the k-core can be analyzed using a branching
process approximation, suggesting a natural local algorithm exploring the neighborhoods of
a random vertex. More precisely, let A® (A,.(v; G)) be the event that A, (v; G)) contains a
k-regular tree of depth r rooted in v. A local algorithm would sample T vertices from the
input graphs, and then output the fraction of times the event A® (N, (v; G)) occurs as an
estimate for the relative size of the k-core. With a little bit of extra work, the results of [181]
imply that this local algorithm gives indeed a good approximation for the relative size of
the k-core, provided the input graphs is drawn from an inhomogeneous random graph model
(aka Graphon model).

Note that in addition to using that these graphs are locally tree-like, the analysis of [181]
relies heavily on the conditional independence in an inhomogeneous random graph model —
once the features are chosen, edges are independent. But real world networks are neither
locally tree-like, nor do they have the independence properties of inhomogeneous random
graphs. This raises the question:

How robust under model misspecification are these local algorithms?

To address this question, we want to find suitable, fairly general conditions on a growing
sequence of graphs (G, such that these algorithms give approximately correct answers with
high probability. In particular, the condition should apply to the random graph models men-
tioned above. Further, a desirable condition should also generalize to non-tree-like models
(e.g., the household models [200, [34, 102]), possibly after modifying the algorithm to allow
for a large number of cycles.

One natural condition to impose is that the graph instance should “look like” these
models locally. Without specifying a particular model, this idea is naturally captured by
the by now standard notion of local convergence [40, (12|, which requires convergence of the
distributions of finite neighborhoods in the sequence.

But such a condition is clearly not enough. Indeed, running any local algorithm on a
d-regular graph with n vertices, versus running it on /n disjoint copies of d regular size y/n
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will clearly return essentially identical answers, even though the first graph has a linear-sized
connected k-core (at least once d is large enough), while the second one does not. To address
this second issue, we will need to add a condition which says that the graph is “sufficiently
well connected” to not fool local algorithms. A natural such condition would be expansion,
but this seems way too strong, since none of the aforementioned models are expanders, even
if one restricts oneself to the giant.

This brings us to the contributions of this chapter, in which we provide a positive result
for the special case of the 2-core and illustrates the challenges with k-cores for k > 3. First,
we formulate a natural generalization of the above local algorithm for the 2-core that makes
sense for graphs containing many loops. We then prove that this algorithm is robust against
misspecifications; more precisely, it is an asymptotically correct approximation algorithm
provided that the sequence of graphs {G,,} obeys two conditions:

1. The sequence is locally convergent;
2. It enjoys a notion of structural robustness and has bounded average degree.

These conditions can be further generalized to account for the potential presence of smaller
connected components; see Assumption [5.1.4] and Theorem |[5.1.5|

Our notion of local convergence is the standard one (and will be reviewed when we state
our main theorems), and our notion of structural robustness is a weakening of the notion
of large set expansion introduced in [14]. Before precisely defining it, we formulate our
algorithm.

To motivate it, we note that if v is in the 2-core of the r-neighborhood N, (v;G), then
it is clearly in the 2-core of G. But even if locally it is not, it could still be in the 2-core
of G. In fact, for locally tree-like graphs, we can almost never certify a vertex to be in
the 2-core within the local neighborhood. We capture this in the following notation: given
N, (v; G), we say that v is potentially in the 2-core if there exists a graph G’ such that
N (v;G) = N, (v;G") and v is in the 2-core of G’ (note that this is easy to check in a
breath first search exploration starting from v, see appendix for an algorithm that is linear
in the number of edges in N, (v; G)). Using this subroutine, we describe the following local
algorithm for estimating the size of the 2-core in a graph, as well as that of its largest
component, CI(XQX(G), where in this work, we define the size |H| of a graph H to be its
number of vertices.
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Algorithm 2: Local approximation for the size of 2-core

Input: Graph G = (V, E), locality parameter K, iteration number T

Output: Estimated size of C®(G) and Ciy(G)

fort=1,...,T do

Sample v € V uniformly at random

3 Breadth first explore Nz(v; G) up to the maximal radius R such that

‘NR(’I}; G)l < K

4 Set It(2) = 1 if v is potentially in the 2-core given the neighborhood Nx(v; G) and
0 otherwise

5 Set It(Q’OO) =1if It(Q) =1 and Ng(v; G) contains a vertex u at distance R from v,
and 0 otherwise

N

6 return /? = %Zthl [t(z) as the estimated fractional size of C?(G), and
J2) .= %Zle 1% as the estimated fractional size of C’ggx(G)

Remark 5.1.1. (i) The 2-core candidacy (Line 4-5) can be checked while exploring the neigh-
borhood. See Algorithm@ mn Appendz'xfor an explicit (pseudocode) implementation of the
local exploration. (ii) The algorithm can be parallelized by distributing the T independently
sampled vertices across different computing nodes, each exploring the neighborhood of one
vertex. (i11i) In the distributed setting, the time and memory complexity for each computing
node is O(K?) in the worst case, with K typically chosen to be a large constant. Importantly,
the complexity does not scale with |V|.

Having formulated our algorithm, we now define our weak notion of expansion. We use
the notion of an (e, d)-cut of a graph G = (V, E) from [67], defined as partition of V' into
two sets A and A° such that both have size at least ¢|V| while the number of edges between
A and A€ is at most 6|V

Definition 5.1.2 (Structurally robust sequences with bounded average degree). We say a
possibly random graph sequence {G, }nen s a structurally robust (or robust in short) if for
any € € (0,1/2) there exists 6 > 0 (depending on €) such that with high probability (whp) G,
has no (e,0)-cut. We say that such a sequence has bounded average degree if there exists a
d < 0o such that whp, the average degree of G, is bounded by d.

Robustness requires that for any tolerance parameter € € (0,1/2), there exists a “safety
margin” 6 > 0 such that whp, no adversarial attacker can reduce the size of the giant by
more than en vertices unless they remove at least dn edges (robustness against adversarial
attacks). Note that this robustness against adversarial attack implies robustness against
random edge deletions: Given any € € (0,1/2) there exists 6 > 0 such the size of the giant

s

in the percolated graphs G, (p) is whp larger than (1 — €)n provided p > 1 — 5.

Remark 5.1.3 (Expansion and robustness). Note that for any robust sequence, |Ciax(Gh)|
necessarily converges to 1 in probability. The structural robustness can be seen as a weakening
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of the usual notion of (edge) expansion. With the notaion

o(G,e€) == min w,

ACV:eV[<|AI<|V]/2

we can rewrite the definition equivalently as requiring the existence of 6(e) > 0 for any
€ € (0,1/2) such that ¢(Gp,€) > d(€) whp. Interchanging the quantifiers on 0 and € weakens
the requirement, and gives us the definition of large-set expanders in [14)]: a graph sequence
{Gp}nen is called large-set expanders if there exists 6 > 0 such that

¢(Gn,€) =0
whp for all € € (0,1/2). The only difference is that here 6 may not depend on €.

As it turns out, this slight generalization of expansion makes a big difference for the ap-
plicability of our results, since in contrast to the large-set expansion condition, our condition
holds for the giant of typical random graph models, in particular for the giant components
of both the inhomogeneous random graph [45, Lemma 11.3] (thus in particular, Erdds—
Rényi graphs, stochastic block models, etc.) and the configuration model |67, Proposition
4.4].

5.1.1 Main Results

Our main result states that for a sequence of graphs G,,, Algorithm [2 gives an asymptotically
correct estimate for the relative size of the 2-core when the sequence is a locally convergent
robust sequence with bounded average degree. As it turns out, our result holds for more
general sequences of graphs, namely those obtained from the former by edge percolation.

To state these results, we need some notation. First, given a locally finite graph G (i.e.,
a possibly infinite graph with finite degrees) and a vertex v in G, we use C(v; G) to denote
the connected component of v in G. Next, given a graph G and a parameter p € [0, 1], we
define a percolated graph, G(p), by independently deleting each edge with probability 1 — p.

Finally, we recall that a sequence of graphs G,, is called locally convergent, if the distribu-
tion of the r-neighborhoods of a random vertex in G,, converges for all r. Formally, let G* be
the space of all rooted, locally finite graphs. We will identify two rooted graphs in G* if they
are isomorphic, with isomorphism defined by the existence of a bijection between the vertex
sets that map the root into the root, edges into edges, and non-edges into non-edges. One
then defines a distance dj,. on G* by setting dj,.(G,G")) = HLR where R is the largest integer
such that the balls of radius R around the roots in G and G’ are isomorphic. This metric
turns G* into a metric space. One then defines a sequence of GG, to be locally convergent
if there exists a measure p on G* such that for all continuous, bounded functions f on G*,
the empirical averages > . f(Gn,vp) converg to E,[f], where for notational conve-
nience, we have assume that G, has precisely n vertices, a convention we use throughout
this chapter.

Hf the sequences G, is random, this quantity is random, and we require convergence in probability (we
will always assume that u is deterministic, making the right hand side non-random).
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Given a sample (G, 0) drawn from the limit measure p, we then consider the percolated
graph, G(p), and determine the probability, ((p; 1), that the component of the root is infinite,

C(p; 1) = P(go)n(IC(0; G(p))| = 0). (5.1)

We call ¢ the percolation function. Noting that  is non-decreasing, we define the percolation
threshold p.(p) as p.(p) := inf{p € [0,1] : ((p; ) > 0}. We often drop the p dependency
in ¢ and p. when it is clear from the context. As we will see in Theorem below, for
all p # p., the size of the largest component in the percolated sequence G, (p) divided by n
converges to ((p) when the sequence G, is locally convergent with bounded average degree
and obeys our robustness assumption. This in particular implies that p. is a threshold for
the appearance of a giant component in G, (p).

With these preparations, we are now ready to state our main result. To the fullest
generality, we will make the following assumptions on a sequence {G,, },en of graphs.

Assumption 5.1.4. (a) Local convergence: G, converges locally in probability to (G, 0) €
G* with law p;

(b) Tight sizes of small components: The small components have tight sizes in the
sense that for any € > 0, there exists K < oo such that

1
lim sup — Z H{|C(v;G,)| > K} <e
nree 'U¢Cmax(Gn)

in probability ]

(¢) Robust giant with bounded average degree: In the case when ((1) > 0, the largest
component Cax(Gy) is robust with bounded average degree in probability.

Theorem 5.1.5 (Local algorithm for the 2-core). Let {G,,}nen be a (possibly random) se-
quence of graphs satisfying Assumptz’on and let G,,(p) be the percolated graphs as above.
For any fixed error tolerance ¢ > 0 and p # p., there exist constants K, T such that Algo-
rithm @ estimates the relative size of the 2-core (of the entire graph and/or of its largest
connected component) up to an € additive error for the percolated graph G, (p) with high
probability. That is, with input G, (p), and parameters K, T sufficiently large, the output of
Algorithm [] satisfies

1

oG - 1P| < and ‘—!Cgix(Gn(p))!—f@’“) < (5:2)
n n

each with probability at least 1 — € for n sufficiently large. Furthermore, the required number
of iterations T can be bounded by C’Ei2 log% for some universal constant C'.

2Under the assumption of local convergence, this tightness condition is equivalent to the statement that
L1Cax (G| 2 ¢(1) [101, Theorem 2.2 and Remark 2.3].
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To prove the theorem, we will analyze the local neighborhoods of a random vertex v in
G, and examine under which condition a vertex v that is potentially in the 2-core (given the
neighborhood Ng(v; G)) is actually in the 2-core. As we will see, asymptotically, as R — oo,
this is the case for most vertices v if G,, is robust with bounded average degree. For the
more general case where G, consists of a robust giant and small components with tight sizes
(Assumption [5.1.4), the heuristic above holds for Cinax(Gr) and the small components can be
treated using standard techniques on locally convergence. As a byproduct of implementing
this proof strateg%/ we will first prove the following theorem about the asymptotic size of
C®(G(p)) and Cuiax(G(p)).

To state it, we define the analogue of the percolation function ( for the 2-core. To this
end, we consider an infinite, rooted graph (G, o) drawn from the limiting distribution p of our
locally convergent sequence Gy, and consider the 2-core C®(G(p)) of the percolated graph
G(p). It will be convenient to divide C®(G(p)) into the union of all its finite components,
C2<)(G(p)), and the remainder, C>>)(G(p)) = CA(G(p)) \ C*<®)(G(p)). We then
define three quantities: the probability that the root is in an infinite component of the
2-core after percolation,

(B (p) = P(gopmulo € CENG(p))), (5.3)

the analogue for finite components, (*<°)(p; u) := P opulo € C*<)(G(p))), and the
sum of the two, which we can write as

(P (p) == (=) (p) + () (p) = P(gopuulo € CH(G(p)). (5.4)

To get an intuition for this quantity, we note that if GG, is locally tree-like, then G is almost
surely a tree, and o € C®(G(p)) if and only if there are two disjoint path from o to oo in
G(p). Note that this will in particular imply that the root lies in an infinite component of
the 2-core of G(p), i.e., (®(p) = (>*°)(p). But in general, we get contributions from both
(<) (p) and ¢>>)(p). We call (>*)(p) the percolation function for the giant 2-cord’]
The key to establishing Theorem [5.1.5| is the following theorem on the convergence of
relative sizes of 2-cores to the corresponding percolation functions in robust graphs.

Theorem 5.1.6 (Size of the 2-core in robust graphs). Let {G,}nen be a sequence of graphs
converging locally to p as n — oo. Assume that G,, is robust with bounded average degrees
(in probability). Then, for all p # p.,

%IC(Q)(Gn(p))I = (@p) and ICIfix( a())] > ¢ (p). (5.5)

3Tt is often more instructive to study the emergence of a gzant (i.e., linear-sized) 2-core in percolation, as
the small components of the 2-core depend heavily on local structure of the graphs. For instance, consider the
following household model, where we replace each vertex in an Erdés—Rényi random graph with a triangle,
attaching existing edges to the three vertices at random independently. For any p € (0, 1), there will always
be a constant fraction of the households that are preserved in percolation with probability p, yet a giant
2-core can only exist above the standard percolation threshold.
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Proof ideas. To prove the Theorem we use a two step sprinkling argument. In the
first step, we use sprinkling to establish the existence of a non-empty 2-core inside the giant.
This non-empty 2-core then serves as the seed for a linear sized 2-core in a second second
sprinkling argument. The second step is based on a novel coloring scheme for the vertices in
the tree-part.

k-cores for k > 3. On the contrary, the natural extension of the algorithm and analysis
to k-cores (k > 3) fails. Unlike 2-cores, k-cores in expanders cannot be estimated through
local algorithms like Algorithm [2]

Theorem 5.1.7. For k > 3, under Assumption[5.1.4], the k-core equivalence of Algorithm |3
may output an estimate for n=*|C*¥)(G,,)| that differs from the true value by a constant with
constant probability. In fact, there exist a sequence of bounded-degree expanders { Gy, }nen on
n vertices converging locally to a measure y as n — oo with diverging k-core proportions,
1.€.,
lim inf1|c<k>(Gn)| # lim Supl|0(k)(Gn)|. (5.6)
n—oo M n—soo N
Theorem [5.1.7] presents a stark contrast in behaviors between 2-cores and higher order
cores in expanders. Indeed, the second statement in the Theorem suggests that, for £ > 3,
k-cores in expanders fail to be local, which rules out all hope to locally estimate their sizes.
This point is best illustrated with the following simple example: the local operation of
removing a single edge from a connected k-regular graph does not affect the local limit or
the expansion, yet it completely eliminates the k-core of the graph.

Open directions. From an algorithmic point of view, it would be interesting to consider
what other parameters can be well approximated by a local algorithm under our structual
robustness condition, such as the size of k-connected components. Second, from a more
structural perspective, an interesting question is whether the structural robustness property
is preserved (for the giant connected component) whp under percolation.

5.1.2 Related Works

The notion of a k-core (or k-degeneracy) was first introduced in [139,|191] as a way to capture
cohesion and robustness of a network. The size of the k-core was studied for several random
graph models, including the Erdés—Rényi model [173], inhomogeneous random graphs [181],
and the configuration model [113]. These models, being locally tree-like, see a k-core within
a giant connected component when the parameters are above a certain critical threshold. For
these models, it is also well known that the giant component is unique in edge percolation,
with its size given in terms of the survival probability of a suitable birth process (e.g., |80,
45, 86]).

The question whether these results for the giant hold in some model free settings has
only been analyzed recently [15] 39, 128 |18§]. The main assumptions used in these works
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are local convergence (originally introduced in a different context in [12, |40]), and some
notion of expansion. Sprinkling arguments are used in several of these papers, even though
the technique is of course much older and goes back to Erdés and Rényi [80]. Note that
it is a-priori not clear what should replace the survival probability of a birth process when
the graphs are not locally tree-like, and indeed, the results for the size of the giant in all
these works assume that the local limit is supported on trees. The above question was
independently answered in [14] and [101], where it was realized that the percolation function
should take the role of the survival probability when the graph is not locally tree-like.
Continuing in the line of research of |15} 39, 128, [188], the authors of [14] then replaced the
bounded degree expander assumptions of the previous work by the weaker assumption of
large set expanders of bounded average degree, a condition they then established for many
more realistic models, including preferential attachment [176, 36]@.

However, before this work, very little was known about the size of k-cores in the absence
of specific modeling assumption. Our results generalize the condition in |14], and determine
the size of both the giant and the 2-core in percolation under this weakened assumption.

Finally, local algorithms on networks have been extensively studied as a solution to
the challenge arising from enormous networks. The earliest works date back to [18] [141]
from a distributed computing perspective. Lower bounds were established to characterize
the tradeoff between locality and approximation quality (e.g., [141}, |158] (130, (129, 91]). In
recent years, there has also been a significant growth of the local computation algorithm
community following the work by Rubinfeld et al. [184], which shares a similar emphasis
on locality within massive graphs but employs a different complexity metric. A variety
of problems have been considered, often involving combinatorial optimization on massive
networks. Examples include maximal independent sets [189, |90], maximal matchings [162,
146], vertex cover [167, [162], distance estimation [148], graph spanners [168|, 138], page rank
[17], and cluster detection [178] |145].

Most closely related to this work is the work of [13], who consider the problem of local
estimation of the probability and size of epidemic outbreaks on networks, giving an algorithm
with theoretical guarantees for an epidemic model where the duration of an infection is
deterministic, provided the underlying contact network is a large set expander of bounded
average degree that converges locally. In spirit our work is closely related to this work.

5.2 Preliminaries

Consequences of local convergence. The following fact offers about percolation on
locally converging graph sequences will be used repeated.

Lemma 5.2.1 (Lemma 3.1, [14]). Let {G, }nen be a sequence of (possibly random) graphs
converging locally to (G,0) € G* with law p. Let f : G* — R be a bounded function that

4Unfortunately, the giant component of an Erdés-Rényi random graph generally does not satisfy this
condition.



CHAPTER 5. LOCAL ESTIMATION OF THE SIZE OF k-CORE IN NETWORKS 62

depends only on a finite neighborhood around the root. Then, for all p € [0,1],

LS F(Gu). ) B EIFG) o)) (5.7)
)

veV(Gnp

By choosing f to be appropriate indicator functions on neighborhoods, we obtain the
next lemma as a corollary, which states that almost all vertices have neighborhoods of a
bounded size in locally converging graphs.

Lemma 5.2.2 (Bounded neighborhood size). Let {G,, }nen be a locally converging sequence
with limit (G, 0) € G* with law p. For anyr € N and € € (0,1), there exists N € N such that

LS M@z N <e (5:8)

veV(Gn)

Proof. Let fn(G,0) = 1{|N,(0)| > N}, which is clearly local and bounded. By Lemma 5.2.1]

LS w(Guon) B ELN(G0)] = BN (0)] 2 V).

UGV(G’H)

Since G is locally finite a.s., for N sufficiently large, we have P(|JN,.(0)| > N) < ¢/2, which
completes the proof. O]

Size of the giant component in percolation. For a slightly stronger notion of expan-
sion, the following theorem was proved in [14]. It turns out that the proofs in [14] easily
generalize to our notion of expansion, yielding the following theorem. We sketch its proof in

Appendix [D.2]

Theorem 5.2.3. Let {G,}nen be a locally converging robust sequence with bounded average

degree, with limit law i over G*. Then 1|Ciax(Gn(p))| = ((p) for all p # pe. Furthermore,
¢ 18 continuous except possibly at p..

In view of our remarks on robustness against random edge deletions, one easily sees that
under the assumptions of the theorem, ((p) — 1 as p — 1. So in particular p, < 1 for such
sequences.

Components of moderate size in percolation. The following corollary bounds the
combined size of moderately large components outside Crax(Gr(p)), and follows directly
from the convergence of [n~'Crax(Gr(p))| to ¢(p).

Corollary 5.2.4. For any p # p. and any € > 0, there exists K sufficiently large such that

LY IO G 2 K v g CunlGal)} S wh. (5:9)

veV(Gn)
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Proof. The inequality is only interesting when Cia (G, (p)) itself is of size at least K—
otherwise the left hand side is zero.
When |Chax(Gr(p))| > K, we have

H[C(v; Ga(p))| 2 K, 0 ¢ Cnax(Gn(p)} = H{|C(v; Gu(p))| = K} = 1{v € Cinax(Gn(p)) }-

Choose K sufficiently large such that (>x(p) := P,o)ou(|C(0; G(p))| > K) < ((p) + €/2,
which is possible due to the convergence ((p) = limg o (>x(p) (e.g., monotone conver-

gence). By Theorem [5.2.3]
1 1 P
— D v € CuadGalp)} = ~|Cunax(Galp))| 5 <),

’UEV(Gn)
and by Lemma [5.2.1],
1
~ Y HICwGalp)l = K} 5 Grlp).
veV(Gr)

Taking the difference between these gives the corollary. O

5.3 Emergence of a Non-Empty 2-Core in the Giant
Above Criticality

As a first step towards our main result, we establish the following proposition, which states
that for p > p., with positive probability, the root of a graph drawn from the limiting
distribution p remains in an infinite 2-core even after percolation.

Proposition 5.3.1 (Emergence of infinite 2-core above criticality). For p a local limit of
robust sequences, we have (%) (p) > 0 whenever p > p, and (> (p) = 0 whenever p < p..

Before proceeding to the proof, we first establish a general lemma that lower bounds the
probability of a local event on the root using that on any vertex in a neighborhood of the
root. The lemma is a direct consequence of the local convergence (in probability) and the
submodularity of the limit.

Lemma 5.3.2. Let £(G,0) be a local event. Then for any 6 >0, r € N, and p € [0, 1], there
ezists a constant D € N (depending on 6 and r) such that

P(Fu € N, (0;G) s.t. E(G(p),u)) < DP(E(G(p),0)) + 6. (5.10)

where all probabilities are understood as over the randomness of (G,0) ~ u and the percola-
tion.



CHAPTER 5. LOCAL ESTIMATION OF THE SIZE OF k-CORE IN NETWORKS 64

Proof. Observe that it suffices to show (5.10]) for r = 1; for the general case, we simply use
induction based on the fact that P(Ju € N, (0;G) s.t. E(G(p),u)) = P(Fv € Ni(0;G),u €
N1 (0 G) 5. £(G(p), u).

Since p is a distribution on the space of locally finite graphs, we have

deg(o; G) V max deg(u; G) < 0o a.s.,
U~GOo

where the notation u ~ v indicates the adjacency of two vertices u,v € V (in G). Thus,
for any 6 > 0, there exists D < oo such that deg(o) < D and max,., deg(u; G) < D with
probability at least 1 — 4.

Further, p as a local limit is unimodular and hence involution invariant [11, Proposi-
tion 2.2]. In particular, this implies that

Z}P’ ), deg(o) < D|(G, o))

u~o

E | S RE(GE), u), des(u) < DI(G,0))

o (5.11)
(Note that this depends on the fact that P(E(G(p), 0), deg(o) < D|(G,0)) is a local function.)
The right hand side is an upper bound for P(Ju ~ o s.t. £(G,u), deg(u) < D). Thus,

P(Ju ~ os.t. E(G(p),u)) <PBu~os.t. deg(u) > D)
+ E[deg(o) - P(E(G(p), 0), deg(o) < D|(G, 0))]
< 0+ DP(£(G(p), 0))

as we claimed. O

For the next step, we argue that Lemma allows us to relate the probability that o
lies in an infinite component of C®(G(p)) to the probability that it lies within a bounded
distance to an infinite component of C®(G(p)). To state this formally, we define the r-
neighborhood N,.(4; G) of a set of vertices A as the induced subgraph on the set of vertices
with distance at most r from A.

Corollary 5.3.3. Forp > p. and any v € N, the probability P(o € C>>)(G(p))) is non-zero
if and only if P(o € N.(C?*)(G(p)))) is non-zero.

Proof. The “only if” direction is trivial. For the “if” direction, fix p > p. and assume
a :=P(o € N.(CZ>)(G(p)))) > 0. Since C%>®)(G(p)) C C*I(G(p)) for any ¢ € N a.s., we
have

P(o € N;(C*Y(G(p)))) 2 Plo € No(C**)(G(p)))) = a. (5.12)
By Lemma [5.3.2 there exists D € N such that
Ploe CEIGH)) > (PO e N(CEIGH) - 5) 2 55 (13)
Sending ¢ — oo gives (> (p) = P(o € C®>)(G(p))) = limyo P(0 € CI(G(p))) > 55

>
0. [l
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We now show that, for (G, 0) ~ pu, the probability of o lying in some finite neighborhood
of C2)(G(p)) is strictly positive.

Lemma 5.3.4. For any p > p., there ezist some r € N such that P(o € N, (C**)(G(p)))) >
0.

Proof. 1t suffices to show that

P(0 € M (CH9(G0)) = P(C(o: 6] = o), (5.14)

reN

which is positive due to the super-criticality assumption. The lemma follows from the fact
that the quantity above is the monotone limit of P(o € A,.(C**)(G(p)))) as r — oo.

If |C(0; G(p))| = oo yet 0 & N, (C**)(G(p))) for all r € N, then the 2-core of this infinite
component must be empty, and thus there exists a unique ray extending from o to infinity.
Let &, denote such an event. reduces to the claim that P(&,) = 0.

Assume that P(£,) = € > 0. Choose p' € (p.,p) such that ((p’) > ((p) — €, which is
possible due to continuity of ¢ above p. (see Proposition[D.2.4). Obtain G(p') by keeping the
common edges in G(p) and G(p'/p); equivalently, first obtain G(p) and then do percolation
with probability p’/p on it. Conditional on &,, there is a unique ray in G(p) from o to
infinity, along which the removal of any edge leaves o in a finite component, and thus, with
probability 1, o is in a finite component in G(p'). Thus, ((p') < {(p) —¢, a contradiction. [J

The proof of Proposition [5.3.1]is now a 3-line argument.

Proof of Proposition[5.3.1. The second part is trivial, since {(p) = 0 for p < p.. Assume thus
that p > p.. By Lemmal5.3.4] there exist some r € N such that P(o € N, (C**)(G(p)))) > 0,
which by Corollary implies that (2 (p) = P(o € CZ>®)(G(p))) > 0. O

Given that we already know that above p, there is a unique giant of linear size (The-
orem , the second statement of the theorem suggests that percolation on G, above
criticality should also leave a linear sized giant 2-core, of asymptotic size n¢(?°°)(p). We will
prove this in the next subsection, but here we will only establish the following proposition,
with the weaker statement that the giant component contains a non-empty 2-core above p..
This non-empty 2-core will later seed another sprinkling argument to prove the existence of
a linear sized 2-core.

Proposition 5.3.5 (Nontrivial 2-core of the giant). For p > p., C®(Crax(Gn(p))) # 0 whp.

To sketch the proof of this proposition, we need some notation. Recall that (3> is
defined in terms of C>*) (@), which is the union of the infinite components of the 2-core
of a graph G. Let N, (v) be the graph obtained from N,(v) by planting an infinite ray on
each vertex at distance ¢ from v. We then define C?9 (@) as the set of vertices v in V(G)
such that v € C2®)(N;"(v)). In other words, v € C*9(G) if local information about the
(-neighborhood cannot rule it out as part of the infinite 2-core.
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Since every vertex in C*9(G,,(p)) is in a connected component of size at least ¢, and
the combined size of all such components except the largest one is arbitrarily small for ¢
sufficiently large (this is a consequence of the uniqueness of the giant, or more precisely, of
the fact that [n ' Chax (G (p))| = ¢(p)), we can guarantee |C39(G,,(p))\Ciax (G (p))| < en
for any € > 0 granted that we choose ¢ sufficiently large. The following lower bound on the
size of C*9(Chax(Gn(p))) follows immediately.

Lemma 5.3.6. For any € > 0 and p € (p., 1], we have for { sufficiently large
1
E|C(27e)<cmaX(Gn(p)))| > (&) (p) —e€ whp. (5.15)

Proof. Observe that C*9(G(p)) 2 C®*)(G(p)). Thus, ¢ZO(p) > ¢><)(p), which is
positive for p > p. due to Proposition [5.3.1, By the local convergence of G, (p) to per-
colation in the limit (see Lemma |5.2.1)) and the local determination of C29 we have

L1CEH(G,(p))| L ¢20(p). It suffices to show that, for ¢ sufficiently large,

O Cas (Gulp)] 2 ~CPI(Golp))| € who, (5.16)

or equivalently,
%’0(278) (Gn(p)\cmaX(Gn(p))) ‘ S € Whp? (517)

Note that any vertex v in C*% (G, (p)\Cimax(Gn(p))) must be in a connected component of
size at least ¢ but not the largest component. By Corollary|5.2.4} (5.17]) holds for ¢ sufficiently
large. O

Lemma suggests that about a correct fraction of vertices in the giant locally look like
part of the 2-core. One might hope to directly argue that most of such vertices are intricately
connected and therefore truly in the 2-core. We do not know how to prove this directly, and
therefore first establish Proposition [5.3.5 using a first sprinkling argument, and then use the
non-empty 2-core in the giant as a seed for a second, more complicated sprinkling argument.

Proof of Proposition[5.3.5. Fix p' € (pe,p). We may assume that Ci.x(Gn(p')) is a tree;
otherwise its 2-core is already nonempty. By Lemma [5.3.6, we know that, for sufficiently
large ¢, we have

OB Coa(Gal#))] 2 € = (232 > 0 (515)

whp, and we may condition on this event. Consider a connected subgraph H C Ciax (G (p))
with size |en/2], constructed, e.g., through breadth/depth first search from a leaf of tree.
Removing H (i.e., all vertices along with edges incident to them) from Cp..(G,(p')) leaves
a forest, i.e., a collection of disjoint trees on vertices in Crax(Gr(p'))\H.

At this point, let us define the following terminology, which we will find useful later.
Consider a finite connected graph G and a nonempty connected subgraph H C G that
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contains the 2-core of G (possibly empty). Then G \ H is a forest, where each tree has a
unique vertex that connects to H in G. We think of this vertex as its root, and orient the
tree towards the root (we call this direction downstream). We define the downstream of
u ¢ H, denoted ds(u), as the set of vertices strictly between u and H, and the upstream of
u, denoted us(u), is the set of vertices v ¢ H with u € ds(v). The depth of u ¢ H towards H
in G, denoted depthy(u; G) is recursively defined as 1 if u is a leaf node (i.e., has degree 1)
in G and 1 + max,cys(u) depthy (v; G) otherwise. Observe that removing H from G leaves a
forest. Each tree has a unique vertex with maximal depth A, which happens to be the root.
See Figure [5.1] for an illustration.

Now we return to the setting where G = Chax(Gn(p')), with H C Crax(Gn(p')) of
size |en/2]. Let F' be the sub-forest of Cpax(G,(p'))\H consisting of trees of size ¢ or
larger. Then any vertex v € Cpax(Gn(p')) not in H or F must have its entire upstream
contained in the interior of Ny(v; G,,(p')); by the definition of C*# | this implies it cannot be
in C®9(Crax(Gn(p'))), see again Figure [5.1] for an illustration. Put differently, all vertices
of C29(Chax(Gn(p'))) must be either in H or F. Thus,

[V(E)| 2 |V(F) 0 O (Craae(Gup))] 2 [P (Conan (Gu(0))) | = [V(H)| 2 en = - = .

(5.19)
This leaves us with H and F' both containing at least en/3 vertices. By robustness of G,
the minimum cut between H and F' in G,, is at least dn for some d depending only on e,
which translate through Menger’s theorem to dn disjoint paths joining H and F' in G,,. Since
|E(G,)| < dn/2 whp, at least dn/2 of these paths have a length at most L = d/§. On the
other hand, F' consists of at most n/¢ trees, and thus the number of disjoint paths from F
to H in G,(p') is at most n/l (recall that Chax(G,(p')) is assumed to be a tree). Choose
¢ > 4/6 so that n/l < dn/4, leaving at least dn/4 disjoint paths in G,, that join H with F
and are not fully contained in the tree Chax(Gn(p')).

We now sprinkle edges with probability 5 =1 — 11_;5/ to obtain G, (p) from G, (p'); that
is, obtain an independent copy of G, (f) and set G,(p) to contain the union of (edges in)
Gn(p') and G, (). The probability that none of the dn/4 disjoint paths of length at most
L show up in G,(f) is upper bounded by (1 — p¥)/* — 0 as n — oo. Thus there exist,
with high probability, two non-identical paths in Cy.x(G,(p)) between some pair of vertices
u € H and v € F, implying that Cpax(Gr(p)) cannot be a tree and must have a nonempty
2-core. [l
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Figure 5.1: The forest G\ H, oriented in the downstream direction, with vertices annotated
with their depths towards H. For the choice of ¢ = 4, the red vertices cannot possibly be in
C20(Q).

5.4 Continuity of Percolation Function for the 2-Core

Before proceeding to a refined analysis, we take a quick but necessary digression to study
the continuity of the functions ¢ and ¢ for local limits of robust sequences. The main
idea is again similar to the continuity analysis for the percolation function ¢ in [14] (see
Section 2.3 and Appendix B). For ((**) we will analyze the infinite connected components
in the percolated graph as is done in [41]. The continuity of ¢ will be easy to deduce once
we have continuity of ((>°°). Throughout this section, we will be concerned with the random
rooted graph (G,0) € G* with law p, which is assumed to be the local limit of a robust
sequence.

Lemma 5.4.1. The function (%) like (, is continuous everywhere on [0, 1] except possibly
at pe.

Proof. Continuity below p, is trivial since (3> (p) = 0 for p < p.. Consider any p > p.. By
Proposition [5.3.1} ((3*)(p) > 0. By definition,

(> (p) =P(o € C*NG(p))). (5.20)

It is straightforward to verify that o € C>)(G(p)) if and only if H = C(0;G(p))\{o}
satisfies one of the following two conditions:

(I) There exist at least two neighbors u and v of o in G(p) such that C(u; H) and C(v; H)
(possibly the same component) are both infinite;
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(IT) There exists exactly one neighbor u of o in G(p) with [C(u; H)| = oo and at least one
other neighbor v of o0 such that C'(o; H) contains a cycle or contains another neighbor
w # u,v of o.

By Theorem 6.7 in [11], every infinite connected component of G(p)\{o} (and in particular,
of H) contains an infinite connected component in G(p')\{o} for p’ € (pe, p) a.s.: Otherwise,
with a positive probability, we have an infinite component of G(p)\{o}, connecting to o in
G(p) through k£ € N edges, that contains no infinite component of G(p’); by resampling the
edge percolation on these k edges, we will end up with a positive probability for G(p) to
contain an infinite component without an infinite sub-component in G(p'), a contradiction
with Theorem 6.7 in [11].

Now it suffices to show that, conditional on o € C?>)(G(p)) (this is valid since the
probability of such an event is strictly positive), we have o € |J CZ>®)(G(p")) a.s. This
translates to

p// <p

]P’(o e |J c®ap") (5.21)

p// <p

(2700)( //)
0 e C%N (G = su ) =1,
( (p>>> p//<pp C(2’OO) (p)

which immediately suggests left continuity at p, and when combined with right continuity
of (22 gives our desired result.

To prove the above claim, let H = C(0; G(p)), and conditional on o € C>*)(G(p)) and
the realization of H. Note that the cases and are mutually exclusive. First consider
case . Choose p' € (pe,p). We may assume that C'(u; fI) and C(v; H) each contains an
infinite connected component of G(p'), and hence there exist finite paths from u, v to them
in G(p). By sending p” < p sufficiently close to p, these paths along with the edges (o, u)
and (0,v) will ultimately be included in G(p"), which suggests o € C(3>)(G(p"))). For case
, the reasoning for u remains unchanged, and there is a finite path from v to a (finite)
cycle or to w in G(p). This path will again be preserved in G(p”) for p” < p sufficiently close
to p, suggesting o € C>*)(G(p"))). The proves the claim and completes our proof. H

Corollary 5.4.2. The function (¥, like (, is continuous everywhere on [0, 1] except possibly
at Pe.

Proof. To study continuity of (), we consider its point-wise difference with (), denoted
as (B (p) == (P(p) — (*(p) = P(o € CP(G(p)),|C(0;G(p))| < o). Since we are
not in a finite connected component, it should be clear that, conditional on the realization
of C(0;G(p)), for p” < p sufficiently close to p, no edges in C(0;G(p)) are lost and hence
0 € CZ<2)(G(p")) with |C(0; G(p"))| < oo. Thus, (<> is left continuous on the entire
unit interval. Right continuity should also be obvious. Hence, ¢(><*) is continuous, and
(@ = (<) 1 ¢(2) j5 continuous on [0, 1] except possibly at p,. O
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5.5 Convergence of the Relative Size of 2-Core in
Percolation

In this section, we sketch the proof of the convergence in probability of the relative size of the
giant 2-core of G,(p). We first focus on the lower bound in Section ; the corresponding
upper bound follows from standard arguments using the local convergence, requiring no
expansion properties, and is presented in Section [5.5.2] The size of the entire 2-core is later
treated in Section [5.5.3

5.5.1 Lower Bound on the Giant 2-Core Size

We now develop our desired lower bound on the size of ngx(Gn (p)), given by the following
proposition.

Proposition 5.5.1. For any € > 0 and p # p., we have

ORGP 2 O (Ol Galp)) 2 €5 p) — ¢ wihp. (5.22)

max

A coloring scheme. To prove the proposition, we introduce the following color scheme
(see Figure for an illustration). Let G = (V, E) be a finite connected graph, and let
H C G be a subgraph that contains C®(G). Due to Corollary , it suffices to consider
C@(G) # 0. Color vertices and edges of G as follows with a localization parameter ¢ € N:

1. Color a vertex v ¢ H red if depthy (v; G) < ¢; and color it purple if depth (v; G) > 2¢
and (depthy(v; G) mod 2¢) € {1,2,...,(}; otherwise we leave it black.

2. Color each edge between same-colored vertices with consecutive depths using the same
color as its endpoints. This creates red and purple connected components in G\ H,
which we call colored segments. Call a segment complete if it contains a vertex with
depth divisible by ¢ and incomplete otherwise.

3. In each incomplete purple segment, revert the color of the vertices and edges (to
black). In each incomplete red segment, color the vertices and edges (along with the
edge immediately downstream the segment) gray, which will be subsequently ignored.

We will call a vertex outside H colored if at the end of this process, it is colored red or purple.
Note that by construction, all colored segments in G \ H are trees of height exactly ¢, where
the maximally upstream vertices have distance exactly ¢ — 1 from the unique maximally
downstream vertex; in particular, all segments have size at least ¢. Further, we will call
a segment reqular if it is not colored gray. Recall from the proof of Proposition the
definition of upstream and downstream for a vertex; for a vertex u, we call us(u) := {u}Uus(u)
the inclusive upstream. The regular inclusive upstream at a vertex v ¢ H, denoted us™&(v),
refers to all regular vertices in Us(v); the colored inclusive upstream size at v, denoted us® (v),
is the union of colored segments of G\H that are (completely) contained in us(v). The
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next lemma associates the size of the colored upstream with that of the regular upstream.
Before stating it, we note that any vertex v in G \ H with depth ¢ or smaller cannot lie in
C22) (N (v)), showing that any vertex in C>9(G)\ H must have depth at least £+ 1, and
hence is either black or purple. See Figure for an illustration.

Lemma 5.5.2. For any regular vertices v, [0« (v)| > 3|us"8(v)|.

Remark 5.5.3. Note that Us® (v) is obtained by removing from Us™8(v) black vertices and
colored vertices in segments that are not completely contained in Us"™8(v). The lemma bounds
both effects.

Proof. 1t is easy to see the claim when the regular upstream of v is a single path of length
b =Us"™8(v) — 1 > {: the worst case occurs when b = 3¢ — 1, in which case us®(v) = ¢ (due

to the red segment at the leaf, as the next purple segment is incomplete) and the ratio is
¢ 1
30—1 = 3° ) _ o
When the regular upstream of v is not a single path, we may decompose it into stem

paths, i.e., paths along vertices of consecutive depth, using the following process.
e Initialize U = us™8(v), inheriting the depth numbers and colors from the original graph.

e While U is non-empty, iteratively find the vertex u with maximum depth (as inherited
from G) in U, breaking tie arbitrarily if necessary.

— Terminate if u is red: all remaining vertices in H must be red.

— Find a stem path to u, using any one if multiple existﬂ Extract and remove it
from U. The length of this stem path is equal to depth(u) — 1, which is at least
¢ since u is not red.

The process above will decompose the upstream of v into multiple stem upstreams of length
at least ¢ and some extra red vertices. The 1/3 lower bound for colored ratio holds for each
stem upstream (where we only count relatively complete colored segments in each path), and
assembling the paths back into the upstream of v can only increase the number of relatively
complete colored segments. O]

Proof of the lower bound. Proposition will follow from two intermediate lemmas.
To state the first, we assume p. < p’ < p. Choose H to be C(Cyax(Gn(p'))) if it reaches
size en/8; otherwise, expand ngX(Gn(p’ )) into a connected subgraph H C Ciyax(Grn(p'))
of size || (in light of Corollary , we may assume that Cpax(G,(p')) has a nontrivial
2-core). We compute the depths of vertices in C.x (G, (p')) with respect to H, and apply
the coloring scheme to Chay (G (p')) with parameter ¢, which we will choose later.

5This is always possible: If © has not been removed, neither must be any of its direct upstream w, since
w has a strictly smaller depth than u and cannot have been removed as part of a previous path (which must
also go through u, the unique direct downstream of w).



CHAPTER 5. LOCAL ESTIMATION OF THE SIZE OF k-CORE IN NETWORKS 72

6 4 2
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6 2
7 ) 3 1

(c) Revert colors for vertices and edges in incomplete segments.

Figure 5.2: The coloring scheme applied to G\ H with the choice of ¢/ = 4. Vertices are
annotated with their depths. Gray segments are presented with dashed edges, indicating
that they are ignored during the subsequent sprinkling argument. Note that each red or
purple segment has size at least ¢, and at any non-gray vertex, the colored segments that
are (completely) contained in its (inclusive) upstream constitute at least 1/3 of its regular
(inclusive) upstream (see Lemma. Evidently, assuming H D C®(G) # {), the inclusion
of any vertex into a cycle or a path between cycles during sprinkling will result in its entire
downstream being included in the 2-core.
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Lemma 5.5.4. Assume p > p, and € < (> (p). For (5.22) to hold, it suffices to prove
that for p’ < p sufficiently close to p and € sufficiently large

1

~|CE (Cona (G (P )N (Cona (G (p)))] < whp. (5.23)

€
2
Furthermore, if the event in (5.23)) fails to happen, then there exist a set of colored segments
S in Crax(Gr(p')) of combined size at least < with S N C3(G,(p)) = 0.

Proof. The first part of the lemma is straightforward: By continuity of ¢(>*°) for p # p.
from Lemma [5.4.1 we may choose p’ € (p,p) such that (> (p') > (**)(p) — <. For ¢
sufficiently large, Corollary ensures

1

ACH Com GuPD] 2 COP0) = 3 2 (¥ =5 b, (524

from which the reduction from to follows.

For the second part of Lemma , assume that the event in fails; that is, there are
more than 2 vertices in C®)(Croax(G,(p'))) that fail to join C®(Cruax(Gr(p))). We claim
that at least 22 of these vertices are in C*%(Clax(Gn(p')))\H and hence are again colored
black or purple. To see this, we consider two cases: (1) if H = C®(Cpax(Gn(p'))), then this
follows from C®(Crax(Gn(p))) 2 C®(Crax(Gn(p')) = H; (2) if H 2 C®(Craax(Gr(p"))),
then |H| = [2] per our construction, and at least 9t — |[H| > 2 of these vertices are in
CCO(Crax(Gn(p))\H, as claimed.

Next, we claim that if a vertex v € C®9(Ca (G (9)))\H stays outside C? (G, (p)),
then so must its entire upstream. To see this, we show the contrapositive by considering

u € us(v) N CP(G,(p)) with a case-by-case discussion:

e If w is in a cycle I' C G,,(p), then there is a (simple) path from u € T" to some cycle
in C®(Chax(Gn(p'))) that traverses the entire downstream of u. Then v is on a path
between cycles (if not directly in the cycle T');

e Otherwise, u sits on a path between two cycles I';,T's C G,,(p). Hence, there are two
disjoint paths from u to I'y and I'y, and at least one of them does not overlap with the
downstream of u to v (otherwise, u is in a cycle). Concatenating this path with the
entire downstream of u gives a simple path from C®(Cpax(G,(p'))), which contains a
cycle, to I'; or I'y, again certifying v as on a path between cycles.

By this observation, we can identify all black and purple vertices wvy,...,v; outside
C®(G,(p)) that are maximally downstream (i.e., no other black or purple vertices out-
side C? (G, (p)) are in the downstream of them), with their downstream vertices all merged
into C®(G,,(p)) while their inclusive upstreams remaining outside. In particular, any black
or purple vertex not in C®(G,,(p)) must be in the inclusive upstream of v; for some j € [J];
there will be at least SET" of them when the event in fails. Thus, we must have

Z;}:l |Us"8(v;)| > 2. By Lemma [5.5.2] Z;’:l U5 (v;)] > . In other words, there exist a
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en

set of colored segments in Cryax (G (p')) of combined size § or more that remain fully outside
C®(G,(p)), as we claimed. O

The second lemma that we need for the proof of Proposition will be a consequence
of the robustness of G, and the bounded average degree. The proof again uses a sprinkling
argument.

Lemma 5.5.5. There exists § > 0 depending on € such that, for p. < p' < p and for
sufficiently large £, the probability that there exist a set of colored segments S in Chax(Gn(p))

of combined size at least & with S N C®(G,(p)) = 0 is at most 2/* - (1 — BLYS %, where
ﬁ:1—{;;;, and L = d/$.

1

Proof. With n vertices in total and the size of each colored segment at least ¢, there are
at most n/¢ colored segments and hence at most 2™¢ possible subsets S of them. For each
subset S of colored segments with combined size ¢ or larger, by robustness of G, there
exist at least on disjoint paths between these segments and H in the original graph G,
with some § > 0 depending on ¢; further, at least half of these paths have a length at most
L = d/§. Let P denote the set of such paths. We obtain G, (p) from G, (p') by sprinkling,
i.e., recovering each edge in E(G,) with probability 5 independently, during which each of
the paths in P is recovered with probability at least 3.

Focus on a specific colored segment A in S, which is a (sub-)tree in Chax(Gn(p'))\H.
Let u be the maximally downstream vertex in A, which is unique, and let v be the direct
downstream of u (possibly in H). If sprinkling recovers a path between A and H that does
not go through the direct downstream edge (u,v), then v must be in a cycle and become
part of C®(G,,(p)): To see this, note that the removal of (u,v) from G, (p) leaves u and v
still connected — via the newly recovered path to H and the existing downstream of v.

Now return to the set P of disjoint short paths between S and H in G,,. Since S contains
at most n /¢ colored segments, at most n/¢ of the paths in P go through a direct downstream
edge of a colored segment in S. For ¢ > %, at least %” — 7 disjoint paths in P do not go
through the direct downstream edges of the segments in S. As is discussed above, if any
of these paths is recovered via sprinkling, S cannot be fully outside C®(G,,(p)). Thus, the
probability that S is fully outside C®(G,(p)) is at most (1 — 8%)%~%. Taking a union
bound over all possible choices of S, we ensure that the probability of having a set S of
colored segments with combined size at least < that remain fully outside C®(G,(p)) is at

most 27/ - (1 — BL)%”’% as we claimed. O
The proof of Proposition [5.5.1f immediately follows from the two lemmas.

Proof of Proposition[5.5.1. We assume without loss of generality that p > p, and (2> (p) >
€. As in Lemma [5.5.4) we choose p’ < p sufficiently close to p such that (> (p') >

¢®)(p) — £, and choose ¢ sufficiently large such that 1|C*9(Crax (G, (p')))| = ¢*(p') — <

and ¢ > max {%, % } By Lemma the probability of having a set S of colored segments
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with combined size at least ¢ that have empty intersection with C®(G,(p)) is at most

on/t. (1-— BL)%”_% < e B < e~Bhn/8 as n — oo. (5.25)
Thus, by Lemma (5.23) holds whp and our proof is finished. O

5.5.2 Upper Bound on the Giant 2-Core Size

In this section, we use standard techniques to prove a high-probability upper bound on the
relative size of C®(Cax(Gn(p))), as stated in the following lemma. The proof mostly does
not rely on any expansion assumptions, except for the knowledge of the giant component.

Lemma 5.5.6. For any € > 0 and p € (0,1], we have
1
EIC@)(me(Gn(p)))! <) +e  whp. (5.26)

Proof. Note that this lemma becomes trivial when 1|Cpax(Gp(p))| < e. Thus, we may
assume |Crax(Gn(p))| > en.

Recall from Section the definition of the localized event that o € C®9(Q) for a
rooted graph (G,o); in particular, we have C®>)(G) = N,y C*Y(G). Let (*9(p) =
Pc.o)(0 € C*9(G(p))), which approaches (>°°)(p) = P(g,)(0 € C*)(G(p))) from above.
By choosing ¢ sufficiently large, we can guarantee that (9 (p) < (2°°)(p) 4 ¢/3.

Since C? describes a local event, by Lemma the local convergence of G,, implies

1 1
=Y v e CBIGLp)} = - ICEGap)] B (2O (). (5.27)
UEV(GTL)
In particular,
OPOGLE)] < (PO + £ < PO + 5 whp. (5.28)

It now suffices to bound C®(Cpax(Gr(p)))\C?)(G,(p)). Observe that a vertex in
C@(G,(p)) but not in C*9(G,,(p)) must have an f-neighborhood that contains a full con-
nected component of G,(p). In particular, v € C®(Cphax(Gn(p))\C?) (G, (p)) implies
INe(v; Gn)| > |Crnax(Gn(p))] > en. By Lemma [5.2.2] we conclude that

1 1 €
ﬁ|C(2)(Cmax(Gn(p)))\C(Q’e)(Gn(p))! <~ > H{Ni(v)| = en} < 3 who. (5.29)
veV(Gyp)
Combining this with (5.28]) concludes the proof. ]

Combining Lemma [5.5.6| with the matching lower bound from Proposition yields
the in-probability convergence of the relative size of the giant 2-core.

Theorem 5.5.7. For any € > 0 and p # p., %|C§?§X(Gn(p))| L (@) (p). At p = p,, the
right hand side serves as a high-probability upper bound.
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5.5.3 Size of the Entire 2-Core

We now examine the size of the entire 2-core of G,,(p). The main idea is that the components
outside the giant Cpax(G,(p)) are mostly small and thus the 2-core of them can almost be
locally determined.

Concretely, since we already know from Theorem the in-probability convergence of
the relative size C®)(Cpax(Gn(p))) to (3 (p) when p # p., we may simply focus on the
quantity C® (G, (p)\Cmax(Gn(p))), i.e., the 2-core outside the largest connected component
of G,(p).

It suffices to show the following result, from which Theorem |5.5.9| follows.

Proposition 5.5.8. For any p € [0,1],

SO (Glp)\Coan (Gulp))] 2 €2 () = CC) ). (5.30)

Proof. Given a graph G, let ((3<)(p) = (@ (p) — (?*)(p), and let Z_,(Q) (resp. Z>¢(Q))
denote the set of vertices in connected components of G with size less than ¢ (resp. no less
than ¢).

Fix some € > 0. By Corollary [5.2.4] there exists a sufficiently large constant ¢ such that

2 G\ sl Galp)) < 5w (5.31)

Observe that, when |Cpax(Gr(p))| > ¢, we have
C(P)\Crnax(Gr(p)) = Z<e(Gr(p)) U (Z26(Gr(P))\Crnax (G (p)))

with L denoting disjoint union, and when |Cpux(Gn(p))| < £, O (G, (p)\Crnax (Gn(p))) dif-
fers from C®(Z.,(G,(p))) by at most ¢ vertices. In either case, it suffices to show that, by
choosing ¢ sufficiently large, we can guarantee

1
E\C‘Q)(Z«(Gn(p)))\ — (B )| <% whp. (5.32)
Define (?<9(p) := PG )pulo € CP(G(p)), |C(0; G(p))| < £). Note that the correspond-
ing events form a monotone increasing sequence as ¢ — oo, and hence, with (G, 0) ~ pu,
Jim ¢*<9(p) = lim P(o € CP(G(p)),|C(0; G(p))| < 1)
—00 —00
=P(o € CP(G(p)),|C(0;G(p))| < 00) = (> (p).

By choosing ¢ sufﬁmently large, we can guarantee |(><9(p) — (3<>)(p)| < ¢/3. Further,
the event that o € C®(G) and |C(0;G)| < ¢ for a rooted graph (G,o0) is local, and by

Lemma [5.2.1],
OO ZaGap) =5 D 1o € COGu), IC(: Galp))] < 0} 5 (B0, (5.33)

’UGV(Gn)
Thus, ((5.32) holds and our proof is complete. H
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Combining Proposition [5.5.8 with Theorem gives the convergence of the relative
size of the entire 2-core in G, (p), as stated in the next Theorem.

Theorem 5.5.9. For any € > 0 and p # p., 1|C?(G,(p))| 5 (@ (p). At p = p., the right
hand side serves as a high-probability upper bound.

5.6 Robustness of Algorithm

Finally, based on the convergence results, we analyze the robustness of Algorithm [2| against
model misspecification.

First, we prove the following generalization of Theorem [5.1.6|for graph sequences {G,, }nen
satisfying Assumption m (not necessarily robust themselves).

Proposition 5.6.1. Let {G), }nen be a sequence of graphs satisfying Assumption|5.1.4. Then,
for all p # pe,

%IC(Q)(Gn(p))I = (@p) and ICIfiX( a())] > ¢ (p). (5.34)

Proof. To reduce the general case under Assumption [5.1.4]to locally converging robust graphs
in Theorem [5.1.6], we consider two separate cases based on whether a giant component is
present in G,,.

Case 1: giant component absent. Assume ((1) = P(|C(0,G)| = o) = 0, i.e.,
the limit p is supported on finite graphs. As a result, G, has no giant components and
1 Chrax(Gr)| 2 0. The convergence of |C’max( w(p ))| to () (p) = 0 follows directly.
With no giant components in G,,, the condltlon in Corollary [5.2.4 m holds due to @
of Assumption The convergence of %|C’(2)(Gn(p))| to () (p) follows from the same
analysis as in the proof of Proposition [5.5.8|

Case 2: giant component present. Assume ((1) > 0 for the local limit x. Under
Assumption the giant component G,, = Chnax(G) also have a local limit (in probability)
[ obtained from g by conditioning the root lying in the unique infinite component [101,
Theorem 2.5]; Further, fi share the same p. as p. Theorem applied to G,, implies

PG B M) and ﬁrc (Gulp)] B ¢ (s ).

Since ¢ (p; i) = ¢*°9)(p; 1) /¢(1; ) and n ™Y G| = ((1; 1), we have

| Clide(Gulp))] = ¢ (py ).

The components outside Cyax(G,) are all of size o(n ) Whp7 thus, CE% (G, (p)) is the same
as C’r(fgx(Gn(p)) whp and the claimed convergence of + |C’max( 2(p))] to () (p; 1) follows.
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Similarly, () (p; 1) = P(o € C®)(G(p)),|C(0, G)| = 00) /¢(1; ), and hence
S0 (Galp))] 2 Blo € CO(G), 1C(0, G)| = o).
For the convergence of 2|C® (G, (p))], it suffices to show
SO (Hap)] & Blo € CA(GR)), 00, G)] < o0), (53)

The proof of ([5.35) is similar to the previous case of no giant components and is a stan-
dard consequence of local convergence and tightness of the component sizes; the details are
omitted. [

Note that, by Propositionm the actual fractional sizes of C® (G,,(p)) and ngx(Gn (p))
are well approximated by the percolation functions ¢ (p) and () (p), respectively, for
p # pe. It then suffices to establish that the estimates 1® and I>*°) also converge to the
e-neighborhood of the corresponding percolation functions in the limit. To ensure this, we
need to choose the parameter K in the algorithm to be sufficiently large to achieve good
quality of local approximation of the 2-core, and choose T' to also be sufficiently large to rely
on Hoeffding concentration. With this heuristic, we now present the full proof.

Proof of Theorem[5.1.5 Let u denote the local limit of the sequence {G,, }nen as usual. First,
by Theorems and [5.5.9) we know that for all p # p.(u),

1 p p
LCOGU B P ) and S OR(GEN D ). (5360

Thus, it suffices to have I® (resp. 1>*)) in the £-neighborhood of ¢ (p) (resp. () (p))
with probability 1 — £. For now, we focus on [ (229) as an estimate of ((3°°)(p); the analysis
for I is analogous.

Algorithm [2| realizes T independently chosen neighborhood in the percolated graph, and
in particular, {It(Q’OO)}te[T] are i.i.d. Bernoulli random variables (conditional on the input
graph G, if it is random). For any ¢ € N (to be specified later), we can decompose

E[1;*™|Gn(p)] = P(v, € COM(Ga(p))|Gu(p)) imto
P(v, € C*R) (G, (p)), Ry > €|Go(p)) + P(v, € CEEI(G(p)), Ry < £|G(p)). (5.37)
For the first term on the right hand side in ([5.37]), we have

P(v, € CH(Go(p)), B > (Gu(p)) < P, € C*9(Gu(p))|Galp))- (5.38)

By Lemma P(v, € CO(G(p)|Galp)) & ¢@O(p), and since limy_., (20 (p) =
((2:2) (p), by choosing ¢ sufficiently large, we can guarantee that

€

P(vr € C*(Gu(p)), Be > €| Galp)) </ (p) + 5 wh. (5.39)
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For the second term, note that

P(v; € CPRN(Go(p)), R < €|Gn(p)) < PRy < £|Gn(p)) < P(Ni(vi; Gu(p))] > K|Ga(p)).

By Lemma , for K sufficiently large, this quantity is at most €¢/8 whp. Thus, 40
E[1™]Gu(p)] < ¢*(p)+ 7 whp. (5.41)
On the other hand, since R, < K and C3f)(G,(p)) D CZ5)(G,(p)), we have
P(v; € C®(Go(p)|Ga(p) = P(vy € CF (G ()]G (p))- (5.42)
With analogous reasoning as before, we can guarantee
E[1*|Gu(p)] = P € CBR(Gu(p))|Galp) > (30 (p) == whp  (543)

4

by choosing K sufficiently large. Combining ([5.41)) with (5.43|) suggests ‘E[IfQ’oo)}Gn(p)} —
()(p)| < £ whp.
The rest is straightforward. Since I>*) is the average of T i.i.d. Bernoulli random

variables {It@’oo)} el (conditional on G,(p)), by the standard Hoeffding’s inequality,

P(|1¢=) ~E[1*2|Gum)]| = £ |Gup) < § (5.44)
for T = O(E%log %), and marginalizing over G, preserves the bound. Thus, we finally
have |32 — ((2°)(p)| < €/2 with probability at least 1 — ¢/2. Combining this with the

in-probability convergence of %]C’ggx(Gn (p))] to ¢2*)(p) concludes the proof. O

5.7 Discussion: Beyond the 2-Core

Now that we have established the locality of the 2-core in structurally robust graphs using the
two-step sprinkling technique, a natural question arises: Can this approach be generalized
to study stronger connectivity notions, such as the k-core for £ > 37 Unfortunately, even
for expanders, the answer appears negative.

Theorem 5.7.1 (Diverging proportion of the k-core). For k > 3, there exist a sequence of
bounded-degree expanders { Gy, }nen on n vertices converging locally to a measure p asn — 0o
with diverging k-core proportions, i.e.,

lim inf l\C(k)(Gn)\ # lim sup l]C(k)(Gn)]. (5.45)

n—oo M n—oo T
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For k > 3, the k-core behaves very differently than the 2-core and does not exhibit
locality. Theorem follows directly from the observation that the removal of a single
edge within an expander can trigger a cascading collapse of the k-core. To see this, consider
a random k-regular graph with k£ > 3, and let G be its giant connected component. It is
well known that G is of linear size and is an expander with high probability. By definition,
C® (@) = G. Now we remove an edge from G to obtain G, which has barely any impact
on the expansion property. However, note that C*)(G~) = (), yet G~ and G are so similar
that asymptotically they are not even statistically distinguishable.

This simple example illustrates a critical point: the expansion property alone is insuf-
ficient to guarantee the locality of higher-order cores. The phenomenon underscores that,
unlike the 2-core, the k-core for £ > 3 is highly sensitive to small perturbations, challeng-
ing the application of locality arguments in this broader context. This observation also
raises further questions of whether we can define higher-order analogues of expansion, or
alternatively, what other connectivity notions can be estimated locally.
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Chapter 6

Epidemics on Networks with
Community Structures: Dynamics
and Interventions

In this chapter, we turn to the dynamics of epidemics in populations with community struc-
ture. Using tools from stochastic processes and dynamical systems, we study how an epi-
demic evolves over time as it spreads both within and between communities. The goal is not
only to characterize the progression of the outbreak, but also to understand how structural
information, such as density of travel and contact, can guide effective intervention under
uncertainty.

6.1 Introduction

The rapid spread of infectious diseases has become a global concern, drawing heightened pub-
lic attention over the last few years in light of the COVID-19 pandemic, and the monkeypox
and measles outbreaks. In response to such outbreaks, various non-pharmaceutical interven-
tions, including social distancing and travel bans, have been proposed and implemented to
curb transmission. While there have been several empirical studies on the efficacy of social
distancing and travel bans in response to various outbreaks, there has been little rigorous
quantitative analysis to date. Our work aims to put understanding of these interventions on
a rigorous footing.

Social distancing has long been thought of as a tool for preventing the transmission of
disease. In the 19th century, public health laws were formalized in response to the 1918
influenza pandemic. Cities that implemented social distancing earlier in the epidemic had
lower transmission and mortality rates [46]. [132] found that during the COVID-19 pandemic,
individuals living in retirement communities with greatest social distancing had a much
lower risk of COVID-19 compared to individuals living in communities with poorer social
distancing.



CHAPTER 6. EPIDEMICS ON NETWORKS WITH COMMUNITY STRUCTURES:
DYNAMICS AND INTERVENTIONS 82

In contrast to social distancing, the efficacy of travel bans as a standalone measure is much
more dubious. Mateus et al. [150] found no evidence that travel restrictions would contain
influenza. Similarly, Chinazzi et al. [57] found that travel restrictions during COVID-19 only
delayed the epidemic, on the order of days, in mainland China, that travel restrictions to
and from mainland China only “modestly” affected the epidemic trajectory unless combined
with another intervention.

In this chapter, we study a simple model of an SIR epidemic on a dynamic network that
models two communities with travel between them, with travel modeled by two Poisson
processes, with the rate of return much higher than the rate of travel, so that at any given
time, visitors only make up a small proportion in each community. The epidemic spreads
separately in each community (between all individual currently there, whether they are
residents or guests), and only spreads from one community to another when an infected
individual travels before they recover (whether the individual is a guest infected while not at
home, or an individual infected at home before traveling). For simplicity, the contact network
in each community is modeled by an Erdés-Rényi random graph, even though our results
should hold for other network models for the communities, like stochastic block models or
configuration models, at least as long the models are such that Ry < oo.

We start the infection in the first community and are interested in the trajectory of the
epidemic in both communities as well as the efficacy of social distancing and travel bans
in our setting. In the real world, one may imagine that the two communities are separate
geographical regions with flights going between them. We study the sparse regime, where the
average degree of the vertices is bounded and where the number of travelers is polynomially
small in the number of vertices in the graph.

Our main results are two-fold. First, we characterize the trajectory of the epidemic,
pinning down the times at which the infection reaches an e fraction of vertices in the first
community, the time at which the infection first passes from the first to the second commu-
nity, and the time it reaches an € fraction in the second community, proving in particular that
it reaches the second community long before reaching an e fraction in the first. Second, we
show that social distancing can reduce the final size of the infection, whereas travel bans have
negligible impact on the final size of the infection, providing a mathematical understanding
of the observational results discussed above.

Related work. The SIR model is a canonical model of disease spread in closed, finite
populations and was introduced in the seminal paper in 1927 by Kermack and McKendrick
[119]. The initial model and its stochastic counterpart do not take into account underlying
network structure induced by contacts in a population. However, the network structure of a
population is known to greatly influence the trajectory of an epidemic. As such, there has
been a long line of work studying the SIR epidemic on random graphs with bounded average
degree, mirroring real-world networks, including the Erdés—Rényi random graph [159], the
configuration model [44, |37, 66, 111], graphs with local household structure and tunable
clustering 32, 103, |49], and the stochastic block model [47].
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Another perspective is the meta-population view, in which a heterogeneous population
is divided into large, homogeneous sub-populations, between which the infection can spread
at varying rates. Such models go back to at least Hethcote [98], where the inter-group
connections are assumed to be static. A little later, Rvachev and Longini Jr [186] proposed
a model that explicitly incorporated the effect of air travel and used it to analyze the 1968 /69
“Hong Kong” pandemic, using a deterministic, continuous variable model. This work has
been extremely influential, leading to a large body of work modeling the influence of travel
on various specific outbreaks, from influenza [144, |94} |95] to AIDS [84] and SARS [106].

There are several work studying the model introduced by Rvachev and Longini from a
more theoretical point of view, see in particular the series of papers by Colizza et al. [62]
61, 59, |60]. More closely related to our work is the paper of Barthélemy et al. [38] in
which the travel between communities is modeled by a stochastic, integer random variable
described by a so-called Cox process. Based on a mean-field approximation for the dynamic
within the communities and further approximations to study the Cox process describing
travel, they then determine the asymptotic behavior of the first time an infected individual
arrives in a second community, and in particular show that under the conditions considered
in their paper, there is a non-zero probability that the epidemic never spreads to the second
community, leading to a percolation type description for the probability of the epidemic
jumping into other communities.

More similar to our work in spirit and in its aim for mathematical rigor is the the recent
work of Ball et al. [33] who study the SIR epidemics in populations composed of large,
weakly connected subcommunities. Their setting resembles ours in that the description of
the epidemic is fully stochastic, deriving laws of large numbers where needed instead of pos-
tulating them, but differs in that the mixing is fully homogeneous within each subpopulation
and the connections between communities are are much sparser, leading again to an percola-
tion type description for the global spread, now rigorously derived from the underlying fully
stochastic model. They characterize whether a global outbreak occurs, but do not examine
temporal dynamics or control interventions. Furthermore, their model of inter community
connections is static, rather than based on an explicit model of travel.

By contrast, the recent papers do provide mathematically rigorous treatment of dynamic
networks [134], 50|, 114} 30, (75|, |58, |[105]. Notably, Lashari, Trapman, and Sirl [134] model
partnership dynamics; Britton, Deijfen, and Liljeros [50], Jiang et al. [114], Ball and Britton
[30], and Durrett and Yao [75] study ST and SIR dynamics on Erdés—Rényi random graphs
and configuration models where individuals drop or rewire connections to infectious neigh-
bors; Cocomello and Ramanan 58] study networks where the infection and recovery rates
vary dynamically; and Huang and Rollin |105] study the SIR epidemic on a dynamic in-
homogneous Erdés—Rényi random graph, where edges appear and disappear independently
of each other. From a technical point of view, our work differs from this line of work in
that we consider both group structure and a dynamic network driven by the movement of
individuals, thus making the approaches in the papers above no longer directly applicable.
Furthermore, we are not only interested in the time evolution of the epidemic, but also the
policy implications and efficacy of interventions.
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Our work also differs from previous empirical and theoretical work in that we incorporate
“memory” into our travel model, allowing the concept of a home-community and different
rates for travelers leaving their community and for those returning, thus giving a more
realistic model for travel. Note that while we only present proofs for the simple setting of
two communities each having an Erdés-Rényi internal structure, it is clear the model is well
defined for more than two communities, as well as more realistic models for the internal
community structure, like stochastic block models, degree corrected stochastic block models,
or configuration models. We thus believe that in addition to our contribution of a rigorous
understanding of the effectiveness of travel restrictions vs social distancing, our model also
should advance more realistic modeling for empirical studies of the effect of travel on the
spread of an epidemic.

6.2 An SIR Epidemic Model on Two Communities
With Travel

Our aim is to understand how travel dynamics impact the spread of an SIR epidemic be-
tween two communities connected through travel. We model these dynamics using a dynamic
graph G(t), consisting of two densely connected communities of individuals (nodes in the
graph), which are sparsely connected through travel. Edges in the graph appear and dis-
appear as individuals travel between the two communities. Individuals are assigned a label
representing their home community in order to track whether they are currently traveling or
home. Individuals travel infrequently to the other community, staying there for a duration
comparable to the infectious period (e.g., days or weeks). Within each community, infection
spreads between its residents and the small fraction of visitors, who may bring the infection
back to their home community if they do not recover before they return. Thus, both travel
to a guest community and home can facilitate spread between the two communities. For
simplicity, we model the contact network within each community by an Erdés—Rényi ran-
dom graph although we believe our analyses would extend if other random graph models
with more internal structure (e.g. stochastic block model or configuration model) were used
within each community.

Contact Network. Let G be a graph on 2n vertices with vertices partitioned into two
intrinsic types, V7 and V5, each containing n vertices. A vertex’s type represents its home
location and does not change over time. In addition, to model a dynamic population with
travel, there is a notion of community representing the physical location of vertices. At any
given time, each vertex resides in one of two physical communities, ()1 or ()2, and vertices
can travel between communities. We denote the type of node v by type(v) € {1,2}, and its
physical community at time ¢ by ¢,(¢). We say a node v is at home at time ¢ if type(v) = g, (t),
and otherwise we say it is traveling. Let V! denote the set of type 1 vertices in community
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1 (i.e., those currently at home), and let V;" denote the set of type 1 vertices in community
2 (i.e., those currently traveling). Similarly, define V' and V' for type 2 vertices.

Contacts are represented as edges between individuals. Within each community, edges
are formed independently with equal probability p := ¢/n. When any individual travels
for the first time, new edges are formed with individuals in the other community with
probability ¢//n and these edges will remain. For simplicity of notation, we assume that
¢ = . Preflipping the random coins governing these edges, we equivalently may connect all
vertices with probability ¢/n, whether they have the same label or not, but only activate the
edges between vertices of different types when one of them travels.

Travel Dynamics. We model travel states ¢,(t) as independent continuous-time Markov

processes governing movement between communities. For type 1 and type 2 nodes, the

transition matrix for travel is given by (—p TPt ) and (—p HoP pH ), respectively. Stan-
—pT

PH  —PH pT
dard results for Markov processes implies that in the steady state, an individual is at travel

with probability pr = pT’pr and at home with probability py = 1 — pr. Throughout the

chapter, we will assume that n~!py < pr < pn so that travel is rare, ie., pt < 1, but
frequent enough to give a substantial risk of transmission between the two communities, i.e.,
npt > 1. An edge between two individuals currently in the same (different) community is
said to be active (inactive). We use G(t) to denote the network of currently active edges.

SIR Dynamics. The SIR infection on G(t) is a Markov Chain whose state space is given
by the sets of susceptible, infected, and recovered vertices in each community at time ¢. The
process starts with a single infected vertex vy € V1 chosen uniformly at random, with all
other vertices susceptible. At time ¢, an infected vertex u can infect its neighbor v only if
the edge (u,v) is active at time ¢. Infection events happen at rate 5 and infected vertices
recover at rate -y.

Let Sk(t), Ix(t), Ri(t) denote the number of susceptible, infected, and recovered vertices
in Vi, at time ¢ > 0 for k € {1,2}. Initially there is one infected vertex, e.g. I;(0) = 1.
We assume that the initially infected vertex is not traveling. Since Si(t) is non-increasing
in ¢ and thus must admit a limit, we define Si(00) = limy_, Sk(t); Ri(00) can be defined
similarly. We will also denote the number of susceptible type-k vertices who at home or
traveling by SH(t) and S/ (¢), respectively.

Key parameters of SIR Dynamics. The basic reproduction number, denoted as Ry, is a
fundamental parameter that quantifies the average number of secondary infections produced
by a typical infectious individual in a fully susceptible population [69]. In our model, Ry is

given by
B

Ry = Bt (6.1)
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in the limit as the rate of travel tends to zero. As we will see later, consistent with the
literature, the threshold Ry > 1 coincides with the possibility of a major outbreak in the
population. Furthermore, the rate of exponential growth (per unit time) of the initial out-
break is closely related to Ry up to a constant factor determining the time scale. In particular,
this exponential growth is governed by the rate parameter A, defined as

ANi=cf—B—v=(B+7)(R—1). (6.2)

Note that A > 0 precisely when Ry > 1, in which case the initial infection may grow rapidly
and lead to a widespread outbreak; when Ry < 1, the infection will die out over time without
causing a major outbreak.

In the rest of the chapter, we will assume that Ry is strictly above, since otherwise the
setting becomes trivial.

Assumption 6.2.1. The basic reproduction number Ry = BC—J’fW > 1.

Two other parameters of relevance are the asymptotic probability of a large outbreak, ,
and its relative size, r, in the case without travel, i.e., in a single community of n individuals
with connection probability ¢/n. They are know to be given as the largest solutions in [0, 1]
of the implicit equations

l—7m=G(m):= ’y/ooo exp(—c(1 — e ) — ) de (6.3)

and
1 — 71y = e flore, (6.4)

respectively. It is straightforward to check that in our model r., is strictly positive under
the assumption of Ry > 1.

6.3 Results

To assess the impact of interventions such as travel bans and social distancing, we first
characterize the spread of an epidemic across two communities in the absence of any con-
trol measures (Theorem [6.3.2). We then use this as a baseline to evaluate how different
interventions alter this baseline trajectory, focusing on their impact in reducing the final
outbreak size, decreasing the probability of large outbreaks, and delaying the onset of the
epidemic. We show that travel bans are largely ineffective in limiting outbreak size, yet
social distancing, even when implemented late, can substantially reduce the impact in the
second (Theorems [6.3.6 and [6.3.7)).

In the discussion that follows, it is helpful to formalize what we mean by a substantial
outbreak. In particular, we use the following definition to distinguish between cases where
the infection dies out quickly and those where it spreads to a significant fraction of the
population:
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Definition 6.3.1. An outbreak is called noticeable (in a community or in the entire pop-
ulation) if it eventually infects at least en individuals for some small € € (0, ’I“OO)EI

Heuristics. Intuitively, one may expect that a travel would be effective if implemented
when the outbreak first becomes noticeable in community 1. However, we show that by that
time, travel has already seeded a moderate number of infections in community 2—more than
enough to sustain its own growth, even if all subsequent travel is halted. Further imported
infections have only a secondary effect compared to the internal transmissions.

In contrast, social distancing, modeled as reducing the transmission rate or equivalently
a reduction in Ry, turns out to be an effective intervention. If implemented in community 2
when the outbreak is noticeable in community 1, a noticeable outbreak in community 2 will
very likely be prevented. The intuition for this is as follows: at the time when the outbreak
is noticeable in community 1, there are only a small number of infections in community 2.
Social distancing reduces the rate of transmission among individuals in community 2 such
that each newly infected (or imported) case will, on average, infect a bounded number of
individuals before they all recover. Meanwhile, the epidemic in community 1 will continue
to grow until it reaches herd immunity and later terminates. During this period, the number
of imported cases in community 2 is of low order. Thus, the total size of the infection will
remain sublinear and the outbreak will never become noticeable in community 2.

Figure provides a schematic illustration of the epidemic trajectory in the absence of
intervention. The spread across the two communities can be partitioned into four phases:

e From time 0 to 7;_.5: The infection starts to spread within community 1. It may die
out early, but if it survives, it begins to grow exponentially.

e From 7_,, to 7: Infections begin seeding community 2 via travel. Both communities
experience exponential growth, though community 2 still has only a small number of
infections.

e From 7; to m: The outbreak in community 1 becomes noticeable and soon passes
the herd immunity threshold. Community 2 accumulates a polynomial number of
infections. At this stage, a travel ban is no longer meaningful, as enough infections
have already been seeded to sustain exponential growth in community 2.

e From 7, to the end: Community 2 experiences its own noticeable outbreak and even-
tually reaches herd immunity, regardless of travel policy. However, if social distancing
is implemented in community 2 at time 71, the outbreak will stay below noticeable size
throughout.

IThe parameter € should be thought of as a numerical constant (independent of n) that is a small fraction
of o, even though mathematically all we need is the strict inequality € < 7.
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Figure 6.1: Schematic illustration of epidemic trajectory in the two communities (not to
scale). 7; and 7, mark the major “waves” in the two communities: most infections occur
within the narrow bands around them. 7_.5 marks the initial infection of any type-2 indi-
vidual. 7,4 indicates the end of the epidemic, i.e., when the number of infectious individual
first drops to zero.

Formal statements. We now formalize our heuristics developed above. To formally state
our results, we define the following stopping times for the times at which the epidemic reaches
an e-faction of individuals in community 1 and 2:

7(€) :=inf{t >0:5,(t) < (1 —e€)n}, (6.5)

To(€) == 1inf{t > 0: Sy(t) < (1 —e)n}. (6.6)

Also, define the stopping time for the first time that the infection arrives in community 2 by
Ti—o = Inf{t > 0: Ir(t) > 0}. (6.7)

The following theorem characterizes the epidemic trajectory—typical timing and size of
the outbreaks—in both communities in the absence of interventiong?] Throughout, we will

2Note that we did not define stopping times in terms of the size of the outbreak in a particular physical
community, but instead considered the size of the outbreak counting people of a given type. Asymptotically,
this makes no difference, since the epidemic dies out in time O(lnn), implying that during this time only a
tiny O(n’a) fraction of individuals travel. In fact, our proofs show that all of our theorems remain valid if
one defines the stopping times 71 (¢) and 72 (¢) in terms of St + SJ and S + ST—or in terms of S} and SJ.
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assume that 0 < ¢,7, 3, py < oo are fixed constants independent of n, while we scale down
pt with n.

Theorem 6.3.2 (SIR epidemic with no interventions). Consider the SIR epidemic spreading
on G(t) with rate of travel given by pr = ©(n=?) for some o € (0,1). Then the following
hold:

(a) The probability of a large outbreak converges to the largest solution = € [0,1] of the
fized point equation (6.3)), i.e.,

P(Ri(00) + Ry(o0) > Inn) — m as n — oo.

(b) Conditioned on not having a large outbreak, the epidemic dies out in finite time, never
reaches community 2 and only ever infects a finite number of individuals in community
1; With high probability, the stopping times 11(€) and 12(€) are infinite.

(c) Conditioned on a large outbreak, n~*Ri(0c0) and n~1Ry(c0) converge to the largest
solution r« € [0,1] of the fized point equation (6.4). In addition, conditioned on a

large outbreak,

A
5(71%277—1(6)7 7-2(6)) & (O(, 17 1 + Oé)

fore € (0,75) and 71(€), Ta(€) 2> 00 for € > 14; the epidemic dies out in time O(logn).

Remark 6.3.3. Theorem suggests that large outbreaks in the two communities are
tightly coupled: a large outbreak in the first community will very likely lead to a large outbreak
i the second, only with a delay that is logarithmic in the inverse travel rate. Within each
community, once the infection begins to spread, the time it takes to reach macroscopic scale
concentrates at X~'Inn, and most infections occur in a narrow window around this time.
This behavior closely mirrors what one would expect from SIR dynamics on a single (static)
Erdos—Rényi network. In other words, aside from seeding the outbreak across communities,
the spread within each community behaves almost as if the other did not exist.

We now turn to evaluating the effects of intervention. Specifically, we consider two types
of intervention—travel bans and social distancing—applied at the time when community 1
reaches a noticeable outbreak, and analyze their impact on the trajectory in community 2.
In our model of SIR dynamics, these policies are formulated as follows.

Definition 6.3.4 (Travel ban). A travel ban is implemented at time ty, if for allt > ty, and
CLH v E ‘/1 U ‘/2; Qv<t) = Qv(ttb>-

Definition 6.3.5 (Social distancing). Social distancing is implemented in a community at
time tsq if for all t > tgy we assume that in that community 5 is replaced by (' such that
N=cf —p —~<0.



CHAPTER 6. EPIDEMICS ON NETWORKS WITH COMMUNITY STRUCTURES:
DYNAMICS AND INTERVENTIONS 90

Theorem 6.3.6 (Effect of travel ban). Consider the setting of Theorem[6.5.3 Suppose that
at time 71(€) a travel ban is implemented. Then the same conclusions as in Theorem [6.3.9
hold. In particular, the asymptotic probability of a noticeable outbreak remains unchanged
and, conditional on such an outbreak, its final size in each community still converges to r
and 7(€)/Inn B 1+« for any € < ro.

Note that not only does the theorem state that the probability and size of a large outbreak
in the second community is asymptotically the same whether a travel ban is implemented
or not, but it also says that a delay of onset (in Community 2) due to travel distancing is of
lower order, consistent with empirical observations.

Theorem 6.3.7 (Effect of social distancing). Consider the setting of Theorem . Sup-
pose that at time 11(€) social distancing is implemented. Then the final size in the second
community is sublinear in the number of vertices:

n"'Ry(c0) & 0.

In particular, with probability 1 the infection size in the second community is O(nl_a) and
the number of additional infections in the second community after time (€) is o(n).

To understand the ideas behind the proof of our theorems, it is useful to first understand
the dynamics of an epidemic in a single community.

6.4 Proof Overview

We will prove Theorems [6.3.2] [6.3.6) and [6.3.7) in Appendix [E] Here we give a brief overview,
focusing mainly on the heuristic why one should expect these theorems to hold. We start
with Theorem [6.3.2]

To understand the early phases of an epidemic seeded in community 1, we note that
as long as the epidemic is small, say of order at most O(Inn), the chance that one of the
infected individuals travels after being infected is bounded by O(n~®). Thus, in the early
stages, the epidemic evolves essentially as if there was just one community. In particular,
the probability that it grows to size Inn is essential given by the solution 7 to , the
probability of a large outbreak in a single community. Furthermore, in these early stages,
the infections grows at the single community rate A, showing that as long as A\t < Inn®, the
size in community 1 is much smaller than n®, making it still unlikely that any of the infected
individuals will travel.

But once the infection passes size n®, it becomes likely that one of the infected individuals
travels after being infected (or that the infection hits a traveler who then returns to their
home community). In either case, these infected individuals serve as seeds in community
2, each having constant probability of contributing to I3(¢). When the number of these
attempts diverges, say (Inn)?, we will see whp infections inside the second community from
these travelers, explaining why 7y _.o behaves like %ln ne.
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After this point, the infection continues to grow exponentially in community 1, but
meanwhile it also starts to grow exponentially in community 2, in both cases at rate A\. One
might expect travel in the opposite direction to create new seeds in community 1. When this
happens, the epidemic in community 1 is already large, and the contribution from these new
seeds is negligible compared to the overall growth in community 1, showing that it will take
roughly time $ In(en) = 5 Inn(1+ o(1)) to grow to size en. Thus, we should expect 71(e) to
be roughly equal to % Inn.

Between time 71,5 and time 7 (¢), the epidemic grows exponentially in both communities
at rate A, with the size in community 2 behind by a factor of n=™. Thus both seeds by travels
(which happens at rate 6(n~)) and the exponential growth of the original seeds contribute
the same order of magnitude. Since this phase takes time of order I_TO‘ Inn, one might expect
slightly faster growth in community 2, possibly multiplying the size of the epidemic by a
factor of order Inn. However, once the epidemic in community 1 has reached size en, it
will reach herd immunity in constant time, and die out, at which point all which happens
is exponential growth in community 2 at rate A. Thus it should take between time roughly
%hﬂ (ﬁ) and %ln(en) to grow the epidemic from size of order 1 to size en in community
2. Since the difference between the two is of lower order, we expect 7»(€) to be roughly
T2 + 5 Inn, explaining the scaling of m(e).

Note that the above arguments also explain why travel restrictions do not help much
once the epidemic is noticeable in community 1. At this point, the outbreak in community
is already of order n'~® (possibly slightly larger, by a factor of Inn), large enough to make
the epidemic grow in community 2 until it has reached its final size. Travel restrictions
might reduce the additional seeds after that time a little, but at this point, the growth
in community 2 is itself exponential, while the community 1 cannot grow by more than a
constant factor. The effect on delaying the onset coming from the reduction of seeds is of
lower order than the leading order Inn. To understand our final statement, the fact that
the overall outbreak size is only influenced minimally, we note that as long as the seed of an
infection is sublinear, the final size of an epidemic barely depends (to the first order) on the
seed size, a fact that is straightforward to establish for the standard SIR process on G(n,p).

To make the above considerations rigorous, we proceed in three steps to prove Theo-
rem which we now explain. After that, we also give a brief overview of the proofs of

Theorems [6.3.6] and [6.3.71

One community lower bounds. We first establish a lower bound on the size of the out-
break in community 1 by only considering individuals who never travel. More precisely, since
we expect the total time of the epidemic to be of order Inn, we exclude everyone who travels
up to time 7' = In® n. Since the number of travelers up to this time is bounded in probability
by O(n'~®), this gives a lower bound on the size of the epidemic in community 1 by that
on G(n/,p) with n’ = n — O(n'~®). Asymptotically, these bounds are indistinguishable from
those for G(n, p), giving us an upper bound on the probability of a noticeable outbreak, and

the timings in such an outbreak, including 7 (€¢) and the time it takes to grow to, say, size
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n®Inn in community 1. We may now leverage these observations to show that, conditional
on a large outbreak, I5(t) > 0 whp whenever t > %ln(na Inn), giving an upper bound on
T1_s9. Finally, by considering a different coupling to an SIR process on a static Erdos-Rényi
network with multiple (super-constant number of) seed infections, we can bound the subse-
quent growth in community 2 from below, getting the desired upper bound on 7y(¢€), and a
lower bound on the final sizes in both communities.

2-type branching process upper bounds. Next, we use the well known fact that when
we replace the dynamic infecting only susceptible vertices by a dynamic where we do not
decrease the number of susceptible vertices, we can describe the resulting dynamic by a
branching process that gives an upper bound on the number of infected and recovered vertices
for all times. It is less clear whether this is still possible for dynamic graphs, since one might
worry that speeding up earlier parts of the time evolution might lead to infections which are
now possible or not possible anymore because individuals one would have infected may now
be traveling, leading to an unexpected slowdown instead of a speedup. But it turns out that
a careful coupling of (a) the exploration of the random graph over the two communities, (b)
the travel dynamic, and (c) the dynamics of the epidemic does give a branching process which
gives upper bounds valid for all times. The analysis of this branching process will lead us to
analyze the rate matrix and a renewal process, which we then treat using perturbation theory
around the dynamics without travel. While the branching process upper bound eventually
becomes trivial as it exceeds the population size n, it turns out that for the purpose of
determining the stopping times 7,2, 71(€) and 7(€), the relevant bounds are off by only an
additive constant, which is good enough for us since these do not show up in our leading
Inn behavior.

Herd immunity and the final size of the epidemic. While our branching process
upper bounds are tight enough to establish the asymptotics of the stopping times 71,9, 7 (€)
and 7 (¢€), they become non-informative as we move past these times and do not provide any
upper bounds on the final size of the epidemic.To deal with this fact, we loosely decompose
the total number of infections into two parts: (1) travelers who get infected, and (2) the
spread contained within each of the two non-traveling populations (possibly started with a
transmission from a traveler). The contribution of the first part is limited since the total
number of travelers is of order O(n'~®) up to time 7' = In?n. With travelers isolated out,
the spread within the non-traveling parts can be coupled to an SIR process within a single
community, except that we may have multiple initial seeds due to contact with travelers.
It is known that, for a single community, the infection tree(s) can be studied as connected
components (the giant) in a percolation on the contact network, and the largest component
has a fractional size tending to r,, while the rest are of finite average size. Since we expect
at most O(n'~®) seeds up to time 7' (the number of travelers is of this order and each has,
in expectation, a constant number of neighbors), the contribution from the non-traveling
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population is dominated by the giant, which has the size we claimed, while the remaining
components are of lower order in total.

To wrap up this argument, we only need to show that the infection dies out by time
T = In*n. This relies on the intuition of herd immunity towards the end of the epidemic:
By time C'Inn < T for some sufficiently large constant C' < oo, the level of infection in both
communities should be arbitrarily low (as our lower and upper bounds are converging at later
times), and the remaining fraction of susceptible individuals is too small to sustain further
growth. Using a subcritical branching process to bound the dynamics in the remaining time,
we show that the number of actively infected individuals decreases exponentially and thus
drops to zero in another O(Inn) time, ending the epidemic before T as claimed.

Travel bans. To prove Theorem [6.3.6] we first note that our lower bound never used the
additional seeds after 75(¢), in fact, we entirely ignored travels beyond the time $(a+o(1)) Inn
(which is before 71(¢) whp) in the proof anyway.

For the upper bound on the sizes of outbreak in both communities, the analysis is anal-
ogous to the proof in the presence of travel. A branching process with growth rate A\ serves
as an upper bound until the outbreak reaches a linear size; the upper bound of r,, on the
final fractional sizes of outbreak in both communities up to time 7" admits the same proof
as before; and finally a subcritical branching process again provides an upper bound on the
elapsed time of the outbreak using the fact that we have reached herd immunity.

Social distancing. Suppose that we implement social distancing in community 2 at time
71(€). Since the infection in community 1 dies out in time O(Inn), only O(n'~) vertices from
community 1 travel to community 2 before the infection dies out in community 1. However,
since effective Ry drops below 1 in community 2 due to social distancing, any newly seeded
infection tree dies out exponentially quickly and only infects a constant number of individuals
in community 2. Thus, only O~(n1*a) individuals in community 2 will ever be infected and
the final size of the infection in community 2 is sublinear in the number of individuals.
The analysis in this case is highly analogous to our discussion above on herd immunity and
sub-critical branching processes.

6.5 Discussion

Our results demonstrate that common intervention policies such as travel bans and social
distancing have varied levels of efficacy in limiting epidemic impact across populations with
weak ties. While travel bans are often perceived as a natural first response to emerging
outbreaks, our analysis shows that they have minimal effect on both the final size of the
outbreak and its timing. Even when implemented early, travel restrictions tend not to
substantially delay the onset of infection in the second community: the excess delay is of
lower order compared to the natural delay (without interventions). This suggests that travel
bans offer limited utility as a standalone measure.
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In contrast, social distancing, modeled as a reduction in transmission rate, proves highly
effective. When enacted in the second community at the moment the outbreak has reached
moderate levels in the first, it dramatically reduces the final number of infections. Notably,
the reduction is not just in constant factors: the number of infections becomes sublinear in
the population size, demonstrating a strong containment effect even under persistent travel.

Generalizations and open directions. While our model is based on a simple Erdés—
Rényi network, the insights likely extend to more general and realistic contact structures,
such as configuration models, clustered networks, or household models, provided travel re-
mains rare and mixing within communities is sufficient.

With more than two communities, we expect qualitatively similar dynamics, with delays
in outbreak timing depending on the inter-community travel densities, and infectious spread
following the “most densely connected” paths. For networks with stochastic block structure,
our methods should carry over directly, though analyzing multiple types may require a more
detailed branching process. Configuration models, while also expected to exhibit similar
outcomes, would necessitate further technical work to account for heterogeneous degrees
and correlation structures.

Figure shows a simulation on a configuration model contact network with n = 10°
individuals in each community: an underlying network with geometrically distributed degrees
is sampled, and then the individuals are randomly assigned into the two types. We choose
the average degree such that the basic reproduction number Ry = 2. We normalize py = 1
and set pr = n~/2. Rates of infection and recovery are 1.5 and 3, respectively. We assume
that travel ban and social distancing are implemented when a 1% outbreak is detected in
the first community[f] and social distancing has the effect of reducing the rate of infection to
p" = /3. The message remains clear: social distancing will successfully prevent a noticeable
outbreak in the second community, while a travel ban is ineffective in this respect and only
delays the peak by a minor amount.

One could also consider the regime of very sparse travel (for example, when the travel rate
scales as O(1/n)), which is similar in spirit to the setting studied in [31]. This regime differs
slightly from our current model in that even without intervention, infections may not always
reach the second community, due to the infrequent travel. We conjecture that a travel ban
could modestly reduce the likelihood of cross-community transmission, though not eliminate
it completely. Nevertheless, we expect that at a high level the core insights persist: when
infections are seeded in a second community, interventions that reduce within-community
transmission remain substantially more effective than travel bans.

3 Although the 1% intervention threshold may appear conservative, it is expressed in terms of the true
cumulative infections, which typically exceed the cases that are detected or reported and grow exponentially
during the early phase. Even under ideal surveillance—where cases are perfectly identified and reported
and a travel ban is imposed promptly—the ban’s effectiveness still hinges on whether the earliest infectious
individuals have already traveled. By contrast, social-distancing measures remain robust: once introduced,
they limit transmission regardless of when they start (except for the infections that have already occurred).
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Figure 6.2: Simulation on two communities of 1 million individuals each, with an underlying
network generated from a configuration model with geometrically distributed degrees (pa-
rameter chosen such the basic reproduction number Ry = 2. Other parameters are: § = 1.5,
v =3, pr =1073, and py = 1.
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Chapter 7

Power of Two Choices in Token
Systems

In this final chapter, we apply further ideas from stochastic analysis to the design of decentral-
ized exchange systems. In particular, we study token-based coordination mechanisms that
enable agents, such as hospitals participating in a national kidney exchange, to self-organize
without requiring centralized matching or monetary transfers. Using Lyapunov techniques
and fluid approximations, we show that a family of extremely simple provider selection rules
can be remarkably effective at maintaining stable and sustainable system operation, even
with thin exogenous supplies.

7.1 Introduction

Token systems have been introduced as a market solution to economies in which monetary
transfers are undesirable or repugnant. Examples include trading favors in babysitting co-
operatives [195], exchanging resources in peer-to-peer systems [204], and distributing food
to food banks [175]. The use of such artificial currency is intended to sustain cooperation,
alleviate free riding, and increase efficiency. The incentive for agents to provide service (or
resources) is to earn tokens and the ability to spend them in future exchanges. This ability
relies on the liquidity of agents’ availability to provide service upon request. In this chapter,
we study the behavior of token systems in thin marketplaces, where demand exceeds supply,
and agents’ availability for transactions is sparse.

One motivation for this study arises from kidney exchange. Many patients in need for a
kidney transplant have a willing but incompatible living donor, which has led to the emer-
gence of platforms that arrange swaps in order to find a compatible donor [183]. Efficiency of
these platforms relies on the thickness of the pool, as a large fraction of these pools include
pairs that are hard-to-match [23]. However, free riding is a common behavior; in the US,
hospitals often submit to national platforms the pairs they cannot match internally [9]EI

1 Agarwal et al. |9] document that more than half of the exchanges in the US being arranged within
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and similar behavior was observed by countries in international collaborations | To alleviate
free riding, token systems based on hospitals’ contribution to the pool have been adopted
in an ad-hoc manner, most notably by the National Kidney Registry in the USE] A major
concern is whether such systems can reward back contributing hospitals successfully, given
that liquidity is low due to the sparsity of the kidney exchange pool. In this work, we ask if
a token system can be effective in such sparse marketplaces and sustain cooperation between
agents.

To address this question, we study a stylized model in which agents request and provide
service over time, and tokens are used as artificial currency to pay for service provision. We
consider an infinite horizon model with finitely many agents, where each agent has initially 0
tokens, and agents are allowed to have negative number of tokens. At each time period, one
randomly chosen agent requests a service, and a random subset of agents of size d become
available to provide the service. One of these agents is selected to provide the requested
service, and the service requester pays one token to the service provider. The number of
tokens each agent has represents the difference between the amount of service provisions and
service requests by the agent. As balancing the number of tokens across agents is key to
sustain cooperation, the agent with the fewest tokens among the available agents is selected
to provide the service.

We are interested in the case in which d is a small constant; in the context of kidney
exchange, this aims to capture few match opportunities for a given patient-donor pair. Our
model is based on Johnson, Simchi-Levi, and Sun [115] and Kash, Friedman, and Halpern
[117]. Their models, however, assume that at each time period, a constant fraction of agents
are available to provide service, i.e., the service availability is not minimal. Intuitively, the
larger the number of agents who are available to provide service, the easier it is to balance
the amount of service provisions among agents.

Cooperation is important for token systems. For example, the Capitol Hill Babysitting
Co-op, which aimed to exchange babysitting hours between families has crashed, since tokens’
values depreciated [195]. So in a healthy market, agents should not accumulate too many
tokens (which can lead to unraveling), or accumulate a large debt (which leads to free riding).

Motivated by these potential frictions, we analyze the token distribution in our model, and
identify conditions under which the token system is stable, in the sense that the Markov chain
describing the process admits a stationary probability distribution (the formal definition is
given in Section . Informally, stability is described by two desired conditions. The first
condition is a uniform boundedness condition; the number of tokens each agent has does
not deviate much from its initial state, with high probability. The second condition is a
fairness condition; the number of tokens each agent has oscillates in such a way that agents
return to their initial endowment in finite expected time. In other words, the first condition

hospitals.

2See [22] for discussion about collaborations and mergers.

3Numerous platforms count the number of altruistic donors (who have no intended donor) and end
altruistic donor chains with patients in these hospitals. Some platforms attempt to equalize the number of
donors and patients from each “player” matched in each exchange [42] [155].
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ensures that agents will not accumulate or lose too many tokens. Thus, agents will not lose
their incentive to cooperate. The second condition implies that the market clears in finite
expected time, which alleviates free riding and balances the number of requests and provisions
for each agent continuously over time. In the context of the classical model of mean-variance
preferences (e.g., see Markowitz [149] and Tobin [199]), our stability conditions offer an
attractive solution for strategic agents, where stable systems reduce agents’ risk (for further
discussion on strategic considerations, see Section .

Overview of results. In the baseline case (d = 1), only one agent is available to provide
service. Thus at each time period, service requester and provider are chosen independently
to exchange service for tokens. In this case the system is unstable, since the number of
tokens each agent has behaves like a divergent or null recurrent random walk.

When d > 1, the service provider who has the minimal number of tokens is chosen among
all available agents. In our main finding, we show that already when d = 2, the system is
stable. We show that the long-run probability of agents having more than M tokens (or
less than —M tokens) is at most O(1/M). We further show, using Lyapunov arguments,
that this probability is bounded by O(a) for any a > 2/3; here O(-) includes a constant
that may depend on n. We further study stability in a large market, and show that as n
grows large, this probability is bounded by (1/2). The large market analysis offers intuitive
insights into the token dynamics.

Techniques. This chapter is inspired and borrows from the literature on the power of two
choices (see, e.g., Mitzenmacher [156], Vvedenskaya, Dobrushin, and Karpelevich [205], and
Azar et al. [28]). The main finding of this literature is that in load balancing problems,
minimal choice can significantly reduce congestion both in dynamic and static settings. In
our model, it is simple to analyze the system directly using a birth-death process when n = 2.
For n > 3, the system does not seem amenable to a complete analytical solution, but softer
techniques allow us to show that it is stable.

For finite n, we use the Lyapunov method to study a suitable exponential Lyapunov
function’s negative drift to establish tail bounds on the number of tokens agents have in
the long-run. We further analyze the token distribution, and we explicitly characterize the
tail bound as n grows large using Kurtz’s theorem on density dependent Markov chains
[131]; the same techniques are used in Mitzenmacher [156] and Vvedenskaya, Dobrushin,
and Karpelevich [205] to analyze various load balancing problems including the supermarket
model. While there are subtle differences between our model and the load balancing problems
in the literature (as we explain below), our work can be viewed as another application of
the power of two choices paradigm. Kurtz’s theorem provides conditions under which a
stochastic process can be approximated by a deterministic process in the limit. This allows
us to show that the token distribution is balanced, and the number of tokens each agent has
is unlikely to be far from its initial state.
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Related literature. Numerous papers study exchange economies using tokens or models
for exchanging favors [157,|87,(97, 2, 118, 117, 115]. This literature is concerned with whether
cooperation can be sustained in equilibrium, and whether efficiency can be achieved. The
main finding of this literature is that if agents are sufficiently patient, token mechanisms
may lead to efficient outcomes. Closely related are Johnson, Simchi-Levi, and Sun [115],
Kash, Friedman, and Halpern [117] and Bo, Dawande, and Janakiraman [43]. These papers
study token systems as a strategic game in an infinite horizon with discounting, but with
similar dynamics. The key difference is that these papers assume that either all or a constant
fraction of agents are available to provide service at each time period. Kash, Friedman, and
Halpern [117] study a model in which the service provider is chosen independently from the
token distribution, and show the existence of an equilibrium, in which agents provide service
when their tokens is below some threshold. Johnson, Simchi-Levi, and Sun [115] study the
same model and show that under the minimum token selection rule, agents always provide
service in equilibrium when punishments are feasible. Bo, Dawande, and Janakiraman [43]
extend their findings without using punishments. Our work contributes to this literature,
by studying whether stability can be achieved with low liquidity (i.e., low availability of
service).

Also related is the literature on the power of two choices in load balancing problems
[27, 128, 156, 205]. In this classic problem, n balls are sequentially thrown into n bins.
The key finding is that if two bins are selected randomly and the ball is thrown to the
bin with the lower load, then the fullest bin has exponentially fewer balls than if only one
bin is chosen randomly in the throwing process. Mitzenmacher |156] and Vvedenskaya,
Dobrushin, and Karpelevich [205] find a similar result for the supermarket model, which
is a dynamic queueing system, where the longest queue is much longer if customers choose
randomly among all queues rather than choosing intelligently between two random queues.
The state space of the process we are interested in can be obtained by truncating the state
space of the supermarket model. We describe in detail the difference between our model
and the supermarket model in Remark in Section [7.4.3] In short, using a queueing
language, Mitzenmacher [156] focuses on the effect of the parameter d on the expected time
customers spend in the system and the length of the longest queue in the long-run. We
are interested, however, in the overall distribution of all queue-lengths, and provide a more
detailed characterization for the system, which is needed for our analysis. In fact, Azar et al.
[28] also study an infinite horizon process in which at each time period, one random ball is
removed from the bins, and one ball arrives which is assigned to one of the two random bins
intelligently. Our stochastic process has subtle differences (using this language, instead of
removing one random ball, we first pick a random bin, and then remove a ball), making the
machinery of Azar et al. [28] inapplicable.

Notation. We use Z>( and Z, to denote the set of non-negative integers and the set of
strictly positive integers, respectively. We use R>y and R, to denote the set of non-negative
real numbers and the set of strictly positive real numbers, respectively. We write E,[-] and
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P, (-) to write the expectation and the probability with respect to a given distribution ,
respectively.

7.2 Model

There is a finite set of agents A = [n], n > 2. The time ¢ € Z> is discrete. The number of
tokens agent i € A has at time ¢ is denoted by s! € Z. We assume that s? = 0 for all i € A.
Let s € Z" track the number of tokens agents have at time t.

Let P = (pi)ica, @ = (¢i)ica be full-support probability measures over the set of agents.
At each time period, nature picks one agent to become a service requester according to P.
Let d be a positive integer, which we call service availability density. At each time period,
nature picks available service providers by selecting d agents according to () independently
and with replacement. Thus, at most d agents are available to provide service at each time
period. We say that agents are symmetric if p; = q; = % for all i € A.

We refer the tuple (n, P,Q,d) as the token system. We will analyze the behavior of the
token system under a natural matching policy called the minimum token selection rule (see,
e.g., Johnson, Simchi-Levi, and Sun [115]). This policy, at each time period, selects the
available provider with the lowest number of tokens as the service provider (ties are broken
by choosing uniformly at random). At each time ¢, if agent ¢ is the service requester and
agent j is the service provider, ¢ pays one token to j. Note that an agent can provide service
to herself!| In this case, s = s'. Otherwise, si*!' = s! — 1, s/"' = s/ + 1, and s = s}
for all k& € A\{i,j}. In either case, we have ) ,_,si = 0 for all £ > 0. The case d = 1 is
the degenerate case, where the system simply selects one service requester and one service
provider independently at random.

Stability. Under a token system (n, P, @, d), the state of amount of tokens s* evolves ac-
cording to a Markov chain defined on the state space {5 CL" : Y icnSi= O}. Our assump-
tions that P and @ are full-support probability measures over A ensure that this Markov
chain is irreducible. Furthermore, since there is a positive probability that the service re-
quester is the service provider herself at each time period, the Markov chain is aperiodic.

We say that a token system (n, P,Q,d) is stable if this Markov chain has a stationary
probability distribution. The reason we associate the existence of a stationary distribution
with stability is the fact that it is equivalent to each of the following conditions:

e (C1) There is a uniformly small probability that the number of tokens owned or
owed by any agent is large. Formally, there is a function f: Z>o — [0, 1] such that
limps oo f(M) =0, and for all times ¢ large enough and all agents ¢ € A it holds that
P([si| > M) < f(M).

4This technical assumption is useful for the proofs. Moreover, it is motivated by the kidney exchange

setting, where patient-donor pairs from the same hospital can be matched internally in a centralized setting

when hospitals merge their patient-donor pools. Our results hold with minor modifications if an agent cannot
serve herself.
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e (C2) The expected time for the token system to clear is finite. Formally, let Tj be the
first time the system returns to 0, i.e., Tp = min{¢t > 0 : s* = 0}. Then E(Tj) is finite.
Note that by the Markov property, this is also the expected time to return to 0 after
a later visit to 0.

While we do not explicitly incorporate strategic considerations in our model, we view
stability as a necessary condition to sustain cooperation in an appropriately defined strategic
gamel’] Since the chain is irreducible and aperiodic, stability implies that the stationary
distribution is unique, and that over time the distribution of s* will converge to it. Conversely,
if there is no stationary distribution, the distribution of s will become more and more “spread
out” as t increases, with some agents either owning or owing a large number of tokens. We
thus interpret stability as a necessary condition for the prevention of unraveling and free
riding in a token system. In Section [7.5] we offer a microeconomic justification for stability
via mean-variance preferences, which is a simple model of risk aversion used in economics.

The key novel feature of our model is that the service availability density d is small,
rather than being a constant fraction of n. The larger the service availability density d is,
the easier it is to achieve stability, as weakly more agents can provide service at any time
period, which provides more flexibility to balance service provisions among agents. Therefore
unless stated otherwise, we focus on the case when the service availability is minimal, i.e.,
d=2.

7.2.1 The Cased=1

Note that when d = 1, s is a lazy random walk in one dimension for all i € A, and so by
standard arguments the token system is not stable. Moreover, s! is a random walk on Z"~!
(n—1 dimensions), and hence, the Markov chain will not be recurrent by Pélya’s Recurrence
Theorem for all n > 4, so that the market will eventually stop clearing at all.

An immediate corollary is that the token system is also not stable under the random
tie-breaking selection rule, where the rule selects the service provider, even if all providers
are available (d = n), uniformly at random (see Corollary and all missing details in

Appendix [F.1)).

7.3 Two Agents

In this section, we analyze the token distribution when there are only 2 agents (n = 2). Al-
though understanding the token distribution for this case is simple, the analysis will provide
insights regarding the token distribution for the general case. Informally, the best concen-
tration around the initial point is achieved when n = 2; as the number of agents increases,
the “distance” of the token distribution from the initial point increases as well.

5For example, in order to prove the existence of an equilibrium, where all agents play a threshold strategy,
[117] first determine the token distribution of agents in the long-run.
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Proposition 7.3.1. For d > 2, the token system with 2 agents is stable if and only if
ql < p1, q§ < py. In this case, let T be the the steady-state distribution of the Markov chain
(st :t>0). Then for all M € Z,, we have

d M d M
P2q1 pb2q; + P1G2 P14s
: pl_Qii pl(l_Qfl) pQ_QS pg(l—qg)
PW(|Sz’| > M) =

1+ P2Q1d i plfhd
Pr—aq1 P2—4G2
for v = 1,2. Moreover, the expected time between two successive occurrences of the initial

state (0,0) is given by 1 + P2t i D192

pr—af  pa—af

The proof is straightforward and given in Appendix H One implication of Proposition
[7.3.1]is that the probability of owning or owing a large number of tokens decays exponentially,
ie., f(M) = O(aM), where the constant a € (0,1) can be found following Remark in
Appendix [F-2]

Proposition identifies the level of asymmetry that can be tolerated between service
request and service provision (within and across agents) rates. Moving forward, we focus on
the symmetric case. Note that for symmetric agents and d > 2, Proposition [7.3.1| implies
that the system is stable. When furthermore d = 2, we get that

2 (1\"
(st >0 =3 (3)

and that E(7p) = 3. In the general case, we will argue that a = 1/3 is the best rate one can
hope for.

7.4 The General Case

We analyze here the symmetric case with any number of agents.ﬂ The results for the general
case can be summarized as follows:

1. In Section we show that stability holds for all n > 2 and d > 2. We further show
that (C1) holds with f(M) = 5/M for all n > 2 (Theorem [7.4.1)). In particular, the
probability that a given agent has a large number of tokens decays to zero in a rate
that does not depend on the number of agents.

SWe note that similar results hold even with less amount of service availability in the following sense.
Suppose that at each time period, at most 2 agents are available to provide service with probability 0 < 8 < 1,
and only one agent is available to provide service with probability 1 — 3, independently. The analysis of this
system is very similar and given in Appendix [F-2] This suggests that even with having a weaker power of
tie-breaking, two agents can still trade favors while keeping the token system stable.

"See Ashlagi et al. [24] for more discussion on the asymmetric case.
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2. In Section[7.4.2] we show that the tail bound in (C1) can be strengthened with f(M) =
O((2 4 0)™M) for any § > 0, where O(-) hides an implicit constant that may depend on
n (Theorem [7.4.2)). The proof relies on Lyapunov arguments and is given in Appendix

3. In Section [7.4.3] we show that as n grows large, (C1) holds with f(M) = (1/2)M
(Theorem . The proof organization for Theorem is as follows. We first
present density dependent Markov chains and Kurtz’s theorem. We then model our
system as a density dependent Markov chain, and use Kurtz’s theorem to characterize
our system in the limit via a system of ordinary differential equations. Finally, we
study the solution of this system to prove Theorem [7.4.4}

4. We conjecture that (C1) holds for any n > 2 with f(M) = o™, where a € [1/3,1/2]
(Conjecture [7.4.9).

7.4.1 Stability

In general, it seems difficult to determine whether a given system (n, P,@,d) is stable.
Indeed, the results of the previous section show that already for n = 2, this can be highly
sensitive to the precise values of P and (). The next result shows that in the symmetric case,
stability is achieved for any n > 2, assuming d > 2.

Theorem 7.4.1. The token system is stable for any d > 2 when the agents are symmetric.
Furthermore, (C1) holds with f(M) =5/M.

The proof of Theorem is deferred to Appendix[F.3] By analyzing the expected one-
step transition difference of the potential function Y ;" | E[(s!)?], we show that the Markov
chain (s : ¢ > 0) has a stationary distribution, and E[|st|] < 5 for all i € A and for all ¢
large enough by exploiting a recursion on the expected one-step transition difference of the
potential function. Theorem then follows from Markov’s inequality.

7.4.2 Exponential Decay in Tail Mass

We next offer a refined result, showing that under symmetry conditions, the tail bound on
token profiles decays exponentially. This improves upon the polynomial bound previously
established in Theorem [7.4.1]

Theorem 7.4.2. For the token system with d > 2 and symmetric agents, (C1) holds with
f(M) = O(aM) for any a > 2/3, where O(+) hides implicit constant factors possibly depending
on n.

Unlike in Theorem [7.4.1} the constant in the bound is implicit and may depend on the
size n of the system. Since we are unable to explicitly characterize the implicit constant,
it is not clear under which regimes the exponential bound dominates the polynomial bound
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in Theorem and vice versa. The proof of Theorem requires the following key

. . . . t
observation. For notational convenience, we write Z§ := > | e*i and E} := E[Z}].

Lemma 7.4.3. For A\ > 0, if both limsup,_, ., E} < co and limsup,_,., E* , < oo, then (C1)
holds with f(M) = O(e ).

n

Proof. Note that whenever |3§| > M for some j € A, we must have Z, + 2", =>""" | el 4
e Msil > M By Markov’s inequality,

P(|st] > M) < P(Ze”sﬂ + e sl > e’\M> <e™(EL 4 EY)).
=1

The quantity E{+FE" , is uniformly bounded for all ¢ sufficiently large, finishing our proof. [

Lemma prepares the ground for us to apply the Lyapunov method with Fj as a
family of potential functions; it will suffice to establish the asymptotic finiteness of E% for A
in the interval (—log 1.5,log 1.5), where log is the natural logarithm. Our proof will proceed
in two steps. First, we show that lim sup,_, . F} < oo for A sufficiently close to zero (possibly
depending on n). Then we remove this dependency and widen the range of A to cover the
desired interval using a fixed point argument, exploiting the log-convexity of the mapping

A — E%. The proof of Theorem is deferred to Appendix [F.4]

7.4.3 Stability in the Large

In this section, we study the large market setting to offer intuition regarding the dynamics
of the market by focusing on the densities of agents with a given number of tokens. What we
establish next suggests that stability is “well-behaved” in the large; as n grows large, (C1)
holds with f(M) = (3)™.

Let 7 be the steady-state distribution of the Markov chain (s* : ¢ > 0) granted by
Theorem [7.4.1} For any M € Z, define p, a := Pr(]s}| < M) when there are n symmetric

agents.
Theorem 7.4.4. lim, oo poasr > 1 — (1/2)M for all M € Z,..

We will use Kurtz’s theorem on density dependent Markov chains, which allows us to
analyze the stochastic process as a deterministic process in the limit. This analysis helps
us to characterize the steady-state distribution of the system as the number of agents grows
large and thus, proving Theorem [7.4.4]

Density dependent Markov chains. We begin with the definition of density dependent
Markov chains, which is given in Kurtz [131] for finite dimensional systems and extended by
Mitzenmacher [156] to countably infinite dimensional systems. Let Z* be either Z™ for some
finite dimension m, or Z", and similarly define R*. Let L C Z* be the set of possible non-zero
transitions of the system. For each [ € L, define a nonnegative function gy R* — [0, 1].
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Definition 7.4.5. A sequence (indexed by n) of continuous time Markov chains (X, (t) :
t > 0) on the state spaces S, = {E/n ke Z*} is a density dependent Markov chain if

there exists a fp: R* — [0, 1] such that for all n the transition rate of X,, is given by qg(cny) =
nﬁn(y—a:)(-r); x,y € Sn

In Definition [7.4.5] the index n can be interpreted as the total population or volume of
the system, and the components of k/n can be interpreted as the densities of different types
present in the system. The [ (x) can be interpreted as the probability of transition [ from
x e S, toy €S, where nz + [ = ny. Given a density dependent Markov chain X,, with
transition rates qéng = qgﬁ)M: nf; (k/n), define F(z) = Doier Z_Bf (x). The following theorem
is key in our analysis:

Theorem 7.4.6 (Kurtz's theorem [131} [156]). Suppose we have a density dependent Markov
chain X,, (of possibly countably infinite dimension) satisfying the Lipschitz condition |F(x)—
F(y)| < M|z — y| for some constant M. Further suppose lim,,_,, X,(0) = xo, and let X be
the deterministic process:

X(t)=x0+ /tF(X(u))du, t > 0. (7.1)

Consider the path {X(u):u < T} for some fited T > 0, and assume that there exists a
neighborhood K around this path satisfying

> |f|§161}136r (z) < oo. (7.2)

leL
Then limy, o0 SUpP, <7 | Xy (u) — X (u)| = 0 almost surely.

The Lipschitz condition ensures the uniqueness of the solution for the differential equation
X = F(X), which follows by taking the derivative of with respect to t Condition
ensures that the jump rate is bounded in the process. Kurtz’s theorem implies that
as n — 00, the behavior of a density dependent Markov chain can be characterized by the
deterministic process given in , where the convergence holds on a finite time interval
[0,T] for an arbitrary 7. We next model and study our system as a density dependent
Markov chain, which we refer to as the finite model.

The finite and infinite models. Let us model the system with n symmetric agents as
a density dependent Markov chain and denote it by (X, (¢),¢ > 0). Note that in Definition
, the B7’s are independent of n, and the transition rates are linear in n. In order to
fit our system to this definition, we assume that each agent has an exponential clock with
rate 1. The ticking of agent ¢’s clock corresponds to a service request by ¢, and the service

8For example, see Lemma 4.1.6 in [7].
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provider is selected immediately using the minimum token selection rule. Note that because
of the memoryless property and the continuity of the distribution that governs the clocks,
agents request service uniformly, and exactly one agent requests service at a time. As a
slight abuse of notation, let n;(t) be the number of agents with i tokens at time ¢, m;(t) be
the number of agents with at least ¢ tokens at time ¢, and z;(t) := m;(t)/n be the fraction
of agents with at least i tokens at time ¢. Let Z(t) = (..., z2_o(t), 2_1(¢), 20(t), 21(t), 22(2), ...),
and we drop the time index ¢ when the meaning is clear. We represent the state of X,, by
Z= E/n € ZN/n. Let us call this process the finite model. Note that the initial state of X,
is 2(0) = (..., 1,1,1,0,0,...), where 2;(0) = 1 for all i« <0, and 2;(0) = 0 for all ¢ > 1.

Next, we describe the transition probabilities 5;’s. The set of possible non-zero transitions
from k = nZis L = {e;j 11,7 € Z,i# j}, where e;; is an infinite dimensional vector of all
zeros except the 7’th index (which corresponds to the index of z;) is —1 and the j’th index
(which corresponds to the index of z;) is 1. Note that after transition e;; occurs, nz; decreases
by 1 and nz; increases by 1 simultaneously. Hence, the transition e;; corresponds to the event
when an agent with ¢+ many tokens requests service and an agent with j — 1 many tokens
provides service. Since the probability that the service requester has ¢ many tokens is z;—z;11,
and the probability that the service provider has j many tokens is z?— zJ”-l 1, we have 3., (2) =
(2zi— zip1) (20, — Zf)ﬂ Denote the infinite model by X, which is the limit of the finite model
X, 1.e., X =lim,_,, X,,. Since X is characterized by the deterministic process , we need

to analyze the components of F'(x). Note that the i'th component of F'(x) = 7, fﬁf (x)

(which corresponds to 2;) is 35 c 4y (27 — 2j41) (211 — 2f) = 20 ey (20 — 2ina) (2121 — 27),

which simplifies to
(T—zi+2i01) (2, — 20) = (L= 28y 4+ 20) (2 — 2i1) = (2 — 28) — (2 — zip1). (7.3)

Remark 7.4.7. In the well-known supermarket model, customers arrive according to a Pois-
son process with rate An, A < 1, where there are n servers that serve according to the FIFO
(first in, first out) rule. An arriving customer considers only a constant number (d) of
servers independently and uniformly at random from the n servers with replacement, and
she joins the queue that contains fewest customers (any ties are broken arbitrarily). The
service time for each customer is distributed exponentially with rate 1. Using this language,
our model corresponds to this dynamic system, where the total number of customers is fixed
throughout the process, which restricts the state space of the underlying process drastically.
Our system belongs to the family of dynamic systems referred as the closed model in [150).
Our technical contributions here are twofold. First, the main focus of this literature is on the
expected longest-queue length and its dependence on the service availability parameter (d),
whereas we refine this goal and further study tail-bounds on queue-lengths. Second, as stated
in [150], the steady-state probability that a certain queue has more than M customers can
be found by solving certain constraints that are derived from Theorem|7.4.6, and in general,

9The probability that all available agents have at least j many tokens is z}l, and we subtract the proba-

bility that all available agents have at least j 4+ 1 many tokens, which is z;i 1
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solution to these constraints does not appear to have a closed form. As we argue next, we
will be able to bound the steady-state probabilities without obtaining a closed form solution.

Towards the proof of Theorem Now that we have represented our system using
the finite model, we are ready to prove Theorem [7.4.4, The proof is organized as follows.
We first show that the conditions of Theorem hold. Then using Theorem [7.4.6] we
obtain the system of ordinary differential equations that characterize the infinite model.
This characterization lets us represent the probability of interest in (C1) as n grows large
using 7y (the fraction of agents that have at least 0 tokens in the long-run). Finally, we find
lower and upper bounds for my to conclude.

Condition ([7.2)) is clearly satisfied since the magnitude of any jump is bounded, and the
jump rate is bounded above by 1 for any state. We also show in Appendix that the
Lipschitz condition of Theorem holds with M = 2 + 2d. By differentiating with
respect to t and using , we get the following system of ordinary differential equations
that characterizes the infinite model:

dz;

dt d) — (2; — zi11) forall i € Z. (7.4)

= (’Zidfl — %
Intuitively, (7.4) can be interpreted as follows. Let us consider the expected change in m;
(the number of agents with at least ¢ many tokens) over a small time interval d¢. First note
that a transition occurs whenever one of the agent’s exponential clock ticks, which happens
with rate ndt. Under such transition, m; increases by 1 if an agent with ¢ — 1 many tokens
is selected as the service provider, which happens with probability z¢ | — z&. m; decreases
by 1 if an agent with ¢+ many tokens is selected as the service requester, which happens with

probability z; — z;41. Hence, the expected increase in m; is (2%, — 2¢)ndt, and the expected

decrease in m; is (z; — zi41)ndt, which gives dm; = (24 | — 2)ndt — (2; — 241 )ndt, and since
m;/n = z;, dividing both sides by ndt gives .

Define an equilibrium point, which is a point @ such that if Z(¢') = @, then Z(t) = a for
all t > t’. Denote the equilibrium point of the infinite model by 7, and assume d = 2 for
simplicity from now on (the following arguments can be easily generalized for d > 2). Clearly
7 is an equilibrium point of the infinite model if and only if dd’? = 0 for all « € Z. Moreover,
since agents start with 0 tokens and exchange one token at each transition, the expected

number of tokens agents have is 0, and it can be written as follows:

ZZ‘.%:ZZ’.%_FZZ'.%:Z%_ZTL;WL“:Zzi—Z(l—zi):O. (7.5)

€7 i>1 1<0 i>1 <0 i>1 1<0

Using ((7.4) and (7.5)), 7 can be found by solving the following system of equations:

(72, — 7)) — (m — miy1) =0 forall i € Z, (7.6)

dom—> (1—m) =0 (7.7)

i>1 1<0
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Note that (7.6) implies m;y1 — 77 = mp — 2, for all ¢ € Z. Since lim; o, m; = 0, we have
7o = 72, and inductively we have the following relation:

T = m; forall i € Z. (7.8)

Using 1) 1) becomes ) -, - > iso(1— 72") = 0. Such series are known as lacunary

series, where the function has no analytic continuation across its disc of convergence (see
Hadamard’s Gap Theorem). There is no closed form expression for such series to the best
of our knowledge and thus, we are unable to find the equilibrium point explicitly. Note that
in the long-run, the probability that |sf| < M for any i € A is equal to m_y; — mpr41. Using
, proving that for all M € Z, lim,, o ppar > 1 — a™ for some a € (0,1), is equivalent
to proving that the following inequalities hold:

271\/1 2M+1

e —m  >1—a" forall M €Z,. (7.9)
Lemma 7.4.8. We have % <y < %.

The proof of Lemma [7.4.8| is given in Appendix and now we use it to prove Theorem
44
27]\/1 . 21\l+1

Proof of Theorem [7.4.4, We will show that g(M) := 7§ " —1+2"M >0 for all posi-
tive integers M, which implies that is satisfied with a = % Note that limy; ., g(M) = 0.
Hence, we will show that g(M) > g(M + 1) for all M € Z,. It is easy to check that
g(M) > 0 for all M < 6 using Lemma [7.4.8, The derivative of g with respect to M is
D — Jog(mo) - log(0.5) - w3 " - 27M 4 log(mo) - log(0.5) - m2" " - 22M+1 . 9=M _og(2) . 2-M
where log is the natural logarithm. By Lemma , we have % < m < %, and thus
0.19 < logmp - log(0.5) < 0.5. Since 2" < 1, the first term in dil(]\]\j) is upper bounded
by 3 -27™. For the second term, note that 7§ - 2 < 3. Since 2™ > 8(2M + 1) for all
M > 6, the second term is upper bounded by % . % L2~M dgd(—]\]\f)
LMy b.o=M _og(2) - 27 M,

which is negative since log(2) > 2/3. Hence, we have shown that g(M) is a decreasing
function on [6, 00|, which concludes the proof. ]

, and is upper bounded by

o

We close this section with the following conjecture, which improves upon Theorem [7.4.2
by removing the implicit dependency on n and also upon Theorem [7.4.4] by providing finite-
size guarantees.

Conjecture 7.4.9. Assume that the agents are symmetric. Then for alln > 2, (C1) holds
with f(M) = a™ for all M € Z., for some a € [1/3,1/2].

Numerical experiments offer compelling evidence for the conjecture. See discussions in
Ashlagi et al. [24] for additional details.
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7.5 Strategic Considerations

We now offers a microeconomic justification for the notion of stability defined by conditions
(C1) and (C2). Suppose that agents gain a payoff 7 > 0 whenever they receive service, and
incur a cost ¢ € [0, 1) whenever they provide service. We assume that ¢ < , since otherwise
providing service is inefficient, and the optimal mechanism is to never provide service.

We consider a token system (n, P, @, d) under the minimum token selection rule. For
simplicity, we focus on the symmetric case of p; = ¢; = % for all i € A, so that all agents
are equally likely to request service and be available to provide service. We suppose that at
time t = 0, agents can either opt out of the token system, or else commit to participate for
some fixed number of periods T'. Assuming all n agents participate, each agent i serves as a
requester some (random) number of times during the process, which we denote by A;, and
each agent serves as a provider B; times. Thus, the total payoff to agent 7 is U; := wA; — ¢B;.
Note that by the symmetry assumption, the expectation of U; is

T
E[U;] = E(ﬂ' c).
In particular, this is strictly larger than zero, so if agents maximize their expected payoffs,
then they will opt in. Note that this holds independent of d (in particular, even in the
unstable case of d = 1).

The advantage of stability is not that it provides agents with higher expected payoff,
but rather that it lowers their risk. A simple model of risk aversion used in economics is
that of mean-variance preferences.m Under these preferences, which are parametrized by
k> 0, agents desire a higher expected payoff but also a lower variance, and evaluate a risky
prospect by subtracting from its expectation x times its variance. In particular, in our case
agent ¢ will choose to opt in if E[U;] — xVar(U;) > 0.

When d = 1, the variance of U; is linear in T, since A; and B; are independent. Thus,
agents will only opt in if x is low enough. Intuitively, this unstable system is risky because
agents are not unlikely to be left with many tokens at time 7', which would mean that they
provided service more often than they received it, resulting in a negative payoff.

In contrast, when d > 2, stability implies that the variance of U; is bounded from above,
independent of T". Since the expectation of U; increases linearly, it follows that even agents
with high x will opt in, assuming 7T is large enough. This observation provides a foundation
for why stable token systems are attractive to strategic economic agents: stable systems
reduce agents’ risk.

Relating to the literature. We further discuss our stability notion in the context of the
literature that considers dynamic favor exchange games with discounting. Several papers

10We choose this classical model [e.g., see 149} [199] for its simplicity, but a similar conclusion applies for
other, more sophisticated models, such as CARA preferences over monetary gambles. See [174] for a recent
axiomatization of mean-variance preferences.
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study settings with payoff m and cost ¢ < 7 per service as above, but (instead of choosing
whether to opt in) agents’ strategies depend on histories of exchanges. So an agent can refuse
to provide service at any time period. In these models, each period one agent is selected
at random to request service, and another (available) agent is selected to provide service
according to some selection rule.

Since ¢ < 7, always trading (provisioning a service request) maximizes social welfare.
However, demand is not always met, and there are two sources for this efficiency loss. First,
an agent may decline to provide service when her number of tokens exceeds some threshold.
This indeed happens when the service provider is selected uniformly at random [87, |117].
The incentive to decline service is alleviated when there is a steady-state [115] 43|, since an
agent will be rewarded for her service in finite time in expectation. Each of the conditions
(C1) and (C2) implies that the token system has a steady-state.

While the token system under the minimum token selection rule has a steady-state, an
agent may still prefer to decline service provision when her number of tokens exceeds some
threshold. Indeed, Johnson, Simchi-Levi, and Sun [115] and Bo, Dawande, and Janakiraman
[43] show the existence of an e-Nash equilibrium, thus bounding agents’ benefit from declining
service.E] Our results on condition (C1) suggest how concentrated the token profiles are, and
in particular, the likelihood of different level of thresholds being reached. So, for example,
even if punishments are feasible, how concentrated the token profile is (i.e., the structure of
fin (C1)) can guide a social planner whether punishments are needed.

Second, inefficiency can arise when an agent demands a service, but has zero tokens. [115]
show that (when service is always provided when feasible) the minimum token selection rule
minimizes the probability of this event. Bo, Dawande, and Janakiraman [43| show that the
likelihood of this event vanishes when n grows large and a constant fraction of agents are
available to provide service for each request. In our setting, instead of zero, a social planner
may decide to ban an agent from requesting service if her tokens are below some (possibly
negative) threshold. Condition (C1) implies that an agent is unlikely to have a large deficit
of tokens and explicitly quantifies the probability of this event. Finally, (C2) complements
(C1) so that agents benefit from providing service in expectation, ensuring average positive
utility in finite time.

7.6 Conclusion

This chapter adapts methodologies from stochastic processes and ideas from the power of two
choices literature to illustrate that token systems based on the minimum token selection rule
are likely to behave well even in thin marketplaces, where there can be very little availability
of supply. We identified settings, under which the token system is stable when only few
agents are available to provide service for any service request. Our analysis further provides

1 Johnson, Simchi-Levi, and Sun [115] use punishments to attain this, whereas Bo, Dawande, and Janaki-
raman [43] assume punishments are not feasible, but they require a large market, in which many agents are
available to provide service.
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concentration bounds for the token distribution. We further discuss why a stable token
system is attractive for strategic agents interested in low participation risk.

In the context of kidney exchange, multi-hospital exchange platforms increase the chance
for hospitals to match their hard-to-match pairs. To alleviate free riding by hospitals, to-
ken systems have been proposed and applied to incentivize participation by hospitals by
accounting their contribution to the platform [9]. Our findings suggest that the possibility
of breaking ties in the matching process, even among few hospitals, enables the stability of
the token system. Breaking ties based on token balances allows platforms to reward hospi-
tals with their contribution, assuring the difference between hospitals’ tokens remains small.
Numerical experiments reveal that tie-breakings are likely to happen in kidney exchange,
and token systems that account for hospitals’ contributions can ensure cooperation between
hospitals. In practice, platforms use ad-hoc rules to increase participation, and several plat-
forms seek to equalize the number of donors and patients of each “player” transplanted in
every match [42, |155]. Our findings suggest that an arguably simpler (and less restrictive)
token-based system is likely to behave well. It is interesting to expand this work to identify
conditions under which dynamic token systems can be sustainable when the market exhibits
more heterogeneity.
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Appendix A

Appendix to Chapter

A.1 Proofs in Section 2.3

A.1.1 Proof of Theorem 2.3.1]
Proof. Consider Example The expected reward is given by

ho(a,b) :=0-¢p(a,b) = (1 —=0)0_q-a+b(1 —A), (A.1)
Optimizing over b € [0, 1] yields
ho(a) = max{l — A,0_, - a}. (A.2)

Note that for any a € A such that 0_;-a < 1 — A, the best response of the follower is b = 1,
yielding an expected reward of 1 — A; for any a € A such that 0_;-a > 1 — A, the best
response of the follower is b = 0, yielding an expected reward of 6_; - a. The optimal joint
response a = 0_4 and b = 0 achieves the optimal expected reward of ||§_4]| =1 > 1 — A.
From the leader’s perspective, this now reduces to the problem of a ReLLU bandit considered
in Dong, Yang, and Ma [73], since the response provides no information until the average
regret falls below A[f] Thus we have

infsup R(T) > QT 72),
LNCISIC)

]

!Same as in Dong, Yang, and Ma [73], we allow the reward and response observations to be noiseless.
We believe, however, the proof of Dong, Yang, and Ma |73, Theorem 5.1] has a small gap, where the packing
number should be computed for radius /€ instead of e. This lower bound can be further improved if we
assume noisy observations.
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A.1.2 Proof of Theorem [2.3.3

Proof. Let H(e) be a minimal e-covering of ‘H under the metric || - ||o. Let

= h(a,b) | h
Ale) ={ argglax max (a,b) | h € H(e)},
where we break ties arbitrarily when the optimal action is non-unique. Note that we have
|A(e)| < |H(e)| < N(e). Let h* be the true reward function. By the definition of a covering,
there exists some h, € H(e) such that ||h* — h||oc < €. Thus we have

We know that the optimal action for k. must be inside the set A(e). Thus any worst-case
optimal no-regret algorithm on the set A(e) gives a regret of \/|A(e)|T < \/N(e)T. This
gives that

R(T) <el'+ +/N(e)T.

Taking infimum over € finishes the proof. m

A.2 Proofs in Section 2.4

A.2.1 Proof of Lemma 2.4.5|

Proof. Recall the notation from Example : let Gt(b) = 1II A(ét) for t > 2, with 6, =
t—% Zf;i b;. The first round incurs at most a constant regret and can be ignored. It suffices
to show that, with probability at least 1 — ¢,

ay

9 —0Y| <
| t||—\/g

(A.3)

for oy = @(ab\/d—l—log %)

First, we bound the distance between 6, and 6. By our assumption,
t—1

A 1
||9t - 9” - H—t— 1 Zwi

)

where wy, ..., w; are i.i.d. zero-mean o,-sub-Gaussian. We proceed using a covering argu-
ment. Construct U C S¢! such that

. (A.4)

| —

inf supu-v>
veSi-1 e
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Note that ||[u — v|| = v/2 — 2u - v for u,v € S¥71. Hence, equivalently, we may choose U as a
minimal 1-covering of S¢~! in Euclidean metric. Then

log |U] <log N™(S*71, 1, || - [|) < log M(B*, 1, - ||) = ©(d), (A.5)

where N'™ and M denote the internal covering number and the packing number of the space
under a given metric. The choice of U ensures that

|w|| < QSlégu-w (A.6)

for all w € RY, and ignoring the constant factor, we may focus on upper bounding the
supremum sup,cyr Z LU W

For each choice of uw € U, let Z,; = u - w;, so that Z,1,...,2Z,,1 are i.i.d. zero-mean
op-sub-Gaussian by definition of sub-Gaussian random vectors. By Hoeffding’s inequality
for sub-Gaussian random variables, we have

2

t
]P(Z Zui > x) < exp ( — %09 (A7)
i=1

for all x > 0. Applying union bound over U and using ({A.6) gives
2

x
IP’( >2x> <P<iggszZx> < |U|exp< 2t0§>' (A.8)
Choosing z = 03,1/2t10g(|U|T) < opy/t(d +log L) ensures that, by another union bound

t

>

i=1

over t € [T,
. T
10 — 0| < ab\/t—l(d+log g) (A.9)
with probability at least 1 — . By the triangle inequality and the definition of projection,
(b) ® 5 5 5 . T
167 = 01 < 116" — Oull + 116 — 61| < 2016 = 0l] S 0w/t (d +log =) (A.10)
with the same probability. This gives (|A.3]) and completes the proof. m

A.2.2 Proof of Proposition [2.4.6

Proof. We will condition upon the validity of the confidence sets, which holds with proba-
bility at least 1 — ¢ per our choice of {a}eim

UCB always chooses a; in the confidence set ©;, with radius of order O (ab t=1(d + log %))

When 6* € ©,, we have |la;—6*|| < 04/t~ (d + log L). Since both a; and §* are unit vectors,
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we have

T T
1
Rucs(T) < 20T + § (1-0"a;) =20T+2+ 3 § 0% — a|?
t=1

25T—|—Z (d—i—log ) :O(5T+ngogT- (d—l—log%)),

where the term 207 bounds the contribution of the event that the confidence sets fails to be
all valid. Choosing 6 = 1/7 gives our desired bound. ]

A.2.3 Proof of Proposition [2.4.10

Proof. After the first round, the leader’s task reduces to a linear bandit with action space
Aji: only actions within A; will be played, and the reward is linear in this region. As is well
known for linear bandit (e.g., [185]), with probability 1 — ¢, the regret in this linear stage
(i.e., excluding the first round) is upper bounded by

26T + O(\/dlogT - (dlog T +log d-1) - T).

The first round adds at most a constant to this and can be ignored. By choosing § = T,
we have

Rucs(T) < OdVT). (A.11)
0

A.2.4 Proof of Proposition 2.4.11

Proof. Let ©7 = {0, € S“1|0,-b; > (} x{b1}, and denote the true parameter by 0* = (6%, 05).
By our assumption on the problem structure, we have 6 € ©®),

As in the proof of Theorem u let ©(¢e) be a minimal e-covering of ©; in Euclidean
metric, with e > 0 to be specified later. In particular, there is some 6, € ©; with ||§,—67|| < e.
Let A(e) = {argmax,. s ReLU(0, - a — A) | 8, € O(¢e)}, where we break tie arbitrarily when
the optimal action is non-unique. Note that |A(e)| < |O(e)| = N(O1, ¢, || - |]).

Now, let the leader play UCB on the discrete action set A(e) after the first round. The
regret satisfies

T

T

R(T) < 14+ E[R (a")—h"(a,)] < 1+T-E[R"(a")—h"(a")]+>_E[R (@) R (a)], (A.12)
t=2 t=1

where a* = 0% and a* € argmaxaeA(E)ﬁk(a). Note that 2" (a*) > 1" (6,) > k' (a*) — € by our

choice of 6, and A(e), the second term in ([A.12) is at most €7". The third term, the regret

of UCB on A(e), is bounded by O(y/N(O1,¢,]| - ||) - T) in expectation.
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It remains to bound N (O, ¢, | - ||). Note that for any 6,0, € O, we have
0o - 0, = (60 - b1)(0; - b1) + (60 — (60 - b1)b1) - (6, — (65 - br)b1)
> (* = [0 — (0a - 0101|110 — (65 - b1)bu |
> - (1-¢) =21

Equivalently, |6, — 6.| = /2 — 20, - 0, < 2/1 — (? = 2C;. Thus, the covering number of
d
©; is upper bounded by (KTCC ) for some absolute constant K, which yields a regret bound

of 14 ¢T'+ O(,/KC¢T [e?). Choosing ¢ =< (KC})%T_%H reduces this upper bound to
_d_
O(C’g+2 T%> as desired. O

A.3 Proofs in Section

A.3.1 Proof of Proposition

Proof. Let the leader run the phased elimination algorithm Huang et al. [104, Algorithm 6]
using the response bj(a;) as the proxy reward to maximize. This proxy reward, in expecta-
tion, is a homogeneous polynomial of degree 2k — 1. By Corollary 3.16 in Huang et al. [104],
the algorithm achieves

R(T) < O(Vd*1T), (A.13)
where R(T) = ST 1 —bj(ay) is the proxy regret measured based on the the proxy reward
(i.e., absolute response). Note that the reward is maximized exactly when the proxy reward
is maximized. Thus, the Lipschitz property (2.19) suggests that

R(T) < R(T) < O(Vd*-1T), (A.14)

—2k—-1

]
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Appendix B

Appendix to Chapter

B.1 Some Concentration Inequalities

In this section, we will establish concentration inequalities that will serve as key technical
tools in many of our subsequent proofs.

B.1.1 Concentration for Independent Non-Identically
Distributed Exponential Random Variables

We first establish some large-deviation-type concentration bounds for exponential random
variables.

Lemma B.1.1. Let u € R} be a vector with ||u|y = n and let Z be a random vector with
independent Exp(1) components. Then for any t € [0,1), we have

n n

P(u-Z < tn) < (te' )" [Ju" < (te)" [Jwi (B.1)

i=1 =1

In fact, the upper bound given by the second inequality holds trivially when t > 1 and s
wmvariant under simultaneous scaling of u and t.
Further, when 1/K < wu; < K for some constant K > 1, we have

n

P(u-Z < tn) > e 00" (1! -Ktyn Hufl. (B.2)

7
=1

Fort = o(1), this lower bound becomes

n n

e_o(n2/3)+(1_K)tn(tel—t)n H ui_l — eO(TL) (te)n H ui_lv

i=1 =1
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indicating that the upper bound is tight up to a factor of e°™ .
Proof. First we establish the upper bound. Directly applying Chernoftf’s method on u - Z,

we have

Elep(2u-Z)] . arr
Plu-Z < tn) < /l\g% exp(—Atn) }\gge H L+ Ay, (B.3)

Taking A = 1/t — 1 (which is the minimizer when u = 1) gives

= t
Plu-X <tn) <e" "] —F——— (B.4)
=1

Notice that u+ ", logu, is a concave function on R”, and hence

[+ —tuw) > (H u) > Hu

i=1 i=1

since [, u; < (n‘l S uz)n = 1. Plugging the above inequality into gives the
desired upper bound.

Now we establish the tightness of the bound under the additional assumption that 1/K <
u; < K for all i € [n]. Consider independent random variables W; ~ Exp(u;R/t) for
i=1,---,nwith R =14 n"3, so that by Chebyshev’s inequality

¢ =Pu-W <itn) =Proppny(T<nRk) > 1 - n=Y3,
For convenience, we similarly write
pni=P(u-Z < tn)
and write the (joint) distributions of Z and W as P, = Exp(1)®" and Q,, = @, Exp(u; R/t),
respectively. Applying the data processing inequality to the channel C that maps ( € R” to
I{u- ¢ <tn} gives

DIQuIP) = DICQIC(E)) = gulog ™ + (1~ g.) g 1

n pn

= —qnlogp, + (1 — ¢,)log(1 — pn) + (gnlog gn + (1 — gn) log(1 — ¢n)), (B.5)

where D(-||-) denotes the Kullback-Leibler (KL) divergence between two probability distri-
butions. A direct computation gives

~ t (Kt t
D(QullPa) = (Ru' —1—log Ru‘) <> (? —1—log Ru')

i=1

= —n+R_thn—nlogt—i—nlogR—i—Zlogui < —n—i—Ktn—nlogt+n2/3+210gui.
i=1 i=1

(B.6)

IThe tail bounds here are analogous to the bounds in |[112]. Our upper bound is sharper when entries
of u show “moderate heterogeneity,” and our lower bound is new.
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Combining this with (B.5)) and letting n — oo gives
—n+ Ktn —nlogt +n?? + Z logu; > —(1—O(n~Y3))logp, + o(1), (B.7)

=1

where we used the fact that log(1 —p,) — 0 (due to our upper bound). Exponentiating both
sides gives the desired lower bound for p,,. O

As a consequence, we have the following lemma.

Lemma B.1.2. Let u,v € R be two vectors with bounded components, namely |u|; =
vk = n and 1/K < u;,v; < K for some fived K > 1. For independent Zy,--- , Z, ~
Exp(1), we have

"

fort = o(1) and and any fized constant ( > 0, where v=* denotes the component-wise inverse
of vector v [

u-7Z
tu-vl

—1’>(

v-Z< tn) < exp(—0O(n¢?)) (B.8)

Proof. We first prove the concentration bound for the lower tail. Writing

Plu-x < (1= )tu-v" v -z <tn)

Plu-z<(1-Qtu-v oz <tn)=

P(v-z <tn)
< P(Au+ (1 =XAv) -z < (1 =ONMu-v !+ (1= N)in)
- P(v- 2 < tn)

for some A > 0 to be determined later, the previous Lemma bounds the numerator by

(1 —OM- v\ e (1 " 1
1= n—(1—C)Mu-v (1-N)tn )
( * n ‘ H)\ui—k(l—)\)vi

For lower bounding the denominator P(v - x < tn), Lemma indicates that for
t = o(n), the denominator is well approximated by t"e" " ], v;’ I up to an error of €™,
Taking the ratio between the two quantities gives

<1 — A+ (1 B C))\U ) U_l)n e)\tnf(lfQ)\tu-v’l
n

1
Aoyt 1=

(B.9)

n

=1

2Note that this result is invariant under simultaneous scaling of vector u, v, and ¢t. Essentially, we only
need tn/||v|l1 = o(1) and bounded ratios between among the entries of u and v. Further, the result remains
unchanged if Z; ~ Exp(c¢;) independently with ¢;’s bounded on some [1/K’, K']; the ¢;’s can simply be
absorbed into u and v.
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Focus on the quantity [, (Auv; '+ 1—)). Using the AM-GM-HM inequality and the
fact that e*~! > @ for all a € R, we obtain

i 1 Ay - o7ty - 1= A+ Au-v7l/n
VIl S )
- /\uiv._l-g-l_/\_( * n P n+; 1—/\+)\uwi_1

i=1 ?

Hence, the conditional probability of interest is upper bounded, up to €?™, by the following
expression

(1 At (1 — ())\u . 1)—1)" e)\tn—(l—C)/\tu‘”ﬂ (1 A+ AU - ’U—l)—n.
n n

1A+ Mu-vl/n
exp<_n+z e )
i=1 tTe

Denote the negative logarithm of the n-th root of the quantity above by x(A). That is,

Pu-z < (1—Ctu-v -z < tn) < inf 27N — exp <0(n) — nsup X(A))
A>0 A>0

for any A > 0 with

_ -1 B I .
X(A)::—log(l—)\+(1 O;“ = )—)\H—(l Of“ e —I—log(l—)\—|—)\unv )

n

1 1—XA+Au-vt/n
1—— . (B.1
* n; 1— A+ dyo; (B-10)

The o(n) factor is of lower order, and it suffices to show that there exists some A such that
X(A) = ©(¢?). For A sufficiently small (e.g., A < K~?/2, recalling that u;,v; € [1/K, K]), we
may approximate the logarithm function near its zero and obtain

._1 ._1 -_1 2
10g<1_)\+)\uv )Zkuv _)\_()\uv _)\)‘

n n n

Then the two log terms in (B.10)) combined can be bounded below by

)\_(1_0/\1/“7}1_|_)\U'U1_)\_<)\u-vl_/\)2:c)\u-v1_)\2 (u-vl_l)z.
n

n n n n

With w;,v; € [1/K, K], a naive lower bound is the following

(2 =2\ + K?X + K2)\)?
A1 =N+ K20)(1 = A4 K—2))

XA) =K 2 = K = A+ (1 - OMK 2+ 1 - , (B.11)
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where the summation at the end of (B.10) is bounded using Schweitzer’s inequality [190] for
the ratio between arithmetic and harmonic means, stating

(a+ b)?
_Zz, —  dab

for z € R™ with bounded components 0 < a < z; < b. Further, we observe

L@ ECARETA? AP (KK
41— A+ K2 (1= A+ K2\) 41— A+K2A)(1—-A+K2)\)" ~ '

Taking A = (K %/8 in (B.11) yields

1. - 1 _
K(gCK 6) > 16C K~® gtCK °>0(¢),

hence finishing our proof for the lower tail.
The proof for the upper tail follows a similar structure. Writing

Plu-z>(14+tu-v v -z <tn)

P(v-z < tn)
P((— 2+ (1+MNv) -z < —(1+OMu-v '+ (1 + N)in)
P(v-x < tn)

Plu-z>0+Otu-v oo <tn) =

<

for some 0 < A < K72 (so that —Au+ (1 + A)v € R"}) to be determined later, Lemmam
implies that the ratio is, up to ™,

(1+C)/\u'v1>n 1 T - 1
14+ \— 1+ Atuv Atn ) B.12
( n ‘ 11 L+ A=y, ! ( )

As in the proof of lower tail bound, the product term can be bounded by

i Ay v T N D P VR Iyl
Tt d— o) < (14— - ,
103 = o) = (103 = 27 exp< ey LA

=1 i=1

giving an upper bound, again up to e°™ of

1

(1 L (1+QAu- U_1>n6(1+C)>\tu~v1—>\tn (1 L AU ;ﬁ:)_ >7n.

n
I+A—u- vl/n
exp<—n+z 1+/\_)‘U2i )

for the conditional probability of interest.



APPENDIX B. APPENDIX TO CHAPT ER@ 138

Denote the negative logarithm of the n-th root of the quantity above by X(\). That is,

Plu-z>(1+Otu-v o-z<tn) < inf XWX
0<A<K—2

for any A € (0, K~2) with

-1 _ -
Y(A)::—log(1+)\—(1+o:;u - )+>\t_<1+<)2tu v —|—log(1+)\—)\unv )

lil—k)\—/\u-vl/n

+1- =
n 1+)\—)\uiv[1

i=1
Again, it suffices to prove that for some choice of A\ we have Y(\) = ©(¢?). With similar
arithmetic as in the proof for the lower tail, we observe that for A sufficiently small (e.g.,
A< K72/2)

XA) > COAK 2+ M — (1 + OMEK? — 4N K*, (B.13)
Again, taking A = (K °%/8 in (B.13) gives the desired ©(¢?) lower bound for supg. . -2 X())
and thus finishes our proof. m

B.1.2 A Generalized DKW Inequality for Independent and
Nearly Identically Distributed Random Variables

Lemma B.1.3. Let X;, i = 1,---,n be independent random variables each with (non-
identical) distribution function G;, and assume that there exists a constant § > 0 and a
distribution F such that |G; — Flle < & uniformly across all i = 1,--- n. Let G be the
empirical distribution function of {X;}_,. Then

P(||G — Flloe > 20 + €) < 4exp(—2ne?/9). (B.14)

Proof. Let U; = Gi(X;) so that Uy, -+, U, are i.i.d. uniform on [0, 1], and denote their
empirical distribution function by .J. Let Y; = F71(U;) = F7Y(Gi(X;)) so that Yi,--- .Y,
are i.i.d. each with distribution function F, and denote their empirical distribution function
by F'. Notice that

|G — Fllo = sup N I oom) (Xi) = F(2)

z€R

=sup 'Y ooy (Vi) = F(2) + 107 (I o) (Vi) = =) (Xi))‘
=1 3

<sup ('Y Joom) (Vi) — Fl2)
i=1

zeR

= HF — Fl|s + sup A(x).

z€R
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From the classic result of DKW inequality [76] applied to Fand F , we know that
P(|F — Flloo > €/3) < 2exp(—2ne?/9). (B.15)

For the second supremum of in the sum above, we now consider U;, i = 1,--- ,n as the
underlying random variables. Each term in the summation in A contributes 1 to the sum if
and only if

FHU)=Yi<2<X; =G HU;) or G7H(U) =X, <ax<Y;=F ),

or alternatively

F(z) AGi(x) < U; < F(x) V Gyi() [

where A and V denote the operators of taking the minimum and maximum, respectively.
Hence,

A@@) =1 [ coow) (Vi) = Imoo)(X0))|
i=1
- n_l Z I(F(x)/\Gi(x),F(ac)\/Gi(x))(Ui)
=1

1
<n Y I 6y @nF@WY, 6@ vEe) (Us)
=1

= J(M(2)) = J(m(x)),

where M and m denote the maximum and minimum across F and G;, ¢ = 1,--- ,n, respec-
tively. By our assumption that ||G; — F||o < 0 across all i, we have that

0< M(x)—m(z) <26

for all x € R. Noticing that the true distribution function J of U;, i = 1, -, n is the identity
function on [0, 1], we have

Alw) = J(M(x)) = J(m())
< | J(M(x)) - J(M(w))( + ’f(m(w)) — J(m(x))| + [J(M(z)) — J(m(z))]
< 2T — J||oo + 26
on R uniformly. Therefore, applying DKW inequality again, we see that
P(sup A > 20 + 2¢/3) < P(||J — J|oo > €/3) < 2exp(—2ne?/9). (B.16)

Combining (B.15)) and (B.16)) yields the desired bound in (B.14)). O

3We may safely ignore the case where the two sides are equal, as it happens with probability zero.
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B.2 Typical Behaviors of Values in Stable Matching

In this section, we will characterize the typical behaviors of values in stable matchings,
including first and second moment bounds and concentration. These results will ultimately
lead to results in Section such as Propositions [3.6.1] and [3.6.2]

Recall that for a matching p with (latent) value vectors X(u) and Y (i), we define U(p) =
F(X(p)) and V(i) = f(X(p)) with the standard exponential CDF F(z) =1— e applied
component-wise to the renormalized values X;(p) = Xi(p)ai ) and Yi(p) = Yi(p )bi 1) for
i € [n], so that U;, V; ~ Unif([0, 1]) and are mutually independent due to the way the score
matrices are generated.

Lemma B.2.1. For any c € (0,1/2), there exists a constant 6, > 0 (depending on ¢ and C')
such that in a random instance of the market, at least O1nlnn proposals are made during
man-proposing deferred acceptance with probability 1 — exp(—n®).

Proof. This result follows from a standard analysis of the deferred acceptance algorithm
executed as in [25, Section 3]. In [25], the preference model involves tiers, where fitness
values among different tiers differ by at most a constant factor. It turns out that this
bounded ratio of fitness is the only thing used in the proofs, and is also satisfied by our
matching market under Assumption [3.2.2] The main steps of analysis are as follows.

1. Consider (man-proposing) deferred acceptance with re-proposals, where each time when
man ¢ proposes, his proposal will go to woman ¢ with probability proportional to
a;;, independent of all previous proposals (and their acceptance/rejection). The total
number T of proposals in this process is equal in distribution to the number of draws
in the coupon collector problem, and from standard concentration bounds we can show
P(T > kn't¢) < e 72 for k sufficiently large and P(T' < anlnn) < exp(—n® — 2) for
a > 0 sufficiently small (see also [70]). The details mirror Appendices A and B in [25].

2. Analogous to Lemmas 3.5 and 3.6 in [25], we can show that, with probability 1 —
exp(—n—1), no single man makes more than ¢n* proposals during deferred acceptance
with re-proposal for ¢ sufficiently large.

3. Conditional on 7" > anlnn and the maximum number of proposals any man makes
being at most #n?, the fraction of re-proposals should be no greater than C'¢n?~! in ex-
pectation, since each proposal will be a duplicate of a previous proposal independently
with probability at most % It follows immediately from a binomial concentration
that the (conditional) probability that the number of repeated proposals exceeds T'/2 is
exponentially small. Hence, the actual number of proposals during deferred acceptance

(without re-proposals) is at least §nlnn with probability 1 — exp(—n°).
O
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Lemma B.2.2. For any c € (0,1/2), there exists a constant 6, > 0 (depending on ¢ and C')
such that, with probability 1 — exp(—n°), there exist no stable matchings p where | U ()| <
fy1nn.

Proof. Note that U;() = 1—e~ %X € [CLF(X;(1)), CF(Xi(p))] since a; ) € [1/C, C).
For any stable matching p, X(u) = X(umosm) where pyosv is the man-optimal stable
matching obtained from the man-proposing deferred acceptance, where all the n men are
matched with their optimal possible stable partner (and hence achieves best value) simulta-
neously, and hence

[0 > ZIFG)I > ZIFXE)I > 25 Olmos)lh- - (B17)

Thus, it suffices to consider the event where ||U(uposm)|i < 62C*Inn. Without loss of
generality, we may assume that uyosy matches man ¢ with woman 4 for ¢ € [n]. Denote by
R; € [n] and X; = X;; € R, the (random) rank of partner and the latent value in puyosum for
man i € [n], and let U; = F(a;X;). By definition, X; ~ Exp(a;) and R; = Z#i 1{X;;/a;; <
X;}.

We condition on a specific execution of the man-proposing deferred acceptance algorithm,
i.e., on the sequence of proposals, which specifies the rank R; and an ordering over his top
R; most preferred partners for each man. Notice that the specific value X;; only affect the
execution through the ordering of proposals, and hence conditional on a particular ordering,
the values of the men are independent. Further, the value X; conditional on R; and an
ordering wj, =, Wj, Zm, Wj, = * -+ =, Wi, is equal in distribution to X(Ri), i.e., the R;-th
order statistic of (X1, ..., X,) with X; ~ Exp(a;;), conditional on X, = Xj, for all k € [R;].
By the representation of exponential order statistics given in [160], under such conditions,

R;
O
_ ; D ket Qi

where Z;; ~ Exp(1) are independently sampled for ¢ € [n]. Conditional on R; and the
sequence ji,. .., Jr,, we have

(B.18)

Q5 L, 1 i Z’it
Ui F i z Z F - -
(@ (sz tawk) (" =1 02)
1 & 1 & 1 &
> =N F(Z4/C*) > =Y F(Ziy) = =5~ > _ Wi, (B.19)
n t=1 0277, t=1 Czn t=1

where the second last inequality follows from Jensen’s inequality (applied to the concave
function F'), and W;; = F (Z ¢) ~ Unif([0, 1]) independently. Thus, conditional on R, we
have C2n||U||, = 327, S35, Wiy, independent of the specific ordering (and the identity) of
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the proposals made. Therefore, we may marginalize over this ordering to get

n R;
R) <P (Z Z Wi < 0,C*nlnn

i=1 t=1

]P(HU”l S 9202 Inn

R) . (B.20)

Whenever ||R||; > 6éinlnn, the probability above is at most exp(—O(nlnn)) < exp(—n°)
by Hoeffding’s inequality granted that we choose 0y < 04, and our proof is complete as we
marginalize over all possible realizations of R with ||R||; > ¢1nlnn. O

Lemma B.2.3. For any kK > 0 and 05 > 0, the expected number of stable matchings
with ||[U(p)||1 |V (@)|l1 > 0sn(Inn)/® is upper bounded by exp(—kn). In particular, with high
probability, no such stable matchings exists.

Proof. Tt suffices to show that the probability that any fixed matching p is stable and satisfies
IO |11V (w)]li > 3n(Inn)/® is upper bounded by o(e™""/n!) for any 63 > 0. Write
I =0, 1] for the unit interval. Let

Q={(u,v)eI"xI": |uli||v] > n(nn)"/*}

and let

n

R™ xR™ i=1
(B.21)
where f(t) = e~* denotes the standard exponential density function. We apply the simple

bound ({3.10) on p(x,y) to obtain

P < /R” , H (1 — (1 — e—ii/c2) (1 B e—ﬁj/c*?)) 1o(F(x), F(y)) - Hf@t)f@z) d% dy

+ i#j i=1

/Inxln (1 - ui)1/02) (1-(01- Uj)1/02)) -1g(u,v)dudv

H (
i#3
exp

IN

1-— ulv]> - lg(u,v)dudv
Inxn i

1
(= Grlalilvl = u-v)) - Lofu,v) dudv

ImxIn

1
g/ exp (2300 = Vi) - Ta(w, v) dudy, (B.22)
Imxin

where we use the basic facts that 1 — 2/* > (1 — 2)/C? for all z € [0,1] and C > 1 and
that 1 + z < e® for all z € R.
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Let s = ||ul]; and ¢t = ||v||;. It is well known (e.g., [81, Ch. I, Sec. 9]) that the probability
density of S = ||U||; with Uy, ..., U, independent samples from Unif(/) is bounded above
by (fLHTT), Hence,

2 t n—1
p< / rm—yery % ds dt. (B.23)
s,t€[0,n] : st>03n(lnn)l/8 (TL)

Note that when st > n(Inn)?, we have exp ((n — st)/C*) < exp ((n — n(Inn)?)/C*) =
o(exp(—kn))/n! and therefore the region {s,¢ € [0,n] : st > n(Inn)?} contributes a negligi-
ble amount to the integral. Hence,

—Kn 2 n—1
p< ™ / en—s/ct S (St)g ds dt

n! 5,t€[0,n] : 03n(Inn)1/8<st<n(Inn)?2 (n')

2 o(e™") L2 pnOsn(mm)/R) /O n?(n(lnn)?) !
n! (n!)?

(ii) —Kn 1 1 —Kn

< O(en! ) + o1 exXP <@(n — Gsn(Inn)/®) +3Inn+2(n—1)Inlnn + n) = 0<€n! ),

(B.24)

where in step we upper bound the integral by the product of the Lebesgue measure of
its domain (bounded by n?) and the supremum of its integrand, and in step we invoke
Stirling’s approximation. O

Corollary B.2.4. For any constant ¢ € (0,1/2), there exists a constant 0, > 0 such that,

with probability 1 — exp(—n®), there exist no stable matchings p with [[U(w)|; > (lrﬁ‘iﬁ.

Proof. This follows immediately from Lemma [B.2.2] and [B.2.3] [

Proposition B.2.5. Let Q) C I™ be a region in the n-dimensional hypercube. For k € 7.,
define interval Ij, = (27%n, 27 % 1n]. If

g9(n)
€6n08n

IP)WNEXP(Qk)®n(W € Q, ||W||1 c Ik) < (B25)
for some function g(n) and uniformly for all k € Z,, we can guarantee that the expected
number of stable matchings p with value vector X(u) € R™ satisfying U(u) € Q is upper
bounded by g(n) +¢790%) - in particular, with high probability, no such stable matchings exist

if g(n) = o(1).

Proof. We focus on a fixed matching p and by union bound, it suffices to show that

g(n) + e %)

P(pe S, U(u) € Q) = o

(B.26)
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under the condition of (B.25)). The same chain of reasoning as in (B.22)) gives

1
P=PueSU)e) < / exp <@(n . Hu|]1HVH1)> T (u) dudy
Imxin
< e”/ exp(—|[ul|1[|v][1/C")) - 1q(u) dudv (B.27)
ImxIn

since C' > 1. Observing that [|[U(u)|l; = 0 and |[V(u)||1 = 0 are both probability zero
events, we may split the domain of the integral above into sub-regions according to which
intervals ||U(u)|ly and ||V (p)||: fall into, and then bound the value of the integral within
each sub-region. That is, with the help of the monotone convergence theorem to interchange
summation with integral,

PS@"Z/J ) exp(—[ull[v[l1/C?) - La(u) Ly, (full) 1z (Iv]}) dudv

k=1
<o S [ ezt 0 da(win (U (V] dudv. (B25)
k4=1 ImxIn

For all k € Z, we have " exp(—2*||ul|;) > 1 whenever u € I" with |lu||; € I;. Thus,

o0

P<en 3 [ exp(=2 /O - Do), () T lv])
kye=1 7 1> I"

cexp(—2°|lully — 2°||v|1) dudv

— o Z 2—(k+£)n eXp<_2—k—ln2/C«4)_
k=1

Eunxp@nen varxpeoen [To(U)Lm (V)1 (U1, (V)] (B.29)

Observe that all the terms with & + ¢ > n combined contribute at most

n—1 e o) 00
6577, Z 2—(k+€)n _ 6577, (Z 2—/€n Z 2—€n + Z 2—kn Z 2—471)
k=1 k=n (=1

k+0>n {=n—k
1—27") 41 e O
_ o gerin T - B.30
‘ (1—2-n)2 o (B30)
which is negligible. Therefore, we only need to consider O(n?) terms and
_on?
Pt o(n*) 2 max PUEp@en Vapspener (Lo(U)Lr (V)L ([O]) 1 (V)]
n! kel 2(k+0n exp(2-F-In2 /C*)
—O(n?) Py Ex ~(UeQ||Ul; el
< ‘ + 57 max 2 ERE)E ( IUl € Z) (B.31)

n! kel 2(k+0n exp(2-F-In2 /C*)
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Let a = 2*(’“”). When o < C®/n, the denominator of the second term can be bounded
as o e/ ”/C’sn > n!/C®; when a > C®/n, let 7 = na > C® and we have
a e/t = e ”T/C =n"exp (n(7/C* —InT)) > n"exp (n(C* —41In C)) > nl. Thus, the

denominator is bounded below by n!/C®" and

pe T O T Ue, Ul €ly) < —(e ") B.32
< o o max P nen (U € Ul € ) < —(e) 4 g(n)). (B.32)
The claim follows immediately. O]

Lemma B.2.6. For any fized § > 0 and k > 0, there exists an absolute constant 05 (depend-
ing on 0, K, and C') such that, with probability 1 — exp(—kn), there exist no stable matchings
w with || Xs(p)]|eo < 05. (Recall that Xs(p) is the value vector of the (1 — §)-partial matching
obtained from u that excludes the least happy 0/2 fraction of men and women.)

Proof. Since X and X differ by at most a factor of C' component-wise, we have

1X5(1) oo < Xinotonjzn (1) < CXntonsay (1) = =Clog (1 = Upn—tonsap (1)) (B:33)

Thus, it suffices to bound the upper 6/2 quantile U, |sn/2))(1t) away from 1.
Let Q = {u € I" : up_|sn2)) > 1 —e 7} for some s > 1 that we will specified later. Then
W e Q implies that Y1 | Lq_e—s1)(W;) > dn/2. For W; ~ Exp(2¥), we have

1
P(W, e (1—e*1]) = / e gt < et ke < e,
l—e—s

Thus, > 1" T(1—e—s 1](W;) is stochastically dominated by a Bin(n, e™*) random variable, and
as a result

Pw~gxpzr)en (W € Q, [W]1 € 1) < Pwepxper)en (W € Q)

(5n
< ]PWNEXp 2k (Z ]1(1 —e—S 1] 2 )
on s
< IP>Z~Bin(n,e*3) Z > ? < exp(—nD(5/2||€ ))

Since D(0/2||z) — oo as z — 0, it suffices to take s sufficiently large to ensure D(6/2||e”*) >
k + 6 + 8log C. Proposition then guarantees with probability 1 — exp(—kn) that no
stable matchings p have U(pu) € Q, and as a result of , with at least the desired
probability, no stable matchings p should have || Xs(u)|loc > 05 := C's. O

Lemma B.2.7. For any § > 0 and k > 0, there exists an absolute constant 0g (again
depending on 0, k, and C') such that, with probability 1 — exp(—kn), there exist no stable
matchings p with [ Xs(u)][1 > 06[|U(1)]]1-
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C?05

— where 65 is the constant in Lemma (B.2.6|

Proof. Take 0 = C'supg,<cy. F:(vz) -

Assume that || Xs(@)]|e < 05 for all stable matchings u since the probability otherwise is at
most exp(—~kn) as desired. Note that for each 7 in the support of Xs(u) (i-e., (Xs)i(1) > 0),
we have

A

Xi(p) < OXi(p) = C(Xs)i(n) < €O, (B.34)

and subsequently

. CXi(p) _ Xi(w) — (Xs)i(w)
(1) > 0 > ke 596 , (B.35)

and this final inequality is trivial for any ¢ not in the support of Xs(x). The claim then
follows immediately. O

Lemma B.2.8. For any fized § > 0 and k > 0, there exists an absolute constant 6, (depend-
ing on 0, K, and C') such that, with probability 1 — exp(—kn), there exist no stable matchings

p with | Xs(u)[13 > 0z U(w)|13/n.

Proof. Taking advantage of Lemma m, let us assume that X,_|sn/2)) (1) < 05 is satisfied
simultaneously by all stable matchings y (see the proof, in particular , for more details);
the event otherwise has probability bounded by exp(—kn).

Notice that

n—|on/2] n—|on/2] n—|on/2]

Xsll3 < > Xpw)?<C® Y Xpw)® <6 > Usw?
=1

=1 i=1

—

where the (i) subscript denotes the i-th (lower) order statistics (and in particular, X (@) (1)

N 2
is the i-th smallest entry of X(u)) with 65 = C’Q( s ) . Now it suffices to compare

F(65)
n—|on/2 .
S Uy ()? with [[U ()] /n.
Consider Q := {w e [ : Y-/ wfy > y|[wl|F/n} for some v € Ry to be specified.
By Proposition [B.2.5 it suffices to show that for some appropriate value of v we have

PWNExp(gk)®n (W S Q, HWHI c Ik) < e*(n+6)n078n
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for all k € Z,.. Observe that

]P)WNExp(Qk)®”(W € Q? ||W||1 € ]k)

= Pwemxp(2t)® ( Z W, > ” Ii 27 < |[W, 2k+1n>
n— 5n/2
<PW~Exp 2k)® ( Z W > ’72 2k >
6n/2j

< Pweksp()® < Z Wiy = 7”)
< IP>WNExp(1)®" (Wn— [on/2]) 2 \/_>

on
<PZ~B1n(ne V) (Z > 7) :

By the large deviation bound for binomial distribution, choosing ~ sufficiently large such
that D(6/2|le™v7) > k + 6 + 8log C ensures that this probability is o(e~*+9"C=%"). This
finishes the proof with the choice of 67 = 6. O

Remark B.2.9. This is the only part of our analysis that relies on the d-truncation of values.

Without the truncation, %||W||§ would concentrate poorly—in fact not even having a finite
mean—jfor W ~ Exp(1)®"

Corollary B.2.10. For any constant c € (0,1/2), there exists a constant 63 > 0 such that,
with probability 1 —exp(—n°), there is no stable matching p with ¥ (X5)iLp/c.00) ((X5)i) >
Os[[U]J1/(Inn)7/%.

Proof. Notice that

n

X518 > (XL ((X5)) 2 2 D (Ks)iLrem (X))

i=1
The statement then follows from Lemma and Corollary [B.2.4] O

Lemma B.2.11. For any fixed 6 > 0 and k > 0, there exists an absolute constant Oy
(depending on 6, K, and C) such that, with probability 1 — exp(—kn), there exist no stable
matchings p with || Xs(w)|l1 < 0g]|U (1)

Proof. Since X > U component-wise, we have || Xs(u)|l1 > ||Us(pe)|l1. Thus, it suffices to
consider the condition ||Ugs(p)||1 < 6ol|U(1)]]1-
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Consider Q := {w € I" : 35 C [n],|S| =n — [0n], ;cqw; < af|w|:} for some o € R,
to be specified. By union bound, for any k € Z,

n—|on]
]P)W/\»Exp(Qk)@"(W € Q, ||W||1 c Ik) S ('_5 J)]P)WNEXP(Qk ( Z w; S CYHW“l < 2~ k‘-l—l )

i=1
n—|on]

n
= ]P’WNEXp(l)@n( E W; S 20[77,)
(LM) =

— exp(—h(8)n + o(n)) - ( fg%)n_m’

where in the last step we use Stirling’s approximation to bound the first factor and standard
(lower) concentration of Exp(1) to bound the probability term (e.g., see Lemma B.1.1)). For
o sufficiently small, e.g., a < exp (15 (h(6) — k — 6 — 8InC) — h(d)), we have

]P)WNExp(2’9)®" (W < Q, ||WH1 c Ik) < e—(n+6)nc«—8n

for all k € Z, . Invoking Lemma concludes the proof with 6y = «. O

Corollary B.2.12. For any constant ¢ € (0,1/2), there exists a constant 619 > 0 such that,
with probability 1 — exp(—n®), there exist no stable matchings p with || Xs(u)|l; < 610 Inn.

Proof. This follows from Lemmas [B.2.2l and [B.2.11], with 61y = 60,. n

The following Corollary combines all the previous into the typical behavior of value
vectors in stable matchings.

Corollary B.2.13. Define R*(11) C R} x R}, in the context of a matching p, to be the set
of all pairs of vectors (x,y) € R} x ]R" that satisfy all of the following conditions:

6 < [[ul, Ivlls < % (B.36)

lull1 vl < Osn(inn)"/®, (B.37)

1xs][1 < bs[[ully and |lys[i < b6V, (B.38)

st < ZIE gy < 2V, (B.39)
;(xa)iﬂ[z/c,oo)((xa)i) lzﬂn‘l!}s nd Z Ys)iLiz/cio) ((W6)i) < (fi‘l”:;!/lﬁ“ (B.40)
%511, sl = 6o lnn, (B.41)

where u; = F(a;,)%;) and v; = F(bj,1j)y;) fori,j € [n]; x5 and ys denote the truncated
version of X and y; 0,03,0¢,07,04,0s,010 € Ry are absolute constants (independent of 1)
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chosen appropriately as in Lemmas[B.2.2, [B.2.3, [B.2.7, [B.2.8, and Corollaries[B.2.4,
and|B.2.13. Then, for any ¢ € (0,1/2), with probability 1 —exp(—n°), (X(u), Y (1)) € R*(u)
for all stable matchings p.

The proof simply summarizes the aforementioned Lemmas and Corollaries and shall be
omitted.

B.2.1 Proof of Propositions and
., —tx 2(13 .
Proof of Proposition[3.6.1. Note that 1 — e~ > <tm — "7) for all z,t > 0. In particular,

1 —e > (ta: — %) Ljo,2/4(x) > 0. Using this to approximate p(x,y) gives

pixy) =[[ (1= (1 —eom)(1—em))

it
7 2 12
<11 (1 — L10,2/ai;) (i) L0270, (¥5) (aijxi - jjl’z) <bji3/j - é%))
i
o2 B
7 2 12
<exp|— ; Tjo.2/c)(xi) Lo,2/01(y5) (%‘xi - 7]%) (bjiyj — é%) . (B.42)
i#j

Taking logarithm for simplicity and expanding the expression above gives

Inp(x,y) < — Z (aijbjm'yj — (Lejco0) (@) + Lizjcyo0) (U5)) aijbjitciy;
i#]

— Ljo,2/01(3) Ljo,2/¢1(v;5) (afjbﬁx?yj + az‘jbgifﬂiy?)>

< — Z a;jbjiry; + Z C?zy;
i=1

1,j=1

+ Z (CQ(E(Q/C’M)(xi) + 1(2/0,00) (yj))xiyj +C? (:v?yj + aszy]2>> .

ij=1
(B.43)
Notice that —Ing(x,y) = szzl &,-jbji(f—;%. Thus,
X,y - n
In qEX y§ < 2Ty + <||x||1 > e Wiy + Iyl Y ﬂ(g/cym)(xi)x)
7 =1 i=1

+C (Ixllylls + [lhllyl3) - (B.44)
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In light of Corollary [B.2.13| it suffices to upper bound In ;% by cn/(Inn)'/? for all

(x,y) € R*(n) and for all u. To simplify notation, we will make the dependency on pu
implicit in the rest of the proof. By Cauchy-Schwarz inequality, the first term in (B.44]), up
to a factor of C?, is at most

Ol vl v n_
Ixsllllysll < == F2 < 000r(tnn) ' = o | Gy

by (B.39) and (B.37).The middle term in (B.44)), up to a factor of 2C?, is at most

- vk n
%5111 ; Lz/c.00)(45)3)(ys); < Osllull n) = 0396W

by (B.38)), (B.40]), and (B.37)). Finally, the last term, up to a factor of 2C?, is upper bounded
by

> ~Ixsll3 sl 1 >
”X5H2Hy5|‘1— HuH% ||V||1 ||VH1<HUH1HVH1)
0, 1

e —— 0202 (Inn)4 =
n 0 6, 1Inn an”(Inn)

97969§ n
Oy (Inn)3/4

due to (B.39), (B.38), (B.36), and (B.37). Putting these together gives the proposition. [

Proposition is also a direct consequence of Corollary [B.2.13] In fact, the con-
ditions (3.12) and (3.13) follow directly from the conditions (B.36)—(B.38) and (B.41) in
Corollary [B.2.13| once we note that x] Mys < O(||xs||1]|ys|/1) due to Assumption on
the boundedness of the entries of M. The proof is omitted.

For convenience, we will express the conditions and as a likely region R C
R? x R% for the value vectors of the two sides. Formally, define

Ry = {x:¢ logn < ||x||; < en(logn) 74} (B.45)

and
Ry = {(x,y) : x My < cy(logn)"/®}, (B.46)
R = {(X,y) € RQ X,y € Rl}, <B47)

where ¢,,¢; and ¢y are appropriately chosen constants independent of n hidden by the O(-)
and €(+) notations in the Proposition statement. Then, Proposition can be equivalently
rephrased as

P(3ueS, (Xs(u), Ys(u) ¢ R) Se™ asn — oo. (B.43)
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B.2.2 A Key Reduction Lemma

Proposition [3.6.1] allows us to study high probability behaviors in stable partial matchings
obtained from truncating stable (full) matchings pretending that the conditional probability
of stability were given by ¢(x,y). Concretely, consider a fixed constant 6 > 0 and a region
Q C R} x R} that defines an event on the (truncated) value vectors. If there exists a
stable matching p whose truncated value vectors (Xs(u), Ys(p)) € ©, the induced partial
matching ps of size n — [dn] between M), ; and p(M;, 5) must also be stable with value
vectors XM’H,a(“‘S) = Xs(p) and Y0 ) (1) = Ys(pe). Thus, we will end up either having
a stable matching whose truncated value vectors fall outside R (defined above in (B.47)),
or a stable partial matching of size n — |dn| whose value vectors (already truncated) lie in
QNR. By Proposition the former event happens with probability o(1). Therefore, we
may focus on the second event, where a stable partial matching of size n — |dn| exists with
value vectors in 2 NR. This is summarized by the following Lemma, which will be a major
tool in the remainder of the proof.

Lemma B.2.14. Let 6 > 0, c € (0,1/2), and Q2 C R} x R}. Then,

P(Ju stable, (Xs(u), Ys(p)) € Q) < e +exp (@ (W)) '

> Y ElaXne (1), Y (1)) - Trao(Xaw (1), Your (1))]. - (B.49)
MCMWEW MW
|M'|=|W'|=n—|6n] bijection

Proof. Note that

P(Ju stable, (Xs(n), Ys(u)) € Q) < P(3p stable, (Xs(u), Ys(p)) ¢ R)
+ P(3p stable, (Xs(u), Ys(u)) € RNQ), (B.50)

where the first term is e by Proposition [3.6.2] Let £ denote the event that there exists
a stable partial matching p’ between subsets M’ C M and W' C W with |[M'| = [W/| =
n — |on] where (X (1), Yy (1)) € RN Clearly, the existence of a stable matching p
with (Xs(p), Ys(p)) € RN Q implies €. Thus, the second term in is bounded by

P(&) < > > P(y stable, (Xup (1), Yo (1)) € RN Q). (B.51)
M MWW M —-W
|M'|=|W'|=n—|6n| bijection

using union bound. For each M’ W' and y' in the summation, we compute the above
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probability through conditioning on Xy (1) and Yy (1') as

P(:u, stable, (XM’ (Hl>, Yo (:U’/)) €ERN Q)
= E[P(i stable|Xue (1), Yor (1)) ; (Xwr (1), Yo (1)) € R0 Q)]
= E[pw (Xaw (1), Yo (1)) - Iree(Xae (1), Y (1))

< |exp (O mymm) ) aXaelo ), Yoo ) LKoo, Y 1)

< exp (0o 57 ) E00Car (), Yow0) - TR 4 Yo )]
(B.52)

which completes the proof. ]

Remark B.2.15. The choice of the constant ¢ € (0,1/2) affects the implicit constants in
defining R. Once we have a target convergence of e™™ for some c € (0,1/2), we will assume
that ¢ 1s fixed in the rest of our discussion unless otherwise mentioned.

Lemma [B.2.14] will be a key tool in the proof to establish further likely behaviors of value
(and rank) vectors. It will be a recurring theme where we first identify a likely region Qykely
for truncated value vectors of stable (full) matchings to fall in (R to start with), then rule
out a bad event (),,q within Qe by showing Quikery N Qpaq is unlikely for value vectors of
any stable partial matching, and apply Lemma to conclude that y,,q is unlikely for
truncated value vectors of any stable matching and that (jkely N (pag can be used as the
likely region moving forward.

Based on Lemma [B.2.14] in order to rule out some unlikely event represented by a region
Q) of value vectors, it suffices to study partial matchings ' of size n — [dn] between M’ and
W' and upper bound E[q(X (1), X (1)) - Lo(Xpwr (1), Xowr (1'))]. From now on, we fix
M’ W' and 1/, and make the dependency of X vy and Yy on g/ implicit when the context
is clear.

B.3 Number of Stable Matchings: Proof of
Proposition 3.6.3

In this section, we prove Proposition The proof relies on the following technical lemma,
whose proof is involved and is deferred to Appendix Recall from Appendix the
definitions of likely regions Ry and R, for value vectors ((B.45) and (B.46])).

Lemma B.3.1. For a fized a partial matching i on M" and W' of size n — |dn],

on)!
E[q(X v, Y ) - Ty (X, Your) - I, (Yr)] < ot +osn) O1)! IT aiwibwws  (B.53)

n!
ieM’
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Assuming Lemma [B.3.1] we now present the proof of Proposition [3.6.3

Proof of Proposition[3.6.5. We begin by reducing the bound on the total number of stable
matchings N to a bound on the number N of stable partial matchings of size n — [dn]. We
claim that

N < 90" . N5 = exp(05(n)) - Ny

with probability 1. To see this, fix any stable partial matching p’ defined on subsets M’ C M
and W C W, both of size n — |0n|. Any stable full matching p that agrees with p' on M’
must also be stable on the remaining sub-market (M \ M’ W\ W) of size |dn]. Therefore,
the number of full matchings consistent with a given ' is at most the number of stable
matchings in this smaller sub-market. As is shown by Palmer and Pélvolgyi [166], the
number of stable matchings in any market of size |dn] is at most €35, Tt follows that
each stable partial matching can extend to at most e®® full stable matchings. Hence,
multiplying by Ny yields the claimed bound.

We now show the high-probability bound on Ns. Observe that for each M’ C M and
W' C W with |[M'| = |W'| =n — |dn] and partial matching p’ between M’ and W',

P(y is stable and satisfies R) < e™E[g(X e, Yir) - Tr(Xup, YW/)]

(5
e R[g(Xprr, Your) - Ty (Xaw, Your) - T, (Yorr)] < H Qi (i) Dy
e M’

by Proposition Summing over M’, W, and y/ bounds the expected number of such
stable partial matchlngs above by

on)!
E[N5] Z Z eoa(n)% H ai,u’(z‘)bu’(i),i

MICMWEW /M= iemM’
\M |=W’'|=n—|6n] bijection
(om)!
Z Z e nl H @i (i) Dpa(i) i
‘U‘MHW MICM : 'LEM/

bijection |M’|=n—|én]
(ii)

< Z Z 606 ) 2[on] H Q; ,u(z 1(2),

wM-=-W  M'CM ieM
bijection |M/'|=n— [on]

(i) 1

< e (L(Sn J) — Perm(A o B)
n]/) nl

(iv)

< e% (")’

where in ( . we use an alternative counting of partial matchings by counting sub-matchings
of size n — |on | in full matchings and then deduplicate by a factor of [dn|!; in (ji) we use the
boundedness assumption on the components of A and B; in (iii) we merge C2L°") into €% ™),
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and finally in (iv)) we merge (L(;:’LJ) = exp(h(8§)n + o(n)) into €™ and bound the permanent
term by n™ Perm(M) < O(n!) using the moderate deviation property of M [152} Sec. 3]. O

B.4 Proof of Proposition

In this section, we prove Proposition [3.7.1] which will be an immediate corollary to the
following Lemma, whose proof is similar to that of Lemma [B.2.14]

Lemma B.4.1. Let i/ be a partial matching of size n — |[on] on M' C M and W C W.
Fix any ¢ > 0, and let

Qeig(C) = {(x,y) ER"xR":3eR, > 1 {|(My)i —t| > \/Zt} < \/En} .
i=1
Then
9 (on)!
E[q<XM’;YW’> . ]‘R\Qeig(e(5)+<) (XMHYW’” < exp(q;(n) — @(C n)) : T H ai,,u/(i)b,u/(i),iu
TodeM!
(B.54)

with the implicit constants uniform over all M', W', and 1.

Proof. Denote the expectation in by E, and express it as
E= /OOOIP’(Q(XM/,YW/) IR\ Qu (0 X, Yur) > s) ds
= /OlP(exp(—nXL,MYW) > s, (X, Your) € R\Qeig(€)) ds
= /OOOIP’(XL,MYW/ <t, (X, Y ) € Ro\Qeig(€), X € Re, Yy € Rl) ~ne " dt

- / P(XIA’MYW’ <t (Xmrs Yor) ¢ Qeig(€), Xowr € R, Y € Rl) -ne " dt,
0
(B.55)

where £ := tA(ca(logn)/®). If we can find two families of regions Q;((; s), Q2(¢; s) € R xR”
such that Qg (¢) 2 2 (0(C);s) N (O(C);s) for all 0 < s < cz(logn)/®, by union bound
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and relaxing the requirement that Xy (resp. Yyy) is in Ry, we will obtain
E <L /OOOIP(XL,MYW <1, (X, Yur) & (0(0); 1), X € Ri, Yy € Ry) - ne™ ™ dt
- /OOOP(XL,MYW <t (X, Your) € Q(0(€); 1), X € R, Yur € Ry) -ne ™ dt
< /OOOP(XL,MYW/ <1, (X, Yur) € Q(0(0); 1), Xay € Ry) -ne ™ dt
+ /OOOP(XL,MYW, <t (X, Your) € Qa(0(€); 1), Y € Ry) - ne” ™ dt.
Rewriting the probabilities through conditioning and further relaxing the requirement gives

E < /OOO]P’((XM/,YW) ¢ U (0(0); )| X MYy <1, Xpp € Ry)
P(X MYy <, Xur € Ri) -ne ™ dt
+ /OOOP((XM,,YW,) ¢ 0(0(0); )| XAy MYyy <1, Yy € Ry)
P(X MYy <t Yy € Ry) - ne ™ dt. (B.56)

Due to the symmetry between the two integrals, it then suffices to bound one of the two
integrals (e.g., the latter) by showing

sup / P((Xr, Yor) ¢ Qz(@(c);mXL,MYW <t,Xum € R1) < exp(—O(¢°n))
0<t<cz(logn)l/8

(B.57)
and

o _ on)!
/0 P(XL/MYW/ < t>YW’ € Rl) . ne*nt dt < eo(n)JrO&(n)% H aivul(i)b‘u/(i)’i, <B58)

ieM’

from which the desired upper bound immediately follows. Recognizing that
/ P(X MYy <1, Yy € Ry)-ne ™ dt = E[q(Xpr, Your) - Iry (Xaw, Your) - Ir, (Yowr)]
0

we reduce (B.58)) to Proposition [B.3.1} Our road map is to first find the desirable choices for

Q0 and € and establish (B.57)), and then prove Proposition in Appendix B.5 Note
that Proposition is in fact independent of our choice of {2, and {25, but we will develop

useful intermediate results to prepare for its proof.
Concretely, we consider events €2; and {25 as follows:

M;. -y
(¢ t) = R" x RY : 1-0 : —1 B.59
(Gt = {Gey) € BBy s - el ) o)
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I\([' .
Qa(C5t) = {(X y) € R} xR} : max (1— 5)t1v1.,j : zM};)H/ — 1‘ > c}, (B.60)

where M;. and M. ; denote the i-th row and the j-th column of M, respectively; inverse
is applied coordinate-wise on vectors; and vg denotes the n-dimensional vector obtained by
zeroing out the i-th component v; of v € R for all ¢ € [n]\S (with this operation performed
after coordinate-wise inverse). We first verify the following lemma.

Lemma B.4.2. There exist absolute constants (y, 09 > 0 and ki, ko > 0 such that for all
¢ €(0,¢), 6 €(0,0), and t > 0 we have

Q1 (G ) N Q) C Qeig(k10 + Ea().

Proof. Let d = M'x and e = My. Under the event that (x,y) € Qi((;t) N Q((;t), we
have

1 1 ® 1-6 (if) 1-6
- = S 1 S —
di M, x (1 — g)tM e~ (1- g) (1 - 2025)1\/1 el
(iii)
< =
= 1-o0t +2025 Zm”el t(1 +2O25 Zm”M R
(iv) 1-6 = 1+¢ 1+¢
< ’ M;. - d,,) M 'Md™),
— (1=l +2C%) ;m” (1 5t W) (1—g)(1+2025)( )5

(B.61)

where ({if) uses the definition of Q5((;%); (i) uses the fact that M and e both have bounded
ratios (at most C') among their entries and assumed 6 < 1/2; is due to Jensen’s inequality
(or equivalently, harmonic-mean-arithmetic-mean inequality); and uses the definition of
().

Recall our assumption that M has entries bounded on [1/(Cn), C'/n]. It is straightforward
to verify that for any vector v € R?} with v = L Z? L Vi, we have max;cp(Mv); — v <
MaX;cn) Vi — % -n(maxep v; —0) —0 = (1-C~ )(maxle[n] v; — ). In the case of v =d 1,
this implies that

(1= C™N(d! = dy)) = max(MTMdA™"); - d

1€[n] (H)
>M'Md ) —d g > (1+ 2025)5(1*1 o (B.62)
% ( 1 +C 3% (H) .
where ¢* = argmin,g,; d; and dy = (n_l Yo d;l)_1 is the harmonic mean of dy,...,d,.
Solving (B.62)) gives
dit —d g 9
i ) C
— <00 + 0+ ¢
7 Ot orparg =009
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with hidden constants independent of § and (, granted that ¢ is sufficiently small. Hence,
o d ) )

for all but v/ + (n indices i € [n], we have 1 — O(y/0 + () < % <1406+ (), implying

that (x,y) € Qeig(O(6 + ()). O

Let D =M"X,y and E = MY,,. Note that D and E both have bounded ratios among
their components due to the bounded ratio assumption on M, and in addition ||DJ|; =
X lr and ||E[ = [ Y| By Lemma[B.1.2, whenever ¢ < cy(logn)'/®, we have for each
column M. ; of M, j =1,...,n,

M.J . XM/

P(|a-0
where we note that the effective dimension of X is n — |dn] instead of n. By a union
bound over j € [n], this gives

M.}j * X_M/

1—0)—"——

P <max

J€ln|

Xy E < t) < exp(—~O(n(?)),

- 1] > B > ¢ logn

which is simply (B.57)). O
We now prove Proposition [3.7.1]

Proof. Summing over all partial matchings with size n — |dn| gives

> Y EeXae (1), Y (1)) - Triougo)(Xnwr, Your )]
MCMW W M —-W
|M'|=|W'|=n—|6n| Dbijection

(on)!
< exp(os(n) — O(¢%n)) - — E E H (nmy (). (B.63)
’ M MWWy M =W ieM!
|M/|=|W'|=n—|én] Dbijection

To bound the summation, notice that

Z Z H (nmi ) = (Léij)l Z Z H (P i)

M MWW p/ M =W ieM’ TpM=W o MICM dEM!

|M'|=|[W'|=n—|dn| Dbijection bijection |M’|=n—|dn]
1 n
[on] o
< 2 ()0 T
;]LDUA:CZOVI\I/ ieM
605(n)

= o)l -n" Perm(M). (B.64)

n)!

Under the assumption that the bistochastic matrix M is of moderate deviation (cf. [152]
Section 3]), we know that n™ Perm(M) = O(n!). Hence, the quantity in (B.63) is bounded
by exp(os(n) — ©(¢?*n)). Invoking Lemma [B.2.14| finishes the proof. O
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B.5 Proof of Proposition B.3.1

In this section, we present the proof of Proposition [B.3.1] restated below.

Lemma B.3.1. For a fized a partial matching i/ on M" and W' of size n — |dn],
on)!
E[Q(XM/,YW/) . 1722 (XM’aYW’> . ]1'R1 (YW’>] S eo(n)Jro(;(n)% H ai,p/(i)b,u’(i),i- <B53)
TodeM!

Denote the target expectation by F and express it as an integral of tail probability
E= / P(XL/MYWI < t_, YWl S R1> : ne*"t dt, <B65)
0

where ¢ = tA(c2(log n)'/®). Tt suffices to upper bound probabilities of the form P(X [, MYy <
£, Yy € Ry) for all t € (0,co(logn)'/. We will go one step further and prove a stronger
result by relaxing the Yy, € R; condition, which will eventually translate to a bound on

Elg(Xar, Ywr) - Ty (X, Yo )]
Lemma B.5.1. There exists a positive constant B such that, for any t € (0, cy(logn)'/®),
P (||XM,||1 < BV, [ Y|l < BM‘XL,MYW/ < t) <01
for n sufficiently large.
Proof. Let p denote the target probability. We have
p=P ([ Xaell < BVE||[ Yol < 5vEm, X5 MYy < t)
<P (IRl < BYin| Yol < BVin, XL MYy < t)
C P(IXuelh < 8V, XuMYyy < t|[[ Y|l < Bvin)
P (XL MYyy < t[[[Yw |1 < BVin)
_ P (1Kol < 8En|[Yowll < 5v/)
< P (| Xl < BVin)
~ P (I Xaell £ VEn/(CB))

where the last inequality follows from the independence between X and Y and the fact that
nX LMYy < O X[ Y |li- By choosing 8 = (2C) =2, the upper bound becomes

P (Xl < V| [Xaclh < 26vn)

A direct invocation of Lemma implies an exp(—O(n)) upper bound for this probability.
[l

=P (I Xacl < BVin|[Xaell < (€8)'Vin),  (B.66)
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Lemma B.5.2. There exists a positive constant y such that, for any t € (0, cy(logn)'/?),
P (|[Ywr|l1 > yn(logn) /5| X1 MYy < t) < 0.1 (B.67)

Proof. To free ourselves from always carrying the notation for the partial matching, let us
observe that, once we relinquish the condition on the bistochasticity of M (i.e., we will only
use the boundedness of the entries in the matrix), it becomes irrelevant that y' is a partial
matching between M’ C M and W' C W (instead of a complete one between M and W),
since the difference in the market size |[M| = |W| = n and |[M’'| = |W'| = n — én does not
affect the final asymptotics in the Lemma. Hence, it suffices to establish a version of
with Xy and Yy replaced by non-truncated value vectors X and Y in a complete (instead
of partial) matching p, as long as we do not rely on bistochasticity of M.

In the simplified notation, let Z = ao X and W = b oY with a = (a; ,())icjn) and
b = (b;,.-1(j))jem): so that Z, W ~ Exp(1)" and are independent. Moreover, let R = ||Z||
and U = R7'Z so that, as is well known, R ~ I'(n, 1), U ~ Unif(A,_1), and R and U are
independent. Similarly, let S = |[W||;, and V = S~'W. Then

X"™™Y = Z" diag(a })M diag(b"})W = RSU'MV,
where M := diag(a—")M diag(b~') again has entries bounded on [1/(C?n),C?/n]. Since
1Y]l1 = O(S), it suffice to find a positive constant -y such that
P (S > yn(log n)’”s‘RSUTMV < t) <0.1

for all n sufficiently large and ¢ € (0, c2(logn)'/®). Note that 1/(C%*n) < UTMV < C?/n
a.s. By conditional on all possible values of UTMYV, it suffices to show that for all ¢ €
(0, coC?(log n)'/®)

P (S > yn(logn) ®*|RS < t'n) < 0.1 (B.68)
asymptotically.
First, we write P(S > yn(logn)~ "/, RS < t'n) explicitly as
P(S > yn(logn)~ "%, RS < t'n) :/ G(t'n/s)g(s)ds,
yn(logn)~7/%
where g(z) = % is the probability density function of I'(n, 1) and G is the corresponding
CDF. Since t'n/s < n, we may use Lemma to upper bound G(t'n/s), giving
) t/e n Sn_le_s
P(S > yn(logn) /3, RS < t'n </ (—) ——ds
( =7 ( 8 ) ) N yn(logn)=7/8 S (n o 1>‘

(t'e)™ /°° e‘sd
= S
(TL - 1)‘ yn(logn)~7/8 S

L oy

—yn(logn)~7/8 B.69
~ (n— 1)!e ' (B.69)
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Next, we lower bound P(RS < t'n) by

n2/3
P(RS <t'n) >P(n'/? < S <n?* RS <tn) = / G(t'n/s)g(s)ds.
nl/2
Note that #'n/s < O(n*?) for all s € [n'/2,n?/%]. Using the lower bound in Lemma [B.1.1]
we have

12 23 . 7O(n2/3) n2/3 te n Sn—lefs
IP’(n <S<n ,RS<tn)2€ — | ———ds
nl/2 S (n - 1)'

2/3

— ¢~ 0W*?) (t'e)" /n € s
(n—l)‘ nl/2 S

> (Fe)" n~2/3e=0M*?) (B.70)

(n—1)!
Comparing (B.69) with (B.70)), we see that P(S > yn(logn)~"/%, RS < t'n) /P(RS < t'n) —
0 as n — oo, which establishes (B.68) and hence finishes the proof. O

Remark B.5.3. Note that this lemma should be treated only as a technical result about
the typical behavior of Xy and Yy when (X, Yw) = exp(—nX 3 MYw) is large,
and should not be confused with any attempt to bound the number of stable (partial) match-
ings with women’s total values in a certain range. For example, one might hope to replace
yn(logn)~"/® with yn(logn)~" in the proof to conclude that stable matchings with ||Y;||1 €
[nY/2,n2/3] are over e times more common than those with | Ys| > Q(n(logn)=). This,
however, is generally not true as we know in the classic case with uniformly random prefer-
ences. To see why this fact is not contradictory to our proof, recall from Proposition |3.6.1
(see Section and Appendix that q(Xae, Yw) is only a good approxzimation to
P (X, Ywr) when, among other conditions, |[Yw |1 < ©(n(logn)~"/%); even then, the
approzimation is only valid up to an e®™ factor. As the ratio between and 18
only e®™ | the quality of approzimation is insufficient for us to rule out the possibility for a
(partial) stable matching to have ||[Yw||1 > O(n(logn)™'): the man-optimal stable matching
obtained from the man-proposing deferred acceptance algorithm will be such an example.

Corollary B.5.4. There exists a positive constant 7' such that, for any t € (0, cy(logn)/®),
P (HXM,Hl < At(log )3, | Yo |l = BVin|X LMYy < t) <0.2 (B.71)

for n sufficiently large, where B is the constant appearing in Lemma [B.5.1.

Proof. Note that [[MYw |1 = [[Yw|li = vtn >t for t < (logn)Y/®. For any y supported
on coordinates indexed by W’ with t < [|y||; < yn(logn)~"/%, Lemma implies

t _
P(IXaelh < 0.9 (M)

1‘XL,MYW, <Y = y> <e®™.  (B.72)
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L= (n— L(gnj)c‘” > = L6"J (logn)™/® gives

Plugging in H(My)j,}, 2

P([| Xl < 0.9(Cy)"t(logn)#|X LMYy < t, Yy =y) < e 90 (B.73)
Marginalizing over all relevant values of y implies

P([| Xl < +'t(logn)™®, Bvtn < |[Yw |1 < yn(logn) 8|X [ MYy < t) < e @0

(B.74)
with 7/ = 0.9(Cy)~!. Combining this with Lemma through a union bound completes
the proof. O

Corollary B.5.5. For any t € (0, cy(logn)'/®) and n sufficiently large,

1
P (| Xaels A Yl > +'t(logn)7s, X LMY < t) > <P (XL MYy <t).  (B.75)

[\

Proof. Note that 7't(logn)"/® < Bv/tn for t < cy(logn)'/8. The Corollary follows directly
from Lemma and Corollary (and its symmetric version with the roles of X and
Y swapped). ]

We are now ready to state the proof of Lemma [B.3.1]
Proof of Lemma[B.3.1. Define events
Au(t) Xl = v't(logn) %, Ax(t) [ Y|l = vt(logn) "%,
Bl(t) : (XM’7YW’) S Ql(<—7t)’ BQ(t) : (XM’7YW') € QQ(Cat)a

where O and , are defined in (B.59) and (B.60) in Appendix [B.4] and ¢ = 05(1) is to be
specified later. From Corollary [B.5.5] we have

1
§P(XL,MYW, <t) <PXL MYy < t, Ay(t), Ag(t))

(
< P(X LMY < £, Ay (1), As(t), Bi(t), Ba(t))
+P(X LMYy < t, Ay (t), Bi(t)°
+PX LMY < t, As(t), Ba(t)"
< P(X LMY < 8, Ai(1), As(t), Bi(t), Ba(t))
+ P(B (1) [ X MYy <t Ai(t)) - P(X LMYy < t)
)

t) - B(
+ P(By(t)°|X Ly MYy < £, Ay(8)) - P(X LMYy < t).  (B.76)

(1)) -
(1)) -

For any fixed § > 0 and ¢ = 05(1), P(B1 (£)°|X L MYwr < t, A;(t)) — 0 by Lemma[B.1.2}
in particular, for n sufficiently large, this term (and by symmetry, the P(Ba(t)¢|X L, MYy <

t, As(t)) term) is at most 1/8. Thus,

P(X 1 MYy < t) <AP(X L MYy < t, Ai(t), Aa(t), Bi(t), Ba(t)). (B.77)
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By Lemma [B.4.2 B;(t) and Bs(t) together imply that
nX LMYy = (14 05(1) [ Xae |1 [Yol1-

Further, along with the events X |, MYy, < t, A;(t), and Ay(t), they imply ¢(logn)/8 <
1Y |1 < n(logn)~'/8. Hence,

P(X 1 MYy < t, Ai(t), Ay(t), Bi(t), Ba(t))

SIC N llogn)' " < [Yiwls < O(n(logn) )

h<—2
1 —f—O(s(l)

nt _
<E[P(Xaelli [ Yol < 5, tlogn)"/* < [ Y|l < O(n(logn) /)| [ Y]
1+ 05(1)
n—|on|
t
< 0s(n) en o
< (o Lo
‘E MYW,H;”W“J;t(logn)l/S < |[Yw s < O(n(log n)—l/S)} . (B.78)

It is straightforward, albeit a bit tedious, to explicitly bound the expectation term in
by
(©(logn) — logt)em o H b ()i
ieM!
again using Lemma . Carrying out the integral over ¢ in finishes the proof. [

B.6 Empirical Distribution of Values: Proof of
Theorem [3.8.1]

We now present the proof of Theorem [3.8.1]

Again, the key to the proof is to establish the following technical lemma. The proof of this
lemma formalizes the intuition that, conditional on stability of u' and Yy =y, the value
X; for i € M’ should behave approximately as Exp()\;) for some \; = (1 +0(5 + Q) |ly||:-

Lemma B.6.1. Fiz any 0, > 0. Let i/ be a partial matching of size n — |on| on M' C M
and W CW. For any € > 0, consider

Qemp(€) 1= {(x,y) ER" xR" : MR, [|[F(x) - Fillw < e+ 00 + \/Z)} . (B.79)

Then

on)!
E[q(X‘MI7 YW,) ' ]]'Rmﬂeig(c)\ﬂemp(G) (XM/7 YW/)i| S eXp(05 (n) - @(EQn)) ) (TL—|) H aivul(i)bﬂl(i)7i7
TdeM!

(B.80)

where again the implicit constants are uniform over all M', W', and 1'.
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Proof. In light of Proposition it suffices to show that for all y € Proj,(R N Qeig(C)),

we have
E[¢(Xar, Your) © 1Ra0u, (0\Qemp (6) (X, Your) | Yo = y]
E[¢(Xpe, Yor) - Ty (X, Yur) | Yo =]
It then follows that

B|q(Xat, Ywr) - Lo (0\Qeamp() (Xvar, Yo
= E[E[¢(Xmr, Yn) + Tra0uy(0)\2emp (0 (Kt Your) [ Yonr]
< E[exp(—0(e*n)) - E[g(Xpr, Your) - Ty (X, Yur) | Yur] - ﬂprojy(nmeig(q))(YW')]
< exp(—0(e*n)) - E[Elg(Xar, Yur) - Tr, (X, Your) | Your] - I, (Yr)]
< exp(—0(e?n)) - E[g(X e, Yyr) - Ir, (X, Yyur) - I, (Ywr)], (B.82)
and Proposition immediately implies the desired bound.

To show (B.81]), we rewrite the numerator and denominator on its left-hand side as

P((XM’a y) cERN Qeig(g)\Qemp(E)) and P((XM’7 Y) € R2)7

respectively, under the distribution

< exp(—O(e?n)). (B.81)

(Xop)s = X; ~ Exp(ai v +n(My);) for i € M’ independently,
M0 for i ¢ M'.

We will express this compactly as X ~ [[, Exp(a; sy + n(My);), assuming arbitrary
behavior of 1’ outside M’—they will be zeroed out when we consider X y. This will be the
distribution we work with throughout the rest of this proof.

By definition of Qeg(¢), for any y € Proj,(R N Qeig(¢)), there exists y € Ry such
that for all but at most /Cn indices i € M’ we have |(My); — §| < +/(§. Note that
TLQXM/ ~ H?:l EXp ()\Z) with

i (i My);

\, e B, (My)
ny )

for all 1 € M’ (and again the behavior for i ¢ M’ will not matter). For those indices i € M’

with |[(My); — 9| < v/C§, we further have

A =1+0(/C) +6(1/logn),

where we used the fact that ng > O(|ly[[1) > ©(logn) as implied by y € Proj, (R N Qeig(())-
In other words, the majority of the non-trivial components of X, are distributed like
nearly i.i.d. Exp(y) samples. The generalized Dvoretzky—Kiefer—Wolfowitz (DKW) inequal-
ity (Lemma for independent and nearly-identically distributed random variables im-
plies the upper bound

P((Xar,¥) € RN Qig(()\Qemp(€)) < P(|F(x) = Fuglloe > e+0(0+1/0)) < eXp(—@ng)g)-
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To finish our proof, it remains to lower bound the denominator
P((Xpar,y) € Ro) = P(X 1My < co(Inn)"/®).
This turns out to require only a first-order argument: under our distribution,

My) M

E[X L, My] = )

S i) + n(My); = n
By Markov’s inequality, P((X MmHY) € RQ) >1- m Combining this with (B.83)
finishes the proof. 0

The proof implies a choice of A = ng in the definition (B.79)) of Qemp(€). By the bound-
edness assumption on the entries of M, we can show with some standard albeit tedious
arithmetic that ng = (1 + O(\/())|ly|l:. Hence, instead of looking for the optimal A that
minimizes || F(X) — Fllso, we may settle for a slightly sub-optimal choice of A = [|y||;.
Let

Qemp(6) = { (6,7) € RE X RY 1 [|F60) = FEp(Iy 1)l < €+ 00 + V)

except for allowing for a slightly worse implicit constant in ©(0 ++/C) term than in Qemp(€),
the same conclusion holds as in Lemma with Qemp(€) replaced by Qemp(€); that is,

(6n)!
E[Q(XMHYW’) : ILRmﬂeig(4)\@%19(5) (XM/,YW,)] < exp(05(n) —O(e’n)) - Tl H i g (3 by (i) -
TodeM’
(B.84)
Using Lemma [B.6.1], we now prove our main Theorem [3.8.1] regarding the uniform limit

of empirical distribution of men’s (or women’s) value in stable matchings.

Proof of Theorem[3.8.1. Plugging (B.84]) into Lemma [B.2.14] and repeating the same arith-
metic as in (B.63]) and (B.64)) immediately give

P(3u € S, (Xs(1), Ys(1) € Qeig(Q)\Qemp(e)) < e +exp((05(1) —O(e*))n) S e (B.85)

granted that we achieve a negative rate in the exponential term above: this requires ¢ >
€0(0) with some function €,(d) that tends to zero as 6 — 0. By Proposition [3.7.1] with
probability at least 1 — ©(e™"), there exists no stable matching pu with (Xs(u), Ys(u)) ¢
Qeig(€); combined with (B.85)) through a union bound, this implies

P(HM € 87 (X5<:u)7 Yé(ﬂ)) ¢ Qemp(e/?’)) f§ e—nc (B86)

granted that € > 3e(5). By also requiring € to be large enough relative to J (and also
¢ = ¢(0)), we can ensure that the (5 + v/¢) term in the definition of Qe is at most €/3.
Thus,

P(Ep € S, || F(Xs(w)) = FEp([Ys(1)[[1) oo > 2¢/3) S e (B.87)
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Similar, for § sufficiently small compared to €, we may absorb the difference caused by the
d-truncation on X(u) into an extra term of ©(6) < €/3, since || F(Xs(p)) — F(X (1)) |loo < 9.
Combining this with (B.87)) through a triangle inequality gives the Theorem immediately. [J

With essentially the same analysis as in Lemma and Theorem [3.8.1] except for
replacing the DKW inequality with Bernstein’s inequality for empirical average, we can also
establish the “law of hyperbola” as stated in Proposition The proof is omitted.

The effect of the d-truncation is nontrivial to remove because the sum of values can be
sensitive to outliers, in particular given the heavy tail of the exponential distribution. We
believe, however, that a refined analysis should suggest that sup,,cg [n | X (1)1 Y (10)]]1 —

1] 5 0. This is the analogue of the “law of hyperbola” in Pittel [170].

B.7 Ranks Scale (Approximately) With Values:
Proof of Theorem [3.8.3

Heuristically, we would expect the rank R; for a man to be proportional to his value X;(u).
We will see below that this is approximately the case when x; < 1. There are, however,
going to be some z; of constant order, making it hard for us to say anything exact about R;.
But as we will soon see, for all but a tiny o(1) fraction of the n men, we will indeed have
x; = o(1). As we are concerned with the empirical distribution, such small fraction becomes
negligible in the limit and can be simply ignored. This heuristic is formalized in the next
Lemma.

Lemma B.7.1. Fiz any § > 0. Let i/ be a partial matching of size n — |dn] on M’ C M
and W CW. For any 0 <& < p < 1, consider Qu.q(&, p) defined as

{oy) emexe Z {ra(My): ¢ (6722, P 1-/2) } < Lbn) + ol o)) .

(B.88)
Then
5n
E[q(Xms Your) - Tr\@uunte.n) (X, Ywr)] < exp(os(n) — O(D(p||€)n 1T @b
n! ieM’!
(B.89)

where D(q||p) denotes the KL divergence from Bern(p) to Bern(q).

Proof. The proof entirely mirrors that of Lemma [B.6.1l It suffices to show that for all
y € Proj,(R) we have

E[q(Xm, Yor) - Trvaunten) Xae, Your) | Yo = y]
E[q(Xp, Yo ) | Yo =]

< exp(=O(D(p[|E)n)).  (B.90)
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The quotient is simply

P2 EBxplar sy tnMy)) (X, ¥) € R\Qear(€, p)) < P((Xwr,¥) & Qan(€50)),  (B.91)

where we will have X ~ []', Exp(a; ,v;y + n(My);) for the rest of this proof. Note that
under this specified distribution, ((aw( +n( My X > are n— |on| i.i.d. samples from

Exp(1), each falling outside the interval (F~1(£/2), F~1 1 — 5 /2)) with probability precisely
¢. Hence,

P32 1Ko +n(0My)) € (FE/2). P - /20 } < ol Lou) )

ieM’
=Pz Bintn-16n).)(Z > p(n — [0n])) < exp(=D(pll§)(n — [on])) (B.92)

by the Hoeffding bound for binomial distribution. Since n(My); < a; 4 + n(My); <
2n(My); across all i € M’ for y € Ry and n sufficiently large, the probability (B.92)) upper
bounds P((X e, y)  Quai(§, p)). This establishes (B.90) and concludes the proof. O

By fixing some small ¢, p and choosing ¢ sufficiently small, we can make D(p||£) arbitrarily
large and obtain the following Corollary.

Corollary B.7.2. For any 0 < §,p < 1/2, there exists a choice of £ > 0 such that

]P)(Ellu € 87 (X5(:u)a Y(S(HJ)) ¢ Qtail(5> p)) 5 e_nc (BQB)

asymptotically as n — oo, where Qmﬂ(g, p) is defined as

{oey empxry: 3o 1{ne (P B0 2r -2 C )} <54},

¢, logn

(B.94)
That is, with high probability, no stable matchings u have more than d + p fraction of the
men’s post-truncation values outside an interval (©(n~(logn)™/?),0(1/logn)).

Proof. Observe that R\Qtaﬂ(f p) € R\Qain(§, p) by our definition of R and the boundedness
assumption on the entries of M. Again, invoking Lemma [B.2.14] using inequality (B.89 - in

Lemma 1] yields the ©(e~"") upper bound on P((Xs(), Ys()) & Qan(&, p)). O

Remark B.7.3. Recall that in a market with uniform preferences, the man-optimal (and
woman-pessimal) stable matching realizes an average rank of ©(logn) for men and ©(n/logn)
for women. Under the heuristic that values multiplied by n roughly correspond to ranks (which
we will formalize below), Lemma nicely matches our expectation that even in the most
extreme cases, few individuals will strike a rank better (smaller) than ©((logn)™/®) or worse
(larger) than ©(n/logn). The lower bound can be refined to ©(logn/loglogn) with a more
careful analysis.
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Now let us consider a specific partial matching p' of size n — [dn| between M’ and W’
and condition on 4 being stable with value vectors (X, Yy) = (X,¥) € Quan(&, p). That
is, there exists a subset M’ C M’ with |[M’| > (1 — § — p)n such that ©(n"'(logn)7/®) <
(Xamr)i < O(1/logn) for all i € M'. By symmetry, we may further assume that there exists
W' C W with [W'| > (1 —§ — p)n such that ©(n"!(logn)"®) < (Yiy); < O(1/logn) for all
j € W'. We want to show that, for i € M, the pre-truncation rank R; of man m; (i.e., over
the entire market, including the [dn] women outside M’) is well characterized by his value
X, w () in the matching, up to some proper scaling. From now on, we will consider some
i € M’ with value X, w(i) = x;, and write

Ri=1+ Y Iy (X)) (B.95)
JF#R (3)
The condition that p’ is stable requires (X;;,Y;:) ¢ [0,z;] x [0,y;] for all j € W\{/(7)}.
Thus, for all j € W\{u/(i)},

P(X;; <Y} > yj)
1 -P(Xi; <z, Y <)

(1 _ e*ai]’xi)efbjiyj

P(X;; < x|y stable, (X )i = x4y, (Yor); = y;) =

= B.
1—(1—e @) (1 —e bits)’ (B.96)
and for all j € W\W' (so (Yw); =0),
P(XZ] < 1:1\// stable, (XM’>1 = ,j(jl) =1 — e %% <B97)
Define
1 when j = (i),
_ (1—e”“idi)e"5i¥% h : / 1
Pij = 1—(1—e %% )(1—e %3i%) when j € W\{p/ (i)},
1 — e~ %% when j € W\W/,

and I;; ~ Bern(p;;) independently for i € [n] so that R; = >_7_, I;; conditional on (X ); =
X; = ;. Note that for any j # p/(i) and j ¢ W', we always have

pij < 1—e % <ayw, (B.98)
and

(1 _ e*aijmi)e*bjiyj
Dij =
1—(1—e @) (1 — e bits)

> (1 _ e*aijwi)e*bjiyj

1 1
> 79( ogn) — Y S J— T .
>e M (1 @<logn>)aw$z (1 —o(1))a;xz;. (B.99)
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For j € W\{i/(i)}, p;; admits the same upper bound (B.98) and the trivial lower bound of
zero. Hence, conditional on

p' stable and (X, Yyr) = (x,y) € Quan(€, p) N Qemp(€) VR (1)
for any (fixed) &, p, e > 0, we have the stochastic dominance
1+ > L;=2Ri=1+ > Iy (B.100)
JEWO{p (i)} J#u (@)

where I;; ~ Bern((1 — o(1))a;;a;) and I;; ~ Bern(a;;z;). Since i € M’ by our assumption
and thus O((logn)™/®/n) < z; < ©(1/logn), the expectation of R;/x; can be upper bounded

by
R, 1 “
E[; u <—+ > ay=(1+0(1)) a; (B.101)
! LA J=1
and lower bounded by
E{%wm} (L=o(1) Y ay=(1-0(0)) aj. (B.102)
’ JAW j=1

Similarly, we may bound the variance of R;/x; by

Var (&

= H < Y ay(l—ayw) Z (B.103)

’ J7#u' (2) J=1

Hence, we have
R; R;
n n
T ijl Qij Li ijl Q45

with these quantities conditionally independent for all i € M’ and the hidden constants
depending only on C', implying concentration of R; around x; 2?21 a;; in the following sense.

1—@(5)9@{

1' <1+o0(1) and Var(

H <0(n™), (B.104)

Proposition B.7.4. Conditional on (f]), for any fized > 0 and 6, p,v € (0,1/2), we have

(Z L(g4(6),00 ( )

S Prepoite(o—2)) (N > yn) < e~ 90m  (B.105)
—_FE[—B
Proof. By Chebyshev’s inequality and (§ IP’(| Z" ™ E[mz e H > 9|) <
@((n@z) ) for all i € M’'. Hence, by conditional independence of the ranks,

R
1 (| —=m—— —1|) < Bin (n,0((n¢?)~
3 tsonon o 1) < Bin (1.0((n0") )

(i)

)
) > @Epr
Ti )5 Wi
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, which converges to Poi(©(#~?)) in total variance. The Proposition follows from the well

known tail bound for N ~ Poi(\) that P(N > XA +t) < exp( — 2(;—;)), which implies
n—0(0-2))2
Py~poi(o(o-2)) (N > vn) < exp ( — %) S exp(—yn/2). u

We are now ready to proof Theorem |3.8.3|

Proof. Note that in Corollary B.7.2], p can be chosen arbitrarily small once ¢ is fixed. In
particular, we may always guarantee p < ¢§. Similarly, we may assume ¢ < § in Proposi-

tion B.7.4l Thus,
P (Z L©w),.) (
i=1

where w; = Z?Zl a;; is the fitness value of man m;. Marginalizing over all pairs of relevant
value vectors (X,y) € Quait(€, p) N Qemp(€) MR in the condition (f]), we obtain

o 1D > (26 4+v)n

LWy

H < emO0m), (B.106)

P (&aﬁo(é, '7)‘(XM’7 Yovr) € Quait(€, p) N Qemp(€) N R) < em®0m), (B.107)

where Epa4i0(9, ) denotes the undesirable event that > | 1(g(s),00) (‘()(A/F(BW -1 |) > (20+7)n
for the partial matching /. By Proposition [B.3.1}

P((XM/,YW’) c Qtail(&v p) N Qemp(e) N R) S IED(H’/ stable, (XM’aYW’) < R)
on os\n (577/)!
S e ( )+ 6( )T H ai,p'(i)bul(i)7i' (BlOg)
ieM’

By choosing v = v(6) = 0s(1) sufficiently large (relative to §) and following a similar com-
putation as in Lemma and Corollary [3.6.3] we can ensure that with probability
1—0(e™™) there exists no stable partial matching 1/ where both &40 (6, v) and (X, Yor) €
Qemp(€0(8)) MR happen, where the function € is defined in the proof of [3.8.1l Notice that
by repeated uses of the triangle inequality, (X, Ywr) € Qemp(€0(0)), Eratio(,7)¢  implies
that

IF(w™ o R(1) = Fallss < O(6) +7(0) + €0(0) = 05(1)

for the choice of A = ||[Yy||;. Combining this with and Proposition [3.6.2], we conclude
that with probability 1 — ©(e™™), all stable matchings p € S induce J-truncated stable
partial matchings ps with || F(w ™ oR(ys)) — Fylloo = 05(1), where A(p) = |[Ys(p)||1. The
d-truncation affects the distance by at most §, which can be absorbed into the os(1) upper

bound. Thus, by choosing ¢ sufficiently small relative to any fixed ¢ > 0, we complete our
proof of Theorem 3.8.3 O]
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B.7.1 Approximate Stability: Proof of Theorem [3.4.5

Proof of Theorem[3.4.5, There are (;n)2 = exp(2hy(a)n + O(Inn)) sub-markets of size at
least (1 — a)n, where hy(p) = —plogp — (1 — p)log(1 — p) is the binary entropy function.
Under Assumption for the whole market, each of such sub-markets also satisfies As-
sumption |3.2.2l Fix any ¢ > 0. By Theorem |3.8.1] each of such sub-markets can only contain
a stable matching with men’s empirical distribution of value deviating from the family of
exponential distributions by at least €/2 in Kolmogorov-Smirnov distance with probability
at most 1 — exp(—n°) for any fixed ¢ € (0,1/2). Whenever a < n~" for some n > 1/2, we
have hy(a)n < n'™. Choosing ¢ € (1 —n,1/2) and applying union bound over all relevant
sub-markets gives the first part of , since the additional « fraction of the market affects
the empirical distribution by at most o« — 0. The second part follows analogously from

Theorem [3.8.3 O
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Appendix C

Appendix to Chapter

C.1 Many-to-One Matching

In the main text, we have shown that a giant unique SCC appears in GP2() if there are as
many schools as students. We relax such assumption here, allowing for a school to be able
to admit many students, as follows.

Theorem C.1.1 (Giant SCC in Many-to-One Matching). Consider a random school choice
problem P, with n schools, where each school has the same fized quota q, and nqg students.
Fiz an arbitrary € > 0. With high probability, the envy digraph G®*") has a unique giant
strongly connected component containing at least (1 — €)ng students.

Proof. We follow a strategy similar to Theorem [4.4.1] adapting it to the many-to-one setting.
First, we establish bounds on the number of applications in the DA algorithm, then analyze
partitions of the resulting envy digraph.

Step 1: Bounds on applications. We first establish the following bound on the number
of applications a typical student makes, similar to Lemma [4.4.2}

Lemma C.1.2. Fiz e > 0. With high probability, all but at most enq students each make at
least \/logn applications.

Proof. Again, it suffices to show that for a fixed student 7, the number of applications
she makes is at least \/logn with high probability; the lemma follows as a consequence of
Markov’s inequality applied to the number of students making fewer applications than this,
same as we saw in the proof of Lemma 4.4.2

The standard approach for one-to-one matchings using the coupon collector problem as
an approximation can be adapted to this case with slight modifications. In particular, one
can establish that the total number of applications throughout DA is of order ©(nlogn).
Since the order of applications in DA is irrelevant, one can hold off ¢ and run DA on the
rest of the students /\{i}, and when this first stage terminates (i.e., when all the students
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except for i are stably matched) there should be already ©(nlogn) applications. At this
point, all but one school has their capacity filled; Without loss of generality, let it be school
sp. Using terminologies from [25], we say that this intermediate state of DA is smooth if (1)
at most O(nlogn) applications are made until this point and (2) all but at most n* schools
have received applications from Q(logn) distinct students with constant a < 1. With nearly
identical analysis as in Ashlagi et al. [25], we can show that a smooth state is achieved with
high probability; the details are repetitive and hence omitted.ﬂ We now let ¢ start making
applications until the full DA terminates (i.e., some one applies to this last unfilled school
sn). Note that, by symmetry, an application to a school who has received m > ¢ applications
will be accepted with probability ¢/(m + 1). Denote the number of applications to school
s at the beginning of this second stage by Mj for k= 1,...,n — 1. Under a smooth state,
we may assume without loss of generality that M, > O(logn) for k = 1,...,|n —n?]; as
the second stage of DA unfolds, the number of applications to each school can only increase.
The probability that an application from i is accepted is at most

—_

1 — q n® " q
L < _p—21 <
n(l—l— 1 Mk+1) = +(n—n >®(10gn) < O(gq/logn).

T

Thus, conditional on the likely smooth state before ¢ starts to apply, the number of applica-
tions that ¢ makes until receiving a (tentative) acceptance is stochastically lower bounded by
a geometric distribution with success probability O(¢/logn), and therefore, the conditional
probability (under a smooth state) that i makes fewer than v/logn applications is at most
1 — (1 —©(g/logn))Y™*e™ — 0. Since a smooth state is achieved with high probability, the
marginal probability of ¢ making less than v/log n applications vanishes as n — oo, finishing
our proof. O

Step 2: Partition Argument. Suppose GPA(») has two disjoint subsets Iy, I; C I, each
of size > eng, with no edges from I to I;. Let Sy = {s € S : 3j € I, with DA;(P,) = s}, so
|S1| > en. We now show that for any fixed subsets Iy and S, it is extremely unlikely that
no one in Iy ever applies to schools in S;.

Lemma C.1.3. For any fized Iy C I and Sy C S with |Iy] > enqg and |Si1| > en, the
probability that students in Iy make at least nv/logn applications yet none apply to Sy is at
most (1 — e)™viosn,

IThe first bound on the number of applications can be derived from classic results on the generalized
coupon collector problem; see, e.g., [161} 79]. The second bound on the number of applications received by
the schools is slightly more involved. To derive it, we run the amnesiac DA [123], and using concentration
arguments on the number of draws in (generalized) coupon collector problem, one can show that the number
of applications, counting duplicates, is of order Q(nlogn) up to this stage; further, duplicates are rare
among them, so the total number of applications in the classic DA is again Q(nlogn) with high probability
prior to the second stage. The number of applications each school receives can then be bounded using a
Poissonization argument or with direct Chernoff-type bounds. See, e.g., Ashlagi et al. |25 Proposition 4.3]
for a formal statement and analysis in the one-to-one case.
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Proof. We use the similar idea as in the proof of Lemma [£.4.2] In the amnesiac DA model,
each application independently targets a school in S; with probability > €. Thus, the
probability of the event in the lemma is at most (1 — €)"V!°8" as claimed. O]

Step 3: Union Bound over Partitions. The event that the giant SCC contains strictly
less than (1 — 2¢)ng students implies the existence of linear-sized Iy, I; C I with no edges
going from [y to I;, and thus no one in I ever applies to the set of schools S := {s € §:
35 € 1,,DA;(P) = s}. Denote such an event by &, 5,. By a similar union bound argument
as in the proof of Theorem the probability p the giant SCC contains < (1 — 2¢)ng
students is bounded by:

p< Y PELs NAL+P | | A (C.1)

|[Io|>eng,|S1|>en [To|>eng

where Aj, denotes the event that the subset of students I, make at least ny/log n applications
in total.

Note that £, s, N Ay, is precisely the kind of events characterized in Lemma and
hence the first summation term (which has fewer than (2"7)? terms) is at most

221 . (1 — €)™VIo8™ — exp <2nq In2 + ny/lognlog(l — e)) —0 (C.2)

as n — oco. Lemma further ensures P(U,,>enq A%,) — 0 as n — oo. Thus, the giant
SCC contains > (1 — €)ng students with high probability. m

Despite the different structure of the many-to-one market with uniform quotas, the fun-
damental conclusion remains: in large random markets, a unique giant SCC emerges, and
thus most students are improvable. However, we emphasize that the rate of convergence
in the many-to-one setting differs from the one-to-one case, and depends on the size of the
constant ¢: As ¢ increases, each school forms larger “envy-free clusters” (students assigned
to the same school), potentially slowing convergence.

In Figures [C.1a] and [C.1B], we observe exactly that: the unique giant SCC emerges but
the fraction of nodes in it for fixed n becomes smaller for larger constant gq.

Note that although the convergence appears slow, scaling like 1/logn and consistent
with our analysis,the main driver behind this slow rate is the highly dispersed distribution
of applications submitted by students. In particular, an O(1/logn) fraction of students
submit only one application and thus envy no one. Empirical simulations suggest that, aside
from these trivially unimprovable students, the giant strongly connected component (SCC)
contains nearly all of the remaining students.

Equivalence in Many-to-One Matching. The cycle packing result in Theorem |4.4.6
also extends naturally to the many-to-one setting with fixed quota ¢ for each school. We
present this generalization as follows:
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(a) n=1[10:10:200],q = 5. (b) n=1[5:5:100],q = 10.

Figure C.1: Average fraction of nodes in the largest (blue) and second-largest (red) SCCs
(average over 1,000 random problems for each n), preferences and priorities uniform i.i.d.

Theorem C.1.4 (Cycle Packing in Many-to-One Matching). Consider a random school
choice problem P, with n schools, where each school has the same fized quota q, and nq
students. Fix an arbitrary € > 0. With high probability, every cycle packing of the envy
digraph G**) covers at least (1 — €)nq students.

Proof. The proof follows the approach of Theorem [4.4.6, adapted to the many-to-one set-
ting. Let H C GP) be a cycle packing, and consider the induced subgraph GPAP»)\ H =
GPMER)[T\V (H)], which contains no cycles by definition.

Suppose, for contradiction, that |V (H)| < (1 —e€)ng. Then, the directed acyclic subgraph
GPMP\H contains N = |I\V(H)| > enq vertices. We can find a topological ordering
i1,...,1n of vertices in I\V(H) such that no directed edge from iy to iy for 1 <k < /¢ <N
is present in GPAF)\ [

Partitioning these nodes into Iy = {i1,...,in/2} and It = {i|n/2)41,--.,in} yields two
subsets, each with size at least |eng/2], with no edges going from I to I; in GPA(),

This scenario implies that no student in Iy has applied to any school matched to students
in I; during the execution of DA. By Lemma |C.1.3] such a partition is extremely unlikely
for sufficiently large n, with probability vanishing as n grows.

Thus, we must have |V (H)| > (1 — €)ng with high probability. O

These findings collectively demonstrate that our main conclusions—both about the per-
vasiveness of improvable students and the asymptotic equivalence of mechanisms that Pareto
dominate DA—are robust to varying market structures, including the practically important
case of schools with multiple seats.

C.2 Correlation in Preferences

In the main text, we assume that students’ preferences are independently drawn. Here we
relax such assumption by dividing schools into two tiers of equal size, and assume that each
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school in Tier 1 is more preferred than any school in Tier 2. This tiered model aims to
capture the empirical observation that some schools are known to be of high quality and
preferred by most students. Within tiers, preferences are drawn uniformly at random.
Interestingly, in this scenario we observe the emergence of two (rather than one) giant
SCCs. Simulations suggest that the fraction of nodes in the two giant SCCs combined
converges to one as the market grows, as follows. The emergence of two giant SCCs is

0.5
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—&#—Second Largest Component
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0.2
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Figure C.2: Average fraction of nodes in the largest (blue) and second-largest (red) SCCs in
a two-tiered model (average over 1000 random envy digraphs for each n).

expected. Every student matched with a school in Tier 2 is not envied by any student in
Tier 1, so therefore any SCCs can contain either only Tier 1 students (i.e. matched to
schools from Tier 1) or Tier 2 students, which implies no SCC includes more than half of the
students. But, since each subgraph is dense enough, we find that a giant SCC obtains for
each tier of the market, and thus almost all students in each tier are improvable via within-
tier exchanges. Based on these observations, we conjecture that in a model that allows for
a constant ¢ number of tiers, ¢ giant SCCs grow and they contain asymptotically almost all
nodes as the market grows.
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Appendix D

Appendix to Chapter

D.1 Local Algorithm for the Size of 2-Core

We offer an explicit implementation of Algorithm [2[in pseudocode. The algorithm consumes
a graph G, a locality parameter K, and the number T of repetitions as inputs, draws 7" i.i.d.
vertices from V(G), runs a local exploration subroutine on each of the samples, and returns
the average across the T" samples.

Algorithm [3] details the local exploration subroutine using breadth-first search. It decides
whether a vertex is potentially in the (giant) 2-core of G based on the local neighborhood.

D.2 Size of the Giant Component

D.2.1 Sprinkling and the Size of the Giant Component

The proof of Theorem is analogous to that of Proposition 3.5 in |14]. Recall from [14]
that we say G is an (€, «)-large-set expander if

: |E(A, V\A)|
= _— > 0.
(G e) Ag\/,enlgnvll?g(lfe)n |A| =

The quantity ¢(G,€) is referred to as the e-large-set expansion of G. Our definition of a
(structurally) robust sequence simply requires the e-large-set expansion to be asymptotically
bounded away from zero for any € > 0 (with 0 = €¢(G, €) in our definition).

The following lemma restates Lemma 3.3 in |14] and captures the gist of the sprinkling
argument. For the ease of reference, we state the proof here, which is identical to the one in
[14].

Lemma D.2.1 (Sprinkling. Lemma 3.3, [14]). Let G = (V, E) be an (¢,a)-expander on n
vertices with average degree at most d. Fix real constants k > 0 and §,e € (0,1). Let S be a
collection of disjoint connected subgraphs of G each of size at least k. Consider the event that
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Algorithm 3: A local exploration subroutine for 2-core candidacy

Input: Graph G = (V| E), locality parameter K

Output: Indicators of potential membership of C?(G) and C?(Cyax(G))

Sample v € V uniformly at random

if deg(v) > K then // a high degree vertex
| return [ = () =]

W N =

4 Setr= 0, S =1 // initialize radius of exploration, and size of the neighborhood
5 Initialize ¢ = Queue(v)

6 for u € Neighbors(v) do

7 Set r, =r+1, p,=u // store the distance to v and the ancestor towards v
8 Set reach, = r,, cycle, = False

9 S=5+1

10 q.enqueue(u)

11 while ¢ # () do

12 | u=gq.pop()

13 r=Ty

14 for w € Neighbors(u) do

15 if p,, = undefined then

16 Set ryy =71+ 1, puw = Pu // store the distance to v and the ancestor

towards v

17 Set reach,, =1,

18 S=5+1

19 if S > K then

20 L break for and while

21 q.enqueue(w)

22 else

23 L Set cycle, = True
24 if S > K then // connected component of size at least K
25 ‘ return /%) = 1) = 1{ 37 \onbors(w) L{cycle, or reach, =r} > 2}
26 else // connected component of size less than K

27 t return I = 1{ " 1{cycle,} > 2} and I*>) =0

u€Neighbors(v)
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there exists a partition of S into Sy and S\ Sy each with size at least en that are disconnected

in G(B) is at most exp (% — ﬁ‘i/“%).

Proof. 1t suffices to consider S consisting of some complete pieces of subgraphs in S; oth-
erwise Sy and S\ Sy are clearly connected. We hope to lower bound the number of (disjoint)
paths joining vertices in Sy and those in S\:Sy. This is the max-flow between the two subsets
of vertices, and is equal to the min-cut. By e-large-set expansion of G, with |Sp|, |S\So| > en,
the min-cut is at least aen, leading to at least aen disjoint paths between the two sets. Since
the total number of edges cannot exceed nd/2, at least half of the paths have length bounded
above by &. Hence, the probability that Sy is disconnected from S\Sy in G(5) is at most
(1— B ae)‘””/ 2. There are at most 2”{ " possible choices of Sy, and hence the overall proba-
bility is bounded above by 27/%(1 — pd/€)en/2 < exp(n/k — B¥*aen/2) as desired. O

Note that the sprinkling argument is crafted for any fixed ¢ > 0. Thus, when proving
the uniqueness and locality of the giant component, it suffices to consider a fixed ¢ > 0 and
use the e-large-set expansion (which depends on €). With this in mind, we consider a locally
converging robust sequence {G,}n,en. The exact same analysis as in [14] carries over and
suggests the following proposition.

Proposition D.2.2. For any € > 0 and any continuity point p € [0,1] of ¢,

2(| Coa Gl — )| 2 €) =0 (D.1)

D.2.2 Continuity of the Percolation Function (

Given Proposition [D.2.2] the convergence of the relative size of Chax(Gr(p)) as stated in
Theorem [5.2.3] only requires us to establish the continuity of the percolation function (,
which, again, nearly follows from the analysis in [14]. The slight generalization of large-
set expansion into structural robustness leaves the proof unaffected other than the special
attention to pay when we decide the expansion parameter.

First, we observe that the local limit of a robust sequence is ergodic.

Lemma D.2.3 (Cf. Lemma A.1, |14]). Let {G,}nen be a robust sequence of (possibly ran-
dom) graphs with bounded average degree converging locally to (G, 0) € G* with law . Then
1 1s ergodic, and thus extremal among unimodular probability measures on G*.

Proof sketch. The proof is almost exactly the same as the proof of Lemma A.1 in [14],
except for the following minor difference: Once we fix € < po/8, the e-large-set expansion
of our robust sequence will be asymptotically o = a(e), instead of some absolute quantity
(independent of €) as in the original proof. This, however, causes no issue for us as the rest
of the proof relies on the fixed values of € and «. n
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In particular, if g is the local limit of a robust sequence, then the critical probability of
percolation on (G, 0) ~ pu is constant p-a.s. Let p. = p.(u) denote this critical probability,
ie.,

inf{p : P(|C(0; G(p))| = o|(G,0)) > 0} = p. a.s. (D.2)

By Theorem 6.7 in [11], for all p;, py satisfying p. < p; < pe < 1, every infinite cluster in
G(p2) contains an infinite cluster in G(p;) (under the standard coupling of percolation) p-a.s.
This allows us to immediately conclude that ( is continuous at all p # p..

Proposition D.2.4 (Continuity of ¢. Cf. [14, Corollary 2.2]). Let u be the local limit of a
robust sequence, and ¢ : [0,1] — [0, 1] be the corresponding percolation function. Then ( is
continuous at all p € [0, 1] except possibly at p = pe.

Theorem [5.2.3] now follows immediately from Propositions [D.2.2] and [D.2.4] Further, a
slightly more involved analysis suggests that, for all p € [0, 1] (including p = p..), the second
largest component Cy(G,,(p)) has sublinear size whp (cf. [14, Appendix C]).
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Appendix E

Appendix to Chapter 6

E.1 Preliminaries

E.1.1 Single Community Results

B :
e for the basic

reproduction number and A = (¢—1)3— for the exponential growth rate. We will use Tpoi(c)
to denote a random tree where each node has a number of offsprings sampled independently
from the Poisson distribution with rate ¢, and BP(c)(¢) to denote the size of the infection
tree at time ¢ of an SIR infection on 7pe() starting at the root.

Next, we note that if we start an infection with at least en infected vertices on a sin-
gle G(n,c/n) network, then the SIR dynamic obeys a law of large numbers which can be
expressed in terms of the solution of the following system of differential equations

ds dx di . dr
= —Bus, = (Bt fers, T =Per—ri, T

To state the needed single community results, we recall our notation Ry =

=i (E.1)

where s, ¢ and 7 represent the limit of 25(¢), £1(t) and LR(t) as n — oo, and x is the limit
of £X(t), where X (t) captures the force of the infection, i.e., the rate at which a random
vertex in S gets infected, see, e.g., [30, |47] for the derivation of this equations and the proof
of the law of large numbers.

Finally, we define two stopping times: the time 7(¢) when the infection has reached
relative € where 0 < € < r,

7(€) :=inf{t >0:5(t) < (1 —e)n}, (E.2)
and the time 7., when the infection dies out,
Too = sup{t > 0: I(t) > 0}, (E.3)

both for an infection starting from a single infected individual at time 0. We call R(oco) the
size of the outbreak, and say it is a large outbreak if R(co0) > Inn.
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Theorem E.1.1. Consider the SIR epidemic spreading on an Erdds—Rényi random graph

G(n,c/n), Assume there is one initially infected verter unless stated explicitly otherwise.
Then the following hold:

(a) (Probability of outbreak) The probability of a large outbreak of at least Inn vertices
in the graph converges to w. That is

P(R(o0) > Inn) — 7 as n — oo. (E.4)
Further, for all € € (0,74)

lim P(R(c0) > en | R(oo) > lnn) = 1. (E.5)

n—oo

(b) (Imitial growth) The SIR epidemic on G(n,c/n) and the branching processes BP(c)
and BP(c(1 — €))(t) can be coupled in such a way that the following holds whenever

N, = o(y/n).
P(|BP(c)(t)| = (I(t) + R(t)) for allt s.t. |BP(c)(t)] < N,)) =1 as n— oc.
Furthermore, for any a € (0,1), conditioned on a large outbreak, we have

T(n*1)
— Q.
A llnn “

(¢) (Final size) Conditioned on not having a large outbreak, R(o0) is bounded in proba-
bility, and conditioned on a large outbreak

Rlo) .,
n

(d) (Continuity of ro, and w) Both 1o = roo(Ro) and m = 7(c, 5,7) are continuous
functions, and both are strictly positive if and only if Ry > 1.

(e) (Duration of the epidemic) Conditioned on not having a large outbreak, T is
bounded in probability, and conditioned on a large outbreak, (Inn)~'7. is bounded in
probability.

(f) (Growth of a linear-sized infection) There exist constants g > 0 and 0 < C} <
Cy < oo such that for 0 < € < €y, conditioned on a large outbreadk, whp Cie <
X(7(€)) < Cqe. Furthermore, conditioned on the state of the infection at time 7(¢), the

evolution of the SIR dynamic is well described by set of equations (E.1), in the sense

that
sup l(S(t),X(lf)J(t)))—(S(t)»%(t),@'(lﬁ)) = 0.

t>7(e) | T
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(9) (Concentration for 1) For 0 < ¢ < ¢ and € < € < ry, there exists K = K(€,¢)
such that, conditioned on a large outbreak, whp 7(€) — 7(¢') < K. In particular, com-
bined with this implies that conditioned on a large outbreak

T(f) P
Allnn

(h) (Many initially infected vertices) Let 0 < € < 1y, and assume 1 < 1(0) < n,
with the initially infected vertices chosen independently from the vertex set of G(n,c/n).
Then R

B(0) »,

n

Proof. Except for the last statements in @ and @ and both statements in , the proofs
of the rest of the statements are standard and can be found in the literature, e.g. in Neal
[159], Ball and Britton [30], and Borgs, Huang, and Ikeokwu [47].

The proof of the last statement of@ follows from standard theory of branching processes
once we observe that we can upper bound I(¢) + R(t) by the size of an infection tree on the
random tree Tgin(np) With Bin(n,p) offspring distribution, and similarly lower bound it by
the size of an infection tree on Tgin(y ) up to the stopping time when I(t)+ R(t) first exceeds
n—n'. The proof of|(g)|follows by combining these arguments with the law of large numbers
behavior of the process. Specifically, combining the just mentioned upper and lower bounds
on I(t) + R(t) with standard branching process theory, we get that for 0 < 6 < 1, whp,

o0

)\—1<T(€)< 1+5

(1=9) ~ Inn T \—cBe’

Finally, using the bound €'C; < X(7(€')) < €Cy from |(f)| and the law of large numbers for
n~1S(t) and n~'X (¢), it is straightforward to prove that whp the epidemic will grow from
size (measured in I(t) + S(t)) €n to en in finite time, i.e., in time at most K(€',€) < oo.
Sending first n to infinity and then § and € to zero, one gets that

7(6) p
Allnn ~

The last statement of is easily proven by first noting that implies that it takes time
of order Inn to pass the herd immunity threshold and then using the arguments of, e.g.,
Borgs, Huang, and Ikeokwu [47] that after passing the herd immunity threshold X (¢) and
I(t) decay exponentially in ¢. O

E.1.2 Useful Couplings for SIR on Random Graphs

Next, we recall several couplings for the SIR dynamics which will be useful in this chapter.
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1. (Infection digraph) This coupling is defined for an SIR infection on an arbitrary
finite graph G, and involves the construction of an infection digraph, to be denoted
D2 Tt is defined by drawing recovery times L, ~ Exp(y) i.i.d. for all vertices v as
well infection times W, ~ Exp(f) i.i.d. for all oriented edges uv such that {u,v} is
an edge in G. The infection digraph D2® is then defined by drawing an edge from i
to j whenever W;; < L;, giving edges (7, j) a weight or length W;;. If we infect a single
vertex v at time 0, the time the infection has reached vertex w is then equal to the
length ¢, ., of the shortest oriented path from v to w in D2, More generally, in a
setting where we infect several vertices, w will get infected at time ¢t = min;(¢; + t,, )
where the minium goes over all seeds, and ¢; is the time vertex v; gets infected (from
an external source).

2. When G is random itself, it is often useful to couple the randomness of G and that of
G in a way which more tightly represents the course of the infection. In the setting of
this section, where G ~ G(n, p), this can be done in several ways.

a) (Poisson coupling) Here one first defines a multi-graph analog of G(n, p) where
edges have a multiplicity given by a Poisson random variable Poi(c/n). Next,
when a vertex gets first infected, one attaches d ~ Poi(c) half-edges to the in-
fected vertex, each running an infection clock at rate (8, until the vertex recovers.
When an infection clock on a half-edge clicks, we stop the Poisson clock, chose an
endpoint for the half-edge uniformly among all vertices, and if this endpoint hap-
pens to be susceptible, infect the endpoint. After establishing all desired results
for the Poisson random graph, one finally conditions onto the Poisson graph being
simple to get the desired results for G(n,p). This approach is used, e.g., when
deriving the differential equations , with X (¢) representing the number of
infection clocks which are running at time ¢; see Ball and Britton [30] and Borgs,
Huang, and Tkeokwu [47] for more details.

b) (Binomial coupling to susceptible neighbors) In our context, the Poisson
coupling is less useful, since it does not generalize well in the presence of travel
clocks. Here the most natural coupling proceeds by drawing the neighbors of an
infected vertex when it first gets infected. More precisely, we will draw the neigh-
bors from all currently susceptible vertices, including each of them independently
with probability ¢/n, then draw the recovery time L, for the infected vertex, and
run infection clocks at rate 8 along the edges to susceptible vertices until the ver-
tex recovers. Removing edges that used to point to susceptible vertices as they
get infected, active edges, i.e., edges with a running g clock, will always point to
susceptible vertices, and when one of them clicks, we infect the new vertex and
iterate. Note that in this setting, when a vertex gets infected at time ¢, it starts
with d ~ Bin(S(t), ¢/n) active edges, and when the first edge of an infected vertex
clicks, its endpoint is uniform among the susceptible individuals at that time.
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¢) (Binomial coupling to all vertices) A variant of the last coupling draws a
larger set of edges when a vertex first gets infected, namely i.i.d. with probability
c¢/n from all n vertices including thus the possibility of a self-loop to the infected
vertex itself. Infections along active edges should then be considered infection
attempts, and will be ignored if the endpoint of such an infection is already
infected. An advantage of this coupling is that we could first draw the number d
of active half-edges according to d ~ Bin(n, ¢/n), and only commit which edges we
choose once the first infection clock clicks, at which point we choose d endpoints
uniformly without replacement. In this way, the first infection attempt will be
uniformly among all n vertices, which turns out to be useful for some of our
bounds.

E.1.3 Single Community with Multiple Seeds

The next lemma gives upper and lower bounds on the spread of the SIR epidemic in the case
of multiple initial “seed” infections appearing at times ¢, that are not necessarily all equal
(as they were in the setting of Statement of the last theorem). It will be a key ingredient
we use to tie the development in the two communities together.

Lemma E.1.2 (Outbreak in a single community with multiple seeds). Consider an SIR
epidemic over G ~ G(n,c/n) with infection rate 3 and recovery rate vy, assume Ry > 1, and
let 6§ > 0 and € € (0,ry) be fized, i.e., independent of n. Assume that the SIR dynamic
evolves as before, except that at times 0 < t; < ty < ... we seed additional infections at
some vertices vy, vy, ... in V(GQ).

1. If a set of possible seeds S of size |S| = o(n) is chosen independently of the draw
G ~ G(n,c/n) and before the start of the epidemic and, all seeds v; are in S, then whp

R(c0)

< 7T +0.

2. If for a subset " C S with |S'| > 1, the seeds within S’ are chosen by time ty and
i.1.d. uniformly at random in the n vertices, then then whp

T<e)gt0+(1+5)m7” and )

> 1o — 0.
n

Proof. The first statement is an easy consequence of the representation of the epidemic in
term of the infection digraph D2I® and the observation that in this representation, the final
set of infected vertices is just the set of vertices that can be reached from the set of seeds.
Since this set does not depend on the infection times ¢,, the statement follows from statement
(h)[ of the previous theorem.

For the next part, it suffices to prove that for any given ¢’ > 0 and any M sufficiently

large, the probability of 7(¢) < ¢+ (14 0)Inn/A is at least 1 —¢’. Let A; be the event that
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the SIR epidemics with the single seed v; at time ¢; would satisfy the second statements in the
lemma, and let B; be the event that the SIR epidemics with seed v; would terminate before
infecting L individuals for some L < oo to be specified. Note that in the above coupling
where we pre-sample the infection and recovery clocks, we can ensure that Uf\il A; implies
the desired events: if any seed infection is capable of producing a large outbreak, then having
additional seeds of infection only expedites the spread. Thus, it suffices to bound P(ﬂij\il AS)
to be at most ¢’ for all o' > 0.
Using inclusion-exclusion, we first bound

(ﬂA) ( (B N A ﬂA) +P((BCHAC mﬂAc) <IP(BmﬂAC) +IP(AC\B)
< P(ﬂ&) T ;P(AS\BZ-),
(E.6)

and then note that by statements @ and of the previous theorem, we can make
P(AS\B;) as small as desired by choosing L and n sufficiently large. Thus given M, for L
and n sufficiently large, we can bound the second term on the right by at most ¢’/2.

To bound the first term, we first observe that for the first seed, the bad event B is just
the event that R(oco) < L on the graph G(n,c/n) with a single random seed. By the fact
that conditioned on not having a large outbreak, R(oo) is bounded in probability, and the
fact that the probability of a large outbreak converges to 7 in probability, we have that for
L and n sufficiently large, P(R(c0) < L) can be bounded by, say, 1 — 7/2. It turns out we
need slightly more, namely that

P(R(0) < L) <1-— g on G(n',¢/n) whenever n' >n—Inn (E.7)

and L and n are sufficiently large. To see that this holds, we first note that the probability
P(R(c0) < L) is decreasing in n’, showing that n’ = n — Inn is the worst case. The proof
now follows once we us that G(n’,c/n) = G(n',d /n’) with ¢ = en’/n, together with the fact
that 7(c/, 8,7) is continuous in ¢.

To prove an upper bound on the first term in , we now use the following coupling in
which we expose the set of vertices C, (v;) that can be reached from the seed v; in D2I® by
the usual breath first search (BFS) starting from v;. In this process, whenever a vertex v gets
infected, we first draw its recovery clock, then draw the edges to the remaining susceptible
vertices i.i.d. with probability ¢/n, and then draw the infection clocks for these edges,
keeping only those edges for which the infection clock clicks before the recover clock, and
declaring the end point infected. If at any point in this process, we have discovered at least
L infected vertices, we declare success, and if the process dies before infecting L vertices, we
conclude that |C (v;)| < L, declare the vertices in C, (v;) used, and move on to the next
seed v;,1. Furthermore, since we are interested in an upper bound on the probability of
failure event B = (), B;, we will additionally add k = L — |C'y (v;)| random vertices to the
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set of used vertices, and declare failure if the new seed v;,; falls into the set of used vertices.
We furthermore declare failure if the BFS process starting from v;,; discovers one of the
used vertices. In this way, the failure probability in step ¢ (assuming failure in all previous

steps) can be bounded from above by % plus the probability that a BFS exploration on
Dg{f_(i_l) Lo/ fails before reaching L vertices, which in turn is nothing but the probability

that R(oo) < L on G(n — (i — 1)L, c¢/n). Combined with the bound (E.7)), we see that

() <105+ 5 <o (S G 00 ) <o

1=

provided % < /6. Choosing first M large enough so that the right hand side is smaller
than ¢'/2, and then L and n large enough to guarantee that the bound holds and the
second term in is smaller than ¢’/2 and finally increasing n if needed to make sure that
% < 7/6 and ML < Inn, we obtain the desired bound P(ﬂij\il AS) < ¢ O

Lemma E.1.3. Consider an SIR epidemic over G ~ G(n,c/n) with infection rate  and
recovery rate vy, assume Ry > 1, let a € (0,1), and let 0 < 0 < a and let x be an arbitrary
positive number. Then with probability tending to 7, T(n® ') < oo and among these first [n®]
infected nodes, at least n®° will have infectious periods of at least x (i.e., having a recovery
time at least x). With probability tending to 1 — 7, the process dies out before reaching n®
vertices (hence T(n® ') = 00).

Proof. Note that the second part is a direct consequence of Theorem (Statement @
in particular).

It is helpful to consider an augmented process where a fresh new node will be infected
as a new seed whenever the SIR process dies out (and this gets repeated). More precisely,
whenever the number I(t) of actively infectious vertices drops to zero, if S(t) > 0, we pick
a vertex v among the remaining susceptible ones uniformly at random, and infect it at time
t + 1. This way the process runs until the entire population have been infected once, and
we can be sure to reach n® number of infections eventually. The true SIR process is simply
the stopped process on the augmented process upon first extinction (i.e., number of active
infections dropping to zero).

In the context of the augmented process, denote by 7(e) the stopping time for an e-
fraction infection, analogous to our 7(¢) in the original process. Note that 7(n* ') < co a.s.
Denote by 7y the first time infections drop to zero. Per our observation above, our original
SIR process is simply the augmented process stopped at 7. Further, the coupling between
the two process is exact until 7y; in particular, whenever 7(n®1) < 7 (that is, when the
standard SIR process leads to a large outbreak), 7(n®"!) = 7(n%"!) and those nodes infected
by then share identical lives in these two version.

It now suffices to show the following event £ happens whp in the augmented process:
among the first [n®] infected nodes, at least n®~% will have infectious periods at least z.
To derive our target statement in the lemma, the event £ along with 7(n* 1) < 7y implies
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that 7(n® ') = 7(n') < oo and, as these [n®] nodes have the same infection periods in
the original SIR as in the augmented process, at least n%° of them have infectious periods
at least x in the original SIR process. Thus, the probability of our original event is lower
bounded by P(7(n*') < 7,&) > P(F(n*') < ) —P(£°), which has a limit 7 once we show
P(£¢) — 0. (On the other hand, 7 as an upper bound is trivial, since we know that the
original SIR process dies out with asymptotic probability 1 — 7.)

It remains to understand the event £. By our definition of the infection process, each
node has an Exp() recovery clock independent from all other clocks; in other words, when a
node is infected, no matter what past event we condition on (including other infection clocks
we have seen, past extinction events, etc.), its recovery time is Exp(v) distributed. Thus,
the recovery times for the first [n*] infected nodes form a sequence of [n®] i.i.d. Exp(y)
sampleg’] By Hoeffding’s inequality,

na'l e T na—6)2
[ne] )

which tends to zero as n — oo for any constant x > 0. This finishes our proof. O]

5 _ 2
]ID((C/’C) = PNNBin([n“],e—Wz)(N <n? 6) < exp < — <|V

E.1.4 Useful Perturbation Bounds on Matrix Exponential

In later analysis, we need to understand the growth of the solutions to certain system of
renewal equations (or inequalities). The solution will involve a matrix exponential of the
form €™ with some 16 x 16 matrix M in our case, whose leading behavior will be given by
the dominant eigenvalue of M, i.e., the eigenvalue with the largest real part. Unfortunately,
the actual matrix M is hard to diagonalize directly. To deal with this, we will write M as
My + W, where M, is obtained by setting all terms of order O(n_a) to zero, and then use
the following lemma to control the difference between e and etMo.

Lemma E.1.4. Let My and W be real matrices, and let || - || be a submultiplicative matriz
norm. Assume that X > 0 is an eigenvalue of My, and that all other eigenvalues of My have
real parts less than or equal to X. Define

C :=supe ||,
>0

Then for all t > 0, we have

Het(Mo+W) . etMoH <C (€C||WHt _ 1) M — 0O (HWH@CHWW) A

Proof. For normal matrices, a bound of the above form (with C' = 1) follows from Theorem
4.2 in [203]. Unfortunately, without such the normality assumption, the results from [203]

L Another way to see this is to presample an infinite sequence of i.i.d. recovery time. Each time a new
vertex gets infected, it just chooses the next recovery time on the list, which means the sequence we see is
an i.i.d. sequence.
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only imply a bound of the form O (||W ||e“IWIt)ex!, where k = sup,. 1 log [|e'™|| > X, which

is too weak for our purpose. We therefore include the (straightforward) proof here.
We use the Dyson expansion for the matrix exponential:

et(MoJrW) — etMo + Z/ e(tfs1)M0W€(slfsg)Mo . WeskMo d81 . dSk,
=1 Y Ax(t)

where Ag(t) = {0 < s < -+ < 51 <t} is the standard k-simplex of time-ordered variables.
By submultiplicativity of the norm and the assumption on C', we estimate the norm of the
k-th term as

He(t—sl)MOW L WeskMo H < Ck:-i-l”Wer)\t

where we used that the sum of the increments (¢ — s1) + (s1 — s2) + -+ + $¢) is t. Since
the volume of Ay (t) is &

o> each term in the series is bounded by %C’““HWH’“@”, giving the
desired bound

00 k
||6t(MO+W) _ etMOH < CeM Z (C‘|Z|’t> —C (eCIIWHt — 1) e

k=1

E.2 Branching Process Upper Bounds

In addition to the properties of SIR on a single community random graph G(n,p), we will
rely on approximations of SIR processes with properly constructed branching process to
derive upper bounds on the growth of the outbreak. The key intuition is as follows. When
the epidemic initially starts to spread, all individual in V; U V5 are susceptible and can be
infected. As the epidemic evolves, less and less vertices are susceptible, and hence can be
infected. One might thus expect that if we replace the number of susceptible vertices in each
community by n (in other words, allowing vertices to get infected multiple times), we could
get upper bounds on the speed at which the epidemic spreads. Thus. one might hope that
the following process gives upper bounds.

Start with one infected individual in community 1 (who whp will not be traveling, and
hence can be assume to be in V7). Upon each new infection, we explore the neighbors of
the newly infected in our random, two-community network, where by definition the intra-
type and inter-type (forward) degrees should follow a distribution of Bin(n — 1,¢/n) and
Bin(n, ¢/n), respectively. Since these neighbors may or may not get infected later on, we
think of them as possible, or not yet released children in a branching process. For our
branching process, as mentioned above, we allow infected (or already recovered) individuals
to get re-infected, and record the number of (re-)infections with multiplicity to type-i indi-
viduals up to time t as Y;(t) for i € {1,2}. Clearly, Y;(t) stochastically dominates Y;(t) as
the re-infections are simply ineffective and hence ignored in the actual SIR process.
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A naive way to treat the processes Y;(t) and Y(t) is to view them as a branching process
with travel, where each vertex sees a random number of potential children of the same or
different types, each vertex has independent travel trajectories, and the potential children are
realized at times determined the infection and recovery clocks (or possibly never if recovery
takes place before an infection can strike). This approach bears one issue: in the actual SIR
process, the travel state of a neighbor to a newly infected node can depend on the history.
For instance, consider a neighbor u of a newly infected v. It is possible that u is also a
neighbor of a previously infected vertex w, who attempted to infect v but failed because u
was traveling in a different community. Thus, to ensure a valid coupling to our original SIR
process, we must incorporate past information on the vertices into the branching process,
and sample the travel state conditional upon such information.

However, the complication above only adds to the complexity of describing the processes
Yi(t) and 172(15) Nevertheless, for our purposes, it suffices to obtain upper bounds on the
expectations of these two quantities, in which case standard tools for studying generalized
branching processes remain useful.

To formalize the idea described above, we introduce the following notation. First, we will
use an augmented type (k, A) to describe a node v of type k € {1,2} and infected while in
travel state A € {H, T}. For k € {1,2} and A € {H, T}, let Y} a(¢) denote the total number
of nodes of type (k, A) that have been infected up to time t. Note that our previously defined
Yy () is simply Yy n(t) + Yi1(t). Also, define a stopping time 7 to be the earliest time when
the number of active travelers exceeds 2n'~®Inn. A standard supermartingale argument
reveals the following bound; the proof is standard and hence omitted.

Lemma E.2.1. Whp, 7 > T = In*n.

Next, we define a dominating branching process with cloned travel trajectories, which
will provide an almost sure upper bound on the SIR process. Like the original SIR process,
we have a population of two types of nodes undergoing travel dynamics identical to that
of our original SIR model, and our infection again starts from a single seed vg. We model
replenishment of susceptible nodes as follows: Each time a vertex v in our original population
gets infected, we make a susceptible clone u’ for each already infected (or recovered) node u in
the original 2n population such that ' shares the exact same type and travel trajectory as u;
edges between v and the clones and the still susceptible nodes are drawn independently with
probability ¢/n; for the potential children of w, i.e., susceptible nodes or clones of infected
nodes that are linked to v, the infection clocks are set in the usual way (running whenever
the two endpoints are in the same physical community and paused when they are not), and
the recovery clock on v is also set upon infection. When a cloned vertex v gets infected,
we make a susceptible clone u’ for every node in the original population and run infections

2These are technically no longer branching processes in the classic sense due to the additional memory.
It is possible to view them as a generalized branching process, or a Crump-Mode-Jagers process (see Crump
and Mode [64] and Jagers [110]), which allows for dependencies between offsprings distributions and history
of the process.
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and recovery as usual. Observe that by construction, any of the 2n original nodes can only
get infected by other original nodes, and hence by dropping the cloned copies, we recover
our original SIR process with travel. Thus, the total number of infection events to (possibly
cloned) nodes of type k in travel state A up to time ¢ is an almost sure upper bound on
Yia(t).

To allow for an easier analysis, we make one further adjustment to the branching process:
when cloning infected nodes upon a newly infected node (original or cloned), we only allow
cloning up to n'~*Inn currently traveling nodes of each type. Importantly, if our stopping
time 7 > t, then this constraint makes no difference up to time ¢. In other words, under the
event that 7 > ¢, the previously stated almost sure domination still holds. This branching
process with constrained cloning of travelers will be our subject to study, and we will define
sY,.A(t) as the total number of infection events to (possibly cloned) nodes of type k in travel
state A up to time ¢ in this process. By Lemma [E.2.1] we now have a coupling between the
original processes Yj 4(t) and the constructed Yi 4(t) such that whp Yj 4(t) > Vi a(t) for
time ¢ up to In?n. It now suffices to bound the growth of Y; 4(t), which we will focus on
next.

To analyze this branching process we constructed, the key is to bound the reproduction
measure /i, (s; k, A) for each newly infected vertex (or possibly a clone) v. It is defined as the
expected number of type-(k, A) infections directly caused by v within period s of v’s infection,
conditional on the history at the infection time b,. Here, the history is defined with respect to
the filtration capturing past infection and recovery events, travels, and neighbors discovered
up to time ¢, including links between past infected vertices and v itself, but excluding yet to
be discovered neighbors of v.

Lemma E.2.2. Conditional on the history up to t = b,, the reproduction measure p, 1is
bounded as

po(s: K, A) < fiype(v),ou(t) (53 Ky A)
for all s <T —t, where o,(t) € {H, T} denotes the travel state of v at t and

prn(si b H) = gt (s, H) = et (553 = b H) = Ro(1— e O9%) 4+ O(pr)

for k = 1,2, and for all other combinations s a(s;k, A) = O(pr), where O(-) hides loga-
rithmic dependency on n and Ry is defined in (6.1]).

Proof. The proof is a standard computation for continuous time Markov processes. The
key is to notice that the quantity pu,(s;k, A) depends only on the current states of all the
vertices. By linearity of expectation, it suffices for us to understand the probability that
a node u (either still susceptible, or a cloned copy of an infected one) of type k in state
A gets infected directly by v within a period of s. To illustrate this, consider the case of
type(u) = type(v) = 1 and o, (t) = 0,(t) = H. By construction, the edge between u and v is
present with probability ¢/n. The joint state of v and u can be modeled as a continuous-time
Markov chain on 7 states, with four transient states corresponding to different travel states
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(04,0,) of the two individuals while v remains infectious and w remains uninfected, and
three absorbing states R for v’s recovery and |; and Iy for u’s infection in community 1 and
2, respectively. Write p(s) for the hitting probability of the |; by time s. A straightforward
computation (e.g., with Kolmogorov forward equations) yields that

—B=v—=20r  pr pT 0
T T / PH —y=r 0 pr /
s) = e, exp | s e)ds,
o) = [ el exp " S ()
0 PH PH —B =7 —2pu

(E.8)

where p = py + pr. Following the perturbation theory on matrix exponential, with Lemma
E.1.4] as a key technical tool, we derive

p(s) < “2(1— e 349%) 1 O(pr)
with Ry = ¢f/(8 + ) In the case of u currently traveling, we only need the trivial bound
that p(s) < 1.

The number of non-traveling nodes (or clones) of each type is at most n; the number
of traveling nodes (or clones) of each type is at most n!~*Inn by construction. Invoking
linearity of (conditional) expectation upon all the clones and original nodes give the claimed

bounds. O

The rest of the analysis of this branching process is morally straightforward but in practice
rather tedious. Instead of providing the full details, we opt to give a high-level overview of
the techniques. Other variants of analysis are likely possible and even easier to flesh out.

The first step is to construct a renewal inequality for the expected size of the branching
process using the law of total expectation and a Gronwald-type bound. To do this, we
express Y () as

Yia(t) = L{type(vg) = k, 00, (0) = A} + > &,(t — by k, A), (E.9)

by, <t

where the summation is over all nodes infected by time ¢, and &,(s; k, A) is the (stochastic)
type-(k, A) reproduction process of a node wu, i.e., the number of type-k state-A infections
caused by u within time period s of its infection. Effectively, aggregates the count of
infections by their sources. Take expectations of , apply the tower property towards
each summand (conditioned at the birth of the corresponding node), we obtain

BIFia (0] = Litype(un) = k. (0) = A} +E| 3 ult = bk ),

where we note that p, is simply the conditional expectation of £, upon its birth. Using our
bounds on pu, and applying Fubini’s Theorem to interchange integral and summations, we
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get

E[Yi.(t)] < 1{type(vo) = k, 0,,(0) = A} + 2/ [Yirar(t — 8)]pwr ar(ds; ke, A), - (B.10)

k' A’

a renewal inequality.

It is convenient to vectorize this system of renewal inequalities into a 16-dimensional
vector form. Standard techniques for renewal systems allow us to bound the growth as
matrix exponential and we can derive a Malthusian upper bound on the growth rate, again
using perturbation bounds such as Lemma|[E.1.4l The Malthusian parameter for this system
turns out to converge rapidly to A (defined in (6.2))) as n — oo. We leave such computation
to the interested readers.

The following bounds are derived from solving the system (E.10) of renewal inequalities.

Lemma E.2.3. Under our usual assumption that type(vo) = 1, 0,,(0) = H, and A > 1, for
t <In®n,
cB

E[YViat)] <1{k=1A4= H} - + O(n=eM).
As a consequence of Markov’s inequality and the coupling between Y} 4 and }7}@ A, We
reach the following upper bounds.

Proposition E.2.4. Whp, Yin(t) < Yiu(t) < O(eM) and Yy a(t) < Yia(t) < O(n=2eM) for
all (k, A) # (1,H). In particular, Y1(t) = O(eM) and Ya(t) = O(e=%e™).

The proof simply follows by applying Markov’s inequality to the expectation bounds from
our previous lemma and noting that Y} 4 is a high probability upper bound for Y}, 4.

E.2.1 Subcritical Processes and Late Stage of Epidemic

It is also useful for us to understand the subcritical case of A\ < 1 for the branching process
constructed above, in which case we expect an exponential decay in the actively infectious
frontier. This is useful to analyze the late state of the epidemic, when the remaining number
of susceptible nodes falls too low to sustain growth. We will describe our approach and the
high level results, but again leaving out the full technical details.

Instead of analyzing Yj a(t), we may also construct a dominating process Ij 4(t) for
the actively infectious population size Ij 4(t) in the SIR processﬂ When A < 0, we can
consider "I 4(t) for any b € (0, —\), and similarly construct renewal inequalities to show
that sup,sq e”E[] k,A(t)] < oo. This suggests an exponential decay in the actively infected
population and as a consequence, the growth terminates in logarithm time (in the initial
number of infections, which is at most n). Coupling such processes to the late stage, we
obtain the following bound.

3We use the same coupling as before. Note that the cloned copies can be all removed without affecting
the infections among the original 2n population, as long as we do not hit the stopping time 7.
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Proposition E.2.5. Assuming Ry > 1, define a herd immunity threshold so by so = 1/Ry.
Then, given 6 > 0, there exists a constant C' < oo such that conditional on Sy(to), S2(ty) <
(so — 0)n, whp, the SIR process dies out by time to + C'lan, i.e., I)(to + Clan) = L (to +
Clnn) =0.

Proof. We provide a proof sketch, commenting on the key steps. First, roll out the original
SIR process up to the target time ¢, and conditional on S;(ty) and Sy(ty) both at most
(so — d)n. Note that for each pair of vertex u € I(tg) and v € S(ty), it is possible to
resample the presence of an edge between them conditional on past trajectories (either there
is no edge in the underlying graph G, or there is an edge but the infection clock on it has
yet to ticked), and with basic computation, the conditional probability of the presence of
an edge is at most ¢/n, the original probability. Thus, it is straightforward to construct a
dominating branching process with clones starting with the infectious nodes at time ¢, as
before such that (1) I 4(t) is a high probability upper bound on I 4(t) up to time 7', and
(2) the reproduction measures for the nodes admit similar upper bounds as in Lemma [E.2.2]
except that ¢ is now replaced with ¢(sp — ) due to the now reduced number of susceptible
nodes. This dominating process can be analyzed analogously using the same approach of
renewal inequalities. Since (sp — 0)Ry < 1, the resulted Malthusian parameter for the
process is (5 +v)(Ro — 1) < 0 and the process is subcritical. A system renewal inequalities
can be formulated for e’ E[I; 4(¢)], which leads to the bound supso eE[l; 4(t)] < co. The
Proposition now follows from Markov’s inequality applied to I, r.4(t) and the high probability
bound jk7,4(t) Z ]k7,4(t) fort <T. UJ

Note that from the definition of 7o, and the concavity of r — 1 —r — e~f07 it is easy to
check that Ry(1 — r) < 1 and thus sg > 1 — re.

E.3 Travelers and Non-Travelers

On an intuitive level, all our results should follow from the fact that we can divide the set of
individuals into a large majority of non-travelers, with the epidemic growth mainly driven
by the growth in the two resulting sub-communities, and a smaller population which does
travel and transmits the epidemic between communities. It turns out that most of our proofs
follow this intuition, except for some of our upper bounds, which require a more detailed
understanding of the inter-community interactions and will be carried out with the help of
suitable multi-type branching process approximations.

To translate this intuition into a rigorous proof, we consider the set of non-travelers up to
time 7" at which point we expect the epidemic to have died with high probability. Specifically,
we set T := In®n and then define the random sets

Ti = {v € V; | v travels at least once during [0, 7},

and
VOi=V\T;, V=V ulV) and T=TUT;,



APPENDIX E. APPENDIX TO CHAPTER@ 194

as well as the random variables I?(t) and RY(t), denoting the number of infected and recov-
ered individuals in V2, respectively, writing

YO(t) = ID(t) + R} (t) (E.11)

)

for their sum. The following lemma says that whp, the set of travelers contains only a small
proportion of all individuals.

Lemma E.3.1. With high probability,

17:| = npr(1 + pu In2n)] (1 + O(n_d)> < Znlnn (E.12)

N —

where & = min {a, %(1 — a)}. Furthermore, conditioned on v € T;, the probability that v
travels at a given time s € (0,1n%n) is independent of s and equal to

- T 1 _
= = 140 ). E.13
b pr+ (1 —p7)(1— e*meQ”) 1+ pylnn ( (n )) ( )

Proof. Each individual in V; U V5 has probability
por=pr+ (1 —pr)(1—e ™) = pr(1+ puln®n)((1 + O(n™?) (E.14)
of traveling at least once in the time interval [0, 7], leading to
EITi = npr(1+ puIn® n) (1 4+ O(n ™).

The first statement follows from a multiplicative Chernoff bound.

To prove the second, we note that the unconditional probability of traveling at time s
is pr. Since traveling at time s < In?n means in particular that the first travel of v occurs
before T = In?n, the conditional probability is obtained by dividing by p>1, proving the
statement. 0

E.3.1 Early Stage of the Epidemic

Our first result concerns the early stages of the epidemic, which, as it turns out, is with high
probability driven by the spread of the epidemic in the community of non-travelers of type
1.

Proposition E.3.2. Let N, be such that N, (n"'/?2 +n=*In*n) — 0 as n — co. Then the
two community model with travel can be coupled to to BP(c)(t) such that whp

I(t) + R(t) = I'(t) + RY(t) = |BP(c)(t)| for allt such that |BP(c)(t)| < N,.

As a consequence, the probability of a large outbreak in community 1 converges to w, and
conditioned on not having a large outbreak, the following statements hold:
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1. The time of an outbreak as well as its total size Ry(00) + Ra(00) are bounded in prob-
ability;

2. Whp, Ry(o0) =0 and all vertices contributing to Ry(00) recover before traveling.

Proof of Proposition[E.3.9 To prove the proposition, we couple the exploration of the two
community network to the SIR dynamic as follows. First, we draw all the travel clocks,
determining in particular the set 7; U7 of travelers up to time T' = In? n. Next, starting from
a single infected individual v, in Vi UV,I (which whp will be in V}?), whenever a new vertex
v; gets infected at soem time ¢ (where we order the vertices according to their infection time
so that n—j = S(t)), we sample its recovery time and explore the edges from v, into the set
of susceptible vertices. Note that for this newly infected vertex v;, its “forward” degrees into
the susceptible vertices in V; and V5 have distributions Bin(ny, ¢/n) and Bin(ny, ¢/n) where
ny1 and ny are the number of susceptible vertices in V; and V5, respectively. As a consequence,
these forward degrees can be coupled to two independent Poi(c) random variables in such a
way that the binomial and Poisson version are equal with probability 1 — O(j/n). Finally,
we start independent infection clocks with rate 5 on the newly discovered edges, pausing
them whenever the two endpoints are not in the same physical community (and terminating
them when v; recovers).
Define a stopping time 7 as the first time one of the following events happens

1. The number of “children” of v; in the exploration process is different from Poi(c) in
either community,

2. UjGﬂUE.

We see that up to the stopping time, the infection tree is equal to BP(c)(t). Furthermore, if
k = o(y/n), whp none of the first type of events happens before the process reaches size k, and
if and k = o(n® In=3 n), whp, none of the second type happens before the process reaches size
k. This proves the first statement of the theorem. The next statement (on the probability of
a large outbreak) follows by setting N,, = Inn and observing that P(|BP(c)(¢)| > Inn) — m,
and the next statement follows from observing that conditioned on BP(c)(t) not surviving,
it lives for a time that is bounded in probability, and reaches a final size that is bounded in
probability. Since this implies that with high probability the branching process dies before
time T, we see that whp, all vertices that ever get infected (which whp are in V?) recover
before ever traveling, proving the last statement. O

E.3.2 Early and Late Stage Bounds in the Two Communities

Next, we derive an upper bound on the size of the epidemic up to time 7f] To do so, we now
couple the epidemic on the full graph to the epidemics on the communities of non-travelers

4Note that the branching process upper bounds see exponential growth in time, and therefore quickly
deteriorate to become uninformative for time beyond O(Inn).
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as follows. First, we draw all travel clocks, determining in particular the sets V" and V3.
Next we draw the two community network, noting that the induced graph on, say, V" is
nothing but a copy of G} ~ G(n’,d/n’), where n’ = |V| and ¢ is defined by ¢/n’ = ¢/n,
and similarly for V) (with n” = |V|). Finally, for each individual v, we draw a recovery
clock T, and for each directed edge (u,v) in the 2-community network we draw an infection
clock T, ~ Exp(7). []

Considering the epidemic as experience by individuals in V}?, once the infection has
reached V), the epidemics will spread inside G, while injecting seeds into the external
directed network along the edges from V to 7; U7 (note that there will be no active edges
between the non-travelers in V}” and V) until time T'), and being infected via edges into the
set of currently susceptible individuals in V°. The epidemic inside G proceeds by a similar
process.

Proposition E.3.3. Fiz § > 0, and let t_ = aT_‘Sln n. Then whp, the following statements
hold: Ro(t_) + Is(t-) =0, Ry(T) 4+ I1(T) < (1o + 0)n, and Ry(T) + I(T) < (1o + 0)n.

Proof. To prove the last two statements, we note that with probability tending to 1, R;(T") +
L(T) < YXT) 4+ n'~*In’n where Y is defined in (E.I1). As a consequence, it is enough
to prove the upper bound for Y%, which can be obtained by considering an epidemic on
G; ~ G(n/,d/n') with external seeds emanating from infected vertices in 7; U 75. Since
I)(T) + RY(T) does not depend on the evolution of the SIR dynamics past time T', we can
further assume that G does not receive further seeds after t = 7', which allows us to bound
IX(T) + RY(T) by R(cco) on G%. This puts us into the setting of Lemmal[E.1.2] with ¢ and Ry
replaced by ¢ = ¢ and Rj = Ry, < Ry, implying in particular that 7/, < r.. To apply
the lemma, we note that each vertex in V? has Bin(|T;|,c/n) edges joining it to 7;, showing
it has probability ¢ = 1 — (1 — ¢/n)!l = O(n=®) of being part of the seed set, which in turn
shows that the seed set is o(n) with high probability.

To prove the first statement, define a stopping time 7 to be the first time an individual
outside of V! gets infected. Up to the stopping time, the epidemic in V;? grows at most as fast
as the SIR epidemic on G(n’,p), showing that if we consider the time f_ = min{r,¢_} and
an arbitrary &' > 0, then whp I9(f_) + R%(f_) < e’*=+%)_ But each individual contribution
to I? + RY has only Bin(|T], ¢/n) neighbors in V} it can infect, showing that up to the time
t_, the probability of an infection leaving V7’ is bounded by O(n’a - eM=49) wwhich tends
to zero for ¢’ chosen small enough (e.g., ¢’ < ¢). This completes the proof. H

5The travel clocks introduce some subtleties here: When we pre-draw a time 7T}, with either u or v in
T1 U T2, we have to take into account that the original clock was only active when both endpoints where
physically in the same community. In order to determine if an infection is passed from u to v and when, we
therefore have to look at the whole travel history of the two vertices and the time ¢, when u was initially
infected. Specifically, taking T3, as time-budget that we use whenever the edge uv is active (starting from
the time ¢,,), we will replacing Ty, by the time t,, we run out of the time budget (which by definition, will
be a time when wv is active). If u has not recovered by the time t,,, i.e., if t,, < t, + T, the edge transmits
at time ¢,, - otherwise it doesn’t. The above process has to be done iteratively, starting by setting ¢, = 0
for the first infected individual and ¢, = oo for all others, updating the infection times as we carry out the
above steps for the infected vertices, one by one as they get infected.
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E.3.3 Lower Bounds in community 1
Let T, T, VP, I?(t) and R)(t) as in the last section, and let

2(e) = inf{t > 0: I?(t) + RY(t) > en}. (E.15)
In this section we prove the following proposition.

Proposition E.3.4. Consider the setting of Theorem 2.2 in the main text, and assume that
Ry >1. Fize € (0,75), 0 € (0,1) and let

1496 a+9
t= 5 Inn and 7, = 3

With probability at least ™ — 0, the following holds: 11(¢) < 70(¢) < 77 and

Inn.

T

Il (TlJ;Q) + Rl (Tl+a2> > [?<7-1J;2) + R(l)(TlJ;Q) > na+6/4'

Before proving the proposition, we note that by choosing ¢ = r,, — ¢, the proposition
immediately implies that with probability at least 7 — 3, Ri(00) > (7o, —d)n, complementing
the upper bound from the previous proposition.

Proof. As in the proof of Proposition [E.3.3] we couple the static subgraph process on G| ~
G(n/,c/n’), but this time, we will derive a lower by a coupling to what we call a restricted
epidemic process on V by disallowing any edges or infections involving 7 = 7; U 75 during
[0, 7]. To motivate this coupling, we note that throughout [0, 7], the epidemic on V? in
the full travel-based setting is stochastically at least as fast as it is in the single-community
setting on G, because:

e In the actual process, the nodes in V¥ can still gain exposure from infected travelers
(type-1 or type-2) who move into community 1. Thus, the infection can only spread
earlier or faster in the real process.

e Removing the travelers (i.e., ignoring any infections they cause or receive) can only
reduce the outbreak size and slow the onset of infections, giving a lower bound for the
real process.

Because edges among V{ are exactly those in G, and these edges remain active for times
[0, T, the restricted process is precisely the single-community SIR on G. By monotonicity
of SIR processes under edge removals, the actual epidemic on V; (and hence community 1)
is stochastically at least as large—i.e., at any fixed time ¢t < T, the number of infections
in V) under the full model is at least the number of infections under the restricted single-
community epidemic.

From here on the proof is straightforward: As before, let n’ = [V|, and let

gtravel - {|T| S nl—a 1113 n}
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be the high-probability event from Lemma m Conditioned on & avel, we have n' >
n —n'"*In*n. Since we assume o > 0, the ratio n'/n % 1 as n — oo. Furthermore,
conditional on V| the induced contact network on these non-traveling nodes is an Erdés—
Rényi graph

Gy~ G, d/n)
with ¢ = en’/n since edges among these vertices remain active throughout [0, 77, and there
are no new edges formed via travel into V”. The standard SIR epidemics over G(n’,c/n’)

then has parameters R, = gfﬂ/l and N = ¢ — 3 —~. Noting that R) & Ry, N 5 X, we

have that the infection probability and final size converge as well, 7 5 roo and @ B 7 due
to the continuity of ro, and 7 in R, and c. By the properties of the standard SIR epidemics
over G(n',¢/n') summarized in Theorem the following statements then hold with
probability at least 7’ — §/2 if n is sufficiently large:

1. Let € = en/n’ and let 7{(¢') be the first time the infected set in G| reaches n'¢’ = ne
many vertices. Then

1 /
T(€) < (1+5/4) 5 <7
2. Similarly, setting o/ = (1 + 0/3), we have
o o Inn/ alnn/
A7) < (1 o/ S0 < (1 sy B <

and hence
I)(71,) + RY(1i",5) > (/)07 > peCHo/),

Denote by &; the event that the single-community SIR on G’ behaves “as expected”. We
then combine the events & .vel and &£; via a union bound:

P(Euma N &) > 1= [P(E ) +PED)] > 10—

travel

On Eavel, we have n’ > n — O(n'=®) and thus n’/n — 1. On &, the single-community
SIR in G infects at least (1o — d)n nodes by time 7" and reaches size en by time at most
T = (140)k2.

By the coupling argument, the actual epidemic in V] must infect at least as many nodes
in V (and do so at least as fast). Hence: on the event Eyave N &

Ri(00) = R)(T) > (ro — 8) m,

Inn

n0) <O < (1+6) 1,

and
Il (7.14;2) + Rl (Tfa2> > I?<7-1J;2) + R?(Tf;Q) > na+5/47

all for n sufficiently large. This proves the proposition. O
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E.3.4 Lower Bounds in community 2

For the lower bounds in community 2, we will want to use Lemmal[E.1.2] which means we will
need to understand the transmission of infections from community 1 to 2 via travelers. For
this, it will be important to define a suitable coupling on the whole two-community network.

To define the coupling, we first predetermined the sets 77 and Ty of travelers, keeping
track to the fact that when we draw the travel times for vertices in these sets that the first
travel has to happen before time 7' = In®n. Assuming the first infected vertex is in V2,
and event which happens with high probability, we then define a set of discovered vertices,
Vdise(t) C T; which is initially empty, and gets updated as part of our coupling as follows;
starting with one initially infected individual chosen uniformly at random in v9, whenever
an individual v gets infected at time b,, we draw

1. Start a recovery clock which clicks at rate ~;

2. Draw four forward degrees, d’(v) ~ Bin(|V?|,¢/n) and d] (v) ~ Bin(|T;],¢/n) with
i—=12:

3. Draw half-edges without an end-point for the degrees d into static vertices;

4. Draw vertices UZp e ,’UZ- 4, € T; uniformly without replacement, and link them to v

by an oriented edge pointing away from wv; if any of these vertices has not yet been
discovered, add it to V;%¢ draw its initial travel state from the conditional distribution,
and start travel clocks with rates pt and py to update their travel state going forward;

5. Start infection clocks for the edges and half-edges out of v (and note that we can
determine which edges/half-edges are active, since the travel state of the vertices in
V9 is determined);

6. Once the first infection clock into V clicks, we choose d) endpoints v}, .. .UZQ o0 uni-
) 4y

formly in V? without replacement, starting with the endpoint for the half-edge which
just clicked. With a slight abuse of notation, we will say that at this point, the infection
clock on the edge (v,},) has clicked;

7. When an infection clock on an edge vw clicks, and w is still infected, we say that v
tries to infect w; if at this point in time w is still susceptible, we call the infection
attempt successful and declare w infected.

We would like to couple this process to the following process, which is easier to analyze:
e Instead of Step 2| we set d] (v) = 0 whenever v ¢ V" U V;;

e When v € VP U VY, instead of choosing v/,,...,v], € T; in Step , we create new
vertices for all of them, and add them to V%% each of them with a fresh draw of travel
states from the conditional distribution.
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Lemma E.3.5. Let 0 < § < min{a, I_Ta} Then the above two processes can be coupled

such that they are equal with high probability as long as
I°(t) + RO(t) <m0, (E.16)
Under this condition,we furthermore have that whp, d] (v) € {0,1} for allv € VP U VY.

Proof. Let V2, x(t) be the set of infected vertices in VO = VPUVY, and let N (t) = [V, g(t)] =
I°(t) + R%(t). Define 7 to be the stopping time when the first infected vertex v € T draws
a degree d] > 0. For t < 7, the set of discovered vertices V%5¢ is just the set of vertices
discovered by an infected vertex in VIOJr R, showing that

Ve < Y (dl ) +df (v)).

UEVIO+R

This random variable has distribution Bin(N(¢)| 7, ¢/n), which under the assumption ([E.16])
is bounded whp by, say 2¢|7 |n®+°~L. But this means that by this time, the total number of
infections emanating from 7 is bounded by 2¢|T|n~(=2=%  which shows that the probability
of drawing a random variable d] (v) > 0 is bounded by

2| T|nH=Y < | Tle/n = O(n*2*n2In"n) = O(n®~*In'n) = o(1).

This shows that with high probability, the stopping time 7 happens after the condition
is violated. This allows us to couple Step [2

Concerning Step I we note that under the assumption that d] = 0 for all v € T, the
discovery steps now involve just the edges from V7, into 7. Since the total number of
these edges is a random variable with distribution Bin(N (¢)|T|, ¢/n), it is whp bounded by
2¢|T|n*+9=1 where we again used the assumption . Since the endpoints of these edges
are chosen i.i.d. uniformly at random in 7, the probably of a two of them hitting the same
vertex is bounded by

|;‘ (26|T| a+0— 1) (|T|n2a+26—2) _ O(n%—(l—a)) _ 0(1),

showing that whp there are not conflicts. Finally, we note that
P (le(v) >2) = O(|T*n~%) = O(n=%),

showing that the probability that there exist a v € V2, 5 with dJ > 2 is at most O(n7~®) =
o(1). This proves the last statement. O

Proposition E.3.6. In the setting of Proposition[E.3., With probability at least m — 0, the
following holds

Iy(7y5,5) + Ra(Ti5s)
) =

I3 (71—>2) + RO(T1—>2) >n /8
Ry(o0 (T

>
R ) ( - 5)”7
and

mo(e) < () <7t + 7T
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Proof. We use the coupling described at the beginning of this section. Furthermore, we note
that the SIR epidemic on V? will only slow down if we neglect all re-infections into V,?, and
finally, we note that we can lower bound the number of seeds into V) by only considering
the seeds which appear because a vertex in V,? infects a vertex in 7, which is traveling and
returns before its infection clock runs out. Keeping this in mind, we define a stopping time
7o as the first time the SIR epidemic on V}” (with one internal seed, and no external seeds)
reaches n®*%/* many vertices, noting that by Proposition T < 11 ,, With probability
at least m — §. Define the set GOOD individuals as the set of individuals contributing to
Y?(7) whose recovery clock lasts for at least one unit time, we then use Lemma to
conclude that with probability at least 7 — 25, |GOOD| > n®=9/8. Let jt be the probability
that a vertex in 73 is traveling at a given time s < In?n and consider a vertex v € GOOD,
born at some time ¢ < 7. With probability (1 — e ?P(Bin(|Tz|,¢/n) > 0)pr = 0(n"*/In*n
the vertex v will create an infected vertex in 75 at some time ¢/ < ¢t +1 < 79 + 1. With
probability at least e=7(1 —e (1 — e 7)e TV} this vertex will stay infected for at least
2 days, return home latest after one unit time and stay home for at least one unit time,
and during this time send a seed towards V). Thus with probability ¢ = (n=*/In*n), a
good vertex will lead to a seed in V7). Since the events determining this transfer of seeds are
independent for different v € GOOD, by a simple multiplicative Chernoff bound, we see that
whp, we have at least 1¢|GOOD| > n%® seeds into Vi’ by time 7 + 3. O

E.4 Proof of Main Theorems

E.4.1 No Interventions

Given the results from the previous section, the proof of Theorem [6.3.2] is a straightfor-
ward summary of the propositions. Part @ is a consequence of Propositions and
[E.3.4} Part [(b)] follows from Proposition [E.3.2} Part [(c)| follows from a few more: the upper
bounds on the stopping times are given in Propositions |E.3.4]and |[E.3.6| the lower bounds on
the stopping times follow from Proposition , the upper bound on Ry(o0) follows from
Proposition[E.3.3] and finally the bound on the termination time follows from combining the
lower bounds on 74 (7 — ) with Proposition , where we choose § sufficiently small.

E.4.2 Interventions

In this section, we prove Theorems [6.3.6] and [6.3.7] on travel bans and social distancing.

Proof of Theorem[6.3.6, The core idea is that the travel ban has little effect on the spread
within the static part of both populations, since they don’t travel anyway; the first cross-
community transmission usually happens much sooner than the travel ban can be imple-
mented (or even when an outbreak is identified).

Suppose that at time ¢y, = 71(€) < 0o, we implement a travel ban (in particular, we
condition on community 1 seeing a large outbreak). As in the proof of Proposition ,



APPENDIX E. APPENDIX TO CHAPTER@ 202

notice that there are at least Inn individuals in V7Y infected by time (a—|—5)lnT”. Lemmam
then gives a lower bound on the final size of an outbreak and an upper bound on the time
of an outbreak in community 2 that matches the lower bound on the final size from the two
community model with no interventions.

For an upper bound on the growth of the epidemic, we use similar arguments involving
a branching process approximation.

A nearly identical branching process analysis as in Section applies to the case with
travel ban too, except that once the travel ban is implemented, the two communities decou-
ple and can be independently bounded with a single-type branching process; this makes no
difference, as the growth rate in either process remains A = ¢ff — 5 —~ as in the original case.
The eventual size of the outbreak in both communities also follows similarly as before using
the traveler and non-traveler decomposition: It is straightforward to check that Proposi-
tion is valid in the context of travel ban, and finally, once a travel ban is implemented,
the spread in both communities can last up to O(Inn) time, a natural extension of results
in the SIR processes of a single community. O]

Proof of Theorem [6.3.7. Suppose that at time tyqy = 71(€), we implement social distancing
in community 2 (in particular, conditioned on a large outbreak in community 1). Note that
the lower bound for community 1 remains unchanged: ignoring the travelers still give a valid
lower bound on the size of outbreak. Likewise, the upper bounds for community 1 also hold
(again up to time 7' = In® n): the branching process (up to time 7 (¢)) still gives a valid upper
bound on the time of outbreak, and the bound on the Ry (co) in Proposition remains
unaffected. It suffices now to give a sublinear upper bound on the final size of outbreak in
community 2. We prove such an upper bound in two steps: first, we bound the fractional
size of outbreak in community 2 up to time 7" to be as small as we desire, and then use a
subcritical branching process coupling to argue that the infection has died out by T whp.
Here we provide a high level proof sketch.

For the first step, we recall that, under our condition of a large outbreak, 7 (¢) < 7 =
(14 6)22 whp by Proposition , at which time Y3(77) < O(n'~**) < n. With social
distancing, every seed infection within Vi will cause a constant number of infections in
expectation. The total number of such seeds is at most Ya(71) + | T3] < n. As a result, the
number of infections in community 2 is o(n) whp up to 7.

For the second step, we use a subcritical branching process to dominate the growth
after the social distancing is implemented, similar to our analysis in Section Like
in Proposition , we wait till time 77, at which point the proportion of susceptible
individuals in community 1 has fall below sy whp. We can construct a branching process
with cloning as we did in Section [E.2.1], this time with lowered transmission rate to £’ in
community 2 (including clones of it). Our assumption of X' = ¢’ — ' — v < 0 ensures that
this process is again subcritical and thus dies out within O(Inn) time. The full details of
the computation is nevertheless tedious and shall be omitted. O
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Appendix F
Appendix to Chapter

F.1 Proofs from Section [7.2.1]

We start with the proof of the following proposition regarding the case d = 1, and then
discuss about the transition dynamics.

Proposition F.1.1. The token system is not stable for any n > 2, P > 0 and Q) > 0 when
d=1.

Proof. Fix an agent ¢ € A. Then s! is a lazy random walk in one dimension. In particular,
we have

s; +1 with probability 3, 4 (i} P
= st with probability 1 — ZjeA\{i} Diqi — ZjEA\{i} Diq; (F.1)
i —1 with probability 3~ 4 1y Pigj

St
for all ¢ > 0. Note that if 37, 4 (yPidi # D_jea\ iy Pidy» then E[s!] diverges as t — oo (i.e.,
the random walk is transient). Now assume that

Z DjGi = Z pig; for all i € A. (F.2)

JEA\{i} JEA\{i}
Then s! is a lazy symmetric random walk. It is a well-known fact that s! will take all the
values in Z with probability 1 (i.e., the symmetric random walk is recurrent). Moreover,
even though s! will be 0 infinitely often with probability 1, the expected return time to 0 is
infinity (i.e., the symmetric random walk is null recurrent). Hence, (C1) and (C2) are not
satisfied for any n > 2, P > 0 and Q > 0 when d = 1. O]

S

As an immediate corollary to Proposition [F.1.1], consider the random tie-breaking selec-
tion rule, under which the policy selects a service provider among d > 1 available providers
uniformly at random. The behavior of the random walk s! follows a similar structure as in
, where the transition probabilities are state—independentﬂ; unlike (F.3)), where the tran-

IThe transition probabilities of both random walks are identical if the agents are symmetric.
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sition probabilities are state-dependent and there is a possibility of stabilizing the random
walk. Therefore, s! is again either transient or null-recurrent random walk.

Corollary F.1.2. Consider a token system (n, P,Q,d) under the random tie-breaking se-
lection rule. Then the token system is not stable for any n > 2, P > 0 and Q > 0 when
d>1.

Transition dynamics. For future calculations, let us denote the following outcome by
(1,(7,k)): i € A is the service requester, and {j,k} C A is the subset of agents who
are available to provide service. At each time period ¢, the outcome (i, (j,k)) occurs with
probability p;2¢;q; if j # k and with probability piqu. if j = k. Hence, i € A is the service
requester at time ¢, j € A is the service provider if si > sz-, k € A is the service provider
if s5 > s, and one of j,k € A is selected as the service provider uniformly at random if
8§ = sp. Let r%y, j,k € A, j # k, be the probability that given that only agents j and & are
available to provide service at time ¢, agent j is the service provider. Then, we have

et t
L ifsp > s;

to_ )1 et ot
k=943 ifsp=s;.
ot t

0 if 53 <)

Fix i € A. We have si*! = st 4 1 if one of the following outcomes occurs at time t:

e (7,(i,1)), where j # 4, which happens with probability E].GA\{” Pig?,

e (j,(i,k)), where j, k # i, st > st and agent ¢ wins the tiebreak if any, which happens
with probability 37 ic 4\ 1y 2 okear i) Di2qiqTY,.
Similarly, st = s¢ — 1 if one of the following outcomes occurs at time ¢:

e (i,(7,7)), where j # i, which happens with probability

JjeA\{i}

e (i,(j,k)), where j, k # i, j # k, which happens with probability

Z Z Piq;qk;

JeA{i} ke A\{i,j}

e (i,(i, 7)), where j # i, s; > s% and agent i loses the tiebreak if any, which happens with

probability
Z pﬂ%’Qﬂ’%-
JEA{i}
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Therefore, we have

st —1 with probability

t+1 ZjEA\{i} piqu + ZjEA\{i} ZkeA\{i,j} Pigiqk + ZjeA\{i} pi2Qinr§‘i
Si - t . 1. 2 t * (FB)
si+1  with probability > 4\ iy PiG7 + D jea iy 2oken (i) Pi20i0T i,
st otherwise

)

Note that (F.3|) behaves similar to (F.1)); the main difference is that the transition prob-

abilities in (F.3|) change as ¢ changes because of the rfj terms, which are time-dependent.

Processes such as (F.3) referred as heterogeneous random walks, where the transition prob-
abilities are state-dependent.

F.2 Proofs from Section [7.3

We start with the proof of Proposition [7.3.1} First, we describe the model here for conve-
nience. Assume that there are 2 agents (n = 2). We analyze the following discrete time
birth-death process with the state space S = {(a,b) :a > 1,a € N,;b = 1,2} U{(0,0)}, which
captures the system: the state (a,b) represents the case in which agent b has a > 0 to-
kens, and (0,0) is the initial state. Denote this birth-death process by (Z; : ¢ > 0). Let
X' = maxeq st and Y = minge 4 st

Proof of Proposition[7.3.1. The transition probabilities for the process (Z; : t > 0) are as
follows:

P(Zus = (11) | Z = (0.0)) = p(z 2(D)aiat),

=1

P(Zi11=(0,0)| Z, = (1,1)) = ;1 (1 — CI?),

Bz = .21 2= 0.0) = (3 5 (4) ).

=1

P(Zip1 = (0,0) | Zy = (1,2)) = pa(1 — g5),

P(Zyy = (a+1,1)| Z, = (a,1)) = pagf for all a > 1,
P(Zy = (a+1,2) | Z, = (a,2)) = p1gs for all a > 1,
P(Zyy1 = (a—1,1) | Z, = (a,1)) = py(1 — ¢f) for all a > 2,
P(Zyyy = (a—1,2) | Z, = (a,2)) = pa(1 — ¢4) for all a > 2.

Assume that the steady-state exists, and denote the steady-state vector by m. The detailed
balance equations are:
d
T(0,0)P2 (

(2

d\ i 4
(i)qiqg ) =ranpi(l —qf), (F.4)

Q| .

1
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d .

(AN g

7T(0,0)Pl(2 E(i)%ﬁl )27(1,2)292(1—@3)7
=1

W(a,l)?%]f = T(ar1,yP1(1 — qf) forall a > 1,

7T(a,2)p1q§l = T(at+1,2)P2(1 — q‘j) for all a > 1,

2 oo
T(0,0) T ZZ?T(GJ,) =1.

b=1 a=1
It follows by and that
pag a—1
T(a,1) = T(1,1) (m) for all a > 1,
pag O\
T(a,2) = T(1,2) (m) for all a > 1.

206

(F.9)

(F.10)

Using (F.4), (F.5), (F.8), (F.9) and (F.10]), first note that since the infinite geometric series

in (F.8) must converge, the following are necessary and sufficient conditions for (Z; :

to have a steady-state:

D2 q1

——=L <1, or, equivalently ¢ < py,
pi(1—gf)

y4! QQ

———— < 1, or, equivalently ¢3 < po,
p2(1— g5)

t>0)

(F.11)

(F.12)

where the equivalences in (F.11) and (F.12)) follow from the fact that p; + po = 1. Using

(F.§), (F.11)), and (F.12), we have

o0 d a— [ee] a—1
D247 P14o
T + 7 — 5 C ‘f‘ T = 1.
(0 ”(Z (p1<1 —q?)) ) 42 (Z (pz 1 —q2>> )
Using (F.4), (F.5) and (F.13), we have

To0) = (1 n pz(Zf 1 d( )Qiqg Z) _i_Pl(Z;i 1 d( )%Qf 2)) 1.

p1— Q1 P2 — Q2
Note that >0, £(9)gigd " = a1 0, (T a7 ¢@ ™ = (@ + )" = qu. Similarly,

zd:z d\ ;4
2 q\i 491 = 42

(F.13)

(F.14)
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Hence, ([F.14) simplifies to

—1
P21 D142 ) ' (F.15)

n 0,0) = 1 + +

00 ( pr—ai  p2—ds
Once we have 7o) as a function of p;’s and ¢;’s, we can write all the steady-state probabilities
as a function of p;’s and ¢;’s. Note that in the steady-state, X' is bounded above by M € Z,

with probability 1 — ZZC;MH T(a1) — Do M1 T(a,2), Which is equal to

M M
P2q1 P2‘1‘11 + p1q2 p1q‘21
p1—q¢ \ p1(1—¢%) p2—q¢ \ p2(1—q%)
1— . (F.16)
<1+ P2q1 + pqu)
p1—qf ' pa—qd

Since X'+ Y* =0 for all t > 0, for all M € Z,, P.(|st| < M) is given by (F.16) for i = 1, 2.
It is a well-known fact that starting from a state (a,b), the expected time of the first
occurrence of state (a, b) is (0,0), the expected time of the

first occurrence of state (0, O)

1
_ <1+ P2q1 _+ plQZd)' (F.17)
T(0,0) P1r—4q7 P2—4

O

Remark F.2.1. E(Ty) in (C2) follows from (F.17). The constant a in (C1) can be found
using as follows. Define

d d p2q1 p1¢I2
= P24y y = P14> c p1—qf and ¢ p2—q
= N - 1= ; 2 = .
1 — d\’ 1— d\’ 1 P2q1 pl(p 1 p2q1 P1g2
il —af) p2(1—g5) o T hedd BT

Then becomes 1 —crz™ —coy™ . We want to find 0 < a < 1 such that 1—c;a™ —coy™ >
1—aM, or a™ > cia™ + coy™ for all M € Z... Note that ci,co < 1. Hence, a can be chosen
tobex+y if x +y < 1. Consider the case when x +y > 1. Let z = max{z,y}. Then
1M+ coyM < 22M . Clearly, there exists M' € Z,. such that 2z < 1 for all M > M’. Pick
0 < a; <1 such that ay > z and a{w > 2:M' . Consider the inequalities a™ > cia™ + coyM
for all M < M'. Since there are finitely many inequalities, we can pick 0 < ay < 1 such that

these inequalities are satisfied. Thus in this case, a can be chosen to be max {a,as}.

Intermediate availability. Suppose that at each time period, we have d = 2 with proba-
bility $ and d = 1 with probability 1 — 3, independently, for some £ € (0,1). We can capture
this system with the same birth-death process (Z; : t > 0) with updated transition probabil-
ities. Following similar calculations as in the proof of Proposition [7.3.1] it follows that the
following are necessary and sufficient conditions for the process to have a steady-state:
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Bpaqt + (1 = B)paqn
Bpi(1—qf) + (1 = B)prge

Bprgs + (1 — B)p1ge
Bp2(1—q3) + (1 — B)p2u

<1, (F.18)

<1. (F.19)

It also follows that

oo = (1 n D21 n D1¢2 )1’
’ Bp1 —qf) + (1= B)(p1ge — p2qn)  B(p2 — q3) + (1 = B)(p2r — p142)

and in the steady-state, X* is bounded above by M € Z_ with probability

1-— 71—(0,0) (A + B), (FZO)

where

Ao P ( Bpaqi + (1 = B)poys )M
B(pr — ¢) + (1 = B)(p1g2 — poq1) \ Bp1i(1 — @) + (1 — B)p1go

192 ( Bpigs + (1 = B)p1gs )M
Bpz — a8) + (1 — B)(p2as — p1g2) \ Bp2(1 — 8) + (1 = B)paar )

Similarly, since X+ Y* =0 for all t > 0, for all M € Z,, P.(|st| < M) is given by
for i = 1,2. When agents are symmetric and d = 2, (F.20) becomes 1 — 2-(22)M ~ As

248\ 2+p
Figure shows, even for small values of 3, the token distribution is fairly balanced with

high probability.

B =

F.3 Proof of Theorem [7.4.1]

Proof of Theorem[7.4.1. Denote by k' the agent chosen to request service at time ¢, and
denote by I' the set of agents chosen to be available to provide service at time t. Let ||
denote the size of I', and note that |I'| takes values in {1,2,...,d}. Let j* € I' be the
agent chosen to provide service, i.e., an agent chosen uniformly from the agents in i € I*
that minimizes sj. Hence s’ = min;cy s}, so that in particular, the service provider j' is an
agent with the minimum number of tokens among the available agents in I*.

Let V! =3"" (st)? and let

V=RV = ZE[(SDZ]‘

Note that by symmetry, we have v = nE[(s%)?]. Let E; be the event {k* = j'}, i.e., the event
that the service provider and requester are the same agent. Let Ef be the event {k' # j'}.
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Figure F.1: (F.20)) as a function of 3 for several values of M when the agents are symmetric
and d = 2.

Since k' is uniformly distributed and k' and j* are independent, the probability of F; is 1/n.
Note that conditioned on Fj, it holds that s'™! = s’. Then we have

1
Ut—i—l [Vt+1 |E ] [Vt+1|Ec]
n n

1 1
nE[Vt] - [Vt+1 |Ec]
1 _
A )
n
Now,
Vt+1’EC Z]E t+1 ’EC
€A
= B[(sp " )2IB ]+ E[($E1E + > EIFDE+ > E[(s5)?|EY]
ieIt\{jt} i€ A\I\{kt}
= E[(she = 1>+ (s + D’IESJ+ > E[(s)’1+ > El(s)?]
ielt\{jt} i€ AN\ {k'}
2B [s}|Ef] + 1 + 2B[sh| Ef] + 1+ ) E[(s})’
icA

Since Y., st = 0 for all t > 0, we must have that E[s},|Ef] > 0. Since k' and j' are
independent, we have E[s!,|Ef] = E[s,]. Hence,

E[V*HE;] <o + 2E[sh] + 2,
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and so
2(n—1)
n

2(n—1)

v <ot 4 E[s%] +

Without loss of generality, assume that I* = {1,2, ..., |I*|}. Now with probability n~(4=1),
we have that [I| = 1, in which case I' = {j'} = {1}. Hence E[s}, | [I'| = 1] = 0. With
probability 1 — n~@=1 we have that |I,| > 2, in which case si = min{s], sh, ..., s{p } <
min{si, st}. Using the fact that min{a,b} = $(a +b — |a — b|) for all a,b € R, we get
2E[min{s}, st} = —E[|st — sb|], and we get

1
Efsj | 1] 2 2] < —5E[|s; — s3]).

Thus,
1 d—

Elsj | [1°] 2 2] < =5 (1 = n"“)E[ls — s3],

and we get
n—1 (d
oI <ot — (1 —n"Y"NE[|st — sb|] + 2.
Now we make use of the following claim. For real random variables Y, Z;,..., Z,, we

have

1 n
EHY—E;Zi

where the claim follows immediately from convexity and Jensen’s inequality. Again by the
symmetry of the problem, we have

} < %imy — 7)), (F.21)

1 n
B[Js} — shl) = — > Ellst — sl
=2

Therefore by (F.21]) and using the fact that >, st = —s! for all ¢ > 0, we have

1 n
t t
_—E 1 =K
°1 n—li_Qsl} [

v <o — (1 - n_(d_l))EHStlH + 2,

E[ls! — 5] ZE[

t
t 51 n t
+ E

Therefore, we have

and via recursion, we get
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Since v* > 0, we have

)_l

t—
1 2
2 Blsill s y— g =4 (F.22)

Il
=)

U

where the second inequality follows from the fact that for d,n > 2, the denominator 1 —
n~@=Y is at least 1/2.

Denote the distribution of s by u* € A(Z"), and let v* = 1 Zu o H¢. Let Y be a random
variable with distribution +* for all ¢ > 1, and denote by Y} the ¢'th index of Y* for all i €A

Then per (F.22)), we have

BIY/) = S Ellst] <4, (F.23)

for all 7 € A.

Suppose towards a contradiction that the Markov chain has no stationary probability
measure. Then for any finite subset £ C Z", it holds that lim; ., P(st € E) = 0 by standard
arguments about Markov chains. In particular, lim, , E[|s?|] = oo, which contradicts
(F.23]). Thus, we have stability.

Since the Markov chain has a stationary distribution, and since it is irreducible and
aperiodic, the distribution of s will converge to the stationary distribution. It follows from
that lim; . E[|s!|] < 4, and so E[|sf|] < 5 for all ¢ large enough. Hence, it follows
from Markov’s inequality that for all ¢ large enough and for all i € A, we have

5

P(lst| > M) < —.
(Isl = M) < 57

F.4 Proof of Theorem [7.4.2]

Recall that for A € R, Z§ = S e and E{ = E[Z{]. As a first step, we show that for \
sufficiently close to zero, E% has a negative drift and thus a finite limit.

Lemma F.4.1 (Negative drift). For any A € R,

BT < Cy+ (1 — ) ES, (F.24)
where Cy 1= ‘1_71& and vy = 1 eA' +2= 2°°Sh>‘ . In particular, when || < 1/n, we have 5 > 0

and thus, limsup,_, . E} < C,\/’yA < 00.

Proof. Throughout the analysis, we will assume without loss of generality that st < sb <
- < st As in the proof of Theorem [7.4.1] we denote by k' and ;' the agent chosen to
request service and the one chosen to provide service at time ¢, respectively.
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By the law of total probability, we have
EiTT =E[E[Z}|s"]]. (F.25)

First, consider A > 0. Note that, through some straightforward albeit tedious arithmetic
manipulation, we have
s

E[Zis') = Z4 —HE[ D _ M 4 Al eASkt) L

¢
Asty

= 7+ (= DE[ (M - ¢ 1>) e (F.26)
=74 + —1DE [(e St — 1)) St}—

e -1) E[(e/\s jt 71)) g st]

=Z+ (¢ = 1E [6 Jt|8] (1— e ™)E[ei|s']—
6 — 1 E[ s gt Sti| —f- 1 —e )E |:€)\s§'t . ]]_jt:kt St]
1-—

= Z,\ ( 1)E[ Jt|3] Z,\

2 — 6>\ — €_>\ As’f.t t

=il
1—e? 5t

< (1 - ne )Zg 4 (e — DE[ s, (F.27)

where in the second last equality we use the fact that k? is uniform and independent of j¢,
and in the last step we drop the last term as it is non-positive.

Claim F.4.2. When d > 2, for A > 0,

p 1 Loy 11
B[]~ Bl s < = 37 (M -e) <o -zt <o, (F.28)

1<i<j<n

Similarly, for A <0,
B Rl > LS (oot s L Lo (F.29)
["]s] ~ BleMie]s) > =3 (M — e yT 20 |

As a result of the claim, for A > 0,
141t L—e™\
E[Zts] < (1 -— )Zﬁ—
A D(E )\sit t 1 1 Zt
(= 1) (Bl + -~ 24

A A
(- e e )z s S

n
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By the law of total probability,

A1 A—1 1
B < eT + (1 ¢ — (e =1+ E))Ei. (F.30)

For )\ sufficiently small (namely, A < 1/n), the coefficient v, := eiz_l (e”\ -1+ %) > 0.
Similarly, for A < 0,

1—e?

B[z < (1~ )Zi+

A Ast, ot 1 t 1

(e = 1) (Bl |s] + — 25 — )
e

B 1—é o\, 1-¢
_<1— ——(1-c +5)>ZA+

Hence,
1— e 1—et 1
B < —2 4 (1- -+ ) EL F.31
yo=T + n ( e "+ n) A ( )
Again, the recurrent coefficient is less than 1 when |A| < 1/n, finishing our proof. O

Proof of Claim[F.4.2 Since

st = min stlz with It, ... I} g Uniform({1,...,n}), (F.32)

o 1<e<d

the distribution of e* is dominated by (resp. dominates) the case where d = 2 for A > 0
(resp. A < 0). It is sufficient to consider d = 2. Again, we assumed without loss of generality
that the indices are ordered such that at time ¢ we have s < s} < ... < s!. The difference
in the two expectations can be evaluated as

1
E[€A8§t ‘St] N E[ez\sit ‘St] _ ﬁ Z <e)\s§ . e/\s';.)
1<i<j<n
< i (@Astl 6>\Sl>
n2
i=1
1 1
=—— =7 F.33
n n2 A ( )
The case for A < 0 is analogous. [

Lemma F.4.3. For A\ € (—In1.5,In2), limsup,_, . F} < co.

Proof. Define X as _
A = sup{\ : limsup £ < oo}, (F.34)

t—o00
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and similarly define )\ as
A= inf{\ : limsup E} < co}. (F.35)
t—o0
Lemma implies that A < 0 < X for any n € Z,. Note that for any n,t € Z,, the
function \ — E% is convex. As a result, for any A € (A(n), A\(n)), we have limsup,_, . EY <
oo. It now suffices to show that \ > log2 and A < —log1.5.

For the moment, let us assume that n is even for convenience, and write n = 2L with
L > 2; generalizing this is straightforward.

Consider Ay € (A(n),0). We will investigate for what values of A > 0 we have a finite
limsup,_, ., Ei.

Again, we consider the recursive relationship between E% and Ef\“, and assume without
loss of generality that s{ < --- < sf. Let e € (0,1) be a constant to be specified, and
denote by & the event that e*r < ¢Z¢ /n. We then decompose Ej(t 4 1) into the combined
contribution from two terms as

Ex(t+1)=E[Z\(t + 1)
=E[Z\(t+1)|&] +E[Z\(t + 1)|&]. (F.36)

For the first term in (F.36)), note that whenever et < eZ% /n, we have

L n
t t t t
§ eksi o eAsj < E : § 6>\si . 6)\5]-

1<i<j<n i=1 j=L+1
€ 1 el
<Ln-L)-ZL- (- — 1——
<1004 (3527 (1-5))
— (1-LZt. (F.37)
Thus, in this case, Claim can be refined into
Ast, 1 At st 1
Ele”i —e kt|5 S]S—Q Z e — < 5 (F.38)
M <igi<n "
Similar to (F.27), we now have
t+1 t 1—e? Ast
E|Zi 6] < (1- )24+ (¢~ DE[*|€,, o'
n
1—e? 1—e€
< (-1t (el )

- (1- (- )4

E[Zi7|&] < (1 -l (e_’\ 1+ ﬂ))Eﬁ (F.39)

Thus,
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For the choice of L = n/2, the coefficient is strictly less than 1 for any A\ < log2 granted

that we choose € sufficiently small.
Now we consider the second term in (F.36)) under the event . By a natural extension
of Lemma [F.4.1] we have

L>eZt /n]

E[Z{HEr] < E[(OA +(1—m)Z}) - 1 ] <COyv+(1- %)E[ZA 1

Ast t
e L>eZ5 In

The expectation term on the right-hand side can be further expanded as

]P(Z§ >z, M > EZ§>daz.

t _ t
E[Z4 0 0] = /0 (251, > 7)da <t /n .

When e*t > eZ% /n, we must have
L-1 n P n—L+1
—Ast Ast t
e i = et > -4 , F.40

or equivalently for \_ € (), 0),

L—1 —A_(n—L+1)

| | A_st € ot A
e Tt Z _Z>\

X n

=1

By the AM-GM inequality,

—A_(n—L+1)

~

—1 . € XL—1)
Zy (t) > A% > (L —1) (—Zﬁ)
n

1=1

Putting things together, we obtain

—A_(n—L+1)
00 T D
E[Z\(t+1);&] < Ch+ (1 =) n—i—/ IP’( (L—1)<€ ) )dl‘

n
© [ A-(n—-L+1) <"__L1+1) A_(n—L+1)
<Oy + (1= (n —|—/ LA > ey 'xLUd:z:)
B, (t AoLHD) ooy
_ C)\ + (1 o 7}\)( - (1) <£) XNL-T) / r~ ML-1) dx)7 (F41)
n n

where the last inequality uses Markov’s inequality. The entire coefficient in front of the
integral is uniformly bounded in ¢ since limsup,_, ., E] < oo; whenever A < —A_~ LLJIA, the

integral converges. Combining (F.39)) with (F.41] -, we have
BN <(1=o)E + O
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for some positive constants 7' and C’, whenever A < min{—2+ L+1 A_,log2}. Thus,

limsup E} < oc.
t—»00

Sending A_ — )\ gives

— —L+1

L—1
With an analogous argument by considering A, € (0, A(n)) and A < 0, we obtain

A, log 2}. (F.42)

Ext+1)<(1-7"E +C"

for some 7", C” > 0, granted that A > max{—275 X, log 2}. Sending \; — A gives
n—L+1—
< Rty } F.4
A_max{ 71 )\og3 (F.43)

(F.42)) and (F.43)) together form a system of two piecewise linear inequalities. Solving it
gives

XZlogQ and A <log

OJINJ

as desired. ]
Proof of Theorem [7.4.2 The theorem follows directly from Lemmas [7.4.3] and [F.4.3] O

F.5 Proofs from Section [7.4

Proof of Lemma[74.8, We first prove that my > 1. Note that (7.7) can be written as

> (T + 7y — 1) =0. (F.44)

M>1

We claim that if m + 719 = 73 + mp — 1 < 0, which implies mp < %, then all the terms
in the summation (F.44]) is negative, which is a contradiction. We have 7y, +7_p01 — 1 =
(7.8)

21\/1 2]\/[ 2—M

72 m " 1 by (7.8). Let f(M) = 1—m2" —a2” """, Assume to the contrary that m, < 1.
Then f(1) > 0, and clearly we have limps_,o f(M) = 0. We will show that f(M) > f(M+1)
for all M € Z,. The derivative of f(M) with respect to M is

% = —2M . 1og(2) - 72" - log(mo) + 27 MH - log(2) - 7

2]%1

- log(mo), (F.45)

where log is the natural logarithm. Since my < % by assumption, we have log(2) -log(m) < 0.

Thus, (F.45) has the same sign with

M MA+1 22M—1 . 7T2M — 7'('27MJrl
M 2 —M+1 2~ _ 0 0
2% .mg =2 - = SN . (F.46)
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Since 2M > 2M — 1 for all M > 1 and 27, < 1, we have

_ M —M+1 _ M_ —M+1 M_ —M+1
22M 1, 7T2 2 — (27T0)2M 1 ,ﬂ_g 2M+1 7_(_3 S 7_‘_2 2M+1 7'('(2) < 0 (F47)

for all M > 1, where the last inequality follows from the fact that 2 — 2M 4+ 1 > 0,
—M+1<0,and 0 < my < 1.
Now we prove that my < %. Assume to the contrary that my > %. Then clearly we have

i ™= i 72 > 08, (F.48)

i>1 i>1

Now we want to find an upper bound for

d-m) =) (1-m ). (F.49)
i<0 i>0
Since 11_72@;1 =1+ 7r(2)7i71 is an increasing function for ¢ > 0, we can upper bound (F.49

by the fololowing geometric series

I—m)+(1—m Y+ (1= Y1 +r+r*+..) <06, (F.50)
where r = 14‘3:3. But, (F.48]) and (F.50|) contradict to 1) m
—o

Lemma F.5.1 (Lipschitz condition). The finite model satisfies the Lipschitz condition in
Ly -distance.

Proof. Let x = (2;)icz and y = (y;)icz be two states of the finite model. By ([7.3]), we have

[F(z) = F(y)l = Y (= =) = (3 = wi1) = (51 — u) + (45 — yis)|
<2y ol =yl 2 Y e -yl
< (2+42d) > | — il
= 2+ 2d)|z —yl,

where in the first inequality we used the triangle inequality, and in the second inequality we
used the expansion (a — b)" = (a — b)(a™ ' + a" b+ ... + ab” % + b" 1) and the fact that
0<ux,y; <1forallieZ. O
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