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ON THE PENETRATION EFFECT 

IN ELECTRIC DIPOLE INTERNAL CONVERSION 

• 	 Gustav Kramer and Sven Gosta Nilsson 

Lawrence Radiaiion Laboratory 
University of California 

Berkeley, California. 

October 2, 1961 

ABSTRACT 

Nuclear-structure-dependent contributions to the internal-conversion 

process are considered in conjunction with highly retarded electric dipole 

transitions. Formulas for a theory of anomalous internal conversion for 

electric transitions are given. These formulas are applied.to  explain the 

strong. El anomalies forL conversion found experimentally by Asaro, Stephens, 

Hollander, and Penman. 

Two different types of anomalous matrix elements occur, one associated 

with the nuclear charge, the other with the nuclear current. It turns out that 

the contribution associated with charge is negligible. In the current terms 

we distinguish two parts, the convection current and the spin current, which 

are associated with different selection rules and generally both important. 

From the empirical data of the L1  and L11  anomaly the sign of the ratio of 

nuclear matrix elements which gives the dominant contribution to the anomalous 

conversion amplitude is deduced. 

The anomalous nuclear matrix elements are evaluated for the single-

particle model. Effects of pair correlation are discussed. The agreement 

with experiments is satisfactory. 
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- 	
Introduction 

The occurrence of so-called anomalous internal conversion can now 

be used as a means of exploring details of nuclear structure. Deviations 

from the point-nucleus internal-conversion coefficient's (ICC) 1  can occur 

because of two effects. The first effect we might label as static. There 

•the finite radial extension of the central-charge distribution changes the 

electron wave functions outside the nucleus relative tothe point-charge 

case. A satisfactory account of this effect has changed the assumed values 

of the theoretical ICC by appreciable amounts. 2 ' 

The other effect is sometimes referred to as dynamical and, is 

connected with the penetration of the electron wave function inside the 

nuclear surface, and is also thus present for all finite nuclei. However, 

it is generally a small ef.fect because of the small probability.of the elec-

trons being., inside the small nuclear volume. This penetration usually gives 

	

* 	. 	 . This work was performed under the auspices of the U. S. Atomic Energy 

	

Commission. 	. 

On.leave of absence from the Lhaiversity of Heidelberg (Germany).' 

* On leave of absence from the University of Lind (Sweden). 
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rise to additional nuclear matrix elements not present in the y-decay. More 

specifically, the anomaly, caused by the penetration depends on the ratio of 

the nuclear matrix element due to penetration to the normal'y-ray matrix 

element. It is clear that the effect should be noticeable only if the normal 

nuclear matrix element is small,i.e. the corresponding y-transition:hindered. 

Obviously the probability for the elect}?on to be inside the nucleus is strongly 

increased with increasing Z and A. The strongest anomalies are found for El 

transitions, and - as expected in line with what is said above - they occur 

in the actinide region where the volume factor forpenetration is most favor-

able and where the 'y-hiñdrace factors for El transitions are particularly 

large. We limit ourselves from section 2 onto considering only anomalous 

ICC of'Eltransitions. , 

An increase in the values of the ICC by a factor of up to 20 is 

encountered by Asaro, Stephens, Hollnder and Peran 	The data avebeen 

analyzed and,discussed with'some qualitative success (as to selection rules) 

in papers by Nilsson and Rasmus'sen.' 6  

A reinvestigation of these anomalies appears to be called for as 

Greene and Rose 7  and Church and Weneser have pointed out the possible or 

even probable importance of a penetration term neglected' in refs. 5 and 6:in 

view of an occurring cancellation in the, anomaly terms that would otherwise 

be dominant. Such extra terms were also derived earlier by }amer 9  but not 

further explored.for specific cases. 

We give here a new derivation of all the penetration terms, employing 

a formulation close to that of refs. 5 and 6. The result is the occurrence 

of anomalous matrix elements of two different types, one associated with 

charge, the other with current. 
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We evaluate the electron matrix elements inside the nucleus for both 

these contributions. It then turns out that usually, the contribution associated 

with charge is negligible, owing to the mentioned cancellation effects occurring 

for the combination (ff' + ggt) of the radial electron wave functions inside 

the nucleus. In such a. case.it  is possible to relate the L1  anomaly, to the 

anomaly independently of any knowledge of the nuclear matrix elements. 

From an analys.s based on.the electron wave functions it also becomes clear 

why any possible anomaly of the L111  coefficient must besmaller.than that of 

and L11  by several orders of magnitude. 

The next step in any quantitative analysis must be an evaluation of 

the ratio of the nuclear matrix eleients involved. The matrix element. 

occurring in the denominator of the anomaly term is a conspicuously small 

number in the cases considered, i.e.,, the hindrance factors are large. It 

is obviously very difficult to calculate this quantity with enough reliability 

(in view.of its smallness relative .to'its 'unhindered value) on the basis of 

any presently developed nuclear model. Thus even the sign of the calculated 

quantity appears uncertain. On the other'hand,,the absolute value may be 

considered as given empirically, from the y-ray lifetime of the transitions. 

We have nevertheless attemptéd.to calculate the El matrix elements 

theoretically. Although the order of magnitude of hindrance.is in rough 

agreement with the experimental values, there is generally no quantitative 

agreement. 

We believe, however, that the anomolous matrix elements, which are 

much less or in one case not at all inhibited, can be calculated with somewhat 

better 'reliability. 

Because the'major part of the penetration effect comes from the con-

tribution of the nuclear current, the "form of which is not completely known 



- 	 ucRL9877- ev 

theoretically, we are forced to limit ourselves to applying a specific 	 - 

nuclear model not only for the calculation of the nuclear wave functions 

* 
but thus also for the specification of the electromagnetic current. 

* 
It is well known that for the gamma-transition matrix elements this 
ambiguity can be removed. (Refs. 10 and 11.) 
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1. Derivation of the Internal Conversion Anomaly Terms 

In order to facilitate a comparion with ref. 5 we adopt the formula-

tion of the first paper of ref. 9 based on an expansion of the electromagnetic 

field into niultipole components. 

Using perturbation theory and working in the Coulomb gauge for the 

photons, one can derive the following expression for the electic conversion 

amplitude. (see ref.  

A 

Ufi =. E . 	Uf•(LM,n) + Uf . (C),  
LM n=l 

where 

U (L,M,n)limf 	dk fi 	(W+ia)2_k2 

* ----) 	 * -9 -8 xj f/i j 	A(r) 	dTn  1 	e 	rejdTeJ 	(2) 

and 	 .. 

Ufi  (C) 	f 	 d 	dT . 	. 	. 	() 

The contribution from the transversal photons is represented by eq. (2)-. The 

direct Coulomb interaction (scalar and longitudinal photons in the Lorentz 

gauge) is responsible for the amplitude U f .(C) given by eq. (3). 

In the Coulomb gauge the electric multipoles are defined as 12 

ALM=.NL [(riL(kr)) +k2  r i)] Y. 	. 	. () 

-4 
A more familiar expression for A is 

ALM = -N1 	curl (x 	kj(kr) 	LM 	 (5) 
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The normalization constant. is given, as. 

={(/) L (L+l)]2, 	 ,. 	 (6) 

and j is the spherical Bessel function. Furthermore, W denotes the nuclear 

excitation energy, j and 
3e 
 the nucleon and electron current operators 

Finally lJf  J., and Of , and & are the wave functions of the nucleus and the 

electrons in the final and initial states, respectively. With the specific 

purpose to avoid nonexistent integrals in the k integration, it is convenient 

first to exploit the continuity equation for the nucleon and electron currents, 

- 

respectively. This amounts to replacing j 	S(r), where S(r) is an 

-4. 
arbitrary function of r and where j stands for alternatively the nucleon 

or electron current, by the commutator - . 	 . 

-4 - 
AS(r) = ei[H0 , S(r)]. (7) 

The quantity H0  is the nuclear and electronic Hamiltonian, respectively, in 

the absence of the electromagnetic field. 	. 	. 	. 	. 

Solely by the use of eq. (7) we arrive at the following expression 

for u(u). -.(In'the following we othit the indices f, i, and n in U:) 

= NL2 f 22 f 	-iW 	r)(iW 	rJL+k.JreJL)Y  LM 

+ (k2 	
. 	

r.+k2r) 	 d T d T . 	 ( 8) 

LMI 
The next step, the integration over k (the momentum of the photon 

field); is disucssed in some detail in the Appendix, and gives as .a result 
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• 

00 

d2 x f (iW,o 	re+ w 	r) 	U'e 	• 

o 	e 

00 

+f( iWp YF ( r dT 

00 

2 
+ f W in 	, r Y G(r ) dT 
0• 	 . 	.n 	n 

The functions F(r) and G(r )contain integrals over the charge and current 

of the electron. They are 	• 	 . 

r 

F(r) = 	r(Wr)f(iW,pe _ re+ W2 	)jL(Wr 	dTee. 

(9b) 

- 	r 3L(Wrf  (iWp 	r+ 	)(Wr)Y dTe 

and 
rn  

	

• G(r) = hL(Wr)f 	 W2 	)jL(Wr)YdT. 

	

• - .(w)f 	 2 W r 	 e)YLM dTe 	
(9c) 

Here hL  is the spherical Hankel function of the first kind. • For convenience 

we have used the same symbols for the transition charge and transition currents 

of the nucleon and electron as for the correspbndng operators used earlier. 

It can be shown quite easily that formula (9a) together with,(9b) and 

(9c) agrees with the formula for the electric conversion derived in ref. 9. 
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The exrèssjon for G(r) above can è transformed into a more con-

venient form by a partial integration, the use of the continuity equation, 

and Gauss's theorem. One oltains, e.g., for the firstpart of G(r) 

containing the current, 

r 
-) ci 

fj V—r  j Y 
0 	

cii 

	

e 	dr 	eLLvI 	e e 

r 

= iWf 
p dr re jL YLM ciT 

2 	re 	ci 
+ f[r j . - - r j  Y ]dQ e e r dr e L LM r=r e 

	

e 	e 	 en 	lO 

By such a procedure (9) can be bought into the more compact form 

u(LM) N 2 iWi 
	

dy 

r 	 r 
+ f°°*( 	

ciT ciT-f 	J e hr) ciT  dTn 

co  7w2. 	
. [ i 	.. 	

eJ fern 
ciT 

}, 

after some substitution based on the identity 

hL  3L3LlhL(Wr )2 

and the adoption o. fQlowng efinition;fo.QX(jL)withfl ore: 

• 	 ......, 	 ,. 	 . 	 • 	 -.. 

= (iW 	r+ W2 	)jL(Wr)Y. 	 (12) 

The same definition is used for Q(1), with .relaced byh1  in (12). 
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meg. (U) we distinguish penetration terms of basically different 

character, some associated with the nuclear current, others with the. nuclear 

:charge. In.ref. 5 onlythe•terms.of the latter type have been considered. 

This was because in the expression for the electric inultipole defined by 

eq. (Ii) onlythe gradient term was retained for the nucleon-photon inter-

action,whereas both terms were kept for the electron-photoninteraction. 

After the k integration was performed ;  the larger part of the terms origin-

ating from the second term of eq. (Ii-) are small, of order Wr, compared with 

terms stemming from the gradient part of 	They can thus be neglected, 

as anticipated. However, because of the complicated nature of the k 

integration, an additional surface term originating from ther second part 

of eq. (Li)  emerges, as can be seen from eq. (11). This - the last term 

in.eq. (11) - is the current term mentioned. In addition,.because a 

particular, cancellation occurs for the penetration terms associated with 

charge, the currentterm.is  not only nonnegligible but in fact dominant 

(see the discussion below in sections 5 and Li). 

10 
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2. Further Reduction of the Electron Integrals 

The angular integration over the electron wave function is identical 

to that occurring in the normal internal conversion problem, hence we leave 
angular 

out all details of this. After this/integration the amplitude takes the form 

1 

u() = 	N o{7(-iW 	+ w2 	dT 

X r[(ff+ 	) f r + (fg 1 -gf ,) Wr] 	(Wr) 2dr  

00 

±f(-iWp) 	Ma(r) 	 (13) 

00 2-- 	*• 
+1 W 	rn Y 	(rn ), 

where the functions a(r) and (r) are defined in terms of the radial wave 

functions of the electron in the initial and final state. We write 

(r) = f1(r) + g1 (r), 	 (13a) 

(r) = f2 (r) + g2 (r) + h(r). 	 (13b) 

Then the functions f1 , g1 , f2 , g, and h are defined as 

• 	 f1(r) = 	(r 	) 14r) - drL Ih(r), 	 (13c) 

g1(r) -+(r 
	

) J.(r) - 	(rj) Jh(r), 	 (13d) 

f2 (r) = hL  I.(r) - L Ih(r), 	 (13e) 

=hL  J.(r) - 	Jh(r), 	• 	 (13f) 

h() 41/i(Wr)(f 	.- g Kt) 
r 	 ( 139) 

where I. and J. stand for radial integrals of the electron radial wave 

functions, 	 . 
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=f dr' r2 	 + SC !) drL 	 (13h) 

a 
S 	 r 

J (r) =5 drt r 	(f 	 f - g 	1 ) Wr 	 (13j) 
0 	 'C 

and Ih(r) ,  Jh(r) are defined in the same way as I.(r), J.(r), provided the 

Bessel function iLis replaced by the. Hankel function in (13h) and (13j). 

The first term in eq. . ( 13) can easily be transformed by a partial 

integration into the form originally employed for calculation of the normal 

conversion coefficients (see refs. 1, 2 and 9). 

In eq. (13) OLM is a factor common to both normal and anomalous terms 

and contains all the geometrical factors resulting from the angular integra-

tion. 

The functions f and g are the ' small" and "large" components of 

the electron wave functions as defined, e.g., in ref. 12. The quantity ,c,. 

conveniently representing both the £ and j quantum numbers of the electrons, 

is used in the conventional definition (see, e.g., ref. 12). 

We determine the quantities a(r) and (r) in the form of an expansion 

in powers of (r/R) from the Dirac equation for a homogeneous isotropic charge 

distribution inside the nucleus. Those solutions are fitted to the solutions 

outside the nuclear surface which have been determined by numerical calculations. 

In the bound-electron states we have used the recent calculations by Cohen 13  

(Hartree-Fock), and for the continuum wave functions those tabulated by 

1 
Reitz 	(Thomas-Fermi). 

Retaining the three lowest powers in r/R in (r), we may write 

( r) = (r/R ) 2[ d + d 2  (r/R 2 + d (r/R ) + 	 () 

The coefficients d, d2 , d are given in table 1 for the specific 

empirical cases considered.. A similar expansion for a(r) can be found. However, 
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it turns out that the expansion coefficients in a(r) are smaller than those 

of (r) by nearly two orders of magnitude. This point is discussed in more 

detail in section 1. 

3. Analysis of the Empirical Data. Conclusions Independent 

of Nuclear Models 

The experimental cases considered are all taken fran the article by 

Asaro, Stephens, 1-lollander, and Penman (ref. Li.). We have selected such 

cases for which the empirical data arembst complete. We have furthermore 

confined ourselves to nuclei for which the deformed coupling scheme appears 

to be well established. 

Of the cases exhibited in table 2 the most conspicious ones are Pa23  

233 	243 	 . 
and Pa . For Am 	only the L1  conversion appears anomalous compared with 

the value given by Shy and Band, which lies just barely outside the ex-

perimental limits of error, whereas the L 1  ICC given by Rose falls within 

these limits. This is therefore probably not an anomalous case at all. It 

is also assOciatedwith a relatively smahihindrance factor (see the last 

columnof Table2, where the hindrance factor is defined inaccordance with 

ref. 11.). The Am243  case is included in this discussion to verify that the 

theoretical ôalculatlonscän veri4r. the absence of anomaly in this case. 

One may observe that as a general trend the degree of anomaly increases with 

the hindrance factor. 

A feature common to all the anomalous cases listed is that the 

value is never anomalous. 	. 	 . 

Instead of trying to compare directly the measured anomalous ICC's 

with those calculated from theory (of course such a calculation involves 

the evaluation of nuclear matrix elements), we found it advantageous to 

S 
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extract the anomaly of the ICC's in texis of an .notha1r. piit.de;.A.. In: tthe next 

.paragiaph we shall attempt to calculate these 's on the basis of aspecific 

nuclear-model. For electric dipole L1  and L conversion the following electronII  

transitions occur: 

L1  Il) 6 1/2 P1/2  

L 2 
S1/2  P3 12  

/ 	 (15) 

l/2 S1/2 

P/2  d3/2  

• 	The contribution to the anomaly from the second and fourth transitions 

is entirely negligible, as the appropriate expansion coefficients d. of 

eq. (14) are smaller by several orders of magnitude than those of the first 

and third transition. This is connected with the large centrifugal barrier 

of the larger total angular momenta in the final electron states in cases 

2 and U. 	 - 

We write the L1  and L11  ICC's as 

aL = a1  + a2 , 	 ( 16) 

a 	=a +aU, 	 (17) L11 	3 	 •••-••.. 

where the index notation is in accordance with (i). Then,iñ line with the 

discussion above, a1  and a3  are assumed to contain all the anomaly. We then 

define the Quantities A and LL11  by the relations • 

• 	a4  = 	I R1  + L 12,. 	 (18) 

1  a=— R+ 	2 
3 	6 	3 	L11 	 • 	(19) 
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Here R and R3  are the normal conversionampiitud.es which have been calculated.  

earlier by Shy and. Band. 15  The factor 1/6 is a geometrical factor. .. 

:The  .quant:ities aL .and.L  are then identified with the xeasur.ed ICC 
T•  as 

I 
given in ta'ble 2. From these AL and AL are calcualted. on the basis of 

I 	II 
eqs. (16) through (19). Inside the approximations in section 2 'the quantities 

AL  and  AL  are purely real. A R1  and R are also almost purely real - the 
i 	II 	 .3 

imaginary part is smaller than the real part by an order of magnitude or more - 

the normal and anomalous components interfere strongly. This is one reason 

why the anomalous conversion is seen even for moderately hindered transitions. 

In this connection we should also point out that F 1  and F3  have the same 

sign and are of comparable magnitude (R 1/R3  3). According to the theory 

given in sections 1 and 2 the anomaly amplitudes AL  and  AL  are approximately 
I 	II 

equal to the product of the expansion coefficient d 1 , as defined in eq. 

and a certain ratio of nuclear matrix elements, which latter enters in both 

the L1  and L11  anomaly amplitude. As the coefficients d have opposite signs 

in the two cases, it is obvious that the interference of the normal and 

anomalous amplitudes (see (18) and (19) ) is constructive in one case and 

destructive in another. If aL  and  aL ' are added, a considerable fraction 
I 	II 

of the interference terms cancels. The occurrence of such an effect is 

suggested by fig. 7 in ref. 4. 

The Vesults for AL  and  AL  are collected in table 3 (the indices 
I 	II 

1, 2 refer to the first and second solution of egs (18) and (19) ). Under 

the coñition that the lowe st-order term. in (11 ) t"dônüiián wh±èh flieans 

that only one nuclear matrix element enters the anomaly amplitudes, then 

* A table of the quantities F1 . R3 , a2 , and U. was kindly supplied to us by 
Professor 'L. A. Shy and Professor I. M. Band. 
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because d has opposite signs in the L 1  and L11  cases (see table 1) also 

AL  and  AL must have opposite signs. On the basis of this fact we have been 
.II 

able to pair off two sets of solutions from the four values of AL and AL  

	

I 	•II 
As is assumed above, we have the approximate relations 

AL 	do (L1 ) 	 (20) 

AL . 	d 	(L11 ) 	 (21) 

where ?\. is a ratio of nuclear matrix elements. From (20) and (21) we obtain 

'L / A 	d (L1 ) / d (L11 ). 	 (22) 

i 	
L1 	o 	o 

As the ratio on the right side of (22) is k~ nown and tabulated in table 3, 

we can rule out one of the two sets of solutions for the.pair(A , 
A ) in 

	

I 	II 
most of the cases. The result of such a comparison is presented in the 

last four columns of table 3. By application of the relation (20) or (21) 

the sign of '.

0 

 is then determined. The sign of 7. could also be tested 

experimentally in a direct way by angular correlation measurements. 

Here the question arises whether eqs. (20) and (21) are sufficiently 

accurate to validate such a determination of the sign of 7.. In the case 

that the nuclear matrix element of the higher powers in r/R are nonnegligible, 

eqs. (20) and (21) have to be replaced by the equations 

A 	d (L ) . 
+ d2  (L1 ) 2  + d (L1 ) 	(23) 

L1 	0 I 0 

4.) 

AL 	d (L1 ) 	+ d2  (L11) 2 + d (L11 ) 	, (2) 
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where 	and 	contain matrix elements with two and four additional powers 

in r/R. Even if 2 
 and 	are of the same order of magnitude as 	eq. . (22) 

still holds with very good accuracy, as d 2 /d0  and d /d are approximately 

equal for L and L11 . It is clear that the analysis may be more complicated 

2 or 
	is considerably larger than 

The evaluation of (r) as defined in section 2 for L 	conversidn III 

leads to an expansion, of the following form, similar to eqs. (23) and (24): 

L111 	
d2  (L111) 2 + d (L111 ) x. 	 (25) 

One may note that 	does not occur in 	From the fact that 	depends 
0 	 III 

on the same ratios of nuclear matrix elements as (L1 ) and ZXL11 ) and from 

the smallness of d2 (L111 ) and d(L111 ) - see table 1 it follows that 

is very much smaller than 4  and 
iii.: 	 I 	II 	 -• 

* 
The detailed calculation of these matrix elements for a particular nuclear 
model bears out this contention in all the cases considered in this paper. 
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ii.. Calculation of Nuclear Matrix Elements 

In this section we discuss the calculation of the ratio of nuclear 

matrix elements 	entering into eqs. (25)  and (24). 

Wemaywritè 

s+2 

= 5/2 (l/Mufl2) 2 u± A(El)/N(El) 	 (26) 

with only s values equal to 0, 2, and 4 considered; 

The quantity N(E1) is the normal -y-transition matrix element, more 

specifically the matrix element of (1/5)1/2Y 	Thee and in the following 

the radial operator in the nuclear matrix elements have been expressed in terms 

1/2  
of the dimensionless quantity p= (Mu) r. The magnitude of this matrix 

= element may.lDe determined empirically from the known El life time l/T through 

the formula 

• 	' 	•T(El) = .(8/9) 	 Mo 	(/5)N(E1)2 •. e 

2.37 x  1017  (E/Mev) 5  N(El) 2  e ff 	 (27) 

where the second line in eq.. (27)  is accurate only for elements with A Z 20 

and e ff  is the effective charge eqtialto e for a proton and 	e for a 

neutron. 

The A ('El) are the matrix elements of the operator i(/S)V2Yp5+2 

(s = 0, 2., 4) in units of eeff. 

In this calculation we assume for the nucleon current the following 

expression. 	. 	 • 	• 

cc 	sc 	 (28) 
J =J 	+J n 	n 	in 	 .• 

-cc i 
where j 	s the convection part of the current: 

	

cc = (e/i)
-  

	(28a) 
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j 
Sc 

and. 	is the so-called spin current: 
n 

-sc 	e 	-, 
in 	= XJf0V1i. 	 (28b) 

In (28b) t is the magnetic moment of the nucleon. The matrix elements of the 

current were evaluated using for e in the convection current the effective 
n 

charge and for i in the spin current effective values of p. = 2 for protons 

and p. = -1/2 for neutrons. These values of p. account in an approximate way 

for the effects of the spin polarization. 1  

Of course, the expression in eq. (28) for the nucleon current is not 

complete even for a single-particle model if a spin-orbit force is included. 17  

However, the contribution to the nucleon current resulting from the spin-orbit 

force is perpendicular to r and thus does not contribute toi', which is 

the quantity of interest here. 
-fcc , s+2 

In a single_particle.oscillatOr model the matrix element of j rr 

can be expressed.in.terms of matrix elements involving only powers of r. In 

this model, therefore, one has 

-cc A 	s+2 
(Nt U I ij 	r (r/R) 	IN) 

OR  - 	. 	 (1q'2 	(r/R) 5 IN) 

s+l 
+ 	/(u)[2t (v+i) - 	+l)j (N'UI (r/R) 	INI)3, (29) 

- 	fors=O,2,Ll. 

In formula (29) N and I refer to the total number of nodes in the oscillator 

wave function and angular momentum € respectively, and CD is the characteristic 

oscillator energy. 

From this formula we may estimate the order of magnitude of the con-

tribution of the convection current terms compared with the charge terms. The 
* 

	

 
The same holds true for the contribution from an 2 	2 force. 
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structure of the terms conflected with the charge is (N' I (r/R) 	Ni). The 

ratio of expression (29) to this matrix elementis then of the order of wR, which 

is approximately 0.3. It should be emphasized that it is the oscillator shell 

spacing energy m that enters, and not the spacing between the initial and final 

nuclear states W, which is usually much smaller than w. Although the nuclear 

matrix elements due to the current are smaller than those due to the charge by 

the factor ui, the contribution of the latter can be neglected owing to the small-

ness: of the corresponding coefficients d. (For a definition of d 
i 
 see section 

2.) As can be seen from eQs. (13), (13a), (13c), and L3h) the combination 

(fK:fK + 	g) of radial electron wave function enters into these d coeffi- 

cients. The corresponding factor for the current term is (K - K) 
accord-

ing toeqs. (13), (13b), and (139).  The first combination of electron amplitudes 

is small inside the nucleus compared with the second by a magnitude of the order 

of mR (where m is the electron mass) 6  which is small of the order of 102. Addi-

tiOnal ge.ometricl factorsa1so favor the öurrent::t:em hy:afactOr of :10 or more. 

One may note that the asymptotic selection rules of the convection cur-

rent and charge matrix elements are identical. Thus, provided the spin current 

contribution is minor, the qualitative analysis of ref. 5 is valid also for the 

current terms. 

It can be showi that the spin current contribution can be written in the 

form 
s+2 	 s+1 

f
7~SC A 

 r 
 iin . 	 y dT= 	n 	

r 	lm dT 
	 (30) 

The m=0 and m=l components of the oerator involved in this term are 

proportional to (o  y11  + 	y11) and (F2 Cr Z 
Y + 	o' respectively. it11 

is apparent that these terms are associated with different selection rules - 

for instance spin flip is allowed - than the terms contributed by the convec-

tion current. In Table 7 the selection rules for the 'asymptotic" single-

particle wave functions are given correspondingto the two cases s=0 and s=2 

in eq. (30). 
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Basically the spin current term is smaller than the leading convectIon 
_______  

current term by a factor 	H which is of the order 1 . However, because 

the spin current term has different selection rules, it may, be very important 

in cases where the spin current contribution is unhindered but the convection 

term hindered. In the cases treated herethe spin current matrix elements 

for s=0 aie always classified as hindered, why its effect in the cases presently 

'treated are less important. However for s=2 most of the spin current matrix 

elements are unhindered. All the six experimental examples considered refer 

to nuclei for which the deformed coupling scheme is well established. The 

18 
wave functions can be written as 

1/2 
((21+1)/162T) 	CI +R()( 

	

= ((2I+l)/16 2)l/2 	
+

1+2-1/2 

(3')' 

where XK  is the intrinsic nuclear wave function and 7D I  describe's the rotation MK 

of the nucleus as a.whole. The ni.I'clear'matrix elements of interest can be 

given in terms of the intrinsic wave function, XK•  For 'instance, for N(El) 

we have 

N(El, IKItKt) = 	1K K t ,- KI I' K)(,(/3)h/2 Y ç) + 

(1 1 K _Kt_K[I_K(XK, 1(/3)1/2 PY1KIKI) 

(32) 

In eq. (31) the. effect.cft1 Coriolis interaction is neglected. However, the 

inclusion of this effect gives rise to a coupling between bands with angular 

momentum components K and K±1 to lowest order in perturbation theory. The 

generalization of (l) and (32) to: include such Coriolis admixtures is obvious. 

10 
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For the examples of anomalous ICC considered, single-particle states 

involved are listedin.table 4. The states are identified in that table by 

their asymptotic quantum numbers [NPzM]. The table also lists the coefficients 

of Coriolis admixtures that we have employed in our evaluation of the nuclear 

matrix elements. 

The detailed wave functions of ref.. 19 were employed in.the calculations 

of N(El) and A(El) for s =0, 2. The results are exhibited in table 5. 

The separate.contributions of the convection current and the spin cur- 

• rent are denoted A5CC and ASC respectively. The contribution of the amplitude 

A to X for s > 10 are very much reduced by the proportionality factor (l/)s/2 5. 
 

We see from.table 5 that the experimental -y-transition matrix elements 

are reduced relative to the unhindered single particle value, which, is normally 

-2 
of the order one, by a factor between 10 and 10

-  . This general feature of 

a large inhibition is borne out by the detai1ed.calculations of N(El); the 

results are listed as N theo•e 	in table 5. (In the asymptotic limit all these 

matrix elements vanish,) Nevertheless in. individual cases there are discrepan-

cies of the order of 10 in both directions. This indicates that the model 

employed is not capable of predicting these very small matrix elements with 

any reliability, not even as to their signs. The smallness of these matrix 

elements makes it plausible that any neglected effects such as higher con-

figuration mixing could decisively influence their value and might tend to 

2°  increase them generally. On the other, hand the effects of pair correlation 

give rise to an. inhibition factor (uu'_lrv') which becomes particularly small 

and may even vanish when the initial and final single-particle, states lie on 

opposite sides of the Fermi surface. This effect might in some case be res-

ponsible for a change of sign in N(El). ' , 

-21- 
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Regarding the anomalous matrix elements A0 cc . and A2 cc , we notice that 

the three first cases listed In. table 5 are always smaller by a factor of almost 

10 than the fourth. one, which latter is classified as unhindered by the asymp-. 	C 

totic selection rules. 5  The first three are hindered by the same rules. The 

two last ones are forbidden bytheK- selection rule. They show, however, very 	- 

* 
large impurities in K, as may, be found by inspection of table 4.  The dominant 

K- admi3ture.is also associated.with anunhindered transition. This explains 

the intermediate values ofA 
cc 
 and A 

cc 
 in these last two cases. The nuclear 

0 	2 

matrix elements of p 	 IM correponding to A0sc  are all small because 

of the intrinsic hindrance already discussCd. Theirrelativeirportance is miich 

increased by the additional factor e e 
eff 

In Order to obtain the anomaly amplitudes A, we calculate 	and X2 
 in 

accordance with eq. (26). . For comparison we use both the empirical and the 

theoretical values for N(El). In the former case we list X and X in columns 

2 and. i.  of table 6(denoted 7 and 	. The signs of these two quantities are 

arbitrarily, chOsen so that N exp  is negative for all the six cases. The 'com- 

pletely theoretical values 4 and  4 are exhibited in columns 3 and  5 of table 6. 

We have not calOulated 	because it would'make a negligible contributionto A, 

even, if itwere of the same order of magnitude as 	or X2' 
 owing to the small- 

ness ofd ) '(see.table.l). The final results for 	and 	. - can be found in 
I 	II 

columns 8 and 12. These resultshave to be compared with the values 
I 

and At  (columns 9 and  13)  obtained directly from an analysis of the experi-
II 

mental data by the procedure described in section 3. 	.. 	 ,. 

The serriitheoretical values of A. and A. 	i.e.. Xsd + 
	.d are in 

Li 	till 	.0 o 	2 2 

fair agreement with the experimental Ats as to their magnitudes - the signs 

are arbitrary. - In all cases, except Pu 239  the theoretical values are below 

Some of these amplitudes of the K- impurities have been calculated by 
Dr. F. S. Stephens, Jr. We are grateful for his permission to use his values 
in advance of publication. 	. 	 - 
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• the experimental ones. The exceptional Pu 
29 

 case is discussed separately 

below. The last two transitions are K-forbidden, and all the other 'transitions 

are hindered in the asymptotic quantum numbers, hence small admixtures of 

configurations neglected here that give unhindered matrix elements may, increase 

the theoretical values and improve the agreement. We further note that a less 

strong I 2_force  in the proton potential (= 0.5 vs. P=  0.70 for the protons) 

generally increases the nuclear matrix element by approximately o%. 

The Pu 	 transition corresponds to an anomalous matrix element which 

is unhindered. • For this case, therefore,, the theoretical estimate should be 

most reliable. The observed deviation with.experiments being of the order of 

can largelybe accounted for in terms of pair correlation effects. As 

pointed.out earlier pair correlations modify the usual El transition matrix 

element N(El) in the quasi-particle approximation by the factor (uu' - vv'). 

However the anomalous matrix elements A(El) are instead modified by a factor 

(uu' + vv'). The value of this latter factor is usually very close, to. 1 as 

the single-particle states involved .lie close to the Fermi surface. We have 

an exception in Pu 
29 

 where the transition takes place between, two rather 

highly excited states separated from the Fermi surfaca by single-particle 

energies of the order of half the gap energy. The initial state correspoids 
11 

to a hole state in a pure single-particle description, and the final state 

is a..single-particle excitation in this picture. Therefore.in  such a pure 

single-particle model the transition is forbidden due to the fact that a change 

of two particles would be required for the trarsition. In the pair correlation 

model such a..transition .is no 'longer 'forbidden because of the smearing of the 

pairs 'near'the Fermi surface'which is quantitatively reflected.in.the factors 

(uu' - vv) for N(El) and (uut. +. vv') for A(El). This latter factor is 

estimated to be of the order of 0.7 for Pu 239  in the quasi-particle model. 
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This accounts for a reduction by o% of the semitheoretca1 ?.-v1ue of Pa 239  

because the factor (UUt - VVt), associated with N(El),.is taken care of by 

the use of an experimental value for N(El). One may expect a further, though 

not very significant, reduction factor from blocking effects. 21,22  

We observe that the ILLand 	as obtained from the analysis of the 
I 	IT 

experimental data contain some additional information so far not exploited. 

The experimental 's can be used to determine the relative signbetweén the 

anomalous matrix elements and N(El). In our analysis this sign is given by 

the sign of 	exhibited in column 3  of table 6. This sign should be equal 

tothe sign of L 	(column 13  of table 6). However, as mentioned earlier 
II 

we cannot expect to predict the sign of N(El) reliably due to the large 

hindrance of the single-particle matrix elements and furthermore due to the 

occurrence of the factor (uu! - 	t)  in.the quasi-particle description. 

In summary we may conclude.that the over-all order of discrepancy as 

to the general magnitude of the effect encountered in an attempted quantitative 

discussion in ref.. 5 is now removed owing to the larger magnitude of the current 

contribution. 

ACKOWLEDGMNTS 

Both authors express their gratefulness to Professor I. Perlman and 

Professor John O. Rasmussen for their hospitality and interest in our work. 

We are indebted to Professor L. A. Shy and Professor I. M. Band of 

the University of Leningrad for kindly supplying us with a table of radial 

electron integrals, without which this investigation would not have been possible. 

We also want to thank Professor B. R. Mottelson and Dr. F. S. Stephens, Jr. 

for valuable conversations. 

The numerical results were obtained from the IBM computing facilities 

of the Lawrence Radiation Laboratory and the SMIL computer at the University of 

Lund. We thank Professor C. E. Frberg and Dr. N. K. Glendenning for invaluable 

help with the computational programs. 



-25- 	 UCRL - 9877 

APPENDIX 

Before we integrate over k in eq. (8) we notice that the following - 

identities hold: 

d 	. 	. 
—r 3L = krJLl - LJL, 	 (Al) 

r + k2) L 
	= 	

L-1 - LJL) Y + L(L+l) r 	 (A2) 

The following three integrals have to b evaluated: 

00 

Il 	
dk w2-k2 (k

2rnre jLl 	 (kr 

- L krnJLl 	L 	Lne JL-le))' 	 (A3)

00 

dk 	(kr12 
Q1 	W2-k2 	

nJLlrn LJ(kr)) k2j(kr), 	 (Au) 

13  =fdk212 k2JL(kr) 

+ 	

;1) re 3LeI4j 	 (AS) 

Using the identity
W2 k2  = 	

+) 	

(A6) 
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for the three last terms in (A3), we can, ite, for the integral I, 

+ L2  • 

(L2j 	
)j 	rj 1(k.,n 

 j 
L 
 (kr 

 e -Li  L (kr)kre-Vo7d) 

(A7) 

One observes that the integrals as defined by (A3), (Au), and(A5) 

exist. 2  With the help of the identity (AG) all three integrals can be evaluated 

easily if we apply the formulas given in ref. 2: 

Co j ()i 	r) 	2 	
L(Wr)hL(Wr for r' >r 

	

f 	22 	kdk=- 21  W. 	 . 	(A8) 

	

0 	W k 	
. 	

for r > r' 

Ll(Wr)hL() for r' 	r 

O 	W-k 	 2 	. 	 .(A9) 

thL  (wi)j ' (Wrl) for r > rt 

IL 
I..r for r' 

00 

	

Of 	 = 	 (Alo) 

for r > rt 

and 
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• f 
12iW 

r bL(Wr) -  rJL(Wr) 

(Al2) 
• • I 	L 

I n  

7rL(L+i)lr 1  
22L+1 \ e w 	

L • 	 r 	• 	 •• 
•for r> r 

12 	 k Wr JL(Wrfl ) hL(Wr) for r' r 	
(A13) 

•d Wr(Wr) jL(Wre) for > r 

w2 	

re + 
	 (Wr)Y 	for r 	r 

	

7T 1 2 L n 
	dr e 	e) 	eIM 

re + 2 r) iL'eLM for i> re 

(AiI) 
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We remember now that the direct Coulomb interaction can be expanded in 

multipoles as follows: 

	

[ r 
	 for re 

IeI 	
2I,+1e 	Y 	n1eLM 

i r 
L.forr>r 

e 	 e 
L+l 

(A15) 

It is then apparent that the contribution of the second term in (Al2) is equal 

to the negative of the direct Coulomb interaction term defined by e:q. (3). 

If we insert the results for the integrals I2I3 into (8) we obtain 

eq. (9a), and the direct Coulomb term of eq. (i) is exactly canceled. 
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LEGEIDS TO TABLES 

Table 1. Expansion coefficients of (r). The numbers 1, 2, ..., 6 in the first 

column refer to the specific El transitions considered in this paper, and 

they may be identified with the help of table 2. The numbers in parenthesis 

in the last two columns correspond to powers of 10. Thus, •the d 5  coef-

ficients of L111  are on the average smaller than those of L 1  and L11  

by a factor of almost lO. 

Table 2. List of some empirically knom anomalous El transitions. The El 

transitions considered in this paper are identified in the first five 

columns. Columns 4 and 5 give the single-particle state assignments as 

I K 7T [N nA]. Columns 6 through 8 are taken from ref. Ii-. The denomina-

tors contain the theoretical conversion coefficients of ref. 2, with those 

of ref. 3 given in parenthesis. The hindrance factor h expressed in units 

of 10 is given in the last column; it is taken from ref. ii- (see also 

ref. 6). 

Table 5. Analysis of the experimental data in terms of the anomaly amplitudes 

The two sets of pairs of (L 1 ) and L(L11 ), of opposite relative sign, 

are designated as 	and L2). The two numbers given in each column 

correspond to the limits of error of the empirical data as quoted by 

•ref. 4. The empirical A ratios for the two solutions are compared to 

the theoretical values d(L 1 )/d(L11). The sign of ' as concluded 

from this comparison, is exhibited in the last column. 
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Table 4. The assumed K impurities of the initial and final, states of the 

El transitions considered. (For a discussion of state assignments see 

ref. Ii and ref. 23.) The table lists the amplitudes of the different 

components of ngle-particle states, labeled [N ,n A K]. The cases 

denoted by a have been obtained by F. Stephens2 from a detailed 

analysis of the empirical spectra. The other numbers, which are probably 

somewhat more uncertain, have been calculated by a simple lowest-order 

perturbation treatment of the Coriolis interaction. 

Table 5. Gamma-transition amplitudes N eeff as defined by eq. (27) and 

anomalous conversion amplitudes A cc , A2 cc , and A0 
Sc 

and A2 sc , the first 

two corresponding.to the convection current and the last two onesto the 

spin current. Note that the numers in parenthesis in columns i-i- and 7 

denote powers of 10. 

Table 6. Comparison of the results of the calculations with the anomaly 

amplitudes Zxp, obtained from the analysis of the experimental data in 

terms of the normal conversion amplftüdes, as given bfI5 The 

quantities 7 and 
2 
 are ratios of nuclear conversion matrix elements 

as defined in.the main text. The superscript t denotes that both N and 

A. have been taken. from theory. In the semitheoretical case, labeled 

by s, the experimental value of N . e ff  given by the El 'y-ray lifetime, 

has been employed instead of the calculated one. The quantities d and 

refer to L conversion, d and d 2 ' to L11  conversion.; they are listed 

in.table 1. 

Table 7. Selection rules for the spin current matrix.elements for s = 0 and 

s = 2 in terms of the "asymptotic" qtiantum numbers. 
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Ta1e 5. 

Transition INexp e 
eff 

Ntheo e 
ef 

A 
CC 

0 
A 

CC 

2 
A. 

0 
A 

SC 

2 
number 	nuclide energy 

1 Np237  26 2.52 (-3) 0.778 (-3) o.o844 0.562 0.155 0.118 

2 Np237  60 2.81 (-3) -0.911 (-3) 0.138 O.96 0.0255 -i.86 

23 84 13.8 () -0.914 (-) -o.18 l.o4 0.005U. 2.22 

106 1.01 (-) -32.7 (-3) 0.703 5.66 -0.226 -3.21 

pa23' 84 0.928(3)' 22.7 (-3) o.4o4 i.56 0.157 -2.16 

6 Pa233  86 1.32 (-3)' 22.8 (-3) OJIO1 1.56 -0.156 -2.15 



This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Corn-
mission, nor any person acting on behalf of the Commission: 

Makes any warranty or representation, expressed or 
imp]ied, with respect to the accuracy, completeness, 

or usefulness of the inforration contained in this 
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 




