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Abstract 

THE PARABOLIC GROWTH OF OXlDE SOLID SOLUTIONS 
ON BINARY ALLOYS· 

P. Y. Hou and D. P. Whittle+ 

Materials and Molecular Research Division 
Lawrence Berkeley Laboratory 

and 
Department of Materials Science and Mineral Engineering 

University of California 
Berkeley, CA 94720 

LBL-16054 

The growth of oxide solid solutions on binary alloys has been described using 

the ternary diffusion model put forward by Wagner and subsequently modified 

by Dalvi and Coates and Bastow, Whittle and Wood. A more refined defect model 

where the presence of all types of vacancy species within the scales is con-

sidered has been adapted to obtain the diffusivities of cations in lhe scales as a 

function of oxygen potential and cation composition. In addition, correlation 

effects on cation jump frequencies have been included to account for additional 

compositional dependence of the diffusivilies. Resulls have been analyzed for 

oxidation of Ni-Co to (Ni,Co)O at 1273°K in 1 atm. oxygen. lmproved agreement 

between calculated and experimental cation concentration profiles indicates 

that this approach is better than arbitraryly assign functional forms to the 

compositional and oxygen activity dependencies of the diffusivities, and demon-

·This work was supported by the Director. Office of Energy Research, Office of Basic Energy 
Sciences, Materials Sciences Division of the U.S. Department of Energy under contract 
Number DE-AC03-76SF00098. 
+Deceased 
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strates that an accurate as possible a model for the point defect structure of 

the oxide is required for correct interpretation of the growth of these solid 

solution types of scales. 

Key words: parabolic oxidation. diffusion, defects, Ni-Co alloys. 

Introduction 

There have been a number of recent analyses of the oxidation of binary 

alloys which form solid solution scales and whose growth rate is determined by 

the transport of both cations through the scale, using the ternary diffusion 

model put forward by Wagnerl, and subsequently modified by Dalvi and Coates2 

and Bastow, Whittle and Wood3 . The growth rate of the solid solution scale 

depends primarily on the distribution of the two cations through the scale and 

on the oxygen activity profile. These are calculaled from Wagner's transport 

equations, which in turn allows calculation of the parabolic growth rate of the 

scale. However, this requires a knowledge of the variation of the self-diffusion 

coefficients of the two cations through the scale, and in applying Wagner's 

analysis to practical situations, previous investigators4-lt have based the com

positional and oxygen activity dependence of the cation diffusion coefficients on 

a somewhat oversimplified model of the defect structure of the oxide solid solu

tion. In addition, some earlier authors4 - 9 found it' necessary to use data from 

the oxidation experiments themselves in order to establish the boundary condi

tions for the calculation of the theorelical cation profiles, and as a conse

quence, the agreement between theoretical and experimental profiles arises 

partly because the boundary conditions are the same. 

More recently, completely independently determined diffusion- data and 

boundary conditions have been used in similar calculations10 - 13 to subslan tiate 
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the model. However, in the one case 10 .1l these were still based on a relatively 

simple defect model for the oxide solid solution, while in the otl;1er12.13 empiri

cally based relationships were used. 

There is now mounting evidence especially when a wide range of oxygen 

potentials is considered (as in scale growth) that a simple oxide defect model. 

in which essentially only one type of defect predominates, is not only 

unjustified, but is likely to produce non-trivial errors in any calculations of 

transport properties. The purpose of this paper, then, is to provide a more 

complete description of Wagner's original theory by including a more refined 

treatment of the real defect structure of the oxide solution growing on a binary 

alloy. However, it must be appreciated that the present status of knowledge of 

oxide defect sturctures, even in pure oxides, is rather limited. Nevertheless, it 

is hoped that it will become apparent that better defect models are required if 

alloy oxidation theory is to be understood quantitatively. 

Transport equations for scale growth 

In essence this follows Wagner'sl original treatment. and will only be sum

marized briefly. The reader is referred to the original paper for further details. 

The growth of a solid solution oxide, (AB)O, on a binary alloy, AB. is considered. 

The usual assumptions of constant molar volumes, semi-conducting oxides, 

local thermodynamic equilibrium and negligible cross terms tn the transport 

coefficient matrix are made. The fluxes of A and B in the scale are due to both 

a concentration gradient and a gradient of electrical potential. However, the 

details of the driving force need not be considered. The sum of the two cationic 

fluxes, normalized to a fractional position, y(=x/xs where Xs is the instantane

ous thickness of the surface scale), since diffusion-control prevails, can be 

equated to the parabolic rate constant. 
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)[ Blna.40 d t ZA dlnao ] [BlnaBO!!t ZB dlnao 1 
DA{l-~ - .!!:.£..+ - +DB~ ---- + - = k 

. B~ dy Zo dy B~ dy Zo dy 
(1) 

where DA. DB are the self diffusivities of metal cations A and E in the scale. ~ the 

local equivalent fraction of compound BO in the oxide, aAO' aBO' ao the activities 

of AO, EO and oxygen respectively, and zA, zB, Zo the valencies of A, E and oxy-

gen respectively. 

The systems which have been considered Lo date have been confined to 

oxide solutions having the simple cubic, NaCl structure in which zA = zB = Zo 

and in which the psuedo-binary oxide solution approximates to ideal thermo-

dynamic behavior, when a{lnaAO)/a~ and a(lnaBO)/B~ can be replaced by -1/(1-

t) and 1/~ respectively. Thus, equation (1) becomes 

!!.t [ ] d lnao 
k = (DA-DB) dy + DA(1-0+DB~ dy (2) 

Using t:Qe nomenclature and the simplifications referred to above, Wagner's 

second equation, which is essentially a mass balance equation for one of the 

components (E). and which is used in conjunction with eqn.(2) to obtain the 

complete solution, reads 

k!!S.. = -dl rD [!!.t_ dIn a.E...]] 
y dy dy B dy ~ dy (3) 

All these equations contain the self-diffusion coefficients of the two cations 

DA and DB which are in general, a function of both the oxygen activity and the 

oxide composition. The form of the dependence is closely related to the type of 

defect structure present in the oxide, and it may be shown 14 that the form \ 

assumed for this function by authors who have solved these equations previ-

ously4-11 is essentially valid if only a single type of defect predominates in the 

oxide solution. However, it is becoming increasingly clear (see, for example, 

Kofstad15), that one type of metal vacancy may dominate at high partial pres-

(f 
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sures of oxygen, while another type dominates at low values of P02' Since the 

oxide activity through the scale varies over a wide range, from the dissociation 

pressure of the oxide at the inner alloy/scale interface to the ambient oxygen 

pressure ("'10-7 - 1 for oxidation of Ni-Co alloys at 10000 C in 1 atmosphere oxy-

gen, for example), the .simple approximation of only a single type of defect is 
, .• 

not adequate. 

Diffusion coefficients in oxide solid solutions 

Initially, it is appropriate to re-consider the assumption made in previous 

solutions to these equations, namely that the ratio of self-diffusion coefficients 

of cations A and B in the oxide solution is a constant independent of ao and ~. 

Young et al. 12 and·Narita et al. 13 in recent calculations of the concentration 

profiles in growing (CoFe)S scales and (CoFe)O and (CoNi)O scates respectively, 

removed this restriction. However, they used empirical relationships for the 

dependence of DA / DB on composition. Dieckmann and Schmalzried 16 have 

pointed out that correlation effects between the elementary jumps occur, which 

make the ratio DA/ DB dependent on the composition of the oxide solution. 

According to Dieckmann and Schmalzried16 , correlation effects are found if 

the elementary jump frequencies rA of an A-cation into a neighboring vacancy 

differs from the corresponding jump frequency for a B-cation, rB . This can be 

taken into account by defining an effective· jump frequency ,ral!, to determine 

the cation diffusivity, and which differs from ri (i=A or B) by a correlation fac-

tor which is concentration dependent. Accordingly, the self-diffusion 

coefficients in an oxide solution (AB)O are written as 

(4) 

where f, and J i are the elementary jump frequencies and correlation factors 
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respectively, ! a (=0.782) the correlation factor for vacancy diffusion for a pure 

oxide of the rock salt B 1 structure I?, a the elementary jump distance and [V] 

the atomic fraction of vacant sites. The concentration dependence of the 

correlation factors may be found16 from either 

or 

2 . 0.218~(1-~)-77A 0.7821]A = 0 
!A+!A (l-~) + (F-~) 

2 0.218-~-77B 0.7821]B = 0 
IB+!B ~ +. ~ 

0.218 

PBlfA 
1]A = (fBI f A)-l 

(5) 

(6a) 

(6b) 

According to experimental determinations of the tracer ditiusivities of both 

Co and Ni ions in (CoNi)O between 1100 and 1550° Cat POa = 0.21 atmos. by Chen 

and Peterson1B and calculations by Dieckmann and Schmalzried16, when these 

correlation factors are taken into account, the ratio of elementary jump fre-

quencies, rCo/r/W, varies by only 8% over the entire composition range, as 

opposed to a variation of about 16% in DCoI DNi,. Hence it seems more appropri-

ate to consider fCo/fM as a constant and use eqns.(6) and (4) to find 

diffusivities as a function of composition, although this correction should only 

refine the theoretical calculations slightly since there is still a 8% variation in 

the elementary jump frequencies ratio. 

In addition to the concentration dependence of the cation diffusivities 

through the correlation factors, [V] also depends strongly on oxide composition 

and oxygen activity. As discussed in an earlier- paper14, vacancies of different 

effective charges are now considered to exist in these types of non-

stoichiometric oxides, with the relative proportions of each depending on oxide 

composition and oxygen activity. All the vacancies contribute towards the 

ditJusivity and thus [V] in eqn.(4) really represents 2;[VZ'], the sum of the 

• 
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concentrations of the vacancies carrying effective charges z=O, 1, and 2. As 

given in a previous paper14
,. the atomic fractions of the various effectively 

charged vacancies can be expressed by 

(7a) 

(7b) 

(7c) 

where Kl (i= V:, V, y'; j=AO,BO) are the equilibrium constants for formation of 

the three types of vacancies according to 

y = V"+h- (8) 

in the two pure oxides, where V:, Y and V' represent vacancy lattice sites in 

the cation sub-lattice. The equilibrium constants are related to the free ener~ 

gies of formation of t.he defects in the two pure oxides by 

(8GO)I = -RTlnK{, i = F, y, V'; j = AO, BO (9) 

The concentration of electron holes, rho], is assumed to be much larger than 

that of n-type electronic defects, and is given by the simplified electroneutral-

ity condition: 

Through solutions of eqns.(7) and (10), [V] is given as a function of ao and ~, 

and toget.her with solution of eqn.(6), can be substituted into eqn.(4) to give DA 

and DB as a function of ~ and ao. 
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Solution of the transport equations 

Substituting for d1nao/dy from eqn.(2) into eqn.(3) and using p=DA / DB 

where according to eqn.( 4) 

(ll) 

and is a function of composition through the term f A/ f B' gives, after 

ditIeren tia tion 

Using the ~elationships that 

(13) 

then gives 

~[p _(p -1)!]+ ~_k (lL[p_(p -1)t]2_1+ _aln_D~B) 
d.y 2 dy DB P a1nao 

(14) 

+( ~)2([p _(p -1)!] alnDB +(p -1)(1- alnDB )+ dlnp [1 + ..!...U-O]) = 0 
d.y at . alnao dInt DB 

Using the same nomenclature, eqn.(2) becomes 

(15) 

Eqns.(14) and (15) are solved numerically using finite difference method, with" 

fA' f B and [V] obtained from eqns.(6). (7) and (to). and hence DB and Blnp/Blnt 

can be obtained from eqns.(4) and (11) respectively. BlnDB/OInt and 

alnDB/aInaO are obtained assuming linear variation within one step length of 

the finite difference forms of equations (14) and (15). 

Additional relationships are required for the solution. as detailed in 

Wagner's paper!. These include a mass balance at the scale/gas i.nterface: 

• 
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y = 1 I 
~ - p [!!:.LJ_. __ 1 __ 
DB - dy (p -1)(~-1)~ (16) 

where the values of the variable p. d~/ dy. DB and ~ are those pertaining to y= 1. 

At the inner alloy/scale interface. because the interdiffusion coefficient in the 

alloy is very much smaller than the growth rate of the scale. the composition of 

the scale at y=O is given by19 

y = 0 (17) 

where again ~ and p refer to values at y=O. and ~a.u is the equivalent fraction of 

element B in the bulk alloy. The oxygen activity at y=O is directly related to the 
, ~ 

oxide composition there. since thermodynamic equilibrium is assumed. Thus. 

y = 0 I [ 
flGlo J [ flGJJo J ao = (l-0exp -RT +~exp RT (18) 

where flGlo and flGoo are the standard free ~nergies of formation of AO and EO 

respectively. 

The numerical technique for solution is initiated by trial values of the rate 

constant k and the composition of the oxide at y=l and the equations 

integrated inward to y=O. the procedure being repeated using continuously 

better estimates of k and ~1/=1 until the calculated and actual values of ~y=o 

(from eqn.(17» and ao.II =o (from eqn.(18» are within 1 and 5% respectively. The 

step length. fly. in the finite difference forms of eqns.(14) and (15) is reduced 

until the result is independent of the step length; it is also independent of the 

initial estimates. 

Data for the Nio-CoO system 

Equilibrium constants for the formation of the different ~qnic defects in 

CoO have been measured by a number of authors and summarized by Dieck-
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~O = 1.6x10-2exp[ -26000(JI mole)1 RT] 

~O = 2.4exp[ -51000(J/mole)1 RT] 

~O = 0.17exp[ -72000(Jlmole)1 RT] 

(19a) 

(19b) 

(19c) 

Corresponding values from experimental measurements for NiO are not avail

able. Theoretical estimations of these equilibrium constants calculated by 

Osburn and Vest21 using a conduction band model for the pre-exponential 

terms and a hydrogen atom model for the ionization energies give 

K::O = 5.43xlO11 r3exp[ -187544(JI mole)1 RT] 

~O = 1.61x10-7 rs/2exp[ -9260(Jlmole)1 RT] 

~O = 4.03xl0-B rs12exp[ -36998(J 1 mole)1 RT] 

(20a) 

(20b) 

(20c) 

Chen and PetersonlB have measured tracer diffusion coefficients in CoO, 

NiO and in some oxide solutions, (NiCo)O. However, as indicated earlier, rather 

than filting their somewhat limited data to ari empirical expression 13, it is more 

appropriate to utilize the model outlined in the earlier section. Thus, using 

their measured values of the tracer diffusion coefficients of Ni and Co ions in 

pure CoO in air (POa=0.21 atmos.), given as 

DloCoO(ao = 0.46) = 5.0x10-3exp[ -160800(JI mole)1 RT] (21a) 

DJiLCoO(ao = 0.46) = 3.3xl0-2exp[ -197600(JI mole)1 RT] (21b) 

the ratio of diffusivities of the two cations in pure CoO can be obtained. Then, 

with a value for the correlation factor for Co diffusion in pure CoO of 0.782, and 

the corresponding value for Ni diffusion in the same oxide calculated from 

enq.(5), the ratio fCo/fM is calculated. Furthermore, using eqn.(6), 

• 
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P=fA! A/rB! B can be calculated for other compositions. Finally, using the 

value of Dt;;CoO = D8g° I! 0 and eqn.(4) with the total vacancy concentration, 

L;[V], obtained from eqns.(7) and (10) enables the constant 2fco a 21!0 to be 

found. Thus, DCo and similarly DNi, can be calculated as functions of oxide com-

position, oxygen activity and temperature. 

Figure 1 shows a typical variation of DCo and DNi, with oxide composition, ~, 

at di!Ierent oxygen activities. Both di!Iusivities increase with Co content of the 

oxide and the oxygen activity, primarily due to the concomitant increase in 

vacancy concentration. However, unlike in the simple defect model used ear-

lier lo .n , logDco (or logDNi,) is not exactly a linear function of composition. This 

is shown more clearly in figure 2 which presents aInDcolB~ and BlnDcolalnao as 

functions of ~ and ao; p, the ratio of ditrusivities, and which depends only on 

composition, is also shown. For comparison, the previously used simplified 

model gave rise to the following expressions: 

(22) 

where DO, is the ditrusivity of Co in pure Co at 1 atmos. O2 pressure, (1 is the 

ratio of the concentration of cation defects (vacancies) in pure CoO to pure NiO 

at unit oxygen activity, and /.I is the effective (average) charge of the vacancies. 

These expressions give 

DA 
-- = P (0.2) 
DB 

BlnDCo 
-~- = In{1 (4.83) 

BlnDCo ----
8lnao 

1.. (0.4) 
/.I 

(23) 

with the actual values used (at 10000 C) glven in parenthesis. In comparison, 

figure 2 indicates that at 10000 C, p can vary within the range 0.2-0.35, 

alnDco/B~ in the range 3.52-5.17 and BlnDeal Blnao, 0.39 to 0.48. 

k; a final point in this section, it is perhaps appropriate to examine how 

the diffusivities calculated according to this model compare with the experi-

mental data of Chen and Peterson lB. This is shown in figure 3a where the solid 
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curves represent values calculated from eqns.(4). (6). (7) and (10) using equili

brium constants according to eqns.(19) and (20). and eqn.(21) in conjunction 

with eqns.(5) and (4) to obtain fM/fo, and 2fo,a2/!o. The calculated self

diffusion coefficients are converted to tracer diffusion coefficients using the 

correlation factor (J 0) of 0.782. The agreement falls off rapidly as the NiO con

tent of the solid solution increases. and this is presumably due to the variation 

in defect concentration with composition. not being adequately expressed by 

the constants given in eqn.(20). When these equilibrium constants calculated 

for T=1573°K are reduced in order to obtain a best fit to the experimental 

results, much better agreement can be obtained. A comparison between exper

imentally measured tracer diffusivities and the diffusivities calculated using 

K~O. K~o and K~o values reduced by 40% is shown in figure 3b. 

Calculated concentration profiles in growing Nio-CoO scales 

Figure 4 shows the calculated cation profiles across the scales formed on 

three Ni-Co aUoys and compares them with the corresponding profiles deter

mined by electron microprobe analysis22 and those calculated in a previous 

paperlO. The agreement between the experimentally measured profiles and 

those calculated in this work shows an improvement over the earlier calcula

tions. The improvement is seen in a better overall fit with each experimental 

profile. The dip in the previously obtained theoretical profile for Ni-80%Co and 

Ni-38%Co near the scale/alloy interface cannot be justified by diffusion 

theories. but such a dip is no longer present in this calculation. 

Although theoretically calculated cation profiles using the above analysis 

show a better agreement with experimental data. the fit is still not perfect. This 

could be due to several reasons: i) The use of a still incomplete defect model for 

the oxide, and the limited experimental data on the defect equilibium 
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constants; ii) the lack of any theory accounting for the variation of reo or r.M; as 

a function of composition; and finally iii) the scatter in the cation concentra

tions obtained by microprobe analysis. 

An additional result of these calculations is the variation in vacancy con- . 

centration through the growing sGale. Figure 5 shows the total vacancy con

centration through the scales on four Ni-Co alloys. The total vacancy gradient 

through the scale is, of course, related to the growth rate of the oxide. Thus, 

the overall vacancy gradient across the scale, and the growth-rate, increases 

with increasing Co content of the alloy. 

Concluding remarks 

It was not the intention at the outset of this paper to try and improve the 

agreement between calculated and experimental cation concentratiqn profiles 

through growing (NiCo)O scales. although this has indeed been achieved. 

Indeed, the main purpose was to demonstrate that correct interpretation of the 

growth of these solid solution types of scales really requires an accurate as 

possible a model for the point defect structure of the oxide, and that this is 

better approach than that of arbitrarily assigning functional forms to the com

positional and oxygen activity dependencies of the diffusivities. Futur,e work 

should examine the effects, if any, of the possible formation of more complex 

defects - vacancy/cation complexes - on the compositional dependence of the 

cation diffusion coefficients. For example, in the CoO-FeO system the ratio of 

DFa / DCo is greater than 1 at low oxygen activities and less than 1 at higher oxy

gen activities 13. This dependence on oxygen activity cannot be accounted for 

by the correlation factors introduced in the present analysis, and presumably 

some type of vacancy clustering23 must be considered. 
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~ure Captions 

Figure 1 Varialion of D(b and DNi, with oxide composition. ~. at different oxy

gen activities. 

Figure 2 Variation of alnDCo/a~ and OlnD(b/alnao as functions of ~ and ao. 

and p as a function of {. 

Figure 3a A comparison between values of Db,. Dk and p calculated from 

theory and those obtained experimentally by Chen and Peterson lB. 

Figure 3b A comparison between experimentally measured Db. DNt, and p 

values and those calculated using reduced equilibrium constants for 

the formation of vacancies in NiO. 

Figure 4 A comparison between experimental cation profiles and theoretical 

profiles calculated in this analysis and in a previous paperlO in oxide 

scales formed at 1000° C on Ni-Co alloys containing 10.9%, 38.4% and 

80.0% Co respectively. 

Figure 5 Variation in vacancy concentration through lhe scales of Ni-80%Co, 

Ni-38%Co, Ni-20%Co and Ni-10%Co oxidized under 1 atm. O2 at 

1000o C. 
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