
UC San Diego
UC San Diego Electronic Theses and Dissertations

Title
Generalized solutions and non-uniqueness in the Einstein constraint equations : some 
unresolved issues with the conformal formulation

Permalink
https://escholarship.org/uc/item/1kc5p8hd

Authors
Meier, Caleb
Meier, Caleb

Publication Date
2012
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/1kc5p8hd
https://escholarship.org
http://www.cdlib.org/


UNIVERSITY OF CALIFORNIA, SAN DIEGO

Generalized Solutions and Non-uniqueness in the Einstein Constraint Equations:
Some Unresolved Issues with the Conformal Formulation

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy

in

Mathematics

by

Caleb Meier

Committee in charge:

Professor Michael Holst, Chair
Professor Jim Agler
Professor Bill Helton
Professor Ken Intriligator
Professor Julius Kuti

2012



Copyright

Caleb Meier, 2012

All rights reserved.



The dissertation of Caleb Meier is approved, and it is accept-

able in quality and form for publication on microfilm and

electronically:

Chair

University of California, San Diego

2012

iii



DEDICATION

To my beautiful wife Leslie. Without your love and support over the

years, none of this would be possible.

iv



EPIGRAPH

Imagination is more important than knowledge.

—Albert Einstein

v



TABLE OF CONTENTS

Signature Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Epigraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

Vita and Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

Abstract of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Background and Overview of Research . . . . . . . . . . . 2

1.1.1 The Conformal Formulation of the Constraints . . . 3
1.1.2 Existence of Solutions to the Conformal Formulation 6

1.2 Rough Solutions to the Conformal Formulation . . . . . . . 7
1.2.1 Function Spaces . . . . . . . . . . . . . . . . . . . 8
1.2.2 Solutions of Constraint Equations with

Low Regularity Metrics . . . . . . . . . . . . . . . 10
1.3 Examples of Non-uniqueness of Solutions to the

Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.4 Problems Considered . . . . . . . . . . . . . . . . . . . . . 14

1.4.1 Generalized Solutions of a Semilinear Elliptic PDE
with Distributional Coefficients . . . . . . . . . . . 14

1.4.2 Non-uniqueness of the Conformal Formulations with
an Unscaled Matter Field . . . . . . . . . . . . . . . 20

1.5 Summary of the Papers . . . . . . . . . . . . . . . . . . . . 25

Chapter 2 Generalized Solutions to the Lichnerowicz Equation . . . . . . . . 30
2.1 Introduction: Semilinear Problems and Critical

Nonlinearities . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2 Solution Construction using a Sequence of

Approximate Problems . . . . . . . . . . . . . . . . . . . . 35
2.2.1 Overview of Spaces and Results for the Critical

Exponent Problem . . . . . . . . . . . . . . . . . . 36
2.2.2 Existence of a Solution to an Ill-Posed Critical Ex-

ponent Problem . . . . . . . . . . . . . . . . . . . . 38
2.2.3 Convergence of Approximate Solutions to an

Existing Solution . . . . . . . . . . . . . . . . . . . 42

vi
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ABSTRACT OF THE DISSERTATION

Generalized Solutions and Non-uniqueness in the Einstein Constraint Equations:
Some Unresolved Issues with the Conformal Formulation

by

Caleb Meier

Doctor of Philosophy in Mathematics

University of California, San Diego, 2012

Professor Michael Holst, Chair

In this thesis we consider the problem of determining solutions to the confor-

mal formulation of the Einstein constraint equations with low regularity coefficients

and then discuss certain non-uniqueness properties of the conformal formulation of the

constraints on a closed manifold. We first investigate the existence of a solution to

a semi-linear, elliptic, partial differential equation with distributional coefficients and

boundary conditions that models the problem that one encounters when studying the

Einstein constraint equations with low regularity data and constant mean curvature. Our

method for solving this problem consists of solving a net of regularized, semi-linear

problems with data obtained by smoothing the original, distributional coefficients. We

then obtain a net of solutions and show that this net satisfies certain decay estimates by

xi



determining estimates for sub- and super-solutions and utilizing classical, a priori ellip-

tic estimates. The estimates for this net of solutions allow us to regard this collection

of functions as a solution in a Colombeau-type algebra. Following our analysis of this

low regularity problem, we consider whether or not solutions to the conformal formula-

tion of the constraints with an unscaled matter source are unique. For positive, constant

scalar curvature and constant mean curvature, we first demonstrate the existence of a

critical energy density for the Hamiltonian constraint. We then show that for this choice

of energy density, the linearization of the elliptic system develops a one-dimensional

kernel in both the constant mean curvature and non-constant mean curvature cases. Us-

ing a Liapunov-Schmidt reduction and standard techniques from bifurcation theory, we

demonstrate that solutions to the conformal formulation with an unscaled data source

are non-unique by determining an explicit solution curve and analyzing its behavior in

the neighborhood of a particular solution.
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Introduction
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1.1 Background and Overview of Research

The Einstein field equation Gµν = κTµν can be formulated as an initial value

(or Cauchy) problem where the initial data consists of a Riemannian metric ĝab and a

symmetric tensor k̂ab on a specified 3-dimensional manifoldM [9, 28]. However, one

is not able to freely specify such initial data. Like Maxwell’s equations, the initial data

ĝab and k̂ab must satisfy constraint equations, where the constraints take the form

R̂ + k̂abk̂ab + k̂2 = 2κρ̂, (1.1.1)

D̂bk̂
ab − D̂ak̂ = κĵa. (1.1.2)

Here R̂ and D̂ are the scalar curvature and covariant derivative associated with ĝab, k̂

is the trace of k̂ab and ρ̂ and ĵa are matter terms obtained by contracting Tµν with a

vector field normal toM. As the Cauchy formulation of the Einstein field equations is

one of the most important means of modeling and studying astrophysical phenomena,

knowledge of the constraint equations is very important because of the influence that

solutions to these equations has on solutions to the evolution problem.

Equation (1.1.1) is known as the Hamiltonian constraint while (1.1.2) is known

as the momentum constraint, and collectively the two expressions are known as the

Einstein constraint equations. These equations form an underdetermined system of four

equations to be solved for twelve unknowns ĝab and k̂ab. In order to transform the

constraint equations into a determined system, one divides the unknowns into freely

specifiable data and determined data by using what is known as the conformal method.

In this method introduced by Lichnerowicz [19] and York [30], we assume that the

metric ĝab is known up to a conformal factor and that the trace k̂ and a term proportional

to a trace-free divergence-free part of k̂ab is known. Therefore the determined data

in this formulation of the constraints is the conformal factor and a vector field whose

symmetrized derivative represents the undetermined portion of k̂ab. The resulting system

forms a determined, coupled nonlinear system of elliptic equations which is referred to

as the conformal, transverse, traceless (CTT) formulation of the constraints. However,

for simplicity we will refer to this system as the conformal formulation (cf. [3] for

further discussion).
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In this thesis we consider what David Maxwell has referred to as the ”warts” of

the conformal formulation [11] by addressing unresolved issues with the rough solution

theory and certain non-uniqueness phenomena associated with this system. We seek

to extend the current rough solution theory for the conformal formulation of the con-

straints [12, 13, 20, 21] by considering a semilinear elliptic PDE that is a generalization

of the conformally reformulated Hamiltonian constraint with distributional coefficients.

In Chapter 2 we develop a framework to solve this semilinear equation in a generalized

function space that contains the space of distributions. The larger generalized function

space, or so-called Colombeau algebra, has a well defined notion of multiplication that

provides a means of multiplying arbitrary distributions. As we will see when we discuss

the rough solution theory later, this extrinsically defined form of distributional multi-

plication is very beneficial when working with low regularity problems. Following our

discussion of this semilinear problem, we address non-uniqueness phenomena associ-

ated with the conformal formulation. In Chapter 3 we use standard techniques from

bifurcation theory to show that solutions to the conformal formulation with an unscaled

energy density are non-unique. We explicitly determine a solution curve of a certain one

parameter family of nonlinear elliptic systems and show that there exists a value of the

parameter for which at least two solutions must exist.

In the following section we discuss the derivation of the conformal formulation

from the constraint equations (1.1.1) and (1.1.2) and then give a broad overview of the

solution theory of the conformally rescaled constraint equations.

1.1.1 The Conformal Formulation of the Constraints

In the conformal formulation of the Einstein constraint equations we assume that

the spatial metric ĝab is determined up to a conformal factor on each hypersurface of the

foliation of spacetime. That is, we assume that ĝab = φ4gab, where φ is a positive func-

tion and gab is a freely specified symmetric, positive definite (SPD) metric. Additionally,

we decompose the extrinsic curvature tensor k̂ab = l̂ab + 1
3
ĝabτ̂ , where τ̂ = ĝabk̂ab is the

trace and l̂ab is the traceless part (i.e. ĝabl̂ab = 0) of the tensor k̂ab. We then conformally
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rescale the data in the following way

l̂ab = φ−10lab, τ̂ = τ, (1.1.3)

ĵa = φ−10ja, ρ̂ = φ−8ρ.

The powers in the re-scaling are carefully chosen so that after a rather involved calcula-

tion, the constraint equations (1.1.1)-(1.1.2) transform into the following equations

− 8∆φ+Rφ+
2

3
τ 2φ5 − lablabφ−7 − 2κρφ−3 = 0, (1.1.4)

−Dbl
ab +

2

3
Daτφ6 + κja = 0.

See the appendix of [13] for a more complete discussion. In the above expression, ∆ and

D are the Laplace-Beltrami operator and covariant derivative associated with gab. The

function R is the scalar curvature associated with gab, where the well-known formula,

defining the Yamabe problem for φ,

R̂ = φ−5(Rφ− 8∆φ) (1.1.5)

allows one to express the scalar curvature R̂ associated with ĝab in terms of the scalar

curvature of the conformally related metric gab.

The final step in converting the original constraint equation into a determined

elliptic system is to decompose the traceless tensor lab = σab + (Lw)ab. Here σab is a

divergence-free tensor satisfying Daσ
ab = 0, wa is a vector field and L is the conformal

killing operator defined by

(Lw)ab = Dawb +Dbwa − 2

3
(Dcw

c)gab. (1.1.6)

Incorporating this decomposition into (1.1.4) yields the standard CTT or conformal for-
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mulation of the constraints

− 8∆φ+Rφ+
2

3
τ 2φ5 − [σab + (Lw)ab][σ

ab + (Lw)ab]φ−7 − 2κρφ−3 = 0, (1.1.7)

−Db(Lw)ab +
2

3
Daτφ6 + κja = 0. (1.1.8)

Equation (1.1.7) is the conformally rescaled Hamiltonian constraint and (1.1.8) is the

conformally rescaled momentum constraint.

Remark 1.1.1. When we demonstrate non-uniqueness properties of the conformal for-

mulation of the constraints, we will consider Eqs (1.1.7)-(1.1.8) with unscaled matter

fields. Therefore, we do not apply the rescaling in (1.1.3) to ρ̂ and ĵa. The conformally

rescaled equations with unscaled matter fields are of the form

− 8∆φ+Rφ+
2

3
τ 2φ5 − [σab + (Lw)ab][σ

ab + (Lw)ab]φ−7 − 2κρ̂φ5 = 0, (1.1.9)

−Db(Lw)ab +
2

3
Daτφ6 + κĵaφ10 = 0. (1.1.10)

The freely specifiable data in (1.1.7)-(1.1.8) is the mean curvature τ , the diver-

gence free tensor σab, the metric gab (which determines R), and the matter fields ρ and

ja. The determined quantities in the this elliptic system are then the conformal factor φ

and the vector field wa. Given a solution φ and wa of Eqs. (1.1.7)-(1.1.8), one obtains

the physical metric and extrinsic curvature on the specified surfaceM by

ĝab = φ4gab, k̂ab = φ−10[σab + (Lw)ab] +
1

3
φ−4τgab. (1.1.11)

The matter fields are recovered by using Eq (1.1.3).

One views the conformal method as a means of parametrizing physical solutions

to the constraint equations (1.1.1)-(1.1.2). Eqs (1.1.7)-(1.1.8) map a choice of conformal

metric gab, divergence-free tensorMab, mean curvature τ , and matter fields to a phys-

ical metric ĝab and extrinsic curvature k̂ab satisfying the Einstein constraint equations

with physical matter fields transformed according to (1.1.3). In order to understand

this parametrization, one must fully understand the solution theory for the system of

coupled, nonlinear equations (1.1.7)-(1.1.8).
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1.1.2 Existence of Solutions to the Conformal Formulation

The solution theory for the conformally rescaled Einstein constraint equations

can be roughly classified according to the manifoldM specified, the Yamabe class of

the given metric gab, the properties of τ (the mean extrinsic curvature) and the regular-

ity of the initial data. The manifolds specified are possibly asymptotically Euclidean,

asymptotically hyperbolic, closed, compact with boundary, and Euclidean with interior

boundary conditions. As we will be focusing exclusively on closed manifolds, we will

only discuss the solution theory for this class. See the survey article [3] for a complete

discussion. The Yamabe class of the specified metric gab is an equivalence class that is

determined by whether the metric is conformally equivalent to a metric with constant

positive scalar curvature, zero scalar curvature, or negative scalar curvature, in which

case we say that the metric is positive Yamabe, zero Yamabe, or negative Yamabe re-

spectively. A well-known result of geometric analysis is that a given metric gab with

scalar curvatureR is in the positive (resp. zero, negative) Yamabe class if and only if gab
and R satisfy the Yamabe Eq. (1.1.5) for some metric ĝab with constant positive (resp.

zero, negative) scalar curvature R̂ [2]. The properties of the mean curvature refer to

whether the function is constant,“near-constant”, or non-constant and the regularity of

the initial data refers to the smoothness of the intial data (i.e. analytic, smooth, Sobolev

and Hölder classes, or distributional).

The mean curvature plays perhaps the largest role in the solution theory of the

conformal formulation. If the mean curvature is constant, then the analysis of the con-

formal formulation simplifies greatly because the Hamiltonian constraint and the mo-

mentum constraint decouple, leaving a single semilinear elliptic PDE to analyze. Most

of the existence results are based on the assumption that the mean curvature is con-

stant, which we will refer to as the CMC case. For closed manifolds (compact without

boundary) with C2 metrics, the classical solution theory for the conformal formulation

is determined for all Yamabe classes and is summarized in [15]. The solution theory is

based on the method of sub- and super-solutions, which we will discuss later. In all but

one trivial case, the solutions for the cases outlined in [15] are unique. The rough so-

lution theory is also well developed in the CMC case. In [5], Choquet-Bruhat extended

the solution theory of the conformal formulation to allow metrics in W 2,p where p > 3
2
.
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In [20, 21], Maxwell developed a rough solution framework for metrics in Hs where

s > 3
2
, and in [12, 13] Holst et al. generalized the rough solution framework to allow

for metrics in W s,p, with with any pair s, p such that s > 3
p
.

Much less is known about the existence of solutions in the non-constant mean

curvature, or non-CMC setting. The first progress made in this area was in [16], where

Isenberg and Moncrief assumed that the mean curvature was “nearly constant” (or near-

CMC) and that the given metric was C3 and in the negative Yamabe class. The near-

CMC assumption still places serious restrictions on the mean curvature τ in that the

function is not allowed to vanish and must have a bounded derivative. However, in

the near-CMC case the conformally scaled constraints remain coupled. To analyze the

coupled system, Moncrief and Isenberg used the near-CMC assumption to construct

constant sub- and super-solutions that served as lower and upper bounds of an iterative

sequence of solutions to the Hamiltonian constraint. These sub- and super-solutions

allowed them to show that the iteration was a contraction mapping and thereby obtained

a unique solution to the conformal system through the Banach Fixed-Point Theorem. In

[1], Isenberg et. al determined near-CMC results for smooth, zero Yamabe and positive

Yamabe metrics by using a similar construction. Then in [12, 13], Holst et. al utilized

a more general fixed-point framework to obtain rough, non-CMC solutions for given

metrics in the positive Yamabe class. Here the authors employed a coupled version of

the Schauder fixed-point Theorem and utilized a technique to construct sub- and super-

solutions that was independent of the near-CMC assumption. This approach produced

the first non-CMC existence result that did not require the near-CMC condition and

extended the rough solution theory of Maxwell to the non-CMC case. However, given

that the result utilized a more general fixed-point construction, the so called far-from-

CMC solutions obtained in [12] are not necessarily unique.

1.2 Rough Solutions to the Conformal Formulation

Now that we’ve given a general overview of the solution theory of the conformal

formulation on closed manifolds, we will discuss the motivation behind constructing

low regularity solutions to the constraints and some of the difficulties one encounters in
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the process. This will provide some motivation for the generalized solution framework

that we develop in Chapter 2. We first introduce some notation that will be useful in the

following discussion and throughout the rest of the paper.

1.2.1 Function Spaces

LetM be a three-dimensional manifold and let gab be a fixed SPD background

metric. Let va1,··· ,ar
b1,··· ,bs be a tensor of type r + s. Then at a given point x ∈ M we define

its magnitude to be

|v| = (va1,··· ,bsva1,··· ,bs)
1
2 , (1.2.1)

where the indices of v are raised and lowered with respect to gab. We then define the

Banach space of k-differentiable functionsCk(M) with norm ‖·‖k to be those functions

u satisfying

‖u‖k =
k∑
j=0

sup
x∈M
|Dju| <∞,

where D is the covariant derivative associated with gab. Similarly, we define the space

Ck(T rsM) of k-times differentiable (r, s) tensor fields to be those tensors v satisfying

‖v‖k <∞.

We will also make use of the Sobolev spaces W k,p(M) and W k,p(T rsM) where

we assume k ∈ N (k ≥ 0) and p ∈ R, (p ≥ 1). If dVg denotes the volume form

associated with gab, then the Lp norm of an (r, s) tensor is defined to be

‖v‖p =

(∫
M
|v|pdVg

) 1
p

. (1.2.2)

We can then define the Banach space W k,p(M) (resp. W k,p(T rsM)) to be those func-

tions (resp. (r, s) tensors) v satisfying

‖v‖k,p =

(
k∑
j=0

‖Djv‖pp

) 1
p

<∞.

We will denote the Hilbert spaces W k,2(M) (resp. W k,2(T rsM)) by Hk(M) (resp.
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Hk(T rsM)). The above spaces are related by the usual Sobolev embedding theorems.

For example, if u ∈ W k,p(M) and k − 3
p
> r, then u ∈ Cr(M). See [25, 10, 2] for a

more in depth discussion of the above norms and spaces.

An important feature of Sobolev spaces is that in general they are not closed

under multiplication. With the exception of the Hilbert spaces Hk(M) with k > d
2

(where d is the dimension of the space), the product of two Sobolev functions in a

given space will not in general lie in that space. This greatly limits the Sobolev spaces

that one considers when attempting to develop a weak formulation of a given elliptic

partial differential equation. The following theorem taken from [13] summarizes the

conditions imposed on the Sobolev indices so that pointwise multiplication is a bounded

map between given Sobolev spaces.

Theorem 1.2.1. Let si ≥ s with s1 + s2 ≥ 0, and 1 ≤ p, pi ≤ ∞ (i = 1, 2) be real

numbers satisfying

si − s ≥ n

(
1

pi
− 1

p

)
, s1 + s2 − s > n

(
1

p1

+
1

p2

− 1

p

)
. (1.2.3)

In case min(s1, s2) < 0, in addition let

s1 + s2 ≥ n

(
1

p1

+
1

p2

− 1

)
. (1.2.4)

Then the pointwise multiplication of functions extends uniquely to a continuous bilinear

map

W s1,p1(M)⊗W s2,p2(M)→ W s,p(M). (1.2.5)

Remark 1.2.2. Note that the above theorem allows for the Sobolev exponent s to be in

R whereas we have only provided a definition for s ∈ N, (s ≥ 0). Using the Fourier

transform, one may extend the definition of the Sobolev spaces W s,p to allow for s ∈ R.

See [12, 13] for a complete discussion.

Theorem 1.2.1 can be interpreted as a statement about distributional multipli-

cation. In general, the multiplication of arbitrary distributions is not well-defined [8].

However, the above theorem states that for certain combinations of Sobolev functions
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(distributions), multiplication is a well-defined operation that produces another Sobolev

function (in a possibly different Sobolev space). With the above theorem in hand, we

are ready to discuss the rough solution theory of the constraints in a bit more detail.

1.2.2 Solutions of Constraint Equations with

Low Regularity Metrics

We’ve already given a general overview of the history of rough solutions to the

conformal formulation on closed manifolds. Here we describe the motivation for devel-

oping a solution theory with low regularity metrics and then discuss the rough solution

results in [20, 21, 12, 13] in more detail.

There is an incentive to develop a low regularity solution framework for the Ein-

stein field equations to model plausible astronomical phenomena such as cosmic strings

and gravitational waves [8]. The solutions to the constraint equations not only place a

restriction on which metrics and extrinsic curvature tensors can be considered as initial

data, but they also determine the function spaces of maximally globally hyperbolic so-

lutions to the evolution problem [3]. Therefore it is necessary that the solution theory

for the constraint equations keep pace with (or even move further than) the solution the-

ory for the evolution equations, because otherwise existence results for rough solutions

of the Einstein field equation cannot be determined. Historically, the rough solution

theory of the constraints has lagged behind that of the evolution problem. The local

well-posedness result for quasilinear hyperbolic systems in [14] allows for initial data

(g,K) in Hs × Hs−1 for s > 5
2
; however it was not until [5, 20, 21] that solutions of

this regularity existed to the constraint equations. Low regularity solutions became in-

creasingly important when Klainerman and Rodnianski developed a priori estimates in

[18] for the time existence of solutions to the vacuum Einstein equations in terms of the

Hs−1 × Hs−1 norm of (Dg,K), again with s > 2. This prompted Maxwell’s work in

[20] and [21] and Holst’s et al. work in [12, 13].

The current rough solution theory outlined in [12, 13] requires that if p ∈ (1,∞),

then the metric gab must lie in the Sobolev space W s,p where s > 3
p

+ 1 in the non-CMC

case and s > 3
p

in the CMC case. When p = 2, we see that the current CMC solution

theory allows for lower regularity metrics than the Hs ×Hs−1 (s > 2) well-posedness
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result of Klainerman and Rodnianski. However, Klainerman’s and Rodnianski’s work

allows for lower regularity initial data than that produced by the non-CMC rough solu-

tion theory. Therefore there is room for improvement in this area.

One of the difficulties associated with obtaining rough solutions to the conformal

formulation is that the choice of metric in a given Sobolev class restricts the spaces

for which the Laplace-Beltrami operator and the operator Db(Lw)ab are well-defined.

Indeed, the Laplace-Beltrami operator in local coordinates

∆gu =
1√
detg

∂i

(√
detg gij∂ju

)
, (1.2.6)

has the form aij∂i∂j + bi∂i, where aij ∈ W s,p and bi ∈ W s−1,p [20]. So for example,

if p = 2, then Theorem 1.2.1 implies that ∆g : Hσ → Hσ−2 is only well-defined for

σ ∈ [2− s, s]. Similarly, if we regard the operator Db(Lw)ab : W e,q → W e−2,q as a map

between Sobolev spaces and gab ∈ W s,p with s ∈ (3
p
,∞), q ∈ (1,∞), then we have the

rather limiting condition that e ∈ (2− s, s] ∩ (−s+ 3
p
− 1 + 3

q
, s− 3

p
+ 3

q
].

In addition to affecting to the domain of the second order elliptic operators ∆

and Db(Lw)ab, the regularity of the metric also determines the regularity of the other

initial data. If

∆φ : W s,p → W s−2,p,

then in order for the Hamiltonian constraint to be regarded as an operator between these

spaces it is necessary that the pointwise multiplication operator

f(φ,w) = Rφ+
2

3
τ 2φ5 − awφ−7 − 2κρφ−3, (1.2.7)

f(φ,w) : W s,p → W s−2,p

be well-defined. Given that φ ∈ W s,p, Eq. (1.2.7) and Theorem 1.2.1 place regularity

restrictions on τ and

aw = [σab + (Lw)ab][σ
ab + (Lw)ab],

which in turn places restrictions on σab and the solution to the momentum constraint w.
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Furthermore, in the non-CMC case one needs to use a priori estimates to control the

norm ‖Lw‖∞ in terms of Daτ , φ, and ja to manage the coupling of the Hamiltonian

constraint with the momentum constraint. This requires the use of the Sobolev em-

bedding theorem and therefore imposes additional restrictions on the Sobolev indices.

These restrictions are the reason that s > 1 + 3
p

in the non-CMC case.

Our work with Colombeau algebras in this paper is motivated by the restric-

tions described above and by the need to reconcile the low regularity existence results

obtained in [22] with the positive Yamabe framework established in [12, 13]. In [22],

Maxwell considers the two problems that are at the center of our discussion–existence of

solutions with low regularity data and non-uniqueness–and he investigates them in the

non-CMC setting. He shows that for a certain family of low regularity mean curvature

functions that violate the near-CMC assumption that solutions to the conformal formu-

lation are non-unique. However, Maxwell considers this problem in the Yamabe zero

setting with mean curvature functions that are less regular than those allowed in [12, 13].

Part of the goal of our research is to extend the low regularity results of Holst et. al in

[12, 13] to include the results of Maxwell in [22] so that the relationship between low

regularity data, far-from-CMC mean curvature assumptions and non-uniqueness can be

more clearly understood.

We seek to develop a framework for solving semilinear PDE with distributional

coefficients within an abstract function algebra that is free of the limitations of distribu-

tional (Sobolev) multiplication. However, this approach is not without other limitations.

Once one obtains a solution in the larger generalized function space, it is then desirable

to relate the solution to some sort of distributional solution via weak convergence. In

the case that the elliptic PDE is linear and the coefficients are sufficiently regular, then

the generalized solution will converge weakly to the classical solution [24]. In the event

that the PDE is nonlinear, it has proved difficult to show a clear relationship between

generalized solutions and classical solutions if they exist. We discuss this point more in

Section 2.2 in Chapter 2.
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1.3 Examples of Non-uniqueness of Solutions to the

Constraints

We now turn our attention from the rough solution theory described in the previ-

ous section to the other main topic of this thesis–non-uniqueness of solutions. In Chap-

ter 3 we demonstrate non-uniqueness of solutions to the conformal formulation with

unscaled matter fields. Here we provide a little history and motivation for considering

this problem.

We have already mentioned a few instances where solutions to the conformal

formulation are not necessarily unique. The far-from-CMC results obtained in [12, 13]

did not utilize a contraction mapping argument, but instead employed a more general

topological fixed-point theorem. Unlike the contraction mapping argument, this ap-

proach does not guarantee uniqueness of solutions. Maxwell’s work in [22] showed that

solutions to the conformal formulation are not unique if the metric is in the zero Yam-

abe class and the mean curvature τ has sufficiently low regularity and fails to satisfy the

near-CMC assumptions.

There has also been a great deal of research done on the non-uniqueness of

solutions to alternative formulations of the constraints known as the conformal thin

sandwich method (CTS method) and the extended conformal thin sandwich method

(XCTS method). These two formulations are extremely popular amongst numerical rel-

ativists and the first evidence that solutions to the these formulations were non-unique

was demonstrated in [26]. In this paper, Pfieffer and York obtained numerical evidence

that the solution curve of the XCTS system contained two distinct branches of solutions.

Then in [4], O’Murchadha et al. constructed a simplified model of a spherical constant

density star and explicitly showed that solutions to the Hamiltonian constraint with an

unscaled matter source were non-unique. This analysis was conducted to show that cer-

tain terms with the wrong sign that appear in the nonlinear XCTS system caused the

non-uniqueness phenomena observed by York in [26]. Finally, in [29], Walsh general-

ized O’Murchadha’s work by applying basic techniques from bifurcation theory to give

a partial analysis of the non-uniquess behavior of the XCTS system on an asymptoti-

cally Euclidean manifold. His analysis, however, relied on the key assumption that the
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linearization of the system developed a one-dimensional kernel at a particular solution,

and he also assumed that certain terms in his representation of the solution curve did not

vanish.

In Chapter 3 we expand on Walsh’s work and the work above by considering

the conformal formulation with unscaled matter fields on a closed manifold. We explic-

itly show that the linearization of a one parameter family of elliptic systems develops

a one dimensional kernel at a particular solution. This allows us to rigorously apply

a Liapunov-Schmidt reduction to determine an explicit solution curve of the family of

problems considered. Analysis of the curve reveals that if the parameter is sufficiently

small then solutions to the system are non-unique. Now we give a more precise state-

ment of the problems that we consider in this paper.

1.4 Problems Considered

The problems that we consider in this thesis address two of the most important,

unresolved issues associated with the conformal method–the need for a more general

low regularity solution framework, and the non-uniqueness behavior associated with

solutions. In the following sections we give a more explicit statement of the problems

that we consider that are meant to partially address these issues. We first give a rough

outline of our method to solve a certain family of semilinear PDEs with distributional

coefficients. Then we describe our process to prove non-uniqueness of solutions to the

conformal formulation on a closed manifold.

1.4.1 Generalized Solutions of a Semilinear Elliptic PDE

with Distributional Coefficients

In Chapter 2 we consider the following problem

−
N∑

i,j=1

Di(a
ijDju) +

K∑
i=1

biuni = 0 in Ω, (1.4.1)

u|∂Ω = ρ,
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on an open, bounded domain Ω ⊂ Rn, where ni ∈ Z and the coefficients aij, bi and

boundary function ρ are distributional with certain restrictions. This semilinear elliptic

equation (1.4.1) is a generalization of the local formulation of the Hamiltonian constraint

on a domain in Rn. We seek to develop a low regularity solution framework for this class

of problems.

Problems Associated with Distributional Multiplication

The difficultly with considering the problem (1.4.1) is that the elliptic operator

(1.4.1) is not a well-defined operator even on the space of distributions. Recall that if

C∞0 (Ω) denotes the spaces of infinitely differentiable functions with compact support in

Ω, then the space of distributions,D′(Ω), is the collection of linear functionals acting on

C∞0 (Ω). Even though multiplication of a distribution by a C∞ function is a well-defined

procedure, there is no “well-behaved” form of distributional multiplication that extends

this definition. By well-behaved, we mean that any attempt at defining an intrinsic

form of distributional multiplication (i.e. resulting product is a distribution) leads to an

operation that is either not associative, commutative or is inconsistent with the properties

of generalized differentiation. See [8] for more details. Consider the following example,

which is typical of the pathologies that result from attempts at defining distributional

multiplication.

Example 1.4.1. Let δ(x) denote the dirac delta function and let vp 1
x

denote the principle

value of 1
x
. Suppose that a well-defined notion of distributional multiplication exists that

extends the definition of multiplication by a smooth function. Then we have

0 = (δ(x) · x) · vp1

x
6= δ(x) ·

(
x · vp1

x

)
= δ(x). (1.4.2)

This example shows that if any notion of multiplication exists within the space

of distributions that is consistent with the definition of distributional multiplication by a

C∞ function, then it cannot be associative. See [8] for other examples of pathologies.

In the following discussion, which is taken from [8], we present one approach to resolve

some of the issues described.

One solution to the problem of distributional multiplication is to seek an embed-



16

ding of D′(Ω) into some larger algebra. More specifically, one seeks an embedding and

an algebra (A(Ω),+, ◦) such that

(i) D′(Ω) is linearly embedded into A(Ω) and f(x) ≡ 1 is the unity in A(Ω).

(ii) There exist derivation operators ∂i : A(Ω)→ A(Ω) (i = 1, · · · , n) that are linear

and satisfy the Leibniz rule.

(iii) ∂|D′(Ω) is the usual partial derivative (i = 1, · · · , n).

(iv) ◦|C(Ω)×C(Ω) coincides with the pointwise product of functions.

However, in his famous impossibility result, L. Schwartz showed in [27] that there is no

associative, commutative algebra satisfying (i)-(iv). However, if one weakens (iv) to

(v) ◦|C∞(Ω)×C∞(Ω) coincides with the pointwise product of functions,

then commutative, associative algebras satisfying (i)-(iii) and (v) exist. These are the

algebras constructed by Colombeau in [7] and we will use these so-called Colombeau

algebras to solve (1.4.1). We give a very brief introduction of the Colombeau algebra

construction on a bounded open set Ω and then describe how to formulate (1.4.1) as a

problem within this generalized function space.

Colombeau Algebras

The following discussion provides a brief overview of the construction of the

so-called special algebra of Colombeau and is taken from [8].

It is well known that any distribution u ∈ D′(Rn) is the weak limit of a net of

C∞(Rn) functions (uε)ε. This follows by considering the convolution (u ∗ φε)ε, where

ε ∈ (0, 1] and

φ ∈ C∞0 (Rn),

∫
φ dx = 1, and φε = ε−nφ

(x
ε

)
. (1.4.3)

With this in mind, we consider the following subsets of C∞(Rn)I , where I = (0, 1]:

V := {(uε)ε ∈ C∞(Rn)I | ∃u ∈ D′(Rn) with uε → u in D′}, (1.4.4)

V0 := {(uε)ε ∈ C∞(Rn)I | uε → 0 in D′(Rn)}. (1.4.5)
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Then by the regularization property ofD′(Rn) mentioned above, it follows that the linear

map

Ψ : V/V0 → D′(Rn), (1.4.6)

(uε)ε + V0 → lim
ε→0

uε,

is an isomorphism, where the above limit is taken in the weak sense. This heuristic

provides the motivation for the construction of the special algebra.

The significance of the space C∞(Rn)I in the above construction is that it is a

differential algebra when endowed with componentwise operations (vector space op-

erations, multiplication, partial differentiation )[8]. Therefore, in order to construct an

associative, commutative algebra in which we can embed D′(Rn), the previous discus-

sion suggests that we choose an appropriate ideal I of C∞(Rn)I such that I ⊂ V0 [8].

Then we can include D′ by convolving with a mollifier φ satisfying (1.4.3) by using the

following embedding:

D′(Rn) ↪→ C∞(Rn)I/I, (1.4.7)

u→ (u ∗ φε)ε + I.

We now observe that for any ideal I ⊂ V0, Eq. (1.4.7) will be an embedding of D′ into

an associative, commutative differential algebra. However, we want the embedding to

satisfy the compatibility condition (v), namely that multiplication in the algebra coincide

with multiplication ofC∞ functions. The ideal I is constructed to meet this requirement.

More specifically, one can embed f ∈ C∞(Rn) by f → (f)ε + I. This will ensure

that the compatibility conditions are met. On the other hand, our means of embedding

distributions implies that f → (f ∗φε)ε +I must hold. Therefore we construct the ideal

I so that these two expressions coincide in the quotient space [8]. By considering the
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difference

(f ∗ φε − f)(x) =

∫
(f(x− y)− f(x))φε(y)dy (1.4.8)

=

∫ m∑
k=1

(−εy)k

k!
f (k)(x)φ(y)dy +

∫
(−εy)m+1

(m+ 1)!
f (m+1)(x− θεy)φ(y)dy,

and additionally assuming that
∫
φ(x)xkdx = 0 for all k ≥ 1, we see that (1.4.8)

will tend to 0 if and only if uε and all derivatives vanish faster than any power of ε on

compact sets. We consider I to be the subset of C∞(Rn)I containing nets that satisfy

these properties. However, C∞(Rn) contains nets of arbitrarily fast growth (exponential

) growth in 1
ε

[8]. To ensure that I is an ideal, we restrict ourselves to a subalgebra–the

space of moderate elements–which consists of those nets (uε)ε whose derivatives ∂αuε
blow up at a rate ofO(ε−N(α)) for someN(α) ∈ N. We summarize the above discussion

with the following definition.

Definition 1.4.2. Let

Es(Ω) := (C∞(Ω))I , (1.4.9)

EsM(Ω) := {(uε)ε ∈ Es(Ω) | ∀K ⊂⊂ Ω ∀α ∈ Nα
0 ∃N ∈ N with (1.4.10)

sup
x∈K
|∂αuε(x)| = O(ε−N) as ε→ 0},

N s(Ω) := {(uε)ε ∈ Es(Ω) | ∀K ⊂⊂ Ω ∀α ∈ Nα
0 ∀m ∈ N : (1.4.11)

sup
x∈K
|∂αuε(x)| = O(εm) as ε→ 0}.

Elements of EsM(Ω) are called moderate elements and elements of N s(Ω) are referred

to as negligible elements. The quotient algebra Gs(Ω) = EsM(Ω)/N s(Ω) is the special

Colombeau algebra on Ω.

Solution of a Semilinear Problem in Gs(Ω)

Now that we have introduced the special algebra Gs(Ω), we are ready to discuss

our approach for solving a semilinear elliptic PDE in this generalized function space.

An important property of the algebraGs(Ω) is that it is a fine sheaf (i.e. Gs(−) is

well behaved with respect to open coverings and partitions of unity) [8]. This property
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allows one to construct an embedding

i : D′(Ω)→ Gs(Ω), (1.4.12)

i(u)→ (uε)ε +N s(Ω),

where we omit the details of the embedding due to its complicated form.

By embedding the distributions into Gs(Ω), we are mapping a distribution u to

an equivalence class [(uε)ε]. Therefore, in order to solve (1.4.1) in Gs(Ω), we embed

the distributional coefficients aij, bi and ρ into Gs(Ω) and choose certain representatives

(aijε )ε, (b
i
ε)ε and (ρε)ε of their respective equivalence classes to obtain a net of operators

Aεuε = −Di(a
ij
ε Djuε) +

K∑
i

biε(uε)
ni . (1.4.13)

We then show that Aε is independent of the choice of representatives, thereby obtain-

ing an equivalence class of operators [Aε] which represents a well-defined differential

operator on Gs(Ω).

For each fixed ε, we solve the net of semilinear problems (1.4.13) by using a

technique known as method of sub- and super-solutions. This approach requires deter-

mining a net of constants (αε)ε and (βε)ε such that for each ε > 0, αε < βε and

Aε(αε) ≤ 0, (1.4.14)

Aε(βε) ≥ 0.

The sub- and super-solution Theorem proved in Chapter 2 then implies the existence of

a solution αε ≤ uε ≤ βε for each ε ∈ (0, 1]. This generates a net of solutions (uε)ε which

we then verify is a representative of an element of Gs(Ω) by utilizing classical Schauder

estimates.

The framework described above is the general approach that we will use in Chap-

ter 2 to solve the low-regularity, semilinear problem (1.4.1) in Gs(Ω). Now we discuss

the method by which we prove non-uniqueness in more detail.
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1.4.2 Non-uniqueness of the Conformal Formulations with

an Unscaled Matter Field

The non-uniqueness results of Chapter 3 pertain to the following one parameter

family of problems

−∆φ+aRφ+ λ2aτφ
5 − awφ−7 − 2πρe−λφ5 = 0, (1.4.15)

Lw + λbaτφ
6 = 0.

Here we assume that gab is a given SPD metric with no conformal killing fields that has

constant, positive scalar curvature. We let Da and ∆ denote the covariant derivative and

the Laplace-Beltrami operator associated with gab and let

Lw = Db(Lw)ab

denote the divergence of the conformal killing operator associated with gab. Finally, we

define

aR =
1

8
R, aτ =

1

12
τ 2, (1.4.16)

aw =
1

8
[σab + (Lw)ab][σ

ab + (Lw)ab], bτ =
2

3
Daτ.

We assume that R is a positive constant and that |σ| = (σabσ
ab)

1
2 is also a nonzero con-

stant. Notice that (1.4.15) has the form of the conformally rescaled constraints (1.1.9)-

(1.1.10) with unscaled matter sources ρ, ja and initial data depending on λ where

τλ = λτ, ρλ = e−λρ and jλ = 0.

We show that in both the CMC and non-CMC cases that solutions to (1.4.15) are

non-unique. Our method for doing this is to apply a standard technique from bifurcation

theory known as the Liapunov-Schmidt reduction. This technique consists of formu-

lating our one-parameter family of problems (1.4.15) as a nonlinear operator problem

between Banach spaces. Then, the problem is reduced to a finite-dimensional problem
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by using the Implicit function theorem and other basic tools from functional analysis.

We first review these basic tools, then discuss the reduction process.

Some Basic Functional Analysis

Here we follow the notation in [31]. Recall that a Banach spaceX is a complete,

normed vector space and a Hilbert space H is a Banach space whose norm is induced

by an inner product. Given two Banach spaces X1 and X2, with norms ‖ · ‖X1 and

‖ ·‖X2 , one can construct a new Banach space by forming the direct sum X1⊕X2 which

consists of elements in X1 ×X2 with the norm

‖ · ‖X1⊕X2 =
√
‖ · ‖2

X1
+ ‖ · ‖2

X2
.

One can do the same for Hilbert spaces by taking the sum of the inner products associ-

ated with each space to obtain a new Hilbert space. See [31] for a complete discussion

of these topics.

In our non-uniqueness analysis of the one-parameter family (1.4.15), we formu-

late the problem in the form

F (x, λ) = 0, (1.4.17)

where F : U × V → Z is a nonlinear operator between Banach spaces. The most

important theorem in functional analysis for analyzing such a problem is the Implicit

Function Theorem. This theorem plays an integral role in our non-uniqueness analysis

and we state it here without proof for completeness. The following statement is taken

from [6]

Theorem 1.4.3 (Implicit Function Theorem). SupposeX, Y, Z are Banach spaces, U ⊂
X, V ⊂ Y are open sets, F : U × V → Z is continuously differentiable, (x0, y0) ∈
U × V , F (x0, y0) = 0 and DxF (x0, y0) has a bounded inverse. Then there is a

neighborhood U1×V1 ⊂ U×V of (x0, y0) and a function f : V1 → U1, f(y0) = x0 such

that F (x, y) = 0 for (x, y) ∈ U1× V1 if and only if x = f(y). If F ∈ Ck(U × V, Z),

k ≥ 1 or analytic in a neighborhood of (x0, y0), then f ∈ Ck(V1, X) or is analytic in a

neighborhood of y0.
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The concepts of the adjoint and a Fredholm operator will also be important in our

work. Indeed, these concepts are essential for reducing the nonlinear operator problem

(1.4.17) into a finite-dimensional problem. Given an inner product 〈·, ·〉 associated with

a particular Hilbert spaceH and a linear operator A : H → H, the adjoint A∗ : H → H
associated withH is the unique operator satisfying

〈Au, v〉 = 〈u,A∗v〉,

for all u, v ∈ H. The definition of the adjoint can be extended to operators A : X → Y

where the Banach spacesX and Y are dense subspaces of some Hilbert space. An opera-

torA : X → Y is a Fredholm operator if dim ker(A) <∞, dim ker(A∗) <∞ andR(A)

is a closed subspace of Y . Finally, we say a nonlinear operator F : X → Y between Ba-

nach spaces is a nonlinear Fredholm operator if the Fréchet derivative DxF (x0) : X →
Y is a Fredholm operator for each x0 ∈ X .

Finally, we also need to consider projection operators on Hilbert spaces and

Banach spaces. Given a Banach space X and a subspace V ⊂ X , the projection P onto

V is a bounded linear operator P : X → V that satisfies P 2 = P . In particular, if V

is a finite-dimensional subspace spanned by the orthonormal basis v̂1, · · · , v̂n and X is

Hilbert space, then we can easily construct the projection onto V by the formula

Pu :
n∑
i=1

〈u, v̂i〉v̂i, (1.4.18)

where u ∈ X and 〈·, ·〉 is the inner product on H. Note that if X ⊂ H is a Banach

space and V ⊂ X , we can define a projection operator P : X → V by restricting the

projection operator onH to X .

We now have everything we need to discuss the Liapunov-Schmidt reduction.

Liapunov-Schmidt Reduction

The following treatment is taken from [17]. Let X,Λ and Z be Banach spaces

and assume that U ⊂ X , V ⊂ Λ. For λ = λ0, we require that the mapping

F : U × V → Z be a nonlinear Fredholm operator with respect to x; i.e. the lineariza-
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tion DxF (·, λ0) of F (·, λ0) : U → Z is a Fredholm operator. Assume that F also

satisfies the following assumptions:

F (x0, λ0) = 0 for some (x0, λ0) ∈ U × V , (1.4.19)

dim ker(DxF (x0, λ0)) = dim ker(DxF (x0, λ0)∗) = 1.

Given that DxF (x0, λ0) has a one-dimensional kernel, there exists a projection oper-

ator P : X → X1 = kerDxF (x0, λ0). Similarly, one has the projection operator

Q : Y → Y2 = ker(DxF (x0, λ0)∗). This allows us to decompose X = X1 ⊕ X2 and

Y = Y1 ⊕ Y2 where Y1 = R(DXF (x0, λ0)). We will refer to this decomposition as

the Liapunov-Schmidt decomposition, and we see that F (x, λ) = 0 if and only if the

following two equations are satisfied

QF (x, λ) = 0, (1.4.20)

(I −Q)F (x, λ) = 0.

For any x ∈ X , we can write x = v + w, where v = Px and w = (I − P )x.

This defines a map G : U1 ×W1 × V1 → Y1 by

G(v, w, λ) = (I −Q)F (v + w, λ) where (1.4.21)

U1 ⊂ X1, W1 ⊂ X2, V1 ⊂ R and

v0 = Px0 ∈ U1, w0 = (I − P )x0 ∈ W1.

The definition of G(v, w, λ) implies that G(v0, w0, λ0) = 0, and our choice of

function spaces allows us to apply the Implicit Function Theorem to G(v, w, λ) to con-

clude that there exists a continuously differentiable function

ψ : U2 × V2 → W2 such that all solutions to G(v, w, λ) = 0, (1.4.22)

in U2 ×W2 × V2 are of the form G(v, ψ(v, λ), λ) = 0.

Insertion of the function ψ(v, λ) into the second equation of (1.4.20) yields a finite-
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dimensional problem

Φ(v, λ) = QF (v + ψ(v, λ), λ) = 0. (1.4.23)

We observe that finding solutions (v, λ) to (1.4.23) is equivalent to finding solutions to

F (x, λ) = 0 in a neighborhood of (x0, λ0). We will refer to the finite-dimensional prob-

lem (1.4.23) as the Liapunov-Schmidt reduction of the nonlinear problem F (x, λ) = 0.

Given that ker(DxF (x0, λ0)) is spanned by v̂0, then we can write v = sv̂0 + v0.

Substituting this into (1.4.23) we obtain

Φ(s, λ) = QF (sv̂0 + v0 + ψ(sv̂0 + v0, λ), λ) = 0. (1.4.24)

With additional assumptions on the operator F (x, λ), we can apply the Implicit Function

Theorem again to Eq. (1.4.24) to conclude that in a neighborhood of λ0, λ = ρ(s)

for some continuously differentiable function ρ(s). We then observe that solutions to

F (x, λ) = 0 in a neighborhood of (x0, λ0) must lie on the parametrized curve

x(s) = sv̂0 + v0 + ψ(sv̂0 + v0, ρ(s)), (1.4.25)

λ(s) = ρ(s).

With additional assumptions on the operator F (x, λ), we can determine the behavior of

ψ(sv̂0 + v̂0, ρ(s)) and ρ(s) in the above expression in a neighborhood of s = 0.

Non-uniqueness of Solutions to a One-parameter Family of Problems

Here we outline our approach for proving that solutions to Eq. (1.4.15) are non-

unique. Given that our approach for both the CMC and non-CMC cases are similar, we

only outline our strategy for the non-CMC case.

Define

F ((φ,w), λ) =

[
−∆φ+ aRφ+ λ2aτφ

5 − awφ−7 − 2πρe−λφ5

Lw + λbaτφ
6

]
. (1.4.26)
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We view (1.4.26) as a nonlinear operator between Banach spaces

F ((φ,w), λ) : Ck,α(M)⊕Ck,α(TM)⊕R→ Ck−2,α(M)⊕Ck−2,α(TM), (k ≥ 2).

We also observe that if F ((φ,w), λ) = 0, then ((φ,w), λ) solves the system (1.4.15).

In Chapter 3 we apply the Liapunov-Schmidt reduction outlined above to the

nonlinear operator defined in Eq. (1.4.26). We first show that there is critical density

ρ = ρc and solution ((φc,0), 0) to (1.4.15) such that the linearization DXF ((φc,0), 0)

has a one-dimensional kernel when ρ = ρc in (1.4.26). This assumption allows us to

apply the reduction to determine a parametrization of the solution curve of (1.4.15) in a

neighborhood of ((φc,0), 0). We then determine a second order Taylor series expansion

of ψ(sv̂0 + v̂0, ρ(s)) and ρ(s) in a neighborhood of s = 0. This expansion combined

with Eq. (1.4.25) imply that all solutions to Eq. (1.4.15) in a neighborhood of ((φc,0), 0)

have the form

φ(s) = φc + s+
1

2
λ̈(0)u(x)s2 +O(s3), (1.4.27)

w(s) =
1

2
λ̈(0)v(x)s2 +O(s3), (1.4.28)

λ(s) =
1

2
λ̈(0)s2 +O(s3), (1.4.29)

where λ̈(0) 6= 0 and v(x) 6= 0. The non-uniqueness of solutions to Eq. (1.4.15) then

follows from the fact that the lowest order term in λ(s) and w(s) is quadratic.

The discussion above outlines the approach we take to prove non-uniqueness

of solutions to (1.4.15) in both the CMC and non-CMC cases. Now that we have de-

scribed the general solution procedure for both the rough solution problem and the non-

uniqueness problem, we outline the remainder of the paper.

1.5 Summary of the Papers

The remainder of the thesis consists of two chapters, each of which is comprised

of a self-contained paper. The paper that makes up Chapter 2 develops the rough solu-

tion framework that we discussed in Section 1.4.1 and the article comprising Chapter 3
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discusses the non-uniqueness of the conformal formulation on a closed manifold dis-

cussed in 1.4.2. Here we provide an outline of each paper, starting with Chapter 2.

Chapter 2 is structured as follows. In Section 2.2 we provide additional moti-

vation for the rough solution framework by proving the existence of a solution to an

ill-posed semilinear problem (2.1.3). In Section 2.3 we state a number of preliminary

results and develop the technical tools required to solve our semilinear problem (1.4.1).

Among these tools and results are refined Schauder estimates found in [23] and a de-

scription of the Colombeau framework in which the coefficients and data will be em-

bedded. The main result of Chapter 2 is stated in Section 2.4 in Theorem 2.4.1. This

Theorem states conditions under which a semilinear problem has a solution in the spe-

cial Colombeau algebra. In this same section, we also give a statement and proof of

the method of sub- and super-solutions in Theorem 2.4.3, and then give an outline of

the method of proof of Theorem 2.4.1. Following our discussion of elliptic problems

in Colombeau algebras, we discuss a method to embed (1.4.1) into the algebra to apply

our Colombeau existence theory. The remainder of the chapter is dedicated to develop-

ing the tools to prove Theorem 2.4.1. In Section 2.5 we determine a priori L∞ bounds

of solutions to our semilinear problem and a net of sub- and super-solutions satisfying

explicit ε-decay estimates. Finally, in Section 2.6 we utilize the results from Section 2.5

to prove the main result outlined in Section 2.4.

Chapter 3 is organized as follows. In section 3.2 we introduce the function spaces

that we will use and some basic concepts from functional analysis. Then we discuss the

Liapunov-Schmidt reduction in greater detail. A statement of the main, non-uniqueness

results of Chapter 3 can be found in section 3.3. The remainder of the chapter is then

devoted to proving these results. The foundation for our argument is developed in sec-

tions 3.4 and 3.5. In section 3.4 we demonstrate the existence of a critical, constant

density ρc such that for τ and |σ| constant and ja = 0, the Hamiltonian constraint (3.1.6)

will have a positive solution if ρ ≤ ρc and will have no positive solution if ρ > ρc. Then

in section 3.5 we use the properties of ρc to show that there exists a function φc at which

the linearizations of the uncoupled Hamiltonian operator (CMC case) and coupled sys-

tem (non-CMC case) have one-dimensional kernels. The existence of a one-dimensional

kernel then allows us to apply the Liapunov-Schmidt reduction in section 3.7 in the CMC
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case and in section 3.8 in the non-CMC case. In particular, in section 3.7 we determine

an explicit solution curve for (3.1.6) that goes through the point (φc, 0) in the CMC

case. An analysis of this curve then implies the non-uniqueness of solutions to (3.1.6)

when the mean curvature is constant. Similarly, in section 3.8 we also determine an

explicit solution curve for the full, uncoupled system (3.1.6) through a point of the form

((φc,0), 0).
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GENERALIZED SOLUTIONS TO SEMILINEAR ELLIPTIC PDE WITH

APPLICATIONS TO THE LICHNEROWICZ EQUATION

MICHAEL HOLST AND CALEB MEIER

ABSTRACT. In this article we investigate the existence of solutions to a semi-

linear, elliptic, partial differential equation with distributional coefficients and data. The

problem we consider is a generalization of the Lichnerowicz equation that one encoun-

ters in studying the constraint equations in general relativity. Our method for solving

this problem consists of solving a net of regularized, semi-linear problems with data

obtained by smoothing the original, distributional coefficients. In order to solve these

regularized problems, we develop a priori L∞-bounds and sub- and super-solutions to

apply a fixed point argument. We then show that the net of solutions obtained through

this process satisfies certain decay estimates by determining estimates for the sub- and

super-solutions and utilizing classical, a priori elliptic estimates. The estimates for

this net of solutions allow us to regard this collection of functions as a solution in a

Colombeau-type algebra. We motivate this Colombeau algebra framework by first solv-

ing an ill-posed critical exponent problem. To solve this ill-posed problem, we use a

collection of smooth, ”approximating” problems and then use the resulting sequence of

solutions and a compactness argument to obtain a solution to the original problem. This

approach is modeled after the more general Colombeau framework that we develop, and

it conveys the potential that solutions in these abstract spaces have for obtaining classical

solutions to ill-posed nonlinear problems with irregular data.
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2.1 Introduction: Semilinear Problems and Critical

Nonlinearities

In this paper we consider a family of elliptic, semilinear Dirichlet problems that

are of the form

−
N∑

i,j=1

Di(a
ijDju) +

K∑
i=1

biuni = 0 in Ω, (2.1.1)

u|∂Ω = ρ, (2.1.2)

where aij, bi and ρ are potentially distributional and ni ∈ Z for each i. These problems

are a generalization of the the Lichnerowicz Equation that appears in the study of the

constraint equations of General Relativity. The need to understand an equation of this

form with rough data arises if one attempts to study equations such as the Lichnerowicz

equation when the metric of the embedded hypersurface is not smooth. From a physical

perspective, such problems are interesting because distributional metrics correspond to

the initial data for physically plausible spacetimes generated by strings and gravitational

waves [4, 6]. From a mathematical point of view, developing results for solutions to

the Lichnerowicz equation under such low regularity conditions is of interest in that it

extends the current “rough metric” existence theory, as described in [7, 8, 11, 10, 2].

The hope is to eventually extend the solution theory to cover rough data examples such

as those studied by Maxwell in [12].

The main contributions of this article are an existence result for (2.1.1) in a

Colombeau-type algebra, and an existence result in W 1,2(Ω) for an ill-posed, critical

exponent problem of the form

−∆u+ au5 + bui = 0 in Ω, (2.1.3)

u|∂Ω = ρ,

where 1 ≤ i ≤ 4 is in N, Ω ⊂ R3, a ∈ Lp(Ω) and b ∈ Lq with 6
5
≤ p ≤ q. The

framework we use to prove existence for (2.1.1) consists of embedding the singular

data and coefficients into a Colombeau-type algebra so that multiplication of the dis-
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tributional coefficients is well-defined. To solve (2.1.3), we do not explicitly require

the Colombeau machinery that we develop to solve (2.1.1), but we use similar ideas to

produce a sequence of functions that converge to a solution of (2.1.3) in W 1,2(Ω).

The Colombeau solution framework for this paper is based mainly on the ideas

found in [13]. Here we extend the work done by Mitrovic and Pilipovic in [13] to include

a certain collection of semilinear problems. While Pilipovic and Scarpalezos solved a

divergent type, quasilinear problem in a Colombeau type algebra in [14], the class of

nonlinear problems we consider here does not fit naturally into that framework. Here

we provide a solution method that is distinct from those posed in [14] and [13] that is

better suited for the class of semilinear problems that we are interested in solving. The

set up of our problem is completely similar to the set-up in [13]: given the semilinear

Dirichlet problem in (2.1.1), we consider the family of problems

Pε(x,D)uε = fε(x, uε) on Ω, (2.1.4)

uε|∂Ω = ρε,

where fε, hε, and Pε(x,D) are obtained by convolving the data and coefficients of (2.1.1)

with a certain mollifier. Therefore, a solution to our problem (2.1.1) in a Colombeau

algebra is a net of solutions to the above family satisfying certain decay estimates in ε.

This is discussed in detail in Sections 2.3.2 and 2.3.4. This basic concept underlies both

the solution process in our paper and in [13] and [14]. However, it is our solution process

in the Colombeau algebra that is quite distinct from that laid out in [13], where the

authors used linear elliptic theory to determine a family of solutions and then classical

elliptic, a priori estimates to prove certain decay estimates. Most notably, the authors

developed a precise maximum principle-type argument necessary to obtain the decay

estimates required to find a solution. Our strategy for solving (2.1.1) differs in a number

of ways. First, in Section 2.5.1 we develop a family of a priori L∞ bounds to the family

of problems (2.1.4). Then in Section 2.5.2 we show that these estimates determine sub-

and super-solutions to (2.1.4). We then employ the method of sub- and super-solutions

in Section 2.4.1 to determine a family of solutions. Finally, ε-decay estimates on the sub-

and super-solutions are established in Section 2.5.2, and in Section 2.6 these estimates

are used in conjunction with the a priori estimates in Section 2.3.1 to prove the necessary
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ε-decay estimates on our family of solutions.

This paper can be broken down into two distinct, but related parts. The first part

is dedicated to solving (2.1.3). Our solution to this problem does not explicitly require

the techniques that we develop to solve problems with distributional data in Colombeau

algebras and only relies on standard elliptic PDE theory. However, the ideas that we

use to solve the problem are closely related: we obtain a solution by solving a family of

problems similar to (2.1.4) and then show that these solutions converge to a function in

W 1,2(Ω). Therefore, we present our existence result for (2.1.3) first to convey the benefit

that the more general Colombeau solution strategy has, not only for solving problems in

the Colombeau Algebra, but also for obtaining solutions in more classical spaces. The

remainder of the paper is dedicated to developing the Colombeau framework described

in the preceding paragraph. This consists of defining an algebra appropriate for a Dirich-

let problem and properly defining a semilinear elliptic problem in the algebra. Once a

well-posed elliptic problem in the Colombeau algebra has been formed, we discuss the

conditions under which the problem has a solution in the algebra and finally, describe

how to translate a given problem of the form (2.1.1) into a problem that can be solved

in the algebra. It should be noted that while the intention is to find solutions to (2.1.1),

the main result pertaining to Colombeau algebras in this paper is Theorem 2.4.1, which

is the main solution result for semilinear problems in our particular Colombeau algebra.

Outline of the paper. The remainder of the paper is structured as follows: In

Section 2.2 we motivate this article by proving the existence of a solution to (2.1.3). In

Section 2.3 we state a number of preliminary results and develop the technical tools re-

quired to solve (2.1.1). Among these tools and results are the explicit a priori estimates

found in [13] and a description of the Colombeau framework in which the coefficients

and data will be embedded. Then in Section 2.4 we state the main existence result in

Theorem 2.4.1, give a statement and proof of the method of sub- and super-solutions in

Theorem 2.4.3, and then give an outline of the method of proof of Theorem 2.4.1. Fol-

lowing our discussion of elliptic problems in Colombeau algebras, we discuss a method

to embed (2.1.1) into the algebra to apply our Colombeau existence theory. The re-

mainder of the paper is dedicated to developing the tools to prove Theorem 2.4.1. In

Section 2.5 we determine a priori L∞ bounds of solutions to our semilinear problem



35

and a net of sub- and super-solutions satisfying explicit ε-decay estimates. Finally, in

Section 2.6 we utilize the results from Section 2.5 to prove the main result outlined in

Section 2.4.

2.2 Solution Construction using a Sequence of

Approximate Problems

If Ω ⊂ R3, the Sobolev embedding theorem tells us thatW 1,2(Ω) will compactly

embed into Lp(Ω) for 1 ≤ p < 6 and continuously embed for 1 ≤ p ≤ 6. Given

functions u, v ∈ W 1,2(Ω), this upper bound on p places a constraint on the values of

i that allow for the product uiv to be integrable. In particular, Sobolev embedding

and standard Hölder inequalities imply that this product will be integrable for arbitrary

elements of W 1,2(Ω) only if 1 ≤ i ≤ 5. More generally, if a ∈ L∞(Ω), the term

au5v will also be integrable. However, if a is an unbounded function in Lp(Ω) for some

p ≥ 1, then this product is not necessarily integrable without some sort of a priori

bounds on a, u, and v. Therefore, the following problem does not have a well-defined

weak formulation in W 1,2(Ω):

−∆u+ au5 + bui = 0 in Ω, (2.2.1)

u|∂Ω = ρ,

where 1 ≤ i ≤ 4 is in N, ρ ∈ W 1,2(Ω′), a ∈ Lp(Ω′), b ∈ Lq(Ω′) for 6
4
≤ p ≤ q. Here

we also assume that Ω ⊂⊂ Ω′ and Ω′ is a bounded domain in R3.

The objective of this section is to find a solution to the above problem. In or-

der to solve (2.2.1), we solve a sequence of approximate, smooth problems and use a

compactness argument to obtain a convergent subsequence. We first define necessary

notation and then present the statements of two theorems that will be necessary for our

discussion in this section. Then we prove the existence of a solution to (2.2.1). Finally,

we show that if a solution exists, then under certain conditions we can construct a net of

problems whose solutions converge to the given solution.
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2.2.1 Overview of Spaces and Results for the Critical

Exponent Problem

For the remainder of the paper, for a fixed domain Ω ⊂ Rn, we denote the

standard Sobolev norms on Ω by

‖u‖Lp =

(∫
Ω

|u(x)|p dx
) 1

p

, (2.2.2)

‖u‖Wk,p =

(
k∑
i=0

‖Diu‖pLp

) 1
p

.

Furthermore, let

ess sup u = û, (2.2.3)

ess inf u = ǔ.

In our subsequent work we will also require regularity conditions on the domain Ω and

its boundary. Therefore, we will need the following definition taken from [5]:

Definition 2.2.1. A bounded domain Ω ⊂ Rn and its boundary are of class Ck,α, 0 ≤
α ≤ 1, if for each x0 ∈ ∂Ω there is a ball B(x0) and a one-to-one mapping Ψ of B onto

D ⊂ Rn such that:

1. Ψ(B ∩ Ω) ⊂ Rn
+,

2. Ψ(B ∩ ∂Ω) ⊂ ∂Rn
+,

3. Ψ ∈ Ck,α(B), Ψ−1 ∈ Ck,α(D).

We say that a domain Ω is of class C∞ if for a fixed 0 ≤ α ≤ 1 it is of class Ck,α

for each k ∈ N. Additionally, for this section and the next we will require the following

Theorem and Proposition. The first result, Theorem 2.2.2, is a simplified statement of

the sub- and super-solution theorem that we prove later in the paper and is essential for

solving our semilinear problem.
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Theorem 2.2.2. Suppose Ω ⊂ Rn is a C∞ domain and assume f : Ω × R+ → R is in

C∞(Ω× R+) and ρ ∈ C∞(Ω). Let L be an elliptic operator of the form

Lu = −Di(a
ijDju) + cu, and aij, c ∈ C∞(Ω). (2.2.4)

Suppose that there exist sub- and super-solutions u− : Ω → R and u+ : Ω → R of L

such that the following hold:

1. u−, u+ ∈ C∞(Ω),

2. 0 < u−(x) < u+(x) ∀x ∈ Ω.

Then there exists a solution u ∈ C∞(Ω) to

Lu = f(x, u) on Ω, (2.2.5)

u|∂Ω = ρ, (2.2.6)

such that u−(x) ≤ u(x) ≤ u+(x).

The following Proposition allows us to determine a priori estimates for solutions

to our semilinear problem. These estimates will serve as sub- and super-solutions and

will allow us to apply the sub- and super-solution theorem to solve (2.2.1).

Proposition 2.2.3. Let u be a solution to a semilinear equation of the form

−
N∑
i,j

Di(a
ijDju) +

K∑
i=1

biuni = 0 in Ω, (2.2.7)

u|∂Ω = ρ, ρ(x) > 0 on ∂Ω,

where aij, bi, ρ ∈ C∞(Ω) and ni ∈ Z for 1 ≤ i ≤ K. Suppose that the semilinear

operator in (2.2.7) has the property that ni > 0 for some 1 ≤ i ≤ K. Let nK be the

largest positive exponent and suppose that bK(x) > 0 in Ω. Additionally, assume that
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one of the following two cases holds:

(1) ni < 0 for some 1 ≤ i < K and if n1 = min{ni : ni < 0}, (2.2.8)

then b1(x) < 0 in Ω.

(2) nK is odd and 0 < ni for all 1 ≤ i ≤ K. (2.2.9)

If case (2.2.8) holds, define

α′ = sup
c∈R+

{
K∑
i=1

sup
x∈Ω

bi(x)bni < 0 ∀b ∈ (0, c)

}
, (2.2.10)

and let α = min{α′, infx∈∂Ω ρ(x)}. If case (2.2.8) or case (2.2.9) holds, define

β′ = inf
c∈R

{
K∑
i=1

inf
x∈Ω

bi(x)bni > 0 ∀b ∈ (c,∞)

}
, (2.2.11)

and let β = max{β′, supx∈∂Ω ρ(x)}.
Under these assumptions and definitions, if case (2.2.8) holds, then 0 < α ≤

u ≤ β. Otherwise, if case (2.2.9) holds, then −β′ ≤ u ≤ β.

For a more detailed statement of Theorem 2.2.2 and its proof, see Section 2.4.1.

The proof of Proposition 2.2.3 can be found in Section 2.5. Now that we have all of the

tools we need, we shall now prove the existence of a solution to the semilinear elliptic

problem (2.2.1).

2.2.2 Existence of a Solution to an Ill-Posed Critical Exponent Prob-

lem

For the following discussion, let Ω ⊂ R3 be a closed and bounded domain of

C∞-class. We assume that Ω ⊂⊂ Ω′ ⊂ R3, with Ω′ open and bounded. Here we prove

the existence of a solution to the problem

−∆u+ au5 + bui = 0 in Ω, (2.2.12)

u|∂Ω = ρ,
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where 1 ≤ i ≤ 4 is in N,

a ∈ Lp(Ω′), b ∈ Lq(Ω′) ∩ L∞(Ω′),
6

4
< p ≤ q <∞, ρ ∈ W 1,2(Ω′), (2.2.13)

and

ǎ > 0, b̂ < 0, and ρ̌ > 0. (2.2.14)

Proposition 2.2.4. The semilinear problem (2.2.12) has a solution u ∈ W 1,2(Ω) if

a, b, and ρ satisfy the conditions in (2.2.13)-(2.2.14).

Proof. To determine a solution to (2.2.12), we consider the sequence of solutions to the

approximate problems

−∆un + an(un)5 + bn(un)i = 0 in Ω, (2.2.15)

un|∂Ω = ρn,

where an = a ∗ φn, bn = b ∗ φn, and ρn = ρ ∗ φn and φn = n3φ(nx) is a positive

mollifier where
∫
φ(x) dx = 1. Given that φ is a positive mollifier, Eq. (2.2.14) implies

that for each n ∈ N,

ǎn > 0, b̂n < 0 and ρ̌n > 0.

We first verify that the sequence of problems (2.2.15) has a solution for each n. To

do this, we will utilize Theorem 2.2.2 and Proposition 2.2.3. Let β′n and βn have the

same properties as β′ and β in Proposition 2.2.3 for the sequence of problems (2.2.15).

Then using the notation in Proposition 2.2.3, we can write explicit expressions for β for

(2.2.12), β′n and βn. It is not hard to show that

β = max

{(
− b̌
ǎ

) 1
5−i

, ρ̂

}
,

and

β′n =

(
− b̌n
ǎn

) 1
5−i

and βn = max {β′n, ρ̂n} .

By Proposition 2.2.3, β′n and βn are a priori bounds for the approximate problems.
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Furthermore, it is not difficult to see that for each n ∈ N that −β′n and βn are sub-

and super-solutions for (2.2.15). See Section 2.5.2 and Theorem 2.4.3 for more details.

Therefore, given that ρn, an, bn ∈ C∞(Ω) for each n, we have that un ∈ C∞(Ω) is a

solution to (2.2.15) for each n by Theorem 2.2.2.

Now observe that for each n ∈ N, βn ≤ β, which follows from the fact that

−bn(x) =

∫
(−b(y))φn(x− y) dy ≤

∫
(−b̌)φn(x− y) = −b̌, (2.2.16)

and an(x) ≥ ǎ, which is verified by a similar calculation. Therefore, by standard Lp

elliptic regularity theory

‖un‖W 2,p ≤C(‖ − an(un)5 − bn(un)i‖Lp + ‖un‖Lp) (2.2.17)

≤C(β5
n‖an‖Lp + βin‖bn‖Lp + βn) < M <∞,

where M is independent of n given that βn ≤ β, an → a in Lp, bn → b in Lq and

p ≤ q. Because p > 6
5

and Ω is of C∞-class, W 2,p(Ω) embeds compactly into W 1,2(Ω).

Therefore, there exists a convergent subsequence unj → u in W 1,2(Ω). We claim now

that u satisfies the following two properties:

1. −β ≤ u ≤ β almost everywhere,

2. u solves (2.2.12).

The inequality −β ≤ u ≤ β a.e. follows from the fact the unj → u in W 1,2(Ω) and

−β ≤ −βnj ≤ −β′nj ≤ unj ≤ βnj ≤ β.

Indeed, if we assume that u > β on some set of nonzero measure, then for some n the

set An = {x ∈ Ω : u(x) > β + 1
n
} has positive measure. Then for all j ∈ N, we have

that ∫
|unj − u|2 dx ≥

∫
An

|unj − u|2 dx ≥
1

n2
µ(An) > 0.

But this clearly contradicts the fact that unj → u in W 1,2(Ω). A similar argument shows

that u ≥ −β, a.e in Ω.
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Finally, we want to show that u solves (2.2.12). Let ε > 0. Then we have that∣∣∣∣∫ (∇u · ∇v + au5v + buiv
)
dx

∣∣∣∣ =

∣∣∣∣∫ (∇u · ∇v + au5v + buiv
)
dx (2.2.18)

−
∫ (
∇unj · ∇v + anj(unj)

5v + bnj(unj)
iv
)
dx

∣∣∣∣ ,
given that unj solves (2.2.15). Then expanding the second line of the above equation we

find that ∣∣∣∣∫ ∇u · ∇v + au5v + buiv dx

∣∣∣∣ (2.2.19)

≤
∫ ∣∣∇u · ∇v −∇unj · ∇v∣∣ dx+

∫ ∣∣au5v − anj(unj)5v
∣∣ dx

+

∫ ∣∣buiv − bnj(unj)iv∣∣ dx (2.2.20)

≤
∫ ∣∣∇u · ∇v −∇unj · ∇v∣∣ dx+

∫ ∣∣au5v − a(unj)
5v
∣∣ dx

+

∫ ∣∣a(unj)
5v − anj(unj)5v

∣∣ dx+

∫ ∣∣buiv − b(unj)iv∣∣ dx
+

∫ ∣∣b(unj)iv − bnj(unj)iv∣∣ dx. (2.2.21)

Every term in (2.2.21) tends to 0 given that unj → u in W 1,2(Ω), anj → a in Lp(Ω),

bnj → b in Lq(Ω) and −β ≤ u ≤ β. To show that the expression∫ ∣∣au5v − a(unj)
5v
∣∣ dx→ 0,

we can use a power series expansion to obtain

∫ ∣∣au5v − a(unj)
5v
∣∣ dx =

∫ ∣∣∣∣∣av
5∑
i=1

(
5

i

)
(unj)

5−i(u− unj)i
∣∣∣∣∣ dx

≤ C(5, β4)
5∑
i=1

∫ ∣∣(u− unj)av∣∣ dx
≤ C‖a‖Lp‖u− unj‖

L
2p
p−1
‖v‖

L
2p
p−1

≤ C‖a‖Lp‖u− unj‖W 1,2‖v‖W 1,2 ,
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where the last inequality follows from the fact that W 1,2(Ω) embeds into L
2p
p−1 (Ω) if

p > 3
2
. Finally, by definition of the trace Tu, we have that,

Tu = lim
j→∞

unj |∂Ω = lim
j→∞

ρnj = ρ,

where the limit is taken in L2(∂Ω). Therefore u−ρ ∈ W 1,2
0 (Ω) and so u solves (2.2.12).

2.2.3 Convergence of Approximate Solutions to an

Existing Solution

In this section we again assume Ω ⊂ R3 is of C∞(Ω)-class and that Ω ⊂⊂ Ω′,

with Ω′ ⊂ R3 open and bounded. We also consider the same semilinear problem as in

the previous section:

−∆u+ au5 + bui = 0 in Ω, (2.2.22)

u|∂Ω = ρ,

and assume that a ∈ Lp(Ω′), b ∈ Lq(Ω′), 6
5
≥ p, q <∞, ρ ∈ W 1,2(Ω′) and

ǎ > 0, b̂ < 0, and ρ̌ > 0.

Now we assume that a solution u ∈ W 1,2(Ω) to (2.2.22) exists, and we consider the

convergence of solutions to the following net of approximate problems to u:

−∆uε + aε(uε)
5 + bε(uε)

i = 0 in Ω,

uε|∂Ω = ρε, (2.2.23)

where aε = a ∗ φε, bε = b ∗ φε, ρε = ρ ∗ φε, φε(x) = 1
ε3
φ(x

ε
) and φ is a positive mollifier

such that
∫
φ(x) dx = 1. Again, given that φ is positive, for each ε < 1

ǎε > 0, b̌ε < 0, and ρ̌ε > 0.
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Because u is a solution to (2.2.22), Proposition 2.2.3 implies that

−β ≤ −
(
− b̌
ǎ

) 1
5−i

≤ u ≤ max

{
ρ̂,

(
− b̌
ǎ

) 1
5−i
}

= β.

Similarly, for each ε ∈ (0, 1) we have that

−βε ≤ uε ≤ max

{
ρ̂ε,

(
− b̌ε
ǎε

) 1
5−i
}

= βε.

Given that φε is a positive mollifier, βε ≤ β for all ε ∈ (0, 1). This follows from (2.2.16).

Therefore −β ≤ uε ≤ β for all ε ∈ (0, 1).

Proposition 2.2.5. If a solution u to (2.2.22) exists in W 1,2(Ω), then the approximate

solutions uε of (2.2.23) converge to u in W 1,2(Ω) provided that

max

{
ρ̂,

(
− b̌
ǎ

) 1
5−i
}
<< 1. (2.2.24)

Proof. Define uε to be the solution to the following auxiliary problem:

−∆uε = −aεu5 − bεui in Ω, (2.2.25)

uε|∂Ω = ρε.

Note that uε exists by standard linear, elliptic solution theory because of the bounds on

u and the assumption that p, q ≥ 6
5

implies that

−aεu5 − bεui ∈ H−1(Ω).

Now consider the following string of inequalities:

‖u− uε‖W 1,2 ≤ ‖u− uε‖W 1,2 + ‖uε − uε‖W 1,2 (2.2.26)

≤ C
(
‖(aε − a)u5 + (bε − b)ui‖H−1

+C‖aε(uε)5 + bε(uε)
i − aεu5 − bεu4‖H−1

)
.
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We observe that

‖(aε − a)u5 + (bε − b)ui‖H−1 ≤ β5‖aε − a‖Lp + βi‖bε − b‖Lq → 0, (2.2.27)

for any 1 ≤ p, q <∞.

Furthermore, we may rewrite the second term in the inequality using a power

series expansion to obtain the following string of inequalities:

‖aε(uε)5 + bε(uε)
i − aεu5 − bεui‖H−1 (2.2.28)

≤ ‖aε
5∑
j=1

(
5

j

)
(uε)

5−j(u− uε)j‖H−1 + ‖bε
i∑

j=1

(
i

j

)
(uε)

i−j(u− uε)j‖H−1 .

Given that |u− uε| ≤ 2β a.e. , for p′ = min{7
6
, 6p

6+p
}, we have

‖aε
5∑
j=1

(
5

j

)
(uε)

5−j(u− uε)j‖H−1 ≤ ‖aε
5∑
j=1

(
5

j

)
(uε)

5−j(u− uε)j‖Lp′

≤ 24β4C(5,Ω)‖aε(u− uε)‖Lp′

≤ C(Ω, 5)β4‖aε‖Lp‖u− uε‖
L

pp′
p−p′

≤ C(Ω, 5)β4‖aε‖Lp(Ω)‖u− uε‖W 1,2 , (2.2.29)

provided that p ≥ 6
5
. Similarly, if q ≥ 6

5
, we have that

‖bε
i∑

j=1

(
i

j

)
(uε)

i−j(u− uε)j‖H−1 ≤ C(4,Ω)βi−1‖bε‖Lq‖u− uε‖W 1,2 . (2.2.30)

Therefore, equations (2.2.26) - (2.2.30) imply that

‖u− uε‖W 1,2 ≤ β4‖aε − a‖Lp + β4‖bε − b‖Lq + C(Ω, 5)β4‖aε‖Lp‖u− uε‖W 1,2

+ C(4,Ω)βi−1‖bε‖Lq‖u− uε‖W 1,2 . (2.2.31)

Given that ‖aε − a‖Lp → 0 and ‖bε − b‖Lq → 0, if

β4‖a‖Lp << 1, and βi−1‖b‖Lq << 1,
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we will have that ‖u− uε‖W 1,2 → 0. But (2.2.24) implies the above condition provided

that

max

{
ρ̂,

(
− b̌
ǎ

) 1
5−i
}
<< 1,

is sufficiently small.

Now that we have demonstrated the potential that sequences of solutions to ap-

proximate problems have in solving classical semilinear equations, we begin to develop

our Colombeau Algebra framework. Within this framework, one embeds a problem

with rough data into the algebra and obtains a net of solutions. If the net satisfies cer-

tain decay estimates, it is regarded as a member of the algebra. Then ideally one can

relate the net of solutions to a classical solution using techniques like those discussed in

section 2.2.2 and 2.2.3.

2.3 Preliminary Material: Hölder Spaces and Colombeau

Algebras

We now begin to develop the Colombeau Algebra framework that will be used

to solve (2.1.1). We first define Hölder Spaces and state precise versions of the classical

Schauder estimates given in [13]. The definition of the Colombeau Algebra in which

we will be working and these classical elliptic regularity estimates make these spaces

the most natural choice in which to do our analysis. Therefore we will work almost

exclusively with Hölder spaces for the remainder of the paper. Following our discussion

of function spaces, we define the Colombeau algebra in which we will work and then

formulate an elliptic, semilinear problem in this space.

2.3.1 Function Spaces and Norms

In this paper we will make frequent use of Schauder estimates on Hölder spaces

defined on an open set Ω ⊂ Rn. Here we give notation for the Hölder norms and then

state the regularity estimates that will be used.
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All notation and results are taken from [5]. Assume that Ω ⊂ Rn is open, con-

nected and bounded. Then define the following norms and seminorms:

[u]α;Ω = sup
x,y∈Ω

x 6=y

|u(x)− u(y)|
|x− y|α

, (2.3.1)

[u]k,0;Ω = sup
|β|=k

sup
x∈Ω
|Dβu|, (2.3.2)

[u]k,α;Ω = sup
|β|=k

[Dβu]α;Ω, (2.3.3)

‖u‖Ck(Ω) = |u|k;Ω =
k∑
j=0

[u]j,0;Ω, (2.3.4)

‖u‖Ck,α(Ω) = |u|k,α;Ω = |u|k;Ω + [u]k,α;Ω. (2.3.5)

We interpret Ck,α(Ω) as the subspace of functions f ∈ Ck(Ω) such that f (k) is α-

Hölder continuous. Also, we view the subspace Ck,α(Ω) as the subspace of functions

f ∈ Ck(Ω) such that f (k) is locally α−Hölder continuous (over compact setsK ⊂⊂ Ω).

Now we consider the equation

Lu = aijDiju+ biuDiu+ cu = f in Ω, (2.3.6)

u = ρ on ∂Ω, (2.3.7)

where L is a strictly elliptic operator satisfying

aij = aji and aij(x)ξiξj ≥ λ|ξ|2, x ∈ Ω, ξ ∈ Rn.

The following regularity theorems can be found in [5] and [13]. See [5] for proofs. Note

that the constant C in the following theorems has no dependence on Λ or λ.

Theorem 2.3.1. Assume that Ω is a C2,α-class domain in Rn and that u ∈ C2,α(Ω) is a

solution (2.3.6), where f ∈ Cα(Ω) and ρ ∈ C2,α(Ω). Additionally assume that

|aij|0,α;Ω, |bi|0,α;Ω, |c|0,α;Ω ≤ Λ.
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Then there exists C > 0 such that

|u|2,α;Ω ≤ C

(
Λ

λ

)3

(|u|0;Ω + |ρ|2,α;Ω + |f |0,α;Ω).

This theorem can then be extended to higher order derivatives if one inserts the

derivative of a solution u into (2.3.6), rearranges the equation and repeatedly applies

Theorem 2.3.1. See [13] for details. We summarize this result in the next theorem.

Theorem 2.3.2. Let Ω be a Ck+2,α-class domain and u ∈ C2Ω ∩ C0(Ω) be a solution

of (2.3.6), where f ∈ Ck,α(Ω) and ρ ∈ Ck+2,α(Ω). Additionally assume that

|aij|k,α;Ω, |bi|k,α;Ω, |c|k,α;Ω ≤ Λ.

Then u ∈ Ck+2,α;Ω(Ω) and

|u|k+2,α;Ω ≤ Ck+1

(
Λ

λ

)3(k+1)

(|u|0;Ω + |ρ|k+2,α;Ω + |f |k,α;Ω),

where C is the constant from Theorem 2.3.1.

2.3.2 Colombeau Algebras

Now that we have defined the basic function spaces that we will be working

with and stated the regularity theorems that will be required to obtain necessary decay

estimates, we are ready to define the Colombeau algebra with which we will be working

and formulate our problem in this algebra. The following definition is taken from [13].

Let V be a topological vector space whose topology is given by an increasing

family of seminorms µk. That is, for u ∈ V , µi(u) ≤ µj(u) if i ≤ j. Then letting

I = (0, 1], we define the following:

EV = (V )I where u ∈ EV is a net (uε) of elements in V with ε ∈ (0, 1], (2.3.8)

EM,V = {(uε) ∈ EV | ∀k ∈ N ∃a ∈ R : µk(uε) = O(εa) as ε→ 0}, (2.3.9)

NV = {(uε) ∈ EV,M | ∀k ∈ N ∀a ∈ R : µk(uε) = O(εa) as ε→ 0}. (2.3.10)
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Then the polynomial generalized extension of V is formed by considering the quotient

GV = EM,V /NV . Let’s give a few examples, following [13, 6].

Definition 2.3.3. If V = C, r ∈ C, µk(r) = |r|, then one obtains C, the ring of

generalized constants.

Definition 2.3.4. Let Ω ⊂ Rn be an open set, Uk ⊂⊂ Ω an exhaustive sequence of

compact sets and α ∈ Nn
0 a multi-index. Then if

V = C∞(Ω), f ∈ C∞(Ω), µk(f) = sup{|Dαf | : x ∈ Uk, |α| ≤ k},

one obtains Gs(Ω), the simplified Colombeau Algebra.

Definition 2.3.5. If V = C∞(Ω), where Ω ⊂ Rn is bounded and

µk(f) = sup{|Dαf | : |α| ≤ k, x ∈ Ω},

we denote the generalized extension by G(Ω). The set EM,C∞(Ω) will be denoted by

EM(Ω) and be referred to as the space of moderate elements. The set NC∞(Ω) will be

denoted by N (Ω) and will be referred to as the space of null elements.

Both Gs(Ω) and C were developed by Colombeau and laid the basis for the

more general construction described in (2.3.8)-(2.3.10). See [3] for more details. As

in [13], for the purposes of this paper we are concerned with G(Ω) given that we are

interested in solving the Dirichlet problem and require a well-defined boundary value.

If (uε) ∈ EM(Ω) is a representative of an element u ∈ G(Ω), we shall write u = [(uε)] to

indicate that u is the equivalence class of (uε). At times we will drop the parentheses and

simply write [uε]. Addition and multiplication of elements in G(Ω) is defined in terms of

addition and multiplication of representatives. That is, if u = [(uε)] and v = [(vε)], then

uv = [(uεvε)] and u + v = [(uε + vε)]. Derivations are defined for u = [(uε)] ∈ G(Ω)

by ∂xiu = [(∂xiuε)].

Theorem 2.3.6. With the above definitions of addition, multiplication and differentia-

tion, G(Ω) is a associative, commutative, differential algebra.
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Proof. This follows from the fact component-wise addition, multiplication, and differ-

entiation makes V I = (C∞(Ω))I into a differential algebra. By design, EM(Ω) is a the

largest sub-algebra of (C∞(Ω))I that contains N (Ω) as an ideal. Therefore G(Ω) is a

differential algebra as well. See [6].

Now that we have given the basic definition of a Colombeau algebra, we can

discuss how distributions can be embedded into a space of this type.

2.3.3 Embedding Schwartz Distributions into Colombeau Algebras

While the algebras defined above are somewhat unwieldy, these spaces are well

suited for analyzing problems with distributional data. The primary reason for this is

that the Schwartz distributions D′(Ω) can be linearly embedded into them. This allows

one to define an extrinsic notion of distributional multiplication that is consistent with

the pointwise product of C∞ functions. For the purposes of this article, we require a

means of embedding a particular subset ofD′(Ω) into G(Ω). Therefore, we only discuss

this simpler embedding here. For a full discussion of how to embed the entire space

D′(Ω) into Gs(Ω), see [6].

The Schwartz distributions on an open set Ω ⊂ Rn, denoted D′(Ω), are defined

to be the dual of D(Ω), the space of C∞ functions with support contained in Ω. For a

given ϕ ∈ D(Ω) and T ∈ D′(Ω), the action of T on ϕ will be denoted by 〈T, ϕ〉.
We begin by letting ψ ∈ S(Rn), the Schwartz functions, be a function such that

ψ ≡ 1 on some neighborhood of 0. Then define φ ∈ S(Rn) by φ = F−1[ψ], the inverse

Fourier transform of ψ. It is easy to see that∫
Rn
φ dx = 1 and

∫
Rn
xαφ dx = 0 ∀|α| ≥ 1. (2.3.11)

Let φε = 1
εn
φ(x

ε
) be the usual mollifier.

The properties of φ specified in (2.3.11) are extremely important. Suppose that

Ω ⊂⊂ Ω′ where Ω′ ⊂ Rn is an open, bounded set and Ω is of C∞-class. Given a

distribution u ∈ D′(Ω′), define the restriction u|Ω to be u restricted to test functions

ϕ ∈ D(Ω). Let D′(Ω′)|Ω ⊂ D′(Ω) be the subset of distributions obtained in this way.

If ξ ≡ 1 in a neighborhood of Ω and supp(ξ) ⊂ Ω′, then any choice of φ satisfying
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(2.3.11) as a mollifier makes following map well-defined:

i : D′(Ω ′)|Ω → G(Ω), (2.3.12)

i(u) = (((ξu) ∗ φε)|Ω) +N (Ω).

Remark 2.3.7. The properties of φ specified in Eq. (2.3.11) may seem a bit unnecessary

given that any distribution u is the weak limit of (u ∗ φε), where φ ∈ C∞0 (Ω) only

satisfies
∫
φ dx = 1. The added property that φ ∈ S(Rn) and

∫
xαφ dx = 0 for

all |α| ≥ 1 is included so that i preserves multiplication of C∞(Ω) functions. That

is, i(fg) = i(f )i(g) for all f, g ∈ C∞(Ω). The map i was developed to satisfy this

compatibility condition so that multiplication in G(Ω) extends pointwise multiplication

of C∞(Ω).

We summarize the important properties of the map i in the following proposi-

tion:

Proposition 2.3.8. Let i denote the embedding defined in Eq. (2.3.12). Define the fol-

lowing map

σ :C∞(Ω)→ G(Ω), (2.3.13)

σ(f) = (f),

where (f) is a net (uε) such that uε = f for all ε ∈ (0, 1]. Then i is a linear embedding

such that i |C∞(Ω) = σ.

Proof. To verify that i |C∞(Ω) = σ, we use that fact that Ω is of C∞-class, which implies

that there exists a total extension operator E such that

E : C∞(Ω)→ C∞(Rn), (2.3.14)

(Ef)|Ω = f for each f ∈ C∞(Ω). (2.3.15)

See [1] for details. Then for each f ∈ C∞(Ω), f = (Ef)|Ω. Clearly Ef ∈ D′(Ω′),

and therefore, C∞(Ω) ⊂ D′(Ω′)|Ω. The fact that i |C∞(Ω) = σ then follows from Eq.

(1.4.8). By considering the difference (((ξf) ∗ φε) − f) on an arbitrary compact set
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K ⊂⊂ Ω and using a Taylor expansion of this expression one is able to show that

(((ξf) ∗ φε)− f) ∈ N s(Ω).

The fact that i is linear and well-defined follows from the linearity of the con-

volution and our choice of φ ∈ S(Rn). To prove injectivity, suppose that i(u) = 0 for

some u ∈ D′(Ω′)|Ω. Then if φε and ξ are the same as in Eq. 2.3.12, we have that

i(u) = (((ξu) ∗ φε)|Ω) ∈ N (Ω).

This implies that

((ξu) ∗ φε)→ 0 uniformly on any K ⊂⊂ Ω.

Therefore, for any ϕ ∈ D(Ω), we have that

〈u, ϕ〉 = 〈u, ξϕ〉 = 〈ξu, ϕ〉 = lim
ε→0
〈(ξu) ∗ φε, ϕ〉 = 0. (2.3.16)

So i is injective.

We will require the map (2.3.12) when we discuss how to solve (2.1.1) in G(Ω).

The approach will be to reformulate the problem (2.1.1) as a semilinear elliptic PDE

in G(Ω) by utilizing Eq. (2.3.12). But before we discuss how to do this, we must first

define what we mean by a partial differential equation is in G(Ω).

2.3.4 Nets of Semilinear Differential Operators

We begin by defining a semilinear differential operator on G(Ω). Our construc-

tion strongly resembles the construction by Mitrovic and Pilipovic in [13]. For ε < 1, if

(aijε ), (biε) ∈ EM(Ω), we obtain a net of operators by defining Aε to be

Aεuε = −Di(a
ij
ε Dju) +

K∑
i

biεu
ni = −aijε DiDjuε − (Dia

ij
ε )(Djuε) +

K∑
i=1

biε(uε)
ni ,

where ni ∈ Z. Under certain conditions, we can view a net of operators of the above

form as an operator on G(Ω). Here we determine these conditions, which will guarantee
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that this net of operators is a well-defined operator on G(Ω).

Given an element u in G(Ω), we first need to ensure that (Aεuε) ∈ EM(Ω). Based

on how derivations and multiplication are defined in G(Ω), the only serious obstacle to

this is if ni < 0 for some i ≤ K. Therefore, we must guarantee that the element ((uε)
ni)

is a well-defined representative in G(Ω) if ni < 0. It suffices to ensure that u = [(uε)]

has an inverse in G(Ω). This is true if for each representative (uε) of u, there exists

ε0 ∈ (0, 1] and m ∈ N such that for all ε ∈ (0, ε0), infx∈Ω |uε(x)| ≥ Cεm. See [6] for

more details. So u ∈ G(Ω) must possess this property in order for the above operator

to have any chance of being well-defined. For the rest of this section we assume that u

satisfies this condition.

Now must define our differential operators so that they are independent of the

choice of representative coefficients (aijε ), (biε). Here we closely follow the discussion in

[13]. Suppose (aijε ), (b
i

ε) in EM(Ω), and let

Aεu = −
N∑

i,j=1

Di(a
ij
ε Dju) +

K∑
i

b
i

εu
ni = aijε DiDjuε − (Dia

ij
ε )(Djuε) +

K∑
i=1

b
i

ε(uε)
ni .

We say that (Aε) ∼ (Aε) if (aijε −aijε ), (biε−b
i

ε) ∈ N s(Ω). Then (Aε) ∼ (Aε) if and only

if (Aεuε − Aεuε) ∈ N (Ω) for all (uε) ∈ EM(Ω) due to the fact that the above operators

are linear in (aijε ) and (biε).

LetA be the family of nets of differential operators of the above form and define

A0 = A/ ∼. Then for A ∈ A0 and u ∈ EM(Ω), define

A : G(Ω)→ G(Ω) by Au = [Aεuε],

where

[Aεuε] = [−aijε ][DiDjuε] + [−Dia
ij
ε ][Djuε] +

K∑
i=1

[biε][u
ni
ε ]. (2.3.17)

Using this definition, A ∈ A0 is a well-defined operator on G(Ω). We summarize this

statement in the following proposition.
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Proposition 2.3.9. A0 is a well-defined class of differential operators from G(Ω) to

G(Ω).

Proof. Based on the construction ofA0, it is clear that for a given representative (uε) of

u ∈ G(Ω), (Aεuε) and (Aεuε) represent the same element in G(Ω). Furthermore, given a

representative (Aε) ofA0, we also have that [Aεuε] = [Aεuε] for any two representatives

of u ∈ G(Ω). To see this, we first observe that for each ε, every term in Aεuε is linear

except for the (uε)
ni terms. So to verify the previous statement it suffices to show that for

each ni ∈ Z, ((uε)
ni) = ((uε)

ni) + (ηε), where (ηε) ∈ N (Ω). Given that [(uε)] = [(uε)]

in G(Ω), we have (uε) = (uε) + (ηε) for (ηε) ∈ N (Ω). For fixed ε, ni ∈ Z+,

(uε)
ni = (uε + ηε)

ni =

ni∑
j=0

(
ni
j

)
(uε)

j(ηε)
ni−j = (uε)

ni + ηε,

where ηε consists of the summands that each contain some nonzero power of ηε. Clearly

the net (ηε) ∈ N (Ω). If ni ∈ Z−, then for a fixed ε,

(uε)
ni =

1

(uε + ηε)|ni|
=

1∑|ni|
j=0

(|ni|
j

)
(uε)j(ηε)|ni|−j

=
1

(uε)|ni| + ηε
.

By looking at the difference

(uε)
ni − 1

(uε)|ni| + ηε
=

ηε
((uε)|ni|)((uε)|ni| + ηε)

= η̂ε,

we see that the net ((uε)
ni) = ((uε)

ni) + (η̂ε), where (η̂ε) ∈ N (Ω). Therefore for any

u ∈ G(Ω) possessing an inverse, and any A ∈ A0, the expression Au = [Aεuε] ∈ G(Ω)

is well-defined.

2.3.5 The Dirichlet Problem in G(Ω)

Using the above definition of A, we can now define our semilinear Dirichlet

problem on G(Ω). Let u, ρ ∈ G(Ω) where Ω ⊂ Rn is open, bounded and of C∞-class.

Then let E be a total extension operator of Ω such that for f ∈ C∞(Ω), Ef ∈ C∞(Rn)

and Ef |Ω = f . See [1] for details. Using E we may may define u|∂Ω = ρ|∂Ω for
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elements u, ρ ∈ G(Ω) if there are representatives (uε) and (ρε) such that

Euε|∂Ω = Eρε|∂Ω + nε|∂Ω,

where nε is a net of C∞ functions defined in a neighborhood of ∂Ω such that

sup
x∈∂Ω
|nε(x)| = o(εa) ∀a ∈ R. (2.3.18)

This will ensure that u|∂Ω = ρ|∂Ω does not depend on representatives [13]. From now

on we will abbreviate u|∂Ω = ρ|∂Ω by u|∂Ω = ρ. With this definition of boundary

equivalence, for a given operator A ∈ A0, the Dirichlet problem

Au = 0 in Ω, (2.3.19)

u|∂Ω = ρ,

is well-defined in G(Ω). Now we state the conditions under which the above problem

can be solved in G(Ω).

2.4 Overview of the Main Results

We begin this section by stating the main existence result for the Dirichlet prob-

lem (2.3.19). Let A ∈ A0 be an operator on G(Ω) defined by (2.3.17). Also assume that

the coefficients of A have representatives (aijε ), (biε) ∈ EM(Ω) that satisfy the following

properties for ε ∈ (0, 1):

aijε = ajiε , aijε ξiξj ≥ λε|ξ|2 ≥ C1ε
a|ξ|2, (2.4.1)

for each k ∈ N, |aijε |k+1,α;Ω, |biε|k,α;Ω ≤ Λk,ε ≤ C2ε
b(k),

{ni : ni < 0} 6= ∅, n1 = min{ni : ni < 0}, b1
ε ≤ −C3ε

c

{ni : ni > 0} 6= ∅, nK = max{ni : ni > 0}, bKε ≥ C4ε
d,
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where C1, C2, C3 and C4 are positive constants independent of ε. Then the following

Dirichlet problem has a solution in G(Ω):

Au = [Aεuε] = 0 in Ω, (2.4.2)

u|∂Ω = ρ.

We summarize this result in the following theorem, which will be the focus of the re-

mainder of the paper.

Theorem 2.4.1. Suppose that A : G(Ω) → G(Ω) is in A0 and that the conditions of

(2.4.1) hold. Assume that for each ε ∈ (0, 1] that for some 1 ≤ i ≤ K, biε is non-

constant. Furthermore, assume that ρ ∈ G(Ω) has a representative (ρε) such that for

ε < 1, ρε ≥ Cεa for some C > 0 and a ∈ R. Then there exists a solution to the Dirichlet

problem (2.4.2) in G(Ω).

Proof. The proof will be given in Section 2.6.

Remark 2.4.2. We can actually weaken the assumptions in (2.4.1) so that the conditions

on the representatives (aijε ), (b1
ε), (b

K
ε ), (ρε) only have to hold for all ε ∈ (0, ε0) for some

ε0 ∈ (0, 1). Suppose that this is the case, and that using these conditions we are able to

show that for all ε ∈ (0, ε0), there exists uε that solves

Aεuε = 0 in Ω, (2.4.3)

uε|∂Ω = ρε.

If uε satisfies the additional property that for all k ∈ N, there exists some εk ∈ (0, ε0),

Ck > 0, and ak ∈ R such that for all ε ∈ (0, εk), |uε|k,α ≤ Ckε
ak , then we can form a

solution (vε) ∈ EM(Ω) to (2.4.2) by defining vε = uε for ε ∈ (0, ε0) and vε = uε0 for

ε ∈ [ε0, 1]. The solution theory that we develop to prove Theorem 2.4.1 with the stronger

conditions (2.4.1) will also imply the existence of the partial net (uε) of solutions to

(2.4.3) in the event that the constraints outlined in (2.4.1) only hold for ε ∈ (0, ε0) ⊂
(0, 1). We will require this fact when we consider how to embed and solve (2.1.1) in

G(Ω) later on in Section 2.4.3.
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We begin assembling the tools we will need to prove Theorem 2.4.1. The first

tool we need is a fixed-point theorem that will provide the basis for our solution method.

2.4.1 The Method of Sub- and Super-Solutions

In Theorem 2.4.3 below, we state a fixed-point result that will be essential in

proving Theorem 2.4.1. This fixed-point result is known as the method of sub- and

super-solutions due to the fact that for a given operator A, the method relies on finding a

sub-solution u− and super-solution u+ such that u− < u+. A large part of this paper is

devoted to finding a net of positive sub- and super-solutions for (2.4.2) and establishing

growth conditions for them. In the proof below, let

Lu = −Di(a
ijDju) + cu, (2.4.4)

be an elliptic operator where

aij = aji, aijξiξj ≥ λ|ξ|2 and aij, c ∈ C∞(Ω).

We now state and prove the sub- and super-solution fixed-point result for these assump-

tions. Here we closely follow the proof in [9].

Theorem 2.4.3. Suppose Ω ⊂ Rn is a C∞ domain and assume f : Ω × R+ → R is in

C∞(Ω × R+) and ρ ∈ C∞(Ω). Let L be of the form (2.4.4). Suppose that there exist

functions u− : Ω→ R and u+ : Ω→ R such that the following hold:

1. u−, u+ ∈ C∞(Ω),

2. 0 < u−(x) ≤ u+(x) ∀x ∈ Ω,

3. Lu− ≤ f(x, u−),

4. Lu+ ≥ f(x, u+),

5. u− ≤ ρ on ∂Ω,

6. u+ ≥ ρ on ∂Ω.
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Then there exists a solution u to

Lu = f(x, u) on Ω, (2.4.5)

u|∂Ω = ρ,

such that

(i) u ∈ C∞(Ω),

(ii) u−(x) ≤ u(x) ≤ u+(x).

Proof. The general approach of the proof will be to construct a monotone sequence

{un} that is point-wise bounded above and below by our super- and sub-solutions, u+

and u−. We will then apply elliptic regularity estimates and the Arzela-Ascoli Theorem

to conclude that the sequence {un} has a C∞(Ω) limit u that is a solution to

Lu = f(x, u) on Ω, (2.4.6)

u|∂Ω = ρ.

Given that u−(x), u+(x) ∈ C∞(Ω), the interval [minu−(x),max+ u+(x)] ⊂ R+

is well-defined. We then restrict the domain of the function f to the compact set K =

Ω × [minu−(x),max+ u+(x)]. Given that f ∈ C∞(Ω × R+), it is clearly in C∞(Ω ×
[minu−(x),max+ u+(x)]) and so the function |∂f(x,t)

∂t
| is continuous and attains a max-

imum on K. Denoting this maximum value by m, let M = max{m,− infx∈Ω c(x)}.
Then consider the operator

Au = Lu+Mu,

and the function

F (x, t) = Mu+ f(x, t).

Note that this choice of M ensures that F (x, t) is an increasing function in t on K and
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that A is an invertible operator. Also, we clearly have the following:

A(u) = F (x, u)⇐⇒ Lu = f(x, u), (2.4.7)

A(u−) ≤ F (x, u−)⇐⇒ L(u−) ≤ f(x, u−), (2.4.8)

A(u+) ≥ F (x, u+)⇐⇒ L(u+) ≥ f(x, u+). (2.4.9)

The first step in the proof is to construct the sequence {un} iteratively. Let u1 satisfy the

equation

A(u1) = F (x, u−) on Ω, (2.4.10)

u1|∂Ω = ρ.

We observe that for u, v ∈ H1
0 (Ω), the operator A satisfies

C1‖u‖2
H1(Ω) ≤ 〈Au, u〉 , and 〈Au, v〉 ≤ ‖u‖2

H1(Ω)‖v‖2
H1(Ω),

where

〈u, v〉 =

∫
Ω

uvdx, and 〈Lu, v〉 =

∫
Ω

(aijDjuDiv + cuv)dx.

Therefore the Lax-Milgram theorem implies that there exists a weak solution u1 ∈
H1(Ω) satisfying u1 − ρ ∈ H1

0 (Ω). Given our assumptions onF (x, t) and ρ, F (x, u−) ∈
Hm(Ω) and ρ ∈ Hm(Ω) for all m ∈ N. Therefore, by standard elliptic regularity argu-

ments, u1 ∈ Hm(Ω) for all m ∈ N. This, the assumption that Ω is of C∞-class and

the assumption that aij, c, ρ ∈ C∞(Ω) imply that u1 ∈ C∞(Ω) and u1 = ρ on ∂Ω.

Therefore, we may iteratively define the sequence {uj} ⊂ C∞(Ω) where

A(uj) = F (x, uj−1) on Ω, (2.4.11)

uj|∂Ω = ρ.

The next step is to verify that the sequence {uj} is a monotonic increasing se-

quence satisfying u− ≤ u1 ≤ · · · ≤ uj−1 ≤ uj ≤ · · · ≤ u+. We prove this by induction.
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First we observe that

A(u− − u1) ≤ F (x, u−)− F (x, u−) = 0 on Ω, (2.4.12)

(u− − u1)|∂Ω ≤ 0.

Therefore, by the weak maximum principle, u− ≤ u1 on Ω. Now suppose that uj−1 ≤
uj . Then

A(uj − uj+1) = F (x, uj−1)− F (x, uj) ≤ 0 on Ω, (2.4.13)

(uj − uj+1)|∂Ω = 0,

given that F (x, t) is an increasing function in the variable t and uj−1 ≤ uj . The weak

maximum principle again implies that uj ≤ uj+1, so by induction we have that {uj}
is monotonic increasing sequence that is point-wise bounded below by u−(x). Now we

show that our increasing sequence is point-wise bounded above by u+(x) by proceeding

in a similar manner. Given that u− ≤ u+ and u+ is a super-solution, we have that

A(u1 − u+) ≤ F (x, u−)− F (x, u+) ≤ 0 on Ω, (2.4.14)

(u1 − u+)|∂Ω ≤ 0.

The weak maximum principle implies that u1 ≤ u+. Now assume that uj ≤ u+. Then

A(uj+1 − u+) ≤ F (x, uj)− F (x, u+) ≤ 0 on Ω, (2.4.15)

(uj+1 − u+)|∂Ω ≤ 0,

given that F (x, t) is an increasing function and uj ≤ u+. So by induction the sequence

{uj} is a monotonic increasing sequence that is point-wise bounded above by u+(x) and

point-wise bounded below by u−(x).

So far we have constructed a monotonic increasing sequence {uj} ⊂ C∞(Ω)

such that for each j, uj satisfies the Dirichlet problem (2.4.11) and is point-wise bounded

below by u− and above by u+. The next step will be to apply the Arzela-Ascoli theorem

and a bootstrapping argument to conclude that this sequence converges to u ∈ C∞(Ω).
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We first show that it converges to u ∈ C(Ω) by an application of the Arzela-Ascoli

Theorem. Clearly the family of functions {uj} is point-wise bounded, so it is only

necessary to establish the equicontinuity of the sequence. Given that each function uj
solves the problem (2.4.11), by standard Lp elliptic regularity estimates (cf. [5]) we have

that

‖uj‖W 2,p ≤ C(‖uj‖Lp + ‖F (x, uj−1)‖Lp).

The regularity of F (x, t) and the sequence {uj} along with the above estimate and

the compactness of Ω × [inf u−, supu+] imply that there exists a constant N such that

‖F (x, uj−1)‖Lp ≤ N for all j. Therefore, if p > 3, the above bound and the fact that

u− ≤ uj ≤ u+ imply that for each j ∈ N,

|uj|1,α;Ω ≤ C‖u‖W 2,p ≤ ∞,

where α = 1 − 3
p
. This implies that the sequence {uj} is equicontinuous. The Arzela-

Ascoli Theorem then implies that there exists a u ∈ C(Ω) and a subsequence {ujk}
such that ujk → u uniformly. Furthermore, due to the fact that the sequence {uj} is

monotonic increasing, we actually have that uj → u uniformly on Ω. Once we have that

uj → u in C(Ω), we apply Lp regularity theory again to conclude that

|uj − uk|1,α;Ω ≤C‖uj − uk‖W 2,p (2.4.16)

≤C ′(‖uj − uk‖Lp + ‖F (x, uj−1)− F (x, uk−1)‖Lp).

Note that the above estimate follows from the fact that uj − uk satisfies

A(uj − uk) = F (x, uj−1)− F (x, uk−1) on Ω, (2.4.17)

(uj − uk)|∂Ω = 0.

Given that uj → u in C(Ω), (2.4.16) implies that the sequence {uj} is a Cauchy se-

quence in C1(Ω). The completeness of C1(Ω) then implies that this sequence has a

limit v ∈ C1(Ω), and given that uj → u in C(Ω), it follows that u = v. Similarly, by
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repeating the above argument and using higher order Lp estimates we have that

|uj − uk|2,α;Ω ≤C(‖uj − uk‖W 3,p) (2.4.18)

≤C ′(‖uj − uk‖W 1,p + ‖F (x, uj−1)− F (x, uk−1)‖W 1,p),

where uj → u in C1(Ω) as k →∞. Again, (2.4.18), the regularity of F and the fact that

uj → u in C1(Ω) imply that the sequence {uj} is Cauchy in C2(Ω). A simple induction

argument then shows that u ∈ C∞(Ω).

The final step of the proof is to show that u is an actual solution to the prob-

lem (2.4.5). It suffices to show that u is a weak solution to the above problem. It is clear

that u = ρ on ∂Ω, so we only need to show that u satisfies (2.4.5) on Ω. Fix v ∈ H1
0 (Ω).

Then based on the definition of the sequence {uj}, we have∫
Ω

(aijDjujDiv +Mujv)dx =

∫
Ω

(f(x, uj−1) +Muj−1)vdx.

As uj → u uniformly in C(Ω), we let let j →∞ to conclude that∫
Ω

(aijDjuDiv +Muv)dx =

∫
Ω

(f(x, u) +Mu)vdx.

Upon canceling the term involving M from both sides, we find that u is a weak solution.

2.4.2 Outline of the Proof of Theorem 2.4.1

Now that the sub- and super-solution fixed-point theorem is in place, we give an

outline for how to prove Theorem 2.4.1.

Step 1: Formulation of the problem. We phrase (2.4.2) in a way that allows us to solve

a net of semilinear elliptic problems. We assume that the coefficients of A and

boundary data ρ have representatives (aijε ), (biε), and (ρε) in EM(Ω) satisfying the

assumptions (2.4.1). Then for this particular choice of representatives, we solve
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the family of problems:

Aεuε = −
N∑

i,j=1

Di(a
ij
ε Djuε) +

N∑
i

biεu
ni
ε = 0 in Ω, (2.4.19)

uε|∂Ω = ρε.

Then we must ensure that the net of solutions (uε) ∈ EM(Ω) and that Eq. (2.4.19)

is satisfied for other representatives of A, ρ, u.

Step 2: Determine L∞-estimates and a net of generalized constant sub-solutions and

super-solutions. We determine constant, a priori L∞ bounds such that for a posi-

tive net of solutions (uε) of the semilinear problem (2.4.19), there exist constants

a1, a2 ∈ R, C1, C2 > 0 independent of ε ∈ (0, 1) such that

C1ε
a1 < αε ≤ uε ≤ βε < C2ε

a2 .

These estimates are constructed in such a way that for each ε, the pair αε, βε are

sub- and super-solutions for (2.4.19).

Step 3: Apply fixed-point theorem to solve each semilinear problem in (2.4.19). Using

the sub- and super-solutions αε, βε, we apply Theorem 2.4.3 to obtain a net of

solutions (uε) ∈ C∞(Ω).

Step 4: Verify that the net of solutions (uε) ∈ EM(Ω). Here we show that the net of solu-

tions satisfies the necessary growth conditions in ε using the growth conditions on

the sub- and super-solutions and Theorem 2.3.1.

Step 5: Verify that the solution is well-defined. Once we’ve determined that the net of so-

lutions (uε) ∈ EM(Ω), we conclude that [(uε)] ∈ G(Ω) is a solution to the Dirichlet

problem (2.4.2) by showing that the solution is independent of the representatives

chosen. Note that most of the work for this step was done in Proposition 2.3.9.

We shall carry out the above steps in our proof of Theorem 2.4.1 in Section 2.6.

We still need to determine a net of sub- and super-solutions for (2.4.1), which we do in

Section 2.5. But before we move on to this and the other steps in the above outline, we
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briefly return to the motivating problem (2.1.1) by discussing how to solve a problem

with distributional data into G(Ω).

2.4.3 Embedding a Semilinear Elliptic PDE with

Distributional Data into G(Ω).

Now that we have defined what it means to solve a differential equation in G(Ω),

we are ready to return to the problem discussed at the beginning of the paper. We are

interested in solving an elliptic, semilinear Dirichlet problem of the form

−
N∑

i,j=1

Di(a
ijDju) +

K∑
i=1

biuni = 0 in Ω, (2.4.20)

u|∂Ω = ρ,

where aij, bi and ρ are potentially distributional and ni ∈ Z for each i. If we can

formulate this problem as a family of equations similar to (2.4.19), then it can readily

be solved in G(Ω) by Theorem 2.4.1. The key to this formulation will be the embedding

defined in Eq. (2.3.12).

Suppose that we are given a problem of the form (2.4.20), where the terms aij, bi

and ρ are in D′(Ω′). Then we may use Proposition 2.3.8 to embed the coefficients aij, bi

and ρ into G(Ω). We will denote a representative of the image of each these terms in

G(Ω) by (aijε ), (biε) and (ρε). Then for a choice of representatives, we obtain a net of

problems of the form (2.4.19).

In order to solve this net of problems by using Theorem 2.4.1, we need there to

exist a choice of representatives (aijε ), (biε) and (ρε) that satisfy the conditions specified

in (2.4.1). While these conditions might seem exacting, this solution framework still

admits a wide range of interesting problems. This is evident when one considers the

following proposition:

Proposition 2.4.4. Let ni ∈ Z be a collection of integers for 1 ≤ i ≤ K. Assume that

there exist 1 ≤ i, j ≤ K such that ni < 0 and nj > 0 and let

n1 = min{ni : ni < 0}, and nK = max{ni : ni > 0}.
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Suppose that aij, b1, bK , ρ ∈ C(Ω′) and b2, · · · , bK−1 ∈ D′(Ω′), where Ω′ ⊂ Rn is an

open and bounded set. Additionally assume that aij satisfies the symmetric, ellipticity

condition and ρ > 0, b1 < 0 and bK > 0 in Ω′. Then if Ω ⊂⊂ Ω′ is of C∞-class, the

problem

−
N∑

i,j=1

Di(a
ijDju) +

K∑
i=1

biuni = 0 in Ω, (2.4.21)

u|∂Ω = ρ,

admits a solution in G(Ω).

Proof. This follows from Proposition 2.3.8, Theorem 2.4.1, Remark 2.4.2 and the fact

that

(aij ∗ φε), (b1 ∗ φε), (bK ∗ φε) and (ρ ∗ φε) converge uniformly to aij, b1, bK and ρ in

Ω. For ε sufficiently small, the corresponding problem (2.4.19) in G(Ω) will satisfy the

conditions specified in (2.4.1). Therefore, Theorem 2.4.1 and Remark 2.4.2 imply the

result.

With the issue of solving (2.4.20) at least partially resolved, we return to the task

of proving Theorem 2.4.1. We begin by establishing some a priori L∞-bounds for a

solution to our semilinear problem (2.4.21) if the given data is smooth.

2.5 Sub- and Super-Solution Construction and

Estimates

Given an operator A ∈ A0 with coefficients satisfying (2.4.1), our solution strat-

egy for the Dirichlet problem (2.4.2) is to solve the family of problems (2.4.19) and then

establish the necessary decay estimates. In order for this to be a viable strategy, we first

need to show that (2.4.19) has a solution for each ε ∈ (0, 1]. Given that ni < 0 for some

1 ≤ i ≤ K, for each ε we must restrict the operator

Aεuε = −
N∑

i,j=1

Di(a
ij
ε Djuε) +

K∑
i=1

biuniε ,
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to a subset of functions in C∞(Ω) to guarantee that Aε is well-defined. In particular,

for each ε we consider functions uε ∈ C∞(Ω) such that 0 < αε ≤ uε ≤ βε < ∞ for

some choice of αε and βε. The first part of this section is dedicated to making judicious

choices of αε and βε for each ε such that a solution uε to (2.4.19) exists that satisfies

αε ≤ uε ≤ βε.

Once a net of solutions (uε) is determined, it is necessary to show that if (uε) ∈
EM(Ω), then an operator A ∈ A0 whose coefficients satisfy (2.4.1) is well-defined for

(uε). Recall that A is only a well defined operator for elements u ∈ G(Ω) satisfying

uε ≥ Cεa for ε ∈ (0, ε0) ⊂ (0, 1), a ∈ R and some constant C independent of ε. This

will require us to establish certain ε-decay estimates on αε, which we do later in this

section.

2.5.1 L∞ Bounds for the Semilinear Problem

We begin by determining the net of a priori bounds αε and βε described above.

For now we disregard the ε notation. In the following proposition we determine a priori

estimates for a positive solution u to a problem of the form

−
N∑
i,j

Di(a
ijDju) +

K∑
i=1

biuni = 0 in Ω, (2.5.1)

u|∂Ω = ρ,

where Ω ⊂ Rn is connected, bounded, and of C∞-class, and aij, bi, ρ ∈ C(Ω) with

ρ > 0 in Ω.

Proposition 2.5.1. Suppose that the semilinear operator in (2.5.1) has the property that

ni > 0 for some 1 ≤ i ≤ K. Let nK be the largest positive exponent and suppose that

bK(x) > 0 in Ω. Additionally, assume that one of the following two cases holds:

(1) ni < 0 for some 1 ≤ i ≤ K and if n1 = min{ni : ni < 0} , (2.5.2)

then b1(x) < 0 in Ω.

(2) nK is odd and 0 < ni for all 1 ≤ i ≤ K. (2.5.3)
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Then if case (2.5.2) holds and u is a nonnegative solution to (2.5.1), there exist constants

α and β such that 0 < α ≤ u ≤ β. If case (2.5.3) holds and u is a nonnegative solution

to (2.5.1), there exists a constant β such that 0 ≤ u ≤ β.

Remark 2.5.2. Note that for the purposes of proving Theorem 2.4.1, we are primarily

concerned with case (2.5.2). This is the case that we will focus on for the remainder

of the paper. However, with a little extra work we could very easily generalize Theo-

rem 2.4.1 to allow for ni > 0 for all 1 ≤ i ≤ K and nK > 0 odd. Then we could use

case (2.5.3) to establish the necessary bounds.

Proof. We first define α′ and β′ in the following way. If case (2.5.2) holds, then let

α′ = sup
c∈R+

{
K∑
i=1

sup
x∈Ω

bi(x)bni < 0 ∀b ∈ (0, c)

}
. (2.5.4)

If case (2.5.3) holds, let α′ = 0. In either case (2.5.2) or (2.5.3), define

β′ = inf
c∈R

{
K∑
i=1

inf
x∈Ω

bi(x)bni > 0 ∀b ∈ (c,∞)

}
. (2.5.5)

Note that in all cases α′ and β′ are always well-defined given the conditions on b1(x)

and bK(x). Then define

α = min{α′, inf
x∈∂Ω

ρ(x)}, (2.5.6)

β = max{β′, sup
x∈∂Ω

ρ(x)}. (2.5.7)

Based on these definitions of α and β, if u is a nonnegative solution to (2.5.1) then it is

easy to verify that the functions φ = (u− β)+ and φ = (u− α)− are in H1
0 (Ω) if either

(2.5.2) or (2.5.3) holds, and we define

Y =
{
x ∈ Ω | u ≥ β

}
.

If case (2.5.2) holds, let

Y = {x ∈ Ω | 0 < u ≤ α},



67

if case (2.5.3) holds, let

Y = {x ∈ Ω | u < α}.

Then if u ∈ H1(Ω)+ is a weak solution to (2.5.1), supp(φ) = Y and supp(φ) = Y . We

have the following string of inequalities for φ:

C2‖φ‖2
H1(Ω) ≤ C1‖∇((u− α)−)‖2

L2(Ω) (2.5.8)

≤
∫

Ω

aijDj((u− α)−)Dj((u− α)−) dx

=

∫
Ω

aijDj(u− α)Dj((u− α)−) dx

=

∫
Y

(−
K∑
i=1

bi(x)uni)(u− α) dx ≤ 0.

Similarly, we have the following string of inequalities for φ:

C2‖φ‖2
H1(Ω) ≤ C1‖∇((u− β)+)‖2

L2(Ω) (2.5.9)

≤
∫

Ω

aijDj((u− β)+)Di((u− β)+) dx

=

∫
Ω

aijDj(u− β)Di((u− β)+) dx

=

∫
Y

(−
K∑
i=1

bi(x)uni)(u− β) dx ≤ 0.

The above inequalities imply that if u is a positive, weak solution to the semilinear (2.5.1),

then u ∈ [α, β] where in case (2.5.2), α > 0.

Now that we’ve established L∞-bounds for solutions to (2.5.1), we can apply

these bounds for each fixed ε to determine a net of bounds for the following net of

problems:
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−
N∑
i,j

Dia
ij
ε Djuε +

K∑
i=1

biεu
ni
ε = 0 in Ω (2.5.10)

uε|∂Ω = ρε,

where (aijε ), (biε), (ρε) ∈ EM(Ω) satisfy the following conditions for all ε < 1:

aijε = ajiε , aijε ξiξj ≥ λε|ξ|2 ≥ C1ε
a|ξ|2, (2.5.11)

for each k ∈ N, |aijε |k+1,α;Ω, |biε|k,α;Ω ≤ Λk,ε ≤ C2ε
b(k),

{ni : ni < 0} 6= ∅, n1 = min{ni : ni < 0}, b1
ε ≤ −C3ε

c

{ni : ni > 0} 6= ∅, nK = max{ni : ni > 0}, bKε ≥ C4ε
d,

ρε ≥ C5ε
e,

and C1, · · · , C5 are independent of ε and a, · · · , e ∈ R.

Proposition 2.5.3. Suppose that for each fixed ε ∈ (0, 1], uε is a positive solution

to (2.5.10) with coefficients satisfying (2.5.11). Then there exist L∞-bounds αε and

βε such that for each ε, 0 < αε ≤ uε ≤ βε.

Proof. For each fixed ε, if the assumptions in (2.5.11) hold, then case (2.5.2) of Propo-

sition 2.5.1 is satisfied. Therefore, for each ε ∈ (0, 1], there exists αε and βε such that

0 < αε ≤ uε ≤ βε.

2.5.2 Sub- and Super-Solutions

In the previous section we showed that if the data of (2.5.10) satisfies (2.5.11)

and if uε ∈ C∞(Ω) solves (2.5.10) for each ε, then 0 < αε ≤ uε ≤ βε. Now, for each

ε ∈ (0, 1], we want to show that there actually exists a solution uε ∈ C∞(Ω) satisfying

0 < αε ≤ uε ≤ βε. The key to proving this result lies in the fact that αε and βε are sub-

and super-solutions to (2.5.10) for each ε.

Proposition 2.5.4. Let αε and βε be the bounds established in Proposition 2.5.3. Sup-

pose that the coefficients in the net of problems (2.5.10) satisfy (2.5.11) and that for each
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ε some biε(x) is non-constant. Then there exists a net (uε) ∈ (C(Ω))I such that for each

ε, uε solves (2.5.10) and 0 < αε ≤ uε ≤ βε.

Proof. To solve the above family of problems in (2.5.10), we show that the net of L∞-

bounds (αε) and (βε) found in Proposition 2.5.3 is a net of sub and super-solutions

to (2.5.10). Then we verify that the interval [αε, βε] is nonempty and is a subset of R+.

We will then be able to apply Theorem 2.4.3 to conclude that for each ε, there exists a

solution uε ∈ C∞(Ω).

Fix ε and let α′ε and β′ε be defined by (2.5.4) and (2.5.5) respectively, and let

αε = min{α′ε, inf
∂Ω
ρε(x)},

βε = max{β′ε, sup
x∈∂Ω

ρε(x)}.

By (2.5.4) and the fact that ρε > 0, we clearly have that αε > 0. Then (2.5.4) and the

definition of αε imply that

Aεαε =
K∑
i=1

biε(αε)
ni ≤

K∑
i=1

sup
x∈Ω

biε(αε)
ni ≤ 0, (2.5.12)

αε ≤ inf
x∈∂Ω

ρε(x) ≤ ρε,

which shows that αε is sub-solution for each ε. Similarly, (2.5.5) and the definition of β′ε
imply that

Aεβε =
K∑
i=1

biε(βε)
ni ≥

K∑
i=1

inf
x∈Ω

biε(βε)
ni ≥ 0, (2.5.13)

βε ≥ sup
x∈∂Ω

ρε ≥ ρε,

which shows that βε is a super-solution for each ε.

Now that we’ve determined that the pair αε and βε are sub- and super-solutions

of (2.5.10), we show that the interval [αε, βε] is nonempty. Given the definition of αε
and βε, it suffices to show that α′ε < β′ε. We claim that α′ε < β′ε provided that at least one



70

biε(x) is nonzero and non-constant. This follows from the fact that if we define

γε = inf
c∈R
{
K∑
i=1

sup
x∈Ω

bi(x)dni ≥ 0 ∀d ∈ (c,∞)},

then we have that α′ε ≤ γε by (2.5.4) and (2.5.11). Furthermore, for a fixed ε, given the

assumptions on biε(x),

K∑
i=1

inf
x∈Ω

biε(x)yni <
K∑
i=1

sup
x∈Ω

biε(x)yni ∀y ∈ R.

But (2.5.5) and the above inequality clearly imply that γε < β′ε. Therefore α′ε < β′ε and

the interval [αε, βε] is a nonempty subset of R+. For each ε ∈ (0, 1], the hypotheses of

Theorem 2.4.3 are satisfied for the elliptic problem (2.5.11), so we may conclude that

there exists a net of solutions (uε) ∈ (C∞(Ω))I that satisfy 0 < αε ≤ uε ≤ βε for each

fixed ε.

The final task in this section is to show that an operatorA ∈ A0, with coefficients

satisfying (2.5.11), is a well-defined operator on any element u ∈ EM(Ω) satisfying

αε ≤ uε ≤ βε ∀ε ∈ (0, 1].

Recall that in Section 2.3.4 we determined that A is only well-defined for invertible

u ∈ G(Ω). Therefore, it suffices to show that (αε), (βε) and ( 1
αε

), ( 1
βε

) are generalized

constants (2.3.3), which we verify in the following lemma.

Lemma 2.5.5. Let (αε) and (βε) be the net of sub- and super-solutions to (2.5.10) deter-

mined in Section 2.5.1. Suppose that the coefficients of (2.5.10) satisfy (2.5.11). Then

(αε), (βε),( 1
αε

), and ( 1
βε

) are in C, the ring of generalized constants.

Remark 2.5.6. Note that if ( 1
αε

) ∈ C, then this implies that there exists an ε0 ∈ (0, 1),

some constant C independent of ε, and a ∈ R such that αε ≥ Cεa for all ε ∈ (0, ε0).

Then if (uε) ∈ EM(Ω) satisfies αε ≤ uε ≤ βε for each ε, ( 1
αε

) ∈ C implies that

u = [(uε)] is invertible in G(Ω). See Section 2.3.4 and [6] for more details.
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Proof. We need to show that there exists constants D1, D2 independent of ε and ε0 ∈
(0, 1] such that for all ε ∈ (0, ε0),

αε ≥ D1ε
b1 for some b1 ∈ R,

βε ≤ D2ε
b2 for some b2 ∈ R.

So it is necessary to verify that there exists constants D1 and D2 so that for ε sufficiently

small

α′ε ≥ D1ε
b1 , and inf

x∈∂Ω
ρε ≥ D1ε

b1 ,

β′ε ≤ D2ε
b2 , and sup

x∈∂Ω
ρε ≤ D2ε

b2 .

Given that (ρε) ∈ EM(Ω),

sup
x∈∂Ω

ρε ≤ sup
x∈Ω

ρε = O(εb),

for some b ∈ R. This and the assumption on (ρε) in (2.5.11) imply that we only need to

obtain the necessary ε-bounds on α′ε and β′ε.

For now, drop the ε notation and consider α′ defined in (2.5.4). For a given

function f , define

γ
f

= sup
c∈R+

{f(b) ≤ 0 ∀b ∈ (0, c)} .

Given that

α′ = sup
c∈R+

{
K∑
i=1

sup
x∈Ω

bi(x)bni ≤ 0 ∀b ∈ (0, c)

}
,

it is clear that for another function f(y) such that

f(y) ≥
K∑
i=1

sup
x∈Ω

bi(x)yni on (0, c),

if γ
f

is defined and α′ ∈ (0, c), it must hold that γ
f
≤ α′. Let C1 = |{ni : ni ≥ 0}|

and C2 = |{ni : ni < 0}| and if C2 > 1, let ni2 = min{ni : n1 < ni < 0}. Note

that C1, C2 ≥ 1 based on the assumptions in (2.5.11). Then recalling that b1(x) < 0,
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bK(x) > 0 correspond to the coefficients of the terms with the smallest negative and

largest positive exponent of
∑K

i bi(x)uni , if supx∈Ω |bi(x)| ≤ Λ for each i, the following

must hold for y ∈ (0, 1):

K∑
i=1

sup
x∈Ω

bi(x)yni ≤ sup
x∈Ω

b1(x)yn1 + C1Λ + (C2 − 1)Λyni2 . (2.5.14)

Define

d =

(
− supx∈Ω(b1(x))

2(C2 − 1)Λ

) 1
ni2
−n1

if C2 > 1 and let d = 1 if C2 = 1. Then let c = min{1, d}. The definition of c implies

that

(C2 − 1)Λyni2 ≤ −
supx∈Ω b1(x)

2
yn1 ,

for all y ∈ (0, c). So for y ∈ (0, c),

K∑
i=1

sup
x∈Ω

bi(x)yni ≤
supx∈Ω b1(x)

2
yn1 + C1Λ = f(y).

Then if α′ ∈ (0, c), α′ ≥ γ
f
. Given that f(y) is a monotone increasing function on R+,

γ
f

is the lone positive root of f(y). Thus,

γ
f

=

(
− supx∈Ω b1(x)

2C1Λ

) 1
−n1

,

which implies that if α′ ∈ (0, c),

α′ ≥
(
− supx∈Ω b1(x)

2C1Λ

) 1
−n1

.

Similarly, for a fixed ε ∈ (0, 1), define

dε =

(
− supx∈Ω(b1

ε(x))

2(C2 − 1)Λε

) 1
ni2
−n1

,

if C2 > 1 and let dε = 1 if C2 = 1. Let cε = min{1, dε}. Then for y ∈ (0, cε), we have
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that

(C2 − 1)Λεy
ni2 ≤ −

supx∈Ω b
1
ε(x)

2
yn1 .

So the above arguments imply that if α′ε ∈ (0, cε), then α′ε ≥ γ
f,ε

and

α′ε ≥
(
− supx∈Ω b

1
ε(x)

2C1Λε

) 1
−n1

.

Given the assumptions on b1
ε(x) and Λε in (2.5.11), in this case we have that α′ε ≥ Cεa

for some constant C > 0, a ∈ R and ε sufficiently small. Now we must show that

cε ≥ Cεa for some constant C > 0, a ∈ R and ε sufficiently small in the event that

α′ε /∈ (0, cε). It suffices to show that dε ≥ Cεa in the event that C2 > 1. But clearly, for

ε sufficiently small

dε =

(
−

supx∈Ω b
1
ε(x)

2(C2 − 1)Λε

) 1
ni2
−n1

≥ Cεa,

given the assumptions on b1
ε and Λε in (2.5.11). Therefore α′ε ≥ D1ε

a for some constant

D1 > 0, a ∈ R and ε sufficiently small.

Now we determine bounds on the net (β′ε). Again, we temporarily drop the ε and

only consider β′. Recall that

β′ = inf
c∈R

{
K∑
i=1

inf
x∈Ω

bi(x)bni ≥ 0 ∀b ∈ (c,∞)

}
.

For a given function f(y), define

γf = inf
c∈R
{f(b) ≥ 0 ∀b ∈ (c,∞)} .

Then if f(y) ≤
∑K

i=1 supx∈Ω bi(x)yni on some interval (c,∞) and β′ ∈ (c,∞), it must

hold that γf ≥ β′ if γf is defined. Let C1, C2 be as before and let ni1 = max{ni : 0 ≤
ni < nK} if C1 > 1. If y > 1, then

K∑
i=1

inf
x∈Ω

bi(x)yni ≥ inf
x∈Ω

(bK(x))ynK − (C1 − 1)Λyni1 − C2Λ.
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Now define

d =

(
2(C1 − 1)Λ

infx∈Ω(bK(x))

) 1
nk−ni1

if C1 > 1 and let d = 1 if C1 = 1. Let c = max{1, d}. Then our choice of d ensures

that if C1 > 1, then

−(C1 − 1)Λyni1 ≥ −
infx∈Ω(bK(x))ynK

2
,

and that for y ∈ (c,∞),

K∑
i=1

sup
x∈Ω

bi(x)yni ≥
infx∈Ω(bK(x))

2
ynK − C2Λ = f(y).

So if β′ ∈ (c,∞), β′ ≤ γf , where γf is the lone positive root of f on R+ given that f is

monotone increasing on this interval. So if β′ ∈ (c,∞),

β′ ≤ γf =

(
2C2Λ

infx∈Ω(bK(x))

) 1
nK

.

By defining

dε =

(
2(C1 − 1)Λε

inf bKε (x)

) 1
nk−ni1

and cε = max{1, dε}, (2.5.15)

and applying the above argument for β′ to the net (β′ε) for each fixed ε, it is clear that if

β′ε ∈ (cε,∞), then

β′ε ≤
(

2C2Λε

inf bKε (x)

) 1
nK

≤ Cεa

given the assumptions on bKε and Λε in (2.5.11).

Now assume that β′ε /∈ (cε,∞). Then it suffices to show that if C1 > 1, then

dε ≤ Cεa for ε sufficiently small, some positive constant C and a ∈ R. But again, this
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is clearly true given the assumptions (2.5.11) and the fact that

dε =

(
2(C1 − 1)Λε

inf bKε (x)

) 1
nk−ni1

.

2.6 Proof of the Main Results

We now prove Theorem 2.4.1 using the results from Section 2.5. For clarity, we

break the proof up into the steps outlined in Section 2.4.2.

2.6.1 Proof of Theorem 2.4.1

Step 1: Formulation of the problem. For convenience, we restate the problem and the

formulation that we will use to find a solution. Given an operator A ∈ A0 defined

by (2.3.17), we want to solve the following Dirichlet problem in G(Ω):

Au = 0 in Ω, (2.6.1)

u|∂Ω = ρ.

We phrase (2.6.1) in a way that allows us to solve a net of semilinear elliptic

problems. We assume that the coefficients of A and boundary data ρ have repre-

sentatives (aijε ), (biε), and (ρε) in EM(Ω) satisfying the assumptions (2.4.1). Then

for this particular choice of representatives, our strategy for solving (2.6.1) is to

solve the family of problems

Aεuε = −
N∑

i,j=1

Di(a
ij
ε Djuε) +

N∑
i

biεu
ni
ε = 0 in Ω, (2.6.2)

uε|∂Ω = ρε,

and then show that the net of solutions (uε) ∈ EM(Ω).

Step 2: Determine L∞-estimates and a net of sub-solutions and super-solutions. In Sec-
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tion 2.5 we concluded that for each ε, the pair αε and βε determine sub- and super-

solutions to (2.6.2) such that 0 < αε < βε. Furthermore, in Lemma 2.5.5 we

concluded that there exist constants C1, C2 > 0 and a1, a2 ∈ R such that for ε suf-

ficiently small, the nets (αε) and (βε) satisfy C1ε
a1 ≤ αε < βε ≤ C2ε

a2 , thereby

verifying that (αε), (βε), (
1
αε

), ( 1
βε

) ∈ C, the ring of generalized constants.

Step 3: Apply fixed-point theorem to solve each semilinear problem in (2.4.19). This

follows from Proposition 2.5.4. We briefly reiterate the proof here. We sim-

ply verify the hypotheses of Theorem 2.4.3. For each fixed ε we have sub- and

super-solutions αε and βε satisfying 0 < αε < βε and aijε , b
i
ε, ρε ∈ C∞(Ω) satisfy-

ing (2.5.11). Finally, Ω is of C∞-class and the function

f(x, y) = −
K∑
i=1

biε(x)yni ∈ C∞(Ω× R+),

so we may apply Theorem 2.4.3 to conclude that there exists a net of solutions

(uε) ∈ C∞(Ω) to (2.5.10) satisfying 0 < αε ≤ uε ≤ βε.

Step 4: Verify that the net of solutions (uε) ∈ EM(Ω). Now that it is clear that a solution

exists for (2.5.10) for each ε ∈ (0, 1], it is necessary to establish estimates that

show that the net of solutions (uε) is in EM(Ω). That is, we want to show that for

each k ∈ N and all multi-indices |β| ≤ k, there exists a ∈ R such that

sup
x∈Ω

{|Dβuε(x)|} = O(εa).

By standard interpolation inequalities, it suffices to show that for γ ∈ (0, 1) and

each k ∈ N, there exists an a ∈ R such that

|uε|k,γ;Ω = O(εa).

By Theorem 2.3.1, we have that if uε is a solution to (2.5.10) with coefficients
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satisfying (2.5.11), then

|uε|2,γ;Ω ≤ C

(
Λε

λε

)3

(|uε|0;Ω + |ρε|2,γ;Ω +
K∑
i=1

|biε(uε)ni |0,γ;Ω). (2.6.3)

Observe that

|uniε |0,γ;Ω ≤ |uniε |0;Ω + ni[uε]0,γ;Ω|uε|ni−1
0;Ω (2.6.4)

if ni > 0, and

|uniε |0,γ;Ω ≤ |uniε |0;Ω +
1

|u−niε |20;Ω

(−ni)[uε]0,γ;Ω|uε|−ni−1
0;Ω (2.6.5)

if ni < 0. The above inequality implies that

|uε|2,γ;Ω ≤ C

(
Λε

λε

)3

(|uε|0;Ω + |ρε|2,γ;Ω (2.6.6)

+
K∑
i=1

|biε(x)|0,γ;Ω(C1(ni, αε, βε) + C2(ni, αε, βε)|uε|0,γ;Ω)),

where

C1(ni, αε, βε) = βniε and C2(ni, αε, βε) = niβ
ni−1
ε , if ni > 0 and

C1(ni, αε, βε) = αniε and C2(ni, αε, βε) =
(−ni)β−ni−1

ε

α−2ni
ε

if ni < 0.

Application of the interpolation inequality

|uε|0,γ ≤ C(δ−1
ε |uε|0 + δε|uε|2,γ),
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where δε is arbitrarily small and C is independent of δε, implies that

|uε|2,γ;Ω ≤ C

(
Λε

λε

)3

(|uε|0;Ω + |ρε|2,γ;Ω (2.6.7)

+
K∑
i=1

|biε(x)|0,γ;Ω(C1(ni, αε, βε)

+ C2(ni, αε, βε)(C(δ−1
ε |uε|0;Ω + δε|uε|2,γ;Ω)))).

Therefore,(
1− δε

(
Λε

λε

) K∑
i=1

|biε(x)|0,γ;ΩC2(ni, αε, βε)

)
|uε|2,γ;Ω (2.6.8)

≤ C

(
Λε

λε

)3

(|uε|0;Ω + |ρε|2,γ;Ω

+
K∑
i=1

|biε(x)|0,γ;Ω(C1(ni, αε, βε) + C2(ni, αε, βε)δ
−1
ε |uε|0;Ω)).

But given the assumptions on Λε, λε, the bounds previously established for the

nets (αε) and (βε) in Lemma 2.5.5, and given that (biε(x)) ∈ EM(Ω), there exists

ε0 ∈ (0, 1), a ∈ R and C > 0 such that for all ε ∈ (0, ε0),

(
Λε

λε

) K∑
i=1

|biε(x)|0,γC2(ni, αε, βε) ≤ Cεa.

Therefore, choosing

δε =
1

2Cεa
,

it follows that for ε ∈ (0, ε0),

|uε|2,γ;Ω ≤ C

(
Λε

λε

)3

(|uε|0;Ω + |ρε|2,γ;Ω (2.6.9)

+
K∑
i=1

|biε(x)|0,γ;Ω(C1(ni, αε, βε) + C2(ni, αε, βε, ε
a)δ−1

ε |uε|0;Ω)).

Given that (αε), (βε) ∈ C, αε ≤ uε ≤ βε and (ρε), (biε) ∈ EM(Ω), the above
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inequality implies that for some a ∈ R,

|uε|2,γ;Ω = O(εa).

Now we need to utilize the ε-growth conditions on |uε|2,γ;Ω and induction to show

that for any k > 2 that

|uε|k,γ;Ω = O(εa) for some a ∈ R. (2.6.10)

Let (uε) be a smooth net of solutions to (2.6.2) and additionally assume that

(2.6.10) holds for all j ≤ k. Let ν be a multi-index of length k − 1. Then by

differentiating both sides of (2.6.2), we see that for each ε, uε satisfies the Dirich-

let problem

N∑
i,j=1

Dν(−Di(a
ij
ε Djuε)) = −

K∑
i=1

Dν(biεu
ni
ε ) in Ω (2.6.11)

Dνuε|∂Ω = Dνρε.

Rearranging the above equation and applying the product rule, where we use stan-

dard multi-index notation, we find that

N∑
i,j=1

aijε Dij(D
νuε) = −

N∑
i,j=1

Dν((Dia
ij
ε )(Djuε)) (2.6.12)

−
N∑

i,j=1

∑
σ+µ=ν

σ 6=ν

ν!

σ!µ!
(Dµaijε )(DσDijuε)

+
K∑
i=1

∑
σ+µ=ν

ν!

σ!µ!
(Dµbiε)(D

σ((uε)
ni)).

Therefore, we may apply Theorem 2.3.1 to Eq. (2.6.12) to conclude that for an
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arbitrary multi-index ν such that |ν| = k − 1,

|Dνuε|2,γ;Ω ≤ C

(
Λε

λε

)3

(|Dνuε|0;Ω + |Dνρε|2,γ;Ω (2.6.13)

+ |
N∑

i,j=1

Dν((Dia
ij
ε )(Djuε))|0,γ;Ω

+
N∑

i,j=1

∑
σ+µ=ν

σ 6=ν

ν!

σ!µ!
|Dµaijε |0,γ;Ω|DσDijuε|0,γ;Ω

+
K∑
i=1

∑
σ+µ=ν

ν!

σ!µ!
|Dµbiε|0,γ;Ω|Dσ((uε)

ni)|0,γ;Ω)

≤ C

(
Λε

λε

)3

(|Dνuε|0;Ω + |Dνρε|2,γ;Ω

+
N∑

i,j=1

∑
σ+µ=ν

ν!

σ!µ!
|Dµ(Dia

ij
ε )|0,γ;Ω|Dσ(Djuε)|0,γ;Ω

+
N∑

i,j=1

∑
σ+µ=ν

σ 6=ν

ν!

σ!µ!
|Dµaijε |0,γ;Ω|DσDijuε|0,γ;Ω

+
K∑
i=1

∑
σ+µ=ν

ν!

σ!µ!
|Dµbiε|0,γ;Ω|Dσ((uε)

ni)|0,γ;Ω).

By our inductive hypothesis and the assumptions on the coefficients, it is imme-

diate that every term in the above expression is O(εa) for some a ∈ R except for

the last term. So to show

|Dνuε|2,γ;Ω = O(εa) for some a ∈ R,

it suffices to show that

K∑
i=1

∑
σ+µ=ν

ν!

σ!µ!
|Dµbiε|0,γ;Ω|Dσ((uε)

ni)|0,γ;Ω = O(εa) for some a ∈ R.

Given that biε ∈ EM(Ω) for each 1 ≤ i ≤ K,

|Dµbiε|0,γ;Ω = O(εa) for some a ∈ R.
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Therefore, it is really only necessary to show that for any multi-index σ, such that

|σ| = j ≤ k − 1, that there exists an a ∈ R such that

|Dσ((uε)
ni)|0,γ;Ω = O(εa).

But observe that Dσ((uε)
ni) is a sum of terms of the form

(uε)
ni−mDσ1uεD

σ2uε · · ·Dσmuε,

where σ1 + σ2 + · · ·σm = σ and m ≤ j ≤ k− 1. This follows immediately from

the chain rule. Therefore we have the following bound:

|Dσ((uε)
ni)|0,γ;Ω ≤ (ni)|(uε)ni−1|0,γ;Ω|Dσuε|0,γ;Ω (2.6.14)

+
∑

σ1+σ2=σ

σ!

σ1!σ2!
(ni)(ni − 1)|(uε)ni−2|0,γ;Ω

· |Dσ1uε|0,γ;Ω|Dσ2uε|0,γ;Ω + · · ·

+
∑

σ1+σ2+···+σj=σ

σ!

σ1!σ2! · · ·σj!
(ni)(ni − 1)

· · · (ni − j)|(uε)ni−j|0,γ;Ω|Dσ1uε|0,γ;Ω

· · · |Dσjuε|0,γ;Ω.

Eqs. (2.6.4)-(2.6.5) allow us to bound the terms of the form |(uε)ni−m|0,γ;Ω for

each m ≤ j by using the terms |uε|0,γ;Ω, α′ε and β′ε along with some positive

constant that is independent of ε. Then our inductive hypothesis and the growth

conditions on (α′ε) and (β′ε) imply that

|Dσ((uε)
ni)|0,γ;Ω = O(εa) for some a ∈ R.

This implies that

|Dνuε|2,γ;Ω = O(εa) for some a ∈ R.

As ν was an arbitrary multi-index such that |ν| = k − 1, this implies there exists
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a ∈ R such that

|uε|k+1,γ;Ω = O(εa).

Therefore, (uε) ∈ EM(Ω).

Step 5: Verify that the solution is well-defined. Proposition 2.3.9 and the definition of

the Dirichlet problem in G(Ω) given in Section 2.3.5 imply that [(uε)] is indeed a

solution to the problem

Au = 0 in Ω, (2.6.15)

u|∂Ω = ρ,

in G(Ω). To see this, we consider other representatives (aijε ), (b
i

ε), (ρε), and (uε) of

[(aijε )], [(biε)], [(ρε)], and [(uε)]. Then the proof of Proposition 2.3.9 clearly implies

that

−
N∑

i,j=1

Di(a
ij
ε Djuε) +

K∑
i=1

b
i

ε(uε)
ni = ηε in Ω, (2.6.16)

uε|∂Ω = ρε + ηε,

where ηε ∈ N (Ω) and ηε is a net of functions satisfying (2.3.18). But this implies

that this choice of representatives also satisfies (2.6.15) in G(Ω), so our solution

[(uε)] is independent of the representatives used. �

This completes our proof of Theorem 2.4.1. We now conclude this article by

giving a brief summary of everything that we have discussed.

2.7 Summary

We began the paper with an example to motivate the Colombeau Algebra method

of solving the semilinear problem (2.1.1) with potentially distributional data. In particu-

lar, in Section 2.2 we proved the existence of a solution to an ill-posed critical exponent

problem in Proposition 2.2.4. Our method of proving the existence of a solution to this

problem consisted of mollifying the data of the original problem and solving a sequence
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of “approximate” problems with the smooth coefficients. We then obtained a sequence

of solutions that yielded a convergent subsequence. The framework we used to obtain

a solution to this problem was modeled on the more general Colombeau approach that

we developed later in the paper, but required only basic elliptic PDE theory. Following

this existence proof, we began to develop the more general Colombeau algebra frame-

work. To this end, in Section 2.3.1 we introduced notation for Hölder norms and stated

two a priori estimates from [5] that were made more precise by Mitrovic and Pilipovic

in [13]. In Section 2.3.2 we then introduced the general framework for constructing

Colombeau-type algebras and the Colombeau algebra G(Ω) used in this paper. We then

discussed a method used to embed the Schwartz distributionsD′(Ω) into G(Ω). We used

this embedding to analyze a problem of the form (2.1.1) with distributional coefficients.

In particular, in Proposition 2.4.4 we determined explicit conditions under which we

could solve a semilinear problem of the form (2.1.1) with rough coefficients. Then we

finished Section 2.3.2 by defining a class of semilinear operators on G(Ω) in 2.3.4, and

we then defined the Dirichlet problem for these operators.

Our main results for the Colombeau algebra framework were presented in Sec-

tion 2.4, namely Theorem 2.4.1, which consists of an existence result for the semilinear

problem (2.4.2) in G(Ω). We then developed the necessary tools to analyze our semilin-

ear problem in Section 2.5. We first determined a net ofL∞ bounds for positive solutions

to our problem. Then, in Section 2.5.2 we showed that this net of L∞ bounds was in

fact a net of sub- and super-solutions contained in C, the ring of generalized constants

described in Section 2.3.2. After developing our sub- and super-solutions, we proved

Theorem 2.4.1 in Section 2.6. We set up our problem in a manner similar to that used by

Mitrovic and Pilipovic in [13]. However, our approach to solving our semilinear prob-

lem was distinct from theirs; we first determined a net of solutions (uε) to the family

of semilinear problems (2.6.2) by using the method of sub- and super-solutions (Theo-

rem 2.4.3), and our net of sub- and super-solutions determined in Section 2.5.2. Once

our net of solutions was determined, we then employed Theorems 2.3.1 and our net of

sub- and super-solutions to show that our net of solutions was contained in EM(Ω).

In this article we have attempted to develop some basic tools to allow for a more

general study of the Einstein constraint equations with distributional data. Our goal was
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to extend the current solution theory for scalar, critical exponent semilinear problems

such as the Lichnerowicz equation, allowing for more irregular data than is currently

covered by the existing solutions theories (cf. [7, 8] for a summary of the known results

for the CMC, near-CMC, and Far-CMC cases through 2009). As a next step, we hope to

use the tools developed in this article to extend the near-CMC and Far-CMC existence

framework for rough metrics developed in [7, 10, 11, 2] to cover the rough data example

studied by Maxwell in [12].
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Amsterdam, 1984. Notas de Matemática [Mathematical Notes], 90.

[4] R. Geroch and J. Traschen. Strings and other distributional sources in general
relativity. pages 138–141, 1987.

[5] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second
order. Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the
1998 edition.

[6] M. Grosser, M. Kunzinger, M. Oberguggenberger, and R. Steinbauer. Geometric
theory of generalized functions with applications to general relativity, volume 537
of Mathematics and its Applications. Kluwer Academic Publishers, Dordrecht,
2001.



85

[7] M. Holst, G. Nagy, and G. Tsogtgerel. Far-from-constant mean curvature solutions
of Einstein’s constraint equations with positive Yamabe metrics. Phys. Rev. Lett.,
100(16):161101, 4, 2008.

[8] M. Holst, G. Nagy, and G. Tsogtgerel. Rough solutions of the Einstein con-
straints on closed manifolds without near-CMC conditions. Comm. Math. Phys.,
288(2):547–613, 2009.

[9] J. Isenberg. Constant mean curvature solutions of the Einstein constraint equations
on closed manifolds. Classical Quantum Gravity, 12(9):2249–2274, 1995.

[10] D. Maxwell. Rough solutions of the Einstein constraint equations on compact
manifolds. J. Hyperbolic Differ. Equ., 2(2):521–546, 2005.

[11] D. Maxwell. Rough solutions of the Einstein constraint equations. J. Reine Angew.
Math., 590:1–29, 2006.

[12] D. Maxwell. A model problem for conformal parameterizations of the Einstein
constraint equations. Comm. Math. Phys., 302(3):697–736, 2011.
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NON-UNIQUENESS OF SOLUTIONS TO THE CONFORMAL

FORMULATION OF THE EINSTEIN CONSTRAINTS

MICHAEL HOLST AND CALEB MEIER

ABSTRACT. In this article we investigate the uniqueness properties of solutions

to the Einstein constraint equations on a closed manifold. In particular, we investigate

whether or not solutions to the conformal formulation of the constraints with an un-

scaled data source are unique. For positive, constant scalar curvature and constant mean

curvature, we first demonstrate the existence of a critical energy density for the Hamilto-

nian constraint. We then show that for this choice of energy density, the linearization of

the elliptic system develops a one-dimensional kernel in both the constant mean curva-

ture and non-constant mean curvature cases. Using a Liapunov-Schmidt reduction and

standard techniques from bifurcation theory, we demonstrate that solutions to the con-

formal formulation with unscaled data source are non-unique by determining an explicit

solution curve and analyzing its behavior in the neighborhood of a particular solution.
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3.1 Introduction

In this paper we demonstrate that solutions to the Einstein constraint equations

on a 3-dimensional closed manifold (M, ĝab) with no conformal killing field are non-

unique. More specifically, we show that solutions to the conformal formulation of the

constraint equations with an unscaled matter source on (M, ĝ) exhibit non-uniqueness

in the case that the scalar curvature is positive and constant. Letting k̂ab be a (0, 2) tensor

and R̂ and D̂ be the scalar curvature and connection associated with ĝab, the constraint

equations take the form

R̂ + k̂2 − k̂abk̂ab = 2κρ̂, (3.1.1)

D̂ak̂ + D̂bk̂
ab + κĵa = 0. (3.1.2)

Equation (3.1.1) is known as the Hamiltonian Constraint and (3.1.2) is known as the

momentum constraint.

Equations (3.1.1) and (3.1.2) form a system of coupled elliptic partial differential

equations. When one attempts to solve the constraint equations they are faced with the

problem of having twelve pieces of initial data and only four constraints. One solution

to this problem is to attempt to parametrize solutions to (3.1.1) and (3.1.2) by formulat-

ing the constraints so that eight pieces of initial data are freely specifiable while four are

determined by (3.1.1)-(3.1.2). The conformal transverse traceless (CTT) decomposition

and the conformal thin sandwich method (CTS method) are standard ways of doing this.

The extended conformal thin sandwich method (XCTS method ) is popular among nu-

merical relativists and reformulates (3.1.1) and (3.1.2) as a coupled system of 5 elliptic

equations. In the CTT method one decomposes k̂ab into its trace or mean curvature and

trace free part and then scales this trace free tensor, the metric ĝab and the source terms ρ̂

and ĵ by judicious choices of some power of a positive, smooth function φ. The choice

of scaling power for each term is typically made to simplify the analysis of the resulting

system. In particular, one chooses powers to eliminate terms involving (Daφ)/φ and so

that the system decouples when the mean curvature is constant.

It is well known that solutions to the CTT formulation of the constraint equations

with scaled data sources are unique in the event that the mean curvature is constant or
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near constant [10, 11, 1, 8, 9]. However, given that far-from-constant mean curvature

solutions are constructed using a variation of the Schauder fixed-point technique as op-

posed to the contraction mapping theorem (cf. [9]), little is known about the uniqueness

of far-from-CMC solutions. In fact, in [13] Maxwell demonstrated that solutions of the

CTT formulation of the constraint equations are non-unique in the far-from-CMC case

for certain families of low regularity mean curvatures. However, it should be noted that

the discontinuous mean curvature functions considered by Maxwell in [13] fall outside

of the current far-from-CMC solution framework presented by Holst et al. in [9].

In [15] York provided numerical evidence for non-uniqueness of the XCTS

method on an asymptotically Euclidean manifold. In [4] O’Murchadha et al. conjec-

tured that the non-uniqueness demonstrated by York was related to the fact that certain

terms in the momentum constraint related to the lapse function have the “wrong sign”

which prevents an application of the maximum principle. To support their claim, the au-

thors of [4] analyzed a simplified system corresponding to a spherically symmetric con-

stant density star and explicitly constructed two branches of solutions. In their analysis

they proved that solutions to the Hamiltonian constraint (3.1.1) with an unscaled matter

source are non-unique. Then in [17], Walsh generalized the work of O’Murchadha et al.

by applying a Liapunov-Schmidt reduction to both the Hamiltonian constraint with an

unscaled matter source and to the XCTS system on an asymptotically Euclidean man-

ifold. However, Walsh relied on the assumption of the existence of a critical density

for which the linearization of these two systems developed a one-dimensional kernel.

Here we extend the work of Walsh by applying a Liapunov Schmidt reduction to the

CTT formulation of the constraint equations on a closed manifold. We explicitly con-

struct a critical, constant density in the event that the scalar curvature is positive and

constant and the transverse traceless tensor has constant magnitude. For this particular

density, we then show that solutions to the CTT formulation with an unscaled density

are non-unique.

As in [4, 17], we consider a less standard conformal formulation of the con-

straints by allowing unscaled matter sources ρ and j. However, as opposed to consider-

ing the CTS and XCTS formulations as in [15, 4, 17], we consider the CTT formulation.
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By decomposing our initial data

k̂ab = l̂ab +
1

3
ĝabτ̂ , (3.1.3)

where τ̂ = k̂abĝ
ab is the trace and l̂ab is the traceless part, making the following confor-

mal rescaling

ĝab = φ4gab, l̂ab = φ−10lab, τ̂ = τ, (3.1.4)

and then decomposing

lab = (σab + (Lw)ab), (3.1.5)

where Daσ
ab = 0 and

(Lw)ab = Dawb +Dbwa − 2

3
(Dcw

c)gab

is the conformal Killing operator, we obtain the following unscaled conformal refor-

mulation of (3.1.1) and (3.1.2) that we will analyze

−∆φ+
1

8
Rφ+

1

12
τ 2φ5 − 1

8
(σab + (Lw)ab)(σ

ab + (Lw)ab)φ−7 − 2πρφ5 = 0, (3.1.6)

−Db(Lw)ab +
2

3
Daτφ6 + κjaφ10 = 0.

Our non-uniqueness results for (3.1.6) are of interest for a number or reasons.

Most immediately, our analysis shows that the formulation (3.1.6) is unfavorable due to

the non-uniqueness of solutions. Therefore, for a given system, if the CTT formulation

with a scaled matter source leads to a set of constraints that is suitable for analysis, which

it usually does, then one should use the scaled formulation. However, it is not always

the case that the conformal formulation with scaled matter sources is the ideal formu-

lation for a given source. In the case of the Einstein-scalar field system, the conformal

formulation that is most amenable to analysis takes on a form very similar to the system

(3.1.6) [5]. In addition, it is the hope of the authors that these results will provide addi-

tional insight into the non-uniqueness phenomena associated with the CTT formulation
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in the far-from-CMC case [13] and with the non-uniqueness phenomena analyzed by

York, Walsh and O’Murchadha et al. In particular, the analysis conducted in this article

clearly demonstrates the effect that the terms with the “wrong sign” discussed by York

have on the non-uniqueness of the conformal formulations of the constraints. In the

case of (3.1.6), the negative sign in front of the term 2πρφ5 is undesirable given that it

prevents the semilinear portion of the Hamiltonian constraint from being monotone and

the corresponding energy from being convex. By a maximum principle argument, we

will see in section 3.4 that it is this term that directly contributes to the non-uniqueness

properties of (3.1.6).

The rest of this paper is organized as follows. In section 3.2 we introduce the

function spaces that we will use and some basic concepts from functional analysis. Then

we discuss the Liapunov-Schmidt reduction that we use to prove non-uniqueness. The

statements of the main results of this paper can be found in section 3.3. The remainder

of this paper is then devoted to proving these results. The foundation for our argument

is developed in sections 3.4 and 3.5. In we section 3.4 we demonstrate the existence of a

critical, constant density ρc such that for τ and |σ| constant and ja = 0 the Hamiltonian

constraint in (3.1.6) will have a positive solution if ρ ≤ ρc and will have no positive

solution if ρ > ρc. Then in section 3.5 we use the properties of ρc to show that there

exists a function φc at which the linearizations of the uncoupled Hamiltonian operator

(CMC case) and coupled system (non-CMC case) have one-dimensional kernels. The

existence of a one-dimensional kernel then allows us to apply the Liapunov-Schmidt

reduction in section 3.7 in the CMC case and in section 3.8 in the non-CMC case. In

particular, in section 3.7 we determine an explicit solution curve for (3.1.6) that goes

through the point (φc, 0) in the CMC case. An analysis of this curve then implies the

non-uniqueness of solutions to (3.1.6) when the mean curvature is constant. Similarly,

in section 3.8 we also determine an explicit solution curve for the full, uncoupled system

(3.1.6) through a point of the form ((φc,0), 0). Again, an analysis of this curve reveals

non-uniqueness in the event that the mean curvature is non-constant.



92

3.2 Preliminary Material

In this section we give a brief definition of the function spaces, norms and nota-

tion that we will use in this article and then discuss some basic concepts from functional

analysis and bifurcation theory that will be necessary going forward.

3.2.1 Banach Spaces, Hilbert Spaces and Direct Sums

We introduce the fundamental properties of the function spaces with which we

will be working. We will primarily be working with Banach spaces, however at times

we will need to consider these spaces as subspaces of a Hilbert space. For convenience,

we present the basic definitions of these general spaces and define the direct sum of two

vector spaces, which will be necessary in our non-uniqueness analysis.

The basic space that we will be working with is a Banach space, where a Banach

space X is a complete, normed vector space. If the norm ‖ · ‖ on X is induced by an

inner product, we say that X is a Hilbert Space. One can form new Banach spaces and

Hilbert space from two preexisting spaces by considering the direct sum.

Definition 3.2.1. Suppose that X1 and X2 are Banach spaces with norms ‖ · ‖X1 and

‖ · ‖X2 . Then the direct sum X1 ⊕X2 is the vector space of ordered pairs (x, y) where

x ∈ X1, y ∈ X2 and addition and scalar multiplication are carried out componentwise.

We have the following proposition:

Proposition 3.2.2. The vector space X1 ⊕X2 is a Banach space when given the norm

‖(x, y)‖X1⊕X2 =
(
‖x‖2

X1
+ ‖y‖2

X2

) 1
2 . (3.2.1)

Proof. This follows from the fact that ‖ · ‖X1 and ‖ · ‖X2 are norms and the spaces X1

and X2 are complete with respect to these norms.

We have a similar proposition for Hilbert spaces.
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Proposition 3.2.3. Suppose that H1 and H2 are Hilbert spaces with inner products

〈·, ·〉H1 and 〈·, ·〉H2 . Then the direct sum H1 ⊕H2 is a Hilbert space with inner product

〈(w, x), (y, z)〉H1⊕H2 = 〈w, y〉H1 + 〈x, z〉H2 . (3.2.2)

Proof. The fact that 〈·, ·〉H1⊕H2 is an inner product follows from the fact that 〈·, ·〉H1 and

〈·, ·〉H2 are inner products. The expression

‖(u, v), (u, v)‖H1⊕H2 =
√
〈(u, v), (u, v)〉H1⊕H2 ,

is a norm onH1⊕H2 that coincides with the norm in Proposition 3.2.2 in the event that

the norms on X1 and X2 are induced by inner products.

See [18] for a more complete discussion about the direct sums of Banach spaces.

3.2.2 Function Spaces

Let E denote a given vector bundle overM. In this paper we will consider the

Sobolev spaces W k,p(E), the space of k-differentiable sections Ck(E), and the Hölder

spaces Ck,α(E) where k ∈ N, p ≥ 1, α ∈ (0, 1) and E will either be the vector bundle

M× R of scalar-valued functions or T rsM, the space of (r, s) tensors. Note that all

of these spaces with the following norm definitions are Banach spaces and the space

W k,2(E) is a Hilbert space for k ∈ N.

Fix a smooth background metric gab and let va1,··· ,ar
b1,··· ,bs be a tensor of type r + s.

Then at a given point x ∈M, we define its magnitude to be

|v| = (va1,··· ,bsva1,··· ,bs)
1
2 , (3.2.3)

where the indices of v are raised and lowered with respect to gab. We then define the

Banach space of k-differentiable functions Ck(M× R) with norm ‖ · ‖k to be those

functions u satisfying

‖u‖k =
k∑
j=0

sup
x∈M
|Dju| <∞,
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where D is the covariant derivative associated with gab. Similarly, we define the space

Ck(T rsM) of k-times differentiable (r, s) tensor fields to be those tensors v satisfying

‖v‖k <∞.

Given two points x, y ∈ M, we define d(x, y) to be the geodesic distance be-

tween them. Let α ∈ (0, 1). Then we may define the C0,α Hölder seminorm for a

scalar-valued function u to be

[u]0,α = sup
x 6=y

|u(x)− u(y)|
(d(x, y))α

.

Using parallel transport, this definition can be extended to (r, s)-tensors v to obtain the

Ck,α seminorm [u]k,α [2]. This leads us to the following definition of the Ck,α(M×R)

Hölder norm

‖u‖k,α = ‖u‖k + [u]k,α

for scalar-valued functions, and we may define the Ck,α(T rsM) Hölder norm for (r, s)

tensors in a similar fashion.

Finally, we will also make use of the Sobolev spaces W k,p(M× R) and

W k,p(T rsM) where we assume k ∈ N and p ≥ 1. If dVg denotes the volume form

associated with gab, then the Lp norm of an (r, s) tensor is defined to be

‖v‖p =

(∫
M
|v|pdVg

) 1
p

. (3.2.4)

We can then define the Banach space W k,p(M× R) (resp. W k,p(T rsM)) to be those

functions (resp. (r, s) tensors) v satisfying

‖v‖k,p =

(
k∑
j=0

‖Djv‖pp

) 1
p

<∞.

The above norms are independent of the background metric chosen. Indeed,

given any two metrics gab and ĝab, one can show that the norms induced by the two

metrics are equivalent. For example, if D and D̂ are the derivatives induced by gab and
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ĝab respectively, then then there exist constants C1 and C2 such that

C1‖u‖k,ĝ ≤ ‖u‖k,g ≤ C2‖u‖k,ĝ,

where ‖ · ‖k,g denotes the Ck(M) norm with respect to g. This holds for the W k,p and

Ck,α norms as well. We also note that the above norms are related through the Sobolev

embedding theorem. In particular, the spaces Ck,α and W l,p are related in the sense that

if n is the dimension ofM and u ∈ W l,p and

k + α < l − n

p
,

then u ∈ Ck,α. See [2, 3, 7, 14] for a complete discussion of the Sobolev embedding

Theorem, Banach spaces on manifolds, and the above norms.

3.2.3 Adjoints and Projection Operators

Solutions to the coupled system (3.1.6) satisfy

F (x,w) = 0, (3.2.5)

where F : X × Y → Z is a nonlinear operator between Banach spaces. This allows

us to use basic tools from functional analysis to analyze our problem. In particular, we

will repeatedly need to consider the linearization DxF (x,w), its adjoint, and projec-

tions onto subspaces determined by these operators. Later on in the section when we

introduce the Liapunov-Schmidt reduction, we will use the kernel of the linearization

DxF (x0,w0) at a point (x0,w0), the kernel of the adjoint, and projection operators onto

these subspaces, to decompose X and Y in a manner that will greatly simplify our anal-

ysis. Here we briefly discuss the adjoint and projection operators. See and [18] for a

more complete discussion of these topics and see Appendix 3.10.1 for a discussion of

Fréchet derivatives.
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The Adjoint and Properties

Suppose that H is a Hilbert space with inner product 〈·, ·〉. Then if A : H → H
is a linear operator, the Riesz Representation Theorem implies that there exists a unique

operator A∗ that satisfies

〈Ax, y〉 = 〈x,A∗y〉 for all x, y ∈ H. (3.2.6)

If R(A) denotes the range of A and ker(A) denotes the kernel, then the operator A∗

satisfies the following properties:

1) ker(A∗) = R(A)⊥ (3.2.7)

2) (ker(A∗))⊥ = R(A). (3.2.8)

Projection Operators and Fredholm Operators

Now assume that X ⊂ H is a Banach space contained in a Hilbert space H.

Given a subspace V ⊂ X , the projection P onto V is a bounded linear operator

P : X → V that satisfies P 2 = P . In particular, if V is a finite-dimensional subspace

spanned by the orthonormal basis v̂1, · · · , v̂n then we can easily construct the projection

onto V by the formula

Pu :
n∑
i=1

〈u, v̂i〉v̂i, (3.2.9)

where u ∈ X and 〈·, ·〉 is the inner product on H. Note that P is just the normal

projection operator fromH to V restricted to X .

We end the section by introducing one more definition that will be important in

the following section. A Fredholm operator is a bounded linear operator A : X → Y

where X and Y are Banach spaces such that dim ker(A) and dim ker(A∗) are finite-

dimensional and R(A) is closed. Given a nonlinear operator F : U → Y where U ⊂ X ,

we say that F is a nonlinear Fredholm operator if it is Fréchet differentiable on U and

DxF (x) is a Fredholm operator.

Notice that ifA is a Fredholm operator, then ker(A∗)⊥ = R(A) and furthermore,
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the fact that ker(A) and ker(A∗) are finite dimensional allows one to define projection

operators P and Q onto ker(A) and ker(A∗) to decompose X and Y . As we will see,

these properties make Fredholm operators ideal candidates for bifurcation analysis.

3.2.4 Elements of Bifurcation Theory

We now present some basic concepts from bifurcation theory that will be essen-

tial in obtaining our non-uniqueness results. In particular, we give a formal definition

of a bifurcation point and then present the Liapunov-Schmidt reduction. This reduction

allows one to reduce a nonlinear problem between infinite-dimensional Banach spaces

to a finite-dimensional or even scalar-valued problem. Therefore it greatly simplifies the

analysis and will serve as a basic tool for us going forward. The following treatment is

taken from [12] and [6].

Suppose that F : U × V → Z is a mapping with open sets U ⊂ X, V ⊂ Λ,

where X and Z are Banach spaces and Λ = R. We let x ∈ X and λ ∈ Λ. Additionally

assume that F (x, λ) is Fréchet differentiable with respect to x and λ on U × V . We are

interested in solutions to the nonlinear problem

F (x, λ) = 0. (3.2.10)

A solution of (3.2.10) is a point (x, λ) ∈ X × Λ such that (3.2.10) is satisfied.

Definition 3.2.4. Suppose that (x0, λ0) is a solution to (3.2.10). We say that λ0 is a

bifurcation point if for any neighborhood U of (x0, λ0) there exists a λ ∈ Λ and

x1, x2 ∈ X , x1 6= x2 such that (x1, λ), (x2, λ) ∈ U and (x1, λ) and (x2, λ) are both

solutions to (3.2.10).

Given a solution (x0, λ0) to (3.2.10), we are interested in analyzing solutions to

(3.2.10) in a neighborhood of (x0, λ0) to determine whether it is a bifurcation point. One

of the most useful tools for this is the Implicit Function Theorem 3.10.5. This theorem

asserts that if DxF (x0, λ0) is invertible, then there exists a neighborhood U1 × V1 ⊂
U × V and a continuous function f : V1 → U1 such that all solutions to (3.2.10) in

U1 × V1 are of the form (f(λ), λ). Therefore in order for a bifurcation to occur at

(x0, λ), it follows that DxF (x0, λ0) must not be invertible.
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Liapunov-Schmidt Reduction

The following discussion is taken from [12]. Let X,Λ and Z be Banach spaces

and assume that U ⊂ X , V ⊂ Λ. For λ = λ0, we require that the mapping

F : U × V → Z be a nonlinear Fredholm operator with respect to x; i.e. the lineariza-

tion DxF (·, λ0) of F (·, λ0) : U → Z is a Fredholm operator. Assume that F also

satisfies the following assumptions:

F (x0, λ0) = 0 for some (x0, λ0) ∈ U × V , (3.2.11)

dim ker(DxF (x0, λ0)) = dim ker(DxF (x0, λ0)∗) = 1.

Given that DxF (x0, λ0) has a one-dimensional kernel, there exists a projection oper-

ator P : X → X1 = ker(DxF (x0, λ0)). Similarly, one has the projection operator

Q : Y → Y2 = ker(DxF (x0, λ0)∗). This allows us to decompose X = X1 ⊕ X2 and

Y = Y1⊕Y2 where Y1 = R(DXF (x0, λ0)). We will refer to the decompositionX1⊕X2

and Y1 ⊕ Y2 induced by DxF (x0, λ0) as the Liapunov decomposition, and we see that

F (x, λ) = 0 if and only if the following two equations are satisfied

QF (x, λ) = 0, (3.2.12)

(I −Q)F (x, λ) = 0.

For any x ∈ X , we can write x = v + w, where v = Px and w = (I − P )x.

Define G : U1 ×W1 × V1 → Y1 by

G(v, w, λ) = (I −Q)F (v + w, λ), where (3.2.13)

U1 ⊂ X1, W1 ⊂ X2, V1 ⊂ R and

v0 = Px0 ∈ U1, w0 = (I − P )x0 ∈ W1,

and U1,W1 are neighborhoods such that U1 +W1 ⊂ U ⊂ X .

Then the definition of G(v, w, λ) implies that G(v0, w0, λ0) = 0 and our choice

of function spaces ensures that

DwG(v0, w0, λ0) = (I −Q)DxF (x0, λ0) : X2 → Y1,
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is bijective. The Implicit Function Theorem then implies that there exist neighborhoods

U2 ⊂ U1,W2 ⊂ W1 and V2 ⊂ V1 and a continuous function

ψ : U2 × V2 → W2 such that all solutions to G(v, w, λ) = 0 (3.2.14)

in U2 ×W2 × V2 are of the form G(v, ψ(v, λ), λ) = 0.

Insertion of the function ψ(v, λ) into the second equation of (3.2.12) yields a finite-

dimensional problem

Φ(v, λ) = QF (v + ψ(v, λ), λ) = 0. (3.2.15)

We observe that finding solutions (v, λ) to (3.2.15) is equivalent to finding solutions

to F (x, λ) = 0 in a neighborhood of (x0, λ0). We will refer to the finite-dimensional

problem (3.2.15) as the Liapunov-Schmidt reduction of (3.2.10).

Given that ker(DxF (x0, λ0)) is spanned by v̂0, then we can write v = sv̂0 + v0.

Substituting this into (3.2.15) we obtain

Φ(s, λ) = QF (sv̂0 + v0 + ψ(sv̂0 + v0, λ), λ) = 0. (3.2.16)

Using the reduction (3.2.16) and another application of the Implicit Function Theorem,

one obtains the following theorem taken from [12], which allows us to determine a

unique solution curve through the point (x0, λ0). We also include the proof for com-

pleteness.

Theorem 3.2.5. Assume that F : U×V → Z is continuously differentiable on U×V ⊂
X × R and that assumptions (3.2.11) hold. Additionally we assume that

DλF (x0, λ0) /∈ R(DxF (x0, λ0)). (3.2.17)

Then there is a continuously differentiable curve through (x0, λ0); that is, there exists

{(x(s), λ(s)) | s ∈ (−δ, δ), (x(0), λ(0)) = (x0, λ0)}, (3.2.18)
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such that

F (x(s), λ(s)) = 0 for s ∈ (−δ, δ), (3.2.19)

and all solutions of F (x, λ) = 0 in a neighborhood of (x0, λ0) belong to the curve

(3.2.18).

Proof. Let x0 = v0 +w0 = v0 +ψ(v0, λ0). Differentiating (3.2.15) with respect to λ we

obtain

DλΦ(v0, λ0) = (3.2.20)

QDxF (x0, λ0)Dλψ(v0, λ0) +QDλF (x0, λ0) = QDλF (x0, λ0) 6= 0,

where (3.2.20) is nonzero due to the extra assumption (3.2.17). The above expression

simplifies due to the fact that that

DxF (x0, λ0)Dλψ(v0, λ0) ∈ R(DxF (x0, λ0)),

and Q is the projection onto ker(DXF (x0, λ0)∗).

The fact that DλΦ(v0, λ0) 6= 0 and that X1, Y2 and R are one-dimensional im-

plies that we may apply the Implicit Function Theorem to Φ(v, λ) to conclude that there

exists a continuously differentiable γ : U2 → V2 ⊂ R such that

γ(v0) = λ0 and Φ(v, γ(v)) = 0 for all v ∈ U2 ⊂ X1. (3.2.21)

Therefore our reduced equation (3.2.15) becomes

Φ(v, γ(v)) = QF (v + ψ(v, γ(v)), γ(v)) = 0, (3.2.22)

where solutions to (3.2.22) are of the form

x(v) = v + ψ(v, γ(v)) and λ(v) = γ(v). (3.2.23)

By writing v = sv̂0 + v0 as in (3.2.16) and inserting this into (3.2.23), we obtain our
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solution curve

x(s) = v0 + sv̂0 + ψ(v0 + sv̂0, γ(v0 + sv̂0)), (3.2.24)

λ(s) = γ(v0 + sv̂0). (3.2.25)

Now we compile some useful properties of the maps Φ(v, λ), ψ(v, λ) and γ(v)

defined in the (3.2.15), (3.2.21) and (3.2.33). These results, along with their proofs, are

taken from [12].

Proposition 3.2.6. Let the assumptions of Theorem 3.2.5 be in effect and let the opera-

tors Φ(v, λ), ψ(v, λ) and γ(v) be defined as in (3.2.15), (3.2.21) and (3.2.33) and let λ0

and x0 = v0 + w0 be as in the previous discussion. Then

DvΦ(v0, λ0) = 0, Dvψ(v0, λ0) = 0, and Dvγ(v0) = 0, (3.2.26)

and each of these operators has the same order of differentiability as F (x, λ).

Proof. The fact that Φ(v, λ), ψ(v, λ) and γ(v) all have the same order of differentia-

bility as F (x, λ) follows from the definition of Φ(v, λ) and the Implicit Function The-

orem 3.10.5. By differentiating (I − Q)F (v + ψ(v, λ), λ) = 0 with respect to v we

obtain

(I −Q)DxF (v + ψ(v, λ), λ)(IX1 +Dvψ(v, λ)) = 0, (3.2.27)

where IX1 denotes the identity on X1 = ker(DxF (x0, λ0)). By evaluating at (v0, λ0),

where x0 = v0 + w0, we obtain

(I −Q)DxF (x0, λ0)Dvψ(v0, λ0) = 0. (3.2.28)

Given thatDvψ(v0, λ0) maps ontoX2 and (I−Q)DXF (x0, λ0) is an invertible operator

from X2 to Y1, we have that Dvψ(x0, λ0) = 0.

Then if we differentiate Φ(v, λ) = QF (v+ψ(v, λ), λ) = 0 with respect to v and
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evaluate at (v0, λ0), we obtain

DvΦ(v0, λ0) = QDxF (x0, λ0)IX1 = 0. (3.2.29)

By differentiating (3.2.22) with respect to v and utilizing (3.2.29), we have

DλΦ(v0, λ0)Dvγ(v0) = 0.

The assumption that DλΦ(v0, λ0) 6= 0 implies that

Dvγ(v0) = 0. (3.2.30)

Once we’ve obtained a unique solution curve (x(s), λ(s)) through (x0, λ0), we

analyze λ̈(0) (where˙ = d
ds

) to determine additional information about the solution curve.

In particular, we can determine whether or not a saddle node bifurcation or fold occurs

at (x0, λ0). This type of bifurcation occurs when the solution curve {x(s), λ(s)} has

a turning point at (x0, λ0). The next proposition, taken from [12], provides us with a

method to determine information about λ̈(0).

Proposition 3.2.7. Let the assumptions of Theorem 3.2.5 be in effect. Additionally as-

sume that ker(DXF (x0, λ0)) is spanned by v̂0. Then

d

ds
F (x(s), λ(s))

∣∣∣∣
s=0

= (3.2.31)

DxF (x0, λ0)ẋ(0) +DλF (x0, λ0)λ̇(0) = DxF (x0, λ0)v̂0 = 0

d2

ds2
F (x(s), λ(s))

∣∣∣∣
s=0

= (3.2.32)

D2
xxF (x0, λ0)[v̂0, v̂0] +DxF (x0, λ0)ẍ(0) +DλF (x0, λ0)λ̈(0) = 0.

In particular, an application of the projection operator Q defined in (3.2.12) to (3.2.32)

yields

QD2
xxF (x0, λ0)[v̂0, v̂0] +QDλF (x0, λ0)λ̈(0) = 0. (3.2.33)
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This implies that if DλF (x0, λ0) /∈ R(DxF (x0, λ0)) and

D2
xxF (x0, λ0)[v̂0, v̂0] /∈ R(DxF (x0, λ0)),

then λ̈(0) 6= 0.

Proof. Let {x(s), λ(s)} be the solution curves for F (x, λ) = 0 defined by (3.2.24) and

(3.2.25). Differentiating these curves we obtain

d

ds
x(s)

∣∣∣∣
s=0

= v̂0 +Dvψ(v0, λ0)v̂0 +Dλψ(v0, λ0)Dvγ(v0)v̂0 = v̂0, (3.2.34)

d

ds
λ(s)

∣∣∣∣
s=0

= Dvγ(v0)v̂0 = 0, (3.2.35)

where the above expressions simplify as a result of Proposition 3.2.6. Differentiating

the expression F (x(s), λ(s)) = 0 twice and again using Proposition 3.2.6 to simplify,

we obtain

d2

ds2
F (x(s), λ(s))

∣∣∣∣
s=0

= (3.2.36)

D2
xxF (x0, λ0)[v̂0, v̂0] +DxF (x0, λ0)ẍ(0) +DλF (x0, λ0)λ̈(0) = 0,

where

λ̈(0) = D2
vvγ(v0)[v̂0, v̂0] and ẍ(0) = D2

vvψ(v0, λ0)[v̂0, v̂0],

by differentiating (3.2.34) and (3.2.35) once more with respect to s. Applying the pro-

jection operator Q to (3.2.36) yields (3.2.33). Then the assumptions that DλF (x0, λ0) /∈
R(DxF (x0, λ0)) and D2

xxF (x0, λ0)[v̂0, v̂0] /∈ R(DxF (x0, λ0)) imply that λ̈(0) 6= 0.

The significance of Proposition 3.2.7 is that it gives explicit conditions that allow

us to determine whether or not λ̈(0) is nonzero. Heuristically, the fact that λ̈(0) 6= 0

means that λ(s) has a turning point at s = 0. This means that the graph of {x(s), λ(s)}
looks like a parabola and that a saddle node bifurcation occurs at s = 0 (cf. [12]). If

we assume that F (x, λ) is at least 3-times differentiable we may expand the operators

ψ(v0 + sv̂0, γ(v0 + sv̂0)) and γ(v0 + sv̂0) about s = 0 as a second order Taylor series

and use (3.2.24) and (3.2.25) to obtain second order representations of our solutions
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{x(s), λ(s)}. This is the solution approach we take to prove non-uniqueness in both the

CMC and non-CMC cases.

3.3 Main Results

The main results of this article pertain to the following one parameter family of

problems

−∆φ+aRφ+ λ2aτφ
5 − awφ−7 − 2πρe−λφ5 = 0, (3.3.1)

Lw + λbaτφ
6 = 0.

Here we assume that gab is a given SPD metric with no conformal killing fields that has

constant, positive scalar curvature. The expressions Da and ∆ denote the derivative and

the Laplace-Beltrami operator associated with gab and

Lw = −Db(Lw)ab,

denotes the divergence of the conformal killing operator associated with gab. Finally, we

define

aR =
1

8
R, aτ =

1

12
τ 2, (3.3.2)

aw =
1

8
(σ + Lw)ab(σ + Lw)ab, bτ =

2

3
Daτ.

In general, we assume that τ ∈ C1,α(M), however when we prove our CMC results we

will additionally require that τ be constant. For the remainder of this paper we assume

that R is a positive constant and that |σ| = (σabσ
ab)

1
2 is also a nonzero constant. Notice

that (3.3.1) has the form of (3.1.6) with initial data depending on λ where

τλ = λτ, ρλ = e−λρ and jλ = 0.

We show that in both the CMC and non-CMC cases that solutions to (3.3.2) are

non-unique. Our method for doing this is to apply the bifurcation theory outlined in
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Section 3.2.4. The first step in doing this is to formulate (3.3.1) in a way that allows us

to utilize the framework outlined in Section 3.2.4.

3.3.1 Set Up of Problem

We now formulate (3.3.1) so that we can apply the Liapunov-Schmidt reduction.

Define F ((φ,w), λ) by

F ((φ,w), λ) =

[
−∆φ+ aRφ+ λ2aτφ

5 − awφ−7 − 2πρe−λφ5

Lw + λbaτφ
6

]
, (3.3.3)

and in the event that τ is constant, define

G(φ, λ) = −∆φ+ aRφ+ λ2aτφ
5 − 1

8
σ2φ−7 − 2πρe−λφ5. (3.3.4)

If F ((φ,w), λ) = 0 (resp. G(φ, λ) = 0) for a given λ, then ((φ,w), λ) (resp. (φ, λ))

solves Eq. (3.3.1) (resp. Eq. (3.3.4)).

We view (3.3.3) and (3.3.4) as nonlinear operators between the Banach spaces

F ((φ,w), λ) : Ck,α(M)⊕ Ck,α(TM)× R→ Ck−2,α(M)⊕ Ck−2,α(TM),

G(φ, λ) : Ck,α(M)× R→ Ck−2,α(M).

where k ≥ 2. For φ 6= 0 and X = (φ,w), the first order Fréchet derivatives DφG(φ, λ),

DλG(φ, λ), DXF ((φ,w), λ) and DλF ((φ,w), λ) all exist. In fact, both F and G are

k-differentiable for any k ∈ N provided that φ 6= 0. See the Appendix 3.10.1 for more

information regarding Fréchet derivatives.

Now we are ready to state the main results of this paper. The first two results

state that there is a critical density ρ = ρc such that there exists a constant φc where the

linearizations DφG(φc, 0) and DXF ((φc,0), 0) have a kernel of dimension one. This

provides the basis for our final two main results where we determine explicit solution

curves {φ(s), λ(s)} and {(φ(s),w(s)), λ(s)} to obtain our non-uniqueness results.
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3.3.2 Existence of ρc such that dim ker(DXF ((φc,0, 0)) = 1

The two results in this section pertain to the existence of a critical energy density

ρ = ρc at which the linearizations of the operators F and G develop a one-dimensional

kernel. These results allow us to apply the Liapunov-Schmidt reduction outlined in

Section 3.2.4 to analyze solutions in a neighborhood of ((φc,0), 0) and (φc, 0). We

present the theorems here without proof and postpone them until Section 3.5.

Theorem 3.3.1 (CMC). Let DφG(φ, λ) denote the Fréchet derivative of (3.3.4) with

respect to φ. Then there exists a critical value of ρ = ρc and a constant φc such

that when ρ = ρc, Eq. (3.3.4) has a solution if and only if λ ≥ 0. Furthermore,

dim ker(DφG(φc, 0))) = 1 and it is spanned by the constant function φ = 1. More-

over, we can determine the explicit values of ρc and φc, which are

ρc =
R

3
2

24
√

3π|σ|
and φc =

(
R

24πρ

) 1
4

. (3.3.5)

Proof. We present the proof in Section 3.5.

Theorem 3.3.2 (non-CMC). LetDXF ((φ,w), λ) denote the Fréchet derivative of (3.3.3)

with respect toX = (φ,w) and let ρc and φc be as in Theorem 3.3.1. Then when ρ = ρc,

dim ker(DXF ((φc,0), 0))) = 1 and it is spanned by the constant vector
[

1

0

]
.

Proof. We present the proof in Section 3.5.

3.3.3 Non-unique Solutions to F ((φ,w), λ) = 0 when ρ = ρc

The two Theorems in this section pertain to the non-uniqueness of solutions to

the nonlinear problems (3.3.3) and (3.3.4). Theorem 3.3.3 provides the explicit form

of solutions to (3.3.4) in a neighborhood of the point (φc, 0) in the CMC case. The

form of this solution curve implies that a saddle node bifurcation occurs at (φc, 0) and

that solutions are non-unique in a neighborhood of this point. Theorem 3.3.4 provides

analogous results in the non-CMC case for the point ((φc,0), 0).
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Theorem 3.3.3 (CMC). Suppose that τ is constant. Then (3.3.3) reduces to the scalar

problem

−∆φ+ aRφ+ (λ2aτ − 2πρe−λ)φ5 − 1

8
σ2φ−7 = 0. (3.3.6)

When ρ = ρc, with ρc as in Theorem 3.3.2, there exists a neighborhood of (φc, 0)

such that all solutions to (3.3.6) in this neighborhood lie on a smooth solution curve

{φ(s), λ(s)} that has the form

φ(s) = φc + s+O(s2), (3.3.7)

λ(s) =
1

2
λ̈(0)s2 +O(s3). (3.3.8)

In particular, there exists a δ > 0 such that for all 0 < λ < δ there exist at least two

distinct solutions φ1,λ 6= φ2,λ to (3.3.6).

Proof. We postpone the proof until Section 3.7.

Theorem 3.3.4 (non-CMC). Suppose that τ ∈ C1,α(M) is non-constant and let

F ((φ,w), λ) be defined as in (3.3.3). Then if ρc and φc are defined as in Theorem 3.3.1

and ρ = ρc, there exists a neighborhood of ((φc,w), 0) such that all solutions to

F ((φ,w), λ) = 0 in this neighborhood lie on a smooth curve of the form

φ(s) = φc + s+
1

2
λ̈(0)u(x)s2 +O(s3), (3.3.9)

w(s) =
1

2
λ̈(0)v(x)s2 +O(s3),

λ(s) =
1

2
λ̈(0)s2 +O(s3),

where u(x) ∈ C2,α(M) and w(x) ∈ C2,α(TM) 6= 0. In particular, there exists a

δ > 0 such that for all 0 < λ < δ there exist elements (φ1,λ,w1,λ), (φ2,λ,w2,λ) ∈
C2,α(M)⊕ C2,α(TM) such that

F ((φi,λ,wi,λ), λ) = 0, for i ∈ {1, 2}, and (φ1,λ,w1,λ) 6= (φ2,λ,w2,λ).

Proof. We present the proof in Section 3.8.
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3.4 Existence of a Critical Value ρc

In this section we lay the foundation for proving Theorems 3.3.1 and 3.3.2.

As in [15], we seek a critical density ρc where our elliptic problem goes from having

positive solutions to having no positive solutions. In particular, what we seek is a value

ρc such that when λ = 0, then (3.3.3) will have no solution for ρ > ρc and will have a

solution for ρ ≤ ρc.

When λ = 0, the assumption that gab admits no conformal killing fields implies

that

F ((φ,w), 0) = F ((φ,0), 0) =

[
−∆φ+ aRφ− σ2

8
φ−7 − 2πρφ5 = 0

w = 0

]
. (3.4.1)

Define

q(χ) = aRχ−
1

8
σ2χ−7 − 2πρcχ

5, (3.4.2)

where ρc is a constant to be determined. The objective will be to determine ρc so that

q(χ) has a single, positive, multiple root and then use the maximum principle discussed

in Appendix 3.10.6 to conclude that if ρ > ρc, then (3.4.1) will have no solution. This

leads us to the following proposition.

Proposition 3.4.1. Let q(χ) be defined as in (3.4.2). Then there exists constants ρc > 0

and φc > 0 such that q(χ) ≤ 0 for all χ > 0 and the only positive root of q(χ) is φc.

Proof. To determine ρc, we observe that because aR and σ2 are constants, we simply

need to analyze the roots of (3.4.2) as ρc varies. We seek ρc such that q(χ) has a single,

positive, multiple root. We observe that q(χ) = 0 if and only if

p(χ) = aRχ
8 − 1

8
σ2 − 2πρcχ

12 = 0.

Furthermore, it is clear that each pair of roots {−χ0, χ0} of the even polynomial p(χ) is

in direct correspondence with each positive root of p(γ) = aRγ
2− 1

8
σ2−2πρcγ

3, where

γ = χ4. Therefore, we simply need to choose ρc such that p(γ) has a single positive

root. To accomplish this, we find the lone, local maximum of p(γ) and require it to be a
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root of p(γ). We have that

0 = p′(γ) = 2aRγ − 6πρcγ
2 =⇒ γc =

aR
3πρc

is a local max,

and

0 = p(γc) = aR

(
aR

3πρc

)2

− 1

8
σ2 − 2πρc

(
aR

3πρc

)
(3.4.3)

=
a3
R − 1

8
σ2(27π2ρ2

c)

27π2ρ2
c

=⇒ ρc =
R

3
2

24
√

3|σ|π
.

The next result follows immediately from the previous analysis but will be useful

going forward.

Corollary 3.4.2. Define the constants

ρc =
R

3
2

24
√

3|σ|π
and φc =

(
aR

3πρc

) 1
4

. (3.4.4)

Then if

q(χ) = aRχ−
1

8
σ2χ−7 − 2πρcχ

5,

it follows that q(φc) = q′(φc) = 0.

Proof. This follows immediately from the proof of Proposition 3.4.1 or by direct com-

putation.

Now we show that ρc is a critical value of (3.4.1).

Proposition 3.4.3. Let ρ(x) ∈ C(M). Then the constant ρc defined in Corollary 3.4.2

has the property that Eq. (3.4.1) has a positive solution if 0 < ρ ≤ ρc and has no

positive solution if ρ > ρc.

Proof. Let q(χ) be defined as in Corollary 3.4.2. If φ > 0 solves (3.4.1), then

∆φ = aRφ−
1

8
σ2φ−7 − 2πρφ5 = f(x, φ). (3.4.5)
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We observe that if ρ > ρc, then ρ̌ = infx∈M ρ > ρc and for χ > 0,

f(x, χ) = aRχ−
1

8
σ2χ−7 − 2πρχ5 ≤ aRχ−

1

8
σ2χ−7 − 2πρ̌χ5 < q(χ). (3.4.6)

Therefore if ρ > ρc, (3.4.5) and (3.4.6) imply that any positive solution φ to (3.4.1)

satisfies

∆φ = f(x, φ) < q(φ) ≤ 0.

Therefore an application of the maximum principle (3.10.6) implies that if ρ > ρc, then

(3.4.1) has no solution.

To verify that (3.4.1) has a solution if ρ ≤ ρc, first observe that Corollary 3.4.2

implies that

φc =

(
aR

3πρc

) 1
4

=

(
R

24πρc

) 1
4

, (3.4.7)

solves Eq. (3.4.1) when ρ = ρc. If ρ < ρc, the properties of q(χ) imply that the polyno-

mial

q1(χ) = aRχ−
1

8
σ2χ−7 − 2πρ̂χ5, ρ̂ = sup

x∈M
ρ(x),

will have two positive roots χ1 < χ2. Therefore, any φ+ satisfying 0 < χ1 < φ+ < χ2

will be a positive super-solution to (3.4.1) given that

f(x, χ) > q1(χ) = aRχ−
1

8
σ2χ−7 − 2πρ̂χ5.

Similarly, we may choose a positive sub-solution φ− < φ+ to (3.4.1) by choosing any

sufficiently small φ− satisfying 0 < φ− < χ3, where χ3 is the lone positive root of

q2(χ) = aRχ−
1

8
σ2χ−7.

We can then apply the method of sub- and super-solutions outlined in Section 3.10.2 to

solve (3.4.1).

The next result extends Proposition 3.4.3 to the case when λ 6= 0 and indicates

that ρc is also a critical value for the decoupled problem (3.3.4).
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Corollary 3.4.4. Let ρ(x) ∈ C(M) and suppose that τ is a constant and that

ρc =
R

3
2

24
√

3|σ|π
.

There exists an ε > 0 such that there is no positive solution to (3.3.4) if ρ > ρc and

−ε < λ < 0, and there exists a positive solution to (3.3.4) if 0 < ρ ≤ ρc and 0 ≤ λ < ε.

Finally, if ρ = ρc and λ is sufficiently small, then (3.3.4) has a solution if and only if

λ ≥ 0.

Proof. Again, we observe that if φ > 0 solves (3.3.4), then

∆φ = aRφ+ λ2aτφ
5 − 1

8
σ2φ−7 − 2πρe−λφ5 = f(x, φ, λ). (3.4.8)

Let q(χ) be as in Corollary 3.4.2 and define

p1(χ, λ) = aRχ+ λ2aτχ
5 − 1

8
σ2χ−7 − 2πρ̌e−λχ5,

where ρ̌ = infx∈M ρ(x). It is clear that f(x, φ, λ) ≤ p1(φ, λ) for any φ > 0, and for

λ < 0 and ρ > ρc we have that

p1(χ, λ) = aRχ+ λ2aτχ
5 − 1

8
σ2χ−7 − 2πρ̌e−λχ5 (3.4.9)

≤ aRχ+ (λ2aτ − 2πρc + 2πρcλ+ o(λ2))χ5 − 1

8
σ2χ−7

= q(χ) + (λ2aτ + 2πρcλ+ o(λ2))χ5 = q(χ) + g(λ)χ5.

Here we observe that g(λ) → 0 as λ → 0, and for |λ| sufficiently small, g(λ) < 0 if

λ < 0. By Proposition 3.4.1, we know that if χ > 0 then q(χ) ≤ 0. So Eq. (3.4.9)

implies that if ρ > ρc and λ < 0 is sufficiently small, then f(x, χ, λ) ≤ p1(χ, λ) < 0,

and the maximum principle then implies that (3.3.4) will have no solution.

If ρ ≤ ρc, then define

p2(χ, λ) = aRχ+ λ2aτχ
5 − 1

8
σ2χ−7 − 2πρ̂e−λχ5,

where ρ̂ = supx∈M ρ(x). It is clear that f(x, χ, λ) ≥ p2(χ, λ) for all χ > 0, and for
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λ ≤ 0 we have

p2(χ, λ) = aRχ+ λ2aτχ
5 − 1

8
σ2χ−7 − 2πρ̂e−λχ5 (3.4.10)

≥ aRχ+ (λ2aτ − 2πρc + 2πρcλ+ o(λ2))χ5 − 1

8
σ2χ−7

= q(χ) + (λ2aτ + 2πρcλ+ o(λ2))χ5 = q(χ) + g(λ)χ5.

Again, g(λ) → 0 as λ → 0 and g(λ) > 0 for λ > 0 sufficiently small. Therefore if

χ > 0, Eq. (3.4.10) implies that f(x, χ, λ) > p2(χ, λ) ≥ q(χ) if λ ≥ 0. The properties

of q(χ) specified in Proposition 3.4.1 imply that that for any λ > 0, either p2(χ, λ)

has a single positive root χ0 and p2(χ, λ) > 0 for all χ > χ0, or p2(χ, λ) has two

distinct positive roots. This implies that if λ > 0 we can find a positive super-solution

φ+ to (3.3.4). If λ = 0 we take φ+ = φc to be a super-solution where φc is defined

in Corollary 3.4.2. Similarly, we can also find a positive sub-solution φ− satisfying

φ− < φ+ by choosing any sufficiently small 0 < φ− < χ0, where χ0 is the unique

positive root of

r(χ, λ) = aRχ+ λ2aτχ
5 − 1

8
σ2χ−7.

The method of sub-and super-solutions outlined in Section 3.10.2 then implies that if

ρ ≤ ρc and λ ≥ 0, then (3.3.4) has a solution.

Finally, we observe that if ρ = ρc, then we have that

f(x, χ, λ) = q(χ) + g(λ)χ5,

where f and g are the same as above. Therefore, when λ is small and ρ = ρc, we

can apply the above analysis to conclude that (3.3.4) will have a solution if and only if

λ ≥ 0.

Remark 3.4.5. We note that the negative sign in front of the term 2πρχ5 in the polyno-

mial

q(χ) = aRχ−
1

8
σ2χ−7 − 2πρχ5,

played an essential role in allowing us to determine our critical density ρc and critical

solution φc. If this term were positive, then q(χ) would be monotonic increasing for
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χ > 0, and we would not be able to find a positive φc and ρc so that q(φc) = 0 and

q′(φc) = 0. As we saw in Corollary 3.4.4 and Proposition 3.4.3, these properties of q(χ)

played an important role in the existence of solutions to Eq. (3.3.4) and Eq. (3.4.1).

Later in this article, we will also see that these properties of q(χ) play an important

role in our non-uniqueness analysis by allowing for the kernel of the linearization of

F ((φ,w), λ) and G(φ, λ) to be one-dimensional. These facts further emphasize the role

that terms with the “wrong sign” (cf. [15]) have in the non-uniqueness phenomena

associated with CTS, CTT and XCTS formulations of the Einstein constraint equations.

3.5 Existence of a One Dimensional kernel of

DXF ((φc,0), 0) when ρ = ρc

In the previous section we proved the existence of a critical density ρc that af-

fected whether Eq. (3.4.1) and Eq. (3.3.4) had positive solutions. We now show that

when ρ = ρc, the linearization of both (3.3.4) and (3.3.3) develops a one-dimensional

kernel.

We first calculate the Frëchet derivatives DXF ((φ,w), λ) and DφG(φ, λ). To

compute these derivatives, we need only compute the Gâteaux derivatives given that

the G-derivatives are continuous in a neighborhood of ((φc,0, 0). See [18] and Re-

mark 3.10.2. Therefore,

DXF ((φc,0), 0) =
d

dt
F ((φc + tφ, tw), 0)

∣∣∣∣
t=0

,

where (φ,w) ∈ C2,α(M)⊕ C2,α(TM) satisfies ‖(φ,w)‖C2,α(M)⊕C2,α(TM) = 1.

So for a given ((φ,w), λ), the Frëchet derivative

DXF ((φ,w), λ) : C2,α(M)⊕ C2,α(TM)→ C0,α(M)⊕ C0,α(TM),

is a block matrix of operators where the first column consists of derivatives ofF ((φ,w), λ)

with respect to φ and the second column consists of derivatives with respect to w. This



114

implies that

DXF ((φ,w), λ) =

[
−∆ + aR + 5λ2aτφ

4 + 7awφ
−8 − 10πρce

−λφ4 L
6λbaτφ

5 L

]
,

(3.5.1)

where

Lh = L(φ,w)h = −1

4
φ−7

(
(Lw)ab(Lh)ab + σab(Lh)ab

)
, (3.5.2)

and L is the conformal Killing operator. Similarly, in the CMC case the map

DφG(φ, λ) : C2,α(M)→ C0,α(M),

has the form

DφG(φ, λ) = −∆ + aR + 5λ2aτφ
4 +

7

8
σ2φ−8 − 10πρce

−λφ4. (3.5.3)

We now make some key observations about (3.5.1).

Proposition 3.5.1. Let φc be as in Corollary 3.4.2. Then F ((φc,0), 0) = 0 and

DXF ((φc,0), 0) has the form

DXF (φc,0, 0) =

[
−∆ L̃

0 L

]
, (3.5.4)

where L̃ : Ck(TM)→ Ck−1(M) is defined by

L(φc,0)h = L̃h = −1

4
φ−7
c σab(Lh)ab,

and L is the conformal killing operator.

Proof. By Corollary 3.4.2 it follows that φc is a root of the polynomial

q(χ) = aRχ−
1

8
σ2χ−7 − 2πρcχ

5,
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and also a root of

q′(χ) = aR +
7

8
σ2χ−8 − 10πρcχ

4. (3.5.5)

This implies that F ((φc,0), 0) = 0 and that Eq. (3.5.1) reduces to (3.5.4) when

((φ,w), λ) = ((φc,0), 0).

Remark 3.5.2. Corollary 3.4.2 implies that (3.5.3) reduces to

DφG(φc, 0) = −∆, (3.5.6)

in the CMC case. Therefore dim ker(DφG(φc, 0))) = 1 and it is spanned by the constant

function φ = 1.

Corollary 3.5.3. Letting H1 = L2(M) and H2 = L2(TM), the H1 ⊕ H2-adjoint of

DXF ((φc,0), 0) has the form

(DXF (φc,0, 0))∗ =

[
−∆ 0

L̂ L

]
, (3.5.7)

where L̂ : Ck,α(M)→ Ck−1,α(TM) is defined by

L̂u = Db(
1

4
φ−7
c uσab). (3.5.8)

Proof. Let (u1,v1) and (u2,v2) both be elements of C2(M) ⊕ C2(TM). Then given

that both −∆ and L = −Db(L)ab are self-adjoint with respect to the L2(M) and

L2(TM) inner products, it follows that

〈
DXF ((φc,0), 0)

[
u1

v1

]
,

[
u2

v2

]〉
=

∫
M

(−u1∆u2 + v1 · Lv2 + L̃v1u2)dVg,

(3.5.9)

where dVg is the volume element associated with gab and L̃v1 = −1
4
φ−7
c σab(Lv1)ab.

Given that the negative divergence of a (0, 2) tensor and the conformal killing operator
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L are formal adjoints (see [18]), we have that∫
M

L̃v1u2dVg =

∫
M

(
−1

4
u2φ

−7
c σab(Lv1)ab

)
dVg (3.5.10)

=

∫
M

(
Db(

1

4
u2φ

−7
c σab) · v1

)
dVg =

∫
M

L̂u2 · v1dVg.

Therefore,〈
DXF ((φc,0), 0)

[
u1

v1

]
,

[
u2

v2

]〉
= (3.5.11)

∫
M

(−u1∆u2 + v1 · Lv2 + L̂u2 · v1)dVg =

〈[
u1

v1

]
,

[
−∆ 0

L̂ L

][
u2

v2

]〉
.

Corollary 3.5.4. DXF ((φc,0, 0) has a kernel of dimension 1 that is spanned by
[

1

0

]
,

and (DXF (φc,0, 0))∗ also has a kernel of dimension one that is spanned by
[

1

0

]
.

Proof. We solve for
[

u

v

]
∈ C2,α(M)⊕ C2,α(TM) such that

DXF ((φc,0), 0)

[
u

v

]
=

[
−∆ L̃

0 L

][
u

v

]
=

[
0

0

]
.

Given that gab admits no conformal killing fields, we must have that v = 0. This implies

that

0 = −∆u− 1

4
φ−7
c (σab(Lv)ab) = −∆u =⇒ u is a constant.

Therefore
[

1

0

]
spans ker(DXF ((φc,0), 0).

Similarly, we solve for
[

u

v

]
such that

(DXF ((φc,0), 0))∗

[
u

v

]
=

[
−∆ 0

L̂ L

][
u

v

]
=

[
0

0

]
.



117

This implies that u is a constant and that

0 = L̂u+ Lv = ∇b(
1

4
φcuσab) + Lv =

1

4
φcu∇bσab + Lv.

Given that σab is divergence free, we have that ∇bσab = 0, which implies that v = 0.

Therefore
[

1

0

]
spans ker(DXF ((φc,0), 0)∗).

We can now prove Theorems 3.3.1 and 3.3.2. The proofs are an immediate

consequence of the preceding results, but we summarize them here in the proof for

convenience.

3.5.1 Proof of Theorems 3.3.1 and 3.3.2

Proposition 3.4.3 implies the existence of critical values

ρc =

(
R

24πρc

) 1
4

and φc =

(
aR

3πρc

) 1
4

,

such that if

q(χ) = aRχ−
1

8
σ2χ−7 − 2πρcχ

5,

then q(φc) = q′(φc) = 0. By Remark 3.5.2 we have that the linearization (3.5.3) in the

CMC case reduces to −∆. This proves Theorem 3.3.1. Similarly, in Proposition 3.5.1

we explicitly determined DXF ((φc,0), 0), and in Corollary 3.4.2 we showed that it has

a kernel spanned by the constant vector
[

1

0

]
. This proves Theorem 3.3.2.

3.6 Fredholm properties of the operators

DXF ((φc,0), 0) and DφG(φc, 0)

Now that we have shown that the linearizationsDXF ((φc,0), 0) andDφG(φc, 0)

have one-dimensional kernels, we are almost ready to apply the Liapunov-Schmidt re-

duction. Recall from section 3.2 that a key assumption in this reduction was that the op-

erator be a nonlinear Fredholm operator. Therefore, to apply this reduction in the CMC

and non-CMC cases we must show that the operators DφG(φc, 0) and DXF ((φc,0), 0)
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are Fredholm operators between the spaces on which they are defined. In particular,

we need to show that DφG(φc, 0) is a Fredholm operator between the spaces C2,α(M)

and C0,α(M) and that the operator DXF ((φc,0), 0) is a Fredholm operator between

C2,α(M)⊕ C2,α(TM) and C0,α(M)⊕ C0,α(TM).

In the CMC case, we have that DφG(φc, 0) = −∆. It is well known that this

operator is a Fredholm operator between the Hilbert spaces H2(M) and L2(M) [9].

Furthermore,−∆ is a Fredholm operator between the subspacesC2,α(M) andC0,α(M)

because of the regularity properties of the the Laplacian and the fact that these spaces

continuously embed into the Hilbert spaces H2(M) and L2(M). See Appendix 3.10.2

for a more detailed discussion of these facts.

Letting L = −∆, we regard L = L∗ as operators from H2(M)→ L2(M). The

Fredholm properties of these operators allow us to make the following decompositions

that are orthogonal with respect to the L2-inner product:

L2(M) = R(L∗)⊕ ker(L) (3.6.1)

L2(M) = R(L)⊕ ker(L∗).

In this case, these decompositions are the same given that L is self-adjoint. Therefore if

we regard C2,α(M) and C0,α(M) as subspaces of L2(M), then we may use (3.6.1) to

obtain the following decompositions

C2,α(M) = (R(L∗) ∩ C2,α(M))⊕ ker(L), (3.6.2)

C0,α(M) = (R(L) ∩ C0,α(M))⊕ ker(L∗),

which are also orthogonal with respect to the L2-inner product. See Appendix 3.10.2

for further details.

It is not as clear that the operator DXF ((φc,0), 0) is a Fredholm operator be-

tween the spaces C2,α(M) ⊕ C2,α(TM) and C0,α(M) ⊕ C0,α(TM). For the sake of

completeness, we briefly discuss this point. As in Appendix 3.10.2, we first show that

DXF (φc,0), 0) is a Fredholm operator from the Hilbert space L2(M) ⊕ L2(TM) to

itself, where we consider the domain of definition of DXF ((φc,0), 0) to be
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H2(M)⊕H2(TM). Indeed, the operator DXF ((φc,0), 0) induces the bilinear form

B((u1,v1), (u2,v2)) : (H1(M)⊕H1(TM))× (H1(M)⊕H1(TM))→ R,

where 〈·, ·〉 is the inner product associated with L2(M)⊕ L2(TM) and

B((u1,v1), (u2,v2)) =

〈[
−∆ L̃
0 L

][
u1

v1

]
,

[
u2

v2

]〉
. (3.6.3)

Paralleling the discussion in 3.10.2, we first show there exists constants C, c > 0 such

that

B((u,v), (u,v)) + c〈(u,v), (u,v)〉 ≥ C‖(u,v)‖2
H1(M)⊕H1(TM).

Let c > 0 be a constant to be determined. Then

B((u,v), (u,v)) + c〈(u,v), (u,v)〉 (3.6.4)

=

∫
M

(
DauDau−

1

4
uφ−7

c σab(Lv)ab + (Lv)ab(Lv)ab + cu2 + cvava

)
dVg

≥
∫
M

(
DauDau−

1

16cε
u2 − εφ−14

c (σab(Lv)ab)2 + (Lv)ab(Lv)ab + cu2 + cvava

)
dVg,

where the above inequality follows from an application of Young’s inequality. The

Schwartz inequality and the definition of L then imply that

σab(Lv)ab = 〈σ,Lv〉g ≤ C|σ||Dv|.

Therefore ∫
M
εφ−14

c (σab(Lv)ab)2 ≤ c(ε)‖v‖2
1,2, (3.6.5)

where c(ε)→ 0 as ε→ 0. Combining (3.6.4) and (3.6.5) we have that

B((u,v), (u,v)) + c〈(u,v), (u,v)〉 ≥ (3.6.6)

(1− c(ε))‖v‖2
1,2 + ‖Du‖2

0,2 + (c− 1

16ε
)‖u‖2

0,2 ≥ C(‖v‖2
1,2 + ‖u‖2

1,2),
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where the final inequality holds by choosing ε sufficiently small and c sufficiently large.

The above discussion tells us that the bilinear form

B((u,v), (u,v)) + c〈(u,v), (u,v)〉

is coercive onH1(M)⊕H1(TM). The Lax-Milgram theorem implies that the problem

(DXF ((φc,0), 0) + cI)

[
u

v

]
=

[
f

g

]

has a unique weak solution (u,v) ∈ H1(M)⊕H1(TM) for each (f, g) ∈
L2(M)⊕ L2(TM), and elliptic regularity gives us that (u,v) ∈ H2(M)⊕H2(TM).

Therefore we conclude that the operator DXF ((φc,0), 0) + cI is a bijection between

H2(M)⊕H2(TM) and L2(M)⊕ L2(TM). We are the able to conclude that

(DXF ((φc,0), 0) + cI)−1 exists and is compact.

Paralleling the discussion in Appendix 3.10.2, we can then conclude that the operator

DXF ((φc,0), 0) is a Fredholm operator between H2(M)⊕H2(TM) and

L2(M) ⊕ L2(TM). Using the fact that C0,α(M) ⊕ C0,α(TM) embeds continuously

into L2(M)⊕L2(TM) and invoking classical Schauder estimates, an argument similar

to the argument in 3.10.2 implies that DXF ((φc,0), 0) is Fredholm operator between

the spaces C2,α(M) ⊕ C2,α(TM) and C0,α(M) ⊕ C0,α(TM). By applying the same

argument to DXF ((φc,0), 0)∗, we can also conclude that this operator is a Fredholm

operator between C2,α(M)⊕ C2,α(TM) and C0,α(M)⊕ C0,α(TM).

If L = DXF ((φc,0), 0), then the fact that both L,L∗ are Fredholm operators

from H2(M)⊕H2(TM)→ L2(M)⊕ L2(TM) allows us to decompose

L2(M) ⊕ L2(TM) as in (3.6.1). Therefore, regarding C2,α(M) ⊕ C2,α(TM) and

C0,α(M) ⊕ C0,α(TM) as subspaces of L2(M) ⊕ L2(TM), we obtain the following

decompositions that are orthogonal with respect to the L2(M)⊕L2(TM)- inner prod-
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uct:

C2,α(M)⊕ C2,α(TM) = ker(L)⊕ (R(L∗) ∩ (C2,α(M)⊕ C2,α(TM))), (3.6.7)

C0,α(M)⊕ C0,α(TM) = ker(L∗)⊕ (R(L) ∩ (C0,α(M)⊕ C0,α(TM))).

In the above decomposition, L = DXF ((φc,0), 0) and ker(L), R(L), ker(L∗) andR(L∗)

are all regarded as subspaces of L2(M)⊕ L2(TM).

3.7 Bifurcation and non-uniqueness in the CMC case

We are now ready to prove Theorem 3.3.3. In the CMC case, our system (3.3.1)

with ρ = ρc reduces to

G(φ, λ) = −∆φ+ aRφ+ λ2aτφ
5 − 1

8
σ2φ−7 − 2πρce

−λφ5. (3.7.1)

To prove that solutions to (3.7.1) are non-unique, we will apply the Liapunov-Schmidt

reduction outlined in Section 3.2.4 and then invoke Theorem 3.2.5 and Proposition 3.2.7.

3.7.1 Proof of Theorem 3.3.3

By Theorem 3.3.1 and Remark 3.5.2, we know that DφG(φc, 0) = −∆. It fol-

lows that dim ker(DφG(φc, 0)) = dim ker(DφG(φc, 0)∗) = 1, where both spaces are

spanned by φ = 1.

Using the notation from Section 3.2.4, we can apply the Liapunov-Schmidt Re-

duction, where v̂0 = 1 is a basis of ker(DφG(φc, 0)) = ker(DφG(φc, 0)∗). By the discus-

sion in Section 3.6 and appendix 3.10.2, we can decompose X = C2,α(M) = X1 ⊕X2

and Y = C0,α(M) = Y1 ⊕ Y2, where

X1 = ker(DφG(φc, 0)), X2 = R(DφG(φc, 0)∗) ∩ C2,α(M), (3.7.2)

Y1 = R(DφG(φc, 0)) ∩ C0,α(M), and Y2 = ker(DφG(φc, 0)∗).

Letting P : X → X1 and Q : Y → Y2 be projection operators as in Section 3.2.4, and
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writing φ = Pφ+ (I − P )φ = v + w, the Implicit Function Theorem applied to

(I −Q)G(v + w, λ) = 0, (3.7.3)

implies that w = ψ(v, λ) in a neighborhood of (φc, 0) and 0 = ψ(φc, 0). Plugging

ψ(v, λ) into

QG(v + w, λ) = 0,

we obtain

Φ(v, λ) = QG(v + ψ(v, λ), λ) = 0. (3.7.4)

All solutions to G(φ, λ) = 0 in a neighborhood of (φc, 0) must satisfy Eq. (3.7.4).

We now observe that DλG(φc, 0) = 2πρcφ
5
c 6= 0. This implies that

DλΦ(φc, 0) = QDλG(φc, 0) = 2πρcφ
5
c 6= 0, (3.7.5)

given that Q is the projection onto Y2 and Y2 is spanned by the constant function 1. The

Implicit Function Theorem applied to Eq. (3.7.4) implies that there exists a function

γ : U1 → V1 such that U1 ⊂ X1, V1 ⊂ R and γ(v) = λ in a neighborhood of φc with

γ(φc) = 0.

Therefore (3.7.4) becomes

g(v) = QG(v + ψ(v, γ(v)), γ(v)), (3.7.6)

and by writing v = s + φc, which we can do for s ∈ (−δ, δ) with δ > 0 sufficiently

small, we obtain

g(s) = QG(s+ φc + ψ(s+ φc, γ(s+ φc)), γ(s+ φc)) = 0. (3.7.7)

This implies that solutions to G(φ, λ) = 0 are given by g(s) = 0 in a neighborhood of
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(φc, 0), where

φ(s) = s+ φc + ψ(s+ φc, γ(s+ φc)), (3.7.8)

λ(s) = γ(s+ φc)

determine a differentiable solution curve through (φc, 0).

Equation (3.7.8) gives us a fairly explicit representation of the continuously

differentiable curve {φ(s), λ(s)} provided by Theorem 3.2.5. However, by applying

Proposition 3.2.7 we can determine that λ̈(0) 6= 0 to obtain even more information

about {φ(s), λ(s)}. We observe that

D2
φφG(φc, 0)[v̂0, v̂0] = −7σ2φ−9

c − 40πρcφ
3
c 6= 0. (3.7.9)

Therefore

−7σ2φ−9
c − 40πρcφ

3
c ∈ Y2 =⇒ D2

φφG(φc, 0)[v̂0, v̂0] /∈ R(DφG(φc, 0)) = Y1,

given that Y1 ⊥ Y2. Proposition 3.2.7 implies that λ̈(0) 6= 0 and that a saddle node

bifurcation occurs at (φc, 0).

We now combine (3.7.8) and the fact that λ̈(0) 6= 0 to obtain a more explicit

representation to the solution curve {φ(s), λ(s)} in a neighborhood of (φc, 0). Define

the function

f(s) = ψ(s+ φc, γ(s+ φc)). (3.7.10)

Then by Propositions 3.2.6 and 3.2.7 we have that

f(0) = 0, and λ(0) = γ(φc) = 0, (3.7.11)

λ̇(0) =
d

ds
λ(s)

∣∣∣∣
s=0

= Dvγ(φc) = 0,

ḟ(0) =
d

ds
f(s)

∣∣∣∣
s=0

= Dvψ(φc, 0) +Dλψ(φc, 0)Dvγ(φc) = 0.

Therefore the function f(s) = O(s2). By computing a Taylor expansion of λ(s) about
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s = 0 and using Eq. (3.7.11) and Eq. (3.7.8), we find that for s ∈ (−δ, δ),

φ(s) = φc + s+O(s2), (3.7.12)

λ(s) =
1

2
λ̈(0)s2 +O(s3),

where λ̈(0) 6= 0.

Based on the form of φ(s) and λ(s) in Eq. (3.7.12), there exists a 0 < δ′ < δ

such that φ(s) < 0, λ(s) > 0 for all s ∈ [−δ′, 0), and φ(s) > 0, λ(s) > 0 for all

s ∈ (0, δ′]. Letting M = max{M1,M2}, where

M1 = sup
s∈[−δ′,0]

λ(s) and M2 = sup
s∈[0,δ′]

λ(s),

the Intermediate Value Theorem then implies that for all λ0 ∈ (0,M), there exists

s1, s2 ∈ [−δ′, δ′], s1 6= s2, such that λ(s1) = λ(s2) = λ0. Based on how we chose δ′,

we also have that φ(s1) 6= φ(s2). This completes the proof of Theorem 3.3.3.

3.8 Bifurcation and non-uniqueness in the non-CMC case

In this section we will show that solutions to F ((φ,w), 0) = 0 for the full system

F ((φ,w), λ) =

[
−∆φ+ aRφ+ λ2aτφ

5 − awφ−7 − 2πρe−λφ5

Lw + λbaτφ
6

]
(3.8.1)

are non-unique, where τ ∈ C1,α(M) is a non-constant function. Our approach is similar

to that of the CMC case: we apply a Liapunov-Schmidt reduction to Eq. (3.8.1) to

determine an explicit solution curve through the point ((φc,0), 0). The form of this

curve will imply that solutions to the system (3.8.1) are non-unique.



125

3.8.1 Proof of Theorem 3.3.4

By Proposition 3.5.1 we know that kerDXF ((φc,0), 0) takes the form

DXF (φc,0, 0) =

[
−∆ L̃

0 L

]
,

where L̃h = −1
4
φ−7
c σab(Lh)ab. Corollary 3.5.4 gives us that ker(DXF ((φc,0), 0)) and

ker(DXF ((φc,0), 0)∗) are spanned by v̂0 =
[

1

0

]
.

Using the notation from Section 3.2.4, we apply the Liapunov-Schmidt Reduc-

tion. By the decomposition (3.6.7), we have that

X = C2,α(M)⊕ C2,α(TM) = X1 ⊕X2,

and

Y = C0,α(M)⊕ C0,α(TM) = Y1 ⊕ Y2,

where

X1 = ker(DXF ((φc,0), 0)), (3.8.2)

X2 = R(DXF ((φc,0), 0)∗) ∩ (C2,α(M)⊕ C2,α(TM)), (3.8.3)

Y1 = R(DXF ((φc,0), 0)) ∩ (C0,α(M)⊕ C0,α(TM)), (3.8.4)

Y2 = ker(DXF ((φc,0), 0)∗). (3.8.5)

Let P : X → X1 and Q : Y → Y2 be the projection operators defined using v̂0

as in Section 3.2.4. Then by writing[
φ

w

]
= P

[
φ

w

]
+ (I − P )

[
φ

w

]
= v + y,

the Implicit Function Theorem applied to

(I −Q)F (v + y, λ) = 0, (3.8.6)
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implies that solutions to F ((φ,w), 0) = 0 satisfy

Φ(v, λ) = QF (v + ψ(v, λ), λ) = 0 (3.8.7)

in a neighborhood of ((φc,0), 0), where y = ψ(v, λ) in this neighborhood and

(0,0) = ψ((φc,0), 0).

We now observe that

DλF ((φc,0), 0) =

[
2πρcφ

5
c

baτφ
6
c

]
/∈ Y1,

due to the fact that [
2πρcφ

5
c

0

]
∈ Y2 and Y1 ⊥ Y2.

This implies that

DλΦ((φc,0), 0) = QDλF ((φc,0), 0) =

[
2πρcφ

5
c

0

]
6= 0, (3.8.8)

given thatQ is the projection onto Y2. The Implicit Function Theorem again implies that

there exists a function γ : U1 → V1, where (φc,0) ∈ U1 ⊂ X1, V1 ⊂ R and γ(v) = λ in

U1 with γ(φc,0) = 0. Using this fact, Eq. (3.8.7) becomes

g(v) = QF (v + ψ(v, γ(v)), γ(v)) = 0, (3.8.9)

and by writing

v = (s+ φc)v̂0 = s

[
1

0

]
+

[
φc

0

]
,

for s ∈ (−δ, δ) with δ > 0 sufficiently small, we then obtain

g(s) = QF (sv̂0 + φcv̂0 + ψ(sv̂0 + φcv̂0, γ(sv̂0 + φcv̂0)), γ(sv̂0 + φcv̂0)) = 0.

(3.8.10)

This implies that solutions to F ((φ,0), λ) = 0 in a neighborhood of ((φc,0), 0) satisfy
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g(s) = 0, where φ(s)

w(s)

 = s

 1

0

+

 φc

0

+ ψ

s
 1

0

+

 φc

0

 , γ
s
 1

0

+

 φc

0

 ,

(3.8.11)

λ(s) = γ

s
 1

0

+

 φc

0

 ,

determine a smooth solution curve through ((φc,0), 0).

As in the CMC case, we seek additional information so that we can further ana-

lyze the solution curve (3.8.11). Now we apply Proposition 3.2.7 to determine informa-

tion about λ̈(0), and then we will expand the function

f(s) = ψ((s+ φc)v̂0, γ((s+ φc)v̂0)) (3.8.12)

as a Taylor series to obtain a more explicit representation of {(φ(s),w(s)), λ(s)}.
Taking the second derivative of F ((φ,w), λ), we have that

D2
XXF ((φc,0), 0)[v̂0, v̂0] =

[
−7σ2φ−9

c − 40πρcφ
3
c

0

]
∈ Y2. (3.8.13)

Given that the vector (3.8.13) lies in Y2 and Y1 ⊥ Y2,

D2
XXF ((φc,0), 0)[v̂0, v̂0] /∈ Y1.

We can therefore apply Proposition 3.2.7 to conclude that λ̈(0) 6= 0.

Our next goal is to expand the function f(s) as a Taylor series about 0. In order

to do this, we use (3.8.11), Proposition 3.2.6 and the fact that λ̈(0) 6= 0 to obtain infor-

mation about coefficients in this expansion. In particular, the objective is to determine

information about the coefficient of the second order term in the expansion of f(s).

By differentiating

(I −Q)F (v + ψ(v, λ), λ) = 0,
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with respect to λ and evaluating the resulting expression at ((φc,0), 0), we obtain

(I −Q)DXF ((φc,0), 0)Dλψ((φc,0), 0) + (I −Q)DλF ((φc,0), 0) = 0. (3.8.14)

Given that

DλF ((φc,0), 0) =

[
2πρcφ

5
c

baτφ
6
c

]
,

and Q is the projection operator onto Y2, which is spanned by

[
1

0

]
, we have that

(I −Q)DλF ((φc,0), 0) =

[
0

baτφ
6
c

]
. (3.8.15)

Equations (3.8.15) and (3.8.14) imply that

(I −Q)DXF ((φc,0), 0)Dλψ((φc,0), 0) = −

[
0

baτφ
6
c

]
. (3.8.16)

Given that DXF ((φc,0), 0) has the form (3.5.4) and the operator L is invertible, Eq.

(3.8.16) implies that

Dλψ((φc,0), 0) =

[
u(x)

v(x)

]
, with v(x) 6= 0. (3.8.17)

As we shall see, this fact implies that w(s) has quadratic terms in s.

We have one last piece of data left to determine the coefficient of the second

order term in the Taylor expansion of f(s). Differentiating (I−Q)F (v+ψ(v, λ), λ) = 0

twice with respect to v, evaluating at ((φc,0), 0) and applying the resulting bilinear form

to v̂0, we obtain

(I −Q)D2
XXF ((φc,0), 0)[v̂0, v̂0]+ (3.8.18)

(I −Q)DXF ((φc,0), 0)D2
vvψ((φc,0), 0)[v̂0, v̂0] = 0.
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By Eq. (3.8.13) we know that D2
XXF ((φc,0), 0)[v̂0, v̂0] ∈ Y2. Because (I −Q) projects

onto Y1 and Y1 ⊥ Y2, we have that

(I −Q)D2
XXF ((φc,0), 0)[v̂0, v̂0] = 0. (3.8.19)

Equations (3.8.19) and (3.8.18) and the invertibility of (I − Q)DXF ((φc,0), 0) as an

operator from X2 to Y1 imply that

D2
vvψ((φc,0), 0)[v̂0, v̂0] = 0. (3.8.20)

This was the final piece of information that we needed to to determine the second order

expansion of f(s).

We now expand the function f(s) in Eq. (3.8.12) about s = 0. We have that

f(0) = ψ((φc,0), 0) =

[
0

0

]
, (3.8.21)

ḟ(0) = Dvψ((φc,0), 0)v̂0 +Dλψ((φc,0), 0))Dvγ(φc,0)v̂0 =

[
0

0

]
,

f̈(0) = D2
vvψ((φc,0), 0)[v̂0, v̂0] +D2

vλψ((φc,0), 0)[v̂0, Dvγ(φc,0)v̂0]

+D2
λvψ((φc,0), 0)[Dvγ(φc,0)v̂0, v̂0] +Dλψ((φc,0), 0)D2

vvγ(φc,0)[v̂0, v̂0]

+D2
λλψ((φc,0), 0)[Dvγ(φc,0)v̂0, Dvγ(φc,0)v̂0]

= Dλψ((φc,0), 0)D2
vvγ(φc,0)[v̂0, v̂0] = Dλψ((φc,0), 0)λ̈(0) 6=

[
0

0

]
,

where f̈(0) simplifies as a result of Proposition 3.2.7, Eq. (3.8.17) and Eq. (3.8.20),

which imply

Dvψ((φc,0), 0) = 0, Dvγ(φc,0) = 0, (3.8.22)

D2
vvψ((φc,0), 0)[v̂0, v̂0] =

[
0

0

]
, Dλψ((φc,0), 0) 6=

[
0

0

]
.
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Therefore it follows that

f(s) =
1

2
(Dλψ(φcv̂0, γ(φcv̂0))λ̈(0))s2 +O(s3) =

[
1
2
u(x)λ̈(0)

1
2
v(x)λ̈(0)

]
s2 +O(s3),

(3.8.23)

where we identify Dλψ((φc,0), 0) with the vector
[

u(x)

v(x)

]
in C2,α(M) ⊕ C2,α(TM).

By Eq. (3.8.17) we have that v(x) 6= 0 and expanding out λ(s) as a second order Taylor

series about s = 0 we obtain

λ(s) =
1

2
λ̈(0)s2 +O(s3). (3.8.24)

Putting together (3.8.11), (3.8.23) and (3.8.24) we find that solutions to F ((φ,w), λ) =

0 in a neighborhood of ((φc,0), 0) take the form

φ(s) = φc + s+
1

2
λ̈(0)u(x)s2 +O(s3), (3.8.25)

w(s) =
1

2
λ̈(0)v(x)s2 +O(s3), (3.8.26)

λ(s) =
1

2
λ̈(0)s2 +O(s3), (3.8.27)

where s ∈ (−δ, δ) for sufficiently small δ > 0.

By analyzing the solution curve (3.8.25)-(3.8.27) as we did for the curve (3.7.12)

in the proof of Theorem 3.3.3, we can conclude that solutions to the system (3.8.1) are

non-unique. This completes the proof of Theorem 3.3.4.

3.9 Summary

We began in Section 3.2 by introducing our notation for function spaces and

presenting the basic concepts from functional analysis and bifurcation theory that we

used throughout this paper. In particular, we gave an outline of the Liapunov-Schmidt

reduction that was the basis of our non-uniqueness arguments. Then in Section 3.3 we

presented our main results, which consisted of the existence of a critical solution where
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the linearizations of our system

F ((φ,w), λ) =

[
−∆φ+ aRφ+ λ2aτφ

5 − awφ−7 − 2πρe−λφ5

Lw + λbaτφ
6

]
, (3.9.1)

developed a one-dimensional kernel and non-uniqueness results for solutions to

F ((φ,w), 0) = 0 in both the CMC and non-CMC cases. We then set about proving

these results in the following sections. In Section 3.4 we showed that in the CMC case

there exists a critical density ρc for the operator

G(φ, λ) = −∆φ+ aRφ+ λ2aτ − awφ−7 − 2πρe−λφ5. (3.9.2)

This density satisfied the property that if |λ| was sufficiently small, then ρ > ρc and

λ < 0 implied that there was no solution to G(φ, λ) = 0, and if ρ ≤ ρc and λ ≥ 0 then

there was a solution. This result provided the foundation in Section 3.5 for showing that

the linearization of (3.9.1) developed a one-dimensional kernel. Then in Section 3.6 we

briefly discussed the Fredholm properties of the linearized operators DXF ((φc,0), 0)

and DφG(φc, 0) on the Banach spaces on which they are defined.

In Section 3.7 we proved the first of our non-uniqueness results. We showed

that in the event that the mean curvature was constant, the decoupled system (3.9.2)

exhibited non-uniqueness. This was indicated by the fact that the solution curve through

the point (φc, 0) had the form

φ(s) = φc + s+O(s2), (3.9.3)

λ(s) =
1

2
λ̈(0)s2 +O(s3),

which implied that a saddle-node bifurcation occurred at the point (φc, 0). We were

able to determine the explicit form of the solution curve (3.9.3) by applying a Liapunov-

Schmidt to (3.9.2) at the point (φc, 0), which was possible given that the operator

DφG(φc, 0) had a one-dimensional kernel. Similarly, in Section 3.8 we showed that

when the mean curvature τ was an arbitrary, continuously differentiable function, solu-

tions to F ((φ,w), λ) = 0 were non-unique. Again, this followed because we explicitly
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computed the solution curve through the point ((φc,0), 0). In Section 3.8 we found that

the solution curve through ((φc,0), 0) had the form

φ(s) = φc + s+
1

2
λ̈(0)u(x)s2 +O(s3), (3.9.4)

w(s) =
1

2
λ̈(0)v(x)s2 +O(s3), (3.9.5)

λ(s) =
1

2
λ̈(0)s2 +O(s3), (3.9.6)

which we demonstrated by applying a Liapunov-Schmidt reduction to the system (3.9.1)

at the point ((φc,0), 0). Again, this was possible because of our work in Section 3.4

where we showed that the linearization DXF ((φc,0), 0) had a one-dimensional kernel.

The importance of these non-uniqueness results is that they demonstrate first and

foremost that the conformal formulation with unscaled source terms is undesirable given

that solutions for this formulation will not allow us to uniquely parametrize physical

solutions to the Einstein constraint equations. Additionally, this paper helps build on the

work of Walsh in [17] by expanding the understanding of how bifurcation techniques

can be applied to the various conformal formulations of the constraint equations. This

work is also interesting in that the analysis conducted here helps clarify the ideas of

York et. al. in [15] by showing how terms with “the wrong sign” that contribute to the

non-monotonicity (non-convexity of the corresponding energy) of the nonlinearity in the

Hamiltonian constraint directly contribute to the non-uniqueness of solutions. Finally,

it is hope of the authors that this work will also help to lay the foundation for future

analysis of the uniqueness properties of the Conformal Thin Sandwich method and the

far-from-CMC solution framework established in [8, 9].

3.10 Appendix

3.10.1 Banach Calculus and the Implicit Function Theorem

Here we give a brief review of some basic tools from functional analysis. The

following results are presented without proof and are taken from [18]. We begin with

some notation.
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Suppose that X and Y are Banach spaces and U ⊂ X is a neighborhood of 0.

For a given map f : U ⊂ X → Y , we say that

f(x) = o(‖x‖), x→ 0 iff r(x)/‖x‖ → 0 as x→ 0.

We write L(X, Y ) for the class of continuous linear maps between the Banach spaces

X and Y .

Definition 3.10.1. Let U ⊂ X be a neighborhood of x and suppose that X and Y are

Banach spaces.

(1) We say that a map f : U → Y is F-differentiable or Fréchet differentiable at x

iff there exists a map T ∈ L(X, Y ) such that

f(x+ h)− f(x) = Th+ o(‖h‖), as h→ 0,

for all h in some neighborhood of zero. If it exists, T is called the F-derivative or

Fréchet derivative of f and we define f ′(x) = T . If f is Fréchet differentiable

for all x ∈ U we say that f is Fréchet differentiable in U . Finally, we define the

F-differential at x to be df(x;h) = f ′(x)h.

(2) The map f is G-differentiable or Gâteaux differentiable at x iff there exists a

map T ∈ L(X, Y ) such that

f(x+ tk)− f(x) = tTk + o(t), as t→ 0,

for all k with ‖k‖ = 1 and all real numbers t in some neighborhood of zero. If

it exists, T is called the G-derivative or Gâteaux derivative of f and we de-

fine f ′(x) = T . If f is G-differential for all x ∈ U we say that f is Gâteaux

differentiable in U . The G-differential at x is defined to be dGf(x;h) = f ′(x)h.

Remark 3.10.2. Clearly if an operator is F-differentiable, then it must also be

G-differentiable. Moreover, if the G-derivative f ′ exists in some neighborhood of x and

f ′ is continuous at x, then f ′(x) is also the F-derivative. This fact is quite useful for
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computing F-derivatives given that G-derivatives are easier to compute. See [18] for a

complete discussion.

We view F-derivatives and G-derivatives as linear maps f ′(x) : U → L(X, Y ). More

generally, we may consider higher order derivatives of f . For example, f ′′(x) : U →
L(X,L(X, Y )) is a bilinear form. We now state some basic properties of F-derivatives.

All of the following properties also hold for G-derivatives.

The Fréchet derivative satisfies many of the usual properties that we are accus-

tomed to by doing calculus in Rn. For example, we have the chain rule.

Proposition 3.10.3 (Chain Rule). Suppose that X, Y and Z are Banach spaces and

assume that f : U ⊂ X → Y and g : V ⊂ Y → Z are differentiable on U and V

resp. and that f(U) ⊂ V . Then the function H(x) = g ◦ f , i.e. H(x) = g(f(x)), is

differentiable where

H ′(x) = g′(f(x))f ′(x)

where we write g′(f(x))f ′(x) for g′(f(x)) ◦ f ′(x).

Given an operator f : X×Y → Z, we can also consider the partial derivative of

f with respect to either x or y. If we fix the variable y and define g(x) = f(x, y) : X →
Z and g(x) is Fréchet differentiable at x, then the partial derivative of f with respect to

x at (x, y) is fx(x, y) = g′(x). We can a make a similar definition for fy(x, y). Finally,

we observe that we can express the F-differential of f ′(x, y) in terms of the partials by

using the following formula:

f ′(x, y)(h, k) = fx(x, y)h+ fy(x, y)k. (3.10.1)

We have the following relationship between the partial derivatives and the Fréchet deriva-

tive.

Proposition 3.10.4. Suppose that f : X × Y → Z is F-differentiable at (x, y). Then

the partial F-derivatives fx and fy exist at (x, y) and they satisfy (3.10.1). Moreover, if

fx and fy both exist and are continuous in a neighborhood of (x, y) then f ′(x, y) exists

as an F-derivative and (3.10.1) holds.
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Implicit Function Theorem

Suppose that F : U×V → Z is a mapping with U ⊂ X, V ⊂ Y andX, Y, Z are

real Banach spaces. The Implicit Function Theorem is an extremely important tool in

analyzing the nonlinear problem

F (x, y) = 0. (3.10.2)

We present the statement of the Theorem here, the form of which is taken from [12].

For a proof see [18, 6].

Theorem 3.10.5. Let (3.10.2) have a solution (x0, y0) ∈ U × V such that the Fréchet

derivative of F with respect to x at (x0, y0) is bijective:

F (x0, y0) = 0, (3.10.3)

DxF (x0, y0) :→ Z is bounded (continuous)

with bounded inverse.

Assume also that F and DxF are continuous:

F ∈ C(U × V, Z), (3.10.4)

DxF ∈ C(U × V, L(X,Z)), where L(X,Z)

denotes the Banach space of bounded linear operators

from X into Z endowed with the operator norm.

Then there is a neighborhood U1 × V1 ⊂ U × V of (x0, y0) and a mapping f : V1 →
U1 ⊂ X such that

f(y0) = x0, (3.10.5)

F (f(y), y) = 0 for all y ∈ V1.

Furthermore, f ∈ C(V1, X) and every solution to (3.10.2) in U1 × V1 is of the form

(f(y), y). Finally, if F is k-times differentiable, then f is k-times differentiable.
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3.10.2 Elliptic PDE tools

Here we assemble some useful tools for working with nonlinear elliptic par-

tial differential equations. Throughout this section we will assume thatM is a closed

manifold with a smooth SPD metric gab and that ∆ is the associated Laplace-Beltrami

operator.

Maximum Principle

In this section we present a version of the maximum principle on closed mani-

folds. The following result is well-known, but we present it here for completeness.

Theorem 3.10.6. Let u ∈ C2(M). Then if

∆u ≥ 0 or ∆u = 0 or ∆u ≤ 0, (3.10.6)

then u must be a constant. In particular, the problem

∆u = f(x, u),

has no solution if f(x, u) ≥ 0 or f(x, u) ≤ 0 unless f(x, u) ≡ 0.

Proof. See [16] for a proof.

Method of Sub- and Super-Solutions

Here we present a theorem that provides a method to solve an elliptic problem

of the form

Lu = f(x, u), (3.10.7)

where

Lu = −∆u+ c(x)u, c(x) ∈ C(M× R) , c(x) > 0 (3.10.8)

and the function f(x, y) is nonlinear in the variable y.
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Theorem 3.10.7. Suppose that f :M× R+ → R is in Ck(M× R+). Let L be of the

form (3.10.8) and suppose that there exist functions u− : M → R and u+ : M → R
such that the following hold:

1. u−, u+ ∈ Ck(M),

2. 0 < u−(x) ≤ u+(x) ∀x ∈M,

3. Lu− ≤ f(x, u−),

4. Lu+ ≥ f(x, u+).

Then there exists a solution u to

Lu = f(x, u) onM, (3.10.9)

such that

(i) u ∈ Ck(M),

(ii) u−(x) ≤ u(x) ≤ u+(x).

Proof. See [10] for a proof.

Fredholm Properties and Liapunov-Schmidt Decompositions for

Elliptic Operators

In this appendix we discuss the Fredholm properties of linear elliptic operators

on a closed manifold. We use these properties to form Liapunov-Schmidt decompo-

sitions for a given elliptic operator L between certain Banach spaces. The following

treatment is taken from [12].

Let u ∈ C2,α(M) and define the elliptic operator L : C2,α(M)→ C0,α(M) by

Lu = −
n∑

i,j=1

(aij(x)uxi)xj +
n∑
i=1

bi(x)uxi + c(x)u, (3.10.10)
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where aij, bi and c are smooth, bounded coefficients where aij = aji. We also assume

that the aij satisfy the standard elliptic property

n∑
i,j=1

aijξiξj ≥ d‖ξ‖2,

where d > 0 is constant and ‖ · ‖ is the Euclidean norm on Rn.

The operator (3.10.10) has an associated bilinear form

B(u, u) = 〈Lu, u〉 = 〈u, L∗u〉, (3.10.11)

where 〈·, ·〉 is the L2(M) inner product and L∗ is the L2-adjoint defined by

L∗u = −
n∑

i,j=1

(aij(x)uxi)xj −
n∑
i=1

(bi(x)u)xi + c(x)u. (3.10.12)

Using the bilinear form B(u, u), the elliptic operator (3.10.10) defines an elliptic

operator

L : L2(M)→ L2(M), with domain of definition D(L) = H2(M). (3.10.13)

It is a standard argument in linear elliptic PDE to show that there exists a c > 0 such

the operator L + cI : H2(M) → L2(M) is bounded and bijective. In particular, one

shows that there exists a c > 0 such that the associated bilinear form B(u, u) + c‖u‖2

is coercive and then applies the Lax-Milgram Theorem to conclude that there exists a

unique weak solution u ∈ H1(M) to

Lu− cu = f for every f ∈ L2(M).

Standard elliptic regularity theory implies that u ∈ H2(M) and the norm ‖ · ‖2,2 makes

D(L) a Hilbert space. An application of the Open Mapping Theorem (Bounded Inverse

Theorem) then implies that

(L+ cI)−1 : L2(M)→ D(L),
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is continuous. This implies that the operator L + cI is closed and that the operator

(L+ cI)− cI = L is closed. In addition, the operator

Kc = (L+ cI)−1 ∈ L(L2(M), L2(M)) is compact

given that the embedding H2(M) ⊂ L2(M) is compact. For f ∈ L2(M), we have the

equivalence

Lu = f, u ∈ H2(M)⇔ (3.10.14)

u− cKcu = Kcf, u ∈ L2(M). (3.10.15)

Riesz-Schauder theory implies that (I−cKc) is a Fredholm operator and the equivalence

(3.10.14) implies that L is a Fredholm operator.

Because L is a Fredholm operator of index zero, we have that R(L) is closed.

Therefore we may write

L2(M) = R(L)⊕ Z0,

where Z0 = R(L)⊥ is the orthogonal complement with respect to the L2-inner product.

BecauseD(L) is dense inL2(M) andL is closed, may apply the Closed Range Theorem

to conclude that

R(L) = {f ∈ L2(M) | 〈f, u〉 = 0 for all u ∈ N(L∗)} (3.10.16)

and that Z0 = N(L∗), where L∗ : L2(M)→ L2(M) is induced by (3.10.12). Therefore

L2(M) = R(L)⊕N(L∗),

and if D(L∗) = H2(M), the above arguments imply that L∗ is Fredholm operator. So

we have the following decomposition of the codomain of L∗:

L2(M) = R(L∗)⊕N(L). (3.10.17)

Finally, given that N(L) ⊂ D(L) = H2(M) ⊂ L2(M), the decomposition (3.10.17)
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allows us to obtain the following Liapunov-Schmidt decomposition for the linear prob-

lem L : H2(M)→ L2(M):

H2(M) = N(L)⊕ (R(L∗) ∩H2(M)), (3.10.18)

L2(M) = R(L)⊕N(L∗). (3.10.19)

Now we observe that the Fredholm properties of linear elliptic operators de-

rived on Hilbert spaces hold for subspaces that are only Banach spaces. We then use

these Fredholm properties to derive Liapunov-Schmidt decompositions for these Ba-

nach spaces.

Suppose that the Banach space Z ⊂ L2(M) is continuously embedded and that

the domain of definition X ⊂ Z with a given norm is a Banach space that satisfies the

following conditions:

L : X → Z is continuous , (3.10.20)

Lu = f for u ∈ D(L) = H2(M), f ∈ Z ⇒ u ∈ X .

Equation (3.10.20) is an elliptic regularity condition and is satisfied for a variety of

spaces, most notably X = W 2,p(M), Z = Lp(M) and X = C2,α(M), Z = C0,α(M)

with the standard norms. Then for X and Z satisfying (3.10.18) and (3.10.20) we have

that

N(L) = N(L|Z) ⊂ X, and (3.10.21)

R(L) ∩ Z = R(L|Z) is closed in Z, (3.10.22)

given that Z ⊂ L2(M) is continuously embedded and R(L) is closed in L2(M). The

ellipticity property (3.10.20) also holds for the adjoint L∗ and implies that

N(L∗) ⊂ X, where D(L∗) = D(L) = X.
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Applying the decomposition (3.10.19), we may write any z ∈ Z as

z = Lu+ u∗, where u ∈ D(L), u∗ ∈ N(L∗), (3.10.23)

Lu = z − u∗ ∈ Z ⇒ u ∈ X, therefore

Z = R(L|Z)⊕N(L∗).

Finally, we have that dimN(L|Z) = dimN(L) = dimN(L∗) and that

L : X → Z, X = D(L|Z), is a Fredholm operator of index zero. (3.10.24)

The decomposition (3.10.18) then implies that

X = N(L|Z)⊕ (R(L∗) ∩X), (3.10.25)

and so (3.10.23) and (3.10.25) constitute a Liapunov-Schmidt decomposition of the

spaces X and Z with respect to a given linear, elliptic operator L.

Remark 3.10.8. As noted in [12], we may regard the spaces W 2,p(M) ⊂ Lp(M) ⊂
L2(M) for p > 2, and we can then apply the above discussion to conclude that a

linear elliptic operator L : W 2,p(M)→ Lp(M) is Fredholm and use this fact to obtain

a Liapunov-Schmidt decomposition of X = W 2,p(M) and Z = Lp(M). Similarly,

C2,α(M) ⊂ C0,α(M) ⊂ L2(M) for α ∈ (0, 1), so L : C2,α(M) → C0,α(M) is

Fredholm and we may also obtain a Liapunov-Schmidt decomposition ofX = C2,α(M)

and Z = C0,α(M) using (3.10.23) and (3.10.25).
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