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Procedura l  Variet y 

Richard Catrambone Keith J. Holyoak 

University of Michigan University of California at Los Angeles 

Transfer in Problem Solving as a Function of the Procedural Variety of Training Examples 

Abstract 

Students often have difficulty solving homework assignments in quantitative courses such as 
physics ,  algebra ,  programming ,  an d statistics .  W e hypothesiz e tha t  typica l  exampl e problem s 
done i n clas s teac h student s a  serie s o f  mathematica l  operation s fo r  solvin g certai n type s o f 
problem s bu t  fai l  t o teac h th e underlyin g subgoal s an d method s whic h remai n implici t  i n th e 
examples .  I n th e studie s reporte d here ,  student s i n probabilit y  classe s studie d exampl e problem s 
tha t  deal t  wit h th e Poisso n distribution .  I n Experimen t  1 ,  th e fou r  example s al l  use d th e sam e 
solutio n method ,  althoug h fo r  on e grou p th e example s wer e superficiall y  mor e dissimila r  tha n fo r 
th e othe r  group .  Al l  subject s di d wel l  o n th e Nea r  Transfe r  targe t  proble m tha t  use d th e sam e 
subgoal s an d method s a s th e trainin g examples .  However ,  mos t  di d poorl y o n tw o Fa r  Transfe r 
targe t  problem s tha t  ha d differen t  subgoa l  order s an d differen t  methods .  Thes e result s sugges t 
tha t  subject s typicall y iear n solution s a s a  serie s o f  non-meaningfu l  mathematica l  operation s 
rathe r  tha n conceptua l  method s i n a  subgoa l  hierarchy .  I n Experimen t  2 ,  on e grou p studie d 
problem s tha t  demonstrate d tw o differen t  subgoa l  order s usin g differen t  method s whil e th e othe r 
grou p receive d superficiall y  differen t  problem s whic h ha d identica l  subgoa l  order s an d methods . 
Bot h group s stil l  ha d difficult y wit h th e Fa r  Transfe r  problems .  Subject s wh o receive d example s 
wit h varie d subgoa l  order s an d method s seeme d t o isolat e th e subgoals ,  however ,  bu t  no t  th e 
methods .  Thi s resul t  suggest s tha t  goal s an d method s ma y b e usefu l  way s o f  characterizin g 
trainin g problems .  However ,  student s ma y requir e explici t  instructio n o n subgoal s an d method s i n 
orde r  t o successfull y solv e nove l  problems . 

Introduction 

A relatively consistent finding in the analogical reasoning and transfer literature is that 
subject s d o no t  see m t o mak e us e o f  prio r  informatio n t o solv e ne w problem s i f  th e ne w problem s 
diffe r  fro m trainin g example s i n mor e tha n mino r  way s (Gic k &  Holyoak ,  1980 ,  1983 ;  Reed , 
Dempster ,  &  Ettinger ,  1985 ;  Spence r  &  Weisberg ,  1986) .  I f  similaritie s betwee n trainin g 
example s sm d targe t  problem s ar e pointe d ou t  t o subject s o r  i f  the y ar e encourage d t o conside r 
similaritie s betwee n problem s o r  domsuns ,  the n subject s hav e somewha t  mor e succes s a t  noticin g 
and appljan g analogie s o r  transferrin g informatio n (Gentne r  &  Gentner ,  1983 ;  Gic k &  Holyoak , 
1983 ;  Tenne y &  Gentner ,  1984) . 

Card, Moran, and Newell (1983) proposed the GOMS model to account for the text-editing 
behavio r  o f  expert s performin g routin e tasks .  I n thi s model ,  th e exper t  knowledg e representatio n 
consist s o f  fou r  components :  Goals ,  Operators ,  Methods ,  an d Selectio n rules .  W e woul d lik e t o 
propos e tha t  i n quantitativ e domain s suc h a s mathematic s an d physics ,  student s acquire ,  o r 
shoul d acquire ,  goals ,  methods ,  an d selectio n rule s fo r  solvin g problem s a s a  functio n o f  th e 
example s the y study .  Operator s ar e simpl e mathematica l  procedure s whic h colleg e student s 
typicall y alread y possess ,  suc h a s calculatin g a n average .  Goal s ar e initiall y  quit e general :  solv e 
th e problem .  Afte r  studyin g severa l  examples ,  a  student' s goa l  ma y b e mor e refine d s o tha t  i t  i s 
somethin g lik e "ge t  a n answe r  tha t  look s lik e th e examples "  answers. "  Thi s typ e o f  goa l  i s 
especiall y likel y i f  th e example s solv e fo r  th e sam e unknow n usin g th e sam e procedure .  I n thi s 
case ,  student s ma y simpl y lear n tha t  i n orde r  t o achiev e th e goa l  the y nee d t o strin g togethe r  a 
serie s o f  operations .  However ,  i f  th e example s ar e varie d i n thei r  given s an d ultimat e goa l  (th e 
unknow n bein g solve d for) ,  the n student s ar e les s likel y simpl y t o strin g togethe r  a  serie s o f 
operations .  Rather ,  the y ma y recogniz e an d develo p subgoal s whic h correspon d t o th e step s i n th e 
examples .  I n addition ,  student s wil l  perceiv e tha t  thes e subgoal s ca n b e reache d b y psu-ticula r 
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methods ,  whic h develo p afte r  student s se e a  se t  o f  operation s use d togethe r  severa l  time s t o 

achiev e som e subgoal .  Tha t  is ,  student s wil l  compartmentaliz e th e problem s int o subgoal s whic h 

caU o n particula r  method s t o satisf y them .  A  metho d wil l  consis t  o f  a  serie s o f  mathematica l 

operation s connecte d togethe r  conceptually .  Wit h experience ,  student s m a y develo p differen t 

method s fo r  achievin g th e sam e subgoal .  Th e particula r  metho d chose n wil l  depen d o n th e 

particula r  given s i n th e problem .  Differen t  problem s wil l  evok e differen t  subgoal s whic h wil l  i n 

tur n evok e differen t  methods .  Student s wil l  develo p selectio n rule s fo r  choosin g whic h metho d t o 

use .  I f  student s ha d onl y studie d on e typ e o f  example ,  the n the y woul d onl y hav e on e metho d fo r 

solvin g problem s i n tha t  domain .  I n fact ,  th e metho d m a y reall y b e a  serie s o f  operation s wit h n o 

cleai "  organizin g featur e excep t  orde r  o f  application .  Thus ,  varie d example s m a y b e necessar y i n 

orde r  t o demonstrat e ho w a  serie s o f  operation s ca n b e groupe d a s a  particula r  metho d fo r 

achievin g a  particula r  subgoal . 

Reed et al. (1985) conducted several experiments using college students taking an algebra 

course .  Subject s studie d wor d problem s dealin g wit h traditiona l  topic s lik e distance ,  mixture ,  an d 

wor k an d the n solve d targe t  problems .  Ree d e t  al .  manipulate d th e superficia l  similarit y o f  th e 

targe t  problem s t o th e trainin g problems .  Thei r  genera l  finding  wa s tha t  subject s exhibite d littl e 

transfe r  o f  th e concept s fro m th e trainin g problem s t o th e targe t  problem s excep t  i n thos e case s 

wher e th e targe t  problem s wer e essentiall y  identica l  i n solutio n procedur e t o th e examples .  Ree d 

et  al .  (1985 )  conclude d tha t  subject s wer e relyin g o n a  syntacti c approac h t o th e problems .  Thi s 

suggest s tha t  i n genera l  th e subject s di d no t  understan d th e goal s an d method s bein g 

demonstrate d i n th e problem s bu t  rathe r  ha d learne d a  serie s o f  operation s fo r  solvin g th e 

problems . 

We might suppose that if students were exposed to training examples that used different 

solutio n procedures ,  the y woul d b e mor e likel y t o lear n th e underlyin g subgoal s an d method s 

illustrate d b y th e examples .  Thi s migh t  happe n becaus e the y woul d attemp t  t o determin e th e 

similaritie s (suc h a s th e goa l  structure )  betwee n differen t  serie s o f  operation s whic h produc e a 

valu e fo r  th e sam e final  goal .  A  resolutio n proces s coul d lea d t o th e identificatio n o f  subgoals , 

methods ,  an d generalization s o f  th e method s (Anderson ,  1983 ;  VanLehn ,  1985) .  However ,  i f  th e 

serie s o f  operation s fro m exampl e t o exampl e ar e to o different ,  student s wil l  fai l  t o identif y 

subgoal s o r  t o isolat e a  serie s o f  operation s a s a  metho d (VanLehn ,  1985) .  Eac h exampl e wil l  b e 

perceive d a s unique . 

Overview of Current Studies 

We suspect that the difficulty students have in grasping subgoals and methods is due to the 

defaul t  reasonin g o f  student s wh o ar e stil l  relativel y unsophisticate d i n a  particula r  domain .  B y 

default ,  student s focu s o n superficia l  feature s o f  problem s an d th e operation s use d t o achiev e a n 

end goa l  becaus e th e feature s an d operation s ar e easie r  t o isolat e tha n th e underlyin g subgoal s 

and method s (Larkin ,  McDermott ,  Simon ,  &  Simon ,  1980 ;  Schoenfel d &  Herrmann ,  1982) . 

Student s hav e a  grea t  dea d o f  experienc e wit h th e rea l  worl d object s suc h a s deck s o f  card s an d 

block s o f  woo d whic h populat e th e worl d o f  quantitativ e problems .  Student s i n quantitativ e 

course s ar e als o quit e experience d wit h mathematica l  operation s suc h a s multiplicatio n an d 

additio n a s wel l  a s somewha t  mor e "compiled "  operation s suc h a s calculatin g means .  Thus ,  i t  i s 

not  surprisin g tha t  thes e student s woul d ten d t o focu s thei r  attentio n an d organiz e thei r  proble m 

solvin g skill s  aroun d th e mathematica l  operation s wit h whic h the y ar e mos t  familia r  (Greeno , 

Riley ,  &  Gelman ,  1984 ;  Hayes ,  Waterman ,  &  Robinson ,  1977) .  W e woul d lik e t o begi n t o 

investigat e wha t  qualitie s o f  example s ca n hel p student s g o beyon d thei r  defaul t  focu s an d hel p 

the m isolat e subgoal s an d method s i n a  particula r  domain . 

We soUcited paid volunteers from three upper-level probability courses at the University of 

Michigan .  Th e course s ar e quit e simila r  fo r  th e first  thir d o f  th e semester .  Al l  student s lear n 

abou t  countin g rule s (e.g. ,  ordere d an d imordere d sampling )  an d ar e the n introduce d t o th e notio n 
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of  a  rando m variable .  The n student s lear n abou t  certai n basi c discret e probabilit y  distribution s 

suc h a s th e binomial ,  Poisson ,  an d geometric .  Th e course s introduc e th e binomia l  distributio n 

first,  followe d b y th e Poisso n distribution .  Student s participate d i n th e presen t  experiments ,  whic h 

deal t  wit h th e Poisso n distribution ,  afte r  learnin g th e binomia l  distributio n bu t  befor e learnin g th e 

Poisso n distribution . 

The Poisson Distribution and Some Examples 

The Poisson distribution is often used to approximate binomial probabilities for events that 

occu r  i n tim e o r  spac e wit h som e smal l  probabilit y  £ .  Th e Poisso n equatio n is : 

— X  X 
P ( X = x )  =  [ e (X )  ]/x! .  I t  ca n b e use d t o calculat e probabilitie s fo r  variou s value s o f  X .  The n th e 
predicte d frequencie s o f  variou s value s o f  X  ca n b e calculate d b y multiplyin g th e probabilitie s b y 
th e tota l  numbe r  o f  events .  Thes e step s ar e illustrate d i n Figur e 1 , 

The example in Figure 1 deals with an event occurring randomly in time. The Poisson 

distributio n i s als o use d t o mode l  event s occurrin g randoml y i n space .  Fo r  example ,  on e coul d 

reasonabl y fit  a  Poisso n distributio n t o th e numbe r  o f  fossil s foun d i n eac h sectio n o f  a  partitione d 

quarry .  Thi s proble m i s presente d i n Figur e 2 .  I t  ca n b e solve d b y th e sam e procedur e a s th e 

first  problem . 

It seems intuitively clear that a person could learn to solve problems of this type by 

memorizin g th e serie s o f  operation s withou t  understandin g th e meanin g o f  th e outpu t  fro m th e 

operations .  Nevertheless ,  th e tw o example s d o diffe r  o n th e surface :  on e i s abou t  event s i n tim e 

an d th e othe r  i s abou t  event s i n space .  Thus ,  i t  i s  possibl e tha t  student s wh o stud y thes e 

example s m a y notic e tha t  th e unit s i n th e operation s ar e differen t  an d the y m a y b e induce d t o 

conside r  ho w th e vmit s wer e derive d an d t o for m a  generalizatio n abou t  th e operations .  O n th e 

othe r  hand ,  subgoal s an d method s ca n b e identifie d mor e directl y  bj '  comparin g procedura l 

difference s i n problems .  Thu s i t  i s  debatabl e whethe r  superficia l  difference s ar e sufficien t  t o 

induc e student s t o recogniz e thes e "deeper "  aspects . 

The subgoals and methods (in parentheses) for the two problems described above could be 

liste d a s follows : 

1) find X (calculate X as a weighted average) 

2) find the expected probabilities for each X (plug X = x into the Poisson equation) 

3) find the expected frequencies for each X (multiply each P(X=x) by the total observed 

frequency ) 
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A physicis t  observe d a  radioactiv e substanc e durin g 260 8 tim e interval s (eac h 7. 5 second s long) . 
She recorde d th e numbe r  o f  particle s reachin g a  geige r  counte r  fo r  eac h period .  Le t  x  b e th e 
number  o f  particle s observe d i n eac h tim e period .  Fi t  a  Poisso n distributio n t o x ,  tha t  is ,  giv e th e 
expecte d frequencie s fo r  th e differen t  value s o f  x  base d o n th e Poisso n model . 

Number  o f  Particle s Observe d Observe d Frequenc y 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 o r  mor e 
Tota l 

57 
203 
383 
525 
532 
408 
273 
139 
45 
27 
10 
6 

260 8 

Solution : 

E(X) = [0(57)+l(203) + 2(383) + 3(525) + 4(532) + 5(408) + 6(273) + 7(139) + 
8(45) + 9(27 )  +10(10 )  +ll(6)]/260 8 =  10092/260 8 =  3.8 7 =  X 

= average number of particles that reached geiger counter each period 

P(X = x) = [(e~^"^'^)(3.87)^3/x! = [(.021)(3.87)'']/x! 

Fitted Poisson Distribution: 

Expecte d Frequenc y 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 o r  mor e 

.021 X 260 8 =  5 5 
.081 X 260 8 =  21 1 
.157 X 260 8 =  40 9 
.20 3 X  260 8 =  52 9 
.196x260 8 =  51 1 
.152x260 8 =  39 6 
.09 8 x  260 8 =  25 6 
.054 X 260 8 =  14 1 
.02 6 X  260 8 =  6 8 

.011 3 X  260 8 =  2 9 

.0044x260 8 = 1 1 

.0015 3 X  260 8 =  4 

Figur e 1 :  Exampl e proble m fo r  even t  occurrin g i n time . 
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A horizonta l  quarr y surfac e wa s divide d int o 3 0 square s abou t  1  mete r  o n a  side .  I n eac h squar e 
th e numbe r  o f  specimen s o f  th e extinc t  m a m m al  Ditoleste s motissimu s wa s counted .  Th e result s 
ar e give n i n th e tabl e below .  Fi t  a  Poisso n distributio n t o x ,  tha t  is ,  giv e th e expecte d frequencie s 
fo r  th e differen t  value s o f  x  base d o n th e Poisso n model . 

Number  o f  Specimen s pe r  Squar e Observe d Frequenc y 

0 16 
1 9 
2 3 
3 1 

4 o r  mor e 1 
Tota l  3 0 

Figur e 2 :  Exampl e proble m fo r  even t  occurrin g i n space . 

Experimen t  1  explore s ho w wel l  student s lear n method s an d subgoal s fro m example s tha t 
diffe r  onl y i n th e superficia l  way s show n above .  I f  student s studie d problem s lik e thos e above , 
the y shoul d b e abl e t o solv e othe r  superficiall y  differen t  problem s tha t  involv e th e sam e se t  o f 
operations .  I t  i s  les s clea r  woul d happe n i f  the y trie d t o solv e problem s tha t  ha d a  differen t 
subgoa l  orde r  an d use d modifie d methods .  Conside r  th e proble m below . 

Suppos e yo u wer e makin g a  batc h o f  raisi n cookie s an d yo u di d no t  wan t  mor e tha n on e cooki e ou t 
of  10 0 t o b e withou t  a  raisin .  H o w man y raisin s wil l  a  cooki e contai n o n th e averag e i n orde r  t o 
achiev e thi s result ? Us e th e Poisso n distributio n t o find  you r  answer . 

Solution (not presented to subject): 

P(X = 0) = .01 = [(e~^(X°)]/0! 

.0 1 =  e ~ ^ 

In(.Ol) = ln(e"^ 
-4. 6 =  - X 

4. 6 =  X  =  averag e numbe r  o f  raisin s pe r  cooki e 

Figure 3: Cookie problem. 

Thi s "cookie "  proble m literall y look s differen t  tha n th e prio r  ones .  I n thi s proble m th e 
studen t  mus t  realiz e tha t  h e o r  sh e i s provide d wit h th e followin g piec e o f  information :  P(X=0 )  = 
.0 1 (i.e. ,  onl y on e cooki e ou t  o f  10 0 shoul d hav e zer o raisins) .  H e o r  sh e mus t  als o realiz e tha t  th e 
goal  i s  t o find  X—th e expecte d valu e o f  th e rando m variabl e whic h i n thi s cas e i s th e averag e 
number  o f  raisin s tha t  a  cooki e receives .  I f  the y recogniz e thes e tw o fact s the n th e proble m 
simpl y become s a  matte r  o f  insertin g P(X=0 )  =  .0 1 int o th e Poisso n equatio n an d solvin g fo r  X . 
I t  i s  unclear ,  however ,  ho w thes e realization s woul d follo w fro m th e type s o f  practic e problem s t o 
whic h th e student s hav e thu s fa r  bee n exposed .  Student s woul d onl y hav e learne d a  serie s o f 
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operations. They woxild not have learned that the calculation of X is a subgoal which can be 

carrie d ou t  b y severa l  differen t  method s dependin g o n th e givens .  On e w a y t o calculat e X  i s t o 

fin d a  weighte d averag e a s wa s don e i n th e exampl e problems .  Anothe r  w a y i s t o find  value s fo r 

th e othe r  unknoM m i n th e Poisso n equatio n (i.e. ,  a  valu e fo r  som e P( X =  x) )  an d the n solv e fo r  X . 

The subgoals and methods for this problem are listed below: 

1) find the known value for some P(X = x) (divide 1 by 100 to get P(X=0)) 

2) find X (plug P(X=0) into Poisson equation and solve for X) 

Consider another problem: 

Suppos e yo u too k a  rando m sampl e o f  50 0 peopl e an d foun d ou t  thei r  birthdays .  A  "success "  i s 

recorde d eac h tim e a  person' s birthda y turn s ou t  t o b e Januar y 1st .  Assum e ther e ar e 36 5 day s 

i n a  year ,  eac h equall y likel y t o b e a  randoml y chose n person' s birthday .  Fi t  a  Poisso n 

distributio n t o x  (th e numbe r  o f  peopl e bor n o n Januar y 1st )  an d find  th e predicte d likelihoo d tha t 

exactl y 3  peopl e fro m th e sampl e ar e bor n o n Januar y 1st . 

Solution (not presented to subject): 

X = 500/365 = 1.37 = average number of people born on any given day 

P(X = 3) = [(e"-^'^'^)(1.37^)]/3! 

= [(.254)(2.57)]/ 6 

= .10 9 

= likelihoo d o f  exactl y thre e peopl e bein g bor n o n 

Januar y 1s t  (o r  an y othe r  give n day ) 

Figure 4: Birthday problem. 

The birthda y proble m require s tha t  th e studen t  realiz e tha t  X  ca n b e calculate d simpl y b y 

dividin g th e numbe r  o f  day s b y th e numbe r  o f  peopl e (a s oppose d t o bein g calculate d a s a  weighte d 

averag e fro m a n observe d frequenc y table) .  I t  als o require s tha t  th e subjec t  realiz e h e o r  sh e wa s 

bein g aske d t o solv e onl y fo r  P( X =  3 )  an d no t  t o produc e a n expecte d frequenc y table . 

The subgoals and methods for this problem are: 

1) find X (divide the number of events [birthdays] by the number of slots [days of the year]) 

2) find P(X = 3) (plug X = 3 into the Poisson equation) 

Both the cookie and birthday problems have different or modified methods compared to the 

trainin g examples ,  ye t  the y stil l  hav e eithe r  th e sam e subgoal s (i n a  differen t  order )  o r  fewe r 

subgoals .  Students '  performanc e o n th e cooki e an d birthda y problem s shoul d indicat e whethe r 

the y isolate d subgoal s an d method s durin g trainin g o r  whethe r  the y simpl y learne d a  serie s o f 

operation s t o achiev e th e singl e goa l  o f  producin g a n expecte d frequenc y table . 
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Experiment 1 

Metho d 

Subjects .  Seventy-on e student s fro m thre e probabilit y  classe s wer e recruite d an d wer e pai d 
$7 fo r  thei r  participation . 

Materials and Procedure. Subjects were given a booklet to study. The cover page contained 
a descriptio n o f  th e relationshi p betwee n th e binomia l  an d Poisso n distribution s an d provide d th e 
Poisso n equation .  Th e nex t  fou r  page s containe d fou r  worke d ou t  Poisso n distributio n problem s 
isomorphi c t o th e radioactiv e particl e an d quarr y problems .  Subject s wer e tol d t o stud y th e 
problem s carefull y sinc e afte r  studyin g the m the y woul d b e aske d t o solv e thre e problems .  The y 
wer e als o tol d the y coul d refe r  bac k t o th e cove r  pag e bu t  no t  t o th e examples .  Thi s wa s don e t o 
increas e th e likelihoo d tha t  subject s woul d pa y attentio n t o th e example s an d ho w the y wer e 
solved . 

Subjects were randomly divided into two groups. The SAME group studied four examples 
whic h deal t  wit h th e sam e clas s o f  events :  eithe r  fou r  spac e problem s o r  fou r  tim e problems .  Th e 
D I F F E R E NT grou p receive d problem s fro m bot h classe s o f  events :  tw o spac e problem s an d tw o 
tim e problems .  Al l  problem s wer e solve d usin g th e sam e procedure ,  whic h wa s identica l  t o th e 
radioactiv e particl e an d quarr y problem s discusse d above .  Th e exampl e problem s wer e picke d 
fro m a  poo l  o f  fou r  spac e sm d fou r  tim e problems .  Ther e wa s n o effec t  i n subjects '  performanc e o n 
th e targe t  problem s a s a  resul t  o f  th e specifi c  spac e o r  tim e problem s a  subjec t  received ,  an d al l 
reporte d result s ar e collapse d ove r  thi s factor . 

After studying the examples subjects worked on the three target problems. The first target 
proble m i s labele d th e "Detroi t  Tiger "  proble m an d i s presente d below .  Thi s proble m wil l  b e 
calle d a  Nea r  Transfe r  proble m sinc e i t  embodie s th e sam e subgoal s (an d sam e subgoa l  order )  an d 
method s a s th e trainin g examples . 

I n a  162-gam e basebal l  season ,  th e Detroi t  Tige r  infiel d mad e a  tota l  o f  10 7 errors .  Th e tabl e 
belo w give s th e numbe r  o f  game s i n whic h x  error s wer e made .  Fi t  a  Poisso n distributio n t o x , 
tha t  is ,  giv e th e expecte d frequencie s fo r  th e differen t  value s o f  x  base d o n th e Poisso n model . 

Number of Errors x made in a game Observed Frequency 

0 85 
1 5 2 
2 2 0 

3 o r  mor e 5 
Tota l  16 2 

Figure 5: Detroit Tiger Problem 

The secon d an d thir d targe t  problem s wer e th e cooki e an d birthda y problems ,  respectively . 
They wil l  b e referre d t o a s Fa r  Transfe r  problem s becaus e the y involv e differen t  subgoa l  order s 
and method s tha n th e trainin g examples .  Th e orde r  o f  th e targe t  problem s wa s th e sam e fo r  al l 
subjects .  Subject s worke d a t  thei r  ow n pac e fo r  th e entir e experiment .  I n general ,  subject s too k 
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abou t  3 5 minute s t o complet e th e experiment .  Subject s wer e aske d t o sho w al l  thei r  wor k bu t 

coul d us e a  calculato r  fo r  th e basi c arithmetic .  Th e solutio n an d erro r  frequencie s wer e analyse d 
2 

usin g th e likelihoo d rati o chi-squar e tes t  ( G )  whic h i s a  tes t  o f  equalit y o f  proportion s betwee n 
row s o r  columns . 

Results 

Subjects' answers to the transfer problems were first scored as correct/incorrect. Both 

group s di d wel l  o n th e Detroi t  Tige r  (Nea r  Transfer )  problem :  9 1 % an d 9 4 % correc t  fo r  th e S a m e 

and Differen t  groups ,  respectively .  O n th e cooki e proble m (Fa r  Transfer )  th e D I F F E R E N T grou p 
2 

di d somewha t  bette r  tha n th e S A M E group :  4 2 % versu s 2 3 % ,  G  (1 )  =  2.9 ,  £  <  .09 .  Th e 
D I F F E R E NT grou p als o di d bette r  o n th e birthda y proble m (Fa r  Transfer) ,  3 3 % versu s 2 3 % ,  bu t 

2 
thi s differenc e di d no t  approac h conventiona l  significanc e levels .  G  (1 )  =  .97 ,  £  >  .3 .  Overall , 
3 2 % o f  th e subject s solve d th e cooki e proble m an d 2 8 % solve d th e birthda y problem . 

Subjects errors were analysed separately for the cookie and birthday problems. The first 

typ e o f  erro r  fo r  th e cooki e proble m (calle d U L A M B DA i n Tabl e 1 )  i s a  failur e t o recogniz e th e 

goal  o f  th e problem ,  t o solv e fo r  X .  Tha t  is ,  th e subjec t  doe s no t  realiz e tha t  th e averag e numbe r 

of  raisin s pe r  cooki e i s X .  Th e secon d erro r  typ e (PXO )  i s a  failur e t o recogniz e tha t  P( X =  0 )  =  .0 1 

i s provide d i n th e problem .  Th e thir d categor y (FREQl )  i s whethe r  a  subjec t  attempte d t o m a k e 

up a  frequenc y tabl e a s a  w a y o f  solvin g th e proble m (i.e. ,  the y generate d hypothetica l  data) .  I f  a 

subjec t  mad e u p a  frequenc y table ,  thi s woul d indicat e tha t  h e o r  sh e wa s mos t  likel y tryin g t o 

make th e targe t  proble m appea r  lik e th e example s i n orde r  t o us e th e familia r  procedure .  Thi s 

approac h i s a n erro r  sinc e ther e i s n o w a y t o creat e a  usefu l  frequenc y tabl e wit h th e informatio n 

given . 

There are also three error categories for the birthday problem. The first category 

( S L A M B D A)  i s a  failur e t o recogniz e tha t  X  i s th e averag e numbe r  o f  peopl e tha t  ar e bor n o n an y 

give n day .  Thi s valu e i s simpl y th e numbe r  o f  peopl e (500 )  divide d b y th e numbe r  o f  day s i n th e 

year .  ( A prior i  i t  seeme d unlikel y tha t  a  subjec t  woul d understan d tha t  X  woul d b e th e averag e 

number  o f  peopl e bor n o n a  give n da y bu t  fai l  tx )  realiz e tha t  thi s valu e woul d b e 500/365 .  Thi s 

assumptio n wa s supporte d b y th e protocols. )  Th e secon d categor y (PX3 )  i s a  failur e t o realiz e tha t 

th e problem'. ^  goa l  wa s t o solv e fo r  P( X =  3 )  rathe r  tha n t o creat e a  frequenc y tabl e o r  t o find  onl y 

th e expecte d valu e o f  X .  Th e thir d categor y (FREQ2 )  i s identica l  t o th e thir d categor y fo r  th e 

cooki e problem ;  i t  count s ho w ofte n subject s trie d t o mak e u p a  frequenc y tabl e a s a n ai d t o 

solvin g th e problem .  Again ,  thi s approac h wil l  no t  hel p t o solv e th e problem . 

Sixty-eight percent (48 out of 71) of the subjects failed to solve the cookie problem and 72% 

(5 1 ou t  o f  71 )  faile d t o solv e th e birthda y problem .  Tabl e 1  indicate s th e erro r  type s an d thei r 

frequencie s fo r  th e tw o fa r  transfe r  problems .  I t  als o present s th e frequencie s collapse d acros s th e 

grou p dimensio n sinc e analyse s indicate d ther e wer e n o difference s betwee n th e group s (fo r 

subject s wh o go t  a  proble m wrong )  wit h respec t  t o th e frequenc y o f  differen t  erro r  types . 
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Tabl e 1 

Percentage of Subjects Who Made Particular Types of Errors (Experiment 1) 

Transfe r  Proble m 

Cooki e Proble m 

Birthda y Proble m 

Note .  Frequencie s ar e give n 

Erro r  Typ e 

U L A M B DA 
PXl 
FREQl 

S L A M B DA 
PX3 
F R E Q2 

i n parentheses . 

S A ME 

n =  2 7 
85 (23 ) 
96 (26 ) 
41(11 ) 

n =  2 7 
96 (26 ) 
67 (18 ) 
15(4 ) 

Percentage s ar e 

Grou p 

DIFFERENT 

n =  2 1 
67 (14 ) 
86 (18 ) 
62 (13 ) 

n =  2 4 
100 (24 ) 
62 (15 ) 
21(5 ) 

Tota l 

n =  4 8 
77(37 ) 
92(44 ) 
50(24 ) 

n =  5 1 
98(50 ) 
65(33 ) 
18(9 ) 

1 base d o n th e numbe r  o f  subject s 
who mad e a  particula r  erro r  divide d b y th e numbe r  o f  subject s i n eac h grou p wh o go t  th e proble m 
wron g (give n a t  th e to p o f  eac h colum n fo r  eac h o f  th e transfe r  problems) ,  no t  th e tota l  o f  numbe r 
of  subject s i n th e group . 

Discussion 

It was intuitively plausible to expect both groups of subjects to solve the Detroit Tiger 
proble m equall y wel l  sinc e i t  use d th e sam e serie s o f  operation s a s th e examples .  However ,  bot h 
group s wer e expecte d t o d o equall y poorl y o n th e fa r  transfe r  problem s becaus e w e suspecte d tha t 
th e manipulatio n o f  S A M E versu s superficiall y  D IFFEREN T trainin g example s t o b e unrelate d t o 
whethe r  o r  no t  subject s learne d th e underlyin g subgoal s an d method s i n th e trainin g examples . 
Thes e expectation s wer e largel y confirmed . 

It seems clear that subjects who had difficulty with the far transfer problems had difficulty 
becaus e the y ha d primaril y learne d a  serie s o f  operation s fo r  solvin g problem s o f  th e trainin g typ e 
and ha d no t  learne d th e underlyin g subgoal s o r  forme d generalization s o f  th e methods .  Sixty-eigh t 
percen t  o f  th e subject s coul d no t  solv e th e cooki e proble m an d fo r  9 2 % o f  thos e subject s th e reaso n 
seemed t o b e tha t  the y di d no t  realiz e tha t  the y wer e give n a  piec e o f  usefu l  information ,  namel y 
tha t  P( X =  0 )  =  .01 ,  an d thu s the y coul d no t  figure  ou t  ho w t o solv e fo r  X .  I n addition ,  th e fac t 
tha t  7 7 % o f  thes e unsuccessfu l  subject s di d no t  eve n realiz e the y wer e solvin g fo r  X  indicate s tha t 
the y di d no t  recogniz e solvin g fo r  X  a s a  subgoal ,  bu t  rathe r  wer e lookin g t o appl y th e operation s 
fro m th e examples .  Thi s clai m i s furthe r  supporte d b y th e fac t  tha t  hal f  o f  th e subject s trie d t o 
make u p a n observe d frequenc y tabl e fro m whic h t o calculat e X .  However ,  mos t  o f  thes e subject s 
stil l  wen t  o n t o calculat e a n expecte d frequenc y table .  Thi s suggest s tha t  the y di d no t  mak e u p 
th e observe d frequenc y tabl e t o calculat e X  pe r  se ,  bu t  rathe r  th e tabl e wa s create d t o hel p the m 
appl y th e stereotype d operation s s o the y coul d reac h th e onl y goa l  the y seeme d t o know :  t o creat e 
an expecte d frequenc y table . 

Experiment 2 

Experiment 1 indicated that manipulations of superficial problem characteristics were not 
sufficien t  t o induc e subject s t o isolat e subgoal s an d methods .  I n Experimen t  2  w e manipulate d th e 
subgoal s an d method s use d i n th e trainin g problems . 
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Subject s wer e give n fou r  problem s t o study .  Th e O N E - P R O C E D U RE grou p wa s jus t  lik e 
th e DIFFEREN T grou p i n Experimen t  1 ;  th e problem s use d th e sam e procedur e bu t  wer e 
differen t  superficially .  Th e T W O - P R O C E D U RE grou p receive d tw o problem s usin g th e sam e 
procedur e a s th e Detroi t  Tige r  proble m an d tw o problem s usin g th e sam e procedur e a s th e cooki e 
problem .  I t  woul d no t  b e surprisin g i f  th e T W O - P R O C E D U RE subject s coul d solv e th e cooki e 
proble m successfully .  However ,  th e mor e interestin g issu e i s whethe r  the y learne d anythin g mor e 
tha n tw o set s o f  operation s fo r  solvin g tw o type s o f  problems .  Tha t  is ,  di d the y simpl y lear n tha t 
frequenc y tabl e problem s requir e on e approac h an d non-frequenc y tabl e problem s requir e a 
differen t  approac h (i.e. ,  the y learne d a  superficia l  selectio n rul e an d di d no t  lear n subgoal s o r 
methods) ,  o r  di d the y lear n tha t  problem s ca n hav e differen t  goals ,  subgoa l  orders ,  an d method s 
fo r  obtainin g thos e subgoals ? 

Subjects then attempted to solve two instances of a new problem type (the birthday 
proble m an d on e isomorphi c t o it ,  th e "football "  problem—no t  illustrate d here )  i n additio n t o 
problem s whos e solutio n procedure s wer e alread y familia r  t o the m (i.e. ,  th e Detroi t  Tige r  proble m 
and/o r  th e cooki e problem) .  Subjects '  answer s an d error s wer e examine d fo r  indication s tha t  the y 
wer e simpl y tryin g t o appl y on e o f  tw o serie s o f  operation s o r  whethe r  the y ha d recognize d tha t 
particula r  subgoal s existe d (findin g X ,  the n finding  P(X=x) )  an d tha t  ne w method s woul d b e 
needed . 

Method 

Subjects. Fifty students from a probability class were recruited and paid $7 for their 
participation . 

Materials and Procedure. The procedure was identical to the one in Experiment 1. The 
onl y differenc e wa s th e materials .  Ther e wer e thre e group s o f  subject s i n thi s experiment .  Th e 
TIGE R grou p studie d fou r  trainin g problem s tha t  use d th e sam e solutio n procedur e a s th e Detroi t 
Tige r  targe t  problem .  Th e COOKI E grou p studie d fou r  trainin g problem s whic h use d th e sam e 
solutio n procedur e a s th e cooki e targe t  problem .  Th e T W O - P R O C E D U RE grou p studie d tw o 
problem s whic h use d th e Detroi t  Tige r  proble m procedur e an d tw o problem s whic h use d th e cooki e 
proble m procedure .  Al l  subject s the n receive d fou r  targe t  problem s t o solve :  th e Detroi t  Tige r 
problem ,  th e cooki e problem ,  th e birthda y problem ,  an d th e footbal l  problem . 

Results and Discussion 

For some of the analj'ses reported below, the comparisons are between the three groups: 
TIGER,  COOKIE ,  an d T W O - P R O C E D U R E.  Fo r  othe r  analyse s th e TIGE R an d C O O K I E group s 
ar e collapse d int o a  O N E - P R O C E D U RE grou p an d thu s th e compsu-iso n wil l  b e betwee n ONE-
P R O C E D U RE an d T W O - P R O C E D U RE subjects .  I n addition ,  th e term s "near "  an d "far "  transfe r 
can no t  b e use d a s the y wer e i n Experimen t  1  since ,  fo r  th e COOKI E group ,  th e cooki e proble m i s 
now a  nea r  transfe r  proble m an d th e Detroi t  Tige r  proble m i s a  fa r  transfe r  problem .  Thus ,  th e 
targe t  problem s wil l  b e referre d t o b y thei r  names .  Tabl e 2  summarize s th e typ e o f  transfe r 
proble m th e targe t  problem s represen t  fo r  eac h group . 
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Tabl e 2 

Degree of Transfer Required in Target Problems as a Function of Subject Group 

Grou p 

TIGER 
C O O K IE 
T W O - P R O C E D U RE 

Near  Transfer : 

Detroit Tiger 
cooki e 
Detroi t  Tiger ,  cooki e 

Far  Transfer : 

cookie, birthday, football 
Detroi t  Tiger ,  birthday ,  footbal l 
birthday ,  footbal l 

Whil e al l  o f  th e TIGE R an d T W O - P R O C E D U RE subject s solve d th e Detroi t  Tige r  proble m 
2 

correctly ,  onl y 13 % o f  th e COOKI E subject s did .  Thi s differenc e is ,  o f  course ,  significant ,  G  (2 )  = 
45.5 ,  £  <  .0001 .  Similarly ,  whil e mos t  o f  th e C O O K I E an d T W O - P R O C E D U RE subject s solve d 
th e cooki e proble m correctl y (87 % an d 86% ,  respectively) ,  a  muc h lowe r  percentag e (31% )  o f  th e 

2 
TIGE R subject s did ,  G  (2 )  =  13.9 ,  £  <  .001 .  Ther e i s n o differenc e i n solutio n rate s amon g th e 
thre e group s fo r  th e birthda y o r  footbal l  problem s whic h ar e fa r  transfe r  problem s fo r  al l  subjects . 
Overall ,  5 2 % o f  th e subject s solve d th e birthda y proble m an d 5 0 % solve d th e footbal l  problem .  I t 
shoul d b e note d tha t  th e 5 2 % solutio n rat e fo r  th e birthda y proble m i s significantl y greate r  tha n 
th e 2 8 % solutio n rat e fo r  tha t  proble m fo r  subject s i n Experimen t  1 ,  z  =  2.7 ,  £  <  .007 . 

Of the nine TIGER subjects who failed to solve the cookie problem, 78% failed to realize that 
th e goa l  wa s t o solv e fo r  X ,  100 % di d no t  realiz e tha t  P( X =  0 )  =  .0 1 wa s provide d i n th e problem , 
and 3 3 % trie d t o mak e u p a  frequenc y tabl e a s a n ai d t o solv e th e problem .  Thes e frequencie s ar e 
simila r  t o th e one s obtaine d i n Experimen t  1 . 

Of the 13 COOKIE subjects who failed to solve the Detroit Tiger problem, 12 of them tried 
t o calculat e X  b y takin g a n observe d frequenc y fo r  som e X  an d pluggin g tha t  int o th e Poisso n 
equatio n an d solvin g fo r  X .  Fo r  thos e subject s wh o chos e X  =  0 ,  the y woul d ge t  a n equatio n suc h 

as P(X = 0) = 85/162 = [e~\°]/0!. This reduces to .52 = e~^, which yields X = .65. Given 
tha t  th e X  generate d b y th e frequenc y tabl e metho d i s  .66 ,  thi s "cookie "  approac h work s quit e 
well ,  bu t  i n othe r  situation s i t  coul d b e quit e poo r  i n compariso n wit h th e frequenc y tabl e metho d 
(sinc e i t  woul d ignor e availabl e frequenc y data) .  I n addition ,  fo r  th e 1 2 subject s wh o too k thi s 
"cookie "  approach ,  eigh t  o f  the m stoppe d afte r  solvin g fo r  X  an d di d no t  generat e th e predicte d 
frequenc y table .  Thi s suggest s tha t  the y wer e performin g a  serie s o f  operation s rathe r  tha n 
solvin g fo r  th e goa l  o f  th e problem .  Fou r  o f  th e othe r  subject s use d th e observe d frequencie s o f 
eac h X  i n tur n t o solv e fo r  X .  I t  become s quit e mess y t o solv e fo r  X  whe n a n X  othe r  tha n 0  i s 
use d an d thes e subject s woul d se t  u p th e equation s an d the n stop .  Th e remainin g subjec t  wh o go t 
th e proble m wron g calculate d X  usin g th e frequenc y tabl e approach ,  bu t  di d no t  g o o n t o generat e 
predicte d frequencie s fo r  th e variou s value s o f  X . 

The types of errors made by subjects who were unsuccessful in solving the birthday or the 
footbal l  problem s ar e presente d i n Tabl e 3 .  Th e error s ar e presente d a s a  functio n o f  whethe r 
subject s receive d example s illustratin g on e procedur e o r  tw o (i.e. ,  th e TIGE R an d C O O K I E group s 
ar e collapse d int o th e O N E - P R O C E D U RE group) . 
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Tabl e 3 

Percentage of Subjects Who Made Particular Types of Errors (Experiment 2) 

Group 

Transfe r  Proble m 

Birthdaj ' 

Footbal l 

Erro r  Typ e 

S L A M B DA 
PX3 
F R EQ 

S L A M B DA 
PXl 
F R EQ 

Note .  Frequencie s ar e give n i n parentheses . 

One 
Procedur e 

n = 1 4 
93 (13 ) 
50(7 ) 
7(1 ) 

n =  1 4 
93 (13 ) 
43(6 ) 
14(2 ) 

Percentage s ar e 

Two 
Procedur e 

n = 1 0 
100 (10 ) 

10(1 ) 
20(2 ) 

n= l l 
100 (11 ) 

9(1 ) 
0(0 ) 

Tota l 

n =  2 4 
96 (23 ) 
33(8 ) 
12(3 ) 

n =  2 5 
96 (24 ) 
28(7 ) 
8(2 ) 

base d o n th e numbe r  o f  subject s 
who mad e a  particula r  erro r  divide d b y th e numbe r  o f  subject s i n eac h grou p wh o go t  th e proble m 
wron g (give n a t  th e to p o f  eac h colum n fo r  eac h o f  th e transfe r  problems) ,  no t  th e tota l  o f  numbe r 
of  subject s i n th e group . 

Both ONE-PROCEDURE and TWO-PROCEDURE subjects solved the birthday and football 
problem s abou t  5 0 % o f  th e time .  Thes e ar e fa r  transfe r  problem s fo r  bot h groups .  W e ha d 
expecte d th e T W O - P R O C E D U RE subject s t o d o bette r  sinc e w e hypothesize d the y woul d hav e 
been likel y t o isolat e subgoal s suc h a s X  an d P( X =  x )  an d generaliz e th e method s fo r  finding  them . 
Nevertheless ,  on e differenc e di d emerg e i n bot h problems .  O f  th e O N E - P R O C E D U RE subject s 
who faile d t o solv e th e birthda y problem ,  onl y 5 0 % realize d the y wer e t o solv e fo r  P( X =  3 )  whil e 

90% of the TWO-PROCEDURE subjects realized this. This difference is significant, G (1) = 4.64, 
£ <  .04 .  Similarly ,  5 0 % o f  th e O N E - P R O C E D U RE subject s realize d the y wer e t o solv e fo r 
P(X = I j  i n th e footbal l  proble m whil e 9 1 % o f  th e T W O - P R O C E D U RE subject s realize d this . 

2 
Again ,  th e differenc e i s significant ,  G  (1 )  =  3.82 ,  £  =  .05 .  Thi s resul t  suggest s tha t  T W O-
P R O C E D U RE subject s ma y hav e a t  leas t  isolate d subgoals ,  bu t  wer e unabl e t o appl y th e correc t 
metho d t o th e birthda y an d footbal l  problems .  Mos t  subject s di d calculat e X  i n th e birthda y an d 
footbal l  problems ,  bu t  the y tende d t o us e nonsensica l  value s suc h a s 365/50 0 o r  3/50 0 fo r  th e 
birthda y problem .  T W O - P R O C E D U RE subject s di d no t  see m t o lear n anythin g abou t  examinin g X 
fo r  it s  reasonableness ,  ye t  the y di d adap t  t o th e ne w goa l  constrain t  (i.e. ,  finding  onl y a  particula r 
P(X=x) )  whil e O N E - P R O C E D U RE subject s di d not . 

General Discussion 

The difficulties that subjects in both experiments had with the far transfer problems suggest 
tha t  procedura l  variet y plu s explici t  pointin g ou t  o f  subgoal s an d method s ma y b e require d t o 
teac h student s ho w t o solv e problem s whic h hav e differen t  subgoa l  order s an d modifie d method s 
compare d t o trainin g problems . 

Procedural variety may mean that students should be exposed to problems that provide 
differen t  givens ,  hav e differen t  appearances ,  and/o r  whic h requir e solvin g fo r  differen t  unknowns . 
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These variations would presumably induce students to isolate different methods for achieving 
certai n subgoal s an d t o realiz e tha t  ther e ca n b e differen t  goal s an d subgoal s fo r  solvin g problem s 
i n th e sam e domai n (Owe n &  Sweller ,  1985) .  Thi s inductio n coul d als o b e facilitate d b y presentin g 
example s whic h giv e th e dat a i n differen t  form s (suc h a s givin g X  directl y rathe r  tha n havin g i t 
calculate d fro m a  table) .  Th e nee d fo r  havin g student s se e example s whic h solv e fo r  differen t 
unknown s i s suggeste d b y th e larg e numbe r  o f  subject s i n Experimen t  1  wh o faile d t o realiz e tha t 
the y wer e solvin g fo r  somethin g new ,  namel y X ,  i n th e cooki e problem .  Th e importanc e o f 
presentin g simila r  informatio n i n differen t  form s (e.g. ,  table s versu s text ,  ready-to-us e value s 
versu s "low-level "  value s whic h requir e additiona l  calculation s befor e the y ca n b e use d i n 
equations )  seem s reasonabl e i n ligh t  o f  th e fac t  tha t  X  wa s a  quit e simpl e thin g t o calculat e i n th e 
birthda y problem ,  ye t  student s faile d t o se e i t  o r  t o calculat e i t  correctly .  I n fact ,  student s i n 
Experimen t  1  ofte n use d th e mor e laboriou s metho d o f  makin g u p a  frequenc y tabl e i n orde r  t o 
(incorrectly )  calculat e X .  Thi s proble m i s simila r  t o th e erro r  Ree d e t  al.' s  (1985 ,  Experimen t  4 ) 
subject s mad e whe n the y trie d t o us e th e mor e comple x solutio n method s fro m th e trainin g 
example s o n th e simple r  targe t  problems .  Bot h ou r  result s an d Ree d e t  al.' s indicat e tha t  student s 
wer e learnin g serie s o f  operation s rathe r  than ,  o r  mor e easil y than ,  subgoal s an d method s fo r 
solvin g problems . 

We have tried to suggest that an important component of the "power" of examples is the 
variatio n tha t  i s provide d i n a  sequenc e o f  examples .  Winston' s (1973 )  arc h perceive r  coul d onl y 
lear n concept s whe n th e example s i t  wa s presente d wit h wer e give n i n a  particula r  order . 
Negativ e instance s o f  a  concep t  wer e jus t  a s importan t  (an d sometime s mor e important )  tha n 
positiv e instances .  Failure-drive n memor y i s a n importan t  componen t  o f  Schank' s (1982 )  mode l  o f 
learning .  S o to o here ,  negativ e example s (i n th e for m o f  trainin g problem s tha t  hav e differen t 
subgoal s an d methods )  ar e important .  I f  a  studen t  see s severa l  problem s tha t  ar e deal t  wit h i n 
differen t  ways ,  h e o r  sh e ma y b e mor e likel y t o isolat e th e subgoal s an d method s rathe r  tha n 
viewin g th e problem s a s a  serie s o f  operation s whic h ultimatel y produc e som e output .  H e o r  sh e 
may als o for m generalization s o f  methods .  However ,  th e studen t  ma y nee d guidanc e t o hel p hi m 
or  he r  focu s o n th e subgoal s an d methods ,  a t  leas t  initiall y  (Lewi s &  Anderson ,  1985) .  W e ar e 
currentl y conductin g a  transfe r  experimen t  usin g material s whic h provid e subject s wit h 
explanator y informatio n highlightin g th e subgoal s an d method s tha t  ar e presen t  i n eac h trainin g 
example . 

It may be possible to develop a methodologj' for constructing examples for textbooks in 
quantitativ e domains .  Thi s methodolog y woul d involv e firs t  identifyin g th e subgoal s an d method s 
tha t  student s nee d t o lear n (Kieras ,  i n press ;  Kiera s &  Bovair ,  1986) .  The n exampl e problem s 
and explanator y material s whic h highligh t  thes e subgoal s an d method s ca n b e constructed .  Th e 
carefu l  procedura l  variatio n migh t  allo w student s t o se e beyon d th e superficia l  feature s o f 
examples . 
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