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SOME MAJORIZATION TECHNIQUES

JAN DE LEEUW

A. Majorization algorithms generalize the EM algorithm. In this
paper we discuss several distinct, although related, techniques to con-
struct majorization function, and we show the algorithms they imply.

1. I

Majorization algorithms [De Leeuw, 1994; Heiser, 1995; Lange et al., 2000]
are used with increasing frequency in statistical computation. They gener-
alize the EM algorithm to a much broader class of problems and they can
usually be tailored to handle very high-dimensional problems.

The general idea is simple. If we want to minimize f over X ⊆ Rn, we
construct a majorization function g on X × X such that

f (x) ≤ g(x, y) ∀x, y ∈ X,

f (x) = g(x) ∀x ∈ X.

Thus g, considered as a function of x is never below f and tocuhes f at y.

The majorization algorithm corresponding with this majorization function
g updates x at iteration k by

x(k+1) ∈ argmin
x∈X

g(x, x(k)),

unless we already have

x(k) ∈ argmin
x∈X

g(x, x(k)),
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2 JAN DE LEEUW

in which case we stop. Convergence follows, under some additional simple
conditions, from the sandwich inequality, which says that if we do not stop
at iteration k, then

f (x(k+1)) ≤ g(x(k+1), x(k)) < g(x(k), x(k)) = f (x(k)).

Consider the example f (x) = 1
4 x4 − 1

2 x2. The function has local minima at
+1 and −1, with function value − 1

4 , and a local maximum at 0 with function
value 0. A majorization function can be constructed by using x2 ≥ y2 +

2y(x − y), giving g(x, y) = 1
4 x4 + 1

2y2 − xy. This leads to the majorization
algorithm x(k+1) =

3√
x(k). This converges linearly, with convergence rate 1

3 ,
to either +1 or −1, depending on where we start.
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In Figure 1 we start at 2. The majorization function at this point, drawn in
red, touches f at 2 and is minimized at 3√2 ≈ 1.2599. We compute the new
majorization function at this point, in blue, and minimize it at 9√2 ≈ 1.0801.
The next step (green) takes us to 27√2 ≈ 1.0260.

Observe that our algorithm is x(k) = x3−k
. An equally valid majorization

algorithm is x(k) = (−1)kx1/3k
, which also minimizes the majorization func-

tion in each step. It produces a decreasing sequence of loss function values
converging to 1

4 , but the sequence of solutions is not convergent and has two
converging subsequences, one converging to −1 and one to +1.

In most cases majorization methods converge at a linear rate, with the rate
equal to the largest eigenvalue in modulus of the matrix

I − [D11g(x, x)]−1D2 f (x) = −[D11g(x, x)]−1D12g(x, x)

where the derivatives are evaluated at the fixed point x [Ortega and Rhein-
boldt, 1970, page 300-301]. In some special cases we can have sub-linear
or super-linear convergence, but linear convergence is the rule.

2. U E I

The first way to construct majorization functions is the simplest one. There
are many inequalities in the literature of the form F(x, y) ≥ 0 with equal-
ity if and only if x = y. Such inequalities can often be used to construct
majorization functions. Since this is not really a systematic approach, we
merely illustrate it by a rather detailed example.

After a suitable choice of coordinates and normalization the Euclidean mul-
tidimensional scaling problem can be formulated as minimization of

(1) σ(x) = 1 + x′x − 2
n∑

i=1

wiδidi(x).

Here the wi are known positive weights, the δi are the dissimilarities, and
the di(x) are the Euclidean distances, defined by di(x) =

√
x′Aix. The Ai

are known positive semi-definite matrices that satisfy
∑n

i=1 wiAi = I.
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In most cases of interest the dissimilarities will be positive, but we shall
cover the more general case in which there can be both positive and negative
ones. Decomposing δi into its positive and negative parts, i.e. δi = δ

+
i − δ

−
i

with both δ+i and δ−i non-negative. Now we can write

(2) σ(x) = 1 + x′x − 2
n∑

i=1

wiδ
+
i di(x) + 2

n∑
i=1

wiδ
−
i di(x).

If di(y) > 0 then by, respectively, the Cauchy-Schwartz and the Arithmetic-
Geometric Mean Inequality

1
di(y)

x′Aiy ≤ di(x) ≤
1

di(y)
1
2

(x′Aix + y′Aiy).

Thus

(3a)
n∑

i=1

wiδ
+
i di(x) ≥ x′B+(y)y,

with

(3b) B+(y) =
n∑

i=1

wi
δ+i

di(y)
Ai.

And

(3c)
n∑

i=1

wiδ
−
i di(x) ≤

1
2

(x′B−(y)x + y′B−(y)y),

with

(3d) B−(y) =
n∑

i=1

wi
δ−i

di(y)
Ai.

Observe that both B+ and B− are positive semi-definbite. Combining these
results gives

(4) σ(x) ≤ 1 + x′x − 2x′B+(y)y + x′B−(y)x + y′B−(y)y.

The right-hand side of (4) gives a quadratic majorization function, and the
corresponding algorithm

x(k+1) = [I + B−(x(k))]−1]B+(x(k))x(k).

At a stationary point x the derivative of the algorithmic map is

[I + B−(x)]−1[(B+(x) − H+(x)) + H−(x)],
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where

H+(x) =
n∑

i=1

wi
δ+i

d3
i (x)

Aixx′Ai,

and

H−(x) =
n∑

i=1

wi
δ−i

d3
i (x)

Aixx′Ai.

The matrices H+, H−, and B+ − H+ are all positive semidefinite.

3. I

Supposed want to maximize

f (x) = log
∫

Z
exp{u(x, z)}dz.

Because we are maximizing we will now construct a minorization function
and a minorization algorithm.

Of course the logarithm in the definition of f is really irrelevant here and
the exponent merely guarantees that we are integrating a positive function.
Write

f (x) − f (y) = log

∫
Z

exp{u(y, z)} exp{u(x,z)}
exp{u(y,z)}dz∫

Z
exp{u(y, z)}dz

.

Jensen’s inequality, or equivalently the concavity of the logarithm, tells us
that

f (x) − f (y) ≥

∫
Z

exp{u(y, z)} log exp{u(x,z)}
exp{u(y,z)}dz∫

Z
exp{u(y, z)}dz

.

Define
π(z | y) =

exp{u(y, z)}∫
Z

exp{u(y, z)}dz
.

Then
f (x) ≥ f (y) +

∫
Z
π(z | y)u(x, z)dz −

∫
Z
π(z | y)u(y, z)dz,

which defines our minorization function.

A step of the minorization algorithm simply maximizes (in the “M” step)
the “expectation”

∫
Z
π(z | y)u(x, z)dz. Computing, and possibly simplifying,

this expectation is the “E” step. The algorithm is especially attractive, of
course, if the integral defining the expectation can be evaluated in closed
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form. This is often the case in exponential family problems in statistics,
where we want to compute maximum likelihood estimates.

4. U C

Suppose we want to minimize f (x) on a convex set X. Under very general
conditions we can write f as the difference of two convex functions. It is
sufficient to assume, for example, that f is twice continuously differentiable.
It is necessary and sufficient that f is the indefinite integral of a function of
locally bounded variation [Hartman, 1959].

If f = u − v, with u and v both convex, then we use

v(x) ≥ v(y) +Dv(y)(x − y)

to construct the convex majorization function

g(x, y) = u(x) − v(y) −Dv(y)(x − y).

The majorization method reduces optimization of an arbitrary function to
solving a sequence of convex optimization problems. Of course matters
simplify if u(x) can be chosen to be quadratic.

5. U T’ T

By Taylor’s theorem

f (x) ≤ f (y) + (x − y)′D f (y) +
1
2

max
0≤ξ≤1

(x − y)′D2 f (ξx + (1 − ξ)y)(x − y),

and the right hand side can be used as a majorization function. Of course
this general approach can also be applied if we only use the linear term in
the Taylor expansion, or if we use third or higher order terms [De Leeuw,
2006]. And by replacing max by min we can use it to construct minorization
functions.

But let us continue with quadratic majorization. Suppose there is a matrix B
such thatD2 f (x) . B, in the sense that B−D2 f (x) is positive semi-definite
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for all x. Then clearly

g(x, y) = f (y) + (x − y)′D f (y) +
1
2

(x − y)′B(x − y)

is a majorization function for f . We also write gy(x) for g(x, y) to emphasize
that gy is a function of x that majorizes f at y. Observe that gy has both the
same function value and the same derivative as f at y.

By defining the current target

z = y − B−1D f (y),

and by completing the square, we see that

g(x, y) = f (y) +
1
2

(x − z)′B(x − z) −
1
2
D f (y)′B−1D f (y).

Thus step k of the majorization algorithm solves the least squares problem

min
x∈X

(x − z(k))′B(x − z(k)).

We can choose the matrix B to be scalar, for instance by using an upper
bound for the largest eigenvalue of D2 f (ξ). In that case computing the
target simplifies, and all majorization subproblems are unweighted least
squares problems.

In the case in which X is all of Rn the quadratic majorization algorithm
simply becomes

x(k+1) = x(k) − B−1D f (x(k)).

This algorithm will in general have a linear convergence rate 1−λ(x), where
λ(x) is the smallest eigenvalue of B−1D2 f (x) and x is the fixed point. A
smaller B will give a more rapid convergence rate, but in general we cannot
expect to see anything faster than linear convergence. If our bound B is
really bad, then we may see very slow linear convergence.
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