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ABSTRACT OF THE DISSERTATION

Asymptotic Behavior of Nonlinear PDE:
Dynamic Stability of a Droplet Model and Boundary Data

Homogenization

by

William Myers Feldman
Doctor of Philosophy in Mathematics

University of California, Los Angeles, 2015

Professor Christina Kim, Chair

This dissertation comes in two parts. The problems considered are all related to asymptotic behav-

ior of solutions to nonlinear PDE in various scaling limits. Part I considers long time behavior for

a dynamic model and Part II considers the macroscopic averaging behavior of stationary models

with multiple length scales. These kinds of problems, which have been well studied in other set-

tings, face significant additional difficulties when the interior equations are coupled with a moving

boundary or an irregular boundary data on a fixed boundary. This dissertation addresses several of

these questions and develops new techniques to deal with PDE problems involving irregularity on

a lower dimensional interface.

Part I, Chapter 2, considers a model for the contact angle motion of quasi-static capillary drops

resting on a flat surface. The evolution is formally the gradient flow of a free energy involving

surface tension and adhesion to the hydrophilic surface. We prove the nonlinear dynamic stability

of the round drop stationary solution under a strong star-shapedness assumption on the initial data.

The key tool is a new geometric a priori estimate for the regularity of the contact line. Based on

this estimate we are able to show the existence of a global in time uniformly regular weak solution

via a discrete gradient flow type scheme. The convergence to equilibrium then follows from a

classical symmetry result of Serrin on overdetermined boundary value problems.

Part II of this dissertation is split into three chapters in which we study several problems related to
ii



the homogenization of oscillating boundary conditions for second order nonlinear non-divergence

form elliptic operators in both the random and periodic settings.

Chapter 3 examines the case of a nonlinear elliptic equation with a periodic oscillating Dirichlet

boundary condition in a general bounded domain. We prove a qualitative homogenization result

under quite general conditions. Here the major difficulty is the lack of continuity of the homoge-

nized boundary condition caused by singular behavior near boundary points with rational normal

direction. For fully nonlinear equations the well-posedness of the Dirichlet problem with possibly

discontinuous boundary condition is proved when the Hausdorff dimension of the discontinuity set

is sufficiently small. This is the key estimate leading to the qualitative homogenization result.

Chapter 4 is concerned with the same periodic oscillating Dirichlet data problem, but now the

focus is on the fine properties of the homogenized boundary condition near the rational directions.

We show that the behavior depends essentially on the form of the operator. Linear operators and

rotationally invariant nonlinear operators lead to a homogenized boundary condition which extends

continuously to the rational directions. An explicit modulus of continuity can then be established,

namely Hölder - 1
d up to logarithmic factors in the linear case. On the other hand, for a typical,

in the Baire category sense, nonlinear non-rotation invariant operator the homogenized boundary

condition does not extend continuously at any rational direction.

Finally, in Chapter 5, we discuss both the Dirichlet and Neumann boundary homogenization prob-

lems for nonlinear operators when the boundary data is a random field. The main result is the

homogenization in half-spaces and general domains when the boundary data has the form of an

i.i.d. random checkerboard and the interior operator is non-random. In this case we establish al-

most sure homogenization with an algebraic rate of convergence in probability. The result extends

as well to the strongly mixing setting with sufficient decay.
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appeared in Journal de Mathématiques Pures et Appliquées, 101(5):599-622, 2014. Part II Chap-

ter 6 is based on a joint work with Inwon Kim and Takis Souganidis “Quantitative Homogeniza-

tion of Elliptic PDE with Random Oscillatory Boundary Data” which appeared in Journal de
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CHAPTER 1

Introduction

In broad terms this dissertation is concerned with limiting regimes for nonlinear partial differential

equations, long time behavior for dynamical problems and the averaging behavior of equations

with multiple scales. The common theme is a focus on problems where the structure of a lower

dimensional interface plays an important role. We begin with a high level overview of the topics

covered before providing a more detailed introduction to the results of the dissertation.

Part I, Chapter 2, of the dissertation considers a model for the contact angle motion of quasi-static

capillary drops resting on a flat surface. The evolution is formally the gradient flow of a free

energy involving surface tension and adhesion to the surface. The goal of this research is to prove

nonlinear stability of the global energy minimizer, a round drop.

Part II of the dissertation is divided into three chapters, each focused on separate but inter-related

problems in homogenization theory for oscillating boundary conditions. Chapter 3 examines the

case of a nonlinear elliptic equation on the interior of a smooth domain in Rd with a Zd-periodic

oscillating Dirichlet boundary condition on its the (d−1)-dimensional boundary. The main diffi-

culty is to control the singular nature of the homogenization procedure near the boundary points

with rational normal directions – namely those aligned with the Zd periodicity lattice of the bound-

ary condition. Chapter 4 is concerned with the same periodic oscillating Dirichlet data problem,

but now the focus is on the fine properties of the homogenized boundary condition near the rational

directions. Finally in Chapter 5 we discuss both the Dirichlet and Neumann boundary homoge-

nization problems for nonlinear operators when the boundary data is a random field.

There remain many important open questions related to homogenization and/or long time behavior

for oscillatory boundary value problems and moving interfaces. This dissertation resolves some
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questions in this area, and develops techniques which hopefully can prove fruitful for addressing

similar problems. For example, we expect that the techniques of Chapter 2 may be useful to address

the convergence to equilibrium of the volume preserving mean curvature flow. In another direction,

we hope that the techniques developed to analyze the continuity properties of the homogenized

boundary condition in Chapter 4 will have application in the divergence form systems setting as

well and in optimizing the rates of convergence for these problems.

1.1 Part I: A Model for Capillary Drops

The first part of this dissertation is based largely on a joint work with Inwon Kim [FK14] on

a model for the contact line dynamics of capillary drops. We will consider u : R2 → [0,+∞),

compactly supported, to be the height profile of the droplet above the solid surface. In terms

of u the droplet occupies the region {(x,z) : 0 < z < u(x, t)} in R2× [0,∞). The volume of this

region, which can be expressed as
∫
R2 u(x, t) dx, is assumed to be invariant under the flow, this is

a consequence of the incompressibility of the underlying fluid flow and the conservation of mass.

In particular we are ignoring mechanisms, such as evaporation, that allow for a change in the total

mass present in the drop. The height profile will satisfy the following free boundary problem in

R2, 
−∆u(x, t) = λ (t) in Ωt := {u(·, t) > 0},

∂tu
|Du| = |Du|2−1 on ∂Ωt .

(1.1.1)

Here λ (t) is a Lagrange multiplier that enforces the volume constraint,∫
u(x, t) dx = Vol for all t > 0.

The positivity set of u(·, t), Ωt , is called the wetted set, ∂Ωt is called the contact line and ∂tu
|Du| is

the normal velocity of the contact line. One thing to note immediately is that the evolution can be

described entirely in terms of the wetted set Ωt once Vol is fixed. In particular, the height function

u and the Lagrange multiplier λ (t) are uniquely determined by Ωt and Vol. This is a reflection of

the model being “quasi-static”, the physical derivation of the model has assumed a separation of

time scales between local equilibration of the shape of the water droplet above its wetted set Ωt and
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the movement of the contact line. In terms of the mathematical model a quasi-static assumption

typically results in a coupling between an elliptic equation and a time evolution as is the case here.

Formally one can check that the evolution has an associated Lyapunov functional,

J(u) :=
∫

u>0
|Du|2 dx+ |{u > 0}|,

which is decreasing along the flow. Moreover, it turns out, the evolution is a gradient flow of J.

Thus one expects convergence to a local or global energy minimizer in the long time limit. One

can check using rearrangement techniques that the global minimizer of J in H1 with the volume

constraint is of the form,

umin(x) =
λ∗
4

(r2
∗−|x|2)+ with λ∗,r∗ uniquely determined by Vol.

In fact the energy also has many local minima corresponding to finite or possibly countable unions

of disjoint round drops. Global in time weak energy solutions of the problem have been shown to

exist [GK11], but these lack sufficient regularity to prove any kind of convergence to equilibrium.

As a result, especially when the volume is small so that the contact line is receding, there could be

many changes of topology.

Topology changes pose a barrier to proving existence and uniqueness of a sufficiently strong notion

of solution. For this reason, at least as a first step in attacking the general problem, we are interested

in finding conditions on the initial data that will rule out any topological changes of the wetted set.

One would hope to use viscosity solution based methods since, at least when λ (t) is a pre-selected

function of time, the problem does formally satisfy a comparison principle. This allows us to define

viscosity solutions, which are much easier to work with than energy solutions when it comes to

considering geometric properties of the free boundary. Unfortunately once the volume constraint

is imposed the standard comparison principle no longer holds.

In order to show global existence of a sufficiently regular solution we need some kind of a priori

estimate controlling the geometry of the evolving domain. Although, as mentioned, the standard

comparison does not hold for the volume preserving flow, there are still some forms of compar-

ison that do work. The main idea is to compare the solution with its push-forward under some

3



symmetry of the flow. A scaling symmetry is often useful for this purpose, and we make use of an

approximate scaling symmetry for the droplet problem to prove a short time existence and regular-

ity result. This is insufficient to study long time behavior, instead we were able to make use of the

reflection symmetry of the flow.

Consider the orthogonal reflection φH : R2→ R2 through a hyperplane H(σ ,x0) = {(x− x0) ·σ =

0}, x0 ∈ R2 and a unit vector σ . Note that φH is a symmetry of the evolution, that is u(φH(·), t) is

a solution of the volume preserving evolution when u is, and moreover it has the same Lagrange

multiplier λ (t). We say that Ω0 has reflection comparison with respect to H if,

Ω0∩{(x− x0) ·σ > 0} ⊆ φH(Ω0)∩{(x− x0) ·σ > 0} or the reverse.

The property “has reflection comparison with respect to H” is preserved by the flow. This follows

from the comparison principle in the domain {(x− x0) ·σ > 0} using that u(·, t) and u(φH(·), t)

have the same Lagrange multiplier and they are equal along the boundary H(σ ,x0) since the map

φH restricted to H is the identity. As a result, any property of initial domains Ω0 defined entirely in

terms of reflection comparisons with respect to a fixed class of hyperplanes in R2 will be preserved

under the flow.

Based partially on this observation we make the following definition.

Definition 1.1.1. We say Ω0 ⊂R2 has ρ-reflection for some ρ ≥ 0 if there exists x0 ∈Ω0 such that

Bρ(x0) ⊂ Ω0 and Ω0 has reflection comparison with respect to every hyperplane H ⊂ R2 which

does not intersect Bρ(x0).

Based on the comments above ρ-reflection is preserved by the flow. We will see in Chapter 2 that

the ρ-reflection property is a measure of the symmetry of Ω0. If ρ = 0 then Ω0 is a ball centered at

x0. When ρ > 0, ρ-reflection implies a strong star-shapedness property of Ω0 which depends only

on lower bound for the distance between ∂Bρ(x0) and the complement of Ω0. In particular, if the

initial data for the droplet problem has ρ-reflection, then the wetted set will remain connected and

its boundary will have a uniform Lipschitz property as long as the contact line does not recede too

much and cross into Bρ(x0). This reduces the control of regularity of the free boundary to control

of the location. When the volume is sufficiently large one can show that the free boundary does
4



not recede too much and therefore the wetted set remains uniformly regular. This construction

provides the a priori estimate we desired.

Our approach to existence of solutions is based on a discrete time approximation scheme for the

gradient flow. This kind of approximation procedure is often called a JKO scheme after the paper

of Jordan, Kinderlehrer and Otto [JKO98]. There are other possible schemes to show existence,

but the discrete gradient flow has the convenient property that the energy decrease holds by the

definition. This avoids some difficulty with proving that the formal energy decay calculation is

rigorous, but of course it introduces other difficulties. We will now attempt to give an informal

description of the issues that arise.

First, it is useful to formulate the problem entirely in terms of the wetted set. For each h > 0 we

define iteratively ωk ⊂ R2, the solution of our discretized gradient flow scheme, by the variational

problem,

ωk := argmin
X

[
min

{∫
|Du|2 :

∫
u = Vol and u = 0 on ∂ω

}
+ |ω|+ 1

2h
dist(ω,ωk−1)2

]
.

Here “dist” is a metric on an appropriate class of subsets of R2 chosen so that the resulting gradient

flow leads to the “correct” evolution. The difficulty we focus on explaining here is about the class

of sets being minimized over. One approach is to add a small perimeter term as a regularization

and then minimize over all sets of finite perimeter (namely, the Cacciopoli sets), see [GK11]. The

problem with this approach is that it is very difficult to control what topological changes may

occur in this formulation. Since we expect ρ-reflection to be preserved by the limiting continuous

flow, we force this to hold for the discrete gradient flow by constraining the allowed class of sets

X in the minimization to have ρ ′-reflection for some ρ ′ slightly larger than ρ . At a very formal

level, because we expect the unconstrained minimizer to be “in the interior” of the constraint set,

the constrained and unconstrained minimizer should be the same. Using the preservation of ρ-

reflection for viscosity solutions and a comparision principle property of the discrete gradient flow

proved by [GK11] we are able to make a rigorous argument out of these formal ideas and prove

that the continuum limit of the JKO schemes defined above is in fact a viscosity solution.

Combining the above results we obtained the following theorem:
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Theorem 1.1.2. Suppose that Ω0 has ρ-reflection with some 0 < ρ ≤ 1
10Vol

1
N+1 . Then there exists

a global viscosity solution of (1.1.1) such that the energy J(u(·, t)) is decreasing and, modulo

translation, u converges uniformly to umin.

We will show that ρ-reflection for very small ρ is equivalent to being close in Lipschitz norm to a

ball. This is one way to interpret the condition on ρ of the above Theorem. We remark however

that the restriction on ρ is more naturally considered as a condition that Vol is sufficiently large

rather than that ρ is sufficiently small (i.e. the domain is close in Lipschitz norm to a ball). Also we

remark that when one assumes an a-priori uniform C1,α bound for the free boundary the modulo

translation can be removed in the convergence.

These results will be discussed in full detail in Chapter 2.

1.2 Part II: Homogenization of Oscillating Boundary Value Problems

The second part of this dissertation is divided into several chapters, each focused on one specific

aspect of homogenization of oscillating boundary conditions. To introduce this topic we should

first describe some background from the theory of homogenization of second order elliptic equa-

tions with non-oscillating boundary conditions. In doing so we will naturally arive at a problem

involving oscillatory boundary data. We will focus on non-divergence form operators. All of the

problems we discuss can also be posed for divergence form equations, both scalar and system

cases, but we will not treat these problems here. For simplicity we will begin by describing the

linear case but eventually we will be more interested in general fully nonlinear equations.

In the simplest case one considers the following problem set in a domain U ⊂ Rd , d ≥ 1, with a

parameter ε � 1, 
−Tr(A( x

ε
)D2uε) = f in U

uε = g on ∂U.
(1.2.1)

We take A to be a Zd periodic, smooth, d×d matrix valued function on Rd satisfying the uniform

ellipticity assumption,

λ Id≤ A(x)≤ ΛId for all x ∈ Rd.
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Here, as is usual, we interpret M ≥ N for d× d matrices M,N to mean M−N is non-negative

definite. The question is to determine an effective limiting operator A so that,

uε → u as ε → 0.

where u solves the homogenized problem,
−Tr(AD2u) = f in U

u = g on ∂U.
(1.2.2)

After computing A one is interested in the rate of convergence and more amibitiously a full asymp-

totic expansion of uε −u in powers of ε . The following formal asymptotic expansion is expected,

uε(x) = u+ ε(v1(x, x
ε
)+ vε,bl

1 (x))+ ε
2(v2(x, x

ε
)+ vε,bl

2 (x))+ · · · .

Here vk(x,y) are called the interior correctors, they are defined in U ×Rd and are Zd periodic in

the y variable. The definitions of the interior correctors are somewhat complicated so we will not

go into full detail here. See Kim and Lee [KL14] for a derivation and rigorous justification of this

expansion. We just mention that v j are defined in terms of u,v1, . . . ,v j−1 and the solution of a

“cell problem” on Rd/Zd which depends only on A and not on U . In this sense they are simple to

compute, one just needs to solve several pde problems with smooth coefficients. The problem is

that v j are not zero on ∂U . To correct for this the so-called boundary layer correctors vε,bl
k must be

included in the asymptotic expansion. These solve,
−Tr(A( x

ε
)D2vε,bl

k ) = 0 in U

vε,bl
k =−vk(x, x

ε
) on ∂U.

(1.2.3)

Here we have come upon yet another homogenization problem in a general domain, now even

more difficult than the original problem since the boundary condition is also oscillating at the ε

scale. This type of problem we call boundary data homogenization. We would like to show that

this problem has some averaging as ε → 0, i.e. that we have the convergence,

vε,bl
k → vbl

k as ε → 0

for vbl
k solving a Dirichlet problem in U for the homogenized operator A and some homogenized

boundary condition determined by A,vk and U . This would allow for an improved understanding
7



of the asymptotic expansion above since vε,bl
2 (the first non-trivial boundary layer corrector in this

case), to a first approximation, could be replaced with vbl
2 incurring an error of order o(ε2). In the

following subsections we will discuss boundary data homogenization problems which come in an

abstract form which includes the boundary layer corrector problem (1.2.3) as a particular case.

1.2.1 Homogenization of Oscillating Dirichlet Data: Periodic Case

As described above we are interested to understand the asymptotic behavior as the micro-scale

ε → 0 of the solution uε to 
F(D2uε , x

ε
) = 0 in U

uε = g(x, x
ε
) on ∂U.

Here F is a uniformly elliptic operator, possibly nonlinear, and F(M,y) and g(x,y) are assumed to

be Zd periodic in y. We restrict to d ≥ 2, when d = 1 the problem is exactly solvable and there will

be no convergence of uε as ε → 0 except in trivial cases.

Even in d ≥ 2 there may be no convergence as ε→ 0, we illustrate this with a simple example. Let

U = (−1,1)2 and g(x,y) = sin(2πy1). Then uε(x)≡ sin 2π

ε
on {y1 = 1}∩∂U . Since this boundary

condition is uniformly smooth on {y1 = 1}∩∂U continuity up to the boundary implies that

|uε(1−δ ,0)− sin
2π

ε
| ≤ 1

2

for a δ sufficiently small and independent of ε . In particular uε(1−δ ,0) cannot converge as ε→ 0.

The problem in this particular example is that ∂U contains a flat part with normal direction aligned

with the periodicity lattice of the boundary data. This is a central issue in the periodic boundary

homogenization problem, and we will explain it in greater detail below.

As in the case of interior homogenization we first attempt to formally derive a cell problem deter-

mining the homogenized operator, or in this case the homogenized boundary condition. One may

immediately note that uε , the solution of (4.1.1), is highly oscillatory near the boundary of U when

ε is small. There is no uniform continuity in the whole of U as ε → 0. It is reasonable to ask why

any kind of averaging should even be expected in the limit ε→ 0. To begin to answer this question
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we consider a rescaling of uε near a boundary point x0 ∈ ∂U ,

vε(y) = uε(x0 + εy).

Let us denote σx0 the inward unit normal to U at x0. The behavior of uε near ∂U at the unit scale,

but far at the ε scale, can be understood through vε(Rσx0) for 1� R� ε−1. For example, if we

could identify a unique constant µ such that vε(Rεσx0)→ µ for any sequence Rε with Rε →∞ and

εRε → 0, then this would be a good candidate for the homogenized boundary condition at x0. In

this case the solution uε would be oscillatory in a boundary layer of size ∼ ε , and outside of this

boundary layer averaging would occur.

Now that we have explained the usefulness of considering vε , we proceed to explain why vε(Rσx0)

should be converging to a unique constant. Furthermore we define a “cell problem” which identi-

fies the correct constant in a systematic way. We consider the equation solved by the vε ,
F(D2vε ,y+ ε−1x0) = 0 in ε−1(U− x0)

vε = g(y+ ε−1x0) on ε−1(∂U− x0).

Since F and g are assumed to be Zd periodic in y, ε−1x0 can be replaced by τε = ε−1x0 mod Zd .

Since U is a smooth domain, as ε→ 0 the domain ε−1(∂U−x0) converges on compact sets to the

half space {y ·σx0 > 0}. This motivates the definition of the “cell problem” solution vσ ,τ(·;(ψ,F))

for a direction σ ∈ Sd−1, a τ ∈ [0,1)d and a continuous Zd-periodic ψ by,
F(D2vσ ,τ ,y+ τ) = 0 in Pσ := {y ·σ > 0}

vσ ,τ = ψ(y+ τ) on ∂Pσ .

We expect at a formal level that as ε → 0,

|vε(y)− vσx0 ,τ(y;g(x0, ·))| → 0 along subsequences with τε → τ.

From this identification we can replace the problem of understanding vε(Rσx0) for R large and εR

small with the easier problem of understanding the limit vσ ,τ(Rσ) as R→ ∞ for every τ ∈ [0,1)d .

The fundamental problem in this periodic setting is that this limit of vσ ,τ(Rσ) may depend on

τ . In fact this is generically case at the rational directions σ ∈ RZd . In that case the hyperplane
9



orthogonal to σ is not dense in the unit square modulo Zd , and as a result the vσ ,τ(Rσ) may have

different limits at infinity for different values of τ ∈ [0,1)d . This is exactly the issue that appeared

in the example of non-homogenization we gave at the beginning of this section. We return to that

example to see how the non-homogenization manifests itself at the level of the cell problem. In

that case the inner normal of the problematic boundary component was σ = e1 and the boundary

condition was ψ(y) = sin(2πy1). Here vσ ,τ(y)≡ sin(2πτ · e1) a constant in y but varying in τ . In

terms of vε this would mean that along different subsequences of ε→ 0 where τε = ε−1x0 mod Zd

converges to different limits, vε(Rσx0) would approach different limits as well.

For irrational directions σ the distribution of g on Pσ + τσ is, in an appropriate sense, invariant

with respect to τ . We will show in Chapter 3 that there exists a limit µ(σ ,ψ,F), the so-called

boundary layer tail of vσ ,τ , such that

sup
τ∈[0,1)d

sup
y∈∂Pσ

|vσ ,τ(y+Rσ ;ψ)−µ(σ ,ψ,F)| → 0 as R→ ∞. (1.2.4)

Without too much additional difficulty we will also be able to show that µ(·,ψ,F) is continuous at

irrational directions.

In the linear case when the interior operator F has no y dependence one can also check that

µ(σ ,ψ,F) =
∫
[0,1)d ψ dx, just the average of ψ over the torus, at every irrational direction. In

particular one may wonder whether there is some similar regularity in general? Or even could µ

be independent of σ at the irrational directions for y-dependent and/or nonlinear operators? Choi

and Kim [CK14] showed that, when F is rotation invariant, µ(·,ψ,F) has a continuous extension

from the irrational directions to the entire unit sphere for the Neumann version of this problem.

They used this result to prove homogenization of the Neumann problem for rotation invariant op-

erators. Actually, as we will show later, their methods also permit to show that for linear operators

µ admits a continuous extension. Note that this is truly a separate case, the only rotation invariant

linear operator is the Laplacian. We continue along this line of investigation in Chapter 4.

The methods of [CK14] suggested to us that, in contrast to the rotation invariant case, it might be

possible to show that µ can have true discontinuities at rational directions. In fact we showed that

this phenomenon is generic in the topological sense at least for homogeneous operators. We expect
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that the result should also hold for inhomogeneous operators since morally there is no reason the

situation should be better there, however our current methods are not capable of handling this

case. Call X the space of pairs (ψ,F) of continuous boundary data and spatially homogeneous

uniformly elliptic operators. We avoid the technical details at this point and simply say that under

a very natural metric on this space the following result holds:

Theorem 1.2.1. The set of (ψ,F) such that µ(·,ψ,F) is discontinuous at every rational direction

is residual, i.e. it is an intersection of countably many open dense sets in X.

The same framework that we use to prove this result also facilitates an improved, quantitative,

result about the continuity of µ when the operator is rotation invariant or linear. In the linear case

we optimized many of the steps and were able to obtain Hölder- 1
d continuity up to logarithmic

factors, here d ≥ 2 is the spatial dimension.

Theorem 1.2.2. When F is rotation invariant µ has a uniform Hölder-α modulus of continuity at

every irrational direction with α depending on the d and the ellipticity ratio. When F is linear

there is a uniform Hölder- 1
d modulus continuity up to logarithmic factors.

Both of these results will be discussed in full detail in Chapter 4.

Now, taking into account the difficulties outlined above, we return to the problem of showing

homogenization in general domains. From the solution of the cell problem we expect that, along

subsequences, the uε will converge to a solution of,
F(D2u) = 0 in U

u = g(x) := µ(σx,g(x, ·),F) on ∂U \Γ(U).
(1.2.5)

Here we have called,

Γ(U) := {x ∈ ∂U : σx is a rational direction}.

The analysis at irrational directions will allow us to show that g is continuous on ∂U \Γ(U). The

problem is that such a solution may not be unique since the boundary condition is not defined

uniquely on the entire boundary. For example when ∂U contains a flat part with rational normal
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direction then, generally speaking, there will be multiple subsequential limits. Although these

limits can be described quite nicely in terms of the cell problem this kind of result is unstable with

respect to a small change of the normal direction and is therefore not fully satisfactory. In the

linear case if Γ(U) has zero harmonic measure then there will be a uniquely defined solution of the

homogenized problem. Under that case we would be able to prove uε → u. Unfortunately things

are not so simple in the nonlinear setting.

When the interior operator is nonlinear, the dependence of the interior values on variations of the

boundary data on small sets of the boundary is still not well understood. It seems quite possible that

in fact measure zero sets of the boundary could influence the interior values of the solutions. We

describe briefly by heuristics why the problem is difficult. Without a convexity/concavity assump-

tion the regularity of solutions to fully nonlinear elliptic equations, at least in high dimensions,

is not better than C1,ε or W 2,ε for a small ε > 0. By the W 2,ε estimate the Hessian exists almost

everywhere and at formal level solutions of fully nonlinear elliptic equations can be considered to

solve their own linearization, a linear uniformly elliptic non-divergence form pde with bounded

measurable coefficients. It is known that the harmonic meausure for such linear operators can be

completely singular with respect to the surface measure on the boundary, even supported on a set

of lower Hausdorff dimension [Wu96].

For our homogenization problem however we do not need to completely resolve this well-posedness

question. For example, when the domain U is uniformly convex the set Γ(U) is countable and

therefore has Hausdorff dimension 0. This is a significantly stronger condition than having zero

surface measure. We obtained a well-posedness result partially explaining when there exists a

unique solution of the homogenized problem. This is sufficient for most cases of interest in the

periodic homogenization problem, but it does not fully resolve the underlying question about the

influence of small sets of ∂U on the solutions of the Dirichlet problem.

Theorem 1.2.3. There exists 0 < β < d−1 depending on the ellipticity ratio of F and the dimen-

sion such that when the Hausdorff dimension of Γ(U) < β there exists a unique solution of the

homogenized problem (1.2.5).

Based on this result, which is of course not specific to the setting of homogenization, we obtained
12



the following Theorem.

Theorem 1.2.4. Under the conditions of Theorem 1.2.3,

uε → u locally uniformly in U as ε → 0.

Both of these results will be discussed in detail in Chapter 3.

1.2.2 Homogenization of Oscillating Dirichlet Data: Random Case

Finally in Chapter 5 we will discuss the boundary data homogenization problem with random data.

We will consider both Dirichlet and Neumann problems, but for now we just describe the Dirichlet

case. Ideally we would like to understand the behavior of
F(D2uε , x

ε
,ω) = 0 in U

uε = g(x, x
ε
,ω) on ∂U,

(1.2.6)

with ω ∈ Ω some probability space and g,F stationary ergodic random fields on Rd . We expect

homogenization to hold for random interior operators but, as will be explained in more detail in

Chapter 5, we are currently only able to handle spatially homogeneous (i.e. non-random) interior

operators F . The issue is that we do not yet know how to estimate the dependence of the interior

values of the solution on the interior randomness. For this reason we assume from here on that F

has no dependence on (y,ω).

Since the periodic setting embeds into the stationary ergodic setting we know that trying to treat

the general stationary ergodic case will result in some serious difficulties. The problem, as before,

is that ergodicity is not necessarily preserved under restricting the permitted translations to lie in a

hyperplane. A property more amenable to these restrictions is strong mixing.

In order to avoid this difficulty with the ergodicity and to give as simple as possible an explanation

of our results we will also consider here a more specialized setting. As far as we are aware this

is not directly embeddable as special case of (1.2.6). Instead of restricting a stationary ergodic

random field on Rd to ∂U , we will instead locally lift random fields on Rd−1 up to ∂U . Given a

smooth partition of unity of ∂U , (ϕ j)N
j=1, points x j ∈ supp(ϕ j)∩∂U , diffeomorphisms ζ j mapping
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an open subset ofRd−1 onto the interior of supp(ϕ j), and a collection of stationary ergodic random

fields on Rd−1, g j,(x′,ω), we define a random field on ∂U ,

gε(x,ω) =
N

∑
j=1

ϕ j(x)g j(ε−1
ζ
−1
j (x),ω).

This gε will be our Dirichlet boundary data for another random homogenization problem analogous

to (1.2.6). Informally we refer to the general problem as “restricting from the whole space” and the

specialized problem we introduce here as “lifting from hyperplanes”. The lifting from hyperplanes

problem is no longer associated with the boundary layer correctors from interior homogenization

described earlier, but it could equally well have interest for physical problems.

A formal derivation similar to the one carried out in the previous section allows us to guess the

form of the cell problem. For the restricting from the whole space problem the cell problem has

the familiar form, 
F(D2v) = 0 in {y ·σ > 0}

v = ψ(y,ω) on ∂{y ·σ > 0},
(1.2.7)

where ψ will be at least a strongly mixing random field on Rd which is stationary with respect

to Rd translations. This Rd translation stationarity is important, if for example we only had Zd

translation stationarity we would again run into problems with rational and irrational directions.

For the lifting from hyperplanes case the cell problem takes the slightly different form,
F(D2v) = 0 in {y ·σ > 0}

v = ∑
N
j=1 a jψ j(Tjy,ω) on ∂{y ·σ > 0},

(1.2.8)

where ∑a j = 1 and Tj : Rd−1 → ∂{y ·σ > 0} are invertible linear transformations. In terms of

the original boundary data gε , the cell problem at a point x ∈ ∂U would have a j = ϕ j(x), ψ j = g j,

and Tj = Dζ j
∣∣
ζ
−1
j (x). We emphasize that the important difference from the previous cell problem

(1.2.7) is that ψ j may be permitted to only have stationarity with respect to Zd−1 translations. The

problem is to show that there exists a limit at infinity,

lim
R→∞

v(Rσ ,ω) = µ(ψ,T,a,F) almost surely. (1.2.9)
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Here ψ,T,a refer to the collections (ψ j)N
j=1, (Tj)N

j=1 and (a j)N
j=1 respectively. In fact for the

general domain problem, unlike in the periodic case, it will also be necessary for us to show a rate

of convergence even to achieve qualitative homogenization.

In the case of boundary data given by lifting from hyperplanes the homogenized problem is for-

mally, 
F(D2u) = 0 in U

uε = g(x) on ∂U,
(1.2.10)

where

g(x) = µ((g j)N
j=1,(Dζ j

∣∣
ζ
−1
j (x))

N
j=1,(ϕ j(x))N

j=1,F).

The goal is to show uε converge almost surely to u solving (1.2.10).

To state our results we will focus on the simplest setting for the random medium, an i.i.d. random

checkerboard of uniform [−1,1] random variables. The restricting from the whole space problem

has some difficulties which we wish to avoid in this introduction. For this reason we now restrict

to discussing the case of lifting from the hyperplane. We take ξ
j

k for 1 ≤ j ≤ N and k ∈ Zd−1 to

be i.i.d. uniform random variables in [−1,1]. Let ρ be some smooth compactly supported bump

function. We define,

g j(x,ω) = ∑
k∈Zn

ξ
j

k (ω)ρ(x− k).

This random field will only be stationary with respect to Zn.

We now give a brief description the techniques we employ to show that the cell problem (1.2.8)

homogenizes when F is non-random. Our method relies on concentration inequalities for Lipschitz

functions of many independent random variables. In the case of the i.i.d. uniform random checker-

board described above the necessary concentration result is a consequence of the log-Sobolev

inequality satisfied by the random field. We show that the solution of the cell problem (1.2.8),

v(Rσ ;ξ ), is a Lipschitz function of the boundary data ξ with Lipschitz constant decaying to zero

as R→ ∞. This allows us to show that v(Rσ ;ξ ) concentrates about its mean. We combine this

with PDE arguments to show that the sequence of means Ev(Rσ ;ξ ) has a limit. This will imply,

in particular, that v(Rσ ;ξ ) converges almost surely to a non-random constant as R→ ∞.
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In the general domain case we are able to use our result for the cell problem in local neighborhoods

to control the difference uε −u on an event of high probability. Our results are summarized by the

following Theorem.

Theorem 1.2.5. Let the random media gε be of “random checkboard”-type as described above.

The cell problem (1.2.8) homogenizes at each x ∈ ∂U, i.e. (1.2.9) holds and furthermore there is

an algebraic rate of convergence in probability. The general domain problem homogenizes, that is

uε converge for all x ∈U almost surely to u solving (1.2.10). Moreover there is an algebraic rate

of convergence in probability in any compact subset of U.

There are many details left out of this description see Chapter 5 for the full results and proofs.
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Part I

Droplet Model
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CHAPTER 2

Dynamic Stability of Equilibrium Capillary Droplets

We consider the function u(x, t) :RN× [0,∞)→ [0,∞) solving the following free boundary problem
−∆u(x, t) = λ (t) in {u > 0},

V = F(|Du|) on ∂{u > 0},
(P-V)

where the Lagrange multiplier λ (t) is associated to the volume constraint∫
u(·, t)dx≡ Vol > 0. (2.0.1)

(see Figure 1.)

V = Vx,t given above denotes the (outward) normal velocity of the free boundary ∂{u > 0} at (x, t).

Indeed we denote our problem as (P-V) to emphasize the volume-preserving feature of the problem

(2.0.1). In contrast, later on we will introduce a corresponding problem called (P-λ ) where λ (t) is

a priori given function of time, for which the volume is not necessarily preserved but comparison

principle holds.

The prescribed normal velocity F : R→ R is a continuous and strictly increasing function with

F(1) = 0, where 1 denotes the equilibrium contact angle of the profile u with the surface. See

Section 2 for a rigorous formulation of weak solutions for (P-V).

In two dimensions, (P-V) is a simplified model to describe a liquid droplet resting on a flat surface.

The model is quasi-static in the sense that the speed of the contact line is much slower than the

capillary relaxation time: see below for more discussion on the derivation of the model (also

see [Gre78]). In this context, u denotes the height of the drop. We call Ωt := {u(·, t) > 0} the

wetted set and the free boundary Γt := ∂{u(·, t) > 0} the contact line between the liquid and the

flat surface. The function

F : [0,+∞)→ R
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Figure 2.1: Description of the problem

represents the dependence of the normal velocity of the contact line Γt on the contact angle. The

deviation of the contact angle |∇u| on Γt(u) from the equilibrium value 1 is responsible for the

motion of the contact line. The relation between the velocity of the contact line and the contact

angle |∇u| is not a settled issue, and various velocity laws have been proposed and studied (e.g.

[BR97], [Gre78], [HM93]) in the fluids literature. This motivates us to study our problem (P-V)

with the most general possible F , at least for the study of geometric properties of solutions.

In section 4 and 5, we will focus on F(|Du|) = |Du|2−1 for simplicity of presentation, since the

associated energy structure is simplest for this choice of F . The approach we present nevertheless

will apply to the general F , as we will discuss in section 4.

Our aim is to address the long time behavior of the solution of (P-V). Note that the equilibrium

solution v(x) for (P-V) solves 
−∆v(x) = λ in {v > 0},

|Dv|= 1 on ∂{v > 0}.
(EQ)

Assuming that v is C2,α , the classical result of Serrin [Ser71] based on Alexandrov’s moving planes

method [Ale62] (also see for example [BN91], [GNN79]) yields that v is radial. We would like to

show the dynamic stability of the above result, in the context of our model. More precisely, we

would like to show that the solutions of (P-V) uniformly converges to the round drop given by (EQ).

Such a stability result is, to the best of our knowledge, new in any model describing evolution of

volume-preserving drops. (see [ABR99] and [BNS08] for stability results on stationary problems).
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In general, the behavior of evolving drops is highly difficult to observe due to the diverse possibility

of topological changes the drop may go through, which generates instabilities in the evolution.

In the event of the topology changes it seems like a highly challenging task to track the long-

time behavior of solutions, which would most likely end up looking like a multiple (or countable)

collection of round drops. On the other hand, it is reasonable to expect that the drops stay simply

connected if its initial shape is star-shaped with respect to some ball inside of the drop. This is what

we confirm in terms of ρ-reflection (see Definition 2.2.10) which measures star-shapedness of a

drop with respect to the reflection comparison. Numerical simulations suggest that initially convex

drops may develop an wedge while it contracts (see e.g. [Gla05]), and thus our definition, which

allows wedges on the free boundary, seems to be appropriate to address the global-time behavior

of the drop.

Theorem 2.0.1 (Theorem 5.1). Suppose u0 satisfies ρ-reflection and
∫

u0 = Vol, with 0 < ρ ≤
1
10Vol

1
N+1 . Then the following holds:

(a) there exists an “energy” solution (see the definition in section 5) u(x, t) of (P-V) with initial

data u0 which stays star-shaped for all times and is Hölder continuous in space and time

variable.

(b) Any energy solution of (P-V) with initial data u0 converges uniformly modulo translation

to the unique equilibrium solution v of (EQ) with volume V . Moreover the set {u(·, t) > 0}

converges, modulo translation, to a ball in Hausdorff topology.

Remark 2.0.6. It should be pointed out that the result is not a perturbative one. In fact for any

initial base of the drop {u0 > 0} which is star-shaped with respect to some ball inside it (e.g. a

star or a triangle), our theorem implies given that the drop has sufficiently large volume. Indeed

the proof is based on geometric, moving-plane method-type arguments as mentioned above (see

section 3). As a consequence we obtain explicit estimates on the size of the parameter ρ .

Remark 2.0.7. It may be possible to obtain the rate of the convergence by further investigation of

the formal energy dissipation inequality carried out in the beginning of section 4. Unfortunately in

our setting u is not regular enough for the calculation to go through.
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Remark 2.0.8. Corresponding results were proved for convex solutions of the volume preserving,

anisotropic mean curvature flow by Belletini et al. [BCC09], but their approach strongly depends

on the level set formulation of the problem as well as the convexity preserving and regularizing

feature of the mean curvature flow.

The use of maximum principle and moving plane-type arguments is motivated by the study of

stationary problem by Serrin [Ser71]. It is an open question whether there exist other geometric

properties besides ρ-reflection that are preserved throughout the evolution (P-V). In fact, finding

such a geometric property and thus ensuring that the drop stays simply connected is one of the

main novel features in our result. Let us point out that, in particular, it is unknown whether the

convexity of the drop is preserved in the system (P-V).

2.0.3 The Model

The energy of a static droplet which occupies a subset of RN+1 resting on the plane {xN+1 = 0} is

given by

J(E) = P(E ∩{xN+1 > 0})+
∫

E∩{xN+1=0}
σdH N +

∫
E

ρgxN+1dx. (2.0.2)

Here P(F) is the perimeter of a subset F of RN+1 defined at least for bounded domains with

Lipschitz boundaries. Stationary droplets correspond to minimizers of the energy J when the

volume |E| = Vol is fixed. The first term is the energy due to surface tension of the free surface

of the droplet. The second term is the energy due to the adhesion between the droplet and the

surface it rests on, σ is called the relative adhesion coefficient and in general it can be spatially

dependent. In this dissertation however we will assume σ is constant. The third is a gravitational

potential energy, ρ is the mass per unit volume of water and g the acceleration due to gravity. We

will neglect the effects of gravity and assume that

g = 0

one expects this to be a reasonable approximation when the total volume is small.

We will make the further assumption that our droplets are the region under the graph of a function
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u : RN → [0,+∞),

E = {(x′,xN+1) ∈ RN× [0,+∞) : xN+1 < u(x′)}.

Now, thinking of the droplet in terms of the function u, its height profile, the energy simplifies to

become,

J(u) =
∫
{u>0}

√
1+ |Du|2dx+σ |{u > 0}|. (2.0.3)

The Euler-Lagrange equation corresponding to fixed volume energy minimizers involves the mean

curvature of the free surface. Finally, to simplify our analysis, we linearize (2.0.3) and taking

σ =−1/2 for concreteness we get

J (u) =
∫
RN
|Du|2dx+ |{u > 0}|. (2.0.4)

Some remarks are due on the account of the linearized energy. First of all let us mention that such

linearization is most legitimate in the setting of small volume or with small gradients, even though

our analysis is not restricted to such settings. We consider the linearized energy mainly because it

is easier to fit into the setting of viscosity solutions theory. With the original energy, the resulting

Euler-Lagrange equation for the height of the drop is that of prescribed mean curvature equation,

which does not always have classical solutions if the support of the drop is less than C2. While

this may be only a technical issue and could be overcome with the variational techniques, we have

made a deep investigation of the original energy as of yet.

Formally our problem (P-V) can be written as the gradient flow associated with the energy J (u)

(see the heuristic argument in section 4). In this dissertation we show that, in the graph setting

with the energy J (u), for a large class of initial data (see Remark 2.0.6) we are able to give a

point-wise description on the movement of the contact line ∂{u > 0} using the notion of viscosity

solutions. We mention that in the general non-graph setting, and in a different time scale where

evolution occurs only by evaporation and gravity, a minimizing movement scheme in the spirit

of [Mie07] was carried out for the general energy J(E) in [AD11] to derive a weak solution in the

continuum limit, where the solution is given as an evolution of entire drop (sets of finite perimeters

in RN+1).
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2.0.4 Main challenges and strategy

The major difficulty of this problem is the lack of strong compactness (either in the associated

energy given above or in the problem itself) which hinders most approximation arguments with-

out geometric restrictions. In particular the standard comparison principle fails due to λ (t), or,

more fundamentally, the volume preserving nature of the problem. We emphasize that one cannot

simplify the problem by replacing λ fixed in the problem, especially when one is interested in

the long-time behavior of the solutions: in fact, one can show that, if we fix λ then most drops

either vanish in finite time or grow to infinity. In comparison to other volume-preserving problems

such as the volume-preserving mean curvature flow or the Hele-Shaw flow with surface tension,

the evolution of our problem (P-V) is driven by the contact angle, not by higher-order regulariz-

ing terms such as the mean curvature. This aspect of the problem challenges, for example, the

diffusive-interface approach which are present in many other problems.

To get around aforemented difficulties and establish the existence of solutions for (P-V), we utilize

the energy structure of the problem. Formally, solutions of the problem (P-V) are gradient flows

of an energy associated to the capillary drop problem. This formulation of the problem is best

understood from the perspective of the wetted set. The energy of a capillary drop of volume V

resting above a domain Ω⊂ RN is taken to be

J (Ω) :=
∫

Ω

|Du|2 + |Ω| (2.0.5)

where, for now, u is the height profile above the wetted set Ω and is defined by

u := argmin{
∫
|Dv|2 : v ∈ H1

0 (Ω),
∫
RN

v = Vol}. (2.0.6)

Then one models the motion of the capillary droplet as a gradient flow of the functional J in an

appropriate space of subsets of RN .

A rigorous justification of this approach is carried out using a regularized discrete gradient flow

scheme in the space of Cacciopoli sets (sets of finite perimeter) in [GK11]. Since the analysis has

been performed in the general setting which allows pinching and merging of droplet components,

the resulting continuum solution is rather weak and is unstable under the variation of initial data. In
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this dissertation we show that much stronger results can be obtained when the initial data satisfies

the ρ-reflection (see Theorem 2.0.1). Our analysis will be based on the aforementioned energy

structure of the problem with geometric arguments (reflection maximum principle) as well as a

modified viscosity solution theory where one views λ (t) as a prescribed parameter.

Let us explain the geometric argument in more detail. For a priori given positive and continuous

λ (t), let us consider the problem
−∆u(x, t) = λ (t) in {u > 0},

ut = F(|Du|)|Du| on ∂{u > 0}.
(P-λ )

For a given function λ (t) as above and under some assumption on the niceness of the initial data

Ω0 and boundedness and ellipticity assumptions on F , a comparison principle holds for (P-λ ) and,

by a standard application of Perron’s method, there exist global-in-time viscosity solutions.

We show, under an additional assumption on the star-shapedness of the initial data Ω0 (ρ-reflection),

the existence of such a function λ (t) defined for all times such that a viscosity solutions u of (P-λ )

satisfies ∫
u(x, t) dx =

∫
u(x,0) dx =: Vol

for all t > 0. The proof is carried out by showing that, when Ω0 is strongly star-shaped, then

the “energy solution”, constructed with the discrete time scheme associated with gradient flow

structure mentioned above, stays star-shaped and coincides with the viscosity solution of (P-λ )

with the corresponding λ . We point out that it is not a priori clear whether the discrete-time energy

solutions preserve the star-shaped condition, so we incorporate the restriction directly into the

approximate scheme (See section 4) to obtain the continuum limit. The introduction of geometric

restriction to the gradient flow scheme seems to be new and of independent interest.

2.0.5 Outline of the Chapter

In section 2 we recall known results about the solutions of (EQ). It turns out that viscosity solutions

of (EQ) with connected and Lipschitz positive phase are radial and minimize the associated energy.
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In section 3 we investigate the geometric properties of the viscosity solutions of (P-λ ). In particular

we show that ρ-reflection property is preserved over the time (see Corollary 2.2.24), based on the

reflection maximum principle. We point out that the reflection maximum principle holds only

when the solution of (P-λ ) is stable under perturbations, which is the case when the solutions are

star-shaped (see section 3.5 as well as the Appendix).

In section 4 we discuss the energy structure of our original problem (P-V). Motivated by the formal

gradient flow structure, we construct a solution of (P-V) as a continuum limit of a discrete-time

“minimizing movement” scheme following the approach of [Cha04], [Mie07]. By putting the ρ-

reflection property as a constraint for the minimizing movements, we obtain uniform convergence

of solutions in the continuum limit. An important result proved here is Proposition 4.7, which states

that the limiting “energy” solution is indeed a viscosity solution of (P-λ ) with volume-preserving

property.

In section 5 we make use of the energy structure of the problem to show that any energy solution

obtained in section 4 uniformly converges to the radial solution as t → ∞, modulo translation

(Theorem 2.4.1) We point out that our result does not imply that our solutions converge to a unique

radial solution centered at a given point, since the drops may slowly move around a range of round

profiles and may not converge to a single one. The physical uniqueness of the limiting profile and

the characterization of its center remain open at the moment (Though see Proposition 2.4.1 for the

discussion on the uniqueness).

2.1 The Equilibrium Problem

Now consider the volume constrained minimization problem

inf{J(u) : u ∈ H1(RN) and
∫
RN

u = Vol}. (2.1.1)

One can show immediately using symmetric decreasing rearrangements that any infimizer of

inf{J(u) : u ∈ H1(RN) and
∫
RN

u = Vol and u radial }
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is also an infimizer of (2.1.1). That the only minimizers are radial is more delicate. One can show

this using a theorem from [BZ88]. We will not discuss the specifics here since this fact will not be

needed for our arguments.

To find the unique (up to translation) minimizers of (2.1.1) among radial functions first fix a par-

ticular radius r for the radially symmetric support set of the droplet

{u > 0}= Br(0).

Now the minimization becomes

inf{J(u) : u ∈ H1
0 (Br(0)) and

∫
RN

u = Vol and u radial }

the unique infimizer is just the solution of the Dirichlet problem for the Laplace operator with

lagrange multiplier λ = λ (r) ∈ (0,+∞) chosen so that the height profile

ur(x) = max{ λ

2N
(r2−|x|2),0}

has the correct volume. Then explicitly calculating λ (r) and minimizing J over r > 0 one can

easily check that for

r∗ = (
N

N +2
)1/(N+1)V 1/(N+1)

ur∗ is the strict minimizer of J among radial H1 functions and therefore – by the rearrangement

argument that was mentioned above – is also a minimizer among all H1 functions.

Alternatively, one can consider the Euler-Lagrange equation for (2.1.1) which is given by,
−∆u = λ in {u > 0},

λ > 0 s.t.
∫

u = Vol,

|Du|= 1 on ∂{u > 0}.

(EQ)

Then there is a classical theorem of Serrin [Ser71] regarding the uniqueness of solutions of (EQ).

Theorem 2.1.1. (Serrin) Let u : RN → [0,+∞) be compactly supported such that ∂{u > 0} a C2

hypersurface inRN and u is a classical solution of (EQ). Then {u > 0}= Br∗(x0) for some x0 ∈RN

and

r∗ = (
N

N +2
)1/(N+1)Vol1/(N+1). (2.1.2)
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Serrin’s proof of this theorem used the method of moving planes and a variant of the Hopf Lemma

for domains with corners. The best possible spatial regularity we are able to show for the evolving

contact line in (P-λ ) is Lipschitz. In order to apply Serrin’s result to show the convergence to

equilibrium, we need the same result to hold for viscosity solutions of (EQ) with positivity sets

which are Lipschitz domains. It is not clear whether it is possible to use a variant of the moving

planes method to show this. Instead we use some regularity results for free boundary problems.

First a theorem of De Silva from [De ] shows that viscosity solutions of (EQ) with Lipschitz free

boundaries are classical solutions.

Theorem 2.1.2. (De Silva) (Lipschitz implies C1,α ) Let Ω⊆ RN a domain and u : RN → [0,+∞)

be a viscosity solution of the free boundary problem in Ω,
−∑

N
i, j=1 ai j∂i ju = f in {x ∈Ω : u(x) > 0}

|Du|= g on Γ(u) := ∂{u > 0}∩Ω

(2.1.3)

where ai j, g ∈C0,β (Ω) for some 0 < β ≤ 1 and f ∈C(Ω)∩L∞(Ω) and g≥ 0. Moreover, we have

the ellipticity condition: there exists 0 < λ < Λ such that for all ξ ∈ ∂B1(0)⊂ RN and all x ∈Ω,

λ ≤∑ai j(x)ξiξ j ≤ Λ.

Then if x0 ∈Γ(u), g(x0) > 0 and Γ(u) is a Lipschitz graph in a neighborhood of x0 then Γ(u) is C1,α

in a smaller neighborhood of x0 for α > 0 depending only on N, β , and the ellipticity constants λ

and Λ.

Using above result, higher regularity of u can be derived from the Hodograph method [KNS78]

when the coefficients are smooth and Γ(u) is locally Lipschitz. See Appendix C for more details .

Corollary 2.1.1. Let u solve (2.1.3) with (ai j) as identity matrix and f = g = 1. In addition suppose

that Γ(u) is locally Lipschitz and is bounded. Then u and Γ(u) is C∞.
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2.2 Viscosity Solutions

2.2.1 Basic Definitions and Assumptions

We will recall the basic viscosity solution theory for (P-λ ). A more detailed exposition for free

boundary problems of a similar form can be found in [Kim03]. First we restate the problem under

consideration, 
−∆u(x, t) = λ (t) in Ωt ,

ut = F(|Du|)|Du| on Γt .
(P-λ )

λ : [0,+∞)→ [0,+∞) will be bounded and continuous. We will work in a space-time parabolic

domain defined as any Q = U × (a,b] where 0 ≤ a < b ≤ +∞ and U is a domain (possibly un-

bounded) in RN , with parabolic boundary,

∂pQ := U×{t = 0}∪∂U× [a,b].

The positive phase of a height profile u : Q→ [0,+∞) is defined as

Ω(u) := {u > 0} and Γ(u) := ∂Ω(u) (2.2.1)

and at particular times,

Ωt(u) = Ω(u)∩{(y,s) ∈ Q : s = t} and Γt(u) = ∂Ωt(u).

The dependence on u will be omitted when it is unambiguous which droplet profile we are referring

to. The free boundary velocity F will satisfy the boundedness and ellipticity assumption,

Assumption A. F : [0,+∞)→ R is strictly monotone increasing and continuous, and F(1) = 0.

Assumption B. There exists c > 0 such that for ε sufficiently small,

(1+ ε)F((1+ ε)−1s)+ cε ≥ F(s). (2.2.2)

Notice if Assumption 2 holds then necessarily F has sublinear growth at ∞. For any s > 0 using

(2.2.2) bs/εc times with ε → 0 yields:

F(s)≤ cs+max{(1+ s)F(0),0}.
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The monotonicity assumption on F implies, at least formally, that the problem (P-λ ) has a compar-

ison principle. This is the underlying reason why viscosity solutions are the natural definition of

weak solution for this PDE. The second assumption is important for proving the strong comparison

results and thereby the regularity of the viscosity solutions of (P-λ ). It is not clear to us whether

this assumption is only technical. Some examples which satisfy the Assumptions A and B are

Example 2.2.1. If F(s) := sp−1 for p≤ 1 then by a simple calculation (2.2.2) is satisfied for all

ε > 0 with c = 1.

The following example in the case p = 2 will be important to us later,

Example 2.2.2. Let M > 0 and p > 1, suppose F(s) := max{sp−1,M} then a calculation shows

(2.2.2) is satisfied for ε ≤ 1+ 1
2(p−1)−1 and c≥ 2(M +2).

Now we turn to defining a notion of solution for (P-λ ). For E ⊂ RN× [0,+∞) we use the notation

C2,1(E) for functions f with two continuous derivatives in the spatial variables and one continuous

derivative in time. First we define a classical solution of the free boundary problem.

Theorem 2.2.1. (Classical Solutions) A profile u : Q→ [0,+∞) is a classical subsolution (super-

solution) for the free boundary problem (P-λ ) on Q if u ∈ C2,1(Ω(u)∩Q) and (P-λ ) is satisfied

in the pointwise classical sense with equality signs replaced by ≤ (≥ in the supersolution case).

Classical solutions are both super and subsolutions.

For general initial data the contact line motion problem will not have a classical solution. To get

existence of a weak solution we define the notion of viscosity solution of (P-λ ). First though we

define the following standard notion.

Theorem 2.2.2. (Strictly separated) Let v, w be defined on a set D ⊆ RN × [0,∞) then we say v

and w are strictly separated on D and write v≺ w if Ω(v)∩D is compact and v < w on Ω(v)∩D.

Next we define subsolutions and supersolutions, then a viscosity solution is defined to satisfy both

the sub and supersolution properties. Informally, u is a subsolution of (P-λ ) if u cannot be crossed

from above by any strict classical supersolution. More precisely:
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Theorem 2.2.3. (Subsolution) A non-negative upper semi-continuous function u : Q→ R+ is a

subsolution of (P-λ ) if, for any parabolic domain Q′ ⊆Q, and any strict classical supersolution φ

with u≺ φ on ∂pQ′, then u≺ φ in Q′.

Theorem 2.2.4. (Supersolution) A non-negative lower semi-continuous function u : Q→ R+ is a

supersolution of (P-λ ) if, for any parabolic domain Q′ ⊆Q, and any strict classical subsolution φ

with φ ≺ u on ∂pQ′, then φ ≺ u in Q′.

Theorem 2.2.5. (Solution) A viscosity solution of (P-λ ) is a non-negative continuous function u

on Q which is both a supersolution and a subsolution.

Viscosity solutions with sufficient regularity are classical solutions. For example see [BV05,

Kim03]. Naturally, one can assign boundary data on the parabolic boundary. We will usually

have Q = RN× (0,T ] and in that case this will reduce to assigning initial data.

Theorem 2.2.6. (Subsolution with boundary data g) Let g : ∂pQ→ [0,+∞) bounded then u is a

subsolution of (P-λ ) on Q with boundary data g if u is a subsolution of (P-λ ) on Q as defined

above and

limsup
(y,s)→(x,t)∈∂pQ

u(y,s)≤ g(x, t)

Supersolutions and solutions are then defined analogously.

For the rest of the chapter, in the case Q =RN× (0,T ], when we assign initial data we will specify

the positivity set as some Ω0 ⊂ RN an open domain and then u0 the initial data will be taken to

solve

−∆u0(x) = λ (0) and u0(x) = 0 for x ∈ Γ0 = ∂Ω0.

As mentioned in the introduction, it is often more natural to think of the problem as an evolution

on the positivity sets.

Remark 2.2.3. In general, the solution of (P-λ ) is not expected to be continuous. First of all, the

solutions can vanish or blow up in finite time. A simple calculation in the radially symmetric case

demonstrates these behaviors. Even without blow up the solution may be discontinuous for certain

initial data: one can construct an example in one dimension where two adjacent drops merge after
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a short time, causing a discontinuity. To address the long time behavior of our solutions without

the complexity of multiple components, we will make restrictions on the initial data such that our

solutions actually are continuous.

An important basic property of viscosity solutions theory is the stability of viscosity solutions

under uniform convergence. We state this in the following lemma. For example see [CIL92].

Lemma 2.2.4. Let un : RN× [0,T ] be a sequence of viscosity solutions of the problems
−∆un(x, t) = λn(t) in Ωt(un),

∂tun = Fn(|Dun|)|Dun| on Γt(un).

where Fn are all monotone increasing and continuous. Suppose that un→ u, Fn→ F and λn→ λ

uniformly on compact sets, then u is a viscosity solution of
−∆u(x, t) = λ (t) in Ωt(u),

∂tu = F(|Du|)|Du| on Γt(u).

As mentioned in the introduction, it is useful sometimes to formulate the problem (P-λ ) as an

evolution on domains in RN . We quickly define what it means for an evolution

Ωt : [0,+∞)→{ bounded subsets of RN}

to solve (P-λ ) in the viscosity sense.

Theorem 2.2.7. The evolution Ωt is a supersolution (subsolution) of (P-λ ) if and only if,

u[Ωt ] := the solution of


−∆u(x, t) = λ (t) in Ωt

u = 0 on Γt .
(2.2.3)

is a supersolution (subsolution) in the sense of Definition 2.2.4 (Definition 2.2.3).

2.2.2 Sup and Inf Convolutions

An important property of subsolutions (supersolutions) is the closure under sup (inf) convolutions.

These convolutions will be used to perturb the originial solutions and to overcome the lack of

scaling invariance in the problem (P-λ ).
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Lemma 2.2.5. (Convolutions in space)

(a) Let u be a subsolution of (P-λ ) on RN × [0,+∞), and r > 0, c ≥ 0 and define the sup-

convolution of u

ũ(x, t) := sup
y∈Br−ct(x)

u(y, t). (2.2.4)

Then ũ is a subsolution with free boundary speed F(|Dũ|)− c as long as r− ct > 0.

(b) Let u be a supersolution of (P-λ ) on RN× [0,+∞), and r,c > 0 and define the inf-convolution

of u

ũ(x, t) := inf
y∈Br−ct(x)

u(y, t). (2.2.5)

Then ũ is a supersolution with free boundary speed F(|Dũ|)+ c as long as r− ct > 0.

We refer to [GK09] for the proof. For the intuition on why the free boundary speed is increased

(decreased) by inf (sup) convolutions we recommend that the reader think of the one dimensional

case first.

2.2.3 Comparison

We state the general strictly separated comparison principle for viscosity solutions of (P-λ ),

Theorem 2.2.1. (Comparison for strictly separated data) Suppose u is a supersolution and v a

subsolution of (P-λ ) on Q. Suppose u and v are strictly separated (defined above in Definition

2.2.2) on the parabolic boundary of Q,

v≺ u on ∂pQ

then v < u in Ω(v)∩Q, in particular Γ(v) cannot touch Γ(u) from the interior on any compact

subset of Q.

Proof. The proof can be found in various places in the literature [Kim03,BV05,CV99,KP12]. We

will go into more detail later in Section 2.2.3.
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As mentioned in Remark 2.2.3, we will need to make a geometric restriction on our initial data to

expect the existence of a viscosity solution which is stable under a family of perturbations. First,

we recall the definition of a set star-shaped with respect to a point:

Theorem 2.2.8. A domain Ω ⊆ RN is called star-shaped with respect to a point x if for every

y ∈ ∂Ω the line segment between x and y is contained in Ω.

Then the assumption on our initial data Ω0 will be called strong star-shapedness:

Theorem 2.2.9. We call a domain Ω strongly star-shaped if there exists r > 0 such that Ω is

star-shaped with respect to every point of Br(0). For each R > 0 we define the class of uniformly

bounded strongly star-shaped sets:

Sr,R := {Ω⊂ BR(0) : Ω star-shaped with respect to Br(0)}, Sr :=
⋃

R>0 Sr,R, (2.2.6)

and the class of strongly star-shaped sets

S0 :=
⋃
r>0

Sr. (2.2.7)

That the ball Br(0) is centered at the origin is only for convenience, the problem is translation

invariant. We will often refer to the strongly star-shaped property by saying that a set Ω0 ∈Sr,R in

order to clarify the role of r. We note a basic property of sets in Sr,R – they are Lipschitz domains

with the Lipschitz constant depending only on r,R. First, we define a notation for cones with apex

at the origin. For x ∈ RN and θ ∈ (0,π) the cone in the direction x with opening angle θ is called,

C(x,θ) := {y : 〈x,y〉 ≥ (cosθ)|x||y|} . (2.2.8)

We show that Ω ∈Sr have interior and exterior cones at every boundary point:

Lemma 2.2.6. The following are equivalent for a bounded domain Ω⊃ Br(0):

(i) The domain Ω ∈Sr.

(ii) There is an ε0 ∈ (0,∞] such that for all x ∈ΩC there is an exterior cone to Ω,

x+C (x,θx)∩Bε0(x)⊂ΩC where sinθx = r
|x| . (2.2.9)
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(iii) For all x ∈ ∂Ω there is an interior ’cone’ to Ω,

(x+C (−x,θx))∩C
(
x, π

2 −θx
)
∪Br(0)⊂Ω where sinθx = r

|x| . (2.2.10)

(iv) There exists ε0 > 0 so that

Ω⊂⊂
⋂
|z|≤aε

[(1+ ε)Ω+ z] for all ε0 > ε > 0, (2.2.11)

for every 0 < a < r.

Proof. The proof for parts (i)-(iii) is essentially in the picture, see Figure 2.2. For part (iv) let us

first note that (see figure 2.2),

x+C(x,θx)∩Bε0r(x)⊂
⋃

ε0>ε>0

⋃
0<a<r

Baε((1+ ε)x).

Therefore by (ii) Ω ∈Sr if and only if for all x ∈ΩC all ε0 > ε > 0 and all 0 < a < r,

Baε((1+ ε)x)⊂⊂Ω
C,

or equivalently, for every ε0 > ε > 0 and all 0 < a < r,

{x : d(x,(1+ ε)ΩC)≤ aε} ⊂⊂Ω
C.

Again, equivalently, for every ε0 > ε > 0 and all 0 < a < r,

Ω⊂⊂ {x : d(x,(1+ ε)ΩC)≤ aε}C = RN \
⋃
|z|≤aε

[(1+ ε)ΩC + z] =
⋂
|z|≤aε

[(1+ ε)Ω+ z] .

We prove a comparison principle for reflections through hyperplanes. This will be very useful to

us later because the reflection ordering is a property which does not depend on the radius from

the strong star-shapedness property. Let H be a hyperplane in RN with y ∈ H define the reflection

through H by

φH(x) = x−2〈x− y,νH〉νH .

The symmetry of the problem (P-λ ) with respect to reflections at least formally implies that if a

solution u(·, t) and its reflection u(φH(·), t) through H are initially ordered in the half spaces of H

then they will remain so.
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Figure 2.2: Interior and exterior cones for a strongly star-shaped domain.

Proposition 2.2.7. (Reflection Comparison) Suppose u : RN × [0,T ]→ [0,+∞) is a solution of

(P-λ ) such that Ωt(u) ∈Sr for some r > 0 and for all t ∈ [0,T ]. Let H be a hyperplane in RN with

H ∩Br(0) = /0 and define H+ and H− the half spaces of H such that Br(0) ⊂ H+. Suppose that

φH(Ω0)∩H+ ⊆Ω0∩H+ i.e.

u(φH(x),0)≤ u(x,0) for x ∈ H+.

Then we have the ordering:

u(φH(x), t)≤ u(x, t) for (x, t) ∈ H+× [0,T ].

A similar argument will give the more standard strong comparison result,

Lemma 2.2.8. (Strong comparison) Suppose u and v are respectively a sub- and supersolution of

(P-λ ) on RN× [0,+∞) which are initially ordered,

Ω0(u)⊆Ω0(v).

Suppose that that there exists T ≥ 0 such that for each t ∈ [0,T ] either Ωt(u) or Ωt(v) is in Sr,R

for some r,R > 0 independent of t. Then let c from Assumption B and define t0 := r2/(Rc) then

Ωt(u)⊆Ωt(v) for t ≤ T + t0.
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Proof. The proof is a slightly easier version of the proof of Proposition 2.2.7 so we omit it.

In order to get a strong comparison type result we want to slightly perturb the supersolution (or

the subsolution) so that strict separation holds initially and we can use Theorem 2.2.1. To achieve

this we use the inf and sup convolutions introduced above. This will be where the ’technical’

assumption on F B comes in.

Proof of Proposition 2.2.7: Let ε0 and c from Assumption B, 0 < a < r, and define for 0 < ε ≤ ε0,

vε(x, t) = (1+ ε)2u((1+ ε)−1x, t); and

uε(x, t) = inf
y∈Baε−cεt(x)

vε(y, t) for 0≤ t <
a
c
.

Then, from Lemma 2.2.6 part (iv) and the strong maximum principle for harmonic functions, we

have

u(x, t) < uε(x, t) in RN× [0,
a
c
) for ε > 0.

We check the super-solution property of uε . Note that vε(x, t) is a supersolution of,
−∆vε(x, t)≥ λ (t) in Ωt(vε)

∂tvε ≥ (1+ ε)F((1+ ε)−1|Dvε |)|Dvε | on Γt(vε).

Then, from Lemma 2.2.5, uε(·, t) is a supersolution of
−∆uε(x, t)≥ λ (t) in Ωt(uε)

∂tuε ≥ [(1+ ε)F((1+ ε)−1|Duε |)+ cε]|Duε | on Γt(vε).

Using Assumption B we conclude that uε is a super-solution of (P-λ ).

Since uε is a super-solution of (P-λ ), by the strictly separated comparison principle Theorem 2.2.1,

u(φH(x), t)≤ uε(x, t) in H+× [0,
a
c
).

Since uε ↘ u as ε → 0, it follows that

u(φH(x), t)≤ u(x, t) in H+× [0,
a
c
).

We now iterate bT0c/ac+1 times to conclude.

�
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2.2.4 Short Time Existence

As usual in the viscosity solutions theory, the comparison theorem is the key ingredient needed to

use Perron’s method to show existence. In the existence proof we will use the following elementary

facts about solutions of Poisson’s equation at the boundary.

Lemma 2.2.9. (Boundary Hölder Estimates in Lipschitz Domains) Let Ω ⊂ RN be a domain and

x0 ∈ ∂Ω and suppose that there exists θ ∈ (0,π/2) and ν ∈ SN−1 such that,

x0 +{x : 〈x,ν〉> cosθ |x|} ⊂ RN \Ω.

In other words, Ω has an exterior cone of opening angle θ at x0. Suppose Λ > λ > 0 and u : Ω→

[0,+∞) satisfies

−∆u(x)≤ λ for x ∈Ω

u(x) = 0 on ∂Ω

Then there exists α = α(θ ,N) ∈ (0,1) and C = C(λ ,N) > 0 such that for all h > 0,

sup
|z|≤h

u(x0 + z)≤Chα .

Lemma 2.2.10. (Boundary Gradient Estimate in C1,1 Domains) Let Ω⊂RN be a domain x0 ∈ ∂Ω

and suppose that there exists r > 0, y ∈ R\Ω such that

Br(y)∩Ω = {x}.

In other words, Ω has an exterior ball at x0 of radius r. Suppose Λ > λ > 0 and u : Ω→ [0,+∞)

satisfies u(x0) = 0 and

−∆u≤ λ for x ∈Ω.

Then

lim
s→0

sup
z∈Ω∩Bs(x)

u(z)
s
≤C(Λ,N)

supB2r(x0) u

r
.

We move on to the ’short time’ existence theorem. Actually this shows the existence of a global

in time discontinuous viscosity solution without any need for Assumption B. The uniqueness and

continuity however rely on the strong comparison result which requires Assumption B and only
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holds for a short time. This is to be expected as noted in Remark 2.2.3. In particular the limiting

factor will be the strong comparison principle Lemma 2.2.8 which only holds for a short time

barring any a priori knowledge about strong star-shapedness.

Theorem 2.2.2. (Short time existence and uniqueness) Let r > 0 and Ω0 ∈Sr, λ (t) a given Lips-

chitz function of time, and let u0 solve

−∆u0(x) = λ (0) and u0(x) = 0 for x ∈ Γ0.

Then there is a t0 > 0 depending only on r such that there exists a (unique) continuous viscosity

solution u of (P-λ ) on Q = RN× (0, t0] with initial data u0.

Proof. This proof, for F(Du) = max(|Du|3− 1,M), can be found in [GK09]. We construct a

sub and supersolution for general F which take the initial data continuously then apply Perron’s

method.

1. First we construct a subsolution. Let γ > 0 to be chosen later and define,

U(x, t) :=


λ (t)
λ (0)(1− γt)2u0( x

1−γt ) for t < γ−1

0 for t > γ−1
(2.2.12)

Then, calculating formally, if x0 ∈ Γ0 then (1− γt)x0 is in Γt and

Ut

|DU |
((1− γt)x0) = γx0 ·

Du0

|Du0|
≤ −γ|x0|

r
|x0|
≤minF

as long as γ = γ(r) is chosen larger than r−1 minF . Note that in the above calculation we have

used the fact that for Ω0 ∈Sr with smooth boundary, νx · x ≥ r
|x| on ∂Ω, see Lemma 2.2.6. This

calculation shows that U is a subsolution of (P-λ ) when ∂Ω0 is smooth enough that Du0 is defined

on ∂Ω0. The calculation can be transferred to the test functions to show that U is a subsolution in

the general case.

2. Next we construct a sequence of supersolutions which approximately take the initial data. Let

α = α(r/2,R) ∈ (0,1) from Lemma 2.2.9 combined with Lemma 2.2.6. Define, for any h > 0,

Vh(x, t) = the solution of


−∆Vh(·, t) = λ (t) in

⋂
|z|≤ρ(t)(1+h)(Ω0 + z)

Vh(·, t) = 0 on ∂
⋂
|z|≤ρ(t)(1+h)(Ω0 + z)

(2.2.13)
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where

ρ(t) =
r
2

(
h− 2

r
max{F

(
Chα−1) ,1}t) for 0≤ t ≤ 1

2rhmax{F
(
Chα−1) ,1}−1.

Here r/2 < r so that u0 ≺Vh as in Lemma 2.2.6. It follows from Lemma 2.2.5 that Vh satisfies

∂tVh

|DVh|
(x, t)≥max{F

(
Chα−1) ,1} on Γt(Vh)

in the viscosity sense. Let x ∈ Γt(Vh), then there exists y ∈ ∂Bρ(t)(x)∩ (1 + h)Γ0 and Ωt(Vh) has

the exterior ball at x

Bρ(t)(y)⊂ RN \Ωt(Vh).

Then, since Ωt(Vh) is an intersection of domains star-shaped with respect to Br/2(0), we apply

Lemma 2.2.10 and then Lemma 2.2.9 to get,

|DVh|(x, t)≤Ch−1 sup
|z|≤2h

Vh(x+ z, t)≤Chα−1

and it follows from the monotonicity of F that Vh is a supersolution.

3. Now we apply Perron’s method. Let us define

u(x, t) := sup{v : RN× [0,+∞)→ [0,+∞) : v is a subsolution of (P-λ ) with initial data u0}.

From its definition and Theorem 2.2.1 we get the ordering for all h > 0

U(x, t)≤ u(x, t)≤Vh(x, t) for 0≤ t ≤ 1
2rhmax{F

(
Chα−1) ,1}−1. (2.2.14)

Let us now define the upper and lower semi-continuous envelopes of u, respectively

u∗(x, t) = limsup
(y,s)→(x,t)

u(y,s) and u∗(x, t) = liminf
(y,s)→(x,t)

u(y,s).

It is standard in viscosity solution theory (see [CIL92]) to show that u∗ is a subsolution and u∗ is a

supersolution. Due to (2.2.14) one can check that u(·, t)→ u0(·) uniformly as t→ 0, i.e. u∗ = u∗ at

t = 0. Thus, letting t0 = t0(r,R) > 0 as in Lemma 2.2.8, we have u∗ ≤ u∗ on [0, t0]. Combining this

with the fact u∗ ≤ u∗, we obtain the existence of a unique continuous viscosity solution of (P-λ )

on [0, t0].
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We point out that the above proof yields a modulus of continuity in time of the contact line at t = 0.

For solutions which are uniformly strongly star-shaped on a time interval [0,T ] this extends to give

a uniform modulus of continuity in time for the contact line on [0,T ]. We make this explicit in the

case when F has polynomial growth below. For the rest of this section we will make the following

assumption:

Assumption C. There exists p≥ 0 such that:

limsup
s→∞

F(s)
sp < +∞ (2.2.15)

We prove a modulus continuity for strongly star-shaped solutions of (P-λ ) depending only on r, R,

p, supλ and supF(s)/sp:

Corollary 2.2.11. Suppose u : RN × [0,T ]→ [0,+∞) is a viscosity solution of (P-λ ) with 0 <

λ (t)≤ Λ bounded and F satisfying Assumptions A, B and C. Moreover suppose that Ωt(v) ∈Sr,R

for some r,R > 0 and all t ∈ [0,T ]. Let α from Lemma 2.2.10 and

β := 1
1+p(1−α) ,

then Γt(u) is Cβ in time in the Hausdorff metric, i.e.,

dH(Γt1(u),Γt2(u))≤CRr−β |t1− t2|β for all t1, t2 ∈ [0,T ].

Here C depends only on supF(s)/sp, p, Λ and N.

Remark 2.2.12. An analogous equicontinuity result is true for general F satisfying Assumptions A

and B. In this case the Hölder modulus of continuity will have to be replaced by a more general

modulus of continuity depending on the growth of F at infinity. We restrict to the polynomial

growth case for simplicity of presentation.

Remark 2.2.13. In particular, when F is bounded, Γt is Lipschitz in time with respect to dH metric.

Proof. Let T > t2 > t1 > 0 and γ from the proof of Theorem 2.2.2. Using the barriers from the

previous theorem,

u(x, t)≥U(x, t) :=


λ (t)
λ (t1)

(1− γt)2u( x
1−γt , t1) for t− t1 < γ−1

0 for t− t1 > γ−1.
(2.2.16)
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Also for h = Cr−β (t2− t1)β we have that

u(x, t2)≤Vh(x, t2)≤ λ (t2)
λ (t1)

(1+h)2u
(

y
1+h

, t1

)
. (2.2.17)

Then the following containments hold:

[(1− γ(t2− t1))∨0]Ωt1(u)⊆Ωt2(u)⊆ (1+Cr−β (t2− t1)β )Ωt1(u).

From which we derive,

dH(Γt1(u),Γt2(u))≤CRr−β |t1− t2|β . (2.2.18)

Remark 2.2.14. See Lemma 2.A.5 for some implications of (2.2.18).

We will be able to use this Corollary to show existence of a continuous viscosity solution for (P-λ )

when F has polynomial growth. The idea is to take the unique solution uM for the problem with

the free boundary velocity max{F,M} and let M→∞. Corollary 2.2.11 will give equicontinuity to

take a convergent subsequence of the uM as long as the Ωt(uM) ∈Sr,R with r,R uniform in M and

t. In order to show this we will need some kind of preservation of the strongly star-shaped property

which does not depend on M.

Lemma 2.2.15. Let T > 0 and un : RN× [0,T ]→ [0,+∞) be viscosity solutions of:
−∆un(x, t) = λn(t) in Ωt(un),

∂tun = Fn(|Dun|)|Dun| on Γt(un).

Ω0(un) = Ω0.

(2.2.19)

Here λn→ λ > 0 uniformly so that in particular there exists Λ > 0 so that:

sup
n

sup
t

λn(t)≤ Λ < +∞.

We suppose that Fn≤F for all n and Fn→F uniformly on compact sets. The limiting free boundary

speed F has polynomial growth of order p > 1,

0 < limsup
s→∞

F(s)
sp < +∞.
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The Fn are assumed to all satisfy Assumptions A, B and C, with Assumption C satisfied uniformly :

supn sups
Fn(s)

sp < +∞. (2.2.20)

Moreover, suppose that there exist r,R > 0 such that for all n and all t ∈ [0,T ] we have Ωt(un) ∈

Sr,R. However note that we do NOT assume that the constants cn from Assumption B are uniformly

bounded. Then the un converge uniformly on RN× [0,T ] to a viscosity solution of:
−∆u(x, t) = λ (t) in Ωt(u),

∂tu = F(|Du|)|Du| on Γt(u).

Ω0(u) = Ω0.

(2.2.21)

If additionally λn(t)≤ λ (t) for all n then u is the minimal viscosity solution (2.2.21). In particular,

in this case, the limit does not depend on the approximating sequence Fn.

Proof. 1. First we show that Ωt(un) is an equicontinuous sequence of paths in Sr,R. From Lemma

2.A.5 and Corollary 2.2.11 we derive for t,s > 0:

sup
n

dH(Ωt(un),Ωs(un))≤ sup
n

dH(Γt(un),Γs(un))≤C|t− s|β .

Then from the compactness lemma 2.A.6 for paths in Sr,R up to a subsequence Ωt(un) converge

uniformly to a continuous path Ωt in Sr,R with free boundary Γt := ∂Ωt .

Let u(x, t) be the solution of

−∆u(x, t) = λ (t) for x ∈Ωt

u(x, t) = 0 for x ∈ Γt .
(2.2.22)

We claim that un converges uniformly to u in RN× [0,T ], we will demonstrate this by showing the

following estimate:

|un−u|(x, t).r,R dH(Ωt(un),Ωt(u))α + |λn(t)−λ (t)|.

Let x ∈Ωt(u)∆Ωt(un), then:

d(x,∂ (Ωt(u)∪Ωt(un)))≤ dH(Γt(un),Γt(u)).r,R dH(Ωt(un),Ωt(u)).
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Since un−u = 0 on ∂ (Ωt(u)∪Ωt(un)) we get from Lemma 2.2.9,

|un−u|(x, t)≤Cd(x,∂ (Ωt(u)∪Ωt(un)))α .r,R dH(Ωt(un),Ωt(u))α .

Meanwhile for x ∈Ωt(u)∩Ωt(un) we combine the above inequality which holds on the boundary

of Ωt(u)∩Ωt(un) with the fact that diam(Ωt(u)∩Ωt(un)).R 1 to get,

|un−u|(x, t). dH(Ωt(un),Ωt(u))α + |λn(t)−λ (t)|.

We apply the stability of viscosity solutions under uniform convergence, Lemma 2.2.4, to see that

u is a viscosity solution of the PDE (2.2.21) as claimed.

2. Now we show that if λn↗ λ then u must be the smallest viscosity solution of (2.2.21). Let v

be another viscosity solution of (2.2.21). Note that due to the orderings Fn ≤ F and λn ≤ λ we

have that v is a supersolution of each of the approximating problems (2.2.19). Using the strong

comparison principle Lemma 2.2.8 which holds for each problem (2.2.19) we get

un ≤ v on RN× [0,T ].

2.2.5 Preservation of the Strongly Star-shaped Property

Here we describe some of the properties of the viscosity solutions of (P-λ ) and (P-V). First, we

will show that, if the droplet initially is in S0, then this property persists for a short time with

the radius of the strong star-shaped property going to zero in some finite amount of time. This

short-time regularity will not be sufficient to prove any kind of long-time behavior. However,

in Proposition 2.2.7 we have shown that a reflection comparison principle holds as long as the

positivity set is in Sr,R for any r,R > 0. The reflection comparison principle in turn will allow us to

show, in some situations, that actually there was no loss of star-shapedness. In particular for (P-V)

we will show that initial data which is in Sr for a sufficiently large r along with a condition on the

smallness of

sup
x∈Ω0

|x|− inf
x∈Ω0
|x|

44



will maintain some regularity globally in time. In fact, it will be strongly star-shaped for all time

with a possibly smaller radius.

We show that strong star-shapedness cannot disappear immediately. The below Lemma is essen-

tially contained in [GK09], we use a different proof.

Lemma 2.2.16. (Short time strong star-shapedness) Let u :RN× [0,+∞)→ [0,+∞) be the solution

of (P-λ ) with initial positive phase Ω0 ∈Sr for some r > 0. Then

Ωt ∈Sr−ct for 0≤ t <
r
c

where c is from Assumption B.

Proof. Let ε0 > ε > 0 and 0 < a < r, then from Lemma 2.2.6 and Assumption B we know that

uε(x, t) := inf|z|≤aε−cεt(1+ ε)2u((1+ ε)−1(x+ z), t) for t ≤ a
c

is a supersolution of (P-λ ) which has u(·,0)≺ uε(·,0). Therefore from the strict comparison result

Theorem 2.2.1 u≤ uε for t < a/c and in particular,

Ωt(u)⊂Ωt(uε) =
⋂

|z|≤(a−ct)ε

((1+ ε)Ωt(u)+ z) for every ε0 > ε > 0.

Since ε and 0 < a < r were arbitrary the converse direction of Lemma 2.2.6 part (iv) implies that

Ωt(u) has the claimed star-shapedness.

We would like to show Ωt(u) ∈Sr as long as Br(0) is contained in the positive phase Ωt(u). This

kind of preservation of the star-shapedness property would be very useful because we could get

regularity results by simply showing that the positivity set must always contain some small ball

around the origin. However, the arguments of Lemma 2.2.16 are insufficient to prove such a result.

This is where the reflection comparison principle Proposition 2.2.7 is useful. The key fact is that

reflection comparison holds as long as Ωt(u) ∈Sr for any r > 0.

We begin by defining a slightly stronger property than strong star-shapedness which is defined in

terms of reflections. In order to do this we will need some notations. Let Ω be an open bounded
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domain in RN . For ν ∈ SN−1, let H = H(ν) be the hyperplane through the origin orthogonal to ν

with the half spaces it defines:

H+ = H+(ν) = {x : x ·ν > 0}, H− = H−(ν) = {x : x ·ν < 0}.

Now for s > 0 define the translates,

H(s) = H + sν , H+(s) = H+ + sν , H−(s) = H−+ sν .

For s sufficiently large

Ω⊂ H−(s)

and so trivially

φH(s)(Ω∩H+(s))⊂Ω∩H−(s). (2.2.23)

See Figure 2.3 for a depiction of the situation. Now let us slide the hyperplane inwards towards

the origin by decreasing s until (2.2.23) no longer holds. We will call smin(ν ,Ω) the closest to the

origin that we can move this plane with (2.2.23) always holding. More precisely, we define

smin(ν ,Ω) := inf{s > 0 : φH(t)(Ω∩H+(t))⊂Ω∩H−(t) for all t > s}. (2.2.24)

In the following we omit the dependence of smin on Ω when it will not present any confusion. If

smin(ν) = 0 for every direction ν then Ω must be a ball. The basic approach of Serrin in [Ser71]

to showing the symmetry of solutions of (EQ) is to show that smin(ν) = 0 for all ν . In our case it

is useful to use this same idea of symmetry but in a weaker form.

Theorem 2.2.10. We say that a bounded, open set Ω has ρ-reflection if Bρ(0)⊆Ω and

sup
ν∈Sn−1

smin(ν)≤ ρ. (2.2.25)

Remark 2.2.17. As with strong star-shapedness, given some initial data Ω0, we will in general

assume that

sup
ν∈SN−1

smin(ν ,Ω0) = inf
z∈RN

sup
ν∈SN−1

smin(ν ,Ω0 + z).

Of course if this is not the case it can be corrected by a spatial translation.
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Figure 2.3: Reflection comparison will hold.

Remark 2.2.18. One can show that (see Lemma 2.A.3), upon fixing a maximal diameter R, a set has

ρ-reflection if its boundary normals deviate from the radial direction by O(ρ/R) and additionally

the oscillation of the boundary is O(ρ2/R). Although we would like to know whether the flow

preserves convexity, the ρ-reflection property does not seem to be very useful in this direction. In

particular ρ-reflection does not imply convexity, and neither does the converse hold.

Note that the property (2.2.25) is preserved over time due to the reflection comparison, as long as

the positivity set Ωt(u) ∈ Sr for any r > 0. We list some basic facts about sets which have ρ-

reflection. The proofs are postponed to the appendix. The first says that the condition ρ-reflection

imposes a condition on the spatial location of the boundary of the set.

Lemma 2.2.19. Suppose Ω has ρ-reflection, then

sup
x∈∂Ω

|x|− inf
x∈∂Ω

|x| ≤ 4ρ. (2.2.26)

We mention that (2.2.25) imposes a bound on what kind of normal vectors ∂Ω can have. In fact Ω

will be strongly star-shaped with radius depending only on dist(∂Ω,Bρ(0)).

Lemma 2.2.20. Suppose Ω has ρ-reflection. Then Ω satisfies the following:
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(a) for all x ∈ ∂Ω there is an exterior cone to Ω at x,

x+C (x,φx)⊂ RN \Ω where cosφx = ρ

|x| , φx ∈ (0,π/2), (2.2.27)

and C(x,φx) is the cone in direction x of opening angle φx as defined in (2.2.8);

(b) Ω ∈Sr where

r = r(ρ, inf
x∈∂Ω

|x|) = ( inf
x∈∂Ω

|x|2−ρ
2)1/2.

Now, combining the strong star-shapedness from Lemma 2.2.20 with the reflection comparison

principle Proposition 2.2.7, we obtain that ρ-reflection is preserved as long as the Bρ(0) is con-

tained in evolving positive phase.

Lemma 2.2.21. Suppose u :RN× [0,+∞)→ [0,+∞) is a solution of (P-λ ) and Ω0 has ρ-reflection

for some ρ > 0. Let I = [0,T ) be the maximal time interval containing 0 on which Bρ(0)⊆Ωt(u).

Then Ωt(u) has ρ-reflection and in particular Ωt(u) ∈Sr for some r > 0 for every t ∈ I.

Proof. Note that by comparing with a radial subsolution placed below u(·,0) one can see that

T > 0. Suppose towards contradiction that the lemma fails, that is

t∗ := inf{t ∈ [0,T ) : Ωt(u) does not have ρ-reflection }< T.

Since Bρ(0)⊆Ωt∗(u) we have that

h := dist(Ωt∗(u)C,Bρ(0)) > 0

so that by Lemma 2.2.20, Ωt∗(u) is star-shaped with respect to B(h2+2ρh)1/2(0). Then by Lemma

2.2.16

Ωt(u) ∈Sr for r = 1
2(h2 +2ρh)1/2 (2.2.28)

on some slightly larger interval [t∗, t∗+ r/c). Now let H be a hyperplane which does not intersect

Bρ(0). We can apply the reflection comparison Proposition 2.2.7 to u(x, t) on [t∗, t∗+ r/c) to see

that,

u(φH(x), t)≤ u(x, t) for (x, t) ∈ H+∩ [t∗, t∗+ r/c)
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and therefore

φH(Ωt(u))∩H+ ⊆Ωt(u)∩H+.

This holds for all admissible H, so Ωt(u) has ρ-reflection on [t∗, t∗+ r/c), contradicting the defi-

nition of t∗.

Notice that an immediate consequence of Lemma 2.2.21 is that for any initial data Ω0 which has

ρ-reflection the evolution Ωt has ρ-reflection for at least as long as,

t ≤
minx∈Γ0 |x|−ρ

minF
.

The time on the right hand side above is independent of c from Assumption B and of λ (t).

Now we present an application of this idea to the volume preserving problem, showing that for

certain initial data any solution of the volume preserving problem must have ρ-reflection for all

time. One can think of this as an a priori estimate for solutions of (P-V). If the initial data Ω0 has

ρ-reflection then Lemma 2.2.21 says that the solution Ωt of the volume preserving flow also has

ρ-reflection until such a time as Ωt touches Bρ(0) from the exterior. For a domain Ω⊂ RN let us

define the associated Lagrange multiplier,

λ [Ω] = inf{
∫
|Dv|2 : v ∈ H1

0 (Ω) and
∫

v = Vol}.

Then from Lemma 2.2.19 at the touching time t∗ we know that Ωt∗ ⊂ B5ρ(0). This allows us to get

a lower bound on the Lagrange multiplier λ [Ωt∗] and show that Bρ(0) is a strict subsolution near

the touching time in the sense that
λ [Ω(t)]

2N
(ρ2−|x|2)

is a strict classical subsolution for |t − t∗| small. Of course, this will be a contradiction of the

supersolution property of Ωt . We make this precise in the following Lemma.

Lemma 2.2.22. Suppose u : RN× [0,T ]→ [0,+∞) is a solution of (P-V) with initial data Ω0 that

has ρ-reflection with Bρ ⊂⊂Ω0. Then there is a dimensional constant CN such that if

0 < ρ < CNV
1

N+1 (2.2.29)
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then there exists a > 0 such that B(1+a)ρ(0)⊆ Ωt(u) for all t > 0. In particular, we establish that

the above holds with

CN =
1

5
N+2
N+1

(
N(N +2)
|SN−1|

) 1
N+1

.

Remark 2.2.23. The scaling ρ . Vol
1

N+1 is the natural one for such an inequality. In particular, if

ρ is larger than the unique radial stationary solution,

ρ > r∗ =
(

N
N +2

) 1
N+1

V
1

N+1

then we can construct a counter-example using radially symmetric solutions of (P-V). The solution

of (P-V) with initial data Br(0) for any r > ρ has ρ-reflection and converges as t→∞ to Br∗(0) so,

in particular, there is some time after which Bρ(0) is no longer contained in the evolving positivity

set. Of course in this case the initial data has ρ-reflection for every ρ > 0.

Proof. From the compact containment Bρ ⊂⊂Ω0 along with the strict inequality (2.2.29) let a > 0

small so that:

B(1+a)ρ(0)⊂⊂Ω0 and ρ <
(

N(N+2)
(1+a+4)N+2|SN−1|

) 1
N+1

.

Towards a contradiction assume that B(1+a)ρ(0) touches Ωt(u) from the inside for the first time at

0 < t∗ < T . More precisely let

t∗ = inf{T > t > 0 : B(1+a)ρ(0)∩Ωt(u)C 6= /0}

where we have assumed that the set being infimized over is non-empty. Note that t∗> 0 by compar-

ing u with a radial subsolution starting on some ball slightly larger than B(1+a)ρ but still contained

in Ω0 and by continuity of the free boundary (Corollary 2.2.11 for example applies)

B(1+a)ρ(0)⊆Ωt∗(u) and ∃ x∗ ∈ ∂B(1+a)ρ(0)∩Γt∗(u).

Now by Lemma 2.2.21 and

Bρ(0)⊂⊂Ωt(u) for t ∈ [0, t∗+]

we have that Ωt(u) has ρ-reflection and therefore by Lemma 2.2.20

B(1+a)ρ(0)⊆Ωt(u)⊆ B(1+a+4)ρ(0).
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Therefore we have

λ (t∗) > λ [B(1+a+4)ρ ] =
N2(N +2)V

|SN−1|((1+a+4)ρ)N+2 .

Now, define

h(x) :=
N(N +2)V

2|SN−1|((1+a+4)ρ)N+2 (ρ2−|x|2),

which satisfies −∆h(x) < λ (t∗) where h > 0 and h touches u(x, t) from below at (x0, t∗). On its

free boundary, due to the assumption on ρ and a, h satisfies

F(|Dh|(x)) = F
(

N(N +2)V (1+a)ρ
|SN−1|((1+a+4)ρ)N+2

)
> 0.

The barrier h is a strict classical subsolution which touches u(x, t) from below at (x∗, t∗), a contra-

diction of u being a viscosity supersolution.

The following holds now due to Lemma 2.2.21 and Lemma 2.2.22.

Corollary 2.2.24. Let u and Ω0 be given as above. Then Ωt(u) ∈Sr,R for some r,R > 0 for all

t > 0.

2.3 Gradient Flow

Now we consider the capillary droplet problem, contact line motion with volume preservation. We

recall the PDE here for convenience,
−∆u(x, t) = λ (t) in Ω(u)

ut = F(|Du|)|Du| on Γ(u).
(P-V)

We will consider the problem when

F(|Du|) = |Du|2−1. (2.3.1)

We restrict ourselves to the above choice of F because it gives the problem a simple gradient flow

structure, although we expect similar results to hold for general F which satisfy Assumption A. The

viscosity solution theory developed in the previous section does not apply directly to this choice of

free boundary velocity. Therefore we will instead deal with

F(|Du|) = max{|Du|2−1,M}. (2.3.2)
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for M > 0 large and send M→ ∞ to get results for (2.3.2). As mentioned in the introduction, the

problem (P-V) with free boundary velocity (2.3.1) is formally a gradient flow of the energy,

J (Ω) :=
∫

Ω

|Du|2 + |Ω|. (2.0.5)

in the space of compact subsets of RN (we leave the metric unspecified for now). Above we call

u = u[Ω] := argmin{
∫
|Dv|2 : v ∈ H1

0 (Ω),
∫
RN

v = Vol},

Recall that u0 solves, 
−∆u(x) = λ [Ω] in Ω

u(x) = 0 on ∂Ω,
(2.3.3)

where the Lagrange multiplier λ [Ω] is given by

λ [Ω] := min{
∫
|Dv|2 : v ∈ H1

0 (Ω),
∫
RN

v = Vol}.

Now we give the formal derivation of the gradient flow structure as motivation. One can think of

the Cacciopoli subsets of RN as an infinite dimensional manifold such that the tangent space at Ω

is

TΩ = L∞(∂Ω, |DχΩ|),

and the metric is specified as

gΩ( f ,g) :=
∫

∂Ω

f g|DχΩ|.

Then suppose that Ωt is a smooth set valued solution of (P-V), i.e. u[Ωt ] is a smooth viscosity

solution. In the geometric framework Ωt is a path with velocity

TΩt 3 v(t) = F(|Du|(t)) = |Du|(t)2−1.

Then we calculate,

d
dt

J (Ωt) =
∫

Ωt

2Du ·Dut +
∫

Γt

(|Du|2 +1)F(|Du|)

=−2λ (t)
∫

Ωt

ut +
∫

Γt

2utDu ·n+(|Du|2 +1)F(|Du|)

=−2λ (t)
d
dt

(∫
Ωt

u
)

+
∫

Γt

−2F(|Du|)|Du|2 +(|Du|2 +1)F(|Du|)

=
∫

Γt

(1−|Du|2)F(|Du|) =−gΩt (v(t),v(t)).
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Of course, viscosity solutions of (P-V) lack the required smoothness to make the above framework

anything but formal. Additionally, as far as we are aware, the distance associated with the metric

g has no nice form even in the smooth case. Instead we use the pseudo-distance

d̃ist
2
(Ω0,Ω1) =

∫
Ω0∆Ω1

d(x,∂Ω0)dx. (2.3.4)

This pseudo-distance was used previously for the same problem in [GK11] and for the mean cur-

vature flow in [Cha04] and is motivated by the L2-based Riemannian structure formally given to

the space of sets with finite perimeters (see [GK11]). Unfortunately, d̃ist is not a distance. For

example, it does not satisfy the triangle inequality. We will address this deficiency in Lemma

2.3.2.

Our plan is to show the existence of viscosity solutions for (P-V) by constructing a gradient flow

of the energy J . There is a standard approach to defining curves of maximal slope for energies

in metric spaces through a discrete time approximation. Some early works on this subject are

[JKO98,LS95] and the recent book [AGS08] contains a quite general treatment of the method. As

noted previously our problem does not live in a nice metric space, however the essential idea of

the construction is the same. In [GK11] it is shown that the curves of maximal slope J with d̃ist

satisfy a barrier property with respect to strict smooth sub and supersolutions of (P-λ ). From the

a priori estimate Lemma (2.2.21) any solution with sufficiently round initial data of (P-V) will be

in Sr for all time. With this in mind, it is reasonable to restrict the class of admissible sets in

the gradient flow to only include sets which are uniformly strongly star-shaped with respect to the

origin. With this additional regularity it becomes possible to show that the solutions of the discrete

gradient flow scheme will converge to a viscosity solution of (P-V).

2.3.1 Discrete Gradient Flow Scheme

We will now define the discrete JKO type scheme to construct approximate solutions of the gradient

flow (P-V). We denote these solutions with ω . This is to distinguish between solutions of the

gradient flow and Ω(·) which we use to denote the positive phase of a height profile. Let ω0 be

the initial positive phase and let u0 = u[ω0] be the corresponding initial height profile. Under

the assumption that ω0 ∈Sr0 for some r0 > 0, let us define a discrete scheme approximating the
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gradient flow of the droplet energy J as follows:

Theorem 2.3.1. Let M,r,h > 0 we define ω0,h = ω0, and define iteratively,

ωk+1,h = argmin
{

J (ω)+h−1d̃ist
2
(ωk,h,ω) : ω ∈A h(ωk,h)

}
. (2.3.5)

Here A h(·) is the class of admissible sets which we will take to be

A h(ω) := {U ∈Sr0 and dH(U,ω)≤Mh}. (2.3.6)

We suppress the dependence M, r0 and h in the above notations when there will be no confusion.

In order to show that to show that the iteration defined in (2.3.5) is well defined Now we apply the

Compactness Lemma 2.A.6:

Lemma 2.3.1. The iteration (2.3.5) is well defined.

Proof. We show that for any ω0 ∈Sr,R the infimum from (2.3.5),

inf
{

J (ω)+h−1d̃ist
2
(ω0,ω) : ω ∈A h(ω0)

}
, (2.3.7)

is achieved by some ω ∈ A h(ω0). Let ω j ∈ A h(ω0) be an infimizing sequence for (2.3.7). In

particular from the admissibility conditions (2.3.6),

ω j ∈Sr0,R+Mh.

Applying Lemma 2.A.6 up to a subsequence the ω j converge in dH metric to some ω ∈Sr0,R+Mh

and we easily derive,

dH(ω,ω0)≤Mh,

so that ω ∈A h(ω0). Then, from Lemma 2.A.5, J (·) and d̃ist
2
(ω0, ·) are continuous with respect

to convergence in (Sr0,R+Mh,dH) so ω achieves the infimum in (2.3.7).

Note that since ωk is admissible at each stage we automatically get the discrete energy decay

estimate,

J (ωk+1)+
1
h

d̃ist
2
(ωk+1,ωk)≤J (ωk). (2.3.8)
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We would like to use the triangle inequality (which we don’t have) to get the energy decay inequal-

ity over time of the form:

1
nh

d̃ist
2
(ωk+n,ωk)≤J (ωk)−J (ωn+k).

It turns out that this is possible as long as we are restricting to strongly star-shaped sets.

Lemma 2.3.2. Let ω0, ...,ωn ∈Sr,R, then we have the inequality,

C(r,R,N)
n

d̃ist
2
(ωn,ω1)≤

n

∑
j=1

d̃ist
2
(ω j+1,ω j) (2.3.9)

In the following it will be useful to introduce some notation. We say that A . B if there exists

a constant C > 0 such that A ≤ CB. We say A ∼ B or A is equivalent up to constants to B if

A . B . A. The dependence of the constant C on various parameters qi is expressed by writing

.q1,...,qn or∼q1,...,qn . If no dependence is expressed, then the constant is assumed to depend at most

on the dimension N.

Proof. Let ωa,ωb ∈Sr,R, then we define the distance between the sets ωa and ωb in the direction

θ ∈ SN−1,

dθ (ωa,ωb) = |Xa(θ)−Xb(θ)| where {Xi(θ)}= ∂ωi∩{x : x
|x| = θ}, i ∈ {a,b}.

Notice, due to the strict star-shapedness of the ωi, there is only one point Xi(θ) along the direction

θ in ∂ωi. It is easy to check that dθ has the triangle inequality:

dθ (ωa,ωb)≤ dθ (ωa,ωc)+dθ (ωc,ωb),

for any bounded strictly star-shaped sets ωi, i ∈ {a,b,c}.

Claim. The d̃ist is equivalent up to constants to a true distance:

d̃ist(ωa,ωb)∼r,R,N

(∫
SN−1

dθ (ωa,ωb)2dθ

)1/2

. (2.3.10)

Using the claim along with Cauchy-Schwarz and the triangle inequality for dθ we will get,

n

∑
j=1

d̃ist
2
(ω j+1,ω j)&r,R,N

n

∑
j=1

∫
SN−1

dθ (ω j+1,ω j)2dθ ≥ 1
n

∫
SN−1

dθ (ωn,ω1)2dθ &r,R,N d̃ist
2
(ωn,ω1).
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So it suffices to show the claimed equivalence (2.3.10). We calculate:

d̃ist
2
(ωa,ωb) =

∫
ωa∆ωb

d(x,∂ωa)dx =
∫

SN−1

∫ R

0
d(ρθ ,∂ωb)χ

ωa∆ωb(ρθ)ρN−1 dρdθ

∼r,R,N

∫
SN−1

∫ R

0
d(ρθ ,∂ωb)χ

ωa∆ωb(ρθ) dρdθ

=
∫

SN−1

∫ max{|Xa(θ)|,|Xb(θ)|}

min{|Xa(θ)|,|Xb(θ)|}
d(ρθ ,∂ωb) dρdθ

∼r,R

∫
SN−1

∫ max{|Xa(θ)|,|Xb(θ)|}

min{|Xa(θ)|,|Xb(θ)|}
|ρ−|Xa(θ)|| dρdθ

=
∫

SN−1

∫ dθ (ωa,ωb)

0
ρ dρdθ =

1
2

∫
SN−1

dθ (ωa,ωb)2dθ .

Here we have used an easy consequence of Lemma 2.2.6, for x ∈ RN the radial distance to ∂ωi

(i.e. |Xi(x̂)− x|) is equivalent to d(x,∂ω) up to constants depending on r and R. In particular for

x ∈ RN \ωi from Figure 2.2,

B r
R |x−Xi(x̂)| ⊂ R

N \Ω

so that

|x−Xi(x̂)| ≥ d(x,∂ωi)≥
r
R
|x−Xi(x̂)|.

As in the proof of Lemma 2.3.1, the restrictions on the admissible sets will allow us to take a

continuum limit of the discrete time scheme. In particular, the assumption of uniform strong star-

shapedness gives equicontinuity of the contact lines ∂ωk in space, and the Hausdorff distance

movement restriction gives equicontinuity in time.

Lemma 2.3.3. (Continuum Limit) Let ωk,h be given as in (2.3.5). Then the following holds for

the interpolants

ωh(t) = ωk,h for t ∈ [kh,(k +1)h). (2.3.11)

(i) There exists R = R(r0,N) > 0 such that ωh(t)⊂ BR(0) for all h, t > 0 and therefore

Lip(∂ωh(t))≤C(r0,N).

(ii) ωh(t) (up to a subsequence) locally uniformly converges in t ∈ [0,+∞) to ω(t), which satisfies

dH(ω(t1),ω(t2))≤M|t1− t2| for all t1 > t2 ≥ 0.
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(iii) For C = C(r0,R,N) given as in Lemma 2.3.2, ωh(t) satisfies the energy decay estimate

C
t2− t1

d̃ist
2
(ωh(t1),ωh(t2))≤J (ωh(t1))−J (ωh(t2)). (2.3.12)

Proof. We give a sketch of the proof for (i). Let x ∈ ∂ωh(t) and recall that

|ωh(t)| ≤J (ωh(t))≤J (ω0),

and ωh(t) has the interior cone at x,

{y : y · x≥ 0 and (x− y) · x≥ |x− y|
√
|x|2− r2

0}∪Br(0)⊂ ωh(t).

This cone contains ∼ |x|/r0 balls of radius r0/2 centered along it’s axis, so that

|x|. R(r0,N) := rN−1
0 J (ω0).

Now we prove (ii) and (iii). For simplicity we will take h = 2− j and then call the interpolant

(2.3.11) ω j(t). From (i) and Lemma 2.A.6 the sequence ω j(t) for t ∈ hZ+ has a subsequence in j

which converges in Hausdorff distance. Diagonalizing, we get a subsequence which we continue

to call j along which ω j(t) converges in Hausdorff distance to a limit we call ω(t). From (2.3.6)

and the triangle inequality we get:

dH(ω j(t1),ω j(t2))≤M|t1− t2| for t1, t2 ∈ hZ+ and for sufficiently large j,

and ω(t) inherits the same estimate. ω(t) is densely defined and uniformly continuous and thus has

a unique M-Lipschitz extension to [0,+∞). The local uniform convergence then directly follows.

Estimate (2.3.12) follows from the continuity of J (·) and d̃ist
2
(·, ·) with respect to convergence

in Hausdorff distance: see Lemma 2.A.5.

2.3.2 Barrier Properties for the Gradient Flow

In [GK11] a discrete gradient flow is constructed for (P-V) without restrictions on the star-shapedness

of the domain or the maximum speed of the free boundary. There it is proven that the discrete so-

lutions satisfy a barrier property with respect to smooth strict sub and super-solutions of (P-λ ).

An analogous result can be proven for the solutions of the restricted iteration scheme defined in
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(2.3.5). The cost of the restriction to nicer sets in (2.3.5) is that the class of barriers for which the

sub and super-solution properties hold is reduced. The necessary conditions on admissible barriers

can be deduced by inspecting the proofs in Section 3 of [GK11]. We give modified statement of

the super-solution barrier property applicable to our situation below.

Theorem 2.3.1. (Grunewald, Kim) (Super-solution barrier property) Let uh = u[ωh] be the profile

after one iteration of the scheme with time step size h > 0, and let

λ = min{λ [ω0],λ [ωh]}.

Let ρ > 0, x0 ∈RN and suppose there exists φ smooth with |Dφ | 6= 0 in Bρ(x0)× [0,h] with a δ > 0

such that
−∆φ(·, t) < λ −δ in Bρ(x0)× [0,h]

φt

|Dφ |
− (|Dφ |2−1) <−δ on Γ(φ)∩ (Bρ(x0)× [0,h]).

Moreover, we require that there exists C > 0 which does not depend on h such that the sets

ωh∪ ({φ(·,h) > η}∩Bρ(x0)), −h2 ≤ η ≤Ch1/2 (2.3.13)

are in the admissible class A h
ω0

. Then, for 0 < h < h0 = h0(ρ,φ ,δ ), the following holds:

If φ(·,0)≤ u0(·), then φ(·,h)≤ uh(·).

Essentially, (2.3.13) requires that the perturbed sets of ωh by the barrier φ which crosses uh from

below stays in the admissible class. An analogous barrier property with respect to supersolutions

holds as well.

Now we show that the barrier property carries over to the continuum limit Ω(t).

Lemma 2.3.4. (Restricted super-solution property for the gradient flow) Let ω(t) be a continuum

limit of the discrete gradient flow described in Lemma 2.3.3. Let φ ∈ C2,1(Ω(φ)∩{0 ≤ t ≤ T})

such that |Dφ | 6= 0 on Γ(φ)∩{0≤ t ≤ T}, the initial strict separation Ω0(φ)⊂⊂ ω(0) holds and

φ is a strict subsolution,

−∆φ(·, t) < λ [ω(t)] in Ω(φ)∩{0≤ t ≤ T}

φt−max{|Dφ |2−1,M}|Dφ |< 0 on Γ(φ)∩{0≤ t ≤ T}.
(2.3.14)
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Then φ cannot touch u[ω(t)] from below at any free boundary point (x0, t0) ∈ Γ(u) such that

Dφ(x0, t0) · x0 <−r0|Dφ |(x0, t0). (2.3.15)

Remark 2.3.5. Test functions φ ∈C2,1(Ω(φ)∩{0≤ t ≤ T}) with |Dφ | 6= 0 on Γ(φ) can be extended

to be C2,1(RN× [0,T ]).

Proof. Suppose not. Then there exists φ ∈C2,1(RN× [0,T ]) which touches u = u[ω(t)] from below

in RN × (0,T ) without satisfying (2.3.15). From the continuity of the free boundaries of φ and u,

this occurs for the first time at some (x0, t0) ∈ Γ(u)∩Γ(φ), with 0 < t0 ≤ T . That is, there exists

ρ > 0 such that

φ(x, t)≤ u(x, t) for (x, t) ∈ Q := Bρ(x0)× [t0−ρ, t0].

We may assume that φ touches u strictly from below by making the replacement,

φ → (φ − ε|x− x0|2− ε(t0− t))+.

In particular, we will have,

φ(x, t) < u(x, t) for (x, t) ∈ Q∩Ω(φ)\{(x0, t0)},

and for ε > 0 sufficiently small all the strict subsolution conditions for φ along with (2.3.15) still

hold. Furthermore, we can make a subsolution which crosses u from below in Q by making a small

translation in the normal direction to Γt0(φ) at x0,

ϕ(x, t) := φ(x+ εν , t) where ν = Dφ

|Dφ |(x0, t0).

Here ε > 0 is chosen sufficiently small based on the C2 (in space) norm of φ so that (2.3.16) holds

for ϕ , ϕ(x0, t0) > 0 = u(x0, t0) and also

ϕ(x, t)≺ u(x, t) for (x, t) ∈ ∂pQ.

Then we take ρ small depending on the modulus of continuity of Dϕ such that there exists δ > 0

with:

|Dϕ|> δ , ϕt < (M−δ )|Dϕ|, u−ϕ > δ on ∂pQ∩Ω(ϕ),
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and (2.3.15) hold on all of Q, that is

Dϕ(x, t) · x <−r|Dϕ|(x, t) for (x, t) ∈ Q∩Ω(ϕ). (2.3.16)

In order to make use of Lemma 2.3.1 we need to take this information back to the approximating

sequence of discrete solutions. Let h j→ 0 be the sequence along which the discrete gradient flow

scheme

dH(ωh j(t),ω(t))→ 0

uniformly for t0−ρ ≤ t ≤ t0. From Lemma 2.A.5 u j(·, t) := u[ωh j(t)] converge uniformly in (x, t)

to u. Let j be sufficiently large (h j small) so that Lemma 2.3.1 will apply and also h j ≤ δ 2,

ϕ(x0, t0) > u j(x0, t0) and

ϕ(x, t)≺ u j(x, t) for (x, t) ∈ ∂pQ. (2.3.17)

Now there exists t0−ρ−h j < tk := kh j < t0 such that

ϕ(x, tk)≤ u j(x, tk) for all x ∈ Bρ(x0)

ϕ(x1, tk+1) > 0 = u j(x1, tk+1) for some x1 ∈ Bρ(x0).

To apply Lemma 2.3.1 and get a contradiction it is sufficient to show the following:

Claim. Let η ≥−h2
j then, calling ωh j,k = ωk:

Uη := ({φ(·, tk+1) > η}∩Bρ(x0))∪ωk+1 ∈A h j(ωk).

Let x ∈Uη , we claim that:

d(x,ωk)≤Mh j.

If x∈ωk+1 then d(x,ωk)≤Mh j from the admissibility condition (2.3.6) for ωk+1. If x∈Ωtk+1(ϕ−

η)∩Bρ(x0) then in the case η ≥ 0 from the containment Ωtk(ϕ)∩Bρ(x0) ⊂ ωk and φt < M|Dφ |

we get,

d(x,ωk)≤ d(x,Ωtk(ϕ)) < Mh j.

In the case −δ 2h j ≤−h2
j ≤ η < 0:

d(x,ωk)≤ d(x,Ωtk(ϕ)∩Bρ(x0))≤ dH(Ωtk+1(ϕ−η),Ωtk+1(ϕ))+(M−δ )h j

≤ −η

δ
+(M−δ )h j

≤Mh j.
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Let x ∈ ωk then d(x,Uη)≤ d(x,ωk+1)≤Mh j. Combining with the above arguments,

dH(Uη ,ωk+1)≤Mh j.

That Uη ∈ Sr0 is more subtle and this is where the condition (2.3.15) comes in. For a given

x ∈ ∂Uη , we need to show that for every y ∈ Br0(0),

Lx,y := {z ∈ RN : z = y+ s(x− y), s ∈ [0,1]} ⊂Uη . (2.3.18)

This is trivially true for all x ∈ ∂Uη ∩ ∂ωk+1 from the strong star-shapedness of ωk+1. So we

consider

x ∈ ∂Uη ∩∂ (Ωtk+1(ϕ−η)∩Bρ(x0))⊂ Bρ(x0)∩∂Ωtk+1(ϕ−η).

Let y ∈ Br0(0) and we consider the line segment from x to y parametrized by

z(s) = x+ s(y− x).

First we show that – for s > 0 small depending on the C2 norm of φ – z(s) ∈Uη . Using |y|< r and

(2.3.16),

φ(z(s)) = η + sDϕ(x) · (y− x)+o(s) > s(−|y|+ r0)|Dϕ|(x)+o(s) > 0.

Suppose towards a contradiction that z(s) exits Uη before s = 1, then by continuity it must pass

through ∂Uη for the first time at 0 < s0 < 1 defined by,

1 > s0 = inf{s > 0 : z(s) ∈ ∂Uη}> 0.

If z(s0) ∈ ∂ωk+1 then we are done due to ωk+1 ∈Sr:

Lz(s0),y ⊂ ωk+1 ⊂Uη .

So it remains to consider the case z(s0) ∈ Bρ(x0)∩∂Ωtk+1(ϕ) and in this case:

0≥ d
ds

ϕ(z(s))
∣∣∣∣
s=s−0

= Dϕ(z(s0)) · (y− x) = (1− s0)Dϕ(z(s0)) · (y− z(s0)),

rearranging this and using |y|< r0 we get

Dϕ(z(s0)) · z(s0)≥ Dϕ(z(s0)) · y >−r0|Dϕ(z(s0))|

which contradicts (2.3.16).
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An analogous statement about touching from above by strict classical super-solutions holds as well.

Lemma 2.3.4 almost says that ω(t) is a viscosity super-solution of (P-V) except for the restriction

(2.3.15) on the barriers. In fact we can make the following statement:

Proposition 2.3.6. If there exists r′ > r0 such that ω(t) ∈Sr′ for all t ∈ [0,T ] then u[ω(t)] cannot

be touched from below (above) by any strict classical sub-solution (super-solution) of (P-λ [ω(t)])

and is therefore a viscosity solution of (P-V).

Proof. This is simply because any φ ∈C2,1(RN× [0,T ]) which touches u[ω(t)] from below (above)

at a free boundary point must necessarily satisfy (2.3.15). To see this fact, let x ∈ ∂ω(t), now from

the strong star-shapedness of ω(t),

{x+ s(x− y) : s≥ 0 and y ∈ Br′(0)} ⊂ RN \ω(t)⊂ RN \Ωt(φ)

and so for any y ∈ Br′(0)

0≥ d
ds

φ(x+ s(x− y))
∣∣∣∣
s=0

= Dφ(x) · (x− y).

Rearranging above inequality, we obtain (2.3.15):

Dφ(x) · x≤ inf
y∈Br′(0)

Dφ(x) · y =−r′|Dφ |(x) <−r0|Dφ |(x).

Unfortunately this statement is not that useful to us because we would still need to show that the

gradient flow preserves strong star-shapedness. That is if we had a Lemma for ω(t) like Lemma

2.2.16 then from the above Proposition we would know that ω(t) was a viscosity solution of

(P-V) at least for a short time, and then we could apply a result about preservation of strong star-

shapedness for viscosity solutions like Lemma 2.2.22 to show that ω(t) is a viscosity solution

globally in time. Instead of attempting to prove Lemma 2.2.16 for solutions of the gradient flow

we will show directly that ω(t) and the viscosity solution of (P-λ [ω(t)]) are the same. The idea

comes from the following corollary of the proof of Proposition 2.3.6. As usual the corresponding

result for supersolutions is also true.
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Corollary 2.3.7. (Comparison with star-shaped classical subsolutions) Suppose φ ∈ C2,1(RN ×

[0,T ]) is a strict classical sub-solution of (P-λ [ω(t)]) and the initial strict separation

φ(·,0)≺ u[ω(0)]

holds. Moreover for some r′ > r0 the positive phase of φ , Ωt(φ), is in Sr′ for all t ∈ [0,T ]. Then

φ(·,T )≤ u[ω(T )].

2.3.3 Comparison

Let ω(t) be the continuum limit of the discrete gradient flow scheme defined above. We want to

show that u = u[ω(t)] is a viscosity solution of the problem,
−∆v(x, t) = λ [ω(t)] in ω(t)

vt = min{|Dv|2−1,M}|Dv| on ∂ω(t),
(2.3.19)

at least as long as the unique viscosity solution of (P-λ [ω(t)]) satisfies the appropriate strong star-

shaped condition.

In fact u satisfies a comparison principle with respect to sub and super-solutions of (2.3.19) which

are star-shaped with respect to a slightly larger ball than Br0(0). This is the non-smooth version of

the idea of Corollary 2.3.7. Various iterations of the proof can be found in the literature [CV99,

Kim03, BV05], we will only sketch most of the details of the proof the essential idea is, as in

Corollary 2.3.7, to demonstrate that the restricted barrier property of the gradient flow solution

ω(t) is sufficient to make the argument work.

Proposition 2.3.8. (Comparison with sub-solutions) Let u(·, t) = u[ω(t)] as above from the gradi-

ent flow and v a continuous sub-solution of
−∆v(x, t)≤ λ [ω(t)] in Ωt(v)

vt ≤min{|Dv|2−1,M}|Dv| on Γt(v),

with initial data ordered,

Ω0(v)⊆ ω(0).
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Let r > 0 from the restriction on admissible sets in the discrete scheme (2.3.5). Suppose there exists

r′ > r0 such that Ωt(v) ∈Sr′ for all t ∈ [0,T ]. Then

v(·, t)≤ u(·, t) on [0,T ].

Proof. 1. First we show it suffices to treat the case when u and v are initially strictly separated,

Ω0(v)⊂⊂ ω(0), (2.3.20)

and there exists ε > 0 so that v satisfies,

−∆v(x, t)≤ (1− ε)λ (t) for (x, t) ∈Ω(v). (2.3.21)

Let us assume temporarily that result holds in this case and we show that it also holds under the non-

strict conditions given in the statement of the proposition. This is accomplished by a similar device

to the one used in the proof of the strong comparison type results Lemma 2.2.8 and Proposition

2.2.7. Let ε > 0 small enough that (1 + ε)−1r′ > r0, c from Assumption B, and 0 < a < r0 then

define the perturbation,

ṽε(x, t) = sup|z|≤aε−cεt(1+ ε)−3v((1+ ε)(x+ z), t) for 0≤ t ≤ a
c .

Now the perturbed subsolution ṽε satisfies (2.3.20) and (2.3.21) and so we get,

v(x, t) = supε>0 ṽε(x, t)≤ u(x, t) for 0≤ t ≤ a/c

Iterating this bT c/ac times we get the desired result.

2. Now we work in the case when (2.3.20) and (2.3.21) hold. Suppose towards a contradiction

that v crosses u from below on RN× [0,T ]. In order to have some regularity at the touching point

we use the space-time sup and inf convolutions, for some basic properties see [Kim03,BV05]. Let

ε,δ > 0 with δ < ε/T define the sup-convolution of v

V (x, t) = sup
|(y,s)−(x,t)|≤ε

v(y,s) (2.3.22)

and the inf-convolution of u

U(x, t) = inf
|(y,s)−(x,t)|≤ε−δ t

Z(y,s), Z(y,s) := inf
|w−y|≤ε

u(w,s). (2.3.23)
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defined in the domain

Σε := RN× [ε,T − ε].

We will show that V still has the following properties:

(a) Ωt(V ) strongly star-shaped with respect to a ball of radius larger than r,

(b) V is a subsolution of (P-λ [ω(t)]) and is initially strictly separated from U ,

Ωε(V )⊂⊂Ωε(U).

First we show (a), let ε ≤ (r′− r)/2, then

Ωt(V ) =
⋃

|(y,s)|≤ε

y+Ωt+s(v). (2.3.24)

Noting that all of the sets in the above union are star-shaped with respect to B(r+r′)/2(0) implies

that Ωt(V ) is as well. This proves (a).

Now we show (b). Choosing ε smaller if necessary based on η and the modulus of continuity of

λ (t), the subsolution property for V is a standard result about sup-convolutions see for example

[Kim03, BV05]. Then simply from the initial strict separation of u and v along with the Hausdorff

distance continuity of the free boundaries of u and v we also have the strict separation of U and V

at time ε

Ωε(V )⊂⊂Ωε(U).

Now by our assumption we know U crosses V from below for the first time at some point P0 =

(x0, t0) ∈ Σε . By the strong maximum principle for subharmonic functions

x0 ∈ Γt0(U)∩Γt0(V ).

At the touching point P0 the positivity set of V has an interior space-time ball of radius ε centered

at some point P1 = (x1, t1) ∈ Γ(v), i.e. |P1−P0|= ε and

B1 := {(y,s) ∈ RN× [0,T ] : |(y,s)−P1|< ε} ⊂Ω+(V ).

This ball has the tangent hyperplane through P0

H1 = {(y,s) ∈ RN× [0,T ] : ((y,s)−P0) · (P1−P0) = 0}.
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Let (ν ,m) be normal to H1 in the direction inward to Ω(V ) with |ν |= 1, m is the advance speed of

the free boundary Γ(V ) at P0. We will show below that m is finite, but at this point let us include

the possibilities that m = ∞ or m =−∞.

Similarly, there exists P2 = (x2, t2)∈ Γ(Z) with |P2−P0|= ε−δ t0 and Ω(U) has an exterior space-

time ellipse at P0 of the form

B̃2 := {(y,s) ∈ RN× [0,T ] : |(y,s)−P2| ≤ ε−δ s}

while there exists (x3, t2) ∈ Γ(u) with |x2− x3|= ε and Ω(u) contains the following set:

E = {(y,s) ∈ RN× [0,T ] : |y−w| ≤ ε, |(w,s)−P2|< ε−δ t0} ⊂Ω(u), (x3, t2) ∈ Ē ∩Γ(u).

(2.3.25)

Let H̃2 be the tangent hyperplane to B̃2 at P0 and H2 be the tangent hyperplane to B2 at P2.

Lemma 2.3.9. H1 is not horizontal.

Proof. We refer to the proof of Lemma 2.5 in [Kim03], which rules out the possibility that m = +∞.

Next let us rule out the possibility that m =−∞. Let x3 and E be the set given in (2.3.25). Due to the

star-shapedness and Hölder continuity of Ω(u), it follows that (x3, t2) lies in the spatial boundary

of E ∩{t = t2}. We consider the classical subsolution

Take τ > 0 sufficiently small that D0 := E ∩{t = t2−τ} is nonempty. Let D1 be the top portion of

the closure of E, i.e., D1 := Ē ∩{t = t2}, and let us define the interpolation of D0 and D1, i.e.,

Dt := (1− s(t))D0 + s(t)D1, where s(t) is linear and satisfies s(t2− τ) = 0,s(t2) = 1.

We choose τ small that s′(t) <−1. Now let us consider the space-time domain

Σ :=
⋃

τ≤t−t2≤0

[D(t)− 1
2

D(t)]

Then, due to the fact that Σ⊂ E, the positive set Ω(u) crosses Σ for the first time at (x3, t2). Let us

consider the classical subsolution ψ in the domain satisfying
−∆xφ(x, t) = λ [w(t)] for (x, t) ∈ Σ

φ = 0 for (x, t) ∈ ∂D(t)

φ = min 1
2 D(t) u(x, t) > 0 for (x, t) ∈ 1

2∂D(t)

(2.3.26)
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Then ψ crosses u from below at (x3, t2). One can check from the definition of u and the strong star-

shapedness of Ω(V ) that the outer normal ν of D1 at x3 satisfies ν ·x2 <−r0 and thus it contradicts

Lemma 2.3.4.

Let (ν ′,m′) be the normal to the hyperplane H2 rescaled as before. Then the normal to H̃2 is

(ν ′,m′+ δ ). As a consequence of the ordering V (x, t) ≤ U(x, t) for all t ≤ t0 we also get the

ordering of the advance speeds,

m′+δ ≤ m.

Since U ≤V for t ≤ t0 we get the following inclusions

B1∩{t ≤ t0} ⊆ {U > 0}∩{V > 0} and B̃2∩{t ≤ t0} ⊆ {U = 0}∩{V = 0}.

In particular Ωt0(U) and Ωt0(V ) both have interior and exterior spatial balls at x0,

B1∩{t = t0} and B̃2∩{t = t0}

which must both have centers lying along the same axis, or equivalently both free boundaries have

spatial inward normal ν at x0. From the strong star-shapedness of Ωt0(V ), and this is a key point

as we have seen in the proof of above lemma: we get that

ν · x0 ≤−r′′ <−r0. (2.3.27)

Now the idea is to construct a smooth strict sub-solution φ which touches Γ(V ) from below at

(x0, t0). Then a translation of φ will touch u from below at P2 from the inadmissible direction,

ν =
φt

|Dφ |
(x0, t0)

leading to a contradiction of Lemma 2.3.4.

Lemma 2.3.10.

−1 < m≤M.

Proof. The fact that m≤M follows from a relatively simple barrier argument, based on the condi-

tion vt ≤M|Dv| on Γt(v) as well as the fact that Ω(v) has an exterior space-time ball at (x1, t1).
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It remains to show that m≤−1. If it is, then

m′ ≤−1−δ . (2.3.28)

Take τ > 0 sufficiently small that D0 := B2 ∩{t = t2− τ} is nonempty. We can now construct a

classical subsolution ψ in the domain

Σ̃ := ∪t2−τ≤t≤s0(B2−
1
2

B2),

similarly as in the proof of m >−∞ in the lemma above, and use (2.3.28) to derive a contradiction.

Lemma 2.3.11. Near the point P0 we have the nontangential estimate

liminf
d→0+

V (x0−dν , t0)
d

≥
√

m+1. (2.3.29)

Proof. The proof is based on construction of the barrier for v to yield a contradiction, in the event

that the lemma holds false, and it is parallel to the proof of Lemma 2.6 in [Kim03].

Now as in [Kim03] for any η > 0 we construct a smooth test function φ(x, t) = φ(|x− x0|, t) with

the following properties:

−∆xφ(x, t) < 0 for (x, t) 6∈ 1
4B2

φ > 0 for (x, t) ∈ B2

φ < 0 for (x, t) 6∈ B2

|Dφ |(x, t) =
√

m+1(1−η) on ∂B2∩{t = t2}.

(2.3.30)

Now from the definition of m′ we have for x ∈ ∂B2∩{t = t2},

φt
|Dφ |(x, t2) = m′ ≤ m−δ

and choosing τ sufficiently small depending on the C2 norm of φ and η small depending on δ and

m we get for x ∈ ∂B2∩{t2− τ ≤ t ≤ t2},

φt
|Dφ |(x, t2) < m−δ/2 < |Dφ |2−1.
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Therefore φ is a strict subsolution in the region

(B2 \ 1
4B2)∩{t2− τ ≤ t ≤ t2}.

Next we show that φ touches u from below at P2 = (x2, t2). For d > 0 sufficiently small depending

on the C2 norm of φ we have

φ(x, t)≤
√

m+1(1−2η)d on ∂ (1−d)B2∩{t2− τ ≤ t ≤ t2}. (2.3.31)

Let (x,s) ∈ B2 and let

d := d(x,∂B2∩{t = s})

then since P0 is the center of B2 we have that |P0− (x,s)|= ε−δ t0−d and

|(x0 +dν , t0)− (x,s)| ≤ |P0− (x,s)|+d = ε−δ t0.

Therefore from the definition of U as an infimum and from Lemma 2.3.11 for any η > 0 there

exists d0 such that d < d0 implies

√
m+1(1−2η)d ≤U(x0 +dν , t0)≤ u(x,s). (2.3.32)

Now combining (2.3.31) and (2.3.32) with the fact that B2 ⊂Ω(u) and φ = 0 on ∂B2 we get that

φ(x, t)≤ u(x, t) for (x, t) ∈ (∂ (1−d)B2∪∂B2)∩{t2− τ ≤ t ≤ t2}. (2.3.33)

Then since u−φ is superharmonic by the strong minimum principle we get,

φ(x, t) < u(x, t) for (x, t) ∈ B2 \ (1−d)B2∩{t2− τ ≤ t ≤ t2}, (2.3.34)

and u(P2) = φ(P2) = 0 so φ touches u from below at P2. This is a contradiction of Lemma 2.3.4

since from (2.3.27)
Dφ

|Dφ |
(x2, t2) · x2 = ν · x2 < ν · x0 <−r0.
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2.4 Convergence for Solutions with Global in Time Star-Shapedness

Now we can combine the results of the previous sections to get our main result. Under the assump-

tion of sufficient roundness of the initial data Ω0 phrased in terms of ρ-reflection any continuum

limit of the restricted gradient flow of the functional J is also a global in time viscosity solution

of the problem (P-V). To make this precise let us define the class of weak solutions arising from

the gradient flow scheme described in section 2.3.

Theorem 2.4.1. An evolution ω(t) : [0,∞) → Sr is an energy solution of (P-V) if there exist

ωMk(t), Mk→∞ as k→∞, which are minimizing movements of the restricted gradient flow scheme

from Definition 2.3.1 with initial data ω(0) such that,

dH(ωMk(t),ω(t))→ 0 as k→ ∞ locally uniformly in [0,∞).

A droplet profile u :RN× [0,∞)→ [0,∞) is an energy solution if u = u[ω(t)] for an energy solution

ω(t).

Now we can say the following about any energy solution arising from an initial data with ρ-

reflection.

Theorem 2.4.1. Let V > 0 and Ω0 a domain in RN such that Ω0 has ρ-reflection with ρ satisfying,

ρ < CNVol
1

N+1 ,

where CN is a dimensional constant. Then there exists an energy solution u : RN × [0,+∞)→

[0,+∞). Moreover any energy solution u, the following holds:

(a) u is also a viscosity solution of the free boundary problem,
−∆u(x, t) = λ (t) in Ωt(u)

ut = (|Du|2−1)|Du| on Γt(u)

{u(·,0) > 0}= Ω0,

(P-V)

where λ (t) is chosen to enforce the volume constraint for all t > 0,∫
u(x, t)dx = Vol.
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(b) The positivity set Ωt(u) has ρ-reflection for all t > 0 with infx∈Γt(u)(|x|−ρ) bounded below.

The energy J is decreasing along the flow and additionally u satisfies the energy decay

estimate for all t > s≥ 0,

1
t− s

d̃ist(Ωs(u),Ωt(u)).ρ,N J (Ωs(u))−J (Ωt(u)).

(c) The flow of the sets Ωt(u) converges uniformly modulo translation to the radially symmetric

equilibrium solution,
λ∗
2N

(r2
∗−|x|2)+,

where r∗ is given in (2.1.2) and λ∗ can be calculated from the volume constraint. More

precisely we mean that,

inf{dH(Ωt(u),Br∗(x)) : x ∈ Bρ(0)}→ 0 as t→ ∞.

Proof. 1. The existence proof as well as the energy estimate follow from a fairly straightforward

combination of the results we have already proven. We give an outline of the proof. Given the

assumption on Ω0 having ρ-reflection we know due to the apriori estimate Lemma 2.2.22 that any

solution of (P-V) will be in Sr for some r > 0 as long as it exists. Then we construct the restricted

gradient flow solution with initial data Ω0 as in Section 2.3 where the restriction on the radius of the

strong star-shapedness is strictly weaker than that from the apriori estimate. Given the Lagrange

multplier λ (t) associated with the restricted gradient flow we then solve (P-λ ). Then the idea is

that the viscosity solution of (P-λ ) is strongly star-shaped with a larger radius than the restriction

on the gradient flow and so we will be able to use Proposition 2.3.8 to show that the two solutions

agree for all time.

Let b > 0 so that

B(1+b)ρ(0)⊂Ω and (1+b)ρ < CNV
1

N+1 .

Then we expect thanks to the apriori estimate Lemma 2.2.22 that (1+b)ρ will be contained in Ωt

for all time. In particular we expect Ωt will be in Sr for r = bρ . Let R = R(r) > 0 be so large that

any set in Sr which touches BR from the inside must have larger energy than Ω0 and then define

γ = r
2R . That it is possible to choose R in this way is described in Lemma 2.3.3. Let M > 0 and let

71



ωM(t) = ωM,γr(t) be the restricted gradient flow solution with initial data Ω0 as constructed in the

last section. The notation indicates that ωM,γr(t) is restricted to remain in Sr and its free boundary

can move no faster than M. We suppress the dependence on γr. Define the putative Lagrange

multiplier λM to be

λM(t) := λ [ωM(t)],

and let uM be the possibly discontinuous viscosity solution of (P−λM) constructed by Perron’s

method in Theorem 2.2.2. We will show that uM and u[ωM] are the same.

Let I be the largest interval containing the origin on which uM and u[ωM] agree. We will show that

I is open and closed in [0,+∞). Since uM agrees with u[ωM] on I it is continuous and has constant

volume and thus it is a volume preserving viscosity solution. Therefore Lemma 2.2.22 implies

that:

Ωt(uM) has ρ-reflection and B(1+b)ρ ⊂Ωt(uM) for t ∈ I.

In particular Ωt(uM) is in Sr on I. Suppose I = [0,T ) for some T > 0, then the short time existence

theorem implies that, for some small t0(r,R), uM is continuous on [0,T + t0). Since the set where

two continuous functions agree is closed I = [0,T ]. Suppose I = [0,T ] where T may be equal to

zero. Then thanks to Lemma 2.2.16 there exists tM > 0 such that:

Ωt(uM) ∈Sr′ for some r′ > γr on [0,T + tM).

Then from Proposition 2.3.8 u[ωM] satisfies a strong comparison principle with respect to viscosity

solutions which are strongly star-shaped with a larger radius than γr so uM = u[ωM] on [0,T + tM).

Therefore I = [0,+∞) and there exists a global in time continuous viscosity solution of (P-V)M

which has ρ-reflection and is in Sr,R for all t > 0.

2. Now we show the existence for (P-V) without the restriction on a maximum speed. The key point

in this case is the equicontinuity afforded by the fact that the Ωt(uM) ∈Sr,R with r,R independent

of M. In particular from Corollary 2.2.11 we get for some C > 0 and α ∈ (0,1) independent of M,

dH(Γt(uM),Γs(uM))≤C|t− s|α . (2.4.1)

Then we also derive thanks to Lemma 2.A.5 the equicontinuity of the Lagrange multipliers λM(t).

Taking a subsequence such that the λM(t) converge uniformly on compact subsets of [0,+∞) to
72



some λ (t) we can apply Lemma 2.2.15. We get that along this subsequence the uM converge

uniformly to a viscosity solution u of (P-V) with free boundary velocity F(|Du|) = |Du|2−1. Due

to the uniform convergence of Ωt(uM) to Ωt(uM) in hausdorff distance sense the energy estimates

for the uM and the Hölder regularity in time (2.4.1) carry over to u. Then u is an energy solution

by the definition. Unfortunately by the compactness method we do not know whether there is any

uniqueness of the limiting Lagrange multiplier λ (t).

3. Now we show that any subsequential limit of the u(·, tn) must be a viscosity solution of the

equilibrium problem (EQ). Note that the same result is true for all the uM.

Claim. Let tn → ∞ such that Ωtn(u) converges in Hausdorff topology to Ω∞. Then u[Ω∞] is a

stationary solution of (P-V), that is it solves the equilibrium problem (EQ) in the viscosity sense.

Define Un : [0,+∞)→Sr,R by

Un(t) := Ωt+tn, (2.4.2)

and we also consider the viscosity solutions of (P-V) which lie above the Un(t),

vn(x, t) := u[Un(t)](x) with Lagrange Multipliers λn(t) := λ [Un(t)]. (2.4.3)

First we show that, uniformly in t > 0,

J (Un(t))→J (Ω∞).

Since is J (Un(t)) is monotone decreasing for all n > 0 we have for all t > 0

J (Ω∞) = inf
s>0

J (Ωs)≤J (Un(t))≤J (Un(0)) = J (Ωtn),

but due to Lemma 2.A.5 along with the convergence Ωn→Ω∞ in Hausdorff distance,

J (Ωtn)↘J (Ω∞).

Now we will show that up to a subseqeunce the vn converge uniformly on compact time intervals.

Recalling the uniform Hölder estimates from (2.4.1) for Ωt(uM) which carry over in the limit to

Ωt(u),

dH(Un(t),Un(s))≤C|t− s|α , (2.4.4)
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and from Lemma 2.3.3 the energy estimates,

C
t− s

d̃ist(Un(s),Un(t))≤J (Un(s))−J (Un(t)). (2.4.5)

The paths Un are a sequence of equicontinuous maps into (Sr,R,dh) and so from the Compact-

ness Lemma 2.A.6 there exists U∞ : [0,+∞)→ Sr,R with U∞(0) = Ω∞ such that up to taking a

subsequence,

Un→U∞ uniformly on compact subsets of [0,+∞).

Now we show that v∞ is a stationary viscosity solution of (P-V). From Lemma 2.A.5 we get the

following:

(i) vn → v∞ uniformly in (x, t) on compact time intervals and therefore from the stability of

viscosity solutions under uniform convergence – Lemma 2.2.4 – v is a viscosity solution of

(P-V).

(ii) d̃ist(Un(s),Un(t))→ d̃ist(U∞(s),U∞(t)) uniformly on compact subsets of [0,+∞)× [0,+∞).

Combining (ii) with (2.4.5) we derive the energy estimate for U∞(·) for all t > s > 0:

C
t− s

d̃ist(U∞(s),U∞(t))≤J (U∞(s))−J (U∞(t)) = 0. (2.4.6)

So v∞ = u[Ω∞] is a stationary viscosity solution of (P-V). Then due to Theorem 2.1.1, Theo-

rem 2.1.2 and Corollary 2.1.1 it follows that Ω∞ = Br∗(x0) for some point x0 ∈ RN . Actually x0 is

not completely arbitrary since we know that Ω∞ must have ρ-reflection. One can easily check that

this implies x0 ∈ Bρ(0).

4. Finally we show that the convergence is uniform modulo translation. Suppose that there exists

a sequence of times tn→ ∞ and a δ > 0 such that

inf
x ∈Bρ (0)

dH(Ωtn(u),Br∗(x)) > δ .

By taking a subsequence of the tn we may assume that Ωtn(u) converges in Hausdorff distance

to some Ω∞. By part 3 of the argument u[Ω∞] must be equal to Br∗(x0) for some x0 ∈ Bρ(0).

Choosing n sufficiently large so that

d(Ωtn(u),Br∗(x0)) < δ

74



we derive a contradiction.

Note that above theorem leaves the possibility that the drop oscillates between a family of round

drops with its speed going to zero but not fast enough to converge to a single profile. Below we

show that, if the drops are sufficiently regular at large times, then this does not happen. Such

regularity, when the time is sufficiently large so that the profile of u is sufficiently close to a round

one is suspected to be true in the light of existing results introduced by Caffarelli et. al. (see e.g.

the book [CS05]), but verifying this for our setting would be highly nontrivial and thus we do not

pursue this question here.

Proposition 2.4.1. (Conditional uniqueness of the limit) Suppose additionally that u(·, t) are uni-

formly C1,α , then Ωt → Br∗(x0) for some x0.

Proof. Let tn → ∞ be a sequence of times along which Γtn(u) converges in Hausdorff distance.

The limit is a ball ∂Br∗(x0) for some x0 which is compatible with the reflection symmetry of Ω.

By translating we may assume that x0 = 0. Note under this translation Ωt(u) no longer need have

ρ-reflection or be strongly star shaped with respect to the origin, this will not affect the proof.

From Lemma 2.A.5 we get that u(·, tn) converge uniformly to

uEQ =
λ∗
2N

(r2
∗−|x|2)+.

Due to the assumption, we have

sup
n
||u(·, tn)||C1,α < C1 < +∞.

In particular the Du(·, tn) are uniformly bounded and equicontinuous so they must converge uni-

formly to DuEQ. Let δ > 0 small enough that C1δ α ≤ 1/2 and choose n sufficiently large that

dH(Γtn(u),∂Br∗)≤ δ and ||Du(·, tn)−DuEQ||∞ ≤ δ .

Now let x ∈ Γtn(u) and let y = y(x) ∈ ∂Br∗ such that |x− y|= d(x,∂Br∗). We calculate,

|Du(x, tn)−DuEQ(y)| ≤ ||Du(·, tn)−DuEQ||∞ +C1d(x,∂Br∗)
α ≤Cδ

α
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so since |DuEQ|= 1 on ∂Br∗ we have that |Du(x, tn)| ≥ 1/2 and

| Du
|Du|(x, tn)−

y
|y| | ≤Cδ

α .

Rephrasing the above in terms of the interior normal field νn to Γtn(u) we get that

〈νn(x),x〉 ≥ 1−o(1). (2.4.7)

In particular this means, thanks to Lemma 2.A.3, that for any ρ > 0 there exists n sufficiently

large so that Ωtn(u) has ρ-reflection. Since ρ-reflection is preserved under the flow for ρ small

this means that for every ρ > 0 there is a T such that for t ≥ T , Ωt(u) has ρ-reflection. Thus any

subsequential limit of the Ωt(u) has ρ-reflection for every ρ > 0 and must be a ball centered at the

origin.

There is one nontrivial case where we can say that the limiting equilibrium solution is unique.

When the initial data is symmetric with respect to N orthogonal hyperplanes through the origin in

addition to all the conditions given in the statement of Theorem 2.4.1 then the limit is unique. In

this case the reflection symmetries are preserved by the equation and so any Hausdorff distance

limit of the Ωt(u) will share these symmetries. Then it is basic to check that the only ball of radius

r∗ which is symmetric with respect to N orthogonal axes through the origin is in fact centered at

the origin. We record this fact in the following corollary:

Corollary 2.4.2. If Ω0 satisfies all the conditions of Theorem 2.4.1 and additionally is symmetric

with respect to N mutually orthogonal hyperplanes through the origin then any solution u of (P-V)

with initial data Ω0 constructed from the discrete gradient flow scheme of Section 2.3 satisfies,

dH(Ωt(u),Br∗(0))→ 0 as t→ ∞.

2.A Geometric Properties

Let Ω be an open bounded domain in RN which is strictly star-shaped with respect to 0. Let ρ > 0

such that Bρ(0)⊆Ω and let H be a hyperplane in RN such that H∩Bρ(0) = /0. Let H+ be the open
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half-space of H which contains Bρ(0) and H− be the interior of its complement. Then define

Ω+ = Ω∩H+ and Ω− = Ω∩H−

and define the reflection through H by

φH(x) = x−2〈x− y,νH〉νH

where νH is the unit normal to H (pointing inward towards H− for concreteness) and y ∈ H.

Lemma 2.A.1. Suppose Ω has ρ-reflection, then

sup
x∈∂Ω

|x|− inf
x∈∂Ω

|x| ≤ 4ρ.

Proof. Take x0 ∈ ∂Ω such that

|x0|= inf
x∈∂Ω

|x|.

Let H be any hyperplane tangent to Bρ(0) such that x0 ∈ H+.

1. Claim: The reflections φH(x0) with respect to the hyperplanes described above cover all direc-

tions in the sphere, more precisely

{ φH(x0)
|φH(x0)|

: H tangent to Bρ(0) and x0 ∈ H+}= SN−1.

We index H by its normal vector, so for ν ∈ SN−1 let Hν be the hyperplane through 0 normal to ν

and then define:

φν(x) = φHν+ρν(x).

Let ω ∈ SN−1. Without loss, by changing coordinate names, we may assume that x̂0 = e1 and

ω ∈ span{e1,e2}. We restrict ourselves to hyperplanes with normal direction ν ∈ span{e1,e2} and

thereby reduce to the case N = 2. Let ϕ such that cosϕ = ρ/|x0|. Then for any θ ≥ ϕ the plane

through

ρ((cosθ)e1 +(sinθ)e2)

has x0 in the same half-space as Bρ . Let us consider the continuous map f : [0,π]→ [0,π] defined

by,

f (θ) = cos−1
〈

φν(θ)(x0)
|φν(θ)(x0)| ,e1

〉
where ν(θ) = cos

(
ϕ +

(
π−ϕ

π

)
θ

)
e1 + sin

(
ϕ +

(
π−ϕ

π

)
θ

)
e2.
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We show that f (0) = 0 and f (π) = π and thus f maps [0,π] onto itself. We chose ϕ so that

x0 ∈ Hν(0) +ρν(0),

〈x0−ρν(0),ν(0)〉= 〈x0,ν(0)〉−ρ = |x0|cosϕ−ρ = 0.

Therefore φν(0)(x0) = x0 and f (0) = 0. Meanwhile since ν(π) = π we compute directly that

φν(π)(x0) = (ρ−|x0|)e1

and thus f (π) = π . Now in order to show that ω is hit we just choose θ so that:

f (θ) = cos−1〈ω,e1〉

or in other words,
φν(θ)(x0)
|φν(θ)(x0)|

= ω.

2. Let ω ∈ SN−1, by Ω strictly star-shaped with respect to 0 there exists t > 0 such that tω ∈ ∂Ω

and s≤ t implies sω ∈Ω, s > t implies sω ∈ΩC. We want to show that

t ≤ |x0|+4ρ.

Let H be such that x0 ∈ H+ and φH(x0)
|φH(x0)| = ω , which is possible by part 1 of the proof above. Then

by star-shapedness λx0 ∈Ω
C for λ ∈ (1,+∞) and the analagous statement for the reflected domain,

λφH(x0) ∈ φH(Ω+)
C

for λ ∈ (1,+∞).

Moreover since Ω has ρ-reflection Ω− ⊆ φH(Ω+) so in particular

t
|φH(x0)|

φH(x0) = tω ∈ Ω− ⊆ φH(Ω+)

so t ≤ |φH(x0)|. Now, noting that −ρνH ∈ H due to H being tangent to Bρ(0),

φH(x0) = x−2〈x0 +ρνH ,νH〉νH = (x0−〈x0,νH〉νH)− (2r + 〈x0,νH〉)νH

so by pythagoras

|φH(x0)|2 = |x0−〈x0,νH〉νH |2 +(2r + 〈x0,νH〉)2

= |x0−〈x0,νH〉νH |2 + |〈x0,νH〉|2 +4ρ
2 +4ρ〈x0,νH〉

= |x0|2 +4ρ
2 +4ρ〈x0,νH〉
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rearranging (and noticing that 〈x0,νH〉>−ρ due to our assumption that x0 ∈ H+),

t ≤ |φH(x0)| ≤ |x0|+4
ρ2 +ρ〈x0,νH〉
|φH(x0)|+ |x0|

≤ |x0|+4
ρ2 +ρ|x0|
|φH(x0)|+ |x0|

≤ |x0|+4
2r

1+ |φH(x0)|/|x0|

≤ |x0|+4ρ,

where we have used |x0| ≥ ρ and |φH(x0)| ≥ |x0| in the last two lines. This completes the proof.

Lemma 2.A.2. Suppose Ω has ρ-reflection. Then Ω satisfies the following:

(a) for all x ∈ ∂Ω there is an exterior cone to Ω at x,

x+C (x,φx)⊂ RN \Ω where cosφx = ρ

|x| , φx ∈ (0,π/2), (2.A.1)

and C(x,φx) is the cone in direction x of opening angle φx as defined in (2.2.8);

(b) Ω ∈Sr where

r = r(ρ, inf
x∈∂Ω

|x|) = ( inf
x∈∂Ω

|x|2−ρ
2)1/2.

Proof. Let x0 ∈ ∂Ω and let R be the collection of planes which pass through x0 and are admissible

for reflection i.e.

R = {H hyperplane in RN : x0 ∈ H and H ∩Bρ(0) = /0}.

Notice that if H ∈ S then for any a > 0 the plane H +aνH ⊂ H− so H +aνH is also admissible for

reflection. We can also characterize R as hyperplanes H ⊂RN such that infy∈H |y| ≥ ρ and x0 ∈H,

ρ ≤ inf
y∈H
|y|= |〈x0,νH〉|.

So if we think of these planes as being indexed by their normal vectors,

R = {H : 〈νH ,x0〉 ≥ ρ and x0 ∈ H}.

Now let y ∈ x0 +C(x0,φx0) as above, then from the definition of φx0 ,

〈 y− x0

|y− x0|
,x0〉> ρ
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so the plane Hy with normal νHy = y−x0
|y−x0| through x0 is in R. Now we will use the reflection

comparison with respect to the plane

Ĥ = Hy +
1
2
(y− x0)

which is admissible for reflection by the remark above that Ĥ ⊂ Hy−. Then from the ρ-reflection

property of Ω,

y = φĤ(x0) ∈ RN \φĤ(Ω∩ Ĥ+)⊆ RN \ (Ω∩ Ĥ−)

and therefore y ∈ RN \Ω. Since y was arbitrary,

C (x0,φx0)⊂ R
N \Ω.

This proves (a), (b) follows from (a) and Lemma 2.2.6.

Conversely we can show that given a domain Ω which is uniformly close to a ball around zero

and has some uniform condition on the directions of its normal vectors (i.e. star-shapedness with

respect to a large ball) has ρ-reflection. So ρ-reflection is a natural condition to describe closeness

to being round.

Lemma 2.A.3. Let Ω ∈S0, n(x) be normal to ∂Ω, and let ρ > 0 such that Bρ(0) ⊂ Ω. Suppose

that for H N−1 almost every x ∈ ∂Ω

|〈n(x),x〉|2 ≥ |x|2−ρ
2/5 (2.A.2)

and also,

sup
x,y∈∂Ω

|x|2−|y|2 ≤ ρ
2 (2.A.3)

then Ω has ρ-reflection.

Remark 2.A.4. The conditions (2.A.2) and (2.A.3) should be interpreted together as a smallness

requirement on the Lipschitz norm distance between ∂Ω and the nearest sphere or alternatively

that Ω ∈Sr,R for r sufficiently large depending on R and ρ .

Proof. We first prove the result when ∂Ω is C1. Then derive the result for nonsmooth Ω by density.

Let n(x) ∈C(RN ;RN) be a vector field normal to ∂Ω. Let ν ∈ SN−1 and define

H = {x : x ·ν = 0}, H+ = {x : x ·ν > 0}, H− = {x : x ·ν < 0}
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the hyperplane normal to ν through the origin and corresponding half spaces. For s > 0 define the

translates of H,

H(s) = H + sν , H+(s) = H+ + sν , H−(s) = H−+ sν .

We want to show that for s≥ ρ

φH(s)(Ω)∩H−(s)⊆Ω∩H−(s). (2.A.4)

We make the following notations for simplicity,

Ωs := Ω∩H−(s), and Ω̃s := φH(s)(Ω)∩H−(s).

From Ω ⊂ BR(0) we know that H(R) does not intersect Ω and therefore (2.A.4) holds for s ≥ R.

Now move the plane H inward towards the origin until it touchs Ω for the first time at

s0 := inf{s > 0 : H(s)∩Ω = /0}.

Then the containment (2.A.4) holds until smin(ν) which we call t for convenience. We want to

show that t ≤ ρ . Note that t ≤ s0 since for s ≥ s0 the intersection Ω∩H−(s) is empty and so

(2.A.4) holds trivially. Moreover t < s0 because ∂Ω is C1. At t there are two possibilities. The first

is that Ω̃t touches Ωt from the inside at some point off of H(t), that is there exists x ∈ ∂Ω∩H+(t)

such that:

φH(t)(x) ∈ ∂Ωt ∩∂ Ω̃t \H(t).

The second is that H(t) intersects ∂Ω at a point where ν is tangent to ∂Ω.

In the first case, call y = φH(t)(x) to be the point in ∂Ωt ∩ ∂ Ω̃t \H(t). Note that φH(n(x)) is the

normal to ∂Ω at y. Initially we suppose that

〈y,ν〉 ≤ t
4
.

Then a simple calculation, or some geometry, shows that:

t = 1
2(〈x,ν〉+ 〈y,ν〉).
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Now we derive a bound for t from above in this situation,

|x|2 = |x− y|2 + |y|2 +2〈x− y,y〉= 〈x− y,ν〉2 + |y|2 +2|x− y|〈ν ,y〉

= (2t−2〈y,ν〉)2 + |y|2−4(t−〈y,ν〉)〈ν ,y〉

= 4t2−12t〈ν ,y〉+8〈ν ,y〉2 + |y|2

≥ t2 + |y|2.

Keeping this in mind we now work in the case when

〈y,ν〉> t
4
.

Because x lies to the in H+(ν) and we have assumed a bound on the angle between x and n(x) we

also get a bound on the angle between n(x) and ν ,

〈n(x),ν〉= 〈n(x)− x̂,ν〉+ t
|x|
≥ −2

(
1−

√
1− ρ2

5|x|2

)
+

t
|x|
≥ t
|x|
− ρ2

5|x|2
.

Meanwhile, φH(n(x)) inherits the opposite bound,

〈φH(n(x)),ν〉=−〈n(x),ν〉 ≤ − t
|x|

+
ρ2

5|x|2
.

Due to our assumption on the angle between y and ν we also get a bound in the other direction,

〈φH(n(x)),ν〉= 〈φH(n(x))− ŷ,ν〉+ 〈ŷ,ν〉>− ρ2

5|y|2
+

t
4|y|

.

Combining the above two bounds we get that,

t ≤ ρ2|x|
5|y|2

+
ρ2

5|x|
− t|x|

4|y|
,

then calling γ = |x|/|y| and using ρ ≤min{|x|, |y|} we rearrange to get,

t ≤ 1
5

(
ρ

ρ

|y|
γ

1+ 1
4γ

+ρ
ρ

|x|

)
≤ ρ.

In the second case, let x ∈ ∂Ω∩H(t) such that,

〈n(x),ν〉= 0, and therefore |〈x,ν〉|2 + |〈x,n(x)〉|2 ≤ |x|2,
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Rearranging and noting that x ∈ H(t) implies |〈x,ν〉|= t,

t ≤
(
|x|2− (|x|2−ρ

2))
)1/2

= ρ.

Finally in the case of general Ω∈S0 one can approximate ∂Ω by boundaries of C1 domains which

converge in Lipschitz norm (in the appropriately interpreted sense) and use the fact the ρ-reflection

is preserved by convergence in Hausdorff distance.

Lemma 2.A.5. Let Ω j for j ∈ {1,2} and U be in Sr,R, and let α = α(r,R)∈ (0,1) from the Hölder

estimates for harmonic functions in Lipschitz domains Lemma 2.2.9. Then the following estimates

hold:

dH(Ω1,Ω2)≤ dH(∂Ω1,∂Ω2) (2.A.5)

|λ [Ω1]−λ [Ω2]|.r dH(Ω1,Ω2) (2.A.6)

||u[Ω1]−u[Ω2]||∞ .r,R dH(Ω1,Ω2)α (2.A.7)

|Ω1∆Ω2|.r,R dH(Ω1,Ω2) (2.A.8)

|J (Ω1)−J (Ω2)|.r,R dH(Ω1,Ω2)α (2.A.9)

|d̃ist
2
(Ω1,U)− d̃ist

2
(Ω2,U)| and |d̃ist

2
(U,Ω1)− d̃ist

2
(U,Ω2)| .r,R dH(Ω1,Ω2) (2.A.10)

Proof. We will start by showing (2.A.8), the only necessary assumption on the Ω j is that one of

their boundaries be rectifiable with H N−1 Hausdorff measure bounded in terms of r and R,

|Ω1∆Ω2| ≤ dH(Ω1,Ω2)H N−1(∂Ω1).r,R dH(Ω1,Ω2).

Then (2.A.10) follows easily from (2.A.8),

|d̃ist
2
(U,Ω1)− d̃ist

2
(U,Ω2)|=

∣∣∣∣∫
Ω1∆U

d(x,∂U)dx−
∫

Ω2∆U
d(x,∂U)dx

∣∣∣∣
.R |Ω1∆Ω2|
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and because the d̃ist
2

is asymmetric we also check

|d̃ist
2
(Ω1,U)− d̃ist

2
(Ω2,U)|=

∣∣∣∣∫
Ω1∆U

d(x,∂Ω1)dx−
∫

Ω2∆U
d(x,∂Ω2)dx

∣∣∣∣
.R |Ω1∆Ω2|+

∫
(Ω1∩Ω2)∆U

|d(x,∂Ω1)−d(x,∂Ω2)|dx

.R dH(Ω1,Ω2)+
∫
(Ω1∩Ω2)∆U

dH(Ω1,Ω2)dx

.R dH(Ω1,Ω2)

where in the third line we have used that if y1 ∈ ∂Ω1 there exists y2 ∈ ∂Ω2 with |y1 − y2| ≤

dH(Ω1,Ω2) and therefore d(x,∂Ω2) ≤ d(x,∂Ω1)+ dH(Ω1,Ω2) and vice versa. Note that (2.A.9)

is an easy consequence of (2.A.7) and (2.A.6),

|J (Ω1)−J (Ω2)| ≤ ||u[Ω1]−u[Ω2]||∞ max{|Ω1| , |Ω2|}+ |Ω1∆Ω2|,

so we are left to prove the first three estimates.

First recall the behavior of λ under spatial dilations,

λ [aΩ] = a−(N+2)
λ [Ω]. (2.A.11)

We will show that taking,

a :=
r

dH(∂Ω1,∂Ω2)+ r
(2.A.12)

one gets the following containments,

aΩ1 ⊆Ω2 ⊆
1
a

Ω1. (2.A.13)

This will imply by (2.A.11) that

a−(N+2)
λ [Ω1]≥ λ [Ω2]≥ aN+2

λ [Ω1]

and by rearranging,

|λ [Ω1]−λ [Ω2]| ≤max{λ [Ω1],λ [Ω2]}(1−aN+2).

Now to get an estimate of the form (2.A.6), for t ≥ 0 note that

1− (1+ t)−(N+2) ≤ (N +2)t
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to get

|λ [Ω1]−λ [Ω2]| ≤ r−1(N +2)λ [Br]dH(∂Ω1,∂Ω2).

Let us prove (2.A.13) for a chosen as in (2.A.12). If x ∈Ω1 \Ω2 let t ∈ (0,1) such that tx ∈ ∂Ω2.

Then from the star-shaped property there is an exterior cone to Ω2 at tx,

tx+C (x,θtx)⊂ RN \Ω2 where sinθtx = r
t|x| , θtx ∈ (0,π/2)

so that

B (1−t)
t r

(x)⊂ tx+C (x,θtx)⊂ RN \Ω2.

Then d(x,∂Ω2)≥
(1

t −1
)

r and moreover,(
1
t
−1
)

r ≤ dH(∂Ω1,∂Ω2).

or by rearranging,

a≤ t.

Then by making the same argument for x ∈Ω2 \Ω1 we get

aΩ1 ⊆Ω2 ⊆
1
a

Ω1.

Now we show (2.A.7). Without loss of generality suppose that λ [Ω1] ≥ λ [Ω2]. Consider the

difference of the droplet profiles on the two domains,

w(x) = u[Ω1](x)−u[Ω2](x).

First we estimate the size of w(x) on Ω1∆Ω2. If x ∈Ω1∆Ω2 let h = d(x,∂ (Ω1∪Ω2)) then

h≤ dH(Ω1,Ω2) and Bh(x)⊂Ω1∪Ω2 with ∂Bh(x)∩∂ (Ω1∪Ω2) 6= /0.

By the standard construction of barriers for domains with the exterior cone property there exist

0 < α < 1 and C > 0 depending on the uniform lower bound on the opening angle of the exterior

cones such that

|w(x)| ≤Chα +
λ [Ω1]

2N
h2.
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So on Ω1∆Ω2 and in particular on ∂ (Ω1∩Ω2) we have that

|w(x)|.r,R max{dH(Ω1,Ω2)α ,dH(Ω1,Ω2)2}.r,R dH(Ω1,Ω2)α ,

where the last inequality is due to the fact that dH(Ω1,Ω2) ≤ 2R. Finally on intersection x ∈

Ω1∩Ω2,

|w(x)|.r,R dH(Ω1,Ω2)α + |λ [Ω1]−λ [Ω2]|.r,R dH(Ω1,Ω2)α .

Finally we show (2.A.5). Let x0 ∈ Ω1 \Ω2, then tx ∈ RN \Ω2 for all t > 1. In particular let s > 1

such that x1 = sx0 ∈ ∂Ω1. We claim that:

h := d(x0,Ω2)≤ d(x1,Ω2). (2.A.14)

Let x ∈ Bh(x1), then consider the point s−1x,

|s−1x− x0|= s−1|x− x1| ≤ |x− x1|= h.

Therefore s−1x ∈ Bh(x0) ⊂ RN \Ω2 and so from the star-shapedness of Ω2 the point x = ss−1x is

as well, this proves the claimed inequality (2.A.14). In particular:

sup
x∈Ω1

d(x,Ω2) = sup
x∈Ω1\Ω2

d(x,∂Ω2)≤ sup
x∈∂Ω1

d(x,∂Ω2),

and by noting that Ω1 and Ω2 play symmetric roles:

dH(Ω1,Ω2)≤ dH(∂Ω1,∂Ω2).

Define the metric space of boundaries of strongly star-shaped sets,

∂Sr,R := {∂Ω : Ω ∈Sr,R}

with metric dH . This space embeds continuously into

{ f ∈C0,1(SN−1) : r ≤ f ≤ R and ||D f ||L∞ ≤C(r,R)}

with the L∞ distance. As a direct consequence of this we get the following compactness for ∂Sr,R:
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Lemma 2.A.6. (Compactness) The metric space (∂Sr,R,dH) is compact:

(i) Suppose that Γ j ∈ (∂Sr,R,dH) for some r,R > 0 and all j ∈ N. Then {Γ j} j∈N has a subse-

quence that converges and any subsequential limit is also in ∂Sr,R.

(ii) Let I be a compact interval in R and Γ j : I → (∂Sr,R,dh) for j ∈ N are an equicontinuous

sequence of paths in (∂Sr,R,dh). Then there is a subsequence of the Γ j(·) that converges

uniformly on I to a path Γ : I→ (∂Sr,R,dh).

Proof. Arzela-Ascoli. The only interesting point is that ∂Sr,R is closed in (K ,dH) where K is

the class of compact subsets of RN . It suffices to establish the estimate:

dH(∂Ω1,∂Ω2).r,R dH(Ω1,Ω2) (2.A.15)

where Ω j ∈Sr,R. Let x ∈ ∂Ω1 and y ∈ ∂Ω2 such that:

|x− y|= d(x,∂Ω2) = dH(∂Ω1,∂Ω2).

If x ∈ RN \Ω2 then,

dH(∂Ω1,∂Ω2) = |x− y|= d(x,Ω2)≤ dH(Ω1,Ω2).

Otherwise x ∈Ω2, then let t > 0 such that (1+ t)x ∈ ∂Ω2. From the strong star-shapedness of Ω1

we know that

d((1+ t)x,Ω1)≥ t|x| r
|x|
≥ |(1+ t)x− x| r

R
≥ |x− y| r

R
.

Rearranging we get that

dH(∂Ω1,∂Ω2) = |x− y| ≤ R
r

d((1+ t)x,Ω1)≤
R
r

dH(Ω1,Ω2).

2.B Higher Regularity for the Equilibrium Problem

In this appendix we describe the method in [De ] and [KNS78] to show that if u is a solution of the

equilibrium problem 
−∆u(x) = λ in Ω = Ω(u),

|Du|= 1 on Γ = Γ(u).
(EQ)
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with Ω ∈S0 then Γ is C2,α . The first step is Theorem 2.1.2 from [De ] which says that Γ is C1,α .

As a consequence of this u ∈C1,α(Ω). Then one uses a transformation of the problem first used

for this purpose by [KNS78] that has the effect of flattening the free boundary while making the

PDE and the boundary condition nonlinear. Below we describe the transformation in detail.

We may assume that 0∈Γ and 1 = |Du|(0) = ∂nu(0). Then near 0 we make the change of variables:

y j = x j for 1≤ j ≤ n−1, yn = u, v = xn,

Then we can write the y derivatives of v in terms of the x derivatives of u so that v(y) solves the

problem: ∑
n
j=1 ∂ j(Fj(Dv)) = λ for yn > 0

(∂nv)2−∑
n−1
j=1(∂ jv)2 = 1 on yn = 0

(2.B.1)

where 
Fj(p) =

p j

pn
for 1≤ j ≤ n−1,

Fn(p) =−1
2

1+∑
n−1
j=1(p j)2

(pn)2 .

(2.B.2)

It is straightforward to check that this operator is uniformly elliptic when ∂nv is bounded from

below. This fact as well as the nondegeneracy of ∂nv from the boundary condition enables the

argument in [KNS78] to go through for our problem and yield the desired regularity result in

Corollary 2.1.1.

Let us show that (C.1) is the correct equation. Based on the definitions of y j and v, we have

u(y1, ...,yn−1,v(y1, ...,yn)) = yn. (2.B.3)

Taking the n-th partials in (2.B.3) we get

∂nu =
1

∂nv
, −∂nnu =

∂nnv
(∂nv)3 and ∂n ju =

∂nnv∂ jv
(∂nv)3 −

∂n jv
(∂nv)2

where any derivative of u is assumed to be evaluated at (y1, ...,yn−1,v(y1, ...,yn)) and any derivative

of v at (y1, ...,yn). Similarly taking derivatives in (2.B.3) for 1≤ j≤ n−1, we have ∂ ju+∂nu∂ jv =
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0 and thus

−∂ j ju = 2∂n ju∂ jv+∂nnu(∂ jv)2 +∂nu∂ j jv

=
∂nnv(∂ jv)2

(∂nv)3 −
∂n jv∂ jv
(∂nv)2 +

∂ j jv
∂nv

.

Then we substitute into (EQ) to get

λ =−
n−1

∑
j=1

∂ j ju−∂nnu =
n−1

∑
j=1

[
∂nnv(∂ jv)2

(∂nv)3 −2
∂n jv∂ jv
(∂nv)2 +

∂ j jv
∂nv

]
+

∂nnv
(∂nv)3

=
n−1

∑
j=1

∂ j jv
∂nv

+

(
1+∑

n−1
j=1(∂ jv)2

(∂nv)3

)
∂nnv−2

n−1

∑
j=1

∂n jv∂ jv
(∂nv)2

=
n−1

∑
j=1

∂ j

(
∂ jv
∂nv

)
−∂n

(
1
2

1+∑
n−1
j=1(∂ jv)2

(∂nv)2

)
.

The calculation of the boundary condition is easier

1 = |Du|2 =
n−1

∑
j=1

(
∂ jv
∂nv

)2

+
1

(∂nv)2 .
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Part II

Boundary Homogenization
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CHAPTER 3

Homogenization of Oscillating Dirichlet Data: Periodic Case

3.1 Introduction

We consider the homogenization of the following Dirichlet problem set in a bounded domain in

Ω⊂ Rn with smooth boundary,
Fε(D2uε ,x, x

ε
) = 0 for x ∈Ω

uε(x) = g(x, x
ε
) for x ∈ ∂Ω,

(3.1.1)

with Hölder continuous boundary data g∈Cα(Rn×Rn) for some α ∈ (0,1). The operator (M,x,y)→

Fε(M,x,y) is assumed to be uniformly elliptic, and both the operator and the boundary condition

g(x,y) are assumed to be Zn-periodic in the y variable. See Section 3.2.3 for the precise assump-

tions we make on the operators.

The homogenization of the problem (3.1.1) when g(x,y) = g(x) is independent of the fast variable

is somewhat classical at this point and was done by Evans [Eva92, Eva89], the ideas originated in

the unpublished paper of Lions, Papanicolaou and Varadhan [LPV88] on the periodic homogeniza-

tion of Hamilton-Jacobi equations. There are too many works investigating the homogenization

of the interior operators in various settings for us to list all of them here, we simply mention that

more recently the interior homogenization has been shown in the very general setting of stationary

ergodic random media by Caffarelli, Souganidis and Wang in [CSW05].

As far as oscillating boundary data is concerned there is less literature. For divergence form op-

erators the case of oscillating co-normal Neumann data is in the classical book of Bensoussan,

Papanicolaou and Lions [BLP78]. For the case of non co-normal Neumann data and fully non-

linear operators there are a number of recent works. The papers of Arisawa [Ari03] and Barles,
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Da Lio, Lions and Souganidis [BDL08] identify the cell problem and show the homogenization in

half-space type domains. The general domain case for the Neumann problem was solved by Choi

and Kim in [CK14] (see also [CKL13]). They require that the operator Fε homogenizes to a ro-

tationally invariant operator, in this situation the homogenized boundary data is continuous which

guarantees the uniqueness of the limiting problem and thus stability of the ε-problem as ε → 0.

This issue is explained in more detail in [CK14]. Our work is based on the ideas in [CK14,CKL13].

Indeed, one of the novelties of the article this chapter is based on was to show the uniqueness and

stability result for a general class of operators even though the homogenized boundary data may

be discontinuous, refer to the following chapter of this dissertation for further results related to this

issue. In particular we do not need to put any special assumptions on the operators besides the

uniform ellipticity. We believe that similar ideas should apply to the case of oscillatory Neumann

data.

For the oscillating Dirichlet data case there are even less references. For linear divergence form

equations the homogenization in general domains was shown recently by Gerard-Varet and Mas-

moudi in [GM11,GM12] where they are able to consider linear systems, see also [LS12]. The work

of Barles and Mironescu [BM13] deals with fully nonlinear non-divergence form elliptic operators

when Ω is a half-space. Barles and Mironescu identify the cell problem and the attendant diffi-

culties in solving it under quite general assumptions on the operators. We will be concerned with

extending this result to general domains. In order to clarify the main issues that arise from the gen-

eral domain rather than from the cell problem we will avoid giving the most general assumptions

on the operators. We expect that our results should also hold in the generality at which [BM13]

show the cell problem can be solved, but this will be addressed in future work.

At least on the surface a difficulty of this problem, especially in contrast to the corresponding

oscillating Neumann data problem, is a lack of equicontinuity for the uε . The optimal estimate

for the continuity of the uε up to the boundary cannot be any better than the continuity of g(x, x
ε
)

which has oscillations of size 1 at arbitrarily small scales in the limit ε → 0. In particular the

homogenization of (3.1.1), if it occurs, must be happening outside of a ‘boundary layer’ of width

o(1). Keeping this in mind, let us call F to be the homogenized operator on the interior given by
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the results of [Eva92, Eva89, CSW05]. Our goal is to show that the solutions uε of the ε-problem

(3.1.1) converge locally uniformly in Ω to u solving an equation of the form,
F(D2u,x) = 0 for x ∈Ω

u(x) = g(x) for x ∈ ∂Ω.

(3.1.2)

As we will see, the homogenized boundary condition g will depend not only on the function g, but

also on σx, the inner normal to Ω at x and on the Fε .

Let us describe heuristically the approach taken in [BM13] to identifying the homogenized bound-

ary condition. The analysis of the problem (3.1.1) proceeds by blowing up about points x ∈ ∂Ω.

As in [BM13], the introduction of the localizations,

vε(y) = uε(x0 + εy),

at points x0 ∈ ∂Ω in the limit as ε is taken to 0 leads us formally to the following “cell problem”

set in the half space P(x0,σ) := {y : (y− x0) ·σ > 0} where σ ∈ Sn−1 = {x ∈ Rn : |x|= 1},
F(D2v,y) = 0 in P(x0,σ)

v(y) = ψ(y) on ∂P(x0,σ).
(3.1.3)

Some appropriate assumptions on the Fε and g will yield that F is uniformly elliptic and that both

F and ψ are Zn-periodic in y. Then by a Liouville type result the limit v(y + Rσ) as R→ ∞ will

be a constant µ(σ ,ψ,F), we will identify this as the homogenized boundary condition. Then, at

least formally, one expects that |uε(x+εRσ)−v(Rσ)| → 0 as ε→ 0. In particular, if we pull away

from the boundary sufficiently far near x0, we can recover the interior averaging. This suggests

that our homogenized boundary condition in (3.1.2) should be g(x) = µ(σx,g(x, ·),Fx) where σx

is the inner unit normal to Ω at x and Fx is an appropriate blow up limit of Fε .

The main difficulty that one has to deal with in extending to general domains is the rational bound-

ary points x ∈ ∂Ω such that the interior normal σx to Ω at x is in RZn. Exactly when σ ∈ RZn

the cell problem (3.1.3) does not yield a unique constant µ . This corresponds to an a-priori lack of

uniform control in σ of the rate of convergence of v(y + Rσ)→ µ(σ). Some stability of this rate
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of convergence in σ is necessary in order to show that the behavior of the cell problem governs the

homogenization near irrational boundary points.

It turns out that v(x + Rσ)→ µ(σ) uniformly in σ ∈ Sn−1 is equivalent to µ(·,ψ,F) having a

unique continuous extension from the irrational directions Sn−1 \RZn to all of Sn−1. When F is

a rotationally invariant operator one can show using the methods of [CKL13, CK14] that such a

continuous extension exists. For general F the homogenized boundary condition µ is expected to

have no such continuous extension [KS13], so we are left to consider weaker continuity conditions

which still suffice to prove the homogenization.

One of the main contributions of this work is showing that the weak stability which one has ‘intrin-

sically’ is sufficient for the homogenization to hold. We find this stability by carefully analyzing

the rates of convergence for the cell problem in terms of the discrepancy function, see Sections

3.2.2 and 3.3.

Let us call Γ the set of rational boundary points,

Γ(Ω) := {x ∈ ∂Ω : σx ∈ RZn}.

In light of the above discussion, the best continuity result we expect for general Fε is,

g : ∂Ω→ R is continuous at x ∈ ∂Ω\Γ, (3.1.4)

and it turns out that ∂Ω \Γ is also exactly where one is able to exploit the connection between

the cell problem and the ε-problem to show that any subsequential locally uniform limit of the

uε satisfies the homogenized boundary data. In order to show that all subsequential limits are the

same the fundamental question becomes, when is there uniqueness for the problem:
F(D2u,x) = 0 for x ∈Ω

u(x) = g(x) for x ∈ ∂Ω\Γ(Ω).

(3.1.5)

We are not aware of any existing results in this direction, it is worth noting that this problem

is related to the open question of whether there exists a boundary version of the Alexandroff-

Bakelman-Pucci estimate. We provide a resolution of this question when Γ(Ω) has sufficiently
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small Hausdorff dimension in the following Theorem, see Section 3.4 for a precise explication of

all the assumptions,

Theorem 3.1.1. [Theorem 3.4.3] Let F(M,y) be uniformly elliptic with constants (λ ,Λ) and sat-

isfy appropriate continuity assumptions in (M,y). Suppose that Ω has the strict γ exterior cone

condition for some 0 < γ ≤ 1. There exists β0(n,λ ,Λ,γ) > max{0, λ

Λ
(n−1)−1} such that if

β0 > dimH Γ(Ω)≥ 0,

then (3.1.5) has a unique bounded solution u.

Remark 3.1.2. The constraint on the Hausdorff dimension of Γ(Ω) allows us to construct a se-

quence of super solution barriers φ j which are large on Γ(Ω), but converge to zero on compact

subsets of Ω. Then for any bounded solution v of (3.1.5) one can use the classical comparison

principle to show v≤ u+φ j, and letting j→ ∞ will yield the result.

Now we will give a statement of our main result. The results are not stated in their full generality

in order that it be understandable at this point in the exposition. For the exact statements one can

refer to the main text, in particular the main result is in Theorem 3.5.3.

Theorem 3.1.3. (Solution of the Cell Problem and Homogenization)

(i) [Lemmas 3.3.1, 3.3.3 and 3.3.4] Let vx0,σ solve (3.1.3) in P(σ ,x0), there exists a constant

µ(σ ,ψ,F) such that for all σ ∈ Sn−1 \RZn,

sup
x0∈Rn

sup
y∈P(x0,σ)

|vx0,σ (y+Rσ)−µ(σ ,ψ,F)| → 0 as R→ ∞.

Moreover µ is continuous in all of its arguments at irrational directions σ ∈ Sn−1 \RZn (for

the precise meaning of this refer to the referenced Lemmas).

(ii) [Theorem 3.5.3] Let uε be the solutions of the ε-problem (3.1.1) and Ω a bounded domain

with C2 boundary satisfying the condition of Theorem 3.1.1. Then the uε converge locally

uniformly in Ω to the unique solution u of (3.1.5) with,

g(x) = µ(σx,g(x, ·),Fx).
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Remark 3.1.4. In particular the homogenization result holds whenever the set of rational boundary

points Γ is countable for general uniformly elliptic operators Fε satisfying the assumptions of

Section 3.2.3. For example, by the inverse function theorem, this includes the classical assumptions

of [BLP78] for the homogenization of co-normal Neumann data, that ∂Ω has no flat parts in the

sense that Dτσx (the gradient in the tangential directions at x) has rank n−1.

Remark 3.1.5. Here Fx is a rescaling of the Fε at x ∈ ∂Ω. Under the assumptions we will put

on the Fε , the operators Fε themselves will not actually depend on ε and one can simply take

Fx(M,y) = Fε(M,x,y). For a precise characterization of the Fx see Lemma 3.5.1.

Remark 3.1.6. It turns out that µ(σ ,ψ,F) is just the average of ψ over a unit cell when F is linear

and spatially homogeneous and σ is an irrational direction, see Section 3.3.1 for the proof. Since

there is no dependence on the operator in the linear case one may wonder whether µ is always just

the average even when F is nonlinear. We show that in fact this is not the case in Section 3.3.1,

generically when F is nonlinear µ(σ ,ψ,F) depends on F and is not linear in the ψ argument.

3.1.1 Outline of the Chapter

In Section 3.2 we discuss various notations and previous results which will be used throughout

this chapter. For readers well versed in the field of homogenization of uniformly elliptic equations

most of the material in Section 3.2 except for Section 3.2.2 should be familiar. In particular we

will discuss in detail the properties of Zn periodic functions restricted to hyperplanes with rational

and irrational normal directions. These results are essentially refinements of the classical equidis-

tribution theorem of Weyl [Wey10] on irrational rotations of the torus. Then we describe precisely

the assumptions on the differential operators we will consider and the associated comparison, reg-

ularity and interior homogenization results.

In Section 3.3 we analyze the cell problem (3.1.3). We prove Theorem 3.1.3 part (i) and show

properties of the homogenized boundary condition µ in particular the continuity properties dis-

cussed above. We show that the convergence of the solutions of the cell problem vx0,σ (y+Rσ) to

µ is sufficiently uniform at irrational directions to show the claimed continuity. We also give an

example which demonstrates the nonlinearity of the homogenized boundary condition when F is
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nonlinear.

In Section 3.5 we use the results of the previous section to show the homogenization. In particular

we use the stability of the uniform convergence vx0,σ (y+Rσ)→ µ at irrational directions to show

that the upper and lower half-relaxed limits of the uε are respectively sub and supersolutions of

(3.1.5). Then we use the result of Theorem 3.1.1 to conclude that the upper and lower half-relaxed

limits are the same and so the homogenization holds.

3.2 Set Up

3.2.1 Notations

Let us make a note of the notational conventions we will follow in this work. The numbers 0 <

λ < Λ will always refer to the ellipticity constants. The meaning of the term ellipticity constants

will be explained in Section 3.2.3. The number α ∈ (0,1) will almost always refer to the Hölder

continuity of whatever Dirichlet boundary data is under consideration. Let Ω⊂ Rn the associated

Hölder spaces are,

Cα(Ω) :=
{

ψ : Ω→ R : ‖ψ‖Cα (Ω) := sup
x∈Ω

|ψ(x)|+ |ψ|Cα (Ω) < +∞

}
where |ψ|Cα is the Hölder semi-norm defined by,

|ψ|Cα := sup
x 6=y∈Ω

|ψ(x)−ψ(y)|
|x− y|α

.

We also define the oscillation of a real valued function ψ on Rn over a set E ⊂ Rn,

osc
E

ψ := sup
E

ψ− inf
E

ψ.

Constants denoted by C and c will denote universal constants, they depend only on λ ,Λ and the

dimension n, they may change value from line to line and sometimes even within the same line.

Let A and B be two quantities, we write

A. B to mean A≤CB where C is a universal constant.

If we want to emphasize the dependency of a constant on a quantity A we will write C(A).
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3.2.2 Rational and Irrational Directions

We define the following classes of normal directions with respect to the Zn lattice,

Definition 3.2.1. (i) σ ∈ Sn−1 is called a rational direction if σ ∈ RZn.

(ii) σ ∈ Sn−1 is called an irrational direction if it is not a rational direction.

Given a Zn periodic function ψ we we will be interested in the properties of ψ|H , the restriction

of ψ to the hyperplane H = {x ∈ Rn : (x− x0) ·σ = 0}. When σ is an irrational direction the

distribution of the values taken by ψ|H does not change too much under translation of H (changing

x0). This ‘fact’ will be very important to understanding the homogenization of the boundary data

in half spaces.

We will first give a heuristic description of the issue at hand. Let us think of ψ as a function on the

unit periodicity cell [0,1)n. Then we may consider the parts of the unit periodicity cell which are

cut by the hyperplane H,

Hper = {τ ∈ [0,1)n : τ + z ∈ H for some z ∈ Zn}=
⋃

z∈Zn

(H + z)∩ [0,1)n.

For hyperplanes H whose normal direction is rational the union defining Hper will be equivalent

to a finite union. As a result of this the restriction ψ|H ([0,1)n) may be only a non-dense subset

of all the values taken by ψ . Moreover, this subset will be highly variable under changing x0. For

example this issue is immediately evident in R2 when we consider the periodic function,

ψ(x) = ψ(x1) = sin2πx1,

and the hyperplanes H = {x1 = a}.

When the direction is irrational Hper will be ‘uniformly dense’ (in a sense to be made precise) in

[0,1)n. This is exactly equivalent to the well known irrational rotation of the torus example in the

case n = 2. In this case changing x0 will not change the overall distribution of the values taken by

ψ|H . To be slightly more precise, this is the situation in which homogenization of the oscillating

boundary condition ψ(x/ε) will hold.
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Now we proceed to give a precise description of the above heuristics in a way that will be useful

to us in the future. Parts of the following discussion are borrowed from [CKL13]. The reason we

repeat it here is we will need to make use of a more refined version of the results outlined there.

Definition 3.2.2. A bounded sequence of real numbers (x j)∞
j=1 is said to be equidistributed in an

interval [a,b] if for any [c,d]⊆ [a,b] we have,

lim
n→∞

|{x1, ...,xn}∩ [c,d]|
n

=
d− c
b−a

.

For x ∈ R let [x] be the largest integer less than or equal to x.

Definition 3.2.3. A sequence is equidistributed mod 1 if the sequence (x j− [x j]) j∈N is equidis-

tributed in [0,1].

Theorem 3.2.4. (Weyl’s equidistribution theorem [Wey10]) If x is irrational then ( jx) j∈N is equidis-

tributed mod 1.

In order to make quantitative estimates we introduce the notion of the discrepancy. The following

definition is from the book [KN74] via [CKL13]. For a subset E ⊂ [0,1], a natural number N and

a sequence (x j) j∈N ⊂ [0,1] call A(E;N) the number of elements of the sequence x j for 1≤ j ≤ N

contained in E.

Definition 3.2.5. For any x ∈ [0,1] let x j = jx− [ jx] and define the discrepancy function,

DN(x) = sup
E=[a,b)⊆[0,1]

∣∣∣∣A(E;N)
N

−|E|
∣∣∣∣ .

Then by Weyl’s equidistribution theorem DN(x)→ 0 as N → ∞ for each x irrational. Now let us

replace DN(x) by a function equivalent up to constants which is continuous at every irrational. We

define the modified discrepancy function as in [KN74],

D∗N = D∗N(x1, ...,xN) = sup
0<a≤1

∣∣∣∣A([0,a);N)
N

−a
∣∣∣∣ .

Then we have the following properties for D∗N(x),

Lemma 3.2.6. (Properties of D∗N)
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(i) (Theorem 1.3 in [KN74]) The discrepancies DN and D∗N are equivalent up to constants,

D∗N ≤ DN ≤ 2D∗N .

(ii) (Theorem 1.4 in [KN74]) Let x1 ≤ x2 ≤ · · · ≤ xN be in [0,1). Then their discrepancy D∗N is

given by,

D∗N =
1

2N
+ max

i=1,...,N

∣∣∣∣xi−
2i−1

2N

∣∣∣∣ .
(iii) Define the modified discrepancy function for all x ∈ R

D∗N(x) := D∗N(x− [x],2x− [2x], ...,Nx− [Nx]),

then this function is continuous in a neighborhood of every irrational x ∈ R\Q.

Proof. The proofs of the first two parts can be found in the book [KN74]. We prove part (iii).

Given an irrational x and an integer N > 0 let us call

δ = min
1≤ j<k≤N

| jx− kx|∧ min
1≤ j≤N

[( jx− [ jx])∧ ([ jx]+1− jx)] > 0.

Let s : {1, ...,N} → {1, ...,N} be the permutation which orders the sequence x− [x], ...,Nx− [Nx],

that is,

s(1)x− [s(1)x] < s(2)x− [s(2)x] < · · ·< s(N)x− [s(N)x].

Then for |y−x|< δ

2N we have that the above ordering is preserved for y, in fact for each 1≤ j < N,

s( j)y≤ s( j)x+ s( j)|y− x|< s( j)x+δ/2

≤ s( j +1)x−δ/2 < s( j +1)x− s( j +1)|y− x|

≤ s( j +1)y.

Furthermore from the first line of the above inequality and the definition of δ , [s( j)y] = [s( j)x].

Then from part (ii) we have that for |y− x|< δ

2N the discrepancy is has the form,

D∗N(y) =
1

2N
+ max

i=1,...,N

∣∣∣∣s(i)y− [s(i)y]− 2i−1
2N

∣∣∣∣ ,
which, as a maximum of finitely many continuous functions which are continuous in a neighbor-

hood of x, is also continuous in a neighborhood of x.
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Now let σ = (σ1, ...,σn)∈ Sn−1 be a direction, and let 1≤ i≤ n be the largest index corresponding

to the largest component of σ , that is,

i = max{1≤ j ≤ n : |σ j|= |σ |`∞}.

Let Hσ = {x ∈Rn : x ·σ = 0} be the hyperplane through the origin orthogonal to σ . For 1≤ j ≤ n

define m j(σ) to be the slope of Hσ in the plane span{ei,e j},

0 =−m j(σ)|σi|+ |σ j|=−m j(σ)|σ |`∞ + |σ j|. (3.2.1)

The first equality indicates that one of the vectors m j(σ)ei±e j is in the hyperplane Hσ . The second

equality makes manifest that m j(σ) thus defined are continuous in σ and m j(σ) ∈ [0,1]. Now for

every ε > 0 and some γ ∈ (0,1) we define,

ωσ (N) := 2 min
1≤ j≤n

D∗[N](m j(σ)) for N > 1. (3.2.2)

For irrational directions σ ∈ Sn−1 \Zn at least one of the m j(σ) will be irrational. As a result,

ωσ (N)→ 0 as N→ ∞ when σ is an irrational direction. Furthermore, for N sufficiently large, the

min in (3.2.2) above will actually be the same as the min over j such that m j(σ) ∈R\Q. Then for

each such N > 1 fixed ω·(N) will be continuous in a Sn−1 neighborhood of σ with size depending

on N (it is a minimum of finitely many compositions of continuous functions).

Now we state a lemma which quantifies our heuristic argument that hyperplanes with irrational

normals are uniformly dense modulo Zn in [0,1)n. The lemma is from [CKL13], but we state it

in a modified form which will be useful to us. Due to the modifications we will also present the

proof.

Lemma 3.2.7. (Lemma 2.7 in [CKL13]) For σ ∈ Sn−1 and x0 ∈ Rn we define H(x0) = {x ∈ Rn :

(x− x0) ·σ = 0}. Let ωσ : Z>1→ R+ be as defined in (3.2.2), then the following hold:

(i) There exists a dimensional constant C = C(n) > 0 such that the following is true: for any

x ∈ H(x0) and any N > 1 there exists y ∈ Rn such that

|x− y| ≤C(n)N with y− x0 ∈ Zn,

and

dist(y,H(x0)) < ωσ (N).
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(ii) For any δ > 0, there exists z ∈ Zn such that,

dist(z,H(x0))≤ inf
N>0

ωσ (N)+δ .

Proof. Let σ be any direction in Sn−1 and N > 1. Without loss we may translate so that x = 0

and assume that σn = |σ |`∞ ≥ 1/
√

n. Let j such that ωσ (N) = D∗[N](m j(σ)). Recall that one of

the vectors m j(σ)en± e j is in the hyperplane H = H(0), let us assume it is m j(σ)en + e j, the

other case will work out the same. Now from the Lemma 3.2.6 we know that the the discrep-

ancy D[N](m j(σ))≤ ωσ (N), and therefore every interval [a,b)⊂ [0,1) with length at least ωσ (N)

contains at least one of the km j(σ)− [km j(σ)] with k ≤ N.

Let s = snen, with sn ∈ [0,1), then by the above argument there exists 1≤ k≤N such that |km j(σ)−

[km j(σ)]− sn| ≤ ωσ (N), and therefore,

|k(m j(σ)en + e j)− s| mod Zn ≤ ωσ (N).

In particular there exists y ∈ Hσ such that |y− s| mod Zn ≤ ωσ (N) and |y| ≤
√

2N.

Now let us consider s ∈ [0,1)n arbitrary. Then let us take

s′ =
s ·σ
σn

en so that s− s′ ∈ H.

Now, by the above arguments, there exists y′ ∈ H such that |y′− s′| mod Zn ≤ ωσ (N) and |y′| ≤
√

2N. Then let y = y′+(s− s′) which is still in H and |y| ≤ |y′|+ |s− s′| ≤ 2
√

nN and, moreover,

|y− s| mod Zn = |y′− s′| mod Zn ≤ ωσ (N).

Now let s = x0 mod Zn, then there exists ỹ ∈ H as above with

|ỹ| ≤ 2
√

nN and |ỹ− x0| mod Zn = |ỹ− s| mod Zn ≤ ωσ (N).

Now let y = ỹ+(s− ỹ mod Zn), then we have |y| ≤ (2
√

n+1)N and

y mod Zn = s = x0 mod Zn and dist(y,H)≤ ωσ (N).

This completes the proof of part (i).
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The proof of part (ii) is very similar. Let δ > 0 and N sufficiently large so that ωσ (N)≤ infN>0 ωσ (N)+

δ . Let s =−x0 and by the arguments above there exists 1≤ k ≤ N such that

|k(m j(σ)en + e j)+ x0| mod Zn ≤ ωσ (N)≤ inf
N>0

ωσ (N)+δ .

Since x0 + k(m j(σ)en + e j) is in H(x0) this completes the proof of (ii).

3.2.3 Assumptions on the Operators

Now we give the technical assumptions on the differential operators under which we can solve the

cell problem. The operator F which arises in the cell problem is obtained as a scaling limit of the

general operators Fε being homogenized over. This connection will be made more explicit later

in Lemma 3.5.1. We will work in the class of fully nonlinear uniformly elliptic operators without

gradient dependence. This is mostly for convenience and we believe that our framework can be

extended to the gradient dependent case by using the arguments of [BM13].

Let M n be the class of n×n symmetric matrices with real entries. Then the differential operator

F : M n×Rn→ R will be assumed to satisfy the following properties:

(F1) (Lipschitz continuity) F is locally Lipschitz continuous in M n×Rn, and moreover there

exists C > 0 so that for all z,y ∈ Rn and M,N ∈M n,

|F(M,z)−F(N,y)| ≤C(|z− y|(1+‖M‖+‖N‖)+‖M−N‖).

(F2) (Uniform Ellipticity) There exists Λ > λ > 0 such that for all y ∈ Rn,

λTr(N)≤ F(M,y)−F(M +N,y)≤ ΛTr(N) for all M,N ∈M n such that N ≥ 0.

(F3) (Periodicity) For every z ∈ Zn, y ∈ Rn and M ∈M n we have,

F(M,y+ z) = F(M,y).

(F4) (Homogeneity) For all t > 0, M ∈M n and y ∈ Rn we have F(tM,y) = tF(M,y) and, in

particular F(0,y) = 0.
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A wide class of operators of this form come from the theory of optimal control of diffusion pro-

cesses, for example the Hamilton-Jacobi-Bellman operators,

F(M,y) =− sup
α∈A

Tr(Aα(y)M) where λ ≤ Aα(y)≤ Λ ∀ α ∈A .

In much greater generality there are Isaacs operators coming from differential games which have

the form,

F(M,y) =− inf
β∈B

sup
α∈A

Tr(Aαβ (y)M) where λ ≤ Aαβ (y)≤ Λ ∀ (α,β ) ∈A ×B.

In fact, all operators satisfying (F1)-(F4) can be written as an Isaacs operator, the proof is a basic

exercise.

The operator Fε is assumed to satisfy (F1) with the local Lipschitz continuity in both the x and y

variables, the uniform ellipticity (F2) and (F4) the Fε are Zn periodic in y. The most general form

of such operators is,

Fε(M,x,y) = f (x,y)− inf
β∈B

sup
α∈A

Tr(Aαβ (x,y)M) where λ ≤Aαβ ≤Λ ∀ (α,β )∈A ×B. (3.2.3)

Here the Aαβ have uniformly bounded Lipschitz norm, are periodic in their y variable, and satisfy

the uniform ellipticity condition

λ ≤ Aαβ ≤ Λ ∀ (α,β ) ∈A ×B.

The function f is in C0,1(Rn×Rn) and is Zn periodic in its second variable.

The standard notion of weak solution for the equation F(D2u,y) = 0 in a domain Ω ⊆ Rn is the

viscosity solution. The usual reference on the theory of viscosity solutions is [CIL92].

Definition 3.2.8. (Viscosity Solutions)

(i) u : Ω→ R upper semi-continuous is a subsolution of F(D2u,y) ≤ 0 if for any φ ∈ C2(Ω)

such that u−φ has a local max at y0 ∈Ω,

F(D2
φ(y0),y0)≤ 0.

106



(ii) u : Ω→ R lower semi-continuous is a supersolution of F(D2u,y) ≥ 0 if for any φ ∈C2(Ω)

such that u−φ has a local min at y0 ∈Ω,

F(D2
φ(y0),y0)≥ 0.

(iii) u : Ω→R continuous is a solution of F(D2u,y) = 0 if it is both a subsolution and a superso-

lution.

The Dirichlet boundary data can be defined in the classical sense for viscosity solutions. We say

that u is a subsolution of F(D2u,y) = 0 in Ω with Dirichlet data ψ : ∂Ω→ R if u is a subsolution

and

limsup
z→y

u(z)≤ ψ(y) for all y ∈ ∂Ω.

Supersolutions are defined analogously and solutions satisfy both the sub solution and the super

solution property.

One very useful property of viscosity solutions is their stability under uniform convergence. Let

u j : Ω→ R with j ∈ N for some domain (possible unbounded) Ω ⊂ Rn. Let us defined the upper

and lower half-relaxed limit operations,

limsup∗ u j(x) = lim
ε→0

sup{u j(y) : y ∈Ω and |y− x|+ j−1 ≤ ε}

and

liminf∗ u j(x) = lim
ε→0

inf{u j(y) : y ∈Ω and |y− x|+ j−1 ≤ ε}.

One can also have u j : Ω j→ R with the Ω j→Ω in the Hausdorff topology on compact subsets of

Rn. One can easily check that if the upper and lower half-relaxed limits agree then the u j converge

locally uniformly to their common value. In any case we have the following stability result for

viscosity sub and supersolutions under the half-relaxed limit operations, see [CIL92] for more

details,

Lemma 3.2.9. (Stability of viscosity solutions) Let Fj(M,y) : M n×Rn → R be a sequence of

operators satisfying (F1) and (F2) which converge to an operator F(M,y) locally uniformly in M
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and uniformly in y ∈Rn. Let Ω be a domain in Rn and let u j : Ω→R be a bounded above (below)

sequence of subsolutions (supersolutions) of,

Fj(D2u j,y)≤ 0 in Ω ( Fj(D2u j,y)≥ 0 in Ω ).

Define u∗ the upper half-relaxed limit of the u j (resp. u∗ the lower half-relaxed limit), then we

have,

F(D2u∗,y)≤ 0 in Ω ( F(D2u∗,y)≥ 0 in Ω ).

Then we state the interior homogenization result in terms of the half-relaxed limits:

Theorem 3.2.10. (Interior homogenization [Eva92,Eva89,CSW05]) Let Fε(M,x,y) satisfying (F1)

with the local Lipschitz continuity in both the x and y variables, (F2) and Fε are Zn periodic in y.

Let Ω a bounded domain in Rn and uε satisfying,
Fε(D2uε ,x, x

ε
)≤ 0 in Ω

uε(x)≤M on ∂Ω

(3.2.4)

for some M > 0. Then there exists an operator F(M,x) such that u∗ = limsup∗ uε is a subsolution

of, 
F(D2u∗,x)≤ 0 in Ω

u∗(x)≤M on ∂Ω.

(3.2.5)

The analogous result holds for supersolutions as well.

3.2.4 Maximal Operators and Comparison

Now we recall the Pucci maximal operators associated with the class of uniformly elliptic operators

with constants λ ,Λ. The basic results about the Pucci maximal operators can be found in the

book [CC95]. For M ∈M n we can always decompose M = M+−M− with M±≥ 0 and M+M−= 0.

We then define,

P+(M) = ΛTrM+−λTrM− and P−(M) = λTrM+−ΛTrM−. (3.2.6)
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Then from (F2) we may derive for M,N ∈M n and x ∈ Rn,

−P+(M−N)≤ F(M,y)−F(N,y)≤−P−(M−N). (3.2.7)

Note that by the inequality (3.2.7) any viscosity solution of F(D2u,x) = 0 will satisfy, in the

viscosity sense,

−P+(D2u)≤ 0 and −P−(D2u)≥ 0.

Moreover, (3.2.7) implies that the difference w = u−v of a classical supersolution u and a classical

subsolution v is itself a supersolution of the equation,

−P−(D2w)≥ 0.

This is also true of only semicontinuous viscosity sub and supersolutions using the method of sup

and inf-convolutions originally used for this purpose by Jensen [Jen88]. We state the Theorem in

a slightly different form closer to what appears in [CC95],

Theorem 3.2.11. (Comparison) Let Ω be a domain in Rn not necessarily bounded. Let F satisfy

(F1) and (F2). Suppose that u and v satisfy, in the viscosity sense,

F(D2u,y)≤ F(D2v,y) in Ω.

Then w = u− v is a subsolution of,

−P+(D2w)≤ 0 in Ω.

In bounded domains the comparison principle for the Dirichlet problem follows from Theorem

3.2.11 in a standard way. A comparison principle for solutions of uniformly elliptic equations in

half spaces with sublinear growth at infinity then follows from the following localization lemma

which will be useful to us later,

Lemma 3.2.12. (Localization) Let δ ,ε > 0 and L > 1 and suppose that v is a viscosity solution of

−P+(D2v)≤ 0 in P(0,en)∩QL

v(y)≤ δ on ∂P(0,en)∩QL

v(y)≤ L1−ε on ∂QL∩P,

(3.2.8)
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where QL is the cylindrical region,

QL = {|x′| ≤ L}×{0≤ xn ≤ L} with x′ = x− xnen.

Then we have,

v(y)≤ δ +2Λ

λ
nL−ε in Q1.

Remark 3.2.13. Since the Pucci maximal operators are translation and rotation invariant the same

result holds for the analogous problem in the half space P(x0,σ) for any σ ∈ Sn−1 and x0 ∈ Rn.

Proof. Consider the following barrier φ ,

φ(x) = L−1−ε(|x′|2−2Λ

λ
(n−1)x2

n)+δ +(2Λ

λ
(n−1)+1)L−εxn.

It is straightforward to check that φ(x) ≥ v(x) on ∂QL and that φ is a smooth supersolution of

−P+(D2φ) ≥ 2Λ(n− 1)L−1−ε in xn > 0. From the definition of viscosity solution v ≤ φ in QL.

Therefore since

φ(x)≤ δ +2(Λ

λ
(n−1)+1)L−ε in Q1,

we get the result.

A straightforward application of the localization lemma is the following comparison principle for

bounded solutions of the half-space problem (3.1.3):

Lemma 3.2.14. Let ψ1,ψ2 ∈Cα(Rn). Let v1 be a bounded upper semi-continuous subsolution of

(3.1.3) with Dirichlet data ψ1, and v2 be a bounded lower semi-continuous supersolution of (3.1.3)

with Dirichlet data ψ2. Then,

sup
y∈P

(v1(y)− v2(y))+ ≤ sup
y∈∂P

(ψ1(y)−ψ2(y))+.

3.2.5 Regularity Results

The Pucci maximal operators govern the worst possible behavior for solutions of equations sat-

isfying the ellipticity condition (F2). In addition to the role they play in the comparison result,
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Theorem 3.2.11, they are useful because regularity results hold uniformly in the ellipticity class

(λ ,Λ). In particular we have the following result, for more details see the book [CC95]:

Lemma 3.2.15. (Interior Hölder estimates) Assume (F2) and (F4). Let x0 ∈ Rn and v be a contin-

uous viscosity solution of

−P+(D2v)≤ 0 and −P−(D2v)≥ 0.

in Br(x0). For every α ∈ (0,1) there exists C = C(λ ,Λ,n,α) > 0 such that,

sup
x,y∈Br/2(x0)

|v(x)− v(y)|
|x− y|α

≤Cr−α sup
x∈Br(x0)

v(x).

By using barriers one can prove the following Hölder estimate up to the boundary,

Lemma 3.2.16. (Boundary Hölder estimates) Let g ∈ Cα(Rn) for some α ∈ (0,1) and suppose

that u is a viscosity solution of
F(D2u) = 0 in B+

1 = {|x|< 1, xn > 0}

u = g(x) on T = ∂B+
1 ∩{xn = 0}.

(3.2.9)

Then we have the following estimate up to the boundary,

‖u‖
Cα (B+

1/2)
≤C(n,λ ,Λ)(‖g‖Cα (T ) + sup

B+
1

|u|).

3.3 The Cell Problem

Now we begin discussing the actual homogenization problem. First we will analyze the cell prob-

lem and identify the homogenized boundary condition. We will work in the following half-space

type domains in RN ,

P(σ ,x0) = {x ∈ Rn : (x− x0) ·σ > 0}.

Let ψ : Rn → R be Cα(Rn) for some α ∈ (0,1) and periodic with respect to the Zn lattice. For

convenience in the future we will sometimes refer to this class of functions as Cα
per(Rn). From

here on α will always refer to the exponent of Hölder continuity of the Dirichlet boundary data
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for the problem under consideration. Now we consider solving the following Dirichlet problem in

P(σ ,x0), which we will call the cell problem,
F(D2vx0,σ ,y) = 0 in P(σ ,x0)

vx0,σ (y) = ψ(y) on ∂P(σ ,x0).

(3.3.1)

A standard application of Perron’s method in combination with the Localization Lemma 3.2.12

and the Comparison Principle 3.2.14 give a unique bounded solution to the cell problem. Standard

barrier arguments imply that the solution given by Perron’s method achieves the boundary data

continuously.

Now let us define the upper and lower homogenized boundary conditions arising from the cell

problems (3.3.1),

µ∗(σ ,F,ψ) := sup{limsupR→∞ vx0,σ (y+Rσ) : y ∈ ∂P(σ ,x0), x0 ∈ Rn}

µ∗(σ ,F,ψ) := inf{liminfR→∞ vx0,σ (y+Rσ) : y ∈ ∂P(σ ,x0), x0 ∈ Rn}.
(3.3.2)

Then we call µ = 1
2(µ∗+ µ∗) to be the average of µ∗ and µ∗. Notice that µ∗, µ∗ and µ are

invariant under translations of ψ . In fact we could have equivalently defined them as envelopes

over ψ(·+τ) for τ ∈ [0,1)n rather than over the location of the hyperplane ∂P(σ ,x0). From now on

we will work mostly with the quantity µ(σ ,ψ,F) but the upper and lower homogenized boundary

conditions will be mentioned occasionally as well since we will see that they are relevant at the

rational directions.

Now we will show that µ = µ∗ = µ∗ when σ is an irrational direction and that the convergence of

vx0,σ (y + Rσ) to µ is uniform in x0 and y as R→ ∞. Furthermore we provide a precise estimate

on the difference µ∗−µ∗ when σ is a rational direction in terms of the discrepancy in the form of

ωσ . This lemma is analogous to Theorem 2.2 in [BM13].

Lemma 3.3.1. (Identification of the homogenized boundary condition) Suppose that vx0 = vx0,σ

is the unique bounded solution of (3.3.1) set in P(σ ,x0) where σ is any direction in Sn−1 and

x0 ∈ Rn. Let µ(σ ,ψ,F) defined as above then we have for all N > 1,

sup
x0∈Rn

sup
y∈∂P
|vx0(y+Rσ)−µ| ≤C(n,λ ,Λ)(|ψ|Cα +oscψ)((N/R)α +ωσ (N)α) for R≥CN.

(3.3.3)
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In particular, when σ is an irrational direction σ ∈ Sn−1 \RZn we have that µ∗ = µ∗ = µ and for

all directions σ ∈ Sn−1,

µ
∗(σ ,ψ,F)−µ∗(σ ,ψ,F)≤C(n,λ ,Λ)(|ψ|Cα +oscψ) inf

N>1
ωσ (N)α . (3.3.4)

Remark 3.3.2. The fact that the limit of vx0,σ (y + Rσ) as R→ ∞ does not depend on the location

of the hyperplane ∂P (i.e. on x0) for irrational directions is essential for homogenization to hold.

As mentioned before this is heuristically because restrictions of ψ to irrational hyperplanes see all

the values of ψ . The Hölder regularity of ψ is not essential, but in general continuity seems to be

necessary.

Proof. We may assume without loss of generality due to invariance of the equation under adding

a constant and scalar multiplication that |ψ|Cα ≤ 1 and that ‖ψ‖∞ = 1
2 oscψ ≤ 1.

1. First we show that v0,σ (y + Rσ) converges along subsequences locally uniformly in Rn to

constants. For now let us call v = v0,σ , P = P(σ ,0). By the comparison principle we have the

uniform bounds,

−1≤ v≤ 1.

Let Rk→ ∞ be a subsequence such that v(Rkσ) converges as Rk→ ∞ to some constant µ̃ .

2. Due to Lemma 3.2.7 for any p = p′+Rσ ∈ ∂P+Rσ there exists z ∈ Zn such that,

|z− p′| ≤CN and h := dist(z,∂P)≤ ωσ (N).

Note that we have z ·σ = ±h, we assume the + sign, the proof will be very similar in the other

case. We define the translation of v,

ṽ(y) = v(y− z),

which is a viscosity solution of, F(D2ṽ,y) = F(D2ṽ,y− z) = 0 in P+hσ

ṽ(y) = ψ(y− z) = ψ(y) on ∂P+hσ .

Now for y ∈ ∂P+hσ ⊂ P we have,

|v(y)−ψ(y)| ≤ |v(y)− v(y−hσ)|+ |ψ(y−hσ)−ψ(y)| ≤Chα .
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Therefore by comparison principle,

sup
y∈P+hσ

|v(y)− v(y− z)| ≤Chα ,

and then in particular, by the interior Cα estimates,

|v(p+Rσ)− v(Rσ)| ≤ |v(p+Rσ)− v(z+Rσ)|+ |v(z+Rσ)− v(Rσ)|

≤ osc
|y−p|≤CN

v(y)+Cωσ (N)α ≤C(ωσ (N)α +(N/R)α),

where C is of course independent of the point p. Then using comparison,

osc
y∈P

v(y+Rσ)≤ osc
y∈∂P

v(y+Rσ)≤C(ωσ (N)α +(N/R)α).

Now for Rk > R, since Rkσ ∈ P+Rσ ,

sup
y∈P
|v(y+Rσ)− v(y+Rkσ)| ≤C(ωσ (N)α +(N/R)α).

Letting Rk→ ∞ in the above inequality we derive,

sup
y∈P(0,σ)

|v0,σ (y+Rσ)− µ̃| ≤C(ωσ (N)α +(N/R)α). (3.3.5)

3. Now we show that the estimate (3.3.5) is independent of the spatial location of ∂P. Let x0 ∈ Rn

and vx0 be the corresponding solution of (3.3.1) in P(σ ,x0), and v as before be the solution of

(3.3.1) in P(σ ,0). Let N > 1, due to Lemma 3.2.7 there exists z ∈ Zn such that

dist(∂P(σ ,x0)+ z,∂P(σ ,0)) = h≤ ωσ (N).

Then ṽ(y) = v(y− z) solves the following problem in P(σ ,z), F(D2ṽ,y) = F(D2ṽ,y− z) = 0 in P(σ ,z)

ṽ(y) = ψ(y− z) = ψ(y) on ∂P(σ ,z).

Note that ṽ trivially satisfies the estimate (3.3.5). Let us assume that z ∈ P(σ ,x0), the other case

will follow by a similar argument. For each y ∈ ∂P(σ ,z), we have that y−hσ ∈ ∂P(σ ,x0), so by

the Cα regularity up to the boundary for vx0 we get,

|vx0(y)−ψ(y)| ≤ |vx0(y)− vx0(y−hσ)|+ |ψ(y−hσ)−ψ(y)| ≤Chα .
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Therefore by the comparison principle Lemma 3.2.14,

sup
y∈P(σ ,z)

|ṽ(y)− vx0(y)| ≤Cωσ (N)α ,

Combining the above estimate with estimate (3.3.5) for ṽ, we get

sup
y∈P(0,σ)

|vx0,σ (y+Rσ)− µ̃| ≤C(ωσ (N)α +(N/R)α), (3.3.6)

where the constant C depends only on the uniform ellipticity of F by way of the interior Cα

estimates, and in particular not on the arbitrary point x0 or N. Taking the supremum over x0 ∈

Rn and we get the desired estimate except with µ̃ . From here we simply note that µ̃ ∈ [µ∗,µ∗]

so estimate (3.3.3) with µ̃ replacing µ still implies (3.3.4) which in turn implies (3.3.3) with µ

(possibly at the cost of increasing the universal constant C(n,λ ,Λ)).

We now list some properties of the homogenized boundary condition which can be derived in a

straightforward way from the identification Lemma 3.3.1.

Lemma 3.3.3. (Properties of µ) The following properties all hold for µ∗ and µ∗ as well unless

otherwise specified. Recall that the distinction between the envelopes is only relevant at rational

directions.

(i) (Continuity with respect to F) Fix ψ ∈Cα
per(Rn), σ ∈ Sn−1 and let Fj(M,y) be a sequence of

operators satisfying (F1)-(F4) which converge to an operator F∞(M,y) locally uniformly in

M and uniformly in y, then,

limsup
j→∞

|µ(σ ,ψ,Fj)−µ(σ ,ψ,F∞)| ≤C(n,λ ,Λ)(|ψ|Cα +oscψ) inf
N>0

ωσ (N)α .

In particular this implies the continuity of µ with respect to locally uniform convergence of

its F argument at all irrational directions σ ∈ Sn−1 \RZn.

(ii) (Monotonicity) For any ψ1,ψ2 ∈Cα
per(Rn) and F1,F2 satisfying (F1)-(F4) we have,

ψ1 ≤ ψ2 and F2 ≤ F1 implies µ(σ ,ψ1,F1)≤ µ(σ ,ψ2,F2).
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For the following we fix σ ∈ Sn−1 and an operator F satisfying (F1)-(F4), and we call µ(σ , ·,F) =

µ(·) for simplicity of notation.

(iii) (Continuity with respect to ψ) For ψ1,ψ2 ∈Cα
per(Rn),

|µ(ψ1)−µ(ψ1)| ≤ ‖ψ1−ψ2‖L∞ .

(iv) (Homogeneity) For any t > 0 and ψ ∈Cα
per(Rn),

µ(tψ) = tµ(ψ).

(v) (Constants) For ψ ∈Cα
per(Rn) and c ∈ R,

µ(ψ + c) = µ(ψ)+ c.

(vi) (Translation invariance) For any ψ ∈Cα
per(Rn) and any τ ∈ [0,1)n,

µ(ψ(·+ τ)) = µ(ψ).

(vii) (Sub/Super-additivity) If the operator F is convex (concave) then, for any ψ1,ψ2 ∈Cα
per(Rn),

µ∗(ψ1 +ψ2)≥ µ∗(ψ1)+ µ∗(ψ2) ( or µ
∗(ψ1 +ψ2)≤ µ

∗(ψ1)+ µ
∗(ψ2)).

In particular, if F is linear then µ is linear as well at irrational directions.

Proof. All except (i) are easy applications of Lemma 3.3.1 and the comparison principle. Let

us therefore consider the situation in (i). As before we assume that |ψ|Cα ≤ 1 and that ‖ψ‖∞ =
1
2 oscψ . Let µ j = µ j(ψ,Fj,σ) and let v j for j ∈ N∪ {∞} respectively solve the cell problems

(3.3.1) for Fj in the domain P = P(0,σ). By the method of half-relaxed limits [BP88] the v j

converge uniformly on compact subsets of P∪∂P to v∞. Let δ > 0 and let N sufficiently large so

that ωσ (N)α ≤ cδ + infN>0 ωσ (N)α and then taking R≥ δ−1/αCN, we get from (3.3.3),

sup
j∈N∪{∞}

|v j(Rσ)−µ j| ≤ δ +Cωσ (N)α ≤ 2δ +C inf
N>0

ωσ (N)α .

Then fixing such an R, since v j(Rσ)→ v∞(Rσ) as j→ ∞, for j > J(δ ,R) sufficiently large,

|µ j−µ∞| ≤ |v j(Rσ)−µ j|+ |v j(Rσ)− v∞(Rσ)|+ |v∞(Rσ)−µ∞| ≤ 5δ +C inf
N>0

ωσ (N)α .
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Since δ was arbitrary we conclude.

Now let us fix our boundary data ψ ∈ Cα(Rn) which is Zn periodic and F(M,y) our operator

satisfying (F1)-(F4). We will call µ(σ) = µ(σ ,ψ,F) which is defined in Lemma 3.3.1 for all

directions σ ∈ Sn−1 \RZn. We now consider the continuity properties of µ with respect to the

normal direction σ . The goal is to show that µ is continuous at every irrational direction.

Lemma 3.3.4. Let σ ∈ Sn−1 \RZn. Then µ satisfies the following continuity estimate for any

N > 1 and |σ ′−σ | ≤ η(σ ,N) sufficiently small,

|µ(σ ′)−µ(σ)| ≤C(n,λ ,Λ)(|ψ|Cα +oscψ)(N
α

1+α |σ −σ
′|

α

2+α +ωσ (N)α).

Remark 3.3.5. In particular this estimate implies, since ωσ (N)→ 0 as N→ ∞ for irrational direc-

tions, that µ(σ) is continuous at every irrational direction. At every rational direction we have an

upper bound on the limiting oscillation of µ in small neighborhoods of σ . In fact using the meth-

ods of [CKL13,CK14] when the operator F(M,y) homogenizes to a rotationally invariant operator

one can show that µ has a unique continuous extension from Sn−1 \RZn to all of Sn−1. In general

though, numerical experiments suggest that there are non rotationally invariant operators for which

µ will not extend continuously to the rational directions [KS13]. In that case the above continuity

estimate may be the best possible.

Proof. As before, without loss of generality (due to Lemma 3.3.3) we may assume that |ψ|Cα ≤ 1

and that ‖ψ‖∞ = 1
2 oscψ .

Fix σ ∈ Sn−1 \RZn and let σ ′ ∈ Sn−1 be any direction with |σ ′−σ | ≤ η < 1/2, let L,R with

L >> R and ηL << 1. The choices of η , L and R will be made more explicit shortly. The idea is

to explicitly compare the solutions of (3.3.1) in P(0,σ) and P(0,σ ′) and use the identification of

the homogenized boundary condition Lemma 3.3.1.

Let us call x′ = x− (x ·σ)σ , then we have,

{x ·σ > |σ ′−σ |L} ⊂ P(0,σ ′)∩{|x′| ≤ L}.
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Moreover, on {x ·σ = |σ ′−σ |L} letting a(x′) = −x′·σ ′
σ ·σ ′ so that x′+ a(x′)σ ∈ ∂P(0,σ ′) we have

that |a(x′)| ≤ 1
2L|σ ′−σ | since η < 1/2 and by using the Cα estimates up to the boundary,

|vσ (x)− vσ ′(x)| ≤ |vσ (x)− vσ (x′)|+ |ψ(x′)−ψ(x′+a(x′)σ)|+ |vσ ′(x′+a(x′)σ)− vσ ′(x)|

≤C(n,λ ,Λ)Lα |σ ′−σ |α .

Then we apply the localized comparison estimate of Lemma 3.2.12 in the domain (P(0,σ)+ |σ ′−

σ |Lσ)∩P(0,σ ′) to get,

|vσ ′− vσ | ≤C(Lα |σ ′−σ |α + R
L ) in {|x′| ≤ R}×{0≤ x ·σ ≤ R}.

Then by Lemma 3.3.1 for every 1 < N < c(n)R,

|µ(σ)−µ(σ ′)| ≤ |vσ (Rσ)−µ(σ)|+C(Lα |σ ′−σ |α + R
L )+ |vσ ′(Rσ)−µ(σ ′)|

≤C(Lα |σ ′−σ |α + R
L +(N

R )α +ωσ (N)α +ωσ ′(N)α). (3.3.7)

Now in order to make the first three terms on the right hand side above of comparable size we

choose,

R = N|σ −σ
′|−

1
2+α and L = N

1
1+α |σ −σ

′|−
1+α(2+α)

(1+α)(2+α) .

So for any N > 1 choose η sufficiently small so that R≥C(n)N, that is,

0 < η ≤C(n)−(2+α).

Then based on the continuity properties of ω·(N) with fixed N from Section 3.2.2 choose η smaller

if necessary so that

ωσ ′(N)≤ 2ωσ (N) when |σ −σ
′| ≤ η(σ ,N).

Then we get, by plugging in our choice of R, L for |σ −σ ′| ≤ η(σ ,N) into (3.3.7),

|µ(σ)−µ(σ ′)| ≤C(n,λ ,Λ)(N
α

1+α |σ −σ
′|

α

2+α +ωσ (N)α),

which was the desired result.
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3.3.1 The Nonlinearity of the Homogenized Boundary Condition

In the case when the operator F(M,y) = Tr(A(y)M) is linear the homogenized boundary condition

µ(ψ) can be identified explicitly as the average of ψ ,

µ(σ ,ψ,F) =
∫
[0,1)n

ψ(y)dy. (3.3.8)

Note that in particular this value is independent of σ ∈ Sn−1 \RZn and of the operator F . The

proof is a straightforward consequence of the Riesz Representation Theorem in combination with

the properties given in Lemma 3.3.3. We state this in slightly greater generality in the following

Lemma,

Lemma 3.3.6. If F satisfying (F1)-(F4) has no y-dependence and is concave, then for all irrational

directions σ and all ψ ∈Cα
per(Rn),

µ(σ ,ψ,F)≥
∫
[0,1)n

ψ(y)dy.

The opposite inequality holds in case F is convex. More precisely we argue that if µ is linear in ψ

then it is just the average of ψ over the unit periodicity cell. In particular this is the case when F

is a linear operator.

Proof. We will just show (3.3.8). Then the result of the Lemma can be derived by noting that F

concave (convex) with F(0,x) = 0 can be written as a supremum (infimum) of linear homogenous

operators and using the monotonicity of µ with respect to F . By Lemma 3.3.3 we see that µ :

Cα(Tn)→ R is linear and satisfies,

|µ(ψ)| ≤ ‖ψ‖∞.

Therefore µ extends to a bounded linear operator (with norm 1) on the space C(Tn), and so, by the

Riesz Representation Theorem, there is a Radon measure σ on Tn so that,

µ(ψ) =
∫
Tn

ψ(y)dσ(y).

Then, from the translation invariance along with the fact that σ(1) = 1, we derive that σ must be

the uniform measure.
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Clearly this identification of µ , (3.3.8), relies strongly on the linearity of the operator F . Nonethe-

less one may imagine, since µ is independent of the interior operator in the linear case, that this

may carry over to the nonlinear case as well. This is not the case. We give a simple example which

shows the effect of the nonlinearity:

Example 3.3.7. In dimension n = 2 let us define, for Λ > 1 and σ ,η orthogonal irrational direc-

tions, the following fully nonlinear and concave operator,

F(D2u) = min{−∆u,−uηη −Λuσσ}.

We will take our boundary data to be ψ(x) = cos(2πx1) and consider the solution u of the following

cell problem, 
F(D2u) = 0 in P(σ)

u(x) = cos(2πx1) on ∂P(σ).

(3.3.9)

Note that
∫
[0,1)n ψ(x)dx = 0 would be the homogenized boundary condition associated with ψ if

F were linear. In this case we can construct explicit solutions for both of the operators in the

definition of F using separation of variables. In particular we consider,

v1(x) = e−x·σ cos(2πη1(x ·η)) and v2(x) = e−x·σ/Λ1/2
cos(2πη1(x ·η)),

which solve (3.3.9) with the interior operator replaced by ∆u and uηη + Λuσσ respectively. In

particular v1 and v2 are both subsolutions of (3.3.9). Therefore, by comparison, we see that

u(x)≥max{v1(x),v2(x)}. (3.3.10)

Now let us consider the values of v1 and v2 for example on the hyperplane {x ·σ = Λ1/4}, here we

have

max{v1(x),v2(x)}= e−Λ−1/4
[cos(2πη1(x ·η))]+ + e−Λ1/4

[cos(2πη1(x ·η))]−.

Notice that this is the restriction to the hyperplane {x ·σ = Λ1/4} of the Zn periodic function on

Rn,

ψ
′(x) = e−Λ−1/4

[cos(2π(x1−Λ
1/4

σ1))]+ + e−Λ1/4
[cos(2π(x1−Λ

1/4
σ1))]−.

120



Or in other words,

ψ
′(x) = max{v1(x),v2(x)} ≤ u(x) on ∂P(σ ,Λ1/4

σ).

Therefore using Lemma 3.3.6 identification of µ for linear operators and the monotonicity of µ ,

µ(cos(2π·),F,σ)≥ µ(σ ,ψ ′,−∆) =
∫
[0,1)n

ψ
′(x)dx≥ 1

π

(
e−Λ−1/4

− e−Λ1/4
)

> 0.

As a result µ generically will not be just the average of the boundary data when F is nonlinear.

Also note that in particular, since µ must be the average if it is linear in ψ , it cannot be linear in ψ .

3.4 Comparison with Partial Boundary Data

Recalling that we do not expect the homogenization to hold for (3.1.1) at points on boundary with

rational normal direction we are led to consider whether the comparison principle holds when

the ordering on the boundary only holds on a ‘large’ subset. In particular one is led to consider

the following situation, suppose that we have v and u bounded and respectively upper and lower

semicontinuous in the closure of a bounded domain Ω and a subset Γ⊂ ∂Ω such that,
F(D2v,x)≤ F(D2u,x) in Ω

limsupy→x v(y)≤ liminfy→x u(y) on ∂Ω\Γ.

(3.4.1)

Then can we deduce that v≤ u in Ω, or more generally is there an estimate of the form,

sup
x∈K⊂⊂Ω

(v−u)+ .K |Γ|,

where | · | is some measure of the size of Γ. Such an estimate, a form of the Alexandroff-Bakelman-

Pucci estimate on the boundary, appears to be unknown even for linear F at least when | · | =

H n−1(·) the n− 1 dimensional Hausdorff measure. We are able to prove such an estimate only

for | · |= H β0(·) with some β0 < n−1, possibly quite small depending on the ratio Λ/λ .

In order to prove an estimate of the above form we will use the singular solution that was con-

structed in [ASS12]. The following Theorem was proven there for even more general operators,

121



Theorem 3.4.1. (Theorem 1 from [ASS12]) For any 1 > γ > 0 let Kγ = {x : xn > (−1 + γ)|x|},

there exists a unique constant β0(n,λ ,Λ,γ) > max{λ

Λ
(n−1)−1,0} such that the problem, −P+(D2Φ) = 0 in Kγ

Φ = 0 on ∂Kγ \{0}
(3.4.2)

has a positive solution Φ ∈C(Kγ \{0}) which is −β0 homogeneous, that is,

Φ(x) = |x|−β0Φ(x/|x|).

Note that by the Evans-Krylov Theorem Φ is C2,α on the interior of Kγ for some α ∈ (0,1),

see [CC95]. For η ∈ Sn−1 let Oη be any rotation sending η to en and then we call,

Φη(x) = Φ(Oηx). (3.4.3)

In order to use the above barriers we will make the assumption that the domain Ω has the following

exterior cone condition for some 0 < γ ≤ 1,

Definition 3.4.2. Let 0 < γ < 1, then a bounded domain Ω ⊂ Rn has the strict γ exterior cone

condition if there exists ρ > 0 and γ ′ > γ such that for every x ∈ ∂Ω there is a direction ηx with,

{y : (y− x) ·ηx ≤ (−1+ γ
′)|y− x|}∩Bρ(x)⊂ Rn \Ω.

Of course convex domains have the γ exterior cone condition for every γ < 1 since they have a

supporting hyperplane at every boundary point. More generally any Lipschitz domain also has the

strict γ exterior cone condition for some γ depending on the Lipschitz constant of ∂Ω.

We will also use the notion Hausdorff dimension below, so we will recall the definition. The

d-dimensional Hausdorff measure is defined in the following way for a subset E ⊂ Rn,

H d(E) := sup
δ>0

inf

{
∞

∑
j=1

rd
j : ∃x j ∈ Rn s.t. E ⊆

⋃
j≥1

B(x j,r j) and r j ≤ δ

}
.

It is standard to check that H d(E) is decreasing in d and H d(E) = 0 for d > n, this motivates us

to define the Hausdorff dimension as,

dimH E := inf {d ≥ 0 : H d(E) = 0}.
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Theorem 3.4.3. Let F satisfying (F1) and (F2). Suppose that Ω has the strict γ exterior cone

condition for some 0 < γ < 1 and let β0(n,λ ,Λ,γ) as above from Theorem 1 of [ASS12]. Let

Γ ⊂ ∂Ω such that H β0(Γ) = 0, in particular this is the case if dimH Γ < β0. Then if u and v

bounded and respectively upper and lower semicontinuous on the closure of Ω satisfy,
F(D2v,x)≤ F(D2u,x) in Ω

limsupy→x v(y)≤ liminfy→x u(y) on ∂Ω\Γ

(3.4.4)

then u≤ v in Ω.

Remark 3.4.4. This Lemma is also true in the gradient dependent case as long as the operator is

globally Lipschitz in the gradient argument. The only alteration is that the best estimate of β0. In

fact Theorem 1 of [ASS12] gives the existence of a singular solution in the gradient dependent

case as well.

Proof. For simplicity we assume that the γ exterior cone condition holds globally, that is ρ from

the definition of the γ exterior cone condition is equal to +∞. A localization procedure using

Lemma 3.2.12 will cover the general case. Let w = u− v by the Comparison Theorem 3.2.11 w is

a bounded subsolution of 
−P+(D2w)≤ 0 in Ω

limsupy→x w(y)≤ 0 on ∂Ω\Γ.

(3.4.5)

Let Φ be the singular solution from Theorem 1 of [ASS12] corresponding to γ , then call m =

min{Φ(θ) : θ ∈ Kγ ′ ∩Sn−1} > 0 and take M > m−1‖w‖∞. Then from the definition of Hausdorff

measure, H β0(Γ) = 0 implies that for each δ > 0 there exists B(x j,r j) for j ∈N, an open covering

of Γ by balls, so that ∑ j>0 rβ0
j < δ 2/M. For each x j let η j be from the γ exterior cone condition

for Ω and consider the following barrier, smooth in Ω,

φδ (x) = δ + ∑
j>0

Mrβ0
j Φη j(x− x j).

We have the following convergence of the φδ ↘ 0,

0≤ φδ (x)≤ 2δ for d(x,∂Ω)& δ
1/β0.
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Let us show that φδ is a strict smooth supersolution on the interior of Ω, since {y : (y− x j) ·η j ≥

(−1+ γ ′)|y− x j|} ⊂ΩC for each j along with (3.4.2),

−P+(φδ )≥ ∑
j>0
−Mrβ0

j P+(D2
Φη j(x− x j))≥ 0.

Let us show that for each x ∈ ∂Ω,

limsup
y→x

(w−φδ )(y)≤−δ .

This is true by the assumption for x ∈ ∂Ω \ Γ since φδ ≥ δ on ∂Ω. For x ∈ Γ we have that

x ∈ B(x j,r j) for some j > 0, so that, as above, for y ∈Ω with |y− x|< d(x,∂B(x j,r j)),

φδ (y)≥ δ +Mrβ0
j Φη j(y− x j)≥ δ +Mrβ0

j mr−β0
j ≥ δ +‖w‖∞.

This proves the ordering of the Dirichlet data. Then since φδ is smooth in the interior of Ω simply

by the definition of viscosity solution we have that w≤ φδ in Ω. Letting δ → 0 gives the result.

3.5 Homogenization in General Domains

Now we consider the homogenization of (3.1.1) in general domains Ω. We show that (3.1.1)

homogenizes when ∂Ω does not have too many rational boundary points in the sense of Theorem

3.4.3. Unlike in the situation when Ω is a half space which was considered in [BM13] it is now

necessary to make use of the continuity properties of the homogenized boundary condition µ with

respect to σ ∈ Sn−1. The first reason is in order to guarantee that the homogenized problem,
F(D2u,x) = 0 in Ω

u(x) = g(x) on ∂Ω.

(3.5.1)

has comparison. Here F is given by Theorem 3.2.10 and we will identify g(x) by the results of the

previous section. This is where we will use the result of the previous section on comparison with

partial boundary data.
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In order to blow up at boundary points and use the results for the cell problem in a locally uniform

way we will again need the stability of the rate of averaging at irrational directions. We make this

precise in Lemma 3.5.2 which is based on Lemma 3.1 in [BM13], but first we make the following

note on the behavior of Fε under the blow up rescaling:

Lemma 3.5.1. The following convergence holds:

ε
2Fε(ε−2M,x,y)→ Fx(M,y) as ε → 0,

locally uniformly in M and uniformly in (x,y), with Fx(M,y) satisfying assumptions (F1)-(F4). In

particular we also have that if x j→ x then Fx
j → Fx locally uniformly in M and uniformly in y.

Proof. By our assumptions on Fε in Section 3.2.3, there exists a collection of matrices, λ I ≤

Aαβ (x,y)≤ ΛI, Aα,β have uniformly bounded Lipschitz norm and are periodic in their y variable,

also there exists a function f ∈C0,1(Rn×Rn) periodic in it’s second variable so that,

Fε(M,x,y) = inf
β∈B

sup
α∈A

[
−Tr(Aαβ (x,y)M)

]
+ f (x,y).

This form of the operators makes the claim clear, and in this situation,

Fx(M,y) = inf
β∈B

sup
α∈A

[
−Tr(Aαβ (x,y)M)

]
. (3.5.2)

Lemma 3.5.2. (Behavior of uε away from the boundary layer) Suppose that Ω is a bounded domain

with ∂Ω being C2. Let x0 ∈ ∂Ω such that the interior normal σx0 is an irrational direction. For any

δ > 0 there exists R0 and η > 0 such that for R≥ R0 and for any sequence xε→ x with |x−x0| ≤ η ,

limsup
ε→0

|uε(xε + εRσx0)−g(x)| ≤ δ ,

(in particular the quantity in the limsup is defined for ε sufficiently small) where the homogenized

boundary data g is given by,

g(x) := µ(σx,g(x, ·),Fx).

Proof. First we explain how to choose η . Given δ > 0, and σx0 an irrational direction, there exists

N0 > 1 sufficiently large so that ωσx0
(N0) . δ 1/α . Recalling that ω· is continuous at irrational
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directions and that σx is continuous in x since Ω is assumed to be a C2 domain, let η be sufficiently

small so that

|x− x0| ≤ η implies ωσx(N). δ
1/α .

Now fix x ∈ ∂Ω be fixed as above with |x− x0| ≤ η as above and for every ε > 0 define

vε(y) := uε(x+ εy).

Let us call Ωε = ε−1(Ω− x). The vε satisfy the following equation in the viscosity sense,
Fε(ε−2D2vε ,x+ εy,ε−1x+ y) = 0 for y ∈Ωε

vε(y) = g(x+ εy,ε−1x+ y) for y ∈ ∂Ωε .

(3.5.3)

The Ωε → Px = P(0,σx) in Hausdorff distance when restricted to compact sets. Now we use the

compactness afforded by the periodic setting. Let us call

[0,1)n 3 τε = ε
−1x mod Zn,

i.e. ε−1x = τε + zε with zε ∈ Zn. We may replace ε−1x in (3.5.3) above by τε using the Zn

periodicity of Fε and g. Then taking a subsequence of the ε the τε → τ ∈ [0,1]n. Noting that

−‖g‖L∞(Rn×Rn) ≤ vε ≤ ‖g‖L∞(Rn×Rn) we may take the upper and lower relaxed limits of vε along

the above subsequence,

v∗,τ(y) = limsup∗ vε(z) and v∗,τ(y) = liminf∗ vε(z).

The upper and lower half-relaxed limits are defined for each y ∈ Px. Let us show that these are

respectively sub and supersolutions of the limiting scale one equation,
Fx(D2vτ ,y+ τ) = 0 for y ∈ Px

vτ(y) = g(x,τ + y) for y ∈ ∂Px.

(3.5.4)

The interior sub/supersolution property follows from the stability of viscosity solutions under uni-

form convergence, Lemma 3.2.9. The condition on the boundary can be shown in the following
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way. Fix y ∈ ∂Px and δ > 0. For ε sufficiently small, from the local Hausdorff distance con-

vergence of ∂Ωε → ∂Px, there exists y′ ∈ ∂Ωε ∩B(y,δ ). Now for any z ∈ Ωε ∩B(y,δ ), by the

estimates up to the boundary Lemma 3.2.16,

|vε(z)−g(x,τ + y)| ≤C‖g(x+ ε·,τε + ·)‖Cα |z− y′|α + |g(x+ εy′,τε + y′)−g(x,τ + y)|

≤C(‖g‖Cα )(δ α + ε
α |y′|α + |τε − τ|α).

Then taking the supremum over such z and letting ε → 0 along any subsequence where τε → τ ,

|v∗,τ(y)−g(x,τ + y)| ≤ lim
ε→0

sup
z∈Ωε∩B(y,δ )

|vε(z)−g(x,τ + y)| ≤C‖g‖Cα δ
α .

Letting δ → 0 proves that v∗,τ achieves the boundary data in (3.5.4). The same argument works

for v∗,τ .

Since the equation (3.5.4) has comparison we derive v∗,τ ≤ v∗,τ , of course the opposite inequality is

always true so we get the local uniform convergence in Px along subsequences of vε → vτ for some

τ ∈ [0,1]n depending on the subsequence. The point is that the limiting behavior of vτ(y + Rσ)

will not depend on τ ∈ [0,1]n.

Let us consider ṽτ = vτ(y− τ), these satisfy,
Fx(D2ṽτ ,y) = 0 for y ∈ Px +(τ ·σx)σx

ṽτ(y) = g(x,y) for y ∈ ∂Px +(τ ·σx)σx.

(3.5.5)

Then by Lemma 3.3.1, for any N > 1,

sup
τ∈[0,1]n

sup
y∈Px+(τ·σx)σx

|ṽτ(y+Rσx)−µ(σx,g(x, ·),Fx)|. ωσx(N)α +(N/R)α .

Given δ > 0 fixing N = N0 as in our choice of η above and letting R0 > 0 sufficiently large we get,

sup
τ∈[0,1]n

sup
y∈∂Px+(τ·σx)σx

|ṽτ(y+Rσx)−g(x)| ≤ δ .

Then for R ≥ 2R0, η > 0 sufficiently small by the continuity of σx so that |σx−σx0| ≤ 1/2, and

each τ ∈ [0,1]n,

|uε(x+εRσx0)−g(x)| ≤ |uε(x+εRσx0)−vτ(Rσx0)|+|vτ(Rσx0)−g(x)| ≤ |uε(x+εRσx0)−vτ(Rσ)|+δ ,
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and infimizing over τ and then taking limsup on both sides,

limsup
ε→0

|uε(x+ εRσx0)−g(x)| ≤ δ + limsup
ε→0

inf
τ∈[0,1]n

|uε(x+ εRσx0)− vτ(Rσx0)|= δ .

Since the convergence of the uε is locally uniform along subsequences we may replace x by any

sequence xε → x above.

From Lemma 3.5.2 we will be able to deduce that homogenization of the boundary condition holds

near boundary points with irrational directions. In general one cannot blow up to get an estimate of

the form in Lemma 3.5.2 near boundary points with rational normal directions. However we have

the comparison principle with partial boundary data from Theorem 3.4.3. This Theorem gives a

condition under which satisfying the Dirichlet data only at boundary points with irrational normal

directions is enough to deduce uniqueness.

Now let Ω⊂Rn be a bounded domain with C2 boundary which has a strict γ exterior cone condition

for some 0 < γ < 1. Recalling that σ· : ∂Ω→ Sn−1 is the inward unit normal vector field to ∂Ω we

call the set of rational boundary points,

Γ = Γ(Ω) := {x ∈ ∂Ω : σx ∈ RZn}.

Let us suppose that Ω has no flat boundary pieces in any rational direction of too large Hausdorff

dimension, precisely we assume,

H β0(Γ) = 0,

where n− 1 > β0(n,λ ,Λ,γ) > max{0, λ

Λ
(n− 1)− 1} is the singular solution exponent from The-

orem 1 in [ASS12]. In particular this is always true of uniformly convex domains which have an

exterior half space at every boundary point and for which Γ will be countable. More generally

any bounded C2 domain such that the set of rational boundary points where Dτσx (the tangential

gradient) is degenerate has Hausdorff dimension smaller than β0 will satisfy this condition.

Theorem 3.5.3. Suppose that Ω satisfies the hypothesis given above. Let g(x) = µ(σx,g(x, ·),Fx),

then g : ∂Ω→ R is continuous at every point of ∂Ω \Γ, and the solutions uε of (3.1.1) converge

locally uniformly in Ω to the unique, in the sense of Theorem 3.4.3, solution given by Perron’s
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method u of  F(D2u,x) = 0 in Ω

u(x) = g(x) on ∂Ω\Γ.
(3.5.6)

Proof. Let us first note the continuity of g at points of ∂Ω \Γ. Let x j ∈ ∂Ω converging to x ∈

∂Ω\Γ, then ‖g(x j, ·)−g(x, ·)‖L∞ ≤C|xn− x|α , σxn → σx since ∂Ω is C2 and Fx j(M,y) converges

to Fx(M,y) locally uniformly in M and uniformly in y as j→ ∞. Then from the continuity of µ

noted in lemma 3.3.3 (i) and (iii) and in lemma 3.3.4 we have the convergence,

g(x j) = µ(g(x j, ·),Fx j ,σx j)→ µ(σx,g(x, ·),Fx) = g(x) as j→ ∞. (3.5.7)

This shows the claimed continuity of g.

The main tool to show the homogenization is Lemma 3.5.2. Fixing x0 ∈ ∂Ω \ S, σx0 the interior

normal to ∂Ω at x0, δ > 0 and R≥ R0(δ ) and η = η(δ ) > 0 from Lemma 3.5.2 we consider,

ũε(x) := uε(x+ εRσ0) defined for x ∈Ω− εRσ0.

Since the ũε are uniformly bounded (by comparison with ±‖g‖∞) the upper and lower relaxed

limits are defined and finite in Ω,

ũ∗ := limsup∗ ũε and ũ∗ := liminf∗ ũε .

Note that for x ∈ Ω the upper (and lower) relaxed limits of ũε and uε (which we call u∗ and u∗

respectively) agree. The only dependence on R, the manifestation of the boundary layer for uε , is

on ∂Ω. By our choice of R and η from Lemma 3.5.2 and the continuity shown above in (3.5.7)

there exists 0 < η ′ ≤ η sufficiently small so that for x ∈ ∂Ω with |x− x0| ≤ η ′,

ũ∗(x)≤ g(x0)+δ and ũ∗(x)≥ g(x0)−δ ,

and by the interior homogenization result for x ∈Ω we get the inequalities,

F(D2ũ∗,x)≤ 0 and F(D2ũ∗,x)≥ 0.

Let φ± be respectively super and subsolution barriers for the domain Ω at x0. Then, as in the

standard barrier argument, we consider

φ̃+ =
‖g‖∞

inf|x−x0|≥η φ+
φ+ +(g(x0)+δ ),
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which satisfies φ̃+ ≥ ũ∗ on ∂Ω. By comparison φ̃+ ≥ ũ∗ in Ω. In fact since φ± can be chosen

smooth this is even just by the definition of subsolution. In any case, since u∗ = ũ∗ in Ω we get,

limsup
z→x0

u∗(z)≤ limsup
z→x0

ũ∗(z)≤ g(x0)+δ .

Making the same argument with φ− and ũ∗ we get,

liminf
z→x0

u∗(z)≥ g(x0)−δ .

Of course now the left hand side above is independent of δ , so we may take δ → 0 to get,

g(x0)≤ liminf
z→x0

u∗(z)≤ limsup
z→x0

u∗(z)≤ g(x0).

This argument works for every x0 ∈ ∂Ω\Γ. Applying the comparison principle with partial bound-

ary data Theorem 3.4.3 for F to u∗ and u∗ we get for x ∈Ω,

u∗(x) = u∗(x),

so that the uε converge locally uniformly in Ω to u = u∗ = u∗.
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CHAPTER 4

Continuity Properties of the Homogenized Boundary Condition

4.1 Introduction

We investigate the homogenization of oscillating Dirichlet boundary data problems,


F(D2uε , x

ε
) = 0 in U

uε = g( x
ε
) on ∂U.

(4.1.1)

Here F(M,y) is uniformly elliptic, g(y) is continuous, and both are Zd-periodic in y. The domain

U ⊂Rd is bounded and uniformly convex, although more general assumptions which rule out large

flat portions of ∂U will also be sufficient for the results discussed below, see the previous chapter.

In such domains we know from the previous chapter (or [Fel14]) that there exists g : Sd−1→ R,

which may or may not be continuous, so that uε → u locally uniformly in U where u is the unique

solution of, 
F(D2u) = 0 in U

u = g(x) on ∂U,
(4.1.2)

with g depending only on σx, the inward normal of U at x ∈ ∂U . There is no problem to include a

large scale x dependence in g but we omit it here for clarity.

In this chapter we explore the continuity properties of the homogenized boundary data g. In the

Neumann case the continuity of the corresponding g has been studied by Choi-Kim-Lee and Choi-

Kim [CKL13, CK14]. There it was shown that when the averaged operator F̄ is rotation invari-

ant, homogenization holds and the homogenized boundary data is continuous. Following these

works [Fel14] showed homogenization for general F in the Dirichlet setting, due to the new ob-

servation that (4.1.2) has a unique solution if the discontinuity set of g(x) = g(σx) on ∂U has
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sufficiently small Hausdorff dimension. This brings up the natural question of whether the homog-

enized boundary condition could in fact be discontinuous when F̄ is not rotation-invariant. Our

main results are (i) an explicit estimate of the continuity of g when F is rotation invariant or linear,

(ii) when F is not rotation invariant or linear, g is ‘generically’ discontinuous at every boundary

point with rational normal direction (see Theorem 4.1.2 and Corollary 4.1.3). These results seem

to be new even in the linear case.

We expect our main results in this chapter to hold with parallel proofs in both the Dirichlet and

Neumann case. On the other hand we hope to keep our illustration simple so that our main ideas

are presented clearly. For this reason we will only discuss the Dirichlet problem, even though our

arguments build on the framework introduced for the Neumann problem in [CK14]. We leave the

task of proving parallel results for the Neumann problem, including the general homogenization

results in [Fel14], for the future work.

We proceed to give a more precise, but still informal, description of our methods. We begin by

reminding the reader of the derivation of the cell problem determining g. We consider a rescaling

of the solution uε of (4.1.1) near a boundary point x0 ∈ ∂U with unit inner normal σx0 ,

vε(y) = uε(x0 + εy).

The limit of vε(Rσx0) as R→ ∞ and ε → 0, if it exists, will be the homogenized boundary data

ḡ(σx0) as long as εR→ 0. The behavior of vε outside of the oscillating boundary layer is the

quantity of interest. To proceed with the analysis we inspect the equation solved by the vε ,
F(D2vε ,y+ ε−1x0) = 0 in ε−1(U− x0)

vε = g(y+ ε−1x0) on ε−1(∂U− x0).
(4.1.3)

Since F and g are assumed to be Zd periodic in y, ε−1x0 can be replaced by τε = ε−1x0 mod Zd .

Note that along various subsequences τε could converge to any τ ∈ [0,1)d . This motivates the

definition of the cell problem solution vσ ,τ(·;(ψ,F)) for a direction σ ∈ Sd−1, a τ ∈ [0,1)d and a

continuous Zd-periodic ψ by,
F(D2vσ ,τ ,y+ τ) = 0 in Pσ := {y ·σ > 0}

vσ ,τ = ψ(y+ τ) on ∂Pσ .
(4.1.4)
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It is not too difficult to see, at least formally, that,

|vε(y)− vσx0 ,τε
(y;g(x0, ·))| → 0 as ε → 0.

From this identification we can replace understanding ḡ(σ) with the easier problem of understand-

ing the limit vσ ,τ(Rσ) as R→∞ for every τ ∈ [0,1)d . For irrational directions σ the distribution of

g on Pσ +τσ is, in an appropriate sense, invariant with respect to τ . For this reason it was possible

to show, in [CKL13, CK14, Fel14], that, for irrational directions σ , there exists a limit µ(σ ,ψ,F),

the so-called boundary layer tail of vσ ,τ , such that

sup
τ∈[0,1)d

sup
y∈∂Pσ

|vσ ,τ(y+Rσ ;ψ)−µ(σ ,ψ,F)| → 0 as R→ ∞. (4.1.5)

Note that in the context of (4.1.1) and (4.1.2) we should define ḡ(σ) = µ(g,F,σ). It was further

shown in [CKL13, CK14, Fel14] that ḡ(σ) : Sd−1 \RZd → R is continuous, see Theorem 4.2.2.

Thus the remaining question is to understand the limiting behavior of ḡ(σ) as σ converges to a

rational direction σ0 ∈ Sd−1∩RZd .

The rate of convergence in (4.1.5) degenerates at rational directions where, in fact, the boundary

layer tail does depend on τ . Indeed the rational directions σ are the possible discontinuity points of

ḡ. It turns out that the asymptotic behavior near the rational directions is actually quite structured

and a more careful analysis is warranted. We will show that there is a multi-scale homogeniza-

tion occurring, near-boundary in the micro-scale and then further away from the boundary in an

intermediate scale, as irrational directions approach a rational direction. This phenomenon, par-

tially described previously in [CK14], leads to a secondary homogenization problem with its own

‘cell problem’ and ‘effective operator’. This is far from obvious, and it will indeed be the main

observation leading to the results of this chapter. Let us attempt to give a heuristic derivation of

the secondary homogenization problem. The reader may wish to skip to the statement of the main

results as the following description is unavoidably somewhat technical.

We begin with a lattice point ξ ∈ Zd \{0} and its associated unit direction ξ̂ . We may assume that

ξ is irreducible in the sense that the greatest common divisor of its entries gcd(ξ1, . . . ,ξd) is 1. A

Zd-periodic ψ on Rd restricts to ∂Pξ to be periodic with respect to a lattice on ∂Pξ with unit cell
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of size comparable to |ξ | (by the irreducibility). The boundary layer tail exists by the periodicity

of the boundary data, but the same argument applies to ψ(·+ τ) and, generically, the limit of vξ ,τ

is not the same unless (∂Pξ + τ) mod Zd = ∂Pξ mod Zd . We can concisely write down the set of

limit points as,

mξ (t;(ψ,F)) := lim
R→∞

v
ξ ,tξ̂ (Rξ̂ ;(ψ,F)) which is a 1

|ξ |-periodic function on R. (4.1.6)

Now consider an irrational direction σ which is very close to ξ̂ . For a fixed y0 ∈ ∂Pσ the boundary

∂Pσ is close to ∂Pσ +(y0 ·ξ )ξ̂ on a very large region of size∼ |σ− ξ̂ |−1 and so the respective cell

problem solutions are also close in a smaller region (See Figure 1 in section 4.1). This observation

leads to the conclusion that, far from the boundary, vσ averages similarly to the following two-

dimensional problem:


F(D2wξ ,η) = 0 in Pξ

wξ ,η = mξ (y ·η ;(ψ,F)) on ∂Pξ ,
(4.1.7)

where η is the “approaching direction” of σ to ξ ,

η :=−exp−1
ξ̂

(σ)≈ ξ̂ −σ . (4.1.8)

The limit of the homogenized profile µ(σ ,ψ,F) as σ → ξ̂ can then be identified in terms of the

approaching direction η . In other words we can show that for given ψ , F , ξ and σ approaching ξ ,

there is a directional limit L = Lξ (η̂) with η as given in (4.1.8) such that

µ(σ ,ψ,F)−Lξ (η̂)→ 0 as σ → ξ̂ . (4.1.9)

We refer to Section 4 for more precise statements.

The first half of the chapter is spent to rigorously justify this derivation of the secondary cell

problem and to obtain a quantitative estimate on the asymptotics of vσ near rational directions.

When the effective operators Lξ are constant for every rational direction the quantitative estimates

allow us to derive an explicit modulus of continuity for the homogenized boundary condition.

From the previous arguments in [CK14] and [Fel14] we know that Lξ are constant, for instance,

when F̄ is either rotation invariant or linear.
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The characterization of the asymptotic behavior near rational directions described in (4.1.7) and

(4.1.9) also opens the possibility of proving discontinuity of µ . One would just need to show

that Lξ can be non-constant for some operator F , boundary condition ψ and lattice vector ξ ∈

Zd \ {0}. This simplicity turns out to be somewhat deceptive, as the situations where we can

actually compute the boundary layer tail in (4.1.7) is when either the boundary data is trivial or

the operator is linear, and Lξ is constant in those cases. Another natural case to consider is when

the operators are extremal, but then they are rotation invariant and thus Lξ is continuous. While it

is difficult to come up with any specific example, it turns out to be much more tractable to show

that a generic operator and boundary data will result in non-constant Lξ . In fact we are able to

argue that if Lξ were to be constant, then we would be able to find many nearby F ′, ψ ′ with L′
ξ

non-constant. The perturbation of the operator is monotone and hence intrinsically nonlinear, and

is designed to affect F in one direction η ⊥ ξ while leaving another direction η ′⊥ η ,ξ unaffected.

The existence of η ,η ′ mutually orthogonal and orthogonal to ξ requires d ≥ 3, and we are only

able to achieve the desired perturbation of F when F = F is homogeneous.

4.1.1 Main Results

The operators F(M,y) discussed below will be positively 1-homogeneous, uniformly elliptic with

ellipticity ratio Λ, and Zd periodic in y. When F is linear we will write F(M,y) = −Tr(A(y)M).

If we say that F is spatially homogeneous we mean that F = F has no y dependence. For more

details on these assumptions see Section 4.2.2.

First we state our result about continuity. More details can be found in Section 4.5, for the improved

estimate in the linear case see Section 4.7.

Theorem 4.1.1. Let d ≥ 2 and F such that (i) the homogenized operator F is rotation invariant

or (ii) F is linear. Then there exists α = α(Λ) ∈ (0,1) such that for any β ∈ (0,1), ψ ∈C0,β (Td)

and σ ,σ ′ ∈ Sd−1 \RZd we have

|µ(σ ,ψ,F)−µ(σ ′,ψ,F)| ≤C(d,Λ,β )‖ψ‖C0,β (Td)|σ −σ
′|αβ/d.
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In case (ii) we have additionally,

|µ(σ ,ψ,F)−µ(σ ′,ψ,F)| ≤C(d,Λ,‖A‖C5(Td))‖ψ‖C7(Td)|σ −σ
′|1/d[1+(log 1

|σ−σ ′|)
3].

For linear, divergence form systems a mode of continuity for µ(·,ψ,F) is obtained by Gérard-Varet

and Masmoudi [GM12] on the set of Diophantine irrational directions. Our result on the other hand

is based on the mode of continuity near rational directions, and the modulus of continuity we obtain

is uniform on the entire sphere. In the linear case it may be possible to combine these two results,

but we do not pursue this here.

Next we state our result about discontinuity. The statement is not completely precise, see Section

4.6 for the full details.

Theorem 4.1.2. For d ≥ 3, there is a residual set (in the Baire category sense) of continuous

boundary conditions and spatially homogeneous nonlinear operators (ψ,F) such that µ(·,ψ,F)

does not extend continuously at any rational direction.

The following question is left open.

Open Problem. Does Theorem 4.1.2 hold when (i) F is taken to be inhomogeneous or (ii) d = 2?

The argument used in the proof of Theorem 4.1.2 appears to be insufficient to address the above

questions, however we do believe that the theorem holds in both cases (i) and (ii).

The above results can be easily translated in terms of the original problem (4.1.2), since g(x) =

µ(σx,g,F) for x ∈ ∂U with σx ∈ Sd−1 \RZd . The details can be found in [Fel14].

Corollary 4.1.3. Let U ⊂Rd be bounded uniformly convex domain, and let ḡ be as given in (4.1.2).

Then the following holds:

(a) Suppose F is rotation invariant or linear, then the homogenized boundary data ḡ(x) extends

to be Hölder continuous on ∂U, with mode of continuity in σx as given in Theorem 4.1.1.

(b) Let d ≥ 3. Then there is a residual set of g and F in (4.1.1), in the sense of Theorem 4.1.2

such that ḡ, and hence u as well, are discontinuous at every x ∈ ∂U with σx a rational

direction.
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4.1.2 Literature

There has been a surge of recent interest in the homogenization of oscillating boundary conditions,

both in the linear divergence form and nonlinear non-divergence form settings. These works have

much in common but there are some key differences which necessitate differing approaches.

The problem is first addressed in the book of Benssoussan, Papanicolaou and Lions [BLP78],

which considers linear divergence form operators with co-normal oscillating Neumann boundary

condition in general domains with no flat sides. The case of an oscillating Dirichlet boundary

condition remained mostly open for quite a long time. For linear, divergence form systems recent

progress began with the works of Gérard-Varet and Masmoudi [GM11, GM12] where they show

homogenization of the oscillating Dirichlet boundary condition problem with an explicit rate of

convergence in L2(U). In that setting they show that the cell problem homogenizes at normal

directions satisfying a Diophantine condition and that the rate of convergence to the boundary layer

tail is better than polynomial. Continuing this investigation, in the direction of improved rates of

convergence, are the works of Aleksanyan, Sjölin and Shahgholian [ASS13, ASS14b, ASS14a].

They identify the expected optimal Lp convergence rate in general domains and obtain this rate

under certain assumptions on the inhomogeneity of the operator. In a slightly different direction

is the work of Prange [Pra13] which extends the results of [GM11, GM12] to include all irrational

directions. He shows that the convergence to the boundary layer tail can occur at an arbitrarily

slow polynomial rate without the Diophantine assumption. Perhaps the most relevant work to

this chapter of the dissertation is a recent result of Aleksanyan [Ale14] on the continuity of the

homogenized boundary condition. He shows for layered media, where the operator is independent

of translations in the ed direction, that the homogenized boundary condition is as regular as the

boundary data ψ away from a possible singular set on xd = 0. Compared to his result, we do not

rely on any structure assumption on the operator, but on the other hand we obtain only Hölder- 1
d

continuity in the linear case. It should be remarked that our result is in the non-divergence setting,

nonetheless it may be possible for our approach to carry over to the setting of linear systems.

Next we discuss the nonlinear, non-divergence form operators. For nonlinear operators there are

several significant differences from the linear case. Firstly, due to the blow up procedure lead-
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ing to the cell problem, the operators in the cell problem will always be positively homogeneous

and therefore non-smooth at 0 (or linear). This makes the cell problem inherently impossible to

linearize and so no regularity estimates better than C1,β (or C2,β in the convex case) should be

expected. On the other hand, higher regularity seems to be essential to obtaining arbitrary polyno-

mial rate of convergence to the boundary layer tail at irrational directions as was done in the linear

case by [GM12]. For these reasons obtaining arbitrary polynomial rates of convergence for the cell

problem seems quite difficult if not impossible in the nonlinear case. The second problem, expli-

cated for the first time in the paper that this chapter of the dissertation is based on [FK15], is that

the homogenized boundary condition can be discontinuous. For linear operators a discontinuous

boundary condition does not pose such a serious issue because, by the Green’s function represen-

tation the interior values of the homogenized solution can be estimated by measure theoretic norms

of the homogenized boundary condition. In the nonlinear case no such “boundary ABP” estimate

is known and so the uniqueness and stability of the homogenized problem is at issue (see [Fel14]

for a partial resolution to this problem). In regards to the literature, most earlier works address the

Neumann problem: some special cases were discussed in Arisawa [Ari03] in the half-space set-

ting with periodic boundary data, and also by Tanaka [Tan84] using probabilistic methods. More

general results were proved later by Barles, Da Lio, Lions and Souganidis [BDL08]. Only just

recently the full problem in general domains was considered by Choi, Kim [CK14] and Choi, Kim

and Lee [CKL13], wherein they show continuity of the homogenized Neumann boundary condi-

tion for rotationally invariant operators. For the Dirichlet problem Barles and Mironescu [BM13]

obtained homogenization in half-spaces for a general class of nonlinear operators. The full prob-

lem in general domains was then considered by Feldman in [Fel14]. The random case was con-

sidered in Feldman, Kim and Souganidis [FKS14]. We also mention the recent work by Guillen

and Schwab [GS14], where the half-space Neumann problem has been formulated as an interior

homogenization problem for nonlinear non-local operators.
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4.1.3 Outline of the Chapter

In Section 2 we start with notations and preliminary results to be used later in this chapter. In

Section 3 we prove the exponential rate of convergence for the half-space cell problem, when

the boundary data is periodic on the boundary. While the proof is relatively straightforward, our

result appears to be new for nonlinear operators. In Section 4 we investigate the behavior of

the homogenized boundary condition µ(σ ,ψ,F) as σ approaches a rational direction ξ̂ with ξ ∈

Zd \{0}. We derive a second boundary homogenization problem that governs the directional limits

as σ approaches ξ̂ . In Section 5 we prove Theorem 4.1.1 as a consequence of estimates in Section

4 and the Dirichlet’s Theorem (Theorem 4.2.7). In Section 6 we show that, when F is nonlinear, µ

is generically discontinuous (Theorem 4.1.2). Finally in Section 7 we show that when F is linear

and ψ is sufficiently regular µ(·,ψ,F) is Hölder- 1
d continuous up to logarithmic factors. In the

Appendix we prove an extension of the result in section 3, which we make use of in section 7.

4.2 Preliminaries

This section contains notational conventions, fixing of the assumptions on the pde operators, state-

ments of previously known results, and proofs of several technical Lemmas. The material here will

be used throughout this chapter and we suggest that the reader refer back as needed to this section

rather than begin a careful reading here.

4.2.1 Notation

We denote the half space with inner normal σ by Pσ = {y : y ·σ > 0}. For a vector e ∈Rd , ê is the

unit vector in the same direction ê = |e|−1e. We will occasionally need to project a vector e onto

the orthogonal complement of another vector f ∈ Rd , this we denote,

Π f⊥e = e− (e · f̂ ) f̂ .

We say that a constant C > 0 is universal if it depends only on the ellipticity ratio Λ and the

dimension d. These constants may change from line to line without comment. If we need to refer

to a specific universal constant which is not changing between lines we may call it C0 or C1. For
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two quantities A,B we write A. B if A≤CB for a universal constant C. If C additionally depends

on a parameter b which is not universal then we will write A.b B.

We will work with the function spaces of Hölder continuous functions Ck,β (X) for k ∈N∪{0} and

β ∈ (0,1] with (X ,d) a complete separable metric space. Most often X = Tn = Rn mod Zn with

metric inherited from Euclidean distance on Rn. We will repeatedly use the Hölder semi-norm and

norm for β ∈ (0,1], for a φ : X → R,

|φ |C0,β (X) := sup
x 6=y∈X

|φ(x)−φ(y)|
d(x,y)β

and ‖φ‖C0,β (X) = sup
x∈X
|φ(x)|+ |φ |C0,β (X).

On Rn (or Tn) the norms for the higher order Hölder spaces are defined inductively for k ≥ 1 and

β ∈ (0,1] by,

‖φ‖Ck,β (Rn) = ‖φ‖Ck−1,1(Rn) + |D
k
φ |C0,β (Rn).

4.2.2 Operators

We will work in the class of fully nonlinear uniformly elliptic equations. Let Md×d be the class

of d×d real symmetric matrices. For F : Md×d → R we say F is uniformly elliptic if there exist

0 < λ < Λ so that,

λTr(N)≤ F(M)−F(M +N)≤ ΛTr(N) for all M,N ∈Md×d with N ≥ 0. (4.2.1)

Then we define the class of uniformly elliptic operators,

Sλ ,Λ = {F : Md×d → R : (4.2.1) holds }

We will assume the following:

(i) There is some Λ > 0 so that F(·,y) ∈S1,Λ for all y ∈ Td .

(ii) F is Lipschitz continuous in y,

|F(M,y)−F(M,z)| ≤C(1+‖M‖)|y− z|.

(iii) F is positively 1-homogeneous,

F(tM,y) = tF(M,y) for all t > 0.
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We note that under the above assumptions F(M,y) is in fact an Isaacs operator,

F(M,y) = inf
a∈A

sup
b∈B
−Tr(Aab(y)M) with 1≤ Aab(y)≤ Λ.

4.2.3 Regularity in Two Dimensions

In d ≥ 3 it is not known in general whether the solutions of fully nonlinear uniformly elliptic

equations are smooth, examples of non-classical viscosity solutions in high dimensions (d ≥ 12)

have been given by Nadirashvili and Vlăduţ [NV07, NV08] . On the other hand in d = 2 it is a

classical result of Nirenberg [Nir53] that solutions are C2,α for a small α . We will be able to use

this result because the asymptotics near rational directions of the homogenized boundary condition

in any dimension naturally turn out to be determined by a two-dimensional problem. We state the

result using more modern terminology, but our statement follows easily from Nirenberg’s theorem

in [Nir53].

Theorem 4.2.1 (Nirenberg). There exists α(Λ) ∈ (0,1) and C(Λ) > 0 so that if u : B1 → R is a

viscosity solution of F(D2u) = 0 in B1 for some F ∈ S1,Λ then

‖u‖C2,α (B1/2) ≤C(Λ)osc
B1

u.

4.2.4 Results from Homogenization Theory

First we describe the results obtained in [Fel14] regarding the cell problem, the Neumann counter-

part is in [CK14, CKL13]. Let vσ ,τ(·;(ψ,F)) solve the cell problem
F(D2vσ ,τ ,y) = 0 in Pσ

vσ ,τ = ψ(y+ τ) on ∂Pσ .
(4.2.2)

The following result says that, when σ is irrational, vσ ,τ has a limit as y ·σ → ∞ and the limit is

independent of τ .

Theorem 4.2.2 (Theorem 1.2 of [Fel14]). For σ ∈ Sd−1 \RZd there exists µ(σ ,ψ,F), called the

boundary layer tail or homogenized boundary condition, such that,

sup
τ∈[0,1)d

sup
y∈∂Pσ

|vσ ,τ(y+Rσ)−µ| → 0 as R→ ∞.
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Moreover µ(·,ψ,F) is continuous on Sd−1 \RZd .

We will also need a rate of interior homogenization. In general this can be derived by the same

methods used by Caffarelli-Souganidis [CS10] (also see Armstrong-Smart [AS14]). However for

the purposes of this chapter we will only require an interior homogenization rate in the special

situation where the solution of the homogenized problem in consideration is C2,α due to our two

dimensional reduction and Theorem 4.2.1. In this case it is straightforward to obtain a rate of

convergence, so we provide the proof.

For σ ∈ Sd−1 and R > 0, we consider the homogenization problem,
F(D2uε , x

ε
) = 0 in 0 < x ·σ < R

uε = g(x) on x ·σ ∈ {0,R}
which homogenizes to


F(D2u) = 0 in 0 < x ·σ < R

u = g(x) on x ·σ ∈ {0,R},
(4.2.3)

where we are considering g : Rd → R to be bounded and continuous. Suppose g satisfies

g(x) = g0(x ·η ,x ·σ) for some unit vector η ⊥ σ and some g0 : R2→ R. (4.2.4)

Then by uniqueness u(x + tζ ) = u(x) for any ζ ⊥ span{σ ,η}. In particular u(tσ + sη) actually

solves a fully nonlinear uniformly elliptic problem in d = 2 and hence has interior C2,α0 estimates

by Theorem 4.2.1.

We recall, for example from Evans [Eva89], that for each M ∈Md×d there is a unique constant

F(M) and a unique (modulo constants) Zd-periodic bounded solution v(y;M) of

F(M +D2v,y) = F(M) in Rd, (4.2.5)

satisfying ‖v(·;M)‖L∞ ≤ C(Λ,d)‖M‖. Again from [Eva89], F turns out to be uniformly elliptic

with the same ellipticity ratio Λ as F(M,y).

Theorem 4.2.3. Let uε ,u,g be as given in (4.2.3) and (4.2.4). There exists 0 < α(Λ) < 1 such that

for any β ∈ (0,1) and any R > 0,

sup
0<x·σ<R

|uε(x)−u(x)| ≤C(Λ,d)(osc
∂U

g+Rβ |g|C0,β )(R−1
ε)αβ .
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Proof. After rescaling we may assume that R = 1 and U = {0 < x ·σ < 1}. Let δ ∈ (0,osc∂U g] to

be chosen later and uδ solve 
F(D2uδ ) = δ in U

uδ = g(x) on ∂U.
(4.2.6)

By comparing with a parabola we have

sup
U
|uδ −u| ≤Cδ .

We will construct a supersolution barrier function based on ūδ to compare with uε away from the

boundary. We begin by collecting uniform estimates on uδ . Let h > 0 to be chosen small and call

Uh = {x : d(x,∂U) > h}. By the C0,β estimates up to the boundary for both u and uε at unit scale,

‖uδ‖C0,β (U) +‖u
ε‖C0,β (U) ≤C‖g‖C0,β (∂U).

Moreover due to Theorem 4.2.1 we have

|D2uδ (x)| ≤C(h−2 osc
Bh(x)

uδ +δh2)≤Chβ−2‖g‖C0,β for x ∈Uh

and similarly,

|D2uδ (x)|C2,α0(Uh)
≤Chβ−(2+α0)‖g‖C0,β .

Note that for x ∈U \Uh there is y ∈ ∂U with |y− x| ≤ h and thus

|uδ (x)−uε(x)| ≤ |uδ (x)−g(y)|+ |uε(x)−g(y)| ≤C‖g‖C0,β (∂U)h
β .

We wish to show that, in fact, the maximum of uε(x)−uδ (x) in U is obtained in U \Uh. Suppose

otherwise, then there exists x0 ∈U \Uh such that

uε(x0)−uδ (x0) = max
U

(uε −uδ ). (4.2.7)

In particular uδ (x)+uε(x0)−uδ (x0) touches uε from above at x0. Let us define the barrier function

φ
ε(x) := uε(x0)+Duδ (x0)·(x−x0)+ 1

2(x−x0)·D2uδ (x0)(x−x0)+ε
2v( x

ε
;D2uδ (x0))+ δ

2Λ
|x−x0|2,

where v is the corrector given in (4.2.5). Note that

|φ ε(x0)−uε(x0)| ≤C0‖D2uδ‖L∞(Uh)ε
2. (4.2.8)
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One can verify that, using the uniform ellipticity and the definition of the corrector,

F(D2
φ

ε(x), x
ε
)≥ F(D2uδ (x0))− 1

2δ ≥ 1
2δ .

Let us choose

r = min[ε
2

2+α0 (‖D2uδ‖L∞(Uh)/|D
2uδ |C0,α0(Uh)

)
1

2+α0 ,h].

We claim that, for δ sufficiently small and C0 from (4.2.8),

φ
ε(x)≥ uε(x)+2C0‖D2uδ‖L∞(Uh)ε

2 on ∂Br(x0). (4.2.9)

The comparison principle then would yield that the same inequality holds in Br(x0), yielding a

contradiction to (4.2.8). We now verify that δ can be chosen so that (4.2.9) holds. Using (4.2.7)

we have

φ
ε(x)≥ uε(x)+ δ

2Λ
|x− x0|2−C‖D2uδ‖L∞(Uh)ε

2−C|D2uδ |C0,α0(Uh)
|x− x0|2+α0 ,

we have chosen r above so that the last two terms are of the same size on ∂Br(x0). Thus, evaluating

this on ∂Br(x0) we have

φ
ε(x)≥ uε(x)+ δ

2Λ
ε

4
2+α0 (‖D2uδ‖L∞(Uh)/|D

2uδ |C0,α0(Uh)
)

2
2+α0 −C1‖D2uδ‖L∞(Uh)ε

2.

Now suppose r < h and let us choose

δ ≤C‖g‖C0,β max{ε
2α0

2+α0 hβ−(2+α0),hβ−4
ε

2}, (4.2.10)

then due to the regularity estimates on ūδ given above we arrive at (4.2.9). If r = h then δ =

Mhβ−4ε2 to get the same contradiction. By a parallel argument we can show that the same choice

of δ will result in the minimum of uε(x)−uδ (x) occurring in U \Uh.

Now we put together the bounds obtained above. Since the maximum and minimum of uδ −uε are

achieved in U \Uh for δ as above,

sup
U
|u−uε | ≤ sup

U
|u−uδ |+ sup

U\Uh

|uδ −uε | ≤Cδ +C‖g‖C0,β hβ .

Using δ as chosen in (4.2.10),

sup
U
|u−uε | ≤C‖g‖C0,β (ε

2α0
2+α0 hβ−(2+α0) +hβ−4

ε
2 +hβ ).
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By choosing h = ε

2α0
(2+α0)2 we arrive at

sup
U
|u−uε | ≤C‖g‖C0,β ε

β
2α0

(2+α0)2 .

4.2.5 Continuity up to the Boundary

We will use the following result repeatedly in what follows. It is a fundamental technical tool

used in estimating the difference between cell problem solutions in nearby half-spaces. The result

addresses the continuity-up-to-the boundary for solutions of the Dirichlet problem, but it can be

also viewed as a localization result.

Lemma 4.2.4. Suppose that ω : [0,∞)→ [0,∞) is a modulus of continuity and u≤ ω(1) satisfies,
−P+

1,Λ(D2u)≤ 0 in B1∩K

u(x)≤ ω(|x|) on B1∩∂K

where 0 ∈ ∂K and B1∩K ⊂ B+
1 . Then there is a modulus ω̄ depending on Λ,d and ω such that

u(x)≤C(Λ,d)ω̄(|x|) in B1∩K.

If ω(r) = rβ for some β ∈ (0,1) then ω̄(r) = C(Λ,d,β )rβ .

Because it is not obvious how to calculate ω̄ for general ω we will work with Hölder continuous

boundary conditions throughout so that we get explicit estimates. The generalizations to arbitrary

ω present only notational difficulties.

Proof. By rescaling, without loss ω(1) = 1. Let φ be a positive, smooth function in B+
1 satisfying

−P+
1,Λ(D2φ)≥ 0 in B1∩K

φ ≥ 1 on ∂B1∩K
and φ(x)≤C(Λ,d)|x| in B1∩K.

For example one can choose φ to be a rescaled translation of the fundamental solution for the Pucci

operator. For each r > 0 and an M > 1 to be chosen large consider the barrier,

φr(x) = ω(Mr)+( sup
BMr∩K

u)+φ((Mr)−1x).
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Then φr(x)≥ (supBMr∩K u)≥ u on ∂BMr∩K and

φr(x)≥ ω(Mr)≥ ω(|x|)≥ u(x) on ∂K∩BMr,

since ω is monotone. By comparison principle u≤ φr in BMr and therefore it follows that

sup
Br∩K

u(x)≤ ω(Mr)+( sup
BMr∩K

u)+φ( 1
M ). (4.2.11)

To get a modulus of continuity, let ε > 0, choose M ≥ 2ε−1C(Λ,d) and then choose r sufficiently

small to make the right hand side in (4.2.11) less than or equal to ε .

On the other hand, since the argument is valid for every r > 0, applying the estimate repeatedly up

until Mn+1r ≥ 1,

sup
Br∩K

u(x)≤
n−1

∑
j=1

ω(M jr)φ( 1
M ) j−1 +( sup

B1∩K
u)+φ( 1

M )n−1

In case ω(r) = rβ for some β ∈ (0,1), choose M1−β = 2C(Λ,d) so that

sup
Br∩K

u(x)≤Mrβ
n−1

∑
j=1

C(Λ,d) jM−(1−β ) j +( sup
B1∩K

u)+(M−(1−β )C(Λ,d))n−1M−(n−1)β

≤ 2Mrβ +( sup
B1∩K

u)+2−(n−1)M2β rβ

≤C′(Λ,d,β )(1+( sup
B1∩K

u)+)rβ .

4.2.6 Some Number Theory

Lastly we present some elementary number theoretic results which we will make use of. When

σ ∈ RZd is a rational direction then there is some minimal T = T (σ) > 0 such that,

(∂Pσ +T σ) mod Zd = ∂Pσ . (4.2.12)

Lemma 4.2.5. If ξ ∈ Zd \{0} is irreducible in the sense that gcd(ξ1, . . . ,ξd) = 1 then,

T (ξ̂ ) = |ξ |−1.
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Proof. We need to show that there exists x ∈ Zd such that ξ · x = 1. If there exists such an x then

0 ∈ [∂P
ξ̂

mod Zd]∩ [(∂P
ξ̂
+

1
|ξ |

ξ̂ ) mod Zd],

and so the two sets are the same. This is essentially just using the Euclidean algorithm repeatedly

since we are looking for an integer solution of

ξ1x1 + · · ·ξdxd = gcd(ξ1, . . . ,ξd) = 1.

Lemma 4.2.6. If ξ ∈ Zd \{0} then ∂Pξ is spanned by d−1 vectors f j ∈ Zd with | f j| ≤ |ξ |.

Proof. Without loss assume that |ξd|= arg max
1≤i≤d

|ξi|> 0 since ξ 6= 0. Then call, for 1≤ j ≤ d−1,

f j = ξde j−ξ jed and from the definition f j ·ξ = 0.

Next we state a classical number theoretic result, the simultaneous version of Dirichlet’s approxi-

mation Theorem. The proof is by pigeon-hole principle.

Theorem 4.2.7. For given real numbers α1, ...,αn and N ∈ N, there are integers p1, ..., pn,q ∈ Z

with 1≤ q≤ N such that

|qαi− pi| ≤
1

N1/n
.

4.3 Asymptotics of Half-space Solutions with Periodic Boundary Conditions

Here we consider the convergence rate for homogenization of half-space problems. First consider

the solution v of the following problem in a half-space,


F(D2v,y) = f (y) in Ped

v = φ(y) on ∂Ped .
(4.3.1)
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We assume that F , f and φ are periodic with respect to linearly independent translations `1, ...`d−1 ∈

∂Ped . We define the lattice of periodicity and its unit cell,

Z :=
{

z : z =
d−1

∑
j=1

k j` j, k j ∈ Z
}

, Q :=
{

∑λ j` j : λ j ∈ [0,1)
}

, and L := diam(Q).

In this section we will only consider the case f ≡ 0 for the simplicity of presentation. The proof

of Lemma 4.3.1 for the general case f 6= 0, which is needed in Section 4.7, is presented in Ap-

pendix 4.A. The calculations are rather delicate, since for later usage it will be important for us to

keep track of the dependence on the unit cell size L.

The following lemma states that the rate of convergence to the homogenized boundary condition

will be exponentially fast depending on L and universal constants. This result is originally due to

Tartar [Tar09] for linear divergence form operators. To the best of our knowledge the result is new

for nonlinear operators. The proof is an iterative argument using the Z -periodicity of the solution

and the interior oscillation decay from Harnack inequality.

Lemma 4.3.1. There exist µ(φ ,F) and c0(Λ,d) > 0 such that,

sup
y·ed≥R

|v(y)−µ| ≤C(Λ,d)(oscφ)exp(−c0L−1R),

and this estimate gives the optimal rate up to the determination of c0.

Proof. By rescaling we may assume without loss that oscφ = 1. Let α(d,Λ)∈ (0,1) be the Hölder

continuity exponent and C0(Λ,d) the constant in the interior Hölder estimate for the maximal class

(see [CC95]). For r > C1/α

0 L we claim that

osc
Ped +krσ

v≤Ck
0(L/r)αk for any k ∈ N. (4.3.2)

Supposing that this result holds, let k = [R/r] to obtain

osc
Ped +Rσ

v≤ osc
Ped +krσ

v≤ exp
(

k log
C0Lα

rα

)
.

When we choose r = eC1/α

0 L the estimate becomes,

osc
Ped +Rσ

v≤ exp

(
−

[
R

eC1/α

0 L

])
≤C exp(−cR/L)

150



with C = e and c = e−1C−1/α

0 .

It remains to prove (4.3.2) by induction. For k = 0 (4.3.2) follows from the maximum principle.

Assuming (4.3.2) for k, we prove it for k +1. Note that

vk(y) = C−k
0 rαkL−αkv(y+ kred)

satisfies F(·,y + kred) = 0 in Ped with boundary data φk(y) = C−k
0 rαkL−αkv(y + ked). Both the

operator and the boundary data are periodic with respect to (` j)d−1
j=1 translations by uniqueness,

and oscφk ≤ 1 by the inductive hypothesis. Then by the interior Hölder estimate in Br(red),

|vk|Cα (Br/2(red)) ≤C0r−α and so osc
Q+red

vk ≤C0(L/r)α ,

where we have used r > 2L so that Q ⊂ Br/2(0). On the other hand vk is periodic on ∂Ped + red

with respect to the translations (` j)d−1
j=1 and periodicity cell Q. Therefore

osc
Pσ +red

vk ≤ osc
∂Pσ +red

vk ≤C0(L/r)α ,

where we have again used maximum principle for the first inequality. Rewriting this in terms of v,

osc
Pσ +(k+1)red

v = Ck
0(L/r)αk osc

Pσ +red
vk ≤Ck+1

0 (L/r)(k+1)α .

This completes the inductive proof.

Lastly to show that the rate is optimal we take F =−∆ and φ = cos 2πy1
L . Then v(y) can be explicitly

computed using separation of variables as

v(y) = cos(2πy1
L )exp(−2π

L y2).

Plugging in y1 = 0 and y2 = R completes the proof since evidently µ = 0 in this case.

We will need a slight variant of Lemma 4.3.1 when the operator does not share the periodicity cell

of the boundary data but its oscillations are at a smaller scale (see the proof of Lemma 4.4.3).

Lemma 4.3.2. Let φ ,v and L as given in Lemma 4.3.1, and suppose that there is 0 < ε ≤ L such

that for every y ∈ ∂Ped there is y′ with |y− y′| ≤ ε and F(M, ·+ y′) = F(M, ·) in Ped . Then there

exists C,c > 0 depending only on Λ,d such that,

osc
y∈∂Ped

v(Red + y)≤C[(oscφ)exp(−cL−1R)+ωv(ε)].
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Here ωv is the modulus of continuity of v at points of ∂Ped ,

ωv(r) := sup{|v(y)− v(y′)| : y ∈ ∂Ped ,y
′ ∈ Ped and |y− y′| ≤ r}.

Note that by Lemma 4.2.4 we have, for any β ∈ (0,1), ωv(ε)≤C(Λ,d,β )‖φ‖C0,β εβ .

Proof. The proof is a minor modification of the proof of Lemma 4.3.1 and so we mainly focus on

the difference in the proof. We will prove that there is α(Λ,d) ∈ (0,1),C0(Λ,d) > 0 such that for

r ≥ (2C0)1/αL

osc
Ped +kred

v≤Ck
0(L/r)αk(oscφ)+C0ωv(ε) for any k ∈ N. (4.3.3)

Following the proof of Lemma 4.3.1 we are done as long as we can show (4.3.3).

The proof of (4.3.3) is again by induction. We wish to show that (4.3.3) holds for all k. Assuming

that (4.3.3) holds up to k we prove for k +1. Note that vk(y) = v(y+ kred) solves the equation

Fk(D2vk,y) := F(D2vk,y+ kred) = 0 in Ped

with boundary data φk(y) = vk−1(y+ red). Note that Fk satisfies the same assumption as F . By the

interior oscillation decay for the ellipticity class, there exists a universal constant C1 > 1 such that

osc
`+Q+red

vk ≤C1(L/r)α osc
∂Ped

φk for any ` ∈Z .

For an arbitrary y ∈ ∂Ped let ` ∈Z such that y ∈ `+Q,

|vk(y+ red)− vk(red)| ≤ 2 osc
`+Q+red

vk + |vk(`+ red)− vk(red)|

≤ 2C′0(L/r)α osc
∂Ped

φk + |vk(`+ red)− vk(red)|. (4.3.4)

The second term on the right hand side above appears since vk is no longer periodic. By the

assumption on F there is `′ ∈Ped with |`′−`| ≤ ε and F(M, ·+`′) = F(M, ·) in Ped for all symmetric

matrices M. Therefore we can estimate,

|vk(`+ red)− vk(red)| ≤ |vk(`+ red)− vk(`′+ red)|+ |vk(`′+ red)− vk(red)|.

The first term can be estimated by,

|vk(`+ red)− vk(`′+ red)| ≤C′0(|`− `′|/r)α osc
∂Ped

φk. (4.3.5)

152



For the second term it suffices to bound w(y) = v(y + `′)− v(y) in Ped . Using the periodicity of φ

we have w(y) = v(y+`′)−φ(y+`) on ∂Ped . Then by maximum principle and the definition of ωv,

sup
Ped

|w| ≤ sup
∂Ped

|w|= sup
∂Ped

|v(y+ `′)−φ(y+ `)| ≤ ωv(|`− `′|). (4.3.6)

Plugging (4.3.5) and (4.3.6) into (4.3.4) and using |`− `′| ≤ ε ≤ L we obtain,

|vk(y+ red)− vk(red)| ≤ 3C′0(L/r)α osc
∂Ped

φk +ωv(ε). (4.3.7)

We can conclude now since,

osc
∂Ped +(k+1)red

v = osc
∂Ped +red

vk

≤ 3C1(L/r)α osc
∂Ped

φk + ω̄φ (ε)

≤ 3C1Ck
0(L/r)(k+1)α oscφ +(3C1Ck

0(L/r)kα +1)ωv(ε)

≤Ck+1
0 (L/r)(k+1)α oscφ +C0ωv(ε)

where the last step holds if we choose C0 = 3C1 and r ≥ 21/αLC1/α

0 since 1 < C1.

4.4 Asymptotics of Half-Space Solutions Near Rational Directions

In this section we study asymptotic behavior of half-space solutions as the normal direction σ

approaches a rational direction, ξ̂ for some ξ ∈ Zd \ {0}. Let us recall the cell problem solution

vσ ,τ defined for a direction σ ∈ Sd−1, a τ ∈ Rd and a continuous Zd-periodic ψ by,
F(D2vσ ,τ ,y) = 0 in Pσ

vσ ,τ = ψ(y) on ∂Pσ .
(4.4.1)

Due to Theorem 4.2.2, for irrational directions there exists a limit µ(σ ,ψ,F) such that,

sup
τ∈Rd

sup
y∈∂Pσ

|vσ ,τ(y+Rσ ;(ψ,F))−µ(σ ,ψ,F)| → 0 as R→ ∞. (4.4.2)

We are interested to understand the asymptotic behavior of µ(σ ,ψ,F) as σ approaches a rational

direction ξ̂ for ξ ∈ Zd \ {0}. The limiting behavior, it will turn out, depends on the direction of
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tangential approach. The main result of this section (stated quantitatively in Proposition 4.4.10) is

the following:

Theorem 4.4.1. Let β ∈ (0,1) and ψ ∈C0,β (Td). For any ξ ∈ Zd \{0}, irreducible, there exists

a function Lξ (·) = Lξ (·;ψ,F) on unit vectors tangent to Sd−1 at ξ̂ and a mode of continuity, ωξ ,β ,

such that the following holds:

|µ(σ(t),ψ,F)−Lξ (σ ′(0))| ≤ ω|ξ |,β (|σ(t)−σ(0)|)

for any σ : [0,1)→ Sd−1 a unit speed geodesic with σ(0) = ξ̂ .

The basic idea behind these asymptotics already appeared in [CKL13, CK14] for the Neumann

problem as a part of their proof that, when F is rotation invariant, µ(·,ψ,F) has a continuous

extension from the irrational directions to the entire unit sphere. The proof proceeds by a series

of reductions which will be carried out by a multi-scale homogenization argument. Our analy-

sis is a quantitative and improved version of the proof given in [CK14] in the following sense.

First we have tried to obtain optimal estimates at each stage of the argument. We do this with

the hope of clarifying the proof and of achieving improved quantitative results on the continuity

of µ in the end. Secondly we introduce the directional limit L and observe that L depends on a

two-dimensional projected version of the problem (see Section 4.4.3). It is for this reason that

we are able to use Nirenberg’s two dimensional regularity result and the corresponding interior

homogenization result, Theorem 4.2.3. By this careful exposition we are able to obtain a pre-

cise characterization of the asymptotic behavior of µ at rational directions and its dependence on

the operator F and boundary data ψ . With this characterization we are able to understand both

continuity and discontinuity, Sections 5 and 6 respectively, in a unified way.

4.4.1 Step 1: Replacing the Boundary Condition at an Intermediate Scale

Let ξ ∈ Zd \{0} be irreducible and recall the cell problem solutions, Zd-periodic in τ ∈ Rd ,
F(D2vξ ,τ ,y+ τ) = 0 in Pξ

vξ ,τ = ψ(y+ τ) on ∂Pξ .
(4.4.3)
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By the results of Section 4.2.6 the boundary data ψ|
∂Pξ

is periodic with respect to a lattice on ∂Pξ

with unit cell size ≤Cd|ξ |. The result of the previous section implies that for each τ ∈ Rd there

is a limit at infinity in the ξ direction. The limit for τ,τ ′ ∈ Rd is the same when τ,τ ′ are both

in ∂Pξ + tξ̂ modulo Zd for some t ∈ R. By Lemma 4.2.5 this is exactly when τ · ξ̂ mod 1
|ξ |Z =

τ ′ · ξ̂ mod 1
|ξ |Z. We define

mξ (t;(ψ,F)) := lim
R→∞

v
ξ̂ ,tξ̂ (Rξ̂ )

which is continuous, 1
|ξ |-periodic on R. By definition we have

lim
R→∞

vξ ,τ(Rξ̂ ) = mξ (τ · ξ̂ ;(ψ,F)).

Generally speaking mξ inherits the up to the boundary regularity of the cell problem solutions. In

the general fully nonlinear case this is limited to C0,1, but for linear operators the result would hold

for arbitrary Ck,β , see Section 4.7.

Lemma 4.4.2. For β ∈ (0,1),

‖mξ (·;(ψ,F))‖C0,β ≤C(Λ,d,β )‖ψ‖C0,β ,

and

‖mξ (·;(ψ,F))‖C0,1 ≤C(Λ,d,β )‖ψ‖C1,β .

The proof is a straightforward application of the boundary C0,β estimates combined with the defi-

nition of mξ , and is postponed till the end of this section. We drop the dependence of mξ on (ψ,F)

as long as there is no ambiguity. Due to Lemma 4.3.1 of the previous section,

sup
Pξ +Rξ̂

|v
ξ ,tξ̂ (·)−mξ (t)| ≤C(oscψ)exp(−cR/|ξ |).

Let σ ∈ Sd−1 be an irrational direction and µ(σ ,ψ,F) the boundary layer tail of the cell problem

solutions vσ ,τ (see Theorem 4.2.2 for the definition of µ). Since the limit is independent of τ (from

Theorem 4.2.2) we simply refer to vσ = vσ ,0 when σ is irrational. We consider the asymptotics of

µ(σ ,ψ,F) as σ approaches ξ̂ .

When σ 6=−ξ̂ there is a unique vector η ⊥ ξ (see Figure 1) so that,

σ = (cos |η |)ξ̂ − (sin |η |)η̂ with |η |= |σ − ξ̂ |+O(|σ − ξ̂ |2) (4.4.4)
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|η |

ν
ξ̂

−η

ξ ν

y0

∂Pν

∂Pξ

∂Pξ +(y0 · ξ̂ )ξ̂

R

vν(y1)≈ mξ (y0 · ξ̂ )≈ mξ (y0 ·η)

∼ |η ||y− y0|
y

y1 = mξ (y1 ·η)

Figure 4.1: The appearance of mξ at an intermediate distance from ∂Pσ .

It may be helpful, although it is not essential, to note that this is just the minus of the inverse of the

exponential map exp
ξ̂

: T
ξ̂

Sd−1 → Sd−1 \ {−ξ̂} where T
ξ̂

Sd−1 is the tangent space to Sd−1 at ξ̂ .

The goal of this section is to show that, after moving to the interior and rescaling, the cell problem

solution vσ is very close, in terms of |σ − ξ̂ |, to wξ ,η solving,
F(D2wξ ,η , |η |−1y) = 0 in Pξ

wξ ,η = mξ (y · η̂) on ∂Pξ ,
(4.4.5)

in their common domain of definition. We do not claim that (4.4.5) has a boundary layer tail.

Indeed the periodicity lattices of the boundary data and the operator may not be aligned. On the

other hand, by Lemma 4.3.2, it will almost have a limit up to an error small in |η | and this will be

sufficient for our purposes. More precisely we aim to prove:

Proposition 4.4.3. Let ξ ∈ Zd \{0}, irreducible, and σ ∈ Sd−1 \RZd with |ξ −|ξ |σ | ≤ 1/2 then,

for any β ∈ (0,1),

µ(σ ,F,ψ)− liminf
R→∞

wξ ,η(Rξ̂ ;(ψ,F))≤C(Λ,d,β )|ψ|C0,β |ξ −|ξ |σ |β log 1
|ξ−|ξ |σ | .

The parallel statement holds for the limsup as well.

We remark that the result does not depend on the Hölder continuity of ψ (any continuity modulus

for ψ would yield an analogous result). Furthermore when ψ ∈C1,β the estimate can be improved
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to

µ(σ ,F,ψ)− liminf
R→∞

wξ ,η(Rξ̂ ;(ψ,F))≤C(Λ,d,β )‖ψ‖C1,β |ξ −|ξ |σ | log 1
|ξ−|ξ |σ | .

Let us give a heuristic proof of Proposition 4.4.3, which is illustrated in Figure 1. Pick a point

y0 ∈ Pσ . In a neighborhood of y0 the boundary data ψ for vσ is very close to that of ψ restricted

to ∂Pξ +(y0 · ξ̂ )ξ̂ . This causes vσ to be close to mξ (y0 · ξ̂ ) at y1 := y0 + Rξ̂ for R = o(|ξ̂ −σ |).

Next, observe that y0 · ξ̂ ∼ y0 ·η , since ξ̂ −η is almost σ and y0 is perpendicular to σ . But now,

since η is perpendicular to ξ , we have y0 ·η = y1 ·η . Consequently one can now say vσ (y) is now

close to mξ (y ·η) R-away from ∂Pσ , and this describes the near-boundary homogenization for vσ .

Now taking mξ (y ·η) as the new boundary data for the interior homogenization, we arrive at the

interior problem (4.4.5) and Proposition 4.4.3.

The actual proof is slightly more involved for technical reasons.

Lemma 4.4.4. Let ξ ∈ Zd \{0} be irreducible. For |ξ −|ξ |σ | ≤ 1/2 and β ∈ (0,1) let us define

R0 := c−1|ξ | log 1
|ξ ||σ−ξ̂ |

. Then we have

sup
y∈∂Pσ

|vσ (R0σ + y)−mξ (y · ξ̂ )| ≤C(Λ,d,β )|ψ|C0,β |ξ −|ξ |σ |β log 1
|ξ−|ξ |σ | .

We remark that the log term in above esimate can be improved slightly as may be noticed from the

proof.

Proof of Lemma 4.4.4. We first show that for all R > 1,

sup
y∈∂Pσ

|vσ (Rσ + y)−mξ (y · ξ̂ )|. (oscψ)exp(−cR/|ξ |)+ |ψ|C0,β Rβ |σ − ξ̂ |β .

This will imply the desired result by choosing R0 = c−1|ξ | log 1
|ξ ||σ−ξ̂ |

and using (oscψ). |ψ|C0,β .

Fix y0 ∈ ∂Pσ and we consider comparing vσ with the solution w of, F(D2w,y) = 0 in Pξ + y0

w = ψ(y) in ∂Pξ + y0.
(4.4.6)

Note that y0 ∈ ∂Pξ +(y0 · ξ̂ )ξ̂ and therefore, using that σ · ξ̂ ≥ 1/2,

|w(y0 +Rσ)−m(y0 · ξ̂ )| ≤C(oscψ)exp(−c|ξ |−1R). (4.4.7)
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On the other hand for y ∈ ∂ [(Pξ + y0)∩Pσ ] there exists y′ ∈ ∂Pξ + y0 such that

|y′− y| ≤ |σ − ξ̂ ||y− y0|,

and so by the Hölder continuity of w up to the boundary,

|w(y)−ψ(y)| ≤ |w(y)−w(y′)|+ |ψ(y′)−ψ(y)| ≤C(d,Λ)|ψ|C0,β |σ − ξ̂ |β |y− y0|β .

The same argument holds for vσ and by combining the two estimates we have

|vσ (y)−w(y)| ≤min{C|ψ|C0,β |σ − ξ̂ |β |y− y0|β ,oscψ} for y ∈ ∂ [(Pξ + y0)∩Pσ ],

where the second term is from maximum principle, minψ ≤ w,vσ ≤maxψ . Now we claim that,

|vσ (y)−w(y)| ≤C(Λ,d,β )min{|ψ|C0,β |σ − ξ̂ |β |y−y0|β ,oscψ} for y ∈ (Pξ +y0)∩Pσ , (4.4.8)

but this is just a rescaling of Lemma 4.2.4. In particular (4.4.8) combined with (4.4.7) implies,

|vσ (Rσ + y0)−m(y0 · ξ̂ )| ≤ |vσ (Rσ + y0)−w(Rσ + y0)|+C|ψ|C0,β Rβ |σ − ξ̂ |β

. (oscψ)exp(−cR/|ξ |)+ |ψ|C0,β Rβ |σ − ξ̂ |β .

This was the desired estimate.

Next we return to the proof of Proposition 4.4.3 from Lemma 4.4.4.

Proof of Proposition 4.4.3. By maximum principle in the domain Pσ +R0σ Lemma 4.4.4 implies

that,

|vσ (y+R0σ)−u(y)|. |ψ|C0,β |ξ |β |σ − ξ̂ |β log 1
|ξ ||σ−ξ̂ |

for y ∈ Pσ +R0σ (4.4.9)

where u solves, 
F(D2u,y) = 0 in Pσ

u(y) = mξ (y · ξ̂ ) = mξ (y ·Π
σ⊥ ξ̂ ) on ∂Pσ ,

where we recall that Π
σ⊥ ξ̂ := ξ̂ − (ξ̂ ·σ)σ is the orthogonal projection onto ∂Pσ . In particular an

estimate of the same form as (4.4.9) holds for the respective boundary layer tails. Call η0 = Π
σ⊥ ξ̂

and recall that we had defined η as

η :=−exp−1
ξ̂

(σ) defined so that σ = (cos |η |)ξ̂ − (sin |η |)η̂ .
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From the definition of η we calculate,

η0 = Π
σ⊥ ξ̂ = ξ̂ − (ξ̂ ·σ)σ = (sin |η |)2

ξ̂ +(sin |η |)(cos |η |)η̂ ,

and so,

|η0−η | ≤ |sin |η |− |η ||+ |η0− (sin |η |)η̂ |

≤ |sin |η |− |η ||+(sin |η |)
√

2(1− cos |η |)

≤ |η |2

Now we rescale to ũ(z) = u(|η |−1z) which solves
F(D2ũ, |η |−1z) = 0 in Pσ

ũ(z) = mξ (z · |η |−1η0) on ∂Pσ ,

and estimate the difference of ũ and wξ ,η in their common domain Pσ ∩Pξ . The aim is to obtain an

estimate on the difference of their respective boundary layer tails. From here the proof will follow

a familiar argument. From the estimates above and Lemma 4.4.2,

|mξ (z · |η |−1
η0)−mξ (z · η̂)| ≤ |mξ |C0,β |z|β |η |β .

Using this we bound the difference ũ−wξ ,η for z ∈ ∂ (Pσ ∩Pξ ). First note that for z ∈ ∂Pσ ∩Pξ

there is z′ ∈ ∂Pξ with |z′− z|= |z||η |. Therefore we have

|ũ(z)−wξ ,η(z)| ≤ |mξ (z · |η |−1
η0)−mξ (z · η̂)|+ |wξ ,η(z)−mξ (z · η̂)|

≤ |mξ |C0,β |z|β |η |β + |wξ ,η(z)−mξ (z′ · η̂)|+ |mξ (z′ · η̂)−mξ (z · η̂)|

≤C|mξ |C0,β |z|β |η |β

where the middle term in the second line is estimated using the continuity up to the bound-

ary of wξ ,η from Lemma 4.2.4. Combining this with oscmξ ≤ |mξ |C0,β |ξ |−β , and |mξ |C0,β ≤

C(Λ,d)|ψ|C0,β we have
−P+

1,Λ(D2(ũ−wξ ,η))≤ 0 in Pσ ∩Pξ

(ũ−wξ ,η)(z)≤C(Λ,d)|ψ|C0,β min{|z|β |σ − ξ̂ |β , |ξ |−β} on ∂ (Pσ ∩Pξ ).
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Therefore by the rescaled version of Lemma 4.2.4,

ũ(Rξ̂ )−wξ ,η(Rξ̂ )≤C(d,Λ,β )|ψ|C0,β Rβ |σ − ξ̂ |β for any R > 0. (4.4.10)

At this stage we want to combine this estimate with the exponential convergence of ũ,wξ ,η to their

respective boundary layer tails, but there is a minor technical issue that F(M, |η |−1z) does not

share the same periodicity lattice as mξ (z ·η). However, the conditions of Lemma 4.3.2 do hold

and the rate of convergence established in Lemma 4.3.2 combined with (4.4.10) implies, for any

R > 0,

limsup
R′→∞

ũ(R′ξ̂ )− liminf
R′→∞

wξ ,η(R′ξ̂ ). (oscmξ )exp(−c|ξ |R)+ |ψ|C0,β Rβ |σ − ξ̂ |β + |η |β |ψ|C0,β .

Now we are free to minimize over R > 0, then plugging in |η | ≤ |σ − ξ̂ | to obtain

limsup
R→∞

ũ(Rξ̂ )− liminf
R→∞

wξ ,η(Rξ̂ )≤C|ψ|C0,β |σ − ξ̂ |β log 1
|σ−ξ̂ |

.

Finally combining with (4.4.9) and the remark below it that the same estimate holds for the bound-

ary layer tails,

µ(σ ,ψ,F)− liminfwξ ,η(Rξ̂ )≤C(Λ,d,β )|ψ|C0,β |ξ |β |σ − ξ̂ |β log 1
|ξ ||σ−ξ̂ |

.

A symmetric argument yields the same estimate for limsupR→∞ wξ ,η(Rξ̂ )−µ(σ ,ψ,F).

Proof of Lemma 4.4.2. For the purposes of this proof it will be useful to work with a slightly

different definition of the cell problem solution. We call ṽξ ,τ(y) = vξ ,τ(y− τ) which now solves,
F(D2ṽξ ,τ ,y) = 0 in Pξ + τ

ṽξ ,τ = ψ(y) on ∂Pξ + τ.
(4.4.11)

Of course the boundary layer tail remains unchanged. The point is that the ṽξ ,τ now solve the

same interior equation for all τ ∈ Rd , but in different domains. When τ− τ ′ is small the domains

are close and we can combine the boundary continuity estimate of Lemma 4.2.4 with comparison

principle to estimate the difference of the cell problem solutions, and hence of their boundary layer

160



tails as well. It suffices to estimate the continuity of mξ at t = 0. Let β ∈ (0,1), ε > 0 and any

y ∈ ∂Pξ ,

ṽ
ξ ,−εξ̂

(y)− ṽξ ,0(y) = ṽ
ξ ,−εξ̂

(y)−ψ(y)

= ṽ
ξ ,−εξ̂

(y)− v
ξ ,−εξ̂

(y− εξ̂ )+ψ(y− εξ̂ )−ψ(y)

≤ ε
β (sup

τ

‖ṽξ ,τ‖C0,β (Pξ ) +‖ψ‖C0,β (Td))

≤C(d,Λ,β )εβ‖ψ‖C0,β (Td).

Then, by maximum principle the same estimate holds in Pξ and therefore,

|mξ (−ε)−mξ (0)|= lim
R→∞
|ṽ

ξ ,−εξ̂
(Rξ̂ )− ṽξ ,0(Rξ̂ )|

≤ sup
Pξ

|ṽ
ξ ,−εξ̂

(Rξ̂ )− ṽξ ,0(Rξ̂ )|

≤C(d,Λ,β )εβ‖ψ‖C0,β (Td).

Parallel arguments work for ε < 0. To get the Lipschitz estimate use the fact that

sup
τ

‖ṽξ ,τ‖C0,1(Pξ ) ≤C(d,Λ,β )‖ψ‖C1,β (Td) for any β > 0.

4.4.2 Step 2: Interior Homogenization at the Intermediate Scale

From the reduction performed in the first step we are left to consider the following problem. For

an η ⊥ ξ with |η | small,
F(D2wξ ,η , |η |−1y) = 0 in Pξ

wξ ,η = mξ (y · η̂) on ∂Pξ ,
which homogenizes to


F(D2wξ ,η) = 0 in Pξ

wξ ,η = mξ (y · η̂) on ∂Pξ .

(4.4.12)

Note that wξ ,η = wξ ,η̂ . We wish to make this convergence quantitative so that we can get an

estimate of the difference between µ(σ ,F,ψ) and boundary layer tail of the homogenized problem

in (4.4.12).

At this stage it is useful to note that the homogenized solution wξ ,η is actually two dimensional.

The key observation here is that since the boundary data only varies in the η direction and the
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homogenized operator is translation invariant, the solution wξ ,η only varies in the η , ξ̂ directions.

This is a simple consequence of uniqueness.

Claim. wξ ,η(x) only depends on x ·ξ and x ·η .

We prove the claim only to emphasize the importance of passing from wξ ,η to wξ ,η .

Proof. For any ζ ⊥ η ,ξ and t ∈ R note that w′ = wξ ,η(y+ tζ ) solves

F(D2w′) = 0 in Pξ +ζ = Pξ with w′(y) = m((y+ tζ ) ·η) = m(y ·η) on ∂Pξ .

This is of course the same equation satisfied by wξ ,η so by the uniqueness of bounded solutions

wξ ,η(y+ tζ ) = wξ ,η(y).

In particular we have reduced to a situation where, by Nirenberg’s Theorem, the homogenized

solution is C2,α0 on the interior. By using the exponential rate of convergence to the boundary

layer tail established in Section 4.3 combined with Theorem 4.2.3 we are able to show, up to a

logarithmic factor, that the same rate of convergence holds for (4.4.12).

Lemma 4.4.5. Let η ⊥ ξ with |η ||ξ | ≤ 1/2. Then there is α(Λ) ∈ (0,1) such that for any β ∈

(0,1),

|wξ ,η(y)−wξ ,η(y)| ≤C(Λ,d)|ψ|C0,β (Td)|ξ |
β (α−1)|η |αβ (log 1

|ξ ||η |),

and, in particular, their boundary layer tails have the same estimate.

Before we proceed with the proof we state a consequence of Proposition 4.4.3 and Lemma 4.4.5.

Lemma 4.4.6. Let ξ ∈ Zd \ {0} irreducible and σ an irrational direction with η = η(σ) as in

(4.4.4). Then there is α(Λ) ∈ (0,1) such that for any β ∈ (0,1),

|µ(σ ,ψ,F)− lim
R→∞

wξ ,η(Rξ̂ )| ≤C(Λ,d,β )|ψ|C0,β (Td)|ξ |
αβ |η |αβ .

Proof of Lemma 4.4.5. First recall that mξ is 1
|ξ |-periodic on R. Therefore mξ (y · η̂) is 1

|ξ |-periodic

on ∂Pξ in the direction η̂ and constant in the directions orthogonal to η̂ . Due to Lemma 4.4.2 we

can estimate

oscmξ ≤ |ξ |−β |mξ |C0,β (R) ≤C|ξ |−β |ψ|C0,β ,
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and

|mξ |C0,αβ (R) ≤ |ξ |
β (α−1)|mξ |C0,β (R).

Next let µ and µ respectively denote the limit of wξ ,η(Rξ ) and w(Rξ ) as R→ ∞, and let α(Λ) be

as given in Theorem 4.2.3. Then from Lemma 4.3.2 we have

|wξ ,η(y)−µ|+ |wξ ,η(y)−µ| ≤C(oscmξ )exp(−c|ξ |R)+C|mξ |C0,αβ |η |αβ for y ∈ ∂Pξ +Rξ̂ .

(4.4.13)

We use (4.4.13) to restrict to a domain where we can use Theorem 4.2.3, then we simultaneously

are able to estimate µ−µ and wξ ,η −wξ ,η . Fix an R to be chosen and consider,

w̃ξ ,η(y) = wξ ,η(y)+(µ−µ)R−1y · ξ̂ + sup
∂Pξ +Rξ̂

[
|wξ ,η(·)−µ|+ |wξ ,η(·)−µ|

]
.

Note that with this modification w̃ξ ,η still solves the same equation as wξ ,η in Pξ with the same

boundary condition on ∂Pξ but also

w̃ξ ,η(y)≥ wξ ,η(y) on ∂Pξ +Rξ̂ .

Now Theorem 4.2.3 implies that

wξ ,η(y)− w̃ξ ,η(y)≤C(|ξ |−β +Rβ )(R−1|η |)αβ |mξ |C0,β (R).

Rewriting this in terms of wξ ,η using (4.4.13),

wξ ,η(y)−wξ ,η(y)≤ (µ−µ)R−1y· ξ̂ +C|ψ|C0,β |ξ |−β [(R−1|η |)αβ (1+|ξ |β Rβ )+exp(−c|ξ |R)+|ξ |αβ |η |αβ ].

Let us choose R = 2(c|ξ |)−1 log 1
|ξ ||η | to obtain

wξ ,η(y)−wξ ,η(y)≤ (µ−µ)R−1y · ξ̂ +C|ψ|C0,β |ξ |β (α−1)|η |αβ (log 1
|ξ ||η |). (4.4.14)

This implies an estimate for the limits as well by evaluating for y ∈ ∂Pξ + 1
2Rξ̂ :

µ−µ ≤ 1
2(µ−µ)+C|ψ|C0,β |ξ |β (α−1)|η |αβ (log 1

|ξ ||η |).

Here we have used (4.4.13) to estimate µ −wξ ,η and µ −wξ ,η on ∂Pξ + 1
2Rξ̂ , the error is of the

same order as in (4.4.14) so we combined terms. Rearranging the last inequality and making a

similar argument for the lower bound, we conclude that

|µ−µ| ≤C|ψ|C0,β |ξ |β (α−1)|η |αβ (log 1
|ξ ||η |). (4.4.15)

163



But now we can plug (4.4.15) back into (4.4.2) and obtain, for any 0 < y · ξ̂ < R and hence for any

y ∈ Pξ by maximum principle,

|wξ ,η(y)−wξ ,η(y)| ≤C|ψ|C0,β |ξ |β (α−1)|η |αβ (log 1
|ξ ||η |). (4.4.16)

4.4.3 Step 3: Reduction to a two-dimensional Problem

The third step of our reduction procedure is actually more of notation change. Let F̄ be a homoge-

neous, uniformly elliptic operator. We are concerned with the solution of,
F(D2wξ ,η) = 0 in Pξ

wξ ,η = mξ (y ·η) on ∂Pξ

(4.4.17)

for a fixed unit vector η ∈ Sd−1 with η ·ξ = 0.

In the previous section we have already observed that wξ ,η varies only in the ξ̂ ,η directions. To

emphasize the two-dimensionality of wξ ,η let us define Wξ ,η : R2
+→ R by,

Wξ ,η(z) = wξ ,η(z1η + z2ξ̂ ). (4.4.18)

Now Wξ ,η will solve an equation in the upper half space with an operator Gη ,ξ which is essentially

the projection of F onto the ξ -η plane. Let M ∈M2×2 a symmetric 2×2 matrix, the definition of

Gξ ,η(M) is somewhat cumbersome in terms of notation but the idea is quite simple,

Gξ ,η(M) := F( ∑
e, f∈{η ,ξ̂}

Mi je⊗ f ). (4.4.19)

It is quite important to note the dependence of G on the orientation of η ; Gη ,ξ may not be the same

operator as G−η ,ξ .

Lemma 4.4.7. Let Wξ ,η and Gξ ,η be as given in (4.4.18) and (4.4.19). Then Wξ ,η(z) is the unique

solution of 
Gξ ,η(D2

zWξ ,η) = 0 in R2
+

Wξ ,η = mξ (z1) on ∂R2
+.

(4.4.20)

The key point of this reduction is that we realize wξ ,η as the solutions of different pdes in the same

domain with the same boundary conditions.
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4.4.4 Step 4: The directional limits of µ at rational directions

We are now ready to precisely characterize the limiting behavior of µ(·,ψ,F) near a rational

vector ξ ∈ Zd \ {0} of µ(·,ψ,F) in terms of the boundary layer tails of the class of simpler two

dimensional problems (4.4.20).

Definition 4.4.8. Let F be a uniformly elliptic operator as given in Section 2. For ψ ∈C0,β (Td), a

rational vector ξ ∈ Zd and a unit vector η ⊥ ξ define,

Lξ (η ;(ψ,F)) := lim
R→∞

Wξ ,η(0,R;(ψ,F)).

Similar arguments to those used in the previous section will show that Lξ is continuous in η . For

example see the proof of Proposition 4.4.3.

Lemma 4.4.9. For ξ ∈ Zd \{0}, β ∈ (0,1) and any η ,η ′ unit vectors orthogonal to ξ ,

|Lξ (η ;(ψ,F))−Lξ (η ′;(ψ,F))| ≤C(Λ,d,β )‖ψ‖C0,β |η−η
′|β (1+ log 1

|η−η ′|).

A combination of the results of the previous sections yields the following classification of the

asymptotic behavior of µ(·,ψ,F) near ξ :

Proposition 4.4.10. Let ξ ∈ Zd \{0} be irreducible and let σ : [0,1)→ Sd−1 a geodesic path with

unit speed and σ(0) = ξ̂ . Then there is α(Λ) ∈ (0,1) such that for any β ∈ (0,1),

|µ(σ(t),ψ,F)−Lξ (σ ′(0);(ψ,F))| ≤C(Λ,d)|ψ|C0,β (Td)|ξ |
αβ tαβ .

4.5 Continuity of µ

One immediate consequence of Proposition 4.4.10 is a continuity result analogous to Theorem 4.1

of Choi and Kim [CK14] for operators F(M,y) such that F is rotation invariant. Let us repeat that

the proof we have given of this result is not new, rather we have made each of the steps [CK14]

quantitative and elucidated the secondary two-dimensional cell problem underlying the limiting

behavior near rational directions. This additional work will be essential to the results that follow

but is not so important just to get a continuous extension of µ(·,ψ,F) to the rational directions

without an explicit modulus.
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Theorem 4.5.1. Let ξ ∈ Zd \ {0} be irreducible. If F is invariant with respect to the rota-

tions/reflections that preserve ξ or F is linear, then Lξ (·;(ψ,F)) ≡ Lξ (ψ,F) independent of the

approach direction. As a consequence, µ(·,ψ,F) extends continuously to ξ̂ with value Lξ (ψ,F)

and,

|µ(σ ,ψ,F)−Lξ (ψ,F)| ≤C(Λ,d,β )|ψ|C0,β (Td)|ξ −|ξ |σ |
αβ ,

for some α(Λ) ∈ (0,1) and any β ∈ (0,1). In particular, if F is rotation invariant or linear,

µ(·,ψ,F) extends from Sd−1 \RZd to a continuous function on Sd−1.

Proof. It suffices to show Lξ is constant in the cases claimed, the rest of the Theorem will then

follow from Proposition 4.4.10. For any η1,η2⊥ ξ let O be a rotation sending η1 to η2 and holding

ξ fixed. Now wξ ,η1
(Ot ·) has the same boundary data as wξ ,η2

(·) and by the rotation invariance of

F they solve the same pde in Pξ . Thus by uniqueness they are equal. In particular they have the

same boundary layer tail so Lξ (η1;(ψ,F)) = Lξ (η2;(ψ,F)).

In the second case we refer to Lemma 3.6 of [Fel14] which shows, using Riesz Representation

Theorem, that when F is linear and homogeneous µ(σ ,ψ,F) = 〈ψ〉 (the average over the torus).

We apply this to wξ ,η which satisfies the assumptions of the Lemma since it is a solution of F

which is homogeneous and, by assumption, linear. We derive for every η ⊥ ξ ,

Lξ (η ;(ψ,F)) = lim
R→∞

wξ ,η(Rξ̂ ) = |ξ |
∫ 1/|ξ |

0
mξ (t;(ψ,F))dt.

The right hand side is independent of η which was the desired result.

As a corollary of Theorem 4.5.1 we will show an explicit modulus of Hölder continuity for the

homogenized boundary condition when F is rotation invariant or linear. The argument is entirely

number theoretic and relies on Dirichlet’s Theorem, Theorem 4.2.7. A sharper estimate in the

linear case can be found in Section 4.7. The improvement there is in the rate of convergence at a

single rational direction. The argument using Dirichlet’s Theorem stays the same.

Corollary 4.5.2. Let F satisfying the assumptions of Theorem 4.5.1. There is α(Λ) ∈ (0,1) such

that for all β ∈ (0,1), ψ ∈C0,β (Td), and σ1 and σ2 irrational vectors in Sd−1 we have

|µ(σ1,ψ,F)−µ(σ2,ψ,F)| ≤C(d,Λ,β )|ψ|C0,β |σ1−σ2|βα/d.
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Proof. Assume |ψ|C0,β ≤ 1, the general case follows from scaling. Let ε := |σ1−σ2|, and let

N = ε−(d−1)/d . Then due to Lemma 4.2.7 there exists ξ ∈ Zd and n ∈ Z with 1≤ n≤ N such that∣∣∣∣n σ1

|σ1|∞
−ξ

∣∣∣∣≤ (d−1)1/2N−1/(d−1).

Note that n& |σ1|∞|ξ | ≥ d−1/2|ξ |. Due to this and the choice of N we have

|σ2−n−1|σ1|∞ξ |= |σ1−σ2|+
∣∣σ1−n−1|σ1|∞ξ

∣∣
≤ ε +(d−1)1/2n−1|σ1|∞N−1/(d−1)

≤ ε +Cd|ξ |−1N−1/(d−1).

Now we apply Theorem 4.5.1 with σ = σ j at the rational direction ξ to conclude that

|µ(σ1)−µ(σ2)|. N−
αβ

(d−1) + |ξ |αβ
ε

αβ .

Using that |ξ |. N we obtain

|µ(σ1)−µ(σ2)|. N−
αβ

(d−1) logN +(Nε)αβ . ε
αβ/d.

4.6 Discontinuity of µ

Given the set up of the previous sections it may seem at least plausible to the reader that when F is

nonlinear and not rotation invariant, for a given ξ the directional limit function Lξ will typically be

non-constant, resulting in the discontinuity of the homogenized boundary data. On the other hand

it is not obvious, at least to us, how to prove that any specific pair (ψ,F) results in a non-constant

Lξ . Apart from explicitly computing the solutions the only way to differentiate the boundary layer

tails of the Wξ ,η would be to use maximum principle. However, except in some specially arranged

cases, one cannot choose η1,η2 ⊥ ξ so that Gξ ,η1
≥Gξ ,η2

and so there is no reason for Wξ ,η j to be

ordered in the whole of R2
+ for any such pair η1,η2. We instead find monotonicity by perturbing

(ψ,F). We are then able to show that the class of (ψ,F) for which Lξ (·;(ψ,F)) is non-constant is

open and dense in the appropriate topologies.
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Let us give a heuristic description of how this monotonicity arises. The goal is to show that for any

(ψ,F) and ξ ∈ Zd \{0} we can find a nearby (ψ ′,F ′) such that Lξ (·;(ψ ′,F ′)) is non-constant. We

are only able to show that a small perturbation of F would lead to Lξ being non-constant, which

directly corresponds to perturbation of the homogeneous operators since F = F . In the general case

of inhomogeneous F it is not clear to us whether it is possible to perturb F to correspond to the

desired perturbation of F̄ ; we leave this as an open question. Let us now describe the perturbation

of homogeneous operators F . First note that we only need to perturb (ψ,F) when Lξ (·;(ψ,F))

is constant, otherwise we could take (ψ ′,F ′) = (ψ,F). When d ≥ 3 we can find two directions

η1,η2 perpendicular both to each other and to ξ . We then perturb F in a monotone and hence

intrinsically nonlinear way, heuristically affecting the choice of diffusions in the η1 direction while

leaving the η2 direction unchanged. More concretely the perturbation will satisfy that G′
ξ ,η1

�

Gξ ,η1
while G′

ξ ,η2
= Gξ ,η2

. Then, up to a small perturbation of ψ , strong maximum principle will

imply that W ′
ξ ,η1

< Wξ ,η1
and, since periodicity provides compactness in the lateral directions, also

Lξ (η1,(ψ ′,F ′)) < Lξ (η2,(ψ ′,F ′)), while Lξ (η2) remains unchanged. Now, having assuming that

Lξ (·;(ψ,F)) was originally constant, Lξ (·;(ψ ′,F ′)) must be non-constant.

The only natural notion of genericity in this setting, to our knowledge, is topological. We make

precise the topological setting. Our boundary data will be taken from the spaces

Ck,β (Td) = {ψ : Td → R| ‖ψ‖Ck,β (Td) < +∞} with the norm ‖ · ‖Ck,β = ‖ · ‖Ck−1,1 + |Dk · |C0,β .

Let us next define the space of uniformly elliptic operators,

UEd = {F : Md×d → R| F ∈ ∪Λ>1S1,Λ uniformly elliptic and positively 1-homogeneous}.

For F ∈UEd we define the ellipticity ratio Λ(F) to be the minimal Λ > 1 such that F ∈S1,Λ. It is

easy to check from this that F ∈ UEd are Lipschitz continuous with respect to the operator norm

metric on Md×d with Lipschitz constant dΛ(F). Conversely consider an F which is Lipschitz

continuous with respect to the operator norm metric on Md×d ' R
d(d+1)

2 . For this F the gradient

DF , from standard inner product Tr(AB) on d× d matrices A,B, is defined Lebesgue almost ev-

erywhere. The Lipschitz constant of F is ‖DF‖L∞(Md×d) where we implicitly take the underlying

matrix norm to be the dual of the operator norm. Based on this definition it is straightforward to
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check that Λ(F)≤ ‖DF‖∞. We take as the metric on UEd ,

dUEd(F1,F2) := sup
‖M‖=1

|F1(M)−F2(M)|+‖DF1−DF2‖L∞(Md×d).

Noting that Cauchy sequences have ‖DFn‖∞ bounded and hence Λ(Fn) bounded we see that

(UEd,dUEd) is complete. We draw our operator and boundary data (ψ,F) from the spaces,

X = Ck,β (Td)×UEd with distance dX((ψ1,F1),(ψ2,F2)) = ‖ψ1−ψ2‖Ck,β +dUEd(F1,F2),

which are complete metric spaces. The results below hold for all k ∈ N∪{0} and β ∈ (0,1).

Theorem 4.6.1. Let d ≥ 3 and ξ ∈ Zd \{0}. Then the set

Eξ = {(ψ,F) ∈ X | µ(·,ψ,F) is discontinuous at ξ̂} is open and dense in X.

In particular there is a residual set E ⊂ X, a countable intersection of open dense sets E =

∩ξ∈Zd\{0}Eξ , such that for all (ψ,F) ∈ E,

µ(·,ψ,F) is discontinuous at every rational direction.

The proof of the theorem consists of the following two steps. First we prove that Eξ is open. The

proof of Lemma 4.6.2 is more or less standard, and is due to comparison principle and the stability

of viscosity solutions with respect to uniform convergence.

Lemma 4.6.2. For each ξ ∈ Zd , (ψ,F) ∈ X, Lξ : {η ∈ Sd,η ·ξ = 0}×X → R is continuous with

respect to dX at (ψ,F),

sup
η∈Sd ,η ·ξ=0

|Lξ (η ;(ψ ′,F ′))−Lξ (η ;(ψ,F))| → 0 as dX((ψ ′,F ′),(ψ,F))→ 0.

In particular by Proposition 4.4.10 Eξ is open.

Next we will show that Eξ is dense, whose proof strongly depends on the conditions d ≥ 3 and

that F is homogeneous.

Proposition 4.6.3. Let d ≥ 3 and ξ ∈ Zd . Then for given (ψ,F) ∈ X and ε > 0, there exists

(ψε ,Fε) such that

dX((ψε ,Fε),(ψ,F))≤ ε and Lξ (· ;(ψε ,Fε)) is non-constant.

In particular µ(·,ψε ,Fε) is discontinuous at ξ by Proposition 4.4.10.
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Now we proceed with the proofs.

Proof of Lemma 4.6.2. It suffices to prove the result for k = 0 and and β > 0. Let (ψn,Fn) be a

sequence in (X ,dX) converging to (ψ,F). Let us recall the definition of Lξ (η ;(ψn,Fn)) given in

Definition 4.4.8:


Fn(D2wn) = 0 in Pξ

wn(y) = mξ (y ·η ;(ψn,Fn)) on ∂Pξ

and Lξ (η ;(ψn,Fn)) = lim
R→∞

wn(Rξ ). (4.6.1)

Since F ′ns are homogeneous, Fn = Fn but we continue to write Fn to emphasize the correct defini-

tion of Lξ . We begin by first investigating the continuity properties of mξ . The claim is

sup
t
|mξ (t;(ψn,Fn))−mξ (t;(ψ,F))| → 0 as n→ ∞.

Observe that by maximum principle,

|mξ (·;(ψn,Fn))−mξ (·;(ψ,Fn))| ≤ ‖ψn−ψ‖∞.

Thus it remains to show that supt |mξ (t;(ψ,Fn))−mξ (t;(ψ,F))| → 0. The pointwise convergence

with fixed t is due to stability of viscosity solutions with respect to uniform convergence of Fn, but a

little extra work is required to show that the convergence is uniform in t. Note that by Lemma 4.4.2,

we have

|mξ (t;(ψ,Fn))−mξ (t ′;(ψ,Fn))| ≤C(Λ(Fn))|ψ|C0,β |t− t ′|β and |mξ (t;(ψ,Fn))| ≤ ‖ψ‖∞.

Since Fn→F is a convergent sequence in dUEd , ‖Fn‖∞ and Λ(Fn) are bounded. Since mξ (·;(ψ,Fn))

are uniformly bounded and equicontinuous 1
|ξ |-periodic functions on R, every subsequence has a

uniformly convergent subsequence. It follows that, since mξ (·;(ψ,Fn)) converge pointwise to

mξ (·;(ψ,F)), they will also converge uniformly.

Now let us define w̃n to solve
Fn(D2w̃n) = 0 in Pξ ;

w̃n(y) = mξ (y ·η ;(ψ,F)) on ∂Pξ .
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Since we have already proven that mξ (y ·η ;(ψn,Fn))→ mξ (y ·η ;(ψ,F)) uniformly on ∂Pξ , by

maximum principle,

| lim
R→∞

w̃n(Rξ )−Lξ (η ;(ψn,Fn))| ≤ sup
y∈Pξ

|wn(y)− w̃n(y)|

≤ sup
t∈R
|mξ (t;(ψn,Fn))−mξ (t;(ψ,F))| → 0 as n→ ∞.

By a similar argument as above, since Fn→F uniformly on compact sets of Md×d when dUEd(Fn,F)→

0, we have that w̃n→ w locally uniformly in Pξ and

| lim
R→∞

w̃n(Rξ )−Lξ (η ;(ψ,F))| → 0.

Combined with the previous estimate this yields that

|Lξ (η ;(ψn,Fn))−Lξ (η ;(ψ,F))| → 0 as n→ ∞.

This shows pointwise convergence of Lξ (·;(ψn,Fn)). Uniform convergence over all unit vec-

tors η tangential to ξ will again follow from uniform boundedness and equicontinuity of Lξ (see

Lemma 4.4.9).

Finally we give the proof of Proposition 4.6.3.

Proof of Proposition 4.6.3. Let ξ ∈ Zd and (ψ,F) ∈ X . If Lξ (·;(ψ,F)) is non-constant then we

are done, so we suppose it is constant and construct (ψε ,Fε).

Let η1,η2 be unit vectors such that η j ⊥ ξ and η1 ⊥ η2, which is possible since d ≥ 3. We will

aim to perturb F to construct (Fε ,ψε) so that

Lξ (η1;(ψε ,Fε)) < Lξ (η2;(ψε ,Fε)). (4.6.2)

To this end let us define,

Fε(M) := max{F(M),F(M + ε(ηT
1 Mη1)η1⊗η1)}.

It is not difficult to check the definition of ellipticity to see that Fε ∈ UEd . Also,

sup
‖M‖=1

|F(M + ε(ηT
1 Mη1)η1⊗η1)−F(M)| ≤ Λ(F)ε,
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and furthermore, since D[F(M + ε(ηT
1 Mη1)η1⊗η1)] = DF + ε(ηT DFη)η⊗η ,

|DFε −DF |.d εΛ(F) where it is defined.

Combining these two estimates it follows that Fε is close to F in dUEd metric,

dUEd(F,Fε).d Λ(F)ε.

Let us now show (4.6.2). From the definition of the 2-d operators Gξ ,e for N ∈M2×2,

Gε

ξ ,η2
(N) = max

{
F

(
∑

α,β∈{ξ ,η2}
Ni jα⊗β

)
,F

(
∑

α,β∈{ξ ,η2}
Ni j(α⊗β + ε(η1 ·α)(η1 ·β )η1⊗η1)

)}

note that η1 ·α = η1 ·β = 0 for any combination of α,β ∈ {ξ ,η2} since ξ ,η2 ⊥ η1 and so

Gε

ξ ,η2
(N) = Gξ ,η2

(N) for all ε > 0. (4.6.3)

On the other hand, calling e1 = (1,0),

Gε

ξ ,η1
(N) = max{Gξ ,η1

(N),Gξ ,η1
(N + εN11e1⊗ e1)}.

Now for any N with N11 ≤ 0 by uniform ellipticity,

Gξ ,η1
(N + εN11e1⊗ e1)≥ Gξ ,η1

(N)− εN11,

and thus

Gε

ξ ,η1
(N) > Gξ ,η1

(N) if N11 < 0. (4.6.4)

Let us denote Wξ ,ηi and Wξ ,ηi as given in (4.4.18) for Gξ ,ηi and Gε

ξ ,ηi
. From above discussions we

know that, for any boundary data φ ∈C(Td),

Wξ ,η1
(·;(φ ,Fε))≤Wξ ,η1

(·;(φ ,F)) and Wξ ,η2
(·;(φ ,Fε))≡Wξ ,η2

(·;(φ ,F))

where the first inequality is due to the fact Gε

ξ ,η1
≥Gξ ,η1

. On the other hand, since Gξ ,η1
(D2Wξ ,η1

(·;(φ ,Fε)))≤

0, the dichotomy holds due to the strong maximum principle:

(i) Wξ ,η1
(·;(φ ,Fε)) < Wξ ,η1

(·;(φ ,F)) or (ii) Wξ ,η1
(·;(φ ,Fε))≡Wξ ,η1

(·;(φ ,F)). (4.6.5)
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In case (i), since Wξ ,η1
is 1
|ξ |-periodic in the z1 direction,

Wξ ,η1
(z1,1;(φ ,Fε))≤Wξ ,η1

(z1,1;(φ ,F))−δ for some δ > 0.

By maximum principle it follows

Wξ ,η1
(z;(φ ,Fε))≤Wξ ,η1

(z;(φ ,F))−δ for z2 > 1

and therefore

Lξ (η1;(φ ,Fε)) = lim
z2→+∞

Wξ ,η1
(z;(φ ,Fε))≤ lim

z2→+∞
Wξ ,η1

(z;(φ ,F))−δ < Lξ (η1;(φ ,F)). (4.6.6)

We have just shown that (4.6.5) (i) implies (4.6.6) and therefore we actually have the dichotomy,

(i) Lξ (η1;(φ ,Fε)) < Lξ (η1;(φ ,F)) or (ii) Wξ ,η1
(·;(φ ,Fε))≡Wξ ,η1

(·;(φ ,F)). (4.6.7)

Let us next prove that (i) holds whenever mξ (·;(φ ,Fε)) is non-constant. Suppose this is not the

case, then mξ (·;(φ ,Fε)) is non-constant and (ii) holds in (4.6.7). By Nirenberg’s Theorem (Theo-

rem 4.2.1) Wξ ,η1
,W ε

ξ ,η1
are C2,α0 for a small α0(Λ) > 0 and are classical solutions of their respective

equations. But then D2W ε

ξ ,η1
≡ D2Wξ ,η1

and

0 = Gε

ξ ,η1
(D2Wξ ,η1

(z)) = Gε

ξ ,η1
(D2Wξ ,η1

(z)) for every z ∈ R2
+ and therefore D2

11Wξ ,η1
≥ 0.

On the other hand, by the 1/|ξ | periodicity of Wξ ,η in the z2 variable,∫ a+1/|ξ |

a
D2

11Wξ ,η1
(z1,z2)dz2 = 0 for all a ∈ R,z2 > 0.

and therefore D2
11Wξ ,η1

= 0 in the whole of R2
+. In particular for any t > 0, Wξ ,η1

(t, ·) is constant,

so Wξ ,η1
is also constant in {z1 > 0} by uniqueness of the bounded solution of Gξ ,η1

(·) = 0. Since

t > 0 was arbitrary Wξ ,η1
is constant in R2

+, but this contradicts the boundary data mξ (·;(φ ,Fε))

being non-constant.

Lastly we show that we can choose ψε with ‖ψε −ψ‖Ck,β ≤C(k,β )ε such that mξ (·;(ψε ,Fε)) is

non-constant. By above arguments this would yield our claim (4.6.2). If mξ (·;(ψ,Fε)) is already

non-constant then we don’t need to do anything and can take ψε = ψ . Otherwise let us take

ψε(y) := ψ(y)+ ε cos(2πy ·ξ ) which satisfies ‖ψε −ψ‖Ck,β ≤C(k,β )ε.
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Observe that for each fixed hyperplane ∂Pξ + tξ̂ we have ψε(y) = ψ(y)+ε cos(2π|ξ |t). Therefore

mξ (t;(ψε ,Fε)) = mξ (t;(ψ,Fε))+ ε cos(2π|ξ |t).

This is evidently non-constant when mξ (·;(ψ,Fε)) is constant.

We have now proven that there is (ψε ,Fε) with dX((ψε ,Fε),(ψ,F))≤Cε such that

Lξ (η1;(ψε ,Fε)) < Lξ (η1;(ψε ,F)) and Lξ (η2;(ψε ,Fε)) = Lξ (η2;(ψε ,F)).

Now if Lξ (η1;(ψε ,F)) 6= Lξ (η2;(ψε ,F)) we would be done, and otherwise Lξ (η1;(ψε ,F)) =

Lξ (η2;(ψε ,F)) but then by the above arguments

Lξ (η1;(ψε ,Fε)) < Lξ (η1;(ψε ,F)) = Lξ (η2;(ψε ,F)) = Lξ (η2;(ψε ,Fε))

and we are again done.

4.7 Improved Estimates in the Linear Case

In this section we show the best possible continuity estimates for µ(σ ,ψ,F) by our current meth-

ods in the linear case. The main tool is the higher regularity estimates available for linear operators

in Rd or in half-spaces with smooth boundary data. For our purpose W 3,d estimates would be

sufficient, but we do not pursue this minimal assumption since it would be too much to expect in

the general nonlinear case anyway.

Consider uε solving, for σ ∈ Sd−1 and R > 1,
F(D2uε , x

ε
) :=−Tr(A( x

ε
)D2uε) = 0 in 0 < x ·σ < R

uε = g(x) on x ·σ ∈ {0,R}.
(4.7.1)

We assume that A is Zd-periodic and smooth and satisfies (Id)d×d ≤ A ≤ Λ(Id)d×d . Due to the

linearity, the interior corrector can be written as v(y,M) = Σi jvi j(y)Mi j, where vi j(y) solves

−Tr
[
A(y)(ei⊗ e j +D2

yvi j)
]
=−Ai j in Rd,

with the estimate

‖vi j‖∞,‖Dvi j‖∞ ≤C(Λ,d). (4.7.2)
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The following result is not optimal in terms of the required regularity of g, but it is sufficient to

improve the estimate of Section 4.4.2, to match the order of the estimate in Section 4.4.1.

Theorem 4.7.1. Let g and uε as given above, and let ū be as given in (4.2.3) solving the homoge-

nized equation. Then uε converges to ū with the convergence rate

sup
0<x·σ<R

|uε(x)−u(x)| ≤C(Λ,d,β )‖g(R·)‖C3,β R−1
ε for any R > 0.

In order to use the above theorem to obtain the desired interior homogenization rate, higher regu-

larity of the boundary condition is needed. In our setting in Section 4.4.2, that boundary condition

is mξ (x · η̂) for some η ⊥ ξ . In the following lemma we show that mξ (·;(ψ,F)) has sufficient

regularity to apply Theorem 4.7.1 when ψ is regular. Indeed the proof of this lemma is the most

interesting and delicate part of this section.

Lemma 4.7.2. Let F be as in (4.7.1). Then for all k ∈ N∪{0}, β ∈ (0,1] and any δ > 0,

‖mξ (·;(ψ,F))‖Ck,β (R) ≤C(k,β ,δ ,Λ,d,‖A‖Ck+1)|ξ |δ‖ψ‖Ck+4.

Note that by Lemma 4.4.2 when k = 0, β ∈ (0,1) an improved estimate holds with δ = 0. It is

important here that the power of |ξ | does not get worse as k increases.

Now we can return to the proof of Lemma 4.4.5 and use Theorem 4.7.1 to achieve the following

result:

Lemma 4.7.3. Let ξ ∈ Zd \ {0} and η ⊥ ξ . Define wξ ,η ,wξ ,η as in (4.4.12). Then, when F is

linear,

sup
Pξ

|wξ ,η −wξ ,η̂ | ≤C(β ,Λ,d,‖A‖C5)‖mξ (|ξ |−1·)‖C3,β (R)|ξ ||η |[1+(log 1
|ξ ||η |)

3].

Note that by Lemma 4.7.2,

‖mξ (|ξ |−1·)−mξ (0)‖C3,β (R) . |ξ |
−3−β |D3mξ |C0,β .A ‖ψ‖Ck+7,

where we have used the 1
|ξ |-periodicity to estimate the lower order terms by |D3mξ |C3,β . Combining

the estimates of Theorem 4.7.1, Lemma 4.7.2 and Lemma 4.7.3, in the same way as we did before

in the general case in Theorem 4.5.1 and Corollary 4.5.2, we now obtain the continuity estimate,
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Theorem 4.7.4. If F is linear and ψ ∈C7(Td), then for every irreducible ξ ∈ Zd \ {0} and σ ∈

Sd−1 \RZd ,

|µ(σ ,ψ,F)−Lξ (ψ,F)| ≤C(Λ,d,‖A‖C5)‖ψ‖C7|ξ −|ξ |σ |[1+(log 1
|ξ−|ξ |σ |)

3].

Furthermore, for every σ ,σ ′ ∈ Sd−1 \RZd ,

|µ(σ ,ψ,F)−µ(σ ′,ψ,F)| ≤C(Λ,d,‖A‖C5)‖ψ‖C7|σ −σ
′|1/d[1+(log 1

|σ−σ ′|)
3].

We omit the proof of Theorem 4.7.4 as it is a straightforward consequence of the improved esti-

mates of Lemma 4.7.2 and Lemma 4.7.3 and its usage in the proof of Theorem 4.5.1 and Corollary

4.5.2. Before we proceed with the proofs of Theorem 4.7.1 and Lemmas 4.7.2 - 4.7.3, we make

an interlude to explain some background results that we will make use of.

4.7.1 Background Results

For the proofs in the next subsection we will need to use the regularity results of Avellaneda-

Lin [AL89] for solutions of non-divergence form linear homogenization problems. We state the

result here in the form that we will use it. Suppose that uε ,vε solve respectively,

−Tr(A( x
ε
)D2uε) = f (x) in B1 and


−Tr(A( x

ε
)D2vε) = f (x) in B1∩Pσ

vε = g(x) on ∂Pσ ∩B1.
(4.7.3)

The following results hold uniformly in σ ∈ Sd−1. We first state the classical results in unit scale.

Theorem 4.7.5. For every β ∈ (0,1) there exists a constant C(d,Λ,β ,‖DA‖L∞(Td)) such that,

(1) ‖D2u1‖C0,β (B1/2)
≤C(oscB1 u1 +‖ f‖C0,β (B1))

(2) ‖D2v1‖C0,β (B1/2∩Pσ ) ≤C(oscB1∩Pσ
v1 +‖ f‖C0,β (B1∩Pσ ) +‖g‖C2,β (∂Pσ∩B1))

Scaling arguments yields that the best possible uniform regularity estimate with respect to ε > 0

is C1,1. [AL89] shows that this estimate indeed holds. Below is a slightly simplified version of the

main Theorem in [AL89]:
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Theorem 4.7.6 (Avellaneda-Lin). For every β ∈ (0,1) there exist constants C j(d,Λ,β ,‖DA‖L∞(Td))

such that for all ε > 0,

(1) ‖D2uε‖L∞(B1/2) ≤C1(oscB1 uε +‖ f‖C0,β (B1))

(2) ‖Duε‖C0,β (B1/2)
≤C2(oscB1 uε +‖ f‖L∞(B1))

(3) ‖D2vε‖L∞(B1/2∩Pσ ) ≤C3(oscB1∩Pσ
vε +‖ f‖C0,β (B1∩Pσ ) +‖g‖C2,β (∂Pσ∩B1))

(4) ‖Dvε‖C0,β (B1/2∩Pσ ) ≤C4(oscB1∩Pσ
vε +‖ f‖L∞(B1∩Pσ ) +‖g‖C1,β (∂Pσ∩B1))

We will also need a fairly standard interpolation result on Hölder spaces. Since we are unable to

find a reference we provide the proof in Appendix 4.A.1.

Lemma 4.7.7. For any g : Rd → R smooth and any β ,γ ∈ (0,1),

‖Dg‖L∞(Rd) ≤C(d)|g|
β

β+γ

C0,1−γ (Rd)|Dg|
γ

β+γ

C0,β (Rd)
.

4.7.2 Proofs of the results of Section 4.7

Finally we prove Theorem 4.7.1, and Lemmas 4.7.2 and 4.7.3.

Proof of Theorem 4.7.1. It suffices to consider the case R = 1, the case for general R > 0 follows

from rescaling. Let u be as given in the theorem. Let U := {0 < x ·σ < 1}. By the classical C2,1

estimate up to the boundary (for the Laplacian) at unit scale,

‖D3u‖L∞(U) ≤C(Λ,d,β )(osc
U

u+‖D3g‖C0,β (∂U))≤C‖g‖C3,β (∂U).

Let uε(x) := ρε ?u(x) with a standard mollifier ρε , well defined on Uε = {ε < x ·σ < 1− ε}, and

define

φ
ε(x) := uε(x)+∑

i, j
ε

2vi j( x
ε
)D2

i ju
ε(x).

Then we have

|φ ε(x)−u(x)| ≤ ε‖Du‖L∞(U) +C(d)ε2‖D2uε‖L∞(U) sup
i j
‖vi j‖L∞(Rd)

≤C(Λ,d)‖g‖C2,1(∂U)ε.
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On x ·σ = ε we have, by the regularity up to the boundary of Theorem 4.7.6,

|φ ε(x)−uε(x)| ≤ |φ ε(x)−u(x)|+ |u(x)−g(x′)|+ |g(x′)−uε(x)| ≤C(Λ,d)ε‖g‖C2,1.

A similar estimate holds on x ·σ = 1− ε . Thus we can estimate,

sup
U
|u−uε | ≤ sup

Uε

|u−uε |+C(Λ,d)ε‖g‖C2,1 ≤ sup
Uε

|φ ε −uε |+C(Λ,d)ε‖g‖C2,1. (4.7.4)

It remains to estimate supUε
|φ ε − uε |. In Uε , using the uniform ellipticity and then the definition

of the corrector,

−Tr(A( x
ε
)D2

φ
ε(x))≥−Tr[A( x

ε
)(D2uε(x)+∑

i, j
D2vi j( x

ε
)D2

i ju
ε(x))] · · ·

· · ·−∑
i, j

Λ
[
2ε|Dvi j( x

ε
)||DD2

i ju
ε(x)|+ ε

2|vi j( x
ε
)||D2D2

i ju
ε(x)|

]
≥−Tr(AD2u(x))−C|D2u(x)−D2uε(x)| · · ·

· · ·−Cε(sup
i, j
‖Dvi j‖∞)|D3uε(x)|−Cε

2(sup
i, j
‖vi j‖∞)]|D4uε(x)|.

Recall that, from (4.7.2), ‖Dkvi j‖∞ ≤ C(Λ,d) for k = 0,1. Since −Tr(AD2u(x)) = 0 we get the

following supersolution/subsolution conditions,

f (x)≥−Tr(A( x
ε
)D2

φ
ε(x))≥− f (x)

where we have called f (x) to be the error from the preceding calculation,

f (x) := C(Λ,d)[|D2u(x)−D2uε(x)|+ ε|D3uε(x)|+ ε
2|D4uε(x)|].

The first and third terms can be estimated in terms of ū by standard mollification estimates:

|D4uε(x)| ≤ ε
−1‖D3u‖L∞ and |D2u(x)−D2uε(x)| ≤ ε‖D3u‖L∞ for all ε < x ·σ < R− ε.

Thus we have,

‖ f‖L∞ ≤C(Λ,d)‖D3u‖L∞ε.

Finally, using C(Λ,d)‖ f‖∞(x ·σ)(1− x ·σ) as a barrier

sup
Uε

|φ ε −uε | ≤ sup
∂Uε

|φ ε −uε |+C(Λ,d)‖ f‖L∞(Uε ),
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which, when combined with the estimate near the boundary gives,

sup
Uε

|φ ε −uε | ≤C(Λ,d,β )‖g‖C3,β (∂U)ε.

Combining with (4.7.4) completes the proof.

The proof of Lemma 4.7.3 is almost exactly the same as the proof of Lemma 4.4.5 except we now

use the improved interior homogenization rate given in Theorem 4.7.1.

Proof of Lemma 4.7.3. Recall that mξ (y · η̂) is 1
|ξ |-periodic on ∂Pξ in the direction η̂ and constant

in the directions orthogonal to η̂ . As usual we can restrict to the case |ξ ||η | ≤ 1/2. Let wξ ,η , w, µ

and µ̄ as given in the proof of Lemma 4.7.3. Recall from Lemma 4.3.1 and Lemma 4.3.2 that,

|wξ ,η(y)−µ|+ |wξ ,η(y)−µ| ≤C[(oscmξ )exp(−c|ξ |R)+‖Dwξ ,η‖L∞(Pξ )|η |] for y ∈ ∂Pξ +Rξ̂ .

(4.7.5)

By Theorem 4.7.6, for any r > 0,

‖Dwξ ,η‖L∞(B|ξ |−1∩Pξ ) ≤C(|ξ |oscmξ + |ξ |−1‖D2mξ‖∞)≤C‖mξ (|ξ |−1·)‖C3,β |ξ |,

Fix an R≥ |ξ |−1 to be chosen and consider,

w̃ξ ,η(y) = wξ ,η(y)+(µ−µ)R−1y · ξ̂ + sup
∂Pξ +Rξ̂

[
|wξ ,η(·)−µ|+ |wξ ,η(·)−µ|

]
.

Note that with this modification w̃ξ ,η still solves the same equation as wξ ,η in Pξ with the same

boundary condition on ∂Pξ but now also,

w̃ξ ,η(y)≥ wξ ,η(y) on ∂Pξ +Rξ̂ .

Now Theorem 4.7.1 implies that,

wξ ,η(y)− w̃ξ ,η(y)≤C‖mξ (R·)‖C3,β R−1|η | ≤C‖mξ (|ξ |−1·)‖C3,β (R|ξ |)3+β R−1|η |.

Rewriting this in terms of wξ ,η ,

wξ ,η(y)−wξ ,η(y)≤ (µ−µ)R−1y· ξ̂ +C‖mξ (|ξ |−1·)‖C3,β [R2+β |ξ |3+β |η |+C(oscmξ )exp(−c|ξ |R)+|ξ ||η |].

Let us choose R = 2(c|ξ |)−1 log 1
|η ||ξ | to obtain

wξ ,η(y)−wξ ,η(y)≤ (µ−µ)R−1y · ξ̂ +C‖mξ (|ξ |−1·)‖C3,β |ξ ||η |(log 1
|ξ ||η |)

2+β . (4.7.6)
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Due to (4.7.5), evaluating (4.7.6) for y ∈ ∂Pξ + 1
2Rξ̂ yields

µ−µ ≤ 1
2(µ−µ)+C‖mξ (|ξ |−1·)‖C3,β |ξ ||η |(log 1

|ξ ||η |)
2+β .

Rearranging the last inequality and making a similar argument for the lower bound,

|µ−µ| ≤C‖mξ (|ξ |−1·)‖C3,β |ξ ||η |(log 1
|ξ ||η |)

2+β . (4.7.7)

But now we can plug (4.7.7) back into (4.7.6) to arrive at the desired result,

|wξ ,η(y)−wξ ,η(y)| ≤C‖mξ (|ξ |−1·)‖C3,β |ξ ||η |(log 1
|ξ ||η |)

2+β . (4.7.8)

Proof of Lemma 4.7.2. Recall that mξ (t) is defined as the boundary layer tail of v
ξ ,tξ̂ solving the

cell problem, 
−∑i j Ai j(y+ τ)D2

i jvξ ,τ = 0 in Pξ

vξ ,τ = ψ(y+ τ) on ∂Pξ ,
(4.7.9)

Let us denote the differential operator ∂ := ξ̂ ·Dτ . We will prove by induction that, for all k ∈

N∪{0}: if ‖ψ‖Ck+3 ≤ 1 then for every δ > 0, the following hold for all R > 0 uniformly in τ ∈Rd ,

sup
y∈Pξ

|∂ kvξ ,τ(y)|.k,δ ,A |ξ |δ (i)

osc
y·ξ̂≥R

∂
kvξ ,τ(y).k,δ ,A |ξ |δ exp(−ck,δ R/|ξ |) (ii)

‖D2
∂

kvξ ,τ‖C0,1/2({y·ξ̂≥R}) .k,δ ,A |ξ |δ exp(−ck,δ R/|ξ |) (iii)

‖D2
∂

kvξ ,τ‖L∞({y·ξ̂≥R}) .k,δ ,A (2+R)δ−2|ξ |δ exp(−ck,δ R/|ξ |) (iv)

Once we have proven that (i) holds for all k we will be done since dk

dtk mξ (t) = limR→∞ ∂ kv
ξ ,tξ̂ (Rξ̂ ).

Let us point out that the choice of the C0,1/2 norm in (iii) is arbitrary; any C0,β for β ∈ (0,1) would

work as well. The outline of the argument is as follows. For each k and δ > 0 we prove (i)-(iii)

using that (i)-(iv) hold for all m < k and every δ ′ > 0. Then we show (iv) by interpolating between

(iii) for k and the large scale C1,1−γ estimates from Theorem 4.7.6 for γ = γ(δ ) sufficiently small.

For k = 0, (i) is maximum principle, (ii) is a consequence of Lemma 4.3.1, and (iii) follows from the

up to the boundary C2,1/2 estimates in Theorem 4.7.5. Lastly to show (iv) note that Theorem 4.7.6
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implies

‖D2vξ ,τ‖L∞({y·ξ̂≥R}) .A R−2 osc
{y·ξ̂≥R/2}

vξ ,τ

.A (R+2)−2(oscψ)exp(−1
2c0R/|ξ |) for R > 1,

where c0 is the exponential rate of convergence to the boundary layer tail from Lemma 4.A.3. For

R < 1 the estimate is already contained in (iii).

Suppose that (i)-(iv) hold for all δ > 0 and all m≤ k−1. For a fixed δ0 > 0 we aim to prove (i)-(iv)

for ∂ kvξ ,τ under the assumption ‖ψ‖Ck+3 ≤ 1. Our induction is based on the fact that ∂ kvξ ,τ solves

−∑
i j

Ai j(y+ τ)D2
i j∂

kvξ ,τ(y) = fξ ,τ(y) in Pξ , (4.7.10)

where

fξ ,τ(y) := ∑
i j

∑
`+m=k, 6̀=0

[(ξ̂ ·Dy)`Ai j(y+ τ)]D2
i j∂

mvξ ,τ(y)

with boundary data

∂
kvξ ,τ(y) = [(ξ̂ ·Dy)k

ψ](y+ τ) on ∂Pξ .

(To be completely precise we should take difference quotients instead of ∂ kvξ ,τ ; the reader can

easily see how to make our formal argument rigorous.) Note that fξ ,τ , the boundary data ∂ kvξ ,τ ,

and the operator F are all periodic with respect to a lattice on ∂Pξ with unit cell diameter of order

|ξ |. This will allow us to use the results of the Appendix which extend Section 4.3 Lemma 4.3.1

to include equations with a right hand side. We use inductive hypothesis (iv) with δ = δ0/4 to see

that fξ ,τ(y) satisfies

‖ fξ ,τ‖L∞({y·ξ̂≥R}) .k,δ0,A (2+R)δ0/4−2|ξ |δ0/4 exp(−ck−1,δ0R/|ξ |). (4.7.11)

In particular fξ ,τ fits under the assumptions of the results of the Appendix. We can apply directly

Lemma 4.A.2 in combination with Lemma 4.A.1 to get,

sup
{y·ξ̂≥R}

∂
kvξ ,τ(y).δ0,k,A ‖∂

k
ψ‖∞ + |ξ |δ0 . |ξ |δ0 .
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We have used that, by assumption, ‖ψ‖Ck+3 ≤ 1 ≤ |ξ |δ0 . Then we use Lemma 4.A.3 to get, with

ck,δ0 = δ0ck−1,δ0/8

osc
y·σ≥R

∂
kvξ ,τ .k,δ0,A (‖∂ k

ψ‖∞ + |ξ |δ0)exp(−2ck,δ0R/|ξ |). |ξ |δ0 exp(−2ck,δ0R/|ξ |). (4.7.12)

This establishes (ii). We proceed to prove (iii). For R > 1 the interior C2,1/2 estimates at unit scale

for the operator −Tr(A(y)M) imply,

‖D2
∂

kvξ ,τ‖C0,1/2({y·ξ̂≥R}) . ( osc
y·ξ̂≥R−1

vξ ,τ(y)+‖ f‖C0,1/2({y·ξ̂≥R−1}))

.k,δ0,A |ξ |
δ0 exp(−2ck,δ0R/|ξ |),

where we have used (4.7.12) inductive hypothesis (iii) to bound ‖ f‖C0,1/2 . For R < 1 we instead

use the up to the boundary C2,1/2 estimate,

‖D2
∂

kvξ ,τ‖C0,1/2(B1∩Pξ ) . (osc
Pξ

vξ ,τ(y)+‖ f‖C0,1/2(Pξ ) +‖(ξ̂ ·Dy)k
ψ‖C2,1/2(Td))

.k,δ0,A ‖ψ‖Ck+2,1/2|ξ |δ0,

where again we have used inductive hypothesis (iii) for m≤ k−1 to bound ‖ f‖C0,1/2(Pξ ). Combin-

ing these and using that, by assumption, ‖ψ‖Ck+2,1/2 ≤ ‖ψ‖Ck+3 ≤ 1 we get (iii),

‖D2
∂

kvξ ,τ‖C0,1/2({y·ξ̂≥R}) .k,δ0,A |ξ |
δ0 exp(−ck,δ0R/|ξ |). (4.7.13)

We have now proven that the inductive hypothesis (i), (ii) and (iii) hold for k.

It remains to prove (iv). Let n+β < 2, then (iii) and Theorem 4.7.6 yields that, for R > 1,

|∂ kvξ ,τ |Cn,β ({y·ξ̂≥R}) .A R−(n+β ) osc
{y·ξ̂≥R/2}

vξ ,τ +R2−(n+β )‖ f‖L∞({y·ξ̂≥R/2})

.k,δ0,A,n+β (2+R)δ0/2−(n+β )|ξ |δ0 exp(−ck,δ0R/|ξ |).

For R < 1 we can use (4.7.13). Together we obtain for all R > 0,

|∂ kvξ ,τ |Cn,β ({y·ξ̂≥R}) .k,δ0,A,n+β (2+R)δ0/2−(n+β )|ξ |δ0 exp(−ck,δ0R/|ξ |). (4.7.14)

We wish to interpolate using Lemma 4.7.7 between estimates (4.7.14) and (4.7.13) to get (iv). It

suffices to prove the case R > 1, the case R < 1 is already contained in (4.7.14). In order to localize
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the estimate we will make use of a smooth spatial cutoff function . Let φ : R→ [0,1], smooth,

monotone increasing, with φ(x)≡ 0 for x < 1/2 and φ ≡ 1 for x > 1. Then for φR(y) := φ(y · ξ̂/R)

and for any γ > 0,

‖D2
y∂

kvξ ,τ‖L∞({y·ξ̂≥R}) = ‖D2
y∂

kvξ ,τ‖L∞({y·ξ̂≥R})

= ‖Dy(φRDy∂
kvξ ,τ)‖L∞({y·ξ̂≥R})

≤ ‖Dy(φRDy∂
kvξ ,τ)‖L∞(Rd)

. |φRDy∂
kvξ ,τ |

1/2
γ+1/2

C0,1−γ (Rd)|Dy(φRDy∂
kvξ ,τ)|

γ

γ+1/2

C0,1/2(Rd)
(4.7.15)

We continue to estimate the right hand side above using (4.7.14) for the first term and (4.7.13) for

the second term. For the first term of (4.7.15),

|φRDy∂
kvξ ,τ |C0,1−γ (Rd) = |φRDy∂

kvξ ,τ |C0,1−γ ({y·ξ̂≥R/2})

≤ ‖φR‖L∞ |Dy∂
kvξ ,τ |C0,1−γ +‖Dy∂

kvξ ,τ‖L∞ |φR|C0,1−γ

.k,δ0,A,γ (2+R)δ0/2−(2−γ)|ξ |δ0 exp(−ck,δ0R/|ξ |)

where the domains of the norms in the second line are all {y · ξ̂ ≥ R/2} and we used (4.7.14)

both for (n,β ) = (0,1) and (1,1− γ) in the last inequality. For the second term of (4.7.15), again

omitting the domain {y · ξ̂ ≥ R/2} in the norms,

|Dy(φRDy∂
kvξ ,τ)|C0,1/2({y·ξ̂≥R/2}) ≤ |φRD2

y∂
kvξ ,τ |C0,1/2 + |Dy∂

kvξ ,τ ⊗DyφR|C0,1/2

≤ ‖φR‖L∞ |D2
y∂

kvξ ,τ |C0,1/2 +‖D2
y∂

kvξ ,τ‖L∞ |φR|C0,1/2 + · · ·

· · ·+‖Dy∂
kvξ ,τ‖L∞|DyφR|C0,1/2 +‖DyφR‖L∞ |Dy∂

kvξ ,τ |C0,1/2

.k,δ0,A |ξ |
δ0 exp(−ck,δ0R/|ξ |).

For the last inequality we have used (4.7.13) to estimate the first two terms and (4.7.14), with

(n,β ) = (0,1) and (1,1/2) respectively, to estimate the second two terms. Combining the two

estimates via the interpolation (4.7.15) we obtain,

‖D2
y∂

kvξ ,τ‖L∞({y·ξ̂≥R}) .k,δ0,A,γ |ξ |δ0(2+R)[δ0/2−(2−γ)] 1
1+2γ exp(−ck,δ0R/|ξ |).
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Using this estimate with γ = γ(δ0) = δ0
1−2δ0

(we can assume δ0 ≤ 1/8 since the result for smaller

δ0 is stronger) so that γ

1+2γ
= δ0/2, we finally obtain (iv):

‖D2
y∂

kvξ ,τ‖L∞({y·ξ̂≥R}) .k,δ0,A |ξ |
δ0(2+R)δ0−2 exp(−ck,δ0R/|ξ |).

4.A Exponential Convergence to Boundary Layer Tail with Periodic Data

and a Right Hand Side

Here we prove Lemma 4.3.1 but now including a right hand side in the equation. Let us consider v

solving the following problem:


F(D2v,y) = f (y) in Ped

v = φ(y) on ∂Ped .
(4.A.1)

We assume that F , f and φ are periodic with respect to linearly independent translations `1, ...`d−1 ∈

∂Ped . Recall that we denote Z by the periodicity lattice generated by {` j}, Q its unit cell, and L

the diameter of Q. Let us assume L > 1.

When f is continuous and has sufficient decay there is a unique bounded solution of (4.3.1). In

order to investigate v we define some auxiliary functions relating to the decay of the right hand

side. The fundamental quantities turn out to be the decay rate of f and it’s second primitive,

M f (R) = sup
yd≥R
| f (z)| and I f (R) =

∫
∞

R

∫
∞

s
M f (r) drds. (4.A.2)

Since M f ≥ 0 the second primitive I f is always well defined, although it may be infinite.

Lemma 4.A.1. Suppose I f is finite, then there exists a unique bounded solution of (4.A.1) with,

minφ − I f (0)≤ v(y)≤maxφ + I f (0).

Proof. Once we have constructed barriers existence will follow from Perron’s method. The unique-

ness of bounded solutions can be found, for example, in Lemma 2.8 of [Fel14]. For a supersolution
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barrier we take h(y) := maxφ + I f (0)− I f (yd). Due to the uniform ellipticity of F

F(D2h(y),y)≥ Tr(M f (yd)ed⊗ ed) = M f (yd)≥ f (y).

Thus h serves as a supersolution of (4.A.1) with the desired upper bound.

For notational simplicity we will only focus on the particular case to be used in this dissertation:

let us assume

M f (R) = K(1+R)δ−2e−bR/L with b > 0 and 0 < δ << 1. (4.A.3)

With above assumption we estimate I f in the following Lemma:

Lemma 4.A.2. Let M f as in (4.A.3), then

I f (R).b,δ KL2δ e−δbR/L. (4.A.4)

Proof. Without loss of generality we can set K = 1. Observe that

1
1−δ

(1+ s)δ−1e−bs/L =
∫

∞

s
− d

ds
[ 1

1−δ
(1+ s)δ−1e−bs/L] ds

≥
∫

∞

s
M f (s) ds.

Therefore

I f (R)≤
∫

∞

R

1
1−δ

(1+ s)δ−1e−bs/Lds.

To estimate this integral we consider different ranges of R. When R < R0 := b−1(1−δ )L log(1+

L): ∫
∞

R
(1+ s)δ−1e−bs/L ds≤

∫ R0

R
(1+ s)δ−1 ds+

∫
∞

R0

e−bs/L ds

= 1
δ
(Rδ

0 −Rδ )+ L
b e−bR0/L

.b,δ (L logL)δ

.δ L2δ e−δbR/L.
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When R≥ R0 : ∫
∞

R
(1+ s)δ−1e−bs/L ds≤

∫
∞

R
e−bs/L ds

= b−1Le−bR/L = b−1Le−(1−δ )bR/Le−δbR/L

≤ b−1LL−(1−δ )2
e−δbR/L

.b L2δ e−δbR/L.

Now we are able to prove the corresponding version of Lemma 4.3.1 when f is of the form in

(4.A.3).

Lemma 4.A.3. Suppose that f satisfies (4.A.3) for some K,δ ,b > 0. Then there exists µ(φ ,F, f )

and c0(Λ,d) > 0 such that,

sup
y·ed≥R

|v(y)−µ| ≤C(Λ,d,δ ,b)[(oscφ)e−c0R/L +KL2δ e−δbR/L].

Proof. After rescaling we may assume that K,oscφ ≤ 1. Let α(d,Λ) ∈ (0,1) and C0 as given in

Lemma 4.3.1. Next define A(k) := 2I f ( jr) + r2M f (( j + 1/2)r) for k ∈ N and r > 2C1/α

0 L. We

claim that

osc
Ped +krσ

v≤Ck
0(2L/r)αk +

k−1

∑
j=0

Ck− j
0 (2L/r)α(k− j)A( j)+2I f (kr). (4.A.5)

Let us assume for now that (4.A.5) is correct and continue with the rest of the proof. Define

r := (2eC0)1/αL and c0 := (2eC0)−1/α

so that Ck
0(2L/r)αk = e−k and

osc
Ped +krσ

v≤ e−k + e−k
k−1

∑
j=0

e jA( j)+2I f (kr). (4.A.6)

Due to our assumption (4.A.3) we have the bound

r2M f (( j +1/2)r)≤ r2(1+( j +1/2)r)−2+δ e−b( j+1/2)r/L . rδ e−b jr/L . Lδ e−c−1
0 b j,

and using Lemma 4.A.2 we also have,

I f ( jr).δ ,b L2δ e−δb jr/L = L2δ e−c−1
0 δb j.
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Plugging these estimates into (4.A.6) yields

osc
Ped +krσ

v.δ ,b e−k +L2δ e−k
k−1

∑
j=0

e(1−c−1
0 δb) j +L2δ e−c−1

0 δbk . e−k +L2δ e−c−1
0 δbk.

Now for any R > 0, let k = [R/r] to get the desired result

osc
Ped +Rσ

v≤ osc
Ped +krσ

v.b,δ e−c0R/L +L2δ e−δbR/L.

It remains to prove (4.A.5) by induction. For k = 0 (4.A.5) follows from Lemma 4.A.1. Assuming

(4.A.5) for k, we prove it for k +1. Note that

vk(y) = v(y+ kred)

satisfies F(·,y+ kred) = f (y+ kred) in Ped with boundary data φk(y) = v(y+ ked). Both the oper-

ator and the boundary data are periodic with respect to (` j)d−1
j=1 translations by uniqueness, and

osc
Ped

vk ≤Ck
0(2L/r)αk +

k−1

∑
j=0

Ck− j
0 (2L/r)α(k− j)A( j)+2I f (kr)

by the inductive hypothesis. Then by the interior Hölder estimate in Br/2(red),

|vk|Cα (Br/4(red)) ≤ 2αC0r−α(oscvk + r2M f ((k +1/2)r)),

and so, since r > 4L, the oscillation on Q can be estimated by

osc
Q+red

vk ≤C0(2L/r)α(oscvk + r2M f ((k +1/2)r)),

On the other hand vk is periodic on ∂Ped +red with respect to the translations (` j)d−1
j=1 and periodic-

ity cell Q so osc∂Ped +red
vk = oscQ+red vk. Using the inductive hypothesis the right hand side above

is bounded by,

osc
∂Ped +red

vk ≤C0(2L/r)α(Ck
0(2L/r)αk +

k−1

∑
j=0

Ck− j
0 (2L/r)α(k− j)A( j)+2I f (kr)+ r2M f ((k +1/2)r))

= Ck
0(2L/r)α(k+1) +

k−1

∑
j=0

Ck+1− j
0 (2L/r)α(k+1− j)A( j)+C0(2L/r)αA(k)

= Ck
0(2L/r)α(k+1) +

k

∑
j=0

Ck+1− j
0 (2L/r)α(k+1− j)A( j).
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Finally using Lemma 4.A.1 in place of maximum principle to bound the oscillation in the entire

half space,

osc
Pσ +(k+1)red

v = osc
Pσ +red

vk

≤ osc
∂Pσ +red

vk +2I f ((k +1)r)

≤Ck
0(2L/r)α(k+1) +

k

∑
j=0

Ck+1− j
0 (2L/r)α(k+1− j)A( j)+2I f ((k +1)r),

which is the inductive hypothesis for k +1.

4.A.1 Proof of Lemma 4.7.7

The proof uses Littlewood-Paley theory. Fix a smooth, radially decreasing function ϕ : Rd → R

satisfying ϕ ≡ 1 in B9/10 and ϕ ≡ 0 outside B1. Let us define ϕN(·) := ϕ(N−1·) and ψN :=

ϕN−ϕN/2 for dyadic integers N ∈ 2Z. Note that ϕN = ∑M≤N ψM. Let ψ̃N and ϕ̃N be respectively

the inverse fourier transforms of ψN and ϕN . It is useful to note that (ψN/2 +ψN +ψ2N)ψN = ψN .

We call, for a g : Rd → R which is locally integrable, g≤N = ϕ̃N ? g and gN = ψ̃N ? g. One basic

estimate is,

‖DgN/2≤·≤2N‖∞ = ‖D(ψ̃N/2 + ψ̃N + ψ̃2N)?gN‖∞

≤ (‖Dψ̃N/2‖1 +‖Dψ̃N‖1 +‖Dψ̃2N‖1)‖gN‖∞

. N‖gN‖∞.

Let us show

‖gN‖∞ ≤ N−β |g|C0,β . (4.A.7)
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To show (4.A.7) recall that since ψN(0) = 0,
∫
Rd ψ̃N = 0, and that ψ̃N is Schwartz class,

|gN(x)|= |
∫
Rd

Nd
ψ̃(Ny)(g(x− y)−g(x)) dy|

≤ |g|C0,β

∫
Rd

Nd
ψ̃(Ny)|y|β dy

= |g|C0,β

∫
Rd

ψ̃(z)|N−1z|β dz

. N−β |g|C0,β

∫
Rd

(1+ |z|)−(d+2)|z|β dz

. N−β |g|C0,β .

A parallel computation shows that ‖g−gN‖∞ . N−β |g|C0,β . Combining the established estimates,

‖Dg≤N‖∞ . ∑
M≤N

M‖gM‖∞ . ∑
M≤N

M1−β |g|C0,β . N1−β |g|C0,β . (4.A.8)

This is the main useful estimate to proving the interpolation inequality.

Now let g as in the statement of the Lemma, and N > 0 to be chosen later. From (4.A.8),

‖Dg≤N‖L∞(Rd) .d Nγ |g|C0,1−γ (Rd)

and from the remark above applied now to Dg,

|Dg≤N(x)−Dg(x)|. N−β |Dg|C0,β (Rd).

Thus,

‖Dg‖L∞(Rd) ≤ ‖Dg≤N‖L∞(Rd) +‖Dg≤N−Dg‖L∞(Rd) . Nγ |g|C0,1−γ (Rd) +N−β |Dg|C0,β .

Choosing now N = (|Dg|C0,β /|g|C0,1−γ (Rd))
1

β+γ and plugging in yields the desired result.
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CHAPTER 5

Homogenization of Random Oscillating Boundary Data

5.1 Introduction

In this chapter we investigate the averaging behavior of the solutions to nonlinear uniformly ellip-

tic partial differential equations with random Dirichlet or Neumann boundary data oscillating on a

small scale. Under conditions on the operator, the data and the random media leading to concen-

tration of measure, we prove an almost sure and local uniform homogenization result with a rate

of convergence in probability.

In particular, we consider the Dirichlet and Neumann boundary value problems F(D2uε) = 0 in U,

uε = g(·, ·
ε
,ω) on ∂U,

(5.1.1)

and 
F(D2uε) = 0 in U \K,

∂σ uε = g(·, ·
ε
,ω) on ∂U,

uε = f on ∂K,

(5.1.2)

where U is a smooth bounded domain in Rd with d ≥ 2, K is a compact subset of U , σ is the

inward normal, F is positively homogeneous of degree one and uniformly elliptic, f is continuous

on K and g = g(x,y,ω) is bounded and Lipshitz continuous in x,y uniformly in ω belonging to a

probability space (Ω,F ,P), and, for each fixed x ∈U , stationary with respect to the translation

action of Rd on Ω and strongly mixing with respect to (y,ω) (the precise assumptions are given in

Section 5.2.2).

We show that there exist a deterministic continuous functions gD,gN : ∂U→R such that, as ε→ 0,
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the solutions uε = uε(·,ω) of (5.1.1) and (5.1.2) converge almost surely and locally uniformly in

U (with a rate in probability) to the unique solution u of respectively
F(D2u) = 0 in U,

u = gD on ∂U,
(5.1.3)

and 
F(D2u) = 0 in U \K,

∂σ u = gN on ∂U,

u = f on ∂K.

(5.1.4)

The homogenized boundary condition g (here and in the rest of the chapter we omit the subscript

and always denote the homogenized boundary condition by g) depend on F , σ , d and the random

field g. The rate of convergence depends on the regularity of U , the continuity and mixing proper-

ties of g, the dimension d, the ellipticity ratio of F and, in the case of the Neumann problem, the

bounds of f .

We discuss next heuristically what happens as ε → 0 in the Dirichlet problem (5.1.1). It follows

from the up to the boundary continuity of the solutions to (5.1.1) that, close to the boundary,

uε typically has unit size oscillations over distances of order ε . Therefore any convergence to a

deterministic limit must be occurring outside of some shrinking boundary layer, where the solution

remains random and highly oscillatory even as ε → 0. In order to analyze the behavior of the uε

near a point x0 ∈ ∂U with inner normal σ we “blow up” uε to scale ε , that is we consider

vε(y,ω) = uε(x0 + εy,ω).

If homogenization holds, then vε(Rσ ,ω) should converge to g(x0) for R > 0 sufficiently large

to escape the boundary layer. Noting that the random function vε(·,ω) is uniformly continuous,

as ε → 0, we can approximate vε(·,ω) by the solution of the half-space problem, obtained after

“blowing up” in the tangent half-space at x0,
F(D2v) = 0 in {y ∈ Rd : y ·σ > 0}

v(·,ω) = ψ(·,ω) on {y ∈ Rd : y ·σ = 0}.
(5.1.5)
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Formally, based on the problem satisfied by vε(·,ω), we expect that,

|vε(y,ω)− v(y,ω)| → 0 as ε → 0 when ψ(y,ω) = g(x0,y+ ε
−1x0,ω). (5.1.6)

With the expectation that uε(x+εRσ ,ω) can be approximated, for small ε and large R, by v(Rσ ,ω),

we are led to consider, for random fields ψ satisfying assumptions similar to g for fixed x, the ex-

istence of an almost sure limit, as y ·σ → ∞, of v(y,ω). This is the analogue, in our setting, of the

cell problem in classical homogenization theory.

We say that the cell problem (5.1.5) has a solution, if there exists a constant µ = µ(σ ,F,ψ), often

referred to as the ergodic constant, such that

lim
R→∞

v(Rσ ,ω) = µ almost surely. (5.1.7)

As indicated above there are two main steps in the argument. The first is to show the existence of

the limit (5.1.7) for the cell problem. This is where all the assumptions on F and the randomness

come in (see Section 5.2.2). The second is to show that the approximation of uε near the boundary

by the cell problem (5.1.5) holds with quantitative estimates so that the convergence results for the

cell problem can be used to identify the boundary condition for the general domain problem.

Similar heuristic arguments lead to the Neumann cell problem, which is to show that there exists a

deterministic (ergodic) constant µ = µ(σ ,F,ψ) such that, if vR(·,ω) = vR,σ is the unique bounded

solution of 
F(D2vR) = 0 in {y ∈ Rd : 0 < y ·σ < 2R},

∂σ vR(·,ω) = ψ(·,ω) on {y ∈ Rd : y ·σ = 0},

vR(·,ω) = 0 on {y ∈ Rd : y ·σ = 2R},

(5.1.8)

then

lim
R→∞

vR(Rσ ,ω)
R

= µ almost surely. (5.1.9)

In the Neumann problem, it is the gradient Duε of the solution to (5.1.2) that has an oscillatory

boundary layer, outside of which it should be approaching a deterministic constant far from the

Neumann part of the boundary.
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In order to have any hope for the convergence described in (5.1.7) and (5.1.9), it is necessary to

impose assumptions on the randomness. To motivate them, we consider the Dirichlet cell problem

(5.1.5) in the linear case where we can represent v(Rσ ,ω), using the Poisson kernel, as

v(Rσ ,ω) =
∫
{y∈Rd :y·σ=0}

P(Red,y)ψ(y,ω)dy.

Since P(Rσ ,y) ∼ R1−d on BR ∩{y ∈ Rd : y ·σ = 0}, v(Rσ ,ω) is essentially the average of the

boundary values on BR∩{y ∈ Rd : y ·σ = 0}. In this case the convergence, as R→ ∞, is a conse-

quence of the ergodic theorem as long as the boundary data satisfies two important assumptions,

namely stationarity and ergodicity, which we describe next.

Firstly the distribution of ψ(y,ω) should not depend on y, in other words ψ(y,ω) must be stationary

with respect to translations parallel to the hyperplane {y ∈ Rd : y ·σ = 0}. On the other hand, in

view of (5.1.6), we actually need to consider the cell problem for translations of the boundary data

parallel to σ as well and so we actually require stationarity of ψ with respect to all Rd translations.

Without some assumption of this form one can easily construct examples for which the limit will

not exist.

For reference it is useful to consider the periodic version of our problem. In this case, there is a Zd

translation action under which the underlying probability space, which is the torus Td , is stationary

and ergodic. When the normal direction σ is rational, the boundary values are not stationary with

respect to the translations parallel to σ .

One possible way to address this problem (see Section 5.2 for more discussion of this version of

the problem) is to consider data defined on a hyperplane which is stationary with respect to an

Rd−1 or Zd−1 action, and then define data on pieces of the boundary of the general domain by

“lifting up from the hyperplane”. This is in contrast to the setting described already which we refer

to as assigning boundary data by “restricting from the whole space”. More specifically, one could

take ψ(y,ω) on Rd−1 and a diffeomorphism ζ from an open subset of Rd−1 to an open subset of

∂U and then define the boundary data, for the general domain problem, by

gε(x,ω) = ψ(ε−1
ζ
−1(x),ω). (5.1.10)
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Secondly, we need to assume that the action of the translations of Rd on Ω is ergodic. Indeed

some assumption on the long range decorrolation of the values of ψ(y,ω), ergodicity being the

weakest is always necessary in to prove a law of large numbers/ergodic theorem-type of result.

The exact form of the ergodic behavior actually turns out to be quite a delicate issue for boundary

data homogenization because it does not necessarily restrict to lower dimensional subspaces.

An instructive way to understand this difficulty is again to consider the periodic version of the

problem. In this case, the translations parallel to {y ∈ Rd : y ·σ = 0} are not ergodic when the

normal direction is rational; for more discussion see Choi and Kim [CK14] and Feldman [Fel14].

It turns out, however, that it is enough that most (in an appropriate sense) directions yield an ergodic

action.

It is not clear to us what kind of generalization of the periodicity assumption would yield this

kind of homogenization for almost every direction. Again if we take boundary data on the general

domain by “lifting up from hyperplanes” as in (5.1.10), the concern above is not an issue. On

the other hand, if one assumes a more quantitative decay of correlations like strong mixing, the

translation action of the d− 1 dimensional subspaces ∂Pσ on Ω will be ergodic and the resulting

rate of homogenization is uniform in the normal direction.

We also remark that, as is always the case in random homogenization, we lack the compactness of

the periodic setting. All the major assumptions are used to overcome the above difficulties, that is

stationarity and ergodicity on hyperplanes and lack of compactness.

Qualitative homogenization results in the stochastic setting for elliptic equations with oscilla-

tions in the interior of the domain typically rely on identifying a quantity which controls, via

Alexandrov-Bakelman-Pucci (ABP for short)-type inequalities, the asymptotic behavior of the so-

lution and whose ergodic properties can be studied using the sub-additive ergodic theorem; see

Caffarelli, Souganidis and Wang [CSW05] and, later, Armstrong and Smart [CS10].

It is not clear to to us whether such a quantity exists for boundary homogenization. This is related

to the fact that it is not known whether there exists an estimate analogous to the ABP-inequality

controlling solutions to boundary value problems for linear elliptic equations with bounded mea-

196



surable coefficients in terms of a measure theoretic norm of the boundary data. Relatedly it is

known that the harmonic measure for linear non-divergence form operators with only bounded

measurable coefficients may be singular with respect to the surface measure on the boundary and,

in fact, may be supported on a set of lower Hausdorff dimension (see Wu [Wu96] or Caffarelli,

Fabes and Kenig [CFK81] for the divergence form case.)

On the other hand, an argument, which is more in the spirit of the linear problem, works well

here since it turns out that the value of the solutions of the cell problems can still be thought of

as Lipschitz “nonlinear averages” of the boundary values. This observation lends itself to using

tools from the theory of concentration of measure, which, generally speaking, provide estimates

in probability for the concentration of Lipschitz functions of many independent random variables

about their mean. There is more detailed discussion about this later in the chapter.

To give an idea of the type of results we obtain, we state informally the main theorems without

any technical assumptions. Exact statements are given in the next section. In the case that F

is either convex or concave, there is a very powerful concentration inequality due to Talagrand

which allows the homogenization result to hold without any additional assumptions on F . With-

out convexity/concavity, the available concentration inequalities either lead to a restriction on the

ellipticity ratio of F or depend on stronger assumptions on the random media. We state the results

separately depending on this property of F .

Theorem A. Let F be positively homogeneous of degree one, uniformly elliptic and either convex

or concave. Assume that the stationary random field ψ is bounded, uniformly Hölder continuous

and satisfies a strong mixing condition with sufficient decay. Then the Dirichlet and Neumann cell

problems (5.1.5) and (5.1.8) homogenize.

Theorem B. Let F be positively homogeneous of degree one and uniformly elliptic and ψ be a

bounded and uniformly Hölder continuous stationary random field.

(i) Under a restriction on the ellipticity ratio of F and if ψ satisfies a strong mixing condition with

sufficient decay, the cell problems (5.1.5) and (5.1.8) homogenize.

(ii) If the random media is of “random checkboard”-type, stationary with respect to the Zd−1

translation action on {y ∈Rd : y ·σ = 0}, and has a log-Sobolev inequality, then the cell problems
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(5.1.5) and (5.1.8) homogenize without any assumption on the ellipticity ratio of F.

Theorem C. Under the assumptions of either Theorem A or Theorem B part (i), the general domain

Dirichlet and Neumann boundary value problems (5.1.1) and (5.1.2) homogenize to (5.1.3) and

(5.1.4), with the homogenized boundary condition determined by the corresponding cell problems

(5.1.5) and (5.1.8).

See Section 5.2 for more precise results. We expect that methods very similar to the ones presented

here will also show that the homogenization of the cell problems (5.1.5) and (5.1.8) for boundary

data as, for example in Theorem B part (ii), will yield a corresponding version of Theorem C for

general domains with boundary data defined by “lifting up from the hyperplane” as in (5.1.10) (see

Section 5.2 for more details).

Our approach can be extended to equations with nonhomogeneous of degree one nonlinearities and

spatial oscillations inside the domain as long as the latter do not “interact” with the second-order

derivatives, because the lower order terms scale out during the “blow up” procedure that leads to

the cell problems.

Understanding the homogenization in the presence of random oscillations in both the second order

term and the boundary data is still open. The main obstacle appears to be the fact that the methods

applied to study the homogenization in the interior and on the boundary do not provide sufficient

control to deal with the additional boundary layer created by the combined oscillations.

We present next a short review of the existing literature. Since there is a large body of work

concerning the homogenization of elliptic pde, we organize this review around oscillatory and non-

oscillatory boundary value problems. In each case we discuss general qualitative homogenization

results and quantitative error estimates.

Classical references for homogenization of linear (divergence and non-divergence form) operators

in periodic media are the books Benssousan, Lions, Papanicolaou [BLP78] and Jikov, Koslov,

Oleı̆nik [JKO94], while for fully nonlinear problems we refer to Evans [Eva89] and Caffarelli

[Caf99]. The most general nonlinear result, without any convexity assumptions on F , is due to

Caffarelli and Souganidis [CS10] using δ viscosity solutions.
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The first results in random media for linear divergence and non-divergence form operators are due

to Papanicolaou and Varadhan [PV81,PV82] and Kozlov [Koz78]. Nonlinear variational problems

were studied by Dal Maso and Modica [DM86]. The first general nonlinear result was obtained

by Caffarelli, Souganidis and Wang [CSW05], who introduced a sub-additive quantity, based on

a family of auxiliary obstacle problems, which controls the behavior of the solutions using the

ABP-inequality and, in view of the sub-additive ergodic theorem, has an ergodic behavior. Error

estimates for linear divergence and non-divergence form equations under Cordes-type assump-

tions were obtained by Yurinskiı̆ [Yur85,Yur88], while Gloria and Otto [GO11], Gloria, Neukamm

and Otto [GNO13] and Marahrens and Otto [MO14] proved optimal rates of convergence in the

discrete setting for linear divergence form elliptic pde. For nonlinear non-divergence form equa-

tions the first error estimate (logarithmic rate) was obtained by [CS10] in the strong mixing set-

ting; under some assumptions this was upgraded recently to an algebraic error by Armstrong and

Smart [AS13].

Much less is known about the homogenization of oscillatory boundary data. In the linear diver-

gence form case with co-normal Neumann boundary data the homogenization is proved in the

book [BLP78]. In the periodic setting, some special cases were discussed in Arisawa [Ari03], the

Neumann problem in a special half-space setting with periodic boundary data was studied by Bar-

les, Da Lio, Lions and Souganidis [BDL08] (some results were obtained earlier by Tanaka [Tan84]

using probabilistic methods), and recently, for general domains and rotationally invariant equa-

tions, by Choi and Kim [CK14] and Choi, Kim and Lee [CKL13]. Qualitative results for the

oscillatory Dirichlet problems in periodic media were obtained by Barles and Mironescu [BM13]

in the half-space setting and, recently, by Feldman [Fel14] in general domains. In the periodic case,

the analysis for general domains requires either a careful geometric analysis, such as in [CK14], to

obtain a uniform modulus of continuity, or an argument as in [Fel14] that ignores discontinuities

of the data in small parts of the boundary. We also point out the recent results of Garet-Varet and

Masmoudi [GM11, GM12] about systems of divergence-form operators with oscillatory Dirichlet

data in periodic media with error estimates. In a similar vein are the results of Kenig, Lin and

Shen [KLS12] on the rate of convergence for interior homogenization with Dirichlet or Neumann

boundary conditions in Lipschitz domains.
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As far as we know, the results of this chapter are the first concerning homogenization of nonlinear,

and, for general domains, even of linear Dirichlet and Neumann problems with random oscillatory

data. Our approach is based on measuring, using appropriate barriers, the fluctuation of the interior

values of the solutions to the cell problems in terms of the randomness on the boundary. Once such

control has been established, we use tools from the theory of concentration inequalities to prove

estimates on the deviation of the interior values of the solutions from their mean. Estimates from

the elliptic theory and the maximum principle are then used to show that the means converge to a

deterministic constant. The different versions of our results in the convex and non-convex cases

are due to the nature of the available concentration estimates. Once the homogenization of the cell

problem for half spaces in any direction has been established, we employ estimates from the elliptic

theory to make rigorous the “blow up” argument described earlier to show that homogenization

occurs for the general domain problem. We also discuss separately the cell problems of, what we

called above, the “lifting up from the hyperplane” problem. The arguments in this case are similar

but, since the probabilistic setting is simpler, we are able to obtain general results as far as F is

concerned.

This chapter is organized as follows: In Section 5.2 we introduce the notation and some conven-

tions, the assumptions on the equations, the probabilistic setting, the concentration inequalities we

use in this chapter and some useful technical facts about uniformly elliptic pde. Then we present

the precise statements of the results. In Section 5.3 we begin with an outline of the proof of the

homogenization of the Dirichlet cell problem, then we continue with the details which consist of

two steps. The first is the Lipschitz estimates of solutions of the cell problem in terms of the

boundary data and the second is the probabilistic arguments based on the aforementioned concen-

tration results. The presentation is divided into two parts depending on the assumptions on F and

the randomness. We also prove the continuity of the homogenized boundary condition and the

homogenization of the cell problem in the “lifting up from the hyperplane” setting. Section 5.4

contains the proof of homogenization for the Dirichlet problem in a general domain. The Neu-

mann problem is discussed in Section 5.5. The structure of the proof mirrors that of the Dirichlet

problem.
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5.2 Preliminaries, Assumptions and Statements of Results

5.2.1 Notation and some terminology/conventions

We denote by M d , TrM and Id the class of d×d symmetric matrices with real entries, the trace of

M ∈M d and the the d×d identity matrix respectively. We write Q for the unit cube [0,1)d−1. For

each σ ∈ Sd−1, the sphere in Rd , Pσ := {x ∈ Rd : x ·σ > 0}, Πσ := {x ∈ Rd : 0 < x ·σ < 1} and

for r > 0 we call Πr
σ = rΠσ . We call Br(x0) = {x ∈Rd : |x−x0|< r} and Br and B+

r refer to Br(0)

and Br(0)∩Ped respectively. Given σ ∈ Sd−1, we also write x′ = x− x ·σ , and, for L > 0, we use

the cylinders Cylσ ,L = {x ∈ Rd : |x′| ≤ L}×{x ∈ Rd : 0 ≤ x ·σ ≤ L}. Moreover, 2N is the set of

dyadic numbers, 1A is the indicator function of the set A and C0,α(D), C0,1(D), C1,α(D) and C2(D)

are the spaces of α-Hölder continuous, Lipschitz continuous, continuously differentiable with α-

Hölder continuous derivatives and twice continuously differentiable functions f : D → R with

norms respectively ‖ f‖C0,β (D), ‖ f‖C0,1(D), ‖ f‖C1,α (D) and ‖ f‖C2(D). We write oscD f = supD f −

infD f for the oscillation over D of the continuous function f and ‖ f‖∞,D for the L∞ norm of the

bounded function f : D→R; if there is no ambiguity for the domain, for simplicity, we only write

‖ f‖∞. If U is an open subset of Rd , then, for r > 0, Ur := {x ∈U : dist(x,∂U) > r}, where dist

is the usual Euclidean distance. For a ∈ R, a+ and a− are respectively the positive and negative

parts of a. Given a metric space X , B(X) is the σ -algebra of the Borel sets of X associated with

the metric. On product spaces, for example Ξ = XZ
n
, the notation B(Ξ) will refer to the cylinder

σ -algebra of Borel sets. For bounded linear operators L : `2(Zn)→ `2(Zn) we write |L|`2 for the

usual operator norm.

We say that constants are universal, if they only depend on the underlying parameters of the

problem, which are the ellipticity ratio of F , the dimension d, the constants associated with

the C2-property of U and the mixing conditions. Also note that constants may change, with-

out explicitly said, from line to line. Given two quantities A and B we write A . B when A ≤

CB for some universal C. If A. B and B. A, then we write A∼ B.

Throughout this chapter subsolutions, supersolutions and solutions should be interpreted in the

Crandall-Lions viscosity sense. We refer to Crandall, Ishii and Lions [CIL92] for the facts we use
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throughout this chapter about viscosity solutions. In the special case of uniformly elliptic second

order equations the book of Caffarelli and Cabré [CC95] is a useful reference.

We work on a probability space (Ω,F ,P). If (Ξ,G ) is a measurable space, ξ : Ω→ Ξ is a ran-

dom variable, if it is a measurable mapping in the sense that ξ−1(E) ∈F for all E ∈ G . When

Ξ = R we write Eξ =
∫

ξ dP when the integral is defined. If f : D×Ω→ R, we write E f (x) for∫
Ω

f (x,ω)dP(ω). If Ξ has a metric space structure and G = B(Ξ), then the composition of a con-

tinuous function f : Ξ→ R with a random variable ξ , f ◦ξ : Ω→ R, is still measurable mapping

with respect to B(R). This justifies the fact that the various functions on Ω we consider through-

out this chapter are indeed random variables. Finally, σ(Oa : a ∈ A) is the smallest σ algebra

containing the collection (Oa)a∈A ⊂F .

5.2.2 The probabilistic setting and concentration inequalities

We are given a probability space (Ω,F ,P), which is endowed with the action of the group of Rd-

translations (τy)y∈Rd such that, for each y ∈Rd , τy : Ω→Ω is measurable and measure preserving.

More specifically, for every measurable set A ∈F and every y,z ∈ Rd ,

P(τy(A)) = P(A) and τzτy = τy+z, τ0 = id.

We say that the action is ergodic if, for any E ∈F ,

if τxE = E for all x ∈ Rd, then P(E) ∈ {0,1}.

We will also use the above notions in the context of a Zn-action on a probability space and the

definitions are analogous.

Given a bounded subset O of Rd and a random field f : Rd×Ω→ R, G (O) is the σ -algebra

G (O) := σ({ f (y, ·) : y ∈ O}).

The φ -mixing rate function

φ(r) := sup{|P(E|F)−P(E)| : dist(O,V )≥ r, E ∈ G (O), F ∈ G (V ) with P(F) 6= 0} (5.2.1)

202



measures of the decorrelation of the values of the random field f . If we want to emphasize the

dependence on the random field f , we write φ f .

We say that

the random field f is φ -mixing if φ(r)→ 0 as r→ ∞. (5.2.2)

We will also use the φ -mixing condition in the context of random fields on a Zn-lattice; the defini-

tion is completely analogous.

Let A be a complete separable metric space and B(A) the associated Borel σ -algebra. Fix n ∈ N,

let m be a probability measure on Ξ := AZ
n

with the cylinder σ -algebra and assume that the random

field, (X j) j∈Zn , on Zn given by the coordinate maps satisfies the Zn -lattice version of the φ -mixing

condition (5.2.2).

We say that f : Ξ→ R is Lipschitz with respect to the α-weighted Hamming distance with weight

α ∈ `2(Zn) if

| f (X)− f (Y )| ≤ ∑
i∈Zn

αi1Xi 6=Yi. (5.2.3)

We will be making use of the following concentration inequalities in the strong mixing setting due

to Marton [Mar03] and Samson [Sam00]. This first is about functions which are Lipschitz with

respect to the Hamming distance (5.2.3).

Theorem 5.2.1. There exist positive constants c,C depending only on n such that, for any f : Ξ→R

which is 1-Lipschitz with respect to the α-weighted Hamming distance,

m({| f −
∫

f dm|> t})≤C exp
(
− ct2

|α|`2(∑i∈Zn φ(|i|)1/2)2

)
.

Suppose additionally that A is a closed convex subspace of some separable Banach space with

norm ‖ · ‖ and, for 1≤ p < ∞, define the `p-distances on ΞZ
n

by

|X−Y |`p := ( ∑
j∈Zn
‖X j−Yj‖p)1/p for X ,Y ∈ Ξ

Zn
.

Concentration inequalities with respect to the Hamming, or `0, distance on a product space (which

is just d`0(X ,Y ) = ∑1Xi 6=Yi) are often suboptimal when the underlying space also has a Euclidean,
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that is `2, distance. This is essentially due to the fact that being 1-Lipschitz with respect to `0-

distance on the Hamming cube {0,1}n is worse by a factor of
√

n than being 1-Lipschitz with

respect to `2-distance. For functions which are 1-Lipschitz with respect to the `2-distance and

convex, there is the following result of Samson [Sam00], which is an extension of Talagrand’s

concentration inequality.

Theorem 5.2.2. There exist positive constants c,C that depend only on n such that, for any convex

and 1-Lipschitz with respect to `2-metric f : Ξ→ R,

m({| f −
∫

f dm|> t})≤C exp
(
− ct2

(∑i∈Zn φ(|i|)1/2)2

)
. (5.2.4)

Talagrand’s inequality is very powerful but it requires convexity. This assumption appears to be,

in general, necessary. However, the known counterexamples without convexity do involve some

irregularity of the underlying measure.

A concentration inequality like (5.2.4) does hold for Gaussian measures without the convexity as-

sumption on the Lipschitz function f . A less stringent assumption, which also yields concentration

for general Lipschitz functions, is the so-called log-Sobolev inequality that we describe next.

A probability measure m on B(Rn) is said to have a log-Sobolev inequality (LSI for short), if there

exists ρ > 0 so that, for any locally continuously differentiable f : Rn→ R,∫
f 2 log f 2∫

f 2dmdm≤ 1
2ρ

∫ n

∑
j=1
|∂ j f |2dm. (5.2.5)

The LSI can be defined on infinite product spaces as well, for example, RZn
. It turns out that

measures which have log-Sobolev inequality satisfy the following dimension independent concen-

tration property; for a proof we refer to Ledoux [Led01].

Theorem 5.2.3. Suppose that m has LSI with constant ρ . For any 1-Lipschitz with respect to the

`2-metric f : Rn→ R,

m({| f −
∫

f dm|> t})≤ 2exp(−2ρt2).

The same result holds on infinite product spaces like RZn
as well.
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We list next as lemmas two important properties of the log-Sobolev inequalities which are used

to construct large classes of measures with LSI. The first is the so-called tensorization property,

which says that LSI is preserved under taking product measures; we refer again to [Led01] for

more explanations.

Lemma 5.2.4. Fix N ∈ N and assume that, for 1≤ j ≤ N, the measures m j on Rn j have LSI with

constants ρ j. Then the product measure m = m1⊗·· ·⊗mN on the product space Rn1+···nN also has

LSI with constant ρ = minρ j.

The second is that the pushforward φ#m of a measure m with LSI under a Lipschitz transformation

φ still has a log-Sobolev inequality; recall that φ#m(E) := m(φ−1E) for any E ∈B(Rn).

Lemma 5.2.5. Let m be a measure on Rn with LSI and φ : Rn → Rn a (globally) Lipschitz and

locally continuously differentiable function. Then the pushforward measure φ#m of m by φ also

has log-Sobolev inequality.

Proof. Let f :Rn→R be locally continuously differentiable. Writing, for notational convenience,

f̃ := f ◦φ , we find∫
f 2 log f 2∫

f 2dφ#mdφ#m =
∫

f̃ 2 log f̃ 2∫
f̃ 2dm

dm≤ 1
2ρ

∫
|D f̃ |2dm

≤
sup |Dφ |2

`2

2ρ

∫
|D f ◦φ |2dm =

sup |Dφ |2
`2

2ρ

∫
|D f |2dφ#m.

Combining Lemma 5.2.4 and Lemma 5.2.5, it is possible to construct large classes of measures

with LSI starting from some simple examples of such measures, like the uniform and Gaussian

measures on the unit interval and R respectively, which are the prototypical examples of measures

with log-Sobolev inequality; see [Led01].

For example, the distribution of X = (X1, . . . ,Xn) ∈ Rn, with the Xi’s i.i.d. Gaussians with mean

0 and variance 1, has LSI with the same constant ρ as the distribution of the Xi’s. Moreover,

given a n× n matrix σ , the random variable Y = σX is also Gaussian with covariance matrix
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Σ = (EYiYj)1≤i, j≤N and its distribution mσ on Rn has LSI, since∫
f 2 log f 2∫

f 2dmσ
dmσ ≤

|Σ|2
`2

2ρ

∫
|D f |2dmσ . (5.2.6)

Based on the discussion above we can construct now some random fields on Zd−1 with LSI.

Let X = (X j) j∈Zd−1 be i.i.d. and such that law(X0) has log-Sobolev inequality on R. Then, by

Lemma 5.2.4, the law, m, of X on RZd−1
has LSI.

In the Gaussian case we can accommodate a more general mixing condition. Let (Yj) j∈Zd−1 be

Gaussian random variables and Y ′ = φ(Y ), where φ is Lipschitz with respect to | · |`2 and |φ |`∞ ≤ 1.

If the covariance Σ of the Yj’s, with elements Σi j = EYiYj, has a finite operator norm as a map

from `2 to `2, then the law, m, of Y ′ has LSI on RZd−1
. The finiteness of |Σ|`2 follows from the

summability in Zd−1 of the covariances, since

|Σ|2`2 ≤ (max
i

∑
j
|Σi j|).

We note that from the above example we may infer, at least heuristically, that the assumption of

a log-Sobolev inequality amounts to some regularity of the 1-dimensional distributions combined

with a summable decay of correlations.

5.2.3 The assumptions

We present next our assumptions. For the convenience of the reader we divide them into separate

groups.

The domain. We assume that

U ⊂ Rd has C2-boundary, (5.2.7)

and

K is a compact subset of U . (5.2.8)

The regularity of ∂U means, in particular, that, for each x ∈ ∂Ω, there exists an inward normal

direction σx, r0 > 0 and M > 0 such that, for all 0 < r < r0 and all x ∈ ∂U ,

d((x+∂Pσ )∩Br,∂U ∩Br)≤Mr2. (5.2.9)
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The nonlinearity. We assume that F : M d → R is uniformly elliptic, that is there exist Λ > λ > 0

such that

λ tr(N)≤ F(M)−F(M +N)≤ Λtr(N) for all M,N ∈M d such that N ≥ 0, (5.2.10)

and homogeneous, that is

F(0) = 0. (5.2.11)

Typical examples of F’s satisfying (5.2.10) and (5.2.11) are the convex Hamilton-Jacobi-Bellman

and the non convex Hamilton-Jacobi-Isaacs nonlinearities

F(M) = sup
α∈A

[−tr(AαM)] with λ I ≤ Aα ≤ ΛI for all α ∈A

and

F(M) = inf
β∈B

sup
α∈A

[−tr(Aαβ M)] where λ I ≤ Aαβ ≤ ΛI for all (α,β ) ∈A ×B,

which arise respectively in the theories of stochastic control of diffusion processes and zero-sum

stochastic differential games in both cases without running cost.

In fact all F’s satisfying (5.2.10) and (5.2.11) have a max-min representation as above and, hence,

are one-positively homogeneous, that is

F(tM) = tF(M) for all t > 0 and M ∈M d. (5.2.12)

The boundary data for the Neumann problem. As far as the deterministic (non-random) boundary

condition on K is concerned we assume what is sufficient for the Neumann problems (5.1.2) and

(5.1.4) to have unique solutions, that is

f : K→ R is bounded and continuous. (5.2.13)

The random media and data. We make different assumptions depending on whether the boundary

data is the restriction of a function defined on the whole space or is obtained by lifting from a

hyperplane. To avoid repetition we state some properties for functions defined on Rn with n = d

in the former and n = d−1 in the latter cases.
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We begin with the boundary data ψ : Rn×Ω→ R arising in the cell problems. We assume that

ψ is measurable with respect to B(Rn)⊗F , (5.2.14)

stationary in (y,ω) with respect to the group action (τy)y∈Rd , that is, for all y ∈ Rn,

ψ(y,ω) = ψ(0,τyω), (5.2.15)

and bounded uniformly in ω ∈Ω, that is there exists C > 0 such that

|ψ(y,ω)| ≤C for all y ∈ Rn and ω ∈Ω. (5.2.16)

When n = d, which is the case of the cell problem (5.1.5), we also assume that ψ is Lipschitz

continuous uniformly in ω , that is there exists C > 0 such that, for all y,w ∈ Rn and ω ∈Ω,

|ψ(y,ω)−ψ(w,ω)| ≤C|y−w|; (5.2.17)

we remark that, with only minor changes, we may assume that ψ is Hölder or even just uniformly

continuous in y. We leave it up to the interested reader to fill in the details.

Furthermore, as mentioned in the introduction, we need some mixing assumption on the random

field ψ . We assume that

ψ(·, ·) is φ -mixing with a rate φ such that ρ =
∫

∞

0
φ(r)1/2rd−2dr < +∞; (5.2.18)

the value of this integral, ρ , will be considered a universal constant in the following sections.

In the case that the boundary data is assigned by lifting from a hyperplane, that is when n = d−1,

the condition on the boundary data is based on LSI.

We assume that there exists a collection of identically distributed (X j) j∈Zd−1 such that, if X =

(X j) j∈Zd−1 , then

the measure law(X) on RZ
d−1

has LSI with constant ρ (5.2.19)

and

ψ(y,ω) = X j(ω) when y ∈ j +[0,1)d−1; (5.2.20)
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this is just the random checkerboard boundary data. Note that in this case we only have Zd−1

stationarity.

Next we state the conditions on the random boundary data g : ∂U×Rd×Ω→ R. We assume that

g is measurable with respect to B(Rd)⊗B(Rd)⊗F , (5.2.21)

and bounded and Lipschitz continuous uniformly in ω ∈Ω, that is there exists C > 0 such that, for

all (x,y),(z,w) ∈ ∂U×Rd and ω ∈Ω,

|g(x,y,ω)| ≤C and |g(x,y,ω)−g(z,w,ω)| ≤C(|x− z|+ |y−w|). (5.2.22)

We remark again that, with only minor changes, we may assume that g is Hölder or even just

uniformly continuous in (x,y); we leave it up to the interested reader to fill in the details.

Finally we assume that, for each fixed x0 ∈ ∂U,

g(x0, ·, ·) is stationary in (y,ω) (5.2.23)

and

g(x0, ·, ·) satisfies (5.2.18) with constants uniform in x0. (5.2.24)

5.2.4 Some pde background

We recall and prove some background results from the theory of fully nonlinear uniformly elliptic

equations that we will need for the proofs in the sequel. First we discuss (5.1.5) and then (5.1.8).

Then we introduce a selection criterion to identify uniquely a particular solutions to (5.1.5) and

then (5.1.8) when ψ is discontinuous.

In what follows it is convenient to use the extremal Pucci operators P±
λ ,Λ associated with F defined

by

P+
λ ,Λ(N) := Λtr(N+)−λ tr(N−) and P−

λ ,Λ(N) := λ tr(N+)−Λtr(N−); (5.2.25)

it follows from (5.2.10) and (5.2.11) that, for all M,N ∈M d ,

−P+
λ ,Λ(M−N)≤ F(M)−F(N)≤−P−

λ ,Λ(M−N). (5.2.26)
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The Dirichlet Problem (5.1.5). The first two results are an oscillation decay lemma, which is

a consequence of the interior Lipschitz estimates for solutions to elliptic pdes, and a boundary

Lipshitz estimate; for the proofs we refer to Caffarelli and Cabre [CC95].

Lemma 5.2.6. (Oscillation decay/Interior Lipschitz estimate) Assume (5.2.10), (5.2.11), (5.2.16)

and (5.2.22) and let v be the unique bounded solution of (5.1.5). Then, for R > 1 and y,z ∈

∂Pσ +Rσ ,

sup
|y−z|≤1

|v(y,ω)− v(z,ω)| ≤CR−1osc∂Pσ
ψ.

Lemma 5.2.7. (Boundary Lipshitz) Assume (5.2.10) and (5.2.11). If u∈C(B+
1 ) solves F(D2u) = 0

in B+
1 and u = h ∈C0,1(∂Ped ∩B1), then u ∈C0,1(B+

1/2) and there exists C = C(n,λ ,Λ) > 0 such

that

‖u‖
C0,1(B+

1/2)
≤C(sup

B+
1

|u|+‖h‖C0,1(∂Ped∩B1)).

The next lemma is an important tool for the proofs to come, because it quantifies the error in-

troduced by solving the Dirichlet problem in a half space with a cut-off applied to the boundary

data.

Lemma 5.2.8. (Localization) Fix σ ∈ Sd−1, let M > 0 and L > 1 and suppose that v is a solution

of 
−P+

λ ,Λ(D2v)≤ 0 in Pσ ∩Cylσ ,L,

v≤ 0 on ∂Pσ ∩Cylσ ,L,

v≤M on ∂Cylσ ,L∩Pσ .

(5.2.27)

Then

v≤ 2Λ

λ
dML−1 in Cylσ ,1.

Proof. Since the Pucci maximal operators are rotation invariant, without loss of generality, we

assume that σ = ed and, for notational simplicity, write CylL for Cyled ,L. Consider the barrier ψ

ψ(x) := ML−2(|x′|2−2Λ

λ
(d−1)x2

d)+(2Λ

λ
(d−1)+1)ML−1xd.

It is straightforward to check that ψ ≥ v on ∂CylL and that ψ is a smooth supersolution of

−P+
λ ,Λ(D2ψ) ≥ 0 in Ped . From the comparison of viscosity solution we have v ≤ ψ in CylL
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and the claim follows, since

ψ ≤ 2(Λ

λ
(d−1)+1)ML−1 in Cyl1.

Next we recall a particular case of Theorem 1 from Armstrong, Sirakov and Smart [ASS12] which

yields the existence of singular solutions to nonlinear uniformly elliptic equations.

Theorem 5.2.9. Assume (5.2.10) and (5.2.11). For any γ ∈ (−1,1), there exists a unique constant

β = β (d,λ ,Λ,γ) > max{λ

Λ
(d−1)−1,0} such that the problem −P+

λ ,Λ(D2Φ) = 0 in Coneγ := {x ∈ Rd : xd > γ|x|},

Φ = 0 on ∂Coneγ \{0},
(5.2.28)

has a unique positive solution Φ ∈ C(Coneγ \ {0}) which is −β homogeneous, that is Φ(x) =

|x|−β Φ(x/|x|), and satisfies max∂B1∩Kγ
Φ = 1.

When γ = 0, that is in the half space case, Leoni [Leo12] shows that

λ

Λ
(d−1)≥ β ≥ λ

Λ
d−1; (5.2.29)

from now on we will always use β to refer to the half-space singular solution exponent for the

ellipticity ratio Λ/λ .

It will be useful for later to estimate, in the half-space case, the decay of Φ in the directions x′

which are orthogonal to ed .

We first note that Lemma 5.2.7 and a simple covering argument yield that Φ is Lipschitz with

universal constant in (B2 \B1/2)∩K0.

Next we show that Φ(x/|x|)∼ xd/|x| and, therefore,

Φ(x) = |x|−β
Φ(x/|x|)∼ xd/|x|β+1. (5.2.30)

The Lipschitz estimate and the fact that Φ = 0 on ∂K0 yield

Φ(
x
|x|

)≤Cdist
(

x
|x|

,B2 \B1/2∩∂K0

)
≤C

xd

|x|
.
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For the other direction we note that A = minB2∩{xd>1/2}Φ > 0 is universal due to the normalization

max∂B1∩K0 Φ = 1 and the Harnack inequality. Then, for each x, let x′ = x−xded and y = 3
4ed + x′

|x| ,

consider the radially symmetric barrier v satisfying
−P+

λ ,Λ(D2v) = 0 in B1/2(y)\B1/4(y),

v = 0 on ∂B1/2(y),

v = A on ∂B1/4(y),

and observe that the maximum principle yields Φ≥ v in B1/2(y)\B1/4(y). Meanwhile, an explicit

computation shows that

v(
x
|x|

)≥ cA
xd

|x|
,

and, hence,

Φ(
x
|x|

)≥ v(
x
|x|

)&
xd

|x|
,

which proves both directions of (5.2.30).

The Neumann Problem (5.1.8). The first result is a localization result analogous to Lemma 5.2.8.

Lemma 5.2.10. (Localization) Assume (5.2.10) and (5.2.11), fix σ ∈ Sd−1 and, for L > 0,

let u : Πσ → R satisfy 

−P+
λ ,Λ(D2u)≤ 0, in Πσ

∂σ u≤ 0 on ∂Pσ ∩BL,

u≤ 0 on (∂Pσ +σ)∩BL

u≤M on Πσ ∩∂BL.

Then

|u| ≤ (1+(d−1)
Λ

λ
)

M
L2 on Πσ ∩{|x′| ≤ 1}

Proof. The claim follows from the comparison principle using the barrier

ϕ(x) =
M
L2

(
|x′|2 +(d−1)

Λ

λ
(1− (x ·σ)2)

)
.

212



The next result is about up to the boundary regularity of solutions of the Neumann problem. Its

proof can be found in Milakis and Silvestre [MS06].

Lemma 5.2.11. (Boundary C1,α -regularity) Assume (5.2.10) and (5.2.11). For every α ∈ (0,1),

there exists C = C(d,λ ,Λ,α) > 0 such that, if v solves the Neumann problem F(D2v) = 0 in B+
1 ,

∂xd v = h on ∂Ped ∩B1,

then

‖v‖C0,α (B+
1/2)
≤ sup

B1

|v|+C max
∂Ped∩B1

|h|.

Furthermore, there is some α = α(d,λ ,Λ) ∈ (0,1) such that,

‖v‖C1,α (B+
1/2)
≤ sup

B1

|v|+C‖h‖C0,α (∂Ped∩B1).

As for the decay of oscillations, the estimate is slightly better than for the Dirichlet problem, since

the oscillations decay up to the boundary.

Lemma 5.2.12. (Oscillation decay) Assume (5.2.10) and (5.2.11) and fix σ ∈ Sd−1. If vR is the

solution to (5.1.8), then,

sup
|y−z|≤1

R−1|vR(y,ω)− vR(z,ω)| ≤CR−1 sup
∂Pσ

|ψ| if y ∈Π
R
σ +

1
2

Rσ

and there exists 0 < α = α(d,λ ,Λ) such that

sup
|y−z|≤1

|∂σ (vR(y,ω)− vR(z,ω))| ≤CR−αosc∂Pσ
ψ(y) if y ∈Π

R
σ +

1
2

Rσ .

Proof. To prove the first inequality we consider the rescaled function ṽ(y,ω) := 1
RvR(Ry,ω) and

apply Lemma 5.2.11 to the Neumann problem in B2∩Pσ for |y− z| ≤ R−1.

For the second inequality we apply the interior C1,α -regularity result for solutions to uniformly

elliptic operators (see [CC95]) to ṽ and use the fact that osc2Πσ
ṽ≤ 2osc∂Pσ

ψ.

Finally we introduce the analogue of the singular solutions Theorem 5.2.9 in the Neumann case.

Let

Φ(x) = |x|−β with β =
λ

Λ
(d−1)−1. (5.2.31)
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An explicit calculation shows that φ(x) = Φ(x+ ed) satisfies −P+
λ ,Λ(D2φ) = 0 in Ped ,

−∂ed φ ≥ cd(1+ |x|) λ

Λ
(d−1) on ∂Ped .

(5.2.32)

Discontinuous Boundary Data. We discuss the Dirichlet problem here, but similar arguments

apply to the Neumann problem. In the course of the proof of the homogenization of the cell

problem, we will have to consider (5.1.5) with bounded but discontinuous boundary data. Such

boundary value problems may not have, in general, a unique solution unless F has some additional

structure. It was shown, for example, in [Fel14] that uniqueness holds if the discontinuities are

concentrated on a subset of ∂D of Hausdorff dimension less than d− 1 and if |λ/Λ− 1| is small

depending on the dimension of the discontinuity set.

We describe next a selection mechanism we will be using throughout this chapter, which allows to

talk about a unique solution to (5.1.5) satisfying the comparison principle

Since the argument is more general than (5.1.5), we consider the boundary value problem
F(D2u) = 0 in D,

u = φ on ∂D;
(5.2.33)

here D is a general domain, which typically in this chapter will be Pσ for some σ ∈ Sd−1, and

φ : ∂D→ R is bounded but possibly discontinuous. In what follows we write u(·;φ) to denote the

solution of the boundary value problem with data φ .

A maximal/minimal solution to (5.2.33) can be constructed by the classical Perron’s method (see,

for example, [CIL92]). Here we describe an alternative method to select in a unique fashion a

solution u(·;φ), which is defined as the pointwise in D and local uniform in D limit of the (unique)

solution u(·;φδ ) of (5.2.33), for some appropriately defined regularization φδ of φ . Moreover,

u(·;φ) satisfies the contraction property, that is, for any two bounded possibly discontinuous φ ,φ ′,

sup
D

(u(·;φ)−u(·;φ
′))± ≤ sup

∂D
(φ −φ

′)±; (5.2.34)

in what follows we say that the so defined u(·;φ) satisfies the maximum principle.
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To this end, given a bounded possibly discontinuous φ : ∂D→ R, for δ > 0, we define

φδ (y) := max
z∈∂D

[φ(z)− 1
δ
|y− z|].

It is immediate that φδ is Lipschitz continuous, φδ ≥ φ and the φδ ’s decrease, as δ → 0, to φ at

every point of continuity of φ . The standard comparison principle for bounded uniformly con-

tinuous solutions to (5.2.33) yields that the solutions u(·;φδ )’s are decreasing in δ and, hence,

for each y ∈ D, we may define u(y;φ) by u(y;φ) := limδ→0 u(y;φδ ) pointwise in D and locally

uniformly in D. Since the regularization of φ is contractive, that is, for any φ ,φ ′ as above,

sup∂D(φδ −φ ′
δ
)± ≤ sup∂D(φ −φ ′)±, it follows, again from the comparison principle, that

sup
D

(u(·;φδ )−u(·;φ
′
δ
))± ≤ sup

∂D
(φδ −φ

′
δ
)± ≤ sup

∂D
(φ −φ

′)±;

letting δ → 0 on the left hand side above yields (5.2.34).

5.2.5 The results

Now that we have set up the assumptions, we give the precise statements of the main results,

Theorems A, B and C from the Introduction.

The Dirichlet cell problem (5.1.5). The first result assumes convexity/concavity and imposes

no restrictions on the ellipticity ratio of F , while the second applies to general F’s but requires a

dimension dependent upper bound on Λ/λ .

In what follows β (λ ,Λ) is the homogeneity exponent of the singular solution for the ellipticity

class of F in the half plane (see (5.2.29)).

Theorem 5.2.13. Suppose that, in addition to (5.2.10)and (5.2.11), F is either convex or concave

and ψ satisfies (5.2.14), (5.2.15), (5.2.16), (5.2.17) and (5.2.18) . Then, for each σ ∈ Sd−1, the cell

problem (5.1.5) has a unique solution vσ which concentrates about its mean with rate

P({ω : |vσ (y′+Rσ ,ω)−Evσ (y′+Rσ)|> t})≤C exp(−cRβ̂ t2) for y′ ∈ ∂Pσ and t > 0. (5.2.35)

where β̂ = β (λ ,Λ). Moreover, the limit µ(ψ,F,σ) := limR→∞Evσ (Rσ) exists and equals the

almost sure limit of vσ (Rσ ,ω), as R→ ∞, and, furthermore, for some universal constant C =
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C(d,λ ,Λ,ρ) = C(d,λ ,Λ)ρ2 and all y′ ∈ ∂Pσ ,

|Evσ (y′+Rσ)−µ(ψ,F,σ)| ≤C(logR)1/2R−β̂/2. (5.2.36)

Theorem 5.2.14. Assume that F and ψ satisfy (5.2.10), (5.2.11), (5.2.14), (5.2.15), (5.2.16),

(5.2.17) and (5.2.18) and assume that 2β (λ ,Λ)− (d−1) > 0. Then the results of Theorem 5.2.13

hold with β̂ = 2β (λ ,Λ)− (d−1).

Under the assumptions that lead to the homogenization of the cell problem, the ergodic constant

(homogenized boundary condition) is continuous with respect to the normal direction and the

boundary data. This a very important property to establish homogenization in general domains. Its

proof relies in a critical way on having a rate of convergence for the cell problem.

Theorem 5.2.15. Assume (5.2.10), (5.2.11) and 2β (λ ,Λ)− (d−1) > 0 if F is neither convex nor

concave.

(i) If ψ and ψ ′ satisfy (5.2.14), (5.2.15), (5.2.16), (5.2.17) and (5.2.18) and fix σ ∈ Sd−1, then

|µ(ψ,F,σ)−µ(ψ ′,F,σ)| ≤ ‖ψ−ψ
′‖∞,Rd×Ω.

(ii) There exists C = C(d,λ ,Λ) > 0 such that, for every σ ,σ ′ ∈ Sd−1 and α ∈ (0,α ′) with

α ′ = α ′(β̂ ) := β̂

2(1+β̂ )
, if ψ satisfies (5.2.14), (5.2.15), (5.2.16), (5.2.17) and (5.2.18), then

|µ(ψ,F,σ)−µ(ψ,F,σ ′)| ≤C(oscψ)(1+‖Dψ‖∞)α ′|σ −σ
′|α .

Lastly we have the following homogenization result for the Dirichlet problem in general domains

with an algebraic rate in probability.

Theorem 5.2.16. Assume (5.2.7), (5.2.10) and (5.2.11) and define β̂ as in either Theorem 5.2.13

or Theorem 5.2.14 depending on whether F is convex/concave or not. In addition suppose that

the boundary data g satisfies (5.2.21), (5.2.22), (5.2.23) and (5.2.24). Let uε and u be respec-

tively the solutions to (5.1.1) and (5.1.3) with Dirichlet boundary data g(x,x/ε,ω) and g(x) :=
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µ(g(x, ·, ·),F,σx) respectively. The uε concentrates about its mean in the sense that, for α0 := β̂

4+3β̂

and every p > 0, there exists a sufficiently large universal constant Mp such that

P({ω : sup
{x:d(x,∂U)>ε

1−2α0/β̂ }
|uε(x,ω)−Euε(x)|> Mp(log 1

ε
)1/2

ε
α0}). ε

p, (5.2.37)

and the expected value Euε converges, as ε → 0, to u with the rate

sup
{x:d(x,∂U)>ε

1−2α0/β̂ }
|Euε(x)−u(x)|. (log 1

ε
)1/2

ε
α0 . (5.2.38)

The lifting from the hyperplane plane. We describe the general setting for the Dirichlet cell problem

arising when assigning boundary data by “lifting from the hyperplane” as in (5.1.10) and then

state the result which asserts that the cell problem homogenizes for general F without either a

convexity/concavity assumption or a restriction on the ellipticity ratio.

We assume that

ζ0 is a diffeomorphism from an open subset of Rd−1 to a relatively open subset of ∂U , (5.2.39)

and we extend ζ0 to a local diffeomorphism ζ : Rd → Rd by

ζ (x) = (ζ0(x′),xdσζ (x′)). (5.2.40)

Given a random field ψ :Rd−1×Ω→R, we define the boundary data on the general domain U by

gε(x,ω) := ψ(ε−1
ζ
−1(x),ω) for x ∈ ∂U ;

note that here we implicitly extend ψ to map ψ : ∂U ×Rd ×Ω→ R which is constant in the yd

direction.

We study the asymptotic behavior of the rescaling vε(y) := uε(x0 +εy) of uε , the solution to (5.1.1)

with g as above, at some x0 in the image of ζ0, which solves the boundary value problem which

solves the boundary value problem

 F(D2vε) = 0 in ε−1(U− x0)

vε(y,ω) = ψ(ε−1ζ−1(x0)+(Dζ−1)(x0)y+wε(y),ω) on ε−1∂ (U− x0);
(5.2.41)
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with |wε(y)| ≤Cε|y|2 for some C = C(‖ζ−1‖C2).

The corresponding cell problem is then to solve F(D2vT ) = 0 in T Ped ,

vT (y,ω) = ψ(T−1y,ω) on T ∂Ped ,
(5.2.42)

where T : Rd → Rd is an invertible linear map, and to show that there exists an ergodic constant

µ̃(ψ,F,T ) such that, almost surely,

µ̃(ψ,F,T ) = lim
R→∞

vT (Rσ ,ω).

We can further normalize T so that Ted is a unit vector orthogonal to T ∂Ped as this will not change

the definition of vT . We remark that, at the expense of changing F , we may reduce to the case

of T = I by changing variables to z = T−1y. Notice that the ellipticity constants will remain

bounded as long as we work with a class of maps with T and T−1 bounded. For example, if

T = Dζ (ζ−1(x0)), the bound will depend only on the properties of the diffeomorphism ζ . We

emphasize that such a transformation need not change β , since, in this case, we will use Φ(T ·),

which has the same homogeneity as Φ, as a supersolution barrier for the transformed problem.

The result for (5.2.42) is the following theorem.

Theorem 5.2.17. Assume that F and ψ satisfy (5.2.10), (5.2.11), (5.2.14), (5.2.15), (5.2.16), and

the log-Sobolev assumptions (5.2.19) and (5.2.20). Then the conclusions of Theorem 5.2.13 holds

for vT with β̂ = min{β (λ ,Λ),2} and constants that depend on λ ,Λ and the bounds for T and T−1

.

The proof of Theorem 5.2.17 is based on the concentration inequalities for measures with log-

Sobolev inequality and does not depend on the concentration inequalities for the strong-mixing

setting Theorems 5.2.1 and 5.2.2. As a result no restrictions are imposed on the ellipticity ratio of

F . We expect the a proof very similar to the one of Theorem 5.2.16 will also give a homogenization

for general domains with data locally constructed by lifting from hyperplanes. Note that in order

to prove the continuity of µ̃ with respect to T , which is required for the general domain result, we
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actually need to take a regularized version of the random checkerboard boundary data (5.2.20) so

that (5.2.17) holds. We leave the details to the reader.

The Neumann cell problem (5.1.8). The result when F either convex or concave is:

Theorem 5.2.18. Assume that, in addition to (5.2.10) and (5.2.11), F is either convex or concave

and ψ satisfies (5.2.14), (5.2.15), (5.2.16), (5.2.17) and (5.2.18) . Then, for each σ ∈ Sd−1, the cell

problem (5.1.8) has a unique solution vσ ,R which concentrates about its mean with rate

P({ω : R−1|vσ ,R(y′+Rσ ,ω)−Evσ ,R(y′+Rσ)|> t})≤C exp(−cRβ̂ t2) on ∂Pσ andt > 0.

(5.2.43)

with β̂ = λ

Λ
(d− 1). Moreover, the limit µ(ψ,F,σ) := limR→∞ R−1Evσ ,R(Rσ) exists and equals

the almost sure limit of R−1vσ ,R(Rσ ,ω), as R→ ∞. Furthermore, for some universal constant

C = C(d,λ ,Λ,ρ) = C(d,λ ,Λ)ρ2 and all y′ ∈ ∂Pσ ,

|Evσ (y′+Rσ)−µ(ψ,F,σ)| ≤C(logR)1/2R−β̂/2. (5.2.44)

In the nonconvex/nonconcave case the result is:

Theorem 5.2.19. Assume that F and ψ satisfy (5.2.10), (5.2.11), (5.2.14), (5.2.15), (5.2.16),

(5.2.17) and (5.2.18) and λ

Λ
> 1

2 . Then the conclusions of Theorem 5.2.18 hold with β̂ = (λ

Λ
−

1
2)(d−1).

As for the Dirichlet problem, under the assumptions that lead to the homogenization of the cell

problem, the ergodic constant is continuous with respect to the normal direction and the boundary

data. This an very important property to establish homogenization in general domains. Its proof

relies in a critical way on the rate of convergence for the cell problem.

Theorem 5.2.20. Assume (5.2.10), (5.2.11) and λ

Λ
> 1

2 if F is neither convex nor concave.

(i) If ψ and ψ ′ satisfy (5.2.14), (5.2.15), (5.2.16), (5.2.17) and (5.2.18), then, for every σ ∈ Sd−1,

|µ(ψ,F,σ)−µ(ψ ′,F,σ)| ≤ ‖ψ−ψ
′‖∞,Rd×Ω.
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(ii) There exists C = C(d,λ ,Λ) > 0 such that, for every σ ,σ ′ ∈ Sd−1 and α ∈ (0,α ′) with

α ′(β̂ ) := β̂

2(1+β̂ )
, if ψ satisfies (5.2.14), (5.2.15), (5.2.16), (5.2.17) and (5.2.18), then

|µ(ψ,F,σ1)−µ(ψ,F,σ2)| ≤C|ψ|C0,α )‖ψ‖∞|σ1−σ2|α .

Finally we have the following homogenization result for the general domain problem whenever the

cell problem homogenizes.

Theorem 5.2.21. Assume (5.2.8) and (5.2.7) and suppose that the assumptions of either Theo-

rem 5.2.18 or Theorem 5.2.19 hold and define β̂ accordingly. Let uε and u be respectively the

solutions to (5.1.2) and (5.1.4), with Neumann data g(x,x/ε,ω) and g(x) := µ(g(x, ·, ·),F,σx).

The uε concentrates about its mean in the sense that, there exists α0(β̂ ) > 0 and every p > 0, there

exists a sufficiently large universal constant Mp such that

P({ω : sup
x∈U\K

|uε(x,ω)−Euε(x)|> Mp(log 1
ε
)1/2

ε
α0}). ε

p, (5.2.45)

and the expected value Euε converges, as ε → 0, to u with rate

sup
x∈U\K

|Euε(x)−u(x)|. (log 1
ε
)1/2

ε
α0. (5.2.46)

We remark that the analogue of Theorem 5.2.17 will hold in the Neumann case as well although

we do not provide the proof as it is a natural adaptation of the other proofs presented. Again

the extension to a result in general domains with Neumann data given by “lifting up from the

hyperplane” should also follow with similar arguments.

5.3 The Dirichlet Cell Problem

Here we present the proofs of Theorem 5.2.13, Theorem 5.2.14, Theorem 5.2.15 and Theorem 5.2.17

which are about the existence and properties of the homogenized boundary condition or ergodic

constant, that is the asymptotic behavior, as R→ ∞, of the solutions to Dirichlet cell problem

(5.1.5) and the continuity with respect to the normal directions.
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In many places throughout the section we will consider (5.1.5) with discontinuous data. In this

case, when we talk about the solution satisfying the maximum/comparison principle we refer to

the one constructed in the previous section.

Since the arguments are rather long, we have divided the section into three major parts. The first

is about Theorem 5.2.13 and Theorem 5.2.14, the second deals with Theorem 5.2.15 and the third

concerns Theorem 5.2.17.

5.3.1 The proofs of Theorem 5.2.13 and Theorem 5.2.14.

There are two main steps here. The first is to consider, for R large, vσ (Rσ ,ω) as a function of the

boundary data and prove a Lipschitz estimate in order to apply one of the concentration inequalities

given in Theorem 5.2.1 and Theorem 5.2.2. The argument is essentially deterministic and will be

the focus of one of the subsections below. In the second step we obtain a quantitative estimate

for the concentration of vσ (y,ω) and show the convergence of the means Evσ (y), as y ·σ → ∞,

to a deterministic constant µ(ψ,F,σ). To motivate the arguments we begin with an outline of the

proof.

The outline of the proof. We consider the cell problem (5.1.5). For simplicity we take σ = ed and

boundary data ψ(y,ω) = ξy mod Zd−1(ω), where (ξk)k∈Zd−1 is a stationary ergodic field on Zd−1

with µ = Eξ0 and σ2 = var(ξ0). Let v(·;ψ) be the solution of the cell problem (5.1.5) (note

that for notational simplicity we write v instead of ved ). Then, for large R, we consider the value

vR(ψ) = v(Red;ψ) as a function vR : [−1,1]Z
d−1 → R.

To keep the ideas simple, we first describe the argument when the interior equation is just the

Laplacian, −∆. Then, as we already said in the introduction, we write vR(ψ) as

vR(ψ) =
∫

∂Ped

P(Red,y)ψ(y)dy = ∑
k∈Zd−1

akξk,

where P : Ped ×∂Ped → R is the Poisson kernel for the upper half space and

ak = ak(R) :=
∫

k+[0,1)d−1
P(Red,y) dy,
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and observe that

EvR(ψ) = (Eξ0)
∫

∂Ped

P(Red,y) dy = µ,

and

ak ∼ R(R2 + |k|2)−
d
2 .

In particular we see that vR(ψ) has the form of an ergodic average and, hence, we can apply the

ergodic theorem to get

vR(ψ)−µ → 0 almost surely as R→ ∞.

When the ξk’s are i.i.d., a standard variance estimate yields

var(vR(ψ)) = σ
2

∑
k∈Zd−1

a2
k ≤

∫
∂Ped

P(Red,y)2 dy≤CdR1−d,

which already implies, by Chebyshev’s inequality, homogenization in probability.

This is not, however, optimal, since it is possible to obtain, using Hoeffding’s inequality (see

[Hoe63]), the following Gaussian-type concentration about the mean:

P({ω : |vR(ψ)−µ|> t})≤ 2exp
(

−t2

2∑k∈Zd a2
k

)
≤ 2exp

(
−cdRd−1t2

)
. (5.3.1)

Next we describe a way to generalize the main components of the above argument to the nonlinear

setting.

Arguing for the moment heuristically, we suppose that we can linearize vR around ψ ≡ 0 and write

vR(ψ) = ∑
k∈Zd−1

akξk +o(|ξ |`∞),

where ak := ∂ξk
vR(0) and |ξ |`∞ is small.

Fix j ∈ Zd−1. Taking as boundary data ξk = χ{ j} and using the strong maximum principle, the

positive homogeneity of F and Taylor’s expansion, we find

0 < vR(ψ) = η
−1vR(ηψ) = a j +η

−1o(η),
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and, after sending η → 0, a j > 0.

Taking next ψ ≡ 1, in which case vR(ψ) = 1, the above argument yields, after letting η → 0,

|a|`1 = ∑
k∈Zd−1

ak = 1.

To show homogenization then, it is enough to obtain a vanishing, as R→∞, bound on the `2-norm

of ak, and, since,

∑
k∈Zd−1

a2
k ≤ |a|`∞ |a|`1 ≤ |a|`∞ ,

it suffices to show that, as R→ ∞, |a|`∞ → 0.

Of course this depends on a concentration estimate of the form (5.3.1) holding in the nonlinear

case. This is a delicate issue related to the difference between the various concentration results

stated in Section 5.2.

This is where the structure of the pde is needed to complete the argument. It is, however, evi-

dent from the heuristics above, that, to obtain the result, it is enough to get bounds on vR(ψ) for

boundary data of the form χk+[0,1)d−1 .

For nonlinear equations we are not aware of any quantity other than vR(ψ) which controls the

homogenization and for which we can prove satisfactory estimates. Here vR(ψ) is no longer nec-

essarily a linear or even a subadditive average of the ξk and, hence, it is not possible, as far as we

can tell, to apply any version of the ergodic/subadditive ergodic theorem.

We are, however, able to prove that vR(ψ) is a Lipschitz function of the variables ξk which, as we

show, does not put too much weight on any of them in the sense that |∂ξk
vR|`∞ → 0 as R→ ∞.

In this case, the heuristic argument above suggests that the problem will homogenize. We do need,

however, to deal with the nonlinearity of the equation reflected in the fact that vR(ψ) is only a

Lipschitz, instead of linear, average of the ξk. This is where we use the tools of concentration

inequalities to show that the vR’s concentrate around their mean.

The discretized cell problem. We present here some estimates for the solution of the cell problem

in terms of the boundary data, which can be seen as the analogue to the classical Lp-estimates for

the Poisson kernel of the boundary data in the linear case.
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We assume for simplify that σ = ed , but the proof will apply in general.

Recall that Q = [0,1)d−1 is the unit cube on ∂Ped and note that

∂Ped =
⋃

i∈Zd−1

(i+Q).

Instead of using Q, it is possible to cover ∂Ped using rQ for some r > 0 which can be chosen

later based on the mixing rate function to optimize the estimates. Since this would only change

constants and not the rate of convergence, we just take r = 1 for simplicity.

For X ∈ Ξ := C(Q)Z
d−1

, we consider the solution u : Ped ×Ξ→ R to F(D2
yu) = 0 in Ped ,

u(y;X) = ∑i∈Zd−1 Xi(y− i)χ i+Q(y) on ∂Ped .
(5.3.2)

We remark that, if −F is convex (an analogous claim is true if −F is concave), then u(·;X) is

convex with respect to X . This follows from the classical fact (see [CIL92]) that, when −F is

convex, linear combinations of supersolutions of (5.3.2) are also supersolutions.

In Lemma 5.3.1 below, we show that, for each fixed y ∈ Ped , by the maximum principle, u(y;X) is

continuous in the sup-norm with respect to each component X j, and, hence u(y; ·) : (Ξ,B(Ξ))→

(R,B(R)) is a measurable mapping.

We think of the value of u(Red;X) as a function of R and X and write

fR(X) := u(Red;X). (5.3.3)

We prove Lipshitz estimates for fR with respect to the various norms `p-norms on C(Q)Z
d−1

, which

we define next. For X ∈C(Q)Z
d−1

, the `p(Zd−1;C(Q)) norms are given for 1≤ p < ∞ and p = ∞,

by

|X |`p =

(
∑

i∈Zd−1

sup
y∈Q
|Xi(y)|p

)1/p

, (5.3.4)

and

|X |`∞ = sup
i∈Zd−1

sup
y∈Q
|Xi(y)|.
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Lemma 5.3.1. Assume (5.2.10) and (5.2.11). The map fR : C(Q)Z
d−1 → R has the following con-

tinuity properties for X ,Y ∈C(Q)Z
d−1

and some universal constant C =: C(d,λ ,Λ) > 0:

(i) | fR(X)− fR(Y )| ≤ |X−Y |`∞. (5.3.5)

(ii) | fR(X)− fR(Y )| ≤CR−β |X−Y |`1. (5.3.6)

(iii) | fR(X)− fR(Y )| ≤CR−β/2|X−Y |`2. (5.3.7)

Proof. The first estimate is an immediate consequence of the definition of fR and the comparison

principle.

The proof of the `1-continuity consists of constructing a barrier which controls how much u(Red;X)

can change when the value of X is altered at a single site k ∈ Zd−1.

The main tool in coming up with such barrier is the singular solution Φ of Theorem 5.2.9 with

Coneγ = Ped , that is the solution Φ to P+
λ ,Λ(D2Φ) = 0 in Ped ,

Φ = 0 on ∂Ped \{0},
(5.3.8)

with max∂B1∩Ped
Φ = 1, which is β homogeneous with β = β (d,λ ,Λ) as in (5.2.29). Let

φ̃(x) := 2m−1
Φ(x+ ed),

with m := min{Φ(x) : x = (x′,1) with x′ ∈ Q}> 0, and observe that, in view of the uniform ellip-

ticity and convexity of P+
λ ,Λ, φ̃ ∈C2(Ped) (see [CC95]), and moreover,

φ̃ ≥ 1 on ∂Ped ∩Q.

Then, for X ,Y ∈ `1(Zd−1), let,

φ(x) := ∑
j∈Zd−1

(sup
Q
|X j−Yj|)φ̃(x− j);

note that the sum, which is only over sites where X j 6=Yj, converges in Ped since X ,Y ∈ `1(Zd−1;C(Q))

and , in view of the regularity of φ̃ , φ ∈C2,α(Ped).
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Using the definition and regularity of φ and the subadditivity of the maximal operator P+
λ ,Λ we

get

F(D2u(y;X)+D2
φ ,y)≥ 0 in Ped and u(y;X)+φ(y)≥ u(y;Y ) on ∂Ped .

The comparison principle and the homogeneity of Φ yield, for some universal C,

u(Red;Y )≤ u(Red;X)+φ(Red)≤ u(Red;X)+m−1C ∑
j∈Zd−1

R(| j|2 +R2)−(β+1)/2 sup
Q
|X j−Yj|;

it then follows that

| fR(X)− fR(Y )| ≤C ∑
j∈Zd−1

R(| j|2 +R2)−(β+1)/2 sup
Q
|X j−Yj|.

Finally, employing Hölder’s inequality, we find for any p∈ [1, 1
1− β+1

d−1
) or p∈ [1,∞], if β +1 > d−1,

| fR(X)− fR(Y )| ≤ R−β+(d−1)/p′|X−Y |`p(Zd−1),

where p′ is the Hölder dual exponent of p; note that, using the Poisson kernel for the upper half

space, it is possible to derive the same result as in the linear case with β = d−1.

For the `2-continuity, we consider X ∈C(Q)Z
d−1

and Z ∈C(Q)Z
d−1

with |Z|`2 < +∞ and, for some

t > 0 to be chosen later, we write

Z = Z>t +Z≤t where (Z>t) j = Z jχ{supQ |Z j|>t} and Z≤t = Z−Z>t .

Then

| fR(X +Z)− fR(X)| ≤ | fR(X +Z)− fR(X +Z>t)|+ | fR(X +Z>t)− fR(X)|

≤ |Z≤t |`∞ +CR−β |Z>t |`1

≤ t +CR−β t−1|Z|2`2,

and, after choosing t = R−β/2|Z|`2 ,

| fR(X +Z)− fR(X)| ≤CR−β/2|Z|2`2.
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The homogenization of the cell problem (5.1.5). We apply the estimates of Lemma 5.3.1 to the

random problem and establish the homogenization of the cell problem (5.1.5)

As we did before, in what follows, for simplicity, we assume that σ = ed , |ψ| ≤ 1 almost surely,

and we work with the solution ved of the cell problem F(D2ved) = 0 in Ped ,

ved(·,ω) = ψ(·,ω) on ∂Ped .
(5.3.9)

We now transform to the setting of the previous section to apply the concentration results The-

orem 5.2.1 and Theorem 5.2.2. More precisely, we consider the Banach space C(Q) with the

sup-norm and the associated Borel σ -algebra B(C(Q)) and the measure space (Ξ,B(Ξ)), where,

as before Ξ := C(Q)Z
d−1

, and we define the measurable map Ψ : Ω→ Ξ given, for each j ∈ Zd−1,

by

Ψ j(ω)(·) := ψ( j + ·,ω),

which induces a probability measure P on (Ξ,B(Ξ)), the pushforward of P by Ψ or, equivalently,

the law of the random variable Ψ. Recall that, by the definition of the pushforward measure, for

any measurable f : Ξ→ R,
∫

Ξ
f (X)dP(X) =

∫
Ω

f (Ψ)dP.

It is immediate, in view of the properties of ψ and P, that P is stationary with respect to the natural

Zd−1 action on Ξ. Furthermore, the random field Ψ on Zd−1 has the φ -mixing property (5.2.2)

adapted to the lattice with the same rate function as ψ up to a dimensional constant, and, in view

of (5.2.18),

∑
i∈Zd−1

φ(|i|)1/2 . ρ. (5.3.10)

We also remark that, in view of the definition of Ψ, u(·;Ψ) = ved(·,ω) on ∂Ped . Since ψ(·,ω) is

continuous for each ω , in view of the uniqueness of the solutions to the boundary value problem,

u(·;Ψ) = ved(·,ω) on Ped .

Furthermore, given the definition of P and in view of the relationship between u(·;Ψ) and ved(·,ω),

the concentration of u(Rσ ;Ψ) with respect to P is the same as concentration of ved(y,ω) with
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respect P. In other words any probability estimates and expectations on u(·;Ψ) with respect to P

are the same as probability estimates and expectations on ved(·, ·) with respect to P.

We apply next Theorem 5.2.1 or Theorem 5.2.2 depending on whether F and, hence, u(Red; ·) are

convex or concave.

When F is neither convex nor concave, we need to assume that the ellipticity constants (λ ,Λ) of

F are such that

2β (λ ,Λ) > d−1, (5.3.11)

where again β is the exponent of the upward pointing half-space singular solution for the maximal

operator. In view of (5.2.29), a sufficient condition for (5.3.11) is

λ

Λ
>

1
2

d +1
d

. (5.3.12)

In this case, recalling that |ψ| ≤ 1 (and therefore |Ψ|`∞ ≤ 1) almost surely, we have, from the proof

of Lemma 5.3.1, the following weighted Hamming distance continuity of fR = u(Red; ·):

| fR(X)− fR(Y )|. ∑
k∈Zd−1

R(|k|2 +R2)−(β+1)/2χ{Xk 6=Yk} for all X ,Y ∈ supp(P).

Since we can bound the `2-norm of the coefficients in the above inequality as follows

∑
k∈Zd−1

R2(|k|2 +R2)−(β+1) . Rd−1−2β

∫
Rd−1

(1+ |x|2)−(β+1)dx,

applying Theorem 5.2.1 and using (5.3.11) we find

P({ω : |ved(Red,ω)−Eved(Red, ·)| ≥ t})= P({X ∈Ξ : | fR(X)−EP fR| ≥ t})≤C exp
(
−cR2β−(d−1)t2

)
,

with c = c′/ρ2 and c′ = c′(d,λ ,λ ) > 0.

When −F is convex, we use the convexity of the solutions with respect to the boundary data, the

`2-continuity of Lemma 5.3.1 and Theorem 5.2.2 to obtain

P({ω : |ved(Red,ω)−Eved(Red, ·)| ≥ t}) = P({X ∈ Ξ : | fR(X)−EP fR| ≥ t})≤C exp
(
−cRβ t2

)
,

with, as before, c = c′/ρ2 and c′ = c′(d,λ ,λ ) > 0. The same applies in the concave case.
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For brevity we write from now on

β̂ := β (λ ,Λ) when F is either convex or concave and, otherwise, β̂ := 2β (λ ,Λ)− (d−1)

(5.3.13)

assuming, of course, for the latter case (5.3.12).

We proceed now with the proofs of Theorem 5.2.13 and Theorem 5.2.14.

Proof of Theorem 5.2.13 and Theorem 5.2.14. It suffices to consider the case σ = ed since the

proof for general σ is analogous, and, for simplicity, we write v = ved . Although v is a random

function, in what follows, to keep the notation simple, we sometimes omit ω .

Let N ∈ 2N. The first step in the proof is to show that the expected average at height N

µN := Eu(Ned;Ψ) = Ev(Ned) = Ev(Ned + y′) for all y′ ∈ ∂Ped

is Cauchy.

For a large constant A = A(d,λ ,Λ) >> (1+ β̂/2)(d−1) and k ∈ Zd−1, we define the events

EN
k = {ω ∈Ω : |v(Ned +N1−β̂/2k,ω)−µN | ≥ A1/2(logN)1/2N−β̂/2}. (5.3.14)

In view of the assumed stationarity and either Theorem 5.2.1 or 5.2.2 we have

P(EN
k ) = P(EN

0 ) = P({ω : |u(Ned;Ψ)−µN | ≥ A1/2(logN)1/2N−β̂/2})≤C exp(−cA logN).

It is then immediate, from a simple union bound, that, if EN :=
⋃
|k|≤Nβ̂

EN
k , then

P(EN)≤CNβ̂ (d−1) exp(−cA logN).

We fix some large M ∈ 2N and observe that, as long as A > β̂ (d−1)/c, if E≥M :=
⋃

N≥M EN , then

P(E≥M)≤C ∑
N≥M

Nβ̂ (d−1)−cA < +∞.
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It follows that, for some universal sufficiently large M, P(E≥M) < 1, which, of course, implies that

P(Ω\E≥M) > 0; note that on Ω\E≥M,

|v(Ned +N1−β̂/2k,ω)−µN |. (logN)1/2N−β̂/2 for all N ≥M and |k| ≤ Nβ̂ .

Then, using the oscillation decay estimates (Lemma 5.2.6), for every N ≥M, we have

|v(y′+Ned,ω)−µN |. N1−β̂/2N−1 +(logN)1/2N−β̂/2 . (logN)1/2N−β̂/2 for |y′| ≤ N1+β̂/2.

Moreover the localization Lemma 5.2.8 gives

|v(2Ned,ω)−µN |. sup
|y′|≤N1+β̂/2

|v(y′+Ned,ω)−µN |+N1−(1+β̂/2) . (logN)1/2N−β̂/2.

Combining the previous two estimates we get

|µ2N−µN |. (log2N)1/2(2N)−β̂/2 + |v(2Ned,ω)−µN |. (logN)1/2N−β̂/2,

and, for every N,L≥M in 2N,

|µN−µL|. ∑
K≥M

(logK)1/2K−β̂/2 . (logM)1/2M−β̂/2.

Thus the sequence (µN)N∈2N is Cauchy sequence and, therefore, has a limit µ .

Next we use the above facts to prove (5.2.36) for R > 1 not necessarily dyadic and y′ ∈ ∂Ped .

Let N ∈ 2N such that N ≤ R ≤ 2N. The above arguments yield that, if R and, hence, N are suffi-

ciently large depending only universal constants, then for any y′ ∈ ∂Ped

P(τ−y′E
≥N) = P(E≥N) < 1/2.
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The convergence rate of µN to µ and the same localization argument as above yield that for ω 6∈

τ−y′E≥N ,

|v(y′+Red,ω)−µ|= |v(Red,τy′ω)−µ|

≤ |v(Red,τy′ω)−µN |+C(logR)1/2R−β̂/2 ≤C(logR)1/2R−β̂/2,
(5.3.15)

since τy′ω 6∈ E≥N . On the other hand, since

P({ω : |v(y′+Red,ω)−Ev(y′+Red)|> t})≤C exp(−cRβ̂ t2),

taking t = AR−β̂/2, where A is sufficiently large universal, gives

P({ω : |v(y′+Red,ω)−Ev(y′+Red)|> t})≤ 1/2,

and thus,

{|v(y′+Red,ω)−Ev(y′+Red)| ≤ A(logR)1/2R−β̂/2}∩ (τ−y′E
≥N)C 6= /0.

Evaluating (5.3.15) for an ω in this intersection, we get

|Ev(y′+Red)−µ|. (logR)1/2R−β̂/2.

Arguments along the same lines also imply that the limit limR→∞ v(Red,ω) = µ holds pointwise

on the set Ω0 = Ω \∩M≥1E≥M which has probability 1. We do not go into the details, since this

fact will not be used in the general domain case.

For the proof of the homogenization of the general domain Dirichlet problem we need an additional

estimate which we state and prove next. Essentially, because the concentration has exponential

rate, we can combine the oscillation decay with the concentration to get uniform estimates on a

polynomially large (in R) subset of Pσ .

Lemma 5.3.2. Under the assumptions of Theorem 5.2.13 and Theorem 5.2.14 and for σ ∈ Sd−1

and R > 1, the solution vσ (·,ω) of the cell problem (5.1.5) satisfies the spatially uniform concen-

tration estimate

P({ω : sup
y∈K(R,σ)

|vσ (y,ω)−Evσ (y, ·)|> t})≤CRdβ̂/2 exp(−cRβ̂ t2), (5.3.16)
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where

K(R,σ) := {y ∈ Rd : R/2≤ y ·σ ≤ 2R, |y− (y ·σ)σ | ≤ 3R}. (5.3.17)

Proof. Again we take σ = ed and write v = ved ; the general case follows similarly.

We divide K(R,ed) into O(ε−d) disjoint cubes Q̃ j centered at c(Q̃ j) of size O(εR). On each of the

Q̃ j’s, we use the interior Lipschitz estimates along with the fact that d(Q̃ j,∂Ped)∼ R to derive that,

almost surely,

sup
y∈Q̃ j

|v(y,ω)− v(c(Q̃ j),ω)|. ε,

and, hence,

sup
y∈K(R,ed)

|v(y,ω)−Ev(y)| ≤ sup
j
|v(c(Q̃ j),ω)−Ev(c(Q̃ j, ·))|+C0ε.

Then, for t > 2C0ε , we have

P({ω : sup
y∈K(R,ed)

|v(y,ω)−Ev(y)|> t})≤ P({ω : sup
j
|v(c(Q̃ j,ω)−Ev(c(Q̃ j))|+C0ε > t})

≤ P({ω : sup
j
|v(c(Q̃ j),ω)−Ev(c(Q̃ j))|> t/2})

≤Cε
−dP({ω : |v(c(Q̃ j),ω)−Ev(c(Q̃ j))|> t/2})

≤Cε
−d exp(−cRβ̂ t2).

On the other hand, when t ≤ 2C0ε ,

P({ω : sup
y∈K(R,ed)

|v(y,ω)−Ev(y)|> t})≤ 1≤ [C−1
ε

d exp(cC0Rβ̂
ε

2)][Cε
−d exp(−cRβ̂ t2)].

Choosing ε2 ∼ R−β̂ and combining the two cases yields the claim.

5.3.2 The continuity properties of the homogenized boundary condition

We discuss the continuity properties of µ(σ ,F,ψ) and, in particular, we prove Theorem 5.2.15.

Both parts of the theorem are used to establish the continuity of the homogenized boundary
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condition and the homogenization in general domains. In particular, (i) yields the continuity of

g(x) = µ(g(x, ·, ·),F,σ) with respect to the large scale x-dependence of g, while (ii) implies conti-

nuity of g with respect to changing normal directions.

Proof of Theorem 5.2.15. Part (i) is a direct consequence of the comparison principle.

To show (ii), we fix σ ,σ ′ ∈ Sd−1 and, without loss of generality, we assume that σ ·σ ′ ≥ 1/2 and,

after a rescaling, that |ψ| ≤ 1.

We estimate |µ − µ ′|, where µ = µ(σ ,F,ψ) and µ ′ = µ(σ ′,F,ψ), by comparing the solutions

v = vσ and v′ = vσ ′ of the corresponding cell problems in the intersection of the half spaces Pσ and

Pσ ′ . Here, for simplicity, we do not display in most places the dependence of v and v′ on ω .

Let us now show that v(·,ω) and v′(·,ω) are close in BR, if their respective domains are close in

BL for L� R. Note that,

sup
y∈BL(0)∩∂P

σ ′

y ·σ ≤ L|σ ′−σ |.

and, therefore,

E := {y ∈ Rd : L|σ ′−σ |< y ·σ < L, |y− (y ·σ)σ | ≤ L} ⊂ Pσ ∩Pσ ′.

The up to the boundary Lipschitz continuity the v and v′ (Lemma 5.2.7) and the (almost sure)

Lipschitz continuity of ψ , imply that, almost surely,

sup
y∈∂E∩{y∈Rd :y·σ=L|σ ′−σ |}

|v(y,ω)−ψ(y,ω)|+ |v′(y,ω)−ψ(y,ω)|. L(1+‖Dψ‖∞)|σ ′−σ |.

Since, in view of the comparison principle, |v(·,ω)|, |v′(·,ω)| ≤ 1, we use the localization result

Lemma 5.2.8 to get

|v′(·,ω)− v(·,ω)|. L(1+‖Dψ‖∞)|σ ′−σ |+ R
L

in E ∩B2R.

Using the rate of convergence of the expectations from Theorem 5.2.13 or Theorem 5.2.14 and

taking expectations on both sides of the above inequality we get,

|µ−µ
′| ≤ |µ−Ev(Rσ)|+ |µ ′−Ev′(Rσ)|+E|v(Rσ)− v′(Rσ)|

. L(1+‖Dψ‖∞)|σ ′−σ |+ R
L

+(logR)1/2R−β̂/2.
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Choosing L = (logR)−1/2R1+β̂/2 and R−1 = (1 + ‖ψ‖∞)1/(1+β̂ )|σ − σ ′|1/(1+β̂ ) to make all the

terms in the inequality above comparable size, we get, for α ′ = β̂

2(1+β̂ )

|µ−µ
′|. (1+‖ψ‖∞)α ′

(
log 1
|σ−σ ′|

)1/2
|σ −σ

′|α
′
,

which is the claim.

5.3.3 The “lifting from the hyperplane” cell problem.

We prove here Theorem 5.2.17. In view of the discussion before its statement in the previous

section, for simplicity, we assume that T = I and σ = ed and we consider the cell problem F(D2v) = 0 in Ped ,

v(·,ω) = ψ(·,ω) on ∂Ped .
(5.3.18)

It follows from (5.2.20) and the above simplification that

ψ(·,ω) := ∑
i∈Zd−1

Xi(ω)χ i+Q(·).

Let u : Ped ×RZ
d−1

be defined as in (5.3.2). The comparison principle yields

v(·,ω) = u(·;X(ω)) in Ped .

We note that Lemma 5.3.1 still applies and yields a universal constant C such that, for all Y,Z ∈

RZd−1

|u(Red;Y )−u(Red;Z)| ≤CR−β/2|Y −Z|`2 .

Finally, we recall, again because of (5.2.20), that the law of X = (X j) j∈Zd−1 on RZd−1
, which we

call P in analogy with the previous subsection, has LSI and, hence, from Theorem 5.2.3, we have

the concentration estimate

P({ω : |u(Red;X(ω))−Eu(Red;X)|> t}) =

P({Y ∈ RZ
d−1

: |u(Red;Y )−
∫
RZd−1

u(Red;Z)dP(Z)|> t})≤C exp(−cRβ t2),
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which is as good as the convex case.

Proof of Theorem 5.2.17. The proof is almost the same as Theorem 5.2.13 and Theorem 5.2.14

with one minor difference. Here, instead of Rd−1, we only have Zd−1 translation invariance of the

distribution of the boundary data. The only consequence of this is that the rate of convergence of

Ev(Red) is limited also by the interior oscillation decay.

5.4 Homogenization in General Domains

Since we can only expect homogenization to hold on every compact subset of the domain U ,

we will consider here the rate of convergence in a subdomain URεand we will make use of the

additional free parameter R.

We prove next a slightly more general version of Theorem 5.2.16 leaving R free and then explain

the choice of R that leads to Theorem 5.2.16.

Theorem 5.4.1. Suppose that all the assumptions of Theorem 5.2.16 hold. Then, as ε→ 0, almost

surely and for every x∈U, uε(x,ω)→ u(x). Furthermore, for any 1 < R. ε
− 2

4+3β̂ , uε concentrates

about its mean with the estimate

P({ω : sup
x∈URε

|uε(x,ω)−Euε(x)|> t)≤C exp(−cRβ̂ t2 +C log 1
ε
}), (5.4.1)

and the expected value converges to u with the estimate

sup
x∈URε

|Euε(x)−u(x)|. ε
1
3 R

2
3 +(log 1

ε
)1/2R−β̂/2 +(log 1

ε
)1/2(εR)

β̂

2(1+β̂ ) , (5.4.2)

with constants that depend on λ ,Λ,d,ρ, and the upper bound for Rε

2
4+3β̂ . In particular, choosing

R = ε
− 2

4+3β̂ and t = (log 1
ε
)1/2ε

1
4+3β̂ yields Theorem 5.2.16.

If we assigned boundary data by “lifting up from the hyperplane”, then the homogenized boundary

condition would be

g(x) := µ̃(ψ,F,Dζ (ζ−1(x))),
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where µ̃ comes from the alternate cell problem (5.2.42). The only difference in the estimates

obtained would be in the continuity of the homogenized boundary condition, which corresponds

to the third term in (5.4.2).

We give first an outline of the strategy of the proof of Theorem 5.4.1, which follows from a series

of Lemmas. We begin by rescaling at a point x0 ∈ ∂U to uε(x0 + εy) and prove an estimate on the

difference, in a large box of size R around the origin, between the rescaled solution in the general

domain and the solution of the corresponding cell problem in Pσx0
. Then we use one of the cell

problem homogenization results, that is either Theorem 5.2.13 or Theorem 5.2.14, to prove an

estimate of the concentration of uε(x0 + εy) about its mean and the convergence of Euε(x0 + εy)

to g(x0) on a strip of size ∼ R, which is ∼ R away from ∂Pσx0
. Rescaling back to the ε scale,

we use this estimate on a finite subset of ∂U , which is “Rε dense” in ∂U . This implies that

uε concentrates about its mean on the boundary of the slightly smaller domain URε . Then the

comparison principle gives the concentration in the interior of URε . Finally, the proof of the almost

sure pointwise convergence involves a careful use of the Borel-Cantelli Lemma.

We turn now to the full details. We fix x0 ∈ ∂U and define the local rescaling of uε near x0 by

vε
x0

(y) := uε(x0 + εy),

which solves  F(D2vε
x0

) = 0 in ε−1(U− x0),

vε
x0

(y,ω) = g(x0 + εy,y,τx0/εω) on ε−1∂ (U− x0).
(5.4.3)

Let vσ , with σ = σx0 , be the solution to (5.1.5) with boundary data

ψ(y,ω) := g(x0,y,ω) on ∂Pσ ,

and observe that, in view of the assumptions our on g, ψ satisfies the hypotheses of Theorem 5.2.13

or Theorem 5.2.14 and Lemma 5.3.2.

The next lemma provide an estimate for the difference between vε
x0

and vσ ; for its statement recall

the definition (5.3.17) of the sets K(R,σ).
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Figure 5.1: Comparing with the solution of the cell problem.

Lemma 5.4.2. Assume the hypotheses of Theorem 5.2.16. For any R > 1 and almost surely

|vε
x0

(·,ω)− vσx0
(·,τx0/εω)| ≤Cε

1/3R2/3 in K(R,σx0)∩ ε
−1(U− x0).

We remark that this is the main place where the proof of Theorem 5.2.16 would change, if we

assigned boundary data in the general domain by “lifting up from the hyperplane”, in which case

the estimate, with the notation of the previous section, would instead be

|vε
x0

(·,ω)− vDζ (ζ−1(x0))(·,τε−1ζ−1(x0) mod Zd−1ω)| ≤Cε
1/3R2/3 in K(R,σx0)∩ ε

−1(U− x0).

Proof. We omit reference to x0, since it is fixed for now.

We estimate the difference between vε and vσ by a localization argument in a region where ∂U is

close to its tangent hyperplane at x0. For a succint presentation we call Uε = ε−1(U− x0).

It follows from (5.2.7) that there exists some sufficiently large C0 = C0(U) depending on the C2-

regularity of ∂U such that, for any L > R,

{x ∈ Rd : x ·σ ≥C0L2
ε} ⊂Uε ∩BL(0)⊂ {x ∈ Rd : x ·σ ≥−C0L2

ε}.

Note that, due to the up to the boundary Lipschitz continuity of vε , we have

|vε(y,ω)−g(x0 + εy,y,τx0/εω)| ≤CL2
ε on {x ∈ Rd : x ·σ = C0L2

ε}, (5.4.4)
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and

|vσ (y,τx0/εω)−ψ(y,τx0/εω)| ≤CL2
ε on {x ∈ Rd : x ·σ = C0L2

ε}. (5.4.5)

Using the previous two inequalities as well as, the, uniform in in (y,ω), Lipshitz continuity of

g(·,y,ω) and the definition of ψ we obtain

|vσ (·,τx0/εω)− vε(·,ω)| ≤CL2
ε +Cε . L2

ε on C0L2
Π∩Uε . (5.4.6)

Fix R > 0 with R� L . Then using (5.4.6) and the localization result (Lemma 5.2.8), we conclude

that

|vε(·,ω)− vσ (·,τx0/εω)|. L2
ε + R

L in K(R,σ)∩Uε ,

and choosing L = R
1
3 ε
− 1

3 , so that both terms in the above estimate are the same size, we find

|vε(·,ω)− vσ (·,τx0/εω)|. ε
1
3 R

2
3 in K(R,σ)∩Uε . (5.4.7)

Next we combine (5.4.7) with the estimate for the cell problem given in either Theorem 5.2.13 or

Theorem 5.2.14 depending on our assumptions.

From the previous estimates we have, for y ∈ K(R,σx0)∩ ε−1(U− x0),

|vε(y,ω)−Evε(y)| ≤C1ε
1
3 R

2
3 + |vσ (y,τx0/εω)−Evσ (y)| (5.4.8)

and

|Evε(y)−g(x0)| ≤ |Evε(y)−Evσ (y)|+ |Evσ (y)−g(x0)|. ε
1
3 R

2
3 +(logR)1/2R−β̂/2. (5.4.9)

Using (5.4.8) we derive, for t > 2C1ε1/3R2/3, the following uniform in K(R,σx0) concentration

estimate of vε about its mean:

P({ω : sup
y∈K(R,σx0)

|vε(y,ω)−Evε(y)|> t})≤ P({ω : sup
y∈K(R,σx0)

|vσ (y,τx0/εω)−Evσ (y)|> t/2})

≤CRdβ̂/2 exp(−cRβ̂ t2).
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On the other hand, if t ≤ 2C1ε1/3R2/3, then, for R≤Mε
− 2

4+3β̂ , we have

C exp(−cRβ̂ t2)≥C exp(−4cC2
1Mβ̂+4/3)≥C exp(−4cC2

1Mβ̂+4/3)P( sup
y∈K(R,σx0)

|vε(y)−Evε(y)|> t).

Combining the two last inequalities gives the following Lemma.

Lemma 5.4.3. Assume the hypotheses of Theorem 5.2.16. For every x0 ∈ ∂U and 1 < R ≤

Mε
− 2

4+3β̂ , vε concentrates about its mean uniformly in K(R,σx0) with rate

P({ω : sup
y∈K(R,σx0)

|vε(y,ω)−Evε(y)|> t})≤C(M,d,λ ,Λ)Rdβ̂/2 exp(−cRβ̂ t2),

and its expectation Evε converges, again uniformly in K(R,σx0), to g(x0) with rate

sup
y∈K(R,σx0)

|Evε(y)−g(x0)|. ε
1
3 R

2
3 +(logR)1/2R−β̂/2.

The next step is to put a finite net of points on ∂U and use the concentration estimate of the

cell problem along with (5.4.8) and a union bound to get a concentration estimate on the entire

boundary of a subdomain of U .

For each δ > 0, choose a finite subset Γδ of ∂U such that

∂U ⊂ ∪x∈Γε
B(x,δ ) and |Γδ |. δ

−(d−1). (5.4.10)

The following lemma provides a cover of ∂Uδ consisting of sets centered at points on Γδ .

Lemma 5.4.4. Assume (5.2.7). For sufficiently small δ > 0, depending on the C2-regularity of U,

and Γδ as in (5.4.10),

∂Uδ ⊂ ∪x0∈Γδ
[x0 +δK(1,σx0)].

Proof. For each x ∈ ∂Uδ , there exists x̄ ∈ ∂U such that x− x̄ = δσx′ .

Let πΓδ
x := argmin{y ∈ Γδ : |y− x̄|}, and observe, that in view of (5.4.10), |πΓδ

x− x̄| ≤ 2δ .

Then

x−πΓδ
x = (x− x̄)+(x̄−πΓδ

x) = δσπΓ
δ

x +δ (σx̄−σπΓ
δ

x)+(x̄−πΓδ
x).
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Since, in view of (5.2.7), σ ∈C1(∂U ;Sd−1), for δ sufficiently small depending on the C2− regu-

larity of U ,

[δ (σx̄−σπΓ
δ

x)+(x̄−πΓδ
x)] ·σπΓ

δ
x ≤Cδ

2 and |δ (σx̄−σπΓ
δ

x)+(x̄−πΓδ
x)| ≤ 3δ ,

and, hence, always for sufficiently small δ ,

x ∈ πΓδ
x+δK(1,σπΓ

δ
x).

Letting δ = εR in the previous lemma and using the concentration estimate at each point of Γδ , we

get

P({ω : sup
x∈∂Uδ

|uε(x,ω)−Euε(x)|> t})≤ P({ω : sup
x0∈Γδ

sup
y∈K(R,σx0)

|uε(x0 + εy,ω)−Euε(x0 + εy)|> t})

. (Rε)−(d−1) sup
x0∈Γε

P({ω : sup
y∈K(R,σx0)

|uε(x0 + εy,ω)−Euε(x0 + εy)|> t})

. (Rε)−(d−1)Rdβ̂/2 exp(−cRβ̂ t2).

Then using Lemma 5.4.3 as well as the up to the boundary modulus of continuity of u, which is

controlled by the modulus of continuity of g from Lemma 5.2.15, we find

sup
x∈∂Uδ

|Euε(x)−u(x)| ≤ sup
x∈∂Uδ

(
|Euε(x)−g(πΓδ

x)|+ |g(πΓδ
x)−u(x)|

)
≤ sup

x0∈Γδ

sup
y∈K(R,σx0)

|Euε(x0 + εy)−g(x0)|+C(log 1
δ
)1/2

δ
α ′

. ε
1
3 R

2
3 +(logR)1/2R−β̂/2 +(log 1

ε
)1/2(εR)α ′;

recall that πΓδ
x is any point x0 ∈ Γδ such that x ∈ x0 +δK(1,σx0), which, in view of Lemma 5.4.4,

is well defined on ∂Uδ .

We consider next the boundary value problem F(D2ũε) = 0 in Uδ ,

ũε(x) = Euε(x,ω) on ∂Uδ .
(5.4.11)
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Its solution ũε can be thought as the “extension by F” of Euε χ
∂Uδ

to the interior of Uδ ,

Employing the comparison principle in Uδ yields

P({ω : sup
x∈Uδ

|uε(x,ω)− ũε(x)|> t})≤P({ω : sup
x∈∂Uδ

|uε(x,ω)−Euε(x,ω)|> t}). (Rε)−(d−1)Rdβ̂/2 exp(−cRβ̂ t2),

and

sup
x∈Uδ

|ũε(x)−u(x)|. ε
1
3 R

2
3 +(logR)1/2R−β̂/2 +(log 1

ε
)1/2(εR)α ′.

To complete the proof, it is only necessary to replace in the above two estimates ũε(x) by Euε(x).

For this we argue as follows: For each x ∈Uδ and A > 1 to be chosen, we have

|Euε(x)− ũε(x)| ≤ E|uε(x)− ũε(x)|=
∫

∞

0
P({ω : |uε(x,ω)− ũε(x)|> t})dt

.
∫

∞

0
[(Rε)−(d−1)Rdβ̂/2 exp(−cRβ̂ t2)]∧1dt

. AR−β̂/2(log 1
ε
)1/2 +

∫
∞

AR−β̂/2(log 1
ε
)1/2

(Rε)−(d−1)Rdβ̂/2 exp(−cRβ̂ t2)dt

. AR−β̂/2(log 1
ε
)1/2 +

∫
∞

A(log 1
ε
)1/2

(Rε)−(d−1)Rdβ̂/2R−β̂/2 exp(−ct2)dt

. AR−β̂/2(log 1
ε
)1/2 +(Rε)−(d−1)Rdβ̂/2R−β̂/2

ε
cA

. R−β̂/2(log 1
ε
)1/2,

where for the last inequality to hold we chose A large depending only on universal constants.

Finally we discuss the almost sure convergence.

Lemma 5.4.5. Assume the hypotheses of Theorem 5.2.16. There exists a measurable Ω0 ⊂Ω with

P(Ω0) = 1 such that, as ε → 0, uε(x,ω)→ u(x) for all x ∈U and all ω ∈Ω0.

Proof. In view of the fact that we already know that Euε → u, it suffices to show that |uε(x,ω)−

Euε | → 0 almost surely, a fact that typically follows from a Borel-Cantelli-type argument.

Since, however, we can apply the latter only along sequences εn→ 0, we first need to measure the

dependence of uε on ε .

241



The assumptions on g and U yield a universal constant C such that, for any ε,ε ′ > 0 and for all

x ∈ ∂U,

|g(x,
x
ε
,ω)−g(x,

x
ε ′

,ω)| ≤C|x||1
ε
− 1

ε ′ | ≤C|1
ε
− 1

ε ′ |,

and, hence, using the comparison principle, we find that, for all x ∈U ,

|uε(x)−uε ′(x)| ≤C|1
ε
− 1

ε ′ |.

Let δ (ε) = ε1−2α0/β̂ . Then, as long as |1
ε
− 1

ε ′ | ≤ cεα0 and ε ′

ε
≥ (2/3)1/α0 with c universal and

independent of p, and, without loss of generality, Mp > 1, the estimate proved above yields

P({ω : sup
Uδ

|uε ′(x,ω)−Euε ′(x)|> 3Mpε
′α0})≤ P({ω : sup

Uδ

|uε(x,ω)−Euε(x)|> 2Mpε
α0−C|1

ε
− 1

ε ′ |})

≤ P({ω : sup
Uδ

|uε(x,ω)−Euε(x)|> Mpε
α0}). ε

p.

Now we just choose a sequence εk→ 0 such that ε
−1
k+1−ε

−1
k ≤ cε

α0
k . For example, we take εk = k−γ ,

since, as long as γ ≤min{c, 1
1+α0
},

ε
−1
k+1 = (k +1)γ ≤ kγ + γkγ−1 = ε

−1
k + γε

1
γ
−1

k ≤ ε
−1
k + cε

α0
k and kγ/(k +1)γ → 1 as k→ ∞,

and thus εk+1/εk > (2/3)1/α0 for k large enough universal.

Then, for p > 1
γ
, we find

∑
k
P({ω : sup

Uδ

|uεk(x,ω)−Euεk(x)|> Mpε
α0
k })≤∑

k
k−γ p < +∞,

which, by the Borel-Cantelli lemma, yields

P({ω : sup
Uδ

|uεk(x,ω)−Euεk(x)|> Mpε
α0
k for infinitely many k}) = 0,

and, by the previous estimates,

P({ω : sup
Uδ

|uε(x,ω)−Euε(x)|> 3Mpε
α0 for arbitrarily small ε})≤

P({ω : sup
Uδ

|uεk(x,ω)−Euεk(x)|> Mpε
α0
k for infinitely many k}) = 0.

Note that, in fact, we have now proven the following stronger result: There exists an almost surely

positive random variable ε0 : Ω→ R+ such that

sup
Uδ (ε)

|uε(x,ω)−Euε(x)| ≤ 3Mpε
α0 for ε ≤ ε0(ω).
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5.5 Neumann problem

Here we prove the results about the Neumann problem with random oscillatory data, that is the

existence of the ergodic constant (Theorem 5.2.18 and Theorem 5.2.19), its continuity (Theo-

rem 5.2.20) and the homogenization in general domains (Theorem 5.2.21). The methods are very

similar to those used for the Dirichlet problem, but there are a few differences. Where the proofs

parallel or the same as the Dirichlet case, we simply outline the arguments or refer to the previous

sections.

We note that throughout the section we take β (λ ,Λ) = λ

Λ
(d−1)−1 to be the homogeneity expo-

nent of the fundamental solution of the Neumann problem ( (5.2.31)).

5.5.1 The Discretized Cell Problem.

Similarly to the Dirichlet cell problem, we consider the solution of the Neumann cell problem

(5.1.8) as a function of the boundary data and prove Lipschitz estimates in the appropriate norms

and for discretized data.

For simplicity we take again σ = ed , and, for X ∈ Ξ = C(Q̄)Z
d−1

, let uR(y) = uR(y;X) be the

solution of 
F(D2

yuR) = 0 in Π2R
ed

,

∂ed uR = Σi∈Zd−1Xi(·− i)χ i+Q on ∂Ped ,

uR = 0 on ∂Ped +2Red;

(5.5.1)

notice that since, in general, (5.5.1) does not have a unique solution due to the discontinuity of the

boundary data, here we choose a unique uR, using an approximation procedure similar to the one

in Section 2, so that it satisfies a comparison principle.

With the uR as above, let fR : Ξ→ R be given by

fR(X) :=
1
R

uR(Red;X). (5.5.2)

In the next lemma, which similar to Lemma 5.3.1, we discuss the continuity properties of fR.
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Lemma 5.5.1. Assume (5.2.10) and (5.2.11) and let β as in (5.2.31). Then fR has the following

continuity properties for X ,Y ∈C(Q)Z
d−1

and some universal constant C =: C(d,λ ,Λ) > 0:

(i) | fR(X)− fR(Y )| ≤ |X−Y |`∞. (5.5.3)

(ii) | fR(X)− fR(Y )| ≤CR−(1+β )|X−Y |`1. (5.5.4)

(iii) | fR(X)− fR(Y )| ≤CR−(1+β )/2|X−Y |`2. (5.5.5)

Proof. The first estimate follows from the maximum principle, since the difference uR(y;X)−

uR(y,Y ) can be bounded by the linear profiles with slopes ±|X −Y |`∞ . The third claim follows

from interpolating of (i) and (ii) as in the proof of Lemma 5.3.1, and thus to conclude we need to

prove (ii).

Let

m = min[−∂dΦ(x+ ed) : x ∈ Q] > 0

where Φ is given by (5.2.31), and define the barrier

φ0(x) = 2m−1
Φ(x+ ed),

so that −∂ed φ0 ≥ 1 on Q.

Then for X ,Y ∈ `1(Zd−1;C(Q̄)) we sum over the sites where X j 6= Yj,

φ(x) = ∑
j∈Zd−1

(sup
Q
|X j−Yj|)φ0(x− j).

Then, as in the proof of Lemma 5.3.1,

F(D2uR(·;X)+D2
φ)≥ F(D2uR(·;Y )−P+

λ ,Λ(D2
φ) = 0 in Π

2R
ed

,

−∂ed(uR(·;X)+φ)≥−∂ed uR(·;Y ) on ∂Ped ,

and, since φ > 0,

uR(·;X)+φ ≥ uR(·;Y ) on ∂Ped +2Red.
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The comparison principle then yields uR(·;Y ) ≤ uR(·;X)+ φ in Π2R
ed

, and, in particular, for some

universal C > 0,

uR(Red;Y )≤ uR(Red;X)+φ(Red)≤ uR(Red;X)+m−1C ∑
j∈Zd−1

(| j|2 +R2)−β/2 sup
Q
|X j−Yj|,

and the desired estimate for fR = R−1uR follows.

5.5.2 Solving the cell problem.

We use the above estimates to solve the Neumann cell problem.

As before we take σ = ed , assume |ψ| ≤ 1 almost surely and consider the solution ved ,R to the cell

problem, 
F(D2ved ,R(·,ω)) = 0 in Π2R

ed
,

ved ,R(·,ω) = 0 on ∂Ped +2Rσ ,

∂dved ,R(·,ω) = ψ(·,ω) on ∂Ped .

(5.5.6)

We transform to the setting of the previous subsection by considering Ψ : Ω→ Ξ defined, for each

j ∈ Zd−1 as an element of C(Q),

Ψ j(ω)(·) := ψ(x+ ·,ω),

and using the uniqueness of solutions we can identify,

ved ,R(·,ω) = u(·;Ψ).

Next we sketch the argument leading to the concentration inequalities as it was described in more

detail before. Since the u(Red; ·) is Lipschitz on Ξ and, in view of (5.2.18), Ψ is a φ -mixing random

field on Zd−1 with

∑
j∈Zd−1

φΨ(| j|)1/2 . ρ,

we apply Theorem 5.2.1 or Theorem 5.2.2 to get concentration of R−1u(Red; ·) and, hence, of

R−1v(Red, ·) as well about their means.
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In the convex case, we have

P({ω : R−1|ved(Red,ω)−Eved(Red)| ≥ t})≤C exp
(
−cRβ t2

)
for all t > 0,

while in the non-convex case,

P({ω : R−1|ved(Red,ω)−Eved(Red)| ≥ t})≤C exp
(
−cR2β−(d−1)t2

)
for all t > 0.

Define

β̂ :=
λ

Λ
(d−1) if F is convex or concave and, otherwise, β̂ := 2(

λ

Λ
− 1

2
)(d−1), (5.5.7)

and note that, if we assume λ

Λ
> 1/2, then β̂ > 0 in the non-convex case; this corresponds to

(5.3.11) for the Dirichlet problem.

Following the arguments in the Dirichlet case, we prove Theorem 5.2.18 and Theorem 5.2.19:

Proof of Theorem 5.2.18 and Theorem 5.2.19. For N ∈ 2N, a large universal constant A =

A(d,λ ,Λ) >> 1 and k ∈ Zd−1 we consider the events

EN
k = {ω ∈Ω : |N−1vN(Nσ +N1−β̂/2k,ω)−µN | ≥ A1/2(logN)1/2N−β̂/2}. (5.5.8)

It follows from the stationarity and either Theorem 5.2.1 or 5.2.2 that

P(EN
k ) = P(EN

0 ) = P({ω : |N−1vN(Nσ ,ω)−µN | ≥ A1/2(logN)1/2N−β̂/2})≤C exp(−cA logN).

If E≥M =
⋃

N≥M EN , a simple union bound yields

P(EN)≤CN3β̂ (d−1)/4 exp(−cA logN).

Let E≥M =
⋃

N≥M EN . It follows that, for some large M ∈ 2N and as long as A > 3β̂ (d−1)/(4c),

P(E≥M)≤C ∑
N≥M

N3β̂ (d−1)/4−cA < +∞.

Then, for M sufficiently large in a universal way, P(Ω\E≥M) > 0, and, on Ω\E≥M,

|N−1vN(Nσ +N1−β̂/2k,ω)−µN |. (logN)1/2N−β̂/2 for all N ≥M and |k| ≤ N3β̂/4.
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We work with ω ∈Ω\E≥M. It follows from the interior oscillation decay estimates (Lemma 5.2.12)

that, for every N ≥M and y′ ∈ ∂Pσ ∩BN1+β̂/4,

|N−1vN(Nσ + y′,ω)−µN |. N1−β̂/2N−1 +(logN)1/2N−β̂/2 . (logN)1/2N−β̂/2,

while the localization estimate in Lemma 5.2.10 gives, for 0≤ t ≤ N,

|vN(tσ ,ω)− 1
2 µN(2N− t)|. (logN)1/2N1−β̂/2 +NN2(1−(1+β̂/4)) . (logN)1/2N1−β̂/2. (5.5.9)

Next we use again a localization estimate to compare vN with v2N in their common domain. To

this end, notice that 2Nµ2N + vN and v2N have the same Neumann boundary data on ∂Pσ , while,

since vN(y′+2Nσ ,ω) = 0 for y′ ∈ ∂Pσ ,

|2Nµ2N + vN(y′+2Nσ ,ω)− v2N(y′+2Nσ ,ω)|. (logN)1/2N1−β̂/2 on (Pσ +2Nσ)∩BN1+β̂/4.

It then follows from Lemma 5.2.10 that

|2Nµ2N + vN(Nσ ,ω)−v2N(Nσ ,ω)|

. sup
|y′|≤N1+β̂/2

|2Nµ2N + vN(y′+2Nσ ,ω)− v2N(y′+2Nσ ,ω)|+N−β̂/2

. (logN)1/2N1−β̂/2. (5.5.10)

Combining the previous estimates, using (5.5.10) and (5.5.9) for v2N to estimate the three terms

below and with the choice of ω above, for every N,L≥M in 2N, we get

|µN−µ2N | ≤ |N−1vN(Nσ ,ω)−µN |+ |2µ2N +N−1vN(Nσ ,ω)−N−1v2N(Nσ ,ω)|

+2|(2N)−1v2N(Nσ ,ω)− 3
2 µ2N |. (logN)1/2N−β̂/2.

Therefore, for every N,L≥M in 2N,

|µN−µL|. ∑
K≥M

(logK)1/2K−β̂/2 . (logM)1/2M−β̂/2.

It follows that (µN)2N is a Cauchy sequence and, therefore, has a limit µ .
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The extension to an estimate of R−1EvR(Rσ)−µ , for all R > 1, is omitted as it is just a combination

of the above arguments with the ideas from the Dirichlet case.

For the proof for general domains, we need the following spatially uniform concentration estimate.

Since the notation and proof parallel that of Lemma 5.3.2 we omit the details.

Lemma 5.5.2. Let vR be as given above. Then, for any t > 0,

P({ω : sup
Π2R

σ ∩{|y′|≤3R}
R−1|vR(y,ω)−EvR(y)|> t})≤CRdβ̂/2 exp(−CRβ̂ t2),

5.5.3 The continuity of the homogenized boundary condition.

We sketch here the proof of Theorem 5.2.20.

Proof. The first assertion is a direct consequence of the comparison principle. To prove the second,

we first assume, without any loss of generality, that |ψ| ≤ 1.

Fix σ1,σ2 ∈ Sd−1 and let v1,v2 and µ1,µ2 be respectively the solutions to the corresponding Neu-

mann cell problems and the associated ergodic constants.

Similarly to the proof of Lemma 5.2.15, we define

E = {y ∈ Rd : L|σ1−σ2|< y ·σ1 < 2R−L|σ1−σ2|, |y− (y ·σ1)σ1| ≤ L} ⊂ Pσ1 ∩Pσ2,

and using the up to the boundary C1,α− regularity of the v1 and v2 (Lemma 5.2.11), we find that,

for every ω ,

sup
y∈∂E∩{y·σ=L|σ1−σ2|}

|∂σivi(y,ω)−ψ(y,ω)|. Lα |σ1−σ2|α

and

|∂σ1v1−∂σ2v2| ≤ sup |Dvi||σ1−σ2| ≤C‖ψ‖Cα |σ1−σ2|.

Therefore, for i = 1,2, we have

sup
y∈∂E∩{y·σ1=L|σ1−σ2|}

|∂σ1vi(y,ω)−ψ(y,ω)| ≤C(‖ψ‖Cα |σ1−σ2|+Lα |σ1−σ2|α),
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and, moreover, since |ψ| ≤ 1, |vi| ≤C|σ1−σ2|L on {y∈Rd : y ·σ1 = 2R−L|σ1−σ2|} and |vi| ≤ 2R

in E.

Finally the localization Lemma 5.2.10 that, for |y′| ≤ R,

1
R
|v1(y,ω)− v2(y,ω)| ≤C(|ψ|Cα |σ1−σ2|+Lα |σ1−σ2|α +CR−1L|σ1−σ2|+R2L−2).

From here the proof follows that of Lemma 5.2.15. Without loss we can assume that L|σ1−σ2| ≤ 1,

since otherwise 1
R |v1(y,ω)− v2(y,ω)| ≤ 2 is a better bound.

Using this observation to consolidate terms and the cell problem homogenization result after taking

expectations on both sides, we obtain

|µ1−µ2|. (1+ |ψ|Cα )Lα |σ1−σ2|α +R2L−2 +(logR)1/2R−β̂/2.

Choosing R,L in terms of |σ1−σ2| to optimize the bound above gives the desired result.

5.5.4 The homogenization in general domains.

The proof and statement of Theorem 5.2.21 are a bit easier than that of Theorem 5.2.16. In contrast

to the Dirichlet case the convergence rate of uε to u is uniform in U . In particular the boundary

layer, represented by the parameter R in Theorem 5.2.16, does not appear in the Neumann setting.

In spite of this difference, the proof of Theorem 5.2.21 parallels the one of Theorem 5.2.16 and

consists of two main steps, namely approximating uε in the general domain with the solution in

half-space and in a local neighborhood of the “base points”, and then using the results on the

half-space solutions to get the homogenization in each neighborhood.

We do not calculate the optimal convergence rate allowed by the method in this case. It will be

evident from what follows that a more careful analysis, as in the case of the Dirichlet problem, will

give the full statement of Theorem 5.2.21 with explicit exponents.

The goal is to show that, if uε and u are respectively the solution of the general domain Neumann

problem 5.1.2 and the homogenized equation (5.1.4) with boundary data as in the statement of
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Theorem 5.2.21, then, for every p > 0 and any k′ < k := min(2
3

α

3+α
, α2

3+α
, β̂

6 ), with α < α ′(β̂ ,λ ,Λ)

from Lemma 5.2.20, there exists C, which depends on universal constants p and k′, such that,

P( sup
x∈U\K

|uε(x,ω)−u(x)|> ε
k′)≤Cε

p. (5.5.11)

Proof of Theorem 5.2.21. Fix ε > 0 and t > 0, select a set Γ
ε2/3 ⊂ ∂U of at most Cε−2/3(d−1)

boundary points such that every ε2/3-neighborhood of a point on ∂U contains at least one point in

Γ
ε2/3 , let

Ω
t
ε := ∪x∈Γ

ε2/3 Et
ε(σx), (5.5.12)

where

Et
ε(σ) := {ω : R−1 sup

y∈Π2R
σ ∩{|y′|≤3R}

|vR,σ (y)−EvR,σ (y)|> t} with R = Rε = ε
−1/3.

and note that, in view of Lemma 5.5.2,

P(Ωt
ε)≤Cε

−(2/3(d−1)+dβ̂/6) exp(−cε
−β̂/3t2). (5.5.13)

Choose tε = c0εk′ , with k′ < k and a universal c0 to be chosen small. In particular k′ < k ≤ β̂/6

and, thus,

P(Ωε). ε
p for every p < ∞ as ε → 0. (5.5.14)

We prove (5.5.11) by showing that, for ω ∈Ω\Ωε ,

φ
− ≤ uε(·,ω)≤ φ

+,

where φ± solve (5.1.2) with the modified Neumann boundary data µ(g(x, ·),F,σx)± c1εk′ for

k′ < k given in the statement of the theorem. Here c1 can be chosen universally small so that

φ+−φ− ≤ εk′ , since φ+−φ− ≤ cεk′h, where h is the solution of P+
λ ,Λ(D2h) = 0 in U \K, h = 0

on ∂K and Neumann data identically 1 on ∂U , and, therefore, has a universal upper bound.

The concentration estimate (5.5.11) then follows since, for ω ∈Ω\Ωε ,

sup
x∈U\K

|uε(x,ω)−u(x)| ≤ sup
x∈U\K

|φ+−φ
−| ≤ ε

k′ ,
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or, in other words,

P({ω : sup
x∈U\K

|uε(x,ω)−u(x)|> ε
k′})≤ P(Ωε). ε

p.

Below we only prove that uε ≤ φ+, since the proof of uε ≥ φ− is similar. We argue by contradiction

observing that, if not, then m := maxU(uε − φ+) > 0. By the maximum principle the maximum

must be attained at a boundary point xε ∈ ∂U , which must belong to the ε2/3- neighborhood of one

of “grid points” x0 ∈ Γ
ε2/3 on ∂U .

Let σ = σ0 and, for z0 = x0 + ε2/3σ and z′ := z− (z ·σ)σ ,

T (x) := φ(z0)+Dφ(z0) · (x− z0)′.

Note that, in view of Lemma 5.2.20 and the fact that g(·,y,ω) ∈C0,1(Rd), for any α < α ′(β̂ ) from

Lemma 5.2.20 we have

g(x) = µ(g(x, ·),F,σx) ∈C0,α(∂U).

Then Lemma 5.2.11 yields that φ+ ∈C1,α(Ū \K), and, in particular,

|φ+(x)−T (x)| ≤C|(x− z0) ·σ |+C|(x− z0)′|1+α in U \K. (5.5.15)

Let Uε := {|(x− x0) ·σ | ≤ ε2/3}∩U and fix L > 1 to be chosen later in terms of ε and consider

the solution wε to

F(D2wε) = 0 in Uε ∩BLε2/3 ,

∂σ wε(·,ω) = g(x0, ·/ε,ω) on ∂U ∩BLε2/3(x0),

wε(·,ω) = 0 on (∂Pσ + z0)∩BLε2/3(x0),

wε(·,ω) = 0 on Uε ∩∂BLε2/3(x0).

It then follows from (5.5.15) and the zero Dirichlet condition for wε that

uε ≤ m+φ
+ ≤ m+T +wε +CL1+α

ε
2/3(1+α) on (∂Pσ + z0)∩U,

and, similarly,

uε ≤ m+T +wε +Cε
2/3 on Uε ∩∂BLε2/3(x0).
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Choose L so that L1+αε2/3(1+α) ≤ ε2/3 holds and observe that, in view of the continuity of g,

sup
x∈B

Lε2/3

|g(x,x/ε,ω)−g(x0,x/ε,ω)| ≤CLε
2/3.

Arguing as in Lemma 5.2.10 we estimate the difference of uε and m+T (x)+wε(x) using a rotated

version of the barrier

ϕ(x) = CL1+α
ε

2/3(1+α) +CLε
2/3(ε2/3− xd)+CL−2

ε
−4/3

ε
2/3(|x′|2 +(d−1)

Λ

λ
(1− x2

d)),

and we get

uε ≤ m+T +wε +C(L1+α
ε

2/3(1+α) +L−2
ε

2/3 +Lε
4/3) on U ∩B

ε2/3(x0).

Choosing L = ε
− 2α

9+3α and, hence, Lε = ε
2

3+α gives

uε ≤ m+T +wε +Cε
2
3 +k on U ∩B

ε2/3(x0), (5.5.16)

since k ≤ 2α

3+α
.

Next we compare a rescaled version of wε and the solution vR = vR,σ of the cell problem (5.1.8)

with boundary data

ψ(y,ω) := g(x0,y,τx0/εω).

Since, in view of (5.2.7), for c sufficiently small depending on the C2−regularity of ∂U ,

d(∂U− x0,∂Pσ ∩B
cε

2
3+α

(x0))≤ ε
4

3+α ,

it follows from the up to the boundary Hölder regularity of vR and wε , Lemma 5.2.11, that

|∂σ wε(x0 + ·,ω)−∂σ vR(·,ω)| ≤Cε
α2

3+α on (∂Pσ + ε
2

3+α σ)∩Bcε3/5 . (5.5.17)

Now we rescale to

w̃ε(y,ω) := ε
−1wε(x1 + εy,ω),
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and observe that, due to the facts that |g| ≤ 1, R = ε−1/3 and (5.5.17), h := w̃ε − vR solves

−P+
λ ,Λ(D2h)≤ 0, in ΠR

σ ∩B
R

3(1+α)
3+α

,

|∂σ h| ≤Cε
3+3α

1+α on ∂Pσ ∩B
R

3(1+α)
3+α

,

h = 0 on (∂Pσ +Rσ)∩B
R

3(1+α)
3+α

,

h(x)≤ 2R on ∂B
R

3(1+α)
3+α

∩ΠR
σ .

Using a rotated version of the barrier

ϕ(x) = Cε
α2

3+α (R− xd)+2R1− 3(1+α)
3+α

(
|x′|2− (d−1)Λ

λ
((xd)2−R2)

)
,

we conclude that, for some C > 0 which is independent of ε and x0,

|w̃ε − vR| ≤CR(ε
α2

3+α +R−
2α

3+α ) = CR(ε
α2

3+α + ε
2
3

α

3+α )≤CRε
k in U ∩Pσ ∩BR. (5.5.18)

Note that, since ω /∈Ωε , the definition of Ωε yields that, for µ = µ(g(x0, ·),F,σ),

|R−1vR(·,ω)+ µ(
y
R
·σ −1)| ≤ c0ε

k′ in Π
R
σ ∩{|y′| ≤ 3R}. (5.5.19)

Rewriting (5.5.18) and (5.5.19) in terms of the original variable yields that, for ε sufficiently small

depending on k− k′ and c0,

ε
−2/3|wε + µ((·− x0) ·σ − ε

2/3)| ≤ 3c0ε
k′ in U ∩B

ε2/3(x0). (5.5.20)

Finally, combining (5.5.16) and (5.5.20), we obtain, again for ε sufficiently small, the estimate

uε ≤ m+T −µ((·− x1) ·σ − ε
2/3)+4c0ε

2/3+k′ in U ∩B
ε2/3.

Recall that −∂σ φ+ ≥ µ + c1εk′ . Then, for sufficiently small ε > 0 and c0 < c1/8, for x ∈ ∂U ∩

B
ε2/3(x0) we have

m+φ
+(x)+≥ m+T (x)−µ(x ·σ − ε

2/3)+ c1ε
2/3+k′−Cε

2/3(1+α)

≥ m+T (x)−µ(x ·σ − ε
2/3)+ 1

2c1ε
2/3+k′

> uε(x),

which is a contradiction.
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