
UC Davis
Civil & Environmental Engineering

Title

Modeling cyclic shearing of sands in the semifluidized state

Permalink

https://escholarship.org/uc/item/1m7328wc

Journal

International Journal for Numerical and Analytical Methods in Geomechanics, 44(3)

ISSN

0363-9061 1096-9853

Authors

Barrero, Andres R
Taiebat, Mahdi
Dafalias, Yannis F

Publication Date

2019-12-16

DOI

10.1002/nag.3007
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/1m7328wc
https://escholarship.org
http://www.cdlib.org/


Received: 14 June 2019 Revised: 23 August 2019 Accepted: 6 September 2019

DOI: 10.1002/nag.3007

R E S E A R C H A R T I C L E

Modeling cyclic shearing of sands in the semifluidized state

Andres R. Barrero1 Mahdi Taiebat1 Yannis F. Dafalias2,3

1Department of Civil Engineering,
University of British Columbia,
Vancouver, British Columbia, Canada
2Department of Civil and Environmental
Engineering, University of California,
Davis, California, U.S.A.
3Department of Mechanics, Faculty of
Applied Mathematical and Physical
Sciences, National Technical University of
Athens, Athens, Greece

Correspondence
Mahdi Taiebat, 6250 Applied Science
Lane, Vancouver, British Columbia V6T
1Z4, Canada.
Email: mtaiebat@civil.ubc.ca

Funding information
Division of Civil, Mechanical and
Manufacturing Innovation, Grant/Award
Number: 1162096; FP7 Ideas: European
Research Council, Grant/Award Number:
290963; General Secretariat for Research
and Technology of Greece; Natural
Sciences and Engineering Research
Council of Canada

Summary

Liquefaction is associated with the loss of mean effective stress and increase
of the pore water pressure in saturated granular materials due to their con-
tractive tendency under cyclic shear loading. The loss of mean effective
stress is linked to loss of grain contacts, bringing the granular material to a
“semifluidized state” and leading to development and accumulation of large
cyclic shear strains. Constitutive modeling of the cyclic stress-strain response
in earthquake-induced liquefaction and post-liquefaction is complex and yet
very important for stress-deformation and performance-based analysis of sand
deposits. A new state internal variable named strain liquefaction factor is intro-
duced that evolves at low mean effective stresses, and its constitutive role is
to reduce the plastic shear stiffness and dilatancy while maintaining the same
plastic volumetric strain rate in the semifluidized state. This new constitutive
ingredient is added to an existing critical state compatible, bounding surface
plasticity reference model, that is well established for constitutive modeling
of cyclic response of sands in the pre-liquefaction state. The roles of the key
components of the proposed formulation are examined in a series of sensitivity
analyses. Their combined effects in improving the performance of the reference
model are examined by simulating undrained cyclic simple shear tests on Ottawa
sand, with focus on reproducing the increasing shear strain amplitude as well as
its saturation in the post-liquefaction response.
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1 INTRODUCTION

Past and recent earthquakes have consistently shown the damaging effects of soil liquefaction on civil structures. Under-
standing the fundamental mechanism behind soil liquefaction has been one of the major challenges in the geotechnical
engineering community. The tendency of dry loose granular material to densify in either monotonic or cyclic shearing is
well known. When saturated, rapid shearing leads to a nearly undrained condition and the contractive tendency of the
material causes pore water pressure to increase and effective stress to decrease. Liquefaction phenomena that result from
this process can be divided into groups of flow liquefaction and cyclic mobility.1

Flow liquefaction often occurs in very loose granular media subjected to monotonic loading and is characterized by
the sudden loss of strength. In this phenomenon, soil enters a state of instability, accompanied by a sudden increase in
pore water pressure and shear strain. On the other hand, cyclic mobility can occur in medium to dense granular media
and is characterized by consecutive cycles of loss and gain of effective stress in cyclic loading, resulting in temporary
loss of stiffness, hence generation and accumulation of shear strains in each load cycle that essentially happens at the
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state of very small effective stress. This state, referred to as “semi-suspended,”2 will be addressed as “semifluidized” (Sf)
henceforth in this paper.

The event where the effective stress vanishes for the first time is termed “initial liquefaction,”3 which separates the
whole liquefaction process into “pre-liquefaction” stage and “post-liquefaction” stage. Large post-liquefaction shear defor-
mation is one of the major hazards encountered as a result of cyclic mobility and it has been recursively studied after
observation in the Niigata earthquake in 1964. Laboratory studies on undrained cyclic shearing of sand show excessive
accumulation of shear strains in the post-liquefaction response.4,5 The main goal of this paper is modeling the shear
strains that occur in the Sf state during the post-liquefaction cyclic loading in sands.

Several constitutive models have been developed over the years to simulate the stress-strain response of saturated sand
under cyclic loading. These include, but are not limited to, the generalized plasticity models,6,7 hypoplasticity models,8,9

nested surface models,10 and bounding surface models.11-13 In the generalized plasticity model of Pastor et al,7 the cyclic
mobility is modeled by superseding the memory of the preceding cycles through the ratio of the maximum mobilized
stress. This has resulted in the model response to be softer than observed from the experiments. In the hypoplastic model
of Niemunis and Herle,9 the concept of intergranular strain is used to reduce the soil stiffness upon unloading-reloading
scenarios for capturing the cyclic degradation. The bounding surface plasticity model of Dafalias and Manzari11 simulates
the cyclic mobility by incorporating a fabric-dilatancy tensor, enhancing the contractive behavior upon unloading that
follows a dilation state, thereby dragging the stress path to low effective stresses in undrained cyclic loading. Despite their
elegant mathematical formulations and their success in a number of different aspects of response in the pre-liquefaction
stage, the cyclic stress-strain loops in all of them tend to freeze very rapidly after the first liquefaction cycle, contrary to
what is seen from the experiments.

To model the level of increasing shear strains in cyclic loading, various constitutive schemes have been proposed. In the
nested surface model of Elgamal et al,10 when the stress-ratio crosses the phase transformation line at low mean effective
stresses (eg, less than 10 kPa)—referred to as the “neutral phase”—shear strain develops in the form of a perfectly plastic
response, until a boundary defined in deviatoric strain space is reached. Other models, eg, Boulanger and Ziotopoulou,13

have used a stiffness degradation as a function of cumulative shear strains to achieve the continual cyclic degradation
observed in the experiments. Extending the original model by Zhang and Wang4 in order to incorporate critical state com-
pliance following various examples,11,14,15 Wang et al16 used various novel concepts such as splitting the dilatancy into
reversible (also split in two parts) and irreversible components and introducing the concept of volumetric strain thresh-
old below which the soil is considered liquefied. The model is quite capable of simulating several data including that of
increasing shear strain amplitude successfully, but the formulation stays in the side of one that is rather complicated.
These approaches have made practical contributions to the modeling of accumulation of shear strain in cyclic mobility;
however, they share a shortcoming common to several similar models. They use either cumulative shear strain or cumu-
lative irreversible volumetric strain as part of their formulation that stays as permanent fixtures in the model because
there is no constitutive mechanism to eliminate their influence when it must. For example, if one changes from undrained
cyclic to drained monotonic, the existing cumulative shear strain will affect the drained response unduly; furthermore,
when cyclic loading resumes after drainage of a previous undrained cyclic event, these quantities that developed during
the previous cyclic loading will affect the new one as if it were a continuation of the former, not a realistic considera-
tion. One may try to delete (forget) the existing cumulative shear or irreversible volumetric strain upon initiating drained
monotonic loading, but then again, what about if the drained monotonic loading is very small in duration and cyclic
shearing resumes right after; will these preexisting cumulative strains begin to accumulate from zero or not? If they do,
an unjustified response discontinuity will occur since a bit before and a bit after the very small drained monotonic load-
ing, the cumulative strains will be nonzero and zero, respectively. On the other hand, if the shear strain, for example, is
not forgotten when resuming drained monotonic loading, it will adversely affect the response because its role is related to
undrained cyclic degradation that does not necessarily persist when drained monotonic loading is resumed. In essence,
the problem is that the cumulative shear or irreversible volumetric strain during undrained cyclic loading continues to
accumulate and affect the response in a subsequent drained monotonic or even cyclic loading unduly unless a mechanism
for properly readjusting its effect is devised.

In this paper, the modeling of sand cyclic stress-strain response under constant volume conditions is explored by devel-
oping a novel constitutive tool aimed at degrading the stiffness and dilatancy when the material enters a semifluidized
(Sf) state. Such state is reached when the mean effective stress p acquires values within the so-called Sf range defined by
a relatively very small threshold pth, ie, when 0 < p < pth. This stiffness and dilatancy degradation is removed without
discontinuity when p abandons the Sf range. It should be noted that the constant volume condition can (but does not
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need to) correspond to the undrained behavior. To this end, the paper first evaluates the undrained cyclic simple shear
response from the laboratory test results of Parra17 to obtain a detailed description of the Sf range. On that basis, a new
state internal variable named strain liquefaction factor is introduced whose constitutive role is to induce the aforemen-
tioned degradation, and is formulated such that it evolves only at in the Sf state under constant volume conditions, while
it resumes progressively its initial value upon subsequent loading associated with volume change and starts anew its role
when a new constant volume cyclic loading is imposed. The proposed formulation is then incorporated into an existing
stress-ratio-controlled, critical state-compatible, bounding surface plasticity model by Dafalias and Manzari,11 which is
well established for constitutive modeling of cyclic response of sands in the pre-liquefaction stage, to simulate large but
bounded shear strains in the post-liquefaction stage of undrained cyclic simple shearing. The role of each one of the new
model parameters is explained through a series of sensitivity analyses. Finally, the improved performance of the new
model with the calibrated additional parameters is illustrated by simulating the pre- and the post-liquefaction response
of cyclic simple shear tests on Ottawa sand and a cyclic torsional shear test or Toyoura sand. For definiteness, the new
model will be referred to as SANISAND-Sf because it belongs to the SANISAND family of models and incorporates the
new constitutive notion of Sf state.

2 OBSERVATIONS FROM CYCLIC SIMPLE SHEAR TESTS

Much research has been carried out to investigate the cyclic shearing response of sands using laboratory experiments
and numerical methods. In this section, special attention is given to evidence from a recent comprehensive database
of experimental cyclic simple shear testing results on Ottawa F-65 sand and findings from a number of recent discrete
element method (DEM) studies on assemblies of idealized grains.

Parra17 reported a comprehensive database of undrained cyclic simple shear test on Ottawa F-65 sand involving
the cyclic mobility, where details of the pre- and post-liquefaction responses can be explored. Figure 1A,B shows the
stress path and stress-strain loops in one of these tests at Dr=77%. The loading process can be divided into stages of
pre-liquefaction, shown in grey, and post-liquefaction, shown in black. In the pre-liquefaction stage, the mean effective
stress in each cycle progressively diminishes as the cyclic loading continues. The third cycle of loading shown with a
dashed red line is the first cycle in which the mean effective stress reaches a near-zero value that was introduced earlier
as the Sf state. Beyond this cycle, the response is termed to be in the post-liquefaction stage. In this stage, as shown in
Figure 1A, the stress path follows almost the same “butterfly” shape, with the mean effective stress p entering and exiting
the Sf range at very small levels of mean effective stress. This is associated with a considerable and progressive increase of
shear strain amplitude between the third and 23rd cycles, both shown with red lines in Figure 1B. More details about the
last loading cycle of this test are illustrated in Figure 2A,B, with focus on what happens in the Sf state of response, where
the mean effective stress p falls below a corresponding threshold pth that in this particular case is estimated to be around
10 kPa. The state inside the Sf range for this load cycle corresponds to the marked symbols in the stress path from points
A to B and C to D in the increasing and decreasing directions of shear stress, respectively, as shown in Figure 2A. The
corresponding shear strains generated in the Sf range of p are denoted by Sf strain 𝛾sf, as shown in Figure 2B. The evolu-
tion of 𝛾sf in each half-cycle during the entire cyclic shearing process is presented in Figure 2C. The level of 𝛾sf shows an
increase with the number of cycles, presumably towards a saturation level. This implies that the rate of 𝛾sf should reduce
with the number of cycles.

Such increasing large shear deformations in the post-liquefaction stage have been observed in different undrained
cyclic laboratory configurations such as triaxial,5,18 torsional,4,19 and direct simple shear.17 The observations presented in
Figure 2C follow a similar synthesis done by Wang et al2 on undrained cyclic torsional laboratory tests on Toyoura sand
at a Dr=70%. While a considerable level of information can be obtained from such experimental tests, they only include
the macroscopic measures of response such as stress, strain, density, and pore pressure. Understanding the mechani-
cal interaction at the particle level is key for explaining the increase of 𝛾sf in undrained cyclic tests. Some meaningful
micro-structural measures of the granular assembly such as particle fabric during the course of loading are left unexplored
due to the equipment limitations in these physical experiments. In recent years, numerical experiments on idealized parti-
cles using DEM have been proven very effective to understand micromechanics behind the complex response of granular
material. These methods are used to carry out qualitative studies on granular assemblies to examine the evolution of par-
ticle fabric, anisotropy, and other important microscopic quantities during the course of loading. In some recent studies,
2-D DEM simulations on disk particles are used to reproduce shear deformations in the post-liquefaction response. The
results have contributed to understanding the constant volume cyclic response of sands from a micromechanical perspec-
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FIGURE 1 Experimental results of an undrained cyclic simple shear test on Ottawa F-65 sand at Dr = 77%: (A) stress-path and (B)
stress-strain loops. The red dashed and red continuous lines correspond to the third and 23rd cycle, respectively, encompassing all cycles in
the post-liquefaction stage (data from Parra17)

FIGURE 2 Details of shear strain accumulation in the semifluidized state: (A and B) stress-path and the corresponding stress-strain loops in
the 23rd loading cycle Figure 1, illustrating the shear strains generated within the semifluidized state, 𝛾sf, while increasing and decreasing the
shear stress between points A and B, and points C and D, respectively, and (C) absolute values of the 𝛾sf in the half cycles of all loading cycles

tive. In particular, Wang and Wei20 used constant volume cyclic biaxial tests to highlight a proposed measure of “centroid
difference” for quantifying the geometrical arrangement between particles and the surrounding voids. With a direct cor-
relation between the centroid difference and the level of shear strain amplitude 𝛾 , the study suggests that stress-strain
loops reach a maximum level of 𝛾 that corresponds to the minimum centroid difference. Using the same configuration
as in the previous study, Wang et al2 looked at the average distance of the three closest particles per grain, also known as
the mean neighboring particle distance (MNPD), to establish a direct correlation between the maximum level of 𝛾sf and
MNPD. These DEM studies have consistently shown that shear strain amplitude increase occurs at low stresses and low
coordination number and can be correlated to appropriately defined quantities at grain scale, measured via DEM anal-
ysis. Lastly, the value of pth at present cannot be exactly defined because the Sf state reflects a very complex situation.
One could for example use such criteria for pth as the value of p when the coordination number falls below the value of
4, observed in 3-D DEM analysis such as in Barrero et al.21 However, large shear strain could occur for larger values of p;
hence, in this paper, the suggestion of pth = 10 kPa is a convenient estimate that could eventually change if new evidence
is provided, with no consequence on the basic structure of the model.

3 CONSTITUTIVE MODEL FORMULATION WITHIN THE SF RANGE

3.1 Reference constitutive model
The reference constitutive model in this study follows the basic premises of the original two-surface plasticity model
developed by Manzari and Dafalias14 and its sequel by Dafalias and Manzari,11 which formed the basis of what was later on
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named SANISAND class of models.22 The modeling approach follows the framework of bounding surface plasticity with
kinematic hardening of the yield surface (YS) and critical state soil mechanics concepts, allowing for a unified description
at any pressure and density by the same set of model constants. The SANISAND class includes various extensions.15,22-25

The earlier works11,14 represent the core of the constitutive model, and the above-referenced subsequent works build
into the model different constitutive features that can be added to the original model framework. To involve fewer model
parameters and for simplicity, the version with fabric change effects11 and an overshooting correction scheme as described
in Dafalias and Taiebat25 has been considered as the reference soil constitutive model, and from here on, it will be referred
to as the reference model. Aside from the two overshooting parameters for overshooting correction with default values
of �̄�p

eq = 0.01% and n = 1, this reference model has 15 parameters listed in Table 1. This version is recently used in a
comprehensive study by Ramirez et al.26 An extensive description of the reference model can be found in the foregoing
references, and here a brief descriptive outline of only some relevant constitutive ingredients of the reference model will
be presented.

The major constitutive ingredients of the model are the use of bounding and dilatancy surfaces, abbreviated as BS and
DS, respectively, in multi-axial deviatoric stress space, generalizing the peak stress ratio and dilatancy stress ratio (phase
transformation line slope) in p-q space, respectively. Both surfaces are made functions of the state parameter𝜓27 such that
at the critical state, where𝜓 = 0, the surfaces collapse onto the fixed critical state surface that generalizes the critical state
stress ratio q∕p = M in p-q space. Such dependence of BS on 𝜓 allows the description of the softening response for denser
than critical samples, an idea first promoted by Wood et al.28 But even more important is the dependence of DS on 𝜓 , first
introduced by Manzari and Dafalias,14 because it is the underlying reason why the model can simulate the response of
both dense and loose samples with the same set of constants while maintaining compatibility with the premises of critical
state theory. Moreover, the model is able to capture the mean effective stress reduction due to the gradual increase of
pore water pressure during cyclic loading under undrained conditions, such cyclic loading response is naturally described
by means of kinematic hardening. The plastic modulus and dilatancy of the model are controlled by two parameters
symbolized by h0 and A0, respectively. To better capture the sand response in cyclic loading, the contraction tendency
during reverse loading following a dilation phase is enhanced by a fabric-dilatancy tensor, which accounts for the fabric
changes during plastic dilation with evidence in microscopic studies. This enhances the pore pressure build-up towards
the liquefaction state and allows the model to capture the butterfly shape of the stress path, as observed in the experiments.
The model is proven successful in reproducing the monotonic and pre-liquefaction cyclic response of sands for a wide
range of pressures and densities.11,26,29 However, under undrained cyclic simple shear test, the stress-strain loops of the
model in the post-liquefaction stage appear to lock-up within a few cycles, preventing it to capture the increase of large
cyclic shear strains with the number of cycles as seen in the experiments. This aspect is intended to be improved with the
following generic proposed modification.

Description Symbol Ottawa F-65 Sanda Toyoura Sandb

Elasticity G0 125 125
𝜈 0.33 0.05

Critical state M 1.26 1.25
c 0.8 0.712
𝜆c 0.0287 0.019
eref 0.78 0.934
𝜉 0.7 0.7

Yield surface m 0.02 0.02
Plastic modulus h′

0 4.6 9
ch 0.968 0.968
nb 2.3 1.25

Dilatancy A′
0 0.5 0.4

nd 2.5 0.7
Fabric dilatancy zmax 25 20

cz 500 800

a Modified from Ramirez et al.26

b Modified from Taiebat et al.29

TABLE 1 Calibrated parameters for reference model
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3.2 Proposed modification: The SANISAND-Sf model
The general idea underlying the proposed SANISAND-Sf model is to introduce a small threshold value of mean effective
stress p, symbolized by pth, below which the granular assembly is considered to be in a Sf state (hence the acronym Sf in the
name of the model), with “very” small plastic modulus and dilatancy ability. By defining the pressure ratio pr = p∕pth, this
means that for pr < 1, one should have an increasing amplitude of shear strain in each load cycle that can be attained by
decreasing progressively the already small value of the plastic modulus due to small p. This can be achieved by introducing
an evolving state internal variable called “strain liquefaction factor (SLF)” symbolized by l which evolves continuously
from an initial value (usually 0) to a final saturation value (eg 1), but “only” when pr < 1, ie during the Sf state. This state
internal variable will be used for reducing the aforementioned plastic modulus and dilatancy parameters h0 and A0 inside
this state. The important thing is that the scheme to be used in the range pr < 1 will not significantly affect the response
in terms of plastic modulus and dilatancy when we go outside the Sf range, ie the SANISAND-Sf model will resume the
response of the reference model by a continuous transition to it.

In order to easily understand the role of the SLF, it is instructive to recall below the analytical expressions of the plastic
modulus Kp and dilatancy D of the reference model as follows:

Kp = h0

[2
3

G0(1 − che)(p∕pat)1∕2
] (𝛂b

𝜃
− 𝛂

)
∶ n

(𝛂 − 𝛂in) ∶ n
(1)

D = A0
[
1 + ⟨z ∶ n⟩] (𝛂d

𝜃
− 𝛂

)
∶ n, (2)

where h0, A0, G0, and ch are model parameters; e and pat are the void ratio and atmospheric pressure, respectively; 𝜶 is
the back stress-ratio tensor; 𝜶in is the initial value of 𝜶 at the initiation of a new loading process taking place when the
denominator of Equation (1) becomes negative according to the rules discussed by Dafalias30;𝛂b

𝜃
and𝛂d

𝜃
are the image back

stress-ratio tensors on the bounding and dilatancy surfaces, respectively; n is the loading/unloading direction; and z is the
fabric-dilatancy tensor variable. The reader can refer to Dafalias and Manzari11 for a more comprehensive explanation of
the foregoing quantities, while in regards to the present development, the important thing in Equations (1) and (2) is that
Kp and D are proportional to the model parameters h0 and A0, respectively.

With h′
0 and A′

0 denoting for the present need the constant parameters that multiply the plastic modulus and dilatancy,
respectively, in the reference model, and h0 and A0 representing their modified and variable values in the SANISAND-Sf
model, the evolving SLF l is then used to modify the ratios h0∕h′

0 and A0∕A′
0 based on the expressions

h0 = h′
0

{[
1 − ⟨1 − pr⟩]xl + 𝑓l

}
(3)

A0 = A′
0

{[
1 − ⟨1 − pr⟩]xl + 𝑓l

}
, (4)

where the Macauley brackets ⟨ ⟩ operate according to ⟨A⟩ = A if A > 0 and ⟨A⟩ = 0 if A ≤ 0, while x is a positive
model constant, and fl is a very small number, that are going to be discussed later. After entering the Sf range of pr < 1,
the above equations allow h0 and A0 to get smaller values than their typical constant values of h′

0 and A′
0 in the reference

model, leading to softer shear modulus and equally softer dilation, hence maintaining the same level of volumetric strain
rate. The latter is true because in the reference model, the plastic volumetric strain rate is given by .

𝜀
p
v = D| .

𝜀
p
q|, with | .

𝜀
p
q|

the absolute value of the plastic deviatoric strain rate, being inversely proportional to plastic modulus, thus to h0, while
D is proportional to A0; hence, when h0 and A0 are obtained by h′

0 and A′
0 multiplied by the same factor (the term in {}

in Equations (3) and (4)), the .
𝜀

p
v remains the same. The foregoing can straightforwardly be generalized to the multiaxial

space where the equivalent plastic shear strain rate substitutes for the triaxial quantity | .
𝜀

p
q|. The constant fl is a very small

positive number (eg, 0.01 in the present work) and guarantees that h0∕h′
0 and A0∕A′

0 stay positive at p = 0. When pr > 1,
given the effect of the Macauley brackets ⟨1 − pr⟩ = 0, Equations 3 and 4 yield values for h0 and A0 equal to h′

0 and A′
0

multiplied by 1 + fl, which is very close to 1; this is the reason we opted to maintain the h0 and A0 notation as the general
one for all p. To the contrary, when pr < 1, the values of h0 and A0 reduce significantly as l evolves from 0 to 1 and as pr
tends to 0; when pr = 0, one has that h0 = h′

0𝑓l and A0 = A′
0𝑓l, or when l = 1 and pr < 1, one has that h0 = h′

0
{

px
r + 𝑓l

}
and A0 = A′

0
{

px
r + 𝑓l

}
, both scenarios leading to very small positive values. Notice that based on Equation (1), Kp = 0

when p = 0, irrespective of the value of h0. This simple modification of the h0 and A0 parameters through the newly
proposed state internal variable l will guarantee the increasing amplitude of shear strains in the Sf zone in subsequent
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FIGURE 3 Variations of the h0∕h0
′ and A0∕A0

′ ratios with pr at different levels of l, illustrating the upper and lower bounds of these ratios
in the semifluidized state

cycles as l evolves without altering the response outside the zone. The upper bound of 1 for the variable l will ensure its
ultimate saturation, hence that of the strain amplitude. Figure 3 illustrates the variations of h0∕h′

0 and A0∕A′
0 at different

levels of state internal variable l and for different values of pr. It will be shown subsequently that the x controls the max
level of the shear strain amplitude inside the Sf region, and as such, it can be made function of other state variables, for
example, relative density Dr. A simple linear expression such as x = x0 − cfDr can be tested with x0 and cf two constants.
In this work, this important issue that may be more complex than at first thought will not be considered.

We will now address the very important evolution equation for the SLF l. Recall that within the Sf range, the requirement
compatible with Equations (3) and (4) is that variable l increases from 0 to 1 during plastic loading. Its value will not
affect the response for pr > 1, as already mentioned, but there is an important point to observe. In subsequent loading
associated with volume change, the sample consolidates, and if a constant volume cyclic loading begins again after the
consolidation, one cannot expect the prior acquired value of l, possibly even l = 1, to have a full impact on this subsequent
constant volume cyclic loading. It is, therefore, necessary to have a mechanism of restoring the value of l back to its initial
value of 0 in a progressive way. Thus, a term of back-to-zero recovery must be added to the evolution rate of l that will
operate during drained loading taking place in a reconsolidation after the end of a constant volume cyclic one. In order
to address these two requirements for the evolution of l, ie reaching a max value 1, and upon drained (or semi-drained)
deformation return to 0, the following rate equation of evolution is proposed:

.
l = ⟨L⟩ [( pin

pinr

)a

cl⟨1 − pr⟩(1 − l)nl

]
− crl| .

𝜀v|, (5)

where L is the loading index (or plastic multiplier) inside Macauley brackets indicating that the first term of the right-hand
side (RHS) operates only when plastic loading occurs. In addition, the ⟨1 − pr⟩ indicates that this first term can only
operate for pr < 1, ie in the Sf state. cl and nl are two positive model parameters controlling, respectively, the pace and
the nonlinearity of evolution of l towards 1. pin is the mean effective stress at the initiation of a new loading process, with
the same criterion of updating as 𝜶in in the reference model, and pinr and a are two positive model constants. To better
understand the role of these two parameters, consider the following. In a constant volume cyclic simple shear loading,
when the stress path reaches the “locked” butterfly shape of subsequent contraction and dilation phases, depending on
the level of cyclic shear stress amplitude, pin attains a certain value at the reversal points. The corresponding value of
pin in a test with a selected “reference” cyclic shear stress can be considered as pinr. Based on this pinr, the parameter
a will influence the rate

.
l in other levels of cyclic shear stress. The above argument is directly applicable to undrained

cyclic simple shear loading in which the locked stress path is almost symmetric. Other cyclic shearing scenarios that
are associated with asymmetric locked stress paths, eg cyclic triaxial shearing, have two different levels of pin in each
cycle. Furthermore, for random cyclic loading, pin acquires different values along with 𝜶in at the initiation of new loading
processes. In those cases, the above two parameters still play the same role, and it is hoped and expected that this role
will be similarly effective under these more general loading processes as it was under almost symmetric cyclic shearing.
This is of course typical of the calibration of any constitutive model parameter from a specific loading data, expected to
be appropriate for more general loading conditions.

The second term of the RHS in Equation (5) with the model constant cr provides the return-to-zero of l in any loading
scenario where | .

𝜀v| ≠ 0, ie when drainage and reconsolidation occur, with .
𝜀v being the total volumetric strain rate. The

absolute value of .
𝜀v was introduced in order to exclude the possibility of increasing the value of l above 1 in case the
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drained deformation that may involve shearing induces dilation (negative value of .
𝜀v). The existence of l itself in the

second term of the RHS guarantees that once l = 0, it stays at zero until the first term of the equation is activated again
when 1 − pr > 0 inside the Sf range. Then, the evolution of l towards 1 takes place and is not affected by the second term
of the RHS of Equation (5) during undrained loading because .

𝜀v = 0.
Notice that if drained loading takes place at very small values of p such that 1 − pr > 0, both terms of Equation (5) are

active with a competing simultaneous evolution of l towards 1 (first term) or 0 (second term), which, however, cannot
move outside its range from 0 to 1 under any circumstances. Such a drained loading at very small p is rather unusual
and has no serious effect in any case. In this work, we will be dealing exclusively with simulations of undrained cyclic
loading, hence the second return-to-zero term of the RHS of Equation (5) will be inactive. Nevertheless, a preliminary
qualitative investigation without comparison with experimental data will be conducted on the effect of return-to-zero
term in Equation (5) and accordingly on the ensuing calibration process of the related parameter cr.

4 CALIBRATION AND PERFORMANCE OF THE NEW MODEL

Considering the foregoing modifications, the new model has two sets of additional parameters: a set of five parame-
ters listed in Table 2 that require detailed calibration and for which sensitivity analysis is carried out and a set of three
parameters listed in Table 3 that are set to default values in absence of detailed data. Details of the calibration process
including the effects of the calibrated additional parameters of the new model are presented in this section, followed by
the performance of the SANISAND-Sf model compared with a number of different tests.

The performance of the proposed model is evaluated by the success of the simulation of five undrained cyclic simple
shear tests on Ottawa F-65 sand by Parra17 and one undrained cyclic torsional test on Toyoura sand by Zhang.31 The
selected undrained cyclic simple shear tests on Ottawa F-65 sand were carried out at an initial vertical effective stress
𝜎v ≃ 100 kPa and a relative density of Dr ≃ 80%. The selected undrained cyclic torsional test on Toyoura sand was carried
out on an initial mean stress p ≃ 100 kPa and a relative density of Dr ≃ 70%.

For the Ottawa F-65 sand, the reference model parameters are adopted from the calibration of Ramirez et al26 based
on an extensive database of monotonic and cyclic shear tests on Ottawa sand. Some of the parameters such as 𝜈, h′

0, and
A′

0 are adjusted from the previous calibration to better represent the response for the experiments on the specific batch
of Ottawa F-65 sand by Parra.17 The fabric dilatancy tensor zmax is also modified to bring the stress path near the origin
to better address the intended concept of the Sf state in the present study. As for Toyoura sand, the reference model
parameters are adopted from Taiebat et al.29 Parameters such as h′

0, A′
0, nd, and zmax are again modified to better reproduce

the experiments on the specific batch of Toyoura sand by Zhang.31 The results of the above calibration for the reference
model are shown in Table 1.

Using the calibrated parameters of the reference model for Ottawa F-65 sand, and setting the additional parameters
pth, fl, and nl at their default values shown in Table 3, the effects of the remaining five additional parameters that require
calibration were evaluated in simulating one of the target undrained cyclic simple shear tests. The results were illus-
trated through a number of sensitivity analyses in Section 4.1. Then, based on the calibrated/optimized values of these
five parameters, the simulation of the modified SANISAND-Sf model is compared with that of the reference model and

TABLE 2 Calibrated additional parameters of the new
model

Parameter Sensitivity Analysisc Ottawa F-65 Sand Toyoura Sand
x 4, 5, 6 5.4 4
cl 100, 200, 300 220 50
pinr 25 kPa 25 kPa 45 kPa
a 0, 2, 4, 8 8 0d

cr 0, 250, 1000 0e 0e

aCommon values for different sensitivity analyses are shown in bold.
bTo be calibrated upon availability of data for different levels of CSR.
cTo be calibrated upon availability of detailed data for multiple-liquefaction stages.

TABLE 3 Default additional parameters of the new model Parameter Default Value
pth 10 kPa
fl 0.01
nl 8
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the experimental data for this test and presented in Section 4.2. This is followed by the simulation of the remaining
tests on Ottawa F-65 sand and Toyoura sand with the modified model and comparing the results with the corresponding
experimental data.

4.1 Effects of the new model parameters
Assuming an initial vertical effective stress of 𝜎v,0 = 102 kPa, an initial lateral effective stress of 𝜎h,0 = 51 kPa, and an initial
void ratio of e = 0.58 (equivalent to Dr = 77% for Ottawa F-65 sand), a number of sensitivity analyses were carried out
on simulation of an undrained cyclic simple shear loading with cyclic stress ratio (CSR) = 𝜏cyc∕𝜎v,0=0.174. The reference
model parameters for these simulations were those of Ottawa F-65 sand listed in Table 1. The additional parameters of the
new model that require calibration, ie x, cl, cr, and a, were examined in a number of sensitivity analyses with the values
listed in Table 2. The default model parameter were listed in Table 3.

Figures 4 to 6 show results of the sensitivity analyses on the effects of x, cl, and cr, respectively, and Figure 7 summarizes
these sensitivity analyses. Three different values were used for each of these target parameters in each figure while keeping
all other parameters constant. The simulations continued until reaching l = 0.6. Results are presented in terms of shear
strain 𝛾 , shear stress 𝜏, strain liquefaction factor l, absolute value of the Sf shear strain |𝛾sf|, and the number of cycles.

FIGURE 4 Illustration of the effect of x on the maximum amplitude of post-liquefaction shear strain, in simulation of undrained cyclic
simple shear loading: (A-C) stress-strain loops, (D-F) evolution of 𝛾sf with the strain liquefaction factor up to l = 0.6, and (G-I) evolution of
the 𝛾sf with the number of loading cycles
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Before going to details of the sensitivity analysis results, let us recall that the increase of the shear strain amplitude
in the post-liquefaction stage, which is governed by the reduced shear stiffness in each cycle in the Sf state, is linked to
the evolved value of l. As l evolves from 0 and tends to values closer to 1, the amplitude of post-liquefaction shear strain
appears to saturate towards a maximum value. The actual maximum value of 𝛾sf is only achieved when l = 1. It would
take a lot more cycles than what is shown in these figures to actually reach l = 1; however, the presented simulation
results show that even at l = 0.6, the 𝛾sf starts to approaching its saturation level.

Figure 4A-C shows that x has a direct relation to this maximum value, as x increases, the maximum attained level of
post-liquefaction shear strain amplitude also increases. This can also be clearly observed in Figure 4D,F that for x = 4,
5, and 6, at l = 0.6, we reach 𝛾sf ≃ 3.5%, 6%, and 9%, respectively; these are summarized in Figure 7A to highlight the
effect of parameter x. In fact, in each case of x, this figure shows the developed |𝛾sf| for different attained levels of l from
0 to 0.6. Figure 4G-I shows that with lower levels of x, it takes more number of cycles to reach l = 0.6 than for higher
levels of x. The pace of evolution for the strain liquefaction factor l is controlled by the model parameter cl. Figure 5A,C
shows an inverse relation between the value of cl and the pace of evolution of the post-liquefaction shear strain toward
its saturation level, ie, as cl increases, the pace of evolution of 𝛾sf decreases. For these three simulations, the same level of
x = 5 is used, hence as expected at l = 0.6, all three cases reach the same post-liquefaction shear strain amplitude, or the
same 𝛾sf ≃ 6% as shown in Figure 5d to 5f. The effect of parameter cl in the pace of evolution of the Sf shear strain can

FIGURE 5 Illustration of the effect of cl on the pace of evolution of post-liquefaction shear strain amplitude towards its saturation level, in
simulation of undrained cyclic simple shear loading: (A-C) stress-strain loops, (D-F) evolution of 𝛾sf with the strain liquefaction factor up to
l = 0.6, and (G-I) evolution of the 𝛾sf with the number of loading cycles
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FIGURE 6 Illustration of the effect of cr on the post-liquefaction response after a drained reconsolidation stage, where the first undrained
cyclic shearing is shown in grey and the second undrained cyclic shearing is shown in red: (A-C) stress-strain loops, (D-F) evolution of 𝛾sf

with the strain liquefaction factor up to l = 0.6, and (G-I) evolution of the 𝛾sf with the number of loading cycles

also be clearly observed in Figure 5G-I such that the cases of cl = 100, 200, and 300 reach the 𝛾sf ≃ 6%, in 23, 14, and 10
cycles, respectively; these are summarized in Figure 7B to clearly highlight the effect of parameter cl. Again, in each case
of cl, this figure shows the developed |𝛾sf| for different attained levels of l from 0 to 0.6. More specifically, Figure 7A,B
summarize the key observations from the sensitivity analyses on x and cl. Although both of these parameters affect in a
synergistic way the features of the post-liquefaction cyclic shear strain response, each one plays a predominant role in
regards to one of these features, guiding its calibration process: x controls the maximum amplitude of 𝛾sf and cl controls
the number of cycles in the post-liquefaction stage before reaching the maximum amplitude of 𝛾sf.

To address the way to go about calibrating the return-to-zero parameter cr, Figure 6 shows three sets of simulations with
different values for cr. In these simulations, undrained cyclic simple shear loading leads to a first liquefaction round and
brings SLF to l = 0.6 as shown with grey symbols in Figure 6D-F. It takes around 16 cycles of shearing to reach this level of
l, and at this state, the double amplitude shear strain reaches around 7% (see grey symbols in Figure 6G-I). This is followed
by a drained reconsolidation stage to bring the vertical effective stress back to its initial value. Using different levels of cr
in this stage of loading leads to different levels of recovery of l. The corresponding path of return of l to smaller values is
not shown in the figure. This is again followed by another undrained cyclic shearing to a second liquefaction round and
bringing SLF from its returned value at the end of the drained reconsolidation stage again to l = 0.6, as shown with red
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FIGURE 7 Summary of the effects of x, cl, and cr on different aspects of the post-liquefaction response from Figures 4 to 6: (A) effect of x
on the attained values of |𝛾sf| at different levels of l, (B) effect of cl on the number of cycles to reach different levels of l, and (C) effect of cr on
the number of cycles to reach different levels of |𝛾sf| in the second liquefaction round

FIGURE 8 Illustration of the effect of a on the number of cycles to reach 3% of single amplitude shear strain (N𝛾SA=3%) in simulation of
undrained cyclic simple shear loading with different level of cyclic stress ratio (CSR)

symbols in Figure 6D-F. At this state, the double-amplitude shear strain almost reaches again to the same level of 7% as in
the first liquefaction round. The stress-strain loops and the corresponding evolutions of l, 𝛾sf, number of cycles for the first
and second undrained shearing rounds and the corresponding post-liquefaction response are presented in different rows
of Figure 6. cr = 0 represents the scenario where the back-to-zero recovery mechanism of SLF is inactive and therefore
l remains at 0.6. In this case, it takes only around seven cycles in the second round to reach the 7% double-amplitude
shear strain. For the cases of cr = 250 and 500, the SLF recovers during the drained reconsolidation stage to the values
0.46 and 0.34, respectively. As a result of this, the corresponding number of cycles in the second round to reach the 7%
double amplitude of shear strain are 19 and 20. The higher the cr, the faster the pace of recovery of l, and the greater
number of cycles to reach the same level of shear strain in the post-liquefaction of the second round compared with the
first round. The outcomes of the sensitivity analysis on cr are summarized in Figure 7c for reaching different levels of |𝛾sf|.
This figure, in fact, elaborates on the constitutive role of the back-to-zero recovery parameter cr and shows a systematic
way for calibration of this parameter provided that such type of experimental data becomes available.

The slope of plots of CSR vs number of cycles to reach a certain value of shear strain in the post-liquefaction stage
(CSR-N) can be controlled using parameters pinr and a. These parameters directly influence the term (pin∕pinr)a in
Equation (5) and therefore the rate of evolution of l in the Sf state. The effect of this term is elaborated in Figure 8 for the
plot of CSR vs number of cycles to reach 3% of the single-amplitude shear strain (N𝛾SA=3%). Here, for pinr = 25 kPa, the
parameter a has been varied from 0, which is equivalent to (pin∕pinr)a = 1 hence no effect of this term in

.
l, to 8 that is

equivalent to different levels of (pin∕pinr)a depending on the CSR. In general, for a nonzero value of a, the lower the CSR,
the higher the N𝛾SA=3%. The slope of CSR-N becomes milder at higher values of a.

Parameter pth was set at a default value of 10 kPa. Sensitivity analysis (not shown here) reveals that the value of pth
controls the minimum thickness of the cyclic shear stress-strain loops. It is believed that the value of pth should be very
small; however, a default value of 10 kPa appears to provide reasonable results as shown in the next section.
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FIGURE 9 Stress-path and stress-strain loops of an undrained cyclic simple shear test on Ottawa F-65 sand at Dr = 77%: (A nd B)
experimental results from Parra,17 (C and D) reference model simulation results, and (E and F) extended model accounting for semifluidized
strains

4.2 Simulation of undrained cyclic response on Ottawa F-65 and Toyoura sand
Based on the trends obtained in the sensitivity analyses of the previous section, the additional parameters of the new
model that require calibration were optimized for the data of Ottawa F-65 sand17 using a trial-and-error process. For this
purpose, given the corresponding experimental data of undrained cyclic simple shear tests with CSR= 0.174 as shown in
Figure 9A,B, and more specifically with reference to the stress-strain loops shown in Figure 9B, x and cl were calibrated
to 5.4 and 220, respectively. Recalling the combined role that parameters pinr and a play in the term (pin∕pinr)a that affects
the pace of evolution of SLF in Equation (5), the calibrated value of parameter a depends on the choice of parameter pinr
that is a selected reference value of the mean effective stress at the reversal point of the stress path in the corresponding
locked butterfly loop. Based on pinr = 25 kPa, the post-liquefaction strains at a different level of CSR for this sand are best
captured using a = 8. Finally, the cr parameter is set to zero as we don't have data of multiple liquefaction tests on this soil.

Based on the model parameters presented in Tables 1 to 3, results of the undrained cyclic simple shear test on Ottawa
F-65 sand at initial vertical effective stress of 102 kPa and relative density of 77% as shown in Figure 9A,B are compared
with the corresponding simulation results using the reference model as shown in Figure 9C,D and those from the new
model accounting for the Sf state as shown in Figure 9E,F. While both simulations show a similar level of performance in
the pre-liquefaction state and in the overall stress path, the new model shows a very clear improvement in capturing the
accumulation of shear strain amplitudes in the post-liquefaction cycles as it tends towards a saturated level. Moreover, the
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FIGURE 10 Stress-path for different cyclic stress ratio (CSR) levels on undrained cyclic simple shear test on Ottawa F-65 sand at Dr = 77%:
experimental and extended model results, data from Parra17
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FIGURE 11 Stress-strain loops for different cyclic stress ratio (CSR) levels on undrained cyclic simple shear test on Ottawa F-65 sand at
Dr = 77%: experimental and extended model results, data from Parra17
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FIGURE 12 Comparing the experimental results and model simulations in terms of cyclic stress ratio versus number of loading cycles to
reach 3% single amplitude of shear strain in undrained simple shear tests on Ottawa sand F-65 sand at Dr =77%

FIGURE 13 Stress-path and stress-strain loops of an undrained cyclic torsional shear test on Toyoura sand at Dr = 70%: (A) experimental
results from Zhang31 and (B) extended model accounting for semifluidized strains

performance of the new model is compared with the experiments at various shear stress amplitudes until reaching 3% of
single-amplitude shear strain in Figures 10 and 11. The corresponding results of CSR versus N𝛾SA=3% are summarized in
the CSR-N plot in Figure 12; the level of match between the experiments and the simulations in this plot is an indication
of the success of the proposed modification. It should be noted that the reference model cannot even reach the 𝛾SA = 3%
in any of these CSR levels, as the stress-strain loops get locked at smaller levels of shear strain.

The performance of the introduced SANISAND-Sf model is also examined by simulating an undrained cyclic torsional
test on Toyoura sand at initial mean effective stress of 100 kPa and relative density of 70% by Zhang,31 as shown in
Figure 13. The related model parameters are again listed in Tables 1 to 3. The model shows an excellent performance in
capturing both the pre-liquefaction and post-liquefaction response of this test. Note that the parameters a and cr were set to
0 in the simulation of this test; however, upon the availability of data for different levels of CSR and multiple-liquefaction
tests, these parameters can be calibrated to their representative values.

5 CONCLUSION
Post-liquefaction constant volume cyclic shearing response of sands is associated with a considerable and progressive
increase of shear strain amplitudes. This response is linked to reduced plastic shear modulus and dilation tendency in
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the semifluidized (Sf) state at low levels of mean effective stress. A new state internal variable named strain liquefaction
factor is introduced that evolves from 0 to 1 within the Sf range of low mean effective stresses; its constitutive role is to
reduce the values of parameters controlling the plastic modulus and dilatancy, maintaining the same plastic volumetric
strain rate, in the Sf range. The evolution rate equation of the strain liquefaction factor includes a back-to-zero recovery
term under drained loading, which allows the process of its progressive influence on shear strain amplitude to be repeated
upon resuming cyclic loading after drainage. Although not examined in detail, this is a much sought after constitutive
feature that is absent from other constitutive models that address the issue of increasing cyclic shear strain amplitude
under constant volume loading by permanently decreasing the stiffness by means of an ever increasing function, usually of
cumulative shear strain. This new constitutive ingredient of the strain liquefaction factor is added to a reference-bounding
surface sand plasticity model11 which is the precursor of the SANISAND family of models that has proven success in the
simulation of monotonic and cyclic response of sand in the pre-liquefaction state. Consequently, the name SANISAND-Sf
was introduced for the new model indicating by the initials Sf the consideration of the response in the Sf state.

The new model has two sets of additional parameters: the ones that require calibration and the ones that can be set
at default values. Each parameter has been identified to be responsible for certain particular characteristic of response
that helps its calibration. Performance of both the reference model and the SANISAND-Sf model are then assessed in
the simulation of the stress-path and stress-strain response of an undrained cyclic simple shear test on Ottawa F-65 sand.
While the reference model fails in capturing the progressive increase of shear strain amplitudes in the post-liquefaction
stage, this important aspect of response has significantly improved in the new extended model. Additional simulations
have shown the successful performance of the new model in simulation of stress-strain response of more undrained cyclic
simple shear tests on Ottawa F-65 sand and an undrained cyclic simple torsional shear test on Toyoura sand. Nevertheless,
one must observe that while the overall fitting of the CSR-N curve is satisfactory, this is often achieved by balancing the
under and over prediction of N in the pre- and post-Sf range, respectively. The ideal action would be to have separate
satisfactory simulations of the CSR-N curves for these two ranges, and this will be a subject for future investigation.

Sand is a granular media with no viscous effects like clays, but when it reaches the Sf state, it is expected that rate sensitiv-
ity of this intermediate between solid and fluid material phase will appear. Nevertheless, some preliminary investigation
by means of DEM have shown that the rates required for the mechanical response to exhibit noticeable rate sensitivity
are much larger than those typically encountered under cyclic loading. Thus, it is believed that the rate independence
assumed also during the Sf state is a realistic assumption.

Further detailed and targeted experimental or DEM studies might suggest several improvements in the proposed formu-
lation for the role and evolution of the newly proposed state internal variable l. In particular, having defined the specific
effect of each one of the introduced new parameters on the response within the Sf range, new data may guide their depen-
dence on relative density, initial pressure, and amplitude of the shear stress. In addition, DEM investigations can offer a
better understanding of the return-to-zero formulation of the strain liquefaction factor, as proposed in Equation 5, dur-
ing the consolidation stage of loading between different cyclic liquefaction events. A final note is that the ideas presented
by Equations (5) and (4) are generic in concept and do not apply only to the reference model but to any model that has
expressions for plastic modulus and dilatancy multiplied by coefficients like h0 and A0.
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