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Abstract

Algebraic Geometry for Computer Vision
by
Joseph David Kileel
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Bernd Sturmfels, Chair

This thesis uses tools from algebraic geometry to solve problems about three-
dimensional scene reconstruction. 3D reconstruction is a fundamental task in multi-
view geometry, a eld of computer vision. Given images of a world scene, taken by
cameras in unknown positions, how can we best build a 3D model for the scene? Novel
results are obtained for various challenging minimal problems, which are important
algorithmic routines in Random Sampling Consensus pipelines for reconstruction.
These routines reduce over tting when outliers are present in image data.

Our approach throughout is to formulate inverse problems as structured systems
of polynomial equations, and then to exploit underlying geometry. We apply numer-
ical algebraic geometry, commutative algebra and tropical geometry, and we derive
new mathematical results in these elds. We present simulations on image data as
well as an implementation of general-purpose homotopy-continuation software for
implicitization in computational algebraic geometry.

Chapter 1 introduces some relevant computer vision. Chapters 2 and 3 are de-
voted to the recovery of camera positions from images. We resolve an open problem
concerning two calibrated cameras raised by Sameer Agarwal, a vision expert at
Google Research, by using the algebraic theory of Ulrich sheaves. This gives a ro-
bust test for identifying outliers in terms of spectral gaps. Next, we quantify the
algebraic complexity for notorious poorly understood cases for three calibrated cam-
eras. This is achieved by formulating in terms of structured linear sections of an
explicit moduli space and then computing via homotopy-continuation. In Chapter
4, a new framework for modeling image distortion is proposed, based on lifting al-
gebraic varieties in projective space to varieties in other toric varieties. We check
that our formulation leads to faster and more stable solvers than the state of the
art. Lastly, Chapter 5 concludes by studying possible pictures of simple objects, as



varieties inside products of projective planes. In particular, this dissertation exhibits
that algebro-geometric methods can actually be useful in practical settings.
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Chapter 1

Motivation

As humans, we may take it for granted that three-dimensional structure can be in-
ferred from two-dimensional images. Our visual perception systems do this naturally.
While the neural processes behind this are fantastically complex, it is worth noting
that retinal motion makes the reconstruction possible in the rst place [55]. To go
from 2D to 3D, our brains use multiple images provided by eye movement.

In computer vision, estimating a 3D scene from multiple 2D images has been
a fundamental task. Nowadays, Structure-from-Motion (SfM) algorithms support
autonomously-driving cars [40] and large-scale photo tourism [2].

Figure 1.1: 3D model with 819,242 points of the Colosseum from 2106 Flickr images.
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Such algorithms have diverse ingredients under the hood: band-pass lters, non-
linear least squares optimization, sparse linear algebra, text retrieval ideas, dis-
tributed computing, and ... algebraic geometry! In fact, projective geometry is the
languageused for formulating 3D reconstruction problems, as explained in the next
subsection. The sub eld of vision that studies connections with projective geometry
is known as multiview geometry. The book [48] by Hartley and Zisserman is the
standard introduction to this eld.

In addition, SfM repeatedly solves zero-dimensional systemspaflynomial equa-
tions [64]. Polynomial solvers are subroutines in Random Sampling Consensus
(RANSAC) methods for robust estimation i.e. regression in the presence of out-
liers. To deliver in real-time, minimal solvers are required to perform accurate,
super-fast calculation (s or ms scale).

In this dissertation, novel vision results are obtained by means of applying tools
from algebraic geometry that are not traditionally used in multiview geometry or
the design of minimal solvers.

1.1 Setup

According to the pinhole camera model [48, Chapter 6], @merais simply a surjec-
tive linear projection A : P* 99KP?, whereP® represents the world and®? represents
the image plane. Thus,A is represented by a full rank real 3 4 matrix up to
nonzero scale, also denoted . On a ne charts, note that the map A is fractional
ane-linear. The base locus ker@) 2 P? is interpreted as thecamera center or
focal point. For a cameraA with center o the plane at in nity, RQ factorization
applied to the left 3 3 submatrix of A induces a unique factorizatiolA = K [Rjt],
whereK 2 R3® 3 is upper triangular, with entries K, > 0;K,, > 0;K33 = 1, where
R 2 SO(3) is orthogonal and wherg 2 R3. Following [48, Section 6.2.4]K stores
the internal parameters of A (focal lengths, principal point, skew) while Rjt] stores
the external parameters(center, orientation). In cases wher& is known, left multi-
plication by K ! normalizesA = [Rjt]. In that case, the 3 4 matrix A is calibrated;
calibration information is often available from image EXIF tags.

Standard Structure-from-Motion algorithms [85] perform detailedlocal recon-
structions rst. Afterwards, these are stitched together and re ned via global opti-
mization. Here, a local reconstruction accepts a small number of overlapping images
(typically, two or three). The aim is to estimate the con guration in P® of the two or
three cameras that captured the images, as well as the coordinates of a large collec-
tion of 3D points visible in the images. In particular, the cameras' relative positions
are deduced from the images, and this is an engine through all of SfM.
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Recovery of camera con gurations starts by matching features across images (for
example, corner points and edges) according to neighborhood intensity patterns; see
[73] details. The image matches impose constraints on the possible relative position
of the cameras, e.g. [46]. At this point, an appropriately chosen loss function could
be de ned (see [48, Section 4.2] for so-called algebraic or geometric loss functions).
Given the image matches, the camera con guration with least loss could be sought.
However, in practice, this delivers poor results, because a non-neglible fraction of the
putative image correspondences are wrongly matched. Thus, SfM must cope with
outliers (mismatches) among image data.

To that end, Random Sampling Consensus is a method for parameter estima-
tion in the presence of outliers. Invented in 1981 originally for vision applications
[37], RANSAC randomly samples aninimal amount of data. Minimal means that
the sampleexactly determines only a nite (positive) number of possible parameter
values. Those parameters are computed, and then treated e@mpeting hypotheses
Each is tested against the rest of the data set. A hypothesis is accepted if it is ap-
proximately consistent with a su ciently high fraction of the full data set (and more
than any other hypothesis). Otherwise, a new minimal sample is drawn. RANSAC
outputs a parameter estimate unin uenced by outliers. Remarkably, it can process
data sets with as high as 50% outliers. See Figure 1.2 for an illustration.

Thus, to recover camera con gurations from image correspondences (contain-
ing some mismatches), SfM employs a RANSAC scheme. See [48, Section 4.7] for
implementation details, including how thresholds are set adaptively. As an up-
shot, computing the nitely many parameters consistent with a minimal sample
is a vital workhorse in SfM { repeated thousands of times in large-scale reconstruc-
tions. These calculations are callegninimal problems There is anindustry in
computer vision dedicated to building e cient solvers for minimal problems, e.g.
[17, 38, 57, 64, 65, 94].

Like the matrix camera model above, minimal problems aralgebraic They are
expressible as systems of multivariate polynomial equations with coe cients depend-
ing polynomially on image data. Moreover, geometricformulation is often available.
Frequently, a ( xed) algebraic variety X  P" may be de ned whose points are in
bijection with camera con gurations. HereX is an explicit moduli space, embedded
in convenient coordinates. Image data de nes (varying) linear subspacks P".
Then, minimal problems amount to computing the intersectior. \ X. As a noted
example, Niser's minimal problem solver [82] for recovering the relative position of
two calibrated cameras from ve image point pair matches ts into this framework;
by now, the Gmbner basis script ishardcodedinto most smartphones [66]

The relation of projective geometry and polynomial equations to 3D reconstruc-
tion is this dissertation's point de cepart. Mixing classical algebraic geometry with



CHAPTER 1. MOTIVATION 4

Figure 1.2: Fitted line from RANSAC. Outliers do not degrade the estimate.

modern computational tools, we answer concrete questions about computer vision
and derive new math.

1.2 Main contributions
The main contributions of this dissertation are the following:

We obtain a matrix formula characterizing which six image point pairs are
exactly consistent with two calibrated cameras (Theorem 2.1). This resolves
a question raised in [1] by Sameer Agarwal, a vision expert apart of Google
Research. Numerical experiments indicate the formula is robust to noise (Em-
pirical Fact 2.27), thus it might be used for screening wrongly matched point
pairs. Mathematically, the work is an instantiation of the theory of Ulrich
sheaves, introduced in algebraic geometry by Eisenbud and Schreyer in [34]. A
new determinantal description of the essential variety (Proposition 2.7) a ords
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a group action making Eisenbud-Schreyer's theory e ective in this case, by help
from the representation theory of GL(4).

We quantify the algebraic complexity for the recovery of three calibrated cam-
eras, given various sorts of image correspondences (Theorem 3.6). This helps
clarify decades of partial progress on the three camera case (e.g. see [83] for
nice complementary work). We build on the theory of trifocal tensors [46], and
rely on powerful computational techniques from numerical algebraic geometry
[11].

We contribute general-purpose homotopy-continuation software for impliciti-
zation in computational algebraic geometry (Section 3.7). This allows for the
computation of invariants of an algebraic variety from a parametrization, when
de ning equations are inaccessible.

We develop a new framework for modeling image distortion (Chapter 4), uni-
fying existing models. The theory is based on lifting algebraic varieties in
projective space to other ambient toric varieties, and it is of independent math-
ematical interest. We determine degrees in terms of the Chow polytope as well
as de ning equations (Theorems 4.8 and 4.16). Tropical geometry [74] o ers a
perspective on higher-dimensional distortions (Theorem 4.22).

We verify that our algebro-geometric theory of distortion leads to minimal
solvers in vision that are competitive with, or superior to, the state of the art,
as tested on synthetic data sets (Section 4.5).

We explore the space of possible pictures of simple objects, such as edges.
The formulation is in terms of combinatorial commutative algebra, and we

nd equations cutting the space out (Theorem 5.6). This works extends the

in uential [5] to new settings of practical interest. It could form the basis for

a polynomial/semide nite optimization [69] triangulation scheme, as in [3].



Chapter 2

Two Cameras

This chapter studies the recovery of the relative position aivo calibrated cameras
from image data. In particular, we are interested in theover-determined case We
characterize which super-minimal samples of image data are exactly consistent with
a camera con guration. This connects to the classical theory of resultants [43]. To
obtain an explicit result, we need the technology developed in [34]. This is joint work
with Gunnar Flystad and Giorgio Ottaviani [39] and it is to be published in the
Journal of Symbolic Computation

2.1 Introduction

The essential varietyE is the variety of 3 3 real matrices with two equal singular
values, and the third one equal to zero ( = 5, 3 = 0). It was introduced in

the setting of computer vision; see [48, Section 9.6]. Its elements, the so-called
essential matrices have the formTR, whereT is real skew-symmetric anR is real
orthogonal. The essential variety is a cone of codimension 3 and degree 10 in the
space of 3 3-matrices, de ned by homogeneous cubic equations, that we recall in
(2.2). The complex solutions of these cubic equations de ne the complexi catidf:

of the essential variety. This lives in the 8-dimensional complex projective spaeg.
While the real essential variety is smooth, its complexi cation has a singular locus
that we describe precisely in Section 2.2.

The Chow form of a codimensionc projective variety X P" is the equation
Ch(X) of the divisor in the Grassmannian GrP° !; P") given by those linear sub-
spaces of dimensioe 1 which meetX. It is a basic and classical tool that allows
one to recover much geometric information abouX ; for its main properties we refer
to [43, Section 4]. In [1, Section 4], the problem of computing the Chow form of the
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essential variety was posed, while the analogous problem for thumdamental variety
was solved, another important variety in computer vision.

The main goal of this chapter is to explicitly nd the Chow form of the essential
variety. This provides an important tool for the problem of detecting if a set of image
point correspondences (x;y") 2 R?> R2?ji = 1;::::mg comes fromm world
points in R® and two calibrated cameras. It furnishes an exact solution fan = 6
and it behaves well given noisy input, as we will see in Section 2.4. Mathematically,
we can consider the system of equations:

(Aﬁaa) MO
BLO g

Here XM = (x: x¥: 1)T 2 P2 and 90 = (y{?: y¥: 1)T 2 P? are the given image
points. The unknowns are two 3 4 matrices A; B with rotations in their left

3 3 blocks andm = 6 points () 2 P?. These represent calibrated cameras and
world points, respectively. A calibrated camera has normalized image coordinates,
as explained in [48, Section 8.5]. Here denotes equality up to nonzero scale. From
our calculation of Ch(:), we deduce:

(2.1)

Theorem 2.1. There exists an explicit20 20 skew-symmetric matrixM (x;y) of
degree (6;6) polynomials overZ in the coordinates of(x("; y") with the following
properties. If (2.1) admits a complex solution therM (xV;y®) is rank-de cient.
Conversely, the variety of point correspondencég; y() such thatM (x:y") is
rank-de cient contains a dense open subset for whi¢B.1) admits a complex solution.

In fact, we will produce two such matrices. Both of them, along with related for-
mulas we derive, are available in ancillary les accompanying tharXiv version
of this work, and we have posted them ahttp://math.berkeley.edu/ ~jkileel/
ChowFormulas.html

Our construction of the Chow form uses the technique dfilrich sheavesintro-
duced in [34]. We construct rank 2 Ulrich sheaves on the essential varidgy. For
an analogous construction of the Chow form df 3 surfaces, see [7].

From the point of view of computer vision, this chapter contributes a complete
characterization for an "almost-minimal' problem. Here the motivation i8D recon-
struction. Given multiple images of a world scene, taken by cameras in an unknown
con guration, we want to estimate the camera con guration and a 3D model of the
world scene. Algorithms for this are complex, and successful. See [2] for a recon-
struction from 150,000 images.

By contrast, the system (2.1) encodes a tiny reconstruction problem. Suppose we
are given six point correspondences in two calibrated pictures (the right-hand sides
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in (2.1)). We wish to reconstruct both the two cameras and the six world points
(the left-hand sides in (2.1)). If an exact solution exists then it is typically unique,
modulo the natural symmetries. However, an exact solution does not always exist.
In order for this to happen, a giant polynomial of degree 120 in the 24 variables on
the right-hand sides has to vanish. Theorem 2.1 gives an explicit matrix formula for
that polynomial.

As explained in Chapter 1, the link between minimal or almost-minimal recon-
structions and large-scale reconstructions is surprisingly strong. Algorithms for the
latter use the former reconstructions repeatedly as core subroutines. In particular,
solving the system (2.1) giveim = 5 point pairs, instead of m = 6, is a subroutine in
[2]. This solver is optimized in [82]. It is used to generate hypotheses insidandom
Sampling ConsensugRANSAC) [37] schemes for robust reconstruction from pairs
of calibrated images. See [48] for more vision background.

The rest of this chapter is organized as follows. In Section 2.2, we prove that
Ec is a hyperplane section of the variety> X3, of 4 4 symmetric matrices of rank

2. This implies a determinantal description ofec; see Proposition 2.7. A side
result of the construction is that E: is the secant variety of its singular locus, which
corresponds to pairs of isotropic vectors i€>.

In Section 2.3, we construct two Ulrich sheaves on the variety of 44 symmetric
matrices of rank 2. One of the constructions we propose is new, according to
the best of our knowledge. Both sheaves are GL(4)-equivariant, and they admit
\Pieri resolutions” in the sense of [92]. We carefully analyze the resolutions using
representation theory, and in particular show that their middle di erentials may be
represented by symmetric matrices; see Propositions 2.16 and 2.19.

In Section 2.4, we combine the results of the previous sections and we construct
the Chow form of the essential variety. The construction from [34] starts with our
rank 2 Ulrich sheaves and allows to de ne two 20 20 matrices in the Placker
coordinates of Gr?; P?) each of which drops rank exactly when the corresponding
subspaceP? meets the essential varietye:. It requires some technical e ort to put
these matrices in skew-symmetric form, and here our analysis from Section 2.3 pays
o . We conclude this work with numerical experiments demonstrating the robustness
to noise that our matrix formulas in Theorem 2.1 enjoy.
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2.2 The essential variety is determinantal

Intrinsic description

Let E R® 3 be the essential variety, which is de ned by the following conditions
on the three singular values of a 3 3 matrix:

E:=fM2R® % (M)= ,(M); 3(M)=0g:
The polynomial equations oft are (see [35, Section 4]) as follows:
E=fM 2R3 3jdettM)=0;2(MM )M tr MMT M =0g: (2.2)

These 10 cubics minimally generate theeal radical ideal [13, p. 85] of the essential
variety E, and that ideal is prime. Indeed, the real radical property follows from our
Proposition 2.2(i) and [75, Theorem 12.6.1]. We denote I the projective variety in
P2 given by the complex solutions of (2.2). The essential varie§: has codimension
3 and degree 10 (see [77, Theorem 5.16]). In this section, we will prove that it is
isomorphic to a hyperplane section of the variety X;., of complex symmetric 4 4
matrices of rank 2. The rst step towards this is Proposition 2.2 below, and that
relies on the group symmetries oE:, which we now explain.

ConsiderR® with the standard inner product Q, and the corresponding action of
SO(3 R) on R3. Complexify R® and considerC? with the action of SO(3 C), which
has universal cover SL(2C). It is technically simpler to work with the action of
SL(2; C). Denoting by U the irreducible 2-dimensional representation of SL(Z), we
have the equivariant isomorphisnC® = S,U. Writing Q also for the complexi cation
of the Euclidean product, the projective spacd’(S,U) divides into two SL(2; C)-
orbits, namely the isotropic quadric with equationQ(u) = 0 and its complement.
Let V be another complex vector space of dimension 2. The essential vari&y
is embedded into the projective space of 3 3-matricesP(S,U S,V). Since the
singular value conditions de ningk are SO(3R) SO(3 R)-invariant, it follows that
Ec is SLU) SL(V)-invariant using [29, Theorem 2.2].

The following is a new geometric description of the essential variety. From the
computer vision application, we start with the set of real pointE. However, below
we see that the surface Sin@t) inside Ec, which has no real points, "determines' the
algebraic geometry. Part (i) of Proposition 2.2 is proved also in [77, Proposition 5.9].

Proposition 2.2. (i) The singular locus of E¢ is the projective surface given by:
Sing(Ec) = ab’" 2 P(C® ®)jQ(a)= Q(h =0
(i) The second secant variety ofSing(E:) equalskc.
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Proof. Denote byS the variety abl 2 P(C® 2)jQ(a)= Q(b) =0 , and let 8 be the
ane cone over it. The line secant variety 2(9) consists of elements of the form
M = ab] + ab} 2 C* 3 such that Q(a) = a'a, = Q(b) = B =0 for i =1;2,
We compute thatMM T = a;b bya; + a,by ha; so that tr(MM T) = 2( b by)(a] ay).
Moreover MM TM = ajbf yaj aib] + ab) byal ab) = (bl by)(a] a;)M. Hence the
equations (2.2) ofE; are satis ed by M. This proves that ,(S) E ¢. Sis a surface
and ,(S) has dimension 5 (see [22, Theorem 1.3]). Sincg(S) and E; are both
of codimension 3 and: is irreducible, the equality ,(S) = Ec follows. It remains
to prove (i). Denote by [a] the line generated bya;. Every elementajb] + ayb)
with [a;] 6 [ay], [n] 6 [b] and Q(a) = Q(h) = 0 for i = 1;2 can be taken by
SL(U) SL(V) to a scalar multiple of any other element of the same form. This is
the open orbit of the action of SLU) SL(V) on Ec. The remaining orbits are the
following:

1. the surfaceS, with set-theoretic equationsMM T = M ™M = 0.

2. T.nS, whereT; = abl 2 P(C® ®)jQ(a) =0 is a threefold, with set-theoretic
equationsM 'M = 0.

3. T,nS, whereT, = ab" 2 P(C3 ®)jQ(b =0 is a threefold, with set-theoretic
equationsMM T = 0.

4. Tan(S)n(T.[ T,), where thetangential variety Tan(S) is the fourfold union of all
tangent spaces tdS, with set-theoretic equations trtMM ") =0; MM ™M =0.

It is easy to check they are orbits, in a similar way thangin [43, Example 14.4.5].

1 00
One can compute explicitly that the Jacobian matrixoEcat @ ~1 0 A 2 TynS
0O 0O

has rank 3. The following code irMacaulay2 ([44]) does that computation:

R = QQ[m_(1,1)..m_(3,3)]

M = transpose(genericMatrix(R,3,3))

| = ideal(det(M))+minors(1,2*M*transpose(M)*M - trace(M*transpose(M))*M)
Jac = transpose jacobian |

S = QQ[al/(1+g"2)

specializedJac = (map(S,R,{1,0,0,9,0,0,0,0,0}))(Jac)
minors(3,specializedJac)

Hence the points inT; nS are smooth points ofec. By symmetry, also the points
in T,nS are smooth. By semicontinuity, the points in TanS) n(T.[ T,) are smooth.
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Since points inS are singular for the secant variety ,(S), this nishes the proof of
(). O

Remark 2.3. From Proposition 2.2, the essential variety is isomorphic to the variety
of2 2 2 2tensors of rank 2 invariant under the permutationsS, S,

S;. Hence, by the study of tensor decomposition, the parametric description in
Proposition 2.2 is identi able, meaning that, from the matrix albI + azb}, all a;, b
are determined up to scalar multiple. That shows that real essential matrices have
the form a’b+ @' bwith a;b2 C* and Q(a) = Q(b) = 0. This may be written in the
alternative form (u?)"v? + (T?)"v? 2 S,(U)  S,(V) with u2 U, v 2 V. This may
help in computing real essential matrices. Note that the four non-open orbits listed
in the proof of Proposition 2.2 are contained in the isotropic quadric t\IM T) = 0,
hence they have no real points.

Remark 2.4. The surface Singkc) is more familiar with the embedding byO(1; 1),
when it is the smooth quadric surface, doubly ruled by lines. In the embedding by
0(2; 2), the two rulings are given by conics. These observations suggest expressing
Ec as a determinantal variety, as we do next in Proposition 2.5. Indeed, note that
the smooth quadric surface embedded b®(2; 2) is isomorphic to a linear section

of the second Veronese embedding Bf, which is the variety of 4 4 symmetric
matrices of rank 1.

In the following note that S,(U V) is 10-dimensional and identi es as the space
of symmetric 4 4-matrices.

Proposition 2.5. The essential varietyE: is isomorphic to a hyperplane section of
the variety of rank 2 elements inP(S,(U V)). Concretely, this latter variety

identi es as the projective variety of4 4 symmetric matrices of rank 2 (see also

Subsection2.3), and the section consists of traceles4 4 symmetric matrices of

rank 2.

Proof. The embedding ofP(U) P(V) in P(S;(U) Sy(V)) is given by (u;v) 7!
u? v2 Recall that Cauchy's formula statesS,(U V) = (Sy(U) Sy(V))

A2y A 2y where dimU V) = 4. Hence, P(S,(U)  Sy(V)) is equivariantly
embedded as a codimension one subspaceP{is,(U V)). The image is the sub-
space of traceless elements (since that is dimension 8 and invariant), and this map
sendsu®> V27! (u V)2 By Proposition 2.2, we have shown that Sindf:) embeds
into a hyperplane section of the variety of rank 1 elements iR(S,(U V)). So,

Ec = ,(Sing(Ec)) embeds into that hyperplane section of the variety of rank 2
elements. This last variety has degree 10 by Segre formula [47, Proposition 12 (b)].
Comparing dimensions and degrees, the result follows. O
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Remark 2.6. In light of the description in Proposition 2.5, it follows by Example
3.2 and Corollary 6.4 of [28] that the Euclidean distance degree is EDdegi&g(=

6. This result has been proved also in [30], where the computation of EDdegree
was performed in the more general setting of orthogonally invariant varieties. This
guantity measures the algebraic complexity of nding the nearest point oft to a
given noisy data point inR?® 3.

Coordinate description

We now make the determinantal description ofec in Proposition 2.5 explicit in
coordinates. For this, denotea = (a;a;as)" 2 C3. We haveQ(a) = af + a5 + a3.
The SL(2 C)-orbit Q(a) = 0 is parametrized by u? u3;2uiuy;  1(u?+ uj) T
where (g uy)" 2 C2. Let:

0 1
M1 M2 My3

M= @my my mypA 2 C? 3
M31 M3z Ms3

and de ne the 4 4 traceless symmetric matrixs(M ) (depending linearly onM):

0 Mi1 M2 M3z Mi3 + M3 M1z + Moy M2z  M32 !
(M) = 1% M1z + M3y M1 Moz + M3z M3 + M32 M2 Moy
2 M2 + Moy M3 + M32 My1 + M2 M3 M3 + M3y
Moz M3 Mi2 M2y M1z + M3y My1 + Moz + M33
(2.3)

This construction furnishes a new view on the essential varietif, as described in
Proposition 2.7.

Proposition 2.7. The linear map s in (2:3) is a real isometry from the space of
3 3 real matrices to the the space of traceless symmetdc 4 real matrices. We
have that:

M2E | rk(s(M)) 2

The complexi cation of s, denoted again bys, satis es for any M 2 C* 3:

M 2 SingE) 0 rk(s(M)) 1,
M2Ec 0 rk(s(M)) 2
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Proof. We construct the correspondence ove® at the level of SingE:) and then we
extend it by linearity. Choose coordinates (f;; uy) in U and coordinates ¥1; V) in
V. Consider the following parametrization of matricedM 2 Sing(Ec):
0 1
uf u3
M = 2u; U, § VZ V3 2ViVa; IO_1(v§+ V3) (2.4)
1(ui+ u))

Consider also the following parametrization of the Euclidean quadric id  V:
P— p__
K= UusVvs UujVq; 1(ugvs + UaVvy);  (Ugvs + Uavy); 1(uv,  upvy)

The variety of rank 1 traceless 4 4 symmetric matrices is accordingly parametrized
by kTk. Substituting (2.4) into the right-hand side below, a computation veri es
that:

kTk = sS(M):

This proves the second equivalence in the statement above and explains the de ni-
tion of s(M), namely that it is the equivariant embedding from Proposition 2.5 in
coordinates. The third equivalence follows because = ,(Sing(Ec)), by Proposi-
tion 2.2(ii). For the rst equivalence, we note that s is de ned over R and now a
direct computation veri es that tr s(M)s(M)" =tr MM T forM 2 R® 3 O

Note that the ideal of 3-minors ofs(M) is indeed generated by the ten cubics in
(2.2).

Remark 2.8. The critical points of the distance function from any data pointM 2
R® 3 to E can be computed by means of the SVD &{M ), as in [28, Example 2.3].

2.3 Ulrich sheaves on the variety of symmetric
4 4 matrices of rank 2

Our goal is to construct the Chow form of the essential variety. By the theory of
[34], this can be done provided one has an Ulrich sheaf on this variety. The notions
of Ulrich sheaf, Chow forms and the construction of [34] will be explained below.
As shown in Section 2.2, the essential varieft is a linear section of the projective
variety of symmetric 4 4 matrices of rank 2, which we denote a X3,. If we
construct an Ulrich sheaf onP X;,, then a quotient of this sheaf by a linear form
is an Ulrich sheaf onE; provided that linear form is regular for the Ulrich sheaf on
P X3,. We will achieve this twice, in Section 2.3 and Section 2.3.
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De nition of Ulrich modules and sheaves

De nition 2.9. A graded moduleM over a polynomial ringA = C[Xo;:::;Xn] IS an
Ulrich module provided:

1. It is generated in degred and has a linear minimal free resolution:

0O M A°  A( D A(2:z® A( Q¢ 0O (25)
2. The length of the resolutionc equals the codimension of the support of the
moduleM .
2! The Betti numbers are ; = (|: ofori=0;:::;¢c

One can use either(1) and (2), or equivalently, (1) and (2)' as the de nition.

A sheafF on a projective spaceP” with support of dimension 1 is anUlrich
sheaf provided it is the shea catiofof an Ulrich module. Equivalently, the mod-
ule of twisted global sectiondM = HO(P"; F (d)) is an Ulrich module over the

d2z
polynomial ring A.

Fact 2.10. If the support of an Ulrich sheafF is a variety X of degreed, then 4 is
a multiple of d, sayrd. This corresponds toF being a sheaf of rank on X.

Since there is a one-to-one correspondence between Ulrich modules évend
Ulrich sheaves orP", we interchangably speak of both. But in our constructions we
focus on Ulrich modules. A prominent conjecture of [34, p.543] states that on any
variety X in a projective space, there is an Ulrich sheaf whose supportA{s

The variety of symmetric 4 4 matrices

We x notation. Let X} be the space of symmetric 4 4 matrices over the eld
C. This identi es as C'°. Let Xj = X; be the coordinate functions onX; where
1 i j 4, sothe coordinate ring oiX} is:

A=ClXjliij 4

For 0 r 4, denote byX}, the ane subvariety of X; consisting of matrices
of rank r. The ideal of X}, is generated by the ( +1) (r + 1)-minors of the
generic 4 4 symmetric matrix (X; ). This is in fact a prime ideal, by [104, Theorem
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6.3.1]. The rank subvarieties have the following degrees and codimensions by [47,
Proposition 12 (b)]:

variety | degree| codimension
X5, |1 0

X33 4 1

X0 10 3

X1 8 6

X50 |1 10

Since the varietiesX ;, are de ned by homogeneous ideals, they give rise to projective
varieties P X}, in the projective spaceP®. However, in Section 2.3 and Section 2.3
it will be convenient to work with a ne varieties, and general (instead of special)
linear group actions.
The group GL(4;C) acts onX;. If M 2 GL(4;C) and X 2 X}, the action is as
follows:
MX=M X M":

Since any complex symmetric matrix can be diagonalized by a coordinate change,
there are ve orbits of the action of GL(4 C) on X3, one per rank of the symmetric
matrix. Let:

E=C"

be a four-dimensional complex vector space. The coordinate ringXf identi es as
A = Sym(S,(E)). The space of symmetric matriceX; may then be identi ed with
the dual spaceS,(E) , so again we see that GLE) = GL(4 ;C) acts onS,(E) .

Representations and Pieri's rule

We shall recall some basic representation theory of the general linear group ®L),
whereW is a n-dimensional complex vector space. The irreducible representations
of GL(W) are given by Schur modulesS (W) where is a generalized partition:

a sequence of integers; 2 n. When = d;0;:::;0, then S (W)

is the d" symmetric powerSq(W). When = 1;:::;1:0;::::0, with d 1's, then

S (W) is the exterior wedge” W . For all partitions  there are isomorphisms of
GL(W)-representations:

S(W) =S (W) and S (W) (""W) "=S. (W)

wherel=1;1;:::;1. HereA"W is the one-dimensional representatio® of GL(W)
where a linear map acts by its determinant.
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Denote byj j = 1+ + ,. Assume .. 0. The tensor product of
two Schur modulesS (W) S (W) splits into irreducibles as a direct sum of Schur
modules: M

u(; 5 )S (W)

where the sum is over partitions withj j = j+ | j. The multiplicities u(; ; )2
Z o are determined by the Littlewood-Richardson rule [41, Appendix A]. In one
case, that will be important to us below, there is a particularly nice form of this rule.
Given two partitions °and , we say that & is ahorizontal stripif ? ;2.
Fact 2.11 (Pieri's rule). As GL(W)-representations, we have the rule:
M
S (W) Sy(w) = S o(W):

i 9=gged
0= is a horizontal strip

The rst Ulrich sheaf

We are now ready to describe our rst Ulrich sheaf on the projective variet X ;..
We construct it as an Ulrich module supported on the variety ;.,. We use notation
from Section 2.3, scE is 4-dimensional. ConsideS3(E) S,(E). By Pieri's rule
this decomposes as:

Ss(E)  Ssa(E)  Ss2(E):

We therefore get a GLE)-inclusion Sz2(E) ! S3(E)  Sp(E) unique up to
nonzero scale. Sincé; = S,(E) from Section 2.3, this extends uniquely to an
A-module map:

S(E) A Ss2(E)  A( 1)

This map can easily be programmed usinljlacaulay2 and the packagePieriMaps
[90]:

R=QQ[a..d]

needsPackage "PieriMaps"
f=pieri({3,2},{2,2},R)

S=QQJa..d,y 0.y 9]
a2=symmetricPower(2,matrix{{a..d}})
alpha=sum(10,i->contract(a2_(0,i),sub(f,S))*y i)

We can then compute the resolution of the cokernel of in Macaulay2 It has the
form:
A A D® A 2% A( 3
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Thus the cokernel of is an Ulrich module by (1) and (2)' in De nition 2.9. Animpor-
tant point is that the res command inMacaulay2 computes di erential matrices in
unenlightening bases. We completely and intrinsically describe the GEJ-resolution
below:

Proposition 2.12. The cokernel of is an Ulrich module M of rank 2 supported
on the variety X 3,. The resolution of M is GL(E)-equivariant and it is:
F : Sg(E) A 83'2(E) A( 1) S3;3;1(E) A( 2) (26)
Sz33(E)  A( 3)
with ranks 20; 60; 60; 20, and where all di erential maps are induced by Pieri's rule.

The dual complex of this resolution is also a resolution, and these two resolutions are
isomorphic up to twist. As in[92] we can visualize the resolution by:

0 M EEE | 0:

Proof. SinceM is the cokernel of a GLE)-map, it is GL(E)-equivariant. So, the
support of M is a union of orbits. By De nition 2.9(2), M is supported in codimen-
sion 3. Since the only orbit of codimension 3 X},nX3, the support of M is the
closure of this orbit, which isX3.,. It can also easily be checked witiMacaulay2 by
restricting to diagonal matrices of rankr forr =0;:::;4, that M is supported on
the strata X3, wherer 2. Also, the statement that the rank ofM equals 2 is now
immediate from Fact 2.10.

Now we prove that the GL(E )-equivariant minimal free resolution ofM is F as
above. By Pieri's rule there is a GLE)-map unique up to nonzero scalar:

S32(E)  S»(E) Ss:3.1(E)
and a GL(E)-map unique up to nonzero scalar:
S331(E)  S(E) S3:3.3(E):

These are the maps and in F respectively. The composition mapsSs.3.1(E)
to a submodule ofS3(E) S;(Sz(E)). By [104, Proposition 2.3.8] the latter double
symmetric power equalsSs(E) S;.2(E), and so this tensor product decomposes as:

M
Sg(E) S4(E) S3(E) Szyz(E)
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By Pieri's rule, none of these summands contairS;.3.1(E). Hence is zero by
Schur's lemma. The same type of argument shows that is zero. ThusF is a
complex.

By our Macaulay2 computation of Betti numbers before the Proposition, ker()
is generated in degree 2 by 60 minimal generators. Fh these must be the image
of Sz.3.1(E), since that is 60-dimensional by the hook content formula and it maps
injectively to F;. SoF is exact atF;. Now again by the Macaulay2 computation,
it follows that ker is generated in degree 3 by 20 generators. These must be the
image of Sz.3.3(E) since that is 20-dimensional and maps injectively té¢,. SoF
is exact at F,. Finally, the computation implies that is injective, and F is the
GL(E)-equivariant minimal free resolution ofM .

For the statement about the dual, recall that since~ is a resolution of a Cohen-
Macaulay module, the dual complex, obtained by applying Hog{ ;! a) with ! o =
A( 10), is also a resolution. If we twist this dual resolution with £*E) 3 A(7),
the terms will be as in the original resolution. Since the nonzero GE()-map is
uniquely determined up to scale, it follows that= and its dual are isomorphic up to
twist. O

Remark 2.13. The GL(E)-representations in this resolution could also have been
computed using theMacaulay2 packageHighestWeights [42].

Remark 2.14. The dual of this resolution is:
S333(E) A Ss3a(E) A( 1) Ss20E) A( 2) S3(E) A( 3): (2.7)

A symmetric form g in S;(E ) corresponds to a point in Spe®&) and a homomor-
phism A'! C. The ber of this complex over the point gq is then an SOE ;Q)-
complex:

Ssaa(E ) Sssa(E )  Sso(E)  Se(E ): (2.8)

When q is a nondegenerate form, this is th&ittlewood complexL**? as de ned in
[91, Section 4.2]. (The terms of >33 can be computed using the plethysm in Section
4.6 of loc.cit.) This partition = (3;3;3) is not admissible since 3 + 3> 4, see [91,
Section 4.1]. The cohomology of (2.8) is then given by [91, Theorem 4.4] and it
vanishes (since heré,( ) = 1 ), as it should in agreement with Proposition 2.12.
The dual resolution (2.7) of the Ulrich sheaf can then be thought of as a \universal”
Littlewood complex for the parition = (3;3;3). In other cases when Littlewood
complexes are exact, it would be an interesting future research topic to investigate
the sheaf that is resolved by the \universal Littlewood complex".
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To obtain nicer formulas for the Chow form of the essential variet§z: in Section
2.4, we now prove that the middle map in the resolution (2.6) is symmetric, in
the following appropriate sense. In general, suppose that we are given a linear map

W ! W L whereL is a nite dimensional vector space. Dualizing, we get a
T

map W \W L which in turn gives a mapW L W . By de nition,

the map is symmetricif = and skew-symmetricif = . If is symmetric

and is represented as a matrix with entries ir.  with respect to dual bases oW
and W | then that matrix is symmetric, and analogously when is skew-symmetric.
Note that the map alsoinducesamap ! W W.

Fact 2.15. The map is symmetric if the image of is in the subspaces,(W)
W W and it is skew-symmetric if the image is in the subspatéwW W W.

Proposition 2.16. The middle map in the resolution (2.6) is symmetric.

Proof. Consider the map in degree 3. ltis:

Ss2(E)  SAE) Ss31(E) = Sse(E)  (ME) °
and it induces the map:

Ss2(E)  Ss2(E) SE) (ME) ° = Szasu(E):

By the Littlewood-Richardson rule, the right representation above occurs with mul-
tiplicity 1 in the left side. Now one can check thatS;.;3.3.1(E) occurs in Sy(Sz.2(E)).
This follows by Corollary 5.5 in [19] or one can use the packa@ehurRings [95] in
Macaulay2

needsPackage "SchurRings"
S = schurRing(s,4,GroupActing=>"GL")
plethysm(s_2,s {3,2})

Due to Fact 2.15, we can conclude that the map is symmetric. ]

The second Ulrich sheaf

We construct another Ulrich sheaf orP X 3., and analyze it similarly to as above. This
will lead to a second formula for Chic) in Section 2.4. ConsidelS;.,1(E) Sy(E).
By Pieri's rule:

S221(E)  So(E) = Ss21(E)  Sz22(E)  Sz211(E)  Sz22:1(E):
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Thus there is a GLE)-map, with nonzero degree 1 components unique up to scale:
S221(E) A (Ss22(E)  Ss21a(E)  Sp22a(E))  A( 1)

This map can be programmed irMacaulay2 using PieriMaps as follows:

R=QQ[a..d]

needsPackage "PieriMaps"

f1= transpose pieri({3,2,2,0},{1,3},R)
f2=transpose pieri({3,2,1,1},{1,4},R)
f3=transpose pieri({2,2,2,1},{3,4},R)
f = transpose (f1||f2||f3)

S=QQ[a..d,y_0..y_9]
a2=symmetricPower(2,matrix{{a..d}})

alpha=sum(10,i->contract(a2_(0,i),sub(f,S))*y i)

We can then compute the resolution of coker() in Macaulay2 It has the form:
A A( D® A( 2P A( 3

Thus the cokernel of is an Ulrich module, and moreover we have:

Proposition 2.17. The cokernel of is an Ulrich module M of rank 2 supported
on the variety X 3,. The resolution of M is GL(E)-equivariant and it is:

F 132;2;1(E) A (SS;Z;Z(E) S3;2;1;1(E) S2;2;2;1(E)) A( 1)
(Ss221(E)  Ssz2a(E)  Ssep2(E)) A( 2)  (2.9)
S4;3;2;2(E) A( 3)

with ranks 20; 60; 60, 20. The dual complex of this resolution is also a resolution and
these two resolutions are isomorphic up to twist. We can visualize the resolution by:

| | N | |
0 M 0:

Proof. The argument concerning the support oM is exactly as in Proposition 2.12.

Now we prove that the minimal free resolution oM is of the form above, di er-
ently than in Proposition 2.12. To start, note that the moduleS,.,.,.1(E) occurs by
Pieri once in each of:

S322(E)  SoAE);  Szz211(E)  S2AE);  S21(E)  SAE):
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On the other hand, it occurs in:
S221(E)  SaS2(E)) = Sp21(E)  Sa(E)  Sp2a(E)  Sz2(E)

only twice, as seen using Pieri's rule and the Littlewood-Richardson rule. Thus
Ss.2.2.1(E) occurs at least once in the degree 2 part of ker. Similarly we see that
each ofSz3..1(E) and Ss.,.0.2(E) occurs at least once in ker() in degree 2. But

by the Macaulay2 computation before this Proposition, we know that ker() is a
module with 60 generators in degree 2. And the sum of the dimensions of these
three representations is 60. Hence each of them occurs exactly once in Kei
degree 2, and they generate ker].

Now let C be the 20-dimensional vector space generating key( Since the reso-
lution of M has length equal to codimi ), the module M is Cohen-Macaulay and
the dual of its resolution, obtained by applying Hom( ;! A) where! o = A( 4),is
again a resolution of Ex (M;! ). Thus the map fromC A( 3) to each of:

Su221(E)  A( 2); Szz21(E) A( 2); Ss222(E) A( 2)
is nonzero. In particularC maps nontrivially to:
S3;2;2;2(E) SZ(E) = S5;2;2;2(E) 84;3;2;2(E):

Each of the right-hand side representations have dimension 20, so one of them equals
C. However only the last one occurs i183.321(E) Sp(E), and soC = Sg3.2:2(E).
We have proven that the GLE )-equivariant minimal free resolution ofM indeed has
the form F .
For the statement about the dual, recall that each of the three components of

in degree 1 are nonzero. Also, as the dual complex is a resolution, here obtained by
applying Homa( ;! a) with ' o = A( 10), all three degree 1 components of are
nonzero. If we twist this dual resolution with ¢ *E) * A(7), the terms will be as
in the original resolution. Because each of the three nonzero components of the map

are uniquely determined up to scale, the resolutioR and its dual are isomorphic
up to twist. ]

Remark 2.18. Again the GL(E)-representations in this resolution could have been
computed using theMacaulay2 packageHighestWeights .

Proposition 2.19. The middle map in the resolution (2.9) is symmetric.
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Proof. We rst show that the three "diagonal' components of in (2.9) are symmetric:

Ss22(E)  SE) " Sizo1(E)
Ss211(E)  S2(E) * Ssszza(E)
S2221(E)  S2AE) ° Ssz22(E):
Twisting the third component 3 with (**E ) 2, it identi es as:
E SNE) E

and so 3 is obviously symmetric. Twisting the second map, with ~“E it identi es
as:

$21(E) SoAE)  S22a(E)=(S21(E)) (ME) %
which induces the map:

S1(E)  Szi(E) S(E)  (ME) %= Spz(E):

By the Littlewood-Richardson rule, the left tensor product containsS;.».»(E) with
multiplicity 1. By Corollary 5.5 in [19] or SchurRings in Macaulay?2 this is in
S2(S21(E)):

needsPackage "SchurRings"
S = schurRing(s,4,GroupActing=>"GL")
plethysm(s_2,s {2,1})

So by Fact 2.15, the component, is symmetric. The rst map ;1 may be identi ed
as:

Ss22(E)  S2(E)  (Ss22(E))  (ME) 4
which induces the map:

S322(E)  Szp22(E) S(E)  (ME) * = Susa(E):

Again by Littlewood-Richardson, S,.4.4.2(E) is contained with multiplicity 1 in the
left side. By Corollary 5.5 in [19] or the packag&churRings in Macaulay2 this is
in Sy(Ss22(E)):

needsPackage "SchurRings"
S = schurRing(s,4,GroupActing=>"GL")
plethysm(s_2,s {3,2,2})
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It is now convenient to tensor the resolution (2.9) by A*E ) 2, and to let:
T1= Spo0, 2(E); T2= Sio 1; 1(E); Tz = Spop0; 1(E):

We can then write the middle map as:

0 1
%1 2 0%
TACD T ACD T ACD 0 T, A(D T, ACD T, A2

(2.10)
Note indeed that the component:

Sio; 1; 1(E) SAE)= T2 Sy(E) T3 = Si(E)

must be zero, since the left tensor product does not contat® (E) by Pieri's rule.
Similarly the map Tz  S,(E) T, is zero.
We know the maps ;; , and 3 are symmetric. Consider:

T, A(CL "T, A(2;, T. ACL T, A( 2:

Since the resolution (2.9) is isomorphic to its dual, either both; and , are nonzero,
or they are both zero. Suppose both are nonzero. The dual of is (up to twist)
T

T, A( 1) * T, A( 2). Butsucha GL({E)-map is unique up to scalar, as is
easily seen by Pieri's rule. Thus whatever the case we can say that= ¢ J for
some nonzero scalaz . Similarly we get ; = ¢ ;. Composing the map (2.10) with
the automorphism on its right given by the block matrix:

0 1
1 0 O
@ c O0A:
0 0 c
we get a middle map:
0 o ol
1
B: & of
0
T, AL T, ACL) Ts A(L) TT,AC2) T, A(2) T, A( 2

where the diagonal maps are still symmetric, and; = ( 9)" and 1 =( 9. So we
get a symmetric map, and the result about follows. ]
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This second Ulrich module constructed above in Proposition 2.17 is a particular
instance of a general construction of Ulrich modules on the variety of symmetric
n n matrices of rank r; see [104], Section 6.3 and Exercise 34 in Section 6. We
brie y recall the general construction. LetW = C" and G be the Grassmannian
Gr(n r,W) of (n r)-dimensional subspaces diV. There is a tautological exact
sequence of algebraic vector bundles @t

0O!IK! W Og!Q! O

wherer is the rank of Q. Let X = X be the ane space of symmetricn n
matrices, and de neZ to be the incidence subvariety oKX G given by:

Z=f(W! W)(@EC" "l W)2X Gj i=0g

The variety Z is the a ne geometric bundle Vg(S,;(Q)) of the locally free sheaf
S;(Q) on the GrassmannianG. There is a commutative diagram:

z ! X, G
? 2
y y
XS, | X

in which Z is a desingularization ofX ... For any locally free sheafE, the Schur
functor S applies to give a new locally free she& (E). Consider then the locally
free sheaf:

E(n;r)= S(n r)f(Q) Sn r Ln r 2 ;l;O(K)

on the Grassmannian Gng  r;W). Note that S, ) (Q) = (det(Q))" " is a line

bundle andE(n;r) is a locally free sheaf of rank@2'). LetZ 1® Gbethe projection
map. By pullback we get the locally free shegh (E(n;r)) on Z. The pushforward

of this locally free sheaf down toX}, is an Ulrich sheaf on this variety. Sincex,

is a ne this corresponds to the module of global section$i®(Z;p E). The Ulrich
module in Proposition 2.17 is that module whem = 4 and r = 2. For our com-
putational purposes realized in Section 2.4, we worked out the equivariant minimal
free resolution as above. Interestingly, we do not know yet whether the “simpler'
Ulrich sheaf presented in Section 2.3, which is new to our knowledge, generalizes to

a construction for other varieties.
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2.4 The Chow form of the essential variety

Grassmannians and Chow divisors

The Grassmannian variety Gr¢;n+ 1) = Gr( P° *; P") parametrizes the linear sub-
spaces of dimensioe 1 in P, i.e the P° Y's in P". Such a linear subspace may be
given as the rowspace of a (n+ 1) matrix. The tuple of maximal minors of this
matrix is uniquely determined by the linear subspace up to scale. The number of

. . n+1 _ L
such minors is c Hence we get a well-de ned point in the projective space

P("") 1 This de nes an embedding of the Grassmannian Ge(n + 1) into that
projective space, called the Placker embedding. Somewhat more algebraically, let
W be a vector space of dimension + 1 and let P(W) be the space of lines ifW
through the origin. Then a linear subspac® of dimensioncin W de nes a line” ¢V

in "“W, and so it de nes a point in P(" W) = P("s") 1. Thus the Grassmannian
Gr(c; W) embeds intoP(" “W).

If X is a variety of codimensiortin a projective spaceP”, then a linear subspace of
dimensionc 1 will typically not intersect X . The set of points in the Grassmannian
Gr(c;n+1) that do have nonempty intersection with X forms a divisor in Gr(c;n+
1), called the Chow divisor. This is seen by counting dimensions in the incidence
diagram:

X X =f(x;L)2 X Gr(P° %L P") x2Lg! Gr(P° 1 P"):

In detalil, the bers of the left projection are isomorphic to Gr° 2;P" 1), so they
have dimension ¢ 1)(n c+1). We conclude that

dm(X)=(c 1)(n c+1l)+(n ¢=cn+1 ¢ L

Since the right arrow is degree 1 onto its image, that image has dimension dXr)(
which is 1 less than dim(Gr¢; n+ 1)). Next recall that the divisor class group of
Gr(c;n+ 1) is isomorphic to Z. Considering the Placker embedding Gr§; n + 1)

p("e") ! any hyperplane in the latter projective space intersects the Grassmannian
in a divisor which generates the divisor class group of Gx(n+1). This follows from

an application of [49, Chapter Il, Proposition 6.5(c)]. The homogeneous coordinate
ring of this projective spaceP(nzl) L= p(r°W) is Sym(* W ). Note that here» ‘W

are the linear forms, i.e. the elements of degree 1.Xf has degred, then its Chow
divisor is cut out by a single form Chi ) of degreed unique up to nonzero scale, called
the Chow form, in the coordinate ring of the Grassmannian Sym{(*W )=lg(cn+1) -
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As the parametersn;c;d increase, Chow forms become unwieldy to even store on
a computer le. Arguably, the most e cient (and useful) representations of Chow
forms are as determinants or Pfa ans of a matrix with entries in*"“W . As we
explain next, Ulrich sheaves can give such formulas.

Construction of Chow forms

We now explain how to obtain the Chow form ChK) of a variety X from an Ul-
rich sheafF whose support isX. The reference for this is [34, p. 552-553]. Let
M = 4zHOP";F(d)) be the graded module of twisted global sections over the

di may be represented by a matrixD; of size ; i+1, with entries in the linear
spaceW . Since (2.5) is a complex the product of two successive matrid@s ;D
is the zero matrix. Note that when we multiply the entries of these matrices, we are

Now comes the shift of view: LeB = [, AW be the exterior algebra on the
vector spaceW . We now consider the entries in theD; (which are all degree one
forms inA; = W = Bj) to be in the ring B instead. We then multiply together all
the matricesD; corresponding to the mapg,. The multiplications of the entries are
performed in the skew-commutative ringB. We then get a product:

D:Do D1 Dc 1;

wherec is the codimension of the varietyX which supportsF. If F has rankr and
the degree ofX is d, the matrix D is a nonzerord rd matrix. The entries in the
product D now lie in *“W . Now comes the second shift of view: We consider the
entries of D to be linear forms in the polynomial ring Sym{ ‘W ). Then we take
the determinant of D, computed in this polynomial ring, and get a form of degree
rd in Sym(*°“W ). When considered in the coordinate ring of the Grassmannian
Sym(*“W )=lg, then det(D) equals ther™ power of the Chow form ofX . For more
information on the fascinating links between the symmetric and exterior algebras,
the reader can start with the Bernstein-Gel'fand-Gel'fand correspondence as treated
in [32].

Skew-symmetry of the matrices computing the Chow form
of PX3,

In Section 2.3 we constructed two di erent Ulrich modules of rank 2 on the variety
P X3, of symmetric 4 4 matrices of rank 2. That variety has degree 10. The
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matrix D thus in both cases is 20 20, and its determinant is a square in Sym{(°*W )

as we now show. In fact, and here our analysis of the equivariant resolutions pays o,
the matrix D in both cases is skew-symmetric when we use the bases distinguished
by representation theory for the di erential matrices:

Lemma 2.20. Let A;B;C be matrices of linear forms in the exterior algebra. Their
products behave as follows under transposition:

1. (A B)'= BT AT
2.(A B C)T= CcT" BT AT.

Proof. Part (1) is becauseuv = vu whenu and v are linear forms in the exterior
algebra. Part (2) is becausevw = wvu for linear forms in the exterior algebra. [

The resolutions (2.6) and (2.9) of our two Ulrich sheaves, have the form:

F G G F (2.11)

Dualizing and twisting we get the resolution:

T T

F ' & @ F:

Since = T, both and T map isomorphically onto the same image. We can
therefore replace the map in (2.11) with T, and get the GL(E )-equivariant reso-
lution:

F G G @ E:

Let ; and _ T be the maps in the resolution above, but now considered to live over
the exterior algebra. The Chow form associated to the two Ulrich sheaves is then

the Pfa an of the matrix:
T.

Proposition 2.21.  The Chow formCh(P X}.,) constructed from the Ulrich sheaf is,
in each case, the Pfaan of a20 20 skew-symmetric matrix.

Proof. The Chow form squared is the determinant of___T and we have:

TT _T)T_T T — T. O
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Explicit matrices computing the Chow form of P X3

Even though our primary aim is to compute the Chow form of the essential variety,
we get explicit matrix formulas for the Chow form ofP X3, as a by-product of our
method. We carried out the computation in Proposition 2.21 irMacaulay2for both
Ulrich modules onP X3.,. We used the packag®ieriMaps to make matricesD; and
D, representing and with respect to the built-in choice of bases parametrized
by semistandard tableaux. We had to multiplyD, on the right by a change of basis
matrix to get a matrix representative with respect to dual bases, i.e. symmetric.
For example in the case of the rst Ulrich module (2.6) this change of basis matrix
computes the perfect pairingS;»(E) Ssz1(E) ! (**E) 3. Let us describe the
transposed inverse matrix that represents the dual pairing. Columns are labeled
by the semistandard Young tableauxS of shape (32), and rows are labeled by the
semistandard Young tableauxT of shape (33;1). The (S; T)-entry in the matrix is

obtained by tting together the tableau S and the tableauT rotated by 180 into a
0|0
tableau of shape (33;3;3), straightening, and then taking the coe cient of ; ;
3|3

To nish for each Ulrich module, we took the productD;D,D] over the exteri
algebra.

The two resulting explicit 20 20 skew-symmetric matrices are available asXiv
ancillary les or at this chapter's webpagé. Their Pfa ans equal the Chow form
of PXj,, which is an element in the homogeneous coordinate of the Gr{®) =
Gr(P? P°%. To get a feel for the size' of this Chow form, note that this ring is a

quotient of the polynomial ring Sym¢ 3Sym,(E)) in 120 Placker variables, denoted

BNEE

r

o

Placker quadrics. We can compute that the degree 10 piece where ©¥X},) lives
is a 108,284,013,552-dimensional vector space.
Both 20 20 matrices a ord extremely compact formulas for this special element.

atively prime integer coe cients. No more than 5 of thep-variables appear in any
entry. In the rst matrix, 96 o -diagonal entries equal 0. The matrices give new
expressions for one of the two irreducible factors of a discriminant studied since 1879
by [89] and as recently as 2011 [87], as we see next in Remark 2.22.

Remark 2.22. From the subject of plane curves, it is classical that every ternary
quartic form f 2 C[x;y; z]4 can be written asf = det(xA + yB + zC) for some 4 4
symmetric matricesA;B;C. Geometrically, this expresses V() inside the net of

 http://math.berkeley.edu/  —jkileel/ChowFormulas.html
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plane quadricshA; B; Ci as the locus of singular quadrics. By Theorem 7.5 of [87],
that plane quartic curve V(f ) is singular if and only if the Vinnikov discriminant:

( A;B;C)= M(A;B;C)P(A;B;C)?

evaluates to 0. HereM is a degree (1616; 16) polynomial known as the tact invariant
and P is a degree (1010, 10) polynomial. The factor P equals the Chow form
Ch(P X3.,) after substituting Placker coordinates for Stiefel coordinates:

0 1
Qijj, iy, Qigjs
Pfisj1iiziziisjsg = det @hljl bz]z bsjsA
Giji  Gjz  Gijs
Explicit matrices computing the Chow form of Ec

We now can put everything together and solve the problem raised by Agarwal, Lee,
Sturmfels and Thomas in [1] of computing the Chow form of the essential variety. In
Proposition 2.7, we constructed a linear embedding; P® | P° that restricts to an
embeddingE: ! PX;,. Both of our Ulrich sheaves supported or® X 3., pull back
to Ulrich sheaves supported orkc, and their minimal free resolutions pull back to
minimal free resolutions:

s s s t

sF s G sG sF:

Here we veri ed in Macaulay2that s quotients by a linear form that is a nonzero
divisor for the two Ulrich modules. So, to get the Chow form CHhf:) from Propo-
sitions 2.12 and 2.17, we took matriceB; and D, symmetrized from above, and
applied s . That amounts to substituting x; = s(M); , wheres(M) is from Section
2.2. We then multiplied D1D2DI, which is a product of a 20 60, a 60 60 and a
60 20 matrix, over the exterior algebra.

The two resulting explicit 20 20 skew-symmetric matrices are available at the
chapter's webpage. Their Pfa ans equal the Chow form ok, which is an element
in the homogeneous coordinate of GP¢; P®). We denote that ring as the polynomial

guadrics. Here ChE) lives in the 9,386,849,472-dimensional subspace of degree 10
elements.
Both matrices are excellent representations of CB{). Their entries are linear

216 in absolute value. In the rst matrix, 96 o -diagonal entries vanish, and no
entries have full support.
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Bringing this back to computer vision, we can now prove our main result stated
in Section 2.1:

Proof of Theorem2.1 We rst construct M (x("; y(), and then we prove that it has
the desired properties. For the construction, leZ denote the 6 9 matrix:

0 1

X B I
N S R N S T
IR N N R G
X YO I I O
JIXD YD YO P IR P D D 1
I R Y ST R

be the determinant ofZ with columnsi;j;k removed, and substitute into either of
20 20 skew-symmetric matrices above that compute the Chow form ). This
constructsM (x; y™),

Observe thatM (xV;y) drops rank if and only if the subspace ke®) P®
intersectskEc. This follows by de nition of the Chow form, since the Placker coordi-
nates of kergZ) equal the maximal minors ofZ whenZ is full-rank [43, p. 94]. Said
di erently:

M (x®:y®) dropsrank () 9 M 2Ec suchthat8i=1;:::6
0
yO oy 1 M B0k =00 (212)
1

Indeed, (2.12) is a linear system foM 2 Ec, while Z is the coe cient matrix of that
system.

In the rest of the proof of Theorem 2.1, we relate solutions of:@® to solutions of
(2:12). As goes computer vision parlance, we will move between cameras and world
points to relative poses, and then back. In the rst direction, givenf (x;y)g,

G:=1g2GL4;C)j(gj)rij 32SOBC)and 1= gso = A3 =0g
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equals the stabilizer of the set of calibrated camera matrices insi@é *, with respect
to right multiplication. We now make two simplifying assumptions about our solu-
tion to (2:1).

Without loss of generality, A =[id 3 3j0]. For otherwise, selecg 2 G so that

(2:1).

Denoting B = [Rjt] for R 2 SO(3C) and t 2 C3, then without loss of
generality, t 6 0. For otherwise, we may zero out the last coordinate of each

R and replaceB by [Rjt%] for any t°2 C3, and then we still have a solution
to the system (21).

0 i3 tzl
Denote t] = @ t; 0 t; A. SetM =[t] R. ThenM 2 Ec andM is a
to ty, O
solution to (2.12), as for ezﬁ:h :11; :::;6 we have:

N0

1
Wy 1 M BOR (B20) M (ag0)
1

= 90 [Rjt]T[t] R[ids 5j0] L0

= 20" [RjOTT[t] [RjO] RO
=0:

Here the second-to-last equality is because [t] = 0, and the last equality is
because the matrix in parentheses is skew-symmetric. We have shown the second
sentence in Theorem 2.1.

Conversely, givenf (x(V:y™)g, let us start with a solution M 2 Ec to system
(2.12). From this, we will produce a solution to (2.1)provided thatM is su ciently
nice. More precisely, assume:

1. M may be factored as a skew-symmetric matrix times a rotation matrix, i.e.
M =[t] R wheret2 C®andR 2 SO(3C).

. . . . T
2. Fori=1;:::;6,we have y{» y¥ 1 M60andM x{ x{? 1 so0.
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For readers of [48, Section 9.2.4], condition 2 means th&(x;y")g avoids the
epipolesof M. Supposing conditions 1 and 2 hold, we se& = [id3; 3j0] and
B = [Rjt]. Then there exists®® 2 P3 such that AR ) and BRO .
Indeed (droppingi for convenience), we take€ = x; x, 1 OT Wtiere 2 C

satises Re+ t g To ndsuch ,wesolve Re t ¢, @ A =0 for

;2 Cwith 60. These equations are soluble since:

0=¢'Me = ¢'[t] Re = det Re t ¢ by Laplace expansion along the
third column.

06 Meg=t Rer ) columnst and Re are linearly independent. Likewise,
06 ¢ M =g [t] R ) columnseandt are linearly independent.

given an essential matrixM satisfying the epipolar constraints (21.2) as well as the
two regularity conditions above. To complete the proof of Theorem 2.1, it is enough
to show that in the variety of point correspondences (x;y))g where (212) is
soluble, there is a dense, open subset of point correspondences where all solutions
M 2 Ec satisfy conditions 1 and 2 above.

To this end, consider the diagram below, with projections; and , respectively:

(c2 c?»° (C2 C»® Ec!'E c

Inside (C*> C?°® E  with coordinates x;y; M), we consider three incidence vari-
eties:

T . .
lo:= Xxy;M J(') M R0 =0 foreach i=1;:::;6
l.:=  Xxy;M 2I1o M does notfactoras M =[t] R foranyt2 C%R 2 SO(3C)
. T .
|5 := X;y;M 219 M 80 =0 or );(') M =0 for somei=1;::::6

So, 1(lo) is the variety of point correspondences where (2.12) is soluble, i.e. the
hypersurfaceV det(M (xV;y(My) (C?2 C?»% while 1(lo)n (1) 1(12)
consists of those point correspondences where (2.12) is soluble and all solutions to
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(2.12) satisfy conditions 1 and 2 above. We will show that,(l ;) and .(l,) are
closed subvarieties with dimensior 23.

For I 1, note that ,(I;) E ¢ is a closed subvariety, the complement of the open
orbit from the proof of Proposition 2.2, i.e. the 4-dimensional Targ§). Also each
ber of ,j, is 18-dimensional. It follows thatl ; is closed and 22-dimensional. So

1(I'1) is closed and has dimension 22.

Next for | ,, note that ,j,;, surjects ontoE: and has general bers that are 17-
dimensional. Sdl , is closed and 22-dimensional, implying that 1(1 ;) is closed and
has dimension 22.

At this point, we have shown the converse in Theorem 2.1, and this completes
the proof. m

We illustrate the main theorem with two examples. Note that since the rst
example is a “positive’, it is a strong (and reassuring) check of correctness for our
formulas.

Example 2.23. Consider the image data of 6 point correspondencé@fﬁ);)ﬁ(‘)) 2

P2 P?ji =1;:::;mg given by the corresponding rows of the two matrices:
0 s o8 16
0 0 1 11 11
11 75
1 22 22
0 2 1 E 3_4 1
Ho1=F 3 o jo1= g2
3 5, 20 !
2 2 11
1 1_ 1 7 7
7 9 3
4 4

In this example, they do come from world points? ) 2 P? and calibrated cameras
A;B:

0 1 0 1
00 2 1 74 4
0 1 9 9 9
é;zlt 1000 94912
g = : A=@ 1 0 A; B = - -0
3 0 1 9 9 9
0010
5 2 ¥ 4 8 1
7 1 7 1 5 9 g !



CHAPTER 2. TWO CAMERAS 34

To detect this, we form the 6 9 matrix Z from the proof of Theorem 2.1

0 1
8 16
0 0 5 0 0 37 0 0
7 775 5 5 .
22 22 22 22 22 22
4 8 17 34 1
- = = Sl
S - O 2920 © 2020 % 2
51 17
55 0 55 3 0 1 30
3 5 1 3 5 1 3 5
14 14 7 14 14 7 2 2
s 8 9 8 3 3 . 1
4 28 4 4 28 4 7

We substitute the maximal minors of Z into the matrices computing ChEc) in
Macaulay2 The determinant command then outputs 0. This computation recovers

the fact that the point correspondences are images of 6 world points under a pair of
calibrated cameras.

Example 2.24. Random dataf(x”;y)) 2 R? R?ji = 1;:::;69 is expected to
land outside the Chow divisor ofEc. We made an instance using theandom(QQ)
command inMacaulay2for each coordinate of image point. The coordinates ranged

1 . . I
from 3 to 5 in absolute value. We carried out the substitution from Example 2.23,

and got two full-rank skew-symmetric matrices with Pfaans 55 10% and
1:3 107, respectively. These matrices certi ed that the system (2.1) admits no
solutions for that random input.

The following proposition is based on general properties of Chow forms, collec-
tively known as the U-resultant method to solve zero-dimensional polynomial sys-
tems. In our situation, it gives a connection with the " ve-point algorithm' for
computing essential matrices. The proposition is computationally ine cient as-is
for that purpose, but see [80] for a more e cient algorithm that would exploit our
matrix formulas for Ch(Ec). Implementing the algorithms in [80] for our matrices is
one avenue for future work.

Proposition 2.25. Given a generic5-tuple f (x(;y")) 2 R?  R?ji =1;:::;5¢, if
we make the substitution from the proof of Theorer2.1, then the Chow formCh(Ec)
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specializes to a polynomial irR[x(f);X(zG);ng);yée)]. Over C, this specialization com-

pletely splits as: 0 1
«(©)

0 1
YO Ve 1 MO Bok:
1

i=1

tuple.

Proof. By the proof of Theorem 2.1, any zero of the above product is a zero of the
specialization of Chg:). By Hilbert's Nullstellensatz, this implies that the product
divides the specialization. But both polynomials are inhomogeneous of degree 20, so
they are . 0

2.5 Numerical experiments with noisy point
correspondences

In this section, we step back from the algebraic derivation above, and evaluate the
output on noisy data. Commonly, a shortcoming in applications of algebra is that
exact formulae cannot handle inexact data. In the present case, correctly matched
point pairs come to the computer vision practitioner with noise, from the optical
process in the camera itself as well as from pixelation. See Chapter 4 for a treatment
of the related issue of image distortion.

Question 2.26. While in Theorem 2.1 the matrix M (x;y) drops rank when there is
an exact solution to(2.1), how can we tell if there is an approximate solution?

Since we have a matrix formula instead of a gigantic fully expanded polynomial
formula, there is a positive answer to Question 2.26. We calculate the Singular Value
Decomposition of the matricesM (x;y) from Theorem 2.1, when a noisy six-tuple
of image point correspondences is plugged in. An approximately rank-de cient SVD
is expected when there exists an approximate solution to:@®, as Singular Value
Decomposition is numerically stable [26, Section 5.2]. In a slogan: giveratrix
formulas, we look atspectral gaps in the presence of noise.

Here is experimental evidence this works. For experiments, we assumed uniform
noise from unif[ 10 "; 10 "]; this arises in image processing from pixelation [14,
Section 4.5]. For eachh = 1; 1.5; 2; :::; 15, we executed 500 of the following trials:
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15 [ T -
()]
> —e— matrix from rst sheaf
n - -+ - matrix from second sheaf
€
S 10 a
[S—
©
[
2
0
() I .
o 5
©
S
g
<
0 L | | | ]

| | | | |
0O 2 4 6 8 10 12 14 16
Accuracy of point correspondences

Figure 2.1: Both matrices from Theorem 2.1 detect approximately consistent point pairs.

Pseudo-randomly generate an exact six-tuple of image point correspondences
f(xO;y0)2 Q% Q%ji=1;:::;6g
with coordinates of sizeO(1).

Corrupt each image coordinate in the six-tuple by adding an independent and
identically distributed sample fromunif[ 10 '; 10 "].

Compute the SVD's of boti20 20 matrices M (x;y), derived from the rst

and second Ulrich sheaf respectively, with the above noisy image coordinates
plugged in.

These experiments were performed iNMacaulay2 using double precision for all
oating-point arithmetic. Since it is a little subtle, we elaborate on our algorithm to

pseudo-randomly generate exact correspondences in the rst bullet. It breaks into
three steps:

1. Generate calibrated cameraé;B 2 Q° *. To do this, we sample twice from
the Haar measure on SO(3R) and sample twice from the uniform measure on
the radius 2 ball centered at the origin inR®. Then we concatenate nearby
points in SO(3 Q) and Q3 to obtain A and B. To nd the nearby rotations,

we pullback underR® ! S3nfNg! SO(3R), we take nearby points inQ?,
and then we pushforward.
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times from the uniform measure on the radius 6 ball centered at the origin in
R® (a choice tting with some real-world data) and then we replace those by
nearby points in Q3.

3. Setd®  ARO and 90 BRO.

The most striking takeaway of our experiments is stated in the following result
concerning the bottom spectral gaps we observed. Bear in mind that sinbe(X;y)
is skew-symmetric, its singular values occur with multiplicity two, so 19(M (X;y)) =

20(M (x;y)).
Empirical Fact 2.27. In the experiments described above, we observed for both

matrices: M (xy))
18 X.¥)) _ )
oM iy - OO

Here M (x;y) has r-noisy image coordinates, and; denotes the' largest singular
value.

18(M (X))

Fi 2.1 ab lots L
igure 2.1 above plots Log, (M (<)

averaged over the 500 trials against.

In this chapter, we resolved an open problem raised by Sameer Agarwal, vi-
sion expert at Google Research, by characterizing consistent point pairs across two
calibrated views. Our output is an explicit matrix formula, robust to noisy measure-
ments, which could be used for screening out wrongly matched point pairs inside
RANSAC loops. Our derivation combined the algebraic theory of Ulrich sheaves
with a geometric study based on secant varieties. In particular, we constructed a
new low rank equivariant Ulrich sheaf supported on a determinantal variety.
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Chapter 3

Three Cameras

This chapter is mostly based on my single-authored paper [61] about the recovery of
3 calibrated cameras from image data, to be published in tHf&AM Journal on Ap-
plied Algebra and GeometryThe last section presents a general-purpose homotopy-
continuation software for implicitization in computational algebraic geometry, joint
with Justin Chen [21], currently submitted for publication and publicly released.

3.1 Introduction

As described in Chapter 1, 3D reconstruction is a fundamental task in computer
vision, i.e. the recovery of three-dimensional scene geometry from two-dimensional
images. In 1981, Fischler and Bolles proposed a methodology for 3D reconstruction
that is robust to outliers in image data [37]. This is known as Random Sampling
Consensus (RANSAC) and it is a paradigm in vision today [2]. RANSAC consists
of three steps. Sketching the approach again, to compute a piece of the 3D scene:

Points, lines and other features that are images of the same source are detected
in the photos. These matches are themage data

A minimal sample of image data is randomly selectedMinimal means that
only a positive nite number of 3D geometries are exactly consistent with the
sample. Those 3D geometries are computed.

To each computed 3D geometry, the rest of the image data is compared. If one
is approximately consistent with enough of the image data, it is kept. Else, the
second step is repeated with a new sample.
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Computing the nitely many 3D geometries is called aminimal problem Typi-
cally, it is done by solving a corresponding zero-dimensional polynomial system, with
coe cients that are functions of the sampled image data [64]. Since this step is car-
ried out thousands of times in a full reconstruction, it is necessary to design e cient,
specialized solvers. One of the most usadinimal solversin vision is Niser's [82],
based on Gmbner bases, to recover the relative position of two calibrated cameras.
In Chapter 2 we considered a closely related problem about two calibrated cameras.

The concern of this chapter is the recovery of the relative position tfiree cal-
ibrated cameras from image data. To our knowledge, no satisfactory solution to
this basic problem exists in the literature. Passing from two views to three views
introduces a zoo of problems. Now feature lines, in addition to feature points, may
be matched across images to recover camera positions. Our main result is the de-
termination of the algebraic degreef 66 minimal problems for the recovery of three
calibrated cameras; in other words, we nd the generic number of complex solutions
(see Theorem 3.6). Solution sets for particular random instances are available at:

https://math.berkeley.edu/ ~jkileel/CalibratedMinimalProblems.html

As a by-product, we can derive minimal solvers for each case. Our techniques
come fromnumerical algebraic geometry92], and we rely on the homotopy contin-
uation software Bertini  [10]. This implies that our results are correct only with
very high probability; in ideal arithmetic, with probability 1. Mathematically, the
main object in this chapter is a particular projective algebraic varietyT.,, which is
a convenient moduli space for the relative position of three calibrated cameras. This
variety is 11-dimensional, degree 4912 inside the projective sp&®® of 3 3 3
tensors (see Theorem 3.26). We call it thealibrated trifocal variety. Theorem 3.28
formulates our minimal problems as slicind .. by special linear subspaces ¢¥®.

The rest of this chapter is organized as follows. In Section 3.2, we make our min-
imal problems mathematically precise and we state Theorem 3.6. In Section 3.3, we
examine image correspondences using multiview varieties and then trifocal tensors
[48, Chapter 15]. In Section 3.4, we prove that trifocal tensors and camera con gura-
tions are equivalent. In Section 3.5, we introduce the calibrated trifocal variety.y
and prove several useful facts. Finally, in Section 3.6, we present a computational
proof of the main result Theorem 3.6. In the last Section 3.7, we switch gears and
present our Macaulay?2 software package for implicitization in computational alge-
braic geometry. Numericallmplicitization is based on homotopy continuation,
and my interest in writing general-purpose numerical algebraic geometry code grew
out my approach to the minimal problems in Theorem 3.6.
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3.2 Statement of main result

We begin by giving several de nitions. Throughout this chapter, we work with the
standard camera model of the projective camera [48, Section 6.2].

De nition 3.1. A (projective) camerais a full rank 3 4 matrix in C* * de ned
up to multiplication by a nonzero scalar.

Thus, as noted in Section 1.1, a camera corresponds to a linear project®h99K
P2. The center of a cameraA is the point ker(A) 2 P°. A cameraisreal if A 2 R® 4.

De nition 3.2. A calibrated camerais a 3 4 matrix in C® % whose left3 3
submatrix is in the special orthogonal grougO(3 C).

Real calibrated cameras have the interpretation of cameras with known and nor-
malized internal parameters (e.g. focal length) [48, Subsection 6.2.4]. In practical
situations, this information can be available during 3D reconstruction. Note that cal-
ibration of a camera is preserved by right multiplication by elements of the following
subgroup of GL(4 C):

G:=fg2C* *j(gj)1ij 32 SOBC); a1 = Guz= Gz =0and gy 6 0g:

Elements inG act on A®  P?® as composites of rotations, translations and central
dilations. In the calibrated case of 3D reconstruction, one aims to recover camera po-
sitions (and afterwards the 3D scene) up to those motions, since recovery of absolute
positions is not possible from image data alone.

De nition 3.3. A con guration of three calibrated cameras is an orbit of the action
of the group G above on the set:

f(A;B;C)jA;B;C are calibrated camerag
via simultaneous right multiplication.

By abuse of notation, we will call &;B;C) a calibrated camera con guration,
instead of always denoting the orbit containing A; B; C).

As mentioned in Section 3.1, the image data used in 3D reconstruction typically
are points and lines in the photos that match. This is made precise as follows. Call
elements ofP? image points and elements of the dual projective planeR?)- image
lines. An element of P*t (P?)-) 2is apoint/line image correspondence For example,
an element ofP> P? (P?)- is called a point-point-line image correspondence,
denotedPPL .
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De nition 3.4. A calibrated camera con guration (A;B;C) is consistent with a
given point/line image correspondence if there exist a point iR* and a line in P
containing it such that are such that(A;B; C) respectively map these to the given
points and lines inP>.

For example, explicitly, a con guration (A; B; C) is consistent with a given point-
point-line image correspondencex(x%% 2 P> P> (P?)- if there exist (X;L) 2
P> Gr(PY;P?) with X 2 L suchthatAX = x;BX = x%andCL = "% In particular,
this implies that X 6 ker(A); ker(B) and ker(C) Z L. We say that a con guration
(A; B; C) is consistent with a set of point/line correspondences if it is consistent with
each correspondence.

Example 3.5. Given the following set of real, random correspondencés:

2 32 3 2 3 2 32 3 2 3
0:6132 ~0:4599  0:6863 0:6251 ~0:3232  0:3646

PPP : 40:854% ; 40:5713 ; 40:4508 PPL : 40:924& ; 40:545% : 40:149P
0:5979 0:1812  0:1834 0:9849 0:6941 0:1364
2 3 2 3 2 3 2 3 2 3 2
0:4970 ~ 0:5405 ~ 0:2692 0:2896  0:6898  0:6519

PPL : 40:6530 ; 40:8340 ; 40:8861° PPL : 40:6909 ; 40:985% ; 40:846P
0:84293 20:67343 20:13333 0:4914  0:6777 0:6855

0:8933 0:7062  0:3328
PPL : 40:3375 ; 40:666% ; 40:8228 :

0:1054  0:7141  0:6781
In the notation of Theorem 3.6, this is a generic instance of the minimal problem
"1PPP + 4 PPL". Up to the action of G, there are only a positive nite number of
three calibrated cameras that are exactly consistent with this image data, namely 160
complex con gurations. For this instance, it turns out that 18 of those con gurations
are real. For example, one is:

1 0 0 O 0:22 095 0:18 1 0:17 0:94 0:28 1:41
A=0 10 0:B= 09 024 008 144 ;:C= 095 022 0:18 0:13 :
0O 0 1 o 0:12 015 0:.97 0:.97 0:24 0:23 0:94 1:16

In a RANSAC run for 3D reconstruction, the image data above is identi ed by feature
detection software such aSIFT [73]. Also, only the real con gurations are compared
for agreement with further image data.

In Example 3.5 above, 160 is thalgebraic degre®f the minimal problem "1PPP +
4 PPL'. This means that for correspondences in a nonempty Zariski open (hence
measure 1) subset of f@ P?> P?) (P> P? (P%»-) % there are 160 consis-
tent complex con gurations. Given generic real correspondences, the number of real
con gurations varies, but 160 is an upper bound.

LFor ease of presentation, double precision oating point numbers are truncated here.
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Theorem 3.6. The rows of the following table display the algebraic degree @&
minimal problems across three calibrated views. Given generic point/line image cor-
respondences in the amount speci ed by the entries in the rst ve columns, then
the number of calibrated camera con gurations oveC that are consistent with those
correspondences equals the entry in the sixth column.

[[ # PPP [ # PPL [ # PLP [ # LLL [ # PLL [[ #con gurations ”

272
216
448
424
528
424
736
304
648
1072
160
520
360
520
672
552
912
408
704
1040
496
896
1344
368
736
1184
1672
360
696
1176
1680
2272
160
616
456
616
1152
880
1280
672
1008
1408
1168
1680
1032
1520
2072
800
1296
1848
2464
1016
1552
2144
2800
912
1456
2088
2808
3592
920
1464
2176
3024
3936
4912

OO O| O] O| O] O|O|O| O O| | | | | O O] O O | | = N N| O O| Of | | N| O O| | O] O O] O O] O O] O| O O| | | | O] O O| | | N O] Of | O O] O O O| O | O O| O O
O | N W| & U O | N W[ B Of | N W] Of | N W| Of K| N Of K| Of | N Of | O] Of k| O O Of | N[ W] & Of K| N W[ Of | N O RN Of | O O K| O] O O| K| N O| kO] O O| k| O
2l o] N o1l vl | ©f N u1f wof ik ~| a1l w| | ~| G wl | a1l Wl Ff W] =] u1f w| kW] R | W] R ] R 0| of & N o] of K| of &N of B M| Of Nf O of N of O Of U1l Wl | Wl | | | N o] of

O O] O O] O Of | | | [ | [ [ = NN N N N[ N R N N W W W W W W[ & B KO OO O O Of | | [ | [ ] [ N N[ N N N N W] Wf W[ & O] Of Of | || N O| Of H

O|O| O O] O O] O| O O| O O| O O| O O| O O| O| O| O O| O O] O| O| O| O O| O O| O| O| O O F| F| R | R | | R[] R R R R B[R R N N[ N[N NN N W] W W)
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Remark 3.7. A calibrated camera con guration (A; B; C) has 11 degrees of freedom
(Theorem 3.26), and the rst ve columns in the table above represent conditions of
codimension 32; 2; 2; 1; respectively (Theorem 3.28).

Remark 3.8. The algebraic degrees in Theorem 3.6 are intrinsic to the underlying
camera geometry. However, our method of proof uses a device from multiview ge-
ometry called trifocal tensors, which breaks symmetry betweed\(B; C). There are
other minimal problems for three calibrated views involving image correspondences
of type LPP , LPL , LLP . These also possess intrinsic algebraic degrees; but they
are not covered by the non-symmetric proof technique used here.

3.3 Correspondences

In this section, we examine point/line image correspondences. In the rst part,
we usemultiview varieties to describe correspondences. This approach furnishes
exact polynomial systems for the minimal problems in Theorem 3.6. However, each
parametrized system has a di erent structure (in terms of number and degrees of
equations). This would force a direct analysis for Theorem 3.6 to proceed case-
by-case, and moreover, each system so obtained is computationally unwieldy. In
Subsection 3.3, we recall the construction of thieifocal tensor [48, Chapter 15]. This

is a point Tag.c 2 C3 2 2 associated to camerasA;B;C). It encodes necessary
conditions for (A;B;C) to be consistent with di erent types of correspondences.
Tractable relaxations to the minimal problems in Theorem 3.6 are thus obtained,
each with similar structure. We emphasize that everything in Section 3.3 applies
equally to calibrated camerasA;B; C) as well as to uncalibrated cameras.

multiview varieties

Let A;B;C 2 C*® * be three projective cameras, not necessarily calibrated. Denote
by :P®99KPi, :P®99KP3, :P°99KPZ the corresponding linear projections.
We make:

De nition 3.9.  Fix projective camerasA; B; C as above. Denote b¥ ", the inci-
dence variety (X;L)2 P®* Gr(P;;P®) X 2L . Then the

PLL multiview variety denotedX Jg.c is the closure of the image of

F o1 99KPZ  (P3)-  (P2)-; (X;L) 7! (X); (L); (L)
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LLL multiview variety denotedX zg.c is the closure of the image of
Gr(P,P°) 99K(PR)-  (Pg)- (PE)-sL 7! (L); (L); (L)
PPL multiview variety denotedX g5 is the closure of the image of

Flo1 99KPA  P3  (P2)-; (X;L) 70 (X); (X); (L)

PLP multiview variety denotedX ia.c is the closure of the image of

Flo1 99KPZ  (P3)- PZ; (X;L) 7! (X); (L); (X)

PPP multiview variety denotedX g is the closure of the image of

PPOOKP: P3 PZ; X 7! (X); (X); (X):

Next, we give the dimension and equations for these multiview varieties; the
PPP case has appeared in [5]. In the following, we notate2 Pz, x°2 P3, x°°2 P2
for image points and™ 2 (P%)-, %2 (P3)-, "%°2 (P2)- for image lines. Also, we
postpone treatment of thePLL case to Subsection 3.3. In particular, the trilinear
form Tag.c (x;°% % will be de ned there.

Theorem 3.10. Fix A;B;C. The multiview varieties from De nition 3.9 are irre-
ducible. If A;B;C have linearly independent centers i, then the varieties have
the following dimensions and multi-homogeneous prime ideals.

dim(X fgc ) =5 and | (Xagic ) = HTagc (%% Clxi; ‘J-O; 0

dim(Xsgc) = 4 and | (X s8¢ Cli;"% W is generated by the maximal

minors of the matrix AT> BT° CT‘OO4 .

dim(Xagic ) = 4 and) 1 (XR5:c) 1 Clxi;x{; "\ is generated by the maximal

A x O
minors of the matrix @ B 0 x%A
%c 0 0

76

dim(Xagc) = 4 ang) 1 (XREc) 1 Clxi; {;x] is generated by the maximal

A x O
minors of the matrix @ C 0 x°A
"B 0 0

76
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dim(X agc) = 3 ang (X ) 1C[xi;xjo; x%} is generated by the maximal
A x 0 O

minors of the matrix@B 0 x° 0A  together withdet A X 00 and
00 B 0 x
C 0 0 x4, 6 6
A x O B x° 0
det C 0 x® . and det C 0 x® .

Proof. Irreducibility is clear from De nition 3.9. For the dimension and prime ideal
statements, we may assume that:

2 3 2 3 2 3
1000 1000 1000
A=40 1 0 ®:B=401 0 ®;C=400 1 :
0010 0001 0001

This is without loss of generality in light of the following group symmetries. Let
g:d* g2 SL(3:C) and h 2 SL(4;C). To illustrate, consider the third case above,
andletJigc  CIx;;x}; ¢ be the ideal generated by the maximal minors mentioned
there. It is straightforward to check that:

| (XAPII:;lI_Bh;Ch )=1 (XAP;FI;L;C) and ‘]Apllwa;léh;Ch = JE;FE}C :
Also, we can check that:
I (XgAP;LgoB; gO‘C) = ( g, 907 A2909 I (XAP;PBIFC )
and ‘]g:;LgOB; g°c = (g’ gO; (goq) 1) ‘]AP;PBI?C :

Here the left, linear action of SL(3C) SL(3;C) SL(3;C) on C[x;;x; {1 is via
(0; A xS % = f(g %g° x5¢® "% for f 2 Clxi;x; M. Also, ~?g*=
(g°®) 2 C3 3. So, for thePPL case,l and J transform in the same way when
(A;B;C) is replaced by gAh;gBh;g°Ch); in the other cases, this holds similarly.
Assuming that A; B; C have linearly independent centers, we may chooged® g°°h

to harmlessly move the cameras into the position above. Now using the computer
algebra systemMacaulay?2 [44], we verify the dimension and prime ideal statements
for this special position. O

Remark 3.11. In Theorem 3.10, ifA; B; C do not have linearly independent centers,
then the minors described still vanish on the multiview varieties, by continuity in
(A;B; C).
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Now, certainly a point/line correspondence that is consistent with4; B; C) lies
in the appropriate multiview variety; consistency means that the correspondence is
a point in the set-theoreticimage of the appropriate rational map in De nition 3.9.
Since the multiview varieties are the Zariski closures of those set-theoretic images,
care is needed to make a converse. We require:

De nition 3.12. Let A;B; C be three projective cameras with distinct centers. The
epipoledenotede; , is the point (ker(B)) 2 P4. That is, e; , is the image under
A of the center ofB. Epipolese; 3;e, 1;€, 3;€3 1;€3 » are de ned similarly.

Lemma 3.13. Let A;B;C be three projective cameras with distinct centers. Let
2 (P>t (P»)-) 3. Assume this point/line correspondenceavoids epipoles For
example, if = (x;x%% 2 P2 P3 (P2)-, avoidance of epipoles means that
X6 e; o6, 3.X°6 e, 1;e, 3; and "63e; 1;e;3 .. Then is consistent with

(A;B;C) if s in the suitable multiview variety.

Proof. Assuming that isinthe multiview variety, then satis es the equations from
Theorem 3.10. This is equivalent to containment conditions on thback-projections
of , without any hypothesis on the centers oA;B; C.

We spell this out for thePPL case, where = (x;x% %92 P P35 (P%)-. Here
the back-projections are the lines (x); (x99 P*®andthe plane (% P2
The minors from Theorem 3.10 vanish if and only if there existsX(L ) 2 F "o.; such
that X 2 (x), X 2 (x%andL 19, To see this, note that the minors
vanish only if:

10 1 0 1
A x O X X
@B 0 xA@ A =0 forsomenonzero @ A 2 CS:
‘O[]FC 0 O 0 0

whereX 2 C* 2 Cand °2 C. Sincex;x°2 C2 are nonzero, it follows thatX

is nonzero, and so de nes a poinK 2 P®. From AX = x, the line (x) P?
contains X 2 P3. Similarly AX = % impliesX 2  1(x9. Thirdly, "°%®CX =0

says that X lies on the plane ("%  P3. Now taking any lineL  P® with

X 2L 1% produces a satisfactory point X;L) 2 F "1, and reversing the
argument gives the converse.

Returning to the lemma, since avoids epipoles, the back-projections of avoid
the centers ofA; B; C. In the PPL case, this implies that ;L) avoids the centers
of A;B;C. Thus (X;L ) witnesses consistency, becaus¢X) = x; (X)= x% (L) =
*% The other cases are nished similarly. O
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The results of this subsection have provided tight equational formulations for a
camera con guration and a point/line image correspondence to be consistent. This
leads to a parametrized system of polynomial equations for each minimal problem
in Theorem 3.6. For instance, for the minimal problem "PPP + 4 PPL ', the
unknowns are the entries ofA;B;C, up to the action of the group G. Due to

9 7 . . . ,
Theorem 3.10, there are » +3+4 5 = 67 quartic equations. Their coe cients

are parametrized cubically and quadratically by the image data inRg)**  (P?)- “.
Since this parameter space is irreducible, to nd the generic number of solutions
to the system, we may specialize tone random instance, such as in Example 3.5.
Nonetheless, solving a single instance of this system { "as is' { is computationally
intractable, let alone solving systems for the other minimal problems present in
Theorem 3.6.

The way out is to nontrivially replace the above systems with other systems,
which enlarge the solution sets but amount to accessible computations. This key
maneuver is based ottrifocal tensors from multiview geometry. Before doing so, we
justify calling the problems in Theorem 3.6 minimal.

Proposition 3.14. For each problem in Theorenf.6, given generic correspondence
data, there is a nite numberf of solutions, i.e. calibrated camera con gurations
(A; B; C). Moreover, solutions have linearly independent centers.

Proof. For calibrated A;B;C, we may act byGsoA = I3 3 0,B = Ry t;
and C = R3; t3 whereR,; R3 2 SO(3C) and t,;t; 2 C3. Furthermore, t, and t;
may be jointly scaled. Thus, ifA; B; C have non-identical centers, we get a point in
SO(3C) 2 P®. This point is unique and con gurations with non-identical centers
are in bijection with SO(3,C) 2 P®.

Now consider one of the minimal problems from Theorem 3.6y;PPP +w,PPL +
wsPLP +wyLLL + wsPLL '. Notice that the problems in Theorem 3.6, are those for
which the weights (vy; Wo; Wa; Wa; Ws) 2 Z o satisfy 3w, +2w, + 2wz +2w,+ ws = 11
andw, ws. Image correspondence data is a point in the produél, := (P> P?

P " (PP (PP (PH)-) M.
Consider the incidence diagram:
SO(3C) 2 P° ID

where := f (A;B;C);d 2 SO(3C) 2 P> D yj(A;B;C) and d are consisteng

and where the arrows are projections. The left map is surjective and a general ber
is a product of multiview varieties described by Theorem 3.10. In particular, the

2 This number is shown to be positive in the proof of Theorem 3.6.
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ber has dimension 3v; + 4w, + 4wz +4w, +5ws. Therefore, by [31, Corollary 13.5],
has dimension 11 + 3w; + 4w, + 4w + 4w, + 5ws, as dim(SO(3C) 2 P°) = 11.
Now, the second arrow is a regular map between varieties of the same dimension,
because 11 + @4 + 4w, + 4wz + 4w, + 5w = 6(w; + W, + W3 + Wy + Wg). So, if
it is dominant, then again by [31, Corollary 13.5], a general ber has dimension O;
otherwise, a general ber is empty. However, note that points in a general ber of
the second map correspond to solutions of a generic instance of the problem indexed
by w from Theorem 3.6. This shows that those problems generically have nitely
many solutions.

We can see that generically there are no solutions with non-identical but collinear
centers, as follows. LeC SO(3C) 2 P®° be the closed variety of con gurations
(A; B; C) with non-identical but collinear centers. Consider:

C °'D

where the de nition of °is the de nition of with SO(3 ;C) ? P® replaced by

C, and where the arrows are projections. Here difg§] = 10. The left arrow is
surjective, and a general ber is a product of multiview varieties, with the same
dimension as in the above case. This dimension statement is seen by calculating the
multiview varieties as in the proof of Theorem 3.10, whenA( B; C) have distinct,
collinear centers. It follows that dim( 9 = 10 + 3w, + 4w, + 4wz + 4w, + 5ws <
11+ 3wy +4w, +4ws + 4w, +5ws = 6(wy + Wo + Wa + Wy + Wg) = dim( D) so that

the right arrow is not dominant.

Finally, to see that generically there is no solution4; B; C) where the centers
of A;B;C are identical in P>, we may mimic the above argument with another
dimension count. Calibrated con gurations with identical centers are in bijection
with SO(3; C) 2, because eaclB-orbit has a unique representative of the fornA =

33 0,B= R, 0,C= Rz 0 whereR,;R32 SO(3C). So, analogously to
before, we consider the diagram:
SO(3C) ? 01 p

where the de nition of %is the de nition of with SO(3 ;C) > P® replaced
by SO(3C) 2, and where the arrows are projections. Again, the left arrow is
surjective, and a general ber is a product of multiview varieties. Here, when
A;B; C have identical centers, a calculation as in the proof of Theorem 3.10 ver-
i es that the dimensions of the multiview varieties drop, as follows: dinX sg.c ) =

3 dim(Xggc) = 2;dim(X 3¢ ) = 3;dim(Xtgc) = 3;dim(X&5c) = 2. So the
dimension of a general ber of the left arrow is &; + 3w, + 3wz + 2w, + 5ws. S0
dim( %9=6+2w, +3W, +3W3+2W, +5W3 < 11+ 3w, +4W, + 4wz + 4w, + 5w =
6(wy + Wy + w3+ Wy + wWs) = dim( Dy,), whence the right arrow is not dominant. This
completes the proof. O
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Trifocal tensors

In this subsection, we re-derive the trifocal tensoffag.c 2 C* ® 2 associated to
cameras A; B; C), following the projective geometry approach of Hartley [46]. This
explains the notation in the PLL bullet of Theorem 3.10, and justi es the assertion
made there. The trifocal tensor and its calibrated version are the analogs of the
fundamental matrix and essential matrix from two-view geometry (see Chapter 2).
We will review how Tas.c encodes point/line correspondences besidesL as well.
As in Subsection 3.3, letA; B; C 2 C* * be three projective cameras, not neces-
sarily calibrated, and denote by : P® 99KPi, :P®99KP3, :P°99KPZ the cor-
responding linear projections. Let the point and linex 2 P5; %2 (P3)-; %2 (P2)-
be given as column vectors. The pre-image (x) is a line in P3, while ("% and
19 are planes inP®. We can characterize when these three have non-empty
intersection as follows.
First, note that the plane ("9 is given by the column vectoB " *%sinceX 2 P3
satises X 2 (9 ifand only if 0 = “TBX = (BT 9TX. Similarly, the plane
109 is given by CT"% For the line  (x), note:

\ N T. T.
Yx) = ™) ', 11 0'i\ '%; 1 0 1'i:
2(P%)-
"Tx=0
Here h i denotes span, and auxiliary points1 1 0';101"2 P2 are simply
convenient choices for this calculation. Unless those two points amdare collinear,
the inclusion above is an equality, and the intersectands in the RHS are the planes
given by the colump vectorsAT [x] 5l 1 0" andAT[x] 1 0 1'. The nota-

0 X3 Xo
tion means k] = 4 x; O x19, and [x] y giveshx;yi for x 6 y 2 P%. So,
Xo X1 0
v 109\ (% e onlyif:
0 2 3 2 3 1
1 1
det@AT [x] 415 AT[x] 405 BT° BTOA = 0: (3.1)
0 1

4 4

This determinant is divisible by (x; X, X3z), since that vanishes if and only if

x; 1 1 OT; 1 0 1" are collinear only if the rst two columns above are linearly

dependent. Hence, factoring out, we obtain a constraint that is trilinear inx; ¢
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i.e., we get for some tensof 2 C* 3 3:

X 0~00.
Tijk X i k:O:

1 ik 3

The tensor entry T is computed by substituting into (3.1) the basis vectorx =
) ~00—

€, = €, = e Breaking into cases according to, this yields:
Tlij = m det a3 ay bj ck =det a, as bj Ck
Ty = gty det agay az by ¢ = det a; az by ¢
Tsj = 4 det ag+a a by ¢ =det a; a by c

wherea; denotes the transpose of the rst row inA, and so on.
At this point, we have derived formula (17.12) from [48, p. 415]:

De nition 3.15. Let A;B;C be cameras. Theirtrifocal tensor Tagc 2 C* 3 3 is
computed as follows. Form théd 9 matrix AT BT CT . Thenfor1l ijk 3
the entry (Tag:c )ik IS ( 1)*! times the determinant of the4 4 submatrix gotten
by omitting the i™ column from AT, while keepingthe j™ and k™ columns fromB T
andCT, respectively. IfA;B; C are calibrated, thenTa.g.c IS said to be acalibrated
trifocal tensor ( rst introduced by Weng et al. in [103] before [46)).

Remark 3.16. SinceA;B;C 2 C* # are each de ned only up to multiplication by
a nonzero scalar, the same is true @gc 2 C* 3 3.
X
Remark 3.17. By construction, Tag.c (x; %% := Ti Xi [ °= 0 is equiv-
1 ik 3

alentto  *(x)\ Y\ (% 6 ;. In particular, Tag.c = 0 if and only if the
centers ofA, B, C are all the same. Moreover, thé’LL cases in Theorem 3.10 and
Lemma 3.13 postponed above are now immediate.

So far, we have constructed trifocal tensors so that they encode point-line-line
image correspondences. Conveniently, the same tensors encode other point/line cor-
respondences [46], up to extraneous components.

Proposition 3.18. Let A;B;C be projective cameras. Lek 2 P3;x°2 P3;x%°2 P2
and > 2 (Pi)-;%2 (P3)-;"%2 (P2)-. Putting T = Tagc, then (A;B;C) is
consistent with
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(x;"% 9 only if T(x;"% % =0 [PLL]
;"% % onlyif 1 T( :°9°%=0 [LLL]
(x;"%x only if [x) T(x;"% )=0 [PLP]
(x;x% % onlyif [x9 T(x; ;"% =0 [PPL]

(x;x%xY only if [x°F T(x; ; )[x9 =0. [PPP]

In the middle bullets, each contraction o with two vectors gives a column vector

x3
in CS. In the last buIIet,T(x; ; ): Xi(Tijk )1 ik 3 2 C3 3.
i=1

Proof. This proposition matches Table 15.1 on [48, p. 372]. To be self-contained, we
recall the proof. The rst bullet is by construction of T.

For the second bullet, assume that' ("% % is consistent with (A; B; C), i.e. there
existsL 2 Gr(P*;P®) suchthat (L) = "; (L)="% (L)= "% Now lety 2 " be
a point. So  (x) is a line in the plane (*) and that plane contains the lineL.
This implies  *(x)\ L 6 ;) ooy 9y (% e ., T4 =01t
follows that fory 2 P2, we havey™ =0 ) y'T( ;%% =0. This means that "
and T( ;"% % are linearly independent, i.e. J T( ;"% % =0.

The third, fourth and fth bullets are similar. They come from reasoning that
the consistency implies, respectively:

x%%2 K T(x;>%k9 =0
x°2 K) T(x k% %9=0
x°2 Kand x%2 K°) T(x;K*K§ =0,
wherek®2 (P3)- and K2 (P2)-. O

Remark 3.19. The constraints in Proposition 3.18 are linear inf. We will exploit
this in Section 3.6. Also, in fact, image correspondences of typeBL , LLP and
LPP do not give linear constraints onTa.g.c . This is the reason that these types
are not considered in Theorem 3.6. To get linear constraints nonetheless, one could
permute A; B; C before forming the trifocal tensor.
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In this subsection, we have presented a streamlined account of trifocal tensors,
and the point/line image correspondences that they encode. Now, we sketch the rela-
tionship between thetight conditions in Theorem 3.10 and thenecessaryconditions
in Proposition 3.18 for consistency.

Lemma 3.20. Fix projective camerasA;B;C with linearly independent centers.
Then the trilinearities in Proposition 3.18 cut out subschemes of three-factor prod-
ucts of P? and (P?)-. In all cases of Proposition3.18 this subscheme is reduced and
contains the corresponding multiview variety as a top-dimensional component.

Proof. Without loss of generality, A; B; C are in the special position from the proof
of Theorem 3.10. Then usingMacaulay2, we form the ideal generated by the trilin-
earities of Proposition 3.18 and saturate with respect to the irrelevant ideal. This
leaves a radical ideal; we compute its primary decompaosition. ]

For example, in the case oPPP , the trilinearities from Proposition 3.18 generate
a radical ideal in C[x;; x{; ;] that is the intersection of:

the 3 irrelevant ideals for each factor oP?

2 linear ideals of codimension 4

the multiview ideal | (X 25 ).
This discrepancy between the trifocal and multiview conditions foPPP correspon-
dences was studied in [100]. To demonstrate our main result, in Section 3.6 we shall
relax the tight multiview equations in Theorem 3.10 to the merely necessary trilin-
earities in Proposition 3.18. The “top-dimensional’ clause in Lemma 3.20, as well as
Theorem 3.22 in Section 3.4 below, indicate that this gives "good' approximations to
the minimal problems in Theorem 3.6.

3.4 Con gurations

In this section, it is proven that trifocal tensors, in both the uncalibrated and cali-
brated case, are in bijection with camera triples up to the appropriate group action,
i.e. with camera con gurations. Already, it is very well-known throughout the vi-
sion community that \trifocal tensors encode relative camera positions" (e.g. see
the appendix of [46] or [54] for a proof for general uncalibrated camera triples). We
contribute precise hypotheses under which the correspondence is valid, namely that
the three camera centers are linearly independent. We also verify that the corre-
spondence is one-to-one, instead of nite-to-one, for calibrated trifocal tensors and
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the subgroup of transformationsG in Theorem 3.22 below. To our knowledge, this
fact is new; subtly, the analog for two calibrated cameras is false [48, Result 9.19].
In terms of Theorem 3.6, Theorem 3.22 enables us to compute consistent calibrated
trifocal tensors in exchange for consistent calibrated camera con gurations.

Proposition 3.21. Let A;B;C be three projective cameras, with linearly indepen-
dent centers inP® Let & B; € be another three projective cameras. Thefagc =

Tes e 2 P(C* ° %) if and only if there existsh 2 SL(4; C) such thatAh = & Bh =
B:Ch=@€ 2 P(C®%.

Proof. As in the proof of Theorem 3.10, fog; ¢ g°°2 SL(3;C); h 2 SL(4; C):
Toagmigoc = (9:7°057%0% Tasc and Tansncn = Tasc: (3.2)

The second equality gives the "if* direction. Conversely, for “only if', for any, ¢ g°°2
SL(3;C), hy;h, 2 SL(4;C), we are free to replace; B; C) by (gAh;;: gBh1; g°Ch,)
and to replace & B; €) by (g&h,; g¥h,; g°€h,), and then to exhibit an h as in the
proposition. Hence we may assume that:

2 3 2 3 2 3

1 0 1000 1000
A=40 1 0 ®:B=401 0 ®;CcC=4001 @

0010 0001 0001

2 3 2 3 2 3

1000

0010 0001

where each ™ denotes an indeterminate. Now consider the nine equations:
(Tas:c)isk =(Te & ¢)isk

where 1 i;k 3. Under the above assumptions, these are linear and in the nine
unknownse, for1 |I;m 3. Here we have xed the nonzero scale o8 so that
these are indeed equalities, on the nose. It follows that:

2
100
€=40 0 1 °:
000

At this point, we have reduced to solving 18 equations in 11 unknowns:

(Tas:c)ijk =(Tg g eijk
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wherel ik 3andl | 2. These equations are quadratic monomials and
binomials. The system is simple to solve by hand or witMacaulay2

2 3 2 3 2 3
1 000 0 0O 1 00 O
£=40 1 0 ®; B=40 0 05;€=40 0 1 0°
0010 0001 ooo *
for 2 C.Takingh= **diag(;;; 1)2 SL(4C)givesAh = &Bh = B;Ch =
€ 2 P(C® %), as desired. This completes the proof. H

With a bit of work, we can promote Proposition 3.21 to the calibrated case. A
little explanation may be helpful here. Only a subgroup of projective transformations
acts on triples of calibrated cameras, namel@. The content of Theorem 3.22 is that
h can be taken to lie inG instead of justh 2 SL(4;C). See [59] for related issues
regardingcritical con gurations .

Theorem 3.22. Let A;B;C be three calibrated cameras, with linearly independent
centers in P°. Let & B; € be another three calibrated cameras. Thefagc =
Tew e 2 P(C® ° ) if and only if there existsh 2 G (where G is de ned on page2)

such thatAh = &Bh = B; Ch = € 2 P(C? %).

Proof. The ‘if' direction is from Proposition 3.21. For “only if', here for anyg; ¢ g°°2

SO(3 C), hy;h, 2 G, we are free to replace4; B; C) by (gAhs; gBh1; g°Ch;) and to

replace (&; 8; €) by (g&h,; g¥h,; g°€h,), and then to exhibit an h 2 G as above.
In this way, we may assume that:

A= l33 0;B= 133 51;C= 133 s

R= I3 3 O,@z R1 tl;@: R, t»

where R;; R, 2 SO(3 C) and si;sy;t1;t, 2 C3. Now from Proposition 3.21, there

exists h® 2 SL(4; C) such that Ah®= & Bh°®= B; Ch®°= € 2 P(C® ®). From the
o I

rst equality, it follows that h°®= 3T3 0 2 P(C* ) forsomeu2 C% 2C. It

su ces to show that u = 0, so h°2 G. By way of contradiction, let us assume that

u 6 0. Substituting into Bh°= & gives:

| 0
I3 3 S 3-|-3 = I3 3+ S]_UT s; = Ry t1 2 P(C3 4):
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In particular, thereis ;2 C sothat (I3 3+ sluT) = Ry:Inparticular, Ry 1l3 3
is rank at most 1. Equivalently, ; is an eigenvalue of the rotatiorR; 2 SO(3 C) of

geometric multiplicity at least 2. The only possibilities are ; =1 or ;= 1. If
1=1,then Ry = | ands;u’ =0. From u 6 0, we get that s; = O; but then A = B,
contradicting linear independence of the centers &;B;C. So in fact ; = 1.

Now R; is a 180 degree rotation. FronR, + 13 3= s;u’ 2 C3 3, it follows that the
. o . 2u .
axis of rotation is the line throughu, and s; = ——. The exact same analysis holds

utu
. . . 2u -
starting from Ch®= €. So in particular, s, = TS But now B = C, contradicting
linear independence of the centers &; B; C. We conclude thatu = 0. ]

3.5 Varieties

So far in Subsection 3.3 and Section 3.4, we have worked with individual trifocal
tensors, uncalibrated or calibrated. This is possible once a camera con guration
(A;B; C) is given. To determine an unknown camera con guration from image data,

we need to work with the set of all trifocal tensors.

De nition 3.23.  The trifocal variety, denotedT ~ P(C3® 2 %), is de ned to be the
Zariski closure of the image of the following rational map
P(C® % P(C®**% P(C*% 99KP§C3 333); (A;B;C) 7! Tagc

a
where (Tagc )ik :=( 1)**det4 b; S forl i;jjk 3
Ck 44
Here & is gotten from A by omitting thei™ row, and b;; ¢, are thej™;k™ rows

of B; C respectively. So,T is the closure of the set of all trifocal tensors.

De nition 3.24.  The calibrated trifocal variety, denotedTey  P(C® 3 3), is de-
ned to be the Zariski closure of the image of the following rational map

(SO(3C) C? (SO(BC) C3 (SO(3C) C3 99KP(C? 3 3);
(Ry;ta); (R2it2); (Rsita) 7! Tiryjti)i[Rajta]: [Rajts]

where the formula forT is as in De nitions 3.15and 3.23 So, T,y is the closure of
the set of all calibrated trifocal tensors.

In the remainder of this chapter, the calibrated trifocal variety T,y is the main
actor. It is the higher version of the essential varietfe starring in Chapter 2 above.
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The calibrated trifocal variety has recently been studied independently by Martyu-
shev [75] and Matthews [76]. Both authors obtain implicit quartic equations fofgy.
However, a full set of ideal generators far(T.y)  C[Tji ] is currently not known.
We summarize the state of knowledge on implicit equations fdr.;:

Proposition 3.25. The prime ideal of the calibrated trifocal variety (Tca)  C[Tij |
contains the ideal of the trifocal varietyl (T), and I (T) is minimally generated by
10 cubics, 81 quintics and 1980 sextics. Additionally, | (T¢a) contains 15 linearly
independent quartics that do not lie id (T).

The ideal containment follows fromT,y T , and the statement about minimal
generators ofl (T) was proven by Aholt and Oeding [4]. For the additional quartics,
see [75, Theorems 8, 11] and [76, Corollary 51].

In the rest of this chapter, using numerical algebraic geometry, we always interact
with the calibrated trifocal variety Ty directly via (a restriction of) its de ning
parametrization. Therefore, we do not need the ideal of implicit equations(T.y),
nor do we use the known equations from Proposition 3.25.

At this point, we discuss properties of the rational map in De nition 3.24. First,
since the source (SO(X) C3) 3isirreducible, the closure of the imag@., is irre-
ducible. Second, the base locus of the map consists of triples of calibrated cameras

[R4jt1]; [Raojt2]; [Rajts] all with the same center inP3, by the remarks following Def-
inition 3.15. Third, the two equations in (3.2), the second line of the proof of Propo-
sition 3.21, mean that the rational map in De nition 3.24 satis es group symmetries.
Namely, the parametrization of Ty is equivariant with respect to SO(3C) 3, and
each of its bers carry aG action. In vision, these two group actions are interpreted
as changing image coordinates and changing world coordinates. Here, by the equiv-
ariance, it follows that Ty is an SO(3C) 3-variety. Also, we can use theG action
on bers to pick out one point per ber, and thus restrict the map in De nition 3.24
so that the restriction is generically injective and dominant ontol.,. Explicitly, we
restrict to the domain where Ryjt;]= I3 3 0; t, = 1 7. This restriction
(SO(3,C) C? (SO(3C) C? 99K T is generically injective by Theorem 3.22.
Generic injectivity makes the restricted map particularly amenable to numerical al-
gebraic geometry, wherecomputations regarding a parametrized variety are pulled
back to the source of the parametrizationNe now obtain the major theorem of this
section using that technique:

Theorem 3.26. The calibrated trifocal variety Ty ~ P(C* 2 3) is irreducible, di-
mension11 and degree4912 It equals theSO(3 C) 3-orbit closure generated by the
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following projective plane, parametrized by 1 o 3 T2px

2 3 2 3 2 3
0 1 2 0 0 O 0 O 0
T, = 4 0 0 05, T, = 40 1 25; T3 = 40 0 0 5:
1 O 0 0 3 O 0 1 2t 3

Computational Proof. Dimension 11 follows from the generically injective parametriza-
tion given above. The SO(3C) 2 statement follows from (3.2). In more detail, given

a calibrated camera con guration @;B; C) with linearly independent centers, we
may act by G so that the centers ofA;B; C are:

0001 001 1% 0 17
respectively. Then we may act by SO() 2 so that the left submatrices ofA; B; C
equalls 3. The calibrated trifocal tensorTa.g.c now lands in the statedP?. Hence,
Tear IS that orbit closure due to transformation laws (3.2).

To compute the degree off.,, we use the open-source homotopy continuation
softwareBertini . We x arandom linear subspacd.  P(C*® 2 2) of complementary
dimension to T¢y, i.e. dim(L) = 15. This is expressed in oating-point as the

goal is to compute #(T.5 \L ). As homotopy continuation calculations are sensitive
to the formulation used, we carefully explain our own formulation to calculaté.,\L .
Our formulation starts with the parametrization of T, above, and with its two copies
of SO(3 C).

Recall that unit norm quaternions double-cover SO(R). Complexifying:

0 a+ & 2(bc ad) 2(bd+ ac)

R,= @ 2(bc+ ad) a?+c B P 2(cd ab A
2(bd ag 2(cd+ ab) a+d> B &

wherea; b;c;d2 C anda?+ >+ 2+ d? = 1 (3.4). Similarly for R3 with e;f;g;h 2 C
subject to € + 2+ g>+ h? = 1 (3.5). For our purposes, it is computationally
advantageous to replace (3.4) by a random patch;a+ ,b+ 3c+ 4d=1 (3.6),
where ; 2 C are random oating-point numbers xed once and for all. Similarly,
we replace (3.5) by a random patch e+ »f + 3g+ 4h =1 (3.7). The patches
(3.6) and (3.7) leave us with injective parameterizations of two subvarieties 6 3,
that we denote by SO(3C) ;SO(3 C) . These two varieties have the same closed
ane cone as the closed a ne cone of SO(3C). This a ne cone is:

SOb@EC):=fR2C33%:9 2Cst. RRT=R'TR= |3 s
and it is parametrized by a; b;c;das above, but with no restriction ona;b;c;d
In the de nition of the cone Sb(a C), note = 0 is possible; it corresponds to
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a2+ P+ E+d>=0,0rto &+ f2+ g+ h?=0. By the rst remark after De nition
3.15, we are free to scale camerBsand C so that their left 3 3 submatrices satisfy
R, 2 SO(3C) andR32 SO(3C) , and for our formulation here we do so. Finally,

for C° in the source of the parametrization ofTy, write t; = tog 1o 1 T and

T
t3= t31 l32 133
At this point, we have replaced the dominant, generically injective map

SO(3C) 2 C°99KT.

by the dominant, generically injective parametrization SO(3C) SO3C)

C® 99K T.. Also, we have injective, dominant map®/( ia+ b+ sc+ ,d 1)!
SO(BC) andV( e+ f + 30+ ;h 1)! SO(ZC) . Composing gives the
generically 1-to-1, dominantV( a+ b+ 3¢+ 4d 1) V( e+ f + 30+

sh 1) C° 99K T.. With exactly this parametrization of Ty, it will be most
convenient to perform numerical algebraic geometry calculations. Hence, here to
compute degllca) = #( Tea \L ), we consider the square polynomial system:

in 13 variables a; b;c;d;e;f;g;h;b1;t22;t31;t30; 133 2 C;
with 13 equations the 11 cubics (3.3) and 2 linear equations (3.6), (3.7).

The solution set equals the preimage of; \L . This system is expected to have
deg(T.a) many solutions. We can solve zero-dimensional square systems of this size
(in oating-point) using the UseRegeneration:1 setting in Bertini . That employs
the regenerationsolving technique from [53]. For the present system, overaBertini
tracks 74,667 paths in 1.5 hours on a standard laptop computer to nd 4912 solutions.
Numerical path-tracking in Bertini is based on gredictor-corrector approach. Pre-
diction by default is done by the Runge-Kutta 4' order method; correction is by
Newton steps. For more information, see [11, Section 2.2]. Here, this provides strong
numerical evidence for the conclusion that def,) = 4912. Up to the numerical
accuracy of Bertini and the reliability of our random number generator used to
choosel, this computation is correct with probability 1. Practically speaking, 4912

is correct only with very high probability.

As a check for 4912, we apply thé&race test from [50], [71] and [93]. A random
linear form *°on P(C? 3 3®)is xed. For s2 C, we setLs := V(C1+s%:::; 11+ 59,
soLg = L. Varying s 2 C, the intersection Ty \ Ls consists of dedl.a) many
complexpaths Let Ts T .4\ Ls be a subset of paths. Then the trace test implies
(for generic*® ;) that Ts = Tea\ Ls if and only if the centroid of Ts computed in a
consistent a ne chart C?°, i.e.
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1 X

#Ts
ps2Ts

is an a ne linear function of s. Here, we setT, to be the 4912 intersection points
found above. Then we calculatd; with the UserHomotopy:1setting in Bertini ,
where the variables are; : : : ts3.3, and the start points are the preimages ofy. After
this homotopy in parameter spaceT; is obtained by evaluating the endpoints of the
track via TrackType:-4 . Similarly, T ; is computed. Then we calculate that the
following quantity in C?®:

cen(Ty) cen(Ty) cen(To) cen(T ;)

is indeed numerically 0. This trace test is a further veri cation of 4912. ]

cen(Ts) := Ps;

Remark 3.27. In the proof of Theorem 3.26, when we select one point per ber per
member ofT,\L , we obtain apseudo-witness sétV for T.,. This is the fundamental
data structure in numerical algebraic geometry for computing with parameterized
varieties (see [52]). Precisely, here it is the quadruple:

the parameter spaceP  C®3, where C*® has coordinatesa;:::;t33 and P
V( 1a+ 2b+ 3C+ 4d 1, e+ 2f + 30+ 4h 1)

the dominant map : P 99KT., in the proof of Theorem 3.26, e.g. 111 =
2th2;1 2adt2;1 + a2t2;2 + b2t2;2 C2t2;2 d2t2;2

the generic complimentary linear spacd = V("1;:::;11) P(C? 2 ?3)
the nite set W P C*3 mapping bijectively to Tea \L .
We heavily use this representation oT., for the computations in Section 3.6.

Now, we re-visit Proposition 3.18. WhenTag.c iS unknown but the point/line
correspondence is known, the constraints there amount pecial linear slices of
T and of the subvariety T.;. The next theorem may help the reader appreciate
the specialness of these linear sections Bf;; in general, the intersections are not
irreducible, equidimensional, nor dimensionally transverse.

Theorem 3.28. Fix generic pointsx; x%x%2 P? and generic lines’; % %2 (P?)-.
In the cases of Proposition3.18 we have the following codimensions

[PLL]: L=fT2P(C*33: T(x;"% % =0gis a hyperplane andT.y\ L
consists of one irreducible component of codimensidnin Ty
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[LLL] : L =fT 2 PC*23: [1T( ;:"%% =0gis a codimension 2
subspace and,\ L consists of two irreducible components both of codimension
2in Tcal

[PLP]: L =fT 2 P(C®33: [x T(x;"% ) = 0g is a codimension2
subspace and,\ L consists of two irreducible components both of codimension
2 In Tca|

[PPL]: L =fT2PC*33: x4 T(x; :"% = 0g is a codimension2
subspace and.,\ L consists of two irreducible components both of codimension
2in Tcal

[PPP]: L=fT2PC*33: x99 T(x; ; )x9 =0gis a codimension4
subspace and,\ L consists of ve irreducible components, one of codimension
3 and four of codimension4 in Ty.

Computational Proof. The statements about the subspaces may shown symbolically.

constraintonT 2 P(C* 3 3) as the vanishing of a 3 27 matrix times a vectorization
of T. Now we check that all of the 3 3 minors of that long matrix are identically
0, but not so for 2 2 minors.

For the statements aboutT., \ L, we o er a probability 1, numerical argument.
By [92, Theorem A.14.10] and the discussion on page 348 about generic irreducible
decompositions, we can x random oating-point coordinates forx; x% x% ;%0
With the parametrization of T from the proof of Theorem 3.26, th@ rackType:1
setting in Bertini is used to compute anumerical irreducible decompositiorfor the
preimageof Tcy \ L per each case. That outputs a witness set, i.e. general linear
section, per irreducible component.Bertini 's TrackType:1 is based on regenera-
tion, monodromy and the trace test; see [92, Chapter 15] or [11, Chapter 8] for a
description.

Here, thePPP case is most subtle since the subspace P(C3® * 3)is codimen-
sion 4, but the linear sectionl,\ L T ¢4 includes a codimension 3 component. The
numerical irreducible decomposition above consists of ve components of dimensions

Tcal IS generically injective restricted to the union of these components. For that, we
take one general point on each component from the witness sets, and test whether
that point satises a®+ I+ ¢+ d> 6 0 ande? + f2+ g>+ h? 6 0. This indeed
holds for all components. Then, we test using singular value decomposition (see [26,
Theorem 3.2]) whether the point maps to a camera triple with linearly independent
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centers. Linear independence indeed holds for all components. From Theorem 3.22,
the above parametrization is generically injective on this locus. Hence the image
Tca \ L consists of distinct components with the same dimensions®7;7;7. This
nishes PPP . The other cases are similar. ]

Mimicking the proof of Proposition 3.14, and using the "top-dimensional’ clause
in Lemma 3.20, we can establish the following niteness result fdr.,:

Lemma 3.29. For each problem in Theoren8.6, given generic image correspondence
data, there are only nitely many tensorsT 2 Ty that satisfy all of the linear
conditions from Proposition 3.18

We have arrived at a relaxation for each minimal problem in Theorem 3.6, as
promised. Namely, for a problem there we can x a random instance of image data,
and we seek those calibrated trifocal tensors that satisfy the { merely necessary {
linear conditions in 3.18. Geometrically, this is equivalent intersect the special linear
sections ofT., from Theorem 3.28. In Section 3.6, we will use the pseudo-witness
set representation P; ;L;W) of T,y from Theorem 3.26 to compute these special
slices ofTy in Bertini . Conveniently, Bertini  outputs a calibrated camera triple
per calibrated trifocal tensor in the intersection; this is because all solving is done
in the parameter spaceP, or in other words, camera space. To solve the original
minimal problem, we then test these con gurations against the tight conditions of
Theorem 3.10.

3.6 Proof of main result

In this section, we put all the pieces together and we determine the algebraic degrees
of the minimal problems in Theorem 3.6. Mathematically, these degrees represent
interesting enumerative geometry problems; in vision, related work for threencal-
ibrated views appeared in [84]. The authors considered correspondene®$® and
LLL and they determined 3 degrees for projective (uncalibrated) views, using the
larger group actions present in that case. Here, all 66 degrees for calibrated views in
Theorem 3.6 are new.

Now, recall from Proposition 3.14 that solutions A;B;C) to the problems in
Theorem 3.6 in particular must have non-identical centers. So, by the second remark
after De nition 3.15, they associate to nonzero tensor$a.g.c , and thus to well-
de ned points in the projective variety T.y. Conversely, however, there are special
subloci of T¢y that are not physical. Points in these subvarieties (introduced next)
are extraneous to Theorem 3.6, because they correspond to con gurations with a
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3 4 matrix whose left 3 3 submatrix R is not a rotation, but instead satis es
RRT" = RTR =0.

De nition/Proposition 3.30. Recall the parametrization ofT.y by a;:::; t33 from
Theorem 3.26 Let Tcgll T ca be the closure of the image of the rational map

restricted to the locusa® + ¥ + @+ d®> = 0. Let T.’ T u be the closure of
the image of the rational map restricted to the locue® + 2+ g>+ h? = 0. Let
T2% T . be the closure of the image of the rational map restricted to the locus
a’+ P+ 2+ d?=0 and €+ f 2+ g+ h? = 0. Then these subvarieties are irreducible
with: dim(T2") = 9 and deg(T2) = 1296; dim(T2") = 10 and deg(T2') = 2616;

dim(T_’) = 10 and deg(T5") = 2616.

cal a

Computational Proof. The restricted parameter spaces:

P\ V(@+ P+ c+d); P\ V(E+T2+ g>+ h?);
P\ V@+P+cc+d;e+f2+ g+ h?) C3

whereP = V( ;a+ b+ 3¢+ 4d 1, e+ of + 309+ 4h 1), areirreducible,
therefore their imagesT 25 T2% T2 P(C® ® 3) are irreducible. The dimension
statements are veri ed by picking a random point in the restricted parameter spaces,
and then by computing the rank of the derivative of the restricted rational map at
that point. This rank equals the dimension of the image with probability 1, by generic
smoothness ovelC [46, [11.10.5] and the preceding [46, 111.10.4]. For the degree
statements, the approach from Theorem 3.26 may be used. Fofi' we x a random
linear subspaceM  P(C3 2 ®) of complementary dimension, i.e dim{l) = 16, so
deg(T2h) =#( TI' M). We pull back to P\ V(&2+ P+ 2+ d?)\  }(M), and use
the UseRegeneration:1 setting in Bertini  to solve for this. This run outputs 2616

and check that the image of these are 2616 numerically distinct tensors, i.e. the
restriction  jp\ v (a2+ 12+ 2+ ) iS generically injective. It follows that degT ') = 26186,
up to numerical accuracy and random choices. To verify this degree further, we apply
the trace test as in Theorem 3.26, and this nishes the computation for de'gﬁll).
Since T2 and T2;" are linearly isomorphic under the permutationTy, 7! Ty , this
implies degT o

ca‘lo) = 2616. The computation for deg ca'|0) IS similar. O

Now, we come to the proof of Theorem 3.6, at last. The outline was given in the
last paragraph of Section 3.5: for computations, solving the polynomial systems of
multiview equations (see Theorem 3.10) is relaxed to taking a special linear section
of the calibrated trifocal variety T., (see Theorem 3.28). Then, to take this slice, we
use the numerical algebraic geometry technique cbe cient-parameter homotopy
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[92, Theorems 7.1.1, A.13.1], i.e. a general linear section is moved in a homotopy to
the special linear section.

Computational Proof of Theorem3.6. Let weights (wy; Wa; Ws; Wa; Ws) 2 Z°, satisfy
3wy +2wW,o+2wW3+2wWs+ ws =11 andw, ws. Now consider the problemw;PPP +
woPPL + wsPLP + wyuLLL + wsPLL 'in Theorem 3.6. Fix one general instance
of this problem, by taking image data with random oating-point coordinates. Each
point/line image correspondence in this instance de nes a special linear subspace
of P(C* 2 3), as in Theorem 3.28. The intersection of these is one subspaGgecia
expressed in oating-point; using singular value decomposition, we verify that its
codimension inP(C* ® 3) is the expected &, + 2w, + 2W3+ 2w, + Ws = 11+ w;. By
Proposition 3.18, L special represents necessary conditions for consistency, so we seek
Tear\ Lspecia- If Wy > 0, then this intersection is not dimensionally transverse by the
PPP clause of Theorem 3.28. To deal with a square polynomial system, we X a
general linear spacé %peciai L special Of codimension 11 inP(C? 2 2) and now seek
Tear \ Lospecia|. This step is known asrandomization [92, Section 13.5] in numerical
algebraic geometry, and it is needed to apply the parameter homotopy result [92,
Theorem 7.1.1].

The linear section Ty \ Lospecia| is found numerically by a degeneration. In the
proof of Theorem 3.26, we computed a pseudo-witness set QL. This includes
a general complimentary linear sectiogy \ L , and the preimage *(Tea\L ) of

V(Y09 forlinear forms™; and "2on P(C® 3 3), consider the following homotopy
function H : C®* R! C®:
2

ja+ b+ ¢+ 4d 1
16+ of + 30+ ;h 1

Heres 2 R is the path variable As s moves from 1 to OH de nes a family of square

0 has solution set (Tcy \L ) and the target systemH (a;:::;t33;0) = 0 has
solution set  (Tey \ Lgpecial): With the UserHomotopy:1setting in Bertini , we
track the 4912 solution paths from the start to target system. By genericity oL

in the start system, these solution paths are smooth [92, Theorem 7.1.1(4), Lemma
7.1.2]. The nite endpoints of this track consist of solutions to the target system. By
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the principle of coe cient-parameter homotopy [92, Theorem A.13.1], every isolated
pointin  (Tea\ Lgpecial) is an endpoint, with probability 1. Note that in general,
coe cient-parameter homotopy { i.e., the tracking of solutions of ageneralinstance
of a parametric system of equations to solutions of gpecial instance { may be used
to nd all isolated solutions to square polynomial systems. Here, by Lemma 3.29,
Tea\ Lspecial IS @ scheme with nitely many points. By Bertini's theorem [92, Theorem
13.5.1(1)],Teal\ Lgpecia, also consists of nitely many points, using genericity oltgpecial.
On the other hand, by Proposition 3.14, all solutions4;B;C) to the instance of
the original minimal problem indexed byw 2 Z>, have linearly independent centers
in P®. Moreover, a con guration (A; B; C) with linearly independent centers is an
isolated point in *(Tag.c ), thanks to Theorem 3.22. Therefore, it follows that
all solutions to the problem from Theorem 3.6 are among the isolated points in

YTear\ Lgpecia.), and so the endpoints of the above homotopy.

For each minimal problem in Theorem 3.6, after the above homotopBertini re-

are solutions to the original minimal problem by performing a sequence of checks,
as explained next. First of all, of these endpoints, let us keep only those that lie in
Y Tear\ L special), @S opposed to those that lie just in the squared-up target solution
set  Y(Tear\ Lecia)- Second, we remove points that satisfg® + b* + ¢+ d® 0 or
e+f2+g’+h? 0, because they are non-physical (see De nition/Proposition 3.30).
Third, we verify that, in fact, all remaining points correspond to camera con gura-
tions (A; B; C) with linearly independent centers. This means that the equations in
Theorem 3.10 generate the multiview ideals (recall De nition 3.9). Fourth, we check
which remaining points satisfy those tight multiview equations. To test this robustly
in oating-point, note that the equations in Theorem 3.10 are equivalent to rank
drops of the concatenated matrices there, hence we test for those rank drops using
singular value decomposition. If the ratio of two consecutive singular values exceeds
10, then this is taken as an indication that all singular values below are numerically
0, thus the matrix drops rank. Fifth, and conversely, we verify that all remaining
con gurations (A; B; C) avoid epipoles (recall De nition 3.12) for the xed random
instance of image correspondence data, so the converse Lemma 3.13 applies to prove
consistency. Lastly, we verify that all solutions are numerically distinct. Ultimately,
the output of this procedure is a list of all calibrated camera con gurations over
C that are solutions to the xed random instances of the minimal problems, where

bers of solutions are the algebraic degrees from Theorem 3.6.
As a check for this numerical computation, we repeat the entire calculation for
other random instances of correspondence data. For each minimal problem, we



CHAPTER 3. THREE CAMERAS 65

obtain the same algebraic degree each time. One instance per problem solved to
high precision is provided on this chapter's webpage. O

Example 3.31. We illustrate the proof of Theorem 3.6 by returning to the instance
of "LPPP + 4 PPL'in Example 3.5. HereLgpecia P(C® ° 3) formed by inter-
secting subspaces from Theorem 3.28 is codimension 12, helng;gdal ' Lspecial-
Tracking deg(Tca) many points in the pseudo-witness set (T.y\L ) to the target

HTeal Lgpecial), we get 4912 nite endpoints. Testing membership il special, We get
2552 pointsin  *(Tea\ Lspecial): AMong these, 888 points satisfg?+ P+ ¢+ d*> 0,
so they are non-physical (corresponding to 34 matrices with left submatrices that
are not rotations). The remaining 1664 points turn out to correspond to calibrated
camera con gurations with linearly independent centers. Checking satisfaction of
the equations from Theorem 3.10, we end up with 160 solutions.

Remark 3.32. The proof of Theorem 3.6 is constructive. From the solved ran-
dom instances, one may build solvers for each minimal problem, using coe cient-
parameter homotopy. Here the start system is the solved instance of the minimal
problem and the target system is another given instance. Such a solver is optimal in
the sense that the number of paths tracked equals the true algebraic degree of the
problem. Implementation is left to future work.

Remark 3.33. All degrees in Theorem 3.6 are divisible by 8. We would like to
understand why. What are theGalois groups[51] for these minimal problems?

Remark 3.34. Practically speaking, given image correspondence data de ned over
R, only real solutions @A;B;C) to the minimal problems in Theorem 3.6 are of
interest to RANSAC-style 3D reconstruction algorithms. Does there exist image
data such that all solutions are real? Also, for the image data observed in practice,
what is the distribution of the number of real solutions?

3.7 Numerical implicitization

In this section, we switch gears from calibrated three-view geometry, and describe a
stand-aloneMacaulay2 software package [21] co-written with Justin Chen, for wide
use in computational algebra. Our softwaréNumericallmplicitization permits
the user-friendly computation of invariants of the image of a polynomial map, such
as dimension, degree and Hilbert function values. Like the computations performed
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already in this chapter, Numericallmplicitization relies on methods from nu-
merical algebraic geometry, e.g. homotopy-continuation and monodromy. My own
interest in writing general-purpose numerical algebraic geometry code grew out of
my project on the calibrated trifocal variety.

Many varieties of interest in algebraic geometry and its applications are usefully
described as images of polynomial maps, i.e. via a parametrization. For vision
examples, see the third sentence of Section 2.1, De nition 3.23, De nition 3.24,
Equation 4.10 and Equation 5.5. Implicitization is the process of converting a para-
metric description of a variety into an intrinsic { or implicit { description. Classi-
cally, implicitization refers to the procedure of computing the de ning equations of
a parametrized variety, and in theory this is accomplished by nding the kernel of
a ring homomorphism, via Gmebner bases. In practice however, symbolic Grebner
basis computations are often time-consuming, even for medium-scale problems, and
do not scale well with respect to the size of the input.

Despite this, one would often like to know basic information about a parametrized
variety, even when symbolic methods are prohibitively expensive (in terms of com-
putation time). The best examples of such information are discrete invariants such
as the dimension, or degree and Hilbert function values if the variety is projective.
Other examples include Boolean tests, e.g. whether or not a particular point lies on
a parametrized variety. The goal of the presentlacaulay2[44] package is to provide
such information { in other words, tonumerically implicitize a parametrized variety {
by using the methods of numerical algebraic geometrilumericallmplicitization 3
builds on top of existing numerical algebraic geometry software, e.(NAG4AMEZ 0],
Bertini  [10, 9] andPHCpack102, 45]. Each of these can be used for path tracking
and point sampling; by default, the native engindNAG4M2 used.

Notation.  The following notation will be used throughout the remainder of this
section:

amapA"! A"

Y is the Zariski closure of the imag& (X) = F(V(l)) A™; the target variety
under consideration

SFor up-to-date code and documentation, see https://github.com/Joe-Kileel/
Numerical-Implicitization
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¥ P™is the projective closure ofY, with respect to the standard embedding
A™  pP™,

Currently, our code Numericallmplicitization is implemented for integral (i.e.
reduced and irreducible) varietieX . Equivalently, the ideall is prime. Since numer-
ical methods are used, we always work over the complex numbers with oating-point
arithmetic. Moreover, ¥ is internally represented by its a ne cone. This is because
it is easier for computers to work with points in a ne space; at the same time, this
su ces to nd the invariants of .

All the methods in this package rely crucially on the ability to sample general
points on X . To this end, two methods are providednumericalSourceSample and
numericallmageSample which allow the user to sample as many general points on
X and Y as desired. numericalSourceSample will compute a witness set ofX,
unlessX = A", by taking a numerical irreducible decomposition oX . This time-
consuming step cannot be avoided. Once a witness set is known, points>Xorcan
be sampled in negligible time numericallmageSampleworks by sampling points in
X via numericalSourceSample, and then applying the mapF.

One way to view the di erence in computation time between symbolic and nu-
merical methods is that the upfront cost of computing a Gmbner basis is replaced
with the upfront cost of computing a numerical irreducible decomposition, which
is used to sample general points. However, ¥ = A", then sampling is done by
generating random tuples, and is essentially immediate. Thus, in this unrestricted
parametrization case, the upfront cost of numerical methods becomes zero.

The most basic invariant of an algebraic variety is its dimension. To compute the
dimension of the image of a variety numerically, we use the following theorem:

Theorem 3.35. Let F : X ! Y be a dominant morphism of irreducible varieties
over C. Then there is a Zariski open subset) X such that for allx 2 U, the
induced map on tangent spacegf, : TyX ! Tg (Y is surjective.

Proof. This is an immediate corollary ofgeneric smoothnes$46, 111.10.5] and the
preceding [49, 111.10.4]. O

In the setting above, since the singular locus Sing is a proper closed subset of
Y, for generaly = F(x) 2 Y we have that dimY = dim T,Y = dim dF(TxX) =
dimT,X dimkerdF,. Now T, X is the kernel of the Jacobian matrix ol evaluated
at x, given by Jac( )(x) = (( @@¥(X))1 i r1 j n, and kerdFy is the kernel of the
Jacobian ofF evaluated atx, intersected with T, X . Explicitly, ker dF, is the kernel
of the (r + m) n matrix:
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2@ o 3
) g
@(x) @(x)
Jac(l)(x) T
Jac(F)(x) @@k ... @K
F)(x) 60 1 ge 0
@k . .. @F
ax ™ gy ™

We compute these kernel dimensions numerically, as explained prior to Chapter 3.38
below, to get dimY'.

Example 3.36. LetY Sym*(C®) = A’ be the variety of 5 5 5 5 symmetric
tensors of border rank 14. Equivalently, Y is the a ne cone over 14( 4(P%), the

14" secant variety of the fourth Veronese embedding ¢¥. Naively, one expects
dim(Y) =14 4+13+1 =70. In fact, dim(Y) = 69 as veri ed by the following

code:

Macaulay?2, version 1.9.2
il : needsPackage "Numericallmplicitization"
i2 : R = CC[s_(1,1)..s_(14,5)];
i3 : F = sum(1..14, i -> flatten entries basis(4, R, Variables =>
toList(s_(i,1)..s_(i,5))));
i4 : time numericallmageDim(F, ideal 0_R)
-- used 0.106554 seconds
04 = 69

This example is the largest exceptional case from the celebrated work [6]. Note the
timing printed above.

We now turn to the problem of determining the Hilbert function of¢. Recall that
if ¢ P™ is a projective variety, given by a homogeneous idedl  C[yo;:::;¥Yml,
then the Hilbert function of ¥ at an argumentd 2 N is by de nition the vector
space dimension of the™ graded part ofJ, i.e. He(d) := dim Jq. This counts the
maximum number of linearly independent degred hypersurfaces inP™ containing
.

To compute the Hilbert function of ¥ numerically, we usemultivariate polynomial
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. - - - m + d . . . (l) -
pomts on¥. Forl i N, consider ani d interpolation matrix A"’ with

the mterpolatlon matrix above. IfdimkerA® = dimker AG*D then dimkerA® =
dim Jg.

Proof. Identifying a vector v 2 kerA(® with the form in Clyo;:::;ym] of degree
d having v as its coe cients, it suces to show that ker A® = J4. If h 2 Jg,
then h vanishes on all of®, in particular on fpy;:::;psg, soh 2 kerA®. For
the converse keA® Jq4, we consider the universal interpolation matrices over
Clyo.1; Yr15 1155 Yimi

q 3

2 d
Yo:1 YO1 Yy oo Ym:1
Al) gygz YOz ylz el ygn;z

8;i y0| yll e yr?ui

Setr; :=min fj 2 Z ojevery (+1) (j+1) minor of A" lies in the ideal of ¢ '

(P™) 'g. Then any specialization ofA") to i points in ¥ is a matrix over C of rank
ri; moreover if the points are general, then the specialization has rank exactly

ri, since ¥ is irreducible. In particular rank(A®) = rs and rank(AS*?) = rgq, SO

dimkerA® = dimker A®*Y implies that rs = rg. It follows that specializing

AC™D to piips;iiiips; g for any g2 € gives a rankrs matrix. Hence, every degree
d form in kerA® evaluates to 0 at everyg 2 ¢. Since® is reduced, we deduce that
kerA® 3. O

It follows from Chapter 3.37 that the integers dimkeA®;dimkerA®;::: de-
crease by exactly 1, until the rst instance where they fail to decrease, at which
point they stabilize: dimkerA®") = dimker A® fori s. This stable value is the
value of the Hilbert function, dimkerA® = H ¢ (d). In particular, it su ces to com-
m+ d

d
is square. Although this may seem wasteful (as stabilization may have occurred

pute dimkerA®™N) for N = , i.e. one may assume the interpolation matrix
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with fewer rows), this is indeed whatnumericalHilbertFunction  does, due to the
algorithm used to compute kernel dimension numerically. To be precise, kernel di-
mension is found via a singular value decomposition (SVD) { namely, if a gap (=
ratio of consecutive singular values) greater than the optioBVDGapThresholgwith
default value 200) is observed in the list of all singular values, then this is taken as
an indication that all singular values past the greatest gap are numerically zero. On
example problems, it was observed that taking only one more additional row than
was needed often did not reveal a satisfactory gap in singular values. In addition,
numerical stability is improved via preconditioning on the interpolation matrices {
namely, each row is normalized in the Euclidean norm before computing the SVD.

Example 3.38. Let X be a random canonical curve of genus 4 iR3, so X is
the complete intersection of a random quadric and cubic. Lt : P® 99KP? be a
projection by 3 random cubics. Ther® is a plane curve of degree®®®) deg(X) =

3 2 3 =18, so the ideal of¥ contains a single form of degree 18. We verify this as
follows:

i5: R = CC[w_0..w_3];
i6 : | = ideal(random(2,R), random(3,R));
i7 . F = toList(1..3)/(i -> random(3,R));
i8 : T = numericalHilbertFunction(F, 1, 18)
Sampling image points ...
-- used 4.76401 seconds
Creating interpolation matrix ...
-- used 0.313925 seconds
Performing normalization preconditioning ...
-- used 0.214475 seconds
Computing numerical kernel ...
-- used 0.135864 seconds
Hilbert function value: 1
08 = NumericallnterpolationTable

The output is a NumericallnterpolationTable , which is a HashTable storing
the results of the interpolation computation described above. From this, one can
obtain a oating-point approximation to a basis ofJ4. This is done via the command
extractimageEquations :

i9 : extractimageEquations T
09 : | -.0000712719y_0718+(.000317507-.000100639i)y 0717y _1-(.0000906039-
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.000616564i)y_0"16y_1/2-(.00197404+.00177936i)y 0715y 173+(.0046344+

.00196825i)y_0~14y_174-(.00475536-.00157142i)y 013y _175+(.00550602-

.0100492i)y 0712y 176-(.012252-.0188461i)y_0~11ly 177+ ... |

An experimental feature to nd equations overZ may be called with the option
attemptExact => true .

After dimension, degree is the most basic invariant of a projective varie§ P™.
Setk := dim('®). For a general linear spacé. 2 Gr(P™ ¥;P™) of complementary
dimension to'¥, the intersectionL \ ¥ is a nite set of reduced points. The degree
of ¥ is by de nition the cardinality of L \ ¥, which is independent of the general
linear spacel.. Thus one approach to nd deg®) is to x a random L, and compute
the set of pointsLy\ ¥.

Numericallmplicitization takes this tack, but the method used to ndLy\ ¥
is not the most obvious. First and foremost, we do not know the equations #,
so all solving must be done irK. Secondly, we dmot compute F (Ly)\ X from
the equations ofX and the equations ofL pulled back underF, because that has
degree dedgt) deg(®) { potentially much bigger than deg(¥). Instead, monodromy
is employed to nd Lo\ ¥.

To state the technique, we consider the map:

= f(Ly)2Gr(P" ;P") ®jy2Lg Gr(P" ;P") €1 * Gr(P" ¥;P")

where  is projection onto the rst factor. There is a nonempty Zariski open subset
U  Gr(P™ X;P™) such that the restriction ,(U)! U is a deg®)-to-1 covering
map, namelyU equals the complement of the Hurwitz divisor from [99]. Now x a
generic basepoinLy 2 U. Then the fundamental group 1(U;Lo) acts on the ber
1}(Lo) = Lo\ ¥. This action is known as monodromy. It is a key fact that the
induced group homomorphism ;(U;Lg) !  Sym(Lo\ ¥) = SYMyeqee) IS surjective,

by irreducibility of ¥. More explicitly:

subspaces oP™:
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For a nonempty Zariski open subset of o; 1) 2 C?, this loop is contained inU.
Moreover, the classes of these loops in(U;Ly) generate the full symmetric group
Sym(Lo\ ¥).

Proof. Let L be the pencil of linear subspaces " generated by ( and *;. Via
monodromy, ;(L\ U;Lo) maps surjectively onto Sym[,\ ¥), by [93, Corollary 3.5].
Here the topological spacé\ U is homeomorphic to the Riemann spher€P* minus

a nite set of points, so ;(L\ U;Lg) is isomorphic to a free group on nitely many
letters. The explicit loops in the theorem statement miss the nite seL.n (L\ U) for
general o; 1; moreover o; 1 may be chosen so that the loop above encloses exactly
one pointinLn (L\ U). Therefore, the classes of these loops generat€éL\ U;L,).

To visualize these loops, the reader may consult the proof of [92, Lemma 7.1.3]]

numericallmageDegree works by rst sampling a general pointx 2 X, and
manufacturing a general linear slicé, such that F(x) 2 Lo\ ¥. Then, L is moved
around in a loop of the form described in Theorem 3.39. This loop pulls back to a
homotopy in X, where we use the equations of to track x. The endpoint of the
track is a point x°2 X such that F(x9 2 Lo\ €. If F(x) and F (x% are numerically
distinct, then the loop haslearned a new point inLo\ ¥; otherwisex®is discarded.
We then repeat this process of tracking points iX over each known point inLo\ ¥,
according to loops in Theorem 3.39. Note that for randomg; ; 2 C, each loop has
a positive probability { bounded away from 0 { of learning new points inLy\ ¥,
up until all of Lo\ ¥ is known. Thus by carrying out many loops from Theorem
3.39, the probability of nding all points in Lo\ ¥ approaches 1. In practice, if
several consecutive loofisdo not learn new points inLy\ ¥, then we suspect that
all of Lo\ ¥ has been calculated. To verify this, we pass to th&ace test (see
[93, Corollary 2.2], [50,x5] or [71,x1]), which provides a characterization for when
a subset ofLg\ ¥ equalsLy\ ¥ . If the trace test is failed, thenlL, is replaced
by a new randomLJ and preimages inX of known points of Lo\ ¢ are tracked
to those preimages of points ofJ\ ¥. Afterwards, monodromy forL3\ ¢ begins
anew. If the trace test is failednaxTraceTests(= 10 by default) times in total, then
numericallmageDegree exits with only a lower bound on deg§).

4This is speci ed by the option maxRepetitiveMonodromies (with default value 4).
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Example 3.40. Let® = ,P* P! P! P! P P We ndthat deg(¥®) =
3256, using the commands below:

i10 : R = CCla_l.a 5 b 1.b 5 to0, t1]
i11 : F1 = terms product(apply(toList(1..5), i -> 1 + a_i));
i12 : F2 = terms product(apply(toList(1..5), i -> 1 + b_i));
i13 : F = apply(toList(0..<2"5), i -> t O*F1#i + t_1*F2#i);
i14 : time numericallmageDegree(F, ideal 0_R, maxRepetitiveMonodromies=>2)
Sampling point in source ...
Tracking monodromy loops ...
Points found: 2
Points found: 4
Points found: 8
Points found: 16
Points found: 32
Points found: 62
Points found: 123
Points found: 239
Points found: 466
Points found: 860
Points found: 1492
Points found: 2314
Points found: 3007
Points found: 3229
Points found: 3256
Points found: 3256
Points found: 3256
Running trace test .
Degree of image: 3256
-- used 388.989 seconds
014 = PseudoWitnessSet

In [88, Theorem 4.1], it is proven via representation theory and combinatorics that
the prime idealJ of ¥ is generated by the 3 3 minors of all attenings of 2 ° tensors,
so we can con rm that deg() = 3256. However, the naive attempt to compute the
degree of? symbolically by taking the kernel of a ring map { from a polynomial ring
in 32 variables { has no hope of nishing in any reasonable amount of time.

The output 014 above is aPseudoWitnessSet which is aMacaulay2 HashTable
that stores the computation ofLy\ ¥. This numerical representation of parameter-
ized varieties was introduced in [52].
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Classically, given a varietyY ~A™ and a pointy 2 A™, we determine whether
or noty 2 Y by nding set-theoretic equations ofY (which generate the ideal ofY
up to radical), and then testing ify satis es these equations. If #seudoWitnessSet
for Y is available, then point membership inY can instead be veri ed by param-
eter homotopy More precisely,isOnimage determines ify lies in the constructible
set F(X) Y, as follows. We x a general ane linear subspace., A™ of
complementary dimensiorm  k passing throughy. Theny 2 F(X) if and only if
y 2 Ly\ F(X), soitsu cesto compute the setL,\ F(X). Now, aPseudoWitnessSet
for Y provides a general sectioh \ F(X), and preimages inX. We movelL to L, as
in [92, Theorem 7.1.6]. This pulls back to a homotopy iX , where we use the equa-
tions of X to track those preimages. Applying- to the endpoints of the track gives
all isolated points inLy \ F(X) by [92, Theorem 7.1.6]. Sinc&, was general, the
proof of [31, Corollary 10.5] showk,\ F(X) is zero-dimensional, so this procedure
computes the entire seL,\ F(X).

Example 3.41. LetY A be de ned by the resultant of three quadratic equations

that the system
0= X%+ CoXY + CXZ + Cay? + Gsyz + CsZ°
0 = dix? + doxy + dyxz + dsy? + dsyz + dgz?
0= eX* + eXy + eXZ + ey’ + esyz + ez’

admits a solution (x : y : z) 2 P?. HereY is a hypersurface, and a matrix formula
for its de ning equation was derived in [34], using Ulrich sheaf and exterior alge-
bra methods, similarly to own approach in Chapter 2 above. Here, we can rapidly
determine point membership inY numerically as follows.

i15: R =CC[c_1.c 6,d 1.d 6, e 1..e 6, X, Y, Z];

i16 : | = ideal(c_1*x"2+c_2*x*y+c_3*x*z+c_4*y"2+c_5*y*z+c_6*z"2,
d_1*x"2+d_2*x*y+d_3*x*z+d_4*y"2+d_5*y*z+d_6*z"2,
e_1*x"2+e_2*x*y+e_3*X*z+e_4*y"2+e_ 5*y*z+e 6*z/2);

i17 : F = toList(c_1..c 6 | d_1..d_ 6 | e_1..e_6);

i18 : W = numericallmageDegree(F, |, verboseOutput => false); -- Y has degree 12

i19 : pl = numericallmageSample(F, 1); p2 = point random(CC"1, CC"#F);

i21 : time (isOnlmage(W, pl), isOnimage(W, p2))

-- used 0.186637 seconds
021 = (true, false)
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In this chapter, we determined algebraic degrees for minimal problems in the
recovery of three calibrated cameras. This recovery has resisted e orts from the
vision community; our results quantify the complexity. Numerical algebraic geometry
furnished a powerful toolkit. Additionally, we relaxed zero-dimensional polynomial
systems to systems with more geometric structure, hence easier to solve. In the last
section, a software package for numerical implicitization was presented.
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Chapter 4

Image Distortion

This chapter develops an algebro-geometric framework for dealing with image dis-
tortion. To that end, we introduce a general construction for lifting varieties in
projective space to other toric varieties. We prove exact formulas for degree and
de ning equations, and we draw a connection with tropical geometry. These results
unify and extend an existing body of work in computer vision. Our formulations
lead to minimal solvers that competitive with or superior to the state of the art. The
chapter is mostly based on my work [62] joint with Zuzana Kukelova, Tomas Pajdla
and Bernd Sturmfels accepted for journal publication irfFoundations of Computa-
tional Mathematics In addition, the last section led to our subsequent paper [67],
accepted for presentation at the2017 IEEE Conference on Computer Vision and
Pattern Recognition in Honolulu, Hawaii.

4.1 Introduction

This chapter introduces a construction in algebraic geometry that is motivated by
multiview geometry in computer vision. As we have seen in Chapters 2 and 3, in
that eld, one thinks of a camera as a linear projectiorP® 99KP?, and a model is a
projective variety X  P" that represents the relative positions of two or more such
cameras. The data are correspondences of image point®fn(or, in the case of three
or more cameras, image lines ifPf)-). These correspondences de ne a linear sub-
spaceL  P", and the task is to compute the real points in the intersectioh\ X as
fast and accurately as possible. That kind of formulation already played prominently
in Chapters 2 and 3 above. See [48, Chapter 9] for a textbook introduction.

A model for cameras with image distortion allows for an additional unknown
parameter . Each coordinate ofX gets multiplied by a polynomial in  whose
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coe cients also depend on the data. We seek to estimate both and the point in
X, where the data now specify a subspade’in a larger projective space®™. The
distortion variety X ° lives in that PV, it satis es dim(X9 = dim( X) + 1, and the
task is to computeL®\ X %in PN fast and accurately.

We illustrate the idea of distortion varieties for the basic scenario in two-view
geometry.

Example 4.1. The relative position of two uncalibrated cameras is expressed by
a 3 3-matrix x = (x;) of rank 2, known as thefundamental matrix Let n = 8
and write F for the hypersurface inP® de ned by the 3 3-determinant. Seven
(generic) image correspondences in two views determine a linein P2, and one
rapidly computes the three points inL \ F.

The 8-point radial distortion problem [64, Section 7.1.3] is modeled as follows in
our setting. We duplicate the coordinates in the last row and last column of, and
we set

(X110 X122 X13 Y130 X211 X221 X230 Y23 - X31 : Y31 i X32 - Y32 i X33 1 Y33 :Z33) =
X11 X120 X131 X131 X1 i X2p i X23iXp3 IXariXa1 [X32iXsy [Xa3iXss [Xsg 2l
(4.1)
Here N = 14. The distortion variety F°is the closure of the set of matrices (4.1)
wherex 2 F and 2 C. The variety F° has dimension 8 and degree 16 iR,
whereasF has dimension 7 and degree 3 i®®. To estimate both and the relative
camera positions, we now need eight image correspondences. These data specify a
linear spacel ° of dimension 6 inP'*. The task in the computer vision application is
to rapidly compute the 16 points inL°\ F°
The prime ideal of the distortion variety F°is minimally generated by 18 poly-
nomials in the 15 variables. First, there are 15 quadratic binomials, namely the
2 2-minors of matrix

X13 X23 X31 X32 X33 Y33 | 4.2)
Y13 Yo3 Y31 Y32 Y3z Zs3

Note that this matrix has rank 1 under the substitution (4.1). Second, there are
three cubics

X11X22X33  X11X23X32  X12X21X33 + X10X23X31 + X13X01X32  X13X22X 31,
X13X22Y31  X12X23Y31  X13X21Ya2 + X11X23Ya2 + X12X21Ya3  X11X22Y33; (4.3)
X22Y13Y31  X12Y23Y31  X21Y13Ysz2 + X11Y23Y32 + X12X21Z33  X11X22Z33!

These three 3 3-determinants replicate the equation that de nes the original model
F. }
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This chapter is organized as follows. Section 4.2 gives the relevant concepts
and de nitions from computer vision and algebraic geometry. We present camera
models with image distortion, with focus on distortions with respect to a single
parameter . The resulting distortion varieties X|y; live in the rational normal scroll

vector indicates that the coordinatex; on P" is replicated u; times when passing to
PN . In Example 4.1 we haveu = (0;0;1;0;0:1;1;1;2) and S, is the 9-dimensional
rational normal scroll de ned by the 2 2-minors of (4.2).

Our results on one-parameter distortions of arbitrary varieties are stated and
proved in Section 4.3. Theorem 4.8 expresses the degreX @f in terms of the Chow
polytope of X. Theorem 4.16 derives ideal generators fot,; from a Gmbner basis
of X . These results explain what we observed in Example 4.1, namely the degree 16
and the equations in (4.2)-(4.3).

Section 4.4 deals with multi-parameter distortions. We rst derive various camera
models that are useful for applications, and we then present the relevant algebraic
geometry.

Section 4.5 is concerned with a concrete application to solving minimal problems
in computer vision. We focus on the distortion variety f+E+ of degree 23 derived
in Section 4.2.

4.2 One-parameter distortions

This section has three parts. First, we derive the relevant camera models from
computer vision. Second, we introduce the distortion varietieX,; of an arbitrary
projective variety X. And, third, we study the distortion varieties for the camera
models from the rst part.

Multiview geometry with image distortion

A perspective cameran computer vision [48, p. 158] is a linear projectioR® 99KP?.

The 3 4-matrix that represents this map is written asKk R jt whereR 2 SO(3),

t 2 R®, and K is an upper-triangular 3 3 matrix known as the calibration matrix.
This transforms a point X 2 P? from the world Cartesian coordinate system to
the camera Cartesian coordinate system. Here, we usually normalize homogeneous
coordinates onP® and P? so that the last coordinate equals 1. With this, points in

R® map to R? under the action of the camera.
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The following camera model was introduced in [78, Equation 3] to deal with image
distortions:

h(kAU + bk) (AU + b

Rit X g(kAU + bk)

forsome 2 RnfOg: (4.4)
The two functionsh: R! Randg: R! R represent the distortion. The invertible
matrix A 2 R? 2 and the vectorb2 R? are used to transform the image point 2 R?
into the image Cartesian coordinate system. The perspective camera in the previous
paragraph is obtained by settingh = g = 1 and taking the calibration matrix K to
A b
00 1°

Micusik and Pajdla [78] studied applications to sh eye lenses as well as catadiop-
tric cameras. In this context they found that it often su cesto x h =1 and to take
a quadratic polynomial forg. For the following derivation we choose(t) =1+ t 2,
where is an unknown parameter. We also assume that the calibration matrix has
the diagonal formK = diag f;f; 1. If we set = =f 2 then the model (4.4)
simpli es to

be the inverse of

U

H — 1
RIT X = K7 4wk

for some 2 RnfOg: (4.5)

Let us now analyze two-view geometry for the model (4.5). The quantity =
=f 2 is our distortion parameter. Throughout the discussion in Section 4.2 there is
only one such parameter. Later, in Section 4.4, there will be two or more di erent
distortion parameters.

Following [48, Section 9.6] we represent two camera matriceR;jt; and Ryjt;

by their essential matrix E. This 3 3-matrix has rank 2 and satis es theDe-
mazure equations The equations were rst derived in [25]; they take the matrix

form 2EE”E trace(EE”)E = 0. For a pair (U; U,) of corresponding points in
two images, theepipolar constraint now reads

> >

E AU, _ U,
1+ kAU K*> 7 1+ kUyk?

AU,
1+ KkAU,K?

U;

> 1
K™ EK 1+ kU k?

0= . (4.6)
In this way, the essential matrixE expresses a necessary condition for two poirts
and U, in the image planes to be pictures of the same world point. THandamental

matrix is obtained from the essential matrix and the calibration matrix:

f11 f12 fl3
F = @f21 f22 f23A = K” EK 1: (47)

fa1 fao fas
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Using the coordinates ofU; = [us;v1]” and U, = [u,; V,]”, the epipolar constraint
(4.6) is

0 = Upusfyy + Upvafip + Upfig + UKULK® £ 13+ vausfor + Vavaf oo + Vaf 23 + VoKUK f o5 +
uifar + U1kU2k2f a1+ vifz + V;|_|(U2k2 f g+ fazt ( kU1k2+ kUzkz) f a3+ kUlkkuQKZ 2f 33-

This is a sum of 15 terms. The corresponding monomials in the unknowns form the
vector

m> = fig;faoifasifas i f o fonifosifos i f s far;f aoifanif ssifas;fas 1 (4.8)

The 15 coe cients are real numbers given by the data. The coe cient vectorc is
equal to

UoUs; UsVy; Us; UskUg K3 Vouyg: Vovy Vo VokU k2 Uy ug kUoK? vy v kUL K? 1; kU K2+ kU, k2 kU k2kU, k2 >

With this notation, the epipolar constraint given by one point correspondence is
simply
cm = 0: (4.9)

At this stage we have derived the distortion variety in Example 4.1. Identi-
fying f;; with the variables x; , the vector (4.8) is precisely the same as that in
(4.1). This is the parametrization of the rational normal scrollS, in P* where
u=(0;0;1,0;0;1; 1,1, 2). The set of fundamental matrices is dense in the hypersur-
faceX = fdet(F)=0gin P8. Its distortion variety X1 has dimension 8 and degree
16 in P*. Each point correspondencel;; U,) determines a vectorc and hence a
hyperplane in P*. The constraint (4.9) means intersectingX; with that hyper-
plane. Eight point correspondences determine a 6-dimensional linear spacePifi.
Intersecting X,; with that linear subspace is the same as solving the 8-point radial
distortion problem in [64, Section 7.1.3]. The expected number of complex solutions
is 16.

Scrolls and distortions

This subsection introduces the algebro-geometric objects studied in this chapter.

abbreviate juj = ug + u; + + u,, and we setN = juj + n. The rational normal
scroll S, is a smooth projective variety of dimensiom + 1 and degreejuj in P . It
has the parametric representation

Xo:Xo Xo °: ‘Xo Y iXyiXy Xy 2 TXq Yt “Xp i Xp “Xp UM
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The coordinates are monomials, so the scrdf, is also a toric variety [23]. Since
degreef,) = juj equals codim§,)+1= N n+1,itis a variety of minimal degree
[46, Example 1.14].

Restriction to the coordinates o : X; : : Xp) de nes a rational map S, 99KP".
This is a toric bration [27]. Its bers are curves parametrized by . The base locus
is a coordinate subspac®” PV. Its points have support on the last coordinate
in each of then + 1 groups. For instance, in Example 4.2 the base locus is th#
de ned by hag; by; by; ¢ ¢1; i in PE.

The prime ideal of the scrollS, is generated by the 2 2-minors of a 2 | uj-
matrix of unknowns that is obtained by concatenating Hankel matrices on the blocks
of unknowns; see [33, Lemma 2.1], [86], and Example 4.2 below. For a textbook
reference see [46, Theorem 19.9].

We now consider an arbitrary projective varietyX of dimensiond in P". This is
the underlying model in some application, such as computer vision. We de ne the
distortion variety of levelu, denoted Xy, to be the closure of the preimage oX
under the mapS, 99KP". The bers of this map are curves. The distortion variety
X lives in PV, It has dimensiond + 1. Points on X, represent points onX whose
coordinates have been distorted by an unknown parameter The parametrization
above is the rule for the distortion. In other words Xy, is the closure of the image
of the regular mapX C! P" given by (4.10).

Each distortion variety represents aminimal problem[64] in polynomial systems
solving. Data points de ne linear constraints onP", like (4.9). Our problem is to
solved + 1 such linear equations onXy,;. The number of complex solutions is the
degree ofX(,. A simple bound for that degree is stated in Proposition 4.7, and
an exact formulas can be found in Theorem 4.8. Of course, in applications we are
primarily interested in the real solutions.

We already saw one example of a distortion variety in Example 4.1. In the
following example, we discuss some surfacesAl that arise as distortion varieties
of plane curves.

Example 4.2. Let n = 2 and u = (1;2;3). The rational normal scroll is a 3-
dimensional smooth toric variety inP8. Its implicit equations are the 2 2-minors
of the 2 6-matrix
o b b G oC
: 4.11
a b b g o G ( )

This is the \concatenated Hankel matrix" mentioned above. Its pattern generalizes
to all u.

Let X be a general curve of degrein P>, The distortion variety X, is a surface
of degree 8 in P®. Its prime ideal is generated by the 15 minors of (4.11) together
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with d + 1 polynomials of degreed. These are obtained from the ternary form that
de nes X by the distortion process in Theorem 4.16. For special curv&s, the degree
of X,; may drop below . For instance, given alineX = V(a + b + c)in P?, the
distortion surface X,; has degree 5 if 60, it has degree 4if =0but 60, and

it has degree 3 if = =0. For any curve X, the property degX,;) =5 deg(X)
holds after a coordinate change i®?. If X = fpg is a single point inP? then X IS
a curve inP8. It has degree 3 unlesp 2 V (¢). }

Back to two-view geometry

In this subsection we describe several variants of Example 4.1. These highlight
the role of distortion varieties in two-view geometry. We xn =8, N = 14 and
u=(0;0;1,0;0;1;1;1;2) as above. The scrolb, is the image of the map (4.1) and
its ideal is generated by the 2 2-minors of (4.2). Each of the following varieties live
in the space of 3 3-matricesx = ( Xj ).

Example 4.3 (Essential Matrices) We now write E for the essential variety (see
[25] or Chapter 2). It has dimension 5 and degree 10 Pf. Its points x are the
essential matrices in (4.6). The ideal oE is generated by ten cubics, namelglet(x)
and the nine entries of the matrix x'x trace(xx")x. The distortion variety Ep,
has dimension 6 and degree 52 . Its ideal is generated by 15 quadrics and 18
cubics, derived from the ten Demazure cubics. }

Example 4.4 (Essential Matrices plus Two Equal Focal Lengths)Fix a diagonal
calibration matrix k = diag(f;f; 1), wheref is a new unknown. We de neG to be
the closure inP® of the set of 3 3-matricesx such that kxk 2 E for somef. To
compute the ideal of the varietyG, we use the following lines of code in the computer
algebra systemMacaulay?2 [44].

R=QQIf,x11,x12,x13,x21,x22,x23,x31,x32,x33,y13,y23,y33,y31,y32,z33];
X=matrix {{x11,x12,x13},{x21,x22,x23},{x31,x32,x33}}

K=matrix {{f,0,0},{0,f,0},{0,0,1}};

P=K*X*K;
E=minors(1,2*P*transpose(P)*P-trace(P*transpose(P))*P)+ideal(det(P));
G=eliminate({f},saturate(E,ideal(f)))

codim G, degree G, betti mingens G

The output tells us that the variety G has dimension 6 and degree 15, and th&
is the complete intersection of two hypersurfaces iR, namely the cubic det&) and
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the quintic

Xllegxsl + X§3X21X23X31 + X11X13X§3X31 + X21X§3X31 X11X13X§1 X21X23X§1+
X12X33X32 + X§3X22X23X32 + X12X13X%3X32 + X22X33X32 X12X13X§1X32 X§ZX§3X33
X11X13X31X5,  X21X23X31X3,  X12X13X3, X22X23X3, Xi1X%3X3s X22X23X51X32
2X11X13X21X23X33  2X12X13X22X23X33  X31X53X33  X5pX53X33 + Xi1X5; X33
+ X§1X§1X33 + 2X11X12X31X32X33 + 2X21X22X31X32X33 + X§2X§2X33 + X§2X§2X331
(4.12)
The distortion variety Gy,; is now computed by the following lines irMacaulay?2

Gu = eliminate({t}, G +
ideal(y13-x13*t,y23-x23*t,y31-x31*t,y32-x32*t,y33-x33*t,233-x33*1"2))
codim Gu, degree Gu, betti mingens Gu

We learn that Gy, has dimension 7 and degree 68 ®'*. Modulo the 15 quadrics
for Sy, its ideal is generated by three cubics, like those in (4.3), and ve quintics,
derived from (4.12). }

Example 4.5 (Essential Matrices plus One Focal Length Unknown)Let G° denote
the 6-dimensional subvariety oP® de ned by the four maximal minors of the 3 4-

matrix 0 1
X11 X12 X1z  X21X31 T X22X32 + X23X33
@le X22 X23 X11X31  X12X32 X13X33A : (4.13)
X31 X32 Xa3 0

This variety has dimension 6 and degree 9 iR®. It is de ned by one cubic and three
quartics. The variety G%is similar to G in Example 4.4, but with the identity matrix
as the calibration matrix for one of the two cameras. We can compute® by running
the Macaulay2 code above but with the lineP = K*X*K replaced with the line P=
X*K. This model was studied in [16].

The distortion variety Gf,; has dimension 7 and degree 42 *. Modulo the 15
guadrics that de ne S;, the ideal ofGﬁ,] is minimally generated by three cubics and

11 quartics. }

Table 4.1 summarizes the four models we discussed in Examples 4.1, 4.3, 4.4 and
4.5. The rst column points to a reference in computer vision where this model
has been studied. The last column shows the upper bound for d¥g() given in
Proposition 4.7. That bound is not tight in any of our examples. In the second half
of the table we report the same data for the four models when only only one of the
two cameras undergoes radial distortion.
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u= 0,0,1,0,0,1,1,1,2 | Ref|dim(X) |deg(X) | dim(Xy,) | deg(Xjy)) | Prop 4.7
FinEx4.1  +F+ [64] 7 3 8 16 18
E in Ex 4.3 +E+ [64] 5 10 6 52 60
Gin Ex 4.4: f+E+f [57] 6 15 7 68 90
G%in Ex 45: +E+ 6 9 7 42 54
v= 0;0,1,0,0;1,0;0;1 | Ref |dim(X) | deg(X) | dim(Xy;) | deg(X};) | Prop 4.7
F inEx4.6: F+ [63] 7 3 8 8 9
E inEx4.6: E+ [63] 5 10 6 26 30
G in Ex 4.6: f+E+f 6 15 7 37 45
GYin Ex 4.6: E+f [63] 6 9 7 19 27
G%in Ex 4.6: f+E+ 6 9 7 23 27

Table 4.1: Dimensions and degrees of two-view models and their radial distortions.

Example 4.6. We revisit the four two-view models discussed above, but with distor-
tion vectorv =(0;0;1;0;0;1;0;0;1). Now,N =11 and only one camera is distorted.
The rational normal scroll S, has codimension 2 and degree 3 RI. Its parametric
representation is

X11 : X12 * X13 : X13 : X21 : X2 X3 + X23  + X311 X32 : X33 : X33

The distortion varieties Fy;, Ey, Gy and G, live in P*. Their degrees are shown
in the lower half of Table 4.1. For instance, consider the last two rows. The notation
E+f means that the right camera has unknown focal length and it is also distorted.

The fth row refers to another variety G This is the image ofG° under the
linear isomorphism that maps a 3 3-matrix to its transpose. Sincev is not a
symmetric matrix, unlike u, the variety GJj is actually dierent from Gg;. The
descriptor f+E+ of GJj expresses that the left camera has unknown focal length
and the right camera is distorted. The varietyG?v% has dimension 7 and degree 23
in P In addition to the three quadrics Xsys X3 Ya that de ne S,, the ideal
generators forGf’v% are two cubics and ve quartics. The minimal problem [63, 64]
for this distortion variety is studied in detail in Section 4.5. }

4.3 Equations and degrees

In this section we express the degree and equationsXf;; in terms of those ofX.

Throughout we assume thatX is an irreducible variety of codimensiort in P" and

the distortion vector u 2 N"*! satisesu, u; u,. We begin with a general
upper bound for the degree.



CHAPTER 4. IMAGE DISTORTION 85

Proposition 4.7. Supposeu, 1. The degree of the distortion variety satis es

degX ) deg(X) (Uc+ Ucss + + Up): (4.14)

This holds with equality if the coordinates are chosen so thétis in general position
in P".

The upper bound in Proposition 4.7 is shown for our models in the last column
of Table 4.1. This result will be strengthened in Theorem 4.8 below, where we give
an exact degree formula that works for alK . It is instructive to begin with the two
extreme cases. I€=0and X = P" then we recover the fact that the scrolX; = S,
has degreelN n= ug+ + U, If c= nand X is a general point inP" then Xy
is a rational normal curve of degreel,.

The following proof, and the subsequent development in this section, assumes
familiarity with two tools from computational algebraic geometry: the construction
of initial ideals with respect to weight vectors, as in [97], and th&€how form of a
projective variety [24, 39, 43, 60].

Proof of Proposition 4.7. Fix dim(X;) = n ¢+ 1 general linear forms onPV,

denoted o; '1;:::; n ¢ We write their coe cients as the rows of the n  c+1)
(N + 1) matrix 2 3
0;0 0;1 0;2 O;N
1,0 1;1 1,2 1;N
§ . . . i ) z : (4.15)
n c0 n cl n c2 n c;N

Here ;; 2 C. The degree ofX, equals # X\ V(To;:::; v ¢) . We shall do this
count. Recall that Xy, is the closure of the image of the injective mag C! P"
given in (4.10). The image of this map is dense K. Its complement is theP"
consisting of all points whose coordinates in each tmet 1 groups are zero except for

lie in this image. By injectivity of the map, deg(X(y;) is the number of pairs &; ) 2
X C which map into Xjy;\ V(To;:::5 70 o).

We formulate this condition on x; ) as follows. Consider therf c+1) (n+1)
matrix

2 ! " 3
0;0 + 0;1 + + O;ug 0 Q;ug+:i+up, 1+1 + + ON n "
u - u
§ 1,0 + 11 + + 1;up 0 Lup+:itup 1+1 + 0+ I;N n " z
+ + + to + + tn
n c0 n ¢l n c;up n cjup+::+u, 1+1 n cN n

(4.16)
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We want to count pairs (x; ) 2 P" C such thatx 2 X and x lies in the kernel of
this matrix. By genericity of ", this matrix has rank n c+1forall 2 C. So for
each 2 C, the kernel of the matrix (4.16) is a linear subspace of dimensian 1 in
P".

We conclude that (4.16) de nes a rational curve in the Grassmannian Ge¢ 1; P").
Here the ;; are xed generic complex numbers and is an unknown that parametrizes
the curve. If we take the Grassmannian in its Placker embedding then the degree of
Oour curve iISuUg + Ucsyp + + Upn, Which is the largest degree in of any maximal
minor of (4.16).

At this point we use the Chow form Chy of the variety X. As in Chapter 2,
following [24, 43], this is the de ning equation of an irreducible hypersurface in the
Grassmannian GrP® ;P"). Its points are the subspaces that intersecX. The
degree of CR in Placker coordinates is degX).

We now consider the intersection of our curve with the hypersurface de ned by
Chy . Equivalently, we substitute the maximal minors of (4.16) into Cik and we
examine the resulting polynomial in . Since the matrix entries i; in (4.15) are
generic, the curve intersects the hypersurface of the Chow form Lhoutside its
singular locus. By Bezout's Theorem, the number of intersection points is bounded
above by degk) (uc+ Uy +  + up).

Each intersection point is non-singular onV(Chy ), and so the corresponding
linear space intersects the varietyX in a unique point x. We conclude that the
number of desired pairs X; ) is at most degX) (uUc+ Ugq + + U,). This
establishes the upper bound.

For the second assertion, we apply a general linear change of coordinatesto
in P". Consider the lexicographically last Placker coordinate, denote@g.c.s:::n-

The monomial pgfﬁ%?..n appears with non-zero coe cient in the Chow form Cl .

Substituting the maximal minors of (4.16) into Ch, we obtain a polynomial in
of degree deg{) (Uc+ Ucs1 + + up). By the genericity hypothesis on (4.15),
this polynomial has distinct roots in C. These represent distinct points inXp; \

V(o;:::; n ¢), and we conclude that the upper bound is attained. ]

We will now re ne the method in the proof above to derive an exact formula for
the degree ofX ) that works in all cases. The Chow form Ch is expressed in primal
the vector e, + e, + &+ &, ., and the weight of a monomial is the sum of the
weights of its variables. TheChow polytopeof X is the convex hull of the weights of
all Placker monomials appearing in Cl ; see [60].
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Theorem 4.8. The degree oX(,; is the maximum value attained by the linear func-
tional w 7! u w on the Chow polytope oK. This positive integer can be computed
by the formula

X
degreeK;) = u; degreein ,(X):hxit ; (4.17)
j=0

wherein (X)) is the initial monomial ideal of X with respect to a term order that
renes u.

We write ,,..-i, . for the multiplicity of M along that coordinate subspace. By
{@O, Theorem 2.6], the Chow form of (the cycle given by\)flxis the Placker monomial

p.Siki " ¢, and the Chow polytope ofM is the point i (8, &, +

+ 6, .). The j-th coordinate of that point can be computed fromM without
performing a monomial primary decomposition. Namely, th¢-th coordinate of the
Chow point of M is the degree of the saturatiorM : hx;i' . This follows from [60,
Proposition 3.2] and the proof of [60, Theorem 3.3].

We now substitute each maximal minor of the matrix (4.16) for the corresponding

..... i, .- This results in a general polynomial of degree;, +

uj, + + U, . inthe one unknown . When carrying out this substitution in the
Chow form Chy , the highest degree terms do not cancel, and we obtain a polynomial
in  whose degree is the largesi-weight among all Placker monomials in CR.
Equivalently, this degree in is the maximum inner product of the vectoru with
any vertex of the Chow polytope ofX .

One vertex that attains this maximum is the Chow point of the monomial ideal
M =in ,(X) inthe proof of Proposition 4.7. Note that we had chosen one particular
term order to re ne the partial order given by u. If we vary that term order then we
obtain all vertices on the face of the Chow polytope supported hy. The saturation
formula for the Chow point of the monomial idealM in the rst paragraph of the
proof completes our argument. m

We are now able to characterize when the upper bound in Proposition 4.7 is
attained. Let ¢ and c. be the smallest and largest index respectively such that
U = Uc = Uc,. We dene a setL, of n c+1 linear forms as follows. Start with
then c, variablesxg, +1, X¢, +2, : .5, Xn and then takec,  c+1 generic linear forms
in the variables X ;X¢ +1;:::;Xe, . In the case whenu has distinct coordinates,
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Corollary 4.9. The degree ofXy, is the right hand side of (4.14) if and only if
V(Ly)\ X =3.

Proof. The quantity deg(X) (uc+ Uc1 +  + Up) is the maximal u-weight among
Placker monomials of degree equal to de¥(). The monomials that attain this maxi-
mal u-weight are products of deg{ ) many Placker coordinates of weightu; + Ug+ +
..... u,» Where
C o< 1< <ic, ¢ GCi.

Such monomials are non-zero when evaluated at the subspat@.,). All other
monomials, namely those having smallar-weight, evaluate to zero oV (L ). Hence
the Chow form Chy has terms of degree de¥() (uc+ Uc1 +  + up) if and only
if Chy evaluates to a non-zero constant ol (L) if and only if the intersection of X
with V(L) is empty. O

We present two example to illustrate the exact degree formula in Theorem 4.8.

Example 4.10. SupposeX is a hypersurface inP", de ned by a homogeneous
polynomial (Xq;:::;Xn) Of degreed. Let be the tropicalization of , with respect

to min-plus algebra, as in [74]. Equivalently, is the support function of the Newton

polytope off. Then

degdXp)) = d juyj ( Ug;ug;:ii;un): (4.18)

For instance, letn =8;d=3 and the determinant of a 3 3-matrix. HenceX is
the variety of fundamental matrices as in Example 4.1. The tropicalization of the
3 3-determinant is

= min Ugg+ Ugo+ Uzz; U+ Uos+ Uzp; Upp+ Upi+ Usz; Uip+ Upa+ Uag; Uig+ Upg+ Usp; Ugs+ Upp+ Usy

X
The degree of the distortion varietyX, equals 3 uj . This explains the
degree 16 we had observed in Example 4.1 for the radial distortion of the fundamental
matrices. }

Example 4.11. Let X be the variety of essential matrices with the same distortion
vector u. In Example 4.3, we found that degX(,) = 52. The following Macaulay?2
code veri es this:

{0,0,1,0,0,1,1,1,2};
QQ[x11,x12,x13,x21,x22,x23,x31,x32,x33,Weights=>apply(U,i->10-i)];
matrix {{x11,x12,x13},{x21,x22,x23},{x31,x32,x33}}
minors(1,2*P*transpose(P)*P-trace(P*transpose(P))*P)+ideal(det(P));
ideal leadTerm X;

sum apply( 9, i -> U_i * degree(saturate(M,ideal((gens R)_i))) )

U
R
P
X
M
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Here, Mis the monomial ideal in ,(X), and the last line is our saturation formula in
(4.17). }

We next derive the equations that de ne the distortion variety X{,; from those
that de ne the underlying variety X. Our point of departure is the ideal of the

. : N n ,
rational normal scroll S,. It is generated by the 2 minors of the concate-

nated Hankel matrix. The following lemma is well-known and easy to verify using
Buchberger's S-pair criterion; see also [86].

Lemma 4.12. The 2 2-minors that de ne the rational normal scroll S, form a
Gmbner basis with respect to the diagonal monomial order. The initial monomial
ideal is squarefree.

For instance, in Example 4.2, whem =2 and u = (1; 2; 3), the initial monomial
ideal is

haby ; aphy; 89C1; 80C2; 80Cs; ol ; Cr; o nCs; i Crs B Co; b1 Cs; CoC; CoCs; CiGai: (4.19)

A monomial m is standard if it does not lie in this initial ideal. The weight of a
monomial m is the sum of its indices. Equivalently, the weight ofn is the degree in

of the monomial inN + 1 variables that arises fromm when substituting in the
parametrization of S,.

Lemma 4.13. Consider any monomialx = X°x,*  x," of degregj | in the coor-
dinates of P". For any nonnegative integeii u there exists a unique monomial
m in the coordinates onPN such thatm is standard and maps tax ' under the
parametrization of the scrollS,.

Proof. The polyhedral cone corresponding to the toric variet, consists of all pairs
(;i)2 R with0 i u. lts lattice points correspond to monomialsx t'

on S,. Since the initial ideal in Lemma 4.12 is square-free, the associated regular
triangulation of the polytope is unimodular, by [97, Corollary 8.9]. Each lattice
point ( ;i) has a unigue representation as aml-linear combination of generators
that span a cone in the triangulation. Equivalently,x t' has a unique representation
as a standard monomial in theN + 1 coordinates onP". O

We refer to the standard monomialm in Lemma 4.13 as theth distortion of the
given x .
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Example 4.14. In Example 4.2 we haven = 2, N = 8, and S, corresponds to
the cone over a triangular prism. The lattice points in that cone are the monomials
XX X2t with0 i o+2 3 +3 . Using the ambient coordinates orP®, each
such monomial is written uniquely asa,*a;,"h,"*b,*b,*?c**c,* c,??¢c* that is not
in (4.19) and satises oo+ o01= o0, 100F 11t 122= 1, 20t 21+ 2o+ 3=

0 o1t 11+2 12+ 21+2 5+3 3= i. Forinstance, ifx = x3x2x3 then its
various distortions, for 0 i 13, are the monomials

agkhcs; aghgcoCr; aglhCoCa; A3IBCHCs; AgRCICs; AECCa; AZECS;
agobG; agthb, G aghib G agbscs; afaubhcs; avallscs; althcs:

prip for the polynomial on PV that is obtained by replacing each monomial irp by
its ith distortion.

Example 4.15. For the scroll in Example 4.2, the distortions of the sextiqp =
a®+a’bPc? are

Poy = 8+ aghco; Py = agan+ aoautbCo; 1115 P = @odr+ AibubnCo; Prgy = A3+ abicy;

The following result shows how the equations of,; can be read o from those
of X.

. . . . . N
Theorem 4.16. The ideal of the distortion varietyXy,; is generated by the

quadrics that de ne S, together with the distortionsp;; of the elementsp in the
reduced Gmbner basis oK for a term order that re nes the weights u. Hence, the
ideal is generated by polynomials whose degree is at most the maximal degree of any
monomial generator of M =in (X).

Proof. SinceX(y,; S u, the binomial quadrics that de ne S, lie in the ideal I (Xy).
Also, if p is a polynomial that vanishes onX then all of its distortions py; are in
| (X{u)) because

Pi] Xo; X o;iit; “OXoiXq;iii; "X = ' p(x) =0 for 2 Candx2 X:

Conversely, consider any homogeneous polynomfain | (X(,;). It must be shown
that F is a polynomial linear combination of the speci ed quadrics and distortion
polynomials. Without loss of generality, we may assume that is standard with
respect to the Gmbner basis in Lemma 4.12, and that each monomial i has the
same weighti. This implies
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f = hipi+ hypot  + hyepy;

order re ning u, and the multipliers satisfy deg ,(f) deg ,(hjp;) =deg ,(h;)+
deg ,(pj) forj =1;2;:::;k. SinceF = f;;, we have deg ,(f) i. Hence, for each
j there exist nonnegative integers; andly suchthata;+h = i and deg ,(h;) &
and deg ,(p) Bb. The latter inequalities imply that the distortion polynomials
(hj)[aj] and (pj)[t}] exist.

Now consider the following polynomial in the coordinates oR™:

B = (h)@g (P + + (h)@g (PIm:

By construction, ' and F both map to 'f under the parameterization of the scroll
S,. Thus, B F 2 1(S,). This shows that F is a polynomial linear combination

completes the proof. ]
We illustrate this result with two examples.

Example 4.17. If X is a hypersurface of degre¢ 2 then the ideall (Xy) is gen-
erated by binomial quadrics and distortion polynomials of degre® More generally,
if the generators ofl (X) happen to be a Gmbner basis for u then the degree of
the generators ofl (X{,;) does not go up. This happens for all the varieties from
computer vision seen in Section 2. }

In general, however, the maximal degree among the generatord (K,;) can be
much larger than that same degree fdr(X ). This happens for complete intersection
curves inP:

Example 4.18. Let X be the curve inP? obtained as the intersection of two random
surfaces of degree 4. We x1 = (2;3;4;4). The initial ideal M =in ,(X) has 51
monomial generators. The largest degree is 32. We now consider the distortion
surfaceXyy; in P2, The ideal ofl (X[up) is minimally generated by 133 polynomials.
The largest degree is 32. }

4.4 Multi-parameter distortions

In this section we study multi-parameter distortions of a given projective variety
X P". Now, = ( q;:::; ;) is a vector ofr parameters, andu = (Ug;:::;Un)
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whereu; = fu;q1;Ui2;:::; Uis; g IS an arbitrary nite subset of N'. Each point uj;
xXo

represents a monomial in the parameters, denoted “ii . We setjuj = juij =
i=0

xXo

siand N = juj 1. The role of the scroll is played by a toric varietyG, of
i=0
dimensionn+ r in PN that is usually not smooth. Generalizing (4.10), we de ne the
Cayley variety G, in PN by the parametrization

boit = xg Y02 : D Xg UYoso o :oxq Yut: DX Uisto DX, Ut DX Yo

(4.20)
The name was chosen becausg is the toric variety associated with the Cayley
con guration of the con guration u. Its convex hull is the Cayley polytope see [27,
Section 3] and [74, De nition 4.6.1].

The distortion variety Xy, is de ned as the closure of the set of all points (4.20)
in PN wherex 2 X and 2 (C)". HenceX, is a subvariety of the Cayley variety
G, typically of dimensiond + r whered = dim( X). Note that, even in the single-
parameter setting ¢ = 1), we have generalized our construction, by permittings; to
not be an initial segment ofN.

Xo

Example 4.19. Letr = n =2, ug = f(0;0);(0;1)g, u; = f(0;0);(1;0)g, u, =
f(2;2);(1;1)g. The Cayley variety G, is the singular hypersurface irP> de ned by
alhCy a1bic. Let X be the conic inP? given by x2+ x5 x3. The distortion variety
X is a threefold of degree 10. Its ideal lphycy  aibicy; a3+ Bc;  cf; ajaubico+
aibghicy  aohct; agallt + aftfly  agtici. }

Two views with two or four distortion parameters

We now present some motivating examples from computer vision. Multi-dimensional
distortions arise when several cameras have di erent unknown radial distortions, or
when the distortion functiong(t) = 1+ t 2 in (4.4){(4.5) is replaced by a polynomial
of higher degree.

We return to the setting of Section 4.2, and we introduce two distinct distortion
parameters ; and ,, one for each of the two cameras. The role of the equation
(4.6) is played by

2 3
U, > X11 X122 Xi13 U,

4 5
1+ kUK X21 X22 X23 1+ (kUK
X31 X32 Xsz3

(4.21)
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Just like in (4.9), this translates into one linear equatiorc™ m = 0, where now m> =
[X11;X12; X13; 1X13; X215 X22; X235 1X23;X31;X31 2;X32;X32 2;X33;X33 2;Xa3 1,Xas 1 2] and ¢ =
UoU1;UaVe Uz UskUg K2 Volq ;VaVy Vo VokU K2 Uy s u kUK v vi kUok?; 1; kU k2 kUL K kKU k2kUoK?

Here c is a real vector of data, whereas = ( 1; 2) and x = (X; ) comprise 11
unknowns. The vectorm is a monomial parametrization of the form (4.20). The
corresponding con gurationu is given by u;; = U = Uy = Uy = F(0;0)g; Uiz =
Uz = (0;0);(1;0)g;us = us, = f(0;0);(0;1)g;usz = f(0;0);(1;0);(0;1); (1; 1)g.
The Cayley variety G, lives in P*°. It has dimension 10 and degree 10. Its toric ideal
is generated by 11 quadratic binomials.

Let X  P® be one of the two-view model§, E, G, or G°in Subsection 4.2.
The following table concerns the distortion varieties<y,; in P'°. It is an extension
of Table 4.1.

dim(X), | dim(Xy)) | deg(X ;) | Prop 4.7 | # ideal gens of

deg(X) iterated deg 2, 3,4, 5
FinEx4.1l  1+F+ 5 7,3 9 24 36 11, 4, 0,0
EinEx43: +E+ 5,10 7 76 120 11, 20,0, 0
Gin Ex4.4: f+E+f 6, 15 8 104 180 11, 4, 0,4
GYin Ex 4.5: (+E+f 6,9 8 56 108 11, 4, 15,0

Table 4.2: Dimensions, degrees, mingens of two-view models and their two-parameter
radial distortions.

On each X[, we consider linear systems of equatiors m = 0 that arise from
point correspondences. For a minimal problem, the number of such epipolar con-
straints is dim(X,;), and the expected number of its complex solutions is de,;)
(though e.g. in three-view geometry, degree drops occur; see Theorem 3.6). The
last column summarizes the number of minimal generators of the ideal Xf,;. For
instance, the varietyXy; = Ep, for essential matrices is de ned by 11 quadrics (from
G), 20 cubics, 0 quartics and 0 quintics. If we add 7 general linear equations to these
then we have a system with 76 solutions i®*®. The penultimate column of Table
4.2 gives an upper bound on de¥(;) that is obtained by applying Proposition 4.7
twice, after decomposingu into two one-parameter distortions.

We next discuss four-parameter distortions for two cameras. These are based
on the following model for epipolar constraints, which is a higher-order version of
equation (4.21):

2 3
U, > X11 X12 X13 U,

4 5
1+ 2kU2k2+ 2|(U2k4 X21 X2z Xz3 1+ 1kUlk2+ 1kUzg
X31 X32 X33

o (3.22)
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As before, the 3 3-matrix x = (X; ) belongs to a two-view camera modek, F,

G or G% We rewrite (4.22) as the inner productc™m = 0 of two vectors, wherec
records the data andm is a parametrization for the distortion variety. We now have

n=9;r =4 and juj = 25. The con gurations in N* that furnish the degrees for this
four-parameter distortion are

U1p = Ugp = Up1 = U = fOg;
Uiz = Uzz = F0;(1;0;0;0);(0;0;1;,0)g; uss = uszz = f0;(0;1;0;0); (0;0;0; 1)g;
ugz = f0;(1;0;0;0); (0; 1;0; 0); (0; 0; 1; 0); (0; 0; 0; 1); (1; 0; 1; 0); (1; 0; 0; 1); (0; 1; 1; 0); (0; 1; 0; 1)g:

Each of the resulting distortion varietiesXp, lives in P** and satis es dim(Xp) =
dim(X)+4. As before, we may compute the prime ideals for these distortion varieties
by elimination, for instance in Macaulay2 From this, we obtain the information
displayed in Table 4.3.

dim | deg | quadrics | cubics | quartics | quintics
F in Ex 4.1: 1 1tF+ 2 o 11 | 115 51 9
E in Ex 4.3: 1 1+tE+ 2 o 9 354 51 34
GinEx4.4: 1 1f+E+f 5 ,|| 10 | 245 51 9 42
GYin Ex4.5: 1 (+E+f , ,| 10 | 475 51 9 9

Table 4.3: Dimension, degrees, number of minimal generators for four-parameter
radial distortions.

In each case, the 51 quadrics are binomials that de ne the ambient Cayley variety
G, in P?*. The minimal problems are now more challenging than those in Tables
4.1 and 4.2. For instance, to recover the essential matrix along with four distortion
parameters from 9 general point correspondences, we must solve a polynomial system
that has 354 complex solutions.

Iterated distortions and their tropicalization

In what follows we take a few steps towards a geometric theory of multi-parameter
distortions. We begin with the observation that multi-parameter distortions arising

in practice, including those in Subsection 4.4, will often have an inductive structure.
Such a structure allows us to decompose them as successive one-parameter distortions
where the degrees form an initial segment of the non-negative integéts In that

case the results of Section 4.2 can be applied iteratively. The following proposition
characterizes when this is possible. Far, N" and k <r, we write ujjyc~ N¥ for

the projection of the setu; onto the rst k coordinates.
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Proposition 4.20. Let u = (Up;:::;u,) be a sequence of nite nonempty subsets
of N". The multi-parameter distortion with respect tou in  1;:::; ; is a succession
of one-parameter distortions by initial segments, in,, then ,, and so on, if and
only if each ber of the mapsuijy«  Ujjn« 1 becomes an initial segment oN when
projected onto thek™ coordinate. This condition holds when each; is an order ideal

in the posetN', with coordinate-wise order.

Proof. We show this forr = 2. The general case is similar but notationally more
cumbersome. The two-parameter distortion given by a sequenaedecomposes into

N™ L andw = (wp;:::;w,) 2 NVe*t N"*1 such that u; = f(s;t): 0 s v
and 0 t wgg fori =0;1;:::;n. This means that both the Cayley variety and
any distortion subvariety decomposes as follows:

G = (S)w and Xy = (Xp)w: (4.23)

The segment [Qv;] in N is the unique ber of the map ujjn: Uijne = FOg. The
ber of uijjn2 Uijne =[0;Vi] over an integers is the segment [Qwis] in N. Thus the
stated condition on bers is equivalent to the existence of the non-negative integers
v; and wi. For the second claim, we note that the set; is an order ideal inN?
precisely whenw,g Wi Wi . O

Proposition 4.20 applies to all models seen in Subsection 4.4 sinceuhare order
ideals.

Example 4.21. Consider the two-parameter radial distortion model for two cameras
derived in (4.21). The vectors in the above proof are = (0;0;1;0;0;1;0;0;1) and
w= 0;0;(0;0);0;0;(0;0); 1,1, (1;1) . The decomposition (4.23) holds for all four
modelsX = E;F;G;G° The penultimate column of Table 4.2 says that the degree
of (X)) is bounded above by 12deg(X ). This follows directly from Proposition
4.7 because 12 Fvj jwj. }

The exact degrees foK,; shown in Tables 4.2 and 4.3 were found using Gmbner
bases. This computation starts from the ideal oK and incorporates the structure
in Proposition 4.20.

Tropical Geometry [74] furnishes tools for studying multi-parameter distortion
varieties. In what follows, we identify any variety X P" with its reembedding
into PN, where thei-th coordinate x; has been duplicatedu;j times. Consider the
distortion variety 1, of the point1=(1:1: :1) in P". This is the toric variety
in PN given by the parametrization

Up;1 - Upg;2 - - Ugsg - Ug1- - Uysq - . Upz. . Upsy for 2 (C )r+l.



CHAPTER 4. IMAGE DISTORTION 96

Let & denote the ¢+1) (N +1)-matrix whose columns are vectors in the sets; for
i =0;1;:::;n, augmented by an extra all-one row vector (11;:::;1). This matrix
represents the toric varietyly;. Recall that the Hadamard product? of two vectors
in C"*! is their coordinate-wise product. This operation extends to points if" and
also to subvarieties.

Theorem 4.22. Fix a projective variety X P" and any distortion systemu,
regarded asr (N + 1)-matrix. The distortion variety is the Hadamard product of
X with a toric variety:

X[u] = X? 1[u]

Its tropicalization is the Minkowski sum of the tropicalization ofX with a linear
space:

trop(Xp,) = trop( X) +trop( 1;) = trop( X ) + rowspace(): (4.24)

Proof. This follows from equation (4.20) and [74, Section 5]. The toric varietyy
in PN is represented by the matrixu;in the sense of [97], so its tropicalization is the
row space ofu= Tropicalization takes Hadamard products into Minkowski sums, by
[12, Proposition 5.1] or [74, Proposition 5.5.11]. O

Theorem 4.22 suggests the following method for computing degrees of multi-
parameter distortion varieties. LetL be the standard tropical linear space of codi-
mensionr +dim( X) in RN*1=R1, as in [74, Corollary 3.6.16]. Fix a general point

in RN*1=R1. Then deg( ) is the number of points, counted with multiplicity,
in the intersection of the tropical variety (4.24) with the tropical linear space + L.
In practice, X is xed and we precompute trop{ ). That fan then gets intersected
with + L +rowspace(d for various con gurations u.

Corollary 4.23. The degree ofXy, is a piecewise-linear function in the maximal
minors of t.

Proof. The maximal minors ofu-are the Placker coodinates of the row space af. ~
An argument as in [20, Section 4] leads to a polyhedral chamber decomposition of
the relevant Grassmannian, according to which pairs of cones in trop§ and in

+ L + rowspace(#) actually intersect. Each such intersection is a point, and its
multiplicity is one of the maximal minors of u: O

Using the software@an [56], we precomputed the tropical varieties trop() for
our four basic two-view models, namelX = E;F;G; G% The results are summarized
in Table 4.4.
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Variety X || dim | lineality f-vector multiplicities
F in Example 4.1 | 7 4 (9, 18, 15) 115
E in Example 4.3 | 5 0 (591, 4506, 12588, 15102, 6498) 2s426; 472
G in Example 44| 6 1 (32, 213, 603, 780, 390) 1336; 254
GYin Example 45 || 6 1 (100, 746, 2158, 2800, 1380) | 1goo; 2572; 4s

Table 4.4: The tropical varieties inR°=R1 associated with the two-view models.

The lineality space corresponds to a torus action oK . Its dimension is given
in column 2. Modulo this space, tropK) is a pointed fan. Column 3 records the
number of i-dimensional cones for = 1;2;3;:::. Each maximal cone comes with
an integer multiplicity [74, Section 3.4]. These multiplicities are 1, 2 or 4 for our
examples. Column 4 indicates their distribution.

4.5 Application to minimal problems

This section o ers a case study for oneninimal problem which has not yet been
treated in the computer vision literature. We build and test an e cient Gmbner
basis solver for it. Our approach follows [65, 64, 67] and applies in principle to any
zero-dimensional parameterized polynomial system. This illustrates how the theory
in Sections 4.2, 4.3, 4.4 ties in with practice.

We x the distortion variety f+E+  in Table 4.1. This is the variety G} which
lives in P** and has dimension 7 and degree 23. We represent its de ning equations
by the matrix

0 1
X11 X122 X21X31 + XooX32 + X23X33  X13 Vi3

@le X22 X11X31  X12X32  X13X33 X23 )’23A : (4.25)
X31 Xa2 0 X33 Y33

This matrix is derived by augmenting (4.13) with they-column. The prime ideal of
Gy is generated by all 3 3-minors of (4.25) and the 2 2-minors in the last two
columns. The real points on this projective variety represent the relative position of
two cameras, one with an unknown focal length, and the other with an unknown
radial distortion parameter

Each pair (U;; U,) of image points gives a constraint (4.6) which translates into
a linear equation (4.9) onGj\ L° P'. Here:

M~ = [X11; X12; X13; Y13; X215 X22; X23; Yo3; X31; X32; X33; Y33)
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is the vector of unknowns. Using notation above, the coe cient vector of the equation
Cm=0is C = UylUs;UyVy; Uz UskUiK?; Voly; VoV Vo VokUq K?; g vy 1 kU K?

Seven pairs determine a linear systel@ m = 0 where the coe cient matrix C
has format 7 12. For general data, the matrixC has full rank 7. The solution set
is a 5-dimensional linear subspace iR*?, or, equivalently, a 4-dimensional subspace
L%in P, The intersection G} \ L° consists of 23 points. Our aim is to compute
these fast and accurately. This is what is meant by theninimal problem associated
with the distortion variety Ggj.

First build elimination template, then solve instances very
fast

We shall employ the method ofautomatic generation of Gmbner solvers This has
already been applied with considerable success to a wide range of camera geometry
problems in computer vision; see e.g [65, 64]. We start by computing a suitable basis
fn1; o Ng; N4 nsg for the null space ofC in R2. We then introduce four unknowns

m= N1+ 2N+ 3N3+ 4N4+ Ns! (4.26)

Our rank constraints on (4.25) translate into ten equations in 1; ,; 3; 4. This
system has 23 solutions ifC*. Our aim is to compute these within a few tens or
hundreds of microseconds

E cient and stable Gmbner solvers are often based orfStickelberger's Theorem
[98, Theorem 2.6], which expresses the solutions as the joint eigenvalues of its com-
panion matrices. Letl R[ ] be the ideal generated by our ten polynomials in

=( 1; 2; 3, 4). The quotient ring R[ ]=I is isomorphic toR?%. An R-vector space

basisB is given by the standard monomials with respect to any Gmbner basis bof
The multiplication map M; :R[ ]=I'! R[ ]=I,f 7' f ; is R-linear. Using the basis
B, this becomes a 23 23-matrix. The matricesM1; M,; M3; M, commute pairwise.
These are thecompanion matrices As an R-algebra,R[M1; M5; M3;My4] " R[ ]=I.
Sincel is radical, there are 23 linearly independent joint eigenvectors, satisfying
Mix = iX. The vectors (1; 2; 3; 4) 2 C* are the zeros of .

In practice, it su ces to construct only one of the companion matricedM;, since
we can recover the zeros df from eigenvectorsx of M;. Thus, our primary task
is to compute eitherM; M,; M3z or M4 from seven point correspondenced)(; U,)
in a manner that is both very fast and numerically stable. For this purpose, the
automatic generatorof G@bner solvers [65, 64] is used. We now explain this method
and illustrate it for the f+E+  problem.
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To achieve speed in computation, we exploit that, for generic data, Buchberger's
algorithm always rewrites the input polynomials in the same way. The resulting
Gmbner trace [101] is always the same. Therefore, we can construct a single trace
for all generic systems by tracing the construction of a Gmbner basis of a single
\generic" system. This is done only once in ao -line stage of solver generation. It
produces anelimination template which is then reused again and again for e cient
on-line computations on generic data.

The o -line part of the solver generation is a variant of the Gmbner trace al-
gorithm in [101]. Based on the F4 algorithm [36] for a particular generic system,
it produces an elimination template for constructing a Gmbner basis dfFi. The

is the matrix of coe cients and m is the vectors of monomials of the system. Every
Grmebner basisG of F can be constructed by Gauss-Jordan (G-J) elimination of a
coe cient matrix Ay derived fromF by multiplying each polynomial f; 2 F, by all
monomials up to degree mak0;d d;g, whered; = deg(f;).

To nd an appropriate d, our solver generator starts withd = min fd;g, sets
mg = m, and G-J eliminates the matrix Ayinta,g = A. Then, it checks if a Gebner
basisG has been generated. If not, it increasakby one, builds the nextA4 and mg,
and goes back to the check. This is repeated until a suitabtkand a Grebner basisG
has been found. Often, we can remove some rows (polynomials) frAmat this stage
and form a smaller elimination template, denotedAS. For this, another heuristic
optimization procedure is employed, aimed at removing unnecessary polynomials
and provide an e cient template leading from F to the reduced coe cient matrix
AS. For a detailed description see [65] and [64, Section 4.4.3].

In order to guide this process, we rst precompute the reduced Gmbner basislqgf
e.g. w.r.t. grevlex ordering inMacaulay2 [44], and the associated monomial basi
of R[ ]=I. This has to be done in exact arithmetic oveQ, which is computationally
very demanding, due to the coe cient growth [8]. We alleviate this problem by
using modular arithmetic [36] or by computing directly in a nite eld modulo a
single \lucky prime number" [101]. For many practical problems [18, 82, 94], small
primes like 30011 or 30013 are su cient.

The output of this o -line algorithm is the elimination template for constructing
Aj, i.e. the list of monomials multiplying each polynomial ofF to produce A§ and
mJ. The template is encoded as manipulations of sparse coe cient matrices. After
removing unnecessary rows and columns, the matrd has sizes (s+ jBj) for some
s. The left s s-block is invertible. Multiplying AJ by that inverse and extracting
appropriate rows, one obtains thgBj j Bj matrix M that represents the linear map
R[ ]=I'!' R[]=I;f 7' f 1 inthe basisB.

We applied this o -line algorithm to the f+E+  problem, with standard mono-
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mial basis
B = (1; 1) 18 134 14 145 20 23 234 24 24 24 3 5
2 . . 2. 3. .20 3. 4.
3 4y 3 4y 3 41 3 4y 4y 4y 4y 4)-
Note that jBj = 23. The matrix (4.25) gives the following ten ideal generators (with
di=d,=d3=2;d,=ds=3;ds=  =dy=4) for the variety Gy encoding the f+E+
problem:

Y23X33  X23Y33
Y13X33  X13Y33
Y13X23  Xi3Y23
Y13X22X31  X12Y23X31  Y13X21X32 + X11Y23X32 + X12X21Y33  X11X22Y33
X13X22X31  X12X23X31  X13X21X32 + X11X23X32 + X12X21X33  X11X22X33
X11Y13X31X32 + X21Y23X31X32 + X12Y13X§2 + X22Y23X§2 X11X12X31Y33  X21X22X31Y33
X%2X32y33 + X§3X32Y33 X§2X3ZY33 + X§3X32Y33 X12X13X33Y33  X22X23X33Y33

_ 2 2 2 2 2 2
fio = X11X12X37 + X21X22X37  X71X31X32 + X15X31X32  X51X31X32 + X55X31X32
2 2
X11X12X35  X21X22X3p + X12X13X31X33 + X22X23X31X33  X11X13X32X33  X21X23X32X33

Using (4.26), these are inhomogeneous polynomials iy 5; 3; 4. In the o-line
algorithm, we multiply f; by all monomials up to degree 5 d; in these four variables.
Each off;f,; f3 is multiplied by the 35 monomials of degree 3, each off 4;fs is

the 5 monomials of degree 1. The resulting 160 = 10 + 105 + 30 + 25 polynomials
are written as a matrix As with 160 rows. Only 103 rows are needed to construct the
matrix M ;. We conclude with an elimination template matrixA2 of format 103 126.
For any data C, the on-line solver performs G-J elimination on that matrix, and it
computes the eigenvectors of a 2323 matrix M.

To avoid coe cient growth in the on-line stage, exact computations oveQ are
replaced by approximate computations with oating point numbers inR. In a naive
implementation, expected cancellations may fail to occur due to rounding errors,
thus leading to incorrect results. This is not a problem in our method because we
follow the precomputed elimination template: we use only matrix entries that were
non-zero in the o -line stage. Still, replacing the symbolic F4 algorithm with a
numerical computation may lead to very unstable behavior.

It has been observed [15] that di erent formulations, term orderings, pair selection
strategies, etc., can have a dramatic e ect on the stability and speed of the nal
solver. It is hence crucial to validate every solver experimentally, by simulations as
well as on real data.
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Computational results

A complete solution, in the engineering senseto a minimal problem is a solution
that is: 1) fast and 2) numerically stablefor most of the data that occur in practice.
Moreover, for applications it is important to study the distribution of real solutions
of the minimal solver.

Minimal solvers are often used inside RANSAC style loops [37]. They form
parts of much larger systems, such as structure-from-motion and 3D reconstruc-
tion pipelines or localization systems. Maximizing the e ciency of these solvers is
an essential task. Inside a RANSAC loop, all real zeros returned by the solver are
seen as possible solutions to the problem. The consistency w.r.t. all measurements
is tested for each of them. Since that test may be computationally expensive, the
study of the distribution of real solutions is important.

In this section we present graphs and statistics that display properties of the
complete solution we o er for the f+E+ problem. We studied the performance
of our Gmbner solver on synthetically generated 3D scenes with known ground-
truth parameters. We generated 500,000 di erent scenes with 3D points randomly
distributed in a cube [ 10, 10f and cameras with random feasible poses. Each 3D
point was projected by two cameras. The focal length of the left camera was drawn
uniformly from the interval [0:5; 2:5] and the focal length of the right camera was set
to 1. The orientations and positions of the cameras were selected at random so as
to look at the scene from a random distance, varying from 20 to 40 from the center
of the scene. Next, the image projections in the right camera were corrupted by
random radial distortion, following the one-parameter division model in [38]. The
radial distortion was drawn uniformly from the interval [ 0:7;0]. The aim was to
investigate the behavior of the algorithms for large as well as small amounts of radial
distortion.

Computation and its speed. The proposed f+E+ solver performs the following
steps:

1. Fillthe 103 126 elimination template matrix A2 with coe cients derived from
the input measurements.

Perform G-J elimination on the matrix A2.

Extract the desired coe cients from the eliminated matrix.

Create the multiplication matrix from extracted coe cients.

Compute the eigenvectors of the multiplication matrix.

A e o

Extract 23 complex solutions (1; 2; 3; 4) from the eigenvectors.
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7. Foreachreal solution (1; »; 3; 4), recover the monomial vectom as in (4.26),
the fundamental matrix F, the focal lengthf , and the radial distortion

All seven steps were implemented e ciently. The nal f+E+ solver runs in less
than 1ms.

(@) (b)

Figure 4.1: Numerical stability. (a) Log, of the relative error of the estimated radial
distortion. (b) Log,, of the relative error of the estimated focal length.

Numerical stability. We studied the behavior of our solver on noise-free data.
Figure 4.1(a) shows the experimental frequency of the base 10 logarithm of the
relative error of the radial distortion parameter estimated using the new f+E+
solver. These result were obtained by selecting the real roots closest to the ground
truth values. The results suggest that the solver delivers correct solutions and its
numerical stability is suitable for real word applications.

Figure 4.1(b) shows the distribution of Log, of the relative error of the estimated
focal lengthf . Again these result were obtained by selecting the real roots closest to
the ground truth values. Note that the f+E+ solver does not directly compute the
focal lengthf . Its output is the monomial vector inm (4.26), from which we extract

and the fundamental matrix F = (x; ). To obtain the unknown focal length from
F, we use the following formula:

Lemma 4.24. Let X = (X;)1 ij 3 be a generic point in the varietyG*from Ex-
ample 4.6. Then there are exactly two pairs of essential matrix and focal length
(E;f) such thatX = diag(f ;f *;1)E. If one of them is(E;f) then the other is
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(diag( 1, 1,1)E; f). In particular, fis determined up to sign byX. A formula
to recoverf from X is as follows:

2 2 2
f2 - X23X51 + X23X5,  2X21X31X33  2X22X32X33  X23X353

= : (4.27)
2 2 2 2 2 3" ( '
2X11X13X21+2X12X13X22  X{1X23 XiPoX23+ Xi3X23+ X51X23+ X5,X23+ X33

Proof. Consider the mapE C ! P8 (E;f) 7! diagf ;f L 1)E. Let |

Qle;j ; f;x ] be the ideal of the graph of this map. Sol is generated by the ten
Demazure cubics and the nine entries of  diag(f ;f ;1)E. We computed the
elimination ideal I \ Qf[f; x; ] in Macaulay2 The polynomial gotten by clearing the
denominator and subtracting the RHS from the LHS in the formula (4.27) lies in
this elimination ideal. This proves the lemma. ]

(a) (b)

Figure 4.2: Number of real solutions for oating point computation with noise-free
image data.

Counting real solutions. In the next experiment we studied the distribution of
the number of real solutions (F ) and the number of real solutions for the focal
length f .

Figure 4.2 (a) shows the histogram of the number of real solutions on the distor-
tion variety va‘}. All odd integers between 1 and 23 were observed. Most of the time
we got an odd number of real solutions between 7 and 15. The empirical probabilities
are in Table 4.5.

Figure 4.2 (b) shows the histogram of the number of solutions for the focal length
f, computed from the distortion variety Gf’v‘} using the formula (4.27). Of the 46
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real roots
in G 1 3 5 7 9 | 11 | 13 | 15 | 17 | 19 21 23
% 0.003 [ 0.276 | 2.47 | 9.50 | 21.0 | 28.0 | 22.8 | 11.5 | 3.60 | 0.681 | 0.078 | 0.003

Table 4.5: Percentage of the number of real solutions in the distortion varie@?v‘}.

complex solutions, at most 23 could be real and positive. The largest number of pos-
itive real solutionsf observed in in 500,000 runs was 16. The empirical probabilities
from this experiment are in Table 4.6.

real f 0 1 2 3 4 5 6 7 8 9 10 11
% 0.003 | 0.397 | 3.16 7.93 145 | 188 | 199 | 155 | 105 | 5.54 | 252 | 0.894
real f 12 13 14 15 16
% 0.295 | 0.075 | 0.023 | 0.005 | 0.001

Table 4.6: Percentage of the number of positive real roots for the focal length

We performed the same experiment with image measurements corrupted by Gaus-
sian noise with the standard deviation set to 2 pixels. The distribution of the real
roots in the distortion variety Gf’v‘} was very similar to the distribution for noise-free
data. The main di erence between these result and those for noise-free data was in
the number of real values for the focal length. For a fundamental matrix corrupted
by noise, the formula (4.27) results in no real solutions more often. See Tables 4.7
and 4.8 for the empirical probabilities.

real roots 1 3 5 7 9 11 13 15 17 19 21 23
% 0.021 | 0509 | 3.23 | 11.2 | 224 | 27.7 | 21.1 | 10.1 | 3.07 | 0.566 | 0.062 | 0.004

Table 4.7: Percentage of the number of real solutions in the distortion varielgﬁfv‘}
for image measurements corrupted with Gaussian noise with= 2 pixels.

real f 0 1 2 3 4 5 6 7 8 9 10 11
% 0.243 | 1.30 4.92 10.2 16.1 | 19.0 | 185 | 13.7 | 879 | 4.33 | 1.96 | 0.689
real f 12 13 14 15 16
% 0.217 | 0.048 | 0.015 | 0.002 | 0.001

Table 4.8: Percentage of the number of real roots for the focal lengthwith data as
in Table 4.7.

Finally, we performed the same experiments for a special camera motion. It is
known [81, 96] that the focal length cannot be determined by the formula (4.27)
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from the fundamental matrix if the optical axes are parallel to each other, e.g. for
a sideways motion of cameras. Therefore, we generated cameras undergoing \close-
to-sideways motion"”. To model this scenario, 100 points were again placed in a 3D
cube [ 10;10F. Then 500,000 di erent camera pairs were generated such that both
cameras were rst pointed in the same direction (optical axes were intersecting at
in nity) and then translated laterally. Next, a small amount of rotational noise of
0.01 degrees was introduced into the camera poses by right-multiplying the projection
matrices by respective rotation matrices. This multiplication slightly rotated the
optical axes of cameras (as not to intersect at in nity) as well as simultaneously
displaced the camera centers.

The results for noise-free data are displayed in Tables 4.9 and 4.10. For this
special close-to-sideways motion, the formula (4.27) provides up to 20 real solutions
for the focal lengthf .

real roots 1 3 5 7 9 11 13 15 17 19 21 23
% 0.007 | 0.544 | 5.14 | 16.83 | 26.2 | 249 | 16.2 | 7.37 | 2.30 | 0.475 | 0.061 | 0.006

Table 4.9: Real solutions in the distortion varietyGﬁfj for the close-to-sideways mo-
tion scenario.

real f 0 1 2 3 4 5 6 I 8 9 10
% 0.006 | 0.755 | 3.08 | 10.2 | 129 | 20.9 16.2 16.0 8.73 6.17 | 2.61
real f 11 12 13 14 15 16 17 18 19 20
% 1.58 | 0.556 | 0.253 | 0.086 | 0.033 | 0.011 | 0.0044 | 0.0016 | 0.0012 | 0.0002

Table 4.10: Real solutions for the focal lengthi in the close-to-sideways motion
scenario.

Example 4.25. In [67], Kukelova, Pajdla, Sturmfels and | apply a similar elim-
ination strategy inspired by distortion varieties to derive new minimal solvers for
problems with solvers already, for purposes of comparison. In particular, see [67,
Section 3.3] for a new solver for the case E+ffrom Table 4.1, corresponding to the
distortion variety G°in P! with dimension 7 and degree 19. It is shown that our
solver compares favorably to the state of the art (SOTA) solver due to Kuang et al.
[63]. Our solver's elimination template has size 51 70, while SOTA's elimination
template is 200 231. The smaller solver is faster and moreover it has competitive
numerical stability properties. See [67, Figure 3] for details.

In this chapter, we presented a mathematical theory for describing distortion in
images. It is based on lifting varieties in projective space to other toric varieties. The
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framework uni es existing models in vision, and leads to fast minimal solvers for cases
with distortion. Our theorems about degree, de ning equations and tropicalization
are of independent interest in combinatorial algebraic geometry.
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Chapter 5

Modeling Spaces of Pictures

In this chapter, we model spaces of pictures of simple objects, such as edges. Here
cameras are xed, a world object varies in position and we are interested in its space
of possible simultaneous pictures. Our understanding could enhance triangulation
algorithms. Our approach is to use combinatorial commutative algebra; in the sim-
plest case, we consider subvarieties of products of the projective plane. This chapter
is based on my publication [58] in thdénternational Journal of Algebra and Compu-
tation 26 (2016) joint with Michael Joswig, Bernd Sturmfels and Ande Wagner.

5.1 Introduction

The emerging eld of Algebraic Vision is concerned with interactions between com-
puter vision and algebraic geometry. A central role in this endeavor is played by
projective varieties that arise in multiview geometry [48].

The set-up is as follows: Acamerais a linear map from the three-dimensional
projective spaceP® to the projective planeP?, both over R. We representn cameras

f; 2 P®. Each image pointu; 2 P? of cameraA; has a line throughf; as its ber in
P3. This is the back-projected line

We assume throughout that the focal points of then cameras are ingeneral
position, i.e. all distinct, no three on a line, and no four on a plane. Letj denote
the line in P* spanned by the focal pointsf; and fy. This is the baselineof the
camera pairA;j;Ax. The image of the focal pointf; in the image planeP? of the
cameraAy is the epipolee, j. Note that the baseline j is the back-projected line
of e ; with respect to A; and also the back-projected line o§  with respect to
Ag. See Figure 5.1 for a sketch.
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Figure 5.1. Two-view geometry (cf. Chapter 2).

Fix a point X in P® which is not on the baseline ik, and let u; and ux be the
images ofX under A; and Ay. SinceX is not on the baseline, neither image point
is the epipole for the other camera. The two back-projected lines of and u, meet
in a unique point, which isX. This process of reconstructing from two imagesu;
and uy is calledtriangulation [48, x9.1].

The triangulatizon pré)cedure amounts to solving the linear equations

X

k4 5 = jk = M 6 6.
B i 0 where B Ac 0 u 2 R ™ (5.1)
k
For general data we have rank&’*) = rank(B}*) =  =rank(BX) = 5, where B

is obtained fromB!* by deleting theith row. Cramer's Rule can be used to recover
X. Let ~sB* 2 R® be the column vector formed by the signed maximal minors of
B, Write ®sB/* 2 R* for the rst four coordinates of ~sB/*. These are bilinear
functions ofu; and ux. They vyield

X = Bl = @B) = = &By: (52)
We note that, in most practical applications, the datauy;:::;u, will be noisy, in
which case triangulation requires techniques from optimization [3].
The multiview variety V) of the camera con guration A = (Ay;:::;A,) was
de ned in [5] as the closure of the image of the rational map
a: PP 99K P2 PP P

X 70 (A ALX i ARX): (5.3)
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The points (uy,us,...,u,) € V4 are the consistent views in n cameras. The prime
ideal 74 of V4 was determined in [5, Corollary 2.7]. It is generated by the <Z>

bilinear polynomials det(B7%) plus g further trilinear polynomials. See [72] for

the natural generalization of this variety to higher dimensions.

The analysis in [5] was restricted to a single world point X € P? (cf. De nition
3.9). In this chapter we study the case of two world points X, Y € P? that are linked
by a distance constraint. Consider the hypersurface V(Q) in P* x P* de ned by

Q = (XoYs — Yo X3)” + (X1Ys — V1 X3)? + (XoYs — Yo X3)? — X3V, (5.4)

The a ne variety Va(Q) N {X3=Y3=1} in R® x R? consists of pairs of points whose
Euclidean distance is 1. The rigid multiview map is the rational map

Vi V@Q) — PPxP3 s (P2)" x (PY)",
(X.Y) = (41X, A X)), (ArY, .. AY)).

The rigid multiview variety is the image of this map. This is a 5-dimensional sub-
variety of (P*)?". Its multihomogeneous prime ideal J, lives in the polynomial ring
R[u, v] = Rluio, wi1, iz, Vio, Vi1, viz » @ = 1,...,n], where (ujp:us:uiz) and (vipiviiivio)
are coordinates for the ith factor P? on the left respectively right in (P?)" x (P?)".
Our aim is to determine the ideal /4. Knowing generators of .J, has the potential of
being useful for designing optimization tools as in [3] for triangulation in the presence
of distance constraints.

The choice of world and image coordinates for the camera con guration A =
(Ay,...,A,) gives our problem the following group symmetries. Let N be an ele-
ment of the Fuclidean group of motions SE(3,RR), which is generated by rotations
and translations. We may multiply the camera con guration on the right by N
to obtain AN = (A;N,...,A,N). Then Jy = Jay Since V(Q) is invariant under
SE(3,R). For My,..., M, € GL(3,R), we may multiply A on the left to obtain
A = (MlA, e MnA) Then Jy = (M1 ®...RQ Mn)JA

This chapter is organized as follows. In Section 5.2 we present the explicit com-
putation of the rigid multiview ideal for n = 2,3,4. Our main result, to be stated
and proved in Section 5.3, is a system of equations that cuts out the rigid multi-
view variety V' (J4) for any n. Section 5.4 is devoted to generalizations. The general
idea is to replace V(Q) by arbitrary subvarieties of (P*)™ that represent polynomial
constraints on m > 2 world points. We focus on scenarios that are of interest in
applications to computer vision.

Our results in Propositions 5.1, 5.2, 5.3 and Corollary 5.1 are proved by compu-
tations with Macaulay?2 [44]. Following standard practice in computational algebraic

(5.5)
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geometry, we carry out the computation on many samples in a Zariski dense set of
parameters, and then conclude that it holds generically.

5.2 Two, three and four pictures

In this section we o er a detailed case study of the rigid multiview variety when the
number n of cameras is small. We begin with the case n = 2. The prime ideal J 4 lives
in the polynomial ring R[u, v] in 12 variables. This is the homogeneous coordinate
ring of (P*?, so it is naturally Z*-graded. The variables uio, u11, u1» have degree
(1,0,0,0), the variables us, us1, uso have degree (0,1,0,0), the variables vy, v11, v12
have degree (0,0, 1,0), and the variables vy, v91, v99 have degree (0,0,0,1). Our ideal
J 4 is Z*-homogeneous.

Throughout this section we shall assume that the camera con guration A is
generic in the sense of algebraic geometry. This means that A lies in the com-
plement of a certain (unknown) proper algebraic subvariety in the a ne space of all
n-tuples of 3 x 4-matrices. All our results in Section 5.2 were obtained by symbolic
computations with several random choices of A. Such choices of camera matrices are
generic. They will be attained with with probability 1.

Proposition 5.1. For n = 2, the rigid multiview ideal J4 is minimally generated
by eleven Z*-homogeneous polynomials in twelve variables, one of degree (1,1,0,0),

one of degree (0,0,1,1), and nine of degree (2,2,2,2).
Let us look at the result in more detail. The rst two bilinear generators are the
familiar 6 x 6-determinants

(5.6)

det {Al b 0]

Al U1 0
A 0 uy and det{ }

AQ 0 Vo '

These cut out two copies of the multiview threefold V4, c (P?)?, in separate variables,
for X — u = (ug,uz) and Y — v = (vy,v7). If we write the two bilinear forms in
(5.6) as u; Fu, and v, Fu, then F is a real 3 x 3-matrix of rank 2, known as the
fundamental matriz [48, Chapter 9] of the camera pair (A1, A»).

The rigid multiview variety V' (J4) is a divisor in V, x V4 C (P?)? x (P?)?. The
nine octics that cut out this divisor can be understood as follows. We write B and C'
for the 6 x 6-matrices in (5.6), and B; and C; for the matrices obtained by deleting
their ith rows. The kernels of these 5 x 6-matrices are represented, via Cramer’s
Rule, by AsB; and AsC;. We write AsB; and AsC; for the vectors given by their

rst four entries. As in (5.2), these represent the two world points X and Y in P2,
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Their coordinates are bilinear forms in (uy,us) or (vq,v3), Where each coe cient is
a 3 x 3-minor of [ﬁl}. For instance, writing a{k for the (5, k) entry of A;, the rst
2

coordinate of A;B; is

32 23 34 32 24 33 33 22 34 33 ,24 32 34 22 33 23 32

—(aPaPadt — aP?a3a3® — aPaPadt + aPPadad? + ad'a3?a3® — a3aFad?) uiiug
Plaftafladt —affalial? —aftaftalt - aftafiaf +alioftal —aliofiaf?) i
—(a?ay’a3! — a?ay’ad’ — aPay’ad’ + ey a3’ + aitay’a3’ — ai'ay’a3’) unun
+(a%2a§3a§’4 a%za?ag?’ a%3a§2a34 + a%3a§4a§2 + a%4a%2 33 — %4(1%36@2) U12U20
—(a2alPad — aP2alaB — oBal2a3 + aPalta + o?a %2663 — a1l wrgun
Fa2alPa2 — aP2al1a2 — oBal2a 1 oPalta + a2l — a2a13a22) ursuss.

Recall that the two world points in P® are linked by a distance constraint (5.4),
expressed as a biquadratic polynomial Q. We set Q(X,Y) = T(X, X,Y,Y), where
T'(e, e, e @) isaquadrilinear form. We regard 7" as a tensor of order 4. It lives in the
subspace Sym,(R*) ® Sym,(R*) ~ R of (R*)®* ~ R**. Here Sym,(-) denotes
the space of symmetric tensors of order k.

We now substitute our Cramer’s Rule formulas for X and Y into the quadrilinear
form 7. For any choice of indices 1<:<;j<6 and 1<k<[<6,

T(AsB;, AsBj, AsCi, AsCl) (5.7

is @ multihomogeneous polynomial in (uq, us, vy, v9) of degree (2,2,2,2). This poly-
nomial lies in J4 but not in the ideal I4(u) + I4(v) of V4 x V4, so it can serve as one
of the nine minimal generators described in Proposition 5.1.

2
The number of distinct polynomials appearing in (5.7) equals (;) = 441. A

computation veri es that these polynomials span a real vector space of dimension
126. The image of that vector space modulo the degree (2, 2,2,2) component of the
ideal 14(u) + I4(v) has dimension 9.
We record three more features of the rigid multiview with n = 2 cameras. The
rst is the multidegree [79, Section 8.5], or, equivalently, the cohomology class of
V(Ja) in H*((P*)*,Z) = Z[uy, us, v1, 0]/ (uf, u3, v}, v3). It equals

ZU%vl + 2uquqvy + 2u§vl + 2u%v2 + 2uquqve + 2u§v2
+2ulvf + 2uviv9 + 2u11)§ + 2u21)f + 2usv U9 + ZUQ’US.

This is found with the built-in command multidegree in Macaulay?.

The second is the table of the Betti numbers of the minimal free resolution of J,
in the format of Macaulay2 [44]. In that format, the columns correspond to the
syzygy modules, while rows denote the degrees. For n = 2 we obtain
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0 1 2 3 4 5 6 7 8 9 10 11

total: 1 177 1432 5128 10584 13951 12315 7410 3018 801 126 9

0: 1 .

1: 6 . .

2: 2 21 6 .

3: 36 18 . .

4: 1 12 42 36 9

5: 1 . . . . .

6: . 24 108 166 120 42 6 . . . ..

7: . 144 1296 4908 10404 13873 12300 7410 3018 801 126 9

Table 5.1: Betti numbers for the rigid multiview ideal with n = 3.

0 1 2 345
total: 1 11 25 22 8 1
0: 1
1: . 2 .
2: . . 1 . ..
7: 9242281
The column labeled 1 lists the minimal generators from Proposition 5.1. Since the
codimension of V(J4) is 3, the table shows that J, is not Cohen-Macaulay. The
unique 5th syzygy has degree (3,3, 3, 3) in the Z*-grading.
The third point is an explicit choice for the nine generators of degree (2,2, 2, 2)
in Proposition 5.1. Namely, we take i = j <3 and £ =1 < 3 in (5.7). The following
corollary is also found by computation:

Corollary 5.1. The rigid multiview ideal Ja for n = 2 is generated by 4(u)+ I4(v)
together with the nine polynomials Q(&Bi, K5Ck) for 1 <,k <3.

We next come to the case of three cameras:

Proposition 5.2. For n = 3, the rigid multiview ideal J4 s minimally generated by
177 polynomials in 18 variables. Its Betti table is given in Table 5.1.

Proposition 5.2 is proved by computation. The 177 generators occur in eight
symmetry classes of multidegrees. Their numbers in these classes are

(110000) : 1 (220111):3  (220220):9  (211211):1
(111000) : 1 (211111):1  (220211):3  (111111):1
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For instance, there are nine generators in degree (2,2, 0, 2,2, 0), arising from Proposi-
tion 5.1 for the rst two cameras. Using various pairs among the three cameras when
forming the matrices B;, B;, C), and C; in (5.7), we can construct the generators of
degree classes (2,2,0,2,1,1) and (2,1,1,2,1,1).

Table 5.1 shows the Betti table for J4 in Macaulay?2 format. The rst two entries
(6 and 2) in the 1-column refer to the eight minimal generators of I,(u) + I4(v).
These are six bilinear forms, representing the three fundamental matrices, and two
trilinear forms, representing the t¢rifocal tensor of the three cameras (cf. Chapter 3,
[4], [48, Chapter 15]). The entry 1 in row 5 of column 1 marks the unique sextic
generator of J,, which has Z°-degree (1,1,1,1,1,1).

For the case of four cameras we obtain the following result.

Proposition 5.3. For n = 4, the rigid multiview ideal J is minimally generated
by 1176 polynomials in 24 variables. All of them are induced from n = 3. Up to
symmetry, the degrees of the generators in the Z%-grading are

(11000000) : 1 (22001110):3  (22002200):9  (21102110): 1
(11100000) : 1  (21101110):1  (22002110):3  (11101110):1

We next give a brief explanation of how the rigid multiview ideals J, were com-
puted with Macaulay2 [44]. For the purpose of e ciency, we introduce projective
coordinates for the image points and a ne coordinates for the world points. We
work in the corresponding polynomial ring

Q[u7 U][Xo, X17 X27 }/07 }/17 }/2]

The rigid multiview map 4 is thus restricted to R® x R®. The prime ideal of its
graph is generated by the following two classes of polynomials:

1. the 2 x 2 minors of the 3 x 2 matrices

[Ai'(X07X17X271)T ‘ Uj :|7 [Al(}/o’}/lv}/é7l)—r ‘ V4 ]7

2. the dehomogenized distance constraint

Q((Xo, Xla X2a 1)T7 (Yb> va YV?? 1)T)

From this ideal we eliminate the six world coordinates { Xy, X, X5, Yy, Y3, Y5}

For a speed up, we exploit the group actions described in Section 5.1. We
replace A = (A;,...,A,) and Q = Q(X,Y) by A" = (M;AN, ..., M,A,N) and
Q' = Q(N'X,N'Y). Here M; € GL3(R) and N € GL4(R) are chosen so that A’
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is sparse. The modi cation to @ is needed since we generally use N ¢ SE(3,R). The
elimination above now computes the ideal (M;®...® M,).J4, and it terminates much
faster. For example, for n = 4, the computation took two minutes for sparse A’ and
more than one hour for non-sparse A. For n = 5, Macaulay2 ran out of memory after
18 hours of CPU time for non-sparse A. The complete code used in this chapter can
be accessed via http://www3.math.tu-berlin.de/combi/dmg/data/rigidMulti/.

One last question is whether the Grobner basis property in [5, Section 2] extends
to the rigid case. This does not seem to be the case in general. Only in Proposition 5.1
can we choose minimal generators that form a Grobner basis.

Remark 5.4. Let n = 2. The reduced Grobner basis of J, in the reverse lexico-
graphic term order is a minimal generating set. For a generic choice of cameras the
initial ideal equals

in(Ja) = (uiou20, viova0, U%ougﬂ)fovgh u%ougﬂ)iwovﬂa “?0“31”%1“307

Uy UggUpgVors UpgU20U21V10V21; U11U50011U20U217

Uy U011 V205 U%1U20U2lv%1v20"‘721a U%U?OU?W%USO )-
For special cameras the exact form of the initial ideal may change. However, up to
symmetry the degrees of the generators in the Z*-grading stay the same. In general,
a universal Grobner basis for the rigid multiview ideal J, consists of octics of degree
(2,2,2,2) plus the two quadrics (5.6). This was veri ed using the Gfan [56] package
in Macaulay2. Analogous statements do not hold for n > 3.

5.3 Equations for the rigid multiview variety

The computations presented in Section 2 suggest the following conjecture.

4
Conjecture 5.5. The rigid multiview ideal Jy is minimally generated by §n6 —
2 1 1. 1 1
§n5 + 36714 + Erf’ + %rﬂ — én polynomials. These polynomials come from two

triples of cameras, and their number per class of degrees is

(110..000..) : 1-2(2) (220..111.) : 3-2<Z) (Z)
(220..220.): 9- (Z) (211.211.): 1-n (”_1)

(111..000.) : 1-2@ (11.111.) : n( )()
(220.211.) : 3-2n<;‘) (”;1) (111.111.) ()


http://www3.math.tu-berlin.de/combi/dmg/data/rigidMulti/
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n'\degree 2 3 6 7 8 total timing (s)

2 2 9 1 <1
3 6 2 1 24 144 177 14
4 12 8 16 240 900 1176 130
5 20 20 100 1200 3600 4940 24064

Table 5.2: The known minimal generators of the rigid multiview ideals, listed by
total degree, for up to ve cameras. There are no minimal generators of degrees 4
or 5. Average timings (in seconds), using the speed up described above, are in the
last column.

At the moment we have a computational proof only up to n = 5. Table 5.2 0 ers
a summary of the corresponding numbers of generators.

Conjecture 5.5 implies that V' (J,) is set-theoretically de ned by the equations
coming from triples of cameras. It turns out that, for the set-theoretic description,
pairs of cameras su ce. The following is our main result:

Theorem 5.6. Suppose that the n focal points of A are in general position in P3.

2
The rigid multiview variety V(J4) is cut out as a subset of V4 x V4 by the 9(2)

octic generators of degree class (220..220..). In other words, equations coming from
any two pairs of cameras suffice set-theoretically.

With notation as in the introduction, the relevant octic polynomials are
T(AsBI™, AsBIF AsCEM | RsCite ),

for all possible choices of indices. Let H 4 denote the ideal generated by these polyno-
mials in R[u, v], the polynomial ring in 6n variables. As before, we write ,(u)+14(v)
for the prime ideal that de nes the 6-dimensional variety V, x V4 in (P?)™ x (P?)".

It is generated by 2 Z bilinear forms and 2 g’ trilinear forms, corresponding to

fundamental matrices and trifocal tensors. In light of Hilbert’s Nullstellensatz, The-
orem 5.6 states that the radical of H, + I4(u) + I4(v) is equal to J4. To prove this,
we need a lemma.

A point u in the multiview variety V, C (P?)" is triangulable if there exists a
pair of indices (j, k) such that the matrix B’* has rank 5. Equivalently, there exists
a pair of cameras for which the unique world point X can be found by triangulation.
Algebraically, this means X = 7\5Bf’“ for some 1.
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Lemma 5.7. All points in V4 are triangulable except for the pair of epipoles, denoted
(e1c2,€2.1), in the case where n = 2. Here, the rigid multiview variety V(J4)
contains the threefolds Va(u) x (e1.2,€2.1) and (€19, e2.1) X Va(v).

Proof. Let us rst consider the case of n = 2 cameras. The rst claim holds because
the back-projected lines of the two camera images u; and u, always span a plane in
P? except when u; = e and us = ey ;. In that case both back-projected lines
agree with the common baseline 5,5. Alternatively, we can check algebraically that
the variety de ned by the 5 x 5-minors of the matrix B consists of the single point

(€12, €21)-
For the second claim, x a generic point X in P* and consider the surface

X? = {y eP’: Q(X,Y)=0}. (5.8)

Working over C, the baseline ;5 is either tangent to X%, or it meets that quadric
in exactly two points. Our assumption on the genericity of X implies that no point
in the intersection B, N X< is a focal point. This gives

(A1X7 A2X7 AIYX7 AQYX) = (A1X7 A2X7 €12, 62<—1)' (59)

The point (A, X, A, X) lies in the multiview variety V,4(u). Each generic point in
Va(u) has this form for some X. Hence (5.9) proves the desired inclusion V,(u) x
(€12, €2.1) C V(J4). The other inclusion (e1.s,e2.1) X Va(v) C V(J,) follows by
switching the roles of « and v.

If there are more than two cameras then for each world point X, due to general
position of the cameras, there is a pair of cameras such that X avoids the pair’s
baseline. This shows that each point is triangulable if n > 3. m

Proof of Theorem 5.6. It follows immediately from the de nition of the ideals in
question that the following inclusion of varieties holds in (P?)" x (P?)™:

V(JA) - V(IA(U) + IA(U) + HA).

We prove the reverse inclusion. Let (u,v) be a point in the right hand side.

Suppose that » and v are both triangulable. Then » has a unique preimage
X in P?, determined by a single camera pair {A;,, Ay, }. Likewise, v has a unique
preimage Y in P?, also determined by a single camera pair {A;,, Ay, }. There exist
indices 71,15 € {1,2,3,4,5,6} such that

X =AsBM and Y = A;08%
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Suppose that (u,v) is not in V' (J4). Then Q(X,Y) # 0. This implies
QUX.Y) = T(X,X,Y.Y) = T(AsB}™, A B AsCR™ AsC™) # 0,

and hence (u,v) ¢ V(H,). This is a contradiction to our choice of (u,v).

It remains to consider the case where v is not triangulable. By Lemma 5.7, we
have n = 2, as well as v = (e1.2,e2.1) and (u,v) € V(J4). The case where u is not
triangulable is symmetric, and this proves the theorem. ]

The equations in Theorem 5.6 are fairly robust, in the sense that they work as

well for many special position scenarios. However, when the cameras A, A, ..., A,
2

are generic then the number 9 Z of octics that cut out the divisor V' (J,) inside

V4 x V4 can be reduced dramatically, namely to 16.

Corollary 5.8. As a subset of the 6-dimensional ambient space V5 X Vy, the 5-
dimensional rigid multiview variety V(Ja) is cut out by 16 polynomials of degree
class (220..220..). One choice of such polynomials is given by

Q(AsBi?, AsCi?), Q(AsB?, AsCy)
Q (/\53@'13, /\50112) , Q (/\531'13, /\50113)

Proof. First we claim that for each triangulable point « at least one of the matrices
B2 or B has rank 5, and the same for v with C'? or C'*. We prove this by contra-
diction. By symmetry between « and v, we can assume that rk(B'?) = rk(B'?) = 4.
Then uz = ez 1, us = es1, and u; = e;o = e;.3. However, this last equality of the
two epipoles is a contradiction to the hypothesis that the focal points of the cameras
Ay, Ay, Az are not collinear.

Next we claim that if B'? has rank 5 then at least one of the submatrices B;>
or B3? has rank 5, and the same for B'*, C'? and C'*. Note that the bottom 4x6
submatrix of B'? has rank 4, since the rst four columns are linearly independent,
by genericity of A; and A,. The claim follows. m

foralll <ik <2.

5.4 Other constraints, more points, and no labels

In this section we discuss several extensions of our results. A rst observation is
that there was nothing special about the constraint @ in (5.4). For instance, X
positive integers d and e, and let Q(X,Y) be any irreducible polynomial that is
bihomogeneous of degree (d, ). Its variety V(Q) is a hypersurface of degree (d, €) in
P? x P3. The following analogue to Theorem 5.6 holds, if we de ne the map 4 as
in (5.5).
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Theorem 5.9. The closure of the image of the map ¥4 is cut out in Vi X Vy

2
by 9(7;) polynomials of degree class (d,d,0,...,e,e,0,...). In other words, the

equations coming from any two pairs of cameras suffice set-theoretically.

Proof. The tensor T that represents @ now lives in Sym,(R*) ® Sym_(R*). The
polynomial (5.7) vanishes on the image of ¢, and has degree (d,d,e,e). The proof
of Theorem 5.6 remains valid. The surface X in (5.8) is irreducible of degree e in
P%. These polynomials cut out that image inside V, x V. O

n

2
2) by 16, as in Corollary 5.8.

Remark 5.10. In the generic case, we can replace 9(

Another natural generalization is to consider m world points X, ..., X,, that are
linked by one or several constraints in (P*)™. Taking images with n cameras, we ob-
tain a variety V' (J4) which lives in (P*)™". For instance, if m = 4 and X, X», X3, X4
are constrained to lie on a plane in P?, then @ = det(X:, X, X5, X,) and V(J,) is
a variety of dimension 11 in (P*)*". Taking 6x6-matrices B,C, D, E as in (5.1) for
the four points, we then form

det(7\5Bi, 7\/50]', 7\/5Dk7 f/\v5El) for all 1 < i,j, ]{?,l < 6. (510)
For n = 2 we veri ed with Macaulay?2 that the prime ideal J, is generated by 16 of

these determinants, along with the four bilinear forms for V,*.

4
Proposition 5.11. The variety V (J4) is cut out in V,* by the 16 (Z) polynomials

from (5.10). In other words, the equations coming from any two pairs of cameras
suffice set-theoretically.

Proof. Each polynomial (5.10) is in J4. The proof of Theorem 5.6 remains valid.
The planes (X;, X, X;)¥ intersect the baseline 3;, in one point each. O

To continue the theme of rigidity, we may impose distance constraints on pairs
of points. Fixing a nonzero distance d;; between points i and j gives

Qij = (XiXj3 — Xj0Xi3)* + (X1 Xj3 — Xj1Xi3)* + (X2 Xj3 — Xj2Xiz)? — d?in23X323'

We are interested in the image of the variety V = V(Q;; : 1 <i < j <m) under the
multiview map v, that takes (P*)™ to (P*)"™". For instance, for m = 3, we consider
the variety V = V(Q12, @13, @23) in (P?)%, and we seek the equations for its image
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under the multiview map 4 into (P?)*". Note that V has dimension 6, unless we
are in the collinear case. Algebraically,

(dio + dy3 + do3)(dia + diz — da3)(diz — di3 + das3)(—diz + diz + dy3) = 0. (5.11)
If this holds then dim(V) = 5. The same argument as in Theorem 5.6 yields:

Corollary 5.12. The rigid multiview variety 1 4(V) has dimension siz, unless (5.11)
holds, in which case the dimension is five. It has real points if and only if dyo, d13, dag

2
n
satisfy the triangle inequality. It is cut out in V,* by 27 (2> biquadratic equations,
2
n
coming from the 9(2) equations for any two of the three points.

In many computer vision applications, the m world points and their images in P?
will be unlabeled. To study such questions, we propose to work with the unlabeled
rigid multiview variety. This is the image of the rigid multiview variety under the
quotient map ((P*)™)" — (Sym,,(P*))".

Indeed, while labeled con gurations in the plane are points in (P?)™, unlabeled
con gurations are points in the Chow variety Sym,  (P?). This is the variety of ternary
forms that are products of m linear forms (cf. [68, §8.6]). It is embedded in the space

P("")~1 of all ternary forms of degree m.

Example 5.13. Let m = n = 2. The Chow variety Sym,(P?) is the hypersurface in
P° de ned by the determinant of a symmetric 3 x 3-matrix (a;;). The quotient map
(P?)? — Sym,(PP?) C P is given by the formulas

ago = 2u19v10, apy = 2u11v11, A = 2U12012,
Qo1 = U11V19 ¥ U10V11, Q2 = U12V1p F UoV12, Q12 = U12V11 F Up1V19.

Similarly, for the two unlabeled images under the second camera we use

boo = 2ug0v20, bi1 = 2u91v21, bao = 2u92v92,
bo1 = u21V20 F U021, boa = UV F UgpV22, 1o = Uga¥a1 + U2 Va2.

The unlabeled rigid multiview variety is the image of V' (J4) C V4 x V4 under the
quotient map that takes two copies of (P?*)? to two copies of Sym,(P)? c P°. This
quotient map is given by (uq,v1) — a, (u2, v3) > b.

We rst compute the image of V4 x V4 in P° x P°, denoted Sym,(V,). Its
ideal has seven minimal generators, three of degree (1,1), and one each in degrees
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(3,0),(2,1),(1,2),(0,3). The generators in degrees (3,0) and (0, 3) are det(a;;) and
det(b;;). The ve others depend on the cameras A;, A,.

Now, to get equations for the unlabeled rigid multiview variety, we intersect the
ideal .J4 with the subring R[a, b] of bisymmetric homogeneous polynomials in R[u, v].
This results in nine new generators which represent the distance constraint. One of
them is a quartic of degree (2,2) in (a, b). The other eight are quintics, four of degree
(2,3) and four of degree (3, 2).

Independently of the speci ¢ constraints considered in this chapter, it is of interest
to characterize the pictures of m unlabeled points using n cameras. This gives rise
to the unlabeled multiview variety Sym,, (V4) in (P(m;Q)_l)n. It would be desirable
to know the prime ideal of Sym, (V) for any n and m.

In this chapter, we modeled spaces of pictures of simple objects, using subvarieties
of products of the projective plane. We determined de ning equations that cut these
subvarieties out, and we proposed various scenarios of practical interest. Our results
might be helpful in polynomial optimization schemes for triangulation, following [3].
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