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Abstract 

Mass transfer to a sphere, including the rear region, in 

Stokes flow and at large Peclet numbers, is investigated. By 

the singular-perturbation technique, six distinct regions of 

different mass-transfer mechanisms are found. One of these 
. 

. regions, the diffusion layer, has a.lready been solved by the 

boundary-layer method. Another area, the region at the rear of 

the sphere,is solved here. The local Nusselt number at the rear 

stagnation point ~s found to be 1.107. To predict the mass 

transfer rate everywhere on the sphere,a composite solution can 

be formed from the boundary-layer solution and the rear-region 

solution. 

In heat and mass transfer problems, the method used here 

complements the boundary-layer methods in predicting the heat 

or mass transfer rate at the rear of an axisymmetric object. 
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Introduction 

The problem of mass (or heat) transfer to a sphere in 

Stokes flow has been studied by many people; for example, 

Levich,l Acrivos and Taylor,2 and Acrivos and Goddard.' 

However, the boundary-layer type of approach used by these 

authors inevitably breaks down near the rear of the sphere. 

Although, as pointed out by Acrivos and Goddard, the rate of 

mass transfer at the rear contributes little to the total mass-

transfer rate~ it is still physically important in determining 

the true nature of the processes involved. The method used 

here is of dual significance. In one sense, it is important 

for understanding 'the mass-transfer process of the entire 

sphere. In another, more general sense, it may be applied to 

correct boundary-layer solutions of other axisymmetric bodies. 

The particular problem investi'gated here is shown graphi

cally in Figure 1. We shall assume throughout this paper that 

the velocity field around the sphere is described by Stokes' 

formula. Due to the concentration difference between the sphere 

and the surroUl1ding fluid, mass transfer will taka place. The 

convective diffusion equation in spherical coordinates can be 

written as 

Pe [ oe - v· - + 2 r or* 
; 2 ) 

+........-.. .. ~ + ----- ~ 1 (0 3 cos B 02\ 
r*2 oS2 sin 8 oe 

where Pe ;: 2RvoclD, the Peclet number; r* ;:: r/R; e .. 
(c i - co)/(c oo - co); and 

, Yr· = (1 - ....L + -L \ cos e 
2r* 2r*' J 

-, 
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P1gure 1. Regions of different mass-transfer 
mechanisms tor mass transfer to#a 
sphere in Stokes flow at high Peolet 
numbera • 



* (1 - 3 ;;.3 ) sin e va ;; - ........ ' ...... - . 4r* 

The boundary conditions for equation (1) are: 

1. e ;; 0 at r* ;; 1. 

2. '=' ;; 1 at r* ;; 00. " .. 

3. as/as ;; 0 at e ;; Tr, the front axis. 

4. 06/09 ;; 0 at B ;; 0, the rear axis. 

The last two boundary conditions are necessary due to symmetry. 

Regions of different mass-transfer mechanisms 

In liquid systems where the diffusion coefficient is small, 

mass transfer usually takes place near the object. On the,' basis 

of this concept the authors mentioned.previously derived the 

diffusio~-layer equation. The solution indicates that there are 

two different regions in the mass-transfer process. One is far 

away from the sphere where the concentration is uniform. The 

other is very near the surface, where all the concentration 

variation takes place. 

However, in the present work, a more detailed analysis 

is made. We find that there are four more regions, and each 

has a different mass-transfer mechanism. The first three 

regions which are near the sphere are investigated here, and 

the treatment of the sixth, the so-called Ilfar-wake ll reglan, 

is relegated to the appendix. A sketch of regions I to 5 is 

shown i#' figure 1. 

Region 1: Region far trom the sphere 

In this region, the presence of the object of a different. 

concentration is not felt by the flu.i.d, ajld its concey.!tre,.tion is 

... 

". 
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uniform· and equal to the upstream concentration. Consequently, 

there is no diffusion. Mass is simply carried along by convec

tion. 

Region 2: The diffusion (boundary) layer 

This is the region solved by the authors mentioned, and 

only a brief summary shall be given here. In this region, con

vection and diffusion normal to the surface are important in 

mass transfer, while diffusion tangential to the surface is 

relatively unimportant. 

Since diffusion is near the surface, a new coordinate 

normal to the surface is suggested; that is Y = (r*- 1)/( = y/(, 

where ( = (Pe/2)- t and y = r* -1. When equation (1) is expressed 

in terms of the new variable, the dominant terms for small ( 
2 

yield: 

~ y2 cos a ,ae _ ~ Y sin a ae 
2 ay 2 aa 

with the boundary conditions: 

1. S = 0 at Y :;: O. 

2. S ;:; 1 at Y = 00. 

3. as/ao ;:; 0 at a :;: 11. 

(2) 

Since the diffusion term in the a-direction, a2G/ae 2 in equation 

(1), is dropped, only one boundary condition in this direction can 

be specified for equation (2), namely condition 3. 

Equation (2) can be solved by a similarity transformation. 

The similarity variable is defined by 

11 ;:; Y/g(e) , 

where 

g{e) :;: 3f (~ sin 28 - a + 11)f / sin e . (4) . 
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The solution obtained is 

(5) 

The local Nusselt number Nu is 

2 
::; . 

Er(4/3) g(6) 
(6) 

.!. 
As 6 -->~, the limit of g(6) is 23

, which predicts a 

finite mass-transfer rate at the front. However, as 6 -.~ 0, 

get)~ tends toward infinity. This implies an infinitely thick 

diffusion layer or no mass transfer at the rear stagnation 

point and contradicts the assumption that mass transfer occurs 

close to the surface of the sphere. In addition', if one examines 

the tangential gradient along the rear axi~, one will find that 

this gradient does not vanish, violating boundary condition 4 

of equation (1). Thus, it is the objective of this work to 

eliminate these discrepancies. 

Region 3: Convective region 

According to the boundary-layer solution, it is apparent 

that the diffusion layer expands starting from the front to the 

back of the sphere. Eventually, this layer will expand suffi

ciently far into the bulk such that the convective velocity 

becomes large, and the approximate velocity used in the boundary

layer equation becomes invalid. This can be shown by substitut

ing the boundary-layer solution into equation (1) and exrunining 

the behavior of the neglected terms near e = Oz 



· ... 

.. 

., ,,, 

'1 

11 26' [~ (g3 cos a + g2g' sin e) - 1'}(53 (~ g cos e + 1-~. gl sin e)e + 
----~---~--~-~----~~~~-~-

+ ••• J ::: e" + 2e~ gel - '11f:g + (11f:g)2 + ••• )( + 

[ 
2 2 ( 2 cos fj )] + 11 g' e" - 113' \ggtt - 2g' + ;i~e gg'. (1- 21JEg + ) 2 . 

• •• E , 

where the prime designates the derivative with respect to n or 8. 

The underlined terms, the terms of the first order of 

magnitude as, E .. -> 0, form the boundary-layer equation. However, 

as a ~ 0, gee) ~ O(l/e), and equation (7) has the form 

with ti = 0(1). The left side represents the convective terms, 

and the right side, the diffusion terms. It is easy to see that 

when a = O(E) all the terms in the velocity expansion are of the 

same order. In other words, as a .-> o( E), the diffusi on-layer 

approximation breaks down. 

At the same time, the above analysis suggests that the 

appropriate variable for this region can be 

s = elE . 

The results of substituting S into equation (1) are 

The diffusion terms on the right of equation (8), being an 

order of magnitude smaller, can readily be neglected, and. we 

obtain 

(8) 



( 1 - 2~'- + ;;."3 ) .~~... -(1 - ~ - ~~:3 ):. .~~. 0 • 

The solution of equation (9) must·match with the asymptotic 

form of the boundary-layer solution at e = o. 
Equation (9) shows that in this region convection is the 

dominant mode of mass transfer, and diffusion is negligible. 

Consequently, e is constant along streamlines, e = e('-lI) , where 

from Stokes' solution one can define a stream function ~ 

appropriate to region 3 as 

II< • ;5i{:',;2T5 (~ - ~r' + 2r.2). (10) 

The form of e(w) is determined by matching with the boundary-

layer solution. For this purpose, it is only necessary to find 

the asymptotic boundary-layer solution at e :: 0 in terms of the 

stream function. As r* .--> 1; that is, as r* asymptotically 

approaches the boundary layer, 

On the other hand, as a .-? 0, from equations (3) and (4) we 

obtain . .:!.. 

1] = e y / ( 3'(( ) ~ € • 

(11) 

(12) 

By comparing equations (11) and (12), we find that in the region 

of matching the relationship between the similarity variable ~ 

and the stream function VJ is 

17 :: V\f.! • 

ThUS, the solution in region 3 is 

V'll 3 J e-x dx , 

o 

(14) 

•• 
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with W defined by equation (10). 

Region 4: The rear-axis region 

The solution (14) still does not satisfy the boundary 

condition ae/aB : 0 at e : O. This can be traced to the neglect 

of the tangential diffusion terms in equation (8) and indicates 

the presence of still another region near the rear axis where 

convection and diffusion in the B··direction are important, but 

diffusion in the r-direction is not. At the same time 6 is 
1 

small, of order ~2, in this region. 

Examination of the terms in equation (1) or (8) neglected 

in region 3 indicates that the thickness of region Lj. is given by 

S : o(Vi). Hence, a suitable variable for this region is 

s : S/VE : B/€3/2 , 

and the corresponding equation is 

(1 -~ + ;rJ,~'3 ) .~~ - (1 -~ - ~rl~3 );i7 :; 

= ;-2' (~~ + t l~ ) · (15) 

The boundary conditions for equation (15) are 

1. ae/as : 0 at s : O. 
1. 

2. 2 2 5/6 1. e -> Vi s (2r* - 3r* + l/r*) / r(4/3) 3 11
3 as s ·"7 00, 

in order to match with region 3. 

3. As r* ~ 1, e must match with the solution in region 5 

(see equation (19». 

Note that this region, involving the tangential diffusion 

terms, grows thicker at greater distances from the sphere. 

Eventually, it bJ.ends into a sixth region, the far-·wal:l.:e region., 
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where the depletion of concentration decays, first, as l/r* 

along the rear axis and, second, it decays exponentially in 

r*e 2 in the'direction normal to the axis. 

Region 5: Region near the rear of the sphere 

This region is close to the surface at the rear of the 

sphere. Being close to the surface, the convective velocity 

is small. Thus, it is probable that diffusion is comparable 

to convection. As already shown in region 4, on approaching 

the rear axis, the tangential diffusion becomes important. In 

addition, analogous to the diffusion layer concept, the normal 

diffusion may also be important as the concentration change 

takes place in a thin region. Order of magnitude comparisons 

verify these conclusions. 

Examination of the radial diffusion terms neglected in 

regions 3 and 4 show that these terms become important and 

the treatmellt of these regions becomes invalid for y = O(E). 

Consequently, the appropriate variables in region 5 are 

y = y/f. and S :: alE , 

and in this .region equation (1) reducss for smalJ. € to 

.2. y2 a~ 2, ys 1)§. a2e a2e 1. 1).§ = -+ -+ 
2 ay 2 as ay2 as2 s as 

(16) 

and one sees that diffusion and cOllvection in both the r- and 

a-directions become impcrtant. The boundary conditions for 

equation (16) are 

1. S:: 0 at y:: O. 

2. ae/as = 0 at S:: O. 
, 

3. (3 --7 11$' (11 ~? 0) :: €ys/r(4/3)(31T):J as S -~. 00, 

.,. 



,. 
4. 

in order to match w:L th the bow.'..d.ary-layer 

solution in region 2. 

11 

ForY .. -:-? 00, an asymptotlc solution for equation 

(16) is found and will be disc.ussed in the follO\..,-

ing section. 

We have carried the analysis far enough to show that radial 

diffusion is negligible in regions 3 and 4 and that therefore 

there can be no upstream propagation of effects from these 

regions, even though radial diffusion is not negligible in region 

5 itself. Thus, another way of stating condition 4 is that the 

radial diffusion term a2e/oy2 must become negligible compared. to 

the other terms in equation (16) as Y --7 00 in order for the 

solution to match with regions 3 a]),d 4. 

In this section we have proceede:d logically from one region 

to another, examlning the domll.lant modes of mass transfer in each 

region and the limits of validity of the treatment for each 

region, either by observing whether the boundary conditions are 

satisfied or by examining the order of magnitude of terms neglect

ed in the equation of convective diffusion. The fact that a limit 

of validity 1's found indicates the existence of an adjoining 

region in which different mechanisms of mass transfer are 

important. It is not necessary to continue this analysis into' 

the far wake because, as indicated above, radtal diffusion is 

already negligible in regions 3 and 4 and, consequently, there 

can be no upstream propagation of effects which could affect the 

mass-transfer rate on the sphere. However~ for thosa who are 

interested, the far-wake region is discussed in the apP611dix. 
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Since region 5 is in contact with the surface, the normal 

concentration gradient at the surface will yield the rate of 

mass transfer in the rear region. Thus, it is essential to 

obtain the solution of equation (16). Condition 3 on equation 

(16) indicates that S ; O(() in region 5. Since y = O(€), the 

order of the Nusselt number in this region is Nu ; O(aS/By) = , . 

0(1), in contrast to the front part of the sphere \V'here Nu = 

O(l/€), as indicated by equation (6). 

Solution for the region at the rear of the sphere 

To obtain a solution of equation (16), we mig~lt first 

express the boundary condition 4 of equation (16) more explicitly 

by obtaining the asymptotic solution of region 5 as Y --? ~. 

For Y --7 00, at the boundary joining region 5 to regions 3 and 4, 

a2e/ar2 should approach zero in order to be consiE"Gent with 

equations (9) and (15) of regions 3 and 4. Imposing this 

condition on equation (16), we obtain 

2 2. y2 .9.§ _ 2. YS .QS2 = Q_~ + 1 9.~-2 
2 OY 2 as as2 S as 

(17) 

as Y --? 00. Introduction of the similarity variables 
1. ' 

; = S VY and e = €y2 f(;) 

reduces equation (17) to 

(18) 

with the boundl:1.ry conditions 
.1.. 

1. f --7 ;/J.""(4/3)(3'n)3 as F. --7 00, to match w~.th the 

boundary-layer solution. 

2. fl = 0 at ; = O. 

Equation (18) can readily be solved numerically. 

.. 
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To verify that the solution, 0 = €y~ f(~), agrees with the 
2 2' 2 2 assumption that a slay ~ 0 as Y ~ ~, we calculate a Slay 

anda~/aS2 from this solution with the result 

It is obvious that the assumption is not violated. Moreover, 

the function f provides the boundary condition for region 4 

when r* ~ 1: 

1 
S-+ €2Vr*-1 f(SVr*-l) as r* ~ 1 for region 4. 

(19) 

Thus, region 4 can be solved in connection with region 3 without 

knowing the solution for all of region 5. 

So far, an analytic solution of equation (16) does not seem 

possible; therefore, a numerical solution is sought. Due to the 

presence of the convective terms in equation (16), a simple 

finite-difference method in the Y,S-coordinates does not appear 

practical. For greater efficiency, two new variables 

and 

are introduced. Note that IP is proportional to the square root 

of the stream function in region 5. 

Equation (16) thus becomes 

Figure 2 shows regions 2, 3, 4, and 5 ih the new coordinate 

system. 

(16 1 ) 

A source of difficulty arises in the numerical calculations 

because convection along streamlines becomes much larger than 



2 I-~----
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I 5 

.-------1 

5 
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I 

4 
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I 
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:Plgure 2. Mass transfer regions in streamline 
coordinates. 
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diffusion along streamlines as Y or S approaches infinity. 

It is ironic that these diffusion terms cause difficulty in 

the numerical method in just those regions where they become 

negligible. This is, in fact, a major reason why it is 

difficult to obtain numerical solutions of the original problem 

with equation (1) when the diffusion coefficient is small 

(another reason, of course, being that the concentration 

variation takes place very close to the surface of the sphere). 

The development of perturbation methods in the first place· is 

partly an effort to overcome such difficulties. 

In the present problem, one can avoid these difficulties 

by neglecting explicitly the term for diffusion along streamlines 

a2e/ox2 in the numerical calculations,ln those regions where it 

is, in fact, negligible. Thus, from the discussion of regions 3 

and 4, it can be shown that o2e/ox2 ~ 0 in these regions. ThUS, 

upon approaching regions 3 and 4, the appropriate asymptotic 

equation can be 

. - (20) 

Similarly, equation (20) can be used upon reaching region 2. 

Although equation (20) is not exactly the same as the equations 

derived for the regions 2, 3, and 4, it approximates the con·

ditions when convection becomes- more predominant than diffusion 

along streamlines. In addition, equation (2), being parabolic, 

is influenced only by the upstream conditions and can be solved 

wi thout iteration. Equation (16.1 ), involving a streamline 

coordinate, makes it easier to drop the term for diffusion along 

streamlines than would be the case for equa~ion (16). 



Equation (16') can be solved by the successive over

relaxation method, and the sequence of computations is as 

follows (for this purpose, regions 2, 3 and 4 in figure 2 

should be regarded as asymptotic parts of region 5 where 

diffusion along streamlines is negligible): 

1. Region 2 and the adjacent region 5 are computed to match 

the boundary-layer solution. 

2. Regions 3 and 5 are solved simultaneously, and no 

computation in region 4 is needed. 

One may already have noted that the origin (~ = X = 0) is 

a singular point; consequently, it is difficult to obtain the 

gradient there accurately. An alternative would be to assume 

first a solution of the form 

e = e + AY , (21) 

since at small Y, e is linearly proportional to Y. First, one 

can guess a value of A and then back out the term AY from e and 

solve for e using equations (16') and (20). Once e is found, a 

new A can be calculated, and the procedure can be repeated until 

the values for A converge. By using this method, we are able to 

calculate accur~tely the gradient at the origin, i.~., A = 

0.5535 (. 

Results and Discussion 

From the calculated concentration distribution in the rear

stagnation region, one can easily obtain the mass-transfer rate 

alo~g the surface by calculating the normal gradient at the 

surface. The results are shown in figure 3, where NUr is the 

local Nusselt number and the subscript rdenotes the solution 

for the rear region. Also shown in figure 3 is the local Nusselt 
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Figure ,. Local Buaselt nUmber in the region near 
the rear of the sphere. 
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. 
number Nub£ predicted by the boundary-layer solution. It is 

clear, as one would expect, that there is a large difference 

at small angles, and yet the soluticn for region 5 bleI\ds into e 
the boundary-layer solution at larger angles. 

At the rear stagnation point, S= 0, the local Nusselt 

number is NUr = 1.107. This is leB3 theJ:l. the NussC':lt; :L::;''lJD.ber 

(Nu ;:; 2) for the diffusion from a sphere into a stng:n[\j:~t medium. 

The reason, obviously, is that the convection of depleted solu

tion into the rear region decreases the concentration gradient 

at the rear. 

In order to obtain the mass-transfer rate for the entire 

sphere, it is necessary to form a composi te soluti()~, ',.ri th the 

boundary-layer solution as the outer solution and the solution 

for the rear region as the inner solution. Mathematically, the 

composite solution for the local NU8selt number ca.n be written as 

where the subscript b£ denotes the boundary-layer solution. 

The last term is the inner limit of the boundary-layer solution, 

which is the same as the outer limit of the solution for region 5. 

Acrivos and Goddard have obtained the asymptotic average 

Nusselt number for Pe ~ 00, and Re ~ 0, as 

Nil = Pei [0.9914 + 0.922 Pe-i + OCRe) + O(Pe-%)] , 

and they also have suggested that the contribution of the rear 

-- 0(-1,. stagnation region to Nu is Pe 3), although it actually is of 
2 

the order Pe-3 • Therefore, if one wants to include the contribu-

tion to NU' of the rear stagnation region, one should also carry 

v 
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, 

out two more higher order approximations in Acrivos and 

Goddard's analysis for the diffusion layer. 

Even though the contribution of the rear of the sphere to 

the average Nusselt number is very small, the solution in this 

region is of interest because it can elucidate on"e example of 

the failure of boundary-layer methods at the rear of a bluff 

object. The solution found here for the rear of a sphere i'n 

Stokes flow would also be applicable to other problems at high 

Peclet numbers, first to the sphere at higher Reynolds numbers 
I 

where Stokes' velocity profile is not applicable and secondly 

to other ,axisymmetric bodies in the absence of eddies behind 

the bodies, as long as the rear of the body is blunt like the 

sphere and not pOinted. The rear region is very small, and in 

this region the velocity profile for such an axisymmetric body 

can be expressed as 
2 

Vy = b Y and vr = - bry , 

where b is a constant and r denotes the normal distance from 

the axis of symmetry. In addition one needs the asymptotic form 

of the mass-transfer rate at the rear of the object as predicted 

from the diffusion layer on the forward part of the object. 

Then, by appropriate stretching of the coordinates and concen

tration, the problem can be reduced to equation (16) and the 

following "boundary conditions, for which the solution has 

already been given. 
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Appendix. The far-wake region. 

The asymptotic solution for region 4 as r* ~ ~ is 

e .,,-._> f t ;*" f(s{2r-*i'-;), (22) 

which, we might note, is very similar to the asymptotic solution 

in the same region as r* ---> 1 (see equation (19)). The treat

ment of region 4 ceases to be valid when e = 0(1), which occurs 

when r* = 0(1/€). This then defines a sixth region, that of the 

far wake. In this region, the appropriate variables are 

R = €r* and S = e/e2 , 

and equation (1) reduces to 

:-;~=;t(!;~+;~) · (23) 

with the boundary conditions 

1. e ~ 1 as S ~ ~. 

2. ce/as = 0 at S = O. 

3. 
~ 3 

e -70 _1- J e-x dx + VR feS V2.R/3 ) 
r(4/3) 0 

SR {213 
- __________ 0 _. _ 

r(4/3)(31T)i 

as R -)0 0, where B = SR V2 /35/ 6 7ft . 

This last boundary condition comes from matching with both 

region 3 and region 4 and represents the composite expansion 

for these two regions as r* --? ~. 

The asymptotic solution in region 6 as R ~ ~ is 
\ 

2 e = 1 - (K/R) exp (-RS /4) , 

where the constant K is related to the total rate of mass 

transfer to the sphere: 

(24) 

.~I 
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K ;: N\i' / (4Pe)i ~ 0.6245 

ThUS, although detailed solutions have not been obtained 

for regions 4 and 6, one does arrive at a reasonably complete 

• picture of the concentration distribution in the entire flow 

field to the first approximation as Pe -> eo, 

• 
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ci 

Co 

Coo 

D 

f 

g 

Nu 

Pe 

r 

r* 

R 

R 

s 

S 

S 

Nomenclature 

- concentration of the diffusing species 

- concentration at the surface 

- concentration in the bulk solution 

- diffusion coefficient 
~ asymptotic solution for €6/Y as Y ~ 00 in region 5 ' 

- see equation (4) 

- the local Nusselt number 

;: 2Rv~D, the Peclet number 

- radial coordinate 

- dimensionless radial coordinate 

- radius of the sphere 

; (r*, stretched coordinate for region 6 

- S/V€ = B/€3/2 , stretched coordinate for region 4 

= B/€, stretched coordinate for regions 3 and 5 

= fJ/€2, stretched coordinate for region 6 

v· - dimensionless radial velocity r 

va· - dimensionless tangential velocity 

Voo - velocity far from the sphere 



x 

x 
distance measured along the rear axis 

= (y2_ S2)/2, variable used in numerical solution for 

region 5 

y = r* - 1, the normal distance from the sphere 

Y = y/e, a stretched diffusion-layer coordinate 

r(4/3) =' 0.89298, the gamma function of 4/3 

(
_A 

- Pe/2) 3, perturbation parameter 

= Y/g(a), similarity variable for diffusion layer 

- angular coordinate, measured from rear axis 

= (ci - co)/(coo - co), dimensionless concentration 

= SVY, similarity variable for asymptotic soluti,on in 

region 5 

22 

~ =YS, stream function variable appropriate to region 5 

~ - stream function variable appropriate to region 3 (see 

equation (10)) 
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