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Abstract
Signal Detection and Analysis for Graviational Wave Astronomy
by
Nathaniel Allen Leslie
Doctor of Philosophy in Physics
University of California, Berkeley

Professor Liang Dai, Chair

I provide an introduction to the field of gravitational wave data analysis, including a sum-
mary of the history and future of gravitational wave detection, a derivation of wave solutions
to the linearized Einstein equations, a discussion of observable parameters of the sources of
gravitational waves, and a discussion of how gravitational waves create strain in Michelson
interferometers and how that strain data is analyzed to extract those observable parameters.
I present mode-by-mode relative binning, a new algorithm for fast and accurate likelihood
estimation for gravitational waveform models with higher modes and precession effects. This
method reduces the runtime of full parameter estimation from weeks to hours. I also discuss
a new analytic gravitational waveform model for binaries undergoing small center-of-mass ac-
celeration, including those in hierarchal triple systems. I present a Fisher analysis quantifying
the detectability of this acceleration at various source chirp masses. Finally, I demonstrate
how multi-messenger measurements of double white dwarf systems can be used to break
the degeneracy between chirp mass and the impact of tides on orbital evolution. This can
enable measurements of either tidal locking or moment of inertia of the white dwarfs without
prohibitively expensive radial velocity measurements.
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Chapter 1

Introduction

1.1 History and Future of Gravitational Wave
Detection

For centuries, humans have used electromagnetic astronomy to learn about the universe.
But in 2015, the LIGO (Laser Interferometry Gravitational-wave Observatory) collaboration
began the era of gravitational-wave astronomy with the first direct detection of gravitational
waves emitted by the merger of two black holes in an event known as GW150914 [118].
These detection of gravitational waves confirmed the predictions of Albert Einstein roughly
a century earlier in 1916, when he showed that linearizing the field equations in his new
theory of general relativity implied the existence of gravitational waves that travel at the
speed of light [73, 74].

Over the next few decades following Einstein’s prediction of gravitational waves, the
mathematical theory of gravitational waves was refined, and by the early 1960s, linearized
general relativity with the quadrupole approximation could be used to calculate the dynamics
of orbiting binary systems that emitted gravitational waves [146, 145]. Later that decade,
Joseph Weber was the first to try to experimentally detect gravitational waves by building
massive resonant aluminum bars, now called Weber bars, and measuring small changes in
their length [195]. While his initial papers claimed to detect a number of events, these
detections turned out to be erroneous; the sensitivity of his detectors was far too weak to
detect gravitational waves.

Around the same time, many discussed the possibility of using laser interferometry to
detect gravitational waves, and prototypes were constructed, but none approached the nec-
essary sensitivity. In 1979, the National Science Foundation funded Caltech and MIT to
research and develop laser interferometers, which led to the founding of the LIGO project in
1984, which sought to build kilometer-scale Michelson-style interferometers to detect gravi-
tational waves at sensitivities predicted by theory. Over the next two decades, the project
expanded to the LIGO Scientific Collaboration, including the British/German GWO Col-
laboration, which was building GEO600, a 600 m long detector in Hannover, Germany [197].
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In 2002, LIGO completed the construction of two 4km long interferometers, one in Liv-
ingston Louisiana, and the other in Hanford, Washington. The two LIGO interferometers
and GEO600 began coincident operation, but not yet at initial design sensitivity. In 2004,
Advanced LIGO, a plan to improve sensitivity beyond the initial design was approved, and
in 2006, LIGO achieved the initial design sensitivity. In 2007, the Virgo Collaboration be-
gan observing with the Virgo interferometer [14] in Pisa, Italy, entering a joint data analysis
agreement with LIGO. Advanced LIGO was completed in 2014, and on September 14, 2015,
LIGO Hanford and LIGO Livingston confirmed the first detection of gravitational waves
from the merger of two black holes.

LIGO detected six more binary black hole mergers with the Hanford and Livingston de-
tectors [116] before finally making a joint detection with Virgo on August 14, 2017 [7]. With
three detectors, scientists were able to get a much tighter measurement of the sky location of
the source, and they were able to test the nature of gravitational wave polarizations for the
first time. But only three days later, LIGO and Virgo detected the closest and loudest event
to date: a merger of two neutron stars [8]. Within 2 seconds, the Fermi Gamma-ray Burst
Monitor independently detected a gamma-ray burst; the temporal and spacial alignment of
the two events confirming that both were produced from the same event [5]. Because of
the improved sky localization, an extensive observing campaign was immediately launched,
discovering a kilonova transient signal only 11 hours later, also coming from the same source
[9]. This multi-messenger event confirmed many predictions of GR, including demonstrating
that gravitational waves travel at the speed of light with a fractional error less than 1074,
Observing the merger of neutron stars also enabled us to place constraints on the equation
of state of ultra-high density nuclear matter.

Today, nearly 100 events have been confirmed by the LIGO-Virgo-KAGRA collaboration,
which has since added the Japanese KAGRA detector. The current observing run O4, which
began in 2023, just announced that it has recorded over 200 more candidate events [116].
These include interesting events such as GW230529 [3], which detected a low mass black
hole in the so-called "mass gap”, where X-ray measurements had previously suggested no
black holes existed [141, 75].

Thanks to these extraordinary discoveries, future larger and more sensitive detectors
have been planned to make even more rapid discoveries. The U.S. plans to build a new
scaled-up version of LIGO called Cosmic Explorer, with two 40 km interferometers, which
will have dramatically enhanced sensitivity, and event rates up to millions per year [160]. The
European community is preparing to design a 10 km triangular underground detector called
the Einstein Telescope, which should have particularly high sensitivity at low frequencies,
helping to better measure neutron star and mass-gap black hole events [38].

Just like we need different types of telescopes to observe the entire electromagnetic spec-
trum, we need different types of gravitational wave detectors to observe the entire gravita-
tional wave spectrum. Kilometer-scale laser interferometers are only particularly sensitive in
the 1 Hz — 1 kHz range. This allows for the detection of the mergers of black holes and neu-
tron stars, but many other sources are believed to produce gravitational waves at different
frequencies.
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Before merger, binary systems of supermassive black holes (black holes 10° — 10 times
more massive than the Sun) emit strong gravitational waves in the nHz range, far too low
frequency to be detected by LIGO. In 2023, the NANOGrav consortium has been able to
detect a stochastic signal of these extremely low-frequency gravitational waves by analyzing
correlations in a 15-year data set of pulsar burst times [16]. The signal is consistent with
the expectations from a supermassive black hole background, but it could also be due to a
more exotic cosmological source, such as the decay of topological defects formed during an
early-universe phase transition [29].

Because white dwarfs have less mass than neutron stars or black holes, they do not reach
high enough frequencies to be detected by kilometer-scale interferometers before they merge.
To detect them, the interferometers would have to be much larger and more insulated from
low-frequency sources of noise, like seismic noise. Space-based gravitational wave observato-
ries like LISA (Laser Interferometer Space Antenna) [18] and Tiangin [123] plan to address
both of these issues together. Both missions plan to launch a triangle of three spacecraft
that direct lasers at each other and measure their phase, orbiting at astronomical distances
(Tianqgin: v/3 x 10° km orbiting the Earth, LISA: 2.5 x 10%® km orbiting the Sun behind the
Earth’s orbit). Both plan to measure the mHz-range gravitational waves emitted by the tens
of millions of double white dwarf systems in the Milky Way, and potentially the mergers
of supermassive black holes. Both have completed pathfinder missions, and both plan to
complete and launch in the mid-2030s.

1.2 Gravitational Waves

1.2.1 Physics of Gravitational Waves

Gravitational waves are waves in a small perturbation 5, to the spacetime metric g,, away
from the Minkowski (flat) spacetime metric 7,,,. This relationship is shown in Equation 1.1.

G = Nuw + h;w (11)

In general, the metric must be symmetric, so the perturbation h,,, is also symmetric. We
study these perturbations under conditions when they are very small (|h,,| < 1), so that
we may perform a first-order perturbative expansion on the equations of motion, neglecting
terms of quadratic order and higher in h,,,. This is a reasonable approximation for the metric
far from the source.

The equations of motion are the Einstein equations:

1 8t
R,uu - §g;wR = 7Tum (12)
which are derived by taking the variation of the gravitational action with respect to the
metric. G is Newton’s gravitational constant and c is the speed of light. 7T}, is the stress-

energy tensor, which describes density and flux of energy and momentum of matter. The
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Ricci tensor R,, and the Ricci scalar R are defined in terms of the metric through the

Christoffel symbols I'),, and the Riemann tensor Rf

1
FZV = §gpa(augau + al/gau - aaguu); (13&)
Ry, = 0,10, — 0,1, + T4 Iy, — L0, T, (1.3b)
R/—“/ = Rzalj7 (13C)
R=g"Ry,. (1.3d)

If we substitute Equation 1.1 into the Einstein equations (Equation 1.2), drop all terms
of quadratic order and higher in £, and simplify, we can obtain the following result:

DRy + 1w 0aOshas — 0°0phe — 0“0 R0 = —16%GTW, (1.4)

where [J = "0, is the d’Alembertian operator and we define
Py = Ty, — %mwh, (1.5a)
h =" h. (1.5Db)

In general relativity, we have the freedom to choose coordinates in which to describe
our system. Specifically, the theory of general relativity is invariant under a diffeomorphic
coordinate transformation, i.e. a differentiable bijection with a differentiable inverse. We
can simplify Equation 1.4 by performing such a diffeomorphism:

ot — 2 (x), (1.6)
which performs the following transformation to the metric:

PP oxf O0x°
gHV(:E) — g,u,u('r) = Ox'h nga(lf)- (17)

We can greatly simplify Equation 1.4 by judiciously choosing such a specific diffeomor-
phism or gauge fizing. If we define this diffeomorphism in terms of a coordinate-dependent
coordinate shift & (x):

= " =t + M (x), (1.8)
then we can transform the following term, which appears as a part of Equation 1.4:
"y — (0"hyw) = 0" Ry — OE,. (1.9)

Let the value of this term in some initial coordinates be f,(z) = 0"h,,. We can make
this term vanish by choosing the following solution for §,:



CHAPTER 1. INTRODUCTION d

£u(z) = / 'y Gz — ) fu(y). (1.10)

where G(x) is a Green’s function of the d’Alembertian operator, i.e. it satisfies

O0.G(z —y) = 5 (z — y). (1.11)

This transformation is referred to as fixing to the Lorentz gauge [125]. After this trans-
formation, because 0”h,, = 0, three terms on the left hand side of Equation 1.4 vanish (note
that h,, is symmetric), giving us a wave equation for gravitational waves:

- B 167G

Ohyy = ———Ty. (1.12)

A

The Lorentz gauge condition removes 4 degrees of freedom from h,,,, but it doesn’t fully
fix the gauge, as Green’s functions of the d’Alembertian operator are not unique. Outside
the source, where T}, = 0, we have the following free space wave equation:

Oh,,, = 0. (1.13)

In this region, we are able to remove 4 more degrees of freedom by imposing the transverse-
traceless gauge:

=0, hi=0, 0hy;=0. (1.14)

where i and j strictly refer to spatial components of the metric perturbation [125]. Note
that the second condition, which sets the trace of h,, to zero, makes fLW = hyuy. A general
symmetric h,, has 10 degrees of freedom, and fixing the Lorentz gauge reduces to 6 degrees
of freedom. In this gauge, we are left with two degrees of freedom, which correspond to two
polarizations of gravitational waves.

The solutions to Equation 1.13 are plane waves that propagate at the speed of light:

hyw () o ei(E'f_”t), (1.15)

where w = c|k|.

When we apply the transverse-traceless gauge conditions, the third condition of Equation
1.14 forces the tensor coefficients of these plane waves to be perpendicular to the direction
of propagation. For example, if we choose k to be in the 2 direction, then the solution is a
two-polarization gravitational wave traveling in the z direction:

0 O 0 O
_ 0 th h>< 0 (i(£(z—ct))
o R (1.16)
0 O 0 0

where we take the real part for a physical wave.
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1.2.2 Sources of Gravitational Waves

In this section, we will analyze a simplified treatment of the sources of gravitational waves,
highlighting the key properties of the gravitational waves and how they depend on properties
of the source. From the context of data analysis, knowing those key properties in observed
gravitational waves makes the corresponding properties of the source observable.

Near the sources of gravitational waves, Equation 1.1 with |k, | < 1 is not a reasonable
approximation, and the Einstein equations (Equation 1.2) are too difficult to solve ana-
lytically. To understand the physics of the sources of these gravitational waves, we take a
number of approaches. They can either be solved numerically [152, 50, 24] or via perturbative
expansion, like the post-Newtonian scheme [33, 82], which is perturbative in a parameter
€2 ~ (v/c)* ~ ®/c* where v is the typical velocity of an object in the system, and @ is
the Newtonian potential. The lowest order post-Newtonian expansion gives the quadrupole
formula, the simplest expression for the amplitude of a gravitational wave [169, 52]:

2G d*Qj
T A e
where 7 is the distance from the source and @);; is the mass quadrupole or the second moment
of the mass distribution defined as

Q= [ ole) oy — 30507 (L1

From this formula, one can work out that gravitational waves are primarily generated
by dynamic mass quadrupoles, or two massive objects moving around each other. We can
learn some key features of gravitational radiation by calculating this amplitude for a simple
system of two masses orbiting each other in a circular orbit in the xy-plane with angular
frequency .4, depicted in Figure 1.1. This treatment neglects travel-time effects, and it
only handles a specific case, but many of the conclusions do generalize.

If the initial configuration is given in Figure 1.1, then mass 1 is at position 7y =
(dy cos(§2t), dy sin(Q2t)) and mass 2 is at position @y = (—dg cos(2t), —dy sin(§2t)). Substi-
tuting these positions for point masses m; and ms into Equations 1.17 and 1.18, we obtain
the following expression for the gravitational wave:

(1.17)

0 0 0 0
I 4Gﬂd290rb 0 cos(2Qopt)  sin(2Qpt) 0 (1.19)
e ctr 0 sin(2Q5t) —cos(2Q05t) 0 |’ :
0 0 0 0

where = is the reduced mass of the system.

Note the sumlarlty with Equation 1.16. One key point is that the gravitational wave’s
frequency is twice the orbital frequency: Qaqw = 2Q2,,. We can also determine the amplitude
of these gravitational waves.

As an intriguing exercise, we can investigate the feasibility of generating detectable man-
made gravitational waves. Let’s consider a case of two equal mass objects being rotated
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Figure 1.1: A depiction of two masses m; and msy orbiting each other.

around each other in a centrifuge-like machine. We would need large masses spun at high
frequency separated by a large distance. We can limit how small r can be by requiring that
we measure in the far-field regime, where r 2> A ~ % = %

We can compute the result for a very extreme case. If we take two aircraft carriers

(m ~ 10%kg) at a distance of 1km and spin them at 1000 Hz, we get

hN4.3><1027( m )( d >2< / )3. (1.20)
10°kg/ \1km 1 kHz

Even this extreme scenario is too weak to detect, it’s about a million times weaker than
GW150914 was when the signal reached Earth. One might instead consider astrophysical
binaries, which orbit each other gravitationally. Using Kepler’s 3rd law, the distance between
them is determined by their mass and orbital frequency: d = (GM/Q2,,)"/3. Substituting
this into the amplitude in Equation 1.19 gives

(GM)>/3
b~ 03 (1.21)
where the chirp mass M is defined as
3/5
(mam2) (1.22)

N (m1 + m2)1/5 .

We see that the largest gravitational waves come from extremely massive objects orbiting
at high frequency, so they must be the densest objects in the universe-compact remnants of
stars, such as white dwarfs, neutron stars, and black holes. We can also see that the lowest
order gravitational wave amplitude depends on a composite mass parameter M called the
chirp mass. The amplitude also determines the energy carried away by the gravitational
waves, and therefore the rate of orbital decay of the source system, so this quantity is
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the primary mass observable in gravitational wave parameter estimation, which we discuss
further in Section 1.3.

1.2.3 Detection of Gravitational Waves

In this section, we discuss the detection of gravitational waves through ground-based L-
shaped Michelson interferometers such as LIGO and Virgo. Triangle-shaped detectors like
LISA, Tianqgin, and Einstein Telescope plan to operate slightly differently, but they are
conceptually similar.

Recall that a gravitational wave is made up of two polarizations, h, and hy. Through
inspection of Equation 1.16, we can see that the h, polarization distorts the metric, causing
x distances to increase while y distances decrease and vice versa. If one performs a basis
change, one could see that the hy polarization performs this effect on the z + y and z — g
directions: the same effect rotated by 45°. This effect is visualized in Figure 1.2.

L

=

+ polarization X polarization

Figure 1.2: A depiction of the effect of plus (left) and cross (right) polarizations of a grav-
itational wave with exaggerated amplitude on a ring of particles in free fall. The ring of
particles, which is perfectly circular in flat space, is compressed and stretched back and
forth as a gravitational wave passes.

A Michelson interferometer, shown in Figure 1.3, is able to detect this effect on much
smaller scales by comparing the length of its two arms. For LIGO, the arms are 4 km long.
As a gravitational wave passes by, it will increase the travel time of the light down one of
the arms relative to the other and produce an interference pattern.

By measuring the interference pattern, the interferometer is able to measure the relative
difference in arm length, called the strain:
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Figure 1.3: A diagram of a Michelson interferometer. A laser beam is split into two by a
beam splitter, and the two streams travel back and forth down long arms and are merged
back together to form an interference pattern in a detector. The interference pattern is
sensitive to small relative changes in arm length, which are caused by gravitational waves.

lh =l
7
where L is the rest length of each arm and [, and [, are the lengths of each arm.
With some geometric calculation, one can work out that the strain produced by grav-
itational waves is a linear combination of the two gravitational wave polarizations, with
coefficients F'y and F, which are called the detector response coefficients.

h= (1.23)

h:F+h++FXhX (124)

The detector response coefficients depend on the orientation of the interferometer relative
to the source and the axes that define the polarizations. This means the sensitivity of the
detector depends on geometry, and these detectors actually have blind spots. These detectors
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are maximally sensitive to gravitational waves traveling perpendicular to the plane of the
detector, and they are entirely insensitive to gravitational waves traveling directly in the
plane of the detector parallel to the beam splitter as shown in Figure 1.3. For this reason,
gravitational wave detectors are built with different orientations.

1.3 Gravitational Wave Data Analysis

Strain data contains information about the astrophysical sources that produced the gravi-
tational wave, and proper data analysis allows us to extract the properties of those sources.
We can infer the parameters of a source through the process of Bayesian inference.

1.3.1 Bayesian Inference

General relativity allows us to predict how gravitational waves will affect the detector strain,
but unfortunately, we cannot measure that directly. Real data is contaminated by noise,
making our measurements imprecise, so our true knowledge of the parameters of gravitational
waves will be a probability distribution. We would like a probability of parameters © given
the data d, but that is impossible to model. But with models for a signal and noise, we can
compute the probability of the data d given parameters ©. If we would like to reverse a
conditional probability, we want to use Bayes theorem:

P(d|©)P(©)
P(d)

The denominator P(d), often called the marginal probability, can be computed by inte-
grating the numerator over all parameter values: P(d) = [ P(d|©)P(©)d"©, but in practice,
this term is often just an irrelevant normalization constant. The term P(©) captures our
previous beliefs about what values © takes on, so P(0) is called the prior probability or just
the prior. P(©|d) describes the probability distribution after we have learned or updated
from the data, so it is called the posterior. Finally, we call £L = P(d|©) the likelihood.

The prior is a seemingly arbitrary, but necessary piece of Bayesian inference. Oftentimes
there are symmetry arguments that justify an expression for the prior, like orienting the
direction of orbit of a black hole binary uniformly on a sphere, but some have theoretical
prior distributions, like the black hole masses, about which we are still learning [3]. The
prior choice impacts the posterior, and this is an important aspect of Bayesian inference to
study [55].

For gravitational wave data, the posterior cannot be analytically computed for all values
of ©. Instead, the goal is to compute a set of samples drawn from the posterior distribution.
If we have a good measurement, then the posterior tends to be essentially zero everywhere
except for a small region localized near the ”"true” value of the parameters. Gathering samples
usually requires using a sampling algorithm that explores a high-dimensional parameter space
extensively, yet efficiently, accepting and rejecting samples until a few thousand are obtained.

P(O]d) = (1.25)
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The only remaining piece is the likelihood £ = P(d|©). Evaluating the likelihood requires
a model for the signal, which allows us to extract the information about the parameters. The
simplified low-order model discussed above in Section 1.2.2 gives polarizations that depend on
distance to the source, chirp mass, and orbital frequency. The detector response coefficients
in Equation F; and F depend on sky location and source orientation.

Actual data analysis uses more sophisticated models that allow us to measure more pa-
rameters more precisely. As mentioned earlier, more sophisticated models solve the Einstein
equations in more detail. But because they need to be evaluated for many different param-
eters while a sampler maps the posterior, they need to be relatively fast to compute. Full
numerical relativity simulations are far too costly, but there are many approximate mod-
els that can be evaluated extremely quickly. These include the Taylor family, which uses
the post-Newtonian expansion described briefly in Section 1.2.2 [44], the effective one-body
(EOB) family, which maps the two-body system into a single test particle moving in an effec-
tive external metric [43, 68, 138], and the Phenom family, which combines post-Newtonian
expansions with interpolations of numerical relativity solutions [103, 121, 150].

We will derive an explicit formula for the likelihood in Section 1.3.4. This also requires
a description of the noise, which we will discuss in Section 1.3.2.

1.3.2 Stationary (Gaussian Noise

Michelson interferometer style detectors each gather a time series of strain data h(t) while
they are operational. This data is gathered at some sampling rate F§, which is 4096 Hz for
LIGO. The strain data does not purely measure the effect of gravitational waves, as the
strain is also impacted by many noise sources, including shot noise from photon detection,
seismic noise, and thermal noise in detector elements [2]. There are also transient ”events”
or "glitches” of noise of known and unknown origin [4, 48]. This noise n(t) gets added to
the true gravitational wave signal h(t) to produce the measured strain data d(t):

d(t) = h(t) + n(t). (1.26)

In order to analyze this data, we often would like to better understand the nature of the
noise. Often, a few simplifying assumptions are made. The first is that the noise is Gaussian,
or that it follows a multivariate Gaussian distribution: n(t) ~ AN (0, C), with zero mean and
some covariance C. The second assumption is that the noise is stationary, meaning the
noise covariance only depends on the time delay between two times. This also means that
the covariance, which fully characterizes the data distribution, is unaffected by a time shift:

Cij = (n(t)n(ty)) = (n(t; + 7)n(t; + 7)). (1.27)

If we don’t expect the statistical properties of the noise sources to change as time goes
on, this is a good assumption. These two assumptions are not exactly correct, and better
detection can be done with non-Gaussian, non-stationary data modeling [207]. But for this
work, we will use this simpler model, which models the noise pretty well.
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With Gaussian and stationary noise, it is usually preferred to analyze systems in the
frequency domain, where the noise covariance is diagonal. To transform a time series, say
d(t), to the frequency domain, we analyze a specific chunk of data of length 7. Because the
data is sampled at sampling frequency Fj, there are Nppr = T'- F; data points d(t;) at times
t; =7j/Fsfor j =0,1,..., Nepr — 1. We get the corresponding frequency series data d(f,) by
performing a discrete Fourier transform:

NrrT

) = 3 dlty)e 0, (1.28)
s 51

where the frequencies are f;, = k/T for k = 0,1, ..., Nepr — 1. By direct substitution into
Equation 1.28, one can show that d(F, — fi) = d(fi)*, so we only need to save the first
half of the values up to the Nyquist frequency Fs/2 to provide complete information. Here
we explicitly include a tilde to denote a corresponding frequency domain series, but for the
rest of this work, we will implicitly assume that functions of f are the frequency domain
counterparts.

In the frequency domain, the Gaussian and stationary noise at each frequency is an
independent one-dimensional Gaussian variable, whose real and imaginary parts follow the
same distribution:

T

Re{n(f)}, Im{n(f)} ~ N(0, 7 Su(f)). (1.29)

where S,,(f) is called the Power Spectral Density (PSD) of the noise. One can estimate the
PSD by using Welch’s method.

1.3.3 Estimating a PSD with Welch’s Method

To use Welch’s method, you need to collect multiple segments of data without a detectable
signal. As most of the data in LIGO does not contain detectable signal, you can just break
a long segment of data into n chunks. Without signal, you just have multiple realizations of
noise, which you can transform into the frequency domain using Equation 1.28:

{ni()}iz1,n = A}z, e (1.30)

By computing the magnitude squared of these and averaging over the n chunks, you can
get a good estimate of the average power (amplitude squared) of the noise at each frequency:

(In(f)F) = Z i (). (1.31)

From Equation 1.29, we know that
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(D) = (Refn(/)}) + (Imln(H)})
= 25,00 (1.3

as (Re{n(f)}) = (Im{n(f)}) = 0. So Welch’s method gives

n

Su(f) = 2 S (P (13

i=1

1.3.4 Gravitational Wave Likelihood

With this PSD, which we can calculate, we are able to evaluate the explicit likelthood or
probability that a data set d(f) would arise given a true underlying signal h(f). We just
evaluate the Gaussian PDF for the noise as described in Equation 1.29:

.  (9e{d()} — Re{h(f)})?
Pl H [mﬁw >exp( T5.(f) >]

y [ exp [~ OmldD) Jm{hm})?)]
\/%Tsn(f) %Sﬂ(f)

IR S A O T
I p( T5.07) ) 130

where the sum is performed over all independent frequencies up to the Nyquist frequency
Inyq = Fs/2. It is often preferred to work with the natural logarithm of this likelihood:

_ d(f) = h(f)P "
InL = Z_—gsnm + In Ly, (1.35)

where In £, is an often neglected term that does not depend on A(f) or d(f). We will drop
this term from now on. We often write this likelihood in terms of inner products in the
following way:

Ing — —%<d|d) +(dhy — %(h|h), (1.36)

where the inner product is defined as

(alb) = Z TS (1.37)
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Usually we also drop the —%<d|d) term in the log likelihood because it doesn’t depend
on the signal h, so we finally get

In e = (dlh) — 7 (hl). (1.38)

Finally, if you have multiple independent detectors (or independent channels in a trian-
gular detector), the likelihood is the product of the individual likelihoods for each detector
(channel), so the full log likelihood comes from summing Equation 1.38 over all detectors
(channels). With this likelihood, a prior P(0), a waveform model h(0), and gravitational
wave data d, one can use a sampler to gather posterior samples using Equation 1.25, and
constrain the parameters of the source that produced that data.

1.4 New Work in this Thesis

The remainder of this thesis covers new work in the field of gravitational wave data analysis.
Each chapter covers a different topic in a generally self-contained manner, so they may be
read independently.

Chapter 2 [114] concerns the method of mode-by-mode relative binning, a new method for
calculating fast and accurate likelihoods for specialized waveforms. As mentioned above in
Section 1.3.1, Bayesian inference requires a large number of likelihood evaluations to produce
posteriors, which means the likelihoods must be fast to produce posteriors in a reasonable
amount of time. Evaluating the likelihood in Section 1.3.4 can be prohibitively slow, so
approximate methods exist to speed up the evaluation, and these methods need to retain
accuracy in order to produce accurate posteriors. One such method is known as relative bin-
ning [205], which allows for fast and accurate likelihood estimation for quadrupolar waveform
models that do not model the effects of spin-orbit precession.

The original relative binning method provides extremely inaccurate likelihoods when
used on models with precession and higher modes because a key assumption of the original
relative binning method is not correct. The original relative binning method assumes that
the ratio of two waveforms that share similar parameters is smooth in frequency space, and
uses a piecewise linear interpolant for that ratio. When a waveform includes more than the
quadrupole mode, which is necessary for modeling precession, this assumption is no longer
correct. Instead mode-by-mode relative binning develops a few schemes for applying this
piecewise linear interpolant to each mode separately. Chapter 2 provides the details of these
schemes, demonstrating the improved speed and accuracy on a variety of real and mock
data.

Chapter 3 [112] concerns a new gravitational waveform model for a binary system whose
center of mass is accelerating. This is the case in a hierarchical triple system, where two
tightly bound compact objects are orbiting a distant third body. Our model falls into
the "Taylor” family of gravitational waveform models, but we include the impact of the
acceleration of the source to first order, with the wave phase computed to 3rd post-Newtonian
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order. We investigate the conditions under which our first-order perturbative treatment of
the acceleration is accurate and we perform a Fisher analysis to quantify the detectability
of acceleration in next generation gravitational wave detectors.

Chapter 4 [113] concerns tidal effects on the evolution of binary systems of double white
dwarfs. Double white dwarf systems will be detectable both through visible light optical
astronomy [110, 111] and future space-based gravitational wave detectors [18, 123, 107].
Chapter 4 explains how multi-messenger data analysis, that is, an analysis including both
optical-band lightcurve data and gravitational wave data, will allow us to gain unique insights
into both white dwarf structure and the impact of tides on orbital evolution.

With only photometric data, there is a measurement degeneracy between the system'’s
chirp mass and the impact of tides upon the first derivative of orbital frequency. We inves-
tigate a number of ways of breaking this degeneracy with and without using gravitational
wave data, considering both broad sky surveys and focused high cadence observations on the
EM side. We test the feasibility of these approaches on multi-messenger mock data based
on real observations.
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Chapter 2

Mode-by-mode Relative Binning

2.1 Introduction

Astrophysical information about gravitational wave sources is commonly extracted via pa-
rameter inference within the Bayesian framework. This process requires thorough sampling
of a high-dimensional parameter space (e.g. with a total of 10-15 source parameters), and
hence a huge number (typically on the order of 107-10%) of likelihood evaluations. To map
either the likelihood function or the posterior distribution, it is important to accurately
evaluate the likelihood function on manageable timescales.

Brute-force calculation of the likelihood is often costly. In order to be compatible with
Fast Fourier Transform (FFT), it requires evaluating the frequency-domain model waveform
on a uniformly sampled, sufficiently fine grid that has ~ T f,... frequencies, where f,q. is
the highest frequency that includes information and 7' is the duration of the gravitational
wave signal in the sensitive frequency band of the detector. The computational cost can be
especially prohibitive if 7" is long or if f,., is large. Even non-uniform frequency sampling
still requires a large number of grid points, as the waveform phase typically evolves over a
large number of cycles across the sensitive frequency band. For GW parameter inference
with sophisticated waveform models, model calls at individual frequencies often dominate
the runtime. For many frequency domain waveform models, the computational time of a
likelihood evaluation scales nearly linearly with the number of queried frequencies [51].

A number of methods have been developed to approximate the likelihood with fewer
frequency evaluations, trading an insignificantly amount of accuracy degrade for substantial
speedup. Reduced order quadrature (ROQ) [51] is one such method, which pre-computes a
reduced basis for a given waveform model, and approximates any physical waveform with
an interpolant in the linear space spanned by this basis. This method only needs as many
independent evaluations as there are basis elements, and has been applied to reduce the
computational time of a variety of waveform models [179, 155, 178, 131].

Relative binning [205, 67, 78], originally developed for non-precessing waveforms in the
dominant (2, 2) radiation mode, is another method to achieve the same goal. In relative
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binning, the ratio between a given waveform and an appropriately chosen fiducial waveform
is considered. If the fiducial waveform is a decent fit of the data, only waveforms that resemble
the fiducial one need to be examined in parameter inference, for which the waveform ratio
conveniently has a milder frequency dependence. For this reason, the waveform ratio can
be well approximated as a piecewise-linear function in the frequency domain, which only
requires waveform model calls at the edges of a reduced number of frequency bins.

For simple waveform models with only one harmonic such as IMRPhenomD [103], this
method has been shown to require fewer waveform evaluations than ROQ for the same error
tolerance [205], and has been routinely used in independent analysis of public LIGO/Virgo
data [208, 193, 163, 164, 137]. An earlier and somewhat similar method referred to as
heterodyne, which also samples the ratio between two waveforms using fewer grid points,
was proposed in Ref. [62].

Many gravitational wave sources carry a strong imprint of the effects of precession of
the orbital plane, which are neglected in simpler models like IMRPhenomD. These precession
effects are often accounted for by effective precession parameters that well approximate the
effects with minimal additional complexity or dimensionality [172, 85, 187]. However, more
sophisticated waveform models that fully incorporate the effects of spin-orbit precession with
misaligned spins and higher harmonic modes [93, 104, 150, 138, 192] have begun to be widely
applied in parameter inference. Compared to many of the non-precessing models, which only
incorporate the dominant (2, 2) radiation mode, these advanced models have yielded better
fits to numerical simulations [84], better fits to the detected LIGO/Virgo gravitational wave
signals [56], higher SNR, more precision, and more accuracy in parameter estimation for
injected signals [100, 176, 89], and in some cases have led to the intriguing discovery of new
solutions [127, 11, 58, 136].

Additionally, information in higher modes is crucial in tracking the recoil kicks of the
GW sources [49], and this information should be reliably extractable once LIGO /Virgo reach
their design sensitivities [191].

In the original implementation of relative binning presented in Ref. [205], the key as-
sumption is that the ratio between a waveform under examination over a fiducial one has
significantly smoother frequency dependence than the waveform themselves do. The qual-
ity of this assumption however degrades for precessing waveforms with the full symphony
of harmonics, as both the precession-induced wobbling of the binary orbital plane and the
superposition of multiple harmonics give rise to additional oscillations with the frequency in
the observed waveform. It is pivotal to realize that a precessing waveform can be decom-
posed into a linear combination of contributions from individual radiation harmonics in the
co-precessing frame [173], and our schemes deal with ratios evaluated for these modes indi-
vidually and hence only have to sample functions that are smoother in the frequency space.
Our scheme builds a likelihood from piecewise linear interpolants of these smooth quantities.
As an explicit example, we demonstrate this strategy using the phenomenological waveform
model IMRPhenomXPHM [150, 84, 151].

In this chapter, we present two improved relative binning schemes specially designed for
precessing waveforms with multiple harmonics, which we jointly refer to as the Mode-by-
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mode Relative Binning (MRB). We give explicit formulae to approximate the likelihood, and
we introduce practical algorithms to choose appropriate frequency bins. We find theoretical
speedup of MRB relative to the original relative binning method by up to an order of
magnitude, which is due to a reduced number of frequency bins required, for the same
tolerable absolute accuracy ~ 0.1 in the log likelihood.

The rest of the chapter is organized as follows. In Section 2.2, we review the “twisting-
up” procedure for building precession waveforms and introduce the basic definitions that
will be used in the MRB schemes. In Section 2.3, we present the technical details of the two
MRB schemes, including introducing piecewise linear approximation for quantities that are
smooth functions of the frequency, as well as new methods to optimize the frequency bins.
In Section 2.4, we study the required number of frequency bins as a function of accuracy
tolerance by applying MRB to real and injected gravitational wave signals, with a comparison
to the old relative binning method without using mode decomposition. Finally, we provide
discussion of our results in Section 2.5 and concluding remarks in Section 2.6.

2.2 Mode Decomposition for Precessing Waveforms

To understand how relative binning can be best applied to waveforms that describe precess-
ing binary systems, we start by discussing the general structure of precessing waveforms.
Many precessing models with higher modes are built using an approximate mapping from a
non-precessing system to a precessing system, often referred to as the “twisting-up” proce-
dure [173, 171]. This includes state-of-the-art phenomenological [104, 150] and effective one
body [138] waveform models. Under the twisting-up scheme, the non-precessing waveforms
resemble the gravitational radiation emitted by a non-precessing source, as if an imaginary
observer is fixed relative to the wobbling orbital plane of the binary [173].

The specific prescription for twisting-up the non-precessing waveforms that we use is
developed in [171] and is fully detailed for the IMRPhenomXPHM model in [150]. Here, we note
the most important aspects of this prescription that will allow us to explain our schemes.
A general waveform model outputs the frequency domain waveform of both polarizations,
i.e. hy(f) and hy(f). Models that use the twisting-up procedure include a prescription
for a non-precessing waveform as what a fictitious observer would see in the co-precessing
frame. This non-precessing waveform can be decomposed into building blocks, hﬁm,( f),
following the spin-weighted spherical harmonic expansion. Since the binary orbital timescale
is typically significantly shorter than the timescale of spin-orbit precession, the precession
effects on the waveform can be well captured by a time-dependent Euler rotation of the
non-precessing waveform [171]. After transforming from the time domain into the frequency
domain under the stationary phase approximation, the model also provides three frequency-
dependent Euler angles, a(f), S(f) and v(f), which parameterize a rotation from the frame
co-precessing with the orbital angular momentum vector (the L-frame) to the approximately
inertial frame defined by the total angular momentum vector (the J-frame). Using the
definitions introduced in Ref. [150], it is a straightforward derivation that both polarizations
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can be expressed as a linear combination of the L-frame modes hy,,. We follow their
convention that m is used to label the J-frame modes, and m' is used to label the L-frame

modes.
Z F) bt (1), (2.1a)
Z o () B () (2.1b)

Often, only a few subdominant modes are included in this sum as the contribution of
almost all higher order modes are negligibly small. The dominant (¢, m’) = (2, 2) mode is
always included, and the leading subdominant modes (¢, m’) = (2, 1) and (¢, m’) = (3, 3)
are usually included. Our implementation and the LALSuite implementation [117] of the
IMRPhenomXPHM model use these modes and the (¢, m’) = (3, 2) and (¢, m’) = (4, 4) modes.
Hence, the overall waveform observed in the inertial frame is reduced to a short list of basis
modes, which have simpler frequency dependence individually.

The frequency-dependent coefficients C;, ,(f) and C;,(f) incorporate an in-plane rota-
tion by a frequency-independent angle (, which depends on the orientation of the binary, to
correct for the difference between the computed spin-weighted spherical harmonics defined
with respect to the total angular momentum vector, and the conventional parameterization
of the waveform defined with respect to the reference orbital angular momentum vector.

Cl o (f) = cos(20) Cf, (f) +sin(20) CF (), (2.2a)

O (f) = c08(2¢) CJ () = sin(2¢) CF L (f). (2.2b)
The tilded coefficients are specified in terms of the frequency-dependent Euler angles a( f),

B(f) and ~(f), as well as 0y, the constant angle between the total angular momentum
vector and the line of sight:

Cl(f) = W(ﬁZ( o () + (=D [ALL (D)), (2.3a)

Cl() = 5 ™0 S (A () = (1) [ (F]) (2.3D)

m

where * stands for complex conjugation, and we introduce the following coefficient to describe
the mixing between the L-frame modes and the J-frame modes under precession:

(f) = e ™Dt L (B(f)=2Yem(Osn,0). (2.4)

Here, d, ..(3(f)) is the Wigner small d-matrix element evaluated at the Euler angle 5(f),
and _9Yy ,, is the spin-weighted spherical harmonic.

Finally, like in Equation 1.23, the observed strain h(f) at a given detector is a linear
combination of the two wave polarizations h,(f) and hy(f). The linear coefficients are

AK

m,m’
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given by the detector response coefficients, F'; and F\, which are dependent on the sky
position of the gravitational wave source and the orientation of the detector at the time of
the gravitational wave event. The detector response coefficients depend on three extrinsic
parameters: right ascension «a, declination ¢, and the polarization angle . In the frequency
domain, the arrival time ¢y of the event introduces a phase that scales linearly with the
frequency.

h(f) = (F-i-(av 57 ¢) h-‘r(f) + F>< (a7 5a ¢) h>< (f)) B_QMftO' (25)

The overall result is that the strain observed at a given detector can be cast into the following
linear combination of the non-precessing modes,

W) =D Com(f) M (f) €7, (2.6)
£,m’
where
CZ,m’(f) = F+<a7 67 w) CZm’(f) + F>< (057 67 W Céfm’(f) (27>

Two additional definitions are convenient for discussion in the following sections. First, we
can absorb the arrival time dependence into the L-frame mode to define the time-dependent
quantity R

ha (f) = M (f) €200, (2.8)
for which we simply have

h’(f) = Z Cé,m’(f) ilf,m’(f)a (29)
£m’
Second, we can incorporate the coefficient Cy,,,, and define the full mode component

hl,m’(f) - Of,m’(f) hl%m’(f) 6_2Mft0' (210)

The observed waveform then has the simple decomposition

h(f) = hew(f). (2.11)

2.3 Mode-by-mode Relative Binning Schemes

As mentioned in Section 2.1, the original relative binning scheme assumes that the full
waveform divided by a fiducial waveform is smooth in frequency space so that it can be
well approximated by a piecewise linear interpolant. This scheme was developed for non-
precessing waveform models that only account for the dominant (2, 2) mode. When applied
to these waveform models, the assumption of the original relative binning scheme is only
that the ratio of the (2, 2) mode evaluated for any given parameters over the (2, 2) mode
evaluated at a fiducial set of parameters is a smooth function of the frequency. If the original
relative binning method is applied to a precessing waveform comprised of multiple modes,
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this assumption is being extended to the sum of all modes, which is a stronger assumption.
Instead, we improve our accuracy by not extending this assumption and only applying it to
individual non-precessing modes.

At a fixed orbital frequency, the various L-frame modes produced by a binary source
have different frequencies, and hence their superposition exhibit interference features. This
leads to a jagged ratio for the overall waveform, h(f), as a function of the frequency, as we
exemplify in the top panel of Figure 2.1. The lower three panels in Figure 2.1, by contrast,
show the smoother quantities hy,,, defined in Eq. (2.10), il,gym/, defined in Eq. (2.8), and
Comy, defined in Eq. (2.7), which are associated with individual L-frame modes. We will
instead approximate these quantities or their ratios over fiducial counterparts by piecewise
linear interpolants in our two schemes.

Full strain ratio (H1) Time-dependent L frame mode ratios (H1)
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Figure 2.1: Functional smoothness as a function of frequency for the components or ratios
that are approximated by piecewise linear functions in different relative binning methods.
Shown are the real part of these complex-valued quantities, evaluated at the LIGO Hanford
detector as an example. The fiducial waveform and one sample waveform are chosen from
the posterior samples collected from our MultiNest run on the gravitational wave event
GW190814. The harmonics (¢, m) shown are the 5 modes that are included by default in
the waveform model IMRPhenomXPHM. The original relative binning method linearizes the full
waveform ratios, as shown in the top left panel. Mode-by-mode relative binning linearizes the
time-dependent L-frame mode ratios and their coefficients (right two panels) under Scheme
1, and the strain component ratios (bottom left panel) under Scheme 2.



CHAPTER 2. MODE-BY-MODE RELATIVE BINNING 22

2.3.1 Scheme 1

In the first scheme, we handle each time-dependent L-frame mode iL&m/( f) as we handle the
full waveform in the original relative binning method. To this end, we decompose the fiducial
waveform as

RO(F) = CLor(F) 1 (). (2.12)
T

In this scheme, we suitably create frequency bins which we label by b. Within each fre-
quency bin, the ratio of the time-dependent L-frame mode over some fiducial one is well
approximated by a linear interpolant:

rem (f) = =5 ~ T (1, 0) + 77,0 (1, 0) (f = fe(D)), (2.13)

where f.(b) is the frequency at the bin center. The coefficients 77, (h,b) and ry . (h,b),
defined for every frequency bin, are found by computing the waveform ratio at the bin
edges. The speedup of relative binning hence comes from the fact that it suffices to evaluate
at the bin edges for an excellent approximation of the likelihood. To obtain the full waveform
h(f), we also need the frequency dependent coefficients, which we also linearize within each
frequency bin:

Come () ~ €2, B) + oo () (F = £.(8)) (2.14)

The constant coefficient in the piecewise linear interpolant of C' (C7,.,(h,b)) is not to be
confused with the fiducial C (Cgm,( f)). We disambiguate by showing that the former is a
function of bin b and waveform h, and the latter is a function of frequency f. Likewise, the
coefficients CY,.,(h,b) and C}, ., (h,b) can be computed from C,(f) evaluated at the bin
edges. In practice, we find that both quantities are smooth functions of the frequency, as
shown in Figure 2.1. We then need to compute the likelihood in terms of these linearized
ratios and coefficients. The log likelihood for the data series, d(f), given a signal series h(f),

is given by: |
InL =%NReZ[d, h] — §Z[h, R, (2.15)

where Z[- - -] is the notation for the standard complex-valued overlaps defined via a summa-
tion over only positive frequencies f > 0:

d(f) h*(f)
Z[d,h) =4 §fj ST (2.16a)
_ (f)I”
Z[h, h] = 4 Ef j ST (2.16b)

where S, (f) is one-sided power spectral density (PSD) of the detector noise, and T is the
length of time series analyzed.
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To approximate the above overlaps, we introduce a number of summary data for each
frequency bin. The A coefficients are used in the overlap Z[d, h| and are associated with a
single L-frame mode because they are linear in the strain h. The B coefficients are used
in the overlap Z[h,h] and are associated with a pair of L-frame modes because they are
quadratic in the strain h.

AL ( —42 S ho* f> (2.17a)

Ap (b —4; S h%n' Uis - ) (2.17D)
o

B (b —4% i ?%'(f) (2.17¢)

By g (Y —4% ! };/;'”: Dy (2.17d)

These summary data only depend on the data series d(f) and the chosen fiducial wave-
form, and hence can be computed in advance of the large number of likelihood evaluations
required in the sampling process. To obtain the log likelihood at each sampled set of wave-
form parameters, we approximate the overlaps up to linear order in (f — f.(b)), using the
following sums over frequency bins

=3 [A),(0) 15 (h,) CF(h, D)

b Lm!

+ A5 () (15 (B 0) Ci (B, b) + 105, (R, b) Cgis (h, b)) ] (2.18a)

=3 3N B i (O 1 (B b) 1 (B b) €Y, (B, b) CF (R, D)

bl fy
+B! (B) (€0, (1, B) O (B b) (1, (i B) T2 () 4 787 (h,B) 7} (B D) )

ém’ém’

7 (D) 125 (R D) (€, (R, B) CF (1, B) + CF% (B B) C1 (D)) . (2.18D)

To summarize, the summary data Eq. (2.17) can be pre-computed from the data and
the chosen fiducial waveform; then to approximate the log likelihood using Eq. (2.18) and
Eq. (2.15), 79, (h,b), 7} . (h,b), C7,..(h,b), and C} . (h,b) only need to be evaluated at the
bin edges.
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2.3.2 Scheme 2

Scheme 1 involves the multiplication of two quantities, both of which are separately approxi-
mated as piecewise linear functions. One might wonder if this strategy accumulates excessive
errors. Hence, we consider an alternative scheme, which we refer to as Scheme 2. In this
scheme, we linearize the ratio of the entire mode component over its fiducial counterpart.
To do so, we decompose the fiducial waveform h%(f) as in Eq. (2.11):

=D hw(f) (2.19)

Within the frequency bin b, we make the approximation

hﬁm (f)

This quantity is also much smoother than the ratio for the observed waveform, which is
linearized in the original relative binning method, as one can see in Figure 2.1. In this
scheme, our summary data are very similar, but they use the full fiducial mode components:

rﬁ,m’(f) ~ rgm’(h7 b) + Tt},m’(h’ b) (f - fc(b>) : (2'20)

AL () 42 Sho* ) (2.21a)
A (0) =47 Sh* ) (f = fe(b)) (2.21b)
feb
0 9, (1) B ()
Bé,m'j,m/(b):4; X f)jT (2.21c)
R (F) W3, ()
B;m,gm(b)zzlg - S ) (2.21d)

Now that there is only one linearized quantity, the overlaps have shorter expressions:

= (AL () 1 (hb) + A (b)) (B, )] (2.22a)

b Lm'
ZZZ |: fm’ém rfﬂn/(h’b) Tg::h/(h7b)
b m §
+Bl}m’ ellm (b) <T€m (h b) Z ~/(h’ b) + TO* (h7b) Tl},m’(hﬂb)>] . (222b)

Again, the pre-computed summary data Eq. (2.21) can be substituted into Eq. (2.22) to
compute the overlaps Eq. (2.16) up to linear order in (f — f.(b)). The coefficients 9 . (h, b)
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and r}7m,(h, b) only require evaluating the model waveform at the edges of the frequency bins.
Although Scheme 2 have simpler expressions than Scheme 1, it is not meaningfully faster
in terms of the computation runtime, as all evaluations needed for computing Cy . (f) and
hem (f) are also needed for computing g (f).

2.3.3 Bin Selection

Previously, a prescription to determine the frequency bins for the original relative binning
method is presented in Ref. [205]. Motivated by the post-Newtonian expansion, this prescrip-
tion selects frequency bins to bound the differential phase changes assuming a phenomeno-
logical ansatz in the form of a sum over power-law phases. Although the prescription has
the advantage that it is independent of the specific compact binary coalescence signals under
analysis, it may not be the optimized bin selection on the event-by-event basis. In partic-
ular, for high binary masses, the merger and ringdown signals may dominate the sensitive
frequency band of the detector, and the corresponding gravitational wave signal may be
poorly described by the post-Newtonian expansion.

In this work, we present a new bin selection algorithm that is adaptive to any given
gravitational wave signal under investigation. Since the linearized quantities associated with
individual modes have smoother frequency dependence than the observed waveform, we can
afford fewer frequency bins to achieve a comparable accuracy for the log likelihood. Since the
bottleneck in the computational time cost is still the large number of likelihood evaluations,
we can afford to adjust the frequency bins event by event via an algorithm that is more time-
consuming than the one that is adopted in Ref. [205]. We choose a representative waveform
(different from the fiducial waveform) for an estimate of the binning errors. We can then
test out various binning choices on this representative waveform. Methods for choosing this
waveform are discussed in Section 2.5.

Our algorithm determines the frequency bins by starting with the entire frequency range
as a single bin and iteratively bisecting the frequency bins. In this iterative process, we
compute, for each existing frequency bin, the error contribution to the log likelihood due to
mode-by-mode relative binning. We keep bisecting the bins until the overall absolute error in
the log likelihood is smaller than a empirically set threshold. We iterate the whole procedure
and update the target number of bins to the number of bins achieved in the previous run,
until the resulting number of bins and the target number of bins converge. This algorithm
is detailed in Algorithm 1.

The algorithm consistently converges to a fixed number of bins independent of the initial
target number of bins (targetN), so we set this number arbitrarily to 200. By varying the
total allowed error i on the test parameters, we trade computational cost (number of bins)
for accuracy. We tested similar algorithms that unevenly divide the bins, but found that
such methods are slower and did not improve accuracy.
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Algorithm 1 Bin Selection
. function GETBINS(7, targetN=200, testParams)

targetBinError = n/targetN

candidateBins = BISECTBINSEARCH(targetBinError, testParams, fullFrequency-
Grid)

Wy =

4: nBins = NUMBEROFBINS(candidateBins)

5: if nBins = targetN then

6: return candidateBins

7: else

8: return GETBINS(7), targetN=nBins, testParams)
9: end if

10: end function

11: function BISECTBINSEARCH (targetBinError, testParams, candidateBin)

12: if LOGLIKELIHOODERROR (testParams, candidateBin) < targetBinError then

13: return candidateBin

14: else if candidateBin is minimum size then

15: return candidateBin

16: else

17: return BISECTBINSEARCH (targetBinError, testParams, leftHalf) + BISECTBIN-
SEARCH(targetBinError, testParams, rightHalf)

18: end if

19: end function

2.4 Testing Methods and Results

We tested the accuracy and efficiency of both mode-by-mode relative binning schemes on
several real and synthetic compact binary coalescence events. We computed likelihoods of
the IMRPhenomXPHM model using LALSuite [117] and gathered posterior samples using the
MultiNest sampler [76].

To test our method, we consider gravitational wave signals with either strong spin-orbit
precession or large contributions from the subdominant modes, or a combination of both, as
their parameter estimation can be greatly improved with IMRPhenomXPHM or other precessing
models with higher modes that exploit the twisting-up procedure. Precession occurs most
dramatically in binaries that have large spin vectors misaligned with the binary orbital an-
gular momentum vector (i.e. large in-plane spin components) [20]. Odd parity subdominant
modes such as (3, 3) are important when there is a large asymmetry between the two com-
ponents, e.g. when the mass ratio ¢ = mgy/m; < 1 is small. Also, subdominant modes are
larger in the late stage of the merger. For low mass mergers, the most sensitive LIGO/Virgo
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frequency band corresponds to the early inspiral of the merger. On the contrary, for heavy
mass mergers, the most sensitive frequency band corresponds to the merger stage when sub-
dominant modes are stronger. For these reasons, we study events with large in-plane spin
components, or a small mass ratio ¢, or a large total mass.

We consider one real LIGO /Virgo event, GW190814, and four injected events. GW190814
is chosen because the original analysis shows strong Bayesian evidence favoring a model
that includes the (3, 3) mode over one that has only the dominant (2, 2) mode [11]. The
four injections are chosen as the following. Two are chosen to resemble the inferred source
properties of two interesting LIGO /Virgo detections for which new source solutions have been
recently reported from independent reanalyses using the IMRPhenomXPHM model: GW 151226
[6, 58] and GW190521 [10, 136]. Both of these newly found solutions indicate a large spin
misaligned with the orbital angular momentum on the primary mass and a low mass ratio
q < 1. The GW151226 reanalysis showed that the new low-q solution were absent from the
posterior distribution of the source parameters when either the higher modes or the precession
effects were neglected [58]. The original analysis of GW190521 used the IMRPhenomPv3HM
model [104], which had higher modes and precession, but not the improved calibration of
the subdominant modes, and particularly not in the low-¢ regime [10, 136]. The other two
injections are artificially made to have a high total mass and large in-plane spins: one with
a high mass ratio ¢ < 1 and another with a low mass ratio. The parameters used for the
injections are listed in Table 2.1.

To start with, we need posterior source parameters for which we can evaluate the log
likelihood both approximately using our new mode-by-mode binning method and exactly.
The samples are collected using MultiNest with nlive = 2000. For these runs, the log
likelihoods are evaluated using the original relative binning method of Ref. [205]. We use
the parameter choice ¢ = 0.03 for the maximum allowed differential phase (see Eq. 10 of
Ref. [205] for the definition of €), which is sufficient for obtaining accurate posterior samples.
For the injected events, the injected parameters are used to set the fiducial waveform. For the
real GW190814 event, fiducial parameters are found using scipy’s differential evolution
[182], a global optimization routine to (approximately) find the maximum likelihood fit to
the data.

We obtain the strain data containing GW190814, as well as those used as the noisy
background for our injections, from the public database GWOSC [13]. For each event, we
collect a 16-second time series centered on the GPS time listed in Table 2.1 with a sampling
rate of 1024 Hz. The injections are added at the 8 second mark into the noisy 16-second time
series. PSDs are measured using Welch’s method from a 128-second time series centered at
the same GPS time with overlapping 16 s segments. We only include frequencies from 20 Hz
to 512 Hz in the likelihood evaluation, as there is negligible SNR contribution outside this
frequency range.

We make a comparison between the original relative binning method using the original
bin selection algorithm (with the parameter ¢ = 0.03 as defined in Ref. [205]), and the
mode-by-mode relative binning method using our new bin selection (for a range of n values),
evaluating for 2000 parameter combinations randomly drawn from the posterior distribution
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Table 2.1: The parameters injected for the 4 injections used in this work, and
the fiducial parameters for GW190814 found by using the global optimization algo-
rithm differential evolution provided in scipy. We generated waveforms using the
IMRPhenomXPHM model with these parameters and injected them at the 8 s mark of a 16 s
stream centered at the GPS time collected at a sampling rate of 1024 Hz. The parameter k
is defined in Appendix C of Ref. [150]

High ¢ Lowq GWI151226-like GW190521-like GW190814 (fid.)
Primary mass m; [Mg)] 30.0 100.0 29.3 168.0 24.4
Secondary mass mg [Mg] 20.0 10.0 4.3 16.0 2.7
X1,z 0.700  0.700 0.600 0.641 0.024
X1,y 0.000  0.000 -0.200 0.000 0.039
X1,z 0.000  0.000 0.500 -0.559 0.002
X2,z 0.000 0.000 0.000 0.000 -0.305
X2,y 0.700  0.700 0.000 0.000 -0.574
X2,z 0.000  0.000 0.000 0.000 -0.067
Luminosity distance Dy, [Mpc] | 496.91 496.91 457.00 400.00 283.28
Line of sight §;x [rad] 1.200 1.200 0.403 0.500 2.408
K 0.200 0.200 0.000 0.000 2.730
Right ascension « [rad] 3.000  3.000 3.831 3.340 0.412
Declination § [rad] 0.100  0.100 -0.819 0.600 -0.574
Polarization angle ¢ [rad] 0.500  0.500 2.698 0.000 2.962
| Highg Low ¢ GW151226-like  GW190521-like GW190814 (fiducial)
GPS time ‘ 1242443867.4 1242443867.4  1135137260.6 1242443867.4 1249852257.0

derived for each event or injection. The bin selection algorithm uses a random posterior
sample selected as the test waveform. We study the absolute errors in the log likelihood
computed for these samples, which are shown in Figure 2.2.

Figure 2.2 shows the cumulative distribution function (CDF) for the absolute error in the
log likelihood for the 2000 posterior samples collected for each event. We compare the original
relative binning method with mode-by-mode relative binning, testing both our approximation
schemes and varying 7. The varying numbers of bins result from using different n values.
The number of frequency bins is one less than the number of required frequency-domain
waveform evaluations, which dominate the runtime, so the bin number is a good proxy
for the runtime. In all examples we show, the original relative binning method uses the
same number of frequency bins because the bin selection prescription only depends on the
frequency range and the maximum differential phase €, which do not change from event to
event.

In Section 2.4.1, we investigate the tolerable size of the absolute error in the log likelihood
for obtaining accurate posterior distributions. Conservatively, we conclude that the log
likelihood error should be no greater than ~ 0.1 as random errors with a standard deviation
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of 0.1 appear to have unnoticeable effect in the posterior.

For the high ¢ injection, and using only 148 bins with Scheme 1, the errors with mode-
by-mode relative binning (MRB) are smaller than those with the original relative binning
method using 1027 bins at all percentiles. Using about 300 bins, both Scheme 1 and Scheme
2 are able to achieve this. Notably, these three cases have the log likelihood error no greater
than 0.1 for all samples.

Similarly, for the low ¢ injection, the MRB error derived from about 125 bins strictly
outperforms that of the original relative binning. The error distribution has a larger standard
deviation than in the high ¢ case, but this is due to most of low error samples having even
smaller errors.

For all methods, the samples for the GW151226-like injection have larger errors, but
using 117 bins with Scheme 1 the error is less than 0.1 for 60% of the samples, and using
more bins the spread of the worse errors is significantly reduced, and the error is nearly
always less than 0.2 for roughly twice the number of bins.

The GW190521-like injection is the only example studied here where Scheme 2 achieves
lower errors than Scheme 1 does using comparable number of bins. Nevertheless, Scheme
1 achieves lower errors than the original relative binning scheme with 430 bins. For the
GW190814 event, 90% of the errors are less than 0.1, when using 300-400 bins with both
Scheme 1 and Scheme 2. The errors are roughly a factor of two to four larger using only 73
bins under Scheme 1. In the 317 bin case, Scheme 1 reduces the error by nearly an order
of magnitude at one third of the computational cost when compared with original relative
binning.

Overall, both MRB schemes achieve lower errors with fewer bins at all percentiles above
50% when compared with the original relative binning method. In all cases, MRB achieves
a median absolute error of 0.1 using substantially reduced number of bins.

2.4.1 Target Log Likelihood Error

The absolute error in the log likelihood from mode-by-mode relative binning should be small
enough not to bias the obtained posterior distribution for the source parameters. In this
section, we study the impacts of log likelihood errors on the posterior distributions, using
the high-¢g injection as an example.

Our posterior samples have been obtained using the original relative binning method
with finite likelihood errors. To obtain the exact (full FFT) posterior distribution, we use
the method of importance sampling (IS). Let sample ¢ have the exact posterior

Lexact [Z] Di [l]

Z 7
where Lexact[i] is the exact likelihood, pli] is the prior, and Z is the evidence. Using the
original relative binning method, we have

Pexact[i] = (2.23)

Porgli] = M7 (2.24)
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where Loggli] is the relative binning likelihood. Importance sampling requires that samples
are weighted by the ratio of the desired distribution over the sampled one, so to get samples
of the exact posterior, each sample has the weight

_ Pexact [Z] _ Lexact [Z] _ elnLexaCt[i]—lnLoRB[i}. (225)
Porgli]  Lorsli]

wli]

We can also use importance sampling to simulate specific errors in the log likelihood. The
distribution of the log likelihood errors due to either relative binning method is approximately
Gaussian, so we can model these errors as Gaussian random variables. Let these errors be
called 0[i]; one is drawn for each sample from a Gaussian distribution. Then our simulated
log likelihood with this error is

In L[] = In Legact [i] + d[7]. (2.26)
So following Eq. (2.25), the weight for the sample from this simulated distribution is

Wamli] = L i] _ /0 Lexace[i]~In Lors il +0[i] (2.27)

Lorsli]

The above weights can be used to generate altered posteriors for comparison with an
exact posterior. Such comparisons along with a histogram of the log likelihoods are shown
for our high ¢ posterior in Figure 2.3. When the errors have a standard deviation of 0.1,
they make virtually no visible impact in the posterior whatsoever. The simulated posteriors
with log likelihood errors of standard deviation 0.5 and 1.0 have small inconsistencies, but
their contours are generally unaltered in shape. However, once the standard deviation of the
simulated error reaches 2.0, the contours are substantially distorted.

Additionally, in the left panel of Figure 2.4, the actual posterior gathered from the original
relative binning method and the importance weighted exact (full FFT) posterior do not differ
at all. As can be seen in the blue histogram in the right panel of Figure 2.4, the spread of
the original relative binning errors log likelihood is a about 0.1.

In this example, we see that original relative binning error with a spread of about 0.1 is
sufficiently small to not impact the posterior. Additionally the effect of the Gaussian error
was negligible on the posterior at the same scale, and minimal up to an order of magnitude
higher. Because this is only one event, we will be conservative, and use 0.1 as our target
threshold, which is well justified by all of these results.

2.5 Discussion

In all cases except the GW190521-like injection, Scheme 1 outperforms Scheme 2. We believe
this is because the quantities linearized in Scheme 1 are usually smoother functions of the
frequency than those linearized in Scheme 2, which reduces the required number of bins for
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a given accuracy goal. This can be seen in Figure 2.1. In fact, the ratio linearized in Scheme
2 is related to the one linearized in Scheme 1 through

Pt (F) Copot (PPt (£)

[W,m/(f)]&heme 2 = hg’m,(f) - Cgm,(f);}g ()
Com (f)
- C;:m/(f) [Te’m/(f)]SCheme 1 (228)

The ratio linearized in Scheme 1 is similar to the ratio linearized in the original relative
binning method applied to non-precessing waveform models. The L-frame mode components
are equivalent to the J-frame components for a non-precessing waveform, and it has already
been demonstrated that the ratio of non-precessing waveforms are smooth in the frequency
space. However, the ratio Cpp(f)/CY,,(f) can exhibit large oscillations or even sharp
peaks when the denominator C’?’m,( f) becomes small. This situation may arise because the
coeflicient Cy,,,/(f) is a linear combination of terms that may nearly cancel (see construction
of Cy(f) in Section 2.2).

However, it can also happen that Scheme 2 outperforms Scheme 1. When the aforemen-
tioned issue regarding Cgm,( f) does not arise, Scheme 2 may have an advantage because
there are fewer quantities to be linearized so as to avoid compounding error. This appears
to be the case in the GW190521-like injected event. The linearized quantities evaluated for
one posterior sample of this event are compared in Figure 2.5. In this example, Scheme 1
is not advantageous over Scheme 2 in terms of frequency-space smoothness of the linearized
quantities.

Overall, we conclude that Scheme 1 is more robust because it accounts for the difficult
case of small C?,m’( f), and more often yields better relative binning results, especially in
the case of GW190814. In practice, the preferred scheme can be empirically determined
alongside the process of choosing suitable fiducial and test waveforms.

To use mode-by-mode relative binning in practice, one has to set a fiducial waveform for
computing the summary data, and a test waveform for determining the frequency bins. If
the experimental collaboration has already provided full parameter inference results for the
event under analysis, the reported parameters can be used as the fiducial parameters. If the
signal under analysis is uncovered by a search pipeline, crude source masses and spins are
typically reported, and can be used as the initial choice for the fiducial parameters. If not
all parameters are reported, or are only reported for simplified waveform models, then the
fiducial parameters can be obtained via global maximization of the exact likelihood. For well
measured parameters, global optimization should be performed within the small vicinity of
the reported values. For poorly measured parameters, optimization can performed over the
entire physically allowed region.

If global optimization using the exact likelihood is computationally too slow, it is feasible
to couple the relative binning approximation to the optimization. If the likelihood errors
from using the initial choice of ficudial parameters are still too large, the fiducial parameters
can be iteratively updated, just like what has been practiced using the original relative
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binning method [205, 67]. As a matter of fact, there is great flexibility in setting the fiducial
parameters, as many extrinsic parameters enter the individual modes only through frequency
independent factors which do not degrade the accuracy of mode-by-mode relative binning.

Our results are minimally affected when changing which sample is used as the test wave-
form for the selection of frequency bins. This suggests that any set of test parameters in the
support of the posterior distribution would be satisfactory. In practice, we recommend ob-
taining the test parameters by running a few iterations of a sampler starting from the fiducial
parameters. The test parameters can be obtained by a few Metropolis-Hastings iterations,
or a few steps of a more sophisticated sampler running on the exact log likelihood.

2.6 Chapter 2 Conclusion

Faster likelihood evaluations are an important aspect of speeding up gravitational wave
parameter inference. We have developed the mode-by-mode relative binning method as
an efficient approximation of the likelihood function, and have demonstrated its enhanced
accuracy and theoretical speedup compared with the original relative binning method that
does not take advantage of the multi-modal structure of the waveform.

The initial implementation of this method can be found in our git repository at https:
//github.com/nathaniel-leslie/modebymode-relative-binning, but a more optimized
version has been implemented in bilby [21] as bilby.gw.likelihood.RelativeBinningGra-
vitationalWaveTransientNextGenerationModebyMode. By counting waveform evaluations,
which dominate runtime, this mode-by-mode relative binning method should run faster than
comparable reduced-order quadratures. An ROQ has been built for IMRPhenomXPHM using
a code called PyROQ [156]. To evaluate the likelihood with ROQ, one must evaluate the
linear and quadratic overlaps, which correspond to Eq. (2.16a) and Eq. (2.16b) respectively.
Each overlap requires an interpolant to be evaluated, which requires the number of waveform
evaluations that is equal to the number of basis functions for each interpolant. In Table III of
[156], it is shown that the total number of basis functions in their ROQ for IMRPhenomXPHM
with a signal up to 1024 Hz ranged from 600 to 1100, depending on the parameter ranges.
As shown in Figure 2.2, mode-by-mode relative binning can achieve the conservative target
of absolute errors in the log likelihood error being around 0.1 on all test events with only
around 100-200 frequency bins.

Another benefit of mode-by-mode relative binning is the ability to vary 7 to flexibly trade
speed for accuracy. This only requires recomputing bins by rerunning Algorithm 1 with a
new value of 7, which takes a few seconds. If one achieves sufficient accuracy for a specific
problem and can afford to sacrifice some, 1 can be increased, which reduces bin count and
runtime. Similarly, if one requires higher accuracy and can afford some additional runtime,
7 can be decreased, which increases bin count and runtime but also improves accuracy.

Our conclusions about runtime are based on the reduction in the number of waveform
evaluations, and nearly equivalently, the number of frequency bins. As we have mentioned
previously, this is justified by the observation that waveform evaluation calls dominate the
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computational time of the likelihood evaluation. In the code used in this work, and for
the IMRPhenomXPHM waveform model as an example, we have computed the L-frame modes
hém,( f) and the Euler angles a(f), B(f), and v(f) by calling the available LALSuite routines
[117]. These routines take approximately 3/4 of the time of a full likelihood evaluation using
the full LALSuite routines for obtaining h, and hy. The remaining time is primarily spent
on computing the twisting factors C’Zm, and C’Zm,, which involves a significant amount of
evaluations of trigonometric functions and scales linearly with the bin number. Our current
Python implementation of mode-by-mode relative binning is still inefficient due to overhead;
it takes a few milliseconds to compute these twisting factors even for a few frequencies. The
existing LALSuite routines for obtaining h, (f) and hy(f) are sufficient for implementing the
original relative binning method, which do not require computations of the twisting factors in
Python. For this method, with 1027 bins, each likelihood evaluation takes roughly ~ 4-5 ms
on a 2018 MacBook Pro with a 2.6 GHz Intel i7 processor. The time that it takes to evaluate
the L-frame modes and Euler angles at the original bins is also about 3/4 of this time. For
the 133 bin evaluation shown in the GW190814 pane of Figure 2.2, the L-frame modes
and Euler angles took approximately 0.7 ms. Assuming optimized implementation of the
twisting factors, the same extrapolation suggests that sub-millisecond likelihood evaluations
are achievable.

The bilby implementation of mode-by-mode relative binning has been used in forecasts
of parameter estimation capabilities of next generation detectors in [25]. With this imple-
mentation in such a widely used gravitational wave parameter estimation package, anyone
studying gravitational wave data from systems with higher modes and precession effects can
use this method for fast and accurate parameter estimation.
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Figure 2.2: CDFs for the absolute error in the log likelihood from the original relative
binning and the mode-by-mode relative binning (MRB), evaluated for 2000 posterior samples
collected for four synthetic signals and one real signal we analyze. Different lines for the same
scheme correspond to different values of 1, which result in different numbers of bins. Both
MRB schemes are able to outperform the original relative binning for the worst samples with
fewer bins.
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Figure 2.3: Each panel shows the effect of zero-mean Gaussian random errors of various
standard deviations added to the log likelihood on posterior distributions for the high-¢
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Figure 2.4: These panels visualize the errors from the various relative binning methods on the
high-q injection. The left panel compares the posterior samples obtained from the original
relative binning to the importance weighted posterior samples using the exact log likelihood.
The right panel shows the log likelihood errors for original relative binning, and our two
relative binning schemes for the choice of n = 0.1. The errors are not entirely dissimilar
from Gaussian, and the original relative binning error shown makes no noticeable effect on
the posterior distribution.
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Figure 2.5: Same as Figure 2.1 but for the GW190521-like injection. This is an example
where Scheme 1 is not advantageous over Scheme 2. Again, mode-by-mode relative binning
linearizes the time-dependent L-frame mode ratios and their coefficients (bottom two panels)
under Scheme 1, and linearizes the strain component ratios (second panel) under Scheme 2.
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Chapter 3

A Gravitational Waveform Model for
an Accelerating Source

3.1 Introduction

Gravitational waves (GWs) from inspiraling and merging compact binaries have been de-
tected in large quantities by the LIGO-Virgo-KAGRA (LVK) collaboration [116]. This
experimental success is enabled not only by improvement of detector sensitivity [64, 126,
169], but also by advances in developing highly accurate analytic [69, 33] and numerical [53,
180] gravitational waveform models for the two-body problem in general relativity (GR).

The common approach for GW detection and parameter inference [59, 99, 169] requires
readily available waveform models that follow the binary’s motion to high accuracy over many
orbits [139, 140, 165]. Progress in the GR two-body problem has enabled rapid generation
of accurate waveform models for bound two-body orbits, based on which robust, scalable
analyses of the strain time series at interferometers have been implemented [139, 31, 120].
On the other hand, discovery of novel GW sources can be hindered by a lack of accurate
waveform models.

One type of system that is still absent from the current GW source catalog are hierarchical
triple systems, where two compact objects in a bound orbit themselves orbit a third distant
mass [72, 190, 135, 158]. Accurately calculating secularly evolving three-body orbits in
GR and rapidly generating the corresponding waveform templates for the entire three-body
system is a topic of ongoing numerical investigations [35, 83]. The inspiralling two-body
GW signal, however, can be treated perturbatively as its motion secularly evolves due to the
third body.

The focus of this chapter will be gravitational waves from a simple case of hierarchical
triple systems. Our investigation is motivated by the detection of GW190814 [11], an inspiral-
merger event of a 23 M, black hole (BH) and a 2.5 M, compact object. The nature of the
less massive compact object is puzzling: it is either the lightest BH known to exist or an
exceptionally massive neutron star (NS). To offer an explanation for how GW190814 might
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have formed, some recent studies (e.g. [91, 122]) have investigated if it might be the end
state of a hierarchical triple system, in which two NSs merged to form the 2.5 M object.
This setting may also be relevant for events with similar mass ratios with a component
in the mass gap (e.g. GW200210 [12]). In Ref. [122], it is argued that roughly 10% of
binary NS mergers might occur near a massive third body if such a triple mechanism is the
origin of mergers that involve a mass-gap object. If the signature of a tertiary mass around
merging NS binaries can be detected in the GW signal, it would be a discovery of three-body
interactions as a dynamical origin of these LVK GW sources.

There is also motivation to study binary BHs (BBHs) whose center-of-mass (CoM) accel-
erates during inspiral events. Studies of BBH formation in active galactic nuclei and globular
clusters often predict nontrivial CoM motions [181, 129, 27, 19, 202, 189]. Studies of single-
binary scattering have demonstrated that GW sources can form during chaotic three-body
interactions [168, 167, 88]. The hypothesis that events like GW190814 arise from hierarchical
triples hinges on double merger events, which have also been observed in single-binary BH
scattering simulations [166].

In this chapter, we present an analytic gravitational waveform model for two inspiraling
compact objects whose CoM has a small acceleration due to the gravitational pull of a
tertiary body. CoM acceleration imprints a non-trivial distortion to the wave phase, whereas
a constant CoM velocity simply imparts a Doppler shift and is fully degenerate with the
orbital frequency, source distance, and source masses [66]. We specialize to the case in which
the third body is sufficiently distant compared to the compactness of the binary so that the
inspiraling binary as a whole simply follows two-body geodesic motion. In the free-falling
frame of the binary, the internal inspiral motion of the binary is assumed to be well described
by the usual two-body dynamics in GR. In this situation, tertiary tidal perturbations on the
binary orbital phase is assumed to be negligible over LVK signal timescales, and hence the
CoM acceleration manifests as a time-dependent delay for the detected GWs.

There are previous studies that address CoM acceleration for GW sources, but our full
analytic waveform model has yet to appear in the literature. Accelerating sources have
been considered in sources for the Laser Interferometer Space Antenna (LISA); for example,
concerning extreme-mass-ratio-inspirals near a supermassive BH [204], comparable mass
binaries embedded in an environment [97, 157, 200], double white-dwarf binaries near a ter-
tiary star [201], a compact binary wobbling due to a circumbinary planet [184], and apparent
acceleration of a source due to a time-dependent redshift [185]. The Newtonian model pre-
sented in [184] has been used in a recent parameter estimation study for GW190814 [92],
though we demonstrate that higher order post-Newtonian (PN) corrections are needed for a
complete analysis for ground-based and next-generation detectors. For ground-based com-
pact object binaries, Ref. [130] gives a back-of-envelope estimation for the detectability of
a tertiary’s imprint from the GW signal within a hierarchical triple. Another recent study
has outlined a numerical framework for analyzing time-dependent Doppler effects for full
inspiral-merger-ringdown models [54]. We instead consider detection at ground-based GW
detectors for inspiral events, which requires higher-order post-Newtonian (PN) corrections
to the orbital phase. Our model reduces to the Newtonian result [185] in the appropriate
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While we were independently working on this model, another study carried out an in-
depth investigation on the detectability of CoM acceleration at current and upcoming ground-
based GW detectors [194]. The authors provided 3.5PN analytic waveforms accurate to first
order in CoM acceleration for non-spinning compact objects, and presented Fisher forecasts
and Bayesian parameter inference on GW170817 and GW190425. Their analytic results
agree with ours, although we will present new analytic waveforms that include the effects
from component spins aligned with the orbital angular momentum. In addition, we will
provide analytic formulae for the Cramér-Rao (CR) bound, quantify the number of observed
orbital cycles due to CoM acceleration for all given PN orders, and demonstrate that the CoM
acceleration is degenerate with the component spins at a comparable level with the chirp
mass and the reduced mass. We explicitly demonstrate that neglecting spin would decrease
the CR bound on CoM acceleration by a factor of two. Doing so could lead to false detection,
even if the inferred spin is centered around zero. In summary, we rigorously quantify, using
Fisher information, the detectability of the CoM acceleration effect at forthcoming ground-
based GW observatories (Advanced LIGO A+, Cosmic Explorer, and Einstein Telescope)
and present analytical formulae that are broadly applicable and have yet to appear in the
literature.

The chapter is organized as follows. In Section 3.2, we present an analytic, frequency-
domain model for the GW phase, which incorporates the CoM acceleration of the inner
binary induced by a distant tertiary up to the third PN order. In Section 3.3, we present a
statistical framework based on Fisher information in which we forecast the detectability of
CoM acceleration. The results for forthcoming ground-based GW detectors will be given in
Section 3.4. We will give concluding remarks in Section 3.5. We set GG = ¢ = 1 throughout.

3.2 Model Incorporating Small Center-of-Mass
Acceleration

This section presents our GW phase model, which incorporates the CoM acceleration of an
inspiraling binary on a circular orbit, embedded in a hierarchical triple system. The relative
motion of the two bodies, which decouples from the CoM acceleration because the binary
CoM is in free fall, is given by the standard two-body GR dynamics. We use the analytic
PN phase of the standard two-body problem [33] to derive the observed wave phase.

The inspiraling binary has a line-of-sight acceleration:

aj = (Ms/r*)1 -7, (3.1)

where Msj is the tertiary mass, r is the distance between the binary and the tertiary, [ is
a unit vector along the line of sight, and 7 is a unit vector pointing from the binary CoM
to the tertiary. The GW signals from inspiraling compact binaries detected by ground-
based observatories would last for no more than O(10%) seconds, so we assume that a| is
approximately constant during the event.
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We now correct the observed time-domain orbital phase due to a:
Ga(t) = o (t + ot — T)Q) , (3.2a)

2
e (1) (129
=5 =09x107s7 (77 — ). (3.2b)

where ¢,(t) and ¢g(t) are the orbital phases with and without the CoM acceleration, re-
spectively, and we have restored physical units in o = a)/2c for the second line. The time
constant T' corresponds to the choice of a reference time. See Section 3.6 for details on how
T is chosen and how ¢,(t) can be evaluated as a perturbative series in .

The frequency-domain waveform is the Fourier transform of the time-domain GW wave-
form [66],

ha(t) = Re [A(t) 2100 (3.3)

In this work, we neglect corrections to the wave amplitude A(t) due to CoM acceleration,
although it has been calculated to first order in « [184]. See Ref. [44] and references therein
for details on how the time dependence of the amplitude can be treated.

We analytically calculate the Fourier transform using the stationary phase approximation
(SPA). This approach results in the widely used “Taylor” models, in which the orbital phase
of the binary is obtained by integrating the bound state energy divided by the gravitational
radiation flux, written as a PN expansion, and then using the SPA (see [33, 44, 37, 149] and
Section 3.6 for further details). The result is

1/)a(f):27rftc_¢c_%

J/

6
+a 2N e (Pt S, +a Ay a?)
n=0

~
n/2 PN

+ O( \af_/ s T ), (3.4)
“quadratic”, >3.5 PN

where x = (m M f )2/ % is the PN expansion parameter, the underbrace in the sum denotes the
PN order of the term, and the “quadratic” underbrace below O (a?) denotes higher order
corrections in . The time constant ¢. and phase constant ¢. correspond to the point of
coalescence.

The coefficients P,,S,, and A, are given explicitly in Section 3.6 (see Eq. (3.24)).
In the expressions for these coefficients are the binary’s (redshifted) reduced mass p =
(1 + 2) mymy/M, the (redshifted) chirp mass M = (1 + 2) p%/° M?/° and —1 < x1,x2 < 1
are dimensionless spins of the binary, each assumed to be parallel to the orbital angular
momentum for simplicity. Here M = mj 4+ ms is the binary total mass.

The frequency-domain GW waveform is then

h(f)=AfT0evel), (3.5)
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where A is an overall amplitude normalization constant. The factor of f~7/¢ comes from

the SPA and dependence on the chirp mass has been absorbed into A (see Section 3.6 as
well as [66, 44] and references therein). From Eq. (3.4), we see that a affects the entire
frequency spectrum of the GW phase, whereas sky position manifests as a constant phase
change, which is inferred by comparing strain signals recorded in multiple detectors [66]. For
simplicity, in the following discussion we treat the GW detection process as if there is only
one detector. To account for multiple detectors, we can rescale the amplitude constant A
to match the network SNR. In this way, we essentially assume that the CoM acceleration
does not affect the inference of extrinsic parameters such as sky location and binary position
angle.

We now discuss three features and caveats of this analytic waveform model. First, the
corrections due to acceleration appear at O ( 8 3) relative to the non-acceleration terms.
The effect of CoM acceleration on the phase is therefore most pronounced at low frequencies.
The importance of the low frequency GW signal can be understood by calculating the number
of wave cycles that arise from contributions of the usual TaylorF2 terms, P, and S, and
from acceleration, A,,, as a function of the minimum frequency observed at each order in the
PN expansion (see Eq. (3.15) for how one derives the observed orbital phase ¢ (f)).

The number of cycles is defined by

N = bo (fisco) — Pa (fmin)’

™

(3.6)

where fisco = 1/6% 2 M is the orbital frequency at an approximate innermost stable circular
orbit (ISCO). The values for N are given in Table 3.1. There, we calculate the number of
cycles, at each order in the PN expansion, for two values of f.;,, 10 Hz and 1 Hz. Each
column lists the contributions from the P,, S,, and A,, terms.

For fuin = 10 Hz, the frequency at which seismic noise is expected to limit the sensitivity
of advanced LIGO [15], acceleration contributes less than one cycle unless @ > 107" s7};
however, our model, accurate to first order in «, would not be valid for such large o values
for binary NS inspirals (see Section 3.7 and Figure 3.2). If the lowest frequency is set to 1 Hz,
acceleration then contributes tens of thousands of detectable orbital cycles for o < 1077571
and many cycles for higher orders in the PN expansion, so they are necessary for a complete
parameter inference study. The more sensitive a GW detector is at low frequencies, the
more capable it is to detect CoM acceleration, which implies that third-generation detectors
are much more promising than current LVK detectors for CoM inference. Our results for
fmin = 10Hz reproduce Tables 3 and 4 in [33] and Table 1 in [148]. We further note that
decreasing f.;, from 10 Hz to 1 Hz results in at least an order of magnitude more observable
cycles from the P, and S, terms, but four to five orders of magnitude increase in the CoM
acceleration terms. The spin dependent terms in A,, also result in many cycles, so they must
be included to accurately model the waveform [65].

Second, we have assumed binary inspiral during the entire duration of the GW signal.
Since the merger and ringdown phases are very shortlived compared to inspiral, the latter
phase provides almost all the information about CoM acceleration. For BBHs, it has been
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1.5 —2.1 x 102 66 (Y1 + X2) (—7.5+ 2.4 x1 + 2.4 x2) x 10°a
2 9.9 - 4.4 x 10*«
2.5 —11 9.3 (x1+ x2) (=314 1.8 x1 + 1.8 x2) x 10%a
3 2.6 —4.0 (x1 + x2) (4.4 — 4.6, —4.6x2) x 10%«
fuin =1 Hz
0 7.4 % 10° - 1.2 x 102«
1 4.4 x 103 - 9.6 x 10%
1.5 —1.0 x 10% | 3.1 x 10% (x1 + x2) | (=164 5.1 x1 + 5.1 x2) x 108
2 24 - 4.4 x 107«
2.5 —17 13 (x1 + x2) (—14 + 8.3 x1 + 8.3 x2) x 10%«
3 2.7 —4.5 (x1 +4.5x2) (0.81 — x1 — x2) X 10%«x

Table 3.1: Contribution to the number of observed cycles as a function of a [s™!], calculated
via Egs. (3.6) and (3.15), of the orbital phase for a binary with m; = mgy = 1.4M, for two
values of fu,. The left-most column denotes the PN order of the contributing waveform
cycles, while the second, third, and fourth columns denote the contribution from the P,,
Sn, and A, terms, respectively, see Egs. (3.4) and (3.24) (note that there are both spin-
independent and dependent terms within A,,). We consider two values for f,;,, 10 Hz in the
first tabular block and 1 Hz in the second. The highest frequency for the orbit is taken to be
fisco = 1/ (63/ 2nM ), the ISCO for a massive test particle in Schwarzschild spacetime, for
all cases. It is clear that the number of cycles arising from CoM acceleration dramatically
increases as the minimum frequency is decreased. Therefore, sensitivity improvements at
low frequencies greatly enhance the detectability of a. For the lowest minimum frequency,
fmin = 1 Hz, CoM acceleration can contribute at least one cycle so long as o > 1072 571,
We see also that the 2.5 PN terms can contribute a cycle for o ~ 1077 s71, but accelerations
that are much larger requires considering O(a?) in Eq. (3.4), see Section 3.7. Note these
values are independent of detector sensitivity.
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shown that using inspiral models for full inspiral-merger-ringdown (IMR) events yields pa-
rameter posteriors that are consistent with using IMR models [86, 87]. Other studies have
demonstrated how one would carry out a numerical analysis of a time-dependent phase delay,
similar to ours, for full IMR events [54]. Our simplifying treatment should be valid except
for the very massive BBH events.

Third, we have only incorporated the effect of acceleration at the linear order in a. Our
model, Eq. (3.4), is of the form ¥, (f) = ¥o(f) + a1 (f) + a®o(f) + ..., with ¥,(f) and
all higher-order pieces neglected. This is valid provided |a| < |¢1(f)/¢2(f)]. We investigate
this assumption in Section 3.7. We find that for binaries with m; = my = 1.4 My, the
quadratic term becomes important only for rather large acceleration values o 2 6 x 1077 s~ 1.

We are now in a position to address the data analysis of [92], in which a CoM acceleration
posterior with mean o ~ 1073 s7! and standard deviation ~ 1073 s™! are inferred from
GW190814. This result is consistent with zero CoM acceleration and therefore is compatible
with the null hypothesis that the source is not undergoing CoM acceleration. The signal
entered the LIGO Livingston detector at around 30 Hz [11]. According to Eq. (3.6), the
number of cycles contributed by CoM acceleration for an event with f,;,, = 30 Hz is 2.13 x
102 o at the Newtonian order and 7.95 x 10 at 1 PN order. This is an insufficient number
of cycles to detect astrophysically plausible values o < 1072s7!, consistent with the result
of [92].

In the remainder of the chapter, we forecast the precision with which o can be measured
from GW data. To this end, we discuss the Fisher information formalism and detector
sensitivities in the next Section.

3.3 Framework for Parameter Estimation

We now summarize the framework we use to predict the precision of parameter inference
using our model. In Section 3.3.1, we introduce the Fisher information matrix. This enables
enables us to forecast a lower bound for posterior variances that would be obtained by
Markov-Chain Monte-Carlo (MCMC) techniques [59]. Detector sensitivities for the third-
generation detectors of interest are given in Section 3.3.2.

3.3.1 Fisher Information and the Posterior Covariance

The Fisher information formalism has been widely used to quantify parameter inference

precision in GW science. We refer the readers to [77, 148, 66, 99, 169] and references therein

for further information and we proceed by defining quantities needed for our analysis.
When a signal is present, GW strain data can be decomposed as, s(f) = h (f; é) +n(f),

where h ( I é) is a GW waveform, 6 is a placeholder for the entire set of source parameters,

and 0 denotes the parameter values that best fit the data for given detector noise n(f). The
detector noise n(f) is assumed to be stationary, colored Gaussian noise characterized by the
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one-sided power spectral density (PSD) S,(f). Because 6 depends on the noise realization
n(f), it is also a random variable with mean equal to the source’s true parameter value [99].

For a sufficiently high signal-to-noise ratios (SNR), the likelihood function for the pa-
rameters #* has a Gaussian form

L (9|s) X exp {—% [y 660° (5917} : (3.7a)
Oh  Oh
Lap = <%, w> . (3.7b)
Oh ah> o Lo
GO0 _Rels [ oo .
<89“’8€b Re[ S df|, (3.7¢)

where I'y, is the Fisher information matrix, 06¢ is the difference between a given parameter
6¢ and the posterior’s mean, (- --) denotes the standard inner product between two frequency
domain signals, and S, (f) is the PSD of the detector under consideration [66, 77, 148, 169,
59]. See [77, 66] and references therein for details about this framework.

The likelihood function in Eq. (3.7a) is a multivariate Gaussian whose covariance matrix
is the inverse of the Fisher matrix,

»=T" (3.8)

The a'® diagonal entry of ¥ is a lower bound on the variance in the estimation of the
parameter 6,
<A92>n = Yaa (39)

where here the angled brackets and subscript n indicates an averaging over detector noise
realizations. This lower bound is referred to as the Cramér-Rao (CR) bound, which is the
minimum standard deviation that can be achieved with an unbiased estimator [66, 169, 148].
We will also make use of the correlation coefficient C%, defined as

C% = %9 [/ Yaa 30, (3.10)

This quantifies how errors in estimating different parameters are correlated [66, 148] and it
is useful in identifying parameter degeneracy.

3.3.2 Detector Sensitivities

The low frequency portion of the GW signal has the most information about CoM acceler-
ation (see Eq. (3.4) and Table 3.1), which implies that third-generation detectors, designed
to have reduced low-frequency noise (see Fig. 3.1), are particularly promising sites to detect
a. We therefore consider advanced LIGO A Plus (aLIGO A+) [26], Cosmic Explorer (CE)
[109], and Einstein Telescope (ET) [154].

For ET, we use the ET-D sensitivity curve (see [95] for a discussion of the various ET
configurations). The available PSD curve for ET-D goes down to a frequency of 1 Hz. How-
ever, sensitivity projections for both CE and aLIGO A+ are only available down to 5 Hz. We
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numerically extrapolate the logarithm of the aLIGO A4 and CE PSD curves down to 1 Hz.
We use a quadratic extrapolation for aLIGO A+ and a cubic extrapolation for CE. We nev-
ertheless find that using these extrapolated PSDs below 5 Hz make insignificant differences
in the numerical results of the Fisher forecast because the noise level rapidly increases by
several orders of magnitude over a few Hz.

In Figure 3.1, these PSDs are shown with aLIGO A+ in black, ET-D in purple, CE in
blue, and an estimate for the recent LIGO Livingston PSD in red. The solid curves are official
projections and the dashed curves are our extrapolations to very low frequencies. The LIGO
Livingston PSD is estimated with gwpy.timeseries [124] and built-in routines for PSD
estimation on a strain data series in the Livingston detector (we use 2048 seconds of data
beginning 1 second after GW200316). In the next section, we use these PSDs to calculate the
covariance matrix Eq. (3.8) and thus forecast the detectability of the acceleration parameter

T 1073

= m alIGO APlus
_'Z\ 1036 - | CE

@ = ET-D

8 10-40 - = recent Livingston |
©

"6 10—44 _

(0] I I

o N ) [ b
D —
(]L_) 10 | —_—
=
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Figure 3.1: PSD projections used in our calculations for three third-generation ground-based
GW detectors: aLIGO A+ (black), ET-D (magenta), and CE (blue), and an estimation for
Livingston using recent data (red). References to the source of these PSD curves are given
in the main text. A model for ET-D’s PSD is available down to 1 Hz, while the curves for
aLLIGO A+ and CE are provided down to 5 Hz; we have been extrapolated them to 1 Hz
(dashed curves). See text for how the recent Livingston PSD is obtained.
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3.4 Results and Discussion

In this Section, we provide the results of the Fisher forecast. We begin with Section 3.4.1, in
which we provide an analytic explanation about how A« is expected to scale as a function
of other parameters. We continue in Section 3.4.2 by presenting the fully numerical Fisher
results, including the CR bound for o and discussing the degeneracy between o and other
parameters. We will fit the numerical results for the CR bound of « to simple analytical
formulae as motivated by the results of Sec. 3.4.1.

3.4.1 Analytic Scaling

Here, we provide an argument for how A« is expected to scale with other parameters.
According to Egs. (3.4), (3.7b), and (3.24), we see that

Ao M3
— X
! pa

where p is the SNR. This is derived by considering Aa/a = vVEname = 1/vVIinmama-
Considering just the leading order term, we have I'jyama o< a2A2 A2278 « a2p?/M?0/3
(recall that A is the frequency domain signal amplitude, Eq. (3.5)) [65]. This relation is
inexact for a few reasons. First, inverting the Fisher matrix I' to obtain ¥ depends on
the off-diagonal elements of I', as well as the higher-order corrections in the phase that are
proportional to the A, coefficients. Second, evaluating the Fisher matrix requires integrating
between a minimum frequency and the ISCO frequency (see the paragraph below Eq. (3.7b)),
and the ISCO frequency itself is a function of the chirp mass M. Nonetheless, we find that
the analytic scaling result is a fair approximation (see Fig. 3.2).

This relation provides a few noteworthy insights. First, it implies that A« is roughly
constant at fixed SNR as a function of o. This is consistent with Eq. (3.4) because we
consider only O («) corrections in our model; differentiating h(f) in Eq. (3.5) with respect
to a does not bring any additional powers of « into the integrand of Eq. (3.7b). Second, it
implies that the CoM acceleration is most detectable for a binary with a small chirp mass.

: (3.11)

3.4.2 Numerical Results

We now report our numerical results for the Fisher matrix calculation on the entire set of
parameters, {Ina, In M, In p, x1, X2, te, ¢c}. We also provide results that correspond to
some of these parameters held fixed. We use the logarithms of a, M and pu to avoid ill-
conditioned matrices (see [96] for a discussion of when ill-conditioning might occur when
numerically evaluating the Fisher matrix). We set a fiducial SNR p = 10, which corresponds
to the majority of detectable GW events close to the detection threshold of matched filtering.
All parameter derivatives are evaluated for equal mass binaries with M,ns/2 < M < 30 M,
(Where My, is the chirp mass for an neutron star binary with m; = my = 1. AMe), o =

2-4/5 M corresponding to an equal mass binary, and ¥ = Y2 = . = gzﬁc = 0 (we hereafter drop
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the hats). Note that Myys/2 corresponds to a binary with component masses m ~ 0.7 M.
In agreement with Eq. (3.11), we find that varying the true value of a hardly affects the CR
bound. Even changing « by orders of magnitude only alters the value of Aa by, at most,
0.1%, except when o have very large values ~ 1074 s7! and our perturbative phase model
becomes inapplicable.

Although inexact, Eq. (3.11) provides useful analytic guidance for A« as a function of

M. We therefore fit 0
AO[Z' = C; <—> Mei, (312)
0

to our numerical Fisher forecast for Aa = /3, according to Eq. (3.8). We expect that
the exponents e; will equal 10/3 only when all other parameters are fixed. This is because
the CR bound is calculated by inverting the entire Fisher matrix, whereas Eq. (3.11) comes
from fixing all other parameters, considering the Fisher matrix to be a scalar, I',,. The
parameters to be fit, ¢; and e;, depend on the specific detector under consideration, which
we label using the index i. Note that the units of ¢; is s7!7% and e; is dimensionless.

For the sensitivities given in Fig. 3.1, the obtained values for ¢; and e; are shown in Table
3.2 for the full range Myns/2 < M < 30 Mg ; each tabular block in Table 3.2 corresponds to
different parameters being fixed, which is implemented by removing from the Fisher matrix
rows and columns corresponding to those parameters. As mentioned above, the exponents
e; approach 10/3 when other parameters are fixed, although they deviate from this value
by, at most, 10%. We see that ¢; decreases by a factor of two depending on whether or not
aligned spin components are included as parameters in the waveform model.

The numerical results are shown, alongside the corresponding fitting formula of Eq. (3.12),
in Figure 3.2. The colored markers show the CR bounds for A, from Eq. (3.9), as a function
of the chirp mass M and evaluated for & = 0. Results are shown for aLIGO A+, CE, and
ET with fits to the empirical formula, Eq. (3.12), shown with the colored lines. The fits show
excellent agreement with the CR bounds. The gray markers behind the colored markers (see,
for instance, the ET data at low chirp masses) are the CR bounds for nonzero acceleration
values o = 107, ..., 107%s7!. These heavily overlap with the colored markers because
the CR bounds change by, at most 0.1%, as a function of a. The gray shades enclose the
parameter space where quadratic corrections O (a?) to the GW phase in Eq. (3.4) are smaller
than the linear contribution for effective minimum observable frequencies at 20 Hz, 5 Hz and
2Hz. These values are appropriate for detection at aLIGO A+, CE, and ET, respectively.
See Section 3.7 for details on how this frequency affects the validity of neglecting terms
quadratic in «. For all three detectors and masses shown, the detection limit calculated
using our linear model is within the validity range. Note that the Fisher analysis is carried
out for fu;, = 1 Hz for all detectors.

A detection of CoM acceleration is possible when Aa/a < 1 for nonzero «; otherwise,
a clear detection is not possible. We see that for light chirp masses Mypns/2 < M <
2 M, and with a moderate SNR p = 10, detections can be made at aLIGO A+ for CoM
acceleration o ~ 107® s7!, whereas for stellar mass binaries, a CoM acceleration o 2> 1076s7!
is detectable.
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Figure 3.2: CR bound for A« for a fiducial SNR p = 10, evaluated as a function of the chirp
mass M and with f;, = 1 Hz; the regions shaded in gray denote regions in which terms
O (a?) can be safely neglected if the effective minimum observable frequency is 20 Hz, 5 Hz
and 2 Hz, appropriate for aLIGO A+, CE and ET, respectively (see Section 3.7 for details
on how the boundary of the shaded region is calculated based on the effective minimum
observable frequency). The markers are the CR bound for each detector and under the null
hypothesis o« = 0, as per Eq. (3.9). The colored curves are numerical fits to the empirical
fitting formula Eq. (3.12). Behind the colored markers are gray markers (most noticeable
for ET with low chirp mass), which are the CR bounds for « in the range [107',107%] s71.
Changing a over orders of magnitude alters the CR bound by at most 0.1%, but usually much
less. As a result, the gray markers are hardly visible in this plot. All results here correspond
to a Fisher analysis centered at parameter values p = 2"%°M and x; = x2 = tc = ¢, = 0.



CHAPTER 3. A GRAVITATIONAL WAVEFORM MODEL FOR AN ACCELERATING
SOURCE 50

| det. s | e |

no fixed parameters
aLIGO A+ | 4.31 x 1078 | 3.60

ET 1.26 x 10719 | 3.45
CE 2.82 x 107 | 3.53

fix x1 =x2=0
aLIGO A+ | 2.32 x 1078 | 3.38
ET 6.95 x 10~ | 3.36
CE 1.32 x 1079 | 3.41

ﬁXX1:X2:tc:¢c:O
aLIGO A+ | 2.03 x 1078 | 3.27
ET 6.31 x 10711 | 3.30
CE 1.10 x 107 | 3.31

Table 3.2: Parameter values from fitting the empirical formula Eq. (3.12) to the numerical
CR bound for Ac«, for an event with a fiducial SNR p = 10 and o = 0. We have used
logarithmically spaced values M (see Fig. 3.2) and fit the natural logarithm of Eq. (3.12)
to In Aa because the CR bound varies by orders of magnitude as a function of M. In the
top block, all parameters are given uniform priors and are marginalized over the parameter
space; in the middle block, y; and - are fixed to zero; in the bottom block, x1, x2, t., and
¢. are all fixed to be zero.

Owing to excellent sensitivities at low frequencies, both CE and ET hold promise in
detecting CoM acceleration. The CR bound for « strongly depends on the chirp mass, as
suggested by Eq. (3.11). For lighter sources with chirp masses less than 3 M, ET will be
sensitive to a ~ (1071-107?) s7!, and CE will be sensitive to a ~ (1079-10"")s™. For
heavier BBH sources, ET will be sensitive to a ~ (1078-107%) s™! and CE will be sensitive
to a ~ (107"-107°)s™!. For GW events with higher SNR values, lower values of a can be
detected according to Eq. (3.12).

Incorporating Eq. (3.2b), we can use the CR bounds of Fig. 3.2 to determine values
of the tertiary mass and distance for which CoM acceleration is detectable. ET is sensitive
to a tertiary perturber with mass and distance satisfying (Ms/M) (1 AU/r)? Z 10/SNR,
CE can detect if this ratio is g 10°/SNR, and aLIGO A+ for 2 10*/SNR. Therefore, our
analysis indicates that detecting CoM acceleration with the third-generation detectors on the
ground is possible for a stellar-mass tertiary in compact bound systems with a size < 1AU.

The above results can be gleaned from Table 3.2. That table additionally shows how
the detectability of o improves if the spins of the compact objects are fixed (for instance
if we believe the binary compact objects are non-spinning). In this case, the CR bound
is improved by about a factor of 2, and the possibility of detecting the effect of a CoM
acceleration becomes even more promising.
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param.
det. M 2 X1 X2 tc ¢c
aLIGO A+ 0.86 | -0.78 | -0.75 | 0.75 | 0.62 | -0.72
CE 0.88 | -0.81 | -0.74 | 0.74 | 0.58 | -0.73
ET 0.84 | -0.76 | -0.66 | 0.66 | 0.50 | -0.66

Table 3.3: Correlation coefficients, C,4 (defined in Eq. (3.10)), between the CoM acceleration
parameter o and parameter 6°, evaluated for each of the three third-generation GW detectors,
for M = Myns, and a = 0. We see that « has large correlation coefficients with the other
parameters, with M having the largest correlation of C,x & 0.8 across all detectors. These
correlation coefficients are sufficiently large to bias inferred parameter values away from their
true values if a phase model without accounting for the effect of CoM acceleration is used
applied to an acceleration GW source, see text.

The degeneracy between « and the other parameters can be quantified through the
correlation coefficients, which are defined in Eq. (3.10). These dimensionless numbers, Cqp,
are between —1 and 1 by definition and indicate the extent to which the errors in estimating
two different parameters § and ° are correlated. Typically, values |Cyp| > 0.9 are taken to be
indications of strong correlations and imply that a linear combination of the two parameters
can be measured significantly more accurately than what can be done for ¢ and 6° separately
[66]. Nonetheless, the correlations appearing in Table 3.3 imply that excluding « from data
analysis of an event whose true « is nonzero can bias the inferred parameters (the extent to
which parameters are biased is discussed in Section 3.8).

Values of C,4v, where the second index runs over all parameters other than «, are shown for
each of the three third-generation ground-based detectors in Figure 3.3, evaluated for a = 0
(changing the value of « by orders of magnitude hardly affects the correlation coefficients).
It is clear that all parameters show significant degeneracy with a to similar degrees, with
0.5 < |Cupv| < 0.83. It is worth noting that such degeneracy is significantly milder than that
between the chirp mass M, the reduced mass u, and component spins, which tends to be
equal to £1 up to three or four significant digits (e.g. [148]). The mild degeneracy between
«a and the other parameters comes from the fact that « corrects the waveform phase at
@ ( 8 3) relative to the usual PN terms, which depend on the various other parameters. In
other words, the a correction to the waveform phase scales uniquely with frequency compared
to the PN terms, which provide information on all other parameters. This weak degeneracy
implies that if one observes an event where the source has a CoM acceleration, but a non-
acceleration waveform model is used for parameter inference, the inferred component masses
and spins will deviate from their true values. This statement is explored through both an
injection analysis and a semi-analytic argument in Section 3.8.
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3.5 Chapter 3 Conclusion

We have presented an analytic frequency-domain model for the gravitational waveform phase
of an inspiraling compact binary system whose CoM is accelerating relative to the observer.
Our model is valid to first order in the acceleration and it can be easily generalized to
incorporate higher order effects. See Section 3.6 for a derivation of our model, including how
to incorporate higher order effects, and Section 3.7 for a discussion of the range of validity
of the linear approximation. We have shown that the acceleration appears as a correction at
@) ( 8/ 3) compared to the intrinsic PN phase terms, see Eq. (3.4). Therefore, improvements
of detector sensitivity at low frequencies at ground-based GW observatories will be pivotal for
the detection of CoM acceleration. We have demonstrated, in particular, that the Einstein
Telescope’s focus on mitigating low-frequency seismic noise with the underground design,
see Fig. 3.1, will make it the ideal detector for CoM acceleration, see Fig. 3.2 and Table 3.2.
This chapter presents the first analytic phase model up to 3PN order, which can readily be
implemented in existing parameter estimation suites.

Through a Fisher information calculation, we have constrained the values of SNR and
CoM acceleration that are detectable for third-generation GW detectors on the ground. The
main conclusions of our chapter can be summarized with Eq. (3.2b), Eq. (3.12), Table 3.2,
and Fig. 3.2. These imply that for binaries with chirp mass Myys/2, ET can detect tertiary
perturbers with mass and distance satisfying (Ms/Ms) (1 AU/r)? Z 10/SNR, CE can detect
if this ratio is 2, 103/SNR, and aLIGO A+ for 2 10*/SNR.

The imprint of CoM acceleration in the GW signal will be one of the promising new
signatures to look for at third-generation ground-based GW detectors [153]. We have cre-
ated a GW template incorporating this effect to help usher in the detection of hierarchical
triple compact object systems with GWs. As such, our model is a simple case in which two
compact objects inspiral as they, together, orbit a massive tertiary body. This model can be
further built upon by including Newtonian and post-Newtonian three-body perturbations,
as well as eccentricity. Eccentricity is of particular interest because hierarchical three-body
systems are known to undergo Kozai-Lidov oscillations, in which an inner binary’s eccentric-
ity oscillates in coherently with the outer binary’s inclination in such a way that the total
angular momentum of the system is conserved [134]. In the context of our model, a nonzero
CoM for an eccentric binary would imply a smoking gun for a triple system. These will be
directions of future research.

3.6 Outline of Derivation

Here we outline how to obtain the GW phase starting from PN expressions of the energy
flux radiated from a circular binary, F, and the bound state energy, &:

F = I‘5/2 ZFZ‘/QIi/2, 5 = Z Ei/2$i/2,
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where * = (M w)?/? is the usual PN expansion parameter and w is the angular orbital
frequency. See Egs. (232) and (314) of [33] for values of F;/, and Ej/, for non-spinning
sources and Eqs. (414) and (415) of [33] for spin-orbit coupling. We neglect all terms
quadratic in the spins, which arise from the spin-spin dynamics at leading-order and spin-
orbit dynamics at next-to-leading-order.

The orbital dynamics are then determined by radiation reaction considerations [149],

d&
@ - 1
T F (3.13)
The chain rule gives d€/dt = (d€/dz)/(dz/dt) and we can solve for ¢(z) by integrating
T dE(x")/da’
Ha) —t, = | T gy, 3.14
@)=t [ (314)

This can be easily evaluated by expanding the integrand as PN expansion in x. Note that
this expression can be inverted as a power series in order to obtain xz(t).
The orbital phase is

t 1 t
5(z) — o = / () At = - / 2 ¢ (3.15)
te M J,
To evaluate this expression, we invert t(z) given by Eq. (3.14) to obtain

Lo, T48+9240 o0,
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T
364 M? {[

where © = % (t. — t), 7 is the Euler-Mascheroni constant, M = m; + my, A = (m; —
ma)/M = /1 —4v, and v = u/M is the symmetric mass ratio. This expression can be
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compared to Eq. 316 in [33], with which our result agrees; unlike Eq. 316 in [33], we have
included spin.

and then we can evaluate the above integral by expanding z%/? as a PN expansion in t.
Doing so yields ¢(t); see Eq. (317) of [33] for the expression neglecting spin.

We obtain the waveform in the frequency domain by approximating the full Fourier
transform,

h(f) = / T ) et ar, (3.17)
where h(t) = A(t) e2"?® | via the stationary phase approximation (SPA)
1 d
M) = 5 A () @ exp | 2m £ (F) = T = 20(8°(1))] (3.18)
where t*(f) satisfies
do(t) _
T e =7, (3.19)

and it is understood that df/dt in Eq. (3.18) is evaluated at ¢ = t*(f).

So far, we have not incorporated the CoM acceleration. As described in the text, we
consider the case in which CoM acceleration is completely decoupled from the binary’s
relative dynamics. We incorporate the effect by considering the time-delayed signal

Ga(t) = ¢ (t+a(t —T)%), (3.20)

and using this as the phase entering the Fourier transform of Eq. (3.17). We now solve for
t* (f) that satisfies
do(t)

L+2a(t(f) - 1)) == —nf (3.21)

1=t (f)
Solving for t*(f) is then straightforward. We use the ansatz

t*<f) :tc_x_4 (t0+t2$+t3(l}3/2+t4$2+t5$5/2
+tga° + ata(z)), (3.22)

where z = (7M f)*?, the t,, are functions of the masses and spins, and ¢ 4(z) must be solved
for via Eq. (3.21). At this point, letting 7" = ¢, greatly simplifies the resulting algebra. With
t*(f), we can now evaluate

Yall) =2m f1'(f) = 7 =26 (C°()))

6
=271 ft.— ¢ — % +a 2y A (B4 Sy +aAyaTt), (3.23)
n=0
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where the coefficients P,, S,,, and A,, are

Py = 5
128 v
P1 - O
_ 5(7434924v)
2 322560
3
Py=—"—
5 v
p, _ 15293365 + 5040 v (5429 + 4319 v)
T 21676032 v
5%
Py = — —7729 4+ 1092 ) (2 + 31
s 645121/( 9+1092v) (2+3Inx)
1
Ps = 4527 4 — 1022 2 1 4327%(451v — 512
5 = 500286535650 {4527600 [(45633 — 102260 v)v* + 4327°(451 v — 512)]
—24236159077900 v — 1530761379840 v + 11583231236531 —
3061522759680 In 2 — 765380689920 In z} (3.24a)
Sl - 0
Sy =0
1 2
Ss = o s {[188m] — T5MAmy ] x1 + [188m3 + T5MAmy] X2}
Sy=0
5(2+3Inx) 5
Sy = 103530 37w {[27 MAmy (—2783 + 56v) — 22m3 (10079 + 252v)] x2
+ [27 MAmy (2783 — 56v) — 22m7 (10079 + 252v)] x1 }
5
6= 15 A; {[118m3 + 45 M A ma] x2 + [118m} — 45MAmy) x1} (3.24b)
14
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_ 25M
0™ 32768 12
Al - 0
25 M (743 + 924 v)
AQ ==
4128768 1/2
A= 2T ° {[=75 MAmy +188m7 | x1+ [75 MAmy+ 188m3 | x2}
3 51202 ' 24576 M 12 ! 1Al 2 2] A2
25 M
= 1755623 + 112 v (32633 + 23121
= 3774532006 2 \ + 112w + V)
. 5 M (20807 + 8036 v)
> 1376256 12
5 2
+ 55768 M o2 {[-5M A my (32477 + 8736 v) + 14 m7 (33049 + 8932 v)] x1
+ [6 MAmy (32477 + 8736 v) +14m3 (33049 + 8932v)] x2 }
Ay = M {23100 v (3311653861 + 84 v (2030687 + 1856036 v/))
6 = 46146017820672 12 v v v
— 234710784 72 (—18944 + 11275 v) — 28907482848623 4 4592284139520 v
4 9184568279040 In 2 + 2296142069760 In 2}
T
NEaEYSYaT {[1725M Amy — 4454 m7 | x1 — [17T25M A my + 4454m3 | xo}  (3.24¢)

Our expression agrees with the result of [185] (see their Eq. (A23), in which our A appears).
Furthermore, our method can be compared to the numerical framework outlined by [54],
which considered a time-dependent time delay for an entire inspiral-merger-ringdown signal.

3.7 Validity of Neglecting Quadratic Correction

We now address the values of o for which it is valid to truncate the expression

0 1 0?
+—¢‘ a+_6_1/1
a=0 (904 a=0

%(f) :%(f) 2 Ha?

a® + O(a?) (3.25)

a=0

where the 1 appearing here is the phase of the SPA waveform. To make notation less
cumbersome, we define 1, = 9" /0a™.

We now quantify the range of a for which it is valid to neglect 15, as we have done in
Eq. (3.4). To derive 1, we repeat the steps of Section 3.6 but we add a term o*tg(z) in
Eq. (3.22). Doing so gives the quadratic correction

’(,DQ = O[Q(B()ZE_QI/Q + BQI_19/2 —|— BgfL’_g + B4ZE_17/2 + B5l'_8 —|— 3613_15/2), (326)

where
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625 M2
By=
12582912 13
5 1625 M? (924 v 4 743)
2 3170893824 13
257 M2
By= 7
3 32768 13
1375 M?2
— 4 92352 4
4 63925219491841/3{7 75065 + 2352 v (6997 + 4755 )} (3.27)
12571 M?2
By = — 1
5 1585446912V3(86 97 + 53676 v)
5 M2
Bs = {—82698671170559 + 13776852418560

11813380562092032 13
— 704132352 w* (—25088 + 11275 v) + 69300 v (3572915219 + 84 v (5819253
+3592540 v)) +27553704837120 In 2 + 6888426209280 In x} .

These expressions neglect spin contributions because our analysis has considered true binary
values of x; = x2 = 0.

Evidently, the quadratic terms in « are of O ( f8/ 3) relative to the terms linear in o and
are thus O ( 16/ 3) relative to the non-acceleration terms. They are, therefore, potentially

impactful at low frequencies and while they may be important for large accelerations, our
study has focused on the linear correction.

We have that the relation a < (9¢/0a)/(0%¢/0a?) can be written in the form

0¢p /0
@< 322;3042 = $4(Co + Cox + C3$3/2 + Cya® + 05335/2 + C6x3), (3.28)

as a PN expansion, with Cy, being functions of A,, and B,,,

Co = Ao/ By
C'g = (A3By — AoBy) /BS
= (A3By — AyB3) / B}
= (A4B§ — A3 B2 By + AoB; — AoByB,) /B
(A B — A3BoBy — A3 ByBs + 2A0 B2 B3 — AOBOB5) / B}
= (A¢Bj — A4BiBs + Ay ByB; — ABS — A3 B} Bs
+%&@—&%&+Mwﬁﬁrﬂw@@wé (3.29)
We can therefore get an upper bound for a by evaluating the RHS for the lightest binary

considered here, with m; = my = 0.7M (corresponding to a chirp mass Myns/2), and a
minimum observing frequency of 1 Hz. Then we have that the RHS of Eq. (3.28) is equal to
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2.03 x 1077 s71. The largest term in Eq. (3.28) is 2% Cy and so, ¥y /1, oc M?/3. Therefore,
the upper bound on « is closest to 0 for small chirp mass and throughout our study, where
the minimum M is Myxs/2, the smallest upper bound on « is thus 2.03 x 1077 s~*. Note
that the minimum observing frequency plays a role in this analysis, which we have fixed to
1 Hz in this Section. In Fig. 3.2, we present regions in which Aa < |0¢/da|/|0%¢/da?)| for
a minimum observable frequency at 20 Hz, 5 Hz and 2 Hz, evaluated as a function of M.

This result for M = Myns/2 is numerically confirmed in Figure 3.3, where we consider
the maximum value of the ratio between the quadratic correction, a?1,, and the linear
correction, a1y for fixed M = Myns/2. We see that for small a, until a ~ O (1077 s71),
the quadratic correction is (at least) an order of magnitude smaller than the linear correction.
They become equal at o ~ 2.03 x 10~7 s~!, which we therefore take as the maximum possible
value for o at which our model is valid for the MyNs/2 system. This is the value marked
by the green region in Fig. 3.2 on the Aa-axis, where it is given as a function of the chirp
mass.
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Figure 3.3: The maximum value of a1y /1)y, the ratio a1, to a9y as a function of «
for fixed M = Myns/2. By comparing the O (o) and O («) corrections to our model, we
see that the quadratic correction is much less than, and therefore negligible to, the linear
correction as long as o < 1077 s71. Once a ~ O (1077 s71), then a? v is within an order
of magnitude of a¢); until they become equal at o ~ 2.03 x 1077 s7!. Therefore, we set
this value of o as the absolute maximum limit of a for which our model can be valid, this is
marked in Fig. 3.2 by the gray regions.
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3.8 Inferred Masses Deviate from True Values if
Acceleration is Present but Unmodeled

In this Section, we present an injection analysis that demonstrates how binary parameters
can be biased if a non-accelerating model is used for parameter inference of an event with
true oy, # 0. In particular, we injected our template (cf. Eq. (3.4)) with various values of
the CoM acceleration, fixed component masses m; = my = 1.4 M, and fixed aligned spin
components xi1,, = X2, = 0, into mock noise for a detector with the projected ET-D PSD
(cf. Fig. 3.1). We then apply the relative binning method for fast likelihood evaluation [206]
and our model with a set to 0 to infer the chirp mass, symmetric mass ratio, and component
spins. We derive posterior probability distributions with the nested sampling Monte Carlo
algorithm MLFriends ([40, 41]) using the UltraNest! package [42].

A corner plot [79] of our analysis is shown in Figure 3.4. Curves of various colors cor-
respond to different injected values of ay,, oy, = 0 57! (blue), 10712 s7! (orange), 10710 7!
(green), 107® s71 (red). The true values of the other parameters are marked by the solid
black lines. Each posterior distribution is derived by fixing o = 0 s™! in our fitting model
and using uniform priors for all parameters. We see that both the inferred chirp mass and
symmetric mass ratio deviate by significantly more than 1o for CoM acceleration as large
as a > 107® s71. For smaller values of «,, the inferred parameters are consistent with their
true values.

This brief analysis demonstrates that neglecting CoM acceleration can bias the inferred
binary parameters for oy, as large as 1078 s71. It is unlikely that neglecting CoM acceleration
will qualitatively change the interpretation of the GW signal because the chirp mass is biased
by about one part in a hundred thousand and the symmetric mas ratio is biased by a few
parts in ten thousand.

'https://johannesbuchner.github.io/UltraNest/
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Figure 3.4: Posterior distributions of binary parameters when TaylorF2 (cf. Eq. (3.4)) with
a = 0 is used to analyze a signal with true ay, # 0 given by the colors (ay, = 0 s71 (blue),
10712 s71 (orange), 1071 s7! (green), 107® s™! (red)) and the black solid lines denoting
the parameters’ true values. We see that for o > 1078 s7!, the chirp mass can deviate
by significantly more than 1o, while v deviates moderately from its true value. While
the posterior distributions for the aligned spin components are centered at slightly nonzero
values, they are still consistent with zero.
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Chapter 4

Double White Dwarf Tides from
Multi-messenger Measurements

4.1 Introduction

Short-period double white dwarf (DWD) systems in the Milky Way are one of the loudest
predicted populations and the only observationally-guaranteed population of gravitational
wave (GW) sources at low frequencies 1074-10"2Hz detectable by space-based interfero-
metric observatories such as a forthcoming leading mission LISA [18] (see also the TianQin
mission [123]). Along with GW signals from super-massive black hole binaries (SMBHBs)
and extreme mass ratio inspirals (EMRIs), GW signals from DWDs are expected to be per-
sistent and overlapping in both time and frequency, unlike the short events measured by
the LIGO-Virgo-KAGRA (LVK) collaboration. The loudest of these signals are individually
detectable in GWs and can be fit and removed from the data. Those include the DWDs
[119, 110, 111, 45] that have already been observed electromagnetically, which will enable
complementary constraints on their binary orbital motions. A much larger number of these
signals will be unresolvable and they will form a stochastic GW background in the frequency
range 107*-1073 Hz [61, 102]. This confusion noise, in the particular case of a nominal four-
year LISA mission and after subtraction of individually detectable signals, is predicted to
be the dominant contribution to the strain power spectral density in the frequency range
0.5 — 2mHz [102, 107, 22].

It has been estimated that in the Milky Way tens of millions of DWD systems exist across
the LISA frequency band [106], but only O(10%) LISA-band DWDs have been detected in
the optical domain as short-period eclipsing binaries [111, 170, 47, 46, 159].

So far, optical detections are made through major spectroscopic and photometric monitor-
ing programs such as the Extremely Low Mass (ELM) survey [39] and the Zwicky Transient
Facility (ZTF) [30]. The Gaia mission has provided astrometry, allowing us to compute
distances to sources, and will likely enable more detections when photometry is released
[110, 111]. Over the next decade, substantially more short-period DWDs are expected to be
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detected first electromagnetically at the Vera C. Rubin Observatory (also known as LSST),
which we consider in this work, and then with gravitational waves LISA. Measurements of
both magnitude and GW strain as a function of time from the same DWD source inde-
pendently allow us to extract information about the orbital phase evolution, with the GW
phase being always twice the orbital phase; these two different observational avenues also
yield unique and complementary information about other intrinsic and extrinsic properties
of the DWD system. The combination of photometric and GW signals will enhance detec-
tions of individual DWDs and lead to more precise measurements of their stellar and orbital
properties [175, 174], and hence will help shed light on the formation and evolution of DWDs
on tight orbits.

DWD inspiral in the LISA band is likely a later stage in the dynamic evolution of DWD
systems. The progenitor stars are too big to fit into the current tight DWD orbits observed,
while orbital decay via GW radiation alone is insufficient to allow initially widely separated
DWDs to merge within a Hubble time [98, 145]. A promising explanation for the formation of
these systems is a common-envelope (CE) phase, in which the compact cores of both progen-
itor stars spiral within a shared stellar envelope of hydrogen following unstable binary mass
transfer [142]. Such CE dynamics leads to rapid ejection of the shared hydrogen envelope
and the compact cores stall on a very tight orbit. The fraction of orbital energy dissipated
in this process has been constrained by DWD population studies [170]. Alternatively, the
WD binary could have been part of a hierarchical triple system, and via the Kozai-Lidov
(KL) effect [108, 115, 134] it could have been driven onto a highly eccentric orbit with a
large semi-major axis but a tiny periastron. With energy loss from tides and GW radiation,
the binary orbit can circularize and settle down to a short period. Both formation channels
are expected to produce systems of circular orbits in the LISA band. To our knowledge,
eccentric systems with short periods, although expected from dynamic formation channel in
dense stellar systems [196], are yet to be found.

Short-period DWDs are further tightening their binary orbits through GW radiation.
When these systems reach a critical orbital period of roughly P. ~ 45-130 min (depending
on the exact WD masses and ages) [80, 47], tidal torquing turns on to drive the WDs toward
tidal locking, for which the WD spin periods are synchronized with the binary orbital period.
Since WD spins open up an additional angular momentum reservoir, such tidal interaction
modifies the rate of orbital tightening, and hence the orbital phase evolution measurable
with both photometry and GWs. When the DWD orbit becomes sufficiently tight, one WD
will overflow its Roche lobe and begin to transfer mass to the other, which further impacts
the orbital evolution. This mass transfer can eventually cause the accreting object to trigger
a Type Ia supernova (SN), which are used as a standard candle for measuring the expansion
rate of the Universe [144, 57]. The mechanisms through which this can happen are still
being studied. Recently, the dynamically-driven double-degenerate double-detonation (D)
scenario has been used to explain the existence of high speed white dwarfs in Gaia data by
proposing they are the companions of the exploding star in the scenario [177, 28].

It is easier to isolate the effects of the tides on the orbital evolution prior to the onset of
Roche-lobe overflow, so in this work we shall consider detached DWDs, which should also
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be more common than mass-transfer systems due to longer orbital evolution timescales. By
analyzing tidal effects on the orbital decay rate, we can constrain the combined moment of
inertia of the two WDs, which will allow for novel constraints on WD structure and internal
physics [47]. In addition, tidal effects before Roche-lobe overflow set crucial initial conditions
for WD mergers [81].

In this chapter, we turn specific attention to the degeneracy that rises between the
dependence of orbital phase evolution on the tides and that on the WD masses. Some
previous works assumed a value for the tidal contribution to orbital decay, but they are unable
to measure it independently of the contribution from GW radiation [46, 47]. In Section 4.2,
we will present a framework to quantify the effect of tides on DWD orbital evolution for
detached, tidally locked DWD systems. In Section 4.3, we will discuss parameter degeneracies
that arise from including these effects and how these degeneracies may be broken using
multi-messenger information. In Section 4.4, we describe mock multi-messenger parameter
inference we perform to test the feasibility of the methods of breaking the degeneracies. In
section 4.5, we present the results of our mock parameter inference study, and in Section 4.6,
we discuss the implications of these results. We give concluding remarks in 4.7.

4.2 Tidal Effects in Detached, Tidally-Locked DWDs

The orbital frequencies of LISA-band DWDs increase over time mainly due to GW radiation.
However, this orbital evolution is expected to be slow (faw = 3 x 1074-10"2Hz and fow =
10718-10"1 Hzs™ 1) [106]. The timescale for order-unity change in the orbital frequency is
much longer than the expected time span of photometric surveys and GW observations.
Therefore, we model the orbital phase evolution using the following low-order polynomial,

bors(t) = Po + 27 (ft+%ft2+éft3>, (4.1)

where f, f and f are phase derivatives defined at a chosen reference time. For circular
inspiral, each orbital cycle corresponds to two sinusoidal GW cycles, and the GW phase is
twice the orbital phase as parameterized in Eq. (4.1). The quadrupole formula predicts that
due to GW radiation alone the orbital evolution depends on the chirp mass of the binary,
M = (M; My)3/ /(M + My)'/> (where M, and M, are the masses of the binary components)
[145]:

, 96 s (GM\3 n
Q.fGWonly = g 3 ( 3 ) (2 f) 3, (42&)
) 33792 16 (GM\* 10
2fGW0nly = 2—5 ™3 < 3 > (2 f) 3. (42b)

As previously mentioned, tidal effects will correct these frequency derivatives, which is
more significant at short orbital periods. For DWDs that are undergoing tidal spin-up (or
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spin-down) but are not yet synchronized, one can parameterize the degree of tidal locking
using a phenomenological tidal locking factor n = Qgpin/Qorpie as introduced in [147]. This
approach uses the simplifying assumption that both stars are spinning at the same orbital
frequency (i, When the period of a DWD system drops below the critical orbital period
P, ~ 45-130 minutes, n asymptotes towards 1 (complete tidal locking) as shown in Figure
12 of [80]. As the system reaches short periods, 7 changes more slowly such that 7/n < f/f.
Because of this, we will allow a general value of 7, but we will use the simplifying assumption
that 1 is a constant in time.

Assuming complete tidal spin-orbit synchronization, we can derive tidal corrections to the
frequency derivatives. The binding energy of the binary is the sum of gravitational potential
energy F, and kinetic energy of the binary orbital motion Fj o,s:

G My M,

Eorb = Eg + Ekz,orb = - 24 5

(4.3)
where a is the binary semi-major axis. Applying Kepler’s 3rd Law, the rate of change in
E,, is proportional to the orbital period derivative

. GM M, P
Egpp=—"—"">—. 4.4
’ 3a P (44)
If the finite sizes of the WDs are neglected, this energy would be lost only to GW radiation.
When the finite sizes are accounted for, orbital energy partially converts into WD rotation
energy, and is partially lost to tidal heating, in addition to GW loss. When tidal-locking is
achieved, the tidal heating rate is very low [80], so we neglect this contribution and write

Eorb = Ek,rot + EGW- (45)

Assuming the stars rotate at the same rate parameterized by the constant 7 = Qgpin/Qorpit
the rotational kinetic energy of the WDs change at a rate

. P
Ek,rot = —47T2 I ﬁ n 27 (46)
where [ = I} + I, is the sum of moments of inertia of the two WDs.
Now we can use these expressions to calculate the orbital frequency derivative in terms
of the power transferred into the GWs:

i _ _E _ 3(1 EGW (4 7)
f P G M1 M2 1-— 7"7 .
where 7 is the absolute value of the ratio of Eq.(4.6) and Eq.(4.4) and is given by
12m2 1
r= rra (4.8)

GM1 M2P2772'
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The period derivative without tidal effects is recovered if I or r are set to zero. we can write
the orbital frequency derivative as

f P fGWonly r
=P (1+1_T>. (4.9)

To determine the second frequency derivative f, we need to know 7. Applying Kepler’s 3rd
law to relate @ and P, we have r o« P~%/3 o f4/3. Here we are assuming for simplicity that
7 = 0. We derive

i 4 f 4 fGWonly (1 4 r ) .

r 3 f 3 f 1—7r
We simplifying our final expressions by replacing r with a different dimensionless ratio 7;4e,
which is defined as

(4.10)

2
Pride = i = L (4.11)

The first frequency derivative can be written as

f = fGWonly (]- + Ttide) (412)

The second frequency derivative is then derived by taking the time derivative of Eq.(4.10),
using faw onty o< /3, and applying Eq.(4.10)

f' (fGl;/}nly) (1 + thde) (1]_ + 4Ttide) . (413)

4.3 Resolving Degeneracy Between Chirp Mass and
Tides

In previous analyses of photometrically monitored DWD systems, mass measurements are
carried out by constraining the time derivative of the orbital frequency [46, 47]. With only
the first frequency derivative f measured, there is a degeneracy between M and 74 for
tidally locked DWDs. If the second frequency derivative f is measurable, this degeneracy
can be lifted. Unfortunately, for typical short-period detached DWDs f is extremely small
faw <1072573 Eq. (4.2a) and Eq. (4.13) imply a steep scaling f o< f1%3, so the best hope
for measuring f would lie in those detached DWDs with the shortest periods (P < 10 min).
As we will show, even those will require very long time baseline and high precision of phase
measurement, which would require extremely dedicated photometric monitoring.
Additional information could be exploited to break the degeneracy between M and r;q4e.
Radial velocity measurements from spectroscopy can be used to independently constrain
orbital velocities and thus disentangle parameter degeneracy between orbital period, orbital
separation, and masses. Getting radial velocity measurements from both stars requires the
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stars to be extraordinarily close in temperature so that both lines are detectable. This
requires extremely tight fine tuning of star temperatures, and is usually impossible. Single
radial velocity measurements using the 10m Keck telescope were used to analyze bright
ZTF sources in [45], but the information was not sufficient to break this degeneracy. This
degeneracy could be broken with higher precision single radial velocity measurements, but
this would require a substantial amount of dedicated time on an extremely large telescope,
which is often cost prohibitive.

Alternatively, a coherent GW signal detected will provide this information. At a given
orbital frequency f, the observed strain amplitude depends on the chirp mass M, the lumi-
nosity distance to the source dy, and the orbital inclination ¢, but is not affected by tidal
interaction. For eclipsing DWDs, ¢ will be well determined. The luminosity distance d; can
be extracted from the photometric magnitudes of the binary if temperature and radii are
independently constrained by data. For an eclipsing DWD system, surface temperatures can
be measured with multi-band photometry and the radii of the WDs can be measured from
the eclipse signals.

In this work, we would like to compare two methods to break the degeneracy between M
and ryq: one approach by directly measuring f and the other multi-messenger approach by
combining photometric and GW signals. Many eclipsing DWDs are or will be initially dis-
covered in large-sky-coverage photometric cadence surveys, and for this reason, we consider
the Vera C. Rubin Observatory (also known as LSST), a six-band flagship program which
will survey roughly half of the sky over a decade [17]. By the time LISA is operational, this
10-year survey will have been carried out, and many eclipsing DWDs individually detectable
with LISA will have their optical counterparts identified in LSST. However, LSST will have
a 30-second exposure time for each image, which can partially smear out the eclipsing signal,
whose duration can be as short as a few minutes. To explore the best chance at detecting f
with a good precision, we also consider HIPERCAM, an existing short-cadence camera that
has been deployed on the 10.4-m Gran Telescopio Canarias (GTC) [70]. In order to balance
readout noise and shot noise, we assume 3 second visits as was done for HHPERCAM in [45].

4.4 Mock Parameter Inference

To investigate how effective the multimessenger approach and photometric f measurements
with HIPERCAM are for breaking the M-r;4. degeneracy, we generate mock photometric
and GW data with injected DWD signals, and perform mock Bayesian parameter estimation
to derive posterior distributions for the source parameters. In this section, we will explain
how we generate mock data for LISA, LSST, and HIPERCAM, respectively.

4.4.1 LISA

LISA will consist of three spacecrafts in triangular formation that orbit the sun in a cartwheel-
ing heliocentric orbit that trails the Earth by about 20 degrees [18]. Each spacecraft is
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equipped with two lasers that can beam signals to each of the other two spacecrafts. Each
spacecraft is also equipped with detection systems that can measure the phases of the in-
coming laser signals from the other two spacecrafts. There are a total of six time series that
result from measuring the residual phase of each laser signal between emission and detection.

With onboard instrumentation accounting for most of the noise sources, the dominant
noise source is laser frequency noise, which is different for each of the six lasers. This laser
frequency noise can be canceled by using linear combinations of these time series, each
delayed by different amounts. This process, called Time Delay Interferometry (TDI) [188],
gives us 3 time series that minimize noise, called X (t), Y (¢), and Z(t), which cyclically
transform into each other under cyclic permutation of the satellites.

These three time series have correlated noises. The noises can be made uncorrelated
by diagonalizing the covariance matrix and finding the eigenvectors that describe linear
combinations of X (¢), Y (¢) and Z(t). These linear combinations, E(t), A(t) and T'(t), are
given by

E=(X-2Y+2)/V6, (4.14a)
A= (Z-X)/V2, (4.14b)
T=(X+Y+2)/V3. (4.14c)

Due to full symmetry in this definition, no astrophysical source will produce signals in
the T channel. The time-domain expressions we use for X, Y, and Z are detailed in Section
8.3 of [23]. We use Solar System Barycenter (SSB) conventions from Section 6.1, spacecraft
orbits from Section 8.1, and a cubic polynomial for the phase that is twice of Equation
4.1. We assume that the three channels have stationary Gaussian noise described by power
spectral densities (PSDs) Sg(f) = Sa(f) and Sr(f) as defined in Section 8.3, with further
optical metrology and acceleration noise estimates defined in [22].

The assumption of stationary Gaussian random noise is an ideal one. The assumption
of stationarity may not be accurate for several reasons; for example, the rotation of the
LISA constellation plane relative to the Galactic plane, from which the bulk of the Galactic
DWD confusion noise originates, will cause temporal variations in the total noise power
spectra [71]. We also assume that the PSDs are known to infinite precision, while a more
accurate likelihood model would marginalize over PSD uncertainties [32]. However, we lack
further detailed information to account for these complications as neither real LISA data nor
extensive survey data on the bulk of the Galactic DWD population is available. Additionally,
as LISA will not launch for at least another decade, our PSD estimates are based on design
specifications to be realized, so for this work, we will settle for stationary Gaussian noises
with PSDs taken from the LISA design specifications as provided in [22].

With the assumption of stationary noise, we would need to evaluate LISA waveforms
in the frequency domain for DWDs. To allow efficient computation, we use a heterodyned
frequency domain waveform similar to that described in Appendix A of [63]. Essentially, we
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divide the complex-valued frequency-domain signal by a monochromatic complex exponential
factor with the frequency of the GW at the reference time which yields a term that varies
slowly and smoothly with the frequency and contains information about frequency derivatives
induced by both the intrinsic source chirping and the Doppler effect caused by the motion
of the LISA constellation. This slowly varying piece can be well approximated through a
computationally-efficient FFT performed on a coarse frequency grid.

To generate mock data, we assume that LISA begins to record data on January 1st, 2037
at midnight and runs for exactly 4 years at a sampling rate of 0.1 Hz.

4.4.2 Lightcurve Model

For this work, we employ a simple photometric lightcurve model for eclipsing DWDs, which
accounts for all of the important effects. We will apply this model to both LSST and
HiPERCAM, except that the photometric noise level and cadence are telescope-specific, and
are specified in Sections 4.4.3 and 4.4.4. We model four effects on the lightcurves: the spectral
energy distribution for single WDs (excluding the radiation effect from the companion star),
eclipses, ellipsoidal variation due to tidal deformation of the stars, and irradiation of each
star by the other. For simplicity, these effects are treated as additive in the photometry.

First, we need to calculate the flux of a WD star in any given photometric filter without
corrections due to the companion star. For this, we compute the fractional frequency-
averaged spectral flux density f, for each band under the assumption that each WD has a
blackbody spectrum [105]. We assume an ideal filter throughput curve as defined by perfect
transmission between a pair of cutoff wavelengths in Table 2.1 of [17]. Details such as
atmospheric absorption, imperfect reflectivity/transmission for various optical components,
and sensor efficiency create a more complicated transmission function that is projected to
range roughly from 30-70%, but we ignore this for simplicity. We use the same cutoffs
for both LSST and HIPERCAM. We define f,(T") to be the fractional frequency-averaged
spectral flux density in the given photometric filter b for a WD of a surface temperature 7,
which we can calculate as

Amaz,b )\—74
fb(T) _ 15 h3 3 f/\mm,b exp(he/AkpT)—1 dA (4 15)
7T4 (k:B T)4 f)\)\"r:(:::;b dA/)\
The total flux of star ¢ in band b is given by this multiplied by the total flux:
o T} R?
Dy = e fo(T), (4.16)
L

where T; and R; are the surface temperature and radius of star ¢, d;, is the luminosity distance
to the star and o is the Stefan-Boltzmann constant.

Eclipses create two unequal dips corresponding to two transits per orbit: the primary
eclipsing the secondary and vice versa. To model these dips, we borrow a simple analytic
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result derived for planet transits in Section 3B of [161] to model flux reduction during WD
transits. To compute the linear and quadratic limb-darkening coefficients, we interpolate the
data in “tableab” associated with [60], using the DB atmosphere for each of the u, g, r, i,
z and y SDSS bands, which correspond reasonably well to the target LSST bands. Finally,
we assume zero eccentricity and compute the eclipse durations (measured in units of the
orbital phase) for given stellar radii and binary orbital inclination. These first two effects
alone produce the following band-dependent lightcurve as a function of phase:

oT} R?
di

oTy Rs

Lecl (¢) = d%

fo(Th) (1 = S51(e)) +

fo(T2) (1= 52(9)), (4.17)

where S; is the fractional loss in flux for the star i eclipsed by the other star. At phase ¢ = 0,
star 1 eclipses star 2 and S, reaches its peak value. At phase ¢ = 7, star 2 eclipses star 1
and S; reaches its peak value.

Next, we consider tidal deformation of the stellar shape. This causes the otherwise
circular photosphere to apppear to the observer as an ellipse whose shape varies with the
orbital phase. Such ellipsoidal variation induced by tides is often modeled directly as a
sinusoid with an amplitude that depends on orbital inclination, stellar radii, binary mass
ratio, as well as limb darkening and gravity darkening coefficients [132, 94, 107]. This
approximation has been shown to be inconsistent with radial velocity and measured Doppler
beaming effects in calculating the binary mass ratio ¢ = M,/M; in the analysis of KOI-
74 from Kepler data [34]. This expression has differing values for each star and there is
also band dependence in the limb darkening and gravity darkening effects. To absorb the
above modeling complication, we opt to introduce a phenomenological dummy mass ratio
parameter ¢qummy i place of the physical mass ratio ¢ but still use this common expression.
Adding this effect, the lightcurve becomes

T4 R2
Lecten(9) =2 C;Q ~ fo(T1) (1= S1(¢)) (1 — L1 cos(29))
L

T4 RQ

J ;% * fo(To) (1= S2(9)) (1 = Lo cos(29)), (4.18)
where ¢, is given by
315 ) (mip + 1) (Ri>3 Ly

lip = 20 (3 — wsy) — ) Gdummy Sin" L. (4.19)

In the above expression, a is the binary semi-major axis, ¢ is the orbital inclination, and u;
and 7; are the linear limb darkening parameter and gravity darkening parameter, respec-
tively, for star ¢ and photometric band b. We use the same linear limb darkening parameters
as used in the transit expressions, and we calculate the gravity darkening coefficients using
Equation 10 of [60], using § = 0.25 and the center of each photemetric band as the observed
wavelength.
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Figure 4.1: Phase-folded model lightcurves from Equation 4.20 using the parameters in Table
4.1 across the 6 photometric bands used by LSST. The effects of eclipsing and irradiance are
clearly visible, but the effect of the ellipsoidal variation (which has 2 periods in one orbit) is
difficult to discern as its amplitude is small (¢;, ~ 0.03 — 0.04).

Finally, the photometric effect of WDs irradiating each other needs to be accounted for.
Strictly speaking, this effect is not independent of the other effects we have considered as it
creates temperature variation on the WD surface. Codes such as ellc have been developed
to precisely calculate the full effect of this [128]. Crudely speaking, this effect ends up looking
very similar to a sinusoid with the same period as the orbit [47]. In order to simply account
for the degeneracy that this effect has with the others, we use this approximation with a
simple phenomenological amplitude A;,., to complete our simple lightcurve model:

4 P2
T BT (1= S1(0) (1= 1y cos20)

o Ty R
dj

qull((b) =

fo(T2) (1 — Sy()) (1 — Loy cos(2¢)) | x (1 + Ay cos(e)) . (4.20)

Full phase-folded lightcurves using this simple lightcurve model are shown in Figure 4.1.
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4.4.3 LSST

The Vera C. Rubin Observatory (also known as LSST) hosts a 8.4-meter (effectively 6.5-
meter) telescope which aims to survey roughly half of the sky in six broad photometric
bands over a decade [17]. By the time LISA is launched, this 10-year survey will have
been completed, and many LISA GW signals from DWDs will have optical counterparts
detected with LSST. We consider a cadence for LSST that is based on the rubin_sim code
[203] which contains a scheduler that simulates sequential decisions of which filter to use
and which direction to point for the duration of LSST’s operation [133]. The scheduler
also determines the 50 magnitude limit mjs for each visit, which we use for including the
photometric noise in mock LSST lightcurves. Using these values of ms, the noise is modeled
following Section 3.5 of [17], using in-text or table values for oy, and v. We arbitrarily
select the LSST-surveyed point (RA, DEC) = (0, —20°) and we extract all of the times that
this point is visited in each of the six photometric bands over a 10-year simulated survey at
the expected LSST cadence. Each visit has a 30-second exposure, so our lightcurve model
is time-averaged over 10 equally spaced points (each separated by 3 seconds) to account
for smearing of the light variablity due to finite exposure times. If we simply compared
an analysis including LSST to one including both LISA and LSST, the latter would have
a longer baseline, which would not reflect true multimessenger advantages. In order to use
comparable baselines for the comparison, we augment the LSST cadence with a four year
chunk of the original 10 inserted while LISA flies. Whether or not LSST or other future
surveys concurrent with LISA will be running, we want to make a conservative comparison
as to not overstate the improvements from a multimessenger analysis. A mock example
LSST cadence is shown in the upper panel of Figure 4.2.

4.4.4 HIiPERCAM

Our mock HIPERCAM cadence begins with the first LSST measurement of the target patch
of sky and consists of hour-long clusters of 3-second exposures once a year for 10 years.
HiPERCAM simultaneously records data in the u, g, r, ¢ and z photometric bands, so each
3s observation gathers 5 data points [70]. Photometric noise for HIPERCAM is modeled
based on [REAL HIPERCAM DATA]. Details of this are given in Section 4.8.2 of Section
4.8. Since HIPERCAM observations are significantly shorter than the typical period of the
DWDs we concern (3 s compared to 6 min), we choose not to include lightcurve time smearing.
A mock example of the HIPERCAM cadence is shown in the lower panel of Figure 4.2.

4.5 Mock Parameter Inference Results

We investigate the efficacy of LISA and HiPERCAM in breaking the M /ryq. degeneracy
by performing injections and generate Bayesian posteriors. We do this always with mock
LSST data, and with and without both LISA and HIPERCAM mock data. Our injection
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Figure 4.2: Mock cadences for the two photometric cadence surveys we consider. For LSST
(upper panel), each point represents a 30s exposure and is generated by averaging over 10
consecutive photometric measurements separated by 3 s between neighboring measurements.
The total exposures in seconds are 76, 100, 294, 285, 237, and 247 in the u, g, r, 7, z and y
photometric bands, respectively. For HHIPERCAM (lower panel), each point consists of 1200
consecutive 3-second exposures that are simultaneously taken in all six bands.

parameters are based on the source ZTF J2243+45242 identified in [46], an eclipsing DWD
system with an 8.8-minute orbital period that has already been photometrically observed.

We use unpublished data from a 1.5 hour HIPERCAM observation of ZTF J2243+5242
provided by one of the authors, to choose the radii, inclination, and irradiation amplitude.
The details of how we do this are in Section 4.8.1. We use the SED fit in [46], listed in
their Table 3, to choose the masses, temperature, and distance. As f x f193 we want to
analyze a system with a very short orbital period so that it would be the most optimistic case
for an attempt to directly measure f . We choose a reduced orbital period of 6 min; further
decreasing it to 5 min would result in Roche-lobe overflow. We calculate r;4. using Equations
4.8 and 4.11, evaluating each moment of inertia as I; = IiiMiR?, where k1 = kg = 0.12 (like
in [46]) and we use n = 1, as this orbital period is substantially smaller than the critical
period for tidal locking of 45-130 min. In [47], the WDs in ZTF J1539+5027 with a period
of 6.91 minutes were assumed to be fully tidally locked with n = 1, so we find this to be a
reasonable assumption. Finally, we choose the roll angle and initial orbital phase arbitrarily,
as they only depend on orientation of the source. All of our parameter choices are listed in
Table 4.1.
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Table 4.1: The injection parameters used in this work, based on our inference of HIPERCAM
observations of ZTF J22434-5242 and the inference in [46] with a orbital period shortened to
6 minutes. They list their measured parameters in Table 3. Parameters below the dividing
line are not independent, and are calculated based on the above parameters, but provided
for reference. We calculate 74, using Equations 4.8 and 4.11, evaluating each moment of
inertia as I; = r; M;R?, where r; = 1y = 0.12 (like in [46]). All priors are uniform except for
masses and radii. Mass priors are uniform in chirp mass M = (M;M,)5 /(M; + M,)5 and
mass ratio ¢ = Ms/M;. Radius priors are Gaussian based on [1]. The mean was the nonzero
temperature prediction for the radius and the standard deviation was the difference between
the zero and nonzero temperature predictions for the radius.

Parameter Symbol Injected Value
Orbital Period Py 360
Primary Mass M,y 0.349 M,

Secondary Mass M, 0.384 M,
Primary Radius R, 0.0319 R,
Secondary Radius R, 0.0230 R
Primary Temperature Ty 22000 K
Secondary Temperature T 16200 K
Luminosity Distance dp, 2120 pc
Inclination Angle L 87.88°
Roll Angle (0 0.2
Initial Phase! oo 0.3
Irradiation Amplitude Aipr —0.013517
Chirp Mass M 0.3186 M,
Mass Ratio q 1.1002
Tidal Fraction Ttide 0.1288

While we always include LSST mock observations, we would like to compare the cases
with or without LISA GW data, and with or without HIPERCAM, which results in a total of
four parameter posterior distributions to be compared with each other. Bayesian parameter
inference is carried out with the fast and embarrassingly parallel pocoMC sampler [101]. We
sample in mostly uniform priors, including using the (M, ¢) basis for masses, but we apply a
conservative mass-radius relation prior based on [1]. Our prior was a Gaussian in the radius
with a mean equal to the radius predicted from mass and temperature and a standard
deviation equal to the difference between the mean and the the radius predicted from the
same mass and zero temperature. Posterior inference for this problem was only made possible
using the parameterization described in Section 4.9. All four posterior distributions are
plotted in Figure 4.3 for a clear comparison.

For this mock system, it is clear from Figure 4.3 that we are unable to break the degen-
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eracies are significantly reduced with LISA information, suggesting that f is not constrained

Figure 4.3: Corner plot showing parameter posteriors corresponding to all four sets of detec-
properly by the EM measurement of this source.
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eracy between M and ry;q. unless GW information is available. When LISA GW detection
is available, uncertainties on M and r;4. decrease by large factors of 24 and 37 respectively
when including HIPERCAM data and decrease by factors of 17 and 25 respectively with only
LSST. We see significant tightening in luminosity distance and radii as well. The uncertainty
in luminosity distance d;, and WD radii R; and Ry all improve roughly by a factor of 9 with
HiPERCAM and a factor of 5 without.

When HiPERCAM observations are available in addition to LSST observations, we see
significant improvements in some of the parameters: binary period F,,;, surface temperatures
T7 and Ty, and inclination .. HIPERCAM is able to achieve these improvements for 2 reasons.
First, its short cadence observations which allow it to measure lightcurve details with less
blurring, particularly improving the period and period derivative measurements. Second,
its focused observations allow for a larger number of data points. We also note synergistic
improvements with LISA as mentioned in the previous paragraph. We see even greater
improvements in M, ryqg., dr, Ry and Ry when supplementing LISA data to LSST and
HiPERCAM data than we see from simply combining LISA data and LSST data.

When LISA GW detection is added to photometric observations, we are able to empir-
ically measure ;4. without making any assumptions about moment of inertia or whether
tidal locking is realized. On the other hand, knowledge of both is required in order to predict
a value for r;q.. If we assume that the mock DWD system is tidally locked, then we further
need to know the combined moment of inertia I = I; + I, to determine ry4.. There ex-
ist universal relations (roughly independent of composition) for high mass, low-temperature
WDs that can be used to compute the moment of inertia from mass in [199]. Our injected
value of 74, corresponds to nonzero temperature WDs as estimated in [46] and we measure
it with sufficient precision to clearly distinguish it from the prediction of these universal
relations that ignore non-zero temperature effects. The universal relations in [199] predict a
value of 74 that is too low to be consistent with our injections, but if we were to relax the
assumption of tidal locking (n = 1), we would allow for larger values of ryq.. From Figure
12 of [80], we can extrapolate the values of  at a 6-min period to our WD temperatures
of roughly 20,000 K to estimate  ~ 0.8. We directly compare r4. predictions from the
zero-temperature star model in [199] using both n = 1 and n = 0.8 with our inferred ry;q. in
Figure 4.4. In the posterior for this example DWD system, we see complete inconsistency
with the fully tidally locked predictions, and reasonably strong evidence against n = 0.8.
The evidence against 7 = 0.8 is generally stronger when HIPERCAM data is included, but
for this example DWD system, this evidence is dependent on the realization of the noise.
From this, we conclude that multimessenger precision on 7;4. can be sufficient to detect and
constrain, in a way independent of WD stellar structure modeling, the degree of tidal locking
and/or the nonzero temperature effects on moment of inertia.

Our posteriors were generated by sampling the physical parameters of the DWD system,
which do not directly demonstrate our constraints on the phenomenological parameter f.
Because f is best constrained via EM measurement with high phase precision and many
visits, we can estimate f constraints using only HIPERCAM. We estimate the constraints on
f for this 6 min ZTF J22434-5242 source for varying lengths of observation times, frequencies
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Figure 4.4: Multimessenger posteriors on ;4. with and without HIPERCAM data. In both
plots, the rightmost, red, and solid curve shows our measured marginalized 1-D posterior
for ry;g.. The leftmost, light blue, and dashed posterior uses the sampled masses to compute
moment of inertia from the relation in [199], which is used to compute ry;4. using Equations
4.8 and 4.11 with n = 1. The center, green, and dotted posterior also uses the sampled masses
to compute moment of inertia from [199] to compute 74, using Equations 4.8 and 4.11, but
with 7 = 0.8. The total inconsistency with n = 1 and evidence against n = 0.8 demonstrates
that the multimessenger approach can be sufficient to observationally constrain constrain
the nonzero temperature effects on moment of inertia, even when we relax the assumption
of complete tidal locking and only use LISA and LSST data.
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Table 4.2: Uncertainties in the orbital frequency derivative f computed by fitting orbital
phase measurements of given visit frequencies to a cubic polynomial. For comparison, the
standard deviation in the predicted orbital f from the LISA 4+ LSST + HiIPERCAM posterior
samples was 2.8 x 1073! s73. The left side value indicates the length of each observation chunk
with a 3-second tme resolution and the top value indicates the frequency of such chunks. For
example, the top left entry means that 1 hour of observation at the 3-second time resolution
every year for 10 years (which corresponds to the cadence in Figure 4.2) would yield an f
uncertainty of 4.8 x 10728 3.

10 yr, 1x/yr 10 yr, 10x /yr 20 yr, 1x/yr 20 yr, 10x /yr

Thour | 11x10727s3  43x10%s3  11x10%s?  39x1072 573
3 hours 6.3 x 10728 g73 2.5 x 10728 g3 6.2 x 10729 g3 292 %x 1072 g3
5 hours 4.6 x 10728 73 1.8 x 1072 73 4.5 x 1072 73 1.6 x 10729 s73

of such observation times and total baselines. For each length of observation time, we run
pocolMC on injected HIPERCAM data alone for a single segment of 3s measurements for the
given time and extract the marginalized uncertainty in the orbital phase. We use this same
uncertainty for each observation time and fit a series of these with various frequencies and
total baselines of these observations to a cubic polynomial and extract the uncertainty in f.
The results are shown in Table 4.2.

4.6 Discussion

Our analysis of this source demonstrates that the multi-messenger approach breaks the M-
Tvide degeneracy, while breaking this degeneracy using a measurement of f is likely infeasible.
For a number of reasons, we believe this analysis extends to other detached, tidally locked
DWDs. As mentioned earlier, f o 193, and we have selected a test case of very high orbital
frequency. Our version of ZTF J2243+5242 has a shorter period than any other detached
DWD system found so far [47, 110, 111], and this particular system is barely detached, so
we believe this to be on the high end for f and f. We expect lower frequency sources to
have lower SNR in LISA, but the scaling is only priga o f1%3, so at frequencies where LISA
SNR drops off to make multi-messenger degeneracy breaking infeasible, f will have shrunk
substantially more, making the EM approach even less feasible.

Some DWDs such as PG 1159-036 [198] have been detected with at least one component
exhibiting a surface temperature over 100,000 K, nearly an order of magnitude higher than
that of ZTF J22434-5242, so one might consider the possibility of brighter sources yielding a
much better phase measurement to measure f. The frequency constraint scales inversely with
the SNR, which scales as p ~ T* f,(T). For these hotter sources, these visible photometric
bands are on the tail of the blackbody distribution, so we have f,(T) ~ T—3. This means
) f ~ T~1, which is not a scaling strong enough to make a substantial difference.
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As shown in Figure 4, our r;4. constraints can be sufficient to distinguish from moment
of inertia relations that neglects nonzero temperature effects. These temperature dependent
effects to these quasi-universal relations have been investigated in [36] and [186]. Multi-
messenger observation could allow empirical testing of the deviations from these relations.
Alternatively, if these relations were refined to accurately predict moment of inertia, we could
instead use them to determine whether a tight DWD system is tidally locked.

4.7 Chapter 4 Conclusion

We used MCMC to compute posteriors for a simulated Galactic eclipsing DWD system with
mock LISA, LSST and HIPERCAM data that is similar to ZTF J2243+5242 with an orbital
period of six minutes. The addition of LISA data allowed the breaking of degeneracies in
mass, distance, radius, and 74, the tidal contribution to the orbital frequency derivative
f . We demonstrate that masses and r;4. can be simultaneously measured to a precision
that will allow us to constrain the non-zero temperature effects on the moments of inertia of
the WDs. Without GW information from LISA, degeneracy breaking at a comparable level
would not be possible even with dedicated 5-hour long HIPERCAM visits 10 times a year
for 20 years.

This degeneracy could be alternatively broken from dedicated spectroscopy, which could
constrain radial velocity, but this would require valuable time on a very large telescope like
the Extremely Large Telescope (ELT), the Giant Megellan Telescope (GMT), or the Thirty
Meter Telescope (TMT) [143], which are likely to be severely oversubscribed. Hence, it is
unclear whether spectroscopy could be efficient for studying a large sample of DWDs. On the
other hand, the multimessenger method we study in this work might identify many DWDs
exhibiting interesting tidal effects on the orbital evolution, which will be justified follow-up
targets for the very large telescopes.

Multi-messenger analysis appears key to disentangling the impact of tides from the chirp
masses. The effect of tides is the dominant deviation from the binary evolution prediction
from solely GW radiation, so it will be important to measure this to accurately model the
evolution of these DWDs as they approach merger. Constraining the tidal effects themselves
will also allow us to empirically test stellar model predictions of moment of inertia. As these
predictions improve, we would be able to constrain the degree of tidal locking 7. Joint efforts
of the mHz-range GW community and the optical astronomy communities will be crucial for
maximizing the science of Galactic DWDs in the next one or two decades.

4.8 Calibrations with HIPERCAM Observation on
ZTF J2243+5242

We use our real HIPERCAM observation data of ZTF J2243+45242 to make our mock data
as realistic as possible using our model. We perform a fit of the true data using our model to
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choose mock data parameters for our analysis and we perform a fit of the true noise estimates
to calibrate our HIPERCAM noise.

4.8.1 Choosing Mock Data Parameters using HIPERCAM Data

The true HIPERCAM data is scaled relative to the brightness of a comparison star, so we
do not use the data to model the temperature or luminosity distance, which scale the entire
flux in each band. The data only lasts roughly an hour and a half, so we cannot reasonably
use it to infer anything about the masses or 7;4.. So we fix the masses, temperatures, and
luminosity distance according to the SED fit in [46], and fit phase, period, radii, inclination,
irradiation amplitude, and flux scaling factors for each band.

We compute posteriors in these parameters using the MultiNest sampler [76]. Our best
fit is shown in Figure 4.5. The radii, inclination, and irradiation amplitude in this fit are
listed in Table 4.1. Of note, the inclination is about 4.5 sigma above the result in [46] and
the radius of the secondary white dwarf is about 2.5 sigma below the result in [46]. All other
parameters are consistent. This difference is consistent with mild modeling differences that
come from our simplifying assumptions, but we do not believe this will significantly affect
the interpretation of our results.

4.8.2 Calibrating Mock HIPERCAM Noise using HIPERCAM
Data

We used real HIPERCAM observations of ZTF J22434-5242 to calibrate our mock noise.
For simplicity, we model our flux variance in each band o7 as a Poisson component plus a
time-independent constant component:

O-I? = o-gonstant,b + kb¢b7 (421)

where ¢, is the flux in band b, and oconstant,y and k, are the fit parameters. Noise from
the real data had non-Poissonian time dependence due to factors like airmass, so the fit
effectively averaged over these effects. A comparison between mock data using our best fit
above and the fit noise and the true data is shown in Figure 4.6.

4.9 Reparameterization for DWD Parameter
Inference with Tides

Our model is parameterized by 14 total parameters: 13 physical parameters that we described
in Table 4.1 (the individual masses M; and M, are replaced with the chirp mass M and
mass ratio ¢) and an additional dummy mass ratio q. This parameterization has numerous
degeneracies as seen in 4.3, which made it difficult or impossible for many samplers to
converge.
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Figure 4.5: Our best fit to a 1.5 hour HIPERCAM observation of ZTF J2243+45242. The
data is phase folded using the best fit orbital phase parameters and averaged into 200 equally
size phase bins. The data with error bars is shown as the lighter colors, and the model fit
is the solid darker curve. The radii, inclination, and irradiation amplitude from this fit are
used for our main analysis and are shown in Table 4.1. The flux scaling factors are used to
calibrate the mock noise, as detailed in section 4.8.2.

To solve this, we designed a reparameterization to remove the primary degeneracies,
and this parameterization enabled us to get the accurate posteriors in 4.3. The M /7ti4e
degeneracy suggested that we define a so-called ”effective tidal chirp mass” or M4 as

Mtide = M(l + Ttide)3/5 (422)

so that when you combine Equations 4.2a and 4.12 you get f X Mfi/;’e. The temperature,
radii, and luminosity distance all contribute to the total fluxes from each star in the lightcurve
model, so we address the resulting degeneracy by defining the coefficients C'; and C5 as

o TR

(4.23a)

(4.23b)
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Figure 4.6: A comparison between data from a real 1.5 hour HIPERCAM observation of
ZTF J2243+5242 and mock data model with error bars from Equation 4.21. Both are phase
folded using the best fit orbital phase parameters and averaged into 200 equally size phase
bins. The true data is shown in lighter colors and the mock data is shown in darker colors.

Finally we use the sum of the radii to make our parameter transformation bijective.

R=Ri+ R, (4.24)

Our reparameterization is as follows:

(Ttidev dLJ R17 R2) — (Mtidea R? C’17 02) (425)

To preserve the prior when sampling in this new space, one needs to add the log determi-
nant of the Jacobian of the transformation to the log prior. If we call the original ”physical”
parameters O, and the new parameters that we use for sampling Ogmp = F(Oppys), then
the determinant of that Jacobian is

det (J(F " (Osamp)))

2/3

T RMPCC\D, | Dy
where the coefficients B’s and D’s are defined as follows:
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Bl = D—%7 (427&)
KyR
By = —- 4.27b
2 D% ) ( )
D1 =1+ Kl, (427C)
Dy =1+ Ko, (4.27d)
Cs <T1>2
K== 4.27
Cs1 (T2>2
Ko=|—/4—1|=] . 4.27f
? Cy \Ty (4.276)
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Chapter 5

Outlook and Conclusion

All of the work in this thesis builds upon different subfields of the broad and rapidly evolving
field of gravitational wave analysis. In this section, we discuss the outlook and future of many
of these subfields, along with a few additional insights and ideas.

5.1 Faster Gravitational Wave Parameter Estimation

Like many fields in data science, gravitational wave parameter inference has the potential
to be dramatically transformed by neural networks. Auto-regressive normalizing flows have
been trained to build a bijective map from a Gaussian distribution to an accurate posterior
distribution conditioned on strain data. Once such a model is trained, parameter inference
on new data can be performed by just drawing samples from a Gaussian and applying this
map conditioned on that new data, which only takes a few seconds [90]!

This sort of accomplishment does not render obsolete likelihood accelerating methods
such as mode-by-mode relative binning, at least not yet. First of all, the speedup doesn’t
come for free: training such a flow can take from hours to months, and the flow is only
accurate for the waveform model used in the training data. While this method has been
successful on non-precessing waveforms like IMRPhenomPv2, it hasn’t yet been demonstrated
to work on precessing waveforms. In such cases, gathering posterior samples by evaluating
a likelihood with mode-by-mode relative binning is a better bet.

Speedup from weeks to hours enables the feasibility of an analysis, but speedup from
hours to seconds has additional benefits. Extremely rapid parameter estimation might en-
able electromagnetic followup, which might help catch transients like the gamma-ray burst
or kilonova that followed the neutron star merger GW170817. But the most important
information for such a follow-up is sky location, which can be immediately deduced from
multiple detectors just by comparing arrival times, no detailed waveform modeling necessary.
However, in a future where we might be detecting millions of events a year with a design-
sensitivity Cosmic Explorer, we might want to determine which events are more likely to
have electromagnetic counterparts, i.e. lower mass systems that are more likely to be neu-
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tron stars than black holes. In this scenario, fast inference of masses would be particularly
helpful. If we become even more sensitive, we might seek specific follow-up on particularly
rare events where the flags require more precision on parameters that are better modeled
with more detailed models, such as those with precession and higher modes. In the future,
neural networks may need to be designed, like the mode-by-mode relative binning algorithm,
with careful analysis of the structure of higher-mode waveforms.

5.2 More New Gravitational Waveform Models

While Chapter 3 details the detectability of acceleration using our new waveform model, the
model has not actually been tested on any real events. While we believe our best bet for
detecting the effect of acceleration lies with next-generation detectors, it would be wise to
test it on the loudest current LVK events, such as GW190814 or GW170817.

Next-generation detectors also leave us with a new problem when it comes to current
gravitational wave data analysis pipelines. Most models treat the detector response coeffi-
cients (Fy and F from Equation 1.24) as constants throughout the event. This is extremely
accurate for sub-1s events, like most binary black hole mergers as measured by LIGO, whose
sensitivity goes down to about 8 Hz. This would not be accurate for the longer low-frequency
signals that one may detect in Einstein Explorer, which plans to be sensitive down to roughly
2Hz (cf. Figure 3.1). These might last minutes to hours, where the Earth has rotated, sig-
nificantly altering the geometry of the detector relative to the source. With research mentees
Druv Punjabi and Samyak Tiwari, [ developed a way to alter waveform models to account
for the rotation of the Earth to first order in the rotation rate of the Earth. I sought out
a non-perturbative solution to this problem, and found via email correspondence that Neil
Cornish had already solved this problem for massive black hole binaries with LISA, but
hadn’t published the result. Druv and I are continuing to determine a threshold for when
such a model must be used to avoid biasing parameter inference.

5.3 Multi-messenger Noise Mitigation for LISA

In Chapter 4, I show that a multi-messenger approach enables the measurement of tidal
effects or white dwarf structure that wouldn’t be possible without expensive radial velocity
measurements. [ have also considered the possibility that a multi-messenger approach might
also help address the problem of mitigating LISA confusion noise. As mentioned in Section
4.1, the dominant source of LISA noise at intermediate frequencies is confusion noise from
galactic DWDs, which would exclude a target DWD if the goal is to analyze that DWD
system. To mitigate this noise, the loudest sources would need to be measured and sub-
tracted, leaving us only with noise due to the quieter unresolvable sources and the error in
subtraction from the louder events.
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In Chapter 4, we modeled the confusion noise for LISA based on [102], which only
models the noise due to the quieter unresolvable sources, assuming all sources are perfectly
subtracted. They fit a model to an iterative process performed on a sample population of
galactic DWDs. First, they generate the strain from the sum of all sources and compute
the signal-to-noise ratio (SNR) for each source assuming all other sources contribute to the
noise PSD. They remove each source with SNR above some threshold py, and recompute
SNR for each source only keeping the unsubtracted sources in the PSD. Subtracting sources
from the PSD reduces the noise and increases the SNRs, so some more sources rise above
the threshold and can be subtracted. This process is iterated until no additional sources rise
above the SNR threshold. Finally, they fit a smooth function to the PSD of the remaining
sources as the confusion noise fit.

Of course, each source is not perfectly subtracted, and one might instead try to compute
the residuals like in [162], but these residuals themselves aren’t completely accurate without
confusion noise. Instead, you would need to perform a global fit, i.e. estimate the parameters
of all sources in order to measure confusion noise, which can be quite difficult [183]. This
is particularly challenging when each DWD is a complicated waveform with 8-9 parameters,
and there are tens of millions of them overlapping [106].

This can be significantly ameliorated with EM information. The sky location, orbital
frequency, and its first derivative can be measured quite well with a long-term EM measure-
ment (the sky location significantly better than it can be measured with GWs). Fortunately,
the frequency domain LISA waveform for the noise-independent channels E, A, and T' can
be decomposed as

BEAT(F) = kM) + exh (), (5.1)
where
sige | 1+ cost , ,
cr = Agwe ™ | ———————cos(2¢) +icosesin(2y) | , (5.2a)
gige | 1Hcos’e ,
ey = Agwe — sin(2¢)) — icostcos(2¢)| , (5.2b)

Here Agw is the amplitude of the gravitational wave, ¢ is the inclination angle of the
binary, v is the roll angle, and ¢ is the initial orbital phase.

Importantly, h}f:’A’T( f) and BT (f) only depend of the sky location, orbital frequency,
and its derivatives (in Chapter 4, we showed only the first derivative is likely measurable).
So with perfect EM information on a source, A" (f) and h2*" (f) are known, and fitting
the GW counterpart just requires fitting the two complex numbers ¢, and cy.

In reality, we will not have such information on all sources as many will be obscured,
but for this section we will assume that we do. The full LISA strain in a channel k£ contains
instrumental noise, and signal from both resolvable and unresolvable sources (confusion
noise), so it can be expressed as



CHAPTER 5. OUTLOOK AND CONCLUSION 87

d*(f) = nfe () + Y cahli(f)

«a
all DWDs

= nfcnstr(f) + nfonf(f) + Z Cahfy(f)? (53)

«
resolvable DWDs

where the o index denotes both the source and + or x.
If we know the EM measurable parameters and therefore all of the resolvable h¥(f)s,
then we can subtract a best fit to get a residual:

Tk<f) _ k - Z Cbest ﬁthk
ntotal + Z true best ﬁt)hk (f) (54)

If we define an overlap

(alpy = Y Z TS : (5.5)

k=E,AT f

then we would like to find the values of c2®' fi* that minimize (r|r). After some algebra,

this condition is equivalent to the following matrix equation:
(hsld) = Zcbe“ B¢ (15 he). (5.6)

We would need to invert this matrix Wthh is 2N x 2N, where N is the number of
resolvable signals. This seems tricky as N ~ 200,000 and ordinary matrix inversion has
O(N?) runtime, but fortunately, the matrix elements are

hk*
(holha) = > > 5 ), (5.7)
k=E,AT f

which is only non-zero if the frequencies of the two waveforms are very close, and LISA
waveforms are very narrow in the frequency domain, their width dominated by Doppler
broadening due to the motion of the detector around the Sun. This sparsity makes the
matrix block tridiagonal, like the diagram in Figure 5.1, so it can be inverted using the
Thomas algorithm, which has O(nym?®) runtime, where m is the width of the largest block

and ny is the number of blocks.
To investigate the feasibility of this approach, I wanted to estimate the sparsity of this
matrix for actual LISA sources. Using the population model in [106], I generated an approx-
imate frequency distribution of high SNR sources by generating hundreds of thousands of
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Figure 5.1: A depiction of the nonzero entries in a block tridiagonal matrix. The white space
represents entries that are zero and the blue entries (light and dark) are nonzero. The side
length of the largest dark blue square would be m.

sources, and removing those that had SNR < 7. I then fit a skew-normal distribution to the
log frequency of these high frequency sources as shown in Figure 5.2.

As mentioned earlier, the frequency width of the signals is dominated by Doppler broad-
ening, so I estimated that each signal had a frequency width of (Vz/c)f, where Vg is the
speed of the Earth (and therefore LISA) around the Sun. By drawing from the fit and assum-
ing a frequency width of (Vg /c)f, I found that the maximum number of overlapping signals
was about m = 80, which would make the matrix inversion, and the global fit feasible.

Additionally, the cutoff of SNR = 7 was chosen somewhat arbitrarily, and existing work
also uses arbitrary cutoffs between resolvable and unresolvable sources [102, 71]. With a
method for a global fit of resolvable sources, I devised a method to determine an ideal cutoff.

If we apply such a method to an injection with an accurate DWD population we can
compare an injected signal with a subtracted signal:

mltfrue = Z Cozh’;(f)a (588,)
all DO{?VDS
m]lgest ﬁt(f) - Z CgeSt ﬁthl;(f)' (58b)

P> Pthresh
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Figure 5.2: A histogram of the log frequencies of sources drawn from the DWD population
model in [106], with a skew-normal distribution fit. The skew-normal distribution was used
to draw frequencies of high SNR sources to estimate the maximum block size in the matrix
in Equation 5.7.

We would like these to be as close as possible to optimize the SNR cutoff pinresn:

min (dm|dm), (5.9)

Pthresh

where

5mk(f) = miﬂrue - ml’;est ﬁt(f)' (510)

If pinresn is too high, then you do not gather enough sources to fit the true signal, but
if pinresn 18 too low, you gather too many sources, and you begin to fit noise rather than
sources, increasing your true residual dm. The best value comes from the optimization in
Equation 5.9.

If we were to use this approach to fit confusion noise remaining after subtraction with
EM information, then we would use many cores to compute the strain from the full set of
roughly 2 x 107 DWDs using a population model. We would choose some starting value of
Prnresh and treat all sources with SNR below this threshold (calculated with a noise PSD
including all sources) as unresolvable and solve Equation 5.6 to get c2* fits for all resolvable
sources. Like in the approach in [102], we can subtract the fit with these coefficients to get
a new noise PSD, and this would raise the SNRs. Then we iterate, including more sources
now above the starting pgpresn, recompute best fit c';eSt fits, get a new noise PSD, and continue
until doing so adds no new detectable sources. The remaining noise PSD could be fit by a
confusion noise model. At this point, we can compute the overlap (dm|dm) for this value
of piuresn- We would then need to iterate to optimize pinresh, but multiple of these processes

could be computed in parallel. This may take a while, but it would likely be feasible with
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modest computational resources, and it would yield a full confusion noise model for LISA
with perfect EM information.

This approach provides both a computationally feasible way to perform global imperfect
subtraction for LISA, simultaneously fitting all sources at once, which does not currently
exist. It also provides a new criterion for picking an optimal cutoff SNR that can be used
in a real LISA global fit. The problem is that it relies on all sources being detectable
electromagnetically. This assumption is far from true, as many sources are too dim or
blocked by dust extinctions, and the selection effects for LISA do not line up with those
for EM detection. This approach may be adaptable to incomplete EM information, but it
would likely not yield a simple matrix inversion. However, this approach does highlight that
some of the hardest LISA information to fit (sky location and frequency) can be measured
electromagnetically, and this observation may be used to yield some insights in tackling the

LISA global fit problem.

5.4 Conclusion

Gravitational wave astronomy is a relatively new field, and one with an extremely bright
(or as the gravitational wave community likes to say, loud) future. Ten years ago, we didn’t
have any experimental evidence that gravitational waves existed. Today, we’'ve detected
nearly 100 gravitational wave events, allowing us to test general relativity, constrain nuclear
equations of state, and probe the population of extragalactic black holes—just a few of
the many insights these observations have yielded. In ten years, we will launch a space-
based gravitational wave detector around the Sun, which will detect gravitational waves
from entirely new systems in our galaxy and potentially across the universe.

In Chapter 2, I presented mode-by-mode relative binning, a new gravitational wave like-
lihood approximation algorithm enabling fast and accurate parameter estimation for sources
with precession effects and higher-than-quadrupole modes. In Chapter 3, I presented a new
gravitational waveform model that includes the effect of center-of-mass acceleration, poten-
tially allowing for the detection of heirarchical triple systems. In Chapter 4, I demonstrated
how combining gravitational wave data from LISA with optical lightcurves from LSST and/or
HiPERCAM enables measurement of how tidal interaction affects orbital evolution, which
can constrain either a degree of tidal locking or enable empirical tests of white dwarf structure
models with finite temperature effects.

Fast and accurate parameter inference, physically accurate and detailed waveform model-
ing, and multi-messenger astronomy will be extremely active and fruitful fields in the coming
decades, especially with the planned ground-based and space-based gravitational wave de-
tectors, as long as world governments continue to prioritize science.
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