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ABSTRACT OF THE DISSERTATION

The Eigenvalue Spacing of IID Random Matrices
and Related Least Singular Value Results

by

Stephen Cong Ge
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2017
Professor Terence Chi-Shen Tao, Chair

This thesis studies the spacing between eigenvalues of random matrices with independent
and identically distributed (iid) entries. Tail estimates on the minimum distance between
any pair of eigenvalues are proven. In particular, we establish that the spectrum of an iid
random matrix is simple with high probability. A key technical result is a new least singular
value tail estimate for shifted matrices of the form A, — zI,, where A, is an iid random

matrix with real entries and z is a complex scalar.
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CHAPTER 1

Introduction

1.1 Background and past results

We first introduce our primary objects of study and classic related results. Let £ be a fixed
random variable and let A,, be an n x n random matrix with each entry an independent and
identically distributed (iid) copy of £&. We call A, an #id matriz and the sequence (A4,),

an id ensemble. We refer to & as the atom random variable. Common choices for the atom

random variable include taking & to be the standard normalized real gaussian
gr := N(0,1)

or standard normalized complex gaussian, denoted gc, which has real and imaginary parts
each an independent copy of N(0, %) Random sign matrices where ¢ is Bernoulli taking the

values +1 with equal probability are a common discrete example.

The set of eigenvalues, or the spectrum, of A, is a primary topic in the study of iid

matrix ensembles. Let {\;};_; be the eigenvalues of A, and define

1 n
Hn 2= ﬁ ;5\/%)«

to be the empirical spectral distribution of A,,. A central result for the spectra of iid matrices
is the circular law, which has an extensive history with many authors. [Gir84], [Bai97],
[PZ10], and [GT10] among others progressively weakened the assumptions on the atom
random variables, culminating with the form we state below obtained by Tao and Vu in

[TV10b].
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Figure 1.1: Eigenvalues of 256 x 256 matrices generated using & ~ Ng(0,1) (left) and
¢ ~ Bernoulli(1/2) (right)

Theorem 1.1.1. Let £ be a random variable with mean 0 and variance 1 and take (A,)22, to
be an iid ensemble with & as the atom random variable. Then: with probability 1, u,, converges

to lieire, the uniform distribution over the (complex) unit disk as n tends to infinity.

The circular law is an example of the universality principle in random matrix theory. The
limiting behavior of the spectrum of A, is not affected by the particular distribution of the
atom variables &, but is instead determined completely by the mean and variance of &. The
limiting distribution ;.. was first computed explicitly for the complex Ginibre ensemble,

where the atom random variable is taken to be & ~ g¢.

The primary technical tool towards the proof of the circular law in [TV10b] was a lower
tail estimate for the least singular value of A,. Such least singular value results have proven
fruitful for other applications in the study of iid random matrices, and the main results in
this thesis are another example. Later in this section, we will review a collection of least
singular value results and their applications. Before going on to lower tail estimates for the
least singular value, we briefly discuss the singularity probability problem, i.e. the extreme

case where the least singular value is zero.



1.1.1 Singularity probability

When the atom random variable £ is gaussian, or any distribution that is absolutely contin-

uous with respect to Lebesgue measure, we have
P(A, is singular) = 0

This can be quickly seen from the fact that the subset of R™*™ or C™*" consisting of singular
matrices has positive codimension, and hence Lebesgue measure 0. This argument also
applies to symmetric or Hermitian matrix ensembles. The situation is markedly different
when the atom random variable £ is discrete. For the rest of this section, we consider the
case of random sign matrices, where the entries of A,, are &1 Bernoulli. The event that two
rows or columns are equal occurs with positive probability, which gives a lower bound for

the singularity probability of random sign matrices.

The result that A, is singular with probability tending to 0 is nontrivial and first estab-
lished by Komlés in [Kom67]. Exponential bounds of the form

P(A, is singular) < ¢"

for ¢ < 1 were obtained in [KKS95], [TV07], [BVW10]. The aforementioned works pro-
gressively lowered the numerical value of ¢ toward the conjectured ¢ = 1/2 4 o(1), which
matches the lower bound from considering the event that two rows or columns are parallel.
The current record established in [BVW10] is ¢ = \/Li + o(1). The methods in [TVO07] and
[BVW10] relied on tools from additive combinatorics to illuminate the connections between
the arithmetic structure of a vector and concentration probabilities of random walks asso-

ciated with the vector. Similar methods were later also crucial for the least singular value

result that helped establish the circular law in [TV10b].

1.1.2 Least singular value

We now discuss tail bounds for the least singular value of iid random matrices. Recall that

for an n X n matrix A, the singular values are defined to be the eigenvalues of the matrix

3



VA*A. We will arrange them in nonincreasing order:
s1(A) = -+ > 5,(A) 20
The two extreme singular values are also commonly characterized as:

s1(4) = [|All,, = sup [[Az]| and s, (A) = inf [|Az]]

l|2]|=1 llzll=1
We use Gr or G¢ to denote n x n matrices drawn from the real or complex Ginibre
ensemble respectively, i.e. where the atom random variables are gaussian gr or gc. In

[Ede88|, Edelman computed the probability density functions of ns? in both cases, which

upon integration give the following lower tail estimates for the least singular value:
P(s,(Gr) <tn V%) <t (1.1)

P(s,(Gc) < tn~Y/?) < 2 (1.2)

for any ¢ > 0. Note the relationship between the bound on the size of s,, and the probability
bound. Modulo a constant power of n, it is linear tn=/2 to t for Gg while being quadratic
tn=Y2 s 2 for G¢. In [SST06], Sankar, Spielman, and Teng extended (1.1) to include an

arbitrary shift, showing that
P(s,(Gr + M) < tnY?) < Ct (1.3)

where M is any deterministic n x n real matrix and C' > 0 is an absolute constant. More
recent advancements have obtained lower tail estimates for ensembles with more general atom
distributions, in particular discrete random variables. In [TV10c|, Tao and Vu optimized

their previous least singular result in [TV10b] and showed:

Theorem 1.1.2. Let & be a mean zero random variable with bounded second moment. Let
v >1/2 and A > 0 be constants. Let A be an n X n random matriz with & as atom random

variable and let M be a deterministic matriz with |[|[M||,, <n”. Then:
P(s,(A+ M) < n”CAHE) < o(n= AW L P M) 2 7))

for some absolute constant ¢ > 0.



The bound in (1.3) implies that a gaussian random matrix allows for deterministic shifts
of any size. However, in [TV10c| it was also established that for more general distributions,

the probability bound is impacted by the norm of the shift matrix.

In a series of papers on the smallest singular value of random matrices by Rudelson
and Vershynin, the concept of least common denominator was developed to characterize the

arithmetic structure of a vector. The following optimal bound was proven in [RV08]:

Theorem 1.1.3. Let £ be a mean zero, variance 1, subgaussian random variable. Let A be

an n X n matriz with £ as atom variables. Then for any t > 0:
P(s,(A) <tn V%) < Ct+e
for absolute constants C,c > 0.

The least common denominator method was also used to give tail estimates on the
smallest singular value of rectangular random matrices in [RV09] and applied to prove a
form of delocalization of eigenvectors in [RV16]. Specifically, it was shown that with high
probability, every eigenvector of a random matrix has a non-negligible portion of mass located

in any subset of its coordinates.

Luh used the least common denominator method in [Luh16] to prove the following least

singular value result for complex iid matrices:

Theorem 1.1.4. Let ( = £+ i€’ be a complex random variable where &, &' are iid copies of a
mean 0, variance 1, subgaussian real valued random variable. Let A be a n x n matriz with ¢
as atom random variable and let M be a deterministic complex matriz with || M||,, < K+/n.
Then:

P(s, (A4 M) <tn Y?) < Ct* + e~

for absolute constants K,C,c > 0.

Up to constant factors, the previous two theorems match the bounds (1.1) and (1.2)
for gaussian ensembles. The exponential error term is necessary, due to the singularity

probability in the discrete case. Combining the above tail estimate (1.1.4) with a covering
5



argument along the real line, it was shown that random matrices with complex entries do

not have real eigenvalues. More precisely: with A having atom random variable ¢ as above,

P(A has a real eigenvalue) < e™"

for some ¢ > 0.

1.1.3 Towards eigenvalue spacing

The circular law governs the number of eigenvalues at a macroscopic scale: in any fixed
region R C C, the proportion of eigenvalues out of n total falling in R is given by the area
of the intersection of R with the unit disk. This thesis focuses on the eigenvalues at an
individual level: the minimal spacing between any two eigenvalues of an iid matrix. More

precisely, we study the quantity

A(An) =min [X;(An) — A(An)]

Before going on to the tail of the minimum gap A(A,,), we briefly discuss the easier problem
of bounding

P (A, has a repeat eigenvalue)
i.e. the case where A(A,) = 0.

The problem of simple spectrum for symmetric Wigner-type ensembles was considered

in [TV14], in which the authors prove the following:

Theorem 1.1.5. Let M,, = (&;;) be a real symmetric random matriz where &; are jointly
independent fori < j and &; = &;. With proper distribution assumptions on &;;, the spectrum

of M, is simple with probability at least 1 —n=B for any fived B > 0.

The methods in [TV14] and the followup [NTV17] crucially used the Cauchy interlacing
law for eigenvalues, which is not available when the random matrices are not constrained to
be symmetric or Hermitian. When £ has a continuous distribution, by a similar argument

as previously given for singularity probability we have

P (A, has simple spectrum) = 1
6



On the other hand, a repeat eigenvalue occurs with nonzero probability for random sign
matrices. For example, three columns being all multiples of each other implies 0 is a repeat
eigenvalue. This possibility occurs with exponentially small probability, which will be an
error of acceptable size in the bounds we obtain. For iid matrices with arbitrary normalized
atom random variable, we obtain simplicity of the spectrum with high probability as a

corollary of a polynomial tail bound for the spacing between eigenvalues.

1.2 Main results

The main eigenvalue spacing result in this thesis is the following:

Theorem 1.2.1. Let & be a real valued random variable with mean 0, variance 1, and bounded
fourth moment. Let A be an n X n matriz with each entry an wid copy of £&. Let A\1,..., A\,
be the eigenvalues of \/LEA and

A := min ’)\Z - )\J’
i#j

be the minimum gap between any pair of eigenvalues. Then for s = 0(n‘4+o(1)), the event

{A > s} occurs with high probability

Qualitatively, the above theorem implies that iid random matrices have simple spectrum
asymptotically almost surely. The asymptotic error can be improved with stronger moment
assumptions on the atom random variable. A more precise statement of the main result and
additional related corollaries of the method are given in Chapter 3, where the proof can also

be found.

The primary technical result needed to establish the eigenvalue spacing theorem above is
a tail estimate for the least singular value of a real iid random matrix that has been shifted
away from the real line. The new result, the proof of which is given in the following chapter,

is as follows:

Theorem 1.2.2. Let £ be a real valued random variable with mean 0 and variance 1. Let A

be an n X n matrix with each entry an iid copy of &. For everyt > 0 and A € C of bounded



size, we have
t2
P(s,(A — \/nl,) < tn Y2 and 1All,, < M+/n) < CE +e "

where J is the absolute value of the imaginary part of X and M, C,c > 0 are absolute constants

independent of n.

Theorem 1.2.2 can be seen as interpolating between the real and complex gaussian bounds
in (1.1), (1.2). When A is shifted a constant amount ¢ away from the real line, then we have
a quadratic t? probability bound as in (1.2). On the other hand, for § of size comparable to
t, the probability bound is ¢ as in (1.1).

1.3 Notations and conventions

n will always be the parameter going to infinity in asymptotic notation. In particular, n will
be frequently assumed to be sufficiently large. n will usually be related to the dimension of
a random matrix. Weuse X = O(Y), X < Y)Y > XY = Q(X) synonymously to denote
X < CY for some positive constant C' not depending on n. X = O(Y) denotes that we
have both X < YV and X > Y. X = o(Y) means that X/Y tends to 0 as n goes to infinity.
Subscripts of constants as in C,, or X = O,(Y") will mean that the asymptotic constant may
depend on . We will usually use C' > 0 to denote constants that are sufficiently big in order
to satisfy parts of the argument and ¢ > 0 for constants that are taken sufficiently close to

0.

We will use z to denote complex numbers or vectors. The decomposition z = z 4 1y will
always have x as the real and y as the imaginary parts of z respectively. With z € C", we

then have z,y € R".

A will always denote an n x n matrix. For a scalar A\, we write A — X instead of A — \[,
for brevity. We will use {A;(4))};_; to denote the complex eigenvalues of A, in an arbitrary

order. {sj(A)};.Lzl will denote the singular values of A arranged in decreasing order:



IA]l or [|A]l,, will denote the £* — ¢* operator norm of the matrix A. The capital letter M

will be used for a bound on the size of the operator norm, typically as in [|Al|,, < M/n.

For radius r > 0, we use B(z,7) to denote the ball of radius r around z. We will use

Sﬁ_l or Sg_l to denote the unit sphere in R™ or C” respectively.



CHAPTER 2

A least singular value bound for complex shifted

random matrices

2.1 Theorem statement and proof outline

In this section we outline the approach taken to establish the main least singular value tail
estimate result. The proof makes up the bulk of the current chapter. We first give some
technical assumptions required of the atom random variables. We will use £ to denote a real

valued random variable satisfying the following: there exist K,p > 0 such that

sup P(|¢ —u[ <1)<1-p (2.1)
ueR

and
PA<|E-¢|<K)>p/2 (2.2)

where ¢’ is an iid copy of &.
Remark. (2.1) is necessary for a crude bound of the form
P(|§or+ -+ & — 2| <) <1 —c (2.3)

and (2.2) is necessary for the main small ball probability theorem. Both conditions hold (for

some K, p) for £ having finite non-zero variance (of at least 1).

We will use A to denote an n X n matrix with each entry an iid copy of £&. The main

theorem in this chapter is the following:

Theorem 2.1.1. For everyt >0 and A = O(1), we have

t2
P(s,(A—A\n) < tn™2 and ||Al|,, < My/n) <O (5) +en

10



C

where § > n~% s the absolute value of the imaginary part of \.

We now give a sketch of the argument. The goal is to control
P(s,(A — \/n) < tn~1/?)

for constant size A € C. Via standard arguments, we reduce the tail estimate for the smallest
singular value to a bound on the distance from one column of A — Ay/n to the hyperplane

spanned by the other n — 1 columns, i.e.
P(diSt(Xk, Hk) S t)

where X} is the kth column and Hj is the span of all columns other than Xj. Taking X*
to be a unit vector orthogonal to Hy, we have dist(Xy, Hx) > [(X*, X)| and hence we are
interested in bounding

P([(X*, Xi)| <)

The key point is that X* can be chosen independently of X;. We use B to denote the first
n—m rows of (A—\y/n)T, where m = 1 in this entire chapter, while m = 2 later on when we
want to bring in the second smallest singular value. The proofs will work for any m that is
constant in n. X* can be seen as an element of the kernel of B. A large part of the argument
will be a detailed analysis of the properties of vectors in ker(B). We will sometimes use R
to denote the real part of B, so that B = R + i0+/nl}, where I is the first n — m rows of
I,, (assuming without loss of generality that ¢ is positive). We will also frequently need to
intersect with the event where ||B|,, < My/n. The constant M typically comes from an
application of finite fourth moment and will be fixed throughout. Some of the parameters

may depend on M.

The primary technical result on the way to the least singular value theorem is to show
that unit vectors z = = + iy that are in the kernel of B will usually be arithmetically

unstructured in a sense to be made more precise later. We want to show that
P(irslf |Bz|| =0) <e™

11



where S C S™! is the set of unit vectors with rich arithmetic structure. We will need to
divide up S according to several characteristics. For each of these more restricted subsets,
we will construct a low entropy net and combine it with a suitable probability bound for a
single fixed vector in the net. The first instance of this method is in Section 2.2.1, where
we deal with compressible vectors. In Section 2.3, we make precise the notion of arithmetic

structure for z = x + iy. For fixed z, we will obtain bounds on
P(||Bz|| small)

that improve the more unstructured z is. In Section 2.4 we construct nets for subsets of S™~!
with prescribed arithmetic attributes. In Section 2.5 we combine the nets with the estimates
from Section 2.3 to show that ||Bz|| is unlikely to vanish for any arithmetically structured
z, which will establish the main structure theorem. The least singular value tail estimate is

proven in the last section.

2.2 Null vectors of complex shifted random matrices

In this section we establish some properties of vectors that can appear in the kernel of B. The
invertibility for compressible vectors result is from [RV08], [RV09]. We include the proof as
a first instance of the method that combines a discrete net with a bound on P(||Bz|| small)

for fixed z.

2.2.1 Compressible and incompressible vectors

We first start with subsets of the unit sphere that have very low entropy:

Definition 2.2.1. (Compressible and incompressible vectors)

Fix constants a,b € (0,1). We call a vector v € Sg' compressible if there is a vector
v € C" with at most an non-zero coordinates such that ||[v — o', < b. We call a unit
vector incompressible if it is not compressible. Let Comp(a, b) and Incomp(a, b) denote the
sets of compressible and incompressible unit vectors respectively, so that we have Sg_l =

Comp(a, b) U Incomp(a, b). We can define compressible and incompressible real vectors = €
12



Sﬁ_l similarly. We will use a subscript C or R to distinguish between the complex or real

cases.

Lemma 2.2.2. (Net for compressible vectors)

There exists a (2b,)-net N of Compg(a.,b,) with
n c\*"
< el
4= (1) ()
The exponent of b, can be lowered from 2 to 1 for a net of Compg.

Proof. The set of sparse vectors supported on any fixed a,n coordinates has a (b,)-net of
cardinality at most (Cb,;?)*", since we are essentially looking for a net of S&™. Unfixing the

nonzero coordinates has an entropy cost of (a”n). This gives a (b,)-net of all sparse vectors

() ()

By the definition of compressibility, the same set is a (2b,)-net of Compg(a., b, ). O

of size bounded by

The bound we have for any single fixed unit vector is the following;:

Proposition 2.2.3. There exists an absolute constant ¢ > 0 such that for any unit vector

z € S&, we have

P(||Bz|| < ev/n) < e

Proof. The argument is standard and given in [RV16], [TV09]. The proof is essentially

tensorizing the crude bound (2.3) over the n — m rows of B. O

Combining the above proposition with the small net for compressible vectors from Lemma

2.2.2 gives:

Proposition 2.2.4. (Invertibility for compressible vectors)

There exists constants a,,b, € (0,1) and ¢ > 0 so that

P( inf )||Bz|| <cvn and ||B,, < My/n) <e™" (2.4)

z€Compc(az,b:

13



Proof. Let N be a (2b,)-net of Compg(a.,b,) as constructed in Lemma 2.2.2. Suppose the
event in (2.4) occurred. Then we have some z with || Bz||, < ¢y/n and a sparse vector 2’ € N

such that ||z — 2[|, < 2b,. Using the assumption that || B||,, < M+/n, we have

1Bl < [|1Bz = BZ'|l, + || Bz,

< Bl 1z = 2"l + 1Bzl

op ||

< M+/n2b, + c/n
< (2Mb, + c)v/n

For a fixed vector 2/, we have from the previous proposition for some small ¢ > 0

/

P(|BY||, < (2Mb. + c)y/n) < e™°"

by picking b, small enough depending on M and ¢ small enough. By the union bound over

all possible 2’ € N, we thus have

P( inf . |Bz|l, < ev/n and ||B]|,, < My/n) < ( n ) (C) e—cn

z€Compg(az,bz a,n bg

The conclusion follows by picking a., sufficiently small depending on b, and ¢ O]

Since Bz = 0 implies || Bz||, < ¢y/n, the previous result shows that compressible vectors
are rarely in the kernel of B. a, and b, will be fixed in the following so that the above result
holds. Whenever we refer to z € Sg’l being compressible or incompressible, it will be with

these parameters.

2.2.2 Reduction to distance problem

We now take a diversion from null vectors to reduce the least singular value tail estimate
to controlling the distance between a fixed column of A and the span of the other n — 1

columns. From the same argument as in Proposition 2.2.4, we have

P( inf [[(A—AVn)z| < tn~1/% and |All,, < My/n) <e"

z€Comp
Using the fact that
sp(X) <te inf ||Xz||<t
zeSn—1

14



and decomposing the unit sphere S’C‘;l = Comp U Incomp, we see that it suffices to prove

2
P( inf [|(A—=XV/n)z| < tn~1/? and 1A]l,, < My/n) <0 (%) +e (2.5)

z€Incomp

in order to establish Theorem 2.1.1.

A form of the following Lemma was given in [RV08]:

Lemma 2.2.5. (Invertibility via distance)

Let X1,...,X, denote the column vectors of A — \\/n and Hy denote the span of all

column vectors except Xy. Then for every a,b € (0,1) and t > 0, we have

P( inf (A= AVn)z|| <tbn”'? and ||A],, < My/n)

z&€Incomp(a,b)

1 < _
<— > P(dist(Xy, Hy) < t and ||A]l,, < Mv/n)

k=1
In Appendix A we prove a modified form extended to include the second smallest singular

value that is necessary for our later eigenvalue spacing application.

Since the quantities P(dist(Xy, Hy) < t and [|A[|,, < My/n) are symmetrical in k, to

prove (2.5) it suffices to establish the following bound:

2
P(dist(X,., H,) < t and ||A,, < My/n) <O (%) Feen (26

2.2.3 Two-dimensionality of incompressible random normal

We now return back to null vectors of B. Recall that we are assuming our real random
matrix is shifted by a complex \ with imaginary part equal to ¢, which is bounded below.
We next show that incompressible z = z + ¢y in the kernel of B cannot be “almost real”,
i.e. z cannot be rotated so that either its real or imaginary part vanishes. Geometrically,
this means that the coordinates of z when plotted in the complex plane cannot lie on a line

through the origin.

Lemma 2.2.6. (Two-dimensionality of incompressible random normal)

Suppose z € Sg~! is incompressible with Bz = 0 and 1B, < Mn'2. Let » = x + iy

with x,y € R". We then have ||z||, > ¢ and ||y||, > c¢d for some small constant ¢ > 0
15



(depending on a.,b,). Note that this applies for any rotation €z also, since Bz = 0 if and
only if B(e?z) = 0. Thus we have ||cos(0)x — sin(0)yl|, > ¢d for any 6.

Proof. Let R be the real part of B. The real part of the equation Bz = 0 is

Rx = 6+/ny

where 1/ denotes the first n — m entries of y. Solving for ¢’ gives:

Now we use the fact that z = x + iy is a unit vector to get:

2 2
L= lzfly + llyll

n

2 2 2
= lallz + 1915+ > lul

k=m+1
R 2 n )
~ ol + [ | + 3 1w
v/,
k=m+1
M\/ﬁ 2 n
2 2 2
<folf+ (500) el Y I

k=m+1
where we've used R being the real part of B and |B||,, < My/n for the last inequality.

Rearranging we get
n 2
1- Zk:m+1 |yk|
14 22

2
15 >

We are assuming that z is incompressible, so in particular the sum of the last m coordinates

|2, is bounded above by 1 —b2. The numerator 1 — >, |3/k|2 is then

Of ¥y 2k 1Y
bounded below by a constant, and hence we can conclude |z||, > ¢ for some small ¢
depending on M and b,. Repeating the above for the imaginary part of the equation Bz = 0
gives the claim for ||y||,. The properties of z being incompressible and z being in the kernel

of B are not affected by a rotation z — ez, so we get the final assertion. n

16



2.2.4 Vectors with compressible real part

Proposition 2.2.4 showed that a complex vector that is compressible is unlikely to be in the
kernel of B. We next show that it is also unlikely that z = x + iy, where II%H € Compg, is
in the kernel of B.

Proposition 2.2.7. Let r € [¢d, 1/2] be a fized scale for the size of x. We can pick constants
ay, b, (independently of r) so that if

Sy = {z =x + iy € Incompc(a.,b,) :r < ||z| < 2r, HI—H € CompR(&x,bx)}
x
we have

P(insf |Bz|| =0 and ||B]|,, < Myn) <e
zESy

for some small ¢ > 0.

Proof. The first case is if r > C§ for some big constant C'. Let

Sl= {:c eR":r < |z|| <2r = ¢ CompR(az,bw)}

]
Since the real part of the equation Bz = 0 is Rx = §y/ny/, the event
{Bz =0 for some z € S, and | B, < M\/ﬁ}
implies || Rz|| < §/n for some x € S} and ||R[,, < My/n. Thus it suffices to check
P(inf |Rell < 6v/n and |[Rll,, < My/n) <™ (2.7)
S! has a O(b,r)-net N of size

n c\“" 2
w6

This net of S, comes from discretizing the typical net of Compg(a,,b,), which has size
bounded by (a:n) (%) " For each sparse vector s in the net of Compg(a,,b,), add 2/b,

multiples of s to N (those with length between r and 2r).

17



Now suppose the event in (2.7) occurred. We would then have a vector x € S/ with
|Rz|| < dv/n. Let s € N be the closest element in the net to z, so that ||s — x|, < 2b,7.
We then have

[Rs|| < |[Rs — Re|| + || Rz|]

< M+/n2byr + 5v/n
Dividing by r, we get

|2 < ar2bevn+ gﬁ < (2Mb, + é)ﬁ

where we've used the assumption that » > C4. Note that the vector s/r has length at least
1/2. By Proposition 2.2.3, the probability that the above occurs (for a single fixed s) is at

C

most e~ ", picking b, small enough depending on M and C' in r > C'§ big enough. Using
the union bound and the size of N, we get a bound of e~ for (2.7) after adjusting a, small

enough.

Now we are left with the case r € [¢d, Cé]. In this situation we need to use both the real

and imaginary parts of the equation Bz = 0:

Rx = 5v/ny/
Ry = —6v/na’

Suppose that z is 2b,r close to a sparse vector s, that is supported on the first a,n
coordinates (we will pay an entropy cost of (a:n) at the end). Let N, denote a (2b,7r)-net of

such z (consisting of sparse vectors supported on the first a,n coordinates). The cardinality

of N, may be bounded by
oy
b, b

Next let us freeze the first a,n columns of B. Since each s, € N, is supported only on
the first a,n coordinates, #ﬁRsx is a deterministic vector (first columns of B are frozen)
that approximates y’. Let s, € R™ have the first n — m coordinates equal to ﬁRsm and

the last m coordinates approximate those of y’s up to b, accuracy. The set N’ of such pairs

18



sz + 18, has cardinality bounded by

c\"“"2 1
by ) by (ba)™

Now given x + iy such that Rz = d/ny’, we have s, +is, with ||z — s,|| < 2b,7 and the first

n — m coordinates of s, equal to ﬁRsz. Let us compute how small ||s, — y|| can be:

1
sy = ol < 525 = )] +
Vn
<MY s, —
NG |5z — || + mb,
< MbngT + mb,
< (M%—l—m)bx

The mb, summand comes from the approximation of the last m coordinates. Note that
we are assuming r is comparable to J, so the above is O(b,). In summary: in the case where
r € [cd,C0], the event that Bz = 0 for some z = z + iy € S, implies that there exists
Sy +1is, € N such that ||s, — z| = O(b,r) and ||s, — y|| = O(b,). Note that since z = z + iy
is incompressible and x is compressible, ||y|| is bounded below by (say) b, /2, assuming that

b, is small enough. For this s, + is, we have

| Rsy + 6v/ns,|| = || Rs, + Ry — (Ry + 6v/na’) + 6v/n(z’ — sb)||
< IR(sy —y)|| +vn |z’ — 5|
< M+/nb, + 5+v/nrb,
We've used Ry + 0y/nz’ = 0. We can guarantee that ||s,| is bounded below, say by b, /4,
by picking b, small enough. Moreover, the above bound can be made less than cb,\/n by

picking b, small enough. The probability that the above occurs for a single fixed s, + is, is

e~ " (there is still a (n —m) X (n — a,n) random matrix). Multiplying the above by the size

9 AT 3 1 eicn
by ) by (by)™
19
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The last steps are to take the expectation over the frozen first a,n columns, and then

multiply by the entropy cost from picking a,n out of n columns, which gives a final probability

bound of
n 9 o 3 1 efcn
Ay b, by (by)™

The above can be made less than e~ by picking a, small enough. O

Note that by Lemma 2.2.6, incompressible z = x + iy in the kernel of B must have ||z||
bounded below by ¢d. We are assuming § = Q(n~¢) and hence taking the union bound over
all dyadic values of r between ¢d and 1 only gives an extra multiplicative factor of O(logn).

This leads to:

Corollary 2.2.8. We can pick constants a,,b, so that if
S = {z =z + iy € Incompe(a,,b,) : ﬁ € CompR(aI,bx)}
x

we have

P(in£||Bz|| =0 and |B|,, < Myn) <e ™
ze

a; and b, will be fixed from now on so that the conclusion of the above Corollary holds.
Whenever the compressibility or incompressibility of a real vector is discussed, it will be with

these parameters.

2.3 Least common denominator and statement of main structure

theorem

To treat the case of incompressible vectors in the kernel of B, we now introduce the
notion of least common denominator developed by Rudelson and Vershynin. We give the

definition and some useful lemmas from [RV16].

2.3.1 The least common denominator

Definition 2.3.1. Fix L,y > 0.

20



For vectors v € R", define the least common denominator (LCD) of v as

6
D(v) = D(v; L,7) = inf {6’ € R @ dist(0v, Z") < yLy[log, ! ZHQ}

For matrices V' € R™*", define the LCD of V' as

VTe
D(V)=D(V;L,v) := inf {||6’||2 10 € R™,dist(V'0,Z") < vLy/log., w}

For complex vectors z = x 4+ 1y € C" where z,y € R", we define the LCD of z to be
T

x
the LCD of as an element of R2*"™.
T
Yy

For subspaces ¥ C R", define the LCD of F as
D(E)=D(E,L):=inf{D(v,L):v € E, |jv]|, =1}
We can similarly define the LCD of complex subspaces £ C C"
Remark. We will make use of the fact that %\/@ has a maximum of \/LQ? at ¥ =+/e. v

will be used to adjust the value of the maximum according to other parameters.

A vector having low LCD should be interpreted as having rich arithmetic structure. Our
primary aim is to show that with high probability, every vector in the kernel of B will have

exponentially large LCD.

2.3.2 Main small ball probability theorem

Theorem 2.3.2. [RV16] Consider a random vector & = (&1,...,&,), where &, are iid copies

of &. Let V € R™ ™ be a fized matriz. Then for every L > %, we have

s PVE =l < v < i (14 5

for allt > 0. p in the condition on L is from the initial assumptions (2.1), (2.2) on €.

Remark. If &,. .., &, are standard normal random variables, then we have

tm
P ‘/ — <t < -
ISE‘%& (V€ ==z, <tvm) <Oy, (det(va)l/Q)
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for any V and ¢t > 0. Thus we can think of 1/D(V') as the smallest level at which the small
ball concentration probabilities for any random variable satisfying ¢’s assumptions match

those of the gaussian.

In the m = 1 case we have:

Corollary 2.3.3. Consider a random vector £ = (&1, ...,&,), where &, are iid copies of €.

Let v = (vq,...,v,) € R" be a fized vector. Then for every L > | /%, we have

CL 1
supP(|&vr + -+ &, — 2| <t) < t+
sup P (o, bntn — | < 1) Hng( D<v>>

for any t > 0.

The small ball probability theorem controls concentration of quantities of the form & v, +
oo+ &, = & - v. We would like to control || Bz||. For each row of B dotted with z, we can
use the small ball probability theorem. The next lemma from [RV16] tensorizes the bounds
on individual rows together to control || Bz||.

Lemma 2.3.4. (Tensorization)

Let Z = (Zy,...,Z,) be a random vector in C™ with independent coordinates. Assume

that there exists numbers to, M > 0 such that
supP(||Z; —ull, <t) < M(t+ 1)
ueC

for all j andt > 0. Then for some absolutely constant C' > 0,

sup P(||Z — ull, < t3/n) < [CM(t + o))"

ueCn

for allt > 0.

An important fact relating the LCD to compressibility is the following:

Proposition 2.3.5. (LCD of real incompressible vectors)

Let x € Sﬁ’l be incompressible with fixed parameters a,,b, > 0. Then if we pick v to be

a small multiple of b,, we have D(z; L,~y) > % azn.
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Vazn
Let z, denote the projection of z onto the coordinates in ¢. Since |o| > n — a,n and x is

Proof. Let 0 := {k sy < #} Since z is a unit vector, we must have |o| > n — a,n.

incompressible, we must have ||z,|, > b,. By definition of the LCD, we have some p € Z"

such that

D(z)x
D) =l < 7/ tog, 12712

which implies via projection to the o coordinates

D(z)x
D)z, = 2ol < ID(e)e = pl, < 1Ly log, L2DLe
If we assume that D(z) < 3./a,n, then |D(z)z)| < 3 for each k € o, and hence p, = 0 is

the optimal choice to minimize distance to the integer lattice. This gives

D(x)x
D)zl < 7L/ log, 1202

The left hand side is at least D(z)b,. We can insure that the above inequality is never

satisfied by picking v to be a small constant multiple of b,. This lets us conclude that

D(z) > %«/axn. O

~ will be fixed from now on, so that the conclusion of the above proposition holds.

2.3.3 Statement of main structure theorem and level sets

Theorem 2.3.6. (Structure theorem for kernels of random matrices)

Let B be as before. There exists a small constant ¢ > 0 such that taking v to be a small

constant and L = % in the definition of LCD, we have:
P(D(ker B, L) < Dy and ||Bl|,, < My/n) < e

where

Dy = min(cy/ne™ @m0 | e/ (0% (2.8)

The proof of Theorem 2.3.6 will occupy the remainder of this section and the next two
sections. The precise form of Dy comes from technical aspects of the proof. The theorem

states that the LCD of a vector in ker B is typically at least exponentially (Dy) big.
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2.3.4 Small ball probabilities depending on LCD and real-imaginary correlation

Due to the fact that we are considering complex unit vectors, we need to introduce another

characteristic that will help us construct small nets in the next section.

Definition 2.3.7. (Real-imaginary correlation)

T

x
For z =2 +iy € S ! let V = and define
T
Y

d(z) = det(VVT)2 = (|5 llyll5 — (x - 9)*)"/?
The real-imaginary correlation d(z) is related to the minimal length of the real part of

any rotation ez. The calculation can be found in Proposition B.0.1 in the appendix. From

Lemma 2.2.6 we then have:

Corollary 2.3.8. If z = x + 1y satisfies the assumptions of Lemma 2.2.6, then
d(z) > ¢
for some small ¢ > 0.

Proof. Combining Proposition B.0.1 and Lemma 2.2.6 gives

1 1
- _Z — 2> 2
575 1 —4d(2)? > ()

for some small ¢ > 0. After rearranging, the above implies
d(z)? > (c6)* — (c6)*
and thus the result holds (with an adjusted value of c¢). O

We will be considering the two-dimensional LCD of z = x + iy, and hence the length of x
becomes key. The elements z = x + iy of the unit sphere will be partitioned according to the
length of x, the LCD D(z), and the real-imaginary correlation d(z). Note that by Lemma

2.2.6, we may assume ||z|| > cd.
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Definition 2.3.9. (Level sets)

Fix a scale r € [0, 1] for ||z||. Take D € [ey/n/r, Dy] as a scale for the LCD and let

dy = C - max(%, /log, B¢, vI0).

o (Genuinely complex z)

For dy < d <1 define

Sp.ar i ={z=1x+iy € Incomp : r < ||z|| < 2r, Dy(2) = D(x),

|| || € Incomp, D < Dy(2) < 2D,d < d(z) < 2d}

o (Essentially real z)

Define

Spder = {2z =12+ 1y € Incomp : r < ||z|| < 2r, Dy(z) = D(z),

|| ” € Incomp, D < D(z) < 2D,d(z) < dp}

Note that we have different parameters (a,,b,) and (a,b,) for the incompressibility of
complex z and real HTxH respectively. We are able to assume the two-dimensional LCD of z
is exhibited by the real part x since there is freedom to rotate by a phase . More details
are provided when we wrap up the proof of Theorem 2.3.6. We can assume D > c¢\/n/r
by Corollary 2.2.8 and Proposition 2.3.5. To close the current section we state improved
versions of Proposition 2.2.3 given additional arithmetic constraints on the vector z, namely

z residing in one of the level sets above.

Proposition 2.3.10. (Genuinely complex z)

For any single fived z € Sp 4, we have

C

P(|Bz|, < tv/n —m) < ( (t+11)))n—m

for some absolute constant C' > 0

Proof. Consider a row B; of B and the quantity B,z. We may write Bjz = ;x + iy + a;

where a; is some deterministic complex number and ¢; is the jth (random) column of A.
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Theorem 2.3.2 then gives

(CL/y/m)? vz \’
P(IB=l, < 0v2) < =8 (”Dm)

C 1
< — )2
_d(t+D)

where we have used the bounded ranges for d(z) and Dy(z) in the definition of Sp 4,. Using
the above for each of the n —m rows and tensorization Lemma 2.3.4 gives the claimed result

(with an adjusted C' > 0). O

For z = x + iy in the essentially real level sets Sp 4,,, we have similarly:

Proposition 2.3.11. (Essentially real z)

For any single fived z = x + iy € Sp 4,.,, we have

P(||Rz — 6vny/|| < tvn—m) < (g(t + %))nm

for some absolute constant C' > 0

Proof. This follows from Corollary 2.3.3 and an application of tensorization Lemma 2.3.4

analogous to that in the previous Proposition. O]

2.4 Construction of nets for level sets

The next step is to discretize the level sets using the LCD in order to construct suitably

small nets. We start with the genuinely complex case.

2.4.1 Genuinely complex case

Theorem 2.4.1. Let p > 0 be a fized small constant. There exists a (4%5)-%15 of Sp.ar

with cardinality bounded by
CQnD2n+1dn—1

et \/ﬁ2n+1
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Proof. By the definition of LCD and the assumption Ds(z) = D(zx), we have p € Z" such

that

D(z)x
D222 = pl, < 71 log, L2

This gives that the length of p is comparable to Dr:

7L | D(z)z|
Iplly < 1D(2)z]l + =\ logy ——— - | D(2)z||
? | D(z)z| TL
< 2D2r + cDr
< CDr
and similarly:
VL [ D(=)z||
Iplly = D)zl = 75\ logs —— - [[D(2)]]
? | D(z)z| TL
> Dr —c¢Dr
> cDr

Next we will deduce a dependence of y on p that will help to approximate y. By definition,

ZET

d(z) = det <x y) = 51(V)so(V), where s; > sy are the singular values of V.

yT

Since z is a unit vector, one of z or y must have length at least \/Li Since x,y are the rows

of V, we must have s;(V) > \/LE This gives the following upper bound on sy (V):

< d(z)/s1(V) < 2v2d

Now consider the matrix W = P and the difference in operator norms
D(z)y"
»7
D)V =W, < Ly 10g+
By Weyl’s inequalities for singular values and (2.9), we can thus deduce

D
so(W) < 59(D(2)V) + vLy/log,. (z)x < 4V2Dd + L logJr
27
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Expressing det(WW7)/2 in two ways, we have the identity
Iplly - (| By D(2)yl| = det(WWT)Y2 = 51 (W)so(W)

s1(W) <||pl| + [|D(2)y]| and hence we have

ID(2)yll
Il

Using ||p|| > ¢Dr, ||D(2)y|| < 2D, and the above bound for so(W), we get

| B D(2)y|| < (1+§)(4\/§Dd+’y[4/log+ M) < C(%Z—i—%\/log;r M) (2.10)

Now from the ”genuinely complex” assumption

[P D < (1+ )2(W)

VL | Dr|
d>-—4/1 —
=DV
we get that 22 dominates in (2.10). Dividing by D(z), we get the following for the component
of y that is not along p:

Cd
[Py < &1

Now we are ready to construct the O(%ﬁ)—net of Sp,4,. Given x + iy € Sp4,, we have

p € Z" N B(0,CDr) such that p/D(z) approximates x well, namely:

L [ D@l _
D(z)\/log+ I =D

<

where the second inequality comes from the second expression in (2.8). For each p € Z" N

B(0,CDr), we will work with the O(%) discrete multiples ap that approximate p/D(z) up

to %ﬁ accuracy. Counting the number of lattice points in B(0,C'Dr) along with this extra

discretization factor, we get a bound of

for the total number of ap we have to consider. For each ap, we have

Cd
HPpLyH < e
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and hence y has to lie in a cylinder in the direction of p. The typical volume bound gives a

“‘f -net of all possible y with size bounded by

2 ()

Note that we have d/r = Q(%ﬁ) from the second expression in the definition of dy. The first

% is from approximating in the one dimension along p. Combining (2.11) and (2.12), we

see that our net for Sp 4, has the claimed cardinality bound. O

2.4.2 Essentially real case

Theorem 2.4.2. Let 1 > 0 be a fized small constant. There exists a set N with cardinality

bounded by - ,
C n—+ Dn+ rh

such that for every z = x + iy € Sp gy, there is u+iv € N such that ||x — u|| < 2“‘f and

/a
ly — ol < 557

Remark. The approximation in this theorem is different than before, but it is necessary to
maintain a small size for the net. The rougher approximation for y will be not be problematic

due to the equation Rz = §/ny'.

Proof. There are two sub cases, due to dy being the max of two expressions. Suppose

v L Dr
d(z) < Cf log A

Much of the analysis remains the same. In particular, we will not need to change any of the
work done in the genuinely complex case for p. The bound for the portion of y along p is

changed. The second term now dominates in (2.10) and hence we have

CyL | u\/_
HPPLyH S W lo g+ L Dr

where as before D < D, and the second expression in (2.8). In this case, we see that using

the same ap’s as in the genuinely complex case, for each ap, we need to pair it with at most

CDr

pn
29
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y’s to approximate up to %ﬁ accuracy, and hence the total size of the approximating set is

bounded by

CD (CDT)”CDrcm_l
pvn \ Vn ) pyn

L |/ Dr vnr
d(z) > CB log, oA and d(z) < C D

In this case the only thing that changes from the genuinely complex case is that instead of

2.12), the volume bound gives a BYR et of all possible y with size bounded by
D

The last case is if

CD
Cm—l
py/n

In this case we have the same approximation as in the genuinely complex case and a total
bound of
Cmfl

i ()

for the cardinality. In all cases, we have the claimed cardinality bound and approximation.

]

2.5 Combining small ball probability bounds and nets to finish

proof of main structure theorem

In this section we combine the small ball probability bounds from the end of Section 3 and
nets constructed in the previous section to prove that B is unlikely to have a null vector in

each of the level sets.

2.5.1 Genuinely complex case
Theorem 2.5.1. (Genuinely complez case)

P( inf ||Bz[|=0 and ||B|,, < Myn) <e

ZESD,d,r
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Proof. From Theorem 2.4.1, we have a (4%5)-net N of Sp 4, of cardinality at most
C2nD2n+1dn—1T
il ﬁ2n+1

Now suppose that Bz = 0 for some z = x + iy € Spa,. Let 2/ € N be such that

|z —2'|| < %ﬁ. From Proposition 2.3.10, we have

Pl < wvi=m) < (Gt ) (213

Now suppose that [|[Bz|| = 0 occurred for some z € Sp g, (and | Bl,, < My/n), and

2 € N satisfies ||z — /|| < 4“15/7‘, we then have

Mun < vy/nyn —m
D - D

n
1] = B2 — Bzl < Bl | - | < Myt <

vy/n
D

where the last inequality is by picking u to be a small constant multiple of v. Taking t =

in (2.13) and using the union bound over N we get:

P(_int [|B=] =0 and ||B|,, < Vi) < P(inf B2, < WYV

2€Sp 4, )
< C?r DA gn=1y Cn=m (py/n)2m)
,Un+1 ﬁ2n+1 dn—m D2(n—m)
CB3n—m [)2m+1 gm—1,, VQ(nfm)
= \/ﬁ2m+1 e
L2(n—m)

n
S Cl Iun—i-l

The last inequality is by our assumption D < Dy and (2.8). n+ 1 copies of v will cancel
with the p’s in the denominator (and leave another C™!, since we picked p to be a small
multiple of v). This leaves " ™! that we can adjust as small as necessary depending on

(' so that the total probability is bounded by e~“". O

2.5.2 Essentially real case

Theorem 2.5.2. (Essentially real case)

P(_inf |[Bz|| =0 and ||B,, < My/n) <e "

2ESD,dg,r
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Proof. Let z = x + iy € Sp 4., and suppose that we are in the event Bz = 0 and ||BJ[,, <
M /n. The real part of the equation Bz = 0 says

Rz = 6v/ny/

Theorem 2.4.2 gives a set N with cardinality bounded by
02n+1Dn+2Tn
n+2
12y/n
such that for every z = x + iy € Sp 4., there is u + iv € N such that ||z — ul| < 2%5 and
Vn
|y —v]| < E¥=. We thus have

|Ru — 6v/nd'|| = ||Ru — Rz + 6v/n(y’ —v')||
<R[ lu — 2|l + 0v/nlly — o'

< My g
r

<o)

where for the last inequality we’ve used r > ¢d. From Proposition 2.3.11 we have
ot\" "
P(HRu—é\/ﬁv’H <tvn—m) < (—> (2.14)
r
Picking p1 to be a small multiple of v again, we see that Bz = 0 and || B||,, < M+/n implies
that there is some u + v € N such that

| Ru — 6y/mv'|| < vy/nyn —m Vg—m

Taking ¢t = %ﬁ in (2.14) and using the union bound over N we get:

P(_inf Bz =0and ||Bl|,, < Mv/n) < P( ianHRu_(smeg_”ﬁv;—m)

2ESD dg,r u+ive
< Ot pnt2pn (C’m/ﬁ)n_m
— 2 +2
p2yn” Dr
- C?Dm+2rm pynm
— +2 2
NS %
n—m

1%
<Cy

112
We have again used the bound D < Dy to simplify. The result now follows by taking v small

enough so that the above is bounded by e™“". O
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2.5.3 Proof of Theorem 2.3.6

We are now ready to prove the main structure theorem by combining the small ball proba-

bility estimates and discrete nets from the previous sections.

Proof. First fix a level 1 < D < Dy and define the level set
Sp :={z € Incomp : D < Dy(z) < 2D}

Note that Bz = 0 is equivalent for B(e?z) = 0 for any phase #. Moreover, the LCD is also
rotation invariant, i.e. Dy(z) = Dy(e?2) for any phase §. Thus we may assume that the
LCD of z is exhibited by the real part x. More precisely, the event Bz = 0 for some z € Sp

is equivalent to Bz = 0 for some z € S7,, where
Sp:={z==xz+1iy € Incomp : D < Dy(z) < 2D, Dy(z) = D(x)}

We can decompose ST, into the previously defined genuinely complex and essentially real
level sets Spgq, and Spg4,, for different dyadic levels of d and r. Note that since z is
incompressible, by Lemma 2.2.6 and Corollary 2.3.8 and how we’ve restricted § = Q(n=%),
there are only logn dyadic values of d and r we have to range over. We also need to exclude
the vectors with compressible real part in the result of Corollary 2.2.8. Let us denote that

set Scomp. Using the results of Corollary 2.2.8, Theorem 2.5.1, and Theorem 2.5.2, we have:
P(ipf [|B=]| =0 and ||B],,, < My/n) = P(inf | B]| =0 and ||B],, < M)
D D

<P( inf |[Bz||=0and ||B,, <Myn)

2E€Scomp

: _ -
+ Z;P(zeﬁf,d,r |Bz]| = 0 and ||B],, < M+/n)

< e+ O(logn)?e ™"

/

< e*Cn

The final step is to vary over the dyadic values of D in the range [1, Dy|. Since Dy is
exponential in 7, this incurs a multiplicative O(n) cost. Adjusting the constant ¢ again, we

get the conclusion of Theorem 2.3.6 O
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2.6 Distance problem via small ball probability and structure the-

orem

With the structure theorem in hand, we next prove the distance bound (2.6) and complete
the proof of the least singular value tail bound Theorem 2.1.1. Let X* denote a unit vector
that is orthogonal to Xi,...,X,,_1. X* can be chosen so that it only depends on the first
n — 1 columns, and in particular so that it is independent of X,. As before there is an

ambiguity in the phase of X* that we make an arbitrary choice of. We have
dist(X,, Hy) > [(X™, X))

and hence it suffices to show

2
P(|(X*, X,)| < t and ||A],, < My/n) <O (%) g

We will condition on the first n —1 columns, so that X* may be viewed as a fixed vector. The

probability of [(X™*, X,,}| < t will then be controlled via the small ball probability theorem.

We will next establish some properties of a typical random normal vector X*. The first
is that X™* should be incompressible, which will give us two-dimensionality of the random
normal. The second is that the LCD of X* will be exponentially big, which will give us small
ball concentration down to an exponentially small scale for ¢. Recall Dy from Theorem 2.3.6

is exponentially big.
Proposition 2.6.1. (Typical properties of X*)

P((X™ € Comp(as,b.) or LCD(X™) < Dy) and [|A]],, < Myn) <e (2.15)

Proof. Ruling out compressible vectors follows from a similar argument as Proposition 2.2.4.

Theorem 2.3.6 rules out X* having small LCD. [

Now for a fixed X* that is incompressible and has large LCD, the small ball probability

theorem implies
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Proposition 2.6.2. Let X* € S be a fived (complex) unit vector such that d(X*) > c6
and Do(X*) > Dy. Then:

P((X*,X,)|<t) <O (?) g

Proof. X, is a random vector (&, ...,&,) shifted by a constant ide,,. By Theorem 2.3.2, we

then have

1 1,
o B

t2
S O (E) + e "

P([(X7, Xo)| <) <O

Now we can piece everything together for:

Lemma 2.6.3. (Distance bound)
Let Xy,...,X, denote the columns of the random matrix A — \\/nl, and H, be the

hyperplane spanned by the first n — 1 columns. For every t > 0, we have

2
P(dist(X,,, H,) < t and ||A],, < My/n) < 0(% +emn)

Proof. We condition on a realization of the first n — 1 columns Xi,..., X,,_; such that the
normal vector X* is incompressible and has large LCD. Denote the expectation with respect

to the first n — 1 columns E;

-----

-----

Incompressible X* must have d(X*) > ¢d by Lemma 2.2.6. That fact lets us control
P(&°) to be exponentially small via Proposition 2.6.1. Proposition 2.6.2 gives the bound
on P,([{X*, X,,)| <tand &) for a fixed realization of the first n — 1 columns. O
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CHAPTER 3

Eigenvalue spacing of iid random matrices

3.1 Theorem statement and proof outline

In this section we outline the approach taken to establish the main eigenvalue spacing results.
We will make the same assumptions on the atom random variables ¢ as in the previous
chapter, in addition to assuming that £ is centered. A will be used to denote an n x n matrix

with each entry an iid copy of £&. The main theorem in this chapter is the following:

Theorem 3.1.1. Let \q,..., \, be the eigenvalues of \/LEA and let
A = min ’)\z — )\J’
i#]

be the minimum gap between any two distinct eigenvalues. Let s > n~C be a scale for spacing
of polynomial size. We then have the following tail estimate for eigenvalue spacing:
82n4+0(1)

P(A < s) = O(6n*W 4 5

) +e” + P(|Al,, > Mn'’?)

where § > s is a scale at which eigenvalues near the real line are to be separated from each

other.

The large operator norm term can be controlled via moment assumptions on £. For

example, imposing a bounded fourth moment implies
P(||All,, > Mn'/?) = o(1)
and a subgaussian assumption implies that

P(|Al,, > Mnl/?) < 2¢™
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where the constant M depends on the bound on the fourth moment or subgaussian moment.
See [YBKS8S8], [RV08] and the references within. Qualitatively, Theorem 3.1.1 implies that

iid random matrices have simple spectrum asymptotically almost surely:

Corollary 3.1.2. Let A be an n x n iid random matriz where the atom random variables are
centered, have variance at least 1, and have bounded fourth moment. Let A be the minimum
gap between any two distinct eigenvalues of \/LEA. Taking 6 = n= M) gnd s = §n~—(3+e(1)
in Theorem 3.1.1 gives

P(A < n~ UMy = o(1)

which implies

P(A has simple spectrum) = 1 — o(1)

We now give an outline of the chapter, starting with a brief sketch of the argument for
Theorem 3.1.1. The intermediate goal is to establish a bound for the probability that there

are two eigenvalues near a fixed z € C, i.e.
P\, \; € B(z,s) for i # j)

Many applications of least singular value results involve using a bound on
P(s,(A — zy/n) < sn~?)

to control or detect the presence of (at least) one eigenvalue near z. We will deduce bounds
on the two smallest singular values s, 1 and s,, of \/LEA — z from the presence of two eigen-
values near z. In contrast with the Hermitian case, eigenvectors of iid matrices may not be
orthogonal. The process involves accounting for the possibility that the associated eigenvec-
tors of A\;, \; € B(z, s) are almost parallel, leading to a range of bounds for s,,_1, s,. We then
need to use a version of the least singular value bound from the previous chapter extended
to give joint tail estimates for s,_; and s,. The final step is to use a covering argument to
deduce Theorem 3.1.1 from the bounds on the event where there are two eigenvalues of \/LEA
near a fixed center z € C. We conclude by stating further eigenvalue spacing results that

are obtainable via similar arguments.
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3.2 Two eigenvalues near a fixed center

In this section we consider a local version of the eigenvalue spacing problem. Instead of the
entire spectrum, we prove bounds on the event that there are two eigenvalues close to a fixed

point z € C. More precisely, the estimates we will establish are:

Proposition 3.2.1.
P(\;, )\j € B(z,6) and ||A],, < My/n) = O(8°n* W) + e~ (3.1)
for fized real z = O(1).

S4n4+o(1)

P(\;, \j € B(z,5) and ||A]l,, < My/n) = O( =

)+e " (3.2)

for fixed complex z = O(1) with imaginary part bounded below by c§.

3.2.1 Accounting for non-orthogonality of eigenvectors

Fix z = O(1) and suppose \;, \; are within s of z. We will denote N := \/LEA — z. With
the assumptions z = O(1) and ||A]|,, < M/n, we then have [N, = O(1). Ideally, the
eigenvectors associated to A;, A\; would be orthogonal, and then we would immediately have
$p(N), sp—1(IN) = O(s). That may not necessarily be the situation, as A is not constrained
to be symmetric. Indeed, [MC98], [MCO00] give that eigenvectors of a complex Ginibre
matrix become more correlated as their associated eigenvalues get closer. Nevertheless, we
can convert the event of two eigenvalues being close to fixed z = O(1) into the following

information on orthogonal vectors:

Lemma 3.2.2. Suppose \;, \; € B(z,s) for some 1 <i<j<n and ||A|,, < M+/n. Then
there exists orthogonal unit vectors v,w € C" and a = O(1) such that Nv = (\; — z)v and

Nw = (\; — 2)w+ av. In particular we have ||[Nv|| = O(s) and ||[Nw — av|| = O(s)

Proof. First suppose that \; # A;. Let v;,v; be eigenvectors corresponding to A;, A;. Take

ol and let w be a unit vector orthogonal to v such that v, w span the same plane as
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v;,vj. We then have

vl = (G- 20

by our assumption on |); — z| and v being a unit vector. Now write w = a;v; + a;v;. Then

= [[(Ai = 2)v]| = O(s)

Nw = az()\z — Z)Ui + aj()\j — Z)Uj = (A] — Z)U} —+ al()\z — /\j)U,; = (/\] — z)w “+ av

taking a = a;(\; — A;) ||v;||. Arguing as above, we get ||Nw — av|| = O(s) as well. Finally, we
have av = (N — (A; — 2))w. Since [|[N||,, = O(1), [A; — 2[ = O(s), and v, w are unit vectors,
we have a = O(1). Now suppose A\; = ;. If this repeat eigenvalue has geometric multiplicity
2 or greater, then the above argument still applies since we have distinct eigenvectors v;, v;
as before. Now suppose \; = A; = A and the geometric multiplicity is 1. Using the Jordan

canonical form, we have v;, v; such that
Nv; = (A —2)v; and Nvj = (Av; +1-v;) — 205 = (A — 2)vj + v
where the 1 - v; comes from the off-diagonal 1. Writing w = a;v; + a;v; again, we now have
Nw = (A= 2)w + a;v;

and hence we take a = a; this time and finish as above. O

3.2.2 Reduction to singular values tail estimates

Let € be the event in the conclusion of Lemma 3.2.2. We will next deduce bounds on the

two smallest singular values of NV given that £ occurs.

Proposition 3.2.3. Suppose £ occurs for a = O(1). There are two cases corresponding to

the range of a:

o [fa=0(s), then

o [fa=Qs), then



Proof. First suppose a = O(s), which is akin to the situation where the eigenvectors v and
w are orthogonal. We have ||[Nv| = O(s) and || Nw|| < [[Nw — av|| + ||av|| = O(s). Since v
and w are orthogonal, this implies that both s,(N) = O(s) and s,,—1(N) = O(s) as claimed.

Now suppose a is in the range from s to 1, i.e. a = Q(s). $,-1(N) = O(|a|) since
INl,, = O(lal) on the plane spanned by v and w. For the least singular value, we can
bound

Sp(IN) < 52(Nlspan(u,w)) < dist(Nv, span(Nw))

Recall that Nv = (A\; — 2)v and Nw = (\; — 2)w + av, where v and w are orthogonal.

Combined with the fact that A\;, \; € B(z,s), we may then bound

- - 2
dist(Nwv, span(Nw)) < A = 2|1y = =0 (S—)

|al |al
O
3.2.3 Proof of Proposition 3.2.1
We will use the following extension of Theorem 2.1.1:
Theorem 3.2.4. For any ty > t; > 0 and A = O(1), we have
213
P(s,(A=AVn) < tin™? s, 1 (A=Av/n) < ton™? and ||A]|,, < My/n) <O (%) +e

where 0 is the absolute value of the imaginary part of \.

The proof is given in Appendix A. We will also require the following result:
Theorem 3.2.5. For any ty > t; > 0 and real A = O(1), we have

P(s,(A—A/n) <tyn Y2 s, (A= \/n) < tyn™Y? and 1All,, < My/n) <O (tity) + e~

Theorem 3.2.5 is not stated explicitly in the literature. Using the same process as in

Appendix A applied to the results in [RV09] will give the above statement.

Proof. We are now ready to prove (3.2). Suppose [[A][,, < My/n and we have distinct

eigenvalues \;, \; € B(z,s) for fixed complex z = O(1) with imaginary part bounded below
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by ¢d. This implies that one of the conclusions in Proposition 3.2.3 occurs. By a union

bound over the dyadic possibilities for |a| in the range (cs,C), we have

P(Ai, Aj € B(z,8) and [|4]],, < M+/n) <P(s,(N),s,_1(N) = O(s) and 1A]l,, < M+/n)

£ Y P(s,(N) =0 (ﬂ) 5ua(N) = O(la]) and [[A],, < My/m)

laleD

where D denotes the dyadic values in the range (cs, C'), with its cardinality bounded by
D] < [log(s)] < O(log(n))
For any of the summands, Theorem 3.2.4 gives a probability bound of
sin? —en
O <—52 > +e

A union bound over the dyadic possibilities for |a| in the range (ct,C') gives the claim in

(3.2).

sind sipdto(l)
P(\i, Aj € B(z,s) and [[A],, < M+/n) < |log(s)| (O < 5 )+€—CN) <0 (T) Leen

An analogous argument using Theorem 3.2.5 gives (3.1).

3.3 A covering argument and further corollaries

We next reduce Theorem 3.1.1 to (3.1), (3.2), which will establish the main eigenvalue

spacing result.

Proof. Suppose we are outside the event where the operator norm || A|,, is bigger than M/n.
Let B be a ball of O(1) bounded radius that contains all the eigenvalues of \/LEA. First cover
R N B with balls of radius 0 centered at real z, such that if |\; — A\;| < 6/100 and either \;
or A\; has imaginary part less than 6/100, then there is some a such that \;, \; € B(z,,0).
Since B has O(1) radius, this covering takes O(6~!) many balls, i.e. O(6~!) many centers

Za-
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Next cover the rest of B with balls of radius s centered at zg with |3z > /1000 such
that if [\, — A;| < /100 and both \;, \; have imaginary part at least /100 in absolute value,

then \;, \; € B(z3,s) for some z5. This takes O(s™?) distinct centers z5.

Now we have
P(A < s) < P(|A],, > Mn'?)+ > P(\, A € B(2a,0) and ||A|,, < M+/n)
+> P(\i\j € B(zs,9) and ||All,, < My/n)
B

Combining (3.1), (3.2) along with the entropy bounds of O(§!) for the number of a and
O(s72%) for the number of 3 gives

§2pA+o(1)

P(A < s) < O(6n*W 4 =

)+ e~ +P(||A]l,, > Mn'/?)

3.3.1 Further results

We now state some eigenvalue spacing results that are readily obtained from arguments
similar to those in this chapter. The first is by applying the covering argument only to the
real line, as opposed to a complex ball. We can obtain a bound on the event that A has two

real eigenvalues within ¢ of each other.

Theorem 3.3.1. Let A satisfy the same assumptions as in Theorem 3.1.1 and t > 0. Let

E(t) denote the event that A has two real eigenvalues within t of each other. Then:

P(E(t)) = O(tn*™W) + =" + P(||All,, > Mn'/?) (3.3)

Since complex eigenvalues of real matrices must come in pairs, we also have the same

bound in the following:

Theorem 3.3.2. Let A satisfy the same assumptions as in Theorem 3.1.1 and t > 0. Let

F(t) denote the event that A has a complex conjugate pair of eigenvalues within t of the real
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line. Alternatively, we can characterize F(t) as the event that A has a complex eigenvalue

with imaginary part strictly in the range (0,t). Then:
P(F(t)) = O(tn2+o(1)) +e "+ P(HAHOP > Mn'/?) (3.4)

Assuming the entries of A have bounded fourth moment and taking t = o(n=2°W) in (3.4),
we get that with high probability, A has only strictly real eigenvalues within o(n=27°M) of the

real line.

The right side of Figure 3.1 demonstrates the effect of complex conjugate pairs of eigen-
values being repelled from the real line. In the same figure we see the contrast between the

case where the atom random variables take on complex values versus purely real values.

When the atom random variables have independent real and imaginary part, we can use
the argument in this chapter along with a least singular value result whose bound holds
uniformly in the shift zy/nl,. In particular, the bound does not deteriorate when approach-
ing the real line. Applying the preceding covering argument with Theorem 1.1.4 extended
appropriately to the two smallest singular values, we get the following version of eigenvalue

spacing for iid matrices where the atom variables have independent real and imaginary part:

Theorem 3.3.3. Let A be an n X n id matriz with atom random variables that satisfy
the same assumptions required for Theorem 1.1.4. Let A denote the minimum eigenvalue

spacing of A. For s > 0 we have:

P(A < s) = O(s*n*toM)) 4 ¢—en
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Figure 3.1: Eigenvalues of 200 independent 64 x 64 matrices generated using & ~ g (top-left),
& ~ gr (top-right), & ~ Unif(S') (bottom-left), and & ~ Bernoulli(1/2) (bottom-right)
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APPENDIX A

Joint tail estimates for two smallest singular values

In this appendix we extend the least singular value theorem established in Chapter 2 to
also include s,_1. The approach will be similar to that of before: first using compressible
and incompressible vectors to reduce to a distances problem and then applying a small ball
probability result to the last two columns after conditioning on the rest of the matrix. The
key new ingredient is a version of the invertibility via distances lemma accounting for two

smallest singular values.

A.1 Reduction to distances problem

Let A be an n X n matrix with each entry an iid copy of &, where £ satisfies the same

assumptions as in Chapter 2. The main result in this appendix is the following:

Theorem A.1.1. For anyty > t; > 0 and A = O(1), we have

33
P(s,(A=Avn) < tin™ % s, 1 (A=Av/n) < ton™? and ||A]|,, < My/n) <O (%) +e

c

where 6 > n~" is the absolute value of the imaginary part of \.

Recall that for fixed parameters a,b € (0, 1), a unit vector z is compressible if there is a
sparse vector 2’ with at most an non-zero coordinates such that ||z — 2’|, < b. A unit vector
is incompressible if it is not compressible. Every incompressible vector z must have at least
an indices k where |z;| > bn~'/2. Otherwise we have ||z — 2’| < b, where 2’ is the projection

of z onto the indices where |z;,| > bn~'/2.

Call a plane W incompressible if all of the unit vectors on W are incompressible. The

event where s,_1(A — A\y/n) < tan~'/? occurs implies that there is a plane W on which
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(A= A/n)lwll, < tyn~Y/2. If there is a compressible vector z € W, then we would have
(A — Xy/n)z| < ton~'/% for some compressible z. Moreover, since we are assuming that

t; < ty, we can now break the event in Theorem A.1.1 into two parts:

P(s,(A—\/n) <tin 12 s, 1(A A/n) < ton”'? and ||A]|,, < My/n)
<P( inf [(A- )| < _, inf [|[(A= AVl |, < = and [A],, < My/n)

zEIncomp TL incomp W \/ﬁ

+P( inf (A= M/n)z|| < tyn~1/% and 1All,, < M+/n)

z€Comp

Proposition 2.2.4 controls the second term above to be exponentially small. The next
steps are to go toward a new invertibility via distances lemma for the purpose of bounding

the first summand. We will use the following form of Lemma 2.2.5:

Lemma A.1.2. Let X be an nxn random matriz and X1, ..., X, denote the column vectors
of X. Let Hy denote the span of the n — 1 columns excluding X. Let €& be an arbitrary
event. Then for every a,b € (0,1) and t; > 0, we have
. . 1 &
P( inf \ Xz, < tibn 2 and £) < _ZP(dISt(X]',Hk) <ty and &)

z€ Incomp(a,b) an —1

Lemma A.1.2 is given in [RV08] and as remarked in [TV10c|, the intersection with an

arbitrary event F does not affect the proof. A straightforward modification of the argument

gives:

Lemma A.1.3. Let X be an n xn random matriz and X, ..., X, denote the column vectors
of X. Fiz an index k. For j # k, let Hj;, denote the span of the n —2 columns excluding X;

and Xy. Let € be an arbitrary event. Then for every a,b € (0,1) and ty > 0, we have

. _ 1 .
P( inf || X]wl],, <tbn 2 and €) < o ZP(dlst(Xj,ij) <ty and &)

incomp W -
J#k

Proof. We give the proof without intersecting with the arbitrary event £ to ease notation.

Suppose there is an incompressible plane W on which X’s operator norm is at most tobn /2
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Consider z € W with z; = 0. For any j # k, we have

| X 2| > dist(X =z, Hjx)
= diSt(Zij + Zka, ij)

This implies that for any j # k, we have either
’Zj‘ < bn71/2 or diSt(Xj, ij) < t9

Otherwise, || X z|| > bn~'/%t,, in contradiction with our assumption that X’s operator norm
on W is strictly less than t,bn~'/2. The incompressibility of z implies that there are at least
an indices j where |z;| > bn~1/2. On these indices, we must have dist(X;, Hj) < t. In
summary, we have deduced that the existence of an incompressible plane W with || X[w||,, <
tobn~'/2 implies that there are at least an indices j such that dist(X;, Hj) < to. Markov’s

inequality now gives:

E|{k : dist(X;, Hjx) < ta}]

P(|{j : diSt(Xj,ij) < t2}| > an) <

an
1
= — P(diSt(Xj, H]k) < tz)
an 4
J#k
O
Combining the previous two lemmas gives:
Lemma A.1.4. Let X be an nxn random matriz and X, ..., X, denote the column vectors

of X. Let Hy denote the span of the n — 1 columns excluding Xj and for j # k, let Hj,
denote the span of the n — 2 columns excluding X; and Xj. Let £ be an arbitrary event.

Then for every a,b € (0,1) and ty > t; > 0, we have

P(  inf | X 2| < t1bn~Y2,  inf [ X Twll,, < sobn~Y? and &)

z€ Incomp(a,b) incomp W

1
a?n?

D) P(dist(Xy, Hy) < t, dist(X, Hy) <t and €)
k=1 j#k

<
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Proof. First take the arbitrary event in Lemma A.1.2 as

incomp W

F= { inf || X[wll,, < tobn~1/% and S}

to get

1
— P(dlSt(Xk,Hk) < t1 and .F)
an

P(  inf ) | X z|| < t;bn~Y? and F) <
k=1

z€Incomp(a,b
Now for each k, take the arbitrary event as
Fi = {dist(X, Hy) < t; and E}
in Lemma A.1.3 to get

P(dist(Xy, Hr) < t; and F) = P(  inf w | XTwll,, < tobn™Y? and Fy,)
incomp
1 :
<— ;P(dlst(xj,xjk) <ty and Fy)
j

1
= — Y P(dist(Xy, Hy) < t,dist(X;, Hj) <t and £)
an

i#k

Combining the above with A.1 gives the result.

]

By the preceding Lemma and the compressible/incompressible decomposition, the proof

of Theorem A.1.1 is reduced to establishing the following distances bound:

Proposition A.1.5. Let A be an nxXn matriz satisfying the same assumptions as in Theorem

A.1.1. Let Xy,..., X, be the columns of A — \\/n. Let Hy denote the span of the n — 1

columns excluding Xy, and for j # k, let H;;, denote the span of the n — 2 columns excluding

X; and Xy. Then for every A = O(1) and ty > t; > 0, we have

13t

P(dlSt(Xn, Hn) < tl,diSt(Xn_l, Hn—ln) < 19 and ||A||op < M\/ﬁ) < 0] (—) 4+ e

52

where 0 is the absolute value of the imaginary part of \.
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A.2 Distances problem via small ball probability and structure

theorem

Proof. We condition on a realization of the first n—2 columns so that H,,_1,, H,, and normal

vectors are fixed. Denote the expectation with respect to the first n — 2 columns E; _,,_o

and the probability with respect to the last two columns P,,_1,. dist(X,,, H,) < t; implies

that that there is some vector X normal to H,, such that
(X, X)) <ty
and similarly we have some vector X’ normal to H,_1, such that
(X' X, 1)| < to

Let B denote the n — 2 x n matrix with rows equal to the first n — 2 columns of A — \y/n.
Let &€ denote the event that every unit vector X* in the kernel of B has d(X*) > ¢ and
Dy(X*) > Dy.

P(dlSt(Xn,Hn> < tl,diSt<Xn,1, anln) < t9 and HA”op < M\/ﬁ)
< P([(X, Xp)| <ty and [(X', X, 1)| < t5 for some X, X' € ker B and || B|,, < M+/n)
n—o P 1o ([(X, X)) < t1, (X', X,i_1)| < to for some X, X' € ker B and &) + P(&°)

.....

noPr 1 (X, X)) < g, (X7, X, 1)| <ty for some X, X' € ker B and &) + e~ "

.....

where we have used Proposition 2.6.1 to control the probability of £¢. The event &£ does
not depend on any of the last two columns. Therefore, by independence of X,,_1, X,, and

Proposition 2.6.2 we have

P, 1, ([(X, X,)| <t and [(X', X,,_1)| < ¢ for some X, X' € ker B and &)
=P, 1((X', X,,_1)| < tg for X' € ker B and &) - P, (|(X, X,,)| < t; for X’ € ker B and &)
2 t2

<O(2 4 ¢ 0(L + e )

The result now follows from taking the expectation over the first n — 2 columns. O
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APPENDIX B

An elementary computation for real-imaginary

correlation

Recall that for a complex vector z = x +1y € Sg_l, the real-imaginary correlation is defined

to be

T

A=) = (lel2 Il — )2 = Jdet [ 7] (o o)
Yy

d(z) is invariant under rotations, i.e. d(e?z) = d(z) for any 6. The following proposition

relates d(z) to the extremal lengths of the real and imaginary parts of rotations e z.

Proposition B.0.1. Let z = x4+ 1y € Sg_l have real-imaginary correlation d(z). As 0
varies, the minimal value of HRe(eiez)Hz is

1 1
- _Z/1= 2
5 5 1 —4d(z)

and the corresponding maximal value is
1 1
5 + 5\/1 —4d(z)?

Proof. We have
Re(e”2) = cos(0)z — sin(0)y

and hence the extremal lengths of HRe(ewz) H , correspond to the singular values of the matrix

%)

2
x < )_ zlly; =y
r Yy) — 9
y" -y ylly

that has x and y as columns:

The eigenvalues of



satisfy
A2 — (llzll5 + [y l)A + (el lylls = (- 9)*) =0

or equivalently

N —A+d(2)?=0

The claim follows from solving the above quadratic.
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