UCLA

UCLA Electronic Theses and Dissertations

Title
Modularity of nearly ordinary 2-adic residually dihedral Galois representations

Permalink
https://escholarship.org/uc/item/1nk3w1xd

Author
Allen, Patrick

Publication Date
2012

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/1nk3w1xd
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA

Los Angeles

Modularity of nearly ordinary 2-adic residually
dihedral Galois representations

A dissertation submitted in partial satisfaction
of the requirements for the degree
Doctor of Philosophy in Mathematics

by

Patrick Brodie Allen

2012



(© Copyright by
Patrick Brodie Allen
2012



ABSTRACT OF THE DISSERTATION

Modularity of nearly ordinary 2-adic residually
dihedral Galois representations

by

Patrick Brodie Allen
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2012
Professor Chandrashekhar Khare, Chair

We prove modularity of some two dimensional 2-adic Galois representations over a totally
real field that are nearly ordinary at all places above 2 and that are residually dihedral. We do
this by employing the strategy of Skinner and Wiles using Hida families together with the 2-
adic patching method of Khare and Wintenberger. As an application we deduce modularity
of some elliptic curves over totally real fields that have good ordinary or multiplicative

reduction at places above 2.
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CHAPTER 1

Introduction

This thesis concerns the connection between Galois representations and automorphic forms.
Galois representations arise quite naturally in algebraic geometry, and often properties of the
Galois representations allow one to deduce properties of the geometric object. Automorphic
forms are certain complex analytic functions on homogeneous spaces for Lie groups, the most
classical example of which being elliptic modular forms. A priori, automorphic forms and
Galois representations don’t appear to have anything to do with one another. But in fact,

there is a deep connection that has many consequences.

In the 1970s, Shimura canonically associated elliptic curves to certain modular forms.
Shimura and Taniyama then conjectured that all elliptic curves over QQ arise in this manner.
This was proven for a large class of elliptic curves by Wiles and Taylor in the 1990s. They
proved this by showing that the Galois representations arising from a large class of elliptic
curves are in fact canonically associated to modular forms. Fermat’s Last Theorem, a prob-
lem in elementary number theory that had remained unsolved for 350 years, is a corollary
of that work. It is remarkable that the proof of Fermat’s Last Theorem rests on showing
that the Galois representations coming from an object in algebraic geometry are associated

to objects in complex analysis.

The idea that arithmetic objects should have automorphic forms associated to them was
expounded by Langlands in the 1970s, and it has since become a central theme in number
theory. The main tools for proving that Galois representations are automorphic, i.e. arise
from automorphic forms, are what is known as modularity lifting theorems. Given a Galois

representation on a finite dimensional vector space over a p-adic field, one has its residual



representation obtained by reducing a Galois stable lattice modulo p. A modularity lifting
theorem is a theorem of the form: “If the residual representation is automorphic, then the
original representation is automorphic.” The Taylor-Wiles method is the most useful method

for proving modularity lifting theorems.

Fontaine and Mazur have made a very precise conjecture predicting when certain odd,
“geometric”, absolutely irreducible p-adic representations of Gal(Q/Q) are isomorphic to
ones coming from modular forms, and this conjecture has a natural generalization to p-adic
representations of Gal(Q/F), for any totally real field F. There has been great progress
on this conjecture, and for p odd and F' = (Q, it has been resolved in almost all cases.
When p = 2, less is known because the Taylor-Wiles method encounters technical difficulties.
Khare and Wintenberger, [KW], and Kisin, [K3], developed an extension of the Taylor-Wiles
method to prove modularity of a wide class of 2-adic representations and this was essential
in their proof of Serre’s conjecture. It’s interesting to note that, since proofs of the known
cases of the Fontaine-Mazur conjecture use Serre’s conjecture as an important ingredient,
2-adic modularity lifting theorems have had applications in proving modularity of p-adic

representations even when p is odd.

Due to their technical nature, the current 2-adic modularity lifting theorems require
stronger assumptions than their p > 2 counterparts. One such assumption is that the
residual representation has non-solvable image. It is desirable to have a 2-adic modularity
lifting theorem in the residually solvable case for a number of reasons. One of the most
important of which is that the 2-adic representations arising from elliptic curves, a very
natural source of Galois representations, are always residually solvable as they have image in
GL2(Z/2Z), a solvable group. Hence, for F' a totally real field, modularity lifting theorems
for 2-adic, residually solvable representations of Gal(Q/F) prove modularity of elliptic curves
over F', a generalization of the work of Wiles, Taylor and Wiles, and Breuil, Conrad, Diamond

and Taylor. The main result of my thesis is such a theorem.

This is done by employing a strategy of Skinner and Wiles. They showed, in the p >

2 case, that certain representations of Gal(Q/F) for (most) totally real fields, obeying a



hypothesis called ordinarily, were modular assuming only that the residual representation
is absolutely irreducible, as opposed to a the more restrictive condition of assuming the
residual representation is absolutely irreducible when restricted to the finite index subgroup
Gal(Q/F(¢,)), which is the condition usually imposed. Their strategy is to use families of
modular forms known as Hida families in order to move to a new “residual” representation
where one can assume stronger conditions. In this thesis we carry out the Skinner and Wiles
method in the 2-adic case to prove modularity of representations that are ordinary at places

above 2 and whose reductions are absolutely irreducible but have solvable image.

1.1 The Main Theorem

The main result of this thesis work is the following theorem. Before stating it we remark
that in assumption (2), the isomorphism of local class field theory is normalized so that

uniformizers correspond to arithmetic Frobenii.

Theorem. Let F be a totally real subfield of Q. Let I denote set set of embeddings F — Q.
Fiz embeddings Q — Q, and Q — C. Via these embeddings we view I as the set of
embeddings {F < R} as well as the set of embeddings {F — Q,}. For any v|p in F, let

Ir, C Ip denote the subset of T that give rise to v. We identify I, with the set of embedding
F, = Q.
Let
p: Gr — GLy(Q,)

be a continuous representation unramified outside finitely many primes. Assume there is
some (k,w) € I%, such that k. > 2 for each 7 € Ir and w = k, + 2w, is independent of T,
and such that

1. detp = ¢e¥™ !, with ¢ a finite order character and e, the 2-adic cyclotomic character;

* %
2. for each v|2, plg, = such that viewing X, as a character of F via class

Xv



field theory, x,(y) = HTE[FU Yy~ on some open subgroup of OF ;

3. for each choice of complex conjugation c, det p(c) = —1.
Let p: G — GLy(F) denote the residual representation associated to p. We also assume

(4) p is absolutely irreducible dihedral;

(5) If L/F is a CM extension such that p|g, is abelian, then there is some v|2 in F that
does not split in L and such that if w denotes the place in L above v, L, # F,((4),

with (4 a primitive 4-th root of unity;

Under these assumptions p is modular, i.e. there is a 2-nearly ordinary regular algebraic

cuspidal automorphic representation ™ of GLo(Ap) such that p = p,.

The main theorem will follow from 5.2.1 which proves modularity for such p assuming
that the residual representation is absolutely irreducible but admits a 2-nearly ordinary
modular lift, together with an application of a theorem of Wiles that allows us to produce

ordinary lifts in the residually dihedral case, cf. 5.1.2.

Let me comment on the assumptions in the theorem. Condition (2) is the near-ordinarity
condition, and is essential to the method as we use Hida families. The condition (4), together
with allowing more general totally real fields F' in the case p = 2, is the main improvement
in this thesis. As mentioned above, both the results of [KW] and [K3] exclude the residually
dihedral case, as well as assuming F' is unramified above 2 in the potentially ordinary case.
Condition (5) is technical and is related to the fact that when the extension L/F is CM
and every v|2 in F splits in L, Hida’s universal nearly ordinary Hecke algebra has CM

components. We will elaborate on this in the next section.

The two main difficulties in combining the methods of Skinner and Wiles with those
of Khare and Wintenberger are in proving the existence of Taylor-Wiles primes and in
performing the patching. In proving the existence of Taylor-Wiles primes, the calculations

of [SW1] bounding the size of a certain cohomology group do not carry over to the p = 2



case. To overcome this we use a variant of the so called “nice” prime ideals in [SW1]. These
prime ideals, p, are such that they have dimension 1, are of characteristic 2, and when the
universal deformation is specialized at p, its image is non-dihedral and contains unipotent
elements. This allows the use of a result of Pink, [P], to show that the image of the Galois
representation attached to one of these prime ideals is open in SLy(K)), where K is a field
that is of finite index in the residue field of p. This fact allows one to explicitly compute
the cohomology groups in question, and to show the existence of the Taylor-Wiles primes.
In performing the patching argument, care has to be taken to keep track of irreducible
components. In the Skinner and Wiles argument they carry out the Taylor-Wiles method, in
a certain sense, with respect to local deformation ring that has been localized and completed
at a dimension one prime ideal. In general the process of completion causes an increase in
irreducible components. In order to avoid this, we ensure that our “nice” primes satisfy

properties that ensure the resulting localization of the local deformation ring is normal.

Our main theorem has the following immediate corollary.

Corollary. Let F' be a totally real field and E an elliptic curve over F with discriminant .

Assume

1. for every v|2 in F, there is a finite extension F!/F, such that E attains either good

ordinary reduction or multiplicative reduction over F;
2. E had no 2-torsion defined over F and A is not a square in F;

3. if A is totally negative then there is some v|2 in F such that F,[v/A] € F,((4).

Then E s modular.

1.2 Outline

We elaborate on the strategy of the proof and then discuss the organization of the thesis.



1.2.1

We consider a certain large deformation ring where at places above 2 we enforce no p-adic
Hodge theory conditions but demand that the representations be reducible. We identify this
large deformation ring with a 2-nearly ordinary Hecke algebra. Hida’s classicality theorem
then implies that the representation we wish to show is modular is in fact a classical point

of this large Hecke algebra.

We show that there is a surjective morphism from our large deformation ring R (tensored
with a certain Iwasawa algebra) to the large Hecke algebra T, and we call a prime ideal of
R pro-modular if it is the pullback of one from T. In order to show that all prime ideals of

R are pro-modular, following Skinner and Wiles, we prove two things.

1. There exist certain dimension 1 characteristic 2 pro-modular prime ideals p of the
Hecke algebra such that we can adapt the 2-adic Taylor-Wiles method to prove the

localizations and completions of R and T are isomorphic. We call these “nice” primes.

2. That every minimal prime of R contains one of the prime ideals in (1).

This then implies B¢ = T, which is enough to prove the modularity of p.

We expand on (1). The reason why the 2-adic Taylor-Wiles method fails in the residually
dihedral case is due to the fact that the auxiliary primes don’t exist in general because the
image is too small. We thus need to ensure that the prime ideals in part (1) do not generate
dihedral deformations, i.e. we need to avoid the dihedral locus. Given such a prime ideal,
under some additional technical hypothesis, we show in §3.6 using a result of Pink, that
the image of these representation have (essentially) open image. Using this, we compute
the necessary cohomology groups and show the existence of the auxiliary primes necessary.
As in the work of Skinner and Wiles, there is a technicality that must be dealt with all
the while. Namely, we cannot adapt the Taylor-Wiles patching argument directly to the
localized deformation rings and Hecke algebras. This is because at the heart of the patching

is a simple diagonalization argument in the spirit of Cantor, based on the fact that we have



infinitely many objects, each of which are finite. The finiteness is lost if one tries to perform
patching after localizing. Hence we must perform the patching integrally, and then localize
after taking limiting objects. Because things are done integrally, we must take care to control
torsion submodules of the cohomology groups we compute. In particular, we will have to
ensure that the torsion subgroups of certain cohomology groups and Hecke modules do not

depend on the choice of our auxiliary data.

After carrying out the patching there is another complication that arises. In the Taylor-
Wiles argument as improved by Kisin, the point of the patching is to create a limiting object
that for dimension reasons is isomorphic to a certain power series ring over a local deformation
ring. It is important that we can describe the minimal primes of this local deformation ring
in order to show that the Hecke module in question is supported on the component of the
universal deformation ring containing the point corresponding to the representation we wish
to prove is modular. In the Skinner-Wiles method, the dimension argument can only be
applied after localizing and completing the appropriate rings at our fixed “nice” prime ideal.
The completion may increase the number of minimal primes of our local deformation ring,
and if we cannot describe them anymore, then we cannot hope to say our Hecke module is
supported on the ones we want. In order to avoid this, we show that if the “nice” primes
are chosen appropriately, in particular that at places above 2 they lie over the distinguished
locus of the local deformation ring, then the localized deformation ring is normal. This

implies its completion is again normal and we can carry out the argument.

In order to show that the local deformation ring is normal at nice primes, it is not
enough to analyze its characteristic zero points. We must know something about its mod
2 points as well. In the case of the local deformation ring at places above 2, we use the
Deumuskin relation to explicitly compute the deformation ring on the locus of distinguished
deformations, i.e. the locus where the action on the Galois stable line is not equal to one
on the quotient. For the local deformation rings at primes not above 2, we use recent
ideas of Snowden that allows us to show the deformation ring mod 2 may be thought of as

representing a certain moduli space of unipotent matrices, whose structure he describes in



detail.

The step (2) is carried out exactly as in Skinner and Wiles. We first show that a “nice”
prime exists. Using step (1) we know that any minimal prime prime containing it is pro-
modular. Then we assume that the set of irreducible components of the deformation ring
has been partitioned into two subsets, C; LI Cy, such that all elements in C; are known to
be pro-modular. We use a connectivity result of Raynaud that tells us there are irreducible
components C; € C;, such that there is a prime ideal of large dimension in C7; N Cy. If we
can show that there is a “nice” prime in C; N Cy, then we prove that Cs is pro-modular, and

continue.

In order to show that C; N Cy containing a prime of large dimension implies that it
contains a “nice” prime, we need to show that the dihedral locus has small dimension.
This is why we need the extra condition in the CM case. If every place above 2 splits in the
quadratic extension L/F, the dihedral locus will form an irreducible component of the Hecke
algebra, hence conjecturally also of the deformation ring, and so Raynaud’s connectivity
theorem does not guarantee the existence of non-dihedral primes in C; N Cs. If our extra
assumption is satisfied, i.e. that there is some v|2 that does not split in L, then having large
dimension implies that our representation is distinguished at this v, which then implies its
not dihedral. We add the extra assumption that the corresponding local extension L,,/F, is
not the extension F,((4) because we use base change to calculate the local deformation rings,
and our calculation is done under the assumption that the local field contains a 4-th root of
unity. In the case that L/F is not CM, we use known cases of Leopoldt’s conjecture to base
change to a situation where the dihedral locus has dimension small enough to guarantee that

our large dimension prime ideal in C; N C5 is non-dihedral.

1.2.2

The plan of the thesis is as follows. In section Chapter 2 we start by recalling some com-

mutative algebra facts about complete Noetherian local rings. In particular we recall facts



about their completed tensor product. We also record Raynaud’s result and use it to prove a
variant of the connectivity theorem in the appendix of [SW1]. This variant will be necessary
for us as we do not show that our local deformation rings are Cohen-Macaulay. We then
recall the notion of group actions and group chunk actions from [KW] that will be necessary
for the patching argument. After this we turn to deformation theory, first recalling some
general facts. We then study the nearly-ordinary deformation rings at places above p, the
main points being to show that it is a domain of the correct dimension, that over a certain
locus its reduction mod p is still a domain, and that a certain locus of its characteristic zero
points are smooth. We then recall some facts about the local deformation rings away from
p and show how one of Snowden’s results implies that they are domains mod p. After that
we turn to global deformations. The main points of this section are to recall that our global
deformation ring has an appropriate presentation over the local one, in order to later apply
the connectivity result of Raynaud, and to show that a certain group action on the universal
deformation ring is free. Lastly we prove some small lemmas regarding deformations of di-
hedral representations, which will be useful in proving certain deformations are non-dihedral

as well as to determine some properties of non-dihedral deformations.

In Chapter 3 we recall Hida’s theory of nearly ordinary automorphic forms in the quater-
nionic case. In the first section we state definitions, analyse certain neatness properties of
the open subgroups that will comprise our level, and state the relation to cuspidal auto-
morphic representations of GLy. In the next section we define the nearly ordinary Hecke
algebra, and in the following section construct the universal nearly ordinary Hecke algebra.
If the following section we recall the Galois representations associated to eigenforms, and
show how they give a Galois representation into the universal Hecke algebra such that the
induced map from the universal deformation ring is surjective and factors through the quo-
tient defined in 2.6.5. In the final section we augment the level with auxiliary primes. The
auxiliary primes we use to augment the level may have the property that the corresponding
Frobenii do not have distinct eigenvalues under the residual representation. Because of this

we cannot prove the standard control theorem for Taylor-Wiles primes, as there may be lifts



of p that are Steinberg at these primes. We show however, that the obstruction to the usual
control theorem is annihilated by an element that becomes invertible after localizing at one

of our “nice” prime ideals.

In Chapter 3.6 we show the existence of the set of auxiliary primes associated to a
representation into GLy(A), with A the ring of integers in a characteristic 2 local field K,
satisfying some technical hypotheses. The main input is Pink’s result, [P], that allows us to
conclude that the intersection of the image with SLy(A) is conjugate to an open subgroup
in SLy(Ap), where Ay is the ring of integers of a characteristic 2 local subfield Ky C K.
This allows us to compute explicitly with cocycles. A subtle point that must be taken into
consideration is that the cohomology groups in question must be computed integrally, and

their torsion subgroups must be bounded independently of the choice of auxiliary primes.

In Chapter 4, we prove the R = T theorem. This chapter together with Chapter 3.6
comprise the technical heart of the work. The patching argument is a synthesis of the proof
of Proposition 9.3 of [KW] and §5 of [SW1]. The idea is to mimic the proof of Proposition
9.3 in [KW], but to define the maps from a power series over the local deformation ring
Rioc|[x1, ..., xg]] to our augmented level global deformation rings R, in such a way that
the xq,...,x; are mapped to the pullback to R, of our fixed “nice” prime ideal, instead
of the maximal ideal. In this way, we get a surjection after localizing and completing at
the “nice” prime. When defining these maps, we need to ensure that certain cokernels are
finite of bounded size, so that when we take a projective limit the ranks of the resulting
limiting modules do not grow. It is due to this reason that we needed to ensure that the
torsion subgroups of the cohomology groups computed in Chapter 3.6 did not depend on the
auxiliary primes. After proving the localized R = T theorem, we apply the connectivity

argument to conclude that R™4 = T.

The last chapter, Chapter 5, proves the main theorem. We first recall some congruences
proved in [K2] and [KW] necessary to show the existence of appropriate automorphic lifts
after base change. We also prove a small lemma that shows the existence of ordinary lifts

in the residually dihedral case, using a result of Wiles, [W], that allows one to insert an

10



ordinary Hilbert modular form of parallel weight 1 into a p-adic family. We then prove the
main theorem, by applying base change putting together the aforementioned congruences
together with known cases of Leopoldt’s conjecture so that we satisfy the assumptions of the

R4 = T theorem of Chapter 4.

1.3 Notation and conventions

We state some notation and conventions used in this thesis. We will denote by p a rational
prime throughout. In the later sections we will take p = 2. Let Q be the algebraic closure of
Q in C. For any subfield L C Q we set G = Gal(Q/L). Throughout F will denote a totally
real field inside Q. Given a finite set S of places of F' we denote by Gprs = Gal(Fs/F),
where Fg is the maximal Galois extension of F' contained in Q that is unramified outside S.

We let I denote the set of embeddings F — Q.

For each rational prime ¢, fix an algebraic closure Q, of Q, and embeddings Q — Q,. We
can then view I as the set of embedding of F into any of the Q, or C. For any place of F we
denote by F, the completion of F at v inside Q,, or C. In the case that v is non-archimedean
we write G, = Gal(Q,/F,) and let I, denote the inertia subgroup. For v archimedean we let
G, = Gal(C/F,). In either case we identify GG, with a decomposition group of Gp at v via
the embedding Q — Q,, or Q — C.

As usual Ap will denote the ring of adeles of F' and A¥ will denote the subring of
finite adeles. We normalize the isomorphism of local class field theory so that uniformizers
correspond to arithmetic Frobenii, and normalize global class field theory compatibly.

We will denote by €, the p-adic cyclotomic character and €, is reduction mod p. We use
homological conventions for our Galois representations. For example, the Galois representa-
tion attached to an elliptic curve is the one coming from its Tate module, not cohomology.
With this convention, a representation is ordinary at v if the local representation is reducible

with an unramified quotient.

We will let £ denote a finite extension of @@, contained in @p. We will let O denote

11



its ring of integers and F its residue field. We will occasionally enlarge E if necessary.
We let CNLp denote the category of complete Noetherian local O-algebra A such that the
structure morphism O — A induces an isomorphism of residue fields. The morphisms in
CNLp are local O-algebra morphisms. Given an object B in CNLp we let CNLp denote the
subcategory whose objects are B-algebra and whose morphisms are B-algebra morphisms.

Given any local ring A we denote by my, its maximal ideal.

Given a separable field extension L/K, we let Nmy /i denote the norm from L/K. We
refer the reader to the beginning of each section for more notation and conventions that will

be employed in that particular section.
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CHAPTER 2

Deformation Theory

In this chapter we develop the deformation theory necessary. In §2.1 we recall some commuta-
tive algebra facts for complete Noetherian local rings with finite residue field. Of particular
importance to our applications later will be recalling some facts regarding the completed
tensor product of such rings, cf. 2.1.4, and a connectivity result, cf. 2.1.8, which is an

application of a theorem of Raynaud and is a variant of Corollary A.2 of [SW1].

The following section recalls some facts from [KW] regarding group actions in the category
CNLp. In particular the notion of group chunks and building free actions using them is
essential to the 2-adic Taylor-Wiles method developed in [KW] and we will use these results
in §4. The following section recalls some general definitions and results about deformation

theory.

The subsequent section deals with determining the local deformation rings at the prime
p. We follow the construction of Geraghty [G1]. However as we deal only with dimension
2, we can be more explicit and use the Demuskin relation to determine properties of the
local deformation ring. In particular, we use the Demuskin relation to prove that a certain
open subset of the special fibre is reduced. This will be important for showing that a certain
localization of a completed tensor product of local deformation rings is normal §4. Also
important to establish this normality is to prove a certain open subset of the generic fibre is

smooth, and we prove this following [G1].

The next section deals with determining the local deformation rings at the places not
equal to p. Most of this is simply recalling results proved in [K2, K3, KW]. However we will

also need information about the special fibre of such rings. This is easy in the archimedean

13



case, and to do this in the case | # p we use a recent result of Snowden [S]. This knowledge
of the special fibre will be important for showing that a certain localization of a completed

tensor product of local deformation rings is normal §4.

In the next section we deal with deformations of global Galois groups. We recall some
definitions and properties and show that a certain quotient of the universal deformation
ring (tensored with an Iwasawa algebra) can be presented as a complete Noetherian domain
modulo “few” relations, which will be necessary to apply the connectivity result 2.1.8 later.
We also recall some properties of twisting the universal deformation by characters as in [KW]

which is essential to the 2-adic method.

In the last section we prove some easy facts regarding deformations of dihedral repre-
sentations, that will be useful for determining the images of non-dihedral deformations to

characteristic p local fields as well as to establish criteria for a deformation to be non-dihedral.

We now set up some notation. Let E/Q, be a finite extension with ring of integers
O and residue field F. Fix a choice of uniformizer wg for E. We denote by CNLy the
category of complete local Noetherian O-algebras A such that the structure map O — A
is local and induces an isomorphism on residue fields. The morphisms in CNLy are local
O-algebra morphisms. We will refer to objects in CNLp as CNLp-algebras. Given a CNLp-
algebra B, we denote by CNLp the subcategory of CNL» whose objects are B-algebras and
whose morphisms are B-algebra morphims. We let Arp denote the full subcategory of CNLpg
consisting of Artinian objects. Given a finite extension E'/FE, we also let Arg denote the
category of Artinian local rings with residue field £’ with topology given by its structure as
a finite dimensional E’-vector space. Note that such rings are canonically E’-algebras, and
the morphisms in Arg are local E’-algebra morphisms. Given an object A in any of the

above categories we let m,4 denote its maximal ideal.
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2.1 Some commutative algebra

We recall some facts about objects in CNLp and their completed tensor products that will

be useful to us later.

2.1.1

Recall a scheme X is called Jacobson if for any closed subset Z C X, the set of closed points
in Z is dense. We say a ring R is Jacobson if Spec R is Jacobson. If R is a CNLp-algebra,
Corollary 10.5.8 of [G4] shows that Spec R \ {mg} is Jacobson, and if p is not nilpotent in
R then R[1/p] is Jacobson. The following Proposition is taken from §2.3 of [KW].

Proposition 2.1.2. Let R be an O-flat CNLp-algebra.

1. There is a finite extension E'/E with ring of integers O’ and a local O-algebra mor-

phism R — O.

2. FEver mazimal ideal of R[1/p] is the image of the generic point of Spec O' — Spec R,
with R — O as in (1).

3. Let I is an ideal of R and let X (I) denote the set of all morphisms R — O' as in (1)
whose kernel contains I. If R/1 is O-flat and reduced, then I = Nyex(r) ker(x)

Proof. Take x1,...,24 € R such that their image in R/wgR is a system of parameters for
R/wgR. Then wg,1,...,x4 is a system of parameters for R, and so R/(xy,...,x4) is of
dimension 1. Let R = R/(z1,...,x4) and let q be a minimal prime of R’ such that R'/q has
dimension 1. Since R'/(q+ wgR') has finite length, R'/q is a finite O-module. Since R'/q is
a dimension 1 finite O-algebra domain, its normalization is the ring of integers O’ in a finite

extension E'/E. This proves (1).

Let m be a maximal ideal of R[1/p] and let p = m N R. Since R/p is O-flat, part (1)

of the proposition implies that we have a local O-algebra morphism = : R/p — O’, for O’

15



the ring of integers in some finite extension E’/E. The image of the generic point of z in

Spec R[1/p] is m. This proves (2).

It remains to prove (3). Let J = Nyex(r)ker(x). Since R/I is O-flat, it suffices to prove
that (J/I)[1/p] = 0. This follows from the fact that (R/I)[1/p] is Jacobson and reduced. [J

2.1.3

Let Ry, and R, be CNLp-algebras. Then their completed tensor product over O is again
a CNLp-algebra. To see this, let m denote the kernel of the natural map Ri®pRy —
F ®opF = F. Since Ri®pR;, is complete for the m-adic topology and we have an inection

F* < (Ri®oRy)*, we see that any element which does not belong to m is invertible, and so

Ri®oR; is local. We can write R; as a quotient of a power series ring O[[x1, ..., z4]], and
so R1®p Ry can be written as a quotient of the power series ring O|[z1, . .., Z4,1+4,]], hence is
Noetherian.

If R, and R, are flat CNLp-algebras then R; — Ri®oR, is flat, cf. Lemma 19.7.1.2 of
Chapter 0 of [G2]. In particular R;®e Ry is O-flat. The proofs of parts (1) and (2) of the
proposition below are taken from Proposition 2.3 of [KW] and Lemma 3.4.12 of [K2].

Proposition 2.1.4. Let R, and Ry be CNLp-algebras and let R = Ri®oRs.
1. Let E'/E be a finite extension and for eachi = 1,2 let x; : R;[1/p] — E’ be an E'-point

that is formally smooth over E. The E'-valued point (x1,x2) : R[1/p] — E' is formally

smooth over E.

2. If for each i = 1,2, R; is O-flat and R;[1/p] is geometrically integral, then so is R[1/p].

In particular, R is a domain.

3. Assume that each R; is O-flat and that R;/q;[1/p] is geometrically integral. Then any
minimal prime of R is of the form q1®R; + R1®qs.

4. Assume each R; is an F-algebra and let Nil(R;) denote the nilradical of R;. The nil-
radical of R is Nil(R;)®rRy + RiQpNil(Ry).
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Proof. Let O be the ring of integers of E', for E’ as in (1). Since R[1/p] ®g E' = (R ®o
ON[1/p] and R @0 O = (R, @0 O')@0/(Ry ®0 O'), it suffices to prove (1) after replacing
O with O', R; with R; ®0 O, and R with R ®» O, and so we may assume z; and x are
E-valued points. For d; = dim(R;),,, we have isomorphisms (R;)} = El[zy,...,z4]], and

we then have isomorphisms

Ry, oy = (R0, ®u(Re)y, = El[x1, ..., Tdy1as)],

(z1,22
which proves (1).

We now show (2). Take an arbitrary finite extension E'/E. We wish to show that
R[1/p] ®g E' is a domain. By what was noted at the beginning of the proof of part (1),
it suffices to replace O with ', the ring of integers in E’, and each R; by R; ®o O’, and
then show that R[1/p] is a domain. Note that by assumption each of the R;[1/p] remain
geometrically integral after this base extension. By enlarging F if necessary, we may assume
that each R;[1/p] has an E-point x; that is formally smooth over E. By part (1), we know
that the completion of R[1/p] at (z1,23) is formally smooth over E, and so to prove (2)
it suffices to show there is an injection R — R(Axlm). By part (1) of 2.1.2, there are local
O-algebra morphisms y; : R; — O such that z; = y;[1/p]. Let p; = kery;, and for every
n > 1 let a, be the kernel of the surjection R — R;/p} ®o Ry/pY. The ring R is complete
for the topology defined by {a,}. For each i = 1,2, let q;,, = p?'[1/p] N R;. A theorem of
Chevalley, cf. Theorem 13 of Chapter 8.5 of [ZS], R; is complete for the topology defined by
{4in}. If we then let b, denote the kernel of the surjection R — R1/q1, ®o Ra2/q2n,, We see
that R is complete for the topology defined by {b,}. Finally, since each R; is O-flat, we have

injections R;/q1, ®o Ra/qon < (R/p™)[1/p] @k (R/pY)[1/p] for all n. But then we have

R 1 Ry /a1, @0 Ro/azn — tm(R/p1)[L/p] @5 (R/PY(L/p) = R, ..
which is what we wanted to prove.

Let q be a minimal prime of R and let g, be its pullback to R;. We have q:®oRs +
R1®0q2 C q. Note that (R;/q1)®0(R2/q2) is a domain by (2), and has the same dimension
as R. The natural surjection R — (R;1/q1)®(R2/q2) then must have kernel q.
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We now prove (4). Let Nil(R) denote the nilradical of R. Note that Nil(R;)®pRy =
Nil(R;) ®r Ry and R;®pNil(Ry) = R; ®p Nil(R;) since each Nil(R;) is finite length. By
considering simple tensors we see that Nil(R;) ®r Ry + Ry ®p Nil(R2) C Nil(R). Consider

the surjection

R — R/(R; ® Nil(Ry) + Ry ®p Nil(R;)) = (Ry/Nil(R;))®r(Ra/Nil(Ry)).

A theorem of Chevalley, cf. Corollary 7.5.7 of [G3], shows that (R, /Nil(R;))®r(Ry/Nil(Ry))
is reduced, and so Nil(R) C Nil(R;) ®r Ry + Ry ®p Nil(Ry). O

2.1.5

We prove a connectivity result similar to Proposition A.2 of [SW1]. As in [SW1], our propo-
sition relies crucially on Corollary 4.2 in [R1]. The difference between Proposition A.2 of
[SW1] and our proposition is that the ring R in the statement of our proposition is assumed
to be a complete Noetherian local domain, whereas in [SW1] the ring R is assumed to be a
local Cohen-Macaulay ring. This is necessary for us as we will present our global deformation
ring as a quotient of the completed tensor product of the local deformation rings, and we
are not able to show that the local deformations rings are Cohen-Macaulay. We first quote

an application of Raynaud’s theorem in the guise of the following proposition.

Proposition 2.1.6. Let R be an excellent local ring of dimension d satisfying Serre’s prop-
erty (Sz). Let I be a proper ideal of R generated by r elements. If d —r > 2, then
Spec (R/I) ~ {mg} is connected.

Proof. Let R" be the completion of R, and let [ = IR". Since dim R" = dim R and
R — R” is faithfully flat, it suffices to show that Spec (R"/I") \ {mpa} is connected. Since
R is excellent, R" also satisfies (S3), cf. part (v) of Scholie 7.8.3 of [G3]. Raynaud’s result,
Corollary 4.2 of [R1], shows that the condition Lef(X,Y") of Expose X of [G5] is satisfied for
X = Spec R" \ {mpr} and Y = Spec (R"/I") \ {mpr}. Then Corollary 2.4 of Expose X
of [G5] implies that Spec (R"/I") \ {mpg} is connected if and only if Spec R \ {mpn} is
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connected. The fact that the latter is connected is a special case of a theorem of Hartshorne,

cf. Theorem 3.6 of Expose III of [G5]. O

Corollary 2.1.7. Let R be an excellent local ring of dimension d satisfying Serre’s property
(S3). Let I be a proper ideal of R generated by r elements. Let C denote the set of irreducible
components of Spec R/I, and let C = C;UCs be a partition of C with each C; is non-empty. If
d—r > 2, then there 1s Cy € C; and Cy € Cy such that C;NCy contains a prime of dimension
d—r—1.

Proof. We prove this by induction on d — r. If d — r = 2, then this is 2.1.6. Now suppose
d—r > 2. Applying 2.1.6 again, we know that there is C; € C; and Cy € Cy such that
C1 N Cy contains a prime p of dimension 1. Let C, denote the set of irreducible components
of Spec (R/I),. By our choice of p, the nontrivial partition C = C; U Cs induces a nontrivial
partition C, = C,1 U C,2. The induction hypothesis implies there is C; € Cy1 and Cy € C, 2
such that C) N Cy contains a prime q of dimension d — r — 2. As a prime of R/I it has

dimension d — r — 1, which establishes the inductive step, and hence the proposition. O

Corollary 2.1.8. Let R be a complete Noetherian local domain of dimension d and let I be
a proper ideal of R generated by r elements. Let C denote the set of irreducible components
of Spec R/I, and let C = C; U Cy be a partition of C with each C; is non-empty. If d—r > 2,

then there is Cy € C; and Cy € Cy such that CyNCy contains a prime of dimension d—r — 1.

Proof. Let R’ denote the normalization of R, and let I’ = IR’. Note that dim R’ = d and
that I’ can be generated by r elements. Since R is a complete Noetherian local domain, R’
is finite over R and is also local, cf. part (vii) of Scholie 7.8.3 of [G3]. The finite surjection
Spec R'/I' — Spec R/I induces a non-trivial partition C' = C] U C} of the set of irreducible
components of Spec R'/I'. By 2.1.7, there is C] € C] and C}, € C} such that C] NCY contains
a prime p’ of dimension d — r — 1. Its image in Spec R/I satisfies the conclusion of the

proposition. O
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We conclude this subsection with a lemma that we will have use for later, cf. Exercise

16.10 of [M1].

Lemma 2.1.9. Let R be a local Noetherian ring and let ri,..., 7, € R, n>1. Ifry,...,r,
generate a prime ideal of height n then R is a domain and for any 1 < @ < r, rq,...,7;

generates a prime ideal of height 1.

Proof. By induction on n it suffices to show that if » € R generates a prime ideal of height 1,
then R is a domain. Take a minimal prime q C rR. For any x € q we have x = ry for some

y. Then r ¢ q implies that y € q, and so rq = ¢q. Nakayama’s lemma implies q = 0. [

2.2 Group actions on CNLp

We quote some results and definitions regarding group action on the category CNLy from
[KW], which will be necessary for the patching argument in §4. This material is taken

directly from §2.4-2.6 of [KW], and we refer the reader there for proofs.

2.2.1

Let G be a formal O-group scheme represented by an object in CNLp. We will call G
a CNLe-group. Leting A(G) denote the CNLp-algebra representing G, we note that the
group structure on G is defined in the same way as the Hopf algebra structure on an affine
algebraic group except that our comultiplication takes values in the completed tensor product
A(G) = A(G)®0A(G).

Let X = SpfA(X) for A(X) a CNLp-algebra. We similarly define an action of G on X,
i.e. a CNLp-morphism v : A(X) — A(G)®0A(X) making G(A) x X(A) — X(A) a group
action functorial in A. An action is free if the map G x X — X x X given by (g, x) = (gz, )
on points is a closed immersion. This is equivalent to requiring that for any CNLp-algebra
A, G(A) acts freely on X (A).

Let Orb denote the functor that sends a CNLp-algebra A to the set of orbits of X (A)
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under G. Let A(X)y be the subalgebra of A(X) consisting of elements a such that vy(a) =
1 ® a, where v : A(X) — A(G)®pA(X) is the CNLp-morphism defining the group action.
The elements a € A(X ), are the functions on X that are constant on orbits, i.e. a(gx) = a(z)
for any CNLp-algebra A, x € X(A), g € G(A). The following proposition is (part of)
Proposition 2.5 of [KW].

Proposition 2.2.2. Let G be a CNLp-group acting freely on X as above. Assume that G
is smooth and the action of G on X 1is free. Then A(X)y is a CNLp-algebra and represents
Orb, and the map X — Orb is smooth. Letting Gom, = Orb x G, the map Gowp, Xom X — X
makes X a torsor over Orb for Goyw,. This torsor is trivial and there is an isomorphism of

X with Orb x G.

2.2.3

Let H be a finitely generated abelian group whose torsion is a power of p. We call the
diagonalizable CNL@-group associated to H, denoted H*, the CNLp-group defined by com-
pleting the diagonalizable group associated to H as in Exposé VIII of [G5] at the identity
element of the special fibre. Concretely, we have Z* = G/, the formal torus on CNLp,
and (Z/p"Z)* = p,r. All other H* are products of these two examples. Note that a surjec-
tion of abelian groups H — H’ induces a closed immersion (H')* — H*. The following is

proposition 2.6 of [KW].

Proposition 2.2.4. Let X be a representable functor on CNLp and let H be a finitely

generated group such that H* acts freely on X.

1. A quotient H*\ X exists in CNLop. The morphism X — H*\X makes X a torsor over
HA\X for (H*\X) x H*.

2. If H — H' is a surjective morphism of abelian groups, then (H')*\X has a natural free
action of H*/(H")* and H*\X is naturally isomorphic to the quotient of (H')*\ X by
the action of H*/(H')*
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2.2.5

Let m > 1 be an integer. Denote by CNLE;n ! the full subcategory of CNLy consisting of
objects A such that m’} = 0. For a CNLe-algebra A, we denote by A™ the CNL[g]—algebra
A/m7. Note that A + Al defines a functor from CNLy to CNL[(ZL I and we call Al
the truncation to level m. For A a CNLp-algebra, the restriction of SpfA to CNLE;”] is
isomorphic to SpfAM™. If X is a representable functor on CNLp, X = SpfA(X), we let
XMl = SpfA(X)I™ on CNL[(,T]7 and call XI™ the truncation to level m of X. If X = XI™,
then any CNLp-map X — Y factors through Y. A map X — Y is a closed immersion
if and only if X (m] _y yIml ig a closed immersion for each m. Note that if A; and A, are
CNLEZL] algebras, then A;®p A, may not be, and the restriction of SpfA; x SpfA, to CNLE;R]
is represented by (A;®0 Ay)M.

We define a group chunk of level m to be G = SpfA(G), where A(G) is a CNLE;n]—
algebra equiped with CNLEgﬂ—morphisms A(G) = (AQ)@oAG)M, A(G) — A(G), and
A(G) — O satisfying the usual diagrams defining a Hopf algebra. A group chunk defines
group functor on CNL[(S" !, Note that if we are given a CNLp-group G, GI"™ is a group chunk

of level m for all m > 1.

Let X = SpfA(X) with A(X) a CNLgn]—algebra, and let G’ be a group chunk of level
m. We define a group action chunk of level m, to be a morphism (G x X)™ — X defining
a functorial group action on CNLE;” I Note that the map (G x X)" — X x X given on
points by (g, z) — (gz, ) factors through (X x X)". We call the group chunk action free
if (G x X)M — (X x X)" is a closed immersion. Given a CNLp-action G x X — X,

(GIml x xmhyml 5 XIml §s a group action chunk of level m.
We record Proposition 2.7 of [KW].

Proposition 2.2.6. Let G be a CNLp group. Suppose for each m > 1, we have CNL[g’]—
objects A,, and CNLp-morphisms A, 1 — A, such that Ay = @Am is in CNLo (i.e. is

Noetherian). Assume that for each m, we have a group action chunk of G on SpfA,,.

1. Then there is a unique CNLp-group action G X Spf Ao — SpfA., such that for each m,
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the group action chunk of G on Spngg] 1s compatible with the group action chunk
of GI™ on A, via the closed immersion SpfA,, — Spngg].

2. If the group action chunks of GI"™ on SpfA,, are free, then so is the action of G on
SpfAs.

2.3 Some general deformation theory

We first introduce some notation and state some useful facts. Our references for this section

are [M2] and section 2 of [KW].

2.3.1
Let G be a profinite group and let
p: G — GL,(F)

be a continuous homomorphism. Denote by Vg the representation space of p. Given A €

Ob(CNLp), a lift of p to A is a continuous homomorphism
p:G— GL,(A)

such that
G L~ GL,(A)
l mod m4

GL,(F)

7

commutes. A deformation of Vi to A is a pair (Va, ¢4), where Vj is a free rank two A-module
with continuous G-action, and ¢ is an isomorphism V4 @4 F = V&. We will usually drop
¢4 from the notation. Note that a deformation is an equivalence class of lifts, two lifts begin
equivalent if they are conjugate by an element of ker(GL, (A) — GL,(F)). Note also that a
deformation V) of Vi to A together with a choice of basis for V) lifting our fixed basis of Vg

determines a lift of p. For this reason we will also call lifts framed deformations.
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We define set valued functors D and D" on CNLg by letting D(A), respectively DY(A),
denote the set of deformations of Vg to A, respectively the set of lifts of p to A. Note that
sending a lift to its equivalence class of deformations gives a natural morphism DY — D. We
say that G satisfies the p-finiteness condition if Hom(G’,Z/pZ) is finite for all finite index
subgroups G’ of G. When this holds D" is representable. We will give a proof of this fact
bellow in 2.3.3. If further Endgjg(Vr) = IF, then D is also representable. This can be checked
using Schlessinger’s critia, cf. [M2]. If R and R" denote the objects representing D and D",
respectively, then the natural morphism R — R is formally smooth of relative dimension
n* — 1, cf. §2.2 of [KW].

Let ¢ denote an O-valued character of G whose reduction is equal to det p. We define a
subfunctor D? of D by letting D?(A) be the subset of D(A) consisting of deformations V4 such
that det V4 = ¢. We define D¢ similarly. Let RY and p"™" denote the object representing
D" and its universal lift. If I is the ideal generated by the elements det(p" (o)) — ¢(0),
it is easy to see that RY/I represents D2¢. Similarly if D is representable, then so is D?.
We caution the reader that later when we specialize to G a galois group of a number field or
one of its completions, the notation D¥ and D-*¥ will denote the subfunctors corresponding
to deformations and lifts, respectively, with determinant 1¢,, with ¢, the p-adic cyclotomic

character, not those with determinant ).

2.3.2

We extend the functor D" to a larger category. Let Top,, be the category whose objects are
pairs (A, I), where A is a topological O-algebra and I is an ideal of A defining the topology
of A such that I contains the image of wg under the structure map O — A and such that A
is [-adically complete. The morphisms (A, I) — (A’,I') in Topy are O-algebra morphisms
¢ A — A’ such that p(I) C I'. Note that the map A — (A, m4) embeds CNLp as a full
subcategory of Top,,, and that for any (A, I) in Top,, the map O — A induces an injection
F— A/I
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Let G and p be as in 2.3.1, and assume that G satisfies the p-finiteness condition. We

define a functor D" on Top,, by letting D”(A, I') denote the set of continuous homomorphisms
p: G — GL,(A)

such that

G—L = GL,(A)
pl lmod[
GL,(F) — GL,(A/I)
commutes. Note that under the embedding A — (A, my) of CNLe into Top,, the restriction
of DY on Top,, to CNLe coincides with DY as defined in 2.3.1.

Proposition 2.3.3. There is a CNLp-algebra R° such that (R, mgn) represents D° on

Tope. In particular D is representable on CNLg.

Proof. Let G' = kerp, G'(p) it maximal pro-p quotient and H the kernel of the natural
surjection G' — G’(p). Note that H is normal in G as G’ is normal in G and H is a char-
acteristic subgroup of G’. Since G satisfies the p-finiteness condition, G'/H is topologically
finitely generated, and hence so is G/H. Fix a set of topological generators 7, ..., v, of
G/H. Let F denote the free group on the set {71,...,7x,} and let F”* denote its profinite

completion. We have a natural surjection F* — G/H and we denote by K its kernel.

For each 7, let [p(7x)] € GL,(O) be the matrix whose entries are the Teichmiiller lifts
of the entries of p(7;). Consider the power series ring O[[ay;]] where 1 < 4,5 < n and

1 < k <m. We define a continuous homomorphism
o: F" — GLn(O[[afjH)

by o) = [p(7k)] + (aj;). Let J denote the ideal of O[[af;]] generated by the elements of the
matrices o(r) — 1 for all r € K, and set RY = O[[a}}]]/J. Then the pushforward of ¢ along

Ol[af;]] — R defines a continuous homomorphism G/H — GL,(R"), and we let
P G = GL,(RY)
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be the continuous homomorphism given by precomposing with the surjection G — G/H.
Note that R is an object in CNLy. We will now show that (R”, myo) represents D on

Tope and that p™ is the universal lift.

Let (A, I) be an object in Top, and let
p: G — GL,(A)

be an element of DY(A, I). Since G — GL,(A) — GL,(A/I) has kernel G', and ["/I""!
is p-torsion for all n, the morphism p factors through G/H. The morphism p is equivalent
to giving matrices X € GL,(A) for each 1 < k < m, such that their reduction modulo
I is equal to p(7x), and such that the induced homomorphism F* — GL,(A) is trivial on
the subgroup K. By viewing p as a specialization of p, this is then equivalent to giving
an O-algebra morphism Of[af;]] — A whose kernel contains .J and such that the maximal
ideal of O[[a};]] is mapped to I, i.e to give an O-algebra morphism ¢ : R~ — A such that

univ

w(mpo) C I and we see that p is the pushforward of p"™™" under this map. O

This proposition has the following immediate consequence. If E'/E is a finite extension
with ring of integers O and residue field F/, then R” ® O’ represents the lifting functor D"
fOI' ﬁ ®F F, on CNLO/.

2.3.4

Let E'/E be finite with ring of intergers O and residue field F'. Assume we are given a

continuous homomorphism peor : G — GL,(O’) such that

G —L—GL,(0)

| ]

GL,(F) — GL,(F)

commutes. Let pg denote the induced morphism pg : G — GL,(E’). Let DpDE, denote the

functor on Arg that sends an object B of Arg to the set of continuous homomorphisms
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ps : G — GL,(B) such that

G 22~ GL,(B)
g l mod mpg
GL,(E")

commutes. The following Proposition will be useful in determining the generic fibre of the
local deformation ring in §?? and the argument is due to Kisin, cf. Proposition 9.5 of [K1].

O

g there is a unique O-algebra morphism

Proposition 2.3.5. For any B in Arg and pg € D

RY — B such that pg is the pushforward of p™ wia this morphism.

Proof. Choose a surjection E'[[z1, ..., x,]] = B and let Ay denote the image of O'[[x1, ..., z,]]
under this surjection. Note that since the representation pg takes values in GL,(O’), the
representation pp takes values in GL, (A9 + mp). Let n = Ay Nmpg. Since B is Artinian
we can define for any m > 1, A, = Ay + Zj’;l p~™n/. For each m > 1, A,, is a CNLe/-
algebra subring of B. Note that Ag +mp = Uy’5(An,. Since G is compact, a standard Baire
Category argument implies that pg takes values in A, for some m. By 2.3.3, there is a
unique CNLp-morphism R” — A,, such that G — GL,(A4,,) is the pushforward of p"™" via
R — A,,.

It remains to show uniqueness. Let ¢, ¢’ : RY — B be two such O-algebra morphisms.
Since the image of R” under either of these maps lies in Ay + mp = U,>04,, and RS is
compact, again by Baire Category its image via either ¢ or ¢’ must lie in some A,, for m

sufficiently large. By the universal property of R” on Top,,, we must have ¢ = ¢'. O

2.4 Local deformation rings at p

Throughout this section, F, will denote a finite extension of Q,. We fix an algebraic closure
F, of F, and let G, = Gal(F,/F,). We assume that E contains all embedding of F, into an

algebraic closure of F.

For a given a ring A, we call an A-submodule L C A? a line if both L and A?/L are

projective of rank one.
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2.4.1

We fix a continuous homomorphism
p: Gv — GLQ(]F)

and a continuous character ¢ : G,, — O such that detp = 1¢,. Let Vi denote the represen-
tation space of p. We will assume throughout this section that there is some line Ly in Vg
that is stable by the action of G,. Let Ly be one such line and let y denote the character of
G, giving the action on V/Ly. Note that the choice of ¥ is unique unless Vf is the direct sum

of two distinct characters. In this case we simply make a choice of one of these characters.

We let DY and DY denote the functor of lifts of p and the subfunctor consisting of lifts
with determinant e,, repsectively. We denote the corresponding representing objects by

RY and REY| respectively.

Let G2 denote the abelianization of G, and G®(p) the maximal pro-p quotient of the
abelianization. Set A(G,) = O[[Gi°(p)]]. Note that G2°(p) is isomorphic to fi,s x Z&H,
where d = [F, : Q] and p,- is the group of p-power roots of unity in F,,. Hence A(G,) has p°
minimal primes, corresponding to the p® distinct O-valued characters of p,: (recall we have
assumed E contains all embeddings of F, into E), and its quotient by any of these minimal

primes is isomorphic to a power series over O in d + 1 variables.

Let x denote the Teichmiiller lift of . If A is a CNLp-algebra and x : G, — A* is a
continuous character, then writing y = yx’ with x’ factoring through the natural projection
G, — G™(p), we see that A(G,) represents the set valued functor that assigns to each
CNLp-algebra A the set of continuous characters {x4 : G, — A*} that lift Y. We let

™Y G, — A(G,) denote the universal A(G,)-valued character.

We will need to consider quotients of A(G,) by its minimal primes in order to ensure
that our local lifting ring is a domain. Recall p,s is identified with the the p-power torsion
subgroup of G2, Fix a character 1 : y1,s — O, and let g, denote the corresponding minimal
prime of A(G,), and set A(Gy,n) = A(Gy)/q,. We let X" denote the character obtained

by composing x"™" with the natural surjection A(G,) — A(G,,n). Then A(G,,n) represents
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the functor that assigns to each CNLp-algebra A the set of characters {x : G, — A*} that
lift ¥ and whose restriction to the p-power torsion subgroup of G2 is equal to 7.

Set Rf{éum) = RIY®oA(G,,n), and consider P}, ®¢ R?igm)' If A is an O-algebra, then
an A-point of this scheme is a triple («, 3, L) where o : RS — A and 3 : A(G,,n) — A are

O-algebra morphisms, and L is a line in A%, By pushing forward the universal R valued

univ

lift via o we get a homomorphism p4 : G, = GL2(A), and by pushing forward x;,

we get
a character y4 : G, — A*. We define a functor DL>¥" on the category of O-algebras by
letting DL (A) be the subset of such triples (o, 8, L) such that p4 leaves L invariant and

G, acts on A%/L via x4.

Lemma 2.4.2. DL is represented by a closed subscheme £ of Py, ®o Ri&gv -

Proof. For ease of notation, set R = R/D\Fé,v .y Let ¢ denote the tautological morphism

6 O% — O (1),

and let £ denote its kernel. Let U = Spec A be an open affine subset of P} such that
Op1 (1)(U) is free of rank one over A. Fix a generator e of Opy (1)(U). Let

Z(U) = {r € A : there is some ¢ € G, and ¥ € A? with ¢(pa(c)x — xa(0)x) = re}.

Then Z(U) is an ideal in A and does not depend on the choice of e. It is easy to see that 7
defines a sheaf of ideals of P}, and that DL™¥ coincides with the functor of points of the
closed subscheme of P}, defined by Z. O

2.4.3
We now let Rf(’gv - denote the image of the homomorphism
Dy
Rye. . — 02(2),

ie. Rf(’gw) is the affine algebra of the scheme theoretic image of . in Spec Rf{éw).
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Proposition 2.4.4. Let E'/E be a finite extension with ring of integers O'. Let p : G, —
GLoy(O') be a lift of p with determinant ve,, and let x : G, — (O')* be a character whose
restriction to the p-power torsion subgroup of G is equal to 1. The point of Rf{évm) deter-
mined by the pair (p,x) factors through Rf(’gvm) if and only if there is a G,-stable line in

(O")? such that G, acts on the quotient via x.

Proof. Let f denote the morphism . — Spec Rf{év .y The point determined by (p, x)
satisfies the conclusion if and only if it is in the image of Z[1/p]. Since f is proper, so is
f[1/p], and so the topological image of f[1/p] is equal to scheme theoretic image of f[1/p],

which is Spec Rf(’gm)[l/p]. O

(

In order to determine the structure of Rf(’GU .

) more precisely, we will relate it to £ via

the following lemma.

Lemma 2.4.5. Let Z denote the closed subscheme of AN(Gy,n) defined by (xi™V)* = vep,

and let V denote its complement. The map
A’d)
g ><SpecA(G’v,n) V — SpeC RA(GU,U) ><Spec A(Guv,n) V

s an isomorphism.

Proof. Since scheme theoretic image commutes with flat base change,
L x V —s Spec RYY % Vv
Spec A(Gv,n) pec A(Guv,n) Spec A(Gov,m)

has injective structural morphism, and so to prove it is an isomorphism it suffices to show
it is a closed immersion. To show this it suffices to show that if A is a local ring and
(pa, Xa,La) € (L Xspeca(Gom V)(A) is an A-point, the line L, is unique and that it is
defined over B, where B is the image of Rffévm) in A under the morphism determined by
(pa, xa). Indeed, this implies that the fibres are all singletons and that the corresponding

maps on local rings are surjective.

Let (pa,xa,La) € (£ Xspeca(con) V)(A), with A a local ring. Take o € G, such that

x4(0) # Yey(0) mod my. Consider the matrix M = pa(o) — e, x4 (o). Since G, acts on
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L, via weple we see that det M = 0. But, by our assumption on o, its reduction modulo
the maximal ideal of A has rank 1, hence one of the entries of the matrix M is a unit. This
implies that the line L4 is unique and its projective coordinates can be defined using the

elements of M. This proves the claim. O]

2.4.6

Let By denote the Borel subgroup of upper triangular matrices in GLy. Fix a continuous
homomorphism 3 : G, — By(F) with det o = ¢, and such that

Q:

X

with ¥ our fixed character. Define a functor DEBOW on CNLo by letting letting D" (A)
be the set of continuous morphisms g4 : G, — By(A) that reduce to ¢ modulo m,, have

determinant e, and such that, writing

X1 ok
oA = )
X2

X2 coincides with 7 on the p-power torsion subgroup of G2P.

Lemma 2.4.7. DEBOW is representable by a CNLp-algebra REBOT’w.

Moreover if we assume that F, contains a 4-th root of unity if p = 2, and that the image
of o is either trivial or has order p, then Rgor’q’b has dimension 3+ 2[F, : Q,] and both REBOY’w
and Rgor’d’ ®e F are domains.

Proof. The proof of representability in the general case is proved exactly as with RY in 2.3.3.

We leave the details to the reader and henceforth assume that if p = 2 then F, contains a

4-th root of unity and that the image of p is either trivial or has order p.

For any o € G, we let [o(0)] € GL2(O) denote the matrix whose entries are the Te-
ichmiiller lifts of the entries of g(c). Let G,(p) be the maximal pro-p quotient of G,. Our

assumption on the image of ¢ implies that for any o4 € DﬁBor’w(A), 04 factors through G, (p).
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If F, does not contain a p-th root of unity, then G,(p) is a free pro-p group of rank
m =1+ [F, : Q, cf. Theorem 7.5.8 of [NSW], and the p-part of the torsion subgroup of
G2 (and hence 7) is trivial. Fix a set of generators 71, ..., ¥, on which G,(p) is free, and
define a lift
0" Gy — By(O[lay, . .., am, b1, ..., byl])

by
univ — ¢€p(71)(1 + ai) bz
" (i) = [e(vi)]
(1 + ai)*l
Any lift o4 € DEBOW (A) is a specialization of ™" via a unique CNLp-morphism Ol[a1, . . ., @, by, . . .

A, and we have R = Ol[ay, ..., am, b1, - .., by]]. It has dimension 3+2[F, : Q] and both

it and its reduction modulo the maximal ideal of @ are domains.

If F, contains a p-th root of unity then, as we are assuming it contains a 4-th root in the
case p = 2, a theorem of Demuskin, cf. Theorem 7.5.9 of [NSW]|, shows that G,(p) can be
presented as the free pro-p group on generators v, ..., Ym, with m = 2+ [F, : Q,], modulo

the single relation
k= Wf(vla ’72)(737 74) T (/Ym—la ’Ym)y

where s is the largest integer such that pu,« C F, and (v, %it1) = 7; ly;rllvwiﬂ. We note
that the image of 71,...,7n, in G2(p) are generators and are subject to the single relation
4P" = 1. This shows that -, is a generator of the torsion subgroup of G2(p). Let F" be
the free group pro-p group on the set {71,...,vm}. Set B = Ol[ag, ..., am, b1, ...,by]] and
define

opn : F* — By(B)

by
¢€p77_ ! (71 ) by

n(7)

orn(m) = [a(n)]

and

€ i a; bl
oer () = (g [ PP T |
(14+a;)"!
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for 2 < ¢ < m. Note that
1 r
1
with 7 in the maximal ideal of B. Then for any o4 € Dlgor’w(A), 04 is the pushforward
of a unique CNLp-morphism B — A that contains r in its kernel. From this it follows

that RQBOW >~ B/rB and the universal lift ¢"™" is the pushforward of gpr via the natural
surjection.

Using 2.1.9, to show that Rj°"¥ = B/(r) is a domain of dimension 3 + 2[F, : Q,] and
that ng%or,w ®o F is a domain, it suffice to show that B/(r,wg,as,...,am_2,b1,...,bpm_2)
is a domain of dimension 3, where wg is a uniformizer for O. Let ry denote the image of
rin B/(wg,as,...,0m-2,01,...,bm_2) = Fllam_1,am,bm_1,by]]. We are thus reduced to

showing that rq is irreducible in F[[a,, 1, Gm, bim_1, bin]]-
Let go denote the pushforward of opr to F[[am—1, @m,bm—1,bm]]. Then rq is given by

1’/“0

00(Ym—1)""00(m) " 00 (Ym—100(Ym) = 1

Our assumption on the image of g implies that at most one of 9(7,,—1) and 9(7,,) is non-
trivial and that if it is non-trivial, then it is unipotent. Note also that our assumptions imply

e, is trivial mod wp. Define 3;, for i = m — 1, m, by

1+a Bi _ 1+a bi
oo(i) = =2(m)
(1—1—&1-)_1 (1—{—&1')_1

A straightforward computation shows that
ro = (14 am-1) "' (1 + am) (Bl + ame1 — (1 + am-1) ™) = Bt (L4t — (1 +am) 7)),
and it suffices to show that

= Bl 4+ am1 — (14 am1)™") = Bn1(1+ am — (1 +ay,) ™" (2.1)

is irreducible. To do this we use the following easy but useful fact we leaned from [K], pg.
164: if K isafield and f € K|[[x,...,x,]] is reducible, then for any grading det(x;) = n; > 0,

the lowest degree term of f is reducible in Kz1,...,z,].
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First consider the case that 9(v,,—1) is nontrivial, and write

_ 1 «
Q(f)/mfl) - )
1

with a € F nonzero, so that 8,1 = a(l + a,_1)"! + b,,_1. Note then 3,, = b, since the
image of ¢ has order p. If p # 2, we use the grading det(a;) = det(b;) = 1, and (2.1) becomes

2aa,, + higher order terms

and 2aa,, 1 is irreducible in Fla,, 1, am, b1, by]. If p = 2, we use the grading deg(a,,_1) =

deg(b,,—1) = 1 and deg(a,,) = deg(b,,) = 2. Then (2.1) becomes
—aa?, + by,a?, | + higher order terms
and —aa?, | + b,,_1a?, is irreducible in Fla,, 1, am, bm_1,bm]. The case when 9(7,,) is non-

trivial is symmetric.

Now assume 9(7m—1) = 2(7m) = 1. We use the standard grading deg(a;) = deg(b;) = 1,
and (2.1) becomes

20, 1by — 2a,,b,, -1 + higher order terms

if p # 2, and

—a2, by + a2 by + higher order terms

if p = 2. In either case the leading term is irreducible in F[a,,—1, Gm, bim—1, bim)- O

Writing the universal lift o™V : G, — BQ(REBOW) as

Bor
*
univ — Xl
Bor
X2

The character x5 gives a CNLp-morphism A(G,,n) — REBOW.
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2.4.8

Let x be a closed point of .. Then x is simply a choice of p-stable line L, in the represen-

tation space of p such that G, acts via ¥ on Vy/L,.

Consider the set valued functor DEE”/’ on CNLg that sends a CNLp-algebra A the set of
pairs (pa, La), where p, is a lift of p to GLy(A) with determinant te,, and L4 is a G,-stable
line in A? lifting L, such that the action of the p-part of the torsion subgroup of G# on
A%/ L, is given by 7. Let 0%, denote the completion of the local ring of £ at x. Note that
the natural map

Spec 0%, — £

yields a lift : p) : G, — GLg(O% ) of p and a G,-stable line L} lifting L,. The following

lemma is immediate.

Lemma 2.4.9. O, represents DLV with universal object (p, L)).

For any ring A, we will denote by L4 the A-line in A2 fixed by the upper-triangular
matrices. Let z = (p,X, L) be a closed point of .Z. Take g € GLy(O) such that gL, = L.
Note that gpg~! is upper triangular, and so we have the functor D;%f’ff on CNLp as in 2.4.6,

which is represented by Rf;’;’;ﬁl as in 2.4.7.
Lemma 2.4.10. There is an isomorphism O , = RQBT(’;fﬁ[[Z]] of A(G,n)-algebras.

RBOI‘JJ)

s and let p denote its universal lift. Define a lift

Proof. For ease of notation set R =

PRz - Go — R[[2]] by

(1 1
PR (0) =g o(o) g
z 1 —z 1
1
and we let Lgy,y denote the pgyp-stable line g~ L5t Note that (PR Lrip)
z 1

determines a local A(G,,7)-algebra morphism O% , — R[[z]]. Given any CNLp-algebra A
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and (pa, La) € DLIY(A), there is a unique ¢ € m such that

1
La=g" L3
c 1

We then have a unique local O-algebra morphism R[[z]] — A, which is also a morphism of
A(G,, n)-algebras, such that (pg.)), L)) specializes to (pa, L4). This shows that O%, , —
R][z]] is an isomorphism of A(G,,n)-algebras. O

Proposition 2.4.11. Assume that if p = 2, then F,, contains a 4th root of unity. Assume

also the image of p is either trivial or has order p.

1. Rf(’gw) is an O-flat domain of dimension 4 + 2[F, : Q,)].

2. Let Z denote the closed subscheme of Spec A(G,,,n) defined by (x"™V)? = e, and let

n

V' denote its complement. The scheme
A
(Spec Ry, ) Xspeea(@om V) @0 F

15 integral.

Proof. Note that the special fibre of .Z over Rf(’gw) is isomorphic to P} if p is triival and is
a point otherwise, and so .Z is connected. By 2.4.10 and 2.4.7, the completed local ring of
Z at any closed point is a domain of dimension 4 + 2[F, : Q,] and its reduction modulo the
maximal ideal of O is also a domain. We conclude that both .Z and .Z ®¢ F are integral.
This implies that R/%(gmn) is a domain as well as part (2) of the proposition by 2.4.5. It is not
hard to see that Spec R/%(gmn) XSpec A(Gom) V' and 2 Xgpeca(c,,m V' are each of codimension

1, and so dim Rf(’gv p = dimZ =442[F, : Q).

2.4.12

Fix a finite extensin £’/FE with ring of integers " and a continuous homomorphism ¢ : G, —

By (E') with det 0 = 1pe,. We do not assume that ¢ is a lift of p. Define a functor DY°"* on
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Arp by letting letting DP°"¥'(A) be the set of continuous morphisms g4 : G, — Ba(A) that

reduce to ¢ modulo m, and have determinant e,.

Lemma 2.4.13. The functor DI;or,'L/) is pro-represented by a complete Noetherian E'-algebra

X€p

RYomv. If o # for some character x with x* = 1, then RV is formally

X
smooth over E' of dimension 2+ 2[F), : Q).

Proof. We prove representability in the same way as 2.3.3 and 2.4.7. There is a finite index
subgroup G’ of G, such that o(G’) is pro-p. Let G’(p) be the maximal pro-p quotient of G’
and let H be the kernel of the natural surjection G' — G'(p). We have that H is normal in
G, that G,/H is topologically finitely generated, and that for any o4 € DQBOW, Ain Arg,
04 factors through G,/H. Fix a set of topological generators 71, ...,7, for G,/H. Let F’
be the free group on {v1,..., v} and let F denote its profinite completion. Let K denote

the kernel of the natural surjection F* — G,/H. Define a continuous homomorphism

OF~A : F/\ — BQ(E,[[(II, R ,am,bl, .. ;bm]])

1+ a; bz
(1 + Cli>_1
Now let J denote the ideal of E'[[ay,. .., am, b1, .., by]] generated by the entries of the of the

orn (i) = o(vi)

matrices opn (k) — 1 for k € K. Set RV = E'[[ay, ..., Gm, by, ..., bn]]/J. The pushforward
of or~ along the surjection E'[[ay, . .., am, by, ..., by]] = RY°"Y gives a continuous morphism

Gy/H — By(RE), and we let
Quniv Gy — BQ(RQBOY,w)

denote the composite of this morphism with the natural surjection G,, — G,/H. It is easy

to see that R}°"% pro-represents Dy°"¥ with universal object o"".

Let E'[e] = E'[[z]]/(z*). Let b denote the subspace of upper triangular matrices in
Mayo(E") with G,-action given by 0 X = po(0)Xo(o)™!, and let b° denote its trace zero
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subspace. The tangent space of R} is given by Dy (E'[¢]). Given ggi € Dy (E'[¢]),
write op(0) as

eefe)(0) = (1 +ec(a))e(o),
for each 0 € G, with ¢(o) € b. It is easily checked that o) is a homomorphism with
det o = e, = det o if and only if ¢ € Z'(G,, b°), the space of 1-cocycles of G, with coeffi-
cients in b°. This determines an isomorphism of E’-vector spaces D"V (E'[e]) = Z'(G,, b°).

Now

dim Z*(G,, 6°) = dim H'(G,,, b°) — dim H°(G,, b") + 2

=2[F, : Q)] + 2+ H*G,, "),

by Euler-Poincaré characteristic.

Now fix a minimal presentation
0—J—A— R} —0

with A a powerseries over E’ in dim Z'(G,, b°) variables. As in §1.6 of [M2], we will show
that

dim J/m,J < dim H*(G,, b°).
Let A, = A/m’}, R, = ngor’w/ngow, and J,, = ker(A,, — R,,). Then for n sufficiently large
the natural map J/muJ — J,,/my, J, is an isomorphism of E’ vector spaces, and it suffices

to show

dim J,, /my, J, < dim H?*(G,, b%).

Choose a continuous set theoretic lifting
@ : Gv — BQ(An)

such that det (o) = 1e,(o) for all o € G, and such that its pushforward to R, is 0™ mod

szor,w- To see that this is possible, note that we can take a continuous E’-vector space
(%

section s : R, — A, of the quotient A, — R,,. This determines a continuous set-theoretic
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section By(R,) — Ba(A,), and we let ¢’ be the composite of the map G, — Ba(R,,) with

-1

this section. Since the map o — 1e,(0) det ¢'(0)~" is continuous on G,, so is the function

0: G, — By(A,) defined by

e,(0) det ¢ (o)t
o1 — oy [ PP 70)

Define the continuous function
c:Gyx Gy — 6" @p J,/ma, J,

by c(o1,09) = 0(0109) 1 0(09) 1 0(o1)"!. Tt can be checked that ¢ is a 2-cocyle of G, with
values in b°® g J, /m 4, J, and that is image [c] in H*(G,, 0°®p J,/ma, J,) = H*(G,, 8°) @5

Jn/ma, J, does not depend on the choice of 9. We get a natural map
(Jo/ma, )" — H?*(G,,b°)

by A = (1®A)([¢]). We will show that this map is injective. Take non-zero A € (J,,/ma,J,)*
such that (1 ® A\)([¢]) = 0. Let A!, denote the quotient of A, by the kernel of A. Then we
have an exact sequence

0—FE —A —R,—0 (2.2)

and the obstruction class [c] vanishes for this extension. This implies that there is a contin-
uous homomorphism

oa, : Gy, — Ba(A})

with determinant ¢, and whose pushforward to R, is 0™ modulo m’};Bow. Then there is
o

a local E'-algebra morphism RJ*"" — A inducing ga;,. Since m%, = 0, this map factors

through R, and induces a section of (2.2). But this contradicts the fact that A, — R,

induces an isomorphism on tangent spaces.

We deduce that there is a presentation

REOYW = El[[l’l’ e 7939“/(101’ R fr)
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where g = 2 + 2[F, : Q,] + dim H*(G,,b%) and r < H?*(G,, ). In particular, we conclude
that dim RE*™¥ > 2 4 2[F, : Q,]. Let u be subspace of Ad’ consisting of upper trian-
gular unipotent matrices. Note that u is G, stable and the trace pairing on Ad" induces

~

a G,-equivariant isomorphism (b°)* = Ad’/u. Local Tate duality gives an isomorphism

H?*(G,, 0% = H(G,, (Ad’/u)(1)). It is easily checked that this latter space is non-zero if

and only if
€pX
Q et
X
for some character y, in which case it has dimension 1. O]
2.4.14

Let .Z be as in 2.4.2. Take a closed point x € Z[1/p| with residue field E’. Note that since

£ is finite type over Rf&lév ;) part (2) of 2.1.2 implies that E'/E is finite. Let p, and x,

univ

1
G,-stable line in (E£’)? such that G, acts on (E')?/L, via x,.

univ

denote the pushforward of p and ™™V, repsectively, to £’ and let L, denote the fixed

Consider the set valued functor DLE’w on Arg that sends an Arg-algebra A the set of
pairs (pa, La), where py is a lift of p, to GL2(A) with determinant e, and Ly is a G,-stable
line in A? lifting L,. Let O% . denote the completion of the local ring of .2 at x. Note that
the natural map

Spec 0%y, — &£

yields a lift : o : G, — GLp(O ) of p, and a G-stable line L} lifting L,.

Lemma 2.4.15. O, , pro-represents DLV with universal object (p, L1).

Proof. Let B be an Arg-algebra and let (pp, Lg) € DLIY(B). Denote by x5 the character
giving the G,-action on B%/Lg. By 2.3.5 there are unique continuous O-algebra morphisms
RJ — B and A(G,) — B such that pg is the pushforward of p"™" and xp is the pushforward
of X"V, Since the pp has determinant ¢, and the restriction of xp to the torsion subgroup

of G is equal to 1, we get a unique continuous O-algebra morphism Rgfév n B which
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gives rise to pp and yp. Since the line Lp is stable under pp, we obtain a unique morphism
y : Spec B — £ such that the image of the closed point of Spec B is x. As B is Artinian, y
factors through Spec 0%, , — £ O

Let © = (ps, Xz, L) be a closed point of Z[1/p] and denote by E’ its residue field. Take
g € GLy(E’) such that gL, = L5%!. Note that gp,g~! is upper triangular, and so we have

the functor D];;;;ﬁl on Arg as in 2.4.12, which is represented by RngOi;/il as in 2.4.13.

. . . ~ pBor,
Lemma 2.4.16. There is an isomorphism O, , = Rgngdil[[z]].

Proof. For ease of notation set R = R];;j;fl and let o denote its universal lift. Define a lift
Pr(iz) : Go — R[[2]] by
1 1
PR()(0) =g o(o) g
z 1 —z 1

1
and we let LR[[z]] denote the pR[[z”—stable line g_l L%d. Note that (pR[[Z]], LR[[z]])

z 1

determines a local E’-algebra morphism 0%, , — R[[z]]. Now given any Arp-algebra A and

(pa, La) € DLIY(A), there is a unique ¢ € my such that

1
La=g" L.
c 1

We then have a unique local E’-algebra morphism R][[z]] — A, such that the specialization

of (pri))s Lr(zy)) 18 (pa, La). This shows that O% , — R[[2]] is an isomorphism. O

Proposition 2.4.17. Let x = (p,, xz) be a closed point of Spec Rf(’gv 77)[1/]9]. If X2 # ), e,

then the local ring of Rf(’gv g 0t T s formally smooth over E.

Proof. Let E’ denote the residue field of z. Since x2 # t¢,, 2.4.5 implies there is a unique
E’ point of £, which we denote again by z, and an isomorphism (Rf(’gv e = 0%, The

result then follows from 2.4.13 and 2.4.16. OJ
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2.5 Local deformation rings away from p

Let F, be a characteristic zero local field. Fix an algebraic closure F, of F, and let G, =

Gal(F,/F,). We fix a continuous homomorphism
p: GU — GLQ(]F)

and a continuous character v : G, — O such that detp = Q/J_ep. We let Vg denote the
representation space of p. We let D} and DL denote the functor of lifts of 5 and the sub-
functor consisting of lifts with determinant ¢, repsectively. We denote the corresponding

representing objects by RY and R respectively.

2.5.1

Assume that F), is a non-archimedian field of residual characteristic [ # p. Let ¢ denote the

cardinality of the residue field of L. Let p"™" denote the universal lift to RY.

Proposition 2.5.2. Let ﬁf’w denote the quotient of R by its p-torsion.

1. }_33’7’& 1s O-flat and equidimensional of relative dimension 3.

2. The set of unramified lifts of p, form an irreducible component of Specﬁ?’¢, which 1s
formally smooth over O. We denote the quotient by the corresponding minimal prime

by RE-ur,

3. If E'/E s finite and x : Ef’w — F is a continuous O-algebra moprhism such that

ker(z) is contained in more than one irreducible component, then letting p, denote the

corresponding lift, p, = vyy€, ® 7, for some character v, of G,.

Proof. By definition ES’¢ is p-torsion free, hence is O-flat. The dimension of Ffw[l /p] is
shown to be 3 in Proposition 2.5.4 of [K3|. Proposition 2.5.3 of [K3| shows that there is a
quotient R — ROV such that a lift factors through RS if and only if it is unramified,

and that R} is formally smooth over O of relative dimension 3. The quotient R —
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REWr pecessarily factors through Tif’w. Part (3) follows from the proof of Proposition 2.5.4
of [K3]. More specifically, in the proof of Proposition 2.5.4 of [K3] it is shown that the
completed local ring at x is smooth unless H*(G,, Ad°(p,)) # 0, where Ad°(p,) denotes
the trace zero subspace of the adjoint representation of p,, and it is easily checked that if

H?(G,, Ad%(p,)) # 0, then p, = 7,¢, ® 7, for some character 7, of G,. O

We now turn our attention to semistable lifts. We will need the following lemma, which

is a variant of a result of Snowden [S].

Lemma 2.5.3. Assume p is the trivial representation and that ¢ =1 (mod p). Let J be the

ideal in RY generated by the equations
tr puniV(O.) = Ep(O') + 17 det puniV(a.) = 617(0-)’
for all 0 € G,, as well as the entries of the matrix equations

(P (o) = 1)(p"™(7) = 1) = (&(0) = 1)(p,™ (7) — 1)

for allo,7 € G,. Then (RY/J,) ®0F is a normal Cohen-Macaualy domain of dimension 3.

Proof. Set R = (R /J) ®0 I, and let pr be the pushforward of p"™" to R. Since we have

assumed ¢ = 1 (mod p), modulo the maximal ideal of O the equations defining J become
trpr(oc) =2 and detpgr(o) =1

for all ¢ € G, and
(pr(0) = 1)(pr(1) —1) =0
for all 0,7 € GG,. From this it follows that R represents the functor on CNLy that sends a
CNLg-algebra A to the set of families of matrices {1+ X, € 1 + myMay2(A) : 0 € G, } such
that
tr(l+X,) =2, det(1+X,) =1, X, X, =0
for all 0,7 € G,,. For any such family, the elements 1 + X, commute and have order p (or

0), hence the map G, — 1+ X, factors through the maximal abelian quotient of exponent
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p. This group is isomorphic to ]FIQ,. Hence R represents the functor on CNLy that assigns to

each CNLp-algebra A, matrices X,Y € myMayo(A) such that

tr(l+X)=tr(1+Y)=2, det(1+X)=det(1+Y)=1, X>?=Y*=XY =YX =0.

Define a functor F' on the category of F-algebas that assigns, to an F-algebra A, the set
of pairs (X,Y) € Mayo(A) satisfying

trX =trY =0, detX =detY =0, X’ =Y?*=XY =YX=0

Theorem 3.3.1 of [S] shows that F' is represented by a finite type F-algebra domain Rp of
dimension 3, which is normal and Cohen-Macaulay (there is a running assumption that p > 2
in [S] but the proof of Theorem 3.3.1 still holds when p = 2). Let 2 denote the closed point
(0,0) € F(F), and let (Rr)2 denote the localization and completion of Rp at z. Part (vii)
of Scholie 7.8.3 of [G3] implies that (Rg)2 is a normal domain and Theorem 17.5 of [M1]
implies that it is Cohen-Macaulay. The lemma now follows from the isomorphism of functors
on CNLp
SpfR — Spf(Rp),

given by (1+X,14+Y)— (X,Y). O

Proposition 2.5.4. Let v : G, — O* be a finitely ramified continuous character such that
v? = 4 (enlarging O if necessary), and such that v(I,) is prime to p. Assume p, is an
extension of 7 by Ve, .

There is an O-flat reduced quotient RE™t of ROV such that if E'/E is a finite extenstion,
a continuous O-algebra morphism x : RSV — E’, factors through RS if and only if
the corresponding lift p, is an extension of v by ve,. Morever RS is a Cohen-Macaulay

domain of dimension 4, RZ7-5Y1/p| is formally smooth over E, and RP7'®oF is a domain.

Proof. Except for the claim about Cohen-Macaulayness and the reduction mod p, this is
proved in Corollary 2.6.7 of [K2| for p > 2 and « unramified, and in Theorem 3.1 of [KW]

in the remaining cases.
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If there is a unique line in V on which G, acs via 7€,, then the proof of Theorem 3.1
in [KW] shows that RSt is formally smooth over O, and so we we may assume that &, is
trivial, i.e. ¢ = 1 (mod p), and that G, acts on Vg via the character 7. Twisting lifts by
~v~1 yields an isomorphism of lifting functors DﬁD = Dﬁméﬁ_l, and hence an isomorphism of
their universal lifting rings. Part (3) of 2.1.2 then shows that this isomorphism of universal

lifting rings yields an isomorphism RJSt & ROt and so we may assume v = 1 and p is
the trivial homomorphism.

Let J be as in 2.5.3. Let X denote the set of points x : RY — ', where O’ is the ring
of integers in some finite extension E’/FE, such that the induced lift p, is conjugate to an
extension of ¢, by 1, and set Jx = Nyex ker(x). By part (3) of 2.1.2, then the surjection
RY — RJ7S* has kernel Jx. Since the equations defining J hold for any z € X, this
surjection factors through RY/J. Let q denote the kernel of RY/J — R, Note that q
is prime and wg ¢ q. Since RIS is O-flat of relative dimension 3 and (RY/J) ®o F is a

domain of dimension 3 by 2.5.3, the surjection
(R}/J) @0 F — R} @0 F

is an isomorphism. Then 2.5.3 implies Rt @, F is Cohen-Macaualy and a domain. The

Cohen-Macaulayness of RS* now follows from corollary to Theorem 23.3 of [M1]. O
2.5.5
Now assume that F, =2 R and assume 7 is odd, i.e. det p(c) = —1 for ¢ complex conjugation.

Proposition 2.5.6. There is an O-flat reduced quotient RE'—1 of RY such that if E'/E is
finite, a continuous O-morphism x : RS — E' factors through RD~ if and only if p, is odd.
RE=1 s a complete intersection domain of dimension 3, R=1[1/p] is formally smooth over

E, and R @0 F is a domain.

Proof. Proposition 3.3 of [KW] or Proposition 2.5.6 of [K3] shows that R~ is smooth over
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O if p is non-trivial and that if p is trivial then
RS = Olla,y, 2]/ (2* + 2y + y2)

which is a complete intersection domain of dimension 3. Lastly 2% + yz is irreducible in

F[[x,y, 2]], so R~ @ F is a domain. O

2.6 Global deformations

Let F' be a totally real field and let S denote a finite set of places of F' containing all the
infinite places as well as all the places above p. Denote by Fg the maximal Galois extension
of F' unramified outside of S and let Gpg = Gal(Fs/F). Fix an absolutely irreducible
continuous representation

p: GF,S — GLQ(]F)

We fix a continuous character ¢ : G g — O* such that e, = det p. For each v € S, let F,
denote the completion of F' at v, and let G, = Gal(F,/F,) for some fixed algebraic closure

F, of F,. Let Q be some (possibly empty) set of places of F' disjoint from S.

Throughout this section, all completed tensor products are taken over O unless noted

otherwise.

Let Rpsug, resp. R%SUQ, denote the universal deformation ring, resp. universal defor-
mation ring with determinant v¢,, of the Gy sug-representation p, and for each v € 5, let
R denote the universal framed deformation ring for lifts of p|¢, with determinant ve,|q, .
Consider the set valued functor on CNLy that sends an object A to (Va, {By}ves), where Vy
is a G sug-deformation of p to A such that the determinant of Vy|¢, is equal to ve,|q, for
allv € S, and 3, is a lift of 3 for each v € S. This functor is representable and we denote the
representing object by R% sug- The subfunctor consisting of the tuples (Va, {83, }ves) such
that det V4 = )¢, is also representable and we denote the representing object by R%’?UQ.
The forgetful functor (Va,{S,}ves) — Va gives a canonical maps Rpsug — R%SUQ and

R? sug RE{?UQ, and in the latter case it is formally smooth of relative dimension 4|S| — 1,
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cf. Proposition 4.1 of [KW]. Note that R}? sug is a quotient of Rrg and there is a canonical
isomorphism R?:EZ)UQ = R? suQ ©Rrsvo BESUG:

The identity map Rpg,, — Rpgug gives a universal object (V"™ {1 },cg). For
each v € S, (V"V|g,, BuV) determines a lift of p|g, with determinant ve,|q,, so we have
a canonical morphism R} — Rp g . Letting RE“” denote the completed tensor product

Rpes BRI, we see that R% sug 1s canonically a Rg’w algebra. This also give an Rg’w-algebra

structure to RE”?UQ.

2.6.1

Let Ad denote the space Myyo(F) with the adjoint Gy g-action, and let Ad® denote its trace
zero subspace. In what follows we will use the following notation. Given a topological group
G such that Homgs(G,F) is finite, and a a finite F[G]-module M, we denote by M* the
F-linear dual of M with the induced G-action. For any i > 0, we denote by h'(Gggs, M) the
F-dimension of the cohomology group H' (G, M). If G = Gr s, and W is a finite set of places

of F, we let Hi;,(Grgs, M) denote the kernel of the restriction map

H'(Gps, M) — [[ H(G., M)

veW

and let hiy, (Grgs, M) denote its F-dimension.
Lemma 2.6.2. There is a presentation
RE{? = Rg’w[[xla s 7xg]]/(f1> S fT)

with
g—1> S| —1—h(Grs, (Ad")(1)).

Proof. Let

¢ : ng,w/((ngvw)Qwa) — ngjg/((mRE:g)Qy wp)
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denote the map on reduced cotangent spaces induced from Rg’w — RE}’? By Proposition

4.1.4 of [K4], we have a presentation

R}Difé} = R%w[[xl? s 7xg]]/<f17 sy f?")

where g — r > dimy coker(¢) — dimy ker(¢) — h%(G s, Ad°). One can show, cf. proof of
Lemma 4.1.5 of [K4],

dim]p mRE“:g)/((mR%g)Q’WE> = 4|S| + hl(Gpvs,AdO) — hO(GF%g,AdO) —1

and

dimg m o0 /(M400)%, wp) = 4]5] + > WGy, Ad%) = 1(G, Ad®) — 1),
veS

And so,

dimp coker¢ — dimp ker¢ = dimg mRE;;p/((mRE,’;")% wg) — dimg mRE,w/((ng,w)2, wE)
=|S| — 1+ h*(Grs, Ad®) — K°(G s, Ad°)
=) (G, Ad°) — hO(G,, Ad")). (2.3)

vES
The Poitou-Tate sequence implies
hg(Grs, Ad®) = h*(Gps, Ad’) = > h*(G,, Ad") + h*(Grs, (Ad°)*(1)).
veS

Combining this with (2.3), we have

g — r > dimg coker¢ — dimp ker¢ — h%(GRS, Ado)

> |S| = 1= h%(Grs, (Ad") (1)) = X(Grs, Ad%) + ) x(Gy, AdY), (2.4)

ves
where x(Grg, Ad”) and x(G,, Ad) denote the global and local Euler characteristics, respec-
tively, as [F-vector spaces.
For v|oo we have h'(G,, Ad") = h?*(G,,Ad°) since G, is cyclic, and so x(G,, Ad") =
ho(G,, Ad"). For v finite the local Euler characteristic formula gives x(G,, Ad’) = 1, when
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vt p, and x(G,,Ad°) = —3[F, : Q], when v|p. The global Euler characteristic formula gives
X(Grs,Ad%) = =3[F : Q] + D oo h°(G,, Ad°). Equation (2.4) then becomes

g—r>|S|—1—h(Grs, (Ad")(1)).
[

We will use the above lemma to show that a certain quotient of R? s (actually a quotient
of Rpg tensored with an certain Iwasawa algebra) has an appropriate presentation in order

to apply the connectivity result 2.1.8.

2.6.3

Let X be a fixed set of places not containing any places above p or co. For each v € ¥ fix a
continuous character =, : G, — O* such that 7,(,) is finite and prime to p, and such that

72 = 1|q, (enlarging O if necessary). We further assume the following.

x %

For v|p, pla, = , where we fix the choice X, in the case that p|g, is the
Xo

direct sum of two disctinct characters.

Ve *

Vo

For v € ¥, plg, =

- For any archimedean v, ¥|g, = 1.

- p is unramified outside ¥ U {v|p} U {v|oo}.

Fix a finite set of places Sy, disjoint from XU{v|p}U{v|oc} and set S = S, UXU{v|p}U{v|oco}.
For each v|p, let 1, be a character of the torsion subgroup of G®(p). Then 7, correpsonds
to a unique minimal prime of A(G,) = O[[G2*(p)]], which we denote by q,,. We denote the
quotient A(G,)/q,, by A(Gy,n,). Note that giving the tuple (1,),), is equivalent to giving
a character 7 on the torsion subgroup of [],, G?*(p). For each v € S, let }_23’7’0 denote the

CNLgp-algebra given by
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SRV = Rf(’éﬁ:v,m) as in 2.4.3 for vlp;

v

O
v

SRV = Rt as in 2.5.4 for v € %,

SRV = RE~1 as in 2.5.6 for v|oo,

(2

} }_BDW _ RE,w,ur as in part (2) of 2.5.2 if v € Sy,.

v

Let Rg" = Gyes, ™ (taken over 0), and let A(Gy) = @y, A(G) and A(Gy, n) = Guph(Gu,my).

Note that RE“" is a quotient of
(®v\p(RE®A(GU> nv)))®(®v65,v’rpRE7¢> = (®ve$RE)®A(GPv n);

and that A(G,,n) represents the functor on CNLe that sends a CNLp-algebra A to the set
of tuples (Xu)v|p, Where each y, is an A-valued character of G, that reduces to ¥, modulo
the maximal ideal of A and whose restriction to the p-power part of the torsion subgroup of

G?" is eqaul to 7,.

Lemma 2.6.4. If p = 2, assume that F, contains a 4-th root of unity for each v|p. Assume
also that p|qg, is either the trivial representation or that its image has order p. Then R?’d] 15

an O-flat domain of dimension 1+ 3|S|+ [F : Q).

Proof. By 2.4.11, 2.5.4, 2.5.6, and part (2) of 2.5.2, each of the Ef“" an O-flat domain of

relative dimension

- 34 2[F, : Q) if v|p,

Jifvel,

2 if v|oo,

3ifve Sy,

=0 . o :
and so Rs’w is O-flat of relative dimension

D> UB342F, Q)+ Y 3+ > 2=3[S|+[F: Q).
vlp

VEXUSur v|oo
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To see that it is a domain, consider a finite extension E'/E with ring of integers O" and
residue field . It follows from 2.3.3 that RY ®¢ O’ is the universal lifting ring on CNLy
for the representation p|g, ®r F’, and it follows easily that E?p ®e O are the corresponding
quotients on the category CNLy,. Applying 2.4.11, 2.5.4 and 2.5.6 to }_%S’w®@ @', we conclude

that Ef’w[l /p] is geometrically integral. Then EE’¢ is a domain by 2.1.4. O

2.6.5

Now fix a finite set of primes @ disjoint from S. Letting RS = ®,csRY, define
Eg,SUQ = R%,SUQ@’RQR?

and
EF:SUQ = RF SUQ®RD RS

Note that }_QE sug and E?’qu are quotients of Rp SUQ@A(GP, n). We then define }_%;/;7 sug to
be the image of RY suo®NM(Gp,m) under

RFSUQ®A(G n) — RFSUQ®A(G n — RFSUQ

If E'/E is finite with ring of integers O', a local O-algebra morphism Rps,o®A(G,) —
O’ factors through E?SUQ if and only if the corresponding deformation Vi and tuple of

characters (X, )., satisfies

det Vor = vep;

for each v|p, there is a G,-stable line L in Vip and the action of G, on Vi /L is given

by Xu;

for each v|p, the restriction of y, to the p-power torsion subgroup of G is equal to

U

- for each v € ¥, Vior|g, is an extension of v, by V,€p;

for each archimedean v, Vior|g, is not the trivial representation,
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- for each v € Sy, Vior|g, is unramified.

Note the second last condition is redundant, as it is implied by the first. However, we will
later have to consider the Eg’w—map F? sug — }_%}D,{qu, and the oddness condition is not
forced on }_%iSUQ. Also note that if we had omitted the primes Sy, from S entirely, the
resulting ring R? sug would have been the same. We include them because it will be useful
later in §4 to ensure that the local framed deformation ring E?”” surjects onto a certain
Hecke algebra as well as to ensure that a certain group action is free.

If Ais a CNLp-algebra and z,2’ € Spf(REﬂ”f’gbUQ®A(Gp,n))(A) are two A-points with
the same image in Spf(R?SUQ@)A(Gp, n))(A), i.e. give rise to the same deformation, then
v € SpfRpeuo(A) if and only if 2/ € SpfR,s o(A). It follows that Rpg o — Rreo is
formally smooth of relative dimension 4[S| — 1.

The following proposition will allow us to invoke 2.1.8, which is crucial to the Sinner-Wiles

strategy.

Proposition 2.6.6. If p = 2 assume that F, contains a 4th root of unity for each v|2.
Assume also that plg, is either the trivial representation or that its image has order p for

each v|p. There is a presentation

Ryg = A/(fi,-- - fn)

with A a domain, and dim A —m > 1+ [F : Q] — h°(Grs, (Ad%)*(1)).

. - U9 . . . . S0 . .
Proof. Since R? g — R Fi is formally smooth of relative dimension 4|S| — 1, RF,? is isomor-
phic to a power series over Eﬁys in 4|S| — 1 variables, and it suffices to show that there is a

presentation

—0,9 -~
RF,S = A/(fh . 7fk)
with A a domain and dim A — k > 4]S| + [F : Q] — h%(Grs, (Ad°)*(1)). By 2.6.4, Rg" is a
domain of dimension 1+ 3|S| + [F' : Q]. The presentation in 2.6.2 yields a presentation
=04 ~, 500
Rpg = Be™[lwn, o x]l/(fry o fr)

with g—7 > |S|—1—h%(Grs, (Ad°)*(1)). Taking A = ES’@D[[:Q, ..., x,4]] gives the result. [
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2.6.7

Let @ be a set of places of F' disjoint from S. Let Fg denote the maximal abelian pro-p
extension of F' unramified outside of () and split at primes in S. Note that Fg /F' is finite
since S contains all the primes above p. Let Go = Gal(Fj5/F) and let G, denote the
diagonalizable CNLo-group as in 2.2.3. Note that for any A € Ob(CNLp), G§(4) is the

subgroup Hom(Gg, A*) that reduce to the trivial morphism modulo m4.

If S O @, there is an action of G, on Spr%SUQ given as follows. Let A € Ob(CNLp), and
let V4 be a deformation of Vi to A. If x € G (A), viewing x as a character of G suq, we have
a deformation V4 ® x. In this way we get an action of Gf, on SpfRrsuq. This action extends
to an action on SpE(Rs 0@ A (G ) by (Vi {8 }vess (o bon) = (VA X, {Buboes, {0 bulp)-
Note that since Fg is split at all places in S, the lift of p|¢, given by Valg, and 3, is equal to
the lift given by (Va®x)|q, and B, for every v € S. It follows that the action of G, commutes
with the morphism Spf(RR g o ®A(Gp, 1)) — Spf(RgY®A(G,,n)). Letting E?"” and _RiSUQ
be as in 2.6.3, we get an action of Gf, on SpfﬁisuQ that commutes with SpfﬁisuQ —
Spfﬁg’w. Note that the map (Va, {8 }ves, {Xo}olp) — det Va(1e,) ! determines a morphism
0g SpfﬁE’SUQ — G such that for any CNLe-algebra A, g € G(A) and z € SpfﬁisuQ(A),
we have dg(gz) = ¢*dg(x). The natural surjection }_%i suQ — —}_%E“:gucz identifies Spf}_%i’qu
with the closed sub-formal-scheme of Spfﬁi sug given by dg = 1.

If p = 2, we denote by G, , the 2-torsion subgroup of Gp,, i.e. the diagonalizable CNLo-
group (G/2Gg)*. Note that for x € G, ,(A), we have x* = 1, hence the action of G, on

SPRE guq» TesD. Spfﬁi sug: induces an action of G¢, , on Spr%“SZ’UQ, resp. on SprE:gUQ.

Note that if p = 2 and p has solvable image, then there is a unique quadratic extension
L/F such that p|g, is abelian, since in this case the image of 7 has order twice an odd

number.

Lemma 2.6.8. Let p = 2. Assume that if p has solvable image, then some v € S does not
split in L/ F, where L is the unique quadratic extension for which p|g, is abelian. Then if

Q) s a set of places disjoint from S, the action of Gg, on SpfﬁiSUQ 15 free.

23



Proof. This is essentially Lemma 5.1 of [KW]. It suffices to show that the action of G7, on
Spf Ry suq is free. If p is non-solvable, then its projective image is isomorphic to SLy(IFy:),
for some r > 1. If p is solvable, then by our assumption on S and the fact that p(Gp)
has odd order, we see that the fixed field of the kernel of p and Fg are disjoint. In either
case, if x is a non-trivial element of G)(A), we can find g € Gr,suq such that x(g) # 1 and
trp(g) # 0. Then if Vy is a deformation of p to A, we have x(g)tr pa(g) # trpa(g), for any

pa in the deformation class of Vy, since tr pa(g) is a unit. O

2.7 Deformations of dihedral representations

Fix continuous and absolutely irreducible
,5 : GF’S — GLQ(F)

and let Vg denote its representation space. Let A be a CNLp-algebra and V4 a deformation
of Vg. We say Vjy is L-dihedral, for a quadratic extension L/F, if G acts on V4 through
an abelian quotient, but Gr does not. We say V4 is dihedral if it is L-dihedral for some
quadratic L/F. Note that V4 is L-dihedral only if Vf is L-dihedral. If A is a domain with
field of fractions K, then if V4 is L-dihedral and V4 ®4 K is irreducible, for K an algebraic
closure of K, then one can show there is a character x : G, — A such that V, = Indgfx. A
subgroup H of GLy(F) is called dihedral if it’s image in PGLy () is isomorphic to a dihedral
group. It is easy to check that Vg is dihedral if and only if p(Gr) is dihedral. From this we
see that if p = 2 there is a unique quadratic L/F such that Vp is L-dihedral, as the order of

p(Gr) is twice an odd number.

2.7.1

We first establish some criteria for determining when deformations of V& have image that is

Zariski dense in SL,.

Lemma 2.7.2. Let A be a CNLp-algebra domain of characteristic p with fraction field K.
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Let V5 be a deformation of Vg to A such that the map imp4 — imp has non-trivial kernel.
The image of pa contains an element with an infinite order eigenvalue in 7X, for some

algebraic closure K of K.

Proof. Let F be the algebraic closure of F in K. If an element in the image of p4 has finite
order eigenvalues in K™ then it’s charracteristic polynomial has coefficients in FNA = F, so it
suffices to show there is some g € imp,4 with tr g ¢ F. Take nontrivial g; € ker(imps — imp).
If g; has finite order eigenvalues then it’s eigenvalues bust be 1 and ¢, is unipotent. There

is a basis of V4 such that

1 =z
g1 =
1

with 0 # = € my. Since Vf is irreducible there is go € imp such that with respect to our

fixed basis,

a b
92 =
c d
with ¢ € A*. If tr g, ¢ F we are done, otherwise tr gig, = cx +trgs ¢ F. ]

Lemma 2.7.3. Let A be a CNLp-algebra domain and V4 be a non-dihedral deformation of
Vi such that for some o € Gg, pa(o) has eigenvalues whose ratio is not a root of unity.

Then for any finite index subgroup H of Gp, paln is absolutely irreducible.

Proof. Tt suffices to consider the case when H is an open normal subgroup of Gr. Let K
denote the fraction field of A and let K be an algebraic closure. Assume there is an H-stable
subspace W of V4 ®4 K. Since H is normal in G, gW is also H invariant for any g € Gp.
Take n > 1 such that ¢™ € H. Then, for each g € Gp, gW is an eigenspace for ps(c™).
Since the ratio of the eigenvalues of p4 (o) is not a root of unity, the eigenvalues of p4(c™) are
distinct. Hence any g € G must permute the two one dimensional eigenspaces for ps(o™),
so either W is G stable or there is an index two subgroup N of G such that W is N stable
and Gg/N interchanges the two eigenspaces for p4(c™). In the first case p4 is reducible over
K, contradicting irreducibility of V& ®@¢F, and in the second it is dihedral, contradicting our

assumptions on Vj4. 0
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Proposition 2.7.4. Let A be a CNLp-algebra domain with fraction field K of characteristic
p and let V4 be a deformation of Vg with finite order determinant. Fix a basis of V4 and let
[ denote the image of G in GLy(A) with respect to this basis. If T — GLao(IF) has nontrivial
kernel then I' N SLy(K) is Zariski dense in SLy .

Proof. By 2.7.2 there is some g € imp4 with infinite order eigenvalues. Then since det p4 is
finite order, the ratio of the eigenvalues of g is not a root of unity. We see that V4 satisfies the

assumptions of 2.7.3, so for any finite index subgroup H of G, pa|g is absolutely irreducible.

Let I'" = I' N SLy(K) and assume I'! is not Zariski dense in SLy/g. Let T denote
the Zariski closure of I'! in SLy 5 and (I'")° its connected component at the identity. Our
assumption implies dim(I')° < 2, and so (T'1)° is solvable. Then (I'1)° acts reducibly on
V4 ®4 K, where K is an algebraic closure of K. Since the determinant of Vj is finite,
' N (T1)° is finite index in T'!, so there is a finite index subgroup H of G, such that pa|x

acts reducibly on V4 ®4 K, a contradiction. O

We note that the assumption that I' — GLy(F) has nontrivial kernel is satisfied in

particular if Vf is dihedral and V4 is non-dihedral.

Corollary 2.7.5. Assume Vg is L-dihedral. Let A be CNLp-algebra domain of characteristic
p and let V4 be a non-dihedral deformation of Vi with finite order determinant. Then there

is 0 € Gp ~ G, such that pa(c) has infinite order.

Proof. Let K denote the fraction field of A and fix a basis of V4 ®4 K. Let I' be the image
of pa in GLy(K') with respect to this basis. If g € I' is of finite order then its eigenvalues
are roots of unity that lie in a degree two extension of K. There is an integer N > 1 such
that any root of unity that lies in a quadratic extension of K has order < N. Then if g € T’
is finite order, ¢~ is unipotent. Hence the set of finite order elements of I lie in the Zariski
closed subset of G Ly, defined by gN? = I, which we denote by X. It is not hard to see
that dim X < 2.
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Assume that pa(o) is finite order whenever 0 € G\ Gp. Let H = ps(Gr) C T and
let g = p(o) for some 0 € Gp \ G. By assumption every element of gH is finite order, so
gH C X. Then ' = HUgH C gX U X, so the Zariski closure of I has dimension < 2. By
2.7.4, V4 must be dihedral. O

2.7.6

Let L/F be a quadratic extension such that p is L-dihedral. Write p = Indgf X, for x :
Gr — F*, and let ¥ : G, — O denote the Teichmuller lift of ¥. Let L%/L denote the
maximal abelian pro-p extension of L unramified outside S. Set Rr.q = O[[Gal(L%/L)]]
and let ¥ : G, — R 4 be the canonical character. We have an L-dihedral deformation of
Vk to Rp.q; given by Indgf YW. It is easy to see this deformation is universal for L-dihedral
deformations and that there is a surjection Rps — Rp.qi, hence the locus of all L-dihedral
points in Spec Rp s is closed. As there are only finitely many quadratic extensions L/F such
that p is L-dihedral, the locus of all dihedral points in Spec Rp s is closed. The same is then

true for any quotient of Rpg.

The following two lemmas record some properties of dihedral deformations and will be

used later to ensure certain deformations are non-dihedral.

Lemma 2.7.7. Let L/F be a quadratic such that p is L-dihedral. Denote by Ly the maz-
imal Galois subextension of L¥P/L such that the nontrivial element of Gal(L/F) acts on
Gal(Lg/L) as —1. Let Rps — A be a surjection with kernel containing wg, and let Vy
denote the corresponding deformation. If det V4 is the Teichmuller lift of det Vg to A* and
Va is L-dihedral, then

dim A <rkg, Gal(Lg/L).

Proof. Write p = Indgf X, for ¥ : G, — F*. Let x : G, — O denote the Teichmuller lift
of X. Set R; 4 = OJ[Gal(Lg/L)]] and let U~ : G, — (R 4)* be the canonical character.
We have an L-dihedral deformation of V& to R, , given by Indgf xV. This deformation is

universal for L-dihedral deformations whose determinant is the Teichmuller lift of det VF. We
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have a surjection Rpg — Rj.4. Our assumptions then apply that the surjection Rps — A
factors through
Rps — Ry 4 — F[[Gal(Lg /L)]]

from which the result follows. O

Lemma 2.7.8. Let L/F be quadratic such that p is L-dihedral. Assume there is some v|p
in F that does not split in L. Let A be a CNLp-algebra domain and V4 be a deformation of
Vk to A. If V4 is dihedral and that there are characters x1, x2 : G, — A* such that

trpa(o) = x1(0) + x2(0)

for all o € G, (and any pa in the deformation class of V), then x1/x2 had order at most

two.

This is taken directly from Lemma 2.2.1 of [S3]. We include it here for ease of reference

later.

Proof. Let w denote the unique place in L above v, and let G,, = Gal(F,/L,,). Note that
G, is index two in G, and we can find ¢ € G, such that o generates Gal(L/F). By the

theory of pseudo-representations, we see that (Valg,)™ = x1 ® x2-

By assumption, there is a character y : G, — A* such that V, = Indgf x- Note that
Valg, = x ® X/, where X’ denotes the conjugate of x by o. Replacing x by x/, if necessary,

we can assume x|q, = X1la, and x'|¢, = Xx2lq.,- But since x; are characters of G,,, we have

Xilaw = XTlaw = X'lcw = X2l

and so x1/x2 factors through Gal(L,/F,). O
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CHAPTER 3

Modular forms

In this chapter we recall Hida’s theory of p-adic Hecke algebras in the case of a totally definite
quaternion algebra over a totally real field. We recall some facts about the associated Galois
representations and define the particular Hecke algebras and Hecke modules that will be

used in the patching argument in §4.

In the first section we recall the definition of modular forms on a totally definite quater-
nion algebra over a totally real field and their connection with cuspidal automorphic repre-
sentations of GL,. This is all standard except that we allow the possibility of non-compact
subgroups as in §7 of [KW]. We do this for the following reason. If we have a fixed central
character for our space of modular forms and f is a eigenform with Iwahori level at v, then
then there are two possibilities for the eigenvalue. When p is odd, the choice for the eigen-
value is uniquely determined modulo p, and so the local representation of GG, associated to
f is uniquely determined by the reduction of f mod p. When p = 2 this is not the case and
in order to ensure that our local deformation ring at v is a domain we only want to allow
lifts of a fixed mod p eigenform that have a specified Iwahori level eigenvalue. This is done

by allowing certain non-compact subgroups.

In the next section we recall the definition of the (finite level) nearly-ordinary Hecke

algebras and the corresponding nearly-ordinary subspace of modular forms.

In the following section we construct the universal nearly-ordinary Hecke algebra and a
certain avatar of p-adic Hida families. This is done following [H1] except that we deal only
with the totally definite case, and so things become much simpler. We also allow certain

non-compact subgroups, but this does not pose an issue, provided one assumes that the level
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is small enough at some fixed place to guarantee a standard neatness condition.

In the next section we recall properties of Galois representations associated to our quater-
nionic modular forms and the construction of large Galois representations with values in our

universal Hecke algebra using pseudo-representations and a theorem of Nyssen and Rouquier.

The final section will deal with augmenting the level of our Hecke modules at auxiliary
primes, necessary for the patching argument in §4. Normally, one augments the level at
primes v that are congruent to 1 modulo p and such that the fixed residual representation
is unramified at v with the Frobenius having distinct eigenvalues. This is to ensure that
there are no lifts of the fixed residual representation that are Steinberg at v. As in [SW1]
and [SW2], it will be necessary for us augment the level at places v for which the residual
representation does not have distinct eigenvalues. Due to this we cannot ensure that there
are no Steinberg-at-v lifts. However we do show that any such are annihilated by a particular
element, cf. 3.5.3, which allows us to prove a control theorem for these auxiliary primes which

is necessary for the patching argument in §4.

We now introduce some notation and assumptions that will be used throughout this
chapter. We denote by F' C Q a totally real field, O its ring of integers, and Ap its ring
of adeles. If S is a finite set of places of F, we let Apg denote [] ¢ F, and A} denote
H;¢S F,. If w is a rational place, we will write Ap,, and A% instead of Ag ) and A}l"“’},

in particular A% denotes the ring of finite adeles.

Recall we have fixed algebraic closures @p of Qp, as well as embeddings Q — @p and
Q — C. Let I denote the set of embeddings F' < Q. Via our fixed embeddings of Q into @p
and C, we view [ as the set of embeddings of F' into @p and C, respectively. Let E/Q, be a
finite extension containing all embeddings of F' — @p. Let O denote the ring of integers of
E. Given an element 2z € F®qQ, = ][, F, and k € Z', we let 2 denote [] _, 7(2)* € E.

For each finite place v of F' we let m, denote the maximal ideal of O, and k, the residue

field.
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We will let U, = (OF ®z Z,)* =[], OF,. For any a > 1 we let
Uy = {(20)v)p € Uy : 2, = 1 mod my, for each v|p}.

For a > 0 we set A(Uy) = O[[U;]]. Note that A(Uy;) has dimension 1+ [F : QJ, is local if

a > 1, and is isomorphic to a power series over O if a is sufficiently large.

For v a finite place of F, and a > 0, we let Iw(v?®), respectively Iw;(v*), denote the
subgroup of GLy(Op,) that are upper triangular, respectively upper triangular unipotent,

modulo m®. Given integers b > a > 0, wet let Iw(v*?) = Twy(v*) N Iw(v?).

For a topological O-module M we denote by M"Y the Pontryagin dual of M, i.e. MY =
Homep (M, E/QO). This assignment is functorial and f +— fV gives an isomorphism Ende (M) =
Endp(MY). In particular if a commutative ring R acts on M, then it acts naturally on MY
by (r¢)(m) = ¢(rm). Pontryagin duality is not an exact functor, but if we restrict to the
subcategory of locally compact Hausdorff O-modules and strict morphisms, i.e. i.e mor-
phisms f : M — M’ such that the induced map M/ ker(f) — im(M) is an isomorphism of
topological O-modules, then if

My, L vy 2
is exact and g(Ms) is closed in Mg,
v 9’ v 1Y v

is also exact, cf. Proposition 0.20 of [M4]. We will always be in such a situation in what
follows so we will occasionally refer to the “exactness of Pontryagin duality” without further

comment.

3.1 Quaternionic cusp forms

Let D denote a quaternion algebra with centre F' ramified at all infinite places and split
at all places above p. Denote by X the set of finite places at which D ramifies. Let vp

denote the reduced norm of D. Fix a maximal order Op of D and, for each finite place
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v at which D is split, an isomorphism Op ®e, Op, = M>(OpF,) of O, -algebras. This
then determines an isomorphism D, = GL(F,) sending (Op), to GLy(OpF,). Using this
we can identify (D ®@p AX7)* with GLy(A%™). We also fix a locally algebraic character

Y FX\(AP)* — O*, and for each v € ¥, unramified characters v, : F, = O* such that

73 = w’GFU'

3.1.1

Let A be a topological O-module. For each 7 € I we have an isomorphism Op ®o, O =

M5(0O). Via this isomorphism, given 7 € I, k, > 2 and w, € Z, we can view
Sym* 242 @ 4 det® A2

as an Op ®yz Z, = Mays(Op ®y Z,)-module which we denote by Wy, . (A). Given a pair
k= (k,w) € Z x Z! we set W, (A) = QrerWi, w,(A). Note W, (A) = W,(0) Qe A.
Concretely we can view W, (O) as the space of O-linear combinations on the monomials

kr—2—jry/ir
[,

Tel

for 0 < j, < k; — 2, where the action of Op ®yz Z, = May2(OF ®z Z,,) is given by

a, b o : :
v HXfT727]TWT = (apdp—bpcp)™ H(T(GP>XT+T(CP)YT)ICT727JT (7(bp) X7 +7(dp) Y7 )"

cp dy | rer el

We call a pair k = (k,w) € Z! x Z! an algebraic weight if k, > 2 for all 7 and k, + 2w, is

independent of 7 € I.

Following [KW], we will consider some non-compact open subgroups U = [[, U, of (D®p
A%)* in order to ensure that certain local deformation rings are domains. This assumption
is only necessary when p = 2, which is our principal focus, and we make the assumption for
all p simply to avoid cases and to treat all primes at once. To facilitate this, we extend the
action of (Op ®z Z,)* on W, (A) to an action of

(D @r AF") x (Op ®22,) = [[ Do x [[(Op)

vip v|p

62



by letting D, act via v, ' ovp if v € ¥ and trivially if v ¢ 3 U {w|p}.

Let 3" C 3. We will call an open subgroup U =[], U, of (D ®p A¥)* a (X' C X)-open

subgroup if

- U, € GLy(Op,) for v ¢ 3,
- U, =D, forve, and

- U, =(0p) forve X\ X

Let x be an algebraic weight and let U be a (¥’ C X)-open subgroup. We let S, (U, A)

denote the space of functions
[ D\(D ©p AF)* — Wi(A)

such that f(zu) = u='f(g) for all u € U and f(zx) = ¥(z)f(z) for all z € (A¥)*. For
this space to be nonzero there must be a submodule of A on which ¢(z) = z27*V for all
z € UN(AY)*. In the case that k = ((k,...,k),(0,...,0)) for some k > 2, we will also
write Sy (U, A) for S, (U, A). Note that for v € ¥’ we have f(zg,) = v, o vp(gy)f(z) for
all g, € D,.

Choose ty,...,t, € (D ®@p A¥)* such that (D ®@p AP)* = U, D*t,U(A¥)*. Then the

map f +— (f(t1),..., f(t,)) defines an isomorphism of O-modules
Sew(U, A) =5 @WH(A)(U(A%")XW;IDXQ)/FX
i=1

which is also an isomorphism of A-modules if A is an O-algebra. If if for any t € (D®@pA¥)*
we have

(UAR)* Nt 'D*t)/F* =1,
then A — S, (U, A) is an exact functor and Sy (U, A) = S, (U, O) ®o A. Note, however,
that if A is O-flat, in particular if A = E, we still have S, (U, A) =2 S, 4, (U, O) ®0 A without

any assumption on U.

63



3.1.2

We record a few lemmas regarding the structure of the isotropy groups (U(A®)*Nt~*D*t)/F*,
fort € (D®p A)*. Let D' denote the subgroup of D* of elements of reduced norm 1, and

let U' = U N Of. Note that U’ is open compact. Set V = [] Or. . Then the reduced

w<oo

norm gives an exact sequence
0 — (UVNt' D) /{£1} — (UAF) Nt™'Dt)/F* — ((AX))?’VNFX)/(F*)?, (3.1)
and there is an exact sequence
0 — O5/(05)? — ((ARY)’VNEY)/(F*)? — Cl[2] — 0 (3.2)

with Cl the class group of Op. The first two of the following three lemmas are taken directly
from §7 of [KW].

Lemma 3.1.3. Let U be a (X' C X)-open subgroup of (D @p A)*. Let w be a finite place
not above p at which D is split. Let N, be the cardinality of GLa (k).

The exponent of a Sylow p-subgroup of (U(AX)* Nt~ 1D*t)/F* divides 4N,,.

Proof. First assume that U is compact. Then UV Nt~1D!t is discrete and compact, hence
finite, and injects into U, V,,. Note that any finite subgroup of U, V,, of exponent a power of
p injects into GLy(k,,) under reduction modulo m,,. By (3.2), (((A¥)*)*V N F*)/(F*)? has
exponent 2, and so any p-Sylow subgroup of (U(A)* Nt~ D*t)/F* has exponent dividing
2N,,.

Now assume that U is not compact. Let U’ denote the maximal compact open subgroup
of U. Since U(AY)* /U'(A¥)* is a finite group of exponent 2, the same holds for the quotient
of (U(AX)*Nt~tD*t)/F* by (U'(A¥)*Nt~*D*t)/F*. From what we know in the compact
case, we get that the exponent of the any p-Sylow subgroup of (U(A¥)* Nt~ 1D*t)/F*
divides 4N,,. O
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Let v be a finite place of F' at which D is split. If U, O Iw(v), then any character

Xv : kS — O* can be viewed as a character of U by

a b
Xo = Xv(aval;1 mod m,).
c d

Since x, is trivial on U N (A%¥)*, we can extend y, to a character on U(A)* by letting it

be trivial on (A$)*.

Lemma 3.1.4. Let () be some fixed set of finite places of F' at which D is split. Fiz another
finite place w ¢ Q at which D is split. Let U be a (X' C X)-open subgroup of (D @p AF)*
such that U, 2 Iw(v) for every v € Q. Assume that for every v € @ the order of the
p-subgroup of k)X is divisible by the p-part of 2p(4N,,), with Ny, the cardinality of GLa(k,,).

v

There is a character X = [[,cqXv : [Ieq kit — O such that,

1. each x, is non-trivial of order a power of p and > 4 if p=2;

2. viewing X as a character of U(AR)* as above, x annihilates (U(A)* Nt~ 1D*t)/F*
for any t € (D ®@p AF)*.

Proof. Our hypothesis implies that there is a character X' = [[,cq Xy @ [Toeq ko — O of
order a power of p, with each x/ of order divisible by the p-part of 2p(4N,,). We then set
Yo = ()™, and x = [l xv- Note that the order of x is divisible by the p-part of 2p.
Since the exponent of a p-Sylow subgroup of (U(AS)* Nt~1D*t)/F* divides the p-part of

4N, by 3.1.3, we see that y is trivial on (U(A)*Nt~1D*t)/F* for any t € (D@pAF)*. O

Lemma 3.1.5. Let v be a finite place of F' at which D is split and let U be a (3 C X)-
open subgroup of (D ®@p A¥)*. There is some n > 1 such that if U, C Iwy(v"™) then
(UAR)* Nt 'D*t)/F* =1 for any t € (D @p AR)*.

Proof. Since D*\(D ®@p A¥)*/U(A¥)* is finite, it suffices show the existence of such an
n > 1 for fixed t € (D ®p A¥)*. Let u denote the set of all roots of unity ¢ € Q such that
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[F(C) : F] < 2. Take k > 1 sufficiently large such that for any ¢ € u with ¢ # 41, we have
¢+ (7' # £2 mod mF. We take n such that n > 2k and such that 2 ¢ m”.

Let U’" denote the maximal compact subgroup of U, D! denote the subgroup of D*

of elements of reduced norm 1, and set V = [] Op, . First consider the subgroup

w<oo
(U'V Nt DY) /{£1} of (U'(AX)* Nt~ 1D*t)/F*. Note U'V Nt 'D'% is finite since it is
compact and discrete. Take uz € U'V Nt 1Dt with w € U" and z € V. Since uz € t~'D't
has finite order, tr(uz) = ¢ + ¢! for some ¢ € pu. Now our assumption on U, implies

vp(u,) € 1+ m?, and so 1 = vp(u)z? implies that z, € &1 + m”* by choice of n. Then
CH = tr(uz) = tr (upz) = 2zotr (u,) € £2 4+ mF,

which implies ¢ = +1 by choice of k, and thus that (U'V N¢~'D'%)/{£1} is trivial.
Since (U'V Nt~1D')/{+£1} is trivial, the reduced norm induces and injection
(U'(AF) Nt D*t) /F* — (V((AF))* N F*)/(F)?,

and by (3.2), (U'(A¥)* Nt~ D*t)/F* is a finite 2-group. Since U(A¥)* /U’ (A%)* is a finite
group of exponent 2, (U(A¥)*Nt~'D*t)/F* is also a finite 2-group. It thus suffices to show
that if g € U(A®)* Nt~'D*¢ is such that ¢g*> € F*, then g € F*. If g> € F* and g ¢ F*,
then trg = 0. But U(A®)* Nt~ 'D*¢ injects into U, F*, and since 2 ¢ m”, elements of U, F)*

have nonzero trace. ]

3.1.6

Set U' = UNOK. For g € (D®@p A™), if UgU' = U;g;U' we have UgU = L;g;U. If
g € (D ®@p A PV x (Op @y Zy)* there is a double coset operator

[UgU] : Siw(U, A) — Seu(V, A)

given by ([UgU|f)(x) = > ,gif(xg;). If Ais an E vector space, then this double coset

operator is defined for any g € (D ®@p AX)*.
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If V. C U is another (¥’ C X)-open subgroup with V' normal in U then the group
A =UAYR)*/V(AP)* acts on S, (V. A) by ((0)f)(x) = usf(zus), where us is any lift to

UofdeUAF)/V(A¥)*. We will have several occasions to use the following lemmas.

Lemma 3.1.7. Let U and V be (X' C X)-open subgroups of (D @p A¥)* with V' normal in
U. If for allt € (D ®r AF)* we have (U(AR)* Nt~ 1D*t)/F* =1, then S, ,(V,0) is a free
O[A]-module.

Proof. Choose {t1,...,t,}; C (D®prA¥)* such that (D®pA¥)* = U, D*t,U(A¥)*. Our
assumption on U implies we have an O-algebra isomorphism
S (U, 0) = EP Wi
iel

Choosing a representative us € U for each § € A, we have (D ®@p A¥)* = U, Usea
D*t;usV (A)* and an isomorphism of O[A]-modules

Sew(V,0) = @D W ®0 O[A]

i=1

fr— (Zu6f<ti) ® 671)19‘9{

deA

From which it follows that S, ,(V, O) is a free O[A]-module. O

Lemma 3.1.8. Let U and V' be (X' C X)-open subgroups of (D ®@p A¥)* with V' normal
in U and A = UAR)*/V(AR)* abelian. Assume that for all t € (D ®@p A¥)* we have
(UAR)* Nt~ 'D*t)/F* = 1.

Sew(V,E/O)Y is a free O[A]-module and for v : S, (U, E/O) — S, 4(V,E/O) the na-
trual inclusion, o defines an isomorphism from the A-coinvariants of Sy .,(V,E/O)Y to

S,.o(U, E/O)".
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Proof. Let aa denote the augmentation ideal of O[A]. We have

Sew(V. E/O)" [aa = Homo (S (V. E/O)[as], E/O)
= HOHl@(S,{’d,(U, E/O), E/O)
= Fvﬂﬁ(U? E/O)V’

which is the second part of the lemma.

Give Homp(O[A],O) the O[A]-module structure (dA)(r) = A(ér). There is an iso-
morphism of O[A]-modules O[A] = Homg(O[A], O) defined by sending § € A to (671)*,
where (671)* takes value 1 on §~' and 0 on every other v € A. Hence 3.1.7 implies that
Homp (Sx4(V,0),0) is a free O[A]-module. By our assumption on U, S, (V, E/O) =
Sku(V,0) ®o EJO. Moreover, since Sy ,(V, O) is free over O, we have an O-module iso-
morphism

Homo (S,.4(V,0) @0 E/O, E/O) = Home(S,(V, O), 0)

given by ¢ — ¢®1. This map is O[A] equivariant and so the freeness of Home (S, 4, (V, O), O)
over O[A] implies that of S, ,(V, E/O)". O

3.1.9

We finish this subsection by recalling the connection between the O-modules Sy (U, O)
and cuspidal automorphic representations of GLy(Ar). We say an irreducible cuspidal au-
tomorphic representation 7 of GLy(Ag) is reqular algebraic if there is an algebraic weight
k = (k, w) such that for each 7 € I, letting v denote the corresponding infinite place coming
from our fixed embedding Q — C, 7, is the discrete series representation with lowest weight

k- |Z’2—k7——2w7—

k; — 1 and central character z — sgn(z) . Recall that if V' is an open compact

subgroup of GLy(A%) and g € GLy(A%), there is a double coset operator [V gV] on ©V given
by
VgViw =Y gaw
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Set U' = U N Of. Assume that ¢(z) = 2275 for all z € U' N (A¥)*. Fix an
isomorphism @p =~ C that extends our fixed embeddings Q — @p and Q — C. Define a
character ¢c : FX\A} — C* by ¥¢(z) = (2)zx 2V 222 %", We also define characters

e @ F) — C* for each v € ¥ simply via the isomorphism @p = C. Note that we can view
W, (C) = ®rerSym 2C? @ det “C?

as a representation of DX = (D ®@p R)*.

Let Qlut,g se.xy denote the set of all irreducible automorphic representations 7 of D with
central character ¢¢ such that 7., = W,(C)* and m, = ~, o vp for each v € ¥'. For
T E Qlutfywc,z/ and g € (D ®pAX")%, there is a double coset operator [U/gU’] on 7V defined
in the same way as the GLy-case. Let C7° s (D*\(D ®p Ap)*/U’,C) denote the space of
smooth functions

¢ : D*\(D ®@p Ap)* /U — C
such that ¢(zz) = Yc(2)¢(x) for all z € AP and ¢(zg,) = Yu.c 0 vp(gy)d(x) for all g, € D
with v € ¥'. Then

P " = Hom: (W(C), 55 5 (D*\(D ®r Ar)* /U, 0))

Aut?

KyPoo

and the map f +— (A — (z — ANz lz,f(z)))) defines an isomorphism
A : Sey(U, E) @p C — Homx (W, (C)*, C(D*\(D ®@p Ap)*/U"))

such that A o [UgU] = [U'gU’] o 2 for all g € (D @p AX”)*. Applying the theorem of

Jacquet-Langlands and Shimizu to Qlutﬁ ye.xy We obtain the following.

Proposition 3.1.10. Define an open compact subgroup V' of GLy(AY) by V,, = U, forv ¢ ¥
and V, = Iw(v) forv € . Let HE,WC»E, denote the set of all irreducible cuspidal automorphic

representations m of GLao(Ag) such that

- m has central character g,

- w18 reqular algebraic of weight Kk
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- T, s square integrable for each v € 3,

- Ty = (Ypc o det) ® St for each v € X', where St denotes the Steinberg representation.

There is a surjection of C-vector spaces

JL: Sey(U.E)®pC— P ()"

HHJPQE/

such that
1. for g € (D ®@p A7) 22 GLy(AYY), we have

JLo[UgU] = [VgV]o JL;

2. JL is an isomorphism unless k = ((2,...,2),w) in which case the kernel of JL. consists

of the functions that factor through the reduced norm.

3.2 Nearly ordinary Hecke algebras

Keep the assumptions and notation of the previous subsection. We further assume that for

each v|p, there is n > 0 such that U, D Iw(v")

3.2.1

Recall that X is the set of finite places at which D ramifies. Let S =X U {v|p} U{v : U, #

(Op)x}. Note that for any v ¢ S and uniformizer w, at v, the double cosets

Wy Wy
U U and U U

1 Wy

do not depend on the choice of w,. We define operators T, and S, on Sy (U, A) by setting

() ()
T,f=|U Ul f and S,f = |U Ul f,
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Note that S, is simply multiplication by (w,). If V' C U is another (¥’ C ¥)-open
subgroup, the natural inclusion S, (U, A) — S, (V, A) is equivariant for the 7, and S,
such that V, = GLy(Og,).

For each v|p we fix, once and for all, an element w, € F such that w, is a uniformizer
for F, and lies in O;w for all w|p with w # v. We choose our uniformizers for F), in this
way because, following Hida, we modify the usual Hecke operators at places above p in
order to define the nearly ordinary subspace of Sy (U, O). This modification will involve a
multiplication by a power of w,, and having w, belong to F' allows us to compare the nearly
ordinary subspace of S (U, O) with nearly ordinary cuspidal automorphic representations

Note first that for any g € May2(Op®zZ,) with det(g) # 0 the endomorphism 7(det(g)) g
of Wy, . (E) stabilizes the O-lattice Wy, ., (O), hence defines an endomorphism of W, (A)
for any O-module A. For each v|p we then define the operator T, on S, (U, A) by

w
o |U Ul f,

va f - wU
1

Note that T, depends on the choice of w, as we are not assuming U, = GL2(Op,). If
V' C U is another (X' C ¥)-open subgroup and Iw,(v") C 'V, C U, C Iw(v), for some n > 1,

the natural inclusion S, (U, A) = S, 4(V, A) is a equivariant for T, .

For y € U, = (Of ®z Z,)*, we define two related operators. First we define (y) by

() f=|U Ul f.

The point of introducing the normalized version is that later we will define an isomor-
phism between certain spaces of modular forms of different weights, and this isomorphism

will not be (y)-equivariant, but will be (y)"°-equivariant. Note that an O-subalgebra of
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Endp(S,,4(U,O)) containing (y) also contains (y)"® and vice-versa. If V' C U is another
(X" € ¥)-open subgroup then the natural inclusion S, (U, A) = Sk (V, A) respects the (y)

and (y)"°-actions on each space.

We let T, (U, O) denote the O-subalgebra of Endp (S, (U, A)) generated by T, for each
v ¢S, Ty, for each v|p, and (y) (equivalently (y)*°) for each y € U,. If A is a commutative
O-algebra we denote by T, (U, A) the A-subalgebra of End (S, (U, A)) generated by the
aforementioned Hecke operators. If A is a finite O-module, or if A = E/O, then T, (U, O)

is a finite commutative O-algebra.

3.2.2

Let A be one of the following: O, a finite quotient of O, E/O, or a finite submodule of E/O.
We call a maximal ideal m of T, (U, A) nearly ordinary if the image of T, in T, 4 (U, A)/m

is non-zero for each v|p. Note that since T, (U, A) is finite over O, we have a decomposition
Twp(U, A) = [[ Tus (U, A

where the product runs over the set of maximal ideals of T (U, A). We define the nearly

ordinary Hecke algebra (of weight k, character ¢ and level U with coefficients in A) by
T, (U, A) = [ [ Trw(U, A

where the product runs over all nearly ordinary maximal ideals of T, (U, A). Note that the

projection

Tey(U,A) — T2 (U, A)
corresponds to an idempotent ey in T, ,(U, A), and it is known as Hida’s idempotent. Letting

7, =[] Z=..

vlp
it can be checked that

. !
eg = lim T,
n—oo p
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We also define the nearly ordinary subspace of S, (U, A) by

Egp(U, A) = GHSHJ/,(U, A)

3.2.3

Let 7 be a cuspidal automorphic representation of GLy(Ag) of weight . For each v|p, since

w, is an element of F', we can make sense of the operator

Wy

Ty, =w, " |V V

on 7V for any compact open subgroup V, viewing I as the set of embedding of F' — C. We
say 7 is p-nearly ordinary (or just nearly ordinary if the p is clear from the context) if there
is a open compact subgroup V of GLy(Ar) and a non-zero vector € 7V such that for each
v|p, T, acts on = by an element of Q that is a unit in the ring of integers of @p. Note
this does in general depend on our choice of embedding Q — @p. If 7 is nearly ordinary,

then for each v|p, m, is either a principal series representation 7 (7,| |i/ 2 Lo |71/ 2) or a special

1/2 1/2)

representation o(n,| [/ ~, 7, | /) with @, ¥n,(w,) an element of Q that is a unit in Q,, cf.
Corollary 2.2. of [H2]. If 7 is nearly ordinary and 7" # 0, then there is in fact a unique line

. V . . . . 2y
in ;v on which T;, acts via a unit in Q,.

Using the notation of 3.1.10, if we let HE;}E sv denote the subset of H?W’Z, consisting of

nearly ordinary representations, then the map JL of 3.1.10 restricts to

JL: 5%,(U,E) ®p C — @ -
WGHS”TEZ’Z,
Note that if U, C Iw(v) for each v|p, then any function factoring through the reduced norm
of D is not nearly-ordinary, and so in this case JL is an isomorphism on nearly ordinary

subspaces. Using this we can identify T}, (U, ) with a subspace of endomorphism of @ V.

Take m € Hff;g w with 7V # 0, and fix a nonzero vector * = ®,z, € 7", on which

T, acts via a unit in @, for each v|p. The line generated by z is T nop(U, E)-stable, and if
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7' = ®,7, is another such vector, the T}, (U, E)-eigensystem given by x is equal to that of

x'. Tt follows that we have an E-algebra injection
Ty (U.E) — ]G,

where the product is taken over all m € Hi’i&x/ with 7 # 0. In particular T3 (U, O) is

reduced.

3.3 Universal nearly ordinary Hecke algebras

Keep all assumptions and notation of the previous subsection. We will further assume
henceforth that A is one of the following: O, some finite quotient of @, E/QO, or some finite
submodule of E/QO. We will also assume henceforth that U, = Iw(v) for all v|p.

For integers b > a > 0 we let U(p®®) denote the open subgroup of U given by U(p*?), =
U, if v1{p, and U(p®®), = U, N Iw(v*?) for v|p. Note that U(p®®) is not the subgroup of U
consisting of elements that are upper triangular unipotent modulo p”, but rater modulo wy,

where w, is the finite idele with (w,), = w, for v|p and equal to 1 elsewhere.

3.3.1

) .
For y e U,, normalizes U(p®?), so we see that

Since we have fixed a central character ¢, the natural inclusion S, ,, (U (p®?), 4) = S, (U (p*?), A)
identifies S (U (p®"), A) with the U,-invariants of S, , (U (p*), A). Similarly for S2%, (U (p*), A) —
S (U(p™*), A).

Lemma 3.3.2. For anya > 0 and b > max{a, 1}, the inclusion S5, (U (p**), A) — Spo, (U (p»**), A)

s an isomorphism.
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Proof. Recall that T, = [],,Tw,. Then for b > 1, the action of T, on Sew(U(p*?), A) is

given by the double coset operator

(v
Upty | " 1 U(p™")

where w, € (A¥)* is the idele equal to w, at v|p and is 1 elsewhere. It then easy to check

that, for b > 1,

Wp

U(pa’b+1) U(pa’b+1).

1 1

Hence T},S, (U (p***1), A) C S, (U(p™*), A), where we have identified S, ,,(U(p*?), A) with
its image in S, (U (p®**1), A). It follows that enS, 4 (U(p®*T1), A) = exS,,(U(p*?), A) for

any a > 0 and b > max{a, 1}. O

The Hecke-equivariant injections Sy (U (p™*), A) = S, (U(p"), A) and 529, (U (p™*), A) —
SE%(U(pbvb), A), for b > a, induce surjections T, ,(U(p"?),A) — T.,(U(p»*),A) and
TE?¢(U(pb’b), A) = T, (U(p»*), A). We define

T, (U (57), 4) = im T, (U("), A),
and

(U (p™), E/O) = lim S5, (U(p™*), E/O).
We have a faithful action of T}, (U (p™), E/O) on S, (U(p>), E/O).

If M is a topological @ module, then Pontryagin duality M — MY = Home (M, E/O)
induces an isomorphism Endp(M) = Endp(MY). Hence we have a faithful action of
T, (U(p™), E/O) on SEo,(U(p™?), E/O)". Now take ag > 1 large enough so that (U (p®-®)(AF)*N
t7'D*t)/F* =1 for all t € (D ®p A%)*, which we can do by 3.1.5. Then for any a > ay,
Spo(U(p™?), 0) is a finite free O-module and

e (U(@™), E/O) = 555,(U(p™), 0) @0 E/O,
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hence there is an isomorphism
Homo (S35 (U(p™), 0, 0) = Homo(Sg% (U(p™), E/O), E/O).

This isomorphism is equivariant for the action of the the operators T, with v ¢ S, T, , with

vlp, and (y)"°, with y € U, on each side. We then have an isomorphism, for any a > ay,
T, (U(p™),0) = T, (UP™), E/O)

which sends T, to T, etc. And so there is a faithful action of T}, (U (p™?), O) on S35, (U(p™®), E/O)".
We then have a faithful action of T}% (U (p>), O) on

lim S, (U (p™), B/O)Y = (limy Sp5,(U(p™*), E/O))" = S9,(U(p™), E/O)".

a>ag a>agp

We view T}9,(U(p™®), A) as a A(U,) = Ol[Uy]]-algebra by letting y € U, acting via
(y)*°. Denote by p, the prime ideal in A(U),) corresponding to the kernel of the O-algebra
homomorphism that sends y € U, to y=" € O. With some mild abuse of notation, we also
denote by p, it’s pullback of to A(U) for any a > 0. We then have a version of Hida’s

control theorem.

Proposition 3.3.3. Let a > 1 be such that (U(p™®)(AF)* Nt 1D*t)/F* =1 for all t €
(D ©r AF)*.
Spu(U(p™), E/O)Y is finite free over A(Uy) of rank equal to the O-rank of S5, (U (p™*), O).
Moreover the natural surjection S3%, (U (p™), E/O)" — Sp5,(U(p™?), E/O)" has kernel p,.S25,(U(p>), E/O)

Proof. We define a different A(Z)-module structure on SS9, (U(p™), £/O)", by letting y €
U, act via (y). Note that the two A(U)-module structures differ by an automorphism of
A(Uy) that sends p, to the augmentation ideal a of A(US). It thus suffices to prove the

lemma with this new A(U;)-module structure and p, replaced by a.
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The second part follows easily from 3.3.2,

S (U™), E/0)Y a8, (U(p™), E/O)" = Homo (S5,(U(p™), E/O)%, E/O)

=~ (lim S2,(U (™), B/0))”

b>a

= S, (U(p™"), E/O)".

For the first part, it suffices to show, by the second part, that for every b > a, SE%(U(pb’b), E/O)Y
is a finite free O[US/U}]-module of rank equal to the O-rank of S2%,(U(p»*), O). Since the
projections

Seu(U@™), E/0) — S, (U(p™), 0)"

are Hecke equivariant and the direct summand of a free module over a local ring is free,
it suffices to prove this without having applied Hida’s idempotent. This then follows from
3.1.8. ]

Corollary 3.3.4. For any a > 0 both S35, (U(p>), E/O)" and T35, (U(p>),O) are finite
over A(US).

Proof. 1t suffices to show this for some a > 0. That it holds for S%,(U(p™), £/O)" is part

of 3.3.3. Since there is an injection
Tyu(U(p™), O) = Endaqg) (S5, (U (™), £/0)Y)

the same is true for T, ,(U(p™), O). O

3.3.5

There is a unique free rank one O-submodule of W, (O) on which the diagonal subgroup of

GLy(Op ®y Z,) acts via the character
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which we will denote by x.. Fix a generator v; of this submodule. By abuse of notation we
will also denote by v; the vector v; ® 1 of W, (O/my,) for any » > 1. Then for A = O or

O/my,, the choice of v; gives a Borel equivariant map
Wi(A) — A(xx)-
If A= 0O/my, and a > r, this yields a U(p®®)-equivariant map
pr, : W, — A.

Recall that, for v € 3, U, may act nontrivially on both sides of above. However it does so

via the same O*-valued character v~ o vp.

Lemma 3.3.6. Let a > r > 1 and recall that w, is the finite idéle defined by (w,), = w,

forv|p and (w,), =1 for v {p.

w
1. For any vlp and g € U(p™®) ° U(p™®), we have w, Vg, = v, + w with

w € ker(pr,).

T
wp

2. For any w € ker(pr,) and g € U(p™?) U(p**), we have @, ™ gyw = 0.

1

Proof. Let a be either @, or @j]. Note that for u € U(p™®), u, acts on W,(O/mf,) through

its image modulo mg,, which is upper triangular unipotent. Hence, for any

(67

g 6 U(pa,a> U(pa.a)
1
we can assume
o T
g =
1

for some x € A¥ with z, € O ®z Z,.

Recall we have an isomorphism of W, (O/mj,) with the space of O/my,-linear combina-

tions on the monomials

[] X027 (33)

Tel
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with each 0 < j. <k, — 2, on which GLy(O ®z Z,)-action by

a, b . , ,
p dp H Xy 27y = (apdy—cypdy)™ H(T(ap)XT+T<Cp)YT)kT_2_]T (7(bp) Xr+7(dp) Y7 )"
Cp D Tel Tel

We see that ker(pr,,) is the span of all monomials (3.3) with some j. < k; — 2 and we may

assume v; = [, Y2
For o« = @, we have

Wy &
@, [[vF =Tl X + Y =t w

1 /) 7er rel

with w € ker(pr,,).

For a = @y, since 7(w,) € my, for any 7 € I,

W x

| T = () X () X + Vo) = 0,

p
1 Tel Tel

if some 7, < k; — 2. O

If a > r, the map pr, : W, (O/my)) — O/my, induces a morphism of O-modules
pr S (U(p™), Ofme) — So4(U(p™*), O/mp).

Proposition 3.3.7. For any algebraic weight k and a > r > 1, pri is equivariant for all T,

with v ¢ S, Tg, with v|p, and (y)* with y € U,. Moreover pr}, induces an isomorphism
S (U ("), 0 miy) > S, U (), Ofm).

Proof. 1t is easy to see that pr, is equivariant for T, with v ¢ S and (y)™ for y € U,. For
v|p, writing
Wy
U(p™) : Up™) = 9™
we have, by part (1) of 3.3.6

(e S ol o) = 30 (TT ot o vloen) Jora(f(wg)) = S gopn,(F(agi)

% veyx!
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from which it follows that pr} is equivariant for 7., .

The equivariance of pr}, implies that it induces a morphism

wp(U(@"), Ofmp) — S55,(U(p™"), O/mp).
Take f € Sy, (U(p™*),O/m},). Write

wT’
upe) | " 1 Up™) = |aU

and define a function s.(f) : D*\(D @ AF)* — W,.(O/mj,) b

= Z @, ™ gif (xgi)v

We first show that s(f) is independent of the choice of {g;}. Indeed, choosing u; € U(p™?),

we have

Z w gzuz xgzuz Ul Z w glul pf xgl) (34)

since f € Sou(U(p™*), O/mpy) implies f(rgiu;) = ([[,esy %o © V(i) f(2g;). For each i,
since u; ,, is upper-triangular unipotent mod w,, We have u; ,u; = vy +w;, with w; € ker(pr,).

Then (3.4) becomes

Zw ™ gif (xg:)u +Zw ™ gif (xgi)wi Zw ™ 9if (zg:)un,

by part (2) of 3.3.6. So s(f) is independent of the choice of {g;}.

Now we check s,(f) € Sep(U(p®®*),O0/mp,). Set F = s,(f). The fact that F(zz) =
Y(2)F(z) for z € (A%®)* is immediate. Take u € U(p®®). Now

(uF)(x) Z @, ™ g f(zugi)v, = Z @, " ug; f(rug)v. (3.5)
For each i, we can write ug; = g;u; and (3.5) becomes

Zw Ygjuif(xzgjui)u = F(z).
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Note that for f € Soy(U(p*?), O/mp), since Tj = [],, T, . part (1) of 3.3.6 implies
that

(pry, 0 8:)(f) = T, f.
Conversely, given F' € S, (U (p»*), O/my,), and writing F(x) = f(z)u + F'(z) with F’ a
function taking values in ker(pr, ), part (2) of 3.3.6 implies that

((sx o pr,) Zw "™ f(xg;)v Zw f(xgi)v + F'(xgi)) = (T, F)(x).

Now if f € S35, (U(p™?), O/mp), then s.(f) € Sp5,(U(p™), O/mp). Indeed, since each

space is finite, there is some n > r such that on each space ey = T'. Then

Ty se(f) = (seopro) (T "su(f) = su(T7"(pry 0 5:)(f)) = sx(T5'f) = s (f)-

We then see that pr, and s, restrict to morphisms between the nearly ordinary subspaces
whose composites are automorphisms. It follows that pr, and s, are isomorphisms on the

nearly ordinary subspaces. O

Since my," /O = O/mj,, the following corollary follows from 3.3.7 upon taking direct limits

and Pontryagin duals.

Corollary 3.3.8. For any algebraic weight k, there is an O-module isomorphism, equivariant

for all T, with v ¢ S, Ty, with v|p, and (y)* with y € U,
nu(U(P™), E/0)” = 53,(U(p™), E/O)".
Henceforth we denote Sy (U (p™), E/O)Y by Sy(U). By 3.3.4, Sy(U) is a finite A(U,)-
module that is free over A(U) for sufficiently large a > 1. We let T, (U) denote the A(U,)-
subalgebra of Endyq,)(Sy(U)) generated by T, for all v ¢ S and Ty, for v[p. Note that

T,(U) is finite a finite A(U,)-algebra, and is reduced. The following corollary is immediate
from 3.3.8.

Corollary 3.3.9. Let k = (k,w) be an algebraic weight such that UN(A)* acts on W, (O)

via Y=t We have an A(U,)-algebra isomorphism

T (U((Pp™),0) = Ty(U)
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identifying the T, forv & S, and the Ty, for v|p

Recall that if k is an algebraic weight, then for any a > 1 we denote by p, the kernel
of the O-algebra morphism A(U) — O corresponding to the character y — y=™ of Uy
Combining 3.3.9 with 3.3.3 yields the following.

Corollary 3.3.10. Let k = (k,w) be an algebraic weight such that UN(A)* acts on W,.(O)
via 1. Let a > 1 be such that (U(p™*)(A)* Nt~ tD*t)/F* =1 for allt € (D ®p AF)*.

The isomorphism Ty (U) = T, (U (p™), O) of 3.3.9 combined with the natural projection
T, u(U[p>),0) = Ty yw(U((p®®),O) has kernel p,Ty(U).

We say that a prime p of T,,(U) is an arithmetic prime if there is some a > 1, and some

algebraic weight x such that p N A(U) = p..

Corollary 3.3.11. For any minimal prime q of Ty(U), the set of arithmetic primes in q is

Zariski dense.

Proof. It is easy to see that the set of primes p € Spec A(U,) such that p N AU;) = p, for
some a and some k, is Zariski dense in A(U,). The result now follows from the fact that

T, (U)/q is finite over A(U,) by 3.3.4. O

3.4 Modular Galois representations

We keep all assumptions and notations of the previous subsection. In particular x is an
algebraic weight and U is a (£’ C ¥)-open subgroup of (D ®r Ar)*, and S denotes the finite
set of places containing ¥, all primes at which U, is not maximal compact, as well as all

places above p and oo.
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3.4.1

Let m be a regular algebraic cuspidal automorphic representation of GLy(Ag). There is an

absolutely irreducible representation

pr: G — GLy(Q,)

such that p,|g, and 7, satisfy the (suitably normalized) local Langlands correspondence for
every place v of F. The existence of such a p, was shown in [T1] building on [W] and [C1],
and an alternate construction is given in [BR|. The compatibility with the local Langlands
correspondence was shown for places away from p in [C1] and [T1], and for places above p
in [BR], [S1] and [S2].

In the case that 7 is p-nearly ordinary, we can say more. Let (k, w) denote the weight
of m. Take an open compact subgroup V' C GLy(A%), with V,, C Iw(v) for each v|p, such
that there is 0 # x € 7" with T, 2 = oz, where a, € Q is a p-adic unit under out fixed
embedding Q — @p. Then the line generated by x is also stable under (y) for every y € U,
and the eigenvalues are algebraic. Letting x/ denote the resulting Q-valued character, we
define a character x, : F — @: by Xo(y) = X, (y)y™™ and x,(w,) = . It is shown in [W]
and [H2] that

pﬂ"Gv =
Xv

3.4.2
Let f € 539, (U, O), be an eigenfunction for Ty, (U, O), and let
Ap T, (U,0) — Q,

denote the resulting homomorphism. The image of f under the Jacquet-Langlands-Shimizu
correspondence, c.f. 3.1.10, generates an irreducible 7. Letting py = pr, with p;, as in

3.4.1, the discussion in 3.4.1 applied to

83



implies

1. py is unramified outside S and tr ps(Frob,) = A\;(7},) for each v ¢ S;

2. det py = 1e,, in particular det ps(c) = —1 for any choice ¢ of complex conjugation;
Ovep . . .

3. for every v € X, pyla, = with 6, an unramified character, and if v € ¥’

0,
then 6, = ~,;

*

4. for every vlp, prla, = , where, via the isomorphism of local class field

Xv

theory, x(wy) = A\f(T,), and x,(y) = As((y)*°) for all y € OF .

3.4.3

We call an ideal a of T}, (U, O) Eisenstein if there is an abelian extension L/F such that
for all but finitely many finite places v of F' that split completely in L, we have T;,, — 2 € a.
We call an ideal a of Ty (U) FEisenstein if it is the pullback of an Eisenstein ideal under a
surjection Ty (U) — T, (U(p™*), O) as in 3.3.10.

Let f be an eigenform for T}, (U, O), and let
)\f : Tg?w(U7 O) — @pa

denote the corresponding O-algebra morphism. The kernel of \; is contained in a unique
maximal ideal m. Choosing a Z,-lattice for ps and reducing modulo the maximal ideal of

Zp, we obtain a representation
ﬁm : GRS — GLQ(F)

If m is non-Eisenstein, p,, is irreducible and (up to isomorphism) p,, does not depend on the

choice of Zp—lattice in the representation space of p¢, nor on the choice of f.

Given the non-Eisenstein maximal ideal m of T (U) and v|p, we define a character
X2 Gy — Ty (U)3
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by composing the isomorphism of class field theory with the character of F,¢ that sends w,

to T, and on O is equal to the canonical character
Op, — ANU,)" — Ty (U),.

Proposition 3.4.4. Let m be a non-Eisenstein mazimal ideal of Ty(U). There exists a
continuous representation

PUm : GF,S — GLQ(Tw(U)m)
such that
1. for any finite place v ¢ S, tr pym(Frob,) = T,.

Moreover, this representation satisfies

(2) det pym = e,
(3) forvlp and o € G,, trp(o) = wep(nggv)_l(a) + XE%V(O').

Proof. Take an algebraic weight x and a > 1 be such that U N (A%)* acts on W, (O) by 1
and such that for any t € (D @p AX)*, (U(p™*)(A)* Nt~1D*t)/F* = 1. Then m is the

pullback of a non-Eisenstein maximal ideal of T}, (U (p**), O). Let
AT, U (™), 0)n — Q,

by an O-algebra morphism corresponding to an eigenform f, and let ps denote the cor-
responding representation as in 3.4.2. Since trpy(Frob,) = A(T,), for every v ¢ S, the
injection
T (U (), 0)w — [[ Ty
!
as in 3.2.3 implies there is a is a pseudo-representation
re : Gps — Ty (U(D**), O)m

with r,(Frob,) = T, for every v ¢ S. We also get a pseudo-representation

Tyt GF,S — Tm,¢(U(pb7b)a O)m
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for every b > a, and
Grs @flf@b,b)a O)m
T, (U(p**), O)m

commutes. We then get a pseudo representation

r=limr,: Gps — Ty(U)m,
o

such that r(Frob,) = T, for any v ¢ S. Since r modulo m is the trace of an absolutely
irreducible representation, namely p,,, a theorem of Nyssen and Rougier, [N], [R2], implies

that r is the trace of a representation
PUm : GF,S — GLQ(T¢(U)m),

and a theorem of Carayol, [C2] implies this representation is unique. To see (2) and (3), note
that the specialization of py, at any arithmetic prime satisfies the corresponding properties,

hence so does py, by Zariski density of arithmetic primes, cf. 3.3.11, and reducedness of

Ty (U)m- ]

Corollary 3.4.5. Let S’ be any finite set of places of F' containing S. Then there ezist finite
places vy, ... v ¢ S" such that Ty(U)m = AU [Toys - -, To) [T, op-

Proof. Let p denote the prime to p-torsion subgroup of U,. By definition, T, (U) is generated
over A(Z/{I}) by the the operators T, for v ¢ S, T, for v|p, as well as (y) for y € u. As we have
assumed E contains all embeddings F, — Q,, the projection Ty (U) — Ty (U)w sends each
(y) with y € p, to elements of O. By 3.4.4 and Chebotarev density, Ty (U)y is generated
over AU, )[Tx,lujp by the operators T, for v ¢ S’. By 3.3.4, we can chose a finite subset

v

{v1, ..., v} that generate Ty(U)wm over AUy ) [T, lojp- O

3.4.6

Let m be a non-Eisenstein maximal ideal of T (U), and denote by

ﬁm : GF,S — GLQ(F)
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the corresponding residual representation. For v|p, let A(I,) = O[[I**(p)]] and A(I,) =
®upA(1,) Also let, for vlp, A(G,) = O[[G2(p)]] and let A(G,) = ®,,A(G,). Local class
field theory then gives A(f,) = A(U,). Recall that for each v|p, we have a Ty(U)n-valued

univ

character ;5

of G, obtained by sending w, to Tr,,. Hence the A(I,)-algebra structure on
Ty (U)m extends to a A(Gp)-algebra structure. Fix an O-valued character 1 = (1,)y|p of the
torsion subgroup of U, (equivalently a character of the torsion subgroup of [],, G (p)).
The character 7 determines a minimal primes of A(U4;) and A(G)), each of which denote by

a4y We set AUy, n) = AU,) /4y, MGp,n) = MGp)/dy and Ty (U, n)m = Ty (U)m/ay-

After enlarging O, if necessary, we may assume that all eigenvalues of p,, are defined over
F. Let Rpg denote the universal deformation ring for G'rg-deformations of p,,, as in 2.6.
Proposition 3.4.4 gives a local O-algebra morphism Rpg — Ty (U)m. We then get a local
A(G))-algebra morphism Rps®A(G,) — Ty(U)m, which is surjective by 3.4.5. We let E?S
denote the quotient of Rps®A(G,) defined in 2.6.5 (with S, = 0)). Recall that for a finite
extension E'/E with ring of integers 0, a local O-algebra morphism Rps®A(G,) — O’
factors through E? g if and only if the corresponding deformation Vo and characters (X )op

satisfy the following

det VOI = ¢6p;

for each v|p, there is a G,-stable line L in Vs such that G, acts on Vo /L via xo;

for each v|p, the restriction of y, to the torsion subgroup of G2°(p) is equal to n,;

for each v € ¥, Vior|g, is an extension of 7, by v,€,.

Proposition 3.4.7. Let m and E?s be as above and assume X' = X. The A(G),)-algebra
morphism Rps@A(G,) — Ty(U,n)m factors through T{;S.

Proof. Let p be an arithmetic prime of Ty (U, n)m. The pushforward of the representation in
3.4.4 along T, (U, n)w/p is an integral model for some p; as in 3.4.2. By 3.4.2, the map

Rps®M(Gp) = Ty(U,n)m = Ty(U,n)w/p
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factors through }_%ﬁ g- The result now follows from the Zariski density of arithmetic primes,

c.f. 3.3.11, and the fact that Ty (U, n)n is reduced. O

3.5 Auxiliary primes and freeness

We keep the notations and assumptions of the previous sections. In particular D is a totally
definite quaternion algebra with centre F', U is a (X' C X)-open subgroup of (D ®p A¥)*,
Y 1 F*\(A¥)* — O* is a continuous character such that 1(z) = 227%* on U N (AF)*
for some algebraic weight (k, w), and S denote the finite set of places at which either D is

ramified, U, # GLy(Op,), v|p, or v|oco.

3.5.1

Fix a finite place w ¢ S, and let U’ be the open subgroup of U such that U] = U, if v # w

and U, = Iw(w). Given a > 0, we define a map
& S2u(Up™), E/O)* — Sau(U'(p™), E/O)
1
(f,9) — f+ 9
W
This map is equivariant for all Hecke operators outside w, hence induces a map on the nearly

ordinary subspaces, which we also denote by £2. We then set

€w = lim &« S35,(U(™), E/0)* — S35,(U'(p™), E/O)

a>1
and &) : Sy(U') — S,(U)? it Pontryagin dual. These are both maps of A(U,)-modules and

respect the action of T, for v ¢ S U {w}, and T, for vlp.

Lemma 3.5.2. Let m be a non-Eisenstein maximal ideal of T (U) and denote its pullback

to Ty (U") also by m. The localization of £ at m, Sy(U")m — Sy(U)2, is surjective.

m’
Proof. 1t suffices to show that

€t Sy (UP™), B/O)y — S35,(U'(p), E/O)w

88



is injective. For this it suffices to show that for any a > r > 1, that

& S5 (U (™), mg"/O)y — S55(U'(p™), mg /O
is injective. If (f, g) belongs to the kernel of

& Sau(U(P™), mg"/O)? — Sy (U'(p™"), mg' / O),

then f is invariant under U(p®®)SLy(F,). Letting (D ®r A¥)! denote the subgroup of
elements of reduced norm 1, strong approximation implies that f is invariant under (D ®p
AX)! hence f factors through the reduced norm. Then f is not in the support of m, since

m is non-Eisenstein. O

For the remainder of this section fix p € SpecTy(U) contained in a non-Eisenstein
maximal ideal m, and denote by p, the Gpgs-representation into GLy(Ty(U)w/p) induced
from 3.4.4. Note that this implies p, is unramified at w. Denote again by p and m the
pullbacks of p and m to Ty (U").

Lemma 3.5.3. Let 0, € G, be some lift of Frob,,. Let
PU m : GF — GLQ(T¢<U/)m)

be as in Proposition 3.4.4, and let y = (tr pyr m(0w))?* — ¥(@4) (1 + Nm(w))?.

We have y(ker&) = 0. Moreover, if p € p, Nm(v) = 1 (mod p) and p,(Frob,) has

distinct eigenvalues, then y & p.

Proof. Take a > 1 and an algebraic weight x such that
- (U@ (AR)* Nt 'D*t)/F* =1for all t € (D @p A¥)*;
- the action of U(p®*) N (A%)* on W, (O) is given by ¢~ 1;

- m is the pullback of a maximal ideal of T ,,(U(p™*), O) under the projection of 3.3.10.
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For A an O-module, let

Eoma P Sip(U(P™), Ay — S (U'(p™), A
1

(fr9)— [+ g.
Ww

We know that coker(éwﬁ’@p) has a basis {f;} consisting of eigenforms which are new at v.
Letting py, denote the Galois representation associated to f;, local-global compatibility, cf
[C1], implies that

EpXi *

PfilG, =

Xi
where ; is an unramified character of G,, such that x? = v|g,. The eigenform f; defines an
O-algebra morphism T}, (U'(p*?), O)m — Q, such that, precomposing with the projection
Ty (U) = T2, (U ("), O,

PU" m

GF—>\GL2<T¢<U')m>

GL?(@p)

commutes. In particular, the image of (tr py m(0,,))? under this map is 1 (@, ) (1 +Nm(w))?.
We see that y(coker(ﬁfu,&@p)) = 0, hence y(coker(¢g, . ) = 0.

If V is any (X' C X)-open subgroup with (V(A®)* Nt~ 1D*¢t)/F* =1 for all t € (D ®p
AX)*, we have S, (V. E) =2 S, 4(V,0) ®p E and S, (V, E/O) =2 S, »(V,0) ®0 E/O, and
so there is a natrual surjection S, 4 (V, E) — S.(V, £/O). This yields a Hecke-equivariant

commutative diagram

a

Spo, (U (p?), B)g —=== 525, (U (p), E)m coker(
no ala sg"’“’E/o no ! ala ja
S0, (U (pe), B/ 0)% 555550 (U (p), B/ O)m —= coker(€2,, /o) —0

m K,

a
w,k, B

)——0

with exact rows. Since the first two vertical maps are surjections, so is the third and we

deduce that y(coker(; , ;o)) = 0.

90



We then have y(coker(liga & rm/0)) = 0. Noting that o B0 = @7‘21 §Zm7mar/o and
using the ismorphism of 3.3.7, we see that &, = lim & 5o, in particular y(coker(&,)) = 0.
By exactness of Pontryagin duality we get y(ker(£))) = 0.

Assume p € p, Nm(w) =1 (mod p), and y € p. Then since py is unramified at w and
tr pym(0) = T, our assumptions imply T2 — 4v(w,,) € p. The characteristic polynomial of
pp(Froby,) is X? —T,, X 4+ ¢ (Frob, ) Nm(v) = X? —T,X +¢(w,) does not have distinct roots
if T? = 44)(ww,,) modulo p. O

3.5.4

Let @ be a finite set of primes of F' such that for each w € @, w t p, D is split at w, and
Uy = GLy(Op,). For each w € Q, let k,, denote the residue field of F, and fix a p-power
order quotient A, of k5. Set Ag = HweQ A,. Define the open subgroups U’ and Ua,, of U
by U, =U, if v ¢ @, and U,, = Iw(w) for w € @, and

Ung = @b c U :aud,' + 1in A, for each w € Q
c d
Lemma 3.5.5. Let Q be as above. Let a > 1 be such that (U(p®*)(A¥)* Nt~1D*t)/F* =1
for allt € (D ®@p AR)*, and such that there is an algebraic weight x with U(p™®) N (A3)*
acting on W, (O) via = .
Sy(Uay) is a free A(US)[Aq|-module and the natural surjection Sy(Ua,) — Sy(U’) has
kernel agSy(Ua,,), where ag is the Ag-augmentation ideal of A(US)[Aq]. In particular the

AU )[Ag-rank of Sy(Un,,) is eqaul to the AU )-rank of Sy (U’).

Proof. Let k and a > 1 be as in the statement of the lemma. Take b > a. Applying 3.1.8 to
the groups U’'(p™*) C U'(p"?), U'(p™*) C Ua,(p**) and U’'(p**) C Ua, (p"*), we deduce that
Sk (U'(p"?), E/O)Y and S, (Ua, (p"?), E/O)Y are free over OU, /U] and OU, /Uy)[Ag],

respectively and that the natural surjection

Suw(Ung(0""), E/O) — Spu(U'(p""), E/O)"
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induces an isomorphism of S, ,,(U’(p*), E/O)" with the Ag coinvariants of S, (Ua, (p"°), E/O)".

Applying Hida’s idempotent and passing to the limit over b > a gives the result. O]

Lemma 3.5.6. Let w € @), and let o, be a generator of the p-part of the tame inertia
subgroup of I,,. Note that under I, — Op — ki — A, given by class field theory, o, is

mapped to a generator of A,.

If m is a non-Eisenstein mazimal ideal of Ty (Ua,, ), and PUAGm denotes the representation

in 8.4.4, then tr py, , m(0w) = 0w + ot

Proof. Let X : Ty(Uag)m — @p denote an arithmetic point. By the definition of (Ua,),
the automorphic representation associated to A via Jacquet-Langlands is not cuspidal at w.
Local global compatibility then shows that tr py(c,) = A(d, + d,,'). The result now follows

from Zariski density of arithmetic points and the fact that Ty (Ua,) is reduced. O]

3.6 Galois Cohomology and Auxiliary Primes

Crucial to the patching method is the existence of so called Taylor-Wiles primes or auxiliary

primes. The proof of their existence is the main result of this section.

The first section uses some of the lemmas proved in §2.7 together with a result of Pink to
prove that certain non-dihedral deformations to characteristic p local fields have open image

(up to finite index subfields).

Using this, in the next section we compute (almost) the cohomology of the image acting

on the adjoint representation. We do this by explicit cocycle computation.

In the final section we use the result from the previous one to show the existence of
auxiliary primes analogous to those in Lemma 5.10 of [KW]. As in §6 of [SW1] some care
has to be taken. In particular it is not sufficient to compute the cohomology with coefficients
in our local field, one must do the computations integrally. Moreover one must make sure
that the size of the torsion subgroups do not depend on the auxiliary primes chosen. This is

due to the fact that when performing the patching in §4, we must consider finite quotients
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of our universal deformation ring and Hecke modules. In order to ensure that the limits of
the resulting projective systems have the correct rank, we must ensure that the alluded to
torsion subgroups do not grow. It is because of this that we must be careful to control all

error terms in this section.

We recall and introduce some notation and assumptions that will be used throughout
this chapter. Recall F C Q is a totally real number field and G = Gal(Q/F). For any
extension M/F inside Q, let Gy = Gal(Q/M). Let K be a characteristic 2 local field with
ring of integers A and residue field F. Let ¢ denote the cardinality of F. Let m denote the

maximal ideal of A and let w be a fixed choice of uniformizer. Fix an algebraic closure K

of K.
We fix a continuous p : Gp — GLy(A) satisfying:
Al p unramified outside a finite set of places S;
A2 pis not dihedral and imp — GLy(IF) has nontrivial kernel;
A3 det p is finite order;
A4 the image of p contains a non-trivial unipotent element.

A5 if pis L-dihedral there is some 7y € Gp \ G, such that p(7) has distinct infinite order

A-rational eigenvalues.

Let V denote the free rank two A module on which G acts via p. Let Ad denote the space
of endomorphisms of V' with the adjoint action of G, and Z its centre. For any A-algebra
R (in particular K, K, F) we set Vg = V ®4 R, Adg = Ad®4 R, and Zr = Z ®4 R. For
m > 1 we also write, for notational convenience, Ad,, and Z,, for Ads/mm = Ad/m™Ad and

Zajwm = Z|m™Z respectively.
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3.7 The image

The main result of this section is to establish an openness result, 3.7.2, on the image of a
representation p satisfying our assumptions A1-A4 and then to compute the H'! of its action
on the adjoint representation. Set G = imp and G' = G N SLy(V). Note that by 2.7.4 we

know that G' is Zariski dense in SLy k.

Lemma 3.7.1. Let I' be a Zariski dense compact subgroup of SLo(K). Then there is a
subfield Ky of K with K/Ky finite and a quaternion algebra D over Ky, split over K, such
that if D' denotes the algebraic group over K, defined by the norm one elements of D,
there is an isomorphism ¢ : D' X iy K = SLa i with T' € ¢(D(Ky)) and both ¢~(T') and
@ ([T, 1)) are open in D'(Ky).

Proof. Note that ¢~([T',T]) open in D'(Kj) implies that ¢~*(T") is open in D'(Kj), so we

only have to prove the former.

Applying Theorem 0.2 of [P] to the image of I' in PGLy(K), there is a subfield K,
of K with K/Kj finite, an absolutely simple adjoint group H over Ky, and an isogeny
¢+ H xg, K — PGLy, with nonvanishing derivative such that I' C ¢(H(Kj)) and the
associated isogeny ¢ : H X, K — SLy /i of simply connected covers identifies [I',I'] with

an open subgroup of H(Kj).

Since PGL5 does not admit nonstandard isogenies and the derivative of ¢ is nonzero, ¢
is a central isogeny. Since H is adjoint, ¢ and ¢ are isomorphisms. All Ky forms of SLy/x
are inner, so H is the algebraic group defined by the norm one elements of some quaternion

algebra D defined over K| that splits over K. O

Proposition 3.7.2. Fiz a basis of V and identify G' with a subgroup of SLy(A) using this
basis. There is a subfield Ky C K such that K/K, is finite and and element g € PGLy(K)
such that both gG'g=1 and g[G',G'g™" are open in SLy(Ky).

Proof. Since G' is Zariski dense in SLy/k by 2.7.4, we can apply 3.7.1. Let D and ¢ be

as in 3.7.1. By assumption A4, G! contains a non-trivial unipotent element, hence D must
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be split over Ky. The lemma now follows upon noting that any automorphism of SLy /f is

inner, hence ¢ is given by conjugation by an element of PGLy(K). O

We finish this section with a lemma concerning the elements of Ad fixed by a compact

Zariski dense subgroup of SLy(A).

Corollary 3.7.3. Let I be a Zariski dense compact subgroup of SLy(A). Then (Ad/Z)' =
{0}

Proof. Take X € Ad such that the image of X in Ad/Z is I'-invariant. Let W = KX + Zx C
Adg and let N be the kernel of I' — Aut(W). Then X is an endomorphism of Vi that
commutes with the action of N. Since 0 € Z C W is a I'-stable filtration of W and
dimg W < 2, T'/N is solvable. This together with the Zariski density of I' implies N is
Zariski dense. It follows that X € Z. O

3.74

Let Ky be as in Proposition 3.7.2. Denote by Aq it’s ring of integers, my its maximal ideal
and wy a choice of uniformizer. Let e be the ramification index of K /K. The main goal
of this section is to describe the cohomology group H'(T', Ad) for I an open subgroup of
G = im(p).

Ideally one would want a proposition similar to Lemma 6.9 of [SW1], which in our context
would be to prove that H'(T", Ad) is finite (they are actually more precise and consider not
only the splitting field of im(p) but also ajoin all p-power roots of unity). This is not true
in our case because of the presence of the centre in Ad and the fact that if p is dihedral
the image of p is pro-solvable. For example, if p is dihedral and L denotes the unique field
from which 7 is induced (it is unique since p = 2), then we have an A-module of rank one
inside H'(G, Z) given by the surjection G — Gal(L/F) composed with the map sending the
nontrivial element of Gal(L/F) to any nonzero element in Z. It seems likely that the natural

map H'(G,Z) — H'(G, Ad), which is injective by Lemma 3.7.3, is surjective. We fall short
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of proving this. We can however describe the cokernel (if it exists) in enough detail for our

purposes in §3.8.

Lemma 3.7.5. Let T be an open subgroup of G. The A rank of coker(H'(T', Z) — H'(T', Ad))
1s at most one. Moreover if it is one there is a positive integer Ny depending only on I' such
that if v € HY(T,Ad) maps to a non-torsion element of this cokernel, there is a cocycle
k: I — Ad representing @™~y such that for infinitely many g € I' with distinct A-rational

eigenvalues k(g) € Z ~ {0}

Proof. Fix an A-basis for V| and identify Ad with May2(A) using this basis. Let g €
PGLy(K) be as in 3.7.2. Set I' = gl'g~! and Ad’ = gAd C Mayo(K). We have a iso-
morphisms HY(I, Z) & HYT',Z) and H'(I",Ad") & H*(T", Ad) compatible with the maps
HYT,Z) — HYT',Ad) and HY(I", Z) — H'(I", Ad’). And so it suffices to prove the proposi-
tion for HY(T, Z) and H'(I", Ad’). Since Ad’ is open compact in Myys(K) there is [ > 0 such
that @'Mayo(A) C Ad' € @ 'Mayxa(A). For k > 1, set Ji, = (I + wEMaya(Ag)) N SLy(Kyp).
By 3.7.2, I contains an open subgroup of the form J, for some k. Set Ny = 3ke + 41. We
will show that for any v € H!(I”,Ad’) there is a cocycle s representing ™+ such that,
letting " : I' — Ad’/Z denote the cocycle obtained by composing x with the projection
Ad" — Ad'/Z, the restriction k', is uniquely determined by some b € A and that

- if b =0, then k|, € Z;

- if b # 0, then there are infinitely many diagonal g € J; with x(g) € Z ~ {0}.
To see that this implies the lemma, let N be an open normal subgroup of I'V contained in Jay.
Since N is open in I" it is Zariski dense in SLy,k, hence so is g~ 'Ng, where g € PGLy(K)
is as above. Then 3.7.3 implies (Ad’'/Z)N = (Ad/Z)? 'N9 = {0}. By inflation-restriction
this implies H'(I",Ad’/Z) — H'(N,Ad'/Z) is injective. Since the map H'(I",Ad") —
HY(N,Ad'/Z) factors as

HY(I',Ad') — HYI',Ad'/Z) — H(Js,, Ad'/Z) — H'(N,Ad'/2),
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we have

ker(H'(I", Ad’) — H'(Ja, Ad'/Z)) = ker(H'(I", Ad) — H'(I", Ad'/2))

= HYI", 7).

The remainder of the proof will comprise of some somewhat laborious cocycle computa-
tions using relations between elements in SLy(Kj). We first introduce some notation. For

a€1l+mf and r € mf set
t(a) = ) u+(x) = ,u(z) = )

and define the subgroups
Tr = {t(a) € Jp}, UF = {ut(x) € Ji}, Uy ={u (x) € Ji}.

Fix v € HY(T', Ad’), with x; : T — Ad’ a cocycle representing . Take t(a),t(8) € Ty

and write

(™ ba ag bﬁ
ri(t(a)) = . and r1(£(8)) = ;
Ca (o3 C,B 5

Then using t(«)t(3) = t(5)t(«) and the cocycle relation, we find that

(@® = 1)bg = (8% — 1)b, and (@™ % — 1)cg = (B2 — 1)ca. (3.6)

Now assume 3 € (1 +mf) ~ (1 +mith). Since Ad' € w Myy(A) we have b, cs € m™.

Then, letting

w2ke+2l bﬁ
1—32
X = 7
w2ke+2l
1528

we have X € @w'Mays(A) € Ad’ and we can define a cocycle sy : I' — Ad’ by

Ka(g) = w%e“l/ﬁ(g) —gX + X.
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This cocycle represents the cohomology class w?**+2y and ko (t()) is diagonal. Using (3.6)

we see that

a
Ro(t(a)) € (3.7)
d
for all t(«) € Ty.
Before proceeding we prove a sub-lemma.
w T
Lemma 3.7.6. Let &' : J, — Ad’ be a 1-cocyle and let g = € Ji have order two.
Yy w
Then
. a b
K'(g) =
c a
with xc = yb.

Proof. First note that our assumptions on ¢ and J, impliy w and at least one of x,y are
non-zero. Since g has order two, the cocycle relation implies gx/'(g) = k’(g). This yields

equations

w?a + wyb + wre + ryd = a (3.8)
wza + w?b + 2%c + wrd = b (3.9)
wya + y*b + wie + wyd = ¢ (3.10)
zya + wyb + wre + w?d = d (3.11)

Using w? = 1 + xy, equations (3.8) and (3.11) both become

zy(a + d) + w(ze + yb) = 0, (3.12)

equation (3.9) becomes
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wz(a + d) + z(zc + yb) =0, (3.13)

and equation (3.10) becomes

wy(a + d) + y(xc + yb) = 0. (3.14)

If x = 0, then (3.12) implies b = 0 and (3.14) implies a = d. If x # 0, then (3.13) implies
zc+ by = w(a + d). Substituting this into (3.12) we have (w? + zy)(a +d) =0, i.e. a = d.

Equation (3.12) then implies zc = yb.

By 3.7.6 we can write

a b
R (u" (w5)) =

a
Let u = wewo_l € A*. Since Ad' C wMy,2(A), b € m~, so letting

ubo?h

X:
0

we have X € @'Mayo(A) C Ad’. We can then define a cocycle x : I' — Ad’ by

/f(g) — wke+2llig(g) _gX +X

ketdly — 5Noy and an easy computation

The cocycle k represents the cohomology class @
shows r(ut(wk)) € Z. Note that since every t(a) € T commutes with X, s(t(a)) =

w2k, (t(a)) is diagonal for every t(a) € Ty, by (3.7). Applying Lemma 3.7.6 to k we have

+ _ Ay bx _ _ d:r
k(u™(x)) and k(u™ (z)) L) (3.15)

with bwg = 0. We will now show that the restriction of this cocycle to J3; is uniquely

determined modulo Z by the value bw(1)c+l.
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First I claim that for any o € m%, writing

we have a, = d,, and for any z € m{, writing x(u*(z)) and k(u~(z)) as in (3.15), we have
b, = c,. This will be shown simultaneously by setting a = 1+ and considering the relation

ut(z)u (z) = t(a)u™ (z)ut(z)t(a).

Let g = u™(x)u (x) = t()u™ (x)u™(x)t(a). Applying the cocycle relation to u™ (x)u™(x)

we have

ay +d, +xc, by + x’c,
K(g) =
Ca ay +d, + xc,

Applying the cocycle relation to t(a)u™(z)u™ (x)t(a) we have

) az + dy + 2by + 1% (a0 + do) @b, + oz (as + dy)
KR\G) =
a 2(cp + 2%by) + x(ag + dy)  ap + dy + by + 2% (a0 + dg)

Comparing top left entries,

Ce = by + x(an + dy,). (3.16)

Comparing top right entries and using (3.16)

b, + x’c, = aQ(bI + z(aq + dy))

= ao’c, = (1 +2%)c,,

hence b, = ¢,. Then (3.16) gives a, = d,.

We use the following notation in what follows. For a € 1 +mf and = € m§ write
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A(t(a)) = L R(ut(2) = L Rl (2)) = . (317)

Since J = U, TyU,", k is uniquely determined modulo Z by the values b,, for z € m{. 1

claim that the values b, for x € m3* are uniquely determined by bwlg+1.

First we establish some easy relations. For any z € m&, U, act trivially on x(u*(z)) and

U, acts trivially on x(u~(z)). Hence, for any z,y € m¥ we have

bty =bp+ by,  Aury =az+ay, doy=dy+d, (3.18)

Let « € 1 + mf and z € m{. Using u"(a?z) = t(a)u'(z)t(a)~* and the cocycle relation we

find

a, o’b,
k(u®(o’z)) = ,
Qg
and similarly for u™(a?z). So
baze = OPby,  Gu2p = Gy, dp2y = d. (3.19)

Now, if y € m¥, setting o = 1+y and applyng (3.18) and (3.19) to u*t (y2r) = u™ (z)ut(a?x)
we have
byow = Y2be,  aue, =0, dyz, =0. (3.20)
Let Fy denote the resdiue field of Ay. Take z € Fy and n > 3k. Let /z denote the
unique element of Fy such that (y/2)?> = z. If k and n have the same parity then, setting
n—k
y=+/2,% €m}in (3.20) gives

_ n—k _
bzwg = 2w waoc =0.
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n—k—1

If k and n have different parity then, setting y = /2w, 2 € m{ in (3.20) gives

_ n—k—1
bzw(’} = ZW bw§+1.

Combining these two equations with (3.18) we know the value of b, for any = € m3* of the

form x = ngwgk + - zywg with zs, ..., 2, € Fy. For arbitrary « € mgk the value b, is then
determined by the continuity of k.

It remains to show that if bw§+1 # 0 then there are infinitely many g € T} with x(g) €
Z ~ {0}. Take z,y € mf and set o = 1 + zy. We have the relation

ut(Yu” (z) =u (o z)ut (ay)t(@).

The cocycle relation gives

- ay +dy +yb, b, +y%b,
kut(yu (z) = ! ,

b, ay + dy + yb,
and
Qo + Coy + dg—1, + " Lab, bo
r(u” (o a)ut (ay)t(a)) = ! ! ! :
a™22boy + bo-14 Ao + Qo + do-1, + a1 Thy,

which, by comparing the diagonal entries, gives

ay +dy +yby = ao + Aoy + do-1, + a’lxbay. (3.21)

Using (3.18), (3.19) and (3.20) we see

2
Doy = byryre = by + U2be, oy = Qyeype = Gy, Aoty = dog = dyyy2e = dy.

And so (3.21) becomes
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o = yby — a 'z (b, + y°b,)

= a Y(yb, — b,). (3.22)

Let n be an odd integer such that n — k —1 > 3k. Since n — k — 1 has the same parity as k

we know bwg—k—l = 0 and so, putting z = wh™ and y = @y "' in (3.22), we have
a1 = (1+ wg)—lwg—k—lbwgﬂ,

which is zero if and only if bwgﬂ is. In particular if bw§+1 # 0 then there are infinitely many

n such that x(t(1 4+ wy)) € Z ~ {0}.

3.8 Auxiliary Primes

We now use the results in the previous section to prove the existence of auxiliary primes

similar to Lemma 5.10 of [KW].

3.8.1

For each n > 1, let F,, = F'(uan). Let Q(u9n)" denote the maximal totally real subfield of
Q(p2n) and let ng be the largest integer n > 2 such that Q(ugn)™ C F. For each n > 1

let ¢, be a primitive 2"-th root of unity such that (2., = (,. Let z, = %(Cn + ¢! and
Yo = 2(a" +1). For n > ng let £, = Folysl®), Gin € F*/(F*)?" denote the image of yp,,
and k,, € H'(GF, izn) be the image of 7, by the Kummer map.

Lemma 3.8.2. Let n > ng. We have

1. Fno(y}lé4) is a dihedral extension of F' of degree 8;

2. the extension Fn/Fn is cyclic of degree 2"~' and its cyclic subextension of degree 2 is

Fn (y'fllé4) ;.
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3. Ky, € HY(Gpg, pan) and its order is divisible by 2" ';

4. any quadratic subextension of Fn/F 1s contained in F,;

Proof. Parts (1), (2) and (3) are proved in Lemmas 5.8 and 5.9 of [KW]. Part (4) is a
consequence of the first two. Indeed, if M/F is a quadratic subextension of F, /F we have
either MF,, = F,, or M F,, = Fn(y111{)4), by part 2. Since M F,,/F is abelian, part (1) implies
MF, = F,. [

For any n > 1 let S, resp. S, denote the places above S in F,,, resp. F,.

Lemma 3.8.3. For any n > ny,
ker(H'(Gpgs,Ad) = H'(Gf, 5,,Ad)) = ker(H'(Gpg, Ad) = H' (G, ., .51, Ad)) = A,

Proof. Let vy € ker(H'(Gps,Ad) — H'(Gp, 5 ,Ad)) and let yp, denote the image of v in
H'(Gp, s,,Ad). Since F,/F, is Galois and Ad“f = Z, we see that vz, € H'(Gal(E,/F,), Z)
by inflation-restriction. Noting that the map H'(Gal(F,/F,),Z) — H'(Gf,, Ad) factors

through H'(GF,, Z) and considering the commutative diagram

Hl(GFV,SyZ) Hl(Gpvs,Ad)—>H1(GF75,AC1/Z>

| | |

Hl(GFnys'rﬂ Z) - H1<GF7L1S7L’ Ad) - Hl (GFn7Sn7 Ad/Z)

we see that vz, maps to zero in H'(GF, s,, Ad/Z). Hence, the image of v in H'(G s, Ad/Z)
restricts to zero in HY(Gp, s,, Ad/Z). By 3.7.3, (Ad/Z)%F = 0, and so the inflation restric-
tion exact sequence implies H'(Grgs, Ad/Z) — H'(GF, s,, Ad/Z) is injective and the image
of v in H'(Grg,Ad/Z) is zero, hence v is in the image of H'(Grg, Z). Then ~ is a homo-
morphism from G5 to Z that is trivial on G g . Part (4) of 3.8.2 implies that 7 is trivial

on G, s, and we have

ker(H'(Grgs, Ad) — Hl(Gpmgn, Ad)) = ker(H' (Grs,Ad) = H (Gr,.5,))-
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Now note that, for any n > ngy, Gal(F,/F) is the product of Z/2Z and a cyclic 2-group.

Then
ker(H'(Grgs,Ad) — H(Gp,.s,)) = Hom(Gal(F,/F), Z)
= Hom(Gal(Fyy+1/F), Z)
= ker(H'(Gps,Ad) = H' (Gp, ,1.50:1))s
and Hom(Gal(F,,,1/F), Z) = A% O
3.8.4

We know, by 3.7.1, that [G,G] is open in G. By 3.7.1 again, we see that the commutator
subgroup of the commutator subgroup of G, i.e [[G,§],[G,7]], is open in [G, G|, hence also
in G. Since ﬁn/ F, and F,/F are both abelian extension, it follows that p|Gﬁn contains
[[G,G],[G,G]] for all n > 1. This implies that there is n;, which we can assume is greater
than ng, and a finite extension M/F such that if F,, denotes the subfield of Q fixed by ker(p),
we have F, N F, = M and p(Gg ) = p(Gu) for all n > ny. Set I' = p(Gyr). Since T'is
open in G, there is, by 3.7.2, a subfield Ky of K with K/Kj finite and a basis for Vi such
that, letting Ay denote the ring of integers of Ky and wy a choice of uniformizer, I" contains
SLa(Ag) N (I + whMy(Ap)) with respect to this basis. Fix such k for the remainder of this

section. Let e be the ramification index of K/K, and write mg = wgA,.

Lemma 3.8.5. Let B be a I'-stable subgroup of Ad (not necessarily an A-module). Let
m > 1 be such that B € w™Ad. There is a non-negative integer Ny, independent of B, such
that some X € B satisfies either

- val(tr X)) <m + Ny or

- X =21 +Y withval(z) < m+ Ny and Y € w"E)+H1Ad.

Proof. Fix a basis of V' and identify Ad with Ms,2(A) using this basis. There is some
g € PGLy(K) such that I = gI'g~! contains SLa(Ag) N (I 4+ whMaya(Ap)), with k as above.
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Set Ad' = gAd C Myy»(K) and B’ = gB. Then B’ is a I stable subgroup of Ad’. To prove
the lemma we use the fact that I contains an open subgroup of SLy(Ag) and so we have
a very explicit description of I'V. Although ¢ does not preserve the filtration of Mayo(K),
there is some non-negative integer | such that @w/'Maya(A) € Ad' C w My,o(A). We set
Ny =1 + 4ke.

Since B € w™Ad, there is X € B such that, writing

a b
c d

X —

one of a,b,c,d is not in m™. If val(tr X) < m + Ny we are done, so we assume otherwise.
Write
a v

cd d

X' =¢gX =

We know that val(a’ + d’') = val(tr X’) = val(tr X') > m + Ny > m + [. Then if both ¥/, ¢ €
m™ ! we can write X' = a'I + Y’ with Y’ € @™ My,»(A) C @™Ad’. Then X =o'l + g~ 'Y’
and ¢g7'Y’ € w™Ad. Since X ¢ w™Ad we must have a’ ¢ m™ and we can take z = a’ and
Y =g Y.

We are left with the case that one of ¥/, ¢ does not belong to m™*'. Assume b ¢ m™*.

Since B’ is I stable, B’ contains

1+ wh a b (1+ wf)~1 a b
(1+ k)™t d d 1+ @} d d
ka:b/
= 0 . (323)
(1+w2k)t—1)
And so B’ also contains
1 wik ! 1 B wakb
wp 1 (T+wgh) ™ = 1)¢ w1 (T+wgh) ™ = 1)¢
wgkb/

Akpr 3kpy
w,"b wy"b
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as well as

(14 wf)~! k! 1+ wp
1+ @ wokt wiky (1+wf)™!
w(?))kb/
- . (3.24)
Then, using (3.23) again, we see B’ contains
1 wikl 1 wikl
wf +w?* 1 (14 wdk)=t = 1) wf +wik 1 (14wt = 1)

(@p* + @)t/
(3" + wg" ) (@i + aogh)Y

(3.25)

Subtracting (3.24) from (3.25) we have that B’ contains

4kt
w,"b

4k
w,"b

Taking z = wg®V/, g7 (2I) = 21 € B and val(z) = val(V') + 4ke < m + [ + 4ke = m + Nj.

The case of b € m™* but ¢ ¢ m™*! is similar. O

Lemma 3.8.6. Let g € GLy(V) have distinct A rational eigenvalues o, 5 and set w =

val(a — B). For z € A non-zero and Y € w"™)Tw+H1Ad if
2I+Y € (g —1)Ad +=w™Ad
then m < val(z) + w.

Proof. Let o and [ denote the eigenvalues of ¢g. First let V,, denote the « eigenspace for g,
e, a generator of V,, and ez be any element of V' mapping to a generator of V/V,. Write

ges = PBeg + we, with x € A. Note a splitting of
0—V,=»V —>V/V,—0,
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exists if and only if val(xz) > val(a+ ) and so we cannot, in general, assume z = 0. Identify

Ad with May2(A) using the basis {eq, e} of V.

Assume there is X € Ad such that z/ +Y € (¢ —1)X +@™Ad. Set j = min{m, val(z) +
w+ 1}. Then 21 — (g9 — 1)X € w’/Ad. Writing

a
X =
c d
we have
a T a b al a7 lplx a b
(9-1X = -
15} c d -1 c d
a txe *

(a7 —1)c atzc

Then 21 — (g—1)X € w’/Ad implies (a~!8—1)c € m’, so val(c) > j —w. Then the upper left
entry implies z — a~tzc € m’, so val(z) > j — w. Then j < val(z) + w implies, by definition

of j, that j = m and m < val(z) + w. O

3.8.7

We introduce some notation that will be used for the remainder of this chapter. Let M be a
finitely generated A module. We denote by M., the torsion submodule of M and by M.
the free A-module M /M.

We now fix certain submodules of H'(Gr s, Ad) that will be used in the proof of auxiliary
primes below. Let F, denote subfield of Q fixed by ker(p) and M = F, N F,,,. Recall that

ny was chosen so that £}, N 15” = M for any n > n;. Let
r =1k H' (Gpg, Ad) — tkyH (Gal(E,,/F), Z) = tkaH (Gps, Ad) — 2,
and

ro = tka(im(H' (Grs, Ad) — H'(Gyr, Ad)) N HY(Gal(F,/M), Ad)).
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Set T' = p(Gyr). We know by 3.7.5, that the A-rank of the cokernel of the map H*(T', Z) —
H'(T',Ad) is at most one. For the remainder of this section we will assume that it has
A-rank one and that there is some v € H'(Grg, Ad) whose image in H'(G s, Ad) lands in
HY(Gal(F,/M),Ad) = H*(T", Ad) and maps to a non-torsion element in coker(H (", Z) —
H'(T',Ad)). The case when every element of H'(Gpg, Ad) that lands in H'(T', Ad) maps
to a torsion element of coker(H'(T',Z) — H'(T, Ad)), which includes the case when the
cokernel is torsion, is easier as there is one fewer “type” of cohomology class to consider
below (in particular one does not need case (b) 3.8.8) and it will be obvious to the reader

how to adjust the arguments.

We fix Wy C --- C W, of H'(GFrgs, Ad) such that

1. W; is free of rank 7 for each i;
2. W, intersects the image of H(Gal(F,, /F), Z) trivially;
3. the image W, in H*(G s, Ad) is contained in H*(Gal(F,/M), Ad) = H*(T, Ad);

4. the image of W,y in H'(Gyr, Ad) is contained in H'(Gal(F,/M),Z) = H (T, Z).
We note

- for all n. > ny the map W, — im(H'(Gpg, Ad) = H' (G, 5, Ad))see is injective with
finite cokernel by (1), (2), and 3.8.3;

- for all n > n, the image of W,, under H'(Grs, Ad) = H'(G, £, , Ad) zero by (3);

- for all n > ny the map W,/W,, — im(H'(Grs,Ad) = H'(Gp, 7, ,Ad)) is injective by
(2), (3) and the definition of r.

There are three different types of cohomology classes we will need to consider based on
whether an element v € W, does not belongs to W,,, belongs to W,, but not to W, _;, or
belongs to W,,_1. The main tool for guaranteeing the existence of auxiliary primes is the

following lemma.
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Lemma 3.8.8. There are non-negative integers w and N such that if v € W, and s > 0 are

such that one of the following hold
(a) v € Wy,—1 but v ¢ @w*W,,_1,
(b) v € Wy, but v & @ W,y + Wi,
(c) v & @ W, + Wy,
then for any n > ny there is a nonempty open set U C G such that

1. for every o € U, p(o) has distinct A-rational eigenvalues o, 5 with val(a — 8) < w,

and
2. for any cocycle k representing v, 0 € U and m > 1, if
@ k(o) € (0 —1)Ad + w™Ad
then j >m —s— N.

Proof. We prove the three different cases (a), (b) and (c) separately in the next three sub-

lemmas.

Lemma 3.8.9. There are non-negative integer w, and N, such that if v € W, and s > 0

are such that
(c) v € W1 but v & w*W,,_1
then for any n > ny there is a nonempty open set U C G such that

1. for every o € U, p(o) has distinct A-rational eigenvalues o, f with val(a — 5) < w,,

and
2. for any cocycle k representing v, 0 € U and m > 1, if
@ k(o) € (0 —1)Ad + w™Ad

then j > m — s — N,.
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Proof. If p is L-dihedral, fix 7y as in assumption A5 made at the very beginning of the
chapter. So 79 € Gr ~\ G, and p(79) has distinct infinite order A-rational eigenvalues. Set
w, = val(tr p(o)).

The image of W,,_; in H'(G s, Ad) is contained in H'(T', Z) and we identify it with it’s
image. Since H'(T', Z) is a separated A-module (in fact it is finitely generated), there is
N; > 1 such that § € W,y with § & wW,,_; implies 6 ¢ @™ HY(T, Z). If p is dihedral we
set N, = N1 + w,, otherwise we set N, = Nj.

Since W,,_1 C HY(T, Z) there is a cocyle rq representing « such that kg is given by a
continuous homomorphism G, — I' = Z. Let n > n;. We will show below that there is

some 0 € G such that
(i) p(op) has distinct A-rational eigenvalues and val(tr p(o)) < wy;
(i) det p(oo) = 1;
(iii) ko(og) = 21 € Z with z ¢ mstM1,

Granting the existence of such oy we can define our open set U. Let U be the non-empty

open subset of G consisting of elements o such that
- trp(o) — trp(og) € m* et
- det p(o) =1,
- ko(o) — Ko(op) € w*TNaAd.

We first show that any element of the set U satisfies the conclusion of the lemma. To check
(1), let t* +xt +1 = (t — o) (t — o) be the characteristic polynomial for p(cg). Take o € U
and write f(t) = t* + yt + 1 for the characteristic polynomial of p(c). Since z = tr p(oy),
y = trp(o) we know y — x € m**»T!. Then f(a) = (y — z)a € m**** = 22m = f'(a)*m
implies the roots of f(t) are A-rational by Hensel’s Lemma, cf. [B], Chapter III, §4, n°5,
Corollary 1 to Theorem 2. Denoting them by «, /3, we have val(a—f) = val(y) = val(z) = wy,
and so (1) holds.
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To see that (2) of the lemma is satisfied, let k be any cocycle representing . Then
@ k(o) € (0 — 1)Ad + @™Ad

implies

@ ko(0) € (0 —1)Ad + w™Ad
as k(o) — ko(o) € (0 — 1)Ad. Then, since k(o) = zI + Y with val(z) < s+ N; and
Y € @) twatlAd 3.8.6 gives j > m — s — N,,.

We now show the existence of 0y € G satisfying (i), (ii) and (iii) above. By choice of

Ny, v ¢ @M HY(T', Z) and so there is some 7 € G such that k(1) ¢ w* ™™V Z.

First assume that p is non-dihedral. Then by Dickson’s classification of subgroups of
PGL(F), we must have p(Gp) = SLo(F’) with |F’| > 4. Since this group is simple the same
is true of p(G,). Then since Hom(p(Gp, ), Z) = 0, we can find 7 € ker(p|e, ) such that
ko(T) ¢ w*t™MZ. Fix some o € G such that p(o) has distinct eigenvalues and determinant
1. If ko(0) ¢ w*T™M Z then we set 09 = 0. Otherwise we set og = o7. Note that p(cg) = p(0)

satisfies (i) and (ii) and ko(00) = Ko(0) + ko(T) & TN Z, s0 0 satisfies (iii).

Now we assume p is dihedral and let L denote the unique quadratic extension of F' such
that p is induced from a character on G We first assume that there is some 7 € G . such
that ro(7) ¢ @™ Z. Then, by replacing 7 by 77 for j odd and sufficiently large, we can
assume that 7 € ker(p). Let o be any element of G such that p(co) has distinct eigenvalues
and determinant one. If ko(c) ¢ @*™1Z then we set oy = 0. Otherwise we set oy = o7.
Note that p(og) = p(o) satisfies (i) and (ii) and k(o) = ko(o) + Ko(T) & @1 Z, s0 oy
satisfies (iii).

Now assume that all 0 € G5 have ko(0) € w* ™ Z. In particular note that this implies
L ¢ F,. Let 7 be such that so(r) ¢ w*™™. Then 7 maps to the non-trivial element of
Gal(LFn / Fn). Let 7" € G be any other element mapping to the non-trivial element of
Gal(LE,/F,). By assumption x(7'77!) € @w*tMZ, so k(1) ¢ w*™N+Z. Hence we may
assume 7 = Ty, where 7y is the element fixed at the beginning of the proof. Then oo = 7

satisfies (i),(ii) and (iii) above. O
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Lemma 3.8.10. There are non-negative integer w, and Ny such that if v € W, and s > 0

are such that
(b) veW,, but v ¢ w*W,, + W, _1,
then for any n > ny there is a nonempty open set U C G, such that

1. for every o € U, p(o) has distinct A-rational eigenvalues o, 5 with val(a — ) < wy,

and

2. for any cocycle k representing v, 0 € U and m > 1, if
@ k(o) € (0 — 1)Ad + @™Ad
then j > m — s — Np.

Proof. Fix 6 € HY(T', Ad) such that ¢ is a generator for coker(H'(T',Z) — H(T', Ad))frce-
By 3.7.5 there is Ny > 1 and a cocycle kg representing w4, such that there are infinitely
many g € I' that have distinct A-rational eigenvalues with ko(g) € Z but ko(g) # 0. As
[[',T] is open in I' there is some 0¢ € G , which we fix for the remainder of the proof, such

that

(i) p(oo) € [I,T7],
(ii) p(op) has distinct A-rational eigenvalues,
(111) K,Q(Oo) € Z but /‘i(Uo) 7é 0.

We now set w, = val(tr p(op)). Fix an element ' of W,, that maps to a generator of
W,o/Wyo—1 and let Ny > 0 be such that v'—w™1§ maps to a torsion element of coker(H'(T', Z) —
HY(T, Ad)). Writing ko(00) = 21 we set N, = Ny + val(z) + wy, + 1.

Take n > n; and let U be the non-empty open subset of G consisting of elements o

such that

- trp(o) — trp(og) € m*e
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- plo) € [ILT;
- ko(o) — Ko(og) € wAd.

We now check that every o € U satisfies (1) and (2) of the Lemma.

Part (1) follows from Hensel’s Lemma as in 3.8.9 (note p(o) € [I', '] implies det p(o) = 1).

Now let k be a cocycle representing v and let 0 € U. Let m,j > 1 and be such that
@ k(o) € (0 —1)Ad + w™Ad. (3.26)

We have v = w*' 7' 4+ 4", where +/ is as above, v € W,,_; and s’ < s. Let [ > 0 be such that
m! is the annihilator of coker(H (T, Z) — H*(T', Ad))ior- Then, by choice of [ and N; above,

wl7 _ ws’—i—l,y/ + wl,y// _ ws’+l+N15 + 5
with ¢’ € HY(T', Z) = Hom(I'**, Z). Equation (3.26) implies
wj+l+N0/£(O') c (0. _ 1)Ad 4 wm+l+NOAd. (327>

. . L, .
Now /Ny represents the cohomology class w/HHNoy = i+s+H+N+No§ 4 i+ No§/ Then

since kg is a cocyle representing § and ¢'(c) =0, as o € [I', '], there is X € Ad such that
W TNk (o) = @ T HENANo g (6) 4 (0 — 1) X
This together with (3.27) yields
it HENIHNo g (5) € (00— 1)Ad 4+ w™H VAl (3.28)
Writing k(o) = 2I + Y with Y € @**)*+1Ad, 3.8.6 and (3.28) imply
m+1+ Ng<j+s +1+ N+ Ny+ val(z) + wy

hence

j=>m—s — (Ny+val(z) +wy) >m—s— Ny,

which is 2 of the lemma. O
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Lemma 3.8.11. There are non-negative integers w. and N, such that if v € W, and s > 0

are such that
(c) v & @' Wr + Wy,
then for any n > ny there is a nonempty open set U C G, such that

1. for every o € U, p(o) has distinct A-rational eigenvalues o, 5 with val(a — ) < w,

and

2. for any cocycle k representing v, 0 € U and m > 1, if
@ k(o) € (0 —1)Ad + @™Ad
then j >m — s — N,.

Proof. Since, for all n > ny, W,/W,, injects into Hl(GFPFn,Ad)Gal(FﬂFn/Fn) and p identifies

Gal(FpFn/ﬁn) with I we have, setting Fi, = Unzlﬁn, an injection
W/W,, — H'(Gpp_,Ad)" = Homp(Gpp_, Ad),

and we identify W, /W, with it’s image under this map. Since Homr(G gz _, Ad) is separated,
there is Ny > 0 such that § ¢ wW, /W, implies § ¢ w™ H' (G pp_, Ad). Weset N, = No+N

where Ny is as in 3.8.5. We simply take w, = 0.

Since, for any two cocyles k and k' representing 7, k(o) and ’(¢) differ by an element
of (o — 1)Ad, it suffices to show 2 holds for one particular choice of cocycle representing ~.

We will show below that there is some oy € Gz and a cocycle k representing v such that
(i) p(op) has distinct eigenvalues and
(ii) either tr k(o) & m**e or k(0g) = 21 + Y with z ¢ m*™e and Y € ") +1Ad.

Granting the existence of such a oy and k we can define our open set U to be the non-empty

(assuming oy exists) open subset of iz, consisting of o such that
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- p(o) = p(oo) and

- k(o) — k(0p) € e Ad.

Any p(o) with o € U has distinct eigenvalues mod m, so o satisfies (1) by Hensel’s Lemma.
To see that the elements of U satisfy (2) of the lemma first consider the case that tr x(og) ¢
m*tNe. Then if 0 € U we have tr (o) ¢ m*™e and, since tr X = 0 for any X € (¢ — 1)Ad,
@k(o) € (0 —1)Ad+@™Ad implies @w/tr k(o) > mso j > m—s— N,.. Now assume k(0g) =
2I+Y with z ¢ m*™Ve and Y € @w"®*1Ad. Then k(o) = 2I+Y’ with Y’ € @**(®)*1Ad. The
eigenvalues of p(o) are distinct mod m so 3.8.6 implies that, if @/k(0) € (0 —1)Ad +@™Ad,

then m < j +val(z), so j >m —s— N..

It remains to show there exists some 0y € Gz and some cocycle representing y satisfying
(i) and (ii) above. First let x be any cocycle representing . Since Fy,/F is a pro-2 extension,
there is 0 € Gz such that p(o) has distinct eigenvalues. Then, by Hensel’s Lemma, p(o)
has distinct A-rational eigenvalues and we denote them by o and §. Since o and [ are
distinct mod m we can find an eigenbasis of V' for p(c). Identify Ad with Myyo(A) using
this basis. Write

Since a/3 — 1 and 5/a — 1 are units, we can adjust x by the coboundary

(-7 (G-17

g—g g - )
(E-1)"e (£-1)"e

and assume b = ¢ = 0. If at least one of a, d is not in m*™e then we have either tr (o) =

a+d¢msNe or

k(o) = +
a a+d

with @ ¢ m**¥e and val(a + d) > val(a). In either case can then take oy = 0.

Now assume that both a,d € m*™e ie. k(o) € w*tMaAd. By the choice of Ny and

s we know that the restriction of v to Hl(GEFOO,Ad)Gal(EFN/F) = Homp(G g, Ad) does
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not belong to w* ™M Homp(Gyz ,Ad). So k(Gpp_) is a I' stable subgroup of Ad which is
not contained in w* " Ad. By 3.8.5, there is some 7 € Gg;  such that either trs(r) ¢
ms NN — s tNe op ki(7) = 21 + Y with 2 ¢ m*+HNoFNT — stNe and Y € ") T1Ad. Set
o9 = 70. Since p(10) = p(0), og satisfies (i). Since x (o) = k(7)+k(0) and k(o) € w* e Ad,

oo satisfies (ii) by choice of 7. O

Setting w = max{wg, wp, w.} and N = max{N,, Ny, N.}, 3.8.8 then follows from 3.8.9,
3.8.10 and 3.8.11. O

3.8.12

We now apply 3.8.8 to find our sets of auxiliary primes. Some care has to be taken in
choosing these primes. In order to make sure certain dual Selmer groups are small, we need
to make sure that the image of H'(GFrg,Ad) in the the product of the local cohomology
groups is as large as possible. It is not enough to only ensure that the rank of this image is as
large as possible. This is because we will need to consider Selmer groups with coefficients in
Ad,, and we need to ensure that the dual Selmer groups have size ¢*™ asymptotically in m.
To this end, given a cohomology class v € H'(Grg, Ad), we not only need to find a prime
v of F' such that the image of 7 is non-torsion in H'(G,, Ad) but we need to ensure that it
does not lie too “deep” in H'(G,, Ad). The way we make sure the cohomology class does
not lie too “deep” in H'(G,, Ad) is by using property (2) of 3.8.8. There is a complication
that arises here. In order to use property (2) effectively we need to make sure the value of s

in the assumption of the lemma stays bounded.

Let us elaborate here. We remarked above that we require the dual Selmer groups with
coefficients in Ad,, to have size asymptotic to ¢*™. In other words, we want the size of the
these dual Selmer groups to be close to ¢*™, where “close” is independently of m. But we also
need to construct the sets ), of auxiliary primes for each n > ny, and it will be important
that the size of the dual Selmer group with coefficients in Ad,, is close to ¢°™ in a way that

also does not depend on n. The way one usually constructs auxiliary primes, and the way
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we will do it here, is inductively. One first chooses a cohomology class v € H' (G, Ad) and

then finds a prime v; that kills 4. Then we take 5 that lives in the dual Selmer group for

the Selmer structure given by the single prime {v;} and find a prime {vy} that kills ~,, etc.

The problem is that if the value of s for which v, satisfies (a), (b), or (c) of 3.8.8 depends on

vy then the “depth” for which 5 lies in the local cohomology group will depend on v; and

so potentially on n. We must be careful to avoid this in the proof of the following lemma.

Lemma 3.8.13. There are non-negative integers w and N such that for each n > nq there

is a set of primes Q,, of F, of cardinality r = ranksH* (G s, Ad) — 2, satisfying

. for each v € Q,, p is unramified at v and p(Frob,) has distinct A-rational eigenvalues

Qv By with val(a, — B,) < w;
each v € Q),, splits in the extension Fn/F;

if the image of v € W, under the map

W, — H'(Grs,Ad) — [] H'(Gw,Ad) — [] H'(Go, Ad)gree

’UEQn UEQn

lies in o —DN HveQn HY(G,, Ad)tree then v € wW,.

Proof. Let w and N be as in 3.8.8. Fix elements 7y, ..., € W, such that foreach 1 <7 <,

{’)/1,...

.7} is a basis for W;. We will inductively construct a set of primes {vy,...,v;}, for

1 <i <r,of F such that each v; satisfies (1) and (2) above as well as the following:

(IND;) if the image of v € W, under the map

Wi — H'(Gps,Ad) — [[H'(G.,. Ad) — [ H'(G.,, Ad)gree

J=1 Jj=1

lies in o'~V H§:1 HY (G, Ad)fee then v € wlV;.

Taking @,, = {v1,...,v,} then establishes the lemma. In what follows, given primes vy, ..., v;

of F', we will denote the map

H'(Gps,Ad) — [[ H'(G,,, Ad) — [[ H'(G.,, Ad)gree

j=1 j=1
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by res;.
First take i = 1. Then W, = A~v; and 7, satisfies either (a) or (b) of 3.8.8 (depending on

whether rg = 1 or ry > 1) with s = 0. Hence there is an open subset U of G 7, 5, such that

(a) for every o € U, p(o) has distinct A-rational eigenvalues «, 5 with val(a — ) < w,

and
(b) for any cocycle k representing v, and o € U,
@ k(o) € (0 —1)Ad + @™Ad.
implies 7 > m — N.

Viewing U as a subset of Grg and applying Chebotarev density we obtain a prime v; of F
satisfying (1) and (2) of the lemma. To see that (IND;) holds take v = a7y, € W; such that
res; () € wVHY(Gy,, Ad)fee. Take [ > 0 such that w! annihilates H'(G,,, Ad)io;. Then

wly € @V HY(G,,,Ad). So for any choice of cocycle k representing v, we have
aw'k(Frob,) € (Frob, — 1)Ad + '™ Ad,

and (b) implies val(a) + 1 > [, i.e. v € wW, which is (IND,).

Now assume we have primes vy, ..., v;, with 1 <7 < r, of F satisfying (1) and (2) of the

proposition as well as (IND;). If there is no v € W; 1 \ @wW, such that

res;(y) € w® " THN H HY (G, Ad)gree,

j=1
then (IND;,;) is automatically satisfied for any choice of v;;1. In this case we can apply
3.8.8 to ;41 with s = 0, and we obtain a non-empty open set U of G 5 to which we can
apply Chebotarev density as in the i = 1 case to we get a prime v; 41 of F' satisfying (1) and
(2) of the lemma.

Now assume there is some v € W1 \ wW,; such that

res;(y) € w® " THN H HY (G, Ad)free-

j=1
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The idea is now to replace {71, ...,7+1} with a basis for W;; that includes v and to apply
3.8.8 to 7.

Write v = a1y1 + - - - + @ 117i41- Since v ¢ wW; ;1 there is at least one 1 < j < i+ 1 such
that a; is a unit. Let jo be the largest such index. Then note that {1, ..., Vjo—1, 7, Vio+1s - - -» Vit1}
is a basis for W, 1. We first show that (IND;) also holds with W; replaced by the A span of

{Vs o Yiom1s Viotds - Yir1 f- Let v =byyy + - - - 4 biy1vip1 with bj, = 0. We claim that if

res;(7') € w® DN H H' (G, Ad)free

j=1
then b e mforall 1 <j <i+1.

a2+1 l

First assume that val(b;;1) < val(a;;1). Then v — € W, and when written in terms

of the basis {m1,...,7} we see that the j, coefficient is a;, — ‘““bj0 = a;,, which is a unit.

Thus v — Z’—j: ¢ wWW,. But

res; (7 - ?7) = res;(y) — s resi(7/) € w® OV H HY(Guys Ad)see, (3.29)

i+1 i+1 j=1

contradicting (IND;). So we must have val(b;11) > val(a;41). Then 1" — Zi_—i’y € W; and,

similar to (3.29), we see that

b; ; i
res; <7’ _ il 7) € @ -IN H Hl(ij,Ad)free.

Q41

j=1
By (IN ) we have 7/ — 250y € @i, Now o/ — 25y = (by — Z2ay)y; + - -+ (b — 352 a;)y;,

SO

- € m for each 1 < j <. But then val(b;41) > val(a;11) implies b; € m for all

1<y g 1+ 1, which is what we wanted to show.

We let {01,...,0+1} = {71, Vjo—1:7> Vijot1s - - - » Vi1 } but ordered such that §;11 = 7.
By the above claim, if

res; (b8 +- - -4b;6;) € w? N H HY(Gy;, Ad)free then val(b;) > 1 for all 1 < j <. (3.30)

7j=1
We wish to apply 3.8.8 to d,,1 but first we need a little more information. In particular we

need to know for what value of s does 0;,; satisfy either (a), (b) or (c) of 3.8.8. Recall we
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have written d;11 = a1y + -+ + @i 17ip1. We claim that val(a;11) < (2 — 1)N. Indeed if

a;+1 is not a unit then jy <7 and (IND;) implies

resi(awl + -4 a'z'yz) ¢ w(Qi—l)N H Hl(ijaAd)free'

j=1
Then A
resi(awl 4.+ ai+1%+1) S w(2i_1)N H HI(GU]. , Ad)free,
j=1
gives

res;(aiy1%iy1) ¢ w® LN H Hl(ij , Ad)free,

j=1
hence val(a;41) < (28 — 1)N.
By the way 7, . .., 7. were chosen, the above claim implies §;, satisfies one of (a), (b) or
(c) of 3.8.8 for some s = (2'—1)N. Let U be the open subset of G, 5 given by applying 3.8.8
to 0;11. Applying Chebotarev density to U we get a prime v;,1 of F that, as in explained in
the case i = 1, satisfies (1) and (2) of the lemma and such that for any cocycle k representing
Oi+1 1if
@’ k(Frob; 1) € (Frob;y; — 1)Ad + @w™Ad

then j > m — (2 — 1)N — N = m — 2'N. As explained in the i = 1 case, this implies that

the image of d;41 in H'(G,,,,, Ad)fee does not belong to inNHl(GmH,Ad)free.

It remains to show (IND;,;) holds. Take 6 € W;,; and assume that
_ i+1
resi1(0) € @@ TN HY (G, Ad)free.

j=1

Write § = b101 + - - - + bi110,41. We will show val(b;) > 1 for all 1 < j <i+ 1. Since

resi(@ﬂ) S ?D(2i+1_1)N H Hl (ij, Ad)free

j=1
we have

resi(blfﬁ + -+ bzéz) - w(2i+1_1)N H Hl (ij,Ad)free.

J=1
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By (3.30) we know that val(b;) > (277! —=1)N —(2°—1)N = 2'N for each 1 < j <. But then
the image of @@ DN (b8 4 - -+b;6;) in HY(Gy,. ., Ad)ree lands in w@ ' "IN HY(G,,,, , Ad)gee

and so @@ ~YVp, 16,1 also maps to w® " "UNHY(G

Vit1) Vit1)

vir1r Ad)fee. Since the image of 6;41 in

HY(Gy,,,, Ad)gee does not belong to inNHl(GUM, Ad)free We must have

(2° — 1)N +val(b; 1) > (271 — 1)N — 2'N,
which implies val(b;11) > 1. This establishes (IND;44). O
3.8.14

If V. C W are finite sets of primes in F' and M is an A-module with a continuous G action
which is unramified outside 3, we denote by H{(Grw, M) the subgroup of H (Gpw, M)

consisting of elements whose image in [ ., H'(G,, M) under the restriction map is trivial.

veV
We introduce some notation as in [SW1]. For each n,m > 1 let C,,, and D,,, be
non-negative integers. We write

Cn,m = Dn,m

if there are constants 0 < a < b such that

Cn,m

n,m

a < <b

for all n,m > 1.

Proposition 3.8.15. For each n > ny there is a set of primes Q,, of F disjoint from S and
of cardinality r = ranka H'(Gr s, Ad) — 2, such that

1. for v € Q,, p is unramified at v, p(Frob,) has distinct A-rational eigenvalues, and

val(tr p(Frob,)) < w, with w not depending on n or m;
2. v splits in the extension ﬁn/F;
3. for each v € Q,,, |H*(G,, Ad,,)| < ¢*™;

4. [Hy, (Grsug., Adm)| < ¢*™;
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5. letting an denote the maximal abelian extension of F' of degree a power of 2 which is
unramified outside Q,, and split at primes in S, G, = Gal(F@gn/F), and s = |S|, we
have G, /2" %G, = (Z)2"2Z)" witht =2 — s+ r.

Proof. We let @,, be the set of primes given by 3.8.13. Then (1) and (2) of the proposition
are given by (1) and (2) of 3.8.13. In particular the bound on the valuation of the trace

follows from (1) of 3.8.13 since our characteristic is 2.

Take v € @, and let o and [ denote the eigenvalues of p(Frob,). As was noted in the
proof of 3.8.6, we may not be able to find a basis of V' so that p(Frob,) is diagonal. However
if we fix any basis of V| there is some g € PGLy(K) such that

(e}
gp(Frob,)g~! =
B

Identify Ad with Mayo(A) using our fixed basis of V' and set Ad" = gAd C Myyo(K).
Letting Frob, act on Ad’ via gp(Frob,)g™! and setting Ad/ = Ad'/@w™Ad’, we see that
H°(G,,Ad,,) = H°(G,,Ad,). There is some [ > 0 such that

w'Ad C Ad' C w'Ad. (3.31)

- . (3.32)
Then Ad' O w!Ad and (3.32) imply

+w"Ad sa,dem' p /w™Ad C H(G,,Ad),).
d
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Now w™Ad C w™ 'Ad then implies

+w™Ad s a,d em! /wmAd'
d

a
> + @™ Ad a,d e m! /wm_ZAd = g¥m4
d

hence

|H°(G,,, Ad,,)| = |HY(G,, Ad.)| > ¢*™ . (3.33)

To get a lower bound, recall that by 1 of 3.8.13 there is an integer w that does not depend
on v such that val(af™' — 1) = val(a™!8 — 1) < w. Using this, together with (3.32) and
(3.31), we see that

0 / a b / l l /
H"(G,,Ad;,) C +@"Ad 1a,d e m™ and b,c € m™ " § /™Al
c d

Now w™Ad’ D w™*HAd then implies

a b
+w"Ad :a,dem ™ and bc € m™ Y b /™Al
d

c
a b " _ —i- +l 2m+8l+2

< + @™ MAd  a,d € m™ and b,c € m™TITY B fwmHIAd| = g
c d

hence

|H°(G,, Ad,,)| = |H(G,, Ad])| < g?mT8iH2e, (3.34)
Since | and w do not depend on n or m, (3.34) and (3.33) imply (3) of the proposition.

We now check (4) of the proposition. Since p is unramified at each v € @,, the injection
Hcl;)n (GESUQM Ad) — Hl (GF,SUQM Ad)
factors through H'(Grs, Ad). Similarly with Ad,, in place of Ad. From the exact sequence

0— Ad =5 Ad — Ad,,, — 0 (3.35)
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we have

0— HI(GF’S, Ad)/wm — H1<GF75, Adm) — H2(GF,S, Ad)
Since the size of the torsion subgroups of H (Gr s, Ad) do not depend on n or on m we have
|H (Grg, Ady)| < |H (Gpg, Ad) /™| < |(A/m™) 2| = gmr+2), (3.36)

Consider our fixed submodule W, of H'(Grg, Ad). Say v € W, is such that v maps to
@™ [ e, H'Y(G,,Ad). Then v maps to @™ [leo, HY(G,, Ad)tee. Writing v = @’ with
v & wW,, part (3) of 3.8.13 implies 7 > m — (2" — 1)N. It follows that

im(W, — [] H'(G., Ad)/@™)| = ¢t~ =DN), (3.37)

UEQn

Applying local cohomology to (3.35) we have an injection

0— J] BE'(G..Ad)/=™ — ] H'(G., Ady,).

VEQRR vEQn

Combining this with (3.37) and the commutativity of

W,—— HY(Gpg, Ad) — [Toeo, H'(G,,Ad)

| |

HY (G5, Ady) — [Tocq, H'(Goo Ady)

we conclude

im(H' (Grs, Ady) — [] H'(Gy, Ady))| > ¢ 70N, (3.38)

’UGQn

But, since each v € Q,, splits in F),, we also have
(A/m™)? = HY(Gal(E,/F), Z) — H'(Gal(F,/F), (Ady) %) — Hp (Grsug,, Adm),

SO

|HY, (Grsua,, Adw)| > 6™

This combined with (3.36) and (3.38) imply

|Hén (GF,SUQ»,N Adm) = q2m7
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which is (4) of the proposition.
It remains to show (5). Using (3) of 3.8.2, it is shown in [KW] that (5) holds with

t = dlmF Hclgn(GF,SUQn;]F) -S4+

and so we only have to show dimg H}, (Grsuq,,F) = 2. Note if M is any A-module on
which G acts trivially H&zn(G F.su0,s M) is the group of continuous homomorphisms from
Gal(F&" /F) to M, where F¢" is the maximal abelian Galois extension of F' of exponent 2,

unramified outside S and split at the primes in @),,, hence
dimg H, (Grsuq,.F) = tkaHp, (Grsuq,. Z)-
We have a series of injections
HY(Gal(F,/F),Z) — Hp (Grsugn Z) — HY (Grsug., Ad),

where the last inclusion comes from the fact that H*(Grs, Z) — H*(Grs, Ad) since (Ad/Z)¢F =
{0}. Since rtkaH (Gal(F,,/F), Z) = 2, rtkaH} (Grs0q,,Z) > 2. Part (3) of 3.8.13 implies
W, intersects Hp, (Grsug,,Ad) trivially, so rkaHp (Grsuq,,Ad) < tkaH'(Gpg,Ad) —
rk, W, = 2. Part (5) of the proposition now follows. O
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CHAPTER 4

Promodularity

The purpose of this section is to prove a certain B¢ = T theorem, where R is a quotient of a
universal deformation ring tensored with an Iwasawa algebra as in §2.6, and T is a quotient
of the universal nearly ordinary Hecke algebra as in §3.3 by a minimal prime of the Iwasawa

algebra.

In the first section we state assumptions on our field and residual representation, recall
notation and properties of the deformation rings, Hecke algebras, and Hecke modules, and
state the localized “R = T theorem, cf. 4.1.8. An important technical point is 4.1.6, where
we prove normality of certain localizations of our local deformation ring. This will be impor-
tant in the patching argument because we will have to perform a completion after localizing
at a dimension one prime. The normality implies that the completed local deformation ring
is still a domain. If we did not have this, one would lose control of the minimal primes of
the local deformation ring and in this case it does not seem clear how to show the completed

Hecke module is supported on the whole deformation ring.

In the next section we state some reductions, introduce the auxiliary level data, and recall

its relevant properties.

In the following section we perform the patching argument to prove the localized “R=T"
theorem. The initial patching is carried out in a similar way as Proposition 9.3 of [KW],
except that we must control “error terms” generated from the fact that our auxiliary data
is associated to a dimension one primes ideal, as opposed to the maximal ideal. After
performing the patching we may localize and complete the limiting objects at our fixed

dimension one prime ideal. It is worth pointing out that we must perform the patching first
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and then the localization and completion second. This is due to the fact that the backbone of
the patching argument is the pigeonhole principle, i.e. one has infinitely many finite objects
and hence can extract a projective system. The remainder of the argument is then still quite
similar to Proposition 9.3 of [KW], due to the fact that we can ensure the completed local

deformation ring remains a domain.

In the last section we complete the proof of R™? = T using the localized version together
with our connectivity result 2.1.8. The argument is almost exactly the same as in Proposition

4.1 of [SW2).

Throughout this chapter we take p = 2.

4.1 Notation and statement of the localized R™ = T theorem

4.1.1

Let F C Q denote a totally real number field and let G = Gal(Q/F). We assume that
[F: Q] is even and that for each v|2, F, contains a 4-th root of unity. For each place v of F,
we let G, = Gal(F,/F). Let E be a finite extension of Q, with ring of integers O and residue

field F. We assume that for any v|2 the image of any embedding F,, — Q, is contained in E.

Fix an absolutely irreducible continuous representation

We assume that all egienvalues of elements of p(Gr) are defined over F. We assume that for

all v|2, p|g, is trivial or has order 2.

We fix a continuous character ¢ : F*\(A¥)* — O such that

- 1 is totally even and unramified outside {v|2};
- on some open subgroup of (A¥)*, ¢(z) = Nmp/g(2z2)' ™" for some w € Z;
- ey = det p.
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Fix a finite set of finite places X of F' of even cardinality not containing any places above

p. For each v € ¥ we fix unramified characters v, : Gal(F,/F,) — O*, and we assume

€2 %
- for each € ¥, p|g, ez :

Yo

2

- for each v € %, 73 = Y|ay;

- 7 is unramified outside of ¥ U {v|2} U {v|oo}.

We fix a finite place vy of F' disjoint from ¥ U {v|2} U {v|oco}. This place will be used to

ensure a certain neatness property below.

4.1.2

Let D denote the quaternion algebra with centre F, ramified at all archimedean places as
well as all the places in ¥. Fix a maximal order Op of D and an algebraic weight k = (k, w)

for F. Let U be the open subgroup of (D ®p A¥)* given by

- U, = Iwy(v) for v|2;
- U, =D} forv el

- U, = GLy(Og,) for v not above 2 and not in 3.

We choose an open subgroup Uy of U by letting (Up), = U, for v # vy and letting (Up),, =
TIwy (vf) with n sufficiently large so that (Uy(AS)*Nt~*Dt)/F* = 1 forevery t € (DRpAFR)*,
cf. 3.1.5.

We let U act on W, (O) as in §3.1. In particular for v € 3, D) acts on W, (O) as
v, t o vp, where vp is the reduced norm of D. We assume that U N (A¥)* acts on W, (O)
via ¢!, and let S:%(U, O) denote the corresponding nearly ordinary space of quaternionic
modular forms, cf. §3.1 and §3.2. We let T}, (U, O) denote the nearly ordinary Hecke

algebra as in §3.2, and T, (U) the universal nearly ordinary Hecke algebra as in §3.3. We
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also let Sy(U) be the universal family of nearly ordinary modular forms as in §3.3, i.e.
Sy(U) = (lim Sz (U(p™), E/O))Y. We have similar algebras and modules for Uj in place
of U.

Say we have a finite set of places @ of F' disjoint from Sy. Note that Nm(v) = 1 (mod 2)
for each v € ). For each v € @ let A, be the maximal 2-power quotient of k. We then
define Uy, to be the open subgroup of Uy given by (Ug), = (Up), if v ¢ @ and for v € Q

a b
(Ug)y = clw():adt—1€A,
c d

We then define S39,(Ug, O), Ty (Uq, O), Ty(Ug), and Sy(Uq) as before. Recall that for
V any of U, Uy, or Ug, that Ty(V) is a A(U;)-algebra and the natural maps between
them are A(U,)-algebra morphisms, where A(Uy) = O[[Uy]] with Uy = ker(][,, OF, —
H’U|2(OFU/w'UOFU)X)'

We assume that there is some eigenform f € Sy, (U, O) such that p;y = p, with p; the
Galois representation as in §3.4. Denote by m the corresponding maximal ideal of T} (U 0)

and again denote by m its pullback to any of T, (U), T, (Uy), Ty(Ug).

Recall we have A(I,) = O[[I2*(2)]], where I?"(2) is the maximal pro-2 quotient of the
abelianization of the inertia group at v. We set A(ly) = ®,2A(1,). Local class field theory
gives an isomorphism A(ly) = A(U]). Also recall A(Gs) = ®,2A(G,), where A(G,) =
O[[G2(p)]]. For V any of U, Uy, or Ug as above, the A(Uj)-algebra structure on Ty (U)y
extends to a A(Gy)-algebra structure, cf. 3.4.6.

Let 1 denote the torsion subgroup of U}. Since E contains all embedding F, — Q, for
all v|2, the minimal primes of A(U;) and A(G2) are in one to one correspondence with O
valued characters of pi. We let n be the character of u given by our fixed eigenform f above,
and denote by ¢, the corresponding minimal primes of A(Uy) and A(Gz). Set A(Uy,n) =
AU3) /g, and A(G2,n) = A(G2)/q,. Note that A(Uy,n) and A(Ga,n) are isomorphic to

power series rings in [F': Q] and [{v|2}| 4+ [F : Q] variables, respectively.
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4.1.3

We now specify some finite places at F' at which our deformation problem will be unramified.
This may seem redundant but is important for two reasons. The first is that below we will
chose a dimension one characteristic 2 prime of the Hecke algebra and it will be important
that (after a choice of framing) the local deformation ring surjects onto the Hecke algebra
modulo the prime ideal in order to compare tangent spaces of the localized local and global
deformation rings. The second is to guarantee the freeness of a certain group action, cf.
2.6.8, which is necessary for the 2-adic patching method. To these ends first choose a finite
set of places {vy,..., v} disjoint from ¥ U {v|2} U {v|oo} U {vo} such that Ty (U, n)n =
AUN Ty, - -, Ty, [T, Juj2, cf. 3.4.5. By enlarging {vi,...,v;} if necessary we can assume
that if p is dihedral, and L denote the unique quadratic field for which 5|g, is abelian, there

is some v; € {vq,...,v} that is inert in L. We set Sy, = {v1,..., v} and
S =3 U{v2} U{v|co} U Sy

We then set Sp =S U {vg}.

4.1.4

Let @ be a (possibly empty) set of places of F' disjoint from S. We let RﬁSUQ denote
the universal deformation ring for G'rgug-deformations of p with determinant ¢e;. We let
R?’?UQ denote the universal framed deformation ring for framed Gpguo-deformations of
p with determinant e, and frames at places in S, cf. §2.6. We let RZ Fsug denote the
universal framed deformation ring for G g gug-deformations of p with frames at S, and with

determinant ves|g,, for each v € S but not fixed globally, c.f. §2.6. We similarly define
R, ' SoUQ" RIE,’gOUQv and Rp g 0

For each v € Sy, we let R2¥ denote the universal lifting ring for lifts of p|g, with
determinant ve,. Set RS’¢ ®U€SRDU’ and me ®vegoR ¥ For each v € Sy we define

quotients of R, Y of RE¥if v p and of RIYQA(G,,n,) for v|2, as follows.
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=0, . . . TN
- For v|2, R, v = Rf(’gvmv) with Rf(’gmm) as in 2.4.3. Since we are assuming plg, is

either trivial or has order 2 image, and that F, contains a 4-th root of unity, we have

- By 2.4.17, }_23’7’0 is a domain of relative O-dimension 3 + 2[F), : Q,] and if x =
(pz, Xz) 18 a closed point of A(G,,n,) such that x2 # 1 or ey, then EEW i

formally smooth over F at x.

- By 2.4.11, if Z, denotes the closed subscheme of Spec A(G,7,) defined by (x;")* =

Yey, and V,, denotes its complement,
_Dﬂp
(Spec Rv ><Spec (e ‘/v) ®(9 F

is integral.

For v € %, }_%,UD’w = RIS as in 2.5.4. It is a domain of relative O-dimension 3,

}_%E’w[l /p] is formally smooth over E, and }_%E’w ®o F is a domain.

For v|oo, REW = R~ asin 2.5.6. It is a domain of relative O-dimension 2, R?’w[l/p]

is formally smooth over £, and }_%S’w ®e F is a domain.

For v € Sy, }_%S’w = R as in (2) of 2.5.2. It is formally smooth over O of relative

dimension 3.

- Rvo’lﬁ is as in 2.5.2. It is O-flat of relative dimension 3 and there is a minimal prime ¢y,

such that a lift factors through T%E)’w /qu if and only if it is unramified. The quotient

}_%So’w /Qur is formally smooth over O.

We set EEW = ®UGSEE’¢ and R?f = ®Uesoﬁf’w

Lemma 4.1.5. Eg&w is O-flat of relative dimension 3|So|+ [F': Q). Any minimal prime of

ng is of the form qﬁ?&w with q a minimal prime of Efo’w.

Proof. By 2.4.11,2.5.2, 2.5.4, and 2.5.6, and (3) of 2.1.4, Ry" is O-flat of relative dimension
S B42AR QY 24+ Y 3=3[S|+[F:Q),

v|2 v]oo vEXUSurU{vo}

and the claim regarding minimal primes follows from part (4) of 2.1.4. O
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In particular, for gy, the minimal prime of REO”” corresponding to unramified lifts, 4.1.5

implies that q,, generates a minimal prime of Eg;w which we again denote by ;.

Let X;]‘fiv : Gy = A(G,,my,)* denote the universal A(G,,n,)-valued character.

Lemma 4.1.6. Let Z; denote the closed subscheme of Spec A(Ga,1m) defined by (x™V)* = ¢

for some v|2, and Z, the closed subscheme defined by (xj™¥)* = ey for some v|2. Let U
denote the complement of Z1 U Zy, and let f : Specﬁgo’w/%r — Spec A(Ga,n) denote the

natural morphism. If p € f~1(U), then (ESf/qur)p is normal.

Proof. For ease of notation we set R = E?;w /qQur, Ry = E$’¢ for v e S and Ry, = RY/qu:.
Note that R & ®,es,R,. We check Serre’s conditions (S;) and (R;). Since f~1(U) is open

it suffices to check
(a) for any p € f~1(U), we have depthR, > min{7, htp} and
(b) for any p € f~1(U) with htp = 1, R, is regular.

Take p € f~1(U). First assume that 2 ¢ p. Since R[1/2] is Jacobson, we can find a finite
extension E'/FE and an E’ valued point x : R[1/2] — E’ whose kernel lies in f~1(U) and
contains p. Write z = (z,) for z, : R, — E’, for each v € Sy. Part (2) of 2.5.2, 2.5.4, and
2.5.6, imply that R, is smooth over F for each v € Sy with v { 2. For v|2, since the kernel
of x lies in f~!(U), 2.4.17 implies that R, is smooth over E at z,. Part (1) of 2.1.4 shows
that R[1/2] is smooth over E at x. Since p is contained in the kernel of z, p is regular. This
establishes both (a) and (b) for primes in f~1(U)[1/2].

Now take p € f~!(U) with 2 € p. Let wg denote a uniformizer of E. Let N denote
the nilradical of R/wgR and, for each v € Sy, N, denote the nilradical of R,. Part (2)
of 2.5.2, 2.5.4, and 2.5.6, imply that N, = 0 for each v € Sy with v t 2. For v|2, 2.4.11
implies that the support of N, is contained in the closed subscheme of A(G,,n,) defined by
(Xp") = tpey. Then part (4) of 2.1.4 implies that the support of N is contained in f~(Z,),
and so R,/wgR, = (R/wgR), is reduced. If htp = 1, then R,/wgR, is a field, and p is
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regular. If htp > 1, then R,/wgR, reduced and of dimension > 1 implies the existence of a

non-zero divisor in its maximal ideal, hence depthR, > 2. O
As in 2.6.3, we define quotients
- REﬂflsqu(gA(Gm n — E}D«“jqua
- RE’:gOUQ@)A(G%U) — REﬁouQ’ and
- RIDF,SOUQ®A(G2777) - E?,SOUQ
by letting
- Rrfug = Rs" ®ov Riduo,
- }_%E,’goUQ = }_%E(;w ® RGY RJDV:;@OUQ’ and
- Rf:soucg = E?f ® RG RE sou0-

We define a quotient R%’SUQ®A(G2,77) — E?SUQ by letting ﬁ;SUQ denote the image of

R?SUQ®A(G2, n) under the natural map
S 0, _Dﬂf’
R?SUQQ@A(GQ’ n) — RF,?UQ — Rrsug

and similarly with Sy in place of S. Note that if E'/E is finite with ring of integers O, a
local 0-algebra morphism }_zf{ﬁo — Op has kernel lying over q,, € Spec Rgo’lﬁ if and only if
the induced morphism }_211@’ s, — Opr factors through }_%}ﬁ’ 3-

By 3.4.6, the existence of f in 4.1.2 yields surjective morphisms E}iys — Ty(U,n)m,
Rﬁ,so — Ty(Up, n)m, and R?S()UQ — Ty(Ug,n)m. These are all morphisms of A(Gs,n)-
algebras, and the natural diagrams all commute.

If R is either of E?SUQ or Eﬁ,sou(ga A is a CNLp object, and = € SpfR(A), we let p,
denote the pushforward of the universal deformation by z. If p € Spec R, we denote by p,

the pushforward of the universal deformation by R — R/p.

134



4.1.7

As in [SW1] and [SW2], we say a prime p € SpecE?S is pro-modular if it is the inverse
image of a prime of T, (U, n)n. We say an irreducible component of Spec E? g 1s pro-modular

if it’s corresponding minimal prime is pro-modular. We say a prime p € Spec ﬁﬁ g 1s mice if
(a) p is pro-modular;
(b) p is a dimension one prime containing 2;
(c) py is absolutely irreducible and non-dihedral;

(d) for each v|2, the image of p in Spec A(G,,n,) does not lie in the closed subscheme
defined by (x™V)2 = tey;

Nv

(e) the image of p, has a non-trivial unipotent element.

We are now in a position to state the the localized “R =T theorem.

Proposition 4.1.8. With the notation and assumptions as above, if p € Spec Eﬁ}s 1S a nice

prime, then every prime of Ezli,s contained in p is pro-modular.

4.2 The Setup

The proof of 4.1.8 will be carried out in a number of steps. Fix a nice prime p and let

%
A= RF,S/p-

4.2.1

We have a commutative diagram

—y
Ry gy — Typ(Uo: M

Y
RF,S - Ti/’(Ua U)m
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with all arrows surjective. Pull back p to a prime po of Ty (Up, n)m and denote again by
po its pullback to E? s,- Let X denote the Zariski closure in Spec E? s, of the set of points
S Spfﬁ? s, (Opr) whose corresponding deformations are unramified at vy, as £’ ranges over
all finite extensions of E. Note that X is the image of Spec (E?ﬁo /qur) under Spec E?ﬁo —
Spec }_%? s,- From this it follows that X is also equal to the image of Spec }_21/;7 g — Spec E? So-

Consider the commutative diagram

Spec T(U, n)m — Spec }_%ﬁ,s

|

Spec T(Uy, )m — Spec E:ﬁ,so-

Let q be a minimal prime of Ty (Up, )m that lies in .S. We know that any arithmetic prime
contained in ¢ is in the image of Spec Ty (U, n)w. By Zariski density of arithmetic primes, cf.
3.3.11, q must be in the image of Spec Ty, (U, n)w. It thus suffices to prove that any element

of X N Spec (ﬁﬁ‘,&))lﬂo C Specﬁfﬂ’so is in the image of Spec T(Uy, n),, -

We have that EE:;&O is isomorphic to a power series ring over Eﬁ s, in 4]Sp| — 1 variables,
cf. 2.6.5. Set j = 4]S| — 1, and choose a presentation }_%Efgbo = F;SO[[yl,...,yj]]. Let
}_%Eﬁo — }_%?,So be the map sending each y; to zero. Set T)(Up, n)m = EE@O@)@?SU Ty (Uo, n)m-
We have a map Tg(UO,n)m — Ty (U, n)m, by sending each y; to zero. Pull back py to
ideals of TS(UO,n)m and EEZ and denote each again by po. In order to show that any
element of X N Spec (}_%gso)po C Specf_zﬁso is in the image of Spec T(Uy,n),, it suffices
to show that any element of Spec (E?:g{))po lying over q., € Spec RE{;‘Z’ is in the image of
Spec T, (Uy, 1)y, — Spec (E?ﬁo)po.

Finally, recall that we have a faithful Ty (Up, n)m-module Sy (Up, n)m. Set SE(UO, Mm =
jogo(gﬁﬁso Sy(Uo, N)m, this is a faithful T3)(Uy, n)m-module. Then to prove 4.1.8, it suffices
to show that if q € Spec (}_Bi’zo)pg lies over qu, € Specf_zg(’fb, then q is in the support of

SE(UO, N)m. This is what we will prove.
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4.2.2

For ease of notation, set A = AUy,1) = A(l,,1), Rioe = T%Ef, 5 = EE,SO, Ry = E?ﬁo
and My = Sy (Up,n)m. Also set B = Al[y1,...,y;]]. Let py denote the pullback of p to A.
Note that Rf, and R, are B-algebras and the surjection Rj — Ry is a B-algebra morphism.
We denote by p; the pullback of p to Rf, and pi. its pullback to Rj.. Note that by our
assumption on (Up).,, 3.3.3 and 3.3.8 imply that Sy (U, n)y is finite free over A, and thus M,

is finite free of the same rank over B.

Lemma 4.2.3. There is a prime q € Spec Ry contained in po and in the support of My such
that the irreducible component of Ry,. determined by qu. ts the unique irreducible component

containing the image of q.

Proof. Since Spec Ry, — Spec R?o’qﬁ induces a bijection on irreducible components by 4.1.5,
it suffices to show the existence of such a g such that the irreducible component of Spec R?O’w
determined by q,, is the unique irreducible component containing the image of q under
Spec Ry — Spec}_%i;w.

Let g be a minimal prime of Ti’(U )m contained in p, and write q again for its pullback
to Ry. Choose an arithmetic O-morphism Ay : TE(U ) — Q,, whose kernel contains . Since
py is unramified at vy we know that the image of ker(\s) in Spec Ei’w lies in the irreducible
component determined by q,,. If it was contained in more than one irreducible component,
2.5.2 shows that pyf|q,, = ve2 @ 7, for some unramified character v of G,,. But using local-
global compatibility, this contradicts the fact that the automorphic representation 7, of
GL2(AF) corresponding to f via the Jacquet-Langlands-Shimizu correspondence is generic
at vg. Since the irreducible component of R?O’Qp determined by g, is the unique one containing

ker(z), it is also the unique one containing q. O
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4.2.4

Note that the map Ry — A, determines a fixed tuple (Va, {xu}vj2: {84, }ves,), With V4 a
deformation of p to A, x, an A valued character of G, for each v|2, and 4, a basis for V4

reducing to our fixed basis of p for each v € 5.

Fix ny > 1 as in 3.8.4. For each n > n, fix a finite set of finite places (), as in 3.8.15.
Recall that |@Q,| has cardinality independent of n, and we denote it by h. For each n > 1,
in the notation of 4.1.2 and 4.1.4, we set

, =0 =0,
Rn - RF,S()UQn and Rn - RF,S()UQn'

Fix a choice for the framing of Rpg o, over Rrs,ug, compatible with the surjection
-0 -0 . .
Rpsyug, = Rpg,- This then gives a B-algebra structure to R;, and R, and we have a

commutative diagram in CNLg

Rloc I R; I Rn

N

R, —= Ry

such that each is a morphism of A-algebras, and each of R/, — R,, R, — R} and R,, — Ry
are surjective morphisms of B-algebras. Let p, and p!, denote the pullback of p to R,, and

R}, respectively.
Lemma 4.2.5. 1. Let k =14 2h. For any n > ny there an injection of A-modules
AY — 0l /((97) + Proc)
whose cokernel is finite of size bounded independent of n.

2. The minimal number of generators of the mazimal ideal of R,, is bounded independently

of n.

Proof. We first prove (1). Let K denote the fraction field of A. Let t, = p.,/((p")* + Proc)-

Take 1, ...,z € t, such that the images of x1,...,xy, in t,/m4 are linearly independent
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and such that z1, ..., z;, form a basis for t, ®4 K. This gives a map ¢ : A¥ — t,. We will

show that k,, = k and coker(y)) is finite of size bounded independently of n.

Let A" denote the integral closure of A in K, and set t, =, ®4 A". I claim that t, — t,
is an injection. As both are finitely generated over A, it suffices to show injectivity modulo

my4 by Nakayama’s Lemma. This follows from the fact that the composite
t,/mag — t /my — t /my

is the isomorphism t, ®4 F = (t, ®4 A") @4 F.
Identifying 1, ..., x, with their images in t/,, we have the commutative diagram

)

0

Axy + -+ Axy, t, coker(yp) —=0

.

0— Azy + - 4 Alzy, ——t, — coker(¢') —0

and the snake lemma gives an injection ker(f) — (A’/A)k». If k,, = k then (A’/A)*" is finite
of size bounded independently of n. So it suffices to show the A’-rank of t/, is k, and that

coker(¢’) is finite of size bounded independently of n.

To do this we use the results of §3.6. If we view p, as taking values in GLy(A’), then all the
assumptions of §3.6 are satisfied (with p = p, and A’ in place of A), except possibly for the
assumption A5, i.e. that in the case where p is L-dihedral, there is some 79 € Gr ~\ G, such
that p,(79) has distinct infinite order A’-rational eigenvalues (note that (d) of the definition
of nice primes ensures that A2 hold even in the case that p is not dihedral). Assuming p
is dihedral, 2.7.5 implies there is some 75 € G'r such that p(7y) has order 2, but p,(7) has
infinite order. Note that since 2 € p, det p, is finite and unipotent elements of p,(Gr) have
finite order, hence p,(7p) has distinct infinite order eigenvalues. Since p(7p) does not have
distinct eigenvalues, the eigenvalues of p, lie in the ring of integers A” of a quadratic ramified
extension K" /K. Set /! =t, @4 A" =t,®4 A”. Since A" is free of rank 2 over A’, it suffices
to show that the A”-rank of t is k and the cokernel of ¢" : A"z +--- A"z, — t is finite

of order bounded independently of n.
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Recall some notation from 3.8.14. For each n, m > 1 given C,, ,, and D,, ,,, be non-negative

integers, we write

Cn,m = Dn,m

if there are constants 0 < a < b such that

< Cnm <b
a
D

n,m

for all n,m > 1. If M is a finite abelian group with a continuous Grg,uq,-action and
V C SoUQy, we let Hi,(Grsyug,, M) denote the subgroup of H{,(Grs,uq,, M) consisting
of elements whose restriction to H*(G,, M) is trivial for each v € V. Let Ad denote the set
of 2 x 2 matrices over A” with the adjoint G g,u0,-action. Set Ad,, = Ad/m’},Ad. Let
q = [F].

Since t” is a finitely generated A”-module, we can write t = (A”)* & T,,, with T, finite.
By our choice of zy,...,xy,, coker(¢"”) = T,,. Since T,, is finite, Hom~ (T, K" /A") = T,
and

Homyn (¢, K" JA") = (K" /A")* x T,

It then suffices to show that Hom (¥, A” /m'},) < (¢™)F. Let wx» be a uniformizer for K”.
We have
HOIIlA/I (f;/” A”/m%,) = HOIIlA (tm A"/m%,)

and this space is identified with the set of ¢ € Hompg,__(R.,, A"[¢]/(?, wxre)) such that

R, %5 A"[e] /(2 witve) 23 A"

is the map R], - A — A”. This hom set is then identified with tuples (V, {5, }ves,), where

- Visa Grgyug,-deformation to A”[¢]/ (2, wi.e) that lifts the A”-deformation Vy®4A”,

where V) is our fixed deformation corresponding to p;

- each (3, is a basis of V' lifting the basis of V4 ®4 A” determined by our fixed basis £4,,
of VA,
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such that for each v € Sy the lift determined by Vg, and the basis (3, is equal to the lift
given by Valg, ®4 A”[e]/(e%, @'Hie) and Ba,. We note that there is no need to specify G,
characters as they are determined by the fact that our morphisms are Rj,.-morphisms. The
set of such tuples surjects onto the set of deformations lifting V4 ® 4 A” with fixed restriction
to G, for each v € Sy. A standard argument shows that this space of deformations is
isomorphic to H éo (Grsyugn, Ady,). The fibre over any given deformation V' is given by sets
of basis {5, }ves, reducing to our fixed set of bases modulo €, such that the lift given by V¢,
and [, is independent of the element in the fibre, up to equivalence by automorphisms of V'

reducing to the identity modulo € that commute with the G’z s,u0,-action.

Putting this all together, we have

|Hé‘ (GFSOUQ 7Adm)| H S |HO(GU>Adm)|
" m _ 0 > n VEDQ

(4.1)

Since the trace pairing on Ad,, is perfect and the characteristic of K" is 2, the Pontryagin dual
of Ad,, is Grs,uq,-isomorphic to itself, and the dual Selmer group to Hg (Gr,s,u0, Adm)
is Hp (Grsyuq, Adm). Then Wiles’s formula, c.f. Theorem 2.19 of [DDT], together with
(4.1) yields

|Hé2 (GFS()UQ 7Adm)| |H1 (Gv Ad )|
H A jmry,)| =  L28m)1
[Hom 4(t,, A” /m™,)] G AdL) 11 TG Al

UeQn

Local Tate duality and Euler-Poincaré characteristic give

|H, (G rs00q,, Adm,
H A f, )| = G o
[Hom 4 (t,, A”/m’3y )| |HY(GF, Ady,)|

) I 15°(G., Ady)l. (4.2)

UeQn
Since V4 ®4 A” is absolutely irreducible, |HY(Gr, Ad,,)| < ¢™. Then parts (3) and (4) of
3.8.15 with (4.2) imply

Homa (t,, A" /m,)| = (g™) 2@l — gmk

which is what was required to prove.

To see (2), it suffices to show the minimal number of generators of R/, over Rj.. is bounded

independently of n. Letting Adr denote the space of 2 x 2 matrices over F with the adjoint
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Grs,ug,, a similar argument to above, shows that this minimal number of generators is

bounded above by

dlmF HClQn (GESOUQn? Adﬂr)—dlm]}? HO(GF, Ad]}?)"‘ Z dlm]F HO(Gv, Ad]F) S dlm]F Hl(GF’SO, AdF)—1+4h

UEQn

O

4.2.6

We let ng denote the maximal abelian p-extension unramified outside @), and split at all
primes in Sy. Set G,, = Gal(FgfL/F). Part (5) of 3.8.15 shows that G,,/2"2G,, = (Z/2"*Z)"
with t =2 — |So| + |Qn|. Let G denote the diagonalizable O-group as in 2.6.7. Recall that
and element of G7(A) is a character x : G;, = A* reducing to the trivial character modulo

the maximal ideal of A.

By 2.6.8 and our assumptions on S, cf. 4.1.3, there is a free action of G} on SpfR],, and
the morphism SpfR!, — SpfRj,. is constant on orbits. We also have an action of G7 ,, the

n,2’

2-torsion of G

n’

on SpfR,, and a the function d¢, : SpfR] — G such that that R, — R,
identifies SpfR,, with the closed sub-formal-scheme of SpfR] defined by dg, = 1, and for
any CNLp object A, a € G%(A), and z € SpfR,(A), we have g, (ax) = a?dg,(x), cf.
2.6.7. We also note that for any CNLp object A, the stucture map O — A gives a group
homomorphism G (0O) — G%(A). In this way the finite group G%(O) acts on SpfR], and

hence on R;,. Similarly, Gy, ,(O) acts on R,,.

4.2.7

For each n > ny, let Sy, (Ug,,n) be as in 4.1.2. We set M,, = E?,ngUQ . Sy (Ug, s M-
) n F, 0UQn
Note that M, is an R,-module and we have a surjection M, — M, of R,-modules, where

the R,-module structure on M, is via the surjection R, — Rj.

Write Q,, = {v1, ..., v} and define two power series rings B|[s1, . .., sp)] and Bl[t1, ..., t4]].
We view Bl[t1,...,ts]] as a subring of B[[si,...,ss]] by t; — (1+s;) + (1 + ;)" — 2. For
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each v; € @y, fix a generator o; of the p-part of the tame inertia group of F,,. The map
I, — (’)Ifﬂvi — ky — A, given by class field theory then sends o; to a generator ¢; of
A,,. Let V be tautological deformation to EF,SOUQH. We define a local B-algebra morphism
Bl[t1,...,tn]] — R) by sending 2 + ¢; to the trace of o; acting on V. We also define a
Bl[s1, ..., sp]]-module structure on M, by letting s; act via the action of ¢; on Sy (Ug, )m-
By 3.5.6 the two B|[t1,...,ts]]-module structures on M, given by B[[s1,...,ss]] and R,

coincide. Note that under the surjection R, — Ry, each ¢; is mapped to zero.

We remark that the power series ring B[ty, ..., )] is introduced because we may not
be able to define a Bl[sy, ..., sp)]-algebra structure on R,,. Although 7 is unramified at each
v € @, its Frobenius eigenvalues may not be distinct, so the local lift to R, may not be
split and in this case we not not have a morphism A, — R). This is why we introduce this

subring B[t ..., ts]] of “traces”.

Lemma 4.2.8. 1. There is s > 1, independent of n, such that letting b, denote the

annihilator of M, in Bl[s1, ..., s,
b, C (1451 —1,...,(1+s,)" —1)
and M, is free over Bl[si,...,sh]]/b, of rank s.

2. (s1,...,8,) M, C ker(M, — M,).

3. Thereis \yy € A, Ay & pa and independent of n such that letting N,, = ker(M,,/(s1, ..., sn) M, —

4. There is an action of the finite group Gy ,(O) on M,, such that for a € G} ,(O),

r € R,, and m € M,, r(am) = a((ar)m).

5. Letting G, 5(O) act on Bl[s1, ..., sp]] by xsi = x(6;)(1+s;) — 1, we also have s;(am) =

al(as;)m).

Proof. Parts (1) follows immediately from 3.5.5 and our assumption on vy. Parts (3) and (4)
follow by considering twists of elements of S, 4 (Ug, (p»*), E/O) by characters x : G,,/2G,, —
O* as in section 7.5 of [KW], and then passing to the limit in a and taking Pontryagin duals.
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We now show (2). By (1) of 3.8.15, there is w, independent of n, such that for any
v € Qn, valg(py(Frob,)) < w, where valx denotes the valuation of the fraction field K of A
giving a uniformizer valuation 1. Take Ay, € A be any element whose image in A is non-zero
and has valuation at least 2w. By 3.5.3, there is y, € R, lifting (tr p,(Frob,))? such that
Yy N, = 0. In particular y,(N,/p,N,) = 0. Since the valuation of y, modulo p,, is bounded
above by 2w, we have Ay (N, /p,N,) = 0. O

4.3 Patching and proof of 4.1.8

Denote by ¥ the formal CNLp-torus (Z')*, where t is as in 4.2.6. Recall t = 2 — |Sp| + |Q,|-

For any n > 1, we let ¥5» denote the 2™-torsion subgroup of <.

Lemma 4.3.1. Let k = 1+4[Sy| as in 4.2.5. Let CNLy denote the full subcategory of CNLeo

consisting of A-algebras. We have

- CNLy objects R._, Reo, a power series Riocl[x1,...,zx]] and an Ry X Bl[s1, ..., sh]]-
module M,

- CNLy morphisms Rigel[[z1, ..., 2k]] = R, — Reo, R, — R and Rw — Ry, and a
morphism of Reo X B|[s1, ..., sp]]-modules Mo, — My;

such that the following hold.

1. The diagrams

Rioe[[z1, - - -5 2] R, Ry and Bl[t1,...,ty]] — Reo
Rioc R Ry B Ry
both commute and the two Bl[ty, ..., ts]]-module structures on My, (coming from R,
and Bl[s1,...,sp]]) coincide.

2. The morphisms R., — R, R, — R{, Roc = Ro, and M — My are all surjections.
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3. (t1,...,th) R € ker(Roo — Ro) and (s1,...,85) M € ker(Mo — M).

4. Letting Noo = ker(My/(S1,...,5n) — My) and letting po, be the pullback of po to Ry,

Noo/PooNso is a torsion A-module.

5. Letting p’ be the pullback of py to R.., (Proc, T1,---,xk) R, C ply and pL /((p)? +

(Proc, T1, - - -, k) RL) is a torsion A-module.
6. There is a free action of T on SpfR., and a map 0 : SpfR. — T such that

— the morphism Spf R — SpfRjoc is constant on orbits of T,

— the closed immersion Spf R, — SpfR._ identifies Spf R with the closed subfunc-

tor of points x with dx(z) =1 and

— for any object A in CNLp, = € SpfR,_(A) and a € T(A), we have do(ax) =
% ().

7. The subfunctor Spf R, — SpfR/_ is stable under the action of Ty, and there is an action
of T2(O) on My, satisfying the following compatibility conditions: for any m € My,

r € Ry and a € Ty(O) we have r(am) = a(ar)m).

Proof. The proof is similar to the contruction in Proposition 9.3 of [KW].

For a CNLp algebra A with maximal ideal m4 and r > 1, we let mg) denote the ideal
of A generated by elements of m, that are r-th powers. Note that if m4 can be generated
by g elements, then m% C mx). Let s > 1 be as in (1) of 4.2.8. For each m > 1 set

rm = sm(h + 7)2™ and
=3,y oy, (M) =1, (U +y)Y = 1) C B[s1,..., sl

Let 9, = ¢, N B[[t1,...,ts]]. As in the proof of Proposition 3.3.1 of [K2] we can show for
any m > 1 that My/¢,,, My is an Ry/(dmRo + mg;”))—module. Similarly, for any n > ny and
m > 1, we can show that M, /c,,M, is an R,,/(0,, R, + mg:))—module.

Fix Ar € A with non-zero image in A, such that Az annihilates the cokernel of the map

in (1) of 4.2.5 for all n > n;. Also let A\y; be as in (3) of 4.2.8.
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Let GI, = G,,/2"%G,. As in [KW] we fix a surjection Z' — G,, for each n > ny. Note

that by 4.2.6 this induces an isomorphism Z/2"2Z = G’ and a closed embedding G* — T
which identifies G|’ with Ton-.

Let g by such that the maximal ideal of R,, is genererated by < g elements for all n > ny,
cf. (2) of 4.2.5.

We let CNLp, . denote the full subcategory of CNLy consisting of Rj..-algebras. For

m > 1 a patching datum of level m, denoted (D, D,,, L,,), consists of the following.

(a)

A surjective CNLp . morphism

Dy — Ro/ (@ Ro +mig™)

(rm) _

which is also a B([ti,...,t,]]-algebra morphism, such that mp™ = (0).

A object D}, of CNLE‘%L’:} such that mp, can be generated by g elements, a surjective
CNL[}%;’ZL] morphism
D! — D,

a free action of ‘E[gmrm} on D! such that the map SpfD! — SpfRj,. is constant on orbits
of 3:[2%3;’"], and a morphism 4, : SpfD! — ¥, such that d,,(ax) = a?d,,(x) for any
Ain OCNLY™ 2 € SpfD! (A) and a € Tym(A). Let D”, be the object in CNLY™!
representing the closed subfunctor of SpfD! given by points x with 6,,(z) = 1. We
further demand that the surjection D! — D, factors through D! — D! and that

the kernel of D! — D,, is contained in m7}, .

A D,, x B][[s1,...,sn|]-module L,,, which is finite free of rank s over B[[s1,..., Su]]/tm
and a surjection of D,,-modules L,, — My/¢c,,My (here the D,,-module on My/c,, M
is via the surjection D,, — Ry/(0, + mg;")) in (a)), such that letting a,, denote the

inverse image in D,, of the image of pg in Ry/ (0, Ro + mg;”)),

A ker(Ly, /(81 ...y 8n) = Mo/¢nMy) C ap, ker(Lp, /(815 .., 8n) = Mo/ ¢ Mp).
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(d) A CNLpg,,, morphism
Rioe[[21, -+, x]] — DI,

such that, letting a/ denote the inverse image in D/ of the image of py in R/ (9., Ro +

mggl)), we have (Pioc, 1, ..., x,) D), C al and

)‘R(a;n/((a;n)Z + (ploca Liy--- 7'rk)D;n)> - m’rgin

We define a morphism (D', D} | Ll) — (D}2 D2 L?) of patching date of level m to be
surjective CNLg, _ morphisms D/ ! — D!? and D} — D2, and a surjection of D] -modules

L} — L2 such that

— D} — D? is a B[[ty,...,t]]-algebra morphism and is compatible with the surjections

to Ro/ (0 + mg;")) of (a);

~ D!'! = D’ ?is compatible with the T action and with the morphisms 6° : SpfD! i —
% from (b), and
D! 1 Dl

_

/2 2
Dm Dm

commutes;
~ D!} — D!?is compatible with the morphisms Ri,.[[x1, ..., zx]] = D, from (d).

Fixn > n; and ny < m < n. We now show how to define a patching datum (D, ,., D n, Lin.n)

m,n’

of level m, from R;, 5, R,9, and M, .

Set D;n,n = R;z+2/m%:r2v Dm,n = Rn+2/(omRn+2 + mg:fg) and Lm,n = n+2/cmMn+2'
The surjection R,, — Ry is an Rjoc X B[t1, ..., ts]]-algebra morphism, so we get a morphism
Dy — Ro/ (0 Ro + m};;”)) satisfying the properties of (a) in the definition of a patching

datum of level m.

As noted above, L,,, is a D,, ,-module and the surjection M, — M, of R,-modules
induces a surjection L,,, — My/¢,,My of D,,,-modules. That L,,, satisfies the required

properties follows from 4.2.8.
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We now show part (b). By choice of g, mp, ~can be generated by g elements. As noted
above, we have mgr’" - mgf” ), so the surjection R, — R, induces a surjection D}, — Dy .
From

~ /% *
Tpm — Tpn ni2 = Gryo

the free action of G}, on SpfR;_, yields a free action of T,» on SpfR;_ ,. This gives
rise to a free group action chunk, cf. 2.2.5, in CNL%T’"] of ‘Zgﬁm on SpfD;, . Now let
6 : SpfR;,_, — G5 be as in 4.2.6. With our fixed immersion G}, — T we define d,,, to be
the composite

SptD., , = SpER, ., — G,y — T.

The fact that d,,(azx) = a?d,,(x) for any A in CNL] lorml 2 € SpfD;, ,(A) and o € Tym(A)
now follows from 4.2.6. Let Dy, , be the object in CNLgrm] representing the closed subfunctor
of SpfD, ,, given by points = with d,,(x) = 1. The surjection D, , — D, factors through

D}, .. — Dy, .. We also see that, since 0,,, R}, ,» + mg%, m) - m’gg o the kernel of Dy, , = Dy

is contained in m7, . We have verified all the condltlons of (b).

To realize part (d) first note that a,, is the image in D], of
o+ 0mBRl +m§2, C Py +mp
By 4.2.5, we can choose a CNLp__ morphism
Rige[[z1, s 2p]] = By

such that (Pioc, 21, .., 2k) R}, o C P4 and such that p’n+2/((}:ﬁ’n+2)2 + (Proc, T1s - -+ i) R, 1 5)

is annihilated by Ar. This then induces the desired morphism of part (d).

Note that for any n > n; and ny < m < n we have natural surjections Dy, — Dy,

D1 — Dy and Lyyy1n, — Ly, that induce and isormorphism

( m+1, n/mgrm m+1 n/(D Dm+l n+ ngiLn% Lm-i—l,n/cmLm—i-l,n) (D;n no Dm,na Lm,n)

of patching data of level m. Since, for each m > 1, there are only finitely many isomorphism

classes of patching data of level m, after extracting a subsequence of (n),>,, we can assume
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that (D, ., Dmn, Linm) = (D} s Dimy Linm) for all n > m and denoting this common
isomorphism class by (D!, Dy, Ly,), we get a projective system in m > ny. Set R, =
lngjn, R, = l'&le and M., = @Lm. The fact that for each m > a the maximal ideal

of D! can be generated by g objects ensures that both R, and R, are Noetherian.

Just as in Proposition 9.3 of [KW] we get a commutative diagram in CNLpg,__

R, — Ry
|
Ry, —— Ry
with R, — Ry a Bl[t1, ..., ts]]-algebra morphism, and an R, x B|[[s1, ..., sy|]-module mor-
phism M., — M, satisfying parts (1), (2), (3), and (6) of the lemma. Parts (1), (2), and (3),
all follow directly from the analogous statements at finite level. To see (6), first note that
the free action of ¥ on SpfR._ follows from 2.2.6 and the fact that the group action chunks
of Tl[ygnim] on SpfD,, . are free. The morphism d,, is defined by the limit of the d,,. From
the corresponding properties of d,,, it is immediate that the morphism SpfR. — Spf Ry, is
constant on orbits of ¥, and that for any object A in CNLp, z € SpfR._(A) and a € T(A),
we have do(ax) = a0, (z). It remains to see that the closed immersion SpfR., — SpfR._
identifies Spf R, with the closed subfunctor of points x with d.(z) = 1. Note that at finite
level, the subfunctor defined by 6,, = 1, is represented by D! and there is a surjection
Dy, — Dy, with kernel contained in m7, . Then the closed the closed subfunctor defined by
doo =118 I&nD;; = im Dy, = Roo.
We now show (4) and (5). Let a,, denote the ideal of D,, as in (c) of patching datum.

Because 1&1 is exact on systems of finite objects, we have
Noo/cmNoo = ker(Lm/(sl, e 8h> — Mo/CmMo).

Then since po, = 1&1 A, We have Ay Ny C PooNoo, which implies No /Poo Noo is a torsion A

module since A\, has non-zero image in A.

The morphisms Ry,c[[z1,...,2%]] — D,,, for each m > 1, yield a CNLp, . morphism

Rioe[[z1, ... x]] — RL,. Let a/, be the ideal of D,, as in part (d) of the definition of a
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patching datum of level m. Since p/_ = Jim a, and

Ar(a, /((0,)% + (Proc, 21, - - @) Dy,)) € mip,

we have
AR5/ ((050)? + (Proc, @1, - - -, ) RL,)) = (0),

which implies part (2) of the lemma since Ag has non-zero image in A.

It remains to show part (7) of the lemma. The fact that SpfR. is stable under the
action of Ty follows immediately from part (6) of the Lemma. Note that for n > 2, the
isomorphism G} = T.-2 induces an isomorphism G}, = T, If m > n the action of
%2(0) on Bl[s1,...,ss]] as in 4.2.8 stabilizes the ideal ¢,, and the compatible actions of
T9(0) on Ry,49 and M, o descend to compatible actions on D,,,, and L,,,. Also note that

for a € T5(0), if we let o € “S[Qgrm]((’)/mgm) denote the corresponding truncated group

element, the diagram

D, —=D,,
commutes. It follows that, after taking limits, the action of To(O) on M, is compatible

with the action of T5(O) on R,,. This establishes (7) and the lemma is proved. O

By Proposition 2.5 of [KW], we have a CNLg object RV that represents the orbits for the
action of T on SpfR/_ and the morphism R™ — R’ _ is formally smooth of relative dimension
t. Note that as SpfR, — SpfRj, is constant on T-orbits, we have a CNL» morphism

Rioe = R and R™ — R/ _is a morphism of Rj..-algebras. Lemma 9.4 of [KW] then shows

inv
)

that the map R — R, makes R, a torsor over R with group T. Let pV denote pullback

to R of pg. Note that R, is finite over RV, so dim R /p = dim Ry, /psc = dim Ry /po

o0

and 2 € pV. Let p; and py be two primes of R, that lie over p»v € Spec R™. Choose

a characteristic 2 field L with embeddings R../p1 — L and Ry /ps — L. Since R, is a
To-torsor over RV, there is a € To(L) such that if x denotes the point Ry, — Reo/p1 — L

o0

of SpfR.(L) then az is the point R,, — R /P2 — L. But since L has characteristic 2,
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Ty(L) is trivial, and so p; = po and we see that p., is the unique prime of R, above pov.
It follows that (R )pimv is local and the natural map (Re)yinv — (Roo)p,, is an isomorphism.

It also follows that the p™-adic topology on (R )., is the same as the po-adic topology

o0

on (Ruo)py, s since (Roo)p. /P (Roo)p., is a finite local algebra over the field (RLY)yine /p2,
hence is Artinian. Similar statements hold for any R, .-module, in particular the natural map
of (RYY)pmv-modules (Mg )pine — (Moo)p,, is an isomorphism and the topologies defined on
(Mso)p.. by p2¥ and po, are equivalent. Note that this module is non-zero as the surjection

[e.9]

Mo, — M induces a surjection (My)p., — (Mo)y.

inv

v and whose image in Spec R

Lemma 4.3.2. If q be a prime of R™ contained in p

contains qu:, then q is in the support of My, (as an R™-module).

Proof. By 4.1.6 and part (d) of the definition of nice prime, cf. 4.1.7, (Rioc/qur )py.. 1S Dormal.
It follows that (Rjoc/ qur)goc is also normal and hence a domain, cf. (vii) of Scholie 7.8.3 of

[G3]. This implies that there is a unique irreducible component of Spec (Rjoc )}

mo. lying above

the irreducible component of Spec Ry, given by q,,. We will denote this component by C,.

Since (Roo)poe = (Roo)pinv is finite over (RIY)ymv, (Mu)p.. is finite over (REY)ym and it

suffices to show that for any minimal prime 9 of (Rf;;v)gim over qy, is in the support of
(Moo )y
Since M, is finite free over B][sy, ..., sp]] and B[[sq, ..., sy is finite free over B|[t1, ..., t4]],

we see that the (pa,v1,...,Y;,t1,...,tn) C Bl[t1,...,ts]] depth of M, as a B[[t1,. .., t4]]-
module, is

ht(pA,yl,...,yj,tl,...,th):d+j+h.

Since the image of (pa,y1,...,¥y;,t1,...,t,) in Ry is contained in po, we see that

depth gy, (Muo)p..) > depthy_(poo, Mao) > d + j + h.

In particular, letting a denote the annihilator of (M), in (Rs),. , We have
dim(Ru),. /a>d+j+ h. (4.3)
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Consider the morphism Rioe[[z1, ..., 2x]] = R, of 4.3.1. By part (3) of 4.3.1, this map

induces a surjection
(Rloc);\loc[[azl, Tkl = (R;o);\,oo

Since R/ is formally smooth over R of relative dimension ¢, and R /pinv = R _/p’  there
is an isomorphism R, = R™[[z, ..., z]] such that sends p’_ to ™ + (z1,. .., 2). It follows

that (R.)y_ is formally smooth over (Rf;")ginv of relative dimension ¢. Now we have

dim(Ry)p dim(Ri;;V)gg =dim(R,,)y —t<1+d+3|S|+k—t=d+j+h.

oo
Combining this with (4.3), we see that the support of (M), in (Ru), is a union of
irreducible components. The same then follows for the support of (M), in (Ré‘;v)ginv.
A

inv
P’

Since (R..)J is formally smooth over (RIV)%, ., their irreducible components are in bijection

Poo

with each other. The rings (Rioc),  [[21,- .., 7]] and (), have the same dimension, so

the surjection (Rioc)p, [[T1,. .-, 24]] = (RL)p_ shows that each irreducible component of

Spec (Rigg)gm lies over a unique irreducible components of Spec (Rioc)y, - Recall there is a

unique irreducible component Cy, of Spec (Rjoc)y lying over ¢, It then suffices to show

Ploc

that there is some prime 9 € Supppin M) such that Cy, is the unique irreducible

A
piny P

component containing the image of 9.

To do this we use 4.2.3. Take q as in 4.2.3. Pullback q to ideals of R, and R/_. Since q is
contained in po, and is in the support of My, it is in the support of (M), . The irreducible
component of Spec Rj,. determined by q,, is the unique irreducible component containing
the image of q under Spec R, — Spec R, — Rioe|[[71, ..., 2k]] = Spec Ri,.. Letting Q be
any prime of (Rig)go%v lying over ¢ N R then has the required properties. O

4.3.3

We can now complete the proof of Proposition 4.1.8. Let £ be a minimal prime of R,
contained in p,, whose image in Spec Rj,. is contained in q,,. Let ¢ = QN Rigg. By 4.3.2,
q is in the support of M. Then at least one minimal prime Q" of R,, above q is in the

support of M. Since R, is a To-torsor on R we see that T, acts transitively on the set of
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minimal primes above q. Hence we are reduced to showing that the support of M, is stable
under this action. Let £; and Q5 be two primes above q. Note that if A is a CNLp domain,
then the natural map To(O) — Ty(A) is surjective. Using this, one can see that that there
is a € T5(0), such that the automorphism of R, induced by a sends Q; to Q,. By part
(5) of 4.3.1, there is a compatible action of Ty(O) on M. It follows that the annihilator
of M, is contained in £; if and only if it is contained in £, hence the support of M, is

stable under the action of Ts.

Let 21 denote the annihilator of (M), in (Rs),. . Since AN Ry, is contained in any

prime ideal of R, whose image in Spec R),. contains q,,, we see that 2 is contained in any

N

prime ideal of (Ru),

whose image in Spec Ry, contains q,,. Let ¢ € Spec (RO){J\O be such

A

that its image in Spec Ry, contains q,,. Pull g back to a prime of (R.); and call it qs.

Poo
By above, g is in the support of (M), . Since t1,...,t, € ker((Roo)y, — (Ro)y,), we
see that qoo/(t1,- .-, tn) € Spec (Ruo ) /(t1, - .-, t) is in the support of (Mu)p /(t1, .-, th).
Since 7 € (s1,...,51) (M), for each i, we further deduce that quo/(t1,...,t) is in the
support of (M), /(s1,...,5,) as an (Ruo),_/(t1, ..., tp)-module. But, by (3) and (4) of
4.3.1, (M) /(515 81) = (My),, . Then, since the action of (Ru ), /(t1, -, tn) on (Mo)p,

factors through (Ro), and this maps sends qo/(t1, ... ,ts) to q, we conclude that q is in the
support of (Mo)y, O

4.4 An R =T theorem

Unless specifically noted otherwise, keep the assumptions and notations of the previous
subsections. If p is dihedral we let L/F denote the unique quadratic extension of F' such
that pg, is Abelian. Let L% denote the maximal pro-2 extension of L unramified outside
places above S. Let Lg denote the maximal subextension of L% /L such that the nontrivial

element of Gal(L/F') acts on Gal(Lg/L) by —1.

Lemma 4.4.1. Assume that

(i) for each v|2, [F, : Qo] > 4;
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(i) if L/F is CM, then there is some v|2 in F' that does not split in L;
(ii) if L/F is not CM, then rankz Gal(Lg/F) < [F : Q] — 3.
Take Q € Spec Ty (U, n)w with 2 € Q such that dim Ty (U, n)n/Q > [F : Q] — 3.

1. Letting xa,, denote the resulting Ty (U,n)n/Q valued character coming from specializ-

n

ing Xp|1,, Xaw is infinite order.

2. The the specialization pq of pum at Q is non-dihedral.

Proof. Since T (U, n)y is finite and torsion-free over A(I,, n) = ®,2A(1,, n,), part (1) follows
from the fact that dim A(1,,n,) @0 F = [F, : Q3] > 4, and so Q N A([,,7,) defines a non-

maximal prime ideal in A(Z,,n,)/(wEg).

Part (2) is trivial if p is not dihedral, so assume p is L-dihedral. First assume that L/F
is CM. Let v|2 in F' be such that v does not split in L. If pq where dihedral, then part (3)
of 3.4.4 together with 2.7.8 contradict the fact that xq, is infinite order.

Now assume that L/F' is not CM. Let B denote the subring of T, (U, n)n/Q generated by
traces of pg. Note that Ty (U, n)m/Q is integral over B, and so dim B > [F' : Q] —3. Then we
know that the image of Rp g — Ty (U, n)m/Q contains B, and so has dimension > [F' : Q] —3.
The result now follows from 2.7.7 as we have assumed rank; Gal(Lg/F) < [F: Q] —=3. O

Proposition 4.4.2. Assume
(i) for each v|2, [F, : Qo] > 4;
(i) if L/F is CM, then there is some v|2 in F' that does not split in L;
(ii) if L/ F is not CM, then ranky Gal(Lg/F) < [F : Q] — 3.

Then every prime of Elﬁ,s s pro-modular.

Proof. This proof is essentially the same as Proposition 4.1 of [SW2]. We first show that

there exists a nice prime, cf. 4.1.7, in Spec Fﬁ,s- For each v|2, let Z, denote the closed
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subscheme of Spec A(1,,7,) defined by (x3™V|;,)* = ve;. Note that for each v[2, if p, C Z,
and 2 € p,, then the pushforward of x"V|;, to A(Iy,7,)/p is finite order (in fact trivial by

our assumptions on p). For ease of notation, set R = Eﬁ,s, T = Ty(Un)m, A = ALz, 1),
and A, = A(1,,n,).

In order to show R has a nice prime it suffices to show that T has a prime p such that
(a) p is a dimension one prime containing 2;
(b) pp is not dihedral;
(c) for each v|2, the image of p in Spec A, is not contained in Z,;
(d) the image of p, contains a non-trivial unipotent element.

Let 9y be a minimal prime of T/(wg). Then T/ if a finite torsion-free A/(wg)-algebra,
hence has dimension d. Fix some o € G such that p(o) has order two and let T' = tr pq, (o).
Note T' is contained in the maximal ideal of T/Q since p(c) has order two. Let Q be a
minimal prime of T containing (7', Q) and note that it has dimension > [F' : Q] — 1. By part
(1) of 4.4.1, QN A(I,,n,) is not contained in Z, for any v|2, and by part (2) it is not dihedral.
Since the diheral locus is closed, cf. 2.7.6, the locus of primes in Spec T/Q satisfying (b)
and (c) above is open, and we have just seen that it is non-empty. Since Spec (T/Q) \ {m}
is Jacobson, this open set contains a dimension 1 prime. Let p be such a prime. It remains
to show that the image of p, contains a non-trivial unipotent element. Let ¢ € G be as
above. Since p C 9, and both pq(c) and p(o) have order two, p,(o) has order two. Since

2 € p, py(0) is unipotent.

Let C denote the set of irreducible components of Spec R. Note that by 4.1.8 any ir-
reducible component containing p as above is pro-modular. Hence we can take a partition
C = C; UCs of C into two disjoint subsets such that C; is non-empty and every element of C;
is pro-modular. We will show that if Cy is non-empty there is C; € C; and C5 € Cs such that
C1 N C5 contains a nice prime. Applying 4.1.8 again shows C5 is pro-modular. Continuing

in this way we conclude all irreducible components of Spec R are pro-modular.
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Let C; and Cy be as above. By 2.6.6, there is a presentation R = A/(fi,..., f.), with
A a complete local domain and dim A —r > 1 + [F : Q] — dimg H°(Gp, (Ad$)*(1)). Since
7 is absolutely irreducible dimg H°(Gp, (Ad})*(1)) = dimp H°(Gr, Adg/Z) < 1. Then 2.1.8
implies that there is C; € C; and Cy € Cy such that C1NC5 contains a prime g of dimension
[F': Q] — 1. Fix some o € G such that p(o) has order two and let T = tr (pq,(c)). Let Q
be a minimal prime of E}@js/(ﬂo, wpg,T) and note that the dimension of  is > [F': Q] — 3
and that it is pro-modular since C; is pro-modular. Then 4.4.1 implies that Q N A, is
not contained in Z, for any v|2 and that pg is non-dihedral. Since the locus of primes in
Spec R/ that are non-dihedral and do not lie over Z, for any v|2 is open and non-empty,
it contains a dimension one prime p, as Spec (R/Q) \ {mg} is Jacobson. As above we also

deduce, for our fixed o € G, that p,(o) is non-trivial unipotent. O
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CHAPTER 5

The Main Theorem

We are now in a position to prove the main theorem. Before doing so, in the first section
we recall some congruences proved in [KW] and [K2] that are necessary to be able to satisfy
the assumptions of the B! = T theorem. We also prove a small lemma that shows the
existence of ordinary lifts in the residually dihedral case. This is an application of a result of
Wiles that allows one to insert a p-ordinary Hilbert modular form of parallel weight 1 into

a p-adic family.

In the second section we prove the main theorem. This is mostly routine, except that
we must use some known cases of Leopoldt’s conjecture in our base changes, to ensure the

assumptions of 4.4.2 are met.

5.1 Congruences

For simplicity we fix an isomorphism @p = C throughout this section.

5.1.1
We fix a continuous absolutely irreducible

p:Gp — GLy(F)
such that for each v|p, p|g, is reducible. Write

~/
Xo ¥

Xov

2

Pa, =
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Let X denote the tuple X = (X,)v|p- If we are given any finite field extension F'/F we will

still denote by X the tuple (X,|a., )wlo,vlp-

Given a cuspical automorphic representaion 7 of GLy(Afg), we say that 7 lifts p if, letting
pr be the representation as in 3.4.1, there is a G p-stable lattice in the representation space
of p, whose reduction is equal to p (after extension of scalars, if necessary). We say that =

is a x-good lift of p if 7w is p-nearly ordinary and, for each v|p, we have

* *

pﬂ' Gv g

Xv

with x, a lift of X,. Similarly if f is an eigenfunction in some S}, (U, O) as in 3.2.2, and
7y denotes the cuspidal automorphic representation of GLy(Ap) associated to it by 3.1.10,
we say f lifts p if m; does, and that f is a X-good lift of p, if m; is. We keep track of
X-good lifts in what follows. This isn’t necessary for our applications to modularity of
Galois representations (we will perform a base change to assume that p; is either trivial or

unipotent for each v|p) however we do so as it entails relatively little extra work.

Lemma 5.1.2. If p is dihedral, there is a p-nearly ordinary reqular algebraic cuspidal auto-
morphic representation © of GL(Ar) of weight ((k,...,k),(0,...,0)), with k > 2, that is a

X-good lift of p

Proof. We first note that the reducibility of p|g, together with the assumption that p is
dihedral implies that p|g, implies that either p|g, is split or X, = X, and p = 2. For each
v|p, let x, denote the Teichmiiller lift of X, and, except in the case that p = 2 and p|g, is
nonsplit, we let x/ be the Teichmuller lift of . In the case that p = 2 and p|g, is nonsplit,
we let w denote the unique prime above v in L, where L is the unique quadratic extension
from which p is induced, and G,, the corresponding index two subgroup G,. We then let
X, be the O-valued character such that x/ (o) = x, for all 0 € G, and X/, (0) = —x,(o) for
o € G, \ Gy. Note that this is possible since when p = 2, x, has odd order and so the field

fixed by its kernel is disjoint from L, /F,. We view x, and Y/, as taking values in @X.
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It suffices to prove this in the case that Y, is unramified for each v|p. Otherwise, we take
a finite order character 6 : F*\AX — Q" such that )| ox = Xo| oy for each v|p, cf. Theorem
5, Chapter 10 of [AT]. Then letting 7 denote the resulting lift of p ® 571, 7 ® 0 will be the

desired x-good lift of p.

We first construct a totally odd dihedral representation py : Gp — GLy(Q) lifting p.
Write p = Indgfwy for a quadratic extension L/F and ¥ : G, — F*. Let x : G — @X
denote the Teichmuller lift of x. If p(c) # 1 for any choice ¢ of complex conjugation, we set
p1L = Indgi x. If there is some choice of complex conjugation at which p is trivial, we use a
trick of Serre. Note that in this case p = 2. Let {7,..., 7%} denote the set of embeddings
F — R where p is trivial. Then each 7; splits in L/F, and we write o;, o, for the two
embeddings above 7;. Theorem 5 of Chapter 10 of [AT] implies the existence of a character
G — @X of order either two or four, such that £ nontrivial at each {0y, ..., 0%} and trivial
at each {o],...,0}} as well as at every place above 2. Note that if £’ denotes the conjugate
of £ by Gal(L/F), we have {(c){'(c) = —1 if ¢ is the complex conjugation corresponding to
any 7 € {m,...,7}. We then set p; = Indgfxf. By choice of &, p; is totally odd. Since &
has order two or four, it is trivial mod 2, and pq is a lift of p. Also, since £ is trivial at any

place above 2 we have

/

~ [ Xv
P1|Gv =
Xv

for x! and x, as above.

A classical construction yields a cuspidal Hilbert modular newform f; of weight ((1,...,1),(0,...,0)),
such that ps, = p;. Let 7y, denote the corresponding automorphic representation. For each

vl|p, (7p, )y is the principal series (x4, xv). If X}, is unramified then the double coset operator

Wy

GLQ(OFU GL2(OFU)

GL2(Or,)

acts on w(x%, Xv) via x, (@) + X (wy). In this case we replace f; with the v-stabilized
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eigenform on which the double coset operator

w) [ 0 | w)
1

acts via x,(w,). We may then assume that Ty, fi = xu(w,)f1 for each v|p. Theorem 3
of [W] allows us to insert f; in an ordinary p-adic analytic family and letting f; denote a
classical specialization at some parallel weight & > 2, we have T fir = «,fi for some oy
congruent to Y, (w,) for each v|p. This automorphic representation generated by this f is

then a Y-good lift of p. m

5.1.3

Let k = (k, w) be an algebraic weight and let ¢ : F*\A; — O be a continuous character
such that ¥(z) = Ziikﬁw on some open subgroup of Az. We denote by ¢¢ the character
e o FX\AL — C* given by ¢¢c(z) = @Z)(Z)z;f”""*?zggkdw, using our fixed isomorphism
C= @p. Conversely, given a character ¢c : F*\A% — C* such that ¥¢c(z) = 222" on
some open subgroup of A%, we let ¢ denote the character ¢ : F*\A} — O* (enlarging O if

necessary) given by 1h(z) = ()W 22 k2w,

In what follows we can always ensure that the base changes performed are disjoint from
any fixed finite extension of F as follows. Let K be a given finite extension of £’ and let K’
denote its normal closure. Let {v} be a finite set of places of F', unramified in K’ and such
that the Frob, exhaust all conjugacy classes in Gal(K’/F'). Note that this set can always
be chosen to be disjoint from any given finite set of places of F'. We then demand that our
extension F’/F splits at all places in {v}. We will not repeat this argument in each of the

lemmas below.

We will call an extension F'/F an allowable base change if F'/F is finite of even degree,

solvable, totally real, and disjoint from e

Lemma 5.1.4. Let 7 be a regular algebraic cuspidal automorphic representation of GLa(AF)

of weight k and central character Y¢c. Assume that 7 is p-nearly ordinary and a X-good lift
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of p. Let k' = (K',w’) be another algebraic weight and let ¢ : F*\Ay — C* be such that
Yi(2) = 22K 2" on some open subgroup of A

If ¥ = ' modulo the mazimal ideal of O, then there is an allowable base change F'/F
and a p nearly ordinary reqular algebraic cuspidal automorphic representation ' of GLo(Ap)

such that

the central character of ™ is Nmpr/p 0 Y ;

- if w is an archimedean place of F' that extends the embedding T : F' — R, then 7, is

discrete series of lowest weight k. — 1 and central character z, — sgn(z, )|z, | *—2vr;

for v|p, (W;)IWI(”) #0;

7' is a x-good lift of p.

Proof. Since 7, is either principal series or Steinberg at each v|p, there is a base change
F'/F of even degree, disjoint from the splitting field of p, such that letting my denote the
base change of 7 to F”, (WO)B”(‘”) # 0 for any w|p in F’. We again denote by x and &’ the
weights of F’ obtained from s and &’ in the obvious way. We also again write ¢ and ¢
instead of Y)c o Nmp//p and 9 o Nmpp.

Let D be the quaternion algebra over F” ramified at all infinite places and split at all finite
places. Using the Jacquet-Langlands-Shimizu correspondence 3.1.10 and 3.4.1, it suffices to

show that we have a Hecke equivariant isomorphism
(U, 0) @0 F 2 5%, (U,0) @0 F

for U an appropriate open subgroup of GLy (O ®7 2) Note in particular that the equiv-
ariance of this isomorphism with respect to Ty, for each v|p, and (y)"°, for each y €

(Opr @z Z,)*, ensures that 7’ will be a X-good lift of p.

Choose open subgroup U C GLy(Op ®7 Z) such that U, = Iwy(v) for all v|p, and small
enough such that 7§ # 0 and

(UAR) Nt DX /(F)* =1 (5.1)
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for every t € GLy(A%). Since U satisfies (5.1), we have
S:,?IZJ(U7 O) ®o F = S:ﬁ/}<U> F)

and similarly for S, (U, Q). Since U = U(p™') and ¢ = ¢/ modulo the maximal ideal of

O, 3.3.7 give Hecke equivariant isomorphisms
/2,(')¢)<U7 ]F) = ;,?p(U7 F) = /ril’o,l/)’(UJ F)
O

Lemma 5.1.5. Let K be a fixed finite extension of F'. Let m be a reqular algebraic cuspidal
automorphic representation of GLao(Ap) with central character v¢. Assume that 7 is a p-
nearly ordinary X-good lift of p. Let ¥ be some (possibly empty) set of finite places of F,
disjoint from {v|p}, such that for each v € ¥, 7, = (v, odet) ® St, for v, a character of F)*.

There allowable base change F'/F and a p-nearly ordinary reqular algebraic cuspidal

automorphic representation ©' of GLo(Afp/), such that

- the central character of © is ¢ o Nmprp;

- for any archimdean place v of F' and w|v in F', m, = 7, as (gly, O(2))-modules;
- for any finite place w note above p or any of the places of ¥, m. is unramified;
- forv e ¥ and wlv, 7, = (v, o Nmp /g, o det) @ St;

- (m)1 @) #£ 0 for v]p;

- 7' is a x-good lift of p.

Proof. For ease of notation, we will throughout denote the base change of a character by the

same letter, in particular again write ¢ and -, for 1y o Nmg,p and 7, 0o Nmpg /r, , respectively.

Using local-global compatibility and the representation p,, we can find an allowable base
change F}/F, such that, letting 7; denote the base change of w to Fy, if v is a finite place of

Fy with v 1 p at which (m), is ramified, then (m), is an unramified twist of the Steinberg
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Iwi (v

representation, and such that () ) # 0 for any v|p. Let ¥; denote the set of places of F;
above X. Let (); denote the set of places {v} such that (), is ramified and v ¢ ¥, U{v|p}.

Choose a finite place wy ¢ ¥ UQ U {v|p}, and let N, be the order of GLy(k,,). Choose
an allowable base change Fy/Fy, split at wy, such that for any finite place v above a place in
@, the order of the p-subgroup of k) is divisible by the p-part of 2p(4N,,). Let ¥y denote
the set of places of F;y above ¥, and similarly for ();. Let w5 denote the base change of

to Fg.

Let D denote the quaternion algebra over F5,, ramified at all archimedean places and
places in Y5, and split elsewhere, and fix a maximal order Op of D and an fix isomorphisms

(Op)y = Maya(Op,) for every split v. Let U denote the open subgroup of O} such that
- U, = GLy(Op,,) if v ¢ 25 U Qx{w|p};
- U, =D ifv e Xy;
- U, =1wi(v) if v € Q;
- Iw(v) C U, C Iwy(v"™) for some n > 1 if v|p;

- if V' denoted the open compact subgroup of GLy(A%) given by V,, = U, for v ¢ 3,
and V, = Iw(v) for v € Xy, then 7y # 0.

Let x denote the weight of my. Via the Jaquet-Langlands-Shimizu correspondence, mo is

generated by a Hecke eigenform in S39,(U, O) (for suitable O).

Define the open compact subgroup U’ of GLy(A%) be letting U, = U, for v ¢ @, and

for v € Q5 we set

a
U, = ; € Iw(v) : @ = d mod Moy, |
c

By 3.1.4, we can take a non-trivial character x : Hvng ky — O* of p-power order, and of
order divisible by 4 if p = 2, such that when viewed as a character of U(A%)*, trivial on U’,

X is trivial on (U(A%)* Nt~'D*t)/F* for any t € (D ®p, AF)*.
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Viewing W, (O) ®o O(x) as a representation of U(AY)*, we let S,z (U, O) denote the
space of functions

[ D\(D @F AF)" — Wi(0) ©@o O(x)

such that f(zu) = u™'f(x) for all z € U and f(zz) = ¢(2)f(z) for all z € (A%)*. Fixing
a set of representatives {t} for the double cosets D*\(D ®p, A%)*/U(A%)*, we have an

isomorphism of O-modules

Skayw(U,O) = @ WH<O)(X)(U(A%%)Xﬂt—lpxt)/FQX.
{t}

Since x is trivial on each of the (U(A)* Nt~ 'D*t)/Fy, and x is of p-power order,
Srax.e (U, O) and S, (U, O) have the same O-rank and the same image in S, (U, F). The

isomorphism

Smw(U: O) RoF = S,{®X7w(U, O) Ko F

then implies the existence of a nearly ordinary maximal ideal m in the Hecke subalgebra of
End(Skey.w (U, O)), with p, = p. Note that the nearly ordinary condition is preserved since

() does not containing any places above p (the action of 7}, is unchanged).

If 7P is a cupsidal automorphic representation of (D ®p, Ap,)*, generated by a Hecke
eigenform of Sigy (U, O)m, and 7, denotes the cuspidal automorphic representation of
GLy(Af,) obtained from 7 via the Jacquet-Langlands-Shimizu correspdonance, cf. 3.1.10,

then we have

the central character of 7 is 1c o Nmp, /p;

for any archimdean place v of F' and w|v in F, (7)), = 7, as (gly, O(2))-modules;

for any finite place w ¢ 35 U @2 and not above p, (7}),, is unramified,;

- for any v € X, (75), = (7, o det) ® St;

for any v € @, (7h), is a ramified principal series;

74 is p-nearly ordinary;
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- for each v|p, (w2 £ 0;
- my is a X-good lift of p|g,, -

We can then find another allowable base change F”/Fy, such that the characters defining the
principal series representations (7)., for v € QQ9, become unramified. Letting 7" denote the

base change of 7} to F’ gives the result. O

Lemma 5.1.6. Assume p = 2. Let D be a quaternion algebra with centre F', ramified at
all archimedean places and at a nonempty set ¥ of finite places not containing any places
above p. Fix a maximal order Op of D. Fix an algebraic weight k, a continuous character

P FX\(AY)* — O, and an open subgroup U of (D @ AF)* such that

U, C GLy(Op,) for split v;
- U, =D} for eachv € ¥,

- U, D Iw(v) for each vlp,

the action of U N (AR)* on W, (O) is given by =,

(UAX)* Nt~ID*t)/F* =1 for each t € (D @p A)*.

Let U’ denote the maximal compact subgroup of U. Let m be a maximal ideal of T’;f’w(U’, 0)
and let f € Sp5,(U', O)n be an eigenform such that for each v € X, DS acts on f via vy, 0vp,

with v, : ) — O an unramified character and vp the reduced norm of D.

For each v € ¥ let 7 : F) — O be either vy, or —v,. There is a Hecke eigenform
f1e S, (U, O)n such that D acts on f" via vy, for each v € .

Proof. Let A =], o, FY/(F))?Op, . The reduced norm defines an isomorphism

UAR)/U'(AF)* — A,
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Fix coset representative {t} for D*\(D ®@p A%)*/U(A¥)*. By 3.1.7, our assumption on U

implies that we have an isomorphism of O[A]-modules
Seu(U' ("), 0) = P Wu(0) @0 O[A],
i=1

and Sy 4 (U’, O) is free over O[A]. Since A is a 2-group, O[A]is a local ring and S}, (U’ (p™*), O)m

is also free over O[A]. Since

INESE || (0%

x:A—{x1}

we see that the O-rank of the submodule of S}, (U’, O)y consisting of elements on which
D} acts via v, for all v € ¥ is equal to the O-rank of the submodule on which D) acts via

v, for all v € 3. O

Lemma 5.1.7. Let m be a p-nearly ordinary reqular algebraic cuspidal automorphic repre-
sentation of GLo(Ap) that is a X-good lift of p. Let ¥ be a finite set of finite places not
containing any above p such that for every v € X, m, is unramified and p|g, is an extension
of ¥, by 7,6, for some unramified character v, : G, — O* with v2 = {¢lg,, with ¢ the

central character of .

There is an allowable base change F'/F and a p-nearly ordinary reqular algebraic cuspidal

representation ©' of GLo(A%) such that

- the central character of © is 1c o Nmp/p;
- for any archimdean place v of F' and w|v in F', 7], = m, as (gly, O(2))-modules;
- 18 unramified outside the places above ¥ and the places above p;
- for any v € ¥ and wlv in F', w, = (v, o Nmp, /5, o det) ® St;
- 7' is a x-good lift of p.
Proof. We prove this as in Lemma 3.5.3 of [K2]. For ease of notation, we will throughout

denote the base change of a character by the same letter, in particular again write ¢ and

Yy for ¢ o Nmp/p and =, for v, o Nmp /5, , respectively. Also, given an algebraic weight

166



k = (k,w) for F' we will again denote by x = (k,w) the algebraic weight for F’ given by
letting (k,, w.) = (kr,w,) if 770 F' — R extends 7 : F' — R.

By first performing a quadratic allowable base change if necessary we may assume that
[F: Q] is even. Let k = (k, w) denote the weight of 7, and 1) denote the O*-valued character
of (Ap)* corresponding to the central character of . Let Dy denote the quaternion algebra
ramified at all archimedean places of F' and split at all finite places of F. Let U be an open
compact subgroup of GLy(Op @z Z), such that U, = GLy(Op,) for all finite places v such

that , is unramified, and such that 7V # 0. Let a > 1 be sufficiently large such that
U (AF)* N D)/ FX =1

for every t € (D®prpA¥)*. By the Jacquet-Langlands-Shimizu correspondence, 7 is generated
by some T}, (U(p*?), O)-eigenform in SS9, (U(p™?), O).
Take 2 < k < p+1 and w € Z such that k 4+ 2w = k. + 2w,, for any 7 € I, and let

ko = ((k,..., k), (w,...,w)). We have a Hecke equivariant isomorphism, cf. 3.3.7
S;lzb(U(pa,a), O) ®o = S:;)@(U(pa’a)a O) ®o F?

and so there is an eigenfunction fy € S° (U, O) that is a Y-good lift of p.

Write ¥ = {vy,...,v,.}. Choose a tower of quadratic extensions F' = Fy C F} C --- C F},
with each F;/F;_; an allowable base change such that for any 1 < j < r, any w € F;
above v; splits in Fj if ¢ = j and is inert in F; otherwise. Let D; be the quaternion algebra
with centre F;, ramified at all archimedean places and all places above vy, ..., v;, and split
elsewhere. Let Op, be a fixed maximal order of D;. We will show, by induction, that there is
an open subgroup U; of (D; ®F, A%)*, a; > 1, and an eigenfunction f; € Sp° (Ui(p**), O)

such that

(a) for any 1 < j <, if wlv; then (Ui),, = (Dy);5 and U, acts on Wy, (O) by v, o vp,,

w

with vp, the reduced norm of D;;

(b) (Ui)w = GL2(OF,,,) for any w above v in F' such that U, = GLy(Op,),
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(¢) (Ui(p*)(AF)* Nt1D[t)/F* =1, for any t € (D; ®F, A%)™;
(d) f; is a x-good lift of p.

Having obtained f,, we can again use 3.3.7, to obtain a Y-good lift f/ of p of level U, (p®* ")
and weight ', where (k.,w, ) = (k;,w,) for any 7/ € Ir. extending 7 € I. Then applying

Jacquet-Langlands-Shimizu to f! gives the required result.

We now prove the induction. Denote by m the maximal ideal of T}  (Us(p®*), O)
corresponding to f;. Since 2 < k < p + 1, there is a perfect pairing ( , ) on Wy (O), cf. §1
of [T2], and hence a perfect pairing on W, (O), which we also denote by (, ). Fix a set of
coset representatives {t} for D;\(D; @, AZ)*/U(A%)*. Assumption (c) allows us to define

a perfect pairing on Sy, (U (p**), O) by

(h1,ha)s = > (ha (1), ho(t))(dett) .
{t}

Define an open subgroup U; of (D; ®r, A%)* by letting (Uj)w = (Us)y if w is not above v,
and (U;)w = Iw(w) if w is the unique place in F; above v;41. By our assumption on plg,, . ,

we see that

(Tor,, = (Nm(v341) + 1)°0(F0,40)) So, 0 (Ui(p*™), O) € Sy (Ui (p™), O).

Vi+1

Pulling back m to a maximal ideal of Ty  (Uj(p**), O), Corollary 3.1.11 of [K2] shows
there is an eigenfunction h € Sp°  (Uj(p*+*), O) that is in the support of m and is w-new,
for w the unique place of F; above v;yy. If (D;),;,, does not act on h by v,,,, o vp,, then we

must have that p = 2 and (D;))  acts on h via —v,,,, o vp,. Applying 5.1.6 allows us to

Vit+1

X

assume (D),

acts on h by 7,,,, o vp,. Considering the base change of h to F;,; together

with the Jacquet-Langlands-Shimizu correspondence then yields the desired f;, ;. O

We now group most of the above lemmas into one proposition.

Proposition 5.1.8. Let m be a p-nearly ordinary regular algebraic cuspidal automorphic

representation of GLe(Ap) that is a X-good lift of p. Let k = (k,w) be an algebraic weight
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and ¢ : F*\A} — C* a character such that ¥c(z) = 227572 on some open subgroup of
A%, Let ¥ be a finite set of finite places not containing any places above p. For each v € ¥,
fix an unramified character v, : F, — O* such that p|g, is an extension of 7, by 7,€, and

such that 7,(w,)? = ¥ (w@,).

There is an allowable base change and a p-nearly ordinary cuspidal automorphic repre-

sentation 7' of GLy(Ap/) such that

7 has central character 1c o Nmp//p;

- if w is an archimedean place of F' that extends the embedding T : F' — R, then 7, is

‘2—k7——2w‘,— ;

discrete series of lowest weight k.—1 and central character z,, — sgn(zw)kﬂzw

- if w is a finite place of F' with w t p and w not above any place in X, then m, is

unramified;

- if w is a finite place of F' lying above some place in v € X, then m, = (YycoNmp /p, 0

det) ® St;
- for any wlp, ()™ 2 0;
- ' is a x-good lift of p.

Proof. Note that if p is odd, the unramified characters ~, are determined uniquely by ¢ and
p, but if p = 2, then they are only determined up to sign. We first apply 5.1.4 to obtain
m; with the right weight and central character. We then apply 5.1.5 to obtain 7 that is
unramified for every v 1 p, and with Twahori fixed vectors at each place above p. We then
apply 5.1.7 to obtain 73, such that 73 is our desired twist of Steinberg at each w above v € X.
However w3 may no longer have Iwahori fixed vectors at places above p, and so we apply
5.1.5 one more time to get our desired 7’ Note that when applying 5.1.5 this last time we

can ensure that the places above those in ¥ remain the desired twist of Steinberg. [
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5.2 Proof of the main theorem

We can now prove our main theorem.

Theorem 5.2.1. Let F be a totally real subfield of Q. Let Iy denote set of embeddings
F — Q. Fiz embeddings Q — Q, and Q — C. Via these embeddings we view Ir as the
set of embeddings {F — R} as well as the set of embeddings {F — Qy}. For any v|p in
F, let Ir, C Ip denote the subset of T that give rise to v. We identify I, with the set of
embedding F, — Q,.
Let
p:Gp — GLy(Q,)

be a continuous representation unramified outside finitely many primes. Assume there is
some (k,w) € I%, with k, > 2 for each T € Ir and w = k, + 2w, independent of T, and such
that

1. detp = gbe;’_l, with ¢ a finite order character;

* *

I

2. for each v|2, pla, such that viewing x, as a character of F via class

Xv
field theory, x(y) = [1,¢1,, ¥y~ on some open subgroup of OF ;

3. for each choice of complex conjugation c, det p(c) = —1.
Let p: Gp — GLy(F) denote the residual representation associated to p. We assume

(4) p is absolutely irreducible;

(5) If L/F is a CM extension such that p|g, is abelian, then there is some v|2 in F that
does not split in L and such that if w denotes the place in L above v, L, # F,((4),

with (4 a primitive 4-th root of unity;

(6) there is a 2-nearly ordinary regular algebraic cuspidal automorphic representation m

Of GLQ(AF) with p_ﬂo = ﬁ
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Under these assumptions p is modular, i.e. there is a 2-nearly ordinary reqular algebraic

cuspidal automorphic representation m of GLa(Ag) such that p = p.

Proof. In the case that p|g, is split for v|2, we fix x, as in (2). In the case that there is
quadratic L/F that is CM, we fix a v|p satisfying (5). We can find a totally real solvable

extension F'/F of even degree such that

- F'/F is disjoint from the fixed field of ker p

for any v|2 in F, [F) : Qo] > 4;

for any v|2 in F’, the image of p|g, has order two if v is above our fixed place vy, and

it is trivial otherwise;

for any v|2, F, contains a 4-th root of unity.

Note that to ensure we can do the last two simultaneously we are using assumption (5) in

the case that that L/F is CM.

Now assume 7 is dihedral and that L/F is not CM. Let r, resp. s, denote the number of
real, resp. complex, embedding of L. Note that r > 1. Let L% denote the maximal pro-p
abelian extension of L unramified outside S. Let Lg denote the maximal sub-extension of
L%/ L such that the nontrivial element of Gal(L/F) act on Gal(Lg /L) by —1. We distinguish
two sub-cases depending on whether or not L is contained in the 2-adic cyclotomic extension

of F.

First assume that L/F is not contained in the 2-adic cyclotomic extension. Let F,, denote
the totally real subfield of the cyclotomic extension F'(ugn). Set L, = F,L and let r,, resp
Sp, denote the number of real, resp. complex, embeddings of L,. Note that r, > [F, : F].
The subgroup of Of on which Gal(L, /F},) acts via the nontrivial character has rank

" F,: F
Tn—FSn—[Fn;@]—%Z[ 5 ]

The weak Leopoldt conjecture is known to hold for the tower {L,/L},>1, c.f. Theorem

10.3.25 of [NSW]. Hence letting O ~denote the closure of OF in (Op, ®z Zy)*, there is a
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constant ¢ such that

rankzO; —rankz, O] <c

for all n. Then we have

[F, : F]

rankz, Gal((Ln)g/La) < [Fn: Q] = =5

+c

for all n. Bereplacing F' with F,, for n sufficiently large we may assume that ranky, Gal(Lg /L) <
[F: Q] — 3.

In the case that L/F is contained in the 2-adic cyclotomic extension, we use an idea of
[S3]. Notice that L = LoF, with Lo/Q an abelian extension. Set Fy N Ly. Choose a prime ¢
such that Q(pue=) is disjoint from the fixed field of kerp. Let M,, denote the sub-extension
of Q(pu=)/Q of degree (. Since Lo/ Fy is not CM, there is a subgroup of Oy, ; = of rank at
least ¢ — 1 on which Gal(M,,Ly/M,Fy) act via the nontrivial character. Since Leopoldt’s
conjecture is known for abelian extensions of Q, the closure of this subgroup has Z,-rank at
least ¢". Then

ranky, Gal((M,L)g/(M,L)) < [M,F : Q] — (.

Be replacing F' with M, F' for n sufficiently large we may assume that ranky, Gal(Lg/L) <
[F: Q] —3.

Let 3 denote the set of finite places not above p at which p is ramified. Recall that an
allowable base change is a totally real finite solvable extension F’/F of even degree that is
disjoint from the fixed field of kerp. By replacing F' with an allowable base change we may

assume that [F': Q] and ¥ are both even.

By replacing F' with an allowable base change we may assume that for any v € X, p is
an extension of v, by 7,€,, for some unramified character v,. By further replacing F' with
an allowable base change, 5.1.8 implies we may assume the same properties for p,,, with the

same characters 7, for v € 3, as well as that my has weight (k, w), and that det p = det p,,.

For each v|2, let i, denote the character of the 2-Sylow subgroup of the torsion subgroup
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of G2 given by restriction of y,, and let n = (1,),2. For each v|2, write

* *
~

Pro
X5

such that viewing X" as a character of F* via class field theory, x%(y) = ILc Irs y~* on
some open subgroup of O, . Let nY denote the restriction of x? to the 2-Sylow subgroup of
the torsion subgroup of G2 and let n° = (n9),2. Note that for each v|2, the kernels of both
n, and 7Y are disjoint from the splitting field of p|g,. We perform one final base change to
assume that both 7, and n? are trivial for each v|2. Since the kernels of these characters
were disjoint from the splitting field of p|g,, we may still assume that if p is dihedral and
L/F is CM, there is some 1|2 in F that does not split in L. Note that the Q, points of
A(Gp) = @,2A(G,) determined by (x,)y2 and (x9),2 lie on the same irreducible component.

Let E be a finite sub-extension of Q,/Q, that contains the image of p and Pr,, and let O
denote its ring of integers. Let S = XU{v|p}U{v|oo}. Using the Jacquet-Langlands-Shimizu
correspondence, the properties of my allow us to transfer 7y to a nearly ordinary eigenform f
as in 4.1.2. The field F' and residual representations satisfy the assumptions of 4.1.1 as well
as 4.4.2. Then letting Rﬁ,s be the quotient of Rps®A(G,) as in 4.1.4, we see that (p, (Xu)up2)

defines a point of Spf}_%? g- The theorem now follows from 4.4.2. n

Our theorem from the introduction is a result of 5.2.1 above together with 5.1.2.
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