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ABSTRACT OF THE THESIS

Multibody Dynamics, Control-Oriented Model, and 6-DOF Motion Control

of a Thrust-Vectored Quadrotor

by

Tyler Austin McCown

Master of Science in Mechanical Engineering
University of California, Los Angeles, 2021
Professor Tsu-Chin Tsao, Chair

Traditional quadcopters possess only four controllable inputs and are inherently under-
actuated, limiting their ability to interact with an environment or manipulate a payload.
This work discusses a quadcopter architecture incorporating twisting and tilting joints to
fully decouple the position and attitude dynamics, permitting full six-degree-of-freedom
maneuvering. A dynamic model is presented which includes both the gyroscopic effects
of the propellers and the configuration-dependent inertia of the articulated components.
A control framework is developed first for a quarter copter model, then generalized to
the full copter on a spherical joint, and finally to the full copter with unconstrained base
motion on the special Euclidean group SE(3). Simulations are conducted on a Simscape
multibody model, and the results are presented to demonstrate the capabilities of the

craft.
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Chapter 1

Introduction

Multirotor aircraft, and in particular quadcopters, have risen to prominence over the past
several years due to their mechanical simplicity and high maneuverability. Advances in
low-cost inertial sensors and flight controllers have made multirotor platforms more ac-
cessible to both hobbyists as well as researchers, resulting in accelerated development for
a variety applications. Among these are geological surveying, infrastructure inspection,
and disaster response, all situations in which a nimble craft can navigate an open envi-
ronment and provide visual information to a human operator [1]. A major shortcoming
of typical quadrotor systems is their inherent underactuation; the presence of only four
controllable inputs prevents arbitary maneuvering in 3D space, limiting utility in tasks
such as object manipulation and environmental interaction.

Many multirotor platforms exist which expand upon the capabilities of the standard
quadcopter by including additional controllable degrees of freedom. One common method
that preserves mechanical simplicity is to increase the number of rotors to six or more [2],
[3], [4]. Simply possessing six rotors does not guarantee full actuation due to redundancy
in parallel thrusts, and some groups have conducted design optimizations to study the
trade-offs between efficiency and agility of various actuator configurations [5], [6], [7], [8].
Despite the optimization, these architectures all involve conflicting thrust components
which lead to internal forces and wasted control energy.

Another class of multirotor crafts solves the underactuation problem by replacing each



rotor with a traditional quadcopter. Early implementations connected these copters to a
base link by flexible cables as in [9], or by spherical joints as in [10]. An improvement on
these attachment mechanisms is shown in [11], which utilizes an in-line revolute joint to
eliminate angle limitations between the individual copters and the base. One challenge
associated with these configurations is their distributed nature; each copter includes
on-board sensors and compute modules, but must communicate synchronously with a
centralized controller to coordinate with the other copters.

More variants of fully and overactuated craft introduce controllable degrees of free-
dom between the base link and the propeller motors. [12] and [13] approach this by
separating the main body from the thruster component with a gimbal-like mechanism
between the two. This allows six-degree-of-freedom (6-DOF) control of the main body,
but with limited range of motion due to the joint construction. Another approach is to
add a single degree of articulation to each propeller as in [14], [15], [16]. These designs
achieve overactuation while also allowing internal forces to be reduced by reorienting
thrust vectors to minimize conflicting components.

This work concerns the articulated-rotor type craft first proposed in [17], a variant
of quadcopter with includes two controllable degrees of freedom at each of the four pro-
pellers. The resulting gimbal-like mechanism allows each propeller to assume an arbitrary
orientation relative to the base link as well as to the other propellers. This craft is fully
actuated and can hover with all parallel thrust vectors in any body orientation, maximiz-
ing thrust efficiency. Chapter 2 discusses the architecture of this copter in more detail
and describes previous work related to its control under a rigid body assumption. A
detailed set of coupled equations of motion is derived in Chapter 3 for one of the articu-
lated arms in isolation (the “quarter copter”). An accompanying control law is presented
for comparison with the rigid body results. Chapter 4 generalizes the quarter copter
model to the full copter with the base link constrained on a spherical joint, presenting
equations of motion and a modified control architecture. Finally Chapter 5 removes the

spherical joint constraint and presents the final equations of motion for the full copter



with a rotating and translating base link. The resulting controller is capable of tracking
an arbitrary trajectory on the special Euclidean group SE(3). The work is concluded in

Chapter 6.



Chapter 2

Twist-Tilt Copter Architecture

2.1 Body and Frame Definitions

The copter discussed in this work is the twist-tilt quadrotor introduced by Gerber and
Tsao in [17] and shown in Fig. 2.1. It is composed of four identical subsystems, referred to
as arms, connected to a rigid base through revolute joints. Each arm includes three more
rigid bodies, referred to as the arc, shaft, and propeller. These bodies are connected
in a serial fashion through revolute joints so that each arm ¢ can be modeled as an
open kinematic chain, with the joint between the base and the arc referred to as the
“twist” angle and denoted «;, the joint between the arc and the shaft referred to as the
“tilt” angle and denoted 3;, and the propeller angle denoted ~;, where i € {1,...,4}.
The defining feature of this architecture is that the configuration space of each arm
is three-dimensional, permitting each thrust vector to achieve arbitrary magnitude and
direction independent of the overall copter configuration and therefore independent of
the other arms. The copter thus has 12 independent controllable inputs, fully decoupling
the attitude and position dynamics to achieve arbitrary 6-DOF control while retaining a

six-dimensional configuration nullspace for optimization.
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Figure 2.1: The full twist-tilt copter, composed of four identical arms connected to a base
link. Each arm has three controllable inputs {«;, 5;,7:} for a total of 12 internal degrees
of freedom.

2.1.1 Base Link

Coordinate frames will be denoted throughout this work by capital script letters. The
unit vectors associated with a given frame will be denoted by the same letter as the frame
in non-script lower case, with a subscript index such that the axis order 1-2-3 forms a
right-handed system. Axes are denoted by the same capital script letter as the frame
with a subscript index to match the corresponding unit vector.

An inertial fixed frame N = ((’), {ﬁl,ﬂg,ﬂg}) is defined with the origin O acting
as the reference point for all motion. The N3 axis is antiparallel to standard gravity so
that the M N5 plane defines the horizontal. A rotating body frame B = (B, {61, b, 63})
is defined with the origin at the intersection of all four twist axes. The first two unit
vectors 131 and 62 are colinear with the twist axes of the first two arcs, and 133 completes a
right-handed coordinate system. The position of base origin B with respect to the inertial
origin O is denoted by

pP=1m +Yyny+2n;. (2.1)



A 7Z-Y-X (yaw-pitch-roll) Tait-Bryan angle sequence is used to describe the map-
ping from the A frame to the B frame. The sequence of elemental rotations is de-
picted in Fig. 2.2 and includes two intermediate frames, B’ = (B,{IA)’DIA)’Q,IA)Q}) and
B’ = (B, (b ,Bg,i)g}) The yaw angle is denoted 1 and describes an elemental rota-
tion about mg3, resulting in the B’ frame. The pitch angle is denoted 6 and describes an
elemental rotation about 6’2, resulting in the B” frame. Finally, the roll angle is denoted ¢
and describes an elemental rotation about 5’1’ , resulting in the B frame. These elemental

rotations can be represented with the following direction cosine matrices (DCM)

Cw —S¢ 0
[m s ﬁg] —lsy e 0 [z}g b, Bg], (2.2)
0 0 1

—_—
R)p

Co 0 S
[bg b, bg} =1 010 [b’{ b bg}, (2.3)
_—89 0 Co

—_—
Ryign

10 0
by by by = |0 o —sp| by by by, (2.4)
0 s, ¢
——————

Ryig

where sine and cosine have been abbreviated for concise notation. The overall rotation
matrix relating the N frame to the B frame is found by successive multiplication of the
elemental rotations

CyCo  CySeSy — SyCp  CySeCy, + SySy

R/\/B = RNB’RB’B”RB”B = | SyCo  SySeSyp -+ CyCp  SypSeCp — CypSy | - (25)

—Sp CoSyp CoCyp

Four more rotating frames B = (B',{b}, b}, b}}) are defined for notational conve-
nience. The origin of B’ lies at the intersection of twist axis «; and tilt axis 3;, the lA)Zl

unit vector is colinear with twist axis «;, the Bg unit vector is parallel to 33, and the



B,

(a) Yaw angle ). (b) Pitch angle 6. (c) Roll angle ¢.

Figure 2.2: Tait-Bryan angle sequence describing the rotation of the B frame with respect
to the N frame. The sequence proceeds through two intermediate frames, B’ and B”,
both of which are centered at B. The B’ frame is generated by a rotation of ¢» about the
Nj axis, the B” frame is generated by a rotation of § about the B} axis, and the B frame
is generated by a rotation of ¢ about the B axis.

I;ZQ unit vector completes a right-handed coordinate system. This allows each arm to
be described identically by writing its dynamics in frame B!, which is just an elemental

rotation of the base frame B about bs by (i — 1)5. The DCM Rpp: relating the B frame

to the B frame is given by

- (i—1)

cosy —sing 0
[61 b, 133} = |sin% cost 0 [lAﬂl IA)Z2 Bé] , (2.6)
0 0 1
N ~- _

BB

and will be abbreviated as R; where

1 00 0 -1 0 -1 00 010
R, =1|010|, R=|1 00|, Rg=| 0 -1 0|, Ry=1|-10
0 01 0 01 0 01 0 01

Note that the B frames rotate with the base link but not with the twist/tilt angles.

2.1.2 Arm Subsystems

The 3-dimensional configuration space for the arm subsystems is described by the Tait-

Bryan angle sequence shown in Fig. 2.3. The description for arm 4 as seen in frame B



(a) Twist angle a. (b) Tilt angle 8. (c) Propeller angle .

Figure 2.3: Tait-Bryan angle sequence describing the rotation of the P? frame with respect
to the B¢ frame. Arm indices have been omitted in the figure for simplicity. The sequence
proceeds through two intermediate frames, A and S, which are rotating frames attached
to the arc and shaft bodies at the respective centers of mass.

is identical for all ¢ € {1,...,4}, thus the notation can be introduced without index and
then applied to any arm.

The rotation sequence proceeds through three rotating frames which are attached to
the three rigid bodies in the arm subsystem. First, an arc frame A = (A, {1, a2, as}) is
defined with origin at the center of mass of the arc, assumed to lie at a fixed distance £ 4
along the twist axis with respect to the base link origin. The a; unit vector is colinear
with the twist axis, the as unit vector rotates to stay parallel with the shaft, and the as
unit vector completes a right-handed coordinate system. The twist angle « is then the
angle between the By and A, axes, or between the Bs and A3z axes. Fig. 2.3a shows a
detailed view of the twist angle, and Fig. 2.3b shows the location of the A origin along

the twist axis. The DCM relating the B frame and the A frame is given by

Next, a shaft frame S = (S , {81, 82, §3}) is defined with origin at the center of mass
of the shaft, assumed to lie at the intersection of the twist and tilt axes, which is a fixed
distance /s along the twist axis with respect to the base link origin. The §; unit vector
is colinear with the twist axis, the S unit vector is colinear with the tilt axis, and the

83 unit vector completes a right-handed coordinate frame. The tilt angle 8 is the angle



between the A; and S; axes, or between the Az and S3 axes. Fig. 2.3b shows a detailed
view of the tilt angle, and Fig. 2.3c shows the location of the S origin at the intersection

of all three motor axes. The DCM relating the A frame to the S frame is given by

Cs 0 S8
|:d1 d2 d3:| - 0 1 0 |:.§1 §2 .§3i| (28)
—SB 0 Cs
Rus

Finally, a propeller frame P = (73, {p1, P2, 153}) is defined with origin at the center
of mass of the propeller, assumed to lie at a fixed distance ¢p along the propeller axis
with respect to the & origin. The p3 unit vector is colinear with the propeller axis. The
remaining two unit vectors p; and p, complete a right-handed coordinate system such
that ~ is the angle between the §; and P; axes, or between the S, and P, axes, however
the propeller angle is not of interest for defining the arm dynamics. The propeller kinetics
discussed in Section 2.3 and the equations of motion developed in Chapter 3 are both
written in terms of angular velocity rather than angular position, and thus the propeller’s

configuration is better described by 4. The DCM relating the § frame to the P frame is

given by
¢y —Sy 0
|:.§1 .§2 .§3:| = | S~ Cy 0 |:ﬁ1 ﬁg ﬁ3:| (29)
0 0 1
—_——
Rsp

Embedded in these frame definitions are assumptions about the mass properties of
the three rigid bodies comprising an arm; each body is assumed to have a mass distri-
bution which is symmetric about its relevant axes of rotation. These modeling choices
are reflected on the real system, where components have been designed with the fore-
sight that mass symmetry leads to great simplifications in the dynamics. From an energy
standpoint, a fixed center of mass means that there is no translational contribution to
kinetic energy, reducing the complexity of the resulting Lagrange equations. From a kine-
matics standpoint, a fixed center of mass implies zero linear acceleration and generates

a constraint on the kinetics rather than an additional equation of motion. The twist-tilt



copter is designed to leverage these desirable traits, and thus the assumptions about mass
symmetry are considered safe.

All definitions in this section were made without a frame index due to the fourth
order rotational symmetry of the copter. Chapter 3 will use these definitions to implicitly
describe the motion of arm 1, and Chapter 4 will then explicitly generalize the dynamics

to the other three arms.

2.2 Mass Properties

Masses and inertia matrices will be denoted throughout this work by m and I, respec-
tively, with a subscript to denote the relevant rigid body. Inertia matrices are understood
to be reflected in the rotating frame attached to the relevant body. As a consequence of
the assumptions made in Section 2.1.2 regarding the placement of the mass centers and
the symmetry of mass distributions, all inertia matrices are diagonal and described with
only three parameters.

Following these notations, the mass of the base link is denoted mg, and the inertia

reflected in the B frame is

where the superscript z, y, or z indicates the inertia about axis By, Bs, or Bs, respectively.
Similarly, the mass of each arc is denoted m 4, and the inertia of arc i reflected in the A?

frame is

I, =diag (I3, 1Y, I7), (2.11)

where the superscript z, y, or z indicates the inertia about axis A}, A%, or A}, respectively.
Note that no index is necessary on either the mass or the inertia since all arcs are identical
with respect to their rotating frames.

The masses of the shafts and propellers are defined analogously as ms and mp. The

IThe use of superscript letters rather than numbers is intended to avoid confusion with the common
notation for the first, second, and third principal moments of inertia, which do not necessarily correspond
to the ordering of elements shown here.

10



inertia of shaft ¢ reflected in the S* frame is

Is = diag (IZ, TY, IZ), (2.12)

and the inertia of propeller i reflected in the P* frame is

Ip = diag (I3, 1%, I) . (2.13)

2.3 End-Effector Kinetics

In modeling the arm subsystems as open kinematic chains it is natural to regard the
propellers as end-effectors which interact with the surrounding atmosphere. Motion of a
propeller results in application of a thrust force F and a drag torque ¥ on the propeller
by the environment. The bar notation is used to indicate kinetics which originate from
external sources rather than from within the copter. The thrust generated by propeller ¢
is modeled by

F; = ¢, P, (2.14)

where ¢, is a positive-definite constant relating the angular velocity of the propeller to

the generated thrust. The drag torque experienced by propeller i is similarly modeled by

7= (=1)'ed; i, (2.15)

where ¢; is another positive-definite constant relating the angular velocity of the propeller
to the induced drag torque. The factor (—1)" is included to account for the spinning direc-
tion of the propeller, which alternates between arms to cancel internal yawing moments.

The wrench formed by the combined thrust force and drag torque is assumed to be
applied at the center of mass of the corresponding propeller, which lies at a fixed location

on the S} axis.

11
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Figure 2.4: Hierarchical control model for the twist-tilt copter proposed in [17]. The
trajectory specifies the desired 3-DOF position and 3-DOF attitude of the base link. A
high-level control law based on a rigid body model generates an overall 6-DOF control
wrench for trajectory tracking. A least-norms mapper and inverse kinematics scheme
converts the rigid body wrench into reference commands for the 12 controllable inputs,
which are then tracked with decoupled low-level controllers.

2.4 Rigid Body Dynamics Model

Previously, Gerber and Tsao proposed the hierarchical control model shown in Fig. 2.4.
The copter is modeled as a rigid body with mass m and constant inertia I. The transla-

tional dynamics under these assumptions are

4
ma®’® = —mgg s + Z F, (2.16)

=1

where a?/

© is the linear acceleration of the base link with respect to the origin, and g is
the standard gravitational acceleration, assumed positive for convention. The rotational

dynamics are given by

4
TP + W x (Tw™) = g(0,0) + > (’"51/8 x B+ fi) ’ (2.17)

=1

BN and WPV are the angular velocity and angular acceleration of the base relative

where w
to the inertial frame, g is an attitude-dependent gravitational torque, and 5"/ is the

moment arm of thrust ¢ acting about the base. Based on the assumptions in Section 2.1.2,
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the moment arm is the constant vector 5'/8 = (g l;’l The cross product for the thrust-

induced torque can also be written as (s (IA)’l)AE, where (-)" is the linear bijection given

by .
T 0 —x3 i)
CC/\: T2 = T3 0 —x1 |, (218)
T3 —T2 T 0

which maps a vector in R? to a skew-symmetric matrix reproducing the cross product.
The desired copter trajectory gz, includes 3-DOF position and attitude set-points
which are used as the inputs to a rigid body control scheme. Full actuation allows the
position and attitude components to be decoupled for use with independent position and
attitude feedback control laws. The position controller is based on feedback linearization

of Equation (2.16) and given by
Uy =m (g() 'fL3 - Krer - Kvev) s (219)

where K denotes a state-feedback gain matrix, e denotes an error state, and the subscripts
r and v denote position and velocity. The output u; is a resultant force vector which
should be applied to the copter for position tracking. The attitude controller is a feedback

linearization of Equation (2.17), resulting in
uy = WV x (IwBN) —g(0,p) — Kregr — K e, (2.20)

where the subscripts R and w denote angular position and angular velocity. The output
us is a resultant torque vector which should be applied to the copter for attitude tracking.
Combining w; and us results in a 6-DOF control wrench w which, if applied to the copter
as a rigid body, would cause the copter’s 6-DOF pose to track the desired trajectory.
To convert the wrench into motor commands, substitute the definitions from Sec-

tion 2.3 into the equations of motion to obtain
ma

BIO — _mgyns +uy (2.21)
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TOBN 1+ WPV (IwBN) =g(0,¢) + uy (2.22)
where
4
u =Y F, (2.23)

uy = Z (rsi/’f x F, + ﬂ») (2.24)

Defining the new quantity ¢; = 42 p} allows the wrench to be written as a matrix multi-

plication

ty
u = [“1] —AF, t=|:|, (2.25)

+ (=1)'c; B3 (2.26)

where Ej is the (3 x 3) identity matrix. The allocation matrix is configuration-
independent and therefore full row-rank at all times, with the Moore-Penrose right

pseudoinverse offering a mapping from the control wrench u to the vector ¢
t=Alu, Al =AT(AAT)" (2.27)

The right pseudoinverse is equivalent to a least-norms mapping, which leverages the six-
dimensional configuration nullspace to determine the combination of thrust vectors which
realizes the desired control wrench with minimal Euclidean norm. This has the effect of
minimizing the counteracting thrust components between arms and thus reducing the
required motor torques.

An inverse kinematics scheme fully described in [17] is then used to find the unique

set of {c;, B;,¥; } parameters that produce the desired {¢;}. Finally, low-level independent
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feedback control loops are used at each motor to track the desired twist/tilt angles and
propeller speeds.

This hierarchical model neglects two key factors in the copter dynamics. First, the
position and attitude control laws model the copter as a rigid body, which disregards
configuration-dependent fluctuations in the inertia. Second, the independent nature of
the low-level motor control laws cannot account for the gyroscopic coupling that occurs
when deflecting an existing angular momentum vector, e.g. when using the twist/tilt
motors to manipulate the thrust direction. Both of these effects have been found to be
non negligible in experiments with the real system and thus must be addressed through
modeling. The principal focus of this work is the development of a dynamic model which
incorporates these complex effects while remaining sufficiently parsimonious for use in

controller design.
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Chapter 3

Quarter Copter

Rotational symmetry of the full twist-tilt copter allows the modeling problem to be re-
duced to several smaller models which are coupled through the base link. This chapter
applies a Lagrangian approach to develop equations of motion for a single arm subsys-
tem under the assumption of a stationary base link. While this assumption is highly
restrictive, it serves as a starting point to establish the potential benefit of a centralized
multi-input-multi-output (MIMO) controller over a set of decoupled single-input-single-
output (SISO) controllers. The results are then generalized in Chapter 4 to include all

four arcs and permit general base motion.

3.1 Decoupled SISO Control

Before diving into a rigorous dynamic model, it is important to establish a baseline
for comparison. This section discusses a pseudo model-based approach for designing
decoupled SISO controllers using very simple rigid body dynamics derived by inspection.
The arm indexing subscript is dropped throughout this chapter, and can be regarded as

1 where strictly required.
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3.1.1 Simplified Models

First, consider the propeller motor in isolation. The axis of rotation is ps, the rotation
angle is 7, and the effective inertia is 1. The relevant applied torques include the control
torque from the motor and the resistive drag torque described in Section 2.3. The scalar

equation of motion describing these dynamics is

4 =1, — e’ (3.1)

where 7, is the torque from the propeller motor.

Next, consider the tilt motor in isolation. The axis of rotation is §,, the rotation angle
is 3, and the effective inertia includes I as well as a constant parallel axis component
from the propeller. The main torque applied along this axis is the control torque from the
motor 7. A configuration-dependent gravitational torque also exists due to the propeller
center of mass being offset from the tilt axis, however this torque is neglected for SISO

design. The scalar equation of motion describing these dynamics is

(14 + mpl3) = (3.2)

which is a simple double integrator with respect to the input 75 and output 5.

Finally, consider the twist motor in isolation. The axis of rotation is a;, the rotation
angle is a, the effective inertia is I + I, and the applied torque from the motor is 7.
The offset of the propeller from the twist axis also generates a configuration-dependent
parallel axis term in the inertia as well as a configuration-dependent gravitational torque,
however these effects are neglected for SISO design. The scalar equation of motion is
then

(L4 + 15) & = 7o, (3.3)

which is another double integrator with respect to the input 7, and output «. Together,

Equations (3.1), (3.2), and (3.3) are a complete description of the simplified dynamics
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for one arm subsystem.

3.1.2 Control Design

Many frameworks exist for control design aimed at reference tracking with integrator
plants. This section applies the state-feedback linear quadratic regulator (LQR) design
methodology because the tuning weights can be reused in Section 3.3 when designing
the centralized controller, allowing for direct comparison between the SISO and MIMO
designs. The choice of state variables as the position and velocity of a given motor
makes state-feedback LQR equivalent to proportional-derivative (PD) control, which is
sufficient for stabilization of double-integrator dynamics. A general framework will first
be developed which is adapted from [18, Appendix C.2]. This framework is then applied
to each of the models in Section 3.1.1 and the results combined for simulation.

First, consider the scalar nonlinear equation of motion for a general coordinate ¢

I(q)G +nlq,q) =T, (3.4)

where [ is a (possibly) configuration dependent inertia, n is a general nonlinear function,
and 7 is an input torque affecting the dynamics. The goal is to design a feedback control
law for 7 which compensates for the nonlinearities and tracks a desired trajectory gg.
The trajectory is assumed to be known and twice differentiable in order to define error
dynamics, however in application differentiation will not be necessary.

Define a linearizing change of variables according to

7 =1(q) (§a — u) + nlg, ), (3:5)

where u is a new control input. Next, define an error state to include the position and

velocity tracking errors

e= [qd N q] . (3.6)

da —q
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Figure 3.1: Control block diagram for the simplified propeller dynamics in Equation (3.1),
represented as the plant P,, and the P controller with nonlinear compensation described
by Equation (3.10). The operation (-)? indicates a nonlinear block of which the output
is the square of the input.

Differentiating Equation (3.6) and combining (3.4)-(3.5) results in a state-space model

. da—dq| |0 1] |ga—q 0
EHE -

which has double-integrator dynamics. Notice that the state-space matrices are not

for the error system

dependent on either the inertia matrix or the nonlinear dynamics, and therefore this
error model can be recycled for any equation of motion of the form in Equation (3.4).
The standard LQR framework can be applied to the system € = Ae + Bu to select gains

for the state-feedback control law given by

ule) = —Ke = —ky(qa— q) — ka(da — §)- (3.8)

Substituting into Equation (3.5) gives the full control law

7= 1(q)[Ga + kp(ga — q) + ka(da — 4)] + n(q, ). (3.9)

In practice only one of the desired trajectory terms will be kept, with the selection
depending on whether the controller is primarily meant to track position or velocity. The
other trajectory terms will be set to zero.

Now consider applying this controller to the propeller motor. From Equation (3.4),
selecting I = I3 and n = ¢;* reconstructs the propeller dynamics used in Section 3.1.1.

The variable of interest for the propeller is the speed 7, and so the desired position 7y
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Figure 3.2: Control block diagram for the simplified tilt dynamics in Equation (3.2), rep-
resented as the plant Ps, and the state-feedback control law described by Equation (3.11).

and acceleration 44 will both be assumed zero to simplify the control law. By selecting
the LQR weight associated with v to be small compared to the weight for 7, the resulting
position gain will be small compared to the velocity gain and can be neglected. The
control law for the propeller motor is then given by

7, = Ika(Ya — ) + ¢7? 3.10)

= ky (Y — ) + &’
which is a proportional (P) type controller in terms of the propeller speed, with nonlinear
compensation for the drag-induced torque. A block diagram for this controller is shown
in Fig. 3.1.

Next, a controller is designed for the tilt motor. The tilt dynamics are already in the
form of a double integrator, therefore the choice of I = I4+mpl% and n = 0 reconstructs
the simplified equation of motion in Section 3.1.1. The tilt motor is meant to track a
desired position, so the reference values for velocity Bd and acceleration Bd will be set to

zero for simplification. The control law for the tilt motor is then given by

75 = (I%+ mp) [ky(Ba — B) — kafl]

2 51 (By — B) — ka3,

(3.11)

which is a PD type controller in terms of the tilt angle. The corresponding block diagram
is shown in Fig. 3.2.
The same pattern can be applied to the twist motor, which is also a pure double

integrator. The choice of I = I} + I§ and n = 0 reconstructs the simplified dynamics,
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Qq P,

Figure 3.3: Control block diagram for the simplified twist dynamics in Equation (3.3), rep-
resented as the plant P,, and the state-feedback control law described by Equation (3.12).

&g = &g = 0 simplifies the controller for position tracking, and the final control law is

given by
Ta = (I3 + 15) [kp(ca — ) — kadi]
(3.12)
= ki(aq — a) — ko,
which is another PD type controller with block diagram shown in Fig. 3.3.

The baseline controller performance is established by selecting tuning weights for the
LQR problems above. For the propeller dynamics, the state weighting is chosen to be
Q. = diag (1 x 1079, 1), and the control weighting is chosen to be R, = 1 x 107, The
weight corresponding to 7 is retained so that Equation (3.6) applies, however it is simple
to rewrite the error system in terms of a single state variable corresponding to velocity
error only. Both approaches are equivalent when £, is neglected to obtain Equation (3.10).
The nominal closed-loop step response from an initial speed of ¥(0) = 2600 RPM! to a
desired speed of 75 = 3100 RPM is shown in Fig. 3.4.

The weightings for the twist and tilt states are chosen to be the same since the motors
are identical on the real system, however the cost associated with 7, is made larger than
that associated with 743 since the twist actuator wields a larger inertial load, requiring
greater torque to achieve the same acceleration. The state weightings are chosen to be
Q. = Qp = diag (10, 0.1), and the control weightings are chosen to be R, = 0.1, Rz =
1 x 1073, This leads to the nominal step responses shown in Fig. 3.5 and Fig. 3.6, where
the initial conditions are «(0) = 3(0) = 0, and the desired positions are oy = 55 = 30°.

The tilt controller is able to command large control inputs relative to its effective inertia

'With the assumed system parameters, 2600 RPM is the required speed of each propeller for steady
level flight.
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Figure 3.4: Nominal step response of the propeller speed from an initial condition of
4(0) = 2600 RPM to a desired speed of 4; = 3100 RPM, shown as a black dashed line on
the speed plot. The dynamics are simulated according to Equation (3.1) with the control
law in Equation (3.10). The torque trace v, includes only the state-feedback control
term while the trace 7, includes the full nonlinear compensation. The control command
exceeds the maximum torque of the motor for a significant portion of the rise time due to
the large drag-induced torque, indicating that the copter is thrust limited in this regime
of response speed. The maximum motor torque is shown as a black dashed line on the
torque plot and is taken to be 0.6 N m according to the hardware datasheet.

while remaining well within the actuator limitations, denoted on the torque plot by a
black dashed line. The same cannot be said for the alpha controller, which operates in
saturation for a large portion of its rise time. While saturation is generally undesirable as
it leads to nonlinear plant behavior from the perspective of the controller, the degraded
performance is tolerable in this case in order to maintain a fast response. Real trajectories
of interest for the copter are unlikely to include discontinuous position commands, and so
saturation is of less concern in practice. The propeller motor also operates in saturation
for a large portion of its transient phase, which is not surprising as the bound on dynamic
response speed of multirotor craft often comes in the form of thrust limitations. These
limits are known by the craft designer and thus can be incorporated into trajectory
planning algorithms to avoid motion commands which saturate the hardware capabilities.

While the nominal step responses look reasonable in isolation, the tracking perfor-
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Figure 3.5: Nominal step response of the tilt angle from an initial condition of 5(0) = 0 to
a desired position of 5; = 30°, shown as a black dashed line on the position plot. The dy-
namics are simulated according to Equation (3.2) with the control law in Equation (3.11).
The maximum torque of the motor is indicated on the torque plot by a black dashed line
and taken to be 2.35 Nm according to the hardware datasheet. The commanded torque
remains far below this maximum at all times due to the relatively small inertial load
experienced by the tilt motor.
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Figure 3.6: Nominal step response of the twist angle from an initial condition of a/(0) = 0
to a desired position of ay = 30°, shown as a black dashed line on the position plot.
The dynamics are simulated according to Equation (3.3) with the control law in Equa-
tion (3.12). The commanded torque exceeds the maximum torque of the motor for a
notable portion of the transient response due to the relatively large inertial load experi-
enced by the twist motor. The maximum motor torque is shown on the torque plot by a
black dashed line and taken to be 2.35 N m according to the hardware datasheet.
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mance suffers when multiple actions are occurring simultaneously. To demonstrate this,
consider a reference signal r that changes from an initial value r; to a final value r; with

a cycloid velocity profile over time T'. This signal is characterized by

Ty

- ot
r(t) = (t— sin %) i, telo,T), (3.13)

r(0) =, r(T)=ry,

which is continuous and continuously differentiable on the defined time interval. By
taking r to represent various motor angles, a smooth reference trajectory can be obtained
between any two points in the arm configuration space.

A simulation was developed using Simscape Multibody? to evaluate the above con-
trollers. The Simscape model is built using an imported CAD assembly connected by
specified joints. Actuator saturation limits are enforced to better represent the mechanical
components. Inertial parameters are obtained directly from the CAD files and therefore
make no assumptions about center of mass locations or products of inertia, such as those
made in Section 2.1.2 for ease of modeling. Equations of motion are formulated and
solved by the software, meaning the dynamics are independent of any models derived in
this paper. The only exception is in simulating the aerodynamic thrust and drag, which
are applied to the propeller explicitly according to the equations outlined in Section 2.3.
The result is a platform for virtual experiments which approximates the true system
insofar as the CAD model is correct. Parameters used for simulation are described in
Appendix A.

Fig. 3.7 shows the simulated performance of the three SISO controllers acting simul-
taneously to track a given cycloidal trajectory. The twist and tilt angles are alternately
varied and held constant so that the thrust vector traces out a square in the configu-
ration space, while the propeller speed is varied sinusoidally to act as a disturbance on

the twist /tilt motors. Immediately apparent in this response are the large deviations in

2Trademarked.
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Figure 3.7: Simulated tracking performance of the three independent SISO controllers.
The reference trajectory shown in dashed lines is generated by applying the cycloid signal
Equation (3.13) to the twist and tilt angles in sequence, resulting in the thrust direction
tracing a square pattern with continuously differentiable transitions between the corner
points. The reference propeller speed is varied sinusoidally to act as a disturbance on
the twist/tilt axes. Large tracking errors in 8 arise during the motion stages of «, and
smaller but noticeable errors in a arise during motion stages of 8. These errors occur
due to unmodeled coupling between the two axes.

the § angle during periods of « rotation, with the 8 perturbation following the direction
of @ motion. A smaller but still visible deviation in the a occurs during periods of
rotation, with the o perturbation opposing the direction of 8 motion. These effects arise
due to the gyroscopic coupling of the two axes which both act to change the direction
of the spinning propeller. This experiment occurs under the constraint of a fixed base
link, however it is easy to imagine how gyroscopic deviations occurring in all four arms
simultaneously would cause the full copter to spin out beyond recovery. It is therefore
necessary to account for these gyroscopic couplings in the dynamic model in order to

compensate for their effects in the controller.
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3.2 Lagrange Formulation

An energy method can be applied to derive the coupled equations of motion for one arm
subsystem. Assuming for now that the base link is fixed to ground with ¢y =0 = ¢ = 0,
the arm configuration can be described by three generalized coordinates corresponding to
the three control inputs. The vectors of generalized coordinates and generalized speeds

are defined as

a1 o ¢ Q
q=|q@| =8|, a=|¢@| = |8]|. (3-14)
q3 v qs v

Let the total kinetic energy of the arm subsystem be denoted by 7', and the total potential

energy by U. These energies are obtained from the sum of energies of each component

T =Ta+Ts+Tp, (3.15)

U=Uyu+Us+ Up, (316)

where the subscripts denote the arc, shaft, and propeller rigid bodies. The Lagrangian

can then be defined in the usual way
L=T-U=Ts4+Ts+Tp)—(Usa+Us+Up). (3.17)

Denoting the vector of generalized forces acting along the generalized coordinates as &,
and noting that mechanical potential energy is not dependent on any generalized speed,

the Euler-Lagrange equations of motion are given by

d (or\* [or\* [ou\*
ila) () +(5) ¢ (319
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which can be expanded using Equations (3.15) and (3.16) to give

or.  oTs or»| lory ors o] [ous
o6 9o | o 90 9o | a Do o
d |oTry 0Ts OT
5 o8 | 0B 23 " 98 T 0B 0B
oT, OTs 0Ty oT, OTs OTp OUp
_3*y+8"y+8"y_ _87+87+67_ | 07 _Sy_

The ensuing sections will evaluate the many terms of this Lagrange equation one rigid
body at a time, addressing the arc, shaft, and propeller in sequence. The generalized
forces are then treated separately, and the results are combined to form the final equations

of motion.

3.2.1 Arc Energy

Based on the assumptions in Section 2.1.2, the position of the center of mass of the arc

with respect to the base frame origin is given by

T8 = (44, (3.20)

and the angular velocity of the A frame relative to the B frame is given by

w =aa,. (3.21)

Because the arc center of mass is fixed along the A; axis and aligned with the arc rotation,
the velocity of the arc center of mass as seen in the B frame is constrained to be zero at
all times

vA8 = 0. (3.22)

The kinetic energy of the arc can be found with the inertial parameters defined in
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Section 2.2 and the velocities above

0
T = (05 + L (48)" L ()

1
= SI3d’,

(3.23)

From this equation it is clear that all partial derivatives of T4 in Equation (3.19) are zero
except for the partial with respect to &, which is given by

d (0TA\ ...

Noting that the center of mass of the arc is fixed on the A; axis, which is constrained
to be horizontal by assumption of = 0, the base link origin can be used as the reference
point for gravitational potential energy, resulting in the configuration-independent energy
description

Uy = 0. (3.25)

Clearly all partial derivatives of U4 are zero, and thus Equation (3.24) gives a complete

description of the arc energy for Equation (3.19).

3.2.2 Shaft Energy

Similar to the arc, the center of mass of the shaft is located at a fixed distance from the
base frame origin given by

/8 = (s ay. (3.26)

The rotation of the § frame relative to the B frame includes components from both the

twist and tilt axes, given by

wSB:wAB+wSA:dd1+B§2
(3.27)
:d05.§1+ﬂ.§2+d$5§3
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Due to the shaft center of mass being fixed along the A; axis and aligned with the arc
rotation, the velocity of the shaft center of mass as seen in the B frame will be zero for
all time

vF = 0. (3.28)

From the inertial parameters defined in Section 2.2 and the velocities above, the shaft

kinetic energy is given by

1 0

Ts = s HE) 3 ()" s (o)

1. 1,0 1.

(3.29)

The geometry of the shaft body is very nearly symmetric about the Sy axis, permitting
the approximation I% & IZ. This allows a slight simplification of Equation (3.29) to

1 Tz 2 1 Y H2
where I§* is used to denote the shaft moment of inertia about either the S; or S3 axes.

This energy is dependent on two of the generalized speeds and none of the generalized

coordinates, therefore the only nonzero partial derivatives for Equation (3.19) are

d (0Ts\ ...
and
d (0Ts\ =

Again similar to the arc, the shaft center of mass lies along the A; axis, resulting in

zero potential energy for any configuration of the arm.

Us =0 (3.33)

All partial derivatives of Us are zero, and thus Equations (3.31) and (3.32) give a complete

30



description of the shaft energy in Equation (3.19).

3.2.3 Propeller Energy

The propeller center of mass is offset by a fixed distance from the shaft center of mass,
but is located on a rotating axis which will result in a nonzero values for the center of
mass velocity and potential energy. The position with respect to the base frame origin is
given by

PP/B = pSIB L pxPIS — psay + Up P, (3.34)

and the rotation of the P frame relative to the B frame includes components from all

three motor axes, described by

W =w L WAL WS =da, + B8+ ips

| . (3.35)
= (d{CﬁC'y + 657)1% + ( — Qcgsy + ch)ﬁQ + (dsﬁ + ’7)153-

The velocity of the center of mass is obtained by differentiating Equation (3.34) and

accounting for the rotating frame

0
,UPB :/U)SKV‘F (.USB x (gppg)
(3.36)

— Upf 81 — Upiics 5,

With the inertial parameters defined in Section 2.2 and the velocities derived here,

the propeller kinetic energy is given by

Tp = s (v75) (7% + 5 (w7 I ()
= mplh (2 + 23 (3.37)
2

1 | N |
+ 5]773 <c')z05c7 + 537> + 5[%( — (iegSy + /Bcv) + 517’2 <d35 + 7)

This is a very cumbersome expression compared to the kinetic energies of the arc and

shaft, and includes a dependence on the propeller angle which would be highly impractical
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for implementation. Fortunately this equation can be simplified greatly by leveraging the
vast differences in the expected motor speeds. Recall from Section 3.1.2 that the nominal
propeller speed for level hovering is ¥ = 2600 RPM. In contrast, the maximum speed of
the twist/tilt motors seen in the sample trajectory from Fig. 3.7 is only about 5 RPM,
multiple orders of magnitude slower than the propeller. The approximations &/9 < 1
and S /4 < 1 are thus very sound but lead to great simplifications in Equation (3.37)

1 .
T'p = QWL'])E% (,82 + Ol%%)

N N )
) . . .
‘1 Iz (acﬂcx—i— BSV) +I7y) < ac@s;—k 507) e (asﬁ N 1) 52

1 . 1.
~ §mp€% (62 + a%%) +3 242,
(3.38)

Note that the same approximation of speed ratios could have been used to eliminate the
first term entirely. This term corresponds to the energy contribution from the propeller
linear velocity, which is very small relative to the contribution from angular velocity
due not only to the speed ratio but also to the relatively small values of mp and /p
in comparison to the larger value of I3. The linear velocity term is retained here for
interpretation in Section 3.2.5, but will be neglected in Chapter 4 for simplicity.

This form of the propeller kinetic energy is dependent on all three generalized speeds
but only one of the generalized coordinates. The relevant partial derivatives for Equa-

tion (3.19) are

d (0T, . .
dt (8_5) = mplpdch — 2mplpdfsses, (3.39)
d an 2 9
L e G / 4
dt ( BE ) e A
d (9Tp\ ..
& (52) -1 (3.41)
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and
o _
)5} n

With the reference point for gravitational potential energy at the base link origin,

—mplpa’sses. (3.42)

the potential energy of the propeller can be obtained by multiplying its weight with the

projection of its position onto the Bs axis according to
Up = ’I"P/B : i)g = mpgoﬁpca%. (343)

This energy is dependent on two of the generalized coordinates and none of the generalized

speeds, therefore the nonzero partial derivatives for Equation (3.19) are

oU.

8_033 = —mpgolpsaCp (3.44)
and

oU.

(9_67) = —mpgolpcass. (3.45)

Equations (3.39)-(3.42) and (3.44)-(3.45) are a complete description for the propeller

energy in Equation (3.19).

3.2.4 Generalized Forces

Because each of the generalized coordinates in Equation (3.14) corresponds to a control-
lable input, each element of £ in Equation (3.19) will include a motor torque 7 applied
along the coordinate. Other generalized forces include the end-effector terms described in
Section 2.3, as well as the torques associated with gyroscopic precession. The gyroscopic
effect arises when a spinning body experiences a torque which is not aligned with its
existing angular momentum, resulting in a rotation not aligned with either the angular
momentum or the applied torque. Intuitively this corresponds to the moment required to
change the direction of an angular momentum vector, given by the cross product of the

new rotation with the existing angular momentum. The gyroscopic torque is orthogonal
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to the applied torque by virtue of the cross product, and therefore must be included
separately from the motor torque 7.

Torques associated with gyroscopic precession will be denoted by o. No such torque
arises for the arc because it is constrained to rotate about the twist axis only. This is a
direct consequence of fixing the orientation of the base link and will not be the case once

the base is allowed to rotate.
0
o4 = WP % L1 =0 (3.46)

A gyroscopic torque does exist for the shaft, as it experiences the rotation of the arc in
addition to its own rotation about the tilt axis. The torque is calculated by the rotation
of the shaft due to the arc (equal to the rotation of the arc itself) crossed with the angular

momentum of the shaft as seen by the arc
os = w8 x IswS* = I%af as. (3.47)

A similar torque exists for the propeller, which experiences rotation due to the arc
and the shaft in addition to its own rotation about the ~ axis. The torque is calculated
by the total rotation of the shaft crossed with the angular momentum of the propeller as
seen by the shaft

op = wB x Ipwps
= 150981 — Ipdicssds (3.48)
= I537cpa1 — [507csa0 — 1537ssas,
where the result has been expressed in both the A frame and the S frame for easy
projection onto the various coordinates.

Finally, the generalized force for a given coordinate can be written as the sum of the

motor torque for that coordinate, the end-effector terms projected onto the coordinate,

and the gyroscopic torques of all downstream bodies projected onto the coordinate. For
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coordinate j in a serial mechanism of n links, this is described by

n

5qj:TQj+(pXF)'dj+7_-'dj_Zak'(jj’ (3.49)
k=j+1

where g; denotes the unit vector associated with coordinate j, and p is the moment

arm for the end effector force with respect to ¢;. Note that the gyroscopic torques of

the downstream bodies o} enter with a negative sign because they are associated with

a kinematic phenomenon rather than an external torque, similar to so-called “inertial

forces” in other classical mechanics formulations.

For the generalized coordinates considered in this section, the line of action of the
thrust force F' intersects all three motor axes and thus no thrust-induced torque will
appear in the right-hand side of Equation (3.19). This is a consequence of the design of
the twist-tilt copter and will still hold for the arm coordinates once the base is allowed
to rotate, however thrust-induced torques will appear in Chapter 4 when considering the
generalized forces about applied to the base rotation axes.

Applying Equation (3.49) to the three generalized coordinates yields the following

generalized forces

9. . .0 .
fo = Ta+ (—c¥°Ps) - @1 — gs—a1 — op -
_ (3.50)
=T, — ctf'y255 — 15 57cs,
) 0
€:T+—C' A3 '.§2—0'73'§2
P=m (3.51)
=75+ Ipdics,
& =1, + (—ci*ps) - Ps
= ) (3.52)

=T, — ct72.
Note that the « joint supports gyroscopic torques from both the shaft and propeller since
both of these links are downstream with respect to the arc. The [ joint only supports

gyroscopic torques from the propeller, and the ~ joint supports no gyroscopic torques
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because it is the final link in the open kinematic chain.

3.2.5 Equations of Motion

Substituting the elements of Equation (3.19) and rearranging yields a matrix equation of

motion in the form

M(q)¢+C(q,9)q +d(q,q) +g(q) =T, (3.53)

which represents an undamped gyroscopic system with the definitions in Equations (3.54)-
(3.58).

The matrix M is a symmetric positive-definite inertia matrix given by

I5 + I + mplpch 0 0
M/(q) = 0 IL+mpl3: 0], (3.54)
0 0 I3

which can be decomposed into a constant matrix and a configuration-dependent matrix.
For this model the only configuration-dependent element is the parallel axis contribution
of the propeller rotating about the twist axis, which occurs at a variable distance based
on the tilt angle. This parallel axis term arises from the decision to keep the translational
contribution to Equation (3.38) despite it being negligible relative to the rotational con-
tribution. Here as well the contribution of the propeller mass is small relative to the arc
and shaft inertias, further justifying its omission. The propeller parallel axis term will
thus be dropped in Chapter 4 for simplicity.

The matrix C' is a coupling matrix which, when multiplied by q, results in quadratic

velocity terms. This matrix is given by

B —a 0 0 4 0
C(q.q) =mplisses | & 0 0| +1Ik¢s |[— 0 0], (3.55)
0 0 O 0O 0 0
C’E«:d) 5(a.4)
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where the matrices C and C are defined temporarily for ease of reference. The ¢?
element of C (g, q)q represents the centrifugal effect on the £ axis due to the rotation of
¢, and the &3 elements represent the Coriolis effects on the o axis due to simultaneous
rotations of & and ﬂ Both of these effects disappear when sgcs = 0, which occurs
at 90° intervals of the tilt angle. No Coriolis effects are present in the 5 row because
the distance to the propeller center of mass is fixed with respect to the tilt axis. The
vector C(q, §)q represents gyroscopic effects associated with changing the direction of the
propeller angular momentum. The effect on the twist axis is dependent on $% whereas
the effect on the tilt axis is dependent on &7, producing an inherent coupling between
the two motors which increases with speed. Once again the magnitude of the propeller
parallel axis term C is small compared to the surrounding terms, a final justification
for dropping the linear velocity contribution to Equation (3.38) for the remainder of this
work.

A notable property of equations in the form of (3.53) is the skew-symmetry relation
between the inertia matrix and the velocity coupling matrix. Specifically, the quantity
M — 2C should be a skew-symmetric matrix [see 18, sec. 7.2]. Applying this relation to
Equations (3.54) and (3.55):

0 & 0 0 —% 0
M —2C = 2mplosgeg |—a 0 0| +2I5cs |5 0 0],
0 00 0 0 0

which is indeed skew-symmetric. This property is not only useful for validation of the
obtained model but will also be applied in Chapter 4 to supplement some simplifying
approximations.

Returning to the final terms of Equation (3.53), the vector d represents the drag

torques coming from the generalized forces, given by

d(q,q)=c* | 0] . (3.56)
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The v axis feels the full effect of the drag torque at all times due to the definition in
Equation (2.15). In contrast, the [ axis feels no effect from the drag torque at any time
since it is orthogonal to the propeller axis by construction. The drag torque felt by the
« axis varies by configuration and is projected through the tilt angle.

The vector g represents the gravitational torque felt at the twist and tilt axes due to

the offset of the propeller center of mass. It is given by

SaCp
g(q) = —mpgolp |cass| (3.57)
0
which comes directly from the partials of propeller potential energy with respect to the
various coordinates.

Finally, the vector 7 includes the applied torques from the motors

Ta
T= |18/ (3.58)
Ty
These torques represent the controllable inputs and are crucial for the control design in
Section 3.3.

A comparison of these coupled equations of motion to the simplified models in Sec-
tion 3.1.1 reveals exactly which dynamics are neglected in the simplified forms. If the
velocity coupling, drag torque, gravitational torque, and configuration-dependent inertia
are all removed from Equation (3.53), the first two rows reduce to Equations (3.2) and
(3.3). The third row of Equation (3.53) is already equivalent to Equation (3.1) due to
simplification of the propeller kinetic energy when deriving the Lagrangian. Using the full
kinetic energy in Equation (3.37) would create coupling terms in both the M and C ma-
trices, however these contributions would be small relative to the already included terms.
In summary, the equation of motion for the propeller replicates the simplified model,
while the new equations for the twist and tilt axes include certain Coriolis, centrifugal,

gyroscopic, gravitational, and configuration-dependent inertial effects which were ignored
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in the initial model.

3.2.6 Sample Trajectory

A virtual experiment is conducted on the Simscape model to validate these equations of
motion. The square sample trajectory shown in Fig. 3.8 is used as a prescribed input
motion and the required torques to achieve this motion are calculated automatically.
The timeseries of joint angles, velocities, and accelerations can be extracted and used in
Equation (3.53) to calculate the expected motor torques 7, which are then compared to
the actual torques applied in the simulation. Fig. 3.9 shows the simulation measurements
(solid) compared to the model predictions (dashed) for the three motor torques. The
near-constant offset in the o motor torque is due to the unmodeled offsets in the center
of mass of each component, contributing small gravitational torques about the twist axis.
The initial deviation of the a prediction is due to the unmodeled coupling between the
propeller acceleration and the alpha motor torque, a consequence of the simplification of
the propeller kinetic energy. Despite the approximations, the model performs extremely

well after an initial settling period, confirming its use as a predictive tool.
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Figure 3.8: Sample trajectory for validation of the coupled equations of motion. Joint
motion is prescribed directly to the Simscape model and the torques required to realize
that motion are calculated within the software.
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Figure 3.9: Comparison of predicted (dashed) and measured (solid) torques for a vir-
tual experiment on the Simscape model. The measured torques are generated by the
simulation in order to realize the prescribed trajectory in Fig. 3.8. Predicted torques
are calculated by applying Equation (3.53) to the measured joint angles, velocities, and
accelerations.

40



3.3 Centralized MIMO Control

The coupled equations of motion can be used to develop a single MIMO controller for the
entire arm subsystem. The same control strategy applied in Section 3.1.2 is repeated here
so that the tracking performance is a direct comparison between the SISO and MIMO
frameworks.

Starting from Equation (3.53), grouping all of the nonlinear terms into a general

vector-valued function produces a vector version of Equation (3.4),
M(q)d+ N(q,q) =T, (3.59)

with

N(q,q) = C(q,q)q +d(q,q) + g(q). (3.60)

Define the linearizing change of variables according to

where w is the new control input. The augmented error state composed of position and

velocity tracking error is given by

e= [qd - q] , (3.62)

da—4q
and the error dynamics are obtained by combining Equations (3.59)-(3.61) to form the

double-integrator system

. |ga—aq| |0 E||q.—q 0
AR e

where FE is the identity matrix of appropriate dimension. The standard LQR framework
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can be applied to select gains for the state-feedback control law given by

ule) =—Ke=—-K,(qs—q) — Kq(qs — q), (3.64)

and the full control law is obtained by substituting into Equation (3.61)

T =MI(q)[da+ K,(qs — q) + Ka(da — @)] + N(q,q). (3.65)

To apply this controller to the arm subsystem, note that the trajectory of interest
is composed of {«, 3,7}. For tracking purposes it is sufficient to set the other reference
variables to zero, i.e. 74 =0, ag = Bd = 0, and g4 = 0, since these variables would not
be specified by a provided trajectory. Choosing the state weighting for v to be small
relative to the weighting for v makes the corresponding column in K, negligible so that
the propeller control law again approximates a P type controller for the speed.

To make the comparison between architectures as direct as possible, the same weight-
ings used in SISO control design are recycled for the MIMO controller. The state weight-
ing matrix is then @ = diag (10, 10, 1 x 1079, 0.1, 0.1, 1), and the control weighting
matrix is R = diag (0.1, 1 x 1073, 1 x 1073), where the values have been rearranged to
match the ordering of the g and q state vectors.

Fig. 3.10 shows the simulated performance of the MIMO controller tracking the square
sample trajectory. Comparing this to the performance of the SISO controllers shown in
Fig. 3.7, it can be seen that the deviations due to gyroscopic coupling have been almost
completely eliminated. There is no noticeable disturbance to # due to the motion of
a, and only a slight disturbance in o due to the motion of . This is an absolutely
essential characteristic for scaling these controllers to the whole twist-tilt copter, where
perturbations in the arm angles results in unexpected thrust directions that can quickly
lead to divergent behavior.

The commanded motor torques associated with this trajectory are shown in Fig. 3.11.

All three commands remain within the motor capabilities at all times, meaning that there
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Figure 3.10: Simulated tracking performance of the MIMO controller. The reference
trajectory shown in dashed lines is identical to Fig. 3.7 for comparison. Including coupling

effects in the dynamic compensation has eliminated any significant perturbations in 5 due
to the motion of a, and vice versa.
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Figure 3.11: Commanded motor torques associated with the trajectory tracking shown
in Fig. 3.10. Maximum motor torques obtained from the hardware datasheets are shown
as black dashed lines. All motors remain below their torque limits at all times.
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is some freedom to increase the response speed while still avoiding actuator saturation.
In particular it may be desirable to shorten the rise time of the twist axis so that it
more closely matches the tilt axis, which can be achieved by decreasing the weight in R
corresponding to 7,.

This chapter has demonstrated that a naive modeling approach which ignores the
couplings between motor axes is insufficient for control design, even for a single arm in
isolation. Using an energy method, a model was developed for the coupled equations
of motion of a single arm that considers certain Coriolis, centrifugal, gyroscopic, grav-
itational, and configuration-dependent inertial effects which were ignored in the initial
model. While the coupled equations are certainly more complex, they are made com-
putationally tractable by certain approximations from a priori knowledge of the system.
Most notably, the large difference in speed regimes between the twist /tilt motors and the
propeller motor allows the kinetic energy of the propeller to be approximated by a much
simpler expression, dependent on fewer generalized coordinates and speeds. This set of
coupled equations was used to synthesize a controller of identical form to the SISO con-
trollers, and using identical LQR weightings, with nonlinear compensation to account for
coupled dynamics. The result is a nonlinear controller which very nearly eliminates cou-
pling perturbations and improves the tracking performance, even in a simulation which
includes the full non-diagonal inertia matrices and center of mass offsets for the various
bodies. The following chapter focuses on generalizing this modeling approach to include

more arms and allow motion of the base link.
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Chapter 4

Full Copter with Base Rotation

With the insight gained from Chapter 3 in modeling a single arm on a fixed base, this
chapter focuses on the development of equations of motion describing all four arcs and
allowing the base to rotate. The same Lagrangian approach is applied with increased
complexity due to the base rotation, modeled as a 3-DOF spherical joint located at the
base origin B. The resulting model is expected to show a special coupling structure where
the arms are independent of each other but are inherently linked through the rotating
base. Finally, a modified hierarchical control structure is developed to track a specified
attitude trajectory for the base link through command inputs to the arm motors.

While the arm subsystem was simple enough for approximate modeling by inspection,
the full copter with base rotation includes 15 degrees of freedom, quickly rendering intu-
itive modeling infeasible. Hand-tuning gains for 15 controllers with coupled dynamics is a
formidable task, and the author was unable to synthesize a controller by inspection which
stabilizes the full copter for attitude tracking. For this reason, no baseline performance
will be presented and a model-based approach which accounts for the nonlinear couplings

is assumed necessary for stabilization.
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4.1 Full Copter Lagrangian

The attitude of the twist-tilt copter is described by the 3-2-1 Tait-Bryan angle sequence
from Section 2.1.1. These three angles are combined with the three motor angles of each

arm to form the full vectors of 15 generalized coordinates and generalized speeds

731 (0 G ¢
q2 7 2 0
s 4 NI
g4 aq Q4 (jél
s Io qs I
_ _ P I R 1.1
d 3 a! q 46 N ( )
q13 Qy g3 Oy
q14 Ba q14 B4
| @5 | | v @5 | | Y

Let the total kinetic energy of the copter be denoted by T', and the total potential energy

by U. The total energy is the sum of the base energy and all four arm energies, i.e.

4

T=Ts+ Y (Ta+Tsi+Tpi), (4.2)
=1
4

U=Us+» (Un+Usi+Upi). (4.3)
=1

The Lagrangian is defined in the usual way as
4 4
L=T-U=Ts+» (Ta+Tsi+Tp:)=Us— Y (Ui +Usi +Up:), (4.4)

i=1 i=1

and the Euler-Lagrange equations of motion are then formulated by

d (or\" (or\"  (oUu\"
(o) —(25) + (%) =« (15)
dt \ 0q 0q dq

where £ is the 15-vector of generalized forces. The scalar expansion of Equation (4.5)

is omitted for brevity, but resembles an augmented version of Equation (3.19). The
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following sections will evaluate the many partials of the Lagrangian addressing one body
at a time before recombining to form the final equations of motion. The three sets
of partial derivatives in Equation (4.5) will be referred to throughout this chapter as
the kinetic energy speed partials, kinetic energy position partials, and potential energy

partials respectively for shorthand.

4.2 Base Energy

The position of the base link center of mass is assumed fixed at the origin O by virtue of

a spherical joint. The position and velocity vectors are thus zero for all time

r5/0 =0, (4.6)

vV =0, (4.7)

The angular velocity of the base is obtained by combining rotations about the various
axes described in Section 2.1.1, expressed in the B frame for ease of use
WV = g+ 0B, + b
(4.8)
= ( —YPsg + cp) b, + (@Dcesw + ch) by + (@Dc@cgo — 03¢)b3.
With the inertial properties discussed in Section 2.2, the kinetic energy of the base link

is calculated as

0
T = Sms(uB ) ) (@) I ()

1 . 1 . . 1 . .
=3 B(—dso+9) + 51%(1/)00% +0c,)” + 515 (o, — 0s,)",

(4.9)

which is dependent on two of the angles and all three of the base angular rates. In this
form no statements can be made about the relative importance of one term over another

since all angular rates are expected to be comparable in magnitude; however, consider
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evaluating the kinetic energy speed partial corresponding to :

d (9T ) . L L

p (—B> = I5(Vsg + Vs — @sg — Opcy) + (I — I5)Vpcysag
o

+ (I}ési + Igci)gl;cg - ([}ési + Igci)zl}észg

1. 1. .
+ (]Ig - Ié) (590932¢ - 502393% + 6900902@)

This expression contains a mixture of inertial terms, corresponding to angular accelera-
tions; and coupling terms, corresponding to products of angular rates. The acceleration
terms must be retained in order to form meaningful equations of motion, however the cou-
pling terms can be neglected. As justification, consider that each row of Equation (4.5)
will contain many coupling terms corresponding to various pairings of generalized speeds.
Due to the large discrepancy in angular rates, the gyroscopic effects depending on some
4; term will far outweigh the centrifugal and Coriolis effects which do not depend on any
4; terms. The energy speed partial above can thus be reduced without great effect on the
final equations of motion

% (%—Zf) ~ I;g@lisg + (Igsi + ]fgc?p)@]}cg + %(Ig — Ié) 9'0932@ — I5pse. (4.10)
Similar approximations can be made to obtain the partials of the Lagrangian with respect

to the other base speeds

d (0T
dt \ 90

) = %(I}; — I)cosa, + (152 + Igsi)é, (4.11)

! (2

— ~ — %) IZ0. 4.12
i (52) ~ s+ 150 (4.12)

In neglecting certain terms one must take care to maintain certain properties of the
final model, such as symmetry and positive-definiteness of the inertia matrix. These

properties can be directly observed in the approximated partials by noting that the cross
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coefficients are identical and the diagonal terms are nonnegative. For example, the coef-
ficient for f in Equation (4.10) is equivalent to the coefficient for ¢ in Equation (4.11).
This symmetry also holds for ¢ in Equation (4.10) with ¢ in Equation (4.12). Addi-
tionally, the coefficients for ¢ in Equation (4.10), for § in Equation (4.11), and for ¢ in
Equation (4.12) are nonnegative.

Continuing with the kinetic energy position partials, note that Equation (4.9) is not
dependent on any *; terms. This means that none of the partial derivatives with respect
to generalized coordinates will depend on a #; term, and thus all of the kinetic energy
position partials can be neglected with the same justification used above for simplifying
the kinetic energy speed partials. This pattern will also hold for the arc and shaft kinetic
energies, greatly reducing the number of terms in the final model.

Finally, taking the reference point for gravitational potential energy to be the origin
O, the base potential energy remains zero at all times by assumption of the spherical
joint. The potential energy partials for the base are thus zero for all time.

With all of these simplifications, Equations (4.10)-(4.12) are a complete description

of the base energy for the equations of motion.

4.3 Arm Energy

In order to adapt the findings from Chapter 3 for a rotating base, the angular velocity of
each body must incorporate extra terms corresponding to the base link rotation. Equa-
tion (4.8) describes this angular velocity in the B frame, however it is useful to express
the base rotation in the various B frames and develop a general expression for the La-
grangian partials of arm ¢ which can be applied to each arm in sequence. This is more
convenient than rotating the inertia matrices of every arm component into the B frame.

Let the angular velocity of the base link be given by

WBN = &, b° 4+ O, bl + T b, (4.13)
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where ®;, ©;, U, are the effective roll, pitch, and yaw rates as seen in the B® frame.
These rates are obtained by multiplying the components of Equation (4.8) with the
corresponding DCM defined in Equation (2.6)
d; —1psg + ¢
O;| = R} |vcys, +0c,| . (4.14)
0, 1&09@, — 93¢
Note that the yaw rate is the same for all i because the B¢ frames are related by constant
rotations about the yaw axis. The following sections incorporate the base angular velocity

into the arm components to derive generic equations for the Lagrange partials.

4.3.1 Arc

To generalize Section 3.2.1 for any arm on a rotating base, the position is written in terms

of unit vectors for arm 4

P = b =04l (4.15)
The angular velocity is expanded to include the base rotation according to

WAN — (AB | BN
(4.16)

:Q%+®JB}+&B@+¢&.

Though the arc center of mass is fixed with respect to the B¢ frame, the rotation of the

base link confers a linear velocity to the arc center of mass, given by

AN BN AYB

N o (4.17)
— 00 b — 0,40, bL.

20



With the linear and angular velocity expressed in the B¢ frame, the inertia matrix must

be rotated into the B? frame by projecting Equation (2.11) through the proper DCM

I 0 0
RBiAiIARAiBi — 0 IZCii + [jsii (I_Z\ - Ij{) Saicai . (418)
0 (‘[ﬁl - Ijl) Saicai Iiszu + Ii\cii

It is useful to split the kinetic energy into translational and rotational contributions

defined by
v 1 ANNT (AN
TAi = ém_A (’U ) (’U )
1 1 (4.19)
= 577%461@? + EmAgil\I/z
and
1 1 1
Tji = = (w"‘ N)TRB’L_AZ'IARA'LB'L (wA N)
2 ) (4.20)
= 5 (Lace, + 1455,)07 + 5 (Lhse, + 12t )V + (14 = I3) 50,00, 05V
The total kinetic energy of the arc is then
Tpi =T +T5. (4.21)

The nonzero Lagrange speed partials of the translational kinetic energy in Equa-

tion (4.19) are

Tv. . Y. . iy
0 A = maly @Za_@,’ + xp,-aqu , (4.22)

oY o oY

o1, .00, . 0,
A — a0, — +V,— |, 4.23
oj A ( o0 ol ) (429
8@ = mAgA@Za_gb’ (424)

where the partial with respect to ¢ has simplified slightly because ¥ has no dependence

on ¢. The nonzero speed partials of the rotational kinetic energy in Equation (4.20) are
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ors, . 0D, Lo\ 06 Lo 00
= L+ 00+ (el + Tt O+ (T, + Tach ) 0 o

oLl
. 00; . . OF
+ (I% = 17) SasCas ( 59 U+ @Z%> , (4.25)
ors. . 0d, Lo\ 06 Lo 00
854 = ]A(ai + (IDi) % + (Iﬁlcii + IAszi)@i Py + (If{‘szi + [Acii)q/%
00, . . v
+ (1% — I%) Su.Ca U+ 0,— |, (4.26
(.A A)Szcz<86 ae) ( )
ors, . 0d Lo 06, . 90,
a; = [A(ai + (Dz)% + (Ifflcil + IASiZ)@Z% + ([}Z‘ — IA)SO@CO@@_@\P? (427)
oT%

The final Lagrange equations depend on the time derivatives of the above partials, how-
ever further differentiation is impractical in this general form. The operation will be
carried out in subsequent sections which apply to specific arms.

Similar to the base, the kinetic energy of the arcs is not dependent on any #; terms.
Therefore none of the position partials will depend on +; terms, and so the position partials
can be neglected relative to the gyroscopic couplings which will arise in the generalized
forces.

The potential energy obtained by projecting the center of mass position onto the

vertical axis and multiplying by the weight

Ui = mago B T3
(4.29)
= mAgo(fA b’l) . ( — s9b1 + CoSe b% + cocy bé)

This expression will have different coordinate dependencies for the various arms, and so
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the partial derivatives will be evaluated in subsequent sections.

4.3.2 Shaft

The previous results for the shaft can be generalized in the same way as the arc. The

position, angular velocity, and linear velocity of the shaft are now given by

B — 15 = (s al, (4.30)

SN S'B + BN

w = W w
A (4.31)
- %+®>m Qm%+@) Qma+@b;
oSN — BN pS'/B
(4.32)

= (s b — (56, b},

which are all expressed in the B¢ frame. Rotating the shaft inertia into the B* frame using

the proper DCMs results in

RpifiRpisiIsRsiqi R pigi =
I§C%1 + Igs%z (Ig Ig‘) SO‘Z S,Bz C,Bz (Ig‘ ]g) Caz 867, Cﬁz
(1& — I%)sa,58,c8, I + (I&s3 + 15c3,) 52, [¢50,Ca,— (I&s3,+ I5c3, )salca
(15 — I%)ca 8,08, Isa,ca,— (1555 + 153 )sazca I¢s2 + (I18s3 + I5¢3 )2,
Recalling that the shaft is nearly symmetric about the S axis, the approximation I ~ I%
allows for simplification
I 0 0

RpifiRpisilsRsipi R pigi = | 0 I}S/‘Cii + I&s 2 (Ig- — Iﬁz)sa Cay | - (433)
0 (I&-1% )saicai I%s2 4+ 1%,
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The kinetic energy is split into translational and rotational contributions defined by

Ty = Sms (V)7 (05Y)

% . (4.34)
= Smst30} + Smsl3

and
1 i i
ng = 5(&)8 N)TRBiAiRAiSz‘ISRSz‘AiRAiBi (ws N)
= ST+ 80" + S (186, 4 TE) (Bica, + 07 4 5 (125, + 1) (s, + 0)’

+ (Ig - [gz)saicai (/Bicoei + @z) (ﬂisai + \Ij),
(4.35)

with the total kinetic energy of the shaft given by
Tsi =T +Tg:. (4.36)

The nonzero speed partials of the translational kinetic energy in Equation (4.34) are

s, = msl’ @Za@. oy, 0 : (4.37)
oY N oY
aT:Si = msl% (4),.8—@? + 0, oY , (4.38)
o0 o0 00

ors, . 00;

a(p — m$£3928_¢7 (439)

which are very similar in form to the translational kinetic energy speed partials of the arc.
This is expected because the linear velocities of the arc and shaft centers of mass behave
in exactly in the same way due to their fixed locations on the B axis. The nonzero speed
partials of the rotational kinetic energy in Equation (4.35) are

8T§)1 acb Yy 2 122 66
5 T (ay +CI>)(% (1%, +1 )(@cagr@)aw
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o,
o
O

00; , . . : :
+ (1% = IE) S0,Can %(ﬁisai + ) + (Bica, + @Z)% . (4.40)

+ (I4s2, + I52) (Bisa; + 1))

oT, oD, 00;
St _ =z q) [y2 [:(;22
89 S ( + )80 (Scai+ S )(6zcal+@) 60
v,
+(Igs§i+fgz2)(5,sal+\11)880
00; , . . oW

1Y =I5 80,0, | 2t (BiSa, + ¥ o, + O (441

(1= 15)san | 2 (B + )+ (o +6) 22 | (0.0
oTe, 00,

890 —]S ( —f-@) 890 +(]y 2 +I Sil)(ﬁzcmﬂL@z)%

+ (15 - fﬁz)sazcala@ (BiSa, +T)  (4.42)
ot

5 Of = IZ (& + &), (4.43)

T,
0P

= (I3 +1¥s2)) (BiCas + ©i)Ca; + (1%s2, + I%c )(@sa + ;) S0

(I8 = I8) 0, [ o (Bise + ) + (Bica, + Oi)sa,| - (4.44)
The time derivatives of the above partials will be calculated in subsequent sections, and
the kinetic energy position partials will be neglected due to a lack of dependence on the

large magnitude ; terms.

The potential energy is obtained by projecting the center of mass position onto the

95



vertical axis and multiplying by the weight

Usi = msgo ”“Si/B ‘N3
(4.45)

= msyo (83 bzl) . ( — 59 b1 + oSy i)% + cocy bé)
which again is similar in form to the potential energy of the arc due to the identical

behavior of the arc center of mass. The partial derivatives will be evaluated in later

sections which pertain to particular arms.

4.3.3 Propeller

Unlike the arc and shaft, the position of the propeller center of mass depends on the arm
configuration and is thus a much more complicated expression. The position relative to
the base origin is given by

rP/B = tsal + lp &, (4.46)

The angular velocity includes terms for the rotations of the base, arc, shaft, and propeller

combined
WPV = (& + Yisp, + CDl)Bll + (Bicai — YiSaiCp, + @,)BZQ + (Bl-sai + YiCasCp; + \D)Eg (4.47)

Taking the cross product of the angular velocity with the position would yield a rather
complex equation for the linear velocity, leading to an even more complex equation for the
linear contribution to kinetic energy; however recall from Chapter 3 that all terms arising
from the propeller linear velocity were found to be negligible in the final equations of
motion. The same reasoning will be applied here to neglect calculating the linear velocity
and the linear kinetic energy.

To aid in calculating the rotational kinetic energy, temporarily define another set of

angular rates so that the base angular velocity can be quickly represented in the P? frame
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Equation (4.47) can then be rewritten in the P’ frame as
wPN (ﬁzs% + ducs,cy, + o, 1) P (ﬂzcﬂ, Q;Cg, S~y + 6, )P+ (Vi + cusg, + U, i)Ph (4.49)

and the rotational kinetic energy can be calculated without projecting the inertia matrix

into any other frames

w Lo pianT PN
T3 = L) I (™)
I : RCI S . I S L
=51p (Bisy, + ducg,cy, + ;)" + P (Bicy, + Gucg sy, +0:)” + 5P (i + dusg, + ;)
(4.50)
Assuming that all body rates and twist/tilt speeds will be significantly smaller than the
propeller speeds, the propeller kinetic energy can be greatly simplified in the same way

as Equation (3.38)

2 . - 2
i i <I> iC. + (Cg. S + O
T,’L;Z — 2 [pr </8 S’Y + O{ C/B C’W + ) + I7yp </B C’Yz + o .Cﬁzs"}’z + )

Vi Vi

b : 451
diS + W . .
+ I3 (—ﬁi - 1) oA 450
Vi
1.
~ 5-773%2
In this form it is clear that the only kinetic energy partial derivative is given by

— = I%H;. 4.52
i (55) =5 (452

The potential energy is obtained by projecting the position vector onto the vertical

axis, given by

Up = mpgo TPi/B ‘N3
(4.53)

= |:(€3 + 673851.){)3 - g’PsaiCBi IA)IQ + gpcaicﬂi Eé] . ( — Sg 6% + CoS, 6% + copcy E)Eli),

for which the partial derivatives will be evaluated in later sections.
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An obvious but noteworthy property is that the equations for arm ¢ do not depend
on the configurations of arms j # <. This will lead to a special block structure of the
final equations of motion where the inertia and coupling matrices are fully populated for
the rows and columns corresponding to the base coordinates, but block diagonal for the

rows and columns corresponding to the arm coordinates.

4.4 Generalized Forces

The generalized forces for the full copter involve the motor torques, drag-induced torques,
and gyroscopic torques discussed in Section 3.2.4, as well as thrust-induced torques that
act on the base rotation axes. Equation (3.49) developed for the arm subsystem is a
general form which still holds for the full copter, and the various terms will be reconsidered
here.

From Equation (2.14), the thrust force from propeller i acts along the Pi axis and
thus exerts no torque about the twist or tilt coordinates. The torque exerted about the

base origin is given by
rP/B % F, = —cpégﬁfcﬂi (cai B’Q + Sa, l;g),

which can then be projected onto the three base rotation coordinates defined by the

Tait-Bryan sequence in Section 2.1.1

(3 (rpi/B x Fy) - iy = —cplsics, (Ca b, + 5., Bg) (= s bl + CoS, bl + CoCy Bé),

(4.54)
g : ('PPi/B x Fy) - b, = —cplsies, (ca, bl + S, Bg) - (cy b, — S, lA):l;), (4.55)
Q: (rpi/B x Fy) - by = —c,ls2cs (ca, b, + s, IA)E) : (IA)%) (4.56)

The drag torque from propeller i given in Equation (2.15) can be rotated into the B
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frame and then projected onto the base rotation coordinates in the same way

w ST ﬁ'S = (_1)th712 (Sﬁi BZI — Sa,;Cp; BZ2 + Ca,; Cp; B?’)) ’ ( — 8¢ Bi + CoSyp 6% + CoCyp Bé)»

(4.57)
0:T;- 5’2 = (—1)ictf'yi2 (5& IA)ll — S0,CB; B; + Co,Cp, Bg) . (cq, l;é — Sy I;é), (4.58)
YT i)l = (_1)ict':)/i2 (36i 611 — Sa;C8; IA)ZQ + Ca; CB; i)g) : (l;i) (459)

Projections of the drag torque onto the arm coordinates are unchanged from Section 3.2.4.

When considering the arm subsystem in isolation, the only gyroscopic torques which
appeared in the final equations of motion were those due to precession of the propeller.
This was not the result of an approximation but a byproduct of fixing the base to ground.
Allowing the base link to rotate permits gyroscopic precession of the arc and shaft,
and associated torques arise along the base rotation axes. Though these gyroscopic
torques do exist in the system, their contributions to the resultant torque about any
given axis will be small relative to the contribution from the propeller gyroscopic torque
due to the large difference in motor speeds. The arc and shaft gyroscopic effects can thus
be neglected using the same approximation which justified neglect of the Coriolis and
centrifugal effects.

The remaining gyroscopic torque associated with the propeller is given by the follow-

ing, written in three coordinate frames to facilitate projection in future sections

Opi = WwSN Ipwvﬂ'si
— [(ai + &b+ (Bica,0:) b + (Bisa, + qj)i)g} X T2 (35,b% — S0,Ca,bh + Co,co,b)
= I%%; [(Bicai +05)cacs, + (Bisa; + \D)sai%] b
+ 12 [(Bisai + ) ss, — (i + @i)caic@} b (4.60)

+ Ip7i [— (di + i)i)saicﬁi - (@Cai + @) 851} Bg
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= I3, [(Bicai +0;)cases + (Bisa; + \D)saicﬂi] al
o Lt | (Bisa, + W)ca,ss, — (@i + B) s, — (Bic, +©:) 50,55, ] @) (4.61)
+ Ipi [—(@3% + ) 50,58, — (Bica, + G)i)cai%} al

= I35, [(Bicai +0))cai, + (Bisan +¥) 50 + (Bica, + @i)caisﬂicﬁi] g
+ 2 [(@sai + 0 a5, — (du + D) cs — (Bica, + O1)sa, Sﬁz} 8 (4.62)
o It | (Bicas + ©3)cassscs, — (Bico, + O1)casc | 85,

The final piece of the generalized forces is the vector of motor input torques, which

can be written as

T = . (4.63)

Unlike the arm subsystems, the coordinates for the base link rotation do not have ded-
icated actuators and therefore rely solely on the thrust-induced torques for control. An
adaptation to the control structure in Section 3.3 which addresses the zero elements in 7

is discussed at the end of this chapter.

4.5 Roll-Axis Arms

When assembling the Euler-Lagrange equations for the full copter, it is useful to work
simultaneously with opposing arms to make use of symmetry relations. This section
evaluates the general partial derivatives outlined in Section 4.3 for arms 1 and 3, which

lie along the copter’s roll axis.
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4.5.1 Arm 1 Energy

Based on Equation (2.6), the B! frame is aligned with the B frame and thus requires no

rotation to obtain the generalized angular rates as

by = —tsg + ¢, (4.64)
01 = Ycgs, + Oc,, (4.65)
U, = tege, — s, (4.66)

which can then be used to evaluate the necessary partial derivatives for the Lagrange
equations. Starting with the speed partial of the translational component of the arc
kinetic energy with respect to ¢, Equation (4.22) simplifies to

oT

2 2
= mA@ﬂb%;

O

and differentiating with respect to time results in

% (a;f) = mal? (2 — Psy).
This equation includes an inertial term as well as a Coriolis term.! The inertial term is
retained to preserve symmetry properties of the final inertia matrix, however the Coriolis
term may be neglected due to its small magnitude relative to the gyroscopic couplings
which will also appear in the final equations of motion. The same justification is ap-
plied to neglect all other quadratic velocity terms which do not depend on propeller
speed. With this approximation, the speed partials of the arc linear kinetic energy from

Equations (4.22)-(4.24) become

d aTvl .
- ( 812 ) ~ malicg, (4.67)

!Though the arc center of mass lies at a fixed distance from the base origin, Coriolis accelerations
can still arise in certain axes due to the use of a Tait-Bryan sequence.
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oT?, .
4 ( A ) ~ mal%0, (4.68)

dt \ 90

d aT;}ll

— p— 4-
dt ( o ) 0 (4.69)

where the last equation is exact because ©; is not dependent on ». Applying the same
approximation along with much algebraic manipulation, the nonzero speed partials of the

arc rotational kinetic energy from Equations (4.25)-(4.28) become

d oTv . . . ; . 1 N
% ( 8721) ~ If‘ (wsg s 04159) + (IisiJral_'— IACi+a1)¢03 + 5(1.31 - IA)‘90952<,0+2Q17

(4.70)
% (8§§ ) ~ (Taran + Lashra)0 + %(ffi — L) cos2p 420, (4.71)
% (8§§1) ~ I = so + ¢ + ), (4.72)
%(aajzl) ~ I = so + ¢ + ). (4.73)

This set of partials will define a portion of the final inertia matrix and must satisfy
symmetry and nonnegativity. For example, the coefficient corresponding to ¢ in Equa-
tion (4.70) is nonnegative, as is the coefficient corresponding to  in Equation (4.71),
etc. For symmetry, the coefficient corresponding to é&; in Equation (4.72) matches the
coefficient corresponding to ¢ in Equation (4.73), etc. Thus the approximation preserves
the expected properties of the final dynamic model.

From Equation (4.29), the potential energy of arc 1 is given by

UAI = —mAgoﬁASQ, (474)

of which the only nonzero partial derivative is

AU 41
90
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The same process is applied to Equations (4.37)-(4.39) to obtain the following set of

linear kinetic energy speed partials for the shaft

d (0T% .

° ( 2 ) ~ msliicd, (4.76)
d [T .

d [T

- — 4.
dt ( op ) 0 (4.78)

which are of identical form to the linear kinetic energy speed partials for the arc because
the arc and shaft centers of mass behave in the same way by construction. The shaft

rotational kinetic energy speed partials from Equations (4.40)-(4.44) are

7 ) ~ IE (Vs — @sg — Gase) + (14500, + 18 0, )10ch + TEBr1cospra,
(4.79)

+ (-[g' - Igz)éc982£p+2a17

N | —

~ (IgCiJral + Ifgmsier)@ + é(Ig‘ — IEZ)Q/JCQSQ@_;_QC” + Igﬂlcw_;_al, (480)

()
4 (@Téﬁ) ~ IE (= hsg + ¢+ ), (4.81)
(5)

dt \ 0¢

d aTwl Tz . . .

- aéi ~IE (= sp+ §+ ), (4.82)
d (0T% ) ) .

— : ~ I o F0c,i0 , )

dt ( aﬁl ) 5(¢C93¢+ .+ Cotay + 51) (4 83)

which are again largely the same as the arc equations but with additional terms for the
tilt rotation in certain coordinates. From Equation (4.45) The potential energy of shaft 1
is given by

Ugl = —m390€339, (484)
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of which the only nonzero partial derivative is

OUs:
06

= —msgolsco. (4.85)

Finally, the only nonzero speed partial of the propeller kinetic energy from Equa-

d aT/]UDJI
— = I5%. 4.
i (50) =50 (456

tion (4.52) is

The propeller potential energy from Equation (4.53) is

Upl = Mpgo |: - 6589 + ép(—SgSgl + CoCBy Cot-ary ):| y (487)

and the necessary position partials are given by

oU-

agl = —mpgo [630.9 + gp(cesﬂl + 59C6164p+a1) ) (488)
OUp1

8: = —mpGolrcoCs, Sptas s (4.89)
OUp1

aOZ = _mPQOKPCGCmScp—s—an (490)
OUp1

8671 = —mpgolp(secs, + Co58,Corar)- (4.91)

At this point it is possible to assemble Euler-Lagrange equations that describe the
rotation of the base link controlled by a single arm. Rotation of the base link has ex-
panded the configuration space by adding three more degrees of freedom, but has not
included additional actuators. The result is an underactuated system for which designing
a controller would be a digression from the goal of full 6-DOF control. For this reason,

equations of motion will be delayed until all four arcs can be incorporated simultaneously.
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4.5.2 Arm 3 Energy

arm 3 is considered next because the resulting equations will be similar to arm 1 due to

symmetry. From Equation (4.14), the generalized angular rates for this arm are

by = 1hsg — ¢, (4.92)
05 = —zbc@sw - éc@, (4.93)
Wy = ycge, — Bs,. (4.94)

Applying the approximation of neglecting quadratic velocity terms which do not depend

on propeller speeds, the kinetic energy speed partials for arc 3 are given by

% (8;“243) ~ malcs, (4.95)

i () =matid (4.96)

7 (52) -0 (497)

% (8;% ) ~ T4 (Vsy — Bsg + d3se) + (1487 _ay+ T4CE_ay )V + %(1}; — I2)0¢p52p 20,
(4.98)

% <8§§3) ~ (TaComas T 1a5-aa)0 + %(IE\ — 13) Vo820 20, (4.99)
%<a§§3> ~ I = o + ¢ — i), (4.100)
% (6)323> ~ I (Vso — ¢+ dis). (4.101)

Notice that these equations are equivalent to Equations (4.67)-(4.73) with &, replaced by
—d3. For Equation (4.101) the variable of differentiation must receive this sign change as

well in order to make it equivalent to Equation (4.73). This is expected as the a] and a3
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directions are related by a 180° rotation and thus will have opposing effects on the base
coordinates.

The potential energy for arc 3 from Equation (4.29) is given by

Uas = magol aso, (4.102)
with the single partial derivative
ou
8;3 = magol.ce, (4.103)

which varies from Equation (4.75) by a negative sign. This is expected because a positive
pitch maneuver has the opposite effect on the vertical position of arm 1 compared to
arm 3. When the equations of motion are assembled, the gravitational torque of arc 3
will balance that of arc 1 in all configurations.

The kinetic energy speed partials for shaft 3 are given by

d 8T§)3 —~ 2 7 2

d (0T, -

d (0T,

o < 5 ) _0, (4.106)

d (0T L L
— ( 85) ~ I (Vs — Pso + ssg) + (1857, + 180, )0 — 1E03¢0S p—ay

1 (4.107)
+ 5([}; — [gz)éCQSQSD_Qa:;,
d (OT¢. .1 . .
el )~ (Ij’éci_ag + Igzs?p_ag)ﬁ + —(Ig - Igz)@bcesw_gag — ILB5Co—q4, (4.108)
dt 06 2
d (0T s . .
%( 0;3> ~ I (—¢39+g0—043), (4.109)
d (0T, wr /T .
E (80?3 > %[8 (¢Sg—§0+0[3), (4].]_0)
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d (0Tg . . .
— < ~ I — P .
o ( o ) s( YCpSp—ay — O0Cp—ay + 53), (4.111)

which are equivalent to Equations (4.76)-(4.83) with 4 replaced by —ds, and 3; replaced
by — B, including as the variable of differentiation where applicable. The potential energy

of shaft 3 from Equation (4.45) is
U33 = m3g0£389, (4.112)

and the only nonzero partial derivative is

OUgs
00

= m390€509. (4.113)

This again differs from the equation for arm 1 by a negative sign, and will cancel the
gravitational torque of shaft 1 in the final equations of motion.

The only nonzero speed partial of the propeller kinetic energy from Equation (4.51)

d (0T2\ ..

is

The propeller potential energy from Equation (4.53) is

Ups = mpgo [6589 + Up(sgsp, + cac,gsc@_ag))], (4.115)

and the necessary position partials are given by

oU
agg = mpgo [6509 + Up(cosp, — 39063%7043)]7 (4.116)
OUps
P —mpgolpCoCssSp—as, (4.117)
OUps
e = MpGolPCoCsySp—ay: (4.118)
ouU
LA mpgolp(59Cs, — CoS8sCo—as)- (4.119)
9P
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4.5.3 Generalized Forces

Equations (4.54)-(4.59) are used to project the thrust- and drag-induced torques from

arms 1 and 3 onto the base rotation axes according to

( B % 14:’1) ‘Mg = —cpﬁgf'nyQCgl Sotars (4.120)
( P/B F3) M3 = CplsVaCCh5p—ass (4.121)
Ti N3 = —cYi (8058 + CoCa Coran), (4.122)
T3N3 = —crY5 (5088, + CoCB3Co—as)s (4.123)
0: (r7/8 x F) - by = —c)ls2cs, Cotans (4.124)
(778 X Fy) - By = cpls¥308,Comas, (4.125)
71 by = cics Sprans (4.126)
Ty by = CiYaC S pags (4.127)
g (B Fy) b =0, (4.128)
(rP/8 x Fy) - b, =0, (4.129)
7 by = —CiYi8p,, (4.130)
Ty by = cii3ss,. (4.131)

Similar to the energy partial derivatives, the effects of the thrust and drag torques for
arms 1 and 3 are related by the substitution (a4, £1) <> (—as, —f3). The thrust-induced
torques vary by an additional negative sign due to the opposing directions of the moment
arms about the base. Projections of these end-effector torques onto the arm coordinates
remain unchanged from Section 3.2.4 and so are not repeated here.

Lastly, the gyroscopic torques associated with precession of the propellers given by

Equation (4.60) can be projected onto the various coordinates according to
Y:iop-ng = 7Z371( - ‘969351 - 9590510@+a1 - ¢C€Cﬁ15@+a1 - dlc@cﬁl Septas
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aq

Qs

A

Bs

Op3

L Op1

ops3 -

L Op1

Op3

L Op1

. Ops3

L Op1

op3 -

- 6189051 - /3100361%—&—@1)7

-y = I3 (0co5p;, — 050C3,Coay — PCOCE;S ooy + A3CHCE;Spay

+ B350C3, — B3€058,C—as),

’ b/2 = ]72771 (¢69851 + ¢S9Cﬂlc<ﬂ+a1 - chﬂl Cotay — dlcﬁ1 Cotay

+ 618ﬂ1 Scp—i—oq) )
by = I ( — 1Cosp, + V508, Coay — PCayCo—ay T (33 Coay

+ 53553 390—043) )

+by = Ip1 (Yeocs Sprar + 00p,Covar + Brcs,),

by = ]7Z>’73 (w%cﬂasw—% + 0053080—@3 o 53053)’
. d% = _[%’)/1 (1/}CQC51 Spta + 9651 Cotoay + 61051)7
-a} = Ip3( = YCoCayS o0y — 0C8,Comay + P3Cs,),

~1 . i ; A . .
-8y = I3 (Vsecs, + VCoSs, Corar — 055, Sprar — s, — C1Cg,),

§§ = 7i73( - wSOCﬁs + wc9sﬁscsﬁ*0¢3 - 03/33&?*&3 + ¢Cﬁ3 - d3cﬁ3)'

(4.132)

(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)

(4.140)

(4.141)

Once again the equations for arm 3 can be obtained from those for arm 1 by the substi-

tution (o, £1) <> (—as, —fF3).

This completes all of the components necessary to assemble the Euler-Lagrange equa-

tions for arms 1 and 3.

4.6 Pitch-Axis Arms

Section 4.5 demonstrated the utility of evaluating opposing arms simultaneously in order

to compare their effects via symmetry. The same approach will be taken for arms 2 and

4, which lie along the copter’s nominal pitch axis. Though the nominal pitch axis does
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not stay aligned with the 6 axis of the base rotation sequence, arms 2 and 4 will still be

referred to colloquially as the pitch-axis arms.

4.6.1 Arm 2 Energy

From Equation (4.14), the generalized angular rates for arm 2 are

Dy = hegs, + ey, (4.142)
92 = 1/')50 — &, (4.143)
Wy = ege, — Bs,,. (4.144)

Misalignment of the true pitch axis with the B, axis at nonzero roll angles leads to
additional terms in the Lagrangian, complicating the partial derivatives of the pitch-axis
arms compared to the roll-axis arms. This is immediately apparent when evaluating
the kinetic energy speed partials. For example, consider the linear kinetic energy speed
partial of arc 2 with respect to 1&, with quadratic velocity terms neglected as per the

preceding sections

d aTvg N .
pr ( 312 ) ~ maly [(sg + cgci)@/) — 59 — CeSpCL0 | (4.145)

When the copter rotation is zero, the B, axis aligns with the pitch axis and Equa-
tion (4.145) reduces to Equation (4.67), however for nontrivial rotations the energy of
arm 2 becomes dependent on multiple angles and multiple accelerations. This pattern

continues for the other arc linear kinetic energy speed partials, given by

d (0T, , ,

pr ( 85\ > ~ mal’ (= cospcpth + si@ ), (4.146)
d (0T, .

E( ag > ~mal’ (= st + @), (4.147)

At zero base rotation, Equation (4.146) reduces to Equation (4.69) and Equation (4.147)
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reduces to the negative of Equation (4.68). This is consistent with the frame definitions
as the l-axis of arm 1 matches the negative 2-axis of arm 2, and the 2-axis of arm 1
matches the 1-axis of arm 2.

With this understanding, the remaining partial derivatives for arm 2 are evaluated

and quadratic velocity terms neglected.

d [(0T% . . . )
T ( (9271‘2) ~ Iy (cgsiw + cps,C0 + caswag)
+ _If}"(s@ca2 + CoCpSa)” + 17 (5080s — cec@ca2)2] U (4.148)
— _([fjlszm + chiz)@s@c@ + (Iffl - Ij) 89$¢8a26a2:|é
- _(Izilciz + IjSZQ)SQ + (Izl - [Jil)CQCSOSOQCOéz} Sbv
d ang T . o .
£ (5) s
— [(I}jsiQ + I5c. ) cosce + (19 — 17) ses@smcm} ", (4.149)
+ (I4sa, + Tach,) 530 + (14 — 12) $pSasCar Py
d [0TY ..
pr ( 8(4 > ~— [(I}icfm + 11322)39 + (Iff\ — ]j‘)c@%swcw]l/}
7 (4.150)
+ (I}Z‘ — Ij) Sws%c@é + (I}Z\Cig + IjsiJ@,
d (0T, . . L
pr ( 80.2 > R I (cospth + cpb) + i), (4.151)
Uaz = —magolacoSy, (4.152)
OU 42
3; = magol ASeSe, (4.153)
oU
8;2 = —magolacoCy, (4.154)
d [(OTY . ) .
= ( 81‘2 ) ~ ms&%[(sz + i)Y — s — cpsc, b (4.155)
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Sl

d (0T, . ..
a4 ( = ) ~ msl( = sy, + 520 ),

d (8T§2

ANEE ) ~ msl (= sot) + @),

I3 (cgsill} + ceswcwé + caswdQ)

+ [IE(spC0y + c@cg,sm)2 + 157 (SpSay — cec@cM)Q] "
— (I};siQ + ]fgchQ)cas@c@ + (I}; — I§z)393¢sa26a2}9

— (12, + 15752, )50 + (1% = 1) cocipsantas | ¢

+ Ifé (sf;ca2 + Ceccpsag)BQJ

) ~ I% (cas¢c¢@5 + cié + Cplin)

— [(IfésiQ + I§Zc§2)093@c@ + (Ig — ]§Z)393@3a20a2} @/}

+ (I}S{Siz + [§Z0i2)8i9 + (Ig‘ - gz)ssﬂsazcaz(:b - IgS@SOQﬁQ,

) = (e ) (1 T )]

+ (I}S{ - ]gz)SSOSOQCaQé + (Ig'cig + Igzsiz)()b - ]gCaQB%
) ~ I5 (cospt) + 0 + di),

) ~ I% [(39%2 + cecg,so@)@ﬁ — SpSasl — CanP + Bal,

Us2 = —msgolscoSy,
OUs: =mgsgolsses
20 SGotsSeSe,
OUs: = —mgsgolscec
B = SJotsCoCyp,

d aTrgQ e
— — ]Z
dt < 8’72 ) 73727
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(4.156)

(4.157)

(4.158)

(4.159)

(4.160)

(4.161)

(4.162)

(4.163)

(4.164)

(4.165)

(4.166)



Ups

OUpe
90

OUps
Oy

s
@042

OUpe
o))

= mpgo (63 + Epsm)c@s(p — UpSeSa,Cp, + EPCQC@cchz} ,

=mpgo| — (63 + &;352)395%’ — UpCpSa,C, — €p$90¢ca2%} ,

= mpqo (45 + Eps,gQ)c@c(p — E’PCQS@COQCIQQ],
= mpgo( — Up5pCayCa, — Ep090¢sa2052),

= mpgo(lpcospCa, + IpSoSaySp, — LPCoCeCaySa,)-

4.6.2 Arm 4 Energy

(4.167)

(4.168)

(4.169)

(4.170)

(4.171)

Similar to the relationship between the two roll-axis arms, the equations for the two

pitch-axis arms are related by a substitution of the twist and tilt coordinates with their

negative counterparts. Beginning from Equation (4.14), the generalized angular rates for

arm 4 are

Py = —gﬁce% - écw,
@4 = _w'SH + @7

U, = 1/'109% — 9'390.

(4.172)
(4.173)

(4.174)

The Lagrangian partials can then be evaluated and quadratic velocity terms neglected.

d (0T, . )
yr ( 812 ) ~ mal?y [(sg + czci,)z/) — 59 — ces‘pcwe} ,

d [0T", L
yr < 85‘ ) ~ mal’ (= cospcth + 520 ),

8Tv4 N .
(F2) ~ mats( = s+ ),

Sl
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(4.175)

(4.176)

(4.177)



d (0T% . .
il ( 8;24) ~ 15 (03821/1 + oSyl — 098¢5é4)

[T = o+ Tt cocscn i
o _([zlsiz; + [ilci4>69890690 o ([i - Ijl) 595508044Ca4]é
— _(1}3034 + Ijsi4)se — (]ff\ - ]j)@c(pswc%] &,
d (07% ) e
7 ( 85‘4) ~ I% (cospcoth + ciﬁ — Cpliy)
— [(I}jsi + chi4)ces@c<p — (Ii" — Ijl) sesws%cm]d} (4.179)
+ (Iff\sg% + chiél)sz,é — ([f{‘ — Ij)swsmcmgb,
d (0T“ .
7 ( 84 ) ~— [(Iicil + Ijsi4)39 — (]fj — Ij)cecwsa4ca4}¢
4 (4.180)
- ([./y‘l - I.Z) 8908014Ca4é + (1’2\624 _'_ 11834)957
d (07¢ . S
i ( 8(’24) ~ 15 (= cospth — e + cia), (4.181)
Uas = magolaces,, (4.182)
ou
AL —m A90l4505,, (4.183)
00
ou
af = m agol aCaCy, (4.184)
d (OTY . ) .
pr ( &j ) ~ mgffg [(83 + cgci)w — Sgp — ceswcwﬁ} , (4.185)
d (OT? . 3
7 ( 854) ~ msls( — cospcot + 550 ), (4.186)
d (0TS .
- ( a; ) ~ msle( — se + @), (4.187)
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d (0TY . - .
pr ( 81‘24) ~ I3 (cgs?ow + cos,Cu0 — ces@oz4)

+ [TZ(s9Ca, — 09(:%,5044)2 + IE7(S9Say + cecwca4)2} w
— _([fési + I§Z0i4)098¢c¢ — (Ifé — Igz)s(;ssos%c%]é

— (182, + 1E 52 )0 — (14 = I8) cocpsaacan | ¢

— I%(SpCay — CoCpSay) Bu,

d aTw4 z . . .
7 ( 6‘5 ) ~ g (cesspc@w + 039 — cwoz4)
(1, 1) cusae, — (1= TE) s 50sca |
+ (I«gszm + I§ZCi4)Sié - (Ig - [gz)siﬂsa4ca4¢ - IgSQOSOéALB‘lv
d (OT¢ N N )
- ( 8;4) ~~ —[(—,}5{024 + I3 si4)39 — (Ig — I3 )cecwsmcm}@b

— (Ig — §Z)s¢sa4ca4é + (Igci4 + I§Zsi4)gb + Igcmﬁ[h

d (0T%, s . A
7 (00’2) ~ IZ (= cospth — b + du),

(@Tg4

85 ) ~ I [( — SpCay + cecwsm)zﬁ — s¢sa4é + Cosp + 54 ,
4

SIS

Uss = msgolscosy,

Wst _ .,
90 MsgotssSeSy,

OUga
dyp

d (0TS, )
al —JI?

= msgolscaCy,

Up4 = Mpgo |: — (65 + 67)854)09850 + 673898&4054 + g’pC@C(pCCMCng s
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(4.188)

(4.189)

(4.190)

(4.191)

(4.192)

(4.193)

(4.194)

(4.195)

(4.196)

(4.197)



agg == mpgo | (65 + £ps) 8055 + Locosauca — Lpsacotata, | (4.198)

85:;4 = mpyo [ — (s + Upsp, ) cocy, — EPCQSSOCOMCBJ , (4.199)

88U7>4 = mpgo (57959%4054 — ﬁp090¢sa4cﬁ4), (4.200)
Qg

%UBT =mpgo( — lpcosyCs, — UpSeSa,Ss, — UPCoCyCaySa,)- (4.201)

4.6.3 Generalized Forces

The thrust and drag torques for the pitch-axis arms are projected onto the base rotation

axes using Equations (4.54)-(4.59).

(R (7,792/3 X F’g) ‘Mg = cp&g‘ygc@( — S9Cay — cec¢sa2), (4.202)
(7,774/6 x Fy) -y = cplsiics, (S0Cas — CocpSas ) (4.203)
Ty M3 = 1Y (—505ayCa, + Co5085, + CoCHCarCh,), (4.204)
Ti N3 = Y3 (S050,C8, — Co5055, + CoCHCasCB), (4.205)
0 : (7'7)2/8 X Fy) - by = cpls25,50,Ch) (4.206)
(rp4/8 X Fy) - by = cpls38,50,C,, (4.207)
7 bl = 32 (CoS8, — SpCarCss), (4.208)
7 bl = Vi (= CpSp, — SpCasCay), (4.209)
Q: (TPQ/B x Fy) - by = cpls¥2CayCs,, (4.210)
(rP'/8 % Fy) - by = —cpls3asCays (4.211)
Ty - by = C1V35a,Cp,, (4.212)
Fyoby = —CiYi S0, Cha- (4.213)

Neglecting gyroscopic torques for the arcs and shafts, the gyroscopic torques of the
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propellers given by Equation (4.60) are projected onto the various coordinates.

Viop2-ng =15 [ — 0Ocpsa,cp, — O5¢ (swsﬁz + cwc@c@) + ey (qpsﬁg — S@Ca2052)

— e, (S@Caz + cec¢sa2) + Pacys,cp, + Pass, (s@sa2 — c.gc@cm)]

ops-Ng = 15y [9093a4054 + Osg (S¢Sﬂ4 — C¢Ca40ﬂ4) — pcy (c¢s,34 + SWCQ4C,34)

(4.214)

+ deg, (890C¥4 — cecspsm) — Bacos,c, — Basp, (898a4 + cecwcm)}

0 : Op2 - b,2 = 723’72 [¢603a2662 + ¢39 (34,0362 + CgocazcﬁQ) - @(Csocazcﬁz + 590552)

+ Q289pSayCp, + P2 (CLPCBQ + Ssoca2352)}

ops - b/2 = 1723;74 [ - wc95a4cﬂ4 — Psp (S<P554 - Ctpca4cﬂ4) + Sb(swsﬁl - Ctpca4cﬂ4)

+ d48@3a4cﬁ4 — B4 (050054 - 8<pca4554)]

o :op2-by = 157 [ — ¢y (0@852 — sgpcagc,gQ) 9(s¢sﬂ2 + cwcazcm)
+ A2CayCp, — 52302852]
ops-by =I5y [wCQ (csosﬂ4 + s¢ca4cﬁ4) — «9(350354 — c¢ca4054)

— Q4Cq,y Cpy + 54'9&4334

Qg Op2 - d% = I%%s [1&052 (secag + cecq,saz,) — 05,50,C8, — PCayCp, + ﬁ2052:|

ay:opi-a) = I [ —1cg, (890C¥4 — cec¢sa4) — 054,50,C8, + PCayCp, + 54054}

Ba:op: - §§ = 7%72 |:¢ (CHCSﬁCaQSﬁQ — CoSpCpy — 393&2852) - 0(090052 + SAOCOQS/J’Q)

+ ©Say88, — (3‘2662]

~4 . 7 A
By:opi- 8 =159, [z/;(ceqpcmlé;g4 + CoSpCa, + 50Sas5p,) + 0(CuCo, — SpCaySp,)

- @3014854 - d4654]
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(4.215)

(4.216)

(4.217)

(4.218)

(4.219)

(4.220)

(4.221)

(4.222)

(4.223)



4.7 Equations of Motion

The full Euler-Lagrange equations are assembled by combining the results from the last
several sections and substituting into Equation (4.5). The resulting matrix equation is of

the form

M(q)i+C(q,9)q+ f(q,q) +d(q.q9) + g(q) =T, (4.224)

which is similar to Equation (3.53) with larger dimensions and including the thrust-
induced torques. The matrix terms M and C' are described individually in the following

sections, and the vector terms are grouped into another section.

4.7.1 Inertia Matrix

The inertia matrix M is composed of the coefficients to acceleration terms arising from

the kinetic energy speed partials. It takes the following block structure

Mps « Mgy | Mgy> |« Mpgys |\ Mgy

77777 e B e
Myz My, 0 , 0 , 0
77777 e B e

M(@)=| Mys, 0 | Myg, 0 | 0 , (4.225)
————— i B e e B i
My, 0 | 0 |\ Mypg, O

where B denote the base link and 2* denotes arm 4. It can be seen that while each arm
has inertial couplings to the base link, the arms are not directly coupled to each other.
This structure arises because the energy for arm ¢ depends only on the base coordinates
and the coordinates of arm i, resulting in zero partial derivatives with respect to the
coordinates of arms j # 1.

The first block represents the moments of inertia of the whole copter about the base

rotation axes. It is a symmetric positive-definite matrix with the following structure and
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elements
Myy Myg My,
MBB: M9¢ M@g MQ@ s (4226)
Msow Mch Mw

Myy = Igsy + (Igs? + It ) cg + (2mal’y + 2msle) (1 + cjcl)

+ (215 4 2I%) (s§ + c552)

+ (I + I2)cps? o, + (I3 + 15)chc2 1

( 8) p+ay ( ) ptai (4'227)
+ (I + 1) (S9Cay + ceqpsom)2 + (15 + IZ) (S9Sas — CoCoCas)
+ (Ij{l + Ifé)cgsi_% + (Ij + Ig)cgci_ag
+ (I + 1) (S9Cay — 09%304)2 + (I3 + 1%) (S0Say + CoCpCay) ",

1
Myo = My = 5( 5= Ilzg) CoSap — (QmAEi + QmSK?g) CoS,Cep + (2[52 + 2]§)ceswc¥,

1 1

+ 3 (Iﬁt - Ijl) (52g0+2a1 + 52¢—2a3)C9 + B (I}s, - f§) (52<p+2a1 + 52<p—2a3)00

— (Ii + If'é) (secaz + cacspsm)sspsoé2 + (I3 4 15) (50Sas — CoCpCas) S5Cas
+ (Iffl + If;) (seca4 — cac@sm)(sp,sa4 — (I3 + 1) (50Sas + CoCpCay) 55Cau,

(4.228)

Mﬁ)sﬂ = MSMZJ = —(Ié + 2155\ + 21§)89 — (ZmAEi + 2m3€i~)39
— (T4 + I%) (86Cas + CoCpSas ) Cas — (I3 + 12) (50505 — CoCoCas) S0 (4:229)

_ (Iff‘ + ]g) (secoé4 — cac¢sa4)ca4 — (1,24 + Ig) (593a4 + CGCgoCa4)So¢47

(4.230)
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Mpy = Mgy = [([}i +1g) - (Ia+ ]g)] (SasCaz = SasCas) Se:

Moy = (If + 215 + 2I%) + 2mal% + 2msl3

+ (L4 I5) (6, + ca)) + (T + 15) (s, + 50,)-

(4.231)

(4.232)

Clearly these elements include dependencies on all 12 of the arm coordinates, and there-

fore this block reflects inertias of the complete copter. The off-diagonal blocks of Equa-

tion (4.225) represent the products of inertia between the arms and the base link, and each

block reflects the inertia of a single arm. The structures and elements, with transposed

versions shown explicitly to emphasize symmetry, are given by

MBQ{I ==

Mwal

0

Ma,

Mwﬁl 0 MO&N/) 0
Mep, 0], Mg = | Mg,y Mp,o
0 0 0 0
Miﬁoq = Mayp = —(Iﬁ + I‘JSC)S%

Myg, = Mg,y = 15¢5, 10,
My, = Mp,p = [Cpyon;

Moo, = My, = (Ifj1 + Ifs”),

M¢B2 0 Mocw Moczé’
Mps, 0], Mayep = | M,y Mg,
M¢52 0 0 0
MT/)OQ = Magy — (If\ + Ig)CGSap;

Myg, = Mg,y = T§(50Car + CoCp5as),
MGaz = Maze = ([f\ + [g)cw
MQBQ = MBQQ = —IgSLpSOQ,

M%BQ = M/J’zso = _Igcaw
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(4.233)

(4.234)
(4.235)
(4.236)

(4.237)

(4.238)

(4.239)
(4.240)
(4.241)
(4.242)

(4.243)



Mdias Mwﬁs 0 Masw 0 M,

Mpys = | 0 Mg, 0|,  Myg=|Msgy Mpsy 0 : (4.244)
Myoy 0 0 0 0 0

Mya, = Moy = (I + 1§) o, (4.245)

Myg, = Mg,y = —15Co5p—ay, (4.246)

Mg, = Mpyg = —I5Cp—ay, (4.247)

Moy = Moy = —(I5 + 15), (4.248)
Mya, Myg, 0 Moy Moy 0

Mpgys = | Mpa, Mg, 0|,  Myp= Mg,y Mze Mpy,|, (4.249)
0 My, 0 0 0 0

Mya, = Mgy = —(I5 + I§) cos,, (4.250)

My, = Mg,y = —I%(S0Ca, — CoCpSas), (4.251)

Moo, = Moo = — (I + 1E) ey, (4.252)

Mg, = Mp,9 = —I55pSas, (4.253)

Mep, = Mg, = Igca,. (4.254)

The symmetry between the two roll-axis arms first discussed in Section 4.5 has resulted
in an identical block structure in the full equations of motion, with the blocks Mpgy:
and Mpgs related by the substitution (aq, £1) <> (—as, —f3). A similar pattern relates
the two pitch-axis arms with blocks Mpgy2 and Mpgys. Lastly, the remaining diagonal
blocks of Equation (4.225) represent the moments of inertia of each arm about its own

coordinates. They are identical constant matrices given by

I5+I8 0 0
0 0 I
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which matches Equation (3.54) for one arm with the propeller mass neglected.

4.7.2 Coupling Matrix

The coupling matrix C' can be written with a similar structure block structure to the

inertia matrix, given by

Cpss | Cpyr 1 Cioe | Cays | Cpys

77777 e B B
Cys Cypgay, 0O |, 0O , O
————— l— — - —d— - — —H - —— -4 ——— — -
C(@.4)=| Cys, 0 Cyue, 0 | 0 : (4.256)
————— l— — - —d— - — —H - —— -4 ——— — -
CQ[SB: 0 , O ' Cosgz . 0
————— l— — - —d— - — —H - —— -4 ——— — -
Cup, 0 |, 0 | 0 | Cygp

Because all quadratic velocity terms were neglected which did not include a 4;, the blocks
of the C matrix include only the propeller gyroscopic couplings arising from the projection
of Equation (4.60) onto each coordinate. Each block represents the couplings between
two sets of coordinates. The many blocks of zeros arise because the arms are not directly
coupled to each other and are only connected through the base link. The Cpg block

includes couplings with all four propellers and can be further broken down into

Cpp = Cpp + Cip + Cig + Cig, (4.257)

where Cjy is a skew-symmetric matrix which includes the gyroscopic coupling of pro-
peller ¢ with the base angular rates, affecting the base rotation coordinates. These effects

are described by

0 —Co5p; — S9CB Cotan  —COCH Sptan
1 _ 7z
CBB - IP’yl CoSp, Tt S0CB; Cota 0 —C61 Copta ) (4258)
CoCB1 Sp+ay €81 Co+on 0
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) ' 0 012&9 Oiw
Cis = 15 Cezw 0 Cgap )

2 2
Cov Coo 0
2 2
Cuo = —Chy = —805558, — 95,08, — S0CpCasChys
2 2
Chp = —Coy = o (CpSpy — SpCasCs,) ,
02 o —02 _ _
0p — ~ Yoo = T 5058 T CpCarCpy;
0 CoSBs — S0CB3Co—a3 —CHCB3Sp—ag,
3 .
Crs = Ips | —CoSps + 50Cp5Coay 0 s Cpma
CoCB3Sp—as Cp3Cp—as 0,
4 4
4 0 Cyp Cyy
Cps = Ipa |Gy 0 Co |
4 4
Cov Cop 0
4 4
Cwe = —Cew = 505,58, T C0SasCBy — SCpCaysChys

4 4
Cyp = —Cly = —Co(CpSp, + 5pCasCp,)

4 _ _
Cypo = —Clp = 8958, — CpCayCpy-

rates, affecting the coordinates of arm 1.

—C9CB, Sptay —S50C8, — C0SB,Cota; U

— JRA
CBQll = 1ipm €81 Cotan Sp1Sp+ay 0
0 Cp, 0
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(4.259)

(4.260)
(4.261)

(4.262)

(4.263)

(4.264)

(4.265)
(4.266)

(4.267)

The off-diagonal blocks in the first row of Equation (4.256) represent the gyroscopic cou-
pling of propeller ¢ with the angular rates of arm ¢, affecting the base rotation coordinates.
They are the negative transposes of the off-diagonal blocks in the first column of Equa-

tion (4.256) , which represent the gyroscopic coupling of propeller ¢ with the base angular

(4.268)



CoCp1 Sipton CpiCotar 0
..
Coip = Iph1 | 56C6 + 056, Corar —SpiSp4ar —Car
0 0 0

—Cpo (890112 + Cecsﬂsaz) CoSpCay + 505ay58, — CoCpCasSp, 0

5
Cpoz = Ip7 S5aCh, CpChy F SpCar S5 0
CasCBy —Say58; 0
CB, (‘99602 + C9C<P8042) —SpSasCB, —CayCpy
5 -
CQlQB = Ip’yg —098506,32 — 898a2852 + CQC@COQS/QQ —C¢C,32 — SS(,COQS,g2 Sa2$32
0 0 0

CoCBySp—az  S9CB; — CoSB3Co—ay O

Cpas = 72573 CB5Cp—as SB3Sp—as 0
0 —653 0
—CoCB3Sp—as —CB3Cp—as 0
Coss = I3 —S50CB; T CoSB3Cp—a3 —SB3Sp—as Cps
0 0 0

3, (50Cay — CoCPSay) —505asSps — CoSpCB;, — CoCHCaySp, 0

—_— JR A
Chros = 15 555a4Ch, —CpCay + 55Cay 58, 0
—CayCpy Sy Sy 0
—cg, (89Cay — CoCHSa,) —550,C8, CasChy
— JR A
Coup = 173‘74 50504581 T CoSpCRy T CoCCasSPy  CpCBy — SpCasSBs —SasSpy
0 0 0

(4.269)

(4.270)

(4.271)

(4.272)

(4.273)

(4.274)

(4.275)

The remaining diagonal blocks of Equation (4.256) represent the gyroscopic coupling of

propeller ¢ with the angular rates of arm ¢ affecting the coordinates of arm i. They are

84



identical skew-symmetric matrices given by

0 Cs; 0
0 0 O

which matches Equation (3.55) for a single arm with the propeller mass neglected.

An important property of Equation (4.256) is that it includes entries in every row.
This means that there propeller gyroscopic terms affecting every generalized coordinate,
which justifies the neglect of other quadratic velocity terms even in Lagrange partial

derivatives which did not include 4;.

4.7.3 Vector Terms

Equation (4.224) includes effects from the thrust-induced torque, drag-induced torque,
gravitational torque, and the motor torques. The gravitational terms arise from the
potential energy partial derivatives, while the others originate from the generalized forces
acting on each coordinate.

The thrust-induced torque can be written as the sum of torques from each arm

flag)=fi+ft s+ fo (4.277)

Each arm exerts a thrust torque about the base coordinates but has no effect on any of

the arm coordinates. This is consistent with the discussion in Section 3.2.4 and is the

85



reason no thrust appeared in Equation (3.53). The four thrust terms are given by

CoCB Sptan

fi=clsii |- -— -~~~ :

o O O

g, (S6Cay + CoCpSas)

T Sp5ayC8,

Fo=clsys |-------2-------

f3 = cp657§ 777777777 )

o O O
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(4.279)

(4.280)



—Cp, (590a4 - Ca%é‘m)

—SpSasCy

Fim st | . (4.281)

o O O

The drag-induced torque can also be written as a sum of contributions from each arm

d(q, q) = d1 + d2 + d3 + d4. (4.282)

Each arm exerts a drag torque about the base coordinates and its own coordinates, but
not the coordinates of the other arms. The effect of the drag from propeller ¢ on the

coordinates of arm i is identical for each arm, and equal to Equation (3.56) with a sign
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adjustment to account for the direction of propeller spin. The four contributions are

d, = Ct’ﬁ

dy = Ct%Z

—5658, T CoCB, Cotay

CB1 Sp+ay

o O O

S$0SayCBy — CoSpSBy — CoCPCayChy

—CpSpy T SpCarCp,
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(4.284)



0
ds = 3 0 :
0

dy = Ctﬁ

59883 T CoCp3Cp—ay

—CB3Sp—as

o o O

—89804C8; T CoSpSBy — CoCHCa,Chy
CpSpy T 8pCayCpy

(4.285)

(4.286)

The gravitational torque of the arcs and shafts are balanced in all configurations due

to symmetry about the base origin, however the gravitational torque of the propellers can

exert unbalanced torques depending on the configuration. These torques are described

by the following terms

9(q) =91+ 9>+ 93+ gu,
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g1 = MmpyGo

g2 = Mmpgo

—Up (595,558, + CoSasChs + S0CHCasCpsy)

Up (Cocy5p, — Co5pCarCps)

—Up (59CasCBy + CoCHSayCh,)

Up (Co5,C8, + 5050558, — CCHCaySp,)

90

0

—lp (coS8, + S9C3, Cptan )
___TlrcetsiSprar

—LpCoCs, Sptan
—Up (86C8, + oS, Cptan )

o O O

0

(4.288)

(4.289)



gs = mpJo , (4.290)

0
Up (595058, + CoSasCBy — S9CHCasCh,)
—Llp (CoCpSp, + Co54CasChs)

0
gs = Mmpyo 0 : (4.291)
0

Up (59CasCo; — CoCpSasCay)
—lp (695@054 t S9Sa,Sp, T+ C9C<Pca4554>
0

The final piece of the equations of motion is the vector of motor input torques, given
by Equation (4.63) and not repeated here. While the overall copter is highly overactuated
with respect to 3-DOF attitude control, the coordinates for the base link rotation do not
have dedicated actuators and thus rely on the end-effector torques and couplings for

motion. This requires an adaptation to the control scheme developed in Section 3.3,
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which will be discussed at the end of this chapter.

4.8 Sample Trajectory

Another virtual experiment is conducted on the Simscape model to compare the torques
predicted by Equation (4.224) with those measured in simulation. The square sample
trajectory shown in Fig. 3.8 is extended over 20 sec and prescribed as the motion for all
four arms simultaneously. The base angles are also varied sequentially between 0-90° using
the cycloid trajectory as described by Equation (3.13) and shown in Fig. 4.1. Note that for
this experiment artificial actuators have been added to the base link to give full authority
over the motion of the copter. The joint angles, velocities, and accelerations are used as
the inputs to the left-hand side of Equation (4.224) to calculate the predicted torques
about each coordinate based on the derived equations of motion, and these predictions
are compared to the measurements made in the simulation. The resulting torques about
the base rotation axes are shown in Fig. 4.2, and the torques about the arm axes are
shown in Fig. 4.3.

Clearly the most notable deviations of the model occur during intervals of high base
velocity about multiple axes, occurring between 5-10sec and 10-15sec. This is expected
as the quadratic velocity effects due to the base were neglected to simplify the equations
of motion. Note that the maximum angular rate of the base in this trajectory is ap-
proximately 9.5 RPM, which is much faster than would be commanded in application.
The arm actuators are also prescribed motion rates beyond what would typically arise
for controlled steady flight. This sample trajectory thus represents a fairly extreme case
where the neglected dynamics are exaggerated. Despite this, the model predicts the mo-
tor torques for the tilt and propeller motors almost exactly, and captures the trend for
the alpha motors and base rotations very well. The derived equations of motion thus

provide a reliable approximation for use in model-based control design.

92



100 . .

—
— 0
80 ol
)
S 60 F ]
o
=
= 40 1
n
o
a
20 | ]
0
0 5 10 15 20

Time [sec]

Figure 4.1: Sample trajectory for validation of the derived equations of motion. Each
of the base rotation angles is varied from 0-90° using a smooth cycloid trajectory, with
overlap in the rotation intervals to excite Coriolis couplings between the coordinates.
Joint motion is prescribed directly to the Simscape model and the torques required to
realize that motion are calculated within the software.
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Figure 4.2: Comparison of predicted (dashed) and measured (solid) torques for the base
rotation axes. The measured torques are generated by the Simscape model in order
to realize the prescribed trajectory in Fig. 4.1. Predicted torques are calculated with
Equation (4.224) to the measured joint angles, velocities, and accelerations.
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Figure 4.3: Predicted (dashed) and measured (solid) torques for the arm motors. Mea-
surements are taken from Simscape simulation to generate the trajectory in Fig. 4.1.
Predicted torques are calculated from the derived equations of motion using the mea-
sured joint angles, velocities, and accelerations.
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4.9 Hierarchical Control

For the full copter with base rotation, the control objective is to apply propeller thrusts
such that the base link tracks a 3-DOF attitude trajectory composed of desired roll, pitch,
and yaw angles. Desired values for the arm angles are not provided by the trajectory
but must be generated within the control architecture. To begin, the nonlinear terms in

Equation (4.224) are grouped into a general vector-valued function to produce
M(q)d+ N(q,q) =, (4.292)

with

N(q,q) =C(q,q9)q + f(q,q) +d(q,q) + g(q). (4.293)

Equation (4.292) is identical to Equation (3.59) with larger dimensions, and the control

strategy from Section 3.3 can be repeated to obtain the control law

T =M(q)[K,(qs— q) + Ki(da — 4)] + N(q.q). (4.294)

The problem with this approach is that the torque vector 7 is implicitly assumed to
include a controllable input in every row, which is not the case for the base rotation
coordinates. Thus an adaptation is necessary to generalize this strategy for attitude
control.

Consider partitioning the motor input vector in Equation (4.63) in the following way

| | (4.295)

where T,: represents the vector of commanded motor torques associated with arm ¢,

and T represents the vector of torques about the base rotation axes which would be
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commanded if there were dedicated actuators to do so. The generalized coordinates and

speeds can also be partitioned in the same way for ease of representation on a block

diagram
gs gs
gy gy
q= i , q= L . (4.296)
gyt L gy ]

While the arm torques 7,: can be sent directly to the motors as commands, the base
torque 15 must be converted into another form. Recall the wrench mapper described in
Section 2.4, which was a least-norms mapping from a control wrench about the base axes
to a set of thrust vectors with minimal Euclidean norm. The same mapper? and subse-
quent inverse kinematics scheme can be used to convert the base torque 75 into unique
sets of desired arm angles {«; 4, 8; 4} and propeller speeds {¥; 4}, which are gathered into

generalized coordinate and speed vectors according to

;4 0
qyiy = Bi,d ) qw,d =10[. (4'297)
0 Vi.d

The full vectors of desired coordinates and speeds for Equation (4.294) are obtained by

combining the arm set-points with the provided base trajectory

ds.q 0
gy 4 . le,d

qa= |-l o= e (4.298)
gyt 4 i gyt 4

Fig. 4.4 offers a block diagram depiction of the proposed control scheme. Upon com-

2The wrench mapper in Section 2.4 operates on a 6-vector wrench containing both force and torque.
In this chapter 75 is only a 3-vector torque, so in simulation it is concatenated with a 3-vector force
which is equal and opposite to the copter’s weight. This is done to maintain propeller speeds near those
necessary for flight, since the propeller speeds have a strong effect on the system response due to the
gyroscopic couplings.
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Figure 4.4: Adapted hierarchical control model (compare Fig. 2.4). The desired trajectory
is specified for the base link while the arm set-points are determined within the controller.
A single centralized control law computes both the low-level motors torques and the high-
level control wrench for the base. The control wrench is then used to solve for the unique
set of motor angles and propeller speeds that realizes the wrench with minimal thrust
magnitudes, which are fed back to the control law as set-points.

parison with the original hierarchical control scheme shown in Fig. 2.4, the number of
independent control laws has been reduced from six (two high-level plus four low-level)
down to just one. Having a single centralized controller which generates both the rigid
body control wrench and the low-level motor torques allows for compensation of the
configuration-dependent inertia and gyroscopic couplings, assumed to be necessary for
synthesis of a stabilizing controller.

Reuse of the control law structure from previous chapters allows for reuse of the
tuning weights as well. To select the gains for Equation (4.294), the LQR framework is
applied to the feedback-linearized double integrator system with the base state weightings
Qs = diag(10, 10, 10, 5, 5, 5) and base control weightings Rz = diag (1, 1, 1). The
state and control weights for the arms are Qg = diag (10, 10, 1 x 107%, 0.1, 0.1, 1) and
Ry = diag (0.1, 1 x 1073, 1 x 1073), which are recycled from Section 3.3 and repeated
for each arm.

The tracking performance is first tested on the Simscape model with the trajectory

97



400 T T T T T

—
300 - .
=)
.
— 200 - .
=
20
-
<
100 ¢ .
0 10 20 30 40 50 60
Time [sec]
(a) Full trajectory showing all three angles.
35 H l T T T T T
—
30 F 3 TR L AN N i
<p -
MR e
_5 I I I I I
0 10 20 30 40 50 60

Time [sec]
(b) Details of pitch and roll tracking.

Figure 4.5: Simulated tracking performance of base link rotation for a simple attitude
trajectory with cycloid position profiles. The copter yaws 180°, pitches 30°, yaws another
180°, and pitches back —30° to return to the starting state. Desired roll angle remains
zero throughout. Target trajectory is shown as dashed, while simulated measurements are
shown as solid. Though the perturbations visible in the roll and pitch axes are correlated
with motion in the yaw axis, there is a distinctive coupling between the roll and pitch
which is most visible in the damped oscillations beginning at 45 sec.
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Figure 4.6: Simulated behavior of all four arms to generate the base motion shown in
Fig. 4.5. Reference values, shown as dashed, are generated by the wrench mapper and
inverse kinematics scheme in order to create the desired control wrench about the base.
Clear symmetries are visible between the roll-axis arms and between the pitch-axis arms,
which is the expected behavior to minimize conflicting thrust components.
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shown in Fig. 4.5. Starting from level hover, the copter yaws 180°, pitches 30°, yaws
another 180°, and pitches back —30°, returning to the starting state. All transitions
follow the cycloid profile described by Equation (3.13), and the roll angle is meant to
remain zero throughout. From Fig. 4.5a it is clear that the copter attitude generally
tracks the target trajectory. Fig. 4.5b shows a zoomed-in view of the roll and pitch
coordinates, where it can be seen that the maximum error is approximately 4°. Fig. 4.6
shows the behavior of the arm coordinates in response to the set-points generated from
the wrench mapper and inverse kinematics scheme. The tracking is extremely close, with
a maximum error of approximately 2°. The arm coordinates were intentionally tuned
to operate on a faster time scale than the base coordinates, since the generation of an
effective control wrench 15 depends on fast response of the arms, similar to a multi-loop
control architecture.

A second trajectory is shown in Fig. 4.7, which is identical to the first trajectory but
with the pitch and roll axes swapped; the copter yaws 180°, rolls 30°, yaws another 30°,
and rolls back —30°, returning to the starting state. The performance is extremely similar
between the two trajectories and achieves a similar maximum error. The associated arm
behaviors are shown in Fig. 4.8, which also mimic the performance of the first trajectory.

One notable feature visible in both Fig. 4.5b and Fig. 4.7b is the damped oscillation
beginning at 45sec. The two cases begin with very different initial conditions, but quickly
enter a coupled oscillation with both the pitch and roll angles oscillating at the same
frequency, and the pitch angle leading in phase by 90°. This is directly attributable to
the gyroscopic coupling between these two axes; an attitude error in the 46 direction
will elicit a control torque in the —@ direction, resulting in gyroscopic precession towards
the +¢ direction, eliciting a control torque in the —¢ direction, resulting in gyroscopic
precession towards the —@ direction, and so on until the oscillation is damped out by
the derivative action of the controller. The behavior mimics precession of a spinning top
under the influence of a gravitational torque, though with the direction flipped because

the control torques act to stabilize the copter rather than overturn it as gravity would.
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Figure 4.7: Simulated tracking performance of base link rotation for a variant of the
trajectory shown in Fig. 4.5 where the pitch and roll axes have been swapped. Target
trajectory is shown as dashed and simulated measurements in shown as solid. The variant
shows similar tracking performance to the original, and the same roll-pitch couplings are
clearly visible. A notable feature is the damped oscillation beginning at 45 sec, which is
nearly identical to that seen in Fig. 4.5 and corresponds to gyroscopic precession of the
whole copter.
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Figure 4.8: Simulated behavior of all four arms to generate the base motion shown in
Fig. 4.7. Tracking is similar Fig. 4.6 and mimics the performance of the single-arm control
design presented in Section 3.3.
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This chapter developed equations of motion for the full copter with all four arms and
a base link constrained by a spherical joint. Many simplifying approximations were made
to reduce the complexity of the resulting equations of motion for use in control design. A
sample trajectory with prescribed motion was used to verify the predictive power of the
equations despite the simplifying approximations. Finally, a modified control architecture
was developed to track a 3-DOF attitude trajectory with a single centralized control
law that accounts for both configuration-dependent inertia fluctuations and gyroscopic
couplings. The performance was demonstrated on two simple trajectories which illustrate
both the capabilities and challenges associated with the copter. The final generalization
with this platform is to remove the spherical joint constraint and allow full 6-DOF motion

of the copter.

103



Chapter 5

Full Copter 6-DOF

Having developed a full copter controller which can track attitude trajectories for the base
link, the last step in this work focuses on expanding the controller to include position
trajectories for the base link, resulting in full 6-DOF pose control. This requires expanding

the equations of motion from Chapter 4 to include translational coordinates.

5.1 Base Translation

Removing the spherical joint constraint allows the base link to translate in 3D space.

The position of the base link center of mass with respect to the origin O is denoted

B/O

r :$ﬂ1+yﬁ2+2ﬁ3, (51)

and the linear velocity of the base as seen in the inertial frame is

vBN:¢ﬁ1+g)ﬁ2+éﬁ3. (52)

The kinetic energy of the base link now includes both translational and rotational

components

Ts = Ty + T, (5.3)
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with the translational component given by

1
T = s (™) (0)

. (5.4)
= 5m,g(j:? + 97+ 2%).

This equation depends only on the translational speeds, leading to the trivial set of kinetic

energy speed partials given by

d (0T\ . d (018 . d (018 .
dt ( i ) e < 3y ) sy < ED ) - MBE (5:5)

and all other partial derivatives are zero. The rotational component of the base kinetic

energy is unchanged from Equation (4.9) and is not dependent on the new translational
coordinates, therefore all partial derivatives from Section 4.2 remain valid.

The base link potential energy is

Us = mggo ""B/O M3

(5.6)
= mpgoz,
with the only nonzero partial derivative given by
oUgp
—_— = . 5.7
92 mpgo (5.7)

5.1.1 Effects on Arm Energy

Allowing base translation introduces an additive vector component to the positions of

the arm bodies. Beginning with the arc, the new position vector is given by
A0 = B0 rAi/B, (5.8)

where the position of the base relative to the origin is given by Equation (5.1), and the

position of the arc relative to the base is unchanged from Equation (4.15). The new
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velocity vector is

AN = BN vAi/B’N, (5.9)

where vA/BN denotes the linear velocity of the arc with respect to the base, as seen in
the N frame. It is equivalent to Equation (4.17) derived under the assumption of zero
base translation. The translational kinetic energy can then be written as a sum of three

components

1 i i
T = (o) ()

— %mA(’UBN)T(vBN) + %mA(UAi/B’N)T(’UAi/B’N) i mA(UBN)T('UAi/B’N).

(5.10)

The first component captures the kinetic energy of the arc due to translation of the base,
and is equivalent in form to Equation (5.4) with the mass of the base replaced by the mass
of the arc. Its nonzero partial derivatives are thus of the same form as Equation (5.5).

The second component captures the kinetic energy of the arc due to translation about
the base, and is unchanged from Equation (4.19). All partial derivatives from Section 4.3
therefore still apply. A similar statement can be made about the rotational kinetic energy
of the arc, which is unchanged from Equation (4.20).

The last component is a cross-term between the linear velocities due to base trans-
lation and base rotation. In general this term can depend on many generalized coordi-
nates/speeds and lead to complicated partial derivatives. For example, the cross-terms

for arc 1 are given by

(V%) (0 EN) = (i g + 20) " (La(dbeoe, — B,)bs — La(theos, + Bc,)bs ).
(5.11)
which is dependent on all three base velocities, all three base angles, and two of the three

base angular velocities. Clearly evaluation of partial derivatives would prove formidable,
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however consider the same cross-terms evaluated for arc 3, resulting in

(05) " (AN = (i0y + G 7a + 27)" (= La(Wcae, — )by + La(heos, + Be,)bs),

(5.12)
which is equal and opposite to the cross-terms for arc 1. Because the masses of all
arcs are identical, these cross-terms exactly cancel when assembling the full Lagrangian
according to Equation (4.2), so the last term of Equation (5.10) has no effect on the final
equations of motion. This is a direct consequence of selecting the B frame origin to be
the copter center of mass, and any other choice of origin would result in some apparent
translation as the copter rotates about its center of mass. The cancellation also occurs
between arcs 2 and 4, as well as between opposing shafts. It does not occur between the
propellers due to the variable distance between the propeller origin and the base origin,
however the translational kinetic energy of the propeller can again be neglected due to
its small magnitude relative to the rotational kinetic energy. The result is that allowing
base translation does not introduce any additional terms to the rotational equations of
motion.

The potential energy of the arm components is dependent on the position of the base,
however the dependence is linear and therefore does not contain any cross-terms which
would complicate the partial derivatives. All partials derived in Section 4.3 still apply,
with one additional partial due to the base position. For example, the arc potential

energy satisfies

. = M 4o, (513)

and the same form holds for the shafts and propellers.

5.1.2 Generalized Forces

Of the generalized forces discussed in Section 4.4, only the thrusts have an effect on the

base translation. To find the net effect of the thrusts on the translation coordinates,
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consider the resultant vector obtained by combining all four thrusts

4

o224l (2 22 (2 23 (2 a4
E:Fi—cp% 831 Cp72 83+ €3 S5+ GV Sy
i=1

= cpﬁf (s@1 b1 — sq,c8, ba + CayCp, bg)
+ Cp’y22 (3,32 b2 + San CBy b2 + Cay CB,y b3)

+ Cp’yg( — 583 63 + SazCps 62 + CayCpy 63)

, ) ) ) 5.14
+ Cp/yi( — 5B b4 — SasCpBy b2 + CayCBy bS) ( )

.9 .9 .9 .9 ~
=6 (71 $g1 — V358s + V28a5C8, — ’743a4cﬁ4)b1

~

Cp( - ;7123011061 + ;7??8063053 + ;73852 - "74%354)1)2
Cp (;)/%Coq Cpy + ':)/220&2 Cp, + 7§Ca3 Cps + ;)/z%cazl 054)b3
2 [, by + Fy, by + F, bs.
This resultant can be rotated into the inertial frame using the appropriate DCM
Fy,

- R/\/’B Fbg 5 (515)
Fy,

[
I
Rpeye

so that F}, F,, and F, are the resultant thrusts along the z, y, and z directions, denoted
= for convenience.
As with the base rotation axes, no dedicated actuators exist for base translation, and

the motor input torques have no effect on the translation axes.

5.2 Equations of Motion

Because the rotational and translational dynamics are essentially decoupled by the ap-

propriate choice of coordinates, it is possible to write down a separate equation of motion
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for the base position, given by

x 0 F,
m |§| +mgo |0 = | Fy| (5.16)
z 1 F,
where m is the mass of the full copter
m =mg + 4dmy + dms + dmp. (5.17)
Defining a position state vector, Equation (5.16) can be rewritten as
x x
P=ly|. pP= Y|, (5.18)
z z

-6 2 [a)= o) o

which is in the typical state-space form with

0
w=1|o0|. (5.20)

mgo
5.3 6-DOF Tracking Control

The state-space form in Equation (5.19) is already amenable to the LQR framework,
which could be used to calculate gain matrices that regulate the position and velocity of
the base link to zero. The objective, however, is not to remain at zero but to track a

given position trajectory p,. To achieve this, consider an integrated position error signal

defined by
e; = / (pa — p) dt. (5.21)
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Figure 5.1: Block diagram for the copter translational dynamics in Equation (5.19) and
the LQI control law in Equation (5.23).

Adding the integrated error to the state-space equation yields the augmented system

P 0 E; 0] [p 0 0 0
pl=]0 o0 ol |p|+|E|E+|0|ps— |W]|. (5.22)
éi —Eg 0 0 €; 0 E3 0

Let the augmented state-feedback plus weight compensation control law be given by

= —Klp — KQP - K3€i + VV'7 (523)

where the gain matrices are obtained by applying the LQR framework to Equation (5.22).
The resulting control block diagram is shown in Fig. 5.1. By including the integrated
error as a state variable, the controller regulates the system to a steady-state where the
position p asymptotically approaches py, under the assumption that the latter is constant.
This is an application of LQR with integral action, and the control law is dubbed the
linear quadratic integrator (LQI).

The commanded base force 2 from Equation (5.23) can be combined with the com-
manded base torque 74 from Equation (4.294) to form the overall control wrench for
the base link, denoted w. This wrench is then fed to the same wrench mapper and in-
verse kinematics scheme used in Section 4.9 to generate set-points for the arm angles and
propeller speeds. The full block diagram for the control architecture is shown in Fig. 5.2.

To tune the gain matrices in Equation (5.23), the LQR framework is applied with the
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Figure 5.2: Hierarchical control model for combined position and attitude tracking (com-
pare Fig. 4.4). The commanded base force is computed by the LQI control law in Equa-
tion (5.23). The vector 7 is computed with the LQR plus nonlinear compensation in
Equation (4.294), and is separated into the commanded base torque 75 and the motor
torques T,:. The base force and torque are combined into a control wrench v and used to
computed the desired arm angles and propeller speeds, which are fed back to the control
law as set-points.
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position state weightings @, = diag (1, 1, 1, 20, 20, 20, 5, 5, 5) and the control weight-

ings R, = diag (0.1, 0.1, 0.1). The attitude controller is unchanged from Section 4.9.

5.3.1 On-point Rotation

The control architecture is tested with two trajectories that demonstrate capabilities of
the twist-tilt copter which would not be possible with a conventional quadrotor. The
first is the on-point rotation trajectory shown in Section 4.9 with a spherical joint con-
straint, repeated here with base translation enabled. Fig. 5.5 shows the desired attitude
trajectory, consisting of alternate yaw and pitch motions while maintaining zero roll. The
simulated performance is very similar to Fig. 4.5 without base translation, which is ex-
pected because the translational dynamics are not coupled with the rotational dynamics,
and the attitude controller is identical in both cases.

The simulated translation is shown in Fig. 5.4. It can be seen that during the initial
yaw movement, all displacements remain essentially zero. During the first pitch motion
occurring at 15sec, the propeller speeds (shown in Fig. 5.5) are varied differentially to
change the pitch angle while maintaining zero roll. This temporarily results in a net
thrust which displaces the copter along the = axis, but is quickly corrected by altering
the tilt angles on the roll-axis arms. A similar position perturbation is seen at 40 sec
when the copter pitches back to its original attitude. The x displacements for these two
events occur in the same direction despite reversed pitching action because the copter
yaw angle changes 180° between the two maneuvers. In both cases the maximum dis-
placement error is approximately 7cm, but could be decreased by reducing the R, cost
in the LQR tuning. The cost of the base force E relative to the cost of the base torque
75 determines how strongly the arm set-points are influenced by position tracking and
attitude tracking respectively. This can be exploited to create specialized controllers for
real-world applications where precise position control is more important than attitude
control, or vice versa.

Fig. 5.6 shows another variation of on-point rotation, consisting of alternating yaw
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Figure 5.3: Simulated tracking performance of base link rotation for a sequential yaw and
pitch trajectory at zero roll. Target trajectory is shown as dashed, simulation measure-
ments are shown as solid. While coupled perturbations exist in the roll and pitch axes,
the tracking performance has improved by including an additional control objective for
position regulation (compare Fig. 4.5b.
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Figure 5.4: Position tracking performance for the attitude trajectory shown in Fig. 5.3.
The desired displacement set-points are all zero, indicated by a black dashed line. Pertur-
bations in the x axis occur during periods of pitching motion, where rotation of the full
copter momentarily leads to a net thrust in the horizontal plane before being counteracted
by the appropriate tilt angles.

and roll motions while maintaining zero pitch. The performance is again very similar to
Fig. 4.7, which is the same trajectory simulated with a spherical joint constraint on the
base link. The associated base translations and arm behaviors are shown in Fig. 5.7 and
Fig. 5.8. Similar to Fig. 5.4, the position tracking remains nearly unperturbed during the
initial yawing motion, and two position perturbations appear during the active rolling
phases at 15sec and 40 sec. The first roll is initiated at 15sec by differentially varying the
propeller speeds, briefly resulting in a net thrust in the positive y direction which is soon
compensated by altering the tilt angles on the pitch arms. A similar y perturbation is seen
during the negative pitch action at 40 sec, with translation occurring in the same direction
due to the copter having yawed 180° in the interim. The maximum tracking errors for the
position and attitude are approximately 7cm and 4°, similar to the yaw-pitch trajectory
variant.

One noteworthy feature of these simulations is the reduced overshoot in attitude

tracking compared to the identical trajectories simulated with a spherical joint constraint
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Figure 5.5: Simulated arm behavior for the attitude trajectory shown in Fig. 5.3. Refer-
ence values, generated by the wrench mapper and inverse kinematics scheme, are shown
as dashed. Simulated measurements are shown as solid. Symmetries are clearly visible
between opposing arms during the pitch motions, and between all arms during the yaw
motions.
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Figure 5.6: Simulated tracking performance of the base link rotation for a variant of the
trajectory shown in Fig. 5.3, with sequential yaw and roll motions at zero pitch. Tracking

performance has improved over Fig. 4.5 by inclusion of the position regulation control
objective.
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Figure 5.7: Position tracking performance for the attitude trajectory shown in Fig. 5.6.
All desired displacements are zero, indicated by a black dashed line. Perturbations in the
y axis arise during rolling motion of the base, where rotation of the full copter momentarily
leads to a net thrust in the horizontal plane before being counteracted by the appropriate
tilt angles.

(Fig. 4.5b and Fig. 4.7b). The addition of position tracking as a control objective has im-
proved the performance in the attitude tracking objective. While it seems counterintuitive
that adding multiple, possibly conflicting control objectives would improve performance,
consider that the attitude dynamics are extremely complex and contain many unmodeled
behaviors such as centrifugal and Coriolis couplings. Any attitude control input will thus
have unexpected consequences which can ripple throughout the many degrees of freedom
and lead to prolonged oscillations. In contrast, the position dynamics are relatively well-
behaved, with the only major assumptions being those related to inertial properties of
the various bodies (which also affect the attitude dynamics). By selecting the control
weightings for the base force to be relatively cheap compared to the base torque, the con-
troller generates control wrenches which favor the well-behaved position objective over
the ill-behaved attitude objective. The direct result is less variation in set-points for the
arm coordinates, visible by comparing Fig. 4.6 to Fig. 5.5 and Fig. 4.8 to Fig. 5.8; giving

rise to overall smoother motion, lower overshoot, and reduced oscillation.
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Figure 5.8: Simulated behavior of the arm coordinates to generate the base motion shown
in Fig. 5.6. Performance is similar to Fig. 5.5, which is a variant of the same trajectory.

118



X
5 L
4+
el
= 3
S
)
.a 2 L
&
1Lk
O o3
_1 I I I I
0 10 20 30 40

Time [sec]

Figure 5.9: Simulated tracking performance for a simple position trajectory at zero at-
titude, tracing a 5m square in the horizontal plane with edges interpolated by cycloid
splines. The x and y tracking resembles the expected behavior for a rigid body, and the
z displacement is maintained within 1 cm of nominal for the entire simulation.

5.3.2 Level Flight

The second type of trajectory which distinguishes the twist-tilt copter from a traditional
quadrotor is the capability for full 3-DOF translation at a fixed attitude. Fig. 5.9 shows
a position trajectory which traces out a 5m square in the horizontal plane, with interpo-
lation between corners according to the cycloid in Equation (3.13). The associated base
attitude and arm behaviors are shown in Fig. 5.10 and Fig. 5.11. Clearly the copter po-
sition tracks the desired trajectory, and the attitude is maintained within 0.6° of nominal
throughout the entire simulation. The initial transient followed by near constant offset
in the yaw angle is due to approximation of the arm centers of mass as being fixed along
the twist axes. The true center of mass for arm ¢ lies slightly in the positive 6’2 direction,
resulting in an initial disturbance to the twist angles that causes a thrust-induced yawing
moment about the base. The yaw offset generates twist commands which are counter-

acted by the arm gravitational torque, leading to a steady-state offset of approximately

0.3°
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Figure 5.10: Simulated base link attitude for the position trajectory shown in Fig. 5.9.
All rotation set-points fixed at are zero, indicated by a black dashed line. The initial
transient followed by a near constant offset in the yaw angle is due to the unmodeled
position of the arm centers of mass.

At the scale shown in Fig. 5.11 it is possible to see the details of the arm behavior.
The near constant offset of approximately 0.4° in the twist angles is once again due to
the approximation in the arm center of mass location, resulting in a pseudo steady-state
offset where the corrective control signal cancels the gravitational torque. The most
notable feature of the tilt and propeller motors is the small, high frequency variation in
the reference signals. This is a result of the matrix pseudoinverse and inverse tangent
functions present in the wrench mapper and inverse kinematics scheme. While these
inversions are relatively well-behaved for small angles, they can become very sensitive

near singularities and lead to violent divergence of the closed-loop system.
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Figure 5.11: Simulated arm behavior associated with the position trajectory shown in
Fig. 5.9. The near constant offset in the twist angles is due to the true location of the
arm centers of mass, which lie slightly offset from the twist axes. Small, high frequency
variations are visible in the set-points for both the tilt and propeller motors due to the
matrix pseudoinverse in the wrench mapper and the inverse tangent functions in the
inverse kinematics scheme.
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Chapter 6

Conclusion

This work aimed to design a control architecture for the twist-tilt copter which could
track arbitrary position and attitude trajectories in 3D space. The copter was modeled as
four identical arm assemblies each composed of an arc, shaft, and propeller, all attached
to a base link. General approximations were made about the centers of mass for the
various bodies, namely that the centers of mass all lay at fixed distances along various
motor axes due to symmetry. This greatly simplified the system dynamics by eliminating
many possible Coriolis terms and other couplings between translational and rotational
motion. These assumptions well approximate the real system, which was designed with
such symmetries in mind.

A simulation was developed in Simscape Multibody for conducting virtual experi-
ments on the twist-tilt copter. The simulation is built using an imported CAD assembly
connected by specified joints. Inertial properties are extracted directly from the CAD
files and therefore do not conform to the approximations made for modeling purposes.
The equations of motion are formulated and solved within the software, completely unin-
fluenced by the equations derived in this paper. Actuator torque limits were also included
to better approximate the mechanical behavior of the true system. This platform then
serves as an independent basis for all control design and validation.

The control design problem was first approached for a single arm under the assumption

that the base link was fixed to ground, leaving three degrees of freedom to be controlled.
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Three independent LQR. controllers were designed based on highly simplified linear mod-
els for each arm motor, treated as decoupled single-input-single-output systems. While
the independent controllers performed well in isolation, tracking performance suffered
when multiple motors were active simultaneously. Thus a more thorough modeling ap-
proach was deemed necessary for control design, one which could capture the nonlinear
couplings between the three motor axes.

To derive the coupled equations of motion for a single arm on a fixed base, a La-
grangian formalism was applied with the three motor angles as the generalized coordi-
nates. One valuable simplification was that the angular velocity of the propeller motor
is several orders of magnitude greater than the angular velocities of the twist and tilt
motors. The expression for the kinetic energy of the propeller could then be well approx-
imated solely by the component due to 4 rotation, eliminating many terms which would
complicate the ensuing partial derivatives. This not only simplified the final equations
of motion by removing some negligible centrifugal and Coriolis effects but also elimi-
nated dependence on the rotor angle entirely, a critical feature for implementation where
measuring the position of a fast moving rotor is impractical. Generalized forces were eval-
uated for each coordinate by projecting the various end-effector torques, applied motor
torques, and internal gyroscopic torques onto each axis.

Evaluating the partial derivatives and assembling the Euler-Lagrange equations re-
sulted in a system of coupled nonlinear equations including the remaining centrifugal,
Coriolis, and gyroscopic coupling effects. The system satisfied known relationships per-
taining to symmetries and definiteness of the matrix terms. A sample trajectory was then
prescribed to the Simscape model to test the predictive accuracy of the derived equations
of motion. Despite the approximations made for modeling purposes, the equations of mo-
tion reproduced the motor torques generated in simulation almost identically, affirming
the accuracy of the derived model.

The same LQR framework used for the decoupled SISO control designs was applied to

the coupled equations of motion to synthesize a single MIMO controller for the trajectory

123



tracking of the arm subsystem. The state and control tuning weights were selected to
be identical between the SISO and MIMO implementations so that comparison between
the two was as direct as possible. The resulting MIMO controller successfully maintained
tracking performance of each motor axis even during simultaneous motions, compensating
for the nonlinear couplings with feedback linearization and demonstrating the potential
benefits of a thorough model-based control design for the full copter.

The dynamic model was next generalized to cover all four arm subsystems and allow
for 3-DOF rotation of the base link, increasing the number of generalized coordinates
to 15. Derivation of a general system of 15 coupled equations of motion may be nearly
intractable, however the physical construction of the twist-tilt copter led to a simplified
structure; the dynamics of each arm are dependent on the coordinates of that arm as
well as the coordinates of the base, but are independent of the three other arms. The
resulting inertia matrix and coupling matrix are thus mostly block diagonal, containing
zeros in the elements which would relate any two arms, and with the remaining blocks
related by simple substitutions due to symmetry. In addition, most of the quadratic
velocity terms were deemed negligible compared to the gyroscopic effects of the propellers,
which appear in every row of the equations and dominate the dynamics. The predictive
accuracy of the new model was then evaluated using the same approach as the single arm
model: prescribing a simulated trajectory and comparing the expected motor torques
with the measurements from simulation. Despite many approximations and neglected
dynamics, the derived equations of motion successfully reproduced the required motor
torques to within the necessary accuracy for control design, even for a trajectory which
overemphasized the neglected effects.

While the matrix equation of motion for the full copter with base rotation was similar
in form to the matrix equation for a single arm with fixed base, a key difference is that
the base rotation coordinates did not include a dedicated motor input and thus could
not be controlled with the same LQR structure from previous chapters. The hierarchical

control model introduced in [17] was then modified and applied to the coupled equations
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of motion. Both the high-level rigid body controller and the low-level motor controllers
were replaced by a single centralized control law based on the existing LQR framework.
Torque commands for the arm coordinates were sent directly to the relevant motors, while
the torque command for the base link was converted through a least-norms and inverse
kinematics scheme to a set of desired set-points for the arm coordinates, fed back to the
controller as arm trajectories. Use of least-norms leveraged the overactuated nature of
the twist-tilt copter to realize a desired control wrench with a set of propeller thrusts
having minimal Euclidean norm, equivalent to minimizing conflicting thrust components
between arms.

The tracking performance of the modified hierarchical control scheme was tested on
two variants of an attitude trajectory composed of sequential yaw-pitch motion or yaw-
roll motion. In both cases the copter attitude successfully followed the trajectory within
a satisfactory error envelope of a few degrees. Coupling between the roll and pitch axes
was visible as a dual oscillation with identical frequency and constant phase offset. The
behavior was consistent with control of a spinning top, a good approximation for the
twist-tilt copter when all arm angles remain near constant.

Finally, the dynamic model was generalized to allow for unconstrained motion of the
base link, bringing the number of generalized coordinates to 18. The choice of coordinate
frames and assumptions on the inertial properties resulted in position dynamics which
were completely decoupled from the attitude dynamics, with the translational behavior
under the influence of thrust and gravity being linear in the three base link position
coordinates.

The hierarchical control model was expanded to include a separate LQI position con-
troller. Tracking performance was then evaluated on two types of trajectories which
showcase maneuvers of the twist-tilt copter that would be impossible on a traditional
quadrotor: on-point rotation and level flight. In both cases, the copter tracks the speci-
fied trajectory while maintaining nominal levels in the unspecified coordinates. Further-

more, addition of position tracking as a second control objective has improved upon the

125



performance of the attitude controller in isolation. By favoring the commands from the
position controller over those from the attitude controller, the generated set-points for
the arms are more influenced by the well-behaved translational dynamics as opposed to
the ill-behaved rotational dynamics, resulting in smoother overall motion. This confirms
the development of a model-based controller for the twist-tilt copter which effectively
tracks position and attitude trajectories in SE(3).

This work has focused on modeling and control of the twist-tilt copter itself, how-
ever the true utility of the twist-tilt architecture is in maneuvering through a complex
environment and manipulating a potential payload. While the inertial approximations
are appropriate for the copter, adding a payload could significantly offset the center of
mass for the overall system, causing shifts in the attitude dynamics and coupling the
position dynamics to the attitude. Future work on the applications of this platform must
involve adapting the control architecture to tolerate massive payloads, either through
explicit modeling of the shifted center of mass or through feedback methods such as
disturbance-observer-based control.

Another area with potential for great improvement is the inverse kinematics scheme.
Use of inverse trigonometric functions to calculate angular set-points is highly sensitive
to noise and can lead to violent divergence near singularities. One potential solution
is to make use of the extensive work on inverse kinematics developed for robotics. For
example, Kajita et al. present a singularity-robust inverse kinematics scheme in [19] which
is based on damped least-squares. Alternatively, the Euler-angle parameterization used
in this work could be replaced by a quaternion representation, completely eliminating the
potential for singularities but requiring rederivation of the equations of motion.

A final comment is made regarding implementation of the proposed control architec-
ture. While the terms in the nonlinear control law are easy enough to program in low-
level hardware, dependence on many trigonometric terms is computationally expensive
and could limit the effective bandwidth of the system subject to computing constraints.

Alternate representation in terms of quaternions has the benefit of eliminating trigno-
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metric elements, but at the expense of a further expanded set of generalized coordinates.
Another avenue could be to selectively linearize those elements of the dynamics which
are slowly evolving and only employ nonlinear compensation for the elements which vary
more rapidly. These concessions or others may prove necessary for implementation of a

stabilizing controller on real hardware.
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Appendix A

Simulation Parameters

The multibody simulation first described in Chapter 3 and used throughout this work is

based on an imported CAD assembly with the following parameters.

Base link:
e Mass: mp = 318.43 x 103 kg

e Center of mass: coincident with B frame origin

1437005.46 0 0
e Inertia: Iy = 0 1437005.46 0 x 10~ "kgm? in B frame
0 0 2729652.26

Arc:
o Mass: my = 339.21 x 103 kg

T
e Center of mass: r/8 = [284.62 48.66 —.01] x 1073 m in B frame

e Length from B to A on twist axis: 4 = 284.62 x 10~ m

13679869.50 2819764.95 314.00
e Inertia: I4 = | 2819764.95 3870659.52 73.24 x 107" kgm? in A frame
314.00 73.24 17511408.70

Shaft:
e Mass: ms = 220.47 x 103 kg

T
e Center of mass: /8 = [414.77 11.61 1.27] x 1073 m in B frame
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e Length from B to S on twist axis: {4 = 414.77m

1986082.91 —416.87 2.19
o Inertia: Is = | —416.87  39339.47 —3249.96 | x 107"kgm? in S frame
2.19 —3249.96 1993493.04

Propeller:
e Mass: mp =49 x 103 kg

T
e Center of mass: r7/8 = [414.78 0 28.59| x 10~2m in B frame

e Length from S to P on propeller axis: £p = 28.59 x 10~ m

5162.11 0 —6.57
e Inertia: Ip = 0 57.81 0 x 107" kgm? in P frame
—6.57 0 5199.18

Assumed aerodynamic coefficients:
e Thrust: ¢, =9.14 x 10~°kgm
e Torque: ¢; = 4.04 x 1075 kgm?
Maximum motor torques:
e Twist motor: 2.3520 N m
e Tilt motor: 2.3520 Nm

e Propeller motor: 0.5968 N m
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