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Accelerating Bilevel Optimization with Hierarchical
Many-threaded Parallel Differential Evolution

Amanda S. Dufek, Jaqueline S. Angelo, Douglas A. Augusto, and Helio J.C. Barbosa

Abstract—Bilevel optimization is encountered in many relevant
real-world applications. The main feature of this type of problem
is that an upper-level optimization problem is constrained by a
nested lower-level optimization problem. Because of this nested
structure, bilevel problems are usually computationally expensive
to solve. Differential Evolution has demonstrated promising
results in solving bilevel problems of relatively small scales.
As the problem scale increases, the decision space becomes
intrinsically larger, requiring a growing number of function
evaluations for the method to work properly. In this context,
heavy parallelization and high-performance computing tech-
niques are indispensable to enable the resolution of more complex
and challenging optimization problems. Hence, we propose a
hierarchical many-threaded parallel Differential Evolution ap-
proach for bilevel problems, where both levels are parallelized.
The computational experiments demonstrate that the parallel
implementation achieved runtime speeds ranging from 44 to
2559 times faster than the sequential version on a well-known
scalable SMD benchmark test problem when executed on an
NVIDIA A100 GPU. The findings indicate that the algorithm’s
convergence is strongly influenced by the number of both upper-
and lower-level generations. Moreover, the success of experiments
with large-scale problems is closely linked to the choice of small
population sizes.

Index Terms—Bilevel Optimization, Differential Evolution, Hi-
erarchical Decomposition, Many-threaded Parallelism, GP-GPU,
Heterogeneous Computing

I. INTRODUCTION

ILEVEL problems (BLPs) have gained significant at-

tention in recent years. They address problems having
a hierarchical structure involving two decision-makers: the
leader, responsible for optimizing the upper-level problem,
and the follower, responsible for the lower-level optimization
problem. This nested structure is defined as a mathematical
programming problem in which the leader has a subset of
its variables constrained to be the optimal solution of the
follower’s optimization problem. Such an approach is useful to
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model decentralized planning problems, which arise in many
real-world scenarios. The BLP can be defined as

min F‘(Xul7 X”)
Xul X1l

subject to G(xy, %) <0
Xy € arg nililn{f(xuz’Xzz) :g(xut, x) < 0)}

where x,; € R” and x;; € R™ are the control variables of
the upper and the lower level, respectively, F' : R*™™ — R
is the upper-level objective function and f : R"*™™ — R
is the lower-level objective function. G' : R**™ — RP and
g : R**™ 3 RY denote the upper- and lower-level constraints,
respectively. A BLP aims to identify the optimum value of the
upper-level problem, subject to optimally solving the lower-
level problem.

Compared with single-level optimization, BLPs introduce
additional challenges due to their hierarchical structure. Even
the “simplest” case of BLPs with linear functions on both
levels may be non-linear [1] and were shown to be strongly
NP-hard [2]. Just to identify if a solution is optimal or not is
itself NP-hard [3]. Another challenge is that unless the lower-
level solution is optimal, it cannot be considered feasible for
the overall problem. This suggests that approximate methods,
such as metaheuristics, may not be appropriate for solving the
lower-level problem since they do not guarantee exact opti-
mality. Nevertheless, near-optimal or satisfactory solutions —
those that meet decision-maker’s needs — are often acceptable
in practice [4], particularly when the computational cost of
obtaining an exact solution makes exact methods impractical.

Due to the complexity of BLPs, metaheuristics like Evo-
lutionary Algorithms (EAs) have emerged as a promising al-
ternative, as they do not require problem-specific assumptions
such as linearity, convexity, or differentiability. EAs can also
be applied in black-box optimization, where the objective
function (or constraints) is derived from computer simulations
or experimental data based on input values. Some reviews of
applications and solution methods for BLPs, including both
classical and evolutionary approaches, can be found in [5]-
[7]. Notable works on EAs applied to BLPs can be roughly
categorized into five groups:

1) Single-level reduction: Those techniques investigate the
properties of the so-called inducible region to obtain (neces-
sary and sufficient) conditions to replace the (convex) lower-
level problem by its Karush-Kunh-Tucker (KKT) conditions,
appending the resultant system to the upper-level problem.
This approach results in a mathematical program with equi-
librium constraints (MPEC), which is a single-level, but non-
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convex, optimization problem [8]. To apply such a strategy it
is necessary to assume (explicit) knowledge of the analytical
form of the objective function and constraints, and even so,
sometimes the transformed problem is not equivalent to the
original BLP [9], [10]. Although such an approach is common
in classical methods [6], [11], there are fewer examples of
this application in EAs [12]-[14]. Those methods are mostly
limited to handling BLPs assuming linearity, convexity, differ-
entiability, and a reduced number of variables.

2) Nested approaches: Unlike the previous strategy, nested
approaches solve the bilevel problem in its original form by
employing search processes at both levels in two different
ways: (i) using EAs on the upper level and deterministic
methods for the lower level [15], [16], and (ii) using EAs
on both levels [16]-[20]. While these methods are the most
straightforward and simple way to solve BLPs, the thorough
lower-level searches for each upper-level variable, though
capable of producing competitive results, are computationally
expensive due to the high number of function evaluations.

3) Surrogate modeling: To reduce the computational effort
associated with function evaluations, the use of surrogate
modeling at one or both levels of bilevel optimization has
gained popularity. Surrogate modeling aims to replace the
original evaluation function with a substantially less expensive
approximation. Nested surrogate-assisted methods, such as
those proposed in [21]-[25], specifically focus on minimizing
the computational effort at the lower level. Similarly, in [26]-
[28], surrogate models are incorporated at both levels, while
in [29], [30], surrogate modeling is applied to the upper-level
optimization only. It is important to highlight that some of
these methods are problem-specific approximate models that
may not generalize well across different BLPs and may face
convergence issues due to the accumulation of small deviations
from the true optimum [31].

4) Information sharing: Another approach involves sharing
information between tasks or problems to improve and acceler-
ate the bilevel optimization procedure. This approach assumes
that knowledge gained from solving one optimization problem
can be used to accelerate the solution of a similar problem.
Multitasking and transfer learning-based methods such as
those in [30]-[36] employ information-sharing mechanisms
between multiple lower-level tasks to improve the lower-level
search and thus reduce the number of lower-level function
evaluations. Note that, if tasks are not well-related, knowl-
edge transfer can negatively impact optimization (negative
transfer) [37], particularly in bilevel problems with different
lower-level optimization tasks. They can also add complexity
by requiring additional mechanisms to assess what knowledge
should be transferred and how it should be applied [38].

5) Parallelism: The inherent parallelism of EAs is a pro-
pitious field for designing parallel techniques capable of
exploring the maximum capacity of high-performance com-
puting platforms, especially massively parallel ones, such
as General-Purpose computing on Graphics Processing Units
(GP-GPU) [39], to accelerate bilevel evolutionary optimiza-
tion. The massively parallel architecture of GPUs makes them
more efficient than general-purpose Central Processing Units

(CPUs) when a large amount of independent data needs to be
processed in parallel, which holds a promising opportunity
for the resolution of BLPs. The scientific community in
evolutionary computation has been engaged in constructing
effective and efficient bilevel evolutionary techniques. It is
interesting to note that while parallelism has been extensively
investigated within EAs [40]-[48], its application in bilevel
optimization remains relatively scarce. There are currently
only a few examples of CPU-based parallel approaches applied
to BLPs, where parallelism is implemented at either the upper-
level [49], [50] or at both levels [51]-[54]. For instance, Bos-
tian et al. [49] focused on bilevel multi-objective optimization
for optimal policy in environmental economics. In [51], [52],
the authors addressed scenarios involving one leader and mul-
tiple followers, which represents another challenging class of
BLPs. Co-evolutionary decomposition-based algorithms, such
as in [53], [54], were designed to solve combinatorial BLPs
in supply chain management. Similarly, Camacho-Vallejo and
Garcia-Reyes [50] introduced a co-evolutionary method for a
binary BLP in telecommunication networks. To the best of our
knowledge, GPU-based parallel approaches within the bilevel
domain remains unexplored.

In this context, we propose a hierarchical, many-threaded,
parallel differential evolution-based nested approach for BLPs,
where both upper and lower-level search procedures are par-
allelized, designed to run on multiple parallel devices (e.g.
CPUs and GPUs) from a variety of vendors (see Section III).
Three parallel versions of the algorithm are described in
Section IV-A3 and validated in Section IV-B. The correspond-
ing sequential version developed by Angelo et al [17] is
presented in Section II. The motivation for parallelizing a
nested approach lies in its simplicity and straightforwardness
in solving BLPs. However, parallel hardware acceleration are
not restricted to nested structures; it can also be applied to a
range of previously mentioned algorithmic strategies [55].

Another contribution of this paper is providing a perfor-
mance analysis of the proposed approach when applied to a
well-known scalable SMD benchmark test problems [18] on
an NVIDIA A100 GPU (see Section I'V-C), taking into account
up to 64 decision variables (see Section IV-D). We have
not found in the existing literature any work that addresses
the consideration of such a high number of variables in the
context of the SMD test problems. An overview of the SMD
benchmark test problem is given in Section IV-A2.

II. DIFFERENTIAL EVOLUTION FOR BLP
A. Differential Evolution Algorithm

Differential Evolution (DE) [56], [57] is a simple population-
based stochastic method originally designed for solving opti-
mization problems in continuous search spaces. DE and its
variants have been successfully applied in numerous real-
world problems from various domains. They are considered
one of the most competitive and versatile members of the
family of EAs [58].

A pseudo-code of the DE algorithm is shown in Algo-
rithm 1. The method initiates with a random population X
comprising N candidate solutions within the search space



Algorithm 1: DE algorithm

1 fori < 1to N do
2 x! + initiate_random_pop(z(X), z(U));
3 | fx[i] + evaluate(x');

4 for g < 1 to G do

5 for i < 1 to N do
// Egs. (1-2) )
6 v' < apply_operators(CR, F,x"1:72:73:%);
7 fo < evaluate(v?);
8 if fu < fx/[i] then
9 | %t v fxli] < fo:

0 select_best(fx);
1 return the best solution found

_

defined by the specified lower bound, m(L), and upper bound,
2, for the variable x (line 2). Each solution x‘, where
i = 1,...,N, is evaluated based on an objective function
(line 3), assigning a quality measure to the individuals.

At each generation g (line 4), each individual of popula-
tion X undergoes mutation and crossover operations (line 6)
following a predefined DE variant. For instance, consider the
DE/target-to-rand/1/bin variant, described by Eqs. 1 and 2 be-
low, as an example to demonstrate these two genetic operators.

In the mutation operation, for each vector x’ of size D, a
vector w' is generated according to:

w'[j] = @[]+ F x (a" [j] =2 [j])+ F x (z"[j] —2"[5]) (1)

where ri-th, ro-th, r3-th are distinct and randomly selected
individuals of X, and different from the ¢-th; y = 1,..., D,
with D being the dimension of the problem; and F' is the scale
parameter used to control the amplitude of the search in the
direction of the applied difference.

In addition, a crossover operation is performed, where the
trial vector v is created using elements from both the target
vector x* and the donor vector w' as:

ij] = w'[j], if rand(0,1) < CR or j = jRand, )

L P [j], otherwise
The crossover rate C'R is a user-defined parameter, rand(0, 1)
is a uniformly distributed random number in the interval [0, 1],
and jRand is a randomly generated integer from 1 to D so
that vi #x%,i=1,... N.

The fitness of the trial vector v?, calculated at line 7, is
compared to that of the target vector x’ (line 8). The better
solution is selected for the next generation of X. Note that
we are considering a minimization problem, thus, the lower
the fitness, the better the solution. This evolutionary process
continues until a stopping criterion is reached, in this case, the
maximum number of generations G. Finally, the DE algorithm
returns as a result the best solution found.

B. Bilevel Differential Evolution Algorithm

The most straightforward approach to applying DE in BLPs is
to construct a nested procedure in which two DE algorithms
are employed. Each DE algorithm is responsible for optimizing
one level of the BLP: the upper-level DE (DEy.) and the

lower-level DE (DE;). A pseudo-code of the sequential ver-
sion of the Bilevel Differential Evolution algorithm (BLDE) is
given by Algorithm 2 [17]. The BLDE algorithm or the upper-

Algorithm 2: BLDE algorithm or DEy;,

1 for i < 1to N,; do

(L) (U)).

2 xili<— initiate_ra.nolom_popxul (Iul 1T )s

3 (%}, 5 fzy;) ¢ DErn(x%,); // Algorithm 3
4 fxu ['L} + evaluateu (x};,X}; );

5 fXL*l 1] fz”§

6 for g < 1 to G,; do

7 for i < 1 to N,; do .

8 vi, + apply_operatorsy, (CR, F,x 17273

9 (Vfla foy) DELL(Vil); // Algorithm 3
10 Sou < evaluateul(vil,vh);

11 if fvuz_ < qu‘l [¢] and f,,, < le*l [¢] then

12 L xf% — v;l; Fx 1] <= fous

13 xj; HV;l;fX,,",[i}%fvu;

14 selectfbest(fxul,fxﬁ);
15 return the best pair of solutions found

level DE iteratively evolves pairs of solutions. For each upper-
level solution le, wherei=1,..., N1, there is an associated
optimum lower-level solution xfll. To facilitate this process,
BLDE maintains two populations: the upper-level population
X1, which consists of N,; upper-level candidate solutions,
and X, a collection of the corresponding IV,,; optimum lower-
level solutions obtained so far. The initialization and evaluation
of both populations occur between lines 1 and 5.

At each generation g (line 6), each upper-level target vector
x!, is subjected to mutation and crossover operations to
generate its respective upper-level trial vector vi, (line 8).
For each fixed upper-level trial vector v,@l, i=1,..., Ny, the
lower-level DE is executed at line 9. The DE:; procedure is
outlined in Algorithm 3, which closely resembles Algorithm 1

Algorithm 3: DE;;,

Input: v,

1 for j < 1 to Ny do
2 x{l < initiate_random_popx;, (xl(lL),a:;lU));
3| fx,li] < evaluaten (vi;,x7));

4 for g < 1 to Gy do

5 for j < 1 to Ny; do

6 vfl + apply_operatorsy,, (CR, F, xlTll‘TQ"T3’J);
7 foy evaluatell(vil,vljl);

8 if fu, < fx,,[j] then

9 xjy = Vi fxp, ] 4 foy

10 select_best(fx,,):
1 return the best solution found and its fitness

from the previous section, except for the objective function
(lines 3 and 7 of Algorithms 1 and 3). DE.; returns the best
lower-level solution v?, from the lower-level population X;; of
size Ny, obtained in response to the given v';, based on the
lower-level objective function. In the upper level, the pair of



trial vectors, (v¢,, v})), is also evaluated based on the upper-
level objective function (line 10). At line 11, its fitness in both
upper and lower levels is compared to that of its respective
pair of target vectors (x’,;, x}; ). The better pair of solutions is
selected for the next generation of populations X,,; and XJ;. At
the upper and lower levels, their respective iterative procedure
continues until their stopping criterion, given by a maximum
number of upper- and lower-level generations, G,; and Gy,
respectively, is satisfied. The BLDE algorithm concludes by
returning the best-found pair of solutions. For more details the
reader is referred to [17], [59]-[61].

III. MANY-THREADED PARALLEL BLDE

Taking as a baseline the previously introduced BLDE
algorithm [17], we propose a hierarchical parallel
implementation of BLDE, here referred to as PBLDE,

that comes down to the nested execution of two
kernels: Parallel_Bilevel_Optimization, and
Parallel_Solution_Evaluate, as we can see in

Algorithm 4. These two kernels will be described in

Algorithm 4: PBLDE algorithm
1 seed();

// Initialization (first call)
2 Parallel_Bilevel Optimization();

w

while stop criteria not met do
L Parallel_Bilevel Optimization();

[N

Parallel_Solution_Evaluate();

EN

select_best(fx,,, le*l);
return the best pair of solutions found

N

detail in the next two sections. The PBLDE algorithm has
been written in C/C++ and OpenCL, and is available at
https://github.com/amandasd/blde. OpenCL stands for Open
Computing Language, an open standard for programming
parallel cross-platform heterogeneous computing systems,
including CPU, GPUs, and other architectures such as
DSPs and FPGAs [62]. A code written in OpenCL will
run on any OpenCL-supported platform regardless of the
architecture, although some tweaks might be necessary to
achieve the maximum performance on a specific architecture
or device. This means that the above mentioned parallel
BLDE implementation runs on massively parallel GPUs but
would also run straightaway on conventional multiple core
CPUgs, for instance.

The first line of Algorithm 4 calls the seed kernel, which
is listed in Algorithm 5. It ensures that each work-item will

Algorithm 5: seed kernel
1 global;y < get_global_id();

2 seed[global;q] < 1lcg(s + global;q + 1);

have its own pseudo-random seed (also known as state) —
and therefore its own sequence of pseudo-random numbers—
by taking the return of a Linear Congruential Generator
(LCG) over a given global seed s plus the work-item’s index
shifted by one (to avoid zeros). A LCG is one of most

well-known algorithms for generating sequences of pseudo-
random numbers. It is widely used due to its simplicity and
efficiency [63]. Keeping separate seeds allows for parallel
generation of pseudo-random numbers, where each work-
item’s seed is updated asynchronously at each call of LCG
whenever the work-item requires a pseudo-random number.

A. Parallel Bilevel Optimization kernel

A general pseudo-code of the
Parallel_Bilevel Optimization kernel is outlined
in Algorithm 6, while Fig. 1 presents an illustrative schema
to aid in understanding its overall functioning.

GPU device

| Upper-Level Population X, |
cu’ l

CUN”]»I l

Work-group V;l Work-group v:,”"l

. N -1
|Lower—LeveI Population X, |

v

)

‘;J VH v Pl
d

v
U

| Min Reduction: (v ! X Nur )|

| Lower-Level Population X; |

]

Min Reduction: ("ul' ”) |

Fig. 1.  An illustrative schema of the overall functioning of the
Parallel Bilevel Optimization kernel on a GPU device.

A GPU device consists of hundreds of compute units (CUs),
each composed of thousands of processing elements (PEs).
The PBLDE algorithm is implemented by distributing the
entire upper-level population across the compute units, while
the lower-level population associated with each upper-level
trial vector is spread among the processing elements within
its respective compute unit (see Fig. 1). Each work-group —
a group of work-items — runs within a single compute unit;
however, each compute unit can execute simultaneously multi-
ple work-groups. For this kernel, each work-group, indexed by
group;q, corresponds to one upper-level trial vector v, ¥
of size D,;, allocated in the work-group’s local memory. The
total number of work-groups is equivalent to the upper-level
population size, N,;, and the locals;,. — number of work-
items per work-group — is typically defined as the lower-
level population size, IN;;. More details about the locals; ..
are provided at the end of this section.

The generation of v¥,*“?** by each work-group, executed
by D,; work-items, takes place between lines 3 and 10. The
function at line 12 consists of a synchronization
barrier for work-items within the same group. It guarantees
that all work-items within the same group have consistent
access to the vector v¥/*“?** in the remaining code. Upon the
first call to the Parallel_Bilevel_ Optimization kernel,
the NV,; work-groups take care of the random initializa-
tion of the upper-level population, X,;, through the paral-
lel execution of the initiate_random_popy, () function
at line 5, where x( ) and a:(U) are the lower and upper

barrier ()



Algorithm 6: Parallel_Bilevel_Optimization kernel

1 local;q < get_local_id();

2 group;q  get_group_id();

3 if first call then

// Initialization of upper-level solution

4 if local;q < D, then

5 z977"Pid [local ;4] <+

6 initiate_random_popx,, (xg“), Sg)),
7 v 7P local;q)] + @977 Pid [local;q);

8 else

// RApply operators in upper-level solution
9 if local;q < D, then

10 v 7P local;q)

1 apply_operatorsy,, (CR, F,x

12 barrier();

T1,72,73,9roup;q . .
» Loyl [localzd])

// Lower-level optimization

local

13 X <U>),

id « initiate_random popxll(xu ) » Ty

1 fx,, [local;q] < evaluatey; (v7"Pid, X;?calld)’

15 for g + 0 to Gy; do

16 for j < 0 to Dy; do
- llocal,d[J] -
18 apply_operatorsy,, (CR, F,z}" T2’73’loml“i[j]);
19 barrier();
20 Soy evaluatell(vg}mumd ﬁ’calid);
21 if fu,, < fx,,[local;g] then
22 for j < 0 to D;; do
l Lidr- localgr -
23 L xlfca ] Ul;na gl Fxy, [localiq] < foy;:
u | barrier();
25 5+ 2Mog2(Nu)l /9,
26 I[local;q] < local;q;
27 while s > 0 do
28 barrier();
29 if local;q < s and local;q + s < Ny then

if fx,, [I[local;q + s]] < fx,, [I[local;q]] then
| I[localiq] < I[localiq + sl;

30
31

2 | s+ s/2;
33 if first call then
34 if local;q < Dy; then
35 L X lgroup;q][local;q)] < :DZIZ[O] [local;q);
36 else
37 if local;q < Dy then
1[0
38 L Viilgroup;q][local;q] < :E”[ ][localm];
39 if local;q < D,,; then
40 L 9 [groupld} [localzd} g;oupid[localzd]

bounds of variable x,;. The upper-level population contains
N, upper-level target vectors xJ,°“"** of size D,,;, where
group,q = 0,...,Ny — 1; in this case, v7,°“" is the
same as x7,°“"'* (line 7). That is, there is a single upper-
level population, allocated in the device’s global memory,
for all work-groups, whose individuals are identified by the
superscript index in the variable x,,;. For all the other calls
to the Parallel_Bilevel_Optimization kernel, quuP“i
is created according to the apply_operatorsy,, () functlon,
at line 10, in which the 7q-th, r»-th and r3-th are distinct
and randomly selected individuals of X,;, and different from

group;q-th.

The parallel DE;; actually begins at line 13. Unlike the
above, where just D,; work-items are required, all the work-
items — identified by the variable local;q — per work-group
are collectively responsible for two tasks:

(1) the random initialization of the lower-level popu-
lation, Xj;, through the parallel execution of the
initiate_random_popy,, () function at line 13, where
xl(lL ) and xl(lU ) are the lower and upper bounds of variable

Xiis

(i1) its subsequent evaluation based on the lower-level objec-
tive function, evaluates; () at line 14.

That is, each one of the N,; work-groups is associated with
a given upper-level trial vector, v °“"" and its respective
lower-level population, X7,"*“"**. Each lower-level population
contains Ny, lower-level target vectors xﬁfcalid of size Dy,
with local;q = 0,..., Ny — 1, allocated in the global memory
of the device. Population X;; is arranged in a transposed form
— each solution row becomes a column in memory — to have
coalesced memory accesses on GPUs. The same arrangement
is applied to the other populations: X,;, XJ;, V; and Vy;
the last three will be explained below.

At each iteration g of line 15, each work-item — locally
identified by local;; — executes the following tasks:

(i) generates lower-level trial vectors vi’““* of size Dy,

allocated in the device’s local memory (lines 16—-17);

i) compares the lower-level fitness relative to the pair
p p
(v, loc“l“”) with that obtained by (v7;°“Pi,
5;’“”“1) (line 21); and

local;q

(iii) retains the better lower-level solution, x;,
in X7 """ (line 23).

That is, there is one vﬁfcalid for each work-item. This evo-

lutionary process iterates until the stopping criterion, given
by a maximum number of lower-level generations, Gy, is
satisfied. It is worth mentioning that the bilevel benchmark
problem addressed in the current paper is an unconstrained
minimization problem. For implementation purposes, there are
two lower-level populations: one contains the target vectors,
xﬁlocal"'d, allocated in the device’s global memory, and another
contains the trial vectors, vfl““l"’d, allocated in the device’s
local memory. At the end of each generation, both X ¥
are identical and retain the best solutions.

The parallel reduction procedure for minimum operation
takes place between lines 25 and 32 and identifies the
best lower-level solution from X *“"*¢. A schematic rep-
resentation of its execution is provided in Fig. 2 to facil-
itate understanding. At each iteration of the while loop,
locals;,. work-items are simultaneously executed by each
work-group. However, only the work-items identified by
local;q = 0,...,min (N; — s,s) execute line 30, which
compares the lower-level fitness of the candidate solutions
from X7°“"** indexed by local;q and local;q + s, and stores
the position of the smallest one in the local;4-th position of
the array I, allocated in the device’s local memory. At the
end of the parallel comparison, the first element of I contains
the position associated with the best lower-level solution from

or vf,f’cal"d ,



Fig. 2. A schematic representation of the execution of the parallel reduction
procedure for minimum operation when /N;; = 8.

XJ“Pie The function barrier () at line 28 guarantees the
consistency of the local memory, since I[local;q + s] refers to
a memory region modified by a neighbor of the current local;g
work-item. For the optimal use of the parallel reduction,
locals;,. should be a power of 2. If locals;.. is not a power
of 2, the rounding to the next power of 2 in s calculation
(line 25) implies local;q + s > localg;.e for some (local;q,
s) tuples. Thus, the checking at line 29 is required to avoid
accessing invalid elements.

For each work-group, indexed by group;q, the best lower-
level solution from X"  identified by I[0], is stored into
array Vy; (line 38); and its upper-level trial vector, v, °“"¢,
is stored into array V,; (line 40). That is,V,; contains N,
upper-level trial vectors of size D,;, and V;; contains N
optimum lower-level solutions of size Dy, where each pair
(vIeuP X JrUPid) corresponds to one work-group. Upon the
first call to the Parallel_ Bilevel_ Optimization kernel,
the NV,; work-groups take care of the initialization of the
population XJ; of size N,; (line 35), whose main role is
to store the optimum lower-level solutions obtained so far,
as discussed in the next section. Xj;, Vy; and Vy;, allo-
cated in the device’s global memory, will be used by the
Parallel Solution Evaluate kernel.

Given that the variables X, fx,,, I and v, are allocated
in the local memory of the device, the maximum Ny and Dy,
values will depend on the local memory capacity. For example,
let an NVIDIA A100 GPU accelerator with a maximum
local memory of 49,152 bytes, D,y = 2, Dy = 3 and
double-precision floating-point type (8 bytes per scalar). The
maximum NN;; value is 1,364, i.e.

1,364 x 3 x 8 bytes + 1,364 x 8 bytes + 1,364 x 4 bytes
——— —— ——

Xy £ I

X
42 x 8 bytes = 49, 120 bytes
——

Vaul

An alternative approach to tackle the aforementioned chal-

lenge of dealing with large-dimension problems is based on
the island model, in which the original lower-level popu-
lation of N;; members is divided into n GPUs, each one
with a subpopulation size of |Ny|/n. Each GPU or island
would evolve its own population independently and period-
ically exchange individuals with other islands. That is, the
Parallel Bilevel Optimization kernel would be exe-
cuted simultaneously on multiple GPUs in a parallel cooper-

ative way.

Due to device-specific hardware constraints, the locals;e
— number of work-items per work-group — is defined as
follows:

if value > localmaz_size
and Nll > localmaz_sizfiy

localmaac_sizea

Ny, if value > localmax_size

and Nll < localrmaw_sizu
localsize = (€)

Ny, if value < localmaz_size
and value > Ny,
value, if value < localmaz_size

and value < Ny

whereas the globalg;.., which is the resulting total number
of work-items (tasks):

globalsize = Ny X localsize

ensuring that
(i) the maximum number of work-items per work-group,
localyaz_size, provided by the computing device is not
exceeded;
(ii) locals;,e is not greater than Ny, and
(iii) globalg;,. is divisible by localg; .
According to Eq. 3, localg;,. can be less than Nj;. In this
case, a given local;; may cover multiple individuals of the
lower-level population through an iterative procedure. Such
iterative procedures have been omitted from the pseudo-code
to facilitate the understanding of the parallel strategy. In
addition, locals;,. should be a multiple of the warp/wavefront
size for improving hardware performance.

B. Parallel Solution Evaluate kernel

The pParallel_Solution_Evaluate kernel, described in
Algorithm 7, was designed to accomplish two tasks:

(i) to evaluate the pairs of trial vectors, (VgllObalid’
qullobalm)’ stored in Vul and Vll by the

Parallel Bilevel_ Optimization kernel, based on
the both upper- and lower-level objective functions:

evaluatey () and evaluate;; () at lines 5 and 6,

respectively.
(i1) to compare both fitness with those relative to its re-
. . ) lobal;
spective pair of target vectors, (xil[’balld, x3 ). The

better current pairs of solutions are integrated into the
next upper-level generation of X,; and Xj; (lines 7-9).
Each work-item — globally identified by global;; — cor-
responds to a single pair of trial vectors, and global;,.
denotes the total number of work-items, which in this case is
Ny;. In the first call to the Parallel_Solution_Evaluate



Algorithm 7: Parallel_Solution_Evaluate kernel

global;q < get_global_id();
2 if first call then

fx,,; [global;q] < evaluatey:( 5 ;
4 ) lobal,
sz*z [global; 4] < evaluatell(xilloml“i, x*lg iy,

global; global;q
xil 1,d,7x* @d .

5 fou evaluateul(vglﬁbalid7vglobalid )

l 9
6 fo evaluatell(vil()balid,viqli()bal'id);
7 if fo,, < fx,, lglobalig] and fo,;, < le*l [global;g] then

global; global; 4. .
x5, T O e lglobalig) = fugs
global; g global; g . .
XJ vy T fxg [globalial < fuy

kernel, each work-item is responsible for evaluating one pair

of target vectors, indexed by global;q, where lelObal”’ €

lobal; . .
X, and x3" """ € X3 (lines 2—4). Note that the pairs
. lobal;, . .
(xilf’balld, x} ') are the best ones obtained in the

previous upper-level generation. The initialization (lines 5
and 35 of the Algorithm 6) and evaluation (lines 2—4 of
the Algorithm 7) tasks related to X,; and Xj; run only
in the first call to the Parallel_Bilevel_ Optimization
and Parallel_Solution_Evaluate Kkernels, respectively.
Thereafter, X,,; and Xj; are only updated according to lines 7—
9 of the Algorithm 7. Unlike X,; and Xj;, a new X7 7"
is always generated by each one of the N,; work-groups
whenever Parallel_Bilevel_Optimization kernel exe-
cutes (line 13 of Algorithm 6).

IV. EXPERIMENTS

In this section, we begin by validating the parallel implemen-
tations of the BLDE algorithm against its existing sequential
counterpart (see Section IV-B). Thereafter, a performance
analysis of the PBLDE algorithm is presented in Section IV-C.
Additionally, Section IV-D includes the application of the
PBLDE algorithm to a more intricate and challenging opti-
mization problem.

A. Experimental setup

1) Computational Environment: The parallel and sequential
experiments were conducted, respectively, on a single NVIDIA
A100 GPU and a 64-core AMD EPYC 7763 CPU (“Milan”)
running at 2.45 GHz (3.5 GHz boost). Each NVIDIA A100
GPU is equipped with 40 GB of global memory and a 40 MB
L2 cache for the entire GPU, along with 108 compute units.
Each compute unit has 192 KB of shared L1 cache and local
memory, with a maximum of 2,048 processing elements and
65,536 registers. It accommodates work-group sizes of up to
1,024 work-items, organized into warps of 32 work-items each.
Both BLDE versions were compiled with GNU GCC 11.2.0
with optimization flag —03. The parallel version uses OpenCL
and had its kernels built with the NVIDIA toolkit 11.7.

2) Benchmark and Parameters: A widely adopted bench-
mark for evaluating bilevel optimization methods is the scal-
able SMD test suite [18], which contains 12 test problems. The
unconstrained SMD problems (SMD1-SMD8) are scalable in

both the upper- and lower-level optimization dimensions. The
objective functions at both levels contain configurable com-
ponents, defined by parameters p, ¢, r, and s, which specify
the respective dimensions. This introduces challenges in terms
of convergence, complexity, and interaction (either conflict
or cooperation) between the two levels. A comprehensive
evaluation of the proposed PBLDE algorithm is carried out on
the unconstrained SMD2 test problem. In SMD?2, the lower-
level objective function is convex and the upper-level task is
convex with respect to upper-level variables and optimal lower-
level variables. In this test problem, the upper- and lower-level
problems are in conflict. This implies that, in the proximity
of xj; for a particular x,,;, an improvement in the lower-level
function value adversely affects the upper-level function value.

By capitalizing on the experiments performed to validate
the PBLDE algorithm, we additionally conducted a sensitivity
analysis of the key parameters that can potentially impact
the performance of any optimizer when dealing with BLPs.
Specifically, we investigated the influence of population size
and the number of generations at both the upper and lower
levels on performance, taking into account four dimensions
of the SMD?2 test problem using the following settings (for
SMD2, s = 0):

e 2Xx3-variable version (p = 1, ¢ = 2, and r = 1), where
2 is in the upper level and 3 is in the lower level.

o 5 xb5-variable version (p = 3, ¢ = 3, and r = 2).

e 10x 10-variable version (p =5, ¢ = 5, and r = 5).

e 32x32-variable version (p = 16, ¢ = 16, and r = 16).

The BLDE'’s fixed parameters were set as follows: crossover
rate CR = 90%, scale factor ' = 80%, and a mutation
operator based on DE/target-to-rand/1/bin. The choice of these
parameters was based on experiments reported in previous
works [17], [29], which tested various combinations during
their preliminary exploratory phase and identified them as
suitable options for the overall SMD test problems. Five
population sizes expressed as powers of 2 ranging from 32
to 512 are considered at both upper and lower levels. Five
lower-level number of generations are chosen between 50
and 500, except for the 32 x 32-variable version, where they
are set at 700, 1000, 1200, and 1500 due to the increased
problem difficulty. At the upper level, the stopping criteria are
either a solution precision of 102 or a maximum of 10,000
generations.

Although we have randomly chosen a specific SMD bench-
mark test problem with a reasonable level of complexity for
an in-depth analysis of the PBLDE algorithm while avoiding
redundant experiments and waste of computational resources,
its applicability can be extended to any unconstrained bilevel
problem in general. For example, the PBLDE algorithm was
also applied across the unconstrained SMD1 to SMDS test
problems for the two largest dimensions covered in this paper:
10x 10 and 32 x 32, with population size of 32 in both levels
and lower-level generation of 500 and 1500, respectively. More
details can be found in the supplementary material.

3) PBLDE versions: The PBLDE algorithm, as described
in Sections III-A and III-B, is essentially the parallel coun-



terpart of the original BLDE. The original BLDE is also
called here the sequential version of BLDE, and the parallel
version will be referred to as PBLDE with barriers henceforth.
Two additional parallel versions have emerged through minor
adjustments in the aforementioned implementation:

(i) A more flexible approach involves removing two non-
critical synchronization barriers at lines 19 and 24 in
Algorithm 6. This approach, referred here to as PBLDE
without barriers, can potentially introduce a form of
random mutation, as different work-items may require
read access to lower-level target vectors — x;;', X7,
x;7, and xé?cal” — from X; allocated in the device’s
global memory at line 17 while they are being updated
for the next generation at line 23.

(i) The asynchronous version of PBLDE builds upon the
previous one and increases flexibility by accessing the
same 71, ra, 13, and local;4 positions as before at line 17,
but from X;; allocated in the device’s local memory
rather than the device’s global memory. It implies that
the newly generated and not yet evaluated trial vectors,
vy, may be selected for participating in the crossover
and mutation operators for creating the next lower-level
population. This version is designed to reduce the higher
latency reads from global memory, thereby improving the
overall throughput.

B. Validation Analysis

Fig. 3 shows the number of upper-level generations required
by the four versions of the BLDE algorithm to obtain the
upper-level optimal solution to the SMD?2 test problem with
a solution precision of 1072 at the upper level as a function
of upper- and lower-level dimensions: 2 x 3, 5x 5, 10 x 10.
In case a given run reaches the maximum number of upper-
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Fig. 3. Number of upper-level generations required by the four versions of
the BLDE algorithm to obtain the upper-level optimal solution to the SMD2
test problem with a solution precision of 10~2 at the upper level as a function
of upper- and lower-level dimensions: 2 x 3, 5x 5, 10 x 10. The number of
failed runs over a sample of size 3,750 is displayed at the top of the graph.

level generations set to 10,000 and does not obtain the optimal
solution, it is marked as failed. The number of failed runs
is displayed at the top of the graph. Thirty independent

runs were performed for each combination between upper-
and lower-level population sizes, and number of lower-level
generations. It accounts for a sample of 30 runsx5 upper-level
population sizes x5 lower-level population sizesx5 number of
lower-level generations=3,750 values plotted together as box-
plots for each x-value and version of the BLDE algorithm.
It is worth mentioning that only the non-failed runs were
taken into account for the plots. An immediate outcome that
emerges from Fig. 3 is a growing need for a higher number of
upper-level generations as the scale of the problem increases.
According to Fig. 3, the PBLDE algorithm with and without
barriers show great similarity to the sequential BLDE algo-
rithm in terms of convergence towards the optimal solution,
with equivalent interquartile ranges, medians, whisker lengths,
and number of failed runs. The SMD1 to SMDS experiments
in the supplementary material further support these findings
(see top graph in Fig. S1). This corroborates the hypothesis
that the two former PBLDE algorithms are on par with the
sequential version’s algorithmic effectiveness, which qualify
us to proceed with a computational performance analysis of
the PBLDE algorithm. Furthermore, it means that the possible
random mutation introduced by removing the two non-critical
synchronization barriers does not adversely affect the conver-
gence rate to the optimal solution of the PBLDE algorithm.
With respect to the computational performance, the difference
between the PBLDE algorithm with and without barriers are
not negligible, with median runtimes 14.3% (2 x 3), 9.1%
(5x5), and 5.4% (10x10) faster for the latter (not shown). On
the other hand, the asynchronous PBLDE algorithm exhibits
a notably higher number of failed runs as the problem size
increases. This indicates that the convergence towards the
optimal solution may slow down or even stagnate when lower-
quality candidate solutions are available for selection during
reproduction. Moreover, this effect can worsen with more com-
plex and challenging problems. Building on the information
mentioned above, the discussion and analysis in the following
sections will be centered on the PBLDE algorithm without
barriers.

Fig. 4 shows an in-depth analysis of the failed runs for the
four versions of the BLDE algorithm on the 10 x 10-variable
SMD?2 test problem as a function of three parameters: upper-
and lower-level population sizes, and number of lower-level
generations. It reveals that the 10 x 10-variable SMD2 test
problem is notably influenced by the number of lower-level
generations. The BLDE algorithm consistently discovers the
bilevel optimal solution in all 30 independent runs for all
population sizes, but only when the lower-level generations
are 300 or higher. Although a similar trend remains valid for
lower-level generations of 200 across most cases of popula-
tion sizes, it requires, on average, 2—10 times more upper-
level generations to find the best-known solution compared
to lower-level generations set at 300 or higher (not shown).
By consequence, it takes up to about 6 times more time
to complete the execution (not shown). This slowdown in
convergence in terms of upper-level generations, as well as
the occurrence of failed runs, results from non-optimal pa-
rameter settings, such as an insufficient number of lower-level
generations. Once the lower-level generation is appropriately
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Fig. 4. The percentage of failed runs over a sample of size 30 for the four BLDE versions on the 10x 10-variable SMD2 test problem as a function of three
parameters: upper- and lower-level population sizes, and number of lower-level generations.

set — ensuring no failed runs — the number of upper-
level generations required for an optimal solution shows low
sensitivity to changes in population size, with average values
ranging from 350 to 486 (not shown). Unlike the three upper
versions in Fig. 4, the asynchronous version of PBLDE, which
employs the most flexible strategy and exhibits the worst
performance, requires more than 500 lower-level generations
to achieve success across all population sizes. The above-
mentioned results underscore the importance of effectively
addressing the lower-level optimization problem to achieve a
good quality solution at the upper level. They also highlight the
need to properly adjust the number of lower-level generations
according to the complexity of the target problem and the
BLDE algorithm. Additionally, they back up the validation
of the PBLDE algorithms with and without barriers. The
performance drop for lower-level population sizes of 128 and
256, observed, for example, in the third column of Fig. 4 for
the sequential version and even more pronounced in the last
two columns of the asynchronous version of PBLDE, indicates
an anomalous behavior in the evolutionary algorithm dynamics
— persistent across different BLDE implementations — that
impair convergence efficiency. Further experiments would be
necessary to better understand these non-linear parameter
interactions and their impact on performance.

C. Speedup analysis of low-dimension test problems

As we can see in Algorithm 4, these two startup tasks pre-
cede the iterative execution of the main kernels: determining
the seed of each work-item from a pseudo-random number
generator (line 1), to ensure that each work-item will generate
its own pseudo-random number sequence; and the first call
to the Parallel_Bilevel_Optimization kernel (line 2),
which is responsible for setting up X,; and Xj;. The OpenCL
runtime initialization also belongs to the startup tasks, which
include the platform and device definition, kernels creation, as
well as memory and data management. However, the startup
tasks run only once at the beginning of the BLDE algorithm,
and therefore will not be discussed in detail within this paper.
The primary focus here is on the core of the BLDE algorithm,
specifically the iterative execution of the two kernels (lines 4
and 5).

Fig. 5 shows the speedup of the
Parallel_Bilevel_Optimization and
Parallel_ Solution_Evaluate kernels together

corresponding to the PBLDE algorithm without barriers
over its sequential version applied to the SMD2 test problem
with 2 x 3, 5x 5, and 10 x 10 dimensions as a function of
three parameters: upper- and lower-level population sizes,
and number of lower-level generations on an NVIDIA A100
GPU. The kernel runtime is determined from a sample
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Fig. 5. Speedup of the Parallel Bilevel Optimization and Parallel_Solution_Evaluate kernels together corresponding to the PBLDE algorithm
without barriers over its sequential version applied to the SMD?2 test problem with 2x3, 5x5, and 10x10 dimensions as a function of three parameters: upper-
and lower-level population sizes, and number of lower-level generations on an NVIDIA A100 GPU. Only non-failed runs were considered when calculating

the speedup. In the absence of data, a blank cell is displayed.

mean over multiple kernel executions, followed by a sample
median from 30 independent runs of the algorithm. It is
worth mentioning that only non-failed runs were taken into
account for calculating the speedup. As shown in Fig. 4 from
the previous section, there were no successful sequential
and parallel runs of the 10 x 10-variable SMD2 test problem
when configured with lower-level generations of size 50
and 100. Consequently, blank cells are displayed in the
current graph. From Fig. 5, it can be observed that the
speedup of the Parallel Bilevel Optimization and
Parallel Solution_Evaluate kernels together over the
corresponding sequential version increases with the population
sizes, but decreases with the dimension of the problem, while
it does not vary much with lower-level generation. The results
demonstrate a substantial performance improvement of the
PBLDE algorithm over its sequential version, with speedup
values ranging from 46 to 2559, from 44 to 1871, and from 46
to 1416 for dimensions of 2x3, 5x5, and 10x10, respectively.
For instance, the average total runtime decreases from 3
hours and 40 minutes to just 8 seconds with the following
configuration: upper-level population size of 512, lower-level
population size of 128, lower-level generation of 200, and
10 x 10 dimension. This represents an impressive reduction
of 99.9% in the total execution time of the BLDE algorithm.
Besides, this suggests that the PBLDE algorithm is capable
of tackling more complex problems that were previously
considered infeasible due to their high computational cost, as
illustrated by the analysis of the 32 x 32-variable SMD?2 test
problem in the next section.

Algorithmic strategies for approximating optimal solutions
in bilevel problems are widely used as an alternative to the
development of parallel bilevel algorithms. In this context,
the bilevel literature has proposed various surrogate-assisted
approaches, along with novel methods based on transfer learn-
ing and multitasking paradigm, aimed at reducing the number
of function evaluations and potentially saving computational
time, despite the overhead introduced by incorporating these
mechanisms into the search process. Recent and notable al-
gorithmic strategies, such as BLEAQ [22], BLEAQ-II [25],
e-KKT [24], SABO [27], BLDES [29], M-BLEA [32],
MT-BLDE [30], TLEAs [31], and BL-CMA-ES [33], have
typically achieved optimal convergence on the SMD1-SMD§
test problems at speeds 2 to 7 times faster, in terms of the
number of function evaluations, than their baseline bench-
marks. However, reduced computational effort does not always
translate into runtime speedup due to the potential overhead
involved. On the other hand, as shown in the supplementary
material, the PBLDE algorithm achieved runtime speeds at
least 61 times faster than its sequential version on the SMDI1-
SMDS test problems when executed in parallel on a single
GPU, with both parallel and sequential versions employing
equivalent computational effort (see top graph in Fig. S1).
Fortunately, these two orthogonal optimization strategies —
algorithmic efficiency and parallel hardware acceleration —
can be effectively combined to leverage the advantages of both,
further enhancing overall performance.

The existing CPU-based parallel algorithms were primarily
developed for specific problems, such as multi-objective BLPs



for optimal policy in environmental economics [49], combi-
natorial BLPs in supply chain management [53], [54], and
binary BLP in telecommunication networks [50]; therefore,
they cannot be directly compared with the PBLDE algorithm
on the SMD benchmark test problems.

D. Performance analysis of the 32 x 32-variable test problem

In this section we present an analysis of the parallel im-
plementation of the BLDE algorithm when applied to the
32 x 32-variable SMD2 test problem. To the best of our
knowledge, there is no other research reporting any results
involving 32x32-variable SMD benchmark test problems. This
may be attributed to the high computational cost associated
with such problems, consequently making it infeasible to run
them sequentially. Even for the PBLDE implementation, this
32 x 32-variable problem exceeded the local memory capacity
of the high-end NVIDIA A100 GPU when we attempted to
run with lower-level populations above 128 (reason explained
in Section III-A), which fortunately was not an obstacle to
achieving optimal convergence.

The percentage of failed runs plotted in Fig. 6 reinforces
the earlier findings from Fig. 4 and provides new insights into
convergence and the interaction between the two levels. The
PBLDE algorithm’s performance in discovering the bilevel
optimal solution is closely linked not only to the precise
definition of the number of lower-level generations, but also
to the lower- and upper-level population sizes. Furthermore,
it underscores the necessity of increasing the number of
lower-level generations as the complexity of the optimization
problems rises, going from 50 generations for 2x3 dimension
to 300 for 10 x 10 and 1200 for 32 x 32. As depicted in
Fig. 6, a distinct preference for small population sizes is
evident. Successful runs were observed only when configured
with a lower-level population size of 32 and an upper-level
population size of 128 or lower. In particular, employing
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Fig. 6. The percentage of failed runs over a sample of size 10 for the PBLDE
algorithm without barriers applied to the 32x32-variable SMD?2 test problem
as a function of three parameters: upper- and lower-level population sizes,
and number of lower-level generations.

a population size of 32 in both levels leads to the fastest
convergence to the optimal solution in terms of runtime and
number of upper-level generations. The average total runtime
relative to upper-level population sizes of 32, 64, and 128 takes
approximately 50 seconds, 100 seconds, and 200 seconds, re-
spectively. These execution times show little variation between
lower-level generations of 1200 and 1500. With an increase

in both the scale of the problem and the population size,
the convergence speed towards the bilevel solution decreases.
By consequence, more upper-level generations are required to
obtain the optimal solution (see Fig. 3). This implies that the
maximum number of upper-level generations must be set to
over 10,000 when dealing with large population sizes, such as
exceeding 128 individuals in the upper level, for successful
convergence in the context of the 32 x 32-variable SMD2
test problem. An additional set of experiments was conducted
using a smaller value for the scale factor (F' = 40%) with a
lower-level generation of 1500; however, none of them resulted
in successful runs.

Additionally,
runtime tends to asymptotically dominate over that of
Parallel_Solution_Evaluate with increasing problem
dimension, as shown in Fig. 7. Despite the growing
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Parallel_Solution_Evaluate and Parallel_Bilevel Optimization
for four dimensions of the SMD2 test problem: 2 x 3, 5x 5, 10 x 10, and
32x32. It is worth mentioning that all successful runs were plotted together
as box-plots for each x-value and kernel. Note that y-axis represents the
execution time using a base-10 logarithmic scale.

execution time for both kernels as the scale of the problem
increases, the former kernel exhibits a steeper positive
slope and gradually diverges further from the latter kernel.
For instance, the total time spent on the former kernel
surpasses that on the latter kernel by more than 400 times
for the 32 x 32 dimension. This discrepancy arises from
the combined effect of higher numbers of upper-level
generations and longer individual execution times for the
Parallel_Bilevel_Optimization kernel. In contrast, the
behavior of the Parallel Solution_Evaluate kernel is
primarily driven by higher numbers of upper-level generations,
as its time for a single execution remains nearly constant
(~50 microseconds) regardless of parameters and problem
complexity.

V. CONCLUSIONS

In this article we proposed a massively parallel implementation
of a differential evolution-based bilevel optimization algorithm
(BLDE), which we referred to as PBLDE. As far as we know,



this is the first parallel implementation of a BLDE for many-
threaded architectures such as GPUs, on top of being portable
across compute architectures.

We devised and investigated a standard version of PBLDE
(with barriers) plus two increasingly relaxed/faster variations:
without barriers and async. While the latter showed to degrade
the success rate of the optimization due to the allowance
of not-so-good candidate solutions during the recombination
phase, the former proved to be as good as the standard
(P)BLDE implementation but considerably faster than PBLDE
with barriers (5.4%—-14.3%).

Thanks to the aggressive two-level decomposition strategy,
where both upper and lower levels were parallelized, and to
the design thought to optimally explore modern computing
architectures, PBLDE was able to run 44-2559 times faster
on an NVIDIA A100 GPU than the sequential counterpart
running on CPU, depending on the parameters chosen, for all
three reference problem dimensions (2x 3, 5x5, and 10x 10
variables). Moreover, for the first time ever reported in the
literature, PBLDE enabled a 32 x 32-variable bilevel problem
to be solved feasibly, requiring just 50 seconds to converge.

Besides the remarkable performance of PBLDE, some ad-
ditional conclusions and insights can be drawn from this
research. Firstly, it became evident that a higher number
of upper-level generations are desirable as the scale of the
problem increases. This also holds true for the number of
lower-level generations, which went from just 50 generations
(for the 2x3-variable problem) up to 1200 generations (32x32-
variable). When the number of lower-level generations is set
too low, two things happen: (i) a higher number of upper-level
generations is required; (ii) the overall runtime increases. Fi-
nally, our experiments clearly pointed out that small population
sizes are in general preferred, resulting in both higher success
rates and faster convergence. In particular, for the 32 x 32-
variable problem, a population size of 32 individuals for both
levels led to the fastest convergence to optimal solution in
terms of runtime and number of upper-level generations.

For future research directions, we highlight the following
endeavors: (i) adapt PBLDE to tackle the constrained version
of bilevel optimization, and also (ii) the multiple indepen-
dent followers variation. Both adaptions should require minor
modifications to PBLDE. Likewise, another interesting work
is to extend PBLDE to deal with multiple-objective bilevel
optimization.
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