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Level density and photon strength function models and their

adopted parametrizations for GRIN

GRIN associated tasks: Tasks 2.1 and 2.2

Aaron M. Hurst for the GRIN collaboration

March 28, 2022

Abstract

This report describes the various models of the photon strength function and level density,
together with their associated parametrizations, required for a new database and API as part
of the the Gamma Rays Induced by Neutrons project.

1 Introduction

The models of the level density (LD) and photon strength function (PSF) compiled in this report
are frequently adopted in statistical-decay codes such as DICEBOX [1], RAINIER [2], and TALYS

[3]. These models will be implemented in a new API as part of the Gamma Rays Induced by
Neutrons (GRIN) project [4] to calculate statistical γ-ray spectra expected in compound-nucleus
reactions. In addition, all associated parametrizations described in this report, that provide input
to the various models of LD and PSF, will be compiled into an appropriate format to facilitate the
development of a new database to be used by the API.

This document represents the first deliverable listed in Table 6 of the GRIN proposal [4] under
“Photon strength functions and level densities” with a due date of Y1Q2 and is associated with
Tasks 2.1 and 2.2 of the project. Furthermore, this compilation serves as a prelude to the milestone
listed in Table 7 of the GRIN proposal: “Release Photon Strength Function (PSF) and Level Density
(LD) database and API”.

2 Level density models

The overall nuclear LD has a separable form described by three functions:

ρ(E, J, π) = ρ(E)f(J)π(E), (1)

where ρ(E) describes the number density of levels at an excitation energy E, f(J) is the spin-
distribution factor, and π(E) is the parity distribution function. Of the three terms, π(E) is
expected to have the least significant impact and is often neglected assuming an equal parity
distribution as a function of energy, i.e., π(E,+) = π(E,−), thus

ρ(E, J, π) =
1

2
ρ(E)f(J). (2)

Different formulations of the LD model considered in this project are described below.
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2.1 Constant-temperature formula

The constant-temperature formula (CTF) model assumes a constant nuclear temperature over the
entire range of nuclear excitation energy and is given by

ρ(E) =
1

T
exp

(
E − E0

T

)
. (3)

Here, T is interpreted as the critical temperature for breaking nucleon pairs and E0 is an energy
correction to account for nucleon pairing.

The LD parametrizations for 310 nuclei between 18F and 251Cf were determined by von Egidy
and Bucurescu from fits to the experimental cumulative number of levels at low-excitation energy
and to the resonance spacing above the neutron-separation energy (Sn). Accordingly, suitable
values of T and E0 are tabulated in Refs. [5] and [6].

2.2 Back-shifted Fermi gas

The Back-shifted Fermi gas (BSFG) model assumes the nucleus behaves like a two-component
noninteracting fermionic fluid governed by the expression:

ρ(E) =
exp[2

√
a(E − E1)]

12
√

2σca1/4(E − E1)5/4
. (4)

The excitation-energy backshift to correct for fermion pairing is denoted E1 and a is the shell-model
LD parameter that is proportional to the density of single-particle states at the Fermi level and is
found to vary with mass approximately as 0.21A0.87 MeV−1. Again, values of a and E1 are listed
in Refs. [5] and [6]. The quantity σc corresponds to the spin-cutoff parameter and represents the
width of the angular momentum distribution of the level density (see Sect. 2.4).

2.3 Gilbert and Cameron

At low-excitation energy, the CTF model is based on experimental evidence that the cumulative
number density N(E) of the low-lying discrete levels can be well reproduced an exponential law of
the type

N(E) = exp

(
E − E0

T

)
. (5)

For higher energies, the BSFG model provides a more suitable description of the two-fermion system
comprised of excited neutrons and protons where

ρ(E) ∝
exp[2

√
a(E − E1)]

a1/4(E − E1)5/4
. (6)

In the Gilbert and Cameron model [7] of the LD, the excitation energy range is divided into
a low-energy part from the ground state (E = 0 MeV) up to a matching energy EM where the
CTF model embodied in Eq. (3) applies, and a high-energy part E > EM , where the BSFG model
expressed in Eq. (4) applies. The expressions for ρCTF(E) and ρBSFG(E) (and their derivatives;
see, e.g., TALYS user manual [3]) have to be matched at EM such that

ρCTF(EM ) = ρBSFG(EM ). (7)
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This matching energy can be expressed according to empirical formulations deduced in Ref. [3] for
an “effective” model, where nuclear collective effects are not explicitly considered, given by

EM = 2.33 + 253/A+ ∆CTF, (8)

and for the collective model
EM = 2.67 + 253/A+ ∆CTF, (9)

where the energy shift

∆CTF = χ
12√
A
. (10)

The χ parameter varies according to nucleus type:

• χ = 2 (Even/Even);

• χ = 1 (Odd/Even);

• χ = 0 (Odd/Odd);

2.4 Spin-distribution function

The spin distribution f(J) is generally given by:

f(J) =
2J + 1

2σ2
c

exp

[
−(J + 1/2)2

2σ2
c

]
. (11)

Several different empirical formulations have been proposed for the spin-cutoff parameter σc. It is
parameterized in terms of the mass (A) and excitation-energy (E) dependence of the spin distri-
bution observed in experimental decay schemes. Here, we present formulations frequently adopted
in DICEBOX [1] and RAINIER [2] calculations. For the CTF LD model σc depends only on A:

σc = 0.98A0.29, (12)

while for the BSFG LD model, σc is dependent upon both A and E:

σ2
c = 0.0146A5/3 1 +

√
1 + 4a(E − E1)

2a
. (13)

2.5 Parity-distribution function

The fraction of negative-parity states is given by the ratio:

π(E,n−) =
n−(E)

n−(E) + n+(E)
, (14)

where n−(E) and n+(E) represent the number of negative and positive parity states at an excitation
energy E, respectively. Parity is conserved and so

π(E,n+) = 1− π(E,n−). (15)

For parity-independent models:

π(E) = π(n−(E)) = π(n+(E)) =
1

2
. (16)

3



(a) (b)

Figure 1: (a) Parity distribution in 187W assuming the Fermi-Dirac function. (b) Calculated populations
of the low-lying levels in 187W assuming parity-dependent (red-open circles) and parity-independent (black-
filled circles) nuclear LD models.

An empirical Fermi-Dirac distribution proposed by Al-Quraishi [8] encompassing the mass range
20 ≤ A ≤ 110 can also be used to describe π(E) in the statistical models:

π(E) =
1

2

(
1± 1

1 + exp[c(E − δp)]

)
, (17)

where the energy shift δp is allowed to vary with mass according to

δp = a0 +
a1

Aa2
. (18)

In Equations (17) and 18 above, the following parametrizations are adopted: c = 3.0 MeV−1,
a1 = 75.22 MeV, and a2 = 0.89 MeV. The a0 parameter changes according to nucleus type:

• a0 = 1.34 MeV (Even/Even);

• a0 = −0.08 MeV (Even/Odd);

• a0 = −0.42 MeV (Odd/Even);

• a0 = −0.90 MeV (Odd/Odd).

Using these parametrizations it is found that the parity ratio approaches 0.5 fastest for odd-odd
nuclei and slowest for even-even nuclei. Figure 1a shows the parity distribution for 187W, the
residual nucleus in 186W(n, γ), calculated assuming the Fermi-Dirac function given by Eq. (17).
Here, we find that π(E) → 0.5 ∀E & 2 MeV. The corresponding calculated populations of the
low-lying levels in 187W shown in Fig. 1b reveal statistical consistency between parity-dependent
(Fermi-Dirac) and parity independent nuclear LD models. Statistical consistency between both
approaches is also reported elsewhere [9, 10, 11], and may be generally representative. However, it
is recommended to test this dependency in additional cases.
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Figure 2: Schematic illustrating the giant resonance modes important for modeling the statistical γ-ray
decay of the compound nucleus. Taken from Ref. [12]

3 Photon strength function models

The PSF for a multipole of type XL is defined as

f (XL)(Eγ) =
〈Γ(XL)
if 〉ρ(Ei, Ji, πi)

E2L+1
γ

, (19)

where 〈Γ(XL)
if 〉 is the average partial radiation width for a transition between initial and final levels

i → f . The average resonance spacing D0 is given by the reciprocal of the level density at the
neutron binding energy, and so the PSF can be expressed as the average reduced partial radiation
per unit energy interval

f (XL)(Eγ) =
E
−(2L+1)
γ 〈Γ(XL)

if 〉
D0

. (20)

The corresponding γ-ray transmission coefficient may then be calculated according to

T (XL)(Eγ) = 2πE(2L+1)
γ f (XL)(Eγ). (21)

The relevant multipolarities for compound-nucleus model calculations of statistical γ-ray decay
are, in order of importance, E1, M1, and E2. The contribution from other multipolarities is
expected to be negligible. To obtain the PSF for the required γ-ray multipolarities, an appropriate
parametrization of the corresponding giant resonance mode is needed. These modes are illustrated
in Fig. 2

3.1 Electric dipole E1 PSF

The photon strength for γ rays originating near Sn is dominated by electric dipole (E1) transitions.
These transitions are generally the most important consideration in the statistical modeling of the
γ-ray cascade. The E1 PSF is believed to be well described by the low-energy tail of the giant
dipole electric resonance (GDER). The GDER mode arises as a result of an isovector vibration where
proton and neutron fluids oscillate in antiphase (see Fig. 2). Photonuclear (γ, xn) reaction data
can be exploited to probe the shape of the E1 PSF in the region above Sn because these reactions
excite the nucleus into its GDER. Total photonuclear cross sections derived from photoabsorption
measurements can be transformed to their corresponding experimental PSF f (E1) values through
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the following relationship [13]:

f (E1)(Eγ) =
1

3(π~c)2

σabs

Eγ
, (22)

where the constant 1
3(π~c)2 = 8.68 × 10−8 mb/MeV2, σabs is the photoabsorption cross section

[mb], and Eγ is the γ-ray energy [MeV]. Parametrizations of the PSF may then be obtained by
fitting a standard Lorentzian to the observed GDER. Because experimental PSF data are typically
not available for Eγ . Sn, extrapolations of Lorentzian-based models are used to describe the
shape of the PSF in this lower-energy region. In addition to fitted results, or alternatively, GDER
parametrizations may be sourced for more than 100 nuclides from the Reference Input Parameter
Library (RIPL) [14] and the International Atomic Energy Agency (IAEA) Photonuclear Data
Library [15].

3.1.1 Global parametrization

Generally the PSF models based on fits to experimental data described in Sect. 3.1.2 to 3.1.5 should
be adopted. If no experimental information is available, experimental values of neighbouring nuclei
may be adopted instead. As a last resort, the global systematics [16] presented here can also be
considered. It should be noted, however, that are no reliable systematics are available for nuclei
with A < 50 [17].

Spherical nuclei (A ≥ 50):

• EG = 31.2A−1/3 + 20.6A1/6 MeV [18].

• ΓG = 0.026E1.91
G MeV [19].

• σG = 0.166A1.54 mb [16] from fit to experimental data.

• σG = 1.2× 120NZ/(AπΓG) mb [19] from adjusted classical sum rule.

Deformed targets (A ≥ 50):

• EG1 = EG/(1 + 0.666β) MeV [16]; β is the quadrupole deformation parameter.

• EG2 = EG/(1− 0.333β) MeV [16].

• ΓG1 = 0.026E1.91
G1

MeV [19].

• ΓG2 = 0.026E1.91
G2

MeV [19].

• σG1 = 1.2× 120NZ/(AπΓG1) mb [19].

• σG2 = 1.2× 120NZ/(AπΓG2) mb [19].

An additional global parametrization has been deduced based on the analysis of experimental
data from Dietrich and Berman [20].

Single-hump giant resonance nuclides (A ≥ 50):

• EG = (49.336 + 7.34β)A0.2409 MeV.

• ΓG = 0.3EG MeV.
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• σG = 10.6A/ΓG mb.

Double-hump giant resonance nuclides (A ≥ 50):

• EG2 = 50A−0.232 MeV.

• ln(EG2/EG1) = 0.946β MeV.

• ΓG1 = (0.283− 0.263β)EG1 MeV.

• ΓG2 = (0.35− 0.14β)EG2 MeV.

• σG1 = 3.48A/ΓG1 mb.

• σG2 = 1.464A/ΓG2 mb.

3.1.2 Brink-Axel model

The Brink-Axel (BA) model [22, 23] is often referred to as the standard Lorentzian (SLO) and
takes the form

f
(E1)
BA =

1

3(π~c)2

2∑
i=1

σGiEγΓ2
Gi

(E2
γ − E2

Gi
)2 + E2

γΓ2
Gi

. (23)

The resonance shape-driving parameters are:

• resonance centroid, EG [MeV];

• resonance width, ΓG [MeV];

• resonance cross section, σG [mb].

An important feature of this model is that it is dependent on Eγ alone. In well-deformed nuclei cor-
responding to a fairly large quadrupole β2 deformation parameter, two distinct resonances may be
observed corresponding to isovector vibrations parallel and perpendicular to the nuclear-symmetry
z-axis, hence the summation over two terms in Eq. (23). However, in spherical (or near-spherical
β2 ≈ 0) nuclei the isovector vibrations become increasingly indistinguishable in all directions lead-
ing to a single resonance and thus, only one term (i = 1) in the summation. For example, the
splitting of the GDER is evident in moderately deformed mid-shell nuclei 186W (β2 = 0.230) and
185Re (β2 = 0.221) as shown in Figs. 3a and 3b, respectively, while only a single hump is observed
in the spherical N = 82 nucleus 139La (β2 = 0) in Fig. 3c.

3.1.3 Kadmenski-Markushev-Furman model

The Kadmenski-Markushev-Furman (KMF) model [24] is dependent on both Eγ and temperature
and is expressed as

f
(E1)
KMF(Eγ ,Θ) =

1

3(π~c)2

2∑
i=1

FK
σGiΓGiEγΓGi(Eγ ,Θ)

(E2
γ − E2

Gi
)2

, (24)

where the Fermi-liquid parameter FK = 0.7, and the temperature-dependent resonant width is
given by

ΓGi(Eγ ,Θ) =
ΓGi

E2
Gi

(E2
γ + 4π2Θ2), (25)
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(a) (b) (c)

Figure 3: Plots of various models of the PSF using fitted parametrizations based on experimental (γ, xn)
data for (a) 186W [9], (b) 185Re [10], and (c) 139La [11].

and the nuclear temperature may be expressed in terms of the nuclear excitation energy:

Θ =
√

(Ef −∆)/a, (26)

where Ef = Sn − Eγ corresponds to the final level associated with a γ-ray transition. Again, the
summation is performed over two resonances for deformed nuclei, and one resonance for spherical
nuclei. The pairing correction ∆ is defined according to the following convention:

∆ = +0.5|Pd| (Even-Even);

∆ = 0 (Odd-A);

∆ = −0.5|Pd| (Odd-Odd).

The deuteron-pairing energy Pd is taken from Refs. [5, 6].

3.1.4 Generalized Lorentzian model

The generalized Lorentzian (GLO) model [25] connects the BA model near the maximum of the
GDER with the KMF model at low γ-ray energy leading to the following expression

f
(E1)
GLO(Eγ ,Θ) =

2∑
i=1

σGiΓGi

3(π~c)2

[
FK

4π2Θ2ΓGi

E5
Gi

+
EγΓGi(Eγ ,Θ)

(E2
γ − E2

Gi
)2 + E2

γΓ2
Gi

(Eγ ,Θ)

]
. (27)

Like the KMF beforehand, the GLO model also has both a temperature and Eγ dependence where-
upon the summation in Eq. (27) is performed over one (spherical) or two (deformed) resonances
depending on the deformation of the nucleus.

3.1.5 Enhanced Generalized Lorentzian model

In the enhanced generalized Lorentzian (EGLO) model, the term ΓGi(Eγ ,Θ) in Eq. (27) is modified
by an enhancement factor according to an empirical generalization of the width:

Γ′Gi
(Eγ ,Θ) =

[
k0 + (1− k0)

Eγ − E0

EGi − E0

]
ΓGi(Eγ ,Θ), (28)

where the reference energy shift is a fixed value E0 = 4.5 MeV and the enhancement-factor param-
eter k0 can be adjusted to optimize agreement with experimental data. Alternatively, a systematic
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value of the k0 parameter can be adopted in statistical-model calculations. These systematics vary
with A and depend on the adopted LD model according to purely empirical expressions [16]. For
the BSFG model

k0 = 1.0 for A < 148

k0 = 1 + [0.09(A− 148)2 exp(−0.18(A− 148))] for A ≥ 148, (29)

and for the CTF model

k0 = 1.5 for A < 145

k0 = 1.5 + [0.131(A− 145)2 exp(−0.154(A− 145))] for A ≥ 145. (30)

The corresponding EGLO PSF f
(E1)
EGLO(Eγ ,Θ) is then obtained from Eq. (27) by replacing the

temperature-dependent resonance width ΓGi(Eγ ,Θ) given by Eq. (25) with the enhanced resonance
width Γ′Gi

(Eγ ,Θ) given by Eq. (28).

3.2 Magnetic dipole M1 PSF

Next in importance for modeling statistical γ rays are magnetic dipole (M1) transitions. Generally,
a SLO model of the PSF is used based on two sets of parametrizations corresponding to different
manifestations of the giant dipole magnetic resonance (GDMR). These GDMR modes are shown in
Fig. 2. The scissors mode corresponds to a “scissors-like” counter rotation of proton and neutron
fluids, while the spin-flip giant resonance mode is characterized by oscillations between spin-orbit
partner shells. Data concerning the parametrization of GDMR is more limited compared to that of
the GDER, and a single-particle model of the M1 PSF may be a better alternative in some cases.

3.2.1 Spin-flip GDMR

The spin-flip resonance mode, as proposed by Bohr and Mottelson [26], is frequently adopted and

parameterized according to a SLO model of the type given by Eq. (23) for f
(M1)
SLO :

• EG = 41A−1/3 MeV [26].

• ΓG = 4 MeV [13].

• σG is adjusted to reproduce:

– the experimental f (M1) value;

– f (M1) = 1.58A0.47 at 7 MeV [27];

– f (E1)/f (M1) = 0.0588A0.878 at 7 MeV [16].

3.2.2 Scissors GDMR

Different experimental approaches have led to differences in the systematics of the parametrizations
used to describe the GDMR.

(i) NRF data: A parametrization of the centroid deduced from nuclear resonance fluorescence
(NRF) experimental data is presented in Ref. [28] as

EG = 13.4
√

1 + (3δ)2A−1/3, (31)
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where δ is the Nilsson deformation parameter [29]. For even-even nuclei widths are typically
reported in the range ΓG ≈ 0.2− 0.3 MeV, while in odd-odd nuclei ΓG is highly variable.

(ii) (n, γ) data: Similar parametrizations have been obtained from two-step cascade (TSC) mea-
surements following thermal neutron capture (n, γ) [30] as well as from fast neutron capture
(FNC) [31, 32, 33] in deformed nuclei:

– EG = 3 MeV (TSC).

– EG = 2.5− 3 MeV (FNC).

– ΓG = 0.2− 1.0 MeV (TSC).

– σG = 0.2− 1.0 mb (TSC).

– σG = 0.2− 0.4 mb (FNC).

(iii) 3He data: Primary γ rays observed following (3He,αγ) and (3He,3He’γ) reactions [34, 35, 36]
provide the following set of parametrizations for the scissors GDMR:

– EG = 2.6 MeV.

– ΓG & 1.0 MeV.

– σG = 0.5 mb [37].

3.3 Electric quadrupole E2 PSF

Of the multipolarities considered, electric quadrupole (E2) transitions are expected to have the
least-significant contribution to the statistical γ-ray spectrum. The E2 strength is interpreted
as a manifestation of the giant quadrupole electric resonance (GQER), arising from an isoscalar-
isovector vibration as depicted in Fig. 2. The PSF model of the GQER mode uses a SLO given
by

f
(E2)
SLO =

1

5(π~c)2

σGEγΓ2
G

(E2
γ − E2

G)2 + E2
γΓ2

G

. (32)

and is well described by a global parametrization according to:

• EG = 63A−1/3 MeV [18].

• ΓG = 6.11− 0.012A MeV [21].

• σG = 1.5× 10−4 × Z2E2
GA
−1/3/ΓG mb [21].

Although the GQER is expected to split in deformed nuclei. the degree of splitting is usually too
small to be resolved and a PSF based on the single-hump resonance given by Eq. (32) is adequate.
A single-particle model is often used as an alternative to the SLO E2 PSF.

4 Sensitivity tests

Parametrizations of the PSF and LD are not available for every isotope. Furthermore, statistical-
model calculations, e.g., DICEBOX [1] and RAINIER [2], do not generally fold the uncertainty on
the adopted parameters into final calculated level populations. Accordingly, it is important to
assess the impact of any such potential pitfalls by performing sensitivity tests through parameter
adjustments as set forth in Task 2.1 of the GRIN proposal [4]. While a comprehensive survey
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(a) (b)

Figure 4: (a) Residuals between experimental depopulation and modeled population of the low-lying lev-
els in 140La assuming different permutations of PSF/LD model combinations utilizing different LD-model
parameters. (b) Systematics of the BA model of the PSF in the A ≈ 140 mass region.

is yet to be performed, early indications suggest that insignificant differences are to be expected.
Figure 4a shows that all models of the PSF and LD assuming different sets of parametrizations
[5, 6] produce statistically-consistent results within ∼ 2σ for the calculated populations of low-
lying levels in 140La, populated in the compound-nucleus reaction 139La(n, γ). Additionally, the
GDER parametrizations of neighbouring nuclei in the A ≈ 140 mass region do not show much
variation upon changing isotope. In particular, all PSF models appear to largely converge at the
lower energies as illustrated in Fig. 4b. This implies that the adopted parametrization of the PSF
is not expected to yield a statistically-significant difference based on the GDER parameters of a
neighbouring nucleus.
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