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ABSTRACT OF THE DISSERTATION

Multiplicative Character Sums and the Applications to Problems in Analytic Number
Theory

by

Kyle Castro

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2017
Dr. Mei-Chu Chang, Chairperson

In this thesis, the reader is provided with a self-contained study of multiplicative characters
modulo composite integers. The results found here are primarily upper bounds on Dirichlet
characters, including those with polynomial arguments. Moreover, the applications of these
character sum bounds will also be discussed; in particular the direct impact on the lower
bound on the size of a subgroup of a finite field containing the image of an interval of
consecutive integers under a polynomial function is discussed in Chapter 4. My main goals
are to extend existing bounds on Dirichlet character sums to characters with composite
moduli and create new generalizations of character sums bounds while also providing the

reader with an understanding of the various applications.
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Chapter 1

Introduction

Analytic number theory is a vast topic which stems from the inability to solve
problems in number theory without the complex tools of analysis. Because of the interest
in the upper and lower bounds of complicated expressions, many combinatorial techniques
can be applied to improve the results of early analytic number theorists. The focus of
this dissertation will mirror its motivation which revolves around the notion of a Dirichlet

character.

Definition 1 Let G be a finite abelian group. A multiplicative character is a function f :
G — C which preserves multiplication; that is, f(ab) = f(a)f(b) for alla,b € G. If G is the
group of units in the ring of integers modulo q, we will say f : Zy — C is a multiplicative

character modulo q.

It follows from the multiplicative property of characters that f(1) = 1. Moreover,
if m = |G|, we have [f(a)]™ = f(a™) = 1; hence f(a) is a complex m'® root of unity. We

are specifically interested in multiplicative characters modulo ¢. In fact, we can define a



Dirichlet character as follows.

Definition 2 Let 7 denote the equivalence class of integers n modulo q. A Dirichlet
character is the extension of the character f on Zgimes tox : Z — C wvia x(n) = f(n)

with x(n) = 0 whenever (n,q) > 1.

Dirichlet Characters are named after Peter Gustav Lejeune Dirichlet who is con-
sidered to be the original analytic number theorist because of the methods he used to prove
the existence of primes in an arithmetic progression. His proof relied on the use of Dirichlet
characters and they still common tools in number theory almost 200 years later. Although
the study of multiplicative characters can be quite extensive, readers with little to no back-
ground in the topic are welcome to read this entire work as it is completely self-contained.
Many proofs of background material will be offered throughout this chapter as they appear

in various texts.

1.1 Notation and Introductory Theorems
The following notation will be used throughout the dissertation:

1. w(q) is the number of distinct prime divisors of the integer q.
2. d(q) is the number of divisors of the integer g.
3. V(J) represents the variety, or common zero set, of a set of functions J.

4. my(-) will be used as an operator with functional arguments which evaluates the func-

tion modulo gq.



10.

11.

CB(Ay, . AR = {(ar,dy, . am,al,) € A2x o x A2 tag - ag = df -+ - al, )] is the

multiplicative energy of m sets.

. The logarithmic height of a polynomial is the maximum logarithm of the modulus of

the coefficients of the polynomial.

0,€,¢, and ¢ are various constants with 0, € > 0. Furthermore, the constant p will
always be considered as prime and the constant ¢ will be a composite integer with any

added conditions stated as needed.

. A = o(B) is equivalent to the statement that |A| < ¢|B| for any € > 0 as the given

parameter tends to infinity.

. A < B is equivalent to the statement |A| < ¢|B| for some constant c.

A(+) is the indicator function for a given set A; that is, A(a) =1 for all @ in A and 0

otherwise.

Given a real number ¢ > 1 and = = (z1,...,%,), the g-norm is given by

n 1/q
lally = (; mw)

The following theorems will be useful at various points in the future. The first is the discrete

version of Holder’s Inequality [Fol84].

Theorem 3 (Holder) Suppose 1 < p < oo and p~t+q~' =1 (that is, g = p/(p—1)). Given

complex valued functions f and g, then

Ifglly <[ fllpllgllq



In the case that p = ¢ = 2, Theorem [3]is known as the Cauchy-Schwarz Inequality; since it

will be used most throughout this dissertation, it is stated here as well.

Corollary 4 (Cauchy-Schwarz) Given a;,b; € C,

n n 12, n 1/2
> aibs| < <Z|Gj|2> <Z|bk\2> :
i=1 j=1 k=1

To conclude this chapter, we present a useful upper bound on the number of divisors of a

natural number.

Proposition 5 Given a positive integer n,

3logn

d(n) < e loglogn

Proof. Suppose

ki—1 _ko—1 kp—1
1 2

n=p p DPr

where we use k; — 1 and assume k; > 2 for ease of notation. Then clearly d(n) = kika - - - k.
However, we can group the powers according to the size of its corresponding prime divisor

as follows,

dn)= J[ & J[ *-

piln piln

pi<ylogn  p;>ylogn
Note that for all i, k; < logn. Now we have

H ki < H logn < (log n)\/@ _ ¢Vlognloglogn

piln piln
pi<y/logn pi<ylogn
- vlogn
Moreover since loglogn < slogn We have

A ogn logn
| | kz <e 1Ognloglogn — geloglogn |

pi|n

pi<+/logn



On the other hand if p; > v/logn, then p? > logn and

12(kr1) ki—1
piog ogn Z (logn)iloglogn —e

ki—1

giving
2k,
iloglogn > k.
Therefore
2(k;—1) 2 2logn
H ki < H piloglog" < ploglogn = eloglogn

piln piln

pi>+/logn pi>y/logn

where the last inequality holds since  [] p?iil < n. Finally putting both cases together
piln
pi=vlogn
gives

logn 2logn
d(n) < e loglogn gloglogn

as desired. m
It is important to note that Proposition [f] gives two bounds on the number of
divisors of an integer based on the "smoothness" of the integer. In particular, the fact that
logn
for a positive integer n with p; < v/logn for all p;|n, d(n) < elslosn will be especially useful

in the later chapters.



Chapter 2

Background Material

The reader will now be provided with an in-depth background on the theory of
multiplicative characters by discussing the theorems needed for the main results of this
thesis. The theorems and proofs discussed in this chapter are primarily found in [Apo76|

and [IK04].

2.1 Characters

Lemma 6 Given G, a subgroup of Zy, any multiplicative character on G can be extended

to a character on Zy in M different ways.

|Gl

Proof. Given a subgroup G C Zg, let x : G — C be a multiplicative character on G. Let
a € Zy /G, then there exists an integer k such that a* € G. Now, consider the subgroup of
Zy generated by G U a; call it G’. Taking m to be the minimal & such that a* € G, we can

ela)

extend x to X' : G’ — C by first setting x'(a) = z where z is a £-th root of unity such

that 2™ = y(a™) = x'(a™). Recall, every element in G’ can be written in the form ga’ for



some g € G and some integer i; therefore, defining x'(ga’) = x(g9)x’(a)? we have a character
on G'.

To show the extension is well-defined, suppose gia’! = goa®?. It follows that a’* ~%2 €
G which means that i, = ip (mod m) since m is the order of a in Zj/G. Then for some

integer b, i, = ip + mb which gives go = g1a™®. Thus

X (g1a™) = x(g1)X ()" = x(g1)x ()2

mb

= x(g1)x'(a)"X'(a)
= x(91)x (@)X (@™)"
= x(g1)x'(a)"*x(a™)
= x(g1a™)x'(a)"

= x(g2)X' (@) = X' (g20").

G/
Notice, there are & choices for x’(a) and inducting on the index gives w(q/) extensions of
@] , @]
/ . () |G| . ;
each x' to a character on Zg; thus there are ' [C] extensions of x to a character on Zj

as desired. m

The previous lemma gives us the following proposition.
Proposition 7 There are exactly p(q) distinct multiplicative characters modulo q.

Proof. This is an immediate corollary of Lemma @ Taking G = {1}, we have that the
character x on G extends to a character on Zj, and therefore to Z,, ¢(q) different ways. m

We denote each distinct multiplicative character as x; for i = 0,1,...,¢(q) — 1
where the principal character is defined to be xo(a) = 1 for any a € Z;. The following are

some examples of Dirichlet characters for the readers intuition.



Example 8 If x is a Dirichlet character modulo 2,

Example 9 If x is a Dirichlet character modulo 3,

x/nlof1] 2]
xo(n) | 0| 1] 1
xi(n) | 0| 1| -1

Example 10 If x is a Dirichlet character modulo 4,

(x/nlof[1]2] 3]
xon) [0 1]0]| 1
xi(n) |0 1|0 -1

Example 11 If x is a Dirichlet character modulo 5,

xon) | 0| 1| 1] 1] 1
xi(n) | 0| 1| 4 | -i]|-1
x2(n) | 0| 1] -1|-1]| 1
xs(n) | 0| 1] -i| i |-1

Example 12 If x is a Dirichlet character modulo 6,

(x/nof[1]2]3[4]5]
xon) |0 110]0|0] 1
xin) 0| 110]|0|0] -1

Do you notice any similarities between Examples [9] and They have more in

common than one might think.

Definition 13 Given x a multiplicative character modulo q and d o divisor of q, we say d
is an induced modulus for q if x(a) = 1 whenever (a,q) =1 and a =1 (mod d). If there

are no induced moduli for q, the character is called primitive.

Theorem 14 Given x a Dirichlet character modulo q, d a divisor of ¢, and integers a and b,
d is an induced modulus for q if and only if x(a) = x(b) whenever a =b (mod d), (a,q) =1,

and (b,q) = 1.



Proof. Assuming x(a) = x(b) whenever a = b (mod d) and (a,q) = (b,q) = 1, letting b = 1
satisfies the definition of an induced modulus.

On the other hand, assume d is an induced modulus for ¢ and choose a and b such
that (a,q) = (b,q) = 1 and @ = b (mod d). Let a’ be the inverse of a in Z;, then aa’ = 1

(mod d) and aa’ = ba’ = 1 (mod d) with x(aa’) = 1. Thus x(aa’) = x(ba’) which gives

Using the examples above, we see that the character y; mod 4 is a primitive
character since the only possible induced modulus is d = 2; however, 3 = 1 (mod 2), but
x1(3) # 1.

On the other hand, consider the character x; modulo 6; the possible induced moduli
are d =2ord=3. If d=2, we have 5 = 1 (mod 2), but x1(5) # 1 so d = 2 is not an
induced modulus for 6. If d = 3, then for all @ = 1 (mod 3), x1(a) = 1 so 3 is an induced
modulus. In the language of Theorem [14] we see that 3 is an induced modulus for 6 since
x1(1) = x1(7) = x1(13) ... with 1 =7 = 13... (mod 3) and x1(5) = x1(11) = x1(17)...
with 5 =11 = 17... (mod 3). Notice that the same argument holds for xp mod 6. In fact

there is an interesting result on the existence of primitive characters.

Theorem 15 Given ¢ =2 (mod 4), there do not exist any primitive characters mod q.

Proof. Given ¢ = 2 (mod 4), let x be any multiplicative character modulo g. Note, we
have that ¢ = 2d for some odd integer d. Take a,b € Z relatively prime to ¢ such that a = b

(mod d). Then, by Theorem [14]it suffices to show x(a) = x(b).



Since a = b (mod d), a = b+ md for some integer m; however, m must be even as

follows. If a = b+ md for m odd, then for some k € 7Z
a=b+md=b+ (2k+1)d=b+k(2d)+d=b+kq+d

which gives that a = b+ d (mod ¢). However b and d are odd so we have that (b+d,q) > 1

contradicting (a,q) = 1. Now, since a = b+ md for m even
a=b+ (2k)d=b+k(2d) =b+ kq

so that a = b (mod ¢). Hence x(a) = x(b) for every multiplicative character modulo q. m
Notice that Theorem actually proves that for ¢ = 2d = 2 (mod 4), d is an
induced modulus for every character modulo q. We can finally show the direct relationship

between Examples [9] and [I2) using the following theorem.

Theorem 16 Given an integer n and a non-primitive multiplicative character x modulo ¢,
there exists an induced modulus q1|q such that x(n) = xo(n)y¥(n) where ¢ is a primitive

character mod q1 and xq is the principle character modulo q.

Proof. Take ¢; to be the smallest induced modulus for g. We can construct ¢ modulo ¢;
as follows. For any (n,q1) = 1, let d be the product of all the primes which divide ¢ but not

n. Taking m = n + ¢1d gives (m,q) =1 and m =n (mod ¢;). So defining

x(m) ifneZ;
b(n) = '

0 otherwise

gives a character modulo ¢;. For all (n,q) = 1, Theorem [14] gives x(n) = x(m) so that



Moreover, if (n,q) # 1,
x(n) = 0= xo(n)i(n).
Lastly, v must be primitive modulo ¢;. If not, there exists an induced modulus k for ¢;

with k& < ¢1; however k (which also divides ¢) must also be an induced modulus for g. That

is, for n =1 (mod k) with (n,q) =1

x(n) = xo(n)¥(n) = ¥(n) =1

where the last equality holds since k is an induced modulus for ¢;. Since ¢; was assumed to
be the smallest induced modulus of ¢, we have a contradiction. m

Consider the following definition,

Definition 17 Given any integer q and x a Dirichlet character modulo q,

> x(n)

n=1

is called complete since it the sum over all values of Zg.

We are primarily interested in incomplete sums of multiplicative characters because
complete character sums can be rather uninteresting as the following proposition demon-

strates.
Proposition 18 If x is a Dirichlet character modulo g,

S () = ©(q) X = X0

n=1 0 otherwise.

11



q
Proof. If x = xo0, x(n) = 1 for all n € Z, thus > x(n) = »(gq). Now suppose x # Xo;
n=1

then there is an element a € Z; such that x(a) # 1. Note,

so that

(1= (@) 3" x(n) = 0;
n=1

however, since x(a) # 1 we have that zqzl x(n)=0. =m
n=
Note, the set of characters on a group G form a group G under multiplication; that
is, for all characters x;, x; € G and a € G, we define character multiplication by (xix;)(a) =
xi(a)x;(a). Gis the dual group of G with identity xo and inverses ¥(a) = x(a~"). Moreover,

Given n € Zj, characters have the orthogonality relation that x;(n)x;(n) = 1 if and only if

i = j. Therefore, we have the following fact.
Proposition 19 Given g a positive integer and the Dirichlet characters x;, x; modulo q

g | ©(q) i=]

n=1 0 otherwise.

On the other hand, for i # j x;(n)x;(n) = x'(n) for some nontrivial character x’ in the dual
of Zj. Thus by Proposition [I§, the complete character sum is zero. m

Consider the following definition and lemma.

12



Definition 20 Given an integer m and x a multiplicative character mod q,
Z X(n)e27rimn/q
n=1

is called a Gauss sum and is denoted G(m, x).

Lemma 21 Given an integer n and x a multiplicative character mod q,

where

1
In the language of Deﬁm’tz’on have ag(m) = —G(—m, X).
q

Proof. Consider
q ) 1 q q ] ] 1 q q )
Z aq(m)e27mmn/q i Z ZX(T)ef%rzmr/quTmmn/q _ = Z ZX(T)EZﬂ"Lm(nfr)/q'
m=1 q m=1r=1 q m=1r=1
However,

i e?m’m(n—r)/q -0

m=1

unless 7 = n; therefore

3 ag(m)e2mimn/a j[ 3" x(n) = x(n)

m=1 m=1

as desired m

We can now discuss the notion of a separable Gauss sum.

Definition 22 Given an integer m and x a multiplicative character mod q, G(m, x) is said

to be separable if G(m,x) = x(m)G(1,x).

13



Theorem 23 Given an integer m and x a multiplicative character mod q, G(m,x) is sep-

arable if and only if G(m,x) =0 for (m,q) > 1.

Proof. If (m,q) = 1, then

G(m,x) = Z X(n)e2™ M1 = ¢ (m) Z Y(mn)e2™ M4 = y(m) Z (a)e2miala
n=1 n—1 p
= X(m)G(1,x)

On the other hand if (m,q) > 1, then x(m) = 0 and so G(m, x) = x(m)G(1, x) if and only

if Gim,x)=0. =

Theorem 24 Given a multiplicative character mod q, assume G(m, x) # 0 for some integer
m with (m,q) > 1. Then there exists a proper divisor d of q, such that x(a) = 1 whenever

(a,q) =1 and a =1 (mod d).

Proof. Given m with (m,q) > 1, let k = (m,q) and d = %; moreover, choose a such that
(a,q) =1 and a =1 (mod d). Then

q q

q
G(m,x) = Z X(n)e%imn/q — Z X(an)e%ima"/q = x(a) Z X(n)e%m'man/q'

n=1 n=1 n=1

b b
However, a =1+bd =1+ b(%) for some integer b. So mna_mn mq; ¢ _ mn %
q q q q

b , ,
Since k|m we have that % € Z which gives us that e2™men/¢ = ¢2mmn/a_ Thus G(m, x) =

x(a)G(m, x) and since G(m, x) # 0, we have x(a) =1. =
The conclusion of theorem [23| should look familiar (see definition . Hence we

have the following corollary.

Corollary 25 The Gauss sum of a primitive character is separable.

14



Proof. Suppose that x is a primitive character modulo ¢ and the Gauss sum G(m, x) is
not separable. Then by Theorem G(m,x) # 0 for some m with (m,q) > 1. However,
Theorem [24] gives that there exists an induced modulus for ¢ which contradicts the fact that

X is a primitive character. m

Theorem 26 Given an integer n and x a primitive Dirichlet character modulo q,

n) = TQ(X) : v(m 672m'mn/q
x(n) NG mzz:lx( )

where T4(x) = M

NG

Proof. Since x is a primitive character, its corresponding Gauss sum is separable. Thus,

1
the Fourier coefficients are a,(m) = —x(—m)G(1, x) so that using Lemma [21| we have
q

q m=1 q m=1
G(1
Letting 74(x) = (1, x) yields the desired result. m
q
In the previous theorem |7,(x)| = 1 which follows from bounding |G(m, x)|* as

follows.

Theorem 27 Given an integer m and x a primitive character mod q, |G(m, x)| = \/q.

Proof. Since x is a primitive character, its corresponding Gauss sum is separable giving
|G (m, x)” = G(m, x)G(m, x) = X(m)x(m)G(1, x)G(L x) = G(1, x)G(L, x).

From the definition of the Gauss sum, we have

q
G(LX)G(L,x) = G(1,x) Y x(n)e >/,

n=1

15



Finally, applying the definition again yields
q

q q
Gm, )P = Gln, x)e 21 =3 x(1) Y e2rint=1/a,
=1 n=1

n=1

0
However 33 e?™n(=10/4 = 0 unless | = 1, 50 |G(m, x)|* = gx(1) =¢. =

n=1

16



Chapter 3

Character Sums

In this chapter we would like to examine incomplete character sums more closely.
As mentioned earlier, Dirichlet used nontrivial upper bounds on these character sums to give
the existence of quadratic non-residues modulo an integer ¢; that is, the Legendre (Jacobi)

symbol
0 if (n,q) #1

n
<> = 1 if (n,q) =1 and 22 = n (mod q)

—1 otherwise

is a quadratic character. Thus the bounds described in this chapter will not only give
the existence of quadratic non-residues, but also give lower bounds on the number of non-

residues.

17



3.1 Various Bounds

There have a been a number of substantial results on the upper bounds of incom-
plete character sums for both prime and composite moduli; in this section we will discuss the
most notable of the existing bounds. We start with the Polya-Vinogradov ineuality [Apo76),

Theorem 8.21].

Theorem 28 (Polya-Vinogradov) Given x a primitive character modulo q, for all N > 1

we have
Z x(n)| < +/qlogg.
n<N

Proof. First, note that this bound holds trivially for all intervals of size N < ,/qlog g since,

by the triangle inequality,
Yo xm)| < Y Ix(n)] <N
n<N n<N

Now, suppose N > ,/qlogq. Using Theorem [26{ we have

-1
x(n) = K(m)e~2imna

S

=<

~—
)

S
i

where we sum 1 < m < ¢ — 1 since Y(¢) = 0. Summing over all n < N gives

ZX(”): Z X(n)TQ(X Z Z e—27mmn/q

n<N 1<n<N \/a m=1 1<n<N

where the first equality holds since x(0) = 0. Taking the absolute value of both sides,

applying the triangle inequality, and using the trivial bound on x(m), we have

q— 1 q—1
§ : 2 : § : —27rzmn/q < e—27mmn/q )
1<n<N m=1 1<n<N 11 1<n<nN
Moreover,
§ : 6—2mq m)n/q _ § : e?mmn/q and § : 6—2mmn/q _ § : 627r7,mn/q
1<n<N 1<n<N 1<n<N 1<n<N

18



hence
§ : e—27r7,(q—m)n/q _ § e?mmn/q )
1<n<N 1<n<N

So we have

In fact

Z p—2mimn/q _ Z (e—%im/q)n’

1<n<N 1<n<N

so we can consider the geometric series

1— e—27rimN/q em'mN/q . e—TrimN/q

emim/q _ o—mim/q

2 : —2mimn/q| _ | ,—2mim/q
(& = |€ -
1 — e—2mim/q

1<n<N
sin(™2) 1 1 q
— < = —,
sin(%*) | 7 sin(%") T 200 2m
s
Notice that the last inequality holds since sinf > 2?9 or 0 < ¢ < 3. Putting everything

back together, we have

as desired. m
While the Polya-Vinogradov inequality is a well known upper bound, the best

unconditional bound for over 50 years is due to Burgess [Bur63, Theorem 12.6].

Theorem 29 Given x a primitive character mod q, r > 2, and € > 0,

Z x(n)| < Nl_%qZSJ“E
n<N

provided that q is cube-free or r < 3.

19



Assuming the Generalized Riemann Hypothesis, Montgomery and Vaughan estab-

lished the bound of |/gloglogq [MV77, Theorem 2]|.

Theorem 30 (Montgomery-Vaughan) Given x a primitive character mod q, for any N > 1

we have

> x(n)| < /gloglogg

n<N

Another useful bound on character sums is result of Graham and Ringrose [IK04,

Corollary 12.15].

Theorem 31 Given a square-free integer ¢ > 3 and N < q, assume N > ¢*/Viegloga 4 p9
where P is the largest prime divisor of q.

Then,
N

> x(n)

n=1

<« NeViosq,

While the previous results involve character sums taken over an interval, we can also
consider character sums with polynomial arguments; that is, for some interval of consecutive
integers I, some function f(x), and a multiplicative character modulo ¢ we want to find

bounds on the more general character sum

Zx(f(x»‘.

zel

An extremely useful bound on complete character sums with polynomial arguments is Weil’s

bound [IK04, Theorem 11.23].

Theorem 32 (Weil’s Theorem) Let p be a prime, f € Z[x] be a polynomial of degree d and

x be a multiplicative character mod p of order r > 1. Suppose f mod p is not an ", then

20



we have
P

> x(f(@)

=1

< dy/p.

Note, the version stated in Theorem is the case specific to our needs in the
subsequent chapters. In fact, the more general version of Weil’s Theorem holds for arbitrary

finite fields.

3.2 Character Sums Over Shifted Intervals

As mentioned earlier, we wish to consider sums of multiplicative characters with
polynomial arguments. In this section we discuss the most natural first step in the general-

ization process, shifted intervals. The following question has recently been posed,

Problem 33 (J. Bourgain) Given a multiplicative character x and a prime p, obtain a

nontrivial bound on ) x(z +a) for H <TF,, |H| ~\/p, and a € F},.
zeH

Similarly, the question has been posed for quadratic arguments because of its significance

to polynomial factorizations over a finite field.

Problem 34 (1. E. Shparlinski) Given a multiplicative character x and a prime p, estimate
non-trivially

S X((@+a)(@+b),  abla—b) € F
zeH

for H <, and |H| ~ \/p

In |Gonl, lies a solution to the first question as an immediate application of Vino-

gradov’s Bilinear Estimate as found in [Vin&5).
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Theorem 35 (I. M. Vinogradov) Let p be an odd prime, a € Fy, and x be a non-principal

character modulo p. Take
p—1p—1

S=3 > &@mly)x(ey +a)

=0 y=0

and
p—1p—1

S =3 E@my)x(zy(ey + a))

=0 y=0

for any complex valued functions & and n with

Sm@lP<x, D <y, XY CF;
zeX yey

Then

|S| < /pXY, 1S < /pXY.

Taking &(z) and 7(y) to be indicator functions in [Gonl Theorem 2|, Ke Gong arrives at the

following bound for the character sum over a shifted interval.

Theorem 36 For any H < F, and multiplicative character modulo p, we have

> x(@+a)

zeH

max
a€F}

<4/p.

In the proof of [Gonl, Theorem 2|, the bound is actually found as

> x(z+a) > x()

zeH zeH

< ( !

S\P—
|H|

Moreover, the following bound on a nonlinear character sum is stated as a remark at the

end of [Gonl; it uses Vinogradov’s bilinear estimate on S’ in the same exact way.

Theorem 37 For any H <, and multiplicative character modulo p, we have

5 Mata+ a)| < V5

zeH
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While these results hold for a prime modulus, one of the mean-value estimates that

Gong presents in [Gon| can be immediately extended.
Theorem 38 (Gong) For a € F, we have

. < VIH].

-1
b X (mod p)

Z x(n+a)

neH

In general, the previous theorem can be extended to Z, for a composite modulus

as well.

Theorem 39 Given a composite integer q, a € Zq, and H C Zq, we have

Y <V[H|.

©(q) y (i)

Z x(n+a)

neH

Proof. Using the Cauchy-Schwarz inequality

Z x(n+a)

neH

>2 <olg) >

x (mod q)

(=

x (mod q)

however

D

X (mod q)

Z n+a

neH

ZZ Z x(n+a)x(m+ a).

neH meH x (mod q)

Note that for each m (or n) in H such that (m + a) (or n + a respectively) does not belong

to Zy, x(n + a)x(m + a) = 0; therefore we only need to consider

BINED SERTC=) B DD DERT =) ED DD DER( Ce

n,meH  x (mod q) n=m x (mod q) n#m x (mod q)
n+a, m+a€Z*

= o(q9)|H[+0

yielding the desired result. m
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3.3 Graham-Ringrose

In [Chal4], M-C. Chang improves Theorem for large intervals by assuming
the modulus is a smooth composite integer; this leads to an improvement on the saving
discovered in Theorem 31| by carefully counting a "bad" set. This section will cover [Chal4l,

Theorem 3| as well as a proof of the most generalized version of the result.

Theorem 40 (Chang) Let q be a square-free integer, x be a primitive multiplicative char-
acter (mod q), and N < q. Assume

(1) for all plq, p < N'/10;

1
(2) log N > ozt

Then
N

> x(@)

r=1

3/4

<« Ne—(1ogN/3)

As you can see by (2) of Theorem the size of the interval is no longer dependent
on the size of the largest prime divisor of the modulus as was the case in Theorem
however, the modulus is said to be smooth because of condition (1). Lastly, we point out
that the saving in Theorem [40]is an improvement from that of Theorem [31] for large N, but
it was stated in [Chal4] that the saving of Theorem |40 was not optimized. Theorem {40| was

proven using a more technical, yet stronger, version of the theorem [Chal4l, Theorem 3'|.

Theorem 41 (Chang) Assume q = q1 - - qr with (g;,q;) =1 fori # j and q, is square-free.

Factor

X = X1 Xrs

where x; (mod q;) is arbitrary for i < r and primitive for i =r. Assume further,
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(i) for all plqr, p > /1og qr;

(i) for all i, ¢; < N'/3;

i) r < cloglogq for some ¢ < + —e.
(iti) glogg I

Then
N

> x(@)

r=1

« Ne—(logar)'~¢/logloggr

At first glance, it is not apparent why Theorem [41] implies Theorem [40] Theorem
[41] does not assume that the modulus ¢ is square-free, but weakens the assumption to ¢
having a square-free factor; moreover, (ii) maintains the smoothness of ¢. To show how

Theorem [40| holds under these weaker assumptions we state [Chald, Remark 3.1].

Remark 42 Writing g =p1---p;-p1-p2--- where

D1y < V9ogq and p1 > pa... > +/logq.
Then

l
[I7: < (Viogg)' < &5 < gm0
i=1

V1
where the second inequality holds since | < w(y/logq) ~ % and the last inequality
0gv/10gq

holds since 2+/logq < %logq for q sufficiently large. Thus the prime factors which are

smaller than +/log g can be omitted.
Let qn = Hlepi, where k is maximal so that g1 < Ns. Then, pp+1q1 > N5 and by
11 1 . . 1 1
Theorem (1), 1 > N3~ 10 > N5. Repeat this process on qll to get qo with N3 > qo > N5.

Then, repeat the process on ﬁ and so on. After re-indexing, we have

1
Qr>Gr—1>...>q2>q > N5.

Hence q > (N%)’”, which together with (2) gives (iii) so that Theorem can be applied.
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After the proof of [Chal4, Theorem 3| a more general version of the theorem is
stated with a comment on the changes necessary to prove it. However, before it can be

stated we need the following definition.

Definition 43 Given a prime p and f € Z[z], we say p is good (and f is p-good) if f
mod p has a simple root or a simple pole. Otherwise, p is called bad and f is called p-
bad. Moreover, given qlq, such that ¢ > \/q,, the pair (f,q) is called q,-admissible (or just

admissible when there is no ambiguity) if

p > +/logg, for all p|q

and
q 10
H p>£, where T = ——.
- qa loglog gr
plq
p s good

Given the definition of an admissible pair, we are now able to state [Chal4l, Theorem 3”].

Theorem 44 (Chang) Assume q = q1 - - g with (g;,q;) =1 fori # j and q, is square-free.
Factor x = X1+ Xr, where x; (mod q;) is arbitrary for i < r and primitive for i = r.
Assume further,

(i) for all plgr, p > /1og q;;

(ii) for alli, g < NY/3;

(i1i) r < cloglog q for some ¢ < i — €.
Let

f(z) = H(Z’ - bj)Cj7 ¢ € {-1,1}, d=deg f = Z ’Cj"

J

Suppose that (f,qr) is admissible. Furthermore assume
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(v) d =deg f < (logqr)é.

Then,
N

> x(f(@)

r=1

« Ne—(logar)'=¢/logloggr

While the changes needed to prove Theorem are laid out in [Chal4, Remark 3.5],
we will prove a slightly more general version. From here on, we will change the definition of

a good prime as follows.

Definition 45 Given a character of order k > 1 and f € Z[x], the prime p is good (or f is
p-good) if f mod p is not a k™ power. In other words, f mod p cannot be written as g(x)*

for some polynomial g(x).

Using this new definition of a good prime and keeping the definition of an admissible pair

the same, the following Corollary to Theorem [32|as stated and proven in [Chal4] still holds.

Corollary 46 (Weil’s Theorem')
Let ¢ = p1...p be square-free, f € Z[x] be a polymonial of degree d, and x (mod q) be a
multiplicative character of order k. Let q1|q be such that for every prime p which divides qi,

f mod p is not an k" power. Then

q

> x(f(@)

=1

< dw(ql)

7
Vi
Proof. Let x = x1---xi, where x; is a multiplicative character mod p; for i = 1,...,[.

Then
q

> x(f(=))

z=1

pi

> xilf(x))

r=1

<l dvo [Iri= gtan) L
pilq1 pifq1 v

l
<11
=1

using Theorem [32| on the p;|¢; and the trivial bound on those p; { ¢1. ®
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Remark 47 In Definition[3, the function is required to have a simple root or pole to ensure
that f (mod p) is not an k™ power of a polynomial; this assumption allows for the use of

Weil’s estimate on the complete character sum

> X(f(w))’ where x is a multiplicative
character of order k > 1. Using Definition [{3 we can now remove the assumption that
¢i € {—1,1} for some i in Theorem since its primary purpose is also to ensure f(x) is

not an k™" power of a polynomial.
Theorem [44] can now be generalized as follows.

Theorem 48 Assume q = q1---q, with (g;,q;) = 1 for i # j and q, square-free. Let x
(mod q) be a multiplicative character of order k and factor x = x1 -+ xr, where x; (mod q;)
is arbitrary for i < r and primitive for i = r. Let f(x) € Z[x] be a polynomial of degree d
such that for all p|lq f is p-good. Assume further that

(i) for all plq,, p > /1og qy;

(ii) for all i, ¢; < N'/3;

(1ii) r < cloglogq for some ¢ < % —€;

and
(iv) d = deg f < (log g,)5.
Then,
N
S X(F(@))] < Ne~loga)'/loglogar
=1

We will prove Theorem [48]in its entirety using the same methods of [Chal4l, Theorem 3’| and

the necessary changes. To start is [Chal4l Remark 3.3] which will be stated as a proposition.

Proposition 49 (Chang) Assume ¢ = q1 - - - g with (g;,q;) =1 for i # j and q, square-free
such that for all p|q,, p > 1ogq,. Let (f,q) be an admissible pair and let x be a primitive
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multiplicative character modulo ¢, where § is a square-free multiple of q. Assume

1 loglog g,

logd < — , where d = deg f.
T 10

Then,
5 ~ ~
D ox(f@)| < @@ < d(q) 0,
=1
where ¢ is the product of good primes p which divide q.
Notice that the previous bound contains a complete character sum, but since the character

has polynomial argument the complete sum may be non-zero.

Proof. For p|q|g,, the assumptions on p and d give
p'/° > (log ¢,)Y/10 > d. (3.1)

, we use the

ESTIESIN

Factoring x = x1Xx2, where x1 is a character mod ¢ and y» is a character mod

trivial bound on x2 and Corollary 6] on x; to obtain

q/q

Y xelf@)] < L@ = L gota),
=1

Q| Qe
Qn

S

Yo x(fl@)| <

S

S w(f(@))

Using (3.1]) we have

Since (f, q) is admissible, we have § > gq, ™ so that
5 ~ ~
D Ox(f(@)] < (@) 10 < q(gq)*10gF O
r=1

as desired. m

We can now prove Theorem [48| using the techniques/suggestions given in [Chald].
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N
Proof. To start, consider > x(f(x)) and use Weyl differencing. Take M = [v/N] and shift

=1

the interval [1, N] by yq; for any 1 <y < M. Then

N

N
D x(f@) =D x(f=+ya))
=1

r=1

< 2yq1 < Maq.

Taking the average over the shift yields

N | M
< 7 2D+ g + O ).

z=1|y=1

Define x} = x2--- X, and use the periodicity of x as follows

1 N | M 1 N
NM; D x(Flet+ya)| = 537 2 ZXl (@ +yaq))xi (f (2 + ya))

y:l rz=1|y

N
ZﬁZle (f (2 +ya))|

So applying the Cauchy-Schwarz inequality we have

251/2
LMZZX flatyq))| < NMQZZM (z +yq)) : (3.2)
z=1 z=1|y=1
Note,
N |M > N M
YR o rya)) =)0 > i@ +ya))Xi(f@ +y'a)
z=1|y=1 z=1y,y'=1

TR R 1 M | N Flz+yar) 1/2
/ e ———
NM 2|2 x(fle+ym))| < [NM2 2.0 (f(x n y’cn)) ] - 89
z=1|y=1 yy'=1lz=1
~ f(@+yaq1) :
Now, given (y,y’) define g, ,(z) = <-———= and separate the pairs (g,.,/, ¢r
(v 9/) v (%) o+ va) (9y,y'> ar)

according to whether or not they are ¢,.-admissible. We use the same counting method as is
used in [Chal4, Theorem 3’| on the set of bad primes (as given in Definition [45)); that is, if

(9y,y'5 qr) is not admissible then the product of the bad primes which divide ¢, is at least ¢
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and must divide y — 3/ for each factor of f. Letting @ be the product of these bad primes

which divide ¢,., we have

{(y, ') € [1, M]*: (g4, qr) is not admissible}|

< Z {(y,y') € [1,M]?*: for all p|Q, gy, is p-bad}|

Q|qr
Q>q;

< Z M(g)d“’(@ (note M > Q)

Qlgr
Q>qy
However,
dw(@) d (log g,)* pt/ 5
— < Qf /4 < q737'/4.
Q Hp 11 p H "
p|Q p|Q p|Q
Then, we have
Z 5 @) 2 _3r/4 (ar) pf2q37/4 24-97/20
M2 (——) < Y Mg/ < 29 Mg 5 < NP0
Q|Q7" Qlgr
Q>q] Q>q]

where the last inequality follows from Proposition [5} So

1 M | N 1 M N M N
N2 Z ZXll(gy,y’) = NW( Z ZXll(gy,y’) + Z ZXll(gyy’) )
yy'=1lz=1 yy'=1 lz=l yy'=1 le=1
non-admissible admissible
Then using the trivial bound on the non-admissible sum gives
1 M | N
LS S )| <70+ z e |
yy'=1lz=1
where
N N
> Xilg1(x) | = max > Xi(gyy () ‘ : (3.4)
=1 (9y,y7+ar) is admissible z=1
Hence we have
1 MM 1| 1/2
37 2| 2 X )| < g0+ (N PP ACED) ) :
z=1|y=1 =1
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Thus there exists G1|g- such that ¢ > ¢}~" and for every p|q1, g1 is p-good. Now, we want
to continue bounding the remaining sum using induction on each of the characters in the

factorization of x; we do so using the following proposition.

Proposition 50 Fors=1,2,...,r —1 define X\ = xst1--- Xr. Let gs(z) = [1f (z —b;)]
J

1—(s—1)7

where bj,c; € Z and deggs < 2°d. Let gy = qr. Suppose there exists Gs—1|q, such that
Gs—1 > qr and (gs, Gs—1) is admaissible, then

1/2
<ot (& 7))
= N

where gsy1 is of the same form as gs with deg gs11 < 2°+'d and there exists Gs|q, such that

5(gs(2))

1—sT1

ds > q, and (gs+1,qs) is admissible.

Proof. We use Cauchy-Schwarz and the ¢s41 periodicity of xs41 in the same manner as

] 1/2

Let gs+1(z) = % where (y,y’) is chosen so that the previous character sum is

before to obtain

(oula ‘ [Wz

y,y'=1

9s(® + Yqst1)
d X |

po 9s( + Y'qs41)

maximal among all good pairs as in (3.4). Then we can bound the size of the bad set of

(y,9') exactly as before.

{(y,y') € [1, M]* : (gs+1,ds) is not admissible}|

< Y Hw.y) €1, M forall p|Q, gsy1 is p-bad}|
Q|QS

Q>q;

M2
< 925\ (@)

> S

Q|qs

Q>qf
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However, applying the same argument as before and using (iii) to bound the 2° term gives

(25d 2 2 (10gQT)3/8 2—1/4 2 —7/4
M? <M <M — < M-Q < M=q, 7",
o I ]

Hence the bad set can be bounded by 29() M2g,” S M 2q, 7/20 using Proposition |5 with

pi > Vlogg,. =

At the final stage of the inductive process we have

N
> xr<gr_1<x>>‘
r=1
1—(r—2)7

with degg,_1 < 2"7'd. Moreover, there exists ¢._o|g- with G._o > qr

qr such

that every p|g,—o is good; that is, (gr—1, gr—2) is admissible and Proposition [49| applies. In

1/5

particular since N > ¢’ we can apply Proposition to the complete sums and use the

trivial bound on the remainder of the interval. Thus

(97'71(1') < N_ 3410 37/10 < Nq (20 10) < Nq_1/8

Putting everything together, we have

y

< g 00 gm0 L (PO 4 (7Y 0 <MQ1>

N

< (q;r/Qo)l/T*l + (q;1/8)1/2T*1

< (q;7/20)1/2f—1

1 1
" Toglog qr "2cloglog qr

:q’l‘

_ (loggr)t=¢
< e loglogqr

as desired. m

Notice that by Remark [42] the following weaker version of Theorem [4§] still holds.
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Theorem 51 Let ¢ = q1---qr € Z be square-free, x (mod q) be a primitive multiplicative
character of order k, f(x) € Z[z] be a polynomial of degree d such that for all p|q f is p-good,
and take N < q. Assume further,

(1) for all p|q, p < Nl/lo;

log q
2)log N > C :
(2) log N > loglogq’

and

(3) d < (log g)"/*.

Then,

10gN)3/4

< Ne (75

> x(f(=))

z=1
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Chapter 4

Multiplicative Energy of Polynomial

Images of Intervals Modulo q

Mei-Chu Chang and I give a result in the spirit of Shparlinski’s theorem, [Shp),
Theorem 7|, through the application of the Theorem This chapter is a essentially [CC]
with more details filled in for the reader. In [Shp| lies an improvement to an earlier result
of Shparlinski and Gomez-Pérez, [GPS15, Theorem 7|, which discusses the greatest lower
bound for the order of a subgroup of a finite field containing the image of H consecutive
integers under a rational function. There are various bounds for the number of images of con-
secutive polynomial values which belong to a given multiplicative subgroup (see [CCG™14],
[CGOS12|, and [GPS15]); [Shp, Theorem 7| shows that the size of the intersection discussed

above is dependent on the size of the subgroup of the finite field IF,,.

Theorem 52 (Shparlinski) Let f(X) € Fp[X] be a square-free quadratic polynomial. For
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any interval I of consecutive integers and a subgroup G of Fy,, we have
F(D) NG| < L+ [1P/ )G 2pe), (4.1)
as |I| — oo.

While the previous theorem uses a fact about the arithmetic p-norm (see [Shp),
Lemma 5|) which is found using Minkowski’s Second Theorem in [GPG14], we take a different
approach to prove our main result. Note that assuming f(I) C G, is only nontrivial if
|I| > p'/? since
F(I) NGl < 1P~ R G2,
However, assuming the modulus is smooth, the following theorem is nontrivial for smaller

intervals of integers as well.

Theorem 53 Given an integer m and some € > 0, let f(X) € Z[X] be a monic polynomial
of degree d. For a sufficiently large square-free integer q > q(€), take I C Zq to be an interval
of consecutive integers with d < (log |I|)'/® such that

(1) for all plq, p < qm

(2) loglog q > 16d*m>.

If o f(I) C G, for G a subgroup of Zy, then |G| > min{|I|"/2, g€},

As a quick note to be mentioned again later, we point out that under the extra assumption
1 . .
that |I| > g16a*m??  Theorem [53| (2) gives Theorem {0| (2) since

log ¢ log ¢
16d*m2¢ = loglogq’

log |I] =

Moreover, under the same assumption on |I|, Theorem [53| (1) gives Theorem [40| (1) since
1

p < (qeatm2@)/10 < |[|V/10 Lastly, the assumption d < (log|I|)'/8 gives Theorem [44] (iv)
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since log g, ~ log |I| by Remark [42 In summary, Theorem [44] will apply under the above
assumptions as discussed in Remark

Under the conditions of Theorem [51] we can quickly prove a version of Theorem
in the form of Theorem [52| as an upper bound for the number of images of consecutive

values which belong to a multiplicative subgroup of Z,.

Theorem 54 Let ¢ = q1---q, € Z be square-free, x (mod q) be a primitive multiplicative
character of order k, f(x) € Z[z] be a polynomial of degree d such that for all p|q f is
p-good, and take G to be a multiplicative subgroup of Zy and take I C Zq to be an interval
of consecutive integers. Assuming

(1) for all p|q, p < |I|1/10

logg
loglogq’
(3) d < (log g)"/*.

(2) log|I| > C

Then,
1]

F() NG| < @)

|G|+ o(|1]).

Proof. Let S = {x : x is a multiplicative character modulo ¢ and x(a) = 1 for all a € G}

and I’ ={z € I: f(z) € G}. Consider

DD x(f@)| = 11S]. (4.2)

z€l’ xES

On the other hand, using I'(+) as the indicator function for the set I’ we have

oD x| = >0 I'@x(f(x)].

zel’ xes z€el xeSs
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Then the Cauchy—Schwarz inequality gives

S Pl ()| < |I’1/2<Z

zel xes xzel

2

>1/2

1/2
= II’1/2<Z > x(f(ﬂf))x(f(x))>

xzel xeS x'€S

1/2
—|I“/2<Z S @)+ Y x(f(w))x’(f(w))>

zel x=x'€S zel x,x'es
x#x'

> x(f@)

XES

<|I)Y2IS] + (187 = |Sho(| 1))
So after a substitution of (4.2)), we have
[TIS? < |1IIS]+ (ISI* = SDo(l1])

which gives
1] 1|
q

< 4o :‘— o
\IIS|S‘+ (1) SO()\GH (D) by @12)

as desired. m

These theorems have relevance in polynomial dynamics as well as in the study

of Dirichlet characters. More specifically, Theorem is generalized in the study of the
frequency of elements in the orbit of iterations of f which belong to a subfield of Fyr as in

[Ostl, Corollary 18| and [RNS15, Theorem 6.

Theorem 55 (Ostafe) Let K =F, and L = Fy with A C L an affine subspace of dimension

s over K. Given f € L[X], if for some u € L and integer N with 2 < N < #{f™(u) : n

0,1,...} we have

then



9
where ¥ = 2—22 for arbitrary € and specific integer d as described in [Ost, Theorem 10].

Theorem 56 (Roche-Newton and Shparlinski) Given fields K C F, let f € Flx] be of degree

d>1 and let u € F. Assume that for an integer N < #{f™(u) : n=0,1,...} we have

#{0<n<N:f"(u) EK}Zc(d)IOgN—i—l

where ¢(d) = 2log(4d). Then for some integer k we have f*)(X) € K[X].

Moreover, the bounds of Theorems[52|and [53|give nontrivial bounds on the modulus

of a character sum of a polynomial,

Zx(f(x))‘

zel

as discussed in [CS14]. While incomplete character sums over an interval are being studied
thoroughly, the notion of character sums with polynomial arguments can be improved with

results such as these.

4.1 Preparations

We will need some preparations which will be called on in the proof of Theorem
First, we need a sharp arithmetic version of Hilbert’s Effective Nullstellensatz Theorem

IKPS01), Theorem 1].

Theorem 57 (Krick-Pardo-Sombra) Let Py, ..., P, € Z[X1,...,Xy] be polynomials of de-
gree at most D and logarithmic height at most H. If V(Py,...,Pp) =0 in C", then there

exists a positive integer b and polynomials Q1,...,Qm € Z[X1, ..., X, such that

m

b= Z QP (4.3)

=1
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and

logh < 4n(n+ 1)D"[H + logm + (n 4+ 7)log(n + 1) D]. (4.4)

We will also use the following result on the number of factorizations in a generalized

arithmetic progression [Cha03l, Proposition 3|.

Theorem 58 (Chang) Given integers cg,c1,...,cq and Ji,...,Jg > 1 a generalized arith-

metic progression P is

d
P = {CO + Zkzcﬂk‘z €Z,0<k; < Jz}
1=1

Let rp(n) be the number of representations of the integer n as a product of h elements in P.

If J = max J;, then for alln € Z

T'h(n) < eCd,hlogJ/loglogJ

where Cgp, is a constant depending on d and h.

Note that the bound above depends on h so to remedy the problems this may
cause, we fix m (which plays the role of h) in Theorem [53} this will be discussed again in the
proof of Theorem Now, the following lemmas will be also useful; the first is a standard

result on the multiplicative energy of sets in the spirit of those proven in [TV06].

Lemma 59 Given subsets A1, ..., An of a multiplicative group,
|A1)? ... | A |?
Ay A > —————
’ ' m’_E(AlavAm)

Proof. Notice

> @ mm) € Ay X Ay X o X Ayt 1@y T = 3} | > [Ar]|Ag| - [ A,
T€EALAm
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However by the Cauchy-Schwarz inequality

2
< Z ‘{(xl,...,:rm)eAl><A2><---xAm::nlasg---xm::L‘}D

r€A-Am

A Al S W@ ) € A1 X Ay X - X Ay 12y = 2}
TEA - Am

However

Z |{(x1,...,xm)€A1><A2><---xAm:x1x2~--a:m:x}|2

T€AL-Am
= Z {(z1,2h, .. xm,xh ) €EAZ X - x A2 cay -y =2 =2 - 2]}
€A Am
=FE(A1,...,Ap)
so that
|A1)? .. | A |?
Ao A | > AL [ Am]
| ! m|_E(A17"'1Am)

as desired. m
Finally, we give a lower bound on the size of the image of an interval I under a

polynomial f (mod q).

Lemma 60 Given a square-free integer q, an interval of consecutive integers I C Zg, and

a monic polynomial f of degree d

Proof. Given y € Z,, consider

{zel: f(x) =y (mod )} = [[Hz € I: f(x) =y (mod p)}|

plg
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by the Chinese Remainder Theorem. However, the number of solutions to f(z) =y (mod p)

is less than or equal to the degree of f(z) so that

[[Hz el )=y (mod p)}| < d“@.

plg
Since |mq f(I)] > maxer[:f('xI)'Ey mod > Ve have
yEZq
1]
maf (D] = — 5
as desired. m
4.2 Proofs

We will prove Theorem 53| using two propositions.

Proposition 61 Given an integer m, let f(X) = X4+ Cy 1 X4, +C1 X +Cp € Z[X]
be a monic polynomial of degree d. For a square-free integer q and an interval I C Zy of
consecutive integers such that

(i) d < (log |[1))!/$

(i) 1] < gt/ 10072,

If 7 f(I) C G, for G a subgroup of Z;, then |G| > |1|™/2.

Proof. First take qi|q so that g1 > |I|, but a < |I] for some prime factor p; note, this is
p
always possible for any fixed interval |I| < ¢ since taking ¢; to be the smallest divisor of ¢

greater than |I| gives 4 - |I| as requested.
p
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For each ordered 2m-tuple, h = (h1,. .., ham) € I*™, define the polynomial P;(d) €

Z[d) with indeterminates @ = (ag, . ..,a4—1) by
m 2m
Pp@) = [ o)~ [ 9(ny)
i=1 j=m+1

where g(hr) = hz + ad,lhz_l +...4agfor 1 <k<2m. Let C = (Co,Cy,...,Cqq) €7
as in the statement of the theorem, then define E = {h € I*" : PE(C_") = 0 (mod ¢)} and

let J be the ideal generated by P; for h € E. Then by Lemma

m

Hﬂqf(l)

=1

> TS DP™ (4.6)

G| =
|G| |

where the first inequality follows from the fact that since m,f(I) C G, the product is as

1
well. Notice that Lemma |60| gives, |mq, f(I)| > dl(q‘l); however since ¢ is square-free and
kil < |I], for ¢ sufficiently large
p
log(%) log |1
Q1 p og|/|
= w(— 1<(1 1)) —————= < ——
wlan) =)+ 1< (0l fogiog@my ! = foglogT]

so that

1, q__lozd
’quf(f)‘ > gu‘l loglfgu\'
Now assume |G| < |I|™/2. Then since |mq f(D)| > |mq, F(D)], 1' gives that

5m
mouf(DP™ o2 pmtent 11

7 4.7
log |I]'+ 4D
where the last inequality follows from using (i) to obtain

o

d=?" > [(log |1))"/*] 7™ = (log |1])

2mlogd
log log |I]

and using (i) again to obtain loglog |I| > 8log d which gives < F so that

lo [T1) 22 IM_M |[\5m/4
(¢) T4 2 " loglogll] > "1
(1og |11) 1] >
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On the other hand, using Theorem for any Z = (2g,...,24_1) € C?

[{h € I*™ : P;(2) = 0}| < |I|™Feam (4.8)

for ¢ sufficiently large. So, (4.7) and (4.8) together give that for each Z € C? there exists

h € E such that P;(C) = 0 (mod q), but P;(2) # 0. Therefore, V(J) = {0}. Thus, by
Theorem [57] there exists an integer b with

0 < logb < 4d(d + 1)m%(log |1|* + log |E| + (d + 7) log(d + 1)m)

and polynomials Q;; € Z[a] for all h € E such that

b=> Q;P;.

(4.9)
heE
Note

4d(d + 1)m?(log |I|* +log |E| + (d + 7) log(d + 1)m) < 4(4d*m>*1og |I|) (4.10)

since |E| < |[I]*™ and (d + 7)log(d + 1)m < d(d + 1)m so that
log |I|* + log |E| + (d + 7) log(d 4+ 1)m < log |I|* + log [I|*™ + d(d + 1)m

so distributing d(d+1)m? and bounding each term by its coefficient times d*m??log |I| gives

|D Now, evaluating 1' at C gives that b= 0 (mod ¢) and so we have,

q < h< ’I|16d4m2d

(4.11)

which contradicts (ii). =

Contrary to our note immediately after Theorem (ii) of Proposition [61]is the
. . . . 1
condition for which Theorem does not apply; we discuss the case where |I| > g16dim2d

after a brief remark.
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Remark 62 Note that by assuming 74, f(I) C G with G a subgroup of Zy where q1 is as
above, Proposition holds for wider range of moduli than the smooth q of Theorem [53,
Moreover, Proposition is a generalization of [IKST 17, Lemma 6] with explicit constants

and a square-free modulus; that is, [[KST 17, Lemma 6] says

Theorem 63 (Ivanyos ET AL.) Let v > 1 be a fized integer. Assume that for some suffi-

ciently large positive integer h and prime p we have

h < pled/w

where c(d) depends only on d. For any two distinct monic polynomials f, g € Fp[X] of degree

d, we consider the set

9(x)
Then
log h
#A(l’) ={ay...a,:0a1,...,a, € A} > leldr) x/logglogh)h”
where c(d,v) depends only on v and d.
So taking v = m with h = |I| and assuming |I| < p®™**" for some absolute constant

c(d,m) log |1]

Viegleglll - Note that although f(x) is

¢, [IKST17, Lemma 6] gives that |G| > |I|™e

allowed to be a rational function, Theorem[63 only holds for a prime modulus.

Proposition 64 Given a sufficiently large square-free integer ¢ = qi ...qy, take f(X) €
Z[X] to be a monic polynomial of degree d such that the pair (f,q,) is admissible. Let

I C Zy be an interval of consecutive integers such that

(1) log |I| > log g/ loglog q
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(ii) for all p|q, p < |I|*/1°.

If g f(I) C G, for G a subgroup of Zy, then |G| > q' ¢ provided q > q(d, €).

Proof. Let S = {x : x is a multiplicative character modulo ¢ and x(a) = 1 for all a € G}.

Then,

_elo)
S| = c (4.12)

by Lemma [6] Moreover, since myf(I) C G, we have that x(f(h)) =1 for all h € I. Thus,

> ox(f(m) =111. (4.13)

hel

Notice that for any character x € S there exists a ¢'|¢g such that x = yox1 with
X1 a primitive character mod ¢ by Theorem moreover, since m,f(I) C G it follows
that x(f(x)) = x1(f(x)) for all x € I. Therefore if |I| < ¢, (4.13) is impossible unless

assumption (iv) of Theorem [44]is violated; that is ¢, < ¢(d). Up to re-indexing ¢, > ¢; for

all 7; this gives a bound for ¢ in terms of d so that |S| < ¢/(d). Thus (4.12)) gives |G| >

©(q)
c(d)

which gives |G| > ¢' =€ provided ¢ > q(d, €).
On the other hand, if |I| > ¢/, we can separate the character sum in (4.13) as fol-
lows; let I’ C I be a complete residue system mod ¢’ so that using [Chal4, Weil’s Theorem’|

we have

Zx(f(h))‘— S am) + 3 alfm)| < /g + (1] - ¢)

hel hel’ hel\I’

which contradicts 1' unless /¢’ < dwd), Thus, the characters y € S which are primitive
for a small ¢’ can be omitted. That is, if the characters discussed in this case were a significant
portion of the set S, then |S| < ¢’(d) giving a bound on |G| as before. m

We can state Proposition [64] without the mention of an admissible pair.
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Proposition 65 Given f(X) € Z[X] a monic polynomial of degree d, let q be a square-free
integer and I C Zg be an interval of consecutive integers such that

(7) log |I| > log q/loglog q

(it ) for all p|q, p < |I|*/10

If g f(I) C G, for G a subgroup of Zy, then |G| > q' ¢ provided q > q(d, €).

Remark 66 Proposition @ need not mention that the pair (f,q,) is admissible as is as-

sumed in Proposition [64. Since

H p < /10

plg
p<+vlogq
as discussed in Remark@ we can omit the assumption that p > +/logq,. Thus, after the
omission of the characters of order k where d is a multiple of k (as discussed in Remark

, we have that (f,q,) is admissible so that Proposition@follows exactly as in the proof

of Proposition [64}

Proof. (of Theorem We have two cases. If |I] < q/ 16d4m2d, we can apply Proposition
immediately. If [I| > ¢'/164'm*" then the assumptions (1) and (2) of Theorem [53] give

(") and (ii’) of Proposition (65| as in Remark 42| which proves Theorem |
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Chapter 5

Summary and Future Work

The goals at the beginning of this thesis were to extend the result of Theorem [44]
to a wider collection of polynomials, to potentially strengthen Theorem by weakening
the assumptions, and to optimize the saving found in Theorem Of these three goals,
the first two were ultimately accomplished in Chapter 3. By changing the definition of a
good prime and a p-good polynomial in Definition 5] the assumptions of Theorem are
instantly (but subtly) weakened. Moreover, the assumptions that f(z) is a product of linear
factors and that (f,q,) is admissible in Theorem 44| were replaced by the assumption that
for all p|q, f is p-good in Theorem This change allowed for Theorem |48| to hold for a
wider range of polynomials rather than those that were ¢.-admissible.

Unfortunately, because of the weakened conditions of Theorem 48] the saving cannot

l—c |

1
(log gr) in

be improved using the argument found in the proof. That is, the saving of Toglog g

Theorem [44] is found using the trivial bound after carefully counting the final "bad" set

under Definition Initially, my plan was to apply non-trivial character sum bounds to the
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portions of these bad sets for which Weil’s bound still applied; however, with Definition
the set of bad primes are those such that f (mod p) is a k** power of another polynomial,
so the trivial bound is the best possible without the added assumptions. Not only that,
but Theorems [44] and are two of the very few existing character sums bounds with
polynomial arguments; especially those with composite, non-prime power moduli. As the
study of characters with polynomial arguments continues to grow, non-trivial bounds on
the bad set of Theorem [4] will allow for the optimization the saving under the weaker
assumptions.

In Chapter 4, the reader is given a direct application of Theorems 4] and [4§]
through the second proposition in the proof of the main theorem. Proposition [64] takes
a subset of the set of characters on the group being considered in Theorem and uses
Theorem to provide a lower bound on the size of the group G. The main theorem of
Chapter 4 is a combination of Propositions [61] and Notice that Proposition 61| uses the
majority of the machinery discussed earlier in the chapter including the sharp arithmetic
version of Hilbert’s arithmetic nullstellensatz theorem and the upper bound on the number
of factorizations in a generalized arithmetic progression. The results found in this chapter
have been submitted and accepted to Revista Matemdtica Iberoamericana; the same journal
in which [Shp| appeared.

As discussed in Remark [62] Proposition [61]is Theorem [63] for a composite modulus
and polynomial function. Theorem [63] has immediate applications to polynomial inter-
polation and identity testing problems as discussed in |[IKST17]. Given a finite field F,

interpolation from powers refers to the process of recovering a hidden monic polynomial
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f € Fy[X] given an oracle O, ¢ which for each z € F, outputs O, ¢(z) = f(z) for a positive
integer e|(¢ — 1). Identity testing from powers refers to the process of determining whether
an unknown polynomial f and a known polynomial g are the same after querying O r and

O g. Theorem|63|gives [IKST17, Theorem 1] after a clever choice of the necessary constants.

Theorem 67 (Ivanyos ET AL.) For a prime p and a positive integer e|(p — 1) with e < p°
for some fized 6 > 0, given two oracles O¢ y and O 4 for some unknown monic polynomials
f.g € FplX] of degree d with f ¢ g, there is a deterministic algorithm to decide whether

81/ D)

f =g in at most e queries to the oracles, where cg is an absolute constant.

Here f ~. g means that f/g is a (p — 1)/e-th power of a non-constant rational function
over F,, and so it is impossible for the oracles to distinguish f from g. The interested reader
might try to extend Proposition [61] to a rational function in hopes of also finding a bound

on the number of queries to the oracles O, y and O, 4 as in Theorem @
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