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ORTHOGONAL TRACE-SUM MAXIMIZATION: TIGHTNESS OF
THE SEMIDEFINITE RELAXATION AND GUARANTEE OF
LOCALLY OPTIMAL SOLUTIONS
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TDepartment of Statistics, Seoul National University, Seoul 08826, Korea.

*Department of Mathematics, University of Central Florida, Orlando, FL 32816 USA.

SDepartments of Biostatistics and Computational Medicine, University of California, Los Angeles,
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Abstract

This paper studies an optimization problem on the sum of traces of matrix quadratic forms in m
semiorthogonal matrices, which can be considered as a generalization of the synchronization of
rotations. While the problem is nonconvex, this paper shows that its semidefinite programming
relaxation solves the original nonconvex problems exactly with high probability under an additive
noise model with small noise in the order of O(m/4). In addition, it shows that, with high
probability, the sufficient condition for global optimality considered in Won, Zhou, and Lange
[SIAM J. Matrix Anal. Appl., 2 (2021), pp. 859-882] is also necessary under a similar small
noise condition. These results can be considered as a generalization of existing results on phase
synchronization.
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1. Introduction.
This paper considers the orthogonal trace-sum maximization (OTSM) problem [35] of

estimating /m matrices Oq, ..., O, with O, € R% X" from the optimization problem:

(OTSM)  maximize Y (0]S,0)subjectt00, € O, i =1,...,m,
I1<i,j<m

wonj@stats.snu.ac.kr .
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where s, = ST e R4* 4 for j j=1, ..., m, r<mingy

0,, = {0 e R?*":0"0 =1} is the Stiefel manifold of semiorthogonal matrices; 1, denotes

the identity matrix of order r.

The OTSM problem has applications in generalized canonical correlation analysis (CCA)
[18] and Procrustes analysis [17, 30]. Furthermore, if ¢} = - = dj, = 1, then (OTSM)
reduces to the problem of synchronization of rotations [5], which has wide applications in
multireference alignment [4], cryogenic electron microscopy (cryo-EM) [29, 36], 2D/3D
point set registration [19, 12, 9], and multiview structure from motion [2, 3, 32].

Related works.

While the OTSM problem is proposed recently in [35], it is closely related to many well-
studied problems. In particular, its special cases have been studied in the name of angular
synchronization, which can be considered as a special case of (OTSM) in the complex-
valued setting, Z, synchronization, and synchronization of rotations. The OTSM problem
itself can also be considered as a special case of the group synchronization problem.

Angular synchronization.

The complex-valued OTSM problem with ¢; = --- = dj;; = 1 is equivalent to a problem called
angular synchronization or phase synchronization, which estimates angles 6, .. 6, € [0,
27) from the observation of relative offsets 6;,— 6)) mod 2. The problem has applications
in cryo-EM [28], comparative biology [16], and many others. To address this problem,
Singer [28] formulates the problem as a nonconvex optimization problem

max x*Cx subject to |x)| = - = |x,| = 1,

1.1
xec™ (@1

where x, = ¢! for all 1 < k< m. In fact, (1.1) can be considered as the special case of
(OTSM)when ¢} = -- = dpp=r=2.

The angular synchronization problem (1.1) has been studied extensively. For example,
Singer [28] proposes two methods, by eigenvectors and semidefinite programming,
respectively. The performance of the method is analyzed using random matrix theory and
information theory. In [4], Bandeira, Boumal, and Singer assume the model C = zz* + oW,
where z e C" satisfies | z1| = - =| z,) = 1 and W € C™* ™ is a Hermitian Gaussian Wigner

1
matrix, and show that if ¢ < %mz, then the solution of the semidefinite programming

approach is also the solution to (1.1) with high probability. Using a more involved argument
and a modified power method, Zhong and Boumal [37] improve the bound in [4] to

o= o[ iz}

There is another line of works that solves (1.1) using power methods. In particular, Boumal
[6] investigates a modified power method and shows that the method converges to the

1
solution of (1.1) when ¢ = O(mg); Liu, Yue, and Man-Cho So [24] investigate another

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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1
generalized power method and prove the convergence for ¢ = O(mz); and Zhong and Boumal

. m
[37] improve the rate to ¢ = O("logm)'

There are some other interesting works for the angular synchronization problem that are

not based on semidefinite programming or power method. [23] assumes that the pairwise
differences are only observed over a graph, studies the landscape of a proposed objective
function, and shows that the global minimizer is unique when the associated graph is
incomplete and follows the Erdés—Rényi model. [27] proposes an approximate message
passing (AMP) algorithm and analyzes its behavior by identifying phases where the problem
is easy, computationally hard, and statistically impossible.

Z, synchronization.

The real-valued OTSM problem with ¢4 = --- = dj; = 1 is called the Z,-synchronization
problem [11] for z, = {1, — 1}. For this problem, [14] shows that the solution of the
semidefinite programming method matches the minimax lower bound on the optimal Bayes
error rate for the original problem (1.1).

Synchronization of rotations.

The OTSM problem with ¢} = --- = dj,; = r> 2 is called “synchronization of rotations” in
some literature. This special case has wide applications in graph realization and point cloud
registration, multiview structure from motion [2, 3, 32], common lines in cryo-EM [29],
orthogonal least squares [36], and 2D/3D point set registration [19]. [8] studies the problem
from the perspective of manifold optimization and derives the Cramér—Rao bounds, which
are the lower bounds of the variance of any unbiased estimator. [31] proposes a distributed
algorithm with theoretical guarantees on convergence. [33] discusses a method to make the
estimator in (OTSM) more robust to outlying observations. Another robust algorithm based
on the maximum likelihood estimator is proposed in [7]. As for the theoretical properties,
[5] analyzes a semidefinite program approach that solves the problem approximately and
studies its approximation ratio. [25] investigates a generalized power method for this
problem. A recent manuscript [22] follows the line of [4, 6, 24, 37] and proves that the

original problem and the relaxed problem have the same solution when ¢ < O(L).
d ++Jdlogm

Group synchronization.

The OTSM problem can also be considered as a special case of the group synchronization
problem, which recovers a vector of elements in a group, given noisy pairwise
measurements of the relative elements g,g,'. The OTSM problem is the special case when
the group is & 4 the set of orthogonal matrices. [1] studies the properties of weak recovery
when the elements are from a generic compact group and the underlying graph of pairwise
observations is the g~dimensional grid. [27] proposes an AMP algorithm for solving
synchronization problems over a class of compact groups. [26] generates the estimation
from compact groups to the class of Cartan motion groups, which includes the important
special case of rigid motions by applying the compactification process. [10] assumes that the

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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measurement graph is sparse and there are corrupted observations and shows that minimax
recovery rate depends almost exclusively on the edge sparsity of the measurement graph
irrespective of other graphical metrics.

1.2. Our contribution.

The main contribution of this work is the study of the OTSM problem under an additive
noise model. The main results are threefold: First, we propose a semidefinite programming
approach for solving (OTSM) and show that it solves (OTSM) exactly when the size of noise
is bounded. Second, we show that, under a similar bounded noise condition, the sufficient
condition for global optimality of a critical point, studied in [35], is in fact necessary and
sufficient. Finally, these noise boundedness conditions are satisfied with high probability
under Gaussianity. These results can be considered as a generalization of [4] from angular
synchronization to the OTSM problem.

2. The OTSM problem.

2.1

Model assumption.

In this work, we assume the MAXBET model of generating S;, which postulates the
existence of {@ }1< < mand {W}1< s msuchthat®, € o, forall 1 < /< m, and

(MAXBET) S, =0,0] + W,;, whereW,; = Wforalll <i,j <m.

In this model, ®.@7 is considered as the “clean measurement of relative elements,” and

W jis considered as an additive noise. This is a natural model for the generalized CCA in
[35]. Consider a latent variable model in which a latent variable z € R" has zero mean and
covariance matrix 1, and an observation in the th group is given by a, = ©z + ¢ € R%, j
=1, ..., m, with the noise €;uncorrelated with z and € j# /. If the noise covariance is

71, then the auto-covariance of group 7is X, + 7I,,. The (population) cross-covariance matrix
between groups 7and jis £, = ©0]. The generalized CCA [30, 35] seeks (semi)orthogonal
matrices {O, € 0,,,} such that the expected inner product between matrices O/a; and

Oja; is summed and maximized for each pair (, ), which is Y, ;tr(O ¥,;0,). Also note

that E[(O/a, O/a,)| = (O] Y, 0,) + const. If we assume that {@ 3} is (semi)orthogonal, then
this problem is precisely (OTSM), and the forthcoming Proposition 2.1 shows that the
population version of this generalized CCA recovers precisely the transformations {®} of
the latent variable z. Now let us turn to the practical setting. Appealing to the law of large
numbers, the sample estimate of X;;can then be written as S, = ¥, + W, = 0,0, + W,,. A
statistical interest is whether {@® } can be precisely estimated by solving the sample version
of (OTSM). Model (MAXBET) is also standard for synchronization problems, such as
synchronization of rotations [33, 8] and group synchronization [1, 27].

In some applications [30, 18], it is also natural to assume the MAXDIFF model that ignores
the auto-covariance terms:

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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(MAXDIFF) S, =0andS,;=00] +W,, i#j.

In this work, we will present our main results based on the MAXBET model and discuss the
MAXDIFF model in the remarks.

When there is no noise in either the MAXBET or MAXDIFF model, setting O;=@®;, /=1,
..., m, solves problem (OTSM). The proof is deferred to section 5.1.

ProrosiTioN 2.1. /n the noiseless case (W,-/-= 0 foralli, j), (Oq, ...,Op) =09y, ..., 0p)
globally solves (OTSM) under the model (MAXBET) or (MAXDIFF).

However, in the presence of noise, Proposition 2.1 does not hold, and problem (OTSM) is
difficult to solve. To establish theoretical guarantees for the noisy setting, we investigate
two approaches; one is based on semidefinite programming, and the other one is based on
finding locally optimal solutions of (OTSM).

2.2. Approach 1: Semidefinite programming relaxation.

While the problem (OTSM) is nonconvex and difficult to solve, we can relax it to a convex
optimization problem based on semidefinite programming that can be solved efficiently. In
fact, semidefinite programming—based approaches have been proposed and analyzed for the
problem of angular synchronization [28, 4, 37] and synchronization of rotations [5], and our
proposed method can be considered as a generalization of these existing methods.

The argument of the relaxation is as follows. Let D = Y, 4,

Sl] Slz Slm

o,
SZ] SZZ SZm

e RP*P ando =| : | e RPX"; @.1)
0”1

S = :
S S, S
then by setting U = 007, the problem (OTSM) is equivalent to finding
U= argmax{tr(SU):U = 0, rank(U) = r, U, < L w(U,) = r,i = 1,...,m} (2.2)
for U € RP > P sych that U = U7, which can be relaxed to solving
(SDP) max (S, U)subjecttoU > 0, Uy < I, t(U;) = r,

UerP*xD yg_ygT

where M > 0 (resp., M < 0) means that a matrix M is positive (resp., negative) semidefinite.
If a solution U to problem (SDP) has rank-7, then we can set U = U, which can be

decomposed to U = V¥, where ¥ € RP X", Write ¥ = V. ...,VZ]T; then v, € 0,,, for all 1
<si<smand(V,.....V,) globally solves problem (OTSM).

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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This work shows that if the noises W j;are “small,” then the solutions of problems (OTSM)
and (SDP) are equivalent in the sense that U = V7 with ¥ rank-7; hence the convex
relaxation is tight. Furthermore, each ¥, converges to ®;as /m — oo, as desired for CCA
applications.

2.3. Approach 2: Characterization of critical points.

While the semidefinite programming (SDP) approach is convex and can be solved with
high accuracy, it has a large computational cost when Diis large, and solving the original
nonconvex problem (OTSM) without lifting the variable (from O to U) is more efficient. A
natural question is, Is there any guarantee on whether a critical point of problem (OTSM),
which local nonconvex optimization algorithms usually deliver, is globally optimal?

Using the optimality conditions for the convex relaxation (SDP), Won, Zhou, and Lange [35]
study sufficient conditions for a critical point of problem (OTSM) to be globally optimal.
Specifically, the first-order necessary condition for local optimality of (OTSM) is

OA =) 50, i=1..m 23)

for some symmetric matrix A ;. The latter matrix is the Lagrange multiplier associated with
the constraint O, € 6,,, and has a representation A, = Y7, 0/ S,,0,. In what follows, a critical

point is defined as (Oy, ..., O, with O, € 6,,, satisfying (2.3). If z;is the smallest eigenvalue
of A, then a critical point is a global optimum of (OTSM) if

L(O,A) > 0, whereO = [0}, ..., 0!]"
00! + (I, - 00
L(O,A) = -S.

0,A,0! + 7,(I, — 0,07)

,A=(A,...,A,), and

24

A block relaxation-type algorithm that converges to a critical point is also proposed in [35].
However, characterization of such a point that does not satisfy condition (2.4) has remained
an open question.

This paper shows that, if the noises W jzare “small” in a similar sense to that of Approach 1,
the sufficient condition (2.4) is also necessary for global optimality. Thus, under this regime
we can fully determine whether or not a critical point, which can be found by a simple local
algorithm, is globally optimal. Furthermore, each O, converges to ®;as /m— oo, upto a
common phase shift, as desired for CCA applications.

2.4. Notation.

This work sometimes divides a matrix X of size Dx Dinto 777 submatrices such that the

(4 /) block is a djx ajsubmatrix. We use X;or [X];to denote this submatrix. Similarly,
sometimes we divide a matrix of Y € R *" or a vector y € R? into /m submatrices or an /m
vector, where the th component, denoted by Y, [Y];0r v, [yl) is a matrix of size d;x rora
vector of length d;

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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For any matrix X, we use IIXIl to represent its operator norm and IIXIl zto represent its
Frobenius norm. In addition, Py represents an orthonormal matrix whose column space

is the same as X, Pyt is an orthonormal matrix whose column space is the orthogonal
complement of the column space of X, ITy = Py Py is the projector to the column space of
X, and II,: is the projection matrix to the orthogonal complement of the column space of X.
If Y € R"*" is symmetric, we use A1(Y) = Ax(Y) = --- = 1,(Y) to denote its eigenvalues in
descending order.

3. Main results.

In this section, we present our main results. The first main result, Theorem 3.1, shows that if
the noises W j;are “small,” then the convex relaxation in (SDP) solves the original problem
(OTSM) exactly. The second main result, Theorem 3.9, shows that if the noises W j;are
“small,” then a critical point is globally optimal if and only if condition (2.4) holds.

3.1. Theoretical guarantees on the SDP approach.

This section provides conditions that if the noises W jzare “small,” then the solution of
problem (SDP) has rank-rand is equivalent to the solution of the problem (OTSM) in the

sense that U = V'V with ¥ rank-7; hence the convex relaxation is tight.

We begin with two deterministic conditions on W in Theorem 3.1 and Corollary 3.3, with
showing that the condition holds with high probability under a Gaussian model in Corollary
3.4, and with a statement on the consistency of the solution in Corollary 3.7. The statement
of the first deterministic theorem is as follows.

TheoReM 3.1. /fm > |W@r + 1) + 1 andw € RP XD js small in the sense that

2
2 max, MW O, + 4 W/~ )

m>4m
m—|Wll(4/r+1)=1 3.1)
2
+2 max [wel, +4lw] ﬁ)wnwnﬁwnwn,
1<i<m m m

then the solutions of (OTSM) and relaxation (SDP) are equivalent in the sense that a solution
U to (SDP) also solves (2.2).

The proof of Theorem 3.1 will be presented in section 4.1. While the condition (3.1) is
rather complicated, we expect that it holds for large /mwhen IIWIl and maxz1 . n I (WO)Al £
grow slowly as m increases. To prove this idea rigorously, we introduce the notion of
©-discordant noise, which is inspired by the notion of “zdiscordant matrix” in [4, Definition
3.1].

DeriniTion 3.2 ©-discordance). Lef® =(0,,...,0,) € X/, 0,,.. RecallD=Y,_,d. A
matrix W s said to be ®-discordant if it is symmetric and satisfies |W || < 3D and

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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Based on the definition of ®-discordant noise, The next corollary is a deterministic,
nonasymptotic statement that simplifies the condition (3.1) in Theorem 3.1. Its proof is
deferred to section 4.2.

CoroLLARY 3.3. Letd= D/m. If m= 8 and oW is ®-discordant for

ml/4

< —— 3.2
7= %0Jar ¢2
then condition (3.1) holds, and the solutions of (OTSM) and (SDP) are equivalent.

Next, we apply a natural probabilistic model and investigate the ®-discordant property. In
particular, we follow [6, 4, 37] and use an additive Gaussian noise model to generate the
symmetric noise matrix W:

Upper triangular part of W € RP?* P is elementwisely

independentandidentically distributed (i .i.d . ) sampled from N (O, 0'2) . (3:3)
1/4
For this model, we have the following corollary that shows if ¢ < O(":/E ) then (3.1) holds

with high probability. Its proof is deferred to section 4.3.

CoroLLARY 3.4. Assume the additive Gaussian noise model in (3.3), m=3 orm= 2

(207

1 , W satisfies the

and min;_ d, > 6; then with probability at least1 — 1/m — 2exp|

®-discordant property.

1/4
As a result, if 6 < ——— and m=> 8, then with the same probability, the condition (3.1) holds,

60y/dr
and the solutions of (OTSM) and (SDP) are equivalent.

Remark 3.5. The assumption /m= 8 in Corollary 3.3 can be relaxed but with a different

constant factor in the upper bound of & in (3.2). For example, if m= 3 is assumed, then we
1/4

need ¢ < 1'2"4—@.

Remark 3.6. The result in this section can be naturally adapted to the MAXDIFF model.
The main intermediate results for the proof of Theorem 3.1 given in section 4.1, including
Lemma 4.1 and Lemma 4.2, still hold with W;;= 0. While the estimations in Lemma

4.3 do not hold, following the steps given at the end of section 5.2.1, we are still able

to obtain similar bounds on the difference between ¥ and @. In summary, we are able

to obtain parallel results to Theorem 3.1 and Corollary 3.3 for the MAXDIFF setting.

In particular, if W is generated using the model in Corollary 3.3, then the solutions of
(OTSM) and (SDP) with the MAXDIFF model are equivalent with probability at least

_2./3) 1/4
1=1/m— 2exp(—mD if 6 < ———— and /m= 10. This more restrictive bound under

4 = 1204/dr

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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the MAXDIFF model is expected since (MAXDIFF) utilizes /ess information on the clean
signal @ for the same number of measurements.

Following the proof of Theorem 3.1, we have a consistency result, i.e., that the solution of
(SDP) recovers the true signal 8 if m is sufficiently large.

CoroLLARY 3.7. Assuming the conditions in Corollary 3.3, then the solution of (SDP), U,

admits a decompositionU = VV' withV e RP*" such that

— 2(30’«/dmr10gm + 360’2d«/rm)
max ||Vi_®i||FS .
i=1,...m m—3oJdmdJr+1) -1

(3.4)

. 1/4 _
Thus, ifc = o(’”—) thenmax,_, V.- ®l,— 0. a5sm— oo,

\/W vvvvv

Remark 3.8. For the MAXDIFF model, (3.4) is replaced with

20 frm
_ 60 dmrlogm+72°;nd#
max  [Vi-@, <

i=1...m y_ 120Vdmr

m—2

The bound follows from the discussion of Lemma 4.3 in the MAXDIFF setting. If

ml/4 —
6= O(—), then max,_, _,|V,- @l — 0as m— oo,

Jar

3.2. Theoretical guarantees on critical points.

This section presents the condition on the size of the noise W that ensures condition (2.4)
holds for any globally optimal point (Oq, ..., O;) and its associated Lagrange multipliers
(A1, ..., Ap). We begin with two deterministic conditions on W in Theorem 3.9 and
Corollary 3.10, show that the condition in Corollary 3.10 holds with high probability
under the additive Gaussian model (3.3) in Corollary 3.11, and establish the consistency
in Corollary 3.14.

Recall that the first-order necessary condition for local optimality of (OTSM) is given in
(2.3). The associated Lagrange multiplier is symmetric:

m T

Y 5,0

Ji=1

m

Y 5,0

j=1

Ai=0;r

1 & T 1 < T
0 = Ejgl 05,0, + Ejgl 0;5,0.. @3

It is also known that a necessary condition for global optimality of a critical point is that the
AJ7in (3.5) is symmetric and positive semidefinite for all 7[35, Proposition 3.1]. Note this
result does not imply condition (2.4). The first deterministic result implying condition (2.4)
is given in the following.

THeorem 3.9. Suppose noise W is small in the sense that

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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2
m> W@+ D+ max [[WOL,+4IW|* |~
1<i<m m

2o, (WL, + 4w )
m—4|Wl\Jr

If(Oq, ..., Op) Is a global optimum of (OTSM), then (Oq, ..., Op;) and its associated
Lagrange multipliers (A1, ..., Apy) Satisfy condition (2.4).

3.6)
+

+16|w|*L
m

The proof of this theorem is deferred to section 4.5. Theorem 3.9 implies that, under the
small noise regime quantified by inequality (3.6), condition (2.4) is necessary and sufficient
for global optimality.

The following corollary is a deterministic, nonasymptotic statement that simplifies condition
(3.6) using the notion of ®-discordance (Definition 3.2). The idea is similar to (3.1). The
left-hand side of condition (3.6) dominates the right-hand side (RHS) as m — oo if IWIl and
max =1 ... m I(W8) il are bounded or increase slowly as /m increases. Thus, we can expect
that inequality (3.6) is satisfied if noise variance o is small and the number of observations
mis large.

CoroLLArY 3.10. Let d= D/m. Suppose that m= 2,
m1/4

< -
?=30/ar

and o~ YW fs @-dliscordant; then (3.6) holds. Thus if(Oy, ..., O,,) is a global optimum of
(OTSM), then (04, ..., O and its associated Lagrange multipliers (A1, ..., A ) satisfy
condition (2.4).

@

The proof is deferred to section 4.6.

Finally, since Corollary 3.4 shows that W in the additive Gaussian noise model (3.3) is 8-
discordant after scaling by o, Corollary 3.10 implies the following result on the probabilistic
model.

ml/4
CoroLLARY 3.11. Suppose the additive Gaussian noise model in (3.3) holds. Ifc <

- 31J_

andm=3 ormz=2 andming,

(_ (322
4

m ;2 6, then with probability at least

1 — 1/m — 2exp| D\, any global optimum (Oq, ..., Op,) of (OTSM) and its

associated Lagrange multipliers (A1, ..., A ;) satisfy condition (2.4).

Remark 3.12. The upper bound of o in the RHS of (3.7) can be made smaller if mincreases.
ml/4
For example, if we have m =4, then (3.7) can be relaxed to 6 < —— 9«/— ;ifm=29,6< 26\/_

suffices.

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.
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Remark 3.13. If instead the MAXDIFF model is assumed, the present analysis holds for

. ml/4 . 14
m=4 and (3.7) replaced with ¢ < N This is a worse bound as opposed to SN for

(MAXBET) (See Remark 3.12). To obtain the same bound as (3.7), we need m = 9; see
section 4.7. Similar to the SDP relaxation, the more restrictive bound in the MAXDIFF
model is expected since (MAXDIFF) utilizes less information on the clean signal ® for the
same number of measurements.

The following consistency result is a by-product of the proof of Theorem 3.9. Recall
that problem (OTSM) is invariant to “simultaneous rotation,” i.e., postmultiplying a fully
orthogonal matrix Q € &, ,to O/s (see, e.g., [34, equation (8.2)]).

CoroLLARY 3.14. Let (0, ...,0,) € X, 0,,. be a global optimum of (OTSM). /f the noise
oYW is ®-discordant and m> 14462 ar, we have an estimation error

2(3(;,/% + 360’2d\/z)
m m

min max |00 - 0O, < .
Q0€0,,1<i<m l_lzgﬂ
\'m

. 1/4 .
Thusifo = 0(’"—), then we have ming ., max, <, <,||0.Q — 6|, — 0 as /m — 00, as desired.

Jar

Remark 3.15. If the MAXDIFF model is assumed, /m> 2, and
m312 —2m!2 _ 126,/drm — 3 > 0, then under ®-discordance

236 [drlogm +3662 d\/;
. m m—=2/\m
min max [|0.Q -0 < .
0€0,,1<i<m 1-12¢ vdr 3

m—=2/\m —m

3.3. Comparison with existing works.

Our results generalize the work [4] on angular synchronization, which analyzes the setting
d= r=1 with complex values. In particular, Theorem 3.1, Corollary 3.3, Corollary 3.4,
and Corollary 3.11 are generalizations of Lemma 3.2, Theorem 2.1, and Proposition 4.5 in
[4], respectively. Corollary 3.3 is similar to Lemma 3.2 in [4] in the sense that both results
establish deterministic conditions such that the original problem and the relaxed problem
have the same solutions under a “discordant” condition. In addition, Corollary 3.4 is a
generalization of [4, Theorem 2.1] in the sense that both results establish upper bounds

on the size of noise o under an additive Gaussian model. At last, both Corollary 3.11 and
Proposition 4.5 in [4] show that local solutions satisfying an assumption are global optima.

1
Theorem 2.1 and Proposition 4.5 in [4] require ¢ < %mz. In comparison, Corollary 3.4 and
1 1
Corollary 3.11 require ¢ < %mZ and ¢ < %mz under the setting = r=1, so our result is

only worse by a constant factor.
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1
The upper bound ¢ < %mz in [4, Theorem 2.1] is later improved to ¢ < O(,/Lm), based on

log
a much more complicated argument and an algorithmic implementation. After finishing this
work, we became aware of a recent manuscript [22], which investigates the synchronization-
of-rotations problem using the method in [37], and proves that the original problem and the

relaxed problem have the same solution when ¢ < O(L). While it is better than our
d ++/dlogm

rate o < O|

1/4 . . .
'"T) when r= g, our analysis investigates a more generic problem where rcould

be smaller than dand establishes deterministic conditions that can be verified for a variety
of probabilistic models. In comparison, the method in [22] is specifically designed for the
additive Gaussian noise model.

While the results in this section are generalizations of the results in [4] to the group of
semiorthogonal matrices, we remark that the generalization is nontrivial in two aspects.
First, as commented in the conclusion of [4], the noncommutative nature of semiorthogonal
matrices renders the analysis more difficult. For example, the derivation in (5.29) is more
difficult than the corresponding equation in [4, equation (4.3)]. Second, to analyze the more
generic problem, we introduce a novel optimality certificate in Lemma 4.1, which is very
different from the corresponding certificate in [4, Lemma 4.4]. In particular, our certificate
concerns three variables, ¢, T®, and T(@, while [4, Lemma 4.4] only depends on a single
variable. More importantly, the certificate in [4, Lemma 4.4] has an explicit formula, but
there is no explicit formula for the certificates (¢, T®, T(@) in our work. To address this
issue, we let c= m/2 and define T and T in a constructive way in (5.10).

Ling [21] also proposes a generalization of [4] to the group of orthogonal matrices, which
can be considered as our setting with 7= d. Similar to [4, Lemma 4.4], the certificate in [21,
Proposition 5.1] is based on a single variable with an explicit formula. While =T in our
work serves a similar purpose as the certificates in [4, Lemma 4.4] and [21, Proposition 5.1],

T(@ and care required for our setting and do not have an explicit formula. In comparison,

mll4

under the setting of orthogonal matrices (i.e., 7= @), our rate is in the order of ¢ = O(T)'

1/4
which is slightly worse than the rate of O(”’3—/4) in [21] by a factor of /4. We suspect that
d

this is due to the more generic problem that we analyze, and our rate could be improved
with a different way of constructing the certificates than (5.10), but we will leave it as a
possible future direction. Related, in the simulation study presented in Appendix A, it is
numerically demonstrated that the certificate (2.4) of global optimality is satisfied by the
critical points generated by the proximal block ascent algorithm in [35] for a wide range
of noise variances, even if condition (3.6) or (3.7) is not satisfied. This observation also
suggests that condition (3.7) may be further improved.
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4. Proof of main results.
4.1. Proof of Theorem 3.1.

Recall that (OTSM) and (2.2) are equivalent in the sense that T, = 0,0, forall 1</, j< m,
where U = (ﬁ,) is a solution to (2.2) and O = (6) is a solution to (OTSM). It is sufficient to

show that (2.2) and its relaxation (SDP) have the same solution. Then, the proof of Theorem
3.1 can be divided into three components as follows.

1. Lemma 4.1 shows that if S admits a decomposition T + T() + ¢, where T,
T(@, and a solution of (2.2) satisfy the conditions (4.1)-(4.2), then this solution is
also the unique solution to the relaxed problem (SDP).

2. By constructing the certificates T} and T(, Lemma 4.2 establishes (4.3), a
sufficient condition such that (4.1)—(4.2) hold.

3. Lemma 4.3 establishes a perturbation result for the solution of (2.2). When W is
small, the perturbation result can be used to verify (4.3).

We first present our lemmas and a short proof of Theorem 3.1 based on these lemmas and

leave the technical proofs of the lemmas to section 5.

Lemma 4.1 (a condition for the equivalence between (2.2) and (SDP)). LetU be a solution to

(2.2), and assume that it admits a decompositionU = VV' withV e RP*". If there exists a
decompositionS = TW + T@ + d such that

TV = 1,715, T? = 0, T 15, forall 1 <i < m, @.1)

{ Py TPy}

m
i=

,and — P,;T(I)PVL are positivede finite matrices, (4.2)

thenU is also the unique solution to the relaxed problem (SDP). Therefore, (2.2) and (SDP)
have the same unique solution.

Lemma 4.2 (a simplified condition in terms of the solution of (2.2)). LetTU be a solution to

(2.2), and assume that it aomits a decompositionT = VV' withV e RP*". If

m > max ” Zm_ W,»,-f;,-” +2m max |[V.-0l, + 0TV — mill + W, 4.3)
2 T icigm A

1<i<m

then there exist TO and T such that s = T + T®) + 1, and (4.1)~(4.2) hold with ¢ =
m/2.

Lemwma 4.3 (perturbation bounds of the solutions of (2.2)). /fm > W ||(4J/r + 1) + 1, then for

T, any solution to (2.2), there is a decompositionT = VV'' withV e RP*" such that
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1V —ell, < 4||W||\/Z,

@4
max [[WV][|, < max ||[W@L||F+4||W||2J%,

1<i<m 1<i

and

2
N 2 max, < < WO, + IWIZ)
max V.-, <
1<i<m m—[Wll(4/r+1)-1

(4.5)

Proof of Theorem 3.1. Lemma 4.1 and Lemma 4.2 imply that, to prove Theorem 3.1, it is
sufficient to prove (4.3), which can be verified by application of Lemma 4.3. O

4.2. Proof of Corollary 3.3.

Proof of Corollary 3.3. Under the @-discordant property, inequality (3.1) is sat isfied if mis
greater than

8m[3m/drm logm + 360 dﬁ]
m—2 — 6o\/dm(2:fr + 1)

+2|30y/drmlogm + 3652d\rm| + 24c\/dr + 60\/dm

or, by dividing the above expression by m,

s oy 8 3o\fdriogm 3602dyfr | 2o\dr , 6oyd
|_2_6oJdQJr+ || m Vm mo o m
m m

Ifo < 60\/_ then the RHS of the above inequality is upper bounded by
- 8 3 Jflogm L2841 61 1
[ _2_62/r+1 1 |60 ,1/4 3600[ 60,374 " 60 Jr 174
m- 60 Jr ,l/4
<2+ 8 3 «/logm n 24 1 " 6 1
| _2_18 1 (|60 ,1/4 3600 3600 ,,3/4 " 3600 ,1/4

since r=1and Z‘/;le < 3. The last line is decreasing in mif m=8. At m=8, the

2 18 1

-0z >0 and the value of the whole line is less than
8

denominator in the last line is 1 —

1.0
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4.3. Proof of Corollary 3.4.

Proof of Corollary 3.4. Considering Corollary 3.3, it is sufficient to show that Gaussian
noise W satisfies the ®@-discordance with high probability under the MAXBET model.
Assume a—lw,-j has i.i.d. standard normal entries. Then from [W®],= >/_ . W,0, € REXT it
is obvious that this matrix has zero-mean normal entries. To see the variance, note

vec(W,,0)) = vec(I,W,,0)) = (GJT ® Id,)vec(W, )

Then Cov(vec(W,)) = o°1,,, and

Cov(vec(W,0,)) = 02((9/7 QL,)(0] ® I,,i)T
=0X(0]0,® L,1,) = 041, ®1,) = 02L,;

=o%(0] ®1,)(®,®1,)

i.e., W;®,has i.i.d. normal entries with variance o. Then [W®]; s the sum of /mi.i.d. copies
of W;8;; hence entries have variance mao?. Now from Theorem 9.26 of [15],

2
Pr( ! ||[W®],||2ﬁ+ﬁ+r)sﬂ 2

o\m

L

for = 0. Applying the union bound and noting that 7

W], < (W8),., we obtain

2
>1—me? /2,

Pr( max ||[[WO], < a(\/grm + ryfm + t\/;)
i=1,....m

2 .
where d = min,_, _,d,. Now choose #such that e=""/2 = 1/m?, i.e., t = 2\/logm. Then,

1
>1-—. (4.6)

Pr( max [[[WO]], < o-(\/c_lrm + ryf/m + 2\/rlogm)
i=1

=1,..., m

Since d > max{r,2} and m = 2, we have r < \/dr and \/dm > 2. Furthermore, if m= 3, then m
< mlog m. Thus

Jdrm + rym + 2\/rlogm < 3\/drmlogm < 3\/Drlogm. (4.7)

If m=2andd > 6,

V2dr +12r2 + 2,frlog2 < 3,/2drlog2 < 3/Drlog?2.

at least 1 — 1/m.
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To bound lIWII, observe that W 4wy w® where w1 € RP* P has entries i.i.d. from
MO, 2/2), and W® is generated as follows: [W(z)]_ = [W(')]; for j# j and [W@)],;has

i

entries i.i.d. from MO, o%/2) under (MAXBET), or [W(®)] ;= -[W@],;under (MAXDIFF).
Marginally both W(}) and W(2) have entries i.i.d. from MO, ¢%/2). Then, [13, Theorem 11.13]
implies that

Pr(gﬂw(l)ﬂ >2/D+ t) = Pr(g”W(z)” >2/D+ z) <2,

Applying the union bound and IWIl < IW®Il + IW@) yields

PF(HW” <o2Q2/D+1)>1- 20112

3

2
(3-242)
- %D.D

for £0. Choose ¢ = ( - 2)\/5 to have Pr(||W|| < 36y/D) > 1 —2¢~

=l

4.4. Proof of Corollary 3.7.
The proof follows from (4.5) in Lemma 4.3 and Corollary 3.3.

4.5. Proof of Theorem 3.9.

As a preparation, we provide intermediate results first. Proofs of these results are provided in
section 5.3.

Lemma 4.4. Let A be the Lagrange multiplier of a critical point (Oy, ..., Opy) of problem
(OTSM). That is, it is a symmetric rx r matrix satisfying OA, = ¥.;_, S,,0,. Then, for block

matrices 0 = [0},...,0L" ande =[e!, ..,0.|", the following holds under (MAXBET):

1A~ mI] < || X0 W0, +mllof®, - 1] + €70 - m,

Under (MAXDIFF), we have

A= (-1 < || Y, W,0) +mlofe, -1l + 6T o - m,

Results parallel to Lemma 4.3 are also obtained.

Lemva 4.5. Let(O......0,) € X, 6,, be a a global optimum of (OTSM). If we build a

block matrix O = [5?, o EZ]T, then there exists an orthogonal matrix R € 0y, such that

(O.R, ...,0,R) is also a global optimum and for O = OR the following error estimates hold’:
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4H W‘ under ( MAXBET),

A
lo0-o], < v 48)

4‘ under (MAXDIFF),

\WHI—LSW

4||w || under(MAXBET),

le’o - m1| < (4.9)

\/;

max [[WOl]ll, < max [[[WO]]|l,
1<i<m 1<i<m

4 H w under(MAXBET),

g
Jm

(4.10)

S
T =2

4 H w under(MAXDIFF),

max [|0, - @], <

1<i<m

. (4.12)
v
Z(ma)h sism” [WG)]'”F + 4-||W]|| W)

m—4TWT;

under(MAXBET),

weul,+4|w] )

Z(maxl <i<m

under(MAXDIFF),

m _4HW” I —Jz;/m -3

where

4w r under (MAXBET),

m>

s+4HwHﬁ+¢16||v2v||2r+4o||w||ﬁ+1 under (MAXDIFF).

Assume the data model (MAXBET). We want a condition on the noise matrices W j that
guarantees the certificate (2.4) to hold. Let (O,, ..., 0,) be a global optimum of (OTSM) and

0=[0.,...,0,] Since LO = 0 for 0 = [5? 5:] whenever (0., ..., 0,) is a critical point, it

suffices to find a condition that

xTL(a, K)x >0 forallx = (xy,..., X)), X; € Rd"suchthataTx =0,
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where X = (A, ....A,), A, = Y-, 0, 5,0, is the collection of the associated Lagrange
multipliers.

Let (Oy, ..., Oy be acritical pointand 0 = [0, ..., O,C]T. Then, for any x satisfying O ’x = 0,

m
L. Mx= ) (x'OAO X +1x/ 00 "x) - xT Sx
i=1

T,x 70,0 x; + t.x] 00" "x ) *xT'sx

o
,Z ) - xT

\%
Ms

The block matrix (2.1) can be written as
S=00" +w, (4.12)
where W is a block matrix constructed from W ;in a similar fashion to (2.1). Then

xTSx = xT00 x + xTWx = xT(® - 0)(© - O)Tx +x"Wx

T 12 211 112 2 (4.13)
=l©-0)xl" +x"wx <o - o [+ [wl«|"
The second equality is due to O ’x = 0. Hence we have
S 2 201412 2
xTL(O,M)x > Z %" = 110 = Ol llx|I” = IW I x]". (4.14)
i=1
Combining Weyl’s inequality and Lemma 4.4, we obtain a lower bound on z;
7> m—|[(woll - ml|ore,-1|| - leTo - mil.
Substituting this with inequality (4.15), we see
2 211 112
xTL©O,M)x > (m - 10" 0 — mIll)|x| - ’@ -0
m 2
= Y (lworll|x| + mllofe, - Illjx|*) - | W] |lx
i=1 (4.15)

> (m _lleTo = m1ll -l - oll?
2

Thus if
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m> 1670 - mil +|l© - o
+ max [[[WO]|| +m max lofe, - 1|| + ”W”,

L., 1. m

(4.16)

then we have L (O, A) > 0.

Now suppose (O.. ... 0,) is a global optimum and A = (A.. ... A,) is the collection of the

associated Lagrange multipliers. Let O = [0, ...,5;]T. Then, by Lemma 4.5 there exists R

€ 0 rsuch that O = OR satisfies inequalities (4.8)—(4.11). Then, for this O the RHS of
inequality (4.16) can be bounded:

2

0-0| +|\W

leTo-mill + max WO)| +m
i=1,...,m i

i=

max ||Of@,-1| +
e, m

A

+16

2

<4|w|Jr+ max |[WOl|,+4

1<i<m

2
Zm(maxl <i<al[WOL|l+ 4HWH \/%)
+

m—4|wllyr

w

w

2
’+HWH.
m

If this bound is less than or equal to /m, the resulting inequality is precisely (3.6), and then
condition (4.16) is satisfied. In other words, L(O, A) = 0, where A = (A4, ..., A,) and

A=Y",0/S,0,= RA.RT, i=1, ..., m, are the associated Lagrange multipliers.

Finally, observing that

L(A,(B.....B,) = L(40.(e" B0, ....0"B,0))

forany Q€ 0, A =[Al, ..., Al]" with A, € R%*", and B, € R"*" shows that L(0, A) > 0.
For the similar result under the model (MAXDIFF), see section 4.7.

4.6. Proof of Corollary 3.10.
Under the ®-concordance of %W, the RHS of inequality (3.6) in Theorem 3.9 is upper
bounded by

2m(30’«/Drlogm + 3662D\/Z)
2p, |1 "
1204/ Dr + 304/ Drlogm + 360 D\/; + o 120_\/5 @.17)

+ 14462% + 30D

m

12/Dr’

ifo < If (4.17) is less than or equal to /7 or equivalently
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2(30\/drmlogm + 365%d
121261/%+36/M%+3662d\/%+ (3oy/drmiogm + 360%d\rm)

m— 120+/drm (4.18)
+ 14402 1 36,4
m m

172
for o < = then from the proof of Theorem 3.9, we see that condition (4.16) is satisfied,

12,/dr

and thus the claim is proved.

The fourth term on the RHS of inequality (4.18) is

2(30,/”1% +36 Zd\/%) ) o
< (351/ roogm ., 3602[1\/2)
m m

1/4 1/4
if 6 < 22— Thus, by replacing owith 22—, the RHS of (4.18) is upper bounded b
< 3m y replacing SN (4.18) is upp y
5 11/4+1+ 2 3\/logm+361 PRCC I SN T B
m |12 T |31, 174 T 961 Jr| " 96T, 174 " 31 [, 174
31,174

Since r=1, Vl‘;gﬂ’f < \/% and the rest of the terms are decreasing in /m, the above quantity is
m

less than 1 for m= 2.

4.7. Theorem 3.9, Corollary 3.10, and Corollary 3.11 under (MAXDIFF).
Under the MAXDIFF model, inequality (4.13) is replaced by

A 12 m ) 2
xTst 0-0| x| - z le®! ="+ |w||x
i=1
2 . 2
< @-0” ~ min [ +HW‘ x
1<i<m
and (4.15) by
2
Lo Mx>|m-1-l0T0-mll = max WOl -m max ||0,T®,.—1||—”®—0H —HWH
i=1,....m i=1,..., m
+ min ||(-),.||2) x
1<i<m
T 2 2
=(m—||@ O-mill—  max [[WOl|-m max ||0,T@,.—1||—HC-)—OH —HW‘)x
i=1,....m i=1,....m

since I®l = 1 for all /. Thus condition (4.16) for L(O, A) = 0 to hold remains unchanged.
Applying Lemma 4.5, we obtain
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Vr 2
mz4|W|| T—2/m +max; <; <l [WOI]  + 4|W]| m"‘ 1w

2
2m\max, <; <l [WOL | + 4IW || — 7+
vm=20m) | yeywpt——

+ \/; 5"
m— Wl -3 (m =2/y/m)

Proceeding as above for (MAXBET), we obtain the bound on o as stated in Remark 3.13.

Furthermore, inequality (4.6) is replaced by

Pif max |[WOl|, < o(/dr(m— 1)+ rym—1+2\/rlogm)| > 1 —%

i=1,....m

(recall that d = min,,_,__,, d)), and inequality (4.7) holds for m= 2 for all 4 since m-1<

mlog mfor all m= 2. Thus the conclusion of Corollary 3.11 holds without modification,
mll4

64+/dr

provided that m=4 and ¢ < as stated in Remark 3.13.

4.8. Proof of Corollary 3.14.

The desired results follow immediately from inequality (4.11) of Lemma 4.5 and Definition
3.2.

5. Proofs of technical lemmas and propositions.

5.1. Proof of Proposition 2.1.

Proof of Proposition 2.1. First consider model (MAXBET). We have S, = ©,0] for all / .
Then the objective of (OTSM) is

Yr(0feejo) = Yu|ero) (©fo)|.
i,J iJ

Each term is bounded by the von Neumann-Fan inequality [20, Example 2.8.7]

,
u](0/0)"(0]0)| < Y 6(6/0)s(©]0), (5.1)
k=1

where ox(M) is the Ath largest singular value of matrix M. Since 0/©.0/0, < 0/0, =1,, we
see max,_,_.0(0/0)<1forall 0,e 0,, /=1, ..., m Thus the largest possible value of the
RHS of inequality (5.1) is 7, and (OTSM) has maximum 772r. This is achieved by O;= @;for
i=1, ..., msince /0, =1,

It is straightforward to modify the above proof for model (MAXDIFF). The maximum is
m(m-1)r.0
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5.2. Proofs of Lemmas for Theorem 3.1.

Proof of Lemma4.1. For any U in the constraint set of (SDP) such that
U+#Uand X =U-U, we have PyLX Pyt = PooU Pyt — PoiU Pyt = PrU Py = 0 and
Py X,.Py, = PyU,Py, — PyU,Py, = Py U, Py, — 1< 0. In summary, X has the properties of

PyrX Pyt = 0, tr(X,) = Oand Py X, Py, < Oforalll <i<m. (5.2)

In addition, either P, X Py is nonzero or Py X, Py, is nonzero for some / If they are all zero
matrices, then we have

PirU Pyt = PoU Py = 0, .3)

PyU, Py, = PyU, Py, =1,. (54)

Since Uj;> 0, we have VU, V, > 0. Combining it with «(P},U, Py, (due to (5.4)) and
r=t(U,) = (P, U.Py,) + t(V,U,V,), we have VU,V = 0. Combining it with U ;> 0, we
have VU, = 0 and U’V = 0. It implies that U, = V,.Z,V'; for some positive semidefinite Z;
That U;i< land tr(U;) = rin turn implies that Z;= 1, Thus,

u,=vy.. (5.5)

In addition, (5.3) and U = 0 mean that U = ITLU IT, that is, there exists a matrix Z € R"*"
such that U = VZV', and as a result, U, = V,ZV,. Combining it with (5.5), we have Z = |

and U = V¥ = T, which is a contradiction to assumption U # U.

Combining the property of X in (5.2) with the assumption of T in (4.2) that { P T" Py,}"_,

and — PL.T™V p;1 are positive definite matrices, we have

(X S) = tr( XTD) + to( XT) + ctr(X)
= tr[(P,I,iXPr,i)(P%T(I)PVL)] + )" (X, TY) (.6)
= | (PRX Py)(PRT VP |+ 30" te|(PF X, Py )(PR T Pr)] < 0.

The first equality uses assumption (4.1). The last inequality is strict because either PLLX Py
is nonzero or Py X, Py, is nonzero for some 1 < 7< m. Then (5.6) implies that t(SU) < tr(STI)
forall U # U and as a result, U. is the unique solution to (SDP). O

Proof of Lemma 4.2 In this proof, we aim to construct the certificate in Lemma 4.1. The
process can be divided into three steps:

. Find a decomposition of S = S() + S() based on the first-order optimality.
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. Construct the certificate T and T(?) from the decomposition S() and S(). The
explicit expression is given in (5.10).
. Verify that the certificate satisfies the conditions in Lemma 4.1.

Step 1: Decomposition of S based on the first-order optimality. We investigate the
first-order condition for any solution of (2.2) and summarize the result in Lemma 5.1 as
below.

Lemma 5.1. LetT = VV' be a solution to (2.2) withV e R X", Then the input matrix S can
be decomposed into S = S +S@), where SO and S@ are such that

S(]) Sih l # j’
= m _— 5.7
[ ]u S, — Z,-ZISUVJV'T’ i= ], (6.7
0, l # j’
5@, = [ Y SV iz (58)
j=1 ijv j¥ios 1= .]a
and satisfy that
S(l) = HVLS(I) i and Sf?) = HV[SE?HV,- foralll <i<m. (5-9)

The properties of S and S@ in (5.9) are exactly the same as the condition (4.1) for
certificates T and T in Lemma 4.1. As a result, it is convenient to construct our
certificates T!) and T( based on S®) and S, In fact, the explicit expression of (5.10) in
step 2 shows that T is derived from SM and T@ is derived from S(@).

Proof of Lemma5.1. Since ¥V must satisfy the first-order local optimality condition
(2.3), that is, V.A, = 3,5,V ,, we can construct the block diagonal matrix S by letting

SP=VAV, =Y;S,V,V.. Thenit follows that

Iy, SP My, = VAV, =50

Furthermore,

[S(Z)V]i = S;?)VI = T;,A, = Z SIIV/' = [ST;L :
J

Thus S@V = sV, and for SO = S - S@, we see SV = 0 and ¥ s = 0 (by symmetry).
This implies 1125V 113+ = s, Hence condition (5.9) is satisfied. O

Step 2: Construction and verification of a certificate. We construct the certificates T(2)
and T®@ based on S@) and S

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnuen Joyiny

WON et al.

Page 24

S, T = (5.10)

It remains to verify that the certificate satisfies the assumptions in Lemma 4.1.

Step 2a: Proof of (4.1). From the properties of S&) and S(@ from step 1, it is clear that
s=TV+ 1D ¢ o1, 11V i = WY, and T2 = 11, 7115,

Step 2b: Prove that { P, T;"Py,}"_ | is positive definite. Applying, forall 1 <7< m,
[V[s@7 -l < | w7+ mlVi0 -1l + 1077 -l @1

(which will be proved in step 3) and Weyl’s inequality for perturbation of eigenvalues and
noting that [|[V/@, —1|| < ||V, - .||, we see PLT? Py, is positive definite for all 1< i< mif

m>c+ max ” Z:I:IW,jVin +m max [[V,- 0l + 107V - mill, (5.12)

1<i<m 1<i<m
which follows from (4.3) with ¢= m/2.

Step 2c: Prove that — PL.TV Pyt is positive definite. Let Sp(X) be the
column space of the matrix X, and define the subspaces £, = Sp(®),
L= {x eRP:x, e Sp(@),»)}, and L, = L; = {x eRrRP:x e Sp(@f)}, and let s(V* = _ mI .t

and TV" = sO* _ e, = —mi,, .1 - cIT,,. More specifically, we have
[S(l)*]u — 0.0 fori # J, [S(D*]” = —(m-100/ (5.13)

and TM" as follows: T"" = $©°, TV = 8" — cIT,1.

Considering that dim(L, n L}') = dim(L,) — dim(L,) = rm — r and dim(Lg) = D - dim(Ly)
= D - rm, we have A,41(TM# = —c. Applying Weyl’s inequality and noting
leer-vvil=|e(®-7) +(7 -0

<2|l®, -7, we have

A D7) = (1) < P D™ - D]
<lsM™ — sl 4 emax, -, || ot — T3]
=lsM* — sWl 4 cmax, ., . |00 -V V]|
<lls®* _ sWl 4 2¢max, <, .10, - V.

Combining it with

IsO" = sl <m max IV.-0ll+ max |3 w7,
m

1<i<m 1<i<
+ 10TV — mill + W

(5.14)

SIAM J Optim. Author manuscript; available in PMC 2023 May 17.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

WON et al.

Page 25

(which will be proved in step 3) and

m
Y wy |+ 10"V —mil + W (515

Ji=1

c>(m+2c) max ||[V,—0©J + max
1<i<m 1<i<m

(which follows from (4.3) with ¢ = m12), A,41(TM)is negative, which means that T() has at
least D - rnegative eigenvalues. By definition, T(1) has rzero eigenvalues with eigenvectors

spanning the column space of ¥, so PL.T) Py is negative definite.
Step 3: Proof of auxiliary inequalities (5.11) and (5.14).

Step 3a: Proof of (5.11). Combining (5.8) with

oV, =0"V, (5.16)

j=1

we see

|7i[s®| 7= m| = VI 5.7) - m]

|3 WP+ [Tl X 017) ]

<[ Wl Ve T om0, -
<|

1w | +mlvie -1l + 6TV - mil,

where S, = W, + ©,0] when 7# jis used for the first inequality.

Step 3b: Proof of (5.14). Applying (5.7), (5.8), and (5.13), we have that, for both MAXBET
and MAXDIFF models,

[S(l)_s(l)*] _ 5,-00,=W, P 517
W= (Y SV )V +mee] i =, 10
As aresult,
IsO-sO U< iwi+ max (37 577 -n0el]. 6518)
Using (5.16), we have
”(Zin@'@ﬁ J)TI'T -mO0| = H( :1:1@/?17’)‘7?_ m; (5.19)

<X 0) - ml|| +mlV.- 0l = 167V - mill + m|[V. - ©|l.
Applying (5.18), (5.19), and S, = W, + ©,0] when 7% j, (5.14) is proved. O

Proof of Lemma4.3. First, we remark that the choice of ¥ € R” X" is only unique up to
an rx rorthogonal matrix. That is, for any orthogonal matrix 0 € R"*", VO is also a
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potential choice. In this proof, we choose ¥ such that © v e R” X" is a symmetric, positive
semidefinite matrix, and as a result, u(@" V) = " VL.,

Then we have that

2

=" Iv.—ol.=>" VI + el -2u(Ve)
ﬁ: ) (5.20)

Hfi—@

F
m
= Y VI + 10l - 26(0]V) = 2rm - 21r
i=1
=2rm - 2t(@'V) = 2rm - 20"V,

where II-ll- represents the nuclear norm that is the summation of all singular values (and
since V1V is positive semidefinite, it is also the summation of its eigenvalues).

Using the definition in (2.2), we have
(V' V) 2 (0" s0). (5.21)
Applying S=0 07+ W, (5.21) implies
e I o P e R S
> u(0'we)+u(e’e6’0)=u(0’we)+ leTell;
and
tr(T’TWV) - u(0'We) > leTell, - I¥7ell, = rm2 — 1776l (5.22)
since || x> = 3, 4(x)% we have

rm? — ”VTG)HZF = Z: 1 (m2 - /li(VT®)2)
> mzzl(m - /L(VTG)) = m(rm - ”VT@”)

The combination of (5.22), (5.23), ||[V]|, = ||®||, = v/rm, tr(AB) < Al AI Bl £, and IIABIl £ <
ILAIl I Bl simplies that

(5.23)

m(rm - ||I7T®|L) < tr(T’TW7) - tr(@TW@)
=ul(V - G))TWV n tr(@TW(V @))
w7 -e

<[wl[7-e o
F

=27~ @H a
F

F F

Combining it with (5.20), we have
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which implies

H?—@ <4

7
m

proving the first inequality in (4.4). It implies that

V"0 - mll, = |7 - @) 6ll, < ||V - 0], ym < a|wllyr.

Applying (5.25), the second inequality in (4.4) is proved:

max |[[WV]l, < lmax lIwe, ||F+ max ||[W(V o,

1<i<m
< max [[[WO],+ ‘ V- @
1<i<m
< max ||[W<~)],||F+4HWH \f
1<i<m

Now let us consider V € RP*" defined by V, = ©, and v, = ¥, for all, 1 < j
< m, j# i. By definition we have tr(VTSV) > tr(VTSV) and it is equivalent to

Page 27

(5.24)

(5.25)

(5.26)

(5.27)

tr((V - V)TSV) + tr(VTS(V - V)) - tr((V -W s - 7)) > 0. By the definition of ¥, ¥, and

S, we have

2tr((7,. - @i)T@ieTV) + 2tr((ﬁ_ _ Q-)T[W?],.) 3 tr((f;,. _ Q-)T 5.7 - @))

> 0.

(5.28)

Recall that ¥ is chosen such that ®' 7 is symmetric and positive semidefinite, and apply the
fact that, when A is positive semidefinite, then tr(BA) = tr(B’A); and when both A, B are
positive semidefinite, tr(AB) = tr(A Anin(B)1) = Amin(B)tr(A) (Amin represents the smallest

eigenvalue), we have

(6. 706!V~ uf1- Vie)eV)
= %tr [(21-Vie -eV)e" )] —tr[ ) (V.- @,»)(@T?)]
Ju|(V.- 8) (V.- 0)]4(077) = 1IIV. - 0:4(e77).

In addition, we have

tr((V: - @z)TSn(f;i - 91)) Z - ”Su””T;: - @xlle Z - (1 + ||W,,||)||7, - @:||2F»

and tr(AB) < lIAIAIBIl zimplies
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tr((l7,. - (é)i)T[W?],.) <v.-el.lwvl.. (5.31)
Combining (5.28), (5.29), (5.30), and (5.31),

17, - el Wil = 17, - e1(4(eT7) - 1 - w.).
Combining it with (5.27) and (5.26), which implies that 4(©7 V) > m — 4|w||y, and noting
that IWIl = IW I, (4.5) is proved. O

5.2.1. Lemma 4.3 under (MAXDIFF).—Proof of Lemma 4.3 under (MAXDIFF).
Following the proof of Lemma 4.3 under (MAXBET), we have

2

-
> [ - [776ll) - (- 3 I¥01)

z %HV - QHZF -y vi-eli= (% - 1)”7 _ ®||2r

Jrm > tr(VTWV) ~u(e’wo)
F

where the first inequality is (5.23), the second inequality is from the definition of S under the
MAXDIFF setting, and the third inequality is from r— V'@l < |V, = .. = 2 - u(V/0)

since [|[V/oll; - 2u(Vi0)+r=|vie,-1, .

As aresult, if m> 2,

HV—@

<4
F

‘WH@ 1¥7e — mill, < 4
m-—2

mr
s

2
=

max [[[WV1llp< max ||[WO],+4 5
m

1<i<m 1<i<

In addition, (5.28) is replaced with 2tr((7, - G),)T(a,-@TV) + 2tr((7, - G),)T[WV],) > 0. Then we

1 — —
have 74(0V)l|e, - V.| < .- VI.(lwVv1|,) and

2
w5

m—2

2 max; s:sm”[WQ]i“r +38

oy

m—2

max ”0[ _7(”F <
1<i<m m_4”W‘

for m > 4|w|yr+2.0

5.3. Proof of lemmas for Theorem 3.9.

Proof of Lemma 4.4. From OA, = Y/_, S,,0,, we have A, = Y7_, 0'S,,0,. Hence, under
(MAXBET),
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A —mL| =] 0OS,0,-mI,

<[o! X7 w0+ ofe 3. ,€/0,~m.

<X w0+ |06 -1)>" 6o+ ejo,-m,
i w0, +|[(0/e;-1,) f 00, i 0/0;—ml,

Jj=1 j=1 j=1

<X w0 +lofe,~Ll|| Y. e/o) +lle’o—m,

<| X" w,0) +mlofe,-1l+|e"o-ml

< + +

since [|©70/| < 1. Under the MAXDIFF model,

A== DL =Y ,,0/S,0,— (m— DI,
<oy, w0l oo, o0,
<[ w0 +|(@0- 113 6o+ X 60~ -
<|| 2. wiol +|(0fe-1) 3, @0 +] 3. 8]0~ tn - DL
<| X w,ol+lofe,~Ll| Y. e/o]+|e"o-m,-elo+1
E J#Fi
<|X,.. w0 +wm-vlore, -1l +[e’o-mi,
=||X,.. w0 +mlore, -1 +|e"o - mi,

+lo/e,~ Ll

O

The following technical lemma is needed to prove Lemma 4.5.

Lemma 5.2. Suppose X, Y € Oy, and A € R?* ¢ is symmetric and positive semidefinite.
Then, there holdstr[X A (Y — X)] <0.

Proof. Note

T XAY - X)] < tr(ATXT(Y - X)) - tr(A(XTY - 1))
= tr(AXTY) —w(A) = tr(YTXA) — tw(A)
= tr(AYTX) —tr(A) = tr[A(%XTY n %YTX - I)] .

Since XX7 < 14 (XTY)T(XTY) = YTXXTY < YTY=1,. Thus | X7YIl, < 1. Likewise IIY 7Xll, <
1. Then, because %XTY + %YTX is symmetric,

14Ty 13T HlT lTHlT 1yT
zmx(zx Y+3Y X)s XY+ 57X §2||X Y||2+2||Y xll <1

and %XTY + %YTX —1,<0.Since A <0 it follows that tr [X A(Y = X)] <0.0
Proof of Lemma 4.5. Let the singular value decomposition of 070 be UV’ where U, V

€ 0,rand Z € R"*" is diagonal with nonnegative entries. Let R = VU T€ 0% , Then, for
0 =O0R,itholds=@®70=UzUT> 0.
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Clearly, (O......0,) = (O\R. ....0,R) is globally optimal. Therefore,
u(0”s0) <u(o”s0),
which is similar to inequality (5.21) in the proof of Lemma 4.3. It immediately follows that,
under (MAXBET),

2| lo-e], > {o"wo) - feTwe) > Zo-e],

and, under (MAXDIFF),

| lo-e], > w{o"wo) - sfeTwe) > (3 - 1)]o- o],

from which inequality (4.8) holds. Inequality (4.10) follows from

(WOl < [IW(O - O]+ [(WOL|| = |[W:.(0O - O)|| - + [ (WO »
<|wiillllo -l +lIwell < [W]|o -], +[Well,

and inequality (4.8), where W;. = [Wy, ..., W;], is the th row block of W.
Inequality (4.8) also implies

4||w||\r under(MAXBET),

le’o - mLl| < (5.32)

\/;

We first consider the MAXBET model. The global optimality of (Oy, ..., Op,) asserts that
the associated Lagrange multiplier A;of O,satisfies OA, = Y7_,S,,0; (see (2.3)) and is
symmetric and positive semidefinite [35, Proposition 3.1]. Since S, = 0.0 + W,

m m m
) 5,0=) 00/0,+ ) W,0=00"0+[WO0]. (539)
/=1 /=1 /=1

Thus from Lemma 5.2, we have

0> tr[(@, - Of)TZ,#iS"/’O’]

= tr[(@,- - O,v)T@)[G)To] + tr[((&)[ —o)"w 0][] ‘ (5.34)

Using that ®7 O is symmetric and positive semidefinite, we have, similar to inequality 5.29),
u[(©, - 0)"0070] > 14(670)|0, - O:. (5.35)
Then the Cauchy—Schwarz inequality and inequality (4.10) entail
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%z,(@To) max [0,-0,< max (WOl < max [[WOL,+4

2
w
1<i<m <i<m <i<m

0
Nt

Combining inequality (5.32) and Wey!’s inequality, 4(® 0) > m — 4||w||yr, and inequality
(4.11) is obtained.

Under the MAXDIFF model, (5.33) becomes OA,; = Y,.,S,0, = 0070-0070 +[WO0l,
and inequality (5.34) is replaced by

0> tr[(@, - o,)T@,@To] - tr[(@, - 0,)T@,(-),To,] + tr[(("), —o)'woyl.

Inequality (5.35) remains intact, and

~u|®- 0)' 00/0] = u](0,- 0)T00/(0, - 0)| - u](0,- 0)" 0070,
- le®!llo. - 1o - tr[(e,» - OI)TQ]
-0 -®|; - u(1,- 0/®)
1 . 3 .
— o= 8/ - 5[0l + e/} - 2u(07©))] = - 50, - O

vV IV IV

where the third line is due to [|©,0]]| < 1. Hence the Cauchy-Schwarz inequality and
inequality (4.10) now give

%(l,(@TO>—3) max [|@,-0Ol;< max [[WO]l|,< max [[WO]],+4
1<i<m <i<m <i<m

M

Inequality (5.32) and Weyl's inequality now result in 4(©70) > m — 4”W” : _‘/g/m, and

inequality (4.11) is obtained. For a valid bound we need m > 4HWH% + 3. Solving the

involved quadratic inequality provides the desired lower bound for m. O

6. Conclusion.

This paper studies the OSTM problem [35]. It shows two results when the noise is small:
first, that while the problem is nonconvey, its solution can be achieved by solving its convex
relaxation; second, condition (2.4) is necessary and sufficient for global optimality of a
critical point, making the former a genuine certificate.

A future direction is to improve the estimation on maximum noise that this method can
handle. While this paper shows that the method succeeds when o= O(/#), we expect
that it would also hold for noise as large as o= O(m72), which has been proven in

[37] for phase synchronization and in [22] for synchronization of rotations. We suspect
that the suboptimality of this result arises from the estimation of max, ., .|| ¥/-, W,V | in
(4.4), where standard tools from the theory of measure concentration cannot be used as V
depends on W. Likewise, in certifying global optimality of a critical point, estimation of
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max, < <.|| X7- 1 W,,0,|| in inequality (4.10) becomes a bottleneck. To solve this problem,
some decoupling techniques in probability theory might be needed to disentangle the
dependence structure. Another future direction is to use a more generic model than the
additive Gaussian noise model, which would have a larger range of real-life applications.

JW was supported by the National Research Foundation of Korea (NRF) grant funded by the Korea government
(MSIT) (2019R1A2C1007126). TZ was partly supported by the NSF grants CNS-1818500. HZ was partly
supported by NIH grants HG006139, GM141798 and NSF grants DMS-2054253 and 11S-2205441.

Appendix A.: Simulation study.

We conducted a simulation study to see how tight the conditions (3.6) and (3.7) are. Under
the data generation model (MAXBET), we fixed =5, r=3 and varied the number of
groups m € {2, 5, 10} and the noise level o€ {0.01, 0.1, 1, 10}. The semiorthogonal
matrices 01, ..., ® ,, were generated by taking the QR decomposition of random & x
rmatrices with i.i.d. standard normal entries. The upper triangular part including the
diagonal of W was generated from i.i.d. normal with mean zero and variance o2. For

each combination of mand o, we generated 100 replicates and reported the number of
replicates for which the proximal block ascent algorithm in [35] produced a critical point
satisfying certificate (2.4) using the ten Berge initialization strategy (“tb” in [35]) in Table
1. In addition, we also counted the frequency of satisfying conditions (3.6) and (3.7) for
Corollaries 3.10 and 3.11, respectively, and the certificate of global optimality of a critical
point (2.4).

Table 1

Frequency of satisfaction of conditions (3.6), (3.7) and certificate (2.4).

m e (36 (37 (24
001 100 TRUE 100

0.10 10 FALSE 100
10 1.00 0 FALSE 0
1.50 0 FALSE 0
0.01 100 TRUE 100
0.10 0 FALSE 100
20 1.00 0 FALSE 21
1.50 0 FALSE 0
0.01 100 TRUE 100
0.10 0 FALSE 100
% 1.00 0 FALSE 99
1.50 0 FALSE 0

fReported numbers are out of 100 replicates in each scenario.

Table 1 shows that condition (3.6) is satisfied at small noise levels. Condition (3.7), which
is fully determined by the combination of mand o, is less frequently satisfied than (3.6).
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In case either condition (3.6) or (3.7) is satisfied, the certificate (2.4) is always satisfied as
predicted by the theory. It is remarkable that certificate (2.4) is satisfied more frequently
than condition (3.6) or (3.7), leaving room for improvement of these conditions.
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