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Cohort studies of aging-related diseases often produce event-time data that are subject to
left-truncation, since participants enroll after some baseline age while being free of the dis-
ease of interest, in addition to right-censoring due to variable follow-up. This dissertation
develops a suite of semiparametric methods, organized around a two-part conditional mod-
eling framework, for drawing valid inference from such data and for quantifying healthspan
(the portion of life spent in good health) as an endpoint in aging research. The first project
proposes a semiparametric sieve likelihood approach for fitting a linear regression model to
a response subject to both left-truncation and right-censoring; the resulting estimators are
shown to be consistent, asymptotically normal, and semiparametrically efficient, and the
method is illustrated on data from the Canadian Study of Health and Aging and The 90+
Study. The second project introduces the Golden Health Index (GHI), the expected propor-
tion of post-baseline life lived disease-free; we estimate the GHI and its covariate associations
via a two-part model that accounts for left-truncation, and establish its large-sample prop-
erties, and applied to the National Alzheimer’s Coordinating Center data, the framework
shows that APOE &4 allele status is negatively associated with the GHI, whereas lifespan is
positively associated with the GHI after an initial dip. The third project closes a theoretical

gap by establishing the asymptotic normality of sieve estimates in a broad range of non-

Xiv



and semi-parametric regression models in which a smooth unknown function is among the
parameters of interest, thereby justifying likelihood-based inference in the settings of the

first two projects.
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Chapter 1

Introduction

The diagram in Figure 1.1 represents the traditional trajectory of most age-related diseases.
A person is healthy at some age A, and eventually dies at time 7. Between this baseline age
and death, the person either develops the disease of interest at time S, or does not have it
before death. We let Ag be an indicator of whether or not the person contracted the disease

during lifetime.

Disease Onset (S)

As=1

Baseline Age (Ap) o o Death (T)
ge (40) oL (T)

As=0

Figure 1.1: A visual representation of the conditional modeling approach employed for age-
related diseases.

This work is motivated by studying data generated by this type of process. To do so, we

employ a conditional modeling approach composed of two parts. The first part is to model



the probability that an individual develops the disease of interest before dying at T, i.e.,
P(As = 1T, X), here X denotes a set of covariates. The second part is to model the
distribution of S conditional on an individual developing the disease during their lifetime,

ie., P(S <s|T,X,Ag=1).

Studies that consider a fixed baseline age A, such as a prospective cohort study with a
disease-free requirement for entry, are subject to left-truncation. To aid in the analysis of
left-truncated data, Chapter 2 presents a novel method for fitting semiparametric linear
models to data that is both left-truncated and right-censored. This work extends the prior
work of Ding and Nan [2011a] to include the left-truncated case. As a part of this work, we
developed a code package, and it is available online for easy implementation, allowing users
to rapidly fit this type of model. In addition to a comparison data analysis on The Canadian
Study of Health and Aging, we preview Chapter 3 by modeling a derived quantity called the
Healthspan Proportion on the left-truncated 90+ Dataset from the University of California,

Irvine [Corrada et al., 2010].

Using the work in Chapter 2, we are able to model the time to disease given that the
disease occurs under left-truncation. This is the second part of our two-part conditional
modeling framework mentioned above. Chapter 3 addresses the overall modeling framework
and tackles the challenge of deriving an interpretable metric from this two-part conditional
modeling framework. In this chapter, we introduce the Golden Health Index, which provides
an interpretation of the average proportion of disease-free life after some baseline age Aj.
We motivate this development with a detailed data analysis of the National Alzheimer’s
Disease Coordinating Center Uniform Data Set (NACC UDS), focused on the impact of the
APOE &4 allele on the Golden Health Index. We propose a logistic regression model for Ag
and a semiparametric linear regression model for logit(S/T), respectively, in the two-part
modeling framework, and derive an appropriate estimator of the Golden Health Index. This

estimator takes into account left-truncation and is shown to have desirable properties, both



theoretically and in simulation. When applied to NACC UDS, the results indicate that
the Golden Health Index is strongly associated with the number of APOE &4 alleles. This
association comes from both model parts and remains in effect across a variety of sensitivity

analyses.

Chapter 4 returns to the work of Chapter 2 to complete the theory of joint asymptotic
normality of both finite- and infinite-dimensional parameters. In Chapter 2 the asymptotic
normality was only obtained for the finite-dimensional parameter, where the asymptotic
variance is derived from the efficient score function. In practice, however, a sieve likelihood
estimation problem is an approximation of the finite-dimensional maximum likelihood esti-
mation problem. It is tempting to instead estimate the asymptotic variance by inverting the
information matrix as is standard in parametric likelihood estimation. Such an estimator is
presented for comparison in the simulation study results in Chapter 2. While it is similar
to the efficient score function based estimate, its validity needs a theoretical justification.
Additionally, the asymptotic normality of the infinite-dimensional parameter estimator is

desirable because it can provide a justified uncertainty quantification for the estimator.

The heart of Chapter 4 is Theorem 4.1, which gives the asymptotic normality for contrasts of
sieve likelihood parameter estimates. Under standard conditions that are typically satisfied
in these sort of estimation problems, we show that the parametric parameters and sieve
coefficient parameters are jointly normally distributed, and use this to derive the pointwise
normality of the infinite-dimensional parameter estimator. Having developed this theorem,
we are able to derive an estimator for the variance of all coefficients in a sieve likelihood
problem, as well as give pointwise confidence bands on the infinite-dimensional parameter.
It also paves the way for future work to allow for more flexible modeling methods in our

two-part framework.

Together, these three chapters form a tight body of work around the two-part modeling

framework described at the beginning of the chapter. They allow researchers to ask and



answer questions about healthspan-based issues, giving them the appropriate modeling tools

and the corresponding estimating procedures.



Chapter 2

Regression for Left-Truncated and
Right-Censored Data: A
Semiparametric Sieve Likelihood

Approach

2.1 Introduction

There has been significant research effort in understanding age-related diseases, such as
Alzheimer’s disease and dementia, in recent decades. A key method in understanding these
diseases is to design a prospective cohort study, where study participants are recruited and
followed, with data collected at regular intervals. Oftentimes the ultimate outcome of interest
is the time at which the disease occurs. Such studies typically require that participants who
enroll in the study meet an age requirement while being disease free; for instance, The

90+ Study only enrolled dementia-free individuals at age 90 or older [Corrada et al., 2010].



This method of participant enrollment induces left-truncation into the resulting dataset in

addition to right-censoring.

Left-truncation, often called delayed entry in longitudinal studies, occurs when individuals
who have already developed the condition of interest prior to the commencement of the study
are not observed or are excluded from the analysis. Simply ignoring left-truncation introduces
bias, as individuals who develop the disease earlier are systematically underrepresented,
potentially skewing the findings toward a healthier or longer-lived population. Appropriately
accounting for left-truncation is therefore essential to obtain valid inference, particularly in

longitudinal studies of aging and chronic disease.

Another common feature of event time data is right-censoring, which occurs when some
participants in the study do not experience the event of interest within the specified study
time period, or are lost to follow-up before the event can be recorded. As a result, the exact
time of the event for such an individual remains unknown, and the available information is

limited to the fact that the event has not occurred up to the last observed time.

While fitting parametric models or semiparametric hazard regression models, e.g., the Cox
model, to data subject to left-truncation and right-censoring has been studied extensively
[Chen and Yi, 2021], the case of fitting a semiparametric linear model to such data is un-
derdeveloped, and a linear model is a natural choice for the transformed outcome of interest
in the example of The 90+ Study. For some reference time Ay, often referred to as time
zero in survival analysis which can be either deterministic or random, define (}7, T,C ) as the
underlying event time, left-truncation time (i.e., study entry time), and right-censoring time
since Ay, respectively, where Y can be left-truncated by T and right-censored by C. Given
a well-defined continuous and monotonic transformation £(-), let Y* = £(Y), T' = £(T) and
C = ¢£(0), then Y* can be left-truncated by 7' and right-censored by C'. Define Y = Y*AC,
where a A b = min (a,b), and A = 1(Y* < C), where 1(+) is an indicator function. We also

define a V b = max (a,b). Let X denote a set of covariates. Variables (Y, A, X,T') become



observed when Y > T and otherwise unobservable, giving the so-called left-truncated data

that are also subject to right-censoring, which follow a conditional distribution given Y > T..

For the underlying transformed event time of interest Y*, consider the following linear re-

gression model given covariates X:

Y* = X"B+e, (2.1)

where 3 € R?, d is a fixed integer, and the error e follows some unknown distribution F, with
density f.. Thus model (2.1) is a semiparametric model. If £(-) = log(-), then this becomes
the so-called accelerated failure time model as in Kalbfleisch and Prentice [2002] Chapter 7.

We extend the terminology to model (2.1) with any known transformation &.

Another model of potential interest similar to the above model (2.1) is the linear transfor-
mation model, where the function £ is unknown but the distribution of e is given, see Wang
and Wang [2015] and references of earlier work therein. Incorporating left-truncation in this
setting would be an interesting future work. We consider a known transformation £ here for

a more straightforward interpretation of j.

One method for fitting a semiparametric model like (2.1) is rank regression. Adichie [1967]
was among the first who used residual rank statistics for fitting regression parameters, and
Bhattacharya et al. [1983] extended the approach to left-truncated data in their work in
astronomy. Lai and Ying [1991b, 1992b, 1994] used these ideas in exploring rank statistics
with left-truncated and right-censored data as they studied the behavior and asymptotic
properties of such a regression. Kim and Lai [2000] pointed out various issues with practical
implementations of rank regression methods, the most important being the large computa-
tional cost associated with fitting these models. In an attempt to overcome some of these
issues, they introduced an adaptive M-estimation method using efficient scores for censored

and truncated regression models in which they used splines to approximate their estimat-



ing equations. While they showed their method to have nice theoretical properties, the
implementation is dense and no code package is readily available. Also note that another
estimation method for model (2.1) under left-truncation and right-censoring is the length-
biased sample approach, where it is assumed that the left-truncation time follows a uniform
distribution [Chen and Qiu, 2023, Ning et al., 2014, Chen, 2024]. Following Wang [1989], in
contrast, the method we consider in this work does not make any distributional assumption

about the left-truncation time.

A more computationally efficient approach, and statistically efficient as well, is to fit model
(2.1) using a sieve likelihood. The method of sieves provides a general framework for es-
timating infinite-dimensional parameters by approximating them with a sequence of finite-
dimensional spaces whose complexity increases with the sample size. First explored by
Geman and Hwang [1982], sieve estimation has developed into an effective tool for semipara-
metric and nonparametric inference. It allows the flexibility of infinite-dimensional models
while preserving the tractability of likelihood-based estimation. In the sieve likelihood ap-
proach, the likelihood function is maximized over a sequence of finite-dimensional approxi-
mations of infinite-dimensional parameters with dimension growing at an appropriate rate
to ensure both consistency and asymptotic efficiency [Shen and Wong, 1994, Chen, 2007].
This framework has been successfully applied in a variety of semiparametric contexts, includ-
ing censored and truncated data models, [van der Vaart, 2023] where traditional likelihood
methods can be difficult to implement due to the presence of infinite-dimensional nuisance

parameters.

In this work, we consider a sieve likelihood approach for fitting model (2.1) to left-truncated
and right-censored data where the unknown infinite-dimensional nuisance parameter, the log-
arithm of the hazard function of e in our case, is estimated using splines. Our method builds
on the work of Ding and Nan [2011a] for bundled parameters where only right-censoring was

considered. This approach allows for a semiparametric likelihood estimation for a frequently



encountered problem in practice, which not only provides a simple numerical implementa-
tion but also yields desirable asymptotic properties for the regression coefficient estimates,
namely asymptotical normality and semiparametric efficiency. We demonstrate this ap-
proach through simulation studies and applications to the Canadian Study of Health and
Aging [The Canadian Study of Health and Aging Working Group, 1994a,b] and The 90+
Study [Corrada et al., 2010].

2.2 Sieve Likelihood Approach

A sieve approach approximates the true unknown infinite-dimensional parameter with a
sequence of increasingly complex parametric models. In our case, we propose to use a
sequence of B-spline basis expansions to approximate the logarithm of the unknown hazard

function of e in model (2.1).

Denote the hazard function of e by A, and let g = log \.. For a finite interval [a,b] and K

knots placed within the interval: a < k; < ... < kg < b, we approximate g by

9(s) = log Ac(s) = 3 7 Bils),
k=1

where By, k =1,..., K, are cubic B-spline basis functions. We chose cubic B-splines so that
the second derivative is continuous, but other splines may be considered as well. For further

discussion see De Boor [2001] Chapter 9.

Since e = Y* — X", g is a composite function of 5. Thus (5, ¢g) form a pair of bundled
parameters. [Ding and Nan, 2011a] Denote eg; = Y; — X" and 753, = T; — X" § that denotes
the left-truncation time on the residual scale. Assume Y™* is independent of (C,T) given

X. Then for independent and identically distributed observations {(y;, d;, z;, t;) : y; > t;,i =



1,...,n}, we have the following likelihood function:

TBi

H lexp{g(esi)} A exp [— /EM exp{g(u)}du] ,

which is then approximated by the sieve likelihood:

n K A . K
Ln(B,7) = H lexp {Z %Bk(eﬁ,i)}] exp [—/ exp {Z 'YkBk(u)} du] :

=1 k=1 B,i

See Appendix B for the detailed construction of the density function of the observed data
(Y, A, X, T) given Y > T which is obtained by using the left-truncation observation condition
and leads to the above likelihood function for data with left-truncation and right-censoring.

Then we obtain the following sieve log-likelihood function:

Cn(B,7) = Z (Ai Z%Bk (€s,i) — /eﬁ’i exp {Z %Bk(s)} ds) . (2.2)

=1 k=1 TB,i

Denote By(s) = dBy(s)/ds and B, = d?Bj(s)/ds®. Taking partial derivatives of the above

sieve log-likelihood function (2.2), we arrive at the following sieve score functions:

S,(7) = (22 PR ) 23)

with

k=1 k=1

—exp {Z W B (75,1) })

I 5 ,(8,7) S -
Z X/ (—Ai Z%Bk (Gﬁ,i) + exp {Z Vi B (6,3,1')}

k=1
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and

(%na(i, ) _ ; (Ain; (€5,i) — /eﬁ,i By (s) exp {kz:; ’kak(S)} ds) . (2.5)

TB,i

Furthermore, the observed sieve information matrix is

826” (B;Y) 82@” (:87’7)

In _ 0BoBT 0BT 2.6
(6,7) 020u(B)  Pu(Br) | (2:6)
oyoBT OyoyT

with

82£n<ﬁ77) o - XXT A K B K B K B
agopT DX XTI A B (es) —exp > B (ess) p > wBrless)

=1 k=1 k=1 k=1
K K )
+ exp {Z Vi Br (Tﬁ,i)} > B (ﬂiz’)) :
k=1 k=1
0*4,(8,7) ZXT< A;By (e5) + By (e exp{ivB € )}
“ana. k B k\tBi kPk \E6,i
POk P
K
— By (75,) exp {Z VB (75,1) }) ,
k=1

2 n €8,i K
TS~ (- [ e {3 e fas).

1=

We consider a gradient search algorithm by setting (2.4) and (2.5) equal to zero and solving
for B and ~y, which leads to the sieve maximum likelihood estimates (Bn, An)- Similar to Ding
and Nan [2011a] we can see that, under the regularity conditions given in the next section,
the sieve log-likelihood function (2.2) is locally concave in a neighborhood of true parameters
(Bo, go). Thus, we start the search algorithm from multiple randomly selected initial values

and set (Bn,%) to be the converging result that gives the maximum value of the sieve

11



log-likelihood (2.2). Specifically in our numerical examples, we generate 10 random initial
values each obtained by adding a vector of random noises to the naive ordinary least squares
estimator of 8 obtained from complete observations, where the standard deviation of each
random noise is chosen to be three times the standard error of the corresponding estimated
coefficient from the naive model. We multiply the standard error by three to avoid getting
caught too close to the naive estimate for all random starts. We sample initial v values
from the standard normal distribution. To avoid singular information matrix during search
iterations, we only use diagonal elements of the sieve information matrix (2.6), with the
final full information matrix evaluated at (Bn, An). The method works well in our simulation

studies presented in Section 2.4.

2.3 Asymptotic Results

Define ¢g =Y — X5y and 79 = T — X"y, where [, is the true parameter. Let A\g be the
hazard function of eg = Y* — X" 3y and Ag be the corresponding cumulative hazard function.
Following Lai and Ying [1991b] we assume eg is independent of (C,T,X), a reasonable
assumption for a linear regression model, which implies that Y* is independent of (C,T)
given X, an assumption of conditional independent left-truncation and right-censoring that
we need for obtaining the joint density function of the observed data (Y,A,X,T) with
Y > T in Appendix B. To obtain desirable asymptotic properties of the proposed estimator,
we introduce the same regularity conditions in Ding and Nan [2011a] with a few additional

assumptions for the left-truncation.

(A.1) The true parameter 3y belongs to the interior of a compact set B C R<.

(A.2) (a) The covariate X takes values in a bounded subset X C R?; (b) E(XXT) is non-

singular.

12



(A.3)

(A.4)

(A.5)

(A.6)

(a) There is a constant b < oo such that, for some constant d, pr(eyg >b| X) > 6 >0
almost surely with respect to the probability measure of X. This implies that Ag(b) <
—log d < oo; (b) We also assume pr(tg < b | X) > 1 — 0; for some constant §; € (0,1)

almost surely, and pr(7y > €y | X) < d5 for some constant do € [0, 1) almost surely.

The error ey’s density fy and its derivative fo are bounded and
. 2
/{fo(s)/fo(s)} fo(s)ds < 0.

(a) The conditional density of C' given (7', X') and its derivative are uniformly bounded

for all possible values of T'€ 7 C R and X € X, that is,

sup  forx(y | tz) < Ky, sup fC|T,X(y | t,7)| < Ky
teT,zeX teT,zeX

for all y € Y C R with some constants Kj, Ky > 0; (b) Similarly, the conditional

density of T given X and its derivative are uniformly bounded for all possible values

of X € X, that is,

sup frix(t| @) < Ky, supfryx(t] 0)] < Ko
xeX $€X

for all t € T with some constants K3, K4 > 0; (¢) Both foirx and fr x|yt are free of

parameters 5 and ..

Let G? denote the collection of bounded functions g on [a, b] with bounded derivatives
g9, j =1,... k. The kth derivative ¢ satisfies the following Lipschitz continuity

condition:
‘g(k)(s) - g(k)(t)‘ < L|s —t™ for s,t € [a, b],

where k is a positive integer and m € (0, 1] such that p = k+m > 3, L < oo is an

13



unknown constant, a = inf, ,(y — 2" fy) V inf, ,(t — 2" 5y) > —oo and b is defined in
condition (A.3). The true log hazard function of the error eg, go(-) = log Ag(+), belongs

to GP.

(A.7) For some 1 € (0,1), u™Var(X | €g)u > nu"E(X XT | ¢g)u almost surely for all u € R%.

The modified regularity conditions to those given in Section 3 of Ding and Nan [2011a] are
in (A.3)(b) and (A.5). Condition (A.3)(b) guarantees that we observe left-truncated data
almost surely. Condition (A.5)(a) is a natural extension of the condition in Ding and Nan
[2011a] for the conditional density function of C'. Condition (A.5)(b) plays a similar role
as (A.5)(a). Condition (A.5)(c) contains a noninformative censoring assumption for right-
censored data and a similar but less stringent noninformative truncation assumption made
by Lai and Ying [1992a] for left-truncated data. Condition (A.5)(c) simplifies the likelihood
function to the desirable form we use in this article. Note that while fr x|y~7 being free of
B and A, holds in our setup (as shown in Wang [1989]), we include this assumption in our
conditions for clarity. When sup{t € T} < inf{y € Y}, left-truncation does not play any role
so we only deal with right-censored data and the problem reduces to that in Ding and Nan
[2011a]. On the other hand, when pr(Y* < C) = 1, the problem reduces to left-truncation

only.

Consider the collection of functions

H? ={C(,B): C(s,2,8) = g((s,x,8)),9 € G¥, s € [a,b],x € X, B € B},

where (s, z, 8) = s—a"(— o) and G is defined in Condition (A.6). Here ( is a composite

function of g composed with . Note that ((s,z, 5y) = g(s). Then for (-, 5) € HP we define

14



the following norm:

1/2

1CC. B2 = [ |/ 0 (s — 28— )Y dho(s)dFx (x)

For any 6; = (51, (i(+, 1)) and 0y = (52, (a(+, 52)) in the space of OF = B x HP, define the

following distance:

1/2

d(61,0) = {181 — Bol* + [IC2(, B1) — G, Bo)ll2} (2.7)

This is the same distance used by Ding and Nan [2011a] in their treatment of the right-

censored case.

Let GP be the space of polynomial splines of order p > 1. For details on this space see

Schumaker [2007] Chapter 4. Denote

HE = {C(-,8): ¢(s,2,8) = g(¥(s,2,0)),9g € Gh,s € [a,b],x € X, 5 € B}

and ©2 = B x HP. Clearly, HE C HP 4 € - C HP for all n > 1. The sieve estimator
00 = (B, Co(-, Bn)), where Cu(s, @, Bn) = Gn(s — z7(B, — Bo)), is the maximizer of the log-
likelihood over the sieve space ©F. The following theorem gives the convergence rate of the

proposed estimator 6,, to the true parameter 6, = (Bo, Co(+5 Bo)) = (Bo, 90)-

Theorem 2.1. Let K,, be the number of internal knots in the spline space and K, = O(n"),
where v satisfies 1/{2(1 +p)} < v < 1/(2p) with p being the smoothness parameter defined
in condition (A.6). Suppose conditions (A.1)-(A.7) hold. Then

d(é,r“ 00) = Op {nf min(pu,(lfy)/z)} 7
where d(-,-) is defined in (2.7).
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Remark 2.1. The sieve space GF does not have to be restricted to the B-spline space. It can
be any sieve space as long as the estimator 0, € Bx H? satisfies the conditions of Theorem 1
in Shen and Wong [1994]. Our choice of the cubic B-spline space is primarily motivated by
its simplicity of numerical implementation, which is a tremendous advantage of the proposed
approach over existing numerical methods for fitting accelerated failure time models for data

subject to right-censoring and left-truncation.

The proof of Theorem 2.1 follows that of Ding and Nan [2011b] by verifying the conditions
of Shen and Wong [1994], and is given in Appendix C.3. The main difference is controlling
the additional complication brought by 73 = T — X" in the likelihood function, which
is managed by Condition (A.3)(b) as well as desirable properties of linear and indicator
functions. Theorem 2.1 implies that if v = 1/(1 4 2p), d(6,,00) = Op(n~?/(+2)) which is
the optimal convergence rate in the nonparametric regression setting. Although the overall

1/2

convergence rate is slower than n="/“ the next theorem states that the proposed estimator

of the regression parameter is still asymptotically normal and semiparametrically efficient.
Theorem 2.2. Given the following efficient score function obtained by Lai and Ying [1992a]
for the censored and truncated linear model:

—o

zgmA,X,T):/{X—E[X | eozs,TOSS]}{ :

(S)} dM(s),

where

M(S) = Al(ﬁo S 8)1(60 Z 7'0) — /_8 1(60 Z U)l(TO S u))\g(u)du

18 the failure counting process martingale, suppose that the conditions in Theorem 2.1 hold

and I(Bo) = P{l; (Y, A, X, T)®?} is nonsingular. Then

n'(B, — Bo) = n T (By) i Uy (Yi, Ai, X3, T) 4 0p(1) = N(0, 171 (6o))

i=1
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in distribution.

The proof of Theorem 2.2 closely follows the work of Ding and Nan [2011a,b], and Zhao et al.
[2017] by checking Conditions (A1) through (A6) of Ding and Nan [2011a], and is given in
Appendix C.4. Verifying their Condition (A3) requires searching for the least-favorable
submodel, which leads to the same efficient score function found by Lai and Ying [1992a)].
The main difference to Ding and Nan [2011a] is again the inclusion of the left-truncation
indicator, which has minimum impact under the additional regularity conditions (A.3)(b)

and (A.5)(b) and desirable properties of indicator and linear functions.

The following theorem provides the consistency result of the variance estimator based on the
efficient score function given in Theorem 2.2. Denote Pf = [ f(y,d,z,t)dP(y,0,x,t) and
P.f =n Y0 f(Yi, Ay, Xi, T;), where P is a probability measure, and P, is an empirical

probability measure.

Theorem 2.3. Suppose the conditions in Theorem 2.2 hold. Denote

A~

I, (VL AXT) = [ = X535 H -G (o)}aNI ),

where

(s ) = LAY - X"B, > s)U(T = X"B, < s)}
T P(Y = X8, > 8)1(T — X753, < 5)}

and

M(s)=ANT — X"3, <Y — X"B, < s)

- /S Yy — XTBn > u) (T — XTBn < u) exp{gn(u) }du.

—0o0

Then
P, {Zgﬂ(y, A, X, T)®2} = P{l5,(V,A, X, 7))
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wn probability.

In Theorem 2.3, X (s, 3,) estimates E[X | g > 5,79 < s] from Theorem 2.2. Once again,
the proof of Theorem 2.3 follows Ding and Nan [2011b] with a major difference of including
the truncation indicator, which can be easily dealt with. The details of this proof are given

in Appendix C.5.

2.4 A Simulation Study

2.4.1 Simulation Setup

We perform an extensive simulation study to assess the validity of the proposed methodology.
To compare with existing methods, we simulate datasets following the exact same setup as

used in Ning et al. [2014] from the following linear model:

log(Y) =1 + ﬁle =+ BQXQ + e, (28)

where 51 = 0.5 and B3 = 1. We generate binary covariate X; from a Bernoulli(0.5) distri-
bution, continuous covariate X, from a Uniform(0,1) distribution, truncation time 7" from
a Uniform(0, ¢) distribution, censoring times C' from a Uniform(0, ¢) distribution, and the
error term e from either a Uniform(-0.5, 0.5) distribution or a N (0, 1/12) distribution. Then
Y is determined from the above equation (2.8). The constant ¢ is chosen to give a 15%, or
30%, or 50% censoring rate. The simulated censoring and truncation distributions reflect a
real study setup where censoring or study entry could occur at any point during the fixed
duration of the study. Simulations are run with sample sizes of 100 and 200 at the three
previously mentioned levels of censoring. Simulation results are directly compared to those

reported in Ning et al. [2014].
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We further expand the simulation to demonstrate the robustness of the sieve likelihood
method under different error distributions. Specifically, the error term comes from one of
three distributions: (a) generalized extreme value distribution, or Gumbel distribution, (b)
a 50% even mixture of N(0,1/24) and N(0,1/8) distributions, and (c) a 50% even mixture
of N(0,1/12) and N(—0.3,1/24) distributions. These distributions were chosen to have
variances the same as or similar to those in Ning et al. [2014], while exhibiting more complex

nuisance parameter curves.

In both parts, the number of internal knots, K, used to estimate the nuisance parameter
for each setup was determined via cross-validation and ranged between 1 and 4. Since
left-truncation removes data, we keep simulating independent data until accumulated non-
truncated data reach the desired sample size, then treat the sample size as a known quantity.
For each simulation setup, we generate 1,000 datasets. We use 10 randomly selected initial

values as described in Section 2.2 when fitting each model.

2.4.2 Simulation Results

Table 2.1 shows a comparison of the results of the first part of our simulation study to those
presented in Section 4 of Ning et al. [2014]. The comparison methods are the semi-rank-
based estimator Uy proposed in Ning et al. [2014], the inverse weighted estimating equation
estimator Uy proposed in Shen et al. [2009], the Buckley-James-type estimator Ug; from
Ning et al. [2011], and the rank-based estimator Uy proposed by Lai and Ying [1991b].
Among these methods, U;r, Uy, and Ug; all use the length-biased approach, meaning that
they assume a uniform truncation distribution, whereas U applies to general left-truncated

data.

The bias of our approach is similar to that of the other presented approaches, and in almost

all cases the variance of our estimator is smaller than that of all comparison approaches
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presented in Ning et al. [2014]. The one clear exception is in the 50% censoring case when
the sample size is 100. This is expected, as the high censoring rate leads to a much smaller
effective sample size, undermining the effectiveness of the method of sieves. In Ning et al.
[2014], the authors state that based on the outcome of their simulation study, there is
“no uniform best estimation method in terms of statistical efficiency among the estimation
methods considered.” We see that our sieve likelihood approach does indeed yield a uniformly
most efficient estimator, as long as the number of observed events is large enough for splines
to be used effectively. This aligns with the semiparametric efficiency theory from which the

estimator was derived.

Results from the second part of our simulation study are presented in Table 2.2. For both
[, and [y the biases are negligibly low, although the magnitude of the bias is often larger

for By which likely stems from the lower signal-to-noise ratio for that covariate.

The variance estimates across the three methods of estimation are very similar, especially
at larger sample sizes. While the theory presented in this work only guarantees that the
variance estimator Var! obtained from the efficient score function converges to the truth, we
see that the variance estimator Var? obtained by inverting the information matrix of (3,7)
is close to the value of Var!, and they both are close to the empirical variance Var3. Further,
all three variances are reduced approximately by half as the sample size is doubled, which is
expected from the large sample theory. The confidence intervals created using Var? provide

proper coverages. The same pattern holds irrespective of error distributions.

Recall that we use 10 random starting points to fit the model to each dataset, and select
the result with the highest log-likelihood value. Given the known truth, we can examine the
convergence of these 10 random starts for each simulated dataset. For both £, and (5, we
find about 80 ~ 95% of the randomly selected initial values lead to convergence somewhere

close to the truth.
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Table 2.1: Comparison of the Sieve Likelihood method to other approaches as reported in Ning et al. [2014] in simulations.
Results of other approaches are taken directly from Ning et al. [2014], where Uj; is the estimator proposed in Ning et al.
[2014]; Uy is the inverse weighted estimating equation from Shen et al. [2009]; Ug; is the Buckley-James-type estimating
equation from Ning et al. [2011]; U.r is the rank-based approach presented in Lai and Ying [1991b]. For further details on
these approaches see Ning et al. [2014]. All variances and biases are multiplied by 103.

Sieve Likelihood U[] U[W UBJ ULT

N Cens. % b1 B2 p1 B2 b1 IH) B1 B2 b1 B2

Bias Var! Bias Var!| Bias Var Bias Var|Bias Var Bias Var| Bias Var Bias Var|Bias Var Bias Var

e ~ Unif(—0.5,0.5)
100 15% 1.6 14 52 50| 40 19 -60 62| -70 49 -50 149| 00 46 20 26| 1.0 85 -11.0 4.1
100 30% 2.2 21 07 75| 80 26 270 90| -70 53 -6.0 185| -5.0 4.5 -1.0 144| 0.0 3.5 -6.0 13.7
100 50% -0.7 31 95 11.1]-18.0 4.9 -33.0 16.1| -80 7.6 -5.0 24.7| 15.0 11.3 36.0 36.0| 0.0 6.1 -60.0 35.0
200 15% 1.3 06 -1.1 21| -3.0 07 -70 24|-30 25 00 7.6 1.0 23 -10 64| 1.0 09 -1.0 29
200 30% -0.2 1.0 -1.9 35|-11.0 1.0 -25.0 39| -3.0 2.5 -50 88| 00 23 20 74| 1.0 1.3 -3.0 45
200 50% -3.6 1.6 0.5 55|-13.0 1.8 -280 6.1| 00 34 0.0 11.4| 150 44 36.0 144| 1.0 2.1 -14.0 104
e~ N(0,1/12)

100 15% -0.5 41 88 134| -6.0 53 -19.0 146| -2.0 5.3 -11.0 154| -1.0 52 -2.0 139| 40 74 -4.0 19.0
100 30% -1.4 44 6.5 14.6|-18.0 5.8 -43.0 185| -2.0 5.8 -13.0 18.0 1.0 45 -5.0 15.2| 1.0 &6 -14.0 22.8
100 50% 29.8 3331.6 4.0 18.6|-29.0 7.6 -44.0 26.2| -3.0 7.6 -12.0 25.6|-30.0 9.4 -65.0 34.6| -2.0 10.8 -60.0 33.5
200 15% -14 22 26 68(-10.0 24 -240 7.7|-20 26 -11.0 74| -10 24 -10 6.6| 0.0 36 -3.0 94
200 30% 0.7 25 1.8 7.8(-21.0 2.6 -440 92| -20 29 -120 86| -1.0 25 20 72| -1.0 40 -6.0 11.2
200 50% -0.2 3.0 6.7 99|-2800 3.6 -31.0 13.5| -2.0 3.5 -9.0 12.3/-30.0 4.2 -52.0 14.6| -3.0 4.9 -12.0 15.6




GG

Table 2.2: Simulation results, where $; = 0.5 and 5, = 1. Error distributions: (a) Generalized Extreme Value Distribution, (b)
0.5N(0,1/24)+0.5N(0,1/8), (¢) 0.5N(0,1/12)+0.5N(—0.3,1/24). Truncation probability was 60% to 90%, depending on error
and censoring distributions. Var! comes from the efficient score function estimator in Theorem 2.3, Var? comes from inverting
the information matrix for 3 and 7, and Var? is the empirical variance. The coverage probability is obtained using Var?.

Biasx10®  Var! x 103 Var? x 10> Var® x 103 95% Coverage
b1 B2 B1 B2 B1 B2 B B2 P B2

Error Sample Size Censoring %

(a) 200 15% 0.9 127 1.5 4.8 1.8 9.5 1.7 5.3 934 93.3
30% 0.5 134 1.6 51 1.9 6.1 1.7 6.1 93.8 91.5

50% 277 156 1.7 5.9 2.0 7.3 2.2 6.9 91.2 924

400 15% -0.1 101 0.8 25 0.8 26 1.0 2.9 931 93.2

30% 14 116 0.8 26 09 2.7 1.0 2.9 93.7 92.7

50% 5.7 139 09 29 1.0 3.1 1.0 3.3 934 92.8

800 15% -0.7 10.0 0.4 1.2 04 1.3 04 1.4 945 93.0

30% 1.3 94 04 1.3 04 1.3 04 1.5 94.6 93.2

50% 53 152 04 14 0.5 1.5 0.5 1.6 927 91.2

(b) 200 15% 1.5 9.1 21 6.6 2.5 8.6 2.8 7.9 91.5 92.3
30% 4.1 5.6 2.3 7.0 2.7 9.0 3.0 9.1 921 90.9

50% 0.4 2.7 26 84 34 116 36 108 92.6 92.2

400 15% -43 58 1.0 3.2 1.2 4.0 1.3 4.2 93.1 92.2

30% 09 49 11 3.3 1.2 4.0 14 4.2 924 924

50% -3.6 -12.3 1.2 3.9 14 49 1.7 5.4 92.0 914

800 15% -1.8  -6.0 0.5 1.6 0.5 1.7 0.6 1.9 932 93.9

30% -34 87 06 1.7 0.6 2.0 0.7 2.2 93.1 92.2

50% 34 -9.6 0.6 2.0 0.7 2.3 0.8 2.7 921 91.0

(c) 200 15% 1.7 22 21 6.4 3.0 104 2.5 9.2 925 89.8
30% 2.0 3.3 2.2 6.9 44 133 3.0 9.5 91.2 90.3

50% 3.4 3.4 25 85 5.0 132 33 126 918 89.8

400 15% -0.2  -21 1.1 3.3 14 45 14 4.0 92.1 92.7

30% -1.3 42 1.1 3.6 14 52 14 4.9 924 91.2

50% 0.0 -74 1.3 4.2 1.9 6.5 1.7 5.3 92.0 91.5

800 15% -0.1  -29 0.6 1.7 0.6 26 0.6 2.1 954 92.6

30% -0.2  -25 0.6 1.8 0.6 2.0 0.6 2.1 949 93.0

50% -1.0  -5.5 0.7 2.1 0.8 2.7 0.8 2.7 94.0 91.3




Along with the regression coefficient estimates, we also examine the estimates of the infinite-
dimensional nuisance parameter, the logarithm of the hazard function, in simulations with a
sample size of 800. Figure 2.1 summarizes the simulation results for each error distribution,
including a sample of 100 individual estimates plotted with light-blue solid lines, the point-
wise average over all 1,000 datasets plotted with a red solid line, and the ground truth
plotted with a black dashed line. The bounds of the z-axis represent the middle 95% of the
theoretical error distribution. We see from Figure 2.1 that the spline estimates of log(\g)

perform reasonably well in simulations.

2.5 Real Data Applications

2.5.1 The Canadian Study of Health and Aging

The Canadian Study of Health and Aging (CSHA) is a multicenter epidemiologic study of
dementia and related conditions among Canadians aged 65 years and older. [The Cana-
dian Study of Health and Aging Working Group, 1994a,b] In the first phase (1991-1992),
10,263 participants were enrolled from a stratified random sample of community and institu-
tional residents across Canada. Community-dwelling participants completed a brief cognitive
screening, and those with lower scores (together with a random sample of higher scorers)
underwent a more detailed clinical assessment following common evaluation practices. Par-
ticipants were classified into major dementia subtypes using standardized clinical guidelines.
In the follow-up phase (1996-1997), information on survival and date of death was obtained

for all participants diagnosed with dementia at baseline.

Because participants entered the study only after dementia onset had occurred, the data are
left-truncated, as individuals who developed dementia but died before enrollment were not

observed. This means that the observed sample overrepresents longer survivors and under-
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Figure 2.1: Plots showing the spline estimator for the log hazard function of each error
distribution at 15%, 30%, and 50% censoring. 100 samples are plotted in light-blue solid
lines, the point-wise average of all 1000 estimates is plotted in a red solid line and the true
function plotted in a black dashed line. Error distributions: (a) Generalized Extreme Value
Distribution, (b) 0.5N(0,1/24) + 0.5N(0,1/8), (c¢) 0.5N(0,1/12) + 0.5N(—0.3,1/24).
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Table 2.3: Descriptive statistics of the 821 patients analyzed from the CHSA data. AD means
Alzheimer’s Disease, SD denotes the standard deviation, and * indicates only computed from
non-censored subjects.

Mean (SD) or N (%)

Variable Probable AD Possible AD  Vascular Dementia
Age of Dementia Onset 82.3 (7.7) 81.0 (8.9) 78.5 (9.0)
Survival (post-diagnosis, in years)* 6.3 (3.9) 7.2 (5.6) 6.4 (6.4)
Censored Patients 85 (21.5%) 60 (23.8%) 34 (19.5%)
Sex
Female 312 (79.0%) 171 (67.9%) 100 (57.5%)
Male 83 (21.0%) 81 (32.1%) 74 (42.5%)
Education (years) 8.6 (3.8) 8.6 (3.5) 8.6 (3.9)
< 8 years 166 (42.0%) 119 (47.2%) 83 (47.7%)
> 8 years 149 (37.7%) 93 (36.9%) 67 (38.5%)
Missing 80 (20.3%) 40 (15.9%) 24 (13.8%)

represents those with shorter post-dementia lifespans. In addition, some subjects were still
alive at the end of follow-up, resulting in right-censored observations. Fitting a standard
survival model to the observed data would yield biased estimates of survival time and co-
variate effects due to the left-truncation, underscoring the need for statistical methods that

explicitly account for both truncation and censoring.

The present analysis focuses on analyzing the time from dementia onset, the reference age
Ay, to death and parallels work done in Wolfson et al. [2001] and Ning et al. [2014] under
the length-biased sampling paradigm. After excluding subjects with missing onset dates
or other dementia types, 821 individuals remained (395 probable Alzheimer’s, 252 possible
Alzheimer’s, and 174 vascular dementia). Demographic information for each group is shown

in Table 2.3.

We fit a semiparametric linear model using the sieve likelihood approach, adjusting for age
of dementia onset and sex. To avoid dropping data (and since the values are similar across

dementia types) we did not include education in our model.
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log (Time to Death (in days)) = f;1(Diagnosis = Probable AD)

+ fo1(Diagnosis = Vascular Dementia) (2.9)

+ P3(Dementia Onset Age)

+ p41(Sex = Female) + Error

The form of the model is given in Equation 2.9 and parameter estimates are presented in

Table 2.4. Five-fold cross-validation was used to determine the optimal number of knots,

which was one in the final model.

From the fitted results, we conclude that even after adjusting for age at disease onset and sex,
there is no evidence of a difference in survival times between the different dementia categories
considered here. As a comparison, we also ran an unadjusted analysis and obtained estimates
within the confidence intervals estimated by Ning, Qin, and Yu Ning et al. [2014]. In other
words, we reached the same conclusions as in Ning, Qin, and Yu, Ning et al. [2014] where

no difference was seen between the groups in the unadjusted analysis.

Table 2.4: Results of the sieve method for fitting model (2.9) to the left-truncated right-

censored CHSA data.

Variable Estimate 95% CI P-Value
Type of Dementia
Possible Alzheimer’s  Referent - -
Probable Alzheimer’s  0.094 (-0.043, 0.231)  0.177
Vascular Dementia 0.055  (-0.063, 0.175)  0.362
Age at Disease Onset 0.004  (-0.003, 0.011)  0.342
Sex
Male Referent - -
Female 0.044  (-0.077, 0.164)  0.477
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2.5.2 The 90+ Study of Dementia

To further illustrate the proposed methodology, we also apply our method to the dataset
of The 90+ Study of Alzheimer’s disease and dementia. [Corrada et al., 2010] This dataset
comes from an ongoing study at the Alzheimer’s Disease Research Center at the University
of California, Irvine. The study enrolled participants who were at least 90 years old and
did not have Alzheimer’s disease or dementia at baseline. These individuals were followed
via yearly visits. The main feature of interest is a diagnosis of the cognitive state of each
participant, which comes from a panel of experts after reviewing the results of neurologic

examination and a battery of neuropsychological tests.

Understanding dementia onset during lifespan is of great interest. Because dementia may or
may not occur during one’s lifetime, a clear description of such a problem involves two com-
ponents: the lifetime dementia-free probability and the age distribution of dementia onset
during one’s lifetime given dementia has occurred. These two components can be modeled
separately conditional on lifetime, where lifetime becomes a covariate in both conditional
models. It is well-known that complete-case analysis when a covariate is subject to right
censoring is a valid approach to estimate regression coefficients, see Kong and Nan [2016],
Kong et al. [2018], and references therein. Thus we apply complete-case analysis to the
second component in the analysis of The 904+ Study where only individuals with available
death time are included in the analysis. Specifically, we are interested in understanding the
impact of demographic variables on the age of dementia onset relative to death time among
participants who have developed dementia at some point during their lifetime by modeling
the proportion of life after age 90 lived in a healthy state. For this purpose, we restrict our
analysis to 349 available participants with complete information of age at death and age at

dementia, out of the total of 921 patients available in the dataset.

These original 921 participants were from two main cohorts recruited at two different time
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Table 2.5: Descriptive statistics of the 349 participants of The 90+ Study. SD, standard de-
viation; HPgg, the proportion of lifespan after 90 years of age that is lived without dementia.

Variable Mean (SD) or N (%)
Enrollment Age 93.201 (2.745)
Dementia Diagnosis Age 96.343 (3.222)
Death Age 98.514 (3.374)
HPy 0.737 (0.201)
Cohort

First 278 (79.7%)

Second 71 (20.3%)
Sex

Female 251 (71.9%)

Male 98 (28.1%)
Education

Did Not Graduate College 208 (59.6%)

Graduated College 141 (40.4%)
Has Had a Stroke?

No 211 (60.5%)

Yes 138 (39.5%)
Has Had Heart Disease?

No 142 (40.7%)

Yes 207 (59.3%)

periods: The first cohort (599 out of 921 patients; 278 out of 349 in our sample of interest)
is made up of survivors from the Leisure World Cohort Study (LCWS) and is primarily
Caucasian, well-educated, upper middle-class, and mostly female. [Corrada et al., 2008,
2010] The LCWS is a health survey study of the residents of the Leisure World (now known
as Laguna Woods Village), a large retirement community in Orange County, California. This
cohort was recruited into the study between 2003 and 2006. The second cohort (322 out of
921 patients; 71 out of 349 in our sample of interest) was recruited between 2014 and 2017,
using a variety of methods including community outreach, earned media, direct mailings, and
referrals. [Melikyan et al., 2019] The second cohort has a higher proportion of males, a higher
proportion of subjects who graduate college, and similar rates of stroke and heart disease.
Since participants enrolled in the study at different ages that range from 90.1 to 103.0 years

old, the data we consider in this analysis are left-truncated. We do not have right-censoring
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in the dataset because ages at dementia onset are observed for all participants. Some details
of the dataset are given in Table 2.5, where age at dementia ranges from 90.9 to 109.8 years

and age at death ranges from 91.3 to 111.2 years.

To better answer the question of interest, we derive a new variable called the Healthspan
Proportion for Age 90, HPgyy, that is the number of healthy years after the reference age
Ao = 90 divided by the number of total years lived after age 90. In other words, HPg, is
defined as [(Age at Dementia) - Ag] / [(Age at Death) - Ag]. In order to correctly fit the model,
we must also scale the truncation time in this same way. Higher HPgy implies better quality
of life for an individual in this population of oldest old. We consider the following linear

regression model for the logit transformed HPgy and leave the error distribution unspecified:

B1(Death Age - 90) + f31(Cohort = 2)

=3
o2
Y
—_
[ =t
)—U
=k
g
N———
I

+ P51(Sex = Female) (2.10)
+ B41(Education = Graduated College)

+ B51(Stroke = Yes or Heart Disease = Yes) + Error.

Since HPgy potentially ranges from 0 to 1, the logit transformed HPgy can take any real
value, and it is left-truncated because age at dementia is left-truncated. We apply our
proposed method to fit a left-truncated regression model to the data. We use five-fold cross-
validation to select the number of internal knots for the considered B-spline basis expansion,
and ultimately choose two internal knots. From the regression results given in Table 2.6 we
see that increased longevity is associated with higher HPgy, and the second cohort has higher

HPqyq than the first cohort.
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Table 2.6: Results of the sieve method for fitting model (2.10) to the left-truncated data of
The 90+ Study.

Variable Estimate 95% CI P-Value
Death Age 0.0578 (0.0221, 0.936) 0.0015
Cohort

First Referent - -

Second 0.3312 (0.0158, 0.6465)  0.0396
Sex

Male Referent — —

Female -0.0660  (-0.3431, 0.2109)  0.6403
Education

Did Not Graduate College Referent - -

Graduated College 0.1638  (-0.0882, 0.4157)  0.2026
Comorbidity: Stroke or CHD

No Referent - -

Yes 0.0200  (-0.3332, 0.3733)  0.9116

2.6 Discussion

Left-truncation and right-censoring are often present in prospective cohort studies. Although
linear regression models with unspecified error distributions are appealing due to simplicity,
their applications to censored or truncated event time data are rather limited, mainly because
of lacking easily implementable estimating methods with desirable statistical properties. In
this work we show that the semiparametric sieve maximum likelihood approach for bundled
parameters possesses nice properties in dealing with left-truncated and right-censored data in
linear regression models. The method yields asymptotically efficient and normally distributed
estimates for regression coefficients, with estimators obtained using an easily implementable
gradient search algorithm. We expect this work would encourage the proper use of linear
regression models in analyzing event time data that are subject to left-truncation and right-

censoring.
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Chapter 3

Modeling the (Golden Health Index

3.1 Introduction

While lifespan has long been the dominant endpoint in aging research, increasing attention
is now given to healthspan, the duration of life spent free from chronic disease or disability
[Olshansky, 2018, Garmany et al., 2021]. Healthspan better reflects quality of life in older age
and is a core focus of geroscience, an emerging field aimed at delaying age-related functional

decline [Vaiserman and Lushchak, 2023, Sierra, 2016].

Researchers currently work with a range of measures to quantify patient health. These in-
clude objective event times, biomarker measurements, and physical performance metrics,
as well as subjective patient-reported outcome measures (PROMs) that reflect lived experi-
ences of mobility, memory, and well-being [Cella et al., 2007, Krogsgaard et al., 2021, Ben-
son, 2023|. Several existing approaches integrate survival with health status, most notably
quality-adjusted life years (QALYs) and quality-adjusted progression-free survival (QAPFS)
[Weinstein and Stason, 1977, Bravo Vergel and Sculpher, 2008, Diaby et al., 2014]. These

measures weight survival time by health-related quality-of-life utilities, typically derived from
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PROMs. While valuable in many contexts, this formulation poses challenges for healthspan
research. Utility weights are subjective and may change independently of clinically defined
disease processes. Consequently, quality-adjusted metrics can blur the distinction between
time lived with versus without disease. Many healthspan questions instead focus on the
timing and duration of clinically defined disease-free states, motivating estimands that are

directly tied to disease incidence and survival.

On the other hand, these endpoints are often analyzed using survival models that focus on
relative hazards across covariates, such as the Cox model [Cox, 1972]. While such approaches
yield important insights into the risk and timing of adverse events, they offer limited infor-

mation about how long individuals remain in good health relative to their total lifespan.

To bridge these gaps, we introduce the Golden Health Index (GHI), a healthspan-oriented
metric defined as the expected proportion of post-baseline life lived without a given disease.
We develop a two-part semiparametric framework to estimate the GHI while accounting for
left-truncation. Left-truncation is a common challenge in aging research, where individuals
are often enrolled after some baseline age with a disease-free requirement. This selection

criterion conditions on disease-free survival at entry and failure to account for it leads to

biased results [Wang et al., 1986, Matthews and Nan, 2026].

We apply this framework to estimate dementia-free healthspan using longitudinal data from
the National Alzheimer’s Coordinating Center. In particular, we examine how healthspan
varies by APOE genotype, a well-established genetic marker for dementia risk. The 4
allele has been associated with higher lifetime risk for Alzheimer’s disease [Safich et al.,
2019, Fortea et al., 2024], but its impact on the duration of dementia-free life remains less
well understood. This application illustrates how the GHI can uncover new dimensions of

age-related disease trajectories in genetically diverse populations.
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3.2 Motivation and Data Description

Understanding not only whether, but also when, age-related diseases occur is central to
assessing health in an aging population. In this paper, we focus on dementia as a prototypical
disease of aging and consider healthspan through the lens of the proportion of remaining life
spent free from dementia. We are interested in the following questions. Of primary scientific
interest, among U.S. senior adults who reach age 65 without a diagnosis of dementia, how
is the number of apolipoprotein E (APOE) &4 alleles associated with the proportion of
remaining lifespan spent dementia-free? Of secondary interest, how does APOE &4 status
affect the probability of developing late-onset dementia during one’s lifetime; does APOE ¢4

status also influence the timing of dementia onset if it were to occur?

To answer these questions and explore variation in dementia-free healthspan by APOE geno-
type, we use data from the National Alzheimer’s Coordinating Center (NACC) [Center,
2023], a centralized data repository for studies at over 40 Alzheimer’s Disease Research Cen-
ters (ADRCs) across the United States since 1984. The NACC Uniform Data Set (UDS)
includes longitudinal clinical and neuropsychological data collected between 2005 and the
present via yearly in-office visits [Beekly et al., 2007, Morris et al., 2006]. It captures individ-
uals across the spectrum of cognitive function and includes APOE genotype data for a large
number of participants, which serves as our primary predictor. For the analyses presented

here, we use data from the NACC UDS as of the December 2024 freeze.

In the NACC UDS there are 30,122 individuals who have at least one visit at or after the
age of 65 and who are dementia-free at the age of 65. Participants without a recorded date
of death as of December 2024 (24,376 individuals) are excluded. Note that excluding in-
dividuals whose death times are censored leads to a complete case analysis that is a valid
approach when time to death is treated as a covariate [Kong et al., 2018, Wang et al., 2024].

Because our analysis centers on APOE 4 status and includes education as one of the adjust-

33



ment variables, we also exclude individuals with missing APOE genotype (687) or education
information (23). These criteria yield a final analytic sample of 5,036 participants from 38
ADRCs. Table 3.1 contains descriptive statistics for this cohort. A detailed comparison
of included and excluded participants is provided in Table F.5 in Appendix F and further

discussion is given in Section 3.5.2.

We define age 65 as the baseline for analysis to align with Medicare eligibility, which often
marks the onset of more consistent health care utilization and systematic clinical assessment
among older adults in the United States. Because participants may enroll in the study well
after this baseline age, the resulting data are subject to substantial left-truncation. In the
analytic sample, the average age at enrollment exceeds 78 years, underscoring the importance

of accounting for delayed study entry.

3.3 Concept and Statistical Modeling

Consider a typical setup encountered when studying age-related diseases such as dementia.
Let Ag denote a fixed baseline age (e.g. 65 years), which we take as time zero. Define S as
the number of years after Ay at which an individual is diagnosed with the disease of interest,
and T as the number of years after Ay at which the individual dies. Note that S may be

unobserved if the individual dies disease-free.

Let Ag be an indicator of whether the disease was diagnosed before death, and let L denote
the number of years after Ay at which an individual enters the study (i.e., the left-truncation
time), so that the individual is included in the study only if S > L when Ag = 1 and
T > L. We assume T is always observed (i.e., non-missing), and we observe a set of baseline
covariates Z for each individual. For notational simplicity and modeling purposes, we also

include T in Z.
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Table 3.1: Descriptive statistics of the 5,036 patients from the NACC UDS stratified by the
number of APOE ¢4 alleles. The values shown are Mean (SD) or N (%), where SD stands
for standard deviation. Comorbidities included are traumatic brain injury, stroke, diabetes,
arthritis, and heart attack at baseline.

Number of APOE ¢4 Alleles

Variable Zero (N =3,291) One (N =1,525) Two (N = 220)
Enrollment Age 80.5 (7.6) 7.7 (7.2) 73.8 (6.1)
Dementia Before Death

No 2,194 (66.7%) 757 (49.6%) 73 (33.2%)

Yes 1,097 (33.3%) 768 (50.4%) 147 (66.8%)
Death Age 87.9 (8.0) 85.6 (7.4) 81.3 (6.7)
Sex

Female 1,753 (53.3%) 741 (48.6%) 89 (40.5%)

Male 1,538 (46.7%) 784 (51.4%) 131 (59.5%)
Years of Education 15.5 (3.1) 15.7 (3.1) 16.1 (3.1)
Married

No 1,510 (45.9%) 574 (37.7%) 56 (25.5%)

Yes 1,781 (54.1%) 951 (62.4%) 164 (74.5%)
Comorbidity

No 2,345 (71.3%) 1,117 (73.2%) 169 (76.8%)

Yes 946 (28.7%) 408 (26.8%) 51 (23.2%)
Race

White 2,893 (87.9%) 1,314 (86.2%) 190 (86.3%)

Black 314 (9.5%) 192 (12.6%) 25 (11.4%)

Other 84 (2.6%) 19 (1.2%) 5 (2.3%)

To support a healthspan-oriented analysis and to answer the scientific questions of inter-
est proposed in Section 3.2, we define the healthspan proportion (HP), an individual-level

outcome indexed by disease status and baseline age, as the following:

1 ifAg=0,
HPDisease,Ao =
SIT if Ag = 1.

This quantity can be interpreted as the proportion of years lived after age Ay that are free

from the disease. Given T, a higher value of HPpjsease, 4, 15 more desirable.

We propose a two-part modeling approach to estimate the expectation of HPpisease, 4,, Which
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gives the GHI. Let X™) be a subset of covariates from Z, which includes 7 and L. The first
part models the conditional probability of receiving a disease diagnosis before death given

XM denoted by pya = P(Ag = 1|XM), using a logistic regression:

log (ﬂ) = BTX™), (3.1)
1 —pixa

where [y is the vector of true regression coefficients. Since data with S < L are not observ-
able, which implies that the observed disease status Ag depends on L, we model the effect
of L parametrically in (3.1) for the conditional probability gy by treating L as another

covariate.

The second part models the expected value of a logit-transformed healthspan proportion
conditional on Ag = 1 using a linear regression. Specifically, let Y = S/T when Ag = 1,

and we have

Y

where X® is a subset of Z, wy is the vector of true regression coefficients, and € ~ F for
some unspecified distribution F. Covariate vector X? should include 7 but not L. We do
not include L in X ® because left-truncation can be handled in a more robust way for model
(3.2) under conditional independence of Y and L given Z (see Appendix D for regularity
conditions). Specifically, under left-truncation, regression coefficients in model (3.2) can be
estimated using a semiparametric sieve-likelihood approach for bundled parameters [Ding
and Nan, 2011a, Matthews and Nan, 2026], where the logarithm of the hazard function of e

is approximated using spline functions.

Based on both models (3.1) and (3.2), for a given set of covariate values Z = z with respective

subsets () and (¥, where L is set at 0 in (") which corresponds to the baseline time Ay,
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we obtain the GHI as follows:

R = (1 — Mz(l)) + ,UJ$(1)E [Y | X(2) = ZE(Q),AS = 1} (33)
_ (1 exp{f "} ) N ( exp{fg "} ) (/ exp{wg ® + u} dF(u)> .

14 exp{fTzM} 1 +exp{BfzM} 1+ exp{wlz® +u}

The GHI R in the above (3.3) is our primary quantity of interest, which summarizes the
expected proportion of life after Ay spent in good health during one’s lifetime given a set
of baseline covariate values z that contains APOE €4 status. This directly answers our
first question whether the number of APOE &4 alleles is associated with the proportion
of advanced years spent free from dementia. Further, defining R in this way permits a
decomposition of effects that allows us to determine if both the occurrence of dementia and

the timing play a role in the association.

3.4 Estimation and Properties

Due to left-truncation, it may be impossible to estimate E [Y | X® = 2® Ag = 1] in (3.3).
Similarly to the techniques used in Wang et al. [1986] and Ding [2010], we define two constant

values 0 < a* < b* < 1 to instead estimate the “trimmed” mean
ElY | X®=2® Ag=1,a" <Y <],

which also satisfies the requirement of bounded support for the splines used in the sieve-
likelihood estimation procedure [Matthews and Nan, 2026] for model (3.2). We choose a*
close to 0 and b* close to 1 and consider a fixed z (with (", and 2(?) as above. Note that a*
is on the scale of the healthspan proportion, and thus is a truncation time scaled by death
time. This means a* = [*/t for a fixed truncation time [* and death time ¢ (both in years

after Ap). For a consistent interpretation, we also use the value of [* corresponding to a*,
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instead of 0, as the left-truncation time in (") for evaluating the GHI when predicting with

model (3.1). We can then define the “trimmed” version of the GHI as
R = (1= ) + po BE[Y | X® =2® Ag=1,a" <Y < V], (3.4)

which is estimable under left-truncation.

Let Bn be the maximum likelihood estimator of the logistic regression parameters in model
(3.1) and @, be the sieve likelihood estimator of the regression parameters in model (3.2),
where m = Z?:l Ag;. We define €, ,, as the observed residuals for a given w,,. Denote
Fm@m (u) as the product-limit estimator of the cumulative distribution function F' using
observed residuals, taking into account left-truncation [Wang et al., 1986]. Also, let a =
log(a*/(1 —a*)) — wlz®, b =log(b*/(1 — b*)) —wl2z®, & =log(a*/(1 — a*)) — @L2? and

b=1log(b*/(1—b*)) — &L z®. Denote

exp{flzM}
1+ exp{ﬁ{x(l)}’

lam(l) =

exp{wlz® + u}
1+ exp{wlz® + u}

b
6 = E[Y|X<2>:x<2>,As:1,a*<Y<b*}:/ dF(u),

e

dF 6, ().

/i’ exp{@T2® 4+ u}
o 1+exp{dTz® + u}

We estimate R* in (3.4) by

R = (1= )+ fi,0f

_ o _exp{Bla}
L Ty

+< exp{fTzM} }) </b exp{@T 2 4 u} dﬁmwm(u)> (3.5)

1+ exp{TzM 1+ exp{@whz® +u}
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The following theorem gives the consistency and asymptotic normality of R* under a set of
mild regularity conditions that are provided in Appendix D.1, with a proof sketch given in

Appendix D.3.

Theorem 3.1. Suppose Conditions (C1)-(C7) hold. For R* given in (3.4) and R* given in
(3.5), we have

(i) R* = R* in probability, and

(ii) /n(R* — R*) = N(0,0%.) in distribution with

0he = (1= 0)%07 +2(1 = 0)(1 — pp))on2 + (1 = prp)) 03, (3.6)

where o? is the asymptotic variance of \/n(fiya) — pyw), 03 s the asymptotic variance of
\/ﬁ(é —0), and 015 is their asymptotic covariance. See Appendiz D.j for further details on

the form of this asymptotic variance.

Although the expression (3.6) appears relatively simple, the term ¢ involves derivatives of

the distribution function with respect to 3, making it highly complex to evaluate in practice.
This complexity is illustrated explicitly in the right-censored case studied by Ding [2010].
Due to the computational burden associated with calculating o3, we recommend using a

bootstrap estimator for the variance o%. [Efron, 1992].

We also conduct a simulation study to evaluate the finite-sample performance of the proposed
methodology. Data are generated from models for death time, disease onset time, and
probability of disease occurrence consistent with the proposed framework and designed to
reflect key characteristics of the observed NACC UDS data. Across a range of covariate
configurations spanning much of the (0,1) GHI scale, the estimator exhibit negligible bias.
Further, variances decrease at the expected 1/n rate and bootstrapped variance estimates

closely match empirical variances. Coverage probabilities are near the nominal 95% level
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and improve with increasing sample size. Full details of the simulation design and complete

numerical results are provided in Appendix E.

3.5 NACC UDS Data Application

3.5.1 Results

We now apply our proposed metric and estimation procedure to NACC UDS. For the part-

one model, we fit the logistic regression model

log (ﬁ) = [i(Death Age - 65) + (2(Years of Education)
+ B31(Is Female) + 41(Is Married) (3.7)
+ Ps1(Has a Comorbidity) + [s1(Race = Black)
+ B7r1(Race = Other) 4+ [gl(e4 Alleles = 1)

+ Pol(e4 Alleles = 2) + Pio(Age at Study Entry - 65).

A comorbidity is defined as any history at baseline of diabetes, arthritis, traumatic brain

injury, a heart attack, or a stroke.

We consider the following linear regression model for our part-two model, modeling the logit
transformed HPpementia,65 (denoted by Y') given that dementia occurred, and leave the error

distribution unspecified:
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Y
log (ﬁ) = wp(Death Age - 65) + wy(Years of Education)

+ w31(Is Female) + w,1(Is Married) (3.8)
+ ws1(Has a Comorbidity) + wgl(Race = Black)
+ wrl(Race = Other) + wgl(e4 Alleles = 1)

+ wgl(e4 Alleles = 2) + Error.

Both models are fitted using R, with (3.7) fitted using the glm function and (3.8) fitted using
the 1trc package [Matthews and Nan, 2026]. Regression results are given in Table 3.2, and
a set of predicted Golden Health Index values across covariate levels is given in Figures 3.1
and 3.2. For the predictions in Figures 3.1 and 3.2, we used a* = 0.25/T", so that these
values can be interpreted as the GHI after age 65 given that dementia or death does not

occur within three months after turning 65.

Living longer is associated with a higher probability of being diagnosed with dementia before
death, but it is also associated with a larger healthspan proportion among those who develop
dementia. These opposing effects create the “J”-shaped curves observed in Figures 3.1 and

3.2, where predicted GHI values first decline and then rise with increasing survival.

Focusing on the part-one model in Table 3.2, the covariates of sex, marital status, and
race show associations with dementia probability that differ from expectations based on
prior literature [Sommerlad et al., 2018, Kornblith et al., 2022, Aggarwal and Mielke, 2023,
Merrick and Brayne, 2024]. Similar counterintuitive patterns have been reported by others

using the NACC dataset [Wang and Li, 2021, Lennon et al., 2022, Karakose et al., 2025].
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Table 3.2: Results of fitting models (3.7) and (3.8) to the left-truncated data from the NACC
UDS, using a baseline age Ay = 65.

Part 1 Model (3.7)

Part 2 Model (3.8)

Variable
Estimate 95% CI P-Value Estimate 95% CI P-Value

Death Age 0.083 (0.069, 0.098) < 0.001 0.083 (0.070, 0.095) < 0.001
Yrs of School  -0.013 (-0.033, 0.006) 0.186 -0.020 (-0.054, 0.013) 0.231
Sex

Male Referent — - Referent - —

Female -0.155 (-0.288, -0.022)  0.023 -0.057 (-0.265, 0.150) 0.589
Is Married

No Referent — - Referent — -

Yes 0.443 (0.305, 0.581) < 0.001 -0.083 (-0.307, 0.141) 0.466
Comorbidity

No Referent - - Referent - -

Yes -0.135 (-0.273, 0.002) 0.054 0.316 (0.103, 0.528) 0.004
Race

White Referent — - Referent — -

Black -0.588 (-0.803, -0.374) < 0.001 -0.194 (-0.548, 0.160) 0.283

Other 0.234 (-0.170, 0.638) 0.256 -0.373 (-1.216, 0.469) 0.385
4 Alleles

Zero Referent — - Referent — -

One 0.696 (0.567, 0.825) < 0.001 -0.460  (-0.683, -0.238) < 0.001

Two 1.389 (1.087, 1.691) < 0.001 -0.363 (-0.838, 0.113) 0.135
Study Entry -0.077  (-0.093, -0.062) < 0.001 - - —
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Figure 3.1: Predicted values of GHI based on our two-part fitted models for female patients
with a college degree (16 years of education). Shaded bands indicate pointwise 95% confi-
dence intervals for the predictions, with the variance estimated using the bootstrap.
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Figure 3.2: Predicted values of GHI based on our two-part fitted models for male patients
with a college degree (16 years of education). Shaded bands indicate pointwise 95% confi-
dence intervals for the predictions, with the variance estimated using the bootstrap.
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Our main predictor of interest is the number of APOE ¢4 alleles. Figures 3.1 and 3.2 show
clear separation in predicted GHI values by APOE 4 status. This answers our primary
question of interest, highlighting the association between dementia-free proportion of life af-
ter age 65 and the APOE €4 allele. Specifically, APOE ¢4 carriers have lower GHI comparing

to non-carriers, and carriers with two copies have the lowest GHI.

Table 3.2 documents how differences arise in both modeling components, particularly for €4
allele carriers, answering the secondary questions of interest. Having a copy of the €4 allele
increases the probability of dementia before death, consistent with prior findings [Safieh
et al., 2019, Fortea et al., 2024]. Notably, the part-two model shows that the £4 allele is
also associated with a lower expected healthspan proportion among those diagnosed with
dementia. In other words, €4 carriers not only face a higher risk of developing dementia,
but once diagnosed, they also tend to spend a greater fraction of their remaining life with
the disease even after adjusting for other covariates. This pattern is consistent with earlier

onset of a low-morbidity condition, resulting in a longer duration of life lived with disease.

The result of the part-two model is less clear for individuals with two copies of the €4 allele.
Although the estimated effect among homozygotes is negative with a similar size, the effect is
not statistically significant. This may reflect limited sample size rather than a true absence
of association, or could be related to the accelerated cognitive decline seen in this group

[Craft et al., 1998].

3.5.2 Model Checking and Sensitivity Analyses

We have conducted extensive model diagnostics and sensitivity analyses to assess the validity
and robustness of these results. Full diagnostic figures and tables are provided in Appendix

F.
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For the part-one logistic regression model (Figures F.1 and F.2), surrogate residual diagnos-
tics show strong agreement with theoretical expectations [Liu and Zhang, 2018]. The Q-Q
plot closely follow the reference line and residuals are centered at zero with no systematic
patterns. Additionally, a Hosmer-Lemeshow test based on deciles of predicted risk yields a
non-significant result (p = 0.08), indicating no evidence of lack of fit of the model [Hosmer
and Lemesbow, 1980]. Linearity assumptions for continuous covariates are evaluated using
(a) surrogate residual plots and (b) likelihood ratio comparisons with spline-based alterna-
tives. Both approaches support the assumed linear functional forms. Multicollinearity is
modest (maximum VIF = 3.8). Influence diagnostics based on leverage and Cook’s distance
have identified several observations above typical thresholds [Pregibon, 1981], but refitting

the model after removing potentially influential subsets produces nearly identical estimates.

For the part-two semiparametric model (Figures F.3-F.5), martingale residual diagnostics
accounting for left-truncation support the assumed linear covariate effects [Barlow and Pren-
tice, 1988]. Residual-versus-covariate plots and cumulative martingale residual processes
largely follow their theoretical mean-zero behavior, and alternative nonlinear transforma-
tions of death time do not improve model fit or alter other parameter estimates [Therneau
et al., 1990, Lin et al., 1993]. Removing high-leverage observations or extreme residuals has
negligible impact. Comparison with a parametric truncated regression model indicates that

the normal error assumption is inappropriate, supporting the semiparametric specification.

Enrollment practices differ considerably across ADRCs, leading to heterogeneity in variable
distributions. For example, some centers enroll participants at much older ages, while others
target specific demographic subgroups, resulting in variation in sex, marital status, and racial
composition across centers. In addition, the analytic sample slightly over-represents APOE
4 carriers [Rasmussen et al., 2019, Lumsden et al., 2020]. Tables F.1 and F.2 illustrate center
variations in participants’ characteristics in the analytic sample and the target population,

respectively. We perform sensitivity analyses addressing the impact of heterogeneity across
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ADRCs. In particular, we find that introducing random effects (either random intercept or
random intercept plus random slopes, Table F.3) in the part-one model produces parame-
ter estimates consistent with the primary analysis. For the part-two component, analogous
comparisons using a parametric model with normal error are provided merely as an illus-
tration, since including random effects in the current semiparametric modeling methodology
for truncated data has not yet been developed. While not a perfect solution, nonetheless the
addition of random effects to the truncated parametric model does not seriously impact those
model estimates (Table F.4). These findings indicate that between-center heterogeneity does

not materially influence the reported associations.

Because over 80% of individuals in the target population are excluded due to censored
death times, one would expect different demographic characteristics between included and
excluded participants, which are illustrated in Table F.5. We evaluate potential impacts
of the selection biases. To assess sensitivity to temporal sampling, we re-fit the models
using earlier data, effectively analyzing the data as if at prior time points, and compare
the estimating results with the current results obtained from December 2024 data freeze.
We find these models have consistent effect directions and overlapping confidence intervals
with our main analysis, see Table F.6. Notably, APOE 4 estimates remain stable across

historical analyses performed at many earlier time points, see Figure F.6.

Although changing covariate distribution does not necessarily alter the association between
covariates and the response variable in a regression model, we look into the impact of poten-
tial oversampling APOE €4 carriers in the NACC UDS by conducting a weighted analysis.
Weights for APOE &4 status are obtained from the UK Biobank [Lumsden et al., 2020],
stratified on sex and race with their proportions determined from the US Census data. Since
APOE €4 allele frequencies are only available for white race that is also the majority in
the analytic data set (see Table 3.1), we assign the same allele frequencies to other race

groups for the sake of sensitivity analysis. Each participant is assigned a weight equal to
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the target proportion for their stratum divided by the corresponding observed proportion
in the analytic data, so that overrepresented strata are downweighted and underrepresented
strata are upweighted. Weighted and unweighted results are nearly identical for both model
components (see Table F.7), suggesting that differential covariate sampling has little impact

on our main conclusions and supporting the robustness of our findings.

3.6 Discussion

While this study demonstrates the utility of the GHI for characterizing dementia-free healthspan,
several limitations warrant discussion. First, the generalizability of our findings may be con-
strained by the nature of the study and the overall recruitment efforts in the NACC. Certain
populations, including individuals from underrepresented racial and ethnic groups and those
with lower educational attainment, are not proportionally represented in the NACC data.
Moreover, participants who engage in regular clinic visits and who have APOE gene infor-
mation available may differ systematically in health behavior or disease risk compared to
the broader population. These factors limit the extent to which estimates from the NACC
sample can be directly extrapolated to the general aging population. However, the sensitiv-
ity analyses discussed in Section 3.5.2 indicate that these results are reasonably robust to

these sampling issues and the modeling choice.

Second, in this work, we focus on individuals with recorded death dates to avoid complica-
tions related to censoring. However, many longitudinal studies (including the NACC UDS)
feature a substantial proportion of participants who are still alive at their last follow-up.
Developing methods to appropriately account for censoring in both disease onset and death
times remains an important area for future work. A related consideration is using this
method to predict the GHI for living individuals. Since death time is a covariate in our

models, all predictions must make some assumption about what the age of death will be.
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One other note on the topic of death time is that any computation of the GHI must be
conditional on death time, as implemented here. Otherwise, comparisons of the GHI do not

take into account absolute lifespan and are thus less useful.

Third, the choice of integration limits a* and b* plays a nuanced role in interpreting the
predicted GHI. In our analysis, we set a* and b* to be small and fixed durations from
the boundaries (typically between one-quarter year and one year, scaled by death time) to
satisfy the assumptions needed for asymptotic validity. These values strike a practical bal-
ance between theoretical requirements and data limitations. Although it is computationally
feasible to predict the GHI down to the smallest observed residual, doing so complicates in-
terpretability. For example, a lower limit corresponding to 0.1598 years is less intuitive than
a clean cutoff like 0.25 years. We also note that as a* increases, the directional relationships
between covariates and GHI remain stable, though the predicted GHI generally increases
as well. This aligns with intuition: conditioning on longer disease-free survival implies a

healthier subset of individuals, leading to higher GHI estimates.

Despite these limitations, the proposed framework offers a novel and flexible approach to
studying healthspan in aging populations. By explicitly modeling the time spent in disease-
free states, our method provides new insights into the lived experience of aging, complement-

ing traditional survival-based analyses.
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Chapter 4

Asymptotic Normality of Sieve

M-Estimators

4.1 Introduction

Semiparametric models provide a flexible framework for statistical inference when the pa-
rameter of interest contains both finite- and infinite-dimensional components. In many
applications, the infinite-dimensional component is modeled nonparametrically, while the
finite-dimensional component retains a direct scientific interpretation. This combination al-
lows researchers to avoid overly restrictive assumptions while still performing interpretable
inference on key model features. A common estimation approach in this setting is sieve
estimation, which approximates the infinite-dimensional parameter by a sequence of spaces
whose dimension grows with the sample size. This turns the original infinite-dimensional
problem into a sequence of problems with parameters estimated via standard parametric
methods. Note that when there is no finite-dimensional component, the model reduces to a

nonparametric model.
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The setting considered in this work is motivated by semiparametric models with bundled
parameters [Ding and Nan, 2011a}, where the infinite-dimensional component may depend on
the finite-dimensional parameter. This structure arises naturally in models where the infinite-
dimensional component is tied to the finite-dimensional component in some way, and reduces
to a standard semiparametric model when finite- and infinite-dimensional parameters are
separated. Existing results for sieve M-estimation with bundled parameters provide general
tools for establishing consistency and asymptotic normality of finite-dimensional components
[Ding and Nan, 2011a, Matthews and Nan, 2026]. However, for many applications, it is also
important to conduct inference on the infinite-dimensional component itself, for example,

through pointwise confidence intervals for the estimated function.

In this work we develop an asymptotic normality result for sieve M-estimators in a bundled-
parameter setting, with particular attention to pointwise inference on the nonparametric
component. The estimator maximizes an empirical criterion over a sieve space, and the proof
uses an expansion at the sieve population maximizer, or pseudo-truth, rather than at the
full population truth. This allows the argument to separate the stochastic estimation error
from the deterministic sieve approximation bias. Our main result has three parts. First,
it establishes asymptotic normality for arbitrary contrasts of the sieve coefficient vector.
Second, it shows that the corresponding sandwich variance estimator is consistent for such
contrasts, leading to feasible inference. Third, it derives a pointwise limiting distribution for
the nonparametric component, including the contribution of the sieve approximation bias.
The result therefore provides a direct route to pointwise inference for basis-expansion-based

sieve estimators in semiparametric models with bundled parameters.
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4.2 Notation and Problem Setup

Let Z1,...,Z, ~ Py be independent and identically distributed observations taking values
in a measurable space Z, where Fy is the true probability law. Let m : Z x © — R be a

measurable criterion function indexed by 6 € ©. We write the population objective as
5(6) = Pm(6) = [ m(z:6) dR(z),

and the empirical objective as
S.00) = Pun(0) = 3 m(Z50)

Our goal is to study the asymptotic behavior of a maximizer of S, in a semiparametric model

with bundled parameters, in the sense of Ding and Nan [2011a].

The parameter takes the form

0 = (B?C(’ﬁ))a

where 8 € B C R? is finite-dimensional and (-, 3) is an infinite-dimensional parameter that
depends on . Note that in the case where ¢ does not depend on (3, the results in this work
still hold as a special case. Let H be a functional space equipped with norm || - ||.. The full

parameter space is

O = {(ﬁa <(76)) : B € 87 C(aﬁ) € H}
For 0, = (B1, (1) and 05 = (B2, (2), define the distance
1/2

d<61792) = {’61 - 52’2 + HCl(aﬁl) - CQ(?B2)H§} )
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where | - | denotes the Euclidean norm on R¢.

Let

0o = (Bo, Co(+; Bo)) = arg max S(6)

0cO

denote the true parameter, defined as the unique maximizer of S over ©, and assume that

0y lies in the interior of ©.

We adopt the notation of Ding and Nan [2011a] for Fréchet derivatives. For the criterion
function m(z;0) at 0 = (3, (), define

(2 0) = %mw;ﬁ,cc,ﬁ)),

me(z;0)[h] = lim m(z; B, ¢+ th) —m(z;0)

t—0 t

Y

where h € H is a direction in the functional space. Similarly, denote respective second

derivatives as the following:

mgg, 1gclh], meglh],  Tieelh, hal.

Under Assumption (B1) below, which permits the interchange of differentiation and integra-

tion up to third order, the population score operators
Sp(0) = Prng(-360),  Sc(6)[h] = Pring(-;6)[h]
are well-defined, with empirical counterparts

Soin(0) = Pating(50),  Sca(0)[h] = Puring (- 6)[h].
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Second-order population operators Sgs(6), Ssc(8)[h], Ses(0)[R], and Sec(8)[hi, ho) are defined

analogously under (B1), along with their empirical counterparts.

For any continuous j-linear form 7T acting on the parameter space, we use the induced

operator norm
ITllop = sup{ |TTv1, -, v5]] : [luiles - - llvslle < 1},

where |[v]|§ = |a|* + ||| for v = (a,h) € R* x H. For a matrix A € RP*? viewed as a

bilinear form, this reduces to the usual spectral norm || Al|o, = supy, = [|Az].

The estimation of the infinite-dimensional parameter ( is carried out in a sequence of growing-
dimensional sieve spaces. Let ©,, C © be an increasing sequence of subsets such that | J~, O,
is dense in ©. This sieve approximates 6, at rate €, in the sense that there exists a sequence
¢, — 0 and 6, € O,, such that d(én, 0p) = O(e,). Throughout, we consider sieve spaces O,
formed by basis expansions of (. For each n, the function ¢ € H is approximated by a basis

expansion of the form
kn,
Cn('a 57 ’Y) = nyj Bkn,j(¢(7 5))7 = (’}/17 s 77kn>T € Rkna
j=1

where { By, ; }f"l is a set of k,, basis functions, and ¢ is a function mapping the dependence

of ( on .

Since [ has fixed dimension d, the corresponding sieve parameter has total dimension

pn:d+kn7 Dpn — O0.
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It is convenient to work with the growing-dimensional sieve coordinate

n=B"9")" e R,

and with the induced parameter map

0(n) = (8,6, 3;7)) € O,

where ©,, = R? x H,,, and H,, = span{By, 1(-, 3), ..., B, x,.(-,3)}. The map 6 : R — O,
embeds the sieve coordinate into the full parameter space; we will use #(n) and 7 inter-

changeably where the context is clear.

With a slight abuse of notation, we write

S(n)=80m) =Pm0n),  Sun)=S.0n)=L.mOn)).

0 0
(n) - (n) -
U™ (n) 8775 (m),  Uy"(n) anSn(n),
and
82 82
(n) - __ - (n) - __ -

Because both the score vector and the information matrix depend on the sieve basis { By, ;}

and hence on n, we use the superscript ™ to make this explicit throughout. Define the
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sieve-projected score at any 6 € O:

mlg(Zi; 9)

u gy = | AN Bl | g,

me(Zi; 0)[Br, k]

with population and empirical versions S (8) = Pu{™(6) and S (8) = P, u{™(6). Simi-

larly, the sieve-projected information matrix at 6 is

Sas(0) Ss¢(0)[Br, 1] e Ss¢(0)[ B i)

S.5(0)[B S:c(0)[By. 1, B oo S:(0)[By. 1, B
JO(9) = — ¢8(0)[Br,1]  Scc(0)[Br,1; Br,.il ¢¢(0)[Bk,.,1, B, ]
Sco(0)[Brn o) Sec(0)[Brons Brnt]l + Sec(0)[ By ks Bion o]

Define Jy(Ln)(é’) in a similar way for the empirical second derivatives, and define Jgfi)(g) as
the individual-level matrix for observation i. When 6 = 60(n) € ©,, these coincide with
the coordinate gradient and Hessian: ugn)(Q(n)) = V,m(Z:;0(n)), S™(0(n)) = UM (n), and
JW(0(n)) = =V38(0(n) = J™ ().

Although the true parameter #y need not belong to the growing-dimensional sieve space 6,,,
the projected information matrix J™(f) is still well-defined. It is obtained by evaluating
the full population second-derivative bilinear form —S(fy) on the collection of directions
generated by perturbing the coordinates of S and by perturbing ¢ along the basis functions
By, 15+ By k- Thus J™(6) should be understood as a sieve projection of the full infor-
mation operator at the truth, not as the Hessian of a growing-dimensional criterion evaluated

at a point of ©,.
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Define the sieve population maximizer by

QO,n - (50,n, gO,n('a ﬁO,n; ’70,71)) = arég glax 5(0)7
e n

or equivalently, in coordinates,

Mo, = argmax S(n).

The sieve M-estimator is

én = (anén(aﬁn)) = argmaxsn(9)7

0cO,

with coordinate representation 7, defined by

When m(z;0) = logps(z) is the log-likelihood, 6, becomes the semiparametric or nonpara-

metric sieve maximum likelihood estimator.

Define the sieve-projected score variance
V,, = Eo[u™ (0o.0) ™ (00..)"
n 0 |:UZ ( O,n) u, ( O,n) } ’

the sandwich covariance ¥, = {J™(6y,,)} 1V, {J™(0y.,,)} !, and the empirical score outer

product

Since 6y, € ©,,, the score UE”) (60..) = Vym(Zy; 6.,) and the information matrix J™(6,,,) =
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—V%S (n0,n) are the usual gradient and Hessian evaluated at 7.

4.3 Assumptions

We assume the following regularity conditions:

(B1)

(B3%)

(Criterion smoothness and interchangeability) For P-almost every z, m(z;6) is three-
times continuously Fréchet differentiable in a neighborhood of 6y, with uniformly
bounded third derivatives on compact sets; in other words, for each 7 = 1,2, 3, there

exists a measurable function M; satisfying PM; < oo such that

sup || DVm(z; 9)||Op < M,(z)
9: d(6,00)<6

for some § > 0, and for P-almost every z, where D’m(z;60) denotes the jth Fréchet
derivative of m(z;60) viewed as a continuous j-linear form on the parameter space.
Moreover, for each 7 = 1,2, 3, differentiation with respect to 6 and integration with
respect to Py may be interchanged in a neighborhood of 6y, so that D/ Pm(-;0) =
P Dim(-;0).

(Basis Requirement) The expansion basis {Bkn,j}fll is normalized.

(Rate of Convergence for Non-Bundled Parameters) There exists & > 1/4 such that
d(,,60) = Oy(n%), the sieve approximation rate satisfies e, = O(n¢), and the sieve

dimension satisfies p, = o(n*~1/2).

(Rate of Convergence for Bundled Parameters) There exists £ > 3/8 such that d(6,, 0,) =
O,(n~%), the sieve approximation rate satisfies €, = O(n~%), and the sieve dimension

satisfies p, = o(n*71/2).
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(B4) (Uniqueness) 6y € O is the unique maximizer of S over O, well-separated in the sense

that for every e > 0, there exists a § > 0 such that supyee. 419,095 S(0) < S(0) — 9.

(B5) (Positive Definite Information Operator) There exist constants 0 < ¢; < C'y < 00 not

depending on n, such that for every direction v = (a, h) € R? x H with ||v|je < oo,
callvlls < =5(80)v,v] < Cyllolf3,

where [[v][g = [a|* + [[h][Z. Further, there exist constants 0 < ¢y < Cy < oo not

depending on n such that, for all ¢ € RP»,

evllel? < ¢ Vae < Cylle].

(B6) (Approzimate score equations) The estimator 0, satisfies
1550 (B)ll = 0p(n'12)
and

sup —{Sca (@) )] = 0pn ™).

(B7) (Pointwise bias scaling) For each fixed z € [a,b], \/n/pn{Con(z, Born) — Co(x, Bo)} —

b(x) where |b(z)| < 0.

Condition (B1) is the infinite-dimensional analogue of the usual smoothness and dominated-
differentiation conditions imposed in classical maximum likelihood theory [Lehmann and
Casella, 1998], and additionally requires that differentiation and integration may be inter-
changed up to third order. Here the condition is imposed to an arbitrary objective function

that includes likelihood as a special case. The interchangeability holds automatically when
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the sample space Z is compact, and can be satisfied more generally by many standard models
with unbounded response. Condition (B2) establishes a basic condition on the basis func-
tions. Conditions (B3)—(B6) follow (A1)-(A4) of Ding and Nan [2011a] closely, with some
minor adjustments required to ensure that normality can be extended to the nonparametric
portion of . Specifically, Condition (B3) is standard and can be verified by, for example,
checking conditions (C1)—(C3) in Shen and Wong [1994]. The convergence rate needs to be
achieved before obtaining asymptotic normality. Condition (B3*) is an alternate version of
(B3) necessary in the bundled parameter case. Condition (B4) is common for maximum
likelihood and usually holds. Condition (B5) provides local identifiability and coercivity of
the population information bilinear form on R? x H. For a likelihood model this reduces
to that the Fisher information is bounded above and away from zero uniformly over nor-
malized directions. For global maximizers over the sieve, the first-order conditions hold
exactly, so (B6) is trivially satisfied. The o,(n~'/2) form accommodates approximate opti-
mizers (e.g., from gradient descent with finite termination criteria). Condition (B7) defines
the rate that balances the bias and variance from the sieve estimation, and also allows for

the undersmoothing case where b(z) = 0.

Remark 4.1. Since 0y lies in the interior of © and is the maximizer of S, the smoothness

of m in (B1) along with (B4) implies that the population score equations

Ss(00) =0,  Sc(00)[h] =0 for all h € H,

hold as first-order conditions.

Remark 4.2. In the bundled-parameter case, one may ask that the sieve approrimation of

¢ be uniformly Lipschitz in [, i.e., for each fixed x in a neighborhood of 6y,

|<n($75177) - Cn(x752a7)| < LC(:E) ||ﬁ1 - BQH’
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for some L¢(x) not depending on n. The smoothness and dominating-function bounds in
(B1), applied along B-directions to the basis expansion Zj VB, i (¢(+: B)), yield such a Lip-

schitz bound in a neighborhood of 6.

Remark 4.3. Assumption (B3) defines consistency as a prerequisite for the asymptotic
normality results derived below while putting an upper bound on the sieve dimension growth.

If the sieve approzimation error satisfies €, = O(p,,”) and p, = O(n"), then Assumption (B3)
S

is satisfied whenever & < k < 26 — L. This interval is nonempty provided & > r/(4r — 2),

which 1s possible for r > 1.

Remark 4.4. Assumption (B3*) is the replacement for (B3) in the bundled-parameter case,
where the basis representation of the nuisance component depends on the finite-dimensional
parameter. In this setting, pointwise evaluation of {A"n(x, Bn) introduces an additional remain-
der term from replacing By, by Bn inside the basis functions. Under Remark 4.2, this bundled
remainder is of order O,(n=%). Since the pointwise nonparametric component is normalized
by W, we require n*§M — 0. Together with the upper bound p, = o(n*~'/?), this
compatibility is guaranteed under the stronger rate condition in (B3*). When the nuisance
component is not bundled with (3, this additional remainder is absent, and (B3*) is not

required.

Remark 4.5. The constants c¢; and Cj are uniform in n because (B5) is stated on the
full function space H, not on a dimension-dependent subspace. When the coordinate map
v = (a, >, vy, By, ;) is norm-preserving (as for orthonormal bases), the eigenvalues of the
growing-dimensional matriz J™ (0y) € RP»*P» qre bounded below by c; and above by C,,

uniformly in n.

Remark 4.6. Assumption (B7) is stated pointwise (for each fized x ) because Theorem 4.1 (iii)
delivers a pointwise result; uniform confidence bands would require stronger uniformity condi-
tions on b(x) and are deferred to future work. The quantity b(x) represents the renormalized

sieve approximation bias at x; it is generally non-zero and is the reason the limiting distri-

61



bution in Theorem 4.1(ii1) is not centered.

Remark 4.7. Our conditions differ from those of Ding and Nan [2011a] in scope. Their
analysis targets the Euclidean parameter along the least favorable direction, and consequently
relies on stochastic equicontinuity of the score together with smoothness of the least favorable
submodel. QOur aim s joint asymptotic normality across the full sieve coordinate vector,
and this stronger conclusion is obtained through the uniform third-derivative control in (B1).
The bounded third derivative delivers direct control of the Hessian variation and hence of
the Taylor remainder in every sieve direction, which in turn removes the need for the score

equicontinuity and least-favorable-direction smoothness conditions of Ding and Nan [2011a/.

4.4 Main Results

Lemma 4.1 (Sieve pseudo-truth convergence and rate).

(i) Under (B1) and (B4), d(6o,,0) — 0 as n — oo.
(ii) Under additionally (B5), d(6,,600) = O(e,).

Lemma 4.2 (Local properties of J). Under (B1) and (B3)—(B5), the following hold:

(i) For 0, and 07 in the neighborhood of 0y, with d(0,,0:) = O,(n%),

1757 (0n) = T (03 lop = Op(pan™)  and |7 (0,) = T (0;)llop = Op(pun™®).

(ii) For any 0% with d(0;,6,) < Cn~¢,

n

log p,,
HJT(Ln)(G:;) - J(n)(e:iL)HOp = Op (maX {pnni’pn &b }) .
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(iii) For 67 with d(0%,0y) < Cn™%, there exists ¢’; > 0 not depending on n such that for all

v, € RP* and all n sufficiently large,
llvall? < vy I (6;) v < Chllvall*.

In other words, (B5) transfers to the sieve in the neighborhood of the truth, and J™ (67)

1s uniformly invertible in n.

Lemma 4.3 (Sieve variance consistency). Under assumptions (B1) and (B3)—(B5),
175 (0n) = T Gon)llop = 0p(1)  and — [[Va(ba) = Vallop = 05(1).
Theorem 4.1. Let a,, € RP* be an arbitrary vector of real values satisfying a, # 0.

(i) (Directional asymptotic normality.) Under (B1)—-(B6),

\/ﬁag(ﬁn - Uo,n)

(azznan)lﬂ

—d N(O, 1)

(ii) (Feasible inference.) Under the same conditions, the sandwich covariance estimator
Yn = {J(n)(én)}i1 Vn(én) {Jr(Ln)(én)}71

satisfies (alSnan)/(aXSpan) =, 1, and

\/ﬁag(ﬁn - Uo,n)

(aginan)l/2

—d N(O, 1)

(iii) (Pointwise inference for the infinite-dimensional parameter.) If, in addi-

tion, (B7) holds, and in the bundled-parameter case (B3*) holds, then for each fized
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o (6 ) = Gl ) =0 o) + (e 2

where Z ~ N(0,1) and the variance o3(z) = lim, .o p,ten ()" Shen (), en(z) =

(07 s Bro1(0(x5 Bon))s - -+ s Bry i (0(5 Bon))) -

Proof of Theorem 4.1. The proof centers the Taylor expansion at the sieve pseudo-truth
o, € O, and works in the growing-dimensional sieve coordinate n € RP". To avoid questions

about o, in growing-dimensional spaces, we project onto the direction a,, at the outset.

Scalar linearization. Let a, € RP» be arbitrary. Define ¢, = [J(”)(Qom)}flan. Since 0,
maximizes S over ©,, the population sieve score vanishes meaning U™ (1) = S™ (6,,,) =

0. By (B6), [|US" (7)[| = 0p(n"2), s0 TUL (1) = 0p(n=2]|cal]).

A Taylor expansion of U™ around No.n gives

U™ (i) = U™ (0.) = I3 (o.n) (e = 7o) + R, (4.1)
where the remainder is

R = [ (o) = I3 (73)] (it = 10.n)

for some 7, on the segment between ), and 7,,. Projecting (4.1) by ¢I" and using CZUTE”) (M) =

0p(n~ 12 lenl)):

En I\ (10.0) (7 = M0,n) = €, U (M0,0) + €, B + 0, (01 ea ). (4.2)

Since 7}, lies on the segment between 7, and 1o, we have |7, —n0nll < || —No.x||. By (B3)
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and the triangle inequality,
10 = 10,0ll < d(On, 00,0) < d(0, 00) + (8o, 05,0) = Op(n”) + O(n™%) = Op(n~),

where the first equality uses Lemma 4.1(ii) combined with (B3). Therefore (|7, — 10| =
O,(n~%). By Lemma 4.2(i),

17 (7) — T (00.)lop = Op(Pan ™).
Combining,

e RS < Mleall 1757 (m0.0) = I8 () lop 110 = 10,0l = lleall - Op(pan™).

By Lemma 4.2(ii),

log py,
||‘]7(Ln)<770,n) - J(n)(eo,n)HOp = Op (max {pnn_ﬁapn &b }) y

SO

n

log py,
= |len] - O, (max {pnn_%,n_fpn in }) )

To normalize these remainder terms, first note that by (B5) and the definition of ¢, we have

R _ log p,, _
‘Cg{‘]én)(no,rﬂ - J(n)(QO,n)}mn - 770,n)‘ < leall - Op (max {pnn €apn P }) -Op(n é)

cvllenl? < Ve, = alS,a, < Ovllea|*. (4.3)
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Normalizing the remainder terms by /al¥,a, and using c¢.V,c, > cy|c,||? from (4.3),

AR lleall - Oppan™) _ Op(pan=)

vary,a, vevleall? Vey

by (B3), and similarly

= Op(n_l/Q)v

LI (10,0) — T (80,0) } (T — 10,0

<
ValZ,a, cvllea|®

since n~¢p,+/Iog p,, — 0.

By symmetry of J™(6,,,), we have cZJ(™(6,,,) = al, so combining (4.2) with the above

n’

remainder bounds gives

ag(ﬁn - 770,n) — CZ
vars,a, Vvars,a,

_ ag [J(")(Go,n)}_ liuz(n)<00,n> _i_op(nfl/Z)' (44)

T
VL Naa, N

U™ (no.0) + 0p(n™?)

Part (i). Define W,,; = cfugn)(ﬁo,n). Multiplying (4.4) by 4/n and plugging in,

\/ﬁag (ﬁn — No,n

) _ 1 ¢
= — Wi 1).
/az;znan \/ﬁ Zzl 3 + OP( )

T _ T
We have a, ¥,a, = c, V,c,, so

vnal(i, —m,) 1 Z Wi
Valy,a, Vi Ve,
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Since E[ul™ (65.,)] = 0, we have E[W,,;] = 0. Define the normalizing constant 02 = ZV,,c, =

aZEnan. By assumption, liminf, ., 02 > 0. Define normalized variables

T
Zoi= -2 B[Z,]=0,  Var(Z,;) = 22C

o o2 =1
n n

We verify the Lindeberg condition for X,,; = Z,,;/+/n with row variances s2 = Y Var(X,,;) =

1. For any € > 0,
Lu(e) =Y E[X},1{| X, >¢e}] = 0. (4.5)
=1

By coordinatewise boundedness of the observation-level score, \|u§")(90,n)\| < Ay/pn, and we

have |[W,, ;| = |c£u£")(907n)| < Aiy/Pullcn| as. Using 02 = cXV,c, > cyl|ca||* from (4.3),

\Z,i| = Wil < A1/Pnllcnl] _ Aiypa

o T Vel Ve

Therefore | X, ;| = |Znil/v/n < A1y/Pn/(\/evn) = 0 by (B3), so for large n, | X, ;| < € and
the indicator in (4.5) vanishes. By the Lindeberg—Feller CLT,

1 n
— Y Z,; —a N(0,1),
U=
which gives the desired result.

~ -1 ~ ~ A~ ~ ~
Part (ii). Define é, = [J}L”)(en)} ap and V, = V() so that alSnay = &1 Vi, We will
show
é;f/nén C;ll—VnCn + (él—vnén - C:L—Vncn)

- — 1+ 01
e Vien e} Vaen o(1)
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Decompose
ATV A T ST (T A ATv/ A T
Cp Vinln — ¢ Vien = €, (Vie — Vi) én + {€, Vi — ¢, Ve b

For the first term, we have

e (Vi — Vi)én

Vi = Vallopllénll?
e Vacn ’

cvlleal®

Let

where the last equality holds by the standard equivalence A~! — B~! = A~1(B — A)B~L.

By Lemma 4.3, we have HJT(LH) (0,) — J™ (o) |lop = 0p(1) and from Lemma 4.2(iii) we have

576.)

1
= O,(1). Thus,

[[enll
op

| () = 7 0,

and applying Lemma 4.3 with ||V, — V;,|lop = 0,(1) it follows that

Ve = Valloplleall® _ 0p(1) - Op(1) - lleull* _

L = =0,(1
o eall? e leal? (1)
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For the second part of the decomposition, write

ATV A T T T
Cp Vil — ¢, Viuen = 2¢, Var g + 15, Var s

Using the uniform upper and lower bounds on V,,, we know ¢, V,.c,, > cv||c,||?, and [|Vy]op <

Cy. Thus we obtain

126, Varaml _ 2llenlllVallopllrumll _ 2Cv Irsmll _
Voo = ovleal? T oev leall

op(1),

and similarly

’rInVnrJ,n‘ CV||TJ7n||2 o

= 0p(1).

A Vaen T cevllenl?
Therefore

ATV A T
Cp VinCn — ¢, Vicn
e} Vien

= 0,(1).

Combining this with the first part gives

TS ATV &
Ay YinQn  Cp VinCy 1
= o L

a)Yna, ¢ Vae,

By Slutsky’s theorem,

V1 (1 — 1ho,0)

(aginan)lp

—d N(O, 1).

Part (ii1). For each fixed x, let

en() = (03, Bio 1 (6(x; Bom)): - - » Bioy o (93 Bon))) | € R
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We decompose

Ca(, Bn) — Col, Bo) = en(@)T (7l — non) + (Con(, Bom) — Co(, Bo)) + (),
N ~ N ~~ - =
) (11) (I11)

where 7,(z) = fn(:v, Bn) — én(x, Bo.n) arises from the S-dependence of the basis, and is only

non-zero in the bundled parameter setting.

For term (I), set a,, = e,(z) and define

02(x) = e, (2)TS, en(z).

o2(z) —

By assumption (B5) and Lemma 4.2(iii), 3, is bounded in operator norm, so p, ' o2

o3 (z).

Applying part (i) with a,, = e,(z) we have

Vi en ()" (i, — 1o,) —4 N(0,1).

on()

Rescaling by \/n/p, and using o2(x)/p, — o3(x),

Ee AT (A — _ O'n(l’) ) \/ﬁen(l’)T(ﬁn _770,71) o2z
\/; ()" (7 770,71) N on(2) —d N(O’ 5 ))’

by Slutsky’s.
Term (II) is the sieve approximation bias. By (B7), \/n/pn(Con(, Bon) — Co(z, Bo)) — b(x).

Term (III) is identically zero in the case of non-bundled parameters. Otherwise, by Re-

mark 4.2 we have r,(z) = én(x,ﬁn) — én(x,ﬁo,n) < Lc(iL‘)HBn — Bonll. Since ||, — nonl =

O,(n™%) by (B3) and the triangle inequality (applying Lemma 4.1), we have |r,(z)| =

O,(n™%), and thus \/n/py|r.(z L(n7\/n/p,) = 0,(1) by (B3*).
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Combining terms (I)—(I11) and multiplying through by \/n/p,, we have

\/pzn (Cal, Ba) — Co(, Bo)) —a b(x) + oa(x) Z.
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Appendix A

Code Availability

The R code used for the numerical implementations in Chapter 2, along with an R package
for fitting models where the response is subject to both left-truncation and right-censoring,

can be found on my GitHub page at https://github.com/srmatth/ltrc.

The R code used for the numerical implementations in Chapter 3 can be found on my GitHub

page at https://github.com/srmatth/ghi.
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Appendix B

Derivation of the Likelihood under

Left-Truncation and Right-Censoring

Let F4(a) denote the survival function of an arbitrary random variable A. We proceed with

looking at two sub-distributions that correspond to A = 1 and A = 0, respectively. We have

pr(Y <y, A=456|Y>T.T=1tX=n1x)

(Y <y, A=0,Y>t|T=1tX = 1)
B pr(Y >t |T=1tX =x)

1y > t). (B.1)

From our assumption, Y* is independent of (C,T") given X. Consider first the denominator

in (B.1). We have

pr(Y >t|T=t,X=z)=pr(Y">t,C>t|T=tX=ux)

= Fyx(t] 2)Forx(t | t2). (B.2)
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Now consider the numerator in (B.1). For the case where A = 1, we have

pr(lY <y A=1Y >t|T=tX=u1)

pr(Y* <y Y'<C Y ">t|T=tX=u)

/ / fy=cmrx(u,v | t,x)dvdu

= / / fy#ix(u | ) fer,x (v | ¢, x)dvdu
_ / " x| @) Fomx (u | £ 2)du

When A = 0 we have

pr(Y <y, A=0,Y >t|T=tX =1

=pr(C<y,Y">CC>t|T=tX=nux)

y 00
= / / fY*,C’|T,X(ua v | t7 x)dudv
t v

= /y /Oo fy*‘x(u ’ I')fC’\T,X(U | t7$)dUdU
t v
N /y forx (| t,2)Fyx (v | z)dv

Thus we obtain the following conditional density function:

Tvaysrrx(y,0 |y >ttt x)

_ (x| D Forxly | 6,0)} {forx(y | o) Brx(y | 2)}
Fy*|X(t | SC)Fc‘TJ((Zf ’ t,a:)

1-6

1(y > t).
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Then the joint density function of left-truncated data is

fvarxysr(y,6,tx|y>t)1(y > 1)

= fyvarxysr(y,0 | e,y >t) frxysr(t,z |y >t)1(y >t)

_ {fY*\X(y | x)FC\T,X_(y | t7$>}5 ifC’\T,X(y | t7x)FY*|X(?J | x)}l_(s
Fy*|X(t | ZE)Fc‘TJ((t | t,ZE)

X frxyysr(t, x|y >t)1(y >1). (B.3)

Dropping the factors that are free of (3, A.) from (B.3), we obtain the likelihood:

{0 1O {Bex(V [ X030
L(B,Ae |Y,A,T,X)_ Fy*p{(TlX) .

Using hazard functions, we can rewrite the above likelihood function as the following;:

Dape (v | X0} exp {= 7 dvepx (| X))

exp {—f_TOO Ayv+x (u | X)du}

= Dyex (Y [ X))} exp {— /Y Ay x(u | X)du}

T

Yy-XTp
= {A(Y = X"B8)} exp {—/ Ae(u>du} :

T-XTB

LB A | VAT, X) =
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Appendix C

Proof of Theorems 2.1, 2.2, and 2.3

C.1 Additional Notation for Proofs

Most of the notation in this section will be consistent with that of Chapter 2, with a few

different symbols used now that we will be focused in the theoretical space:

Y is the observed survival time, and Y = Y* A C' where Y* is the true survival time

and C' is the censoring time

e X are covariates

T is the left truncation time

e A =1(Y* < () is the indicator that censoring time is greater than the survival time.

=Y -X'B,eg=Y — X'fy

3=T—-XB,10=T—X'B

a and b are the limits of integration for the sieve space
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Z includes all observed data: (Y, A, X, T)
b w(vﬁ):_Xlﬁ
b gD() :108;)\0(@1’(»5)) :C(aﬁ)

o §(s) =Y r, Bu(s)

Now let us define the norm we will be using. This is the same as the norm defined in

Equation 4.2 of Ding and Nan [2011a]. First define a collection of functions H* as follows:

MY = {C(B): ((s,2,8) = g(d(s,2,8)),9 € G",s € [a,b],x € X, 3 € B},

where

b(s, @, B) = s —2'(B = f)

and GF is defined in our assumptions A.6 in the main work. Here ( is a composite function
of g composed with 1. Note that ((s,z,y) = g(s). Then for ((-,3) € HY we define the

following norm:

b 1/2
ool ={ [ [ tats =5 - ) dta(sririo) b )
X Ja
We also have the following collection of scores:

_ aCn('a 6)
= on

Hz{mhmm

= w(w(vﬂ))a Cn € HP} )

n=0

in which h(s,z, ) = w(¥(s,z, ) = w(s — 2'(6 — Bo))-

For any 0; = (B1,¢i(+, 81)) and 0y = (Ba, o+, B2)) in the space of OF = B x H' define the
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following distance:

d(61,02) = {181 — Bol* + |GL(, Br) — G-, Bo) |13, (C.2)

We will use this distance frequently in the following proofs.

Furthermore, up to this point we have mostly discussed the likelihood of the data, as

n

(By | XY, AT) =D (51- > 2B (e5:) - /5 exp {Z% Bk(s)} ds> :
k=1 k=1

i=1 TB,i

In the proofs, we will switch over to discussing the theoretical likelihood, using [ and { to
denote first and second derivatives, respectively, as in Ding and Nan [2011a]. We have the

following:

16,00.9): ) = Aales) = [ 15 < eals = mayexlots) s
(6.6, 9:2) = = {8 = [ 15 < 166 2 ) explolo))ito)as
G200 = Anes) ~ [ 165 < el = 70) explal ()
(6,6 2) = Xx'{ 8i(e)
— [ 165 < il = ) explaHg ) + 55|
(5, 6,85 2)08] =~ { Ab(er)
— [ 1 < 6o 2 ) explolo)} () + al6)nisds

lec(B,C( B); Z) [, o] = —/ 1(s < eg)1(s = 75) exp{g(s) Hhu(s)ha(s)ds

These will be used extensively in the following proofs.
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C.2 Technical Lemmmas and their Proofs

Lemma C.1. Under conditions (A.1)-(A.3) and (A.6), the log-likelihood

l(ﬁ;C('aﬁ); Z) = A9(60 - X/(ﬁ - 50))
b
~ [ 15 < c)i(s = m)explgls — X5 - Gu))}ds

has bounded and continuous first and second derivatives with respect to 5 € B and ((-,3) €

HE.
Proof. This result follows by direct calculation. See all the first and second derivatives given

above. By Conditions (A.1)—(A.3) and (A.6), these are continuous and bounded. O

Lemma C.2. For gy € GP, there exists a function gy, € GE such that

90,0 — Golloc = O (n77")

Proof. This is a direct result of Corollary 6.21 in Schumaker [2007], that is, there exists a

Gon € G such that (y,(s,z,Bo) = gon(s) and

[1Con (-, Bo) = Co(+, Bo)lleo = 900 — golloo = O(q,,*) = O(n™7").

[]

Lemma C.3. Let 6y, = (o, Con(- o)) with (on(-, Bo) = gon defined in Lemma C.2. Denote
Fo ={l(0;2)—1(0p,n; 2): 0 € OF}. Assume that conditions (A.1)-(A.3) and (A.6) hold, then
the e-bracketing number associated with ||-||s norm for F, is bounded by (1/¢)**4, that is,

Ny(e, Fos |l loo) S (1) * for some constant ¢ > 0.

~
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Proof. By the calculation in Shen and Wong [1994] on page 597, denote the ceiling of x by
[2], then for any € > 0, there exists a set of brackets {[¢F, ¢"]: i = 1,2,...,[(1/e)%]}
such that for any g € GF gF(s) < g(s) < gY(s) for some 1 < i < [(1/e)%] and all
s € [a,b], where ||g¥ — gF|s < e. Since B C R® is compact, B can be covered by [cy(1/)¢]

balls with radius e; that is, for any 8 € B, there exists ,, 1 < r < [co(1/€)4], such that

18 =B <& ie, [(B—F) — (B — Bo)| < ¢, and hence [2/(8 — fy) — 2/(8, — Bo)| < Ce
for any € X because of Condition (A.2), where C' > 0 is a constant. This indicates that
s —a'(f — Po) € [s — 2 (B — Po) — Ce,s — /(B — Bo) + Ce] for any = and s. Assume
gk (s — 2/ (B, — fo) + ¢°e) and ¢V (s — 2'(B, — fo) + ¢°¢) are the minimum and maximum
values of gF and ¢gY within the interval [s — 2/(3, — By) — Ce, s — 2'(Bs — o) + Ce|, where
v and ¢}® are two constants that only depend on g, ¢ and s with |¢*|, |c5*| < C. So we

have

gi (s — o' (B, — Bo) + &%) < gF (s —2'(B — (o))
<g(s—2'(8— o))
< g (s—2'(B—Bo) < g7 (s — 7' (B — Bo) + c5’€).

Hence we can construct a set of brackets
{Imi(2),m Ui (Z2)]:i=1,..., [(1)e)*"]ir =1,... [ea(1/2)"]}

such that for any m(0; Z) € F,, there exists a pair (i,7) such that for any sample point Z,
m(8; Z) € [mf.(Z),m{ (Z)], where

7,7

= {Ag{ (o = X' (B, — o) + i¢)
/ s <e)l(s > 1) exp{g’ (s — (B, — Bo) + cé’ss)}ds}

- l(e(],nu Z)?

88



and

mY, = {AgY (eo — X'(B, — Bo) + ¢5¢)
b
—/1@smuwmwmm¢@—ﬂ&—mwwﬁww}

— (0o Z),
It then follows that

[mi’n(2) = mi,(Z)
< lgi’(c0 = X' (8 = Bo) + ¢572) = g7 (c0 = X'(8, — o) + )|
b . .
+ / |exp{gi’ (s = /(B2 = Bo) + &°€)} — exp{gi (s = 2'(8, = fh) + €17¢) }ds

= A + A

For Ay, by subtracting and adding the terms of g(eq — X'(8, — Bo) +¢5®¢) and g(eo — X' (5, —

Bo) + ¢i¢) and applying the Taylor expansion to g at €g — X'(5, — Bo) + "¢, we have

Ay < g7 (e0 — X' (B — Bo) + c5€) — gleo — X' (Br — Bo) + ¢5¢))]
+ lgleo = X'(8, = Bo) + ¢52) = gleo — X'(B, — o) + ¢i"2)
+lg(e0 = X'(B, — Bo) +c1¢) — g (o — X'(B — Bo) + ¢/
<11g¥ = glloo + |g(e0 — X' (B, — Bo) + &) (c5 — )| + [lg — 9/ [l
< g7 = 9/ lloe + Cil(e5™ = cr)le + llgi” = g7 lloe

<2e42C1Ce Se

where the third inequality holds because ||g” — glloo, |g — 95lc0 < [|9Y — gF]|oo and ¢ is
bounded by C;. The constant C; may be proportional to ¢, that is allowed to grow with n

slowly enough, but it does not affect the later calculations on convergence rate (see Shen and
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Wong [1994] page 591 for their constant I,,), thus we drop ¢, for simplicity. For As, by using
the similar arguments as for A; and denoting s — X'(, — 5y) = s, for notational simplicity,

we have

a0 [ Qesplol (o + 50} — explytes +79))
+ lexplgls, + 72} — explals, + %))
+ lexpla(s, + ci%e)) — explgh(s, + i)} s
= [l ld 6 + )6t )+ 57
+ lexpla(s, + )M — )l
+ 1exp{gE (s, + )} g — 9)(or + ci°E) s

S g = glloo + (5" = e”)el + llg = g7l S e

The above equality is from the Taylor expansion, where gV = g+£(g¥ —g) for some 0 < £ < 1
and thus |gY (-)| < |g(-)| +¢, which is bounded in [a, b]; similarly |gF| is also bounded in [a, b].
Hence |m¥Y — m¥||. < e and the e-bracketing number associated with [|-||oo norm for the

class F,, follows
Ny(e, F, |Illoo) < (/) ea(1/2)* S (1 /)19t

]

Lemma C.4. Let hj(s,x,B) = wi(¥(s, X, B)), where hj(s,x,B) = wi(s) = —go(s)P(X; |
€ > $,7 < 8),7 = 1,...,d. Assume conditions (A.1)-(A.6) hold, then there ezists
W (s,2,8) = wi,(¥(s,z,B)) € H2 such that 175, — Pillee = O(n=%), or equivalently,

1w, — W}l = O(n™*) where w}, € G

Proof. In the proof of Theorem 2.2 we show that such defined (hf,...,h}) determines the

least favorable submodel for 5. Now, by conditions (A.4)-(A.5), the following conditional
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density of € given T" and X

Jeolr,x (8t ) = fY*\X(S+$/50|$)FC\T,X(S+$/50 | t,2)+ ferx (s+2'Bo | t7$)FY*\X(5+37/50 | )

is uniformly bounded for all t € 7 and x € X, and its derivative with respect to s

feo\T,X(S | t,x) = fY*|X(S + 'y | x)FC|T,X(S + 2By | t,x)
— fyaix(s +2'80 | @) forr,x (s +2'Bo | £, x)
+ forx(s+ 280 | t,2) Fyeix (s + 2’ | z)

— forx(s+2'Bo | t,2) fy+1x(s +2'Bo | x)

is also uniformly bounded. Hence the density of ¢

Jeo = /X/Tfeomx(s | t,x) frx(t | x)fx(x)dtde

and its derivative

feo(3> = /X/rfemT,X(S | t,x) frix(t | x)fx(x)dtde

are bounded. Thus the first and second derivatives of P(ey > ), i.e., —fo(s) and —f.,(s)
are both bounded. In addition, under Condition (A.2), the first and second derivatives of

P[X1(s < €)1(s > 79)] with respect to s

dP[X1(s Sdzo)l(s 1) _ /X /Tl‘fx(x)fﬂx(t | ) foprx (5 | t, 2)dtdz

and

d*P[X1(s < e)1(s > 7 '
[X1(s §82)1(s > )] _ _/X/Tsfx(gj)f:,,lx(t | @) fooprix (s | £, ) dtdx
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are also bounded. Therefore, P[X | €9 > 5,790 < s| = P[X1(eg > s)1(m0 < s)]/P[l(eg >
s)1(1o < s)] has a bounded second derivative with respect for s for s < b, where b is the
truncation time defined in Condition (A.3). Thus P[X | ¢ > 5,79 < s] € G% Moreover,
since gy € GF for p > 3, we have gy € GP~! with p — 1 > 2. Thus according to Corollary

6.21 of Schumaker [2007], there exists an A}, € e — 272 such that W (s,2, Bo) =

win(U(s, 2, Bo)) = wi,(s) and [[15,,(-, Bo) = 15 (-, Bo) e = llw],, —w]llee = Olg?) = O(n™).
O
Lemma C.5. For h} defined in Lemma C'.4, denote the class of functions

Fa(n) = {le(8; 2) [l — hy]: 6 € ©; hy € M, d(6,60) < m, |l — Bjlloe < n}.

Assume conditions (A.1)-(A.6) hold, then Ny(e, Fi(n), |||lso) S (n/e)“ ¢ for some constant

c> 0.

Proof. We shall use the similar argument for the bracketing number of the class F,, in Lemma

C.3. First, define the classes of functions

Hy(m) ={9 € H}. g — goll> < m},
2 2 *
Hyi(m) ={h € Hy, [|h = hjll <n},  and

B(n) ={B€BCR,|B - Bl <n},

then it follows by the calculation of Shen and Wong [1994] in page 597 that

Ny(e. Ho(), [Illse) < (n/e)™ and - Ny(e, My 500, | lle) < (n/2)

for some constants c;,c; > 0. In addition, since B C R? is compact, the covering number

for B(n) follows N (g, B(n), ||ls) < cs(n/e)?.
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Then as in the proof of Lemma C.3,let e, =Y — X'B,, g =Y — X'y, and s, = s — X'[3, for
notational simplicity. g~ and g are functions that bracket g with ||g¥ — ¢l < &; hi and
hY are functions that bracket h with ||hY — hE|| < €; and 3, satisfies s — 2/ € [s — 2/ —
Ce,s — 2B, + Ce] = [s, — Ce, 5. + Ce] for any z, s and some constant C' > 0. Moreover, let
7™ and ™ be two constants such that (b — hY)(s, + c/*°c) and (h — hE)(s, + ™)
are the minimum and maximum values of (k5 — h{/) and (h} — hy) in [s, — Ce, s, + Ce],
respectively; and let ¢5° and ¢;° be two constants such that g (s, + ¢5°¢) and g (s, + ;)
are the minimum and maximum values of g* and ¢ in [s, — Ce, s, + C¢|, respectively. Then

we can construct a set of brackets for F(n) as

{[dir(2) d5 (Z)]: L <i < [(n/e)* ;1 < b < [(n/e)2™]:1 < s < [es(n/e)']}
that for any I,(6; Z)[hs — h] € Fj(n), there exists a triplet (i, k,r) such that

ig(9§ Z) [h;k —hl e [dil:lc,r(Z>’ dﬁ{k,r(Z)]
for any sample point Z, where

ahy..(2) = Ak = W) (e + ")

f=n

1(eg > $)1(1p < s)egz‘U(ST*CZ’SE)(h; — W) (s + &™) {(h] — h)(s, + c4™%e) > 0}ds

b . . .
1(eg > 5)1(1p < 5)e% (5r+e3 D — hi) (s, + ) 1{(B; — h)(s, + ") < 0}ds

—
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and

,2) = 505 W + 447

b ) X .
- / (e > 8)1(r < )e CHE" (R — ) (s, + P ) L{(h5 — h) (s, + ¢}°¢) > 0}ds

— /bl(eo > 5)1(1p < s)e% {(orte® 5)(h h (s, + IMe JH{(R} — h) (s, + AMe) < 0Yds

Then it follows that

|4 (2) = di (D)) < |(B) = hi) (e + 5™ e) = (B = b)) (e + 4™ e))
/ |egz (sr+ci®e hL)( ',k,sg)l{(h;f . h)(sr 4 Cg,k,sg) > 0}

= et (g — ) (s, + LB — B (s + cf**2) > 0}]ds
- / et oms A — ) (s, + A — ), + ) <0}

— et (px B (s, + AR (B — h)(s, + A45%) < 0}|ds

= A + Ay + As.

For term Ay, by subtracting and adding the terms kX (e, + ¢7*%¢), h(e, + &%) and h(e +

cg’k’se), and applying the Taylor expansions for A} and h, we have

Au < |56+ ™ o) = b (e + V) + B (e + 1Y) = B (e + M)
+ b (e + PV e) = hley + MV e)| + (e, + ™ e) = her + %))

+ |he, + &Y e) — hE(e, + &MY e)|

kY i kY kY kY
Slea™ =™ e+ 10 = hilloo + 17k = Bl + 1™ =™ e + 17— B llos

S =™ e+ Ih] = hille S

Next for As, first, by subtracting and adding the term e {(srteie (h — W) (s, + %) we
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have

b . . 7,8 ]
%:/WWWQW@—%WH%MQ—#WM”W-%ﬁﬁ%“ﬂﬁ

b )
< / 9V (srci’e)
a

b ) ) '
/ {egg(sﬁcfi D) — o (b E)} (hs — b ) (s, + C{’k’sa)‘ ds

= Ay + As

(B — hi) (s, + cboe) — (W — hy]) (s, + Ci"k’sff)‘ ds

By the above result for Ay, since ||g¥ [|oo < |glloo + 197 = 9lloe < ||9ll0o + €, which is bounded,

we have
b U 7,5
mswmu/émm“%sa
a

Then for As, using the similar argument for A;, it follows that

b
A< ;= s [

eg(sr—l-cffe) . eg(sr—i-cé‘ss)

}ds
U

b
< (5 = bl 1= 10 { [ 9 (g = (s, + i)

a

egy(sr—i-cfl‘se) . eg(sr—&—cfl’se) +

69(57"""0955) egz (srtcy’e

+

fe9(srtee) }(cfl’s —c5°) e + it (sr+257%) (9 —g) (50 + c5’e) ” ds}
S+ {llg) — glloe +1¢5° = &°le + 1lg — 9l }

S(n+ekeSe,

where g7 = g+ &(gY — g) and gF = g + & (g — g) for some constants &;,& € (0,1), and
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et By — B (s, 4+ &) — e O (7 — b)) (s, + )

&=cy" +&(° — &) for some €]in(0,1). Thus A < e. Therefore,
1 {(h*. — B)(s, + *e) > 0 ds

b
AQS/
a
j
b ,
+ [ et
a

. ‘1 {(h; — R)(sy + 4Fe) > o} 1 {(h; — h)(s, + ) > 0}’ ds
0

b
5%+/

<e+ ’ (C’;ks — c{ks> 5’ <e,

(k5 = b)) (s + )

! {<h’f — h) (s, + 5"%e) >

J

where the second inequality holds since ||gX || < [|9]loo + 195 — glloo < [|gllo + € and thus is

bounded, then

et G5 (hx — B (s, + €)oo < [l

o185 = hlloe + 17 = kil lleo) S (0 + ),

which is bounded. Finally, by using the same argument as for Ay, we can also show that
As S e. Hence ||d, (Z) —d}y . (Z)]lo S €. Therefore, the e-bracketing number for the class

FJ(n) is bounded by (n/g)19"(n/e)2% c3(n/e)?, that is,

N[](&FZ(??), [llo) S (77/5)(01+02)Qn+d.

Lemma C.6. For j =1,...,d, define the following two classes of functions:

’F”?JO]) = {iﬁj (8;2) - zgj(eg; Z): 0 S @57(1(9790) S 7, ||g<¢(76)> - gO(w(7ﬁ0>>H2 S 77}
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and
Foi(m) = {1c(0; 2) [R5, B)] — e (B0 2) [R5 (-, Bo)] = 0 € OF,d(6,6,) < n}

where Zﬁj(ﬁ; 7) is the jth element of [3(0;Z), g(-) denotes the derivative of g(-) and h% s
defined in Lemma C.5. Assume conditions (A.1)-(A.6) hold, then Nﬂ(a,.ﬁén(n), Ile) S

~Y

(n/e)ran T and N (5,}";:”(77), I-lse) S (n/e)2*4 for some constants c1,cy > 0.
Proof. First, for the following classes of functions

H () ={g€H, llg— gl <n},
H () = {g e HE g —doll- <n}  and

B(n) ={8e€BCR,|B—-B| <n},

by the same argument in the proof of Lemma C.5, we have

Ny(e. Hy () [l llse) < (n/e) ™, Ny(e, Hn ™ (), -lloe) < (n/2)™,

and Nj(g, B(n), ||, [|) < c3(n/e)® for some constants ¢y, ¢z, c3 > 0.

Then using a similar argument as in the proof of Lemma C.5, let g and gV be functions that
bracket g with [|g¥ — gF|le < &; g& and ¢¥ be functions that bracket ¢ with ||gY — g e < €;
and let 3, satisfy s — 2/ € [s — 2/, — Ce,x — 2’5, + Ce] = [s, — Ce, s, + Ce] for any z, s and
some constant C' > 0. Moreover, let ¢©** and ¢5* be two constants such that gF(s, + ¢}"%¢)
and g (s, + ¢5*¢) are the minimum and maximum values of gF and ¢V in [s, — Ce, s, + Ce],
respectively; let ¢5* and ¢;® be two constants such that gF(s, + ;%) and gV (s, + c¢;°c) are
the minimum and maximum values of g~ and ¢V in [s, — Ce, s, + Cgl, respectively; and let
cl* and ¢® be two constants such that i (s, + cl®e) and (s, + che) are the minimum

and maximum values of A} in [s, — Ce¢,s, + C¢]. Then we can similarly construct a set of
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brackets for .7-"57].(77) as

{[ufe (D) ui (2)] 1 <i < [(n/e)™[;1 < k < [(n/e)?™];1 <7 < [es(n/e))}

that for any element in F, ;(n), there exists a triplet (i, k,r) such that

l5,(0: Z) — U, (003 Z) € [uins(Z), iy (Z)]

for any sample point Z (without loss of generality, assume X; is nonnegative; for negative

X, just switch the lower and upper brackets), where

ube (2) = =X { Adf (e + o)
b

L(eo > 8)1(mo < 8)e rte’ gl 4 oe)1{g(s, + *2) > 0}ds

b ) . .
— / 1o > 8)1(0 < 8)e% (rei’@)glis 1 Fo0)1{(s, + %) < ()}ds} — 15, (B, g0; Z)
and

W (2) = =X {Agk(er + )
e 2 5)1(m < 8)er! OG0 (s, 4 )13 (s, + ch°2) = 0}ds

1(eg > 8)1(10 < s)egiL(S“Lcé’SE)gg(sT + cg’ss)l{(sr + cg’ss) < O}ds} — iﬁj (Bo, 90; Z)

with €, and s, being defined as in the proof of Lemma C.4. Also we can construct a bracket

for ;7 ;(n) as

{[vi(2).07(2)] s 1 < i < [(n/e) i1 < v < [es(n/e)T}
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that for any element in F, ;(1), there exists a pair (7,7) such that
ly(6: Z)[1)5"] — Uy (60; Z)[h5) € [vF,(Z),0],(2)]

for any sample point Z, where

oh = AR (e + )
b
- / Leo = 8)1(r0 < )¢ e Dhe (s, 1+ %) (R (s, + cie) > 0}ds

b . . . .
— / L(eo > 5)1(mo < s)ed CrHE ORY (s, + ) H{hi(s, + c§°e) < 0}ds — Iy(00; Z) (1]
and

vl = ARi(e + bV e)
b . . .
- / (e > $)1(7p < s)e% ortey a)h;f(sr + c§%e)1{h}(s, + c§°c) > 0}ds
b
—/ 1(eg > )1(19 < 5)e% (srteye h*(sr +c e)I{Rh; (s, + c5%e) < 0}ds — 1,(00; Z)[h]].
By using a similar argument for the proof of Lemma C.5, we can show that
[uiks(Z) = i (Z)]lo S and  [J07(Z) = vi(2)]| S e

~Y ,T ~Y

Therefore,

Ny, L), -llse) S (/e (n/e)2™ (n/e)* = (n/e)lcrtex)antd

and

N[](gvfg,j(n)a ||HOO) rg (77/€)Clq”(n/g)d = (n/g)clqn+d_
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C.3 Proof of Theorem 2.1

Theorem C.1. Let K, = O(n”) where v satisfies the restriction ﬁ <v< % with

p being the smoothness parameter defined in condition (A.6). Suppose conditions (A.1) -
(A.7) hold, and the failure time Y follows the typical AFT model subject to left-truncation

and right-censoring. Then
d(énu 00) _ Op {n* min(pl/,(lfu)/Z)} :
T
where d(-,-) is defined in (C.2) and 0 = </@T ryT) .

Proof. We shall apply Theorem 1 of Shen and Wong [1994] to derive the convergence rate.
First, we verify their Condition C1. Since PI(8,g;Z) is maximized at (fy,go), its first
derivative at (5o, go) is equal to 0. By Lemma C.1 that all the second derivatives of (3, g; Z)

are continuous and bounded, the Taylor expansion yields

PU(B, g: Z)—PIl(Bo, 90: Z)
= %P {(6 — Bo)135(Bo, 903 Z) (B — Bo) + 2(8 — Bo)'l34(Bo-90; Z)[g — go]
Hgg (B0, 90: Z)[g — 90,9 — go]} +o(d*(0,6))

= A+o(d*0,6)),

(C.3)

where # = (8,9) € ©F. By the model assumption we have E{l (o, go; Z)[h]|X} = 0 for
all h € {h = %iﬂn:o, g, € HP}. The result holds in conditional expectation because the

log-likelihood (5, g; Z) is from the conditional density of (Y, A, X, T) with conditioning on
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X. Taking h to be gy and ¢ — go respectively, we have

£ { e - [ 1 2 9100 < ) exp{anolshas | X =0

and

B {A(g — 90)(€0) = / 1(eo = 5)1(70 < ) exp{go(s)}(9 — go)(s)ds | X} = 0.

Then it follows

1

b
A=P {5/ 1(eo > 5)1(70 < s) exp{go(s)} {—[do(s) (B — Bo)' X

+ 20(5)(5 — X (g~ 90)5) — 9~ 90)(s) s

1

b
S— {§/a 1(eo > 8)1(0 < ) exp{go(s)} [90(s)(B — Bo)' X — (g — g0)(s)]” ds}

1

— 5 | explan) P {1e0 = 9107 < 5) io(5)(5 = Go) X — (9~ g0)(5)"} s

(C.4)

The integrand is from a to b because of Condition (A.3) and (A.6). Denote ag(s) =
—do(s), a1(s; €0, 70, X) = 1(eg > 5)1(10 < $)(B— Po)' X, and as(s; €9, 70) = 1(€0 > 5)1(10 < ),

then

P {1(eo > 5)1(10 < 5)[90(5)(8 — o)’ X — (9 — g0)(s)]*}
= P {[ao(s)a1(s; €0, 70, X) + (9 — 90)(s)az(s; €0, 70)]* }

> ag(s)P(ai) + (9 — 90)*(s)P(a3) — 2|ao(s)(g — go)(s) P(ara2)] (C.5)

Using the same argument in Wellner and Zhang [2007], page 2126, under Condition (A.7),
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we have [P(aja2)]* < (1 —n)P(a?)P(a3) for some n € (0,1). It follows that

a2(s)P(a?) + (g — 90)*(s)P(a2) — 2|ao(s)(g — g0)(5) P(a1as)|
> ag(5)P(52) + (g — 90)*(5) P(a2)
— (L —n)2 - 2]ag(s){P(a)}2] - |(g — g0)(s){ P(a2)}?]|

> {1 (1—n)2Had(s)P(a?) + (g — 90)*(s)P(ad)}

Hence, we have

A== [ esplan}P {160 5117 < ) ()5 = o) X = (g = ) ()]} s
s {6 - | [ et P e = 91 < XX a5 (3 0

n / exp{g0()}(g — 90)2()P [1(e0 > $)1(m < 5)] ds}

= —(A; + Ay)
For A, Condition (A.3) implies that

Pllleg > s)l(ro < )XX'| = PIXX'E(eo > t, 7 < t|X)]
> P[XX'E(ey > b, 1o < b|X)]

> §(1—6)P(XX').

Then Condition (A.2) yields that P(X X) is positive definite and thus its smallest eigenvalue

A1 > 0. In addition, fab exp{go(s)}ga(s)ds is bounded away from zero since exp{go(s)}, ga(s) >
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0 but not = 0 for s € [a, b]. Hence it follows that

Ay 2 (B = Bo) P(XX')(B = Bo) = MlIB = Bol” Z 16 = Bol?

For A,, Condition (A.3) with the fact that exp{go(s)} = dA(s) yields
b

Aa > Pleo 2 P <) [ (9= 0 (s)dh(s) 2 llg = ol
Therefore

A< ~(18 = Bol* + g — goll2) = —d*(9, 6o)
and thus

PU(B,g; Z) — Pl(Bo, 903 Z) S —d*(0,60) + o(d*(6,00)) < —d*(6. 60),
i.e., P(1(6p; Z) — 1(0; Z)) 2 d*(0,0,) for any 6 € ©F  which implies that

inf P(l(60,Z) = 1(0;Z)) = &°

{d(8,00)>¢,0c0h}

Hence Condition C1 of Shen and Wong [1994] on page 583 holds with the constant o = 1 in

their notation.

Next we verify the Condition C2 of Shen and Wong [1994]. Denote ¢ = Y — X', 75 =
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T — X'p and sg = s — X'(8 — Bo) for notational simplicity (as done before). It follows that

[L(Q; Z) - l(90§Z)]2

2

2

b b
{Ag(eg) - / 1(eo > 5)1(7p < 5)e9)ds — Ago(eo) —i—/ L(eg > s)1(m0 < s)egO(S)ds}
A

N

o) — o+ { [ 10e0 > 91000 < 1)~ 0
< Alg(es) — goleo)]* + /ab[eg(sﬁ) — "2 ds

< Alg(es) — gleo)l* + Algleo) — goleo))?

. / b[gg<s3> _ 9025 + /a b[eg<s) _ eme)]2gs

=h+L+13+1

where the second inequality holds because of the Cauchy-Schwarz inequality

2

{/ab 1(eo > s)1(mp < 5)[e908) — 690(5)]ds}

<L [tz o < s b { [igren —emopas)

b
(b—a)/ [99( —690(5)]2d3

IN

w0

sy
e

and the third inequality holds by subtracting and adding the terms g(ey) and e9). For I,

since g € HP~! is bounded, applying the Taylor expansion of g at €y we get

Pl = P{Ag(eo = X'(8 = Bo)) — g(e0)]}
< Plg(eo — X'(5 = o)) X'(8 = Bo))”
S PIX'(B = o) = (B — o) P(XX')(8 — fo)
< \alB = Bol* S 18 = Bol?

where A4 is the largest eigenvalue of P(X X’). For I, since the density function for (Y, A =
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1,X,7T) is

Fraxr(,1,2,t) = Ay (y — 2" Bo)e 2o P) For s (y | £, 2) frix (| @) fx () [P(Y > T)] "

it follows that

PI, = P[A(g — g0)*(eo)]

- /X {/ab(g(s) — g0(5))* Ay (5)e™ M0 (®)

Forx(s+2'6o | t,x) frix(s | z)[P(Y > T)]lds} fx(z)dx

5L{Lb<g<s>—go<s>>2 o(5)ds (oo

- /X lg — goll3- Fx(@)dz = g — goll

Where the < holds by conditions (A.3) and (A.5). Then for I3, since g € H? is bounded, it

follows that

b

- p eg(s "(B=B0)) _ £9(s) st
/b
p/ 2g(s—X'(6~po)) [ (6 50)] ds
b
S [ PG5 G

S (B = Bo)PIXX')(B = Bo) S 1B — Bol®
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Finally for I, by the Taylor expansion for e?(*) at gy, we have

b

Pr = [ [ — 9] s

[
< / 76 (g(s) — (gols))ds
= [ mOg(s) — gu(s)Pd ()
< / (9(5) — 90(8))%dAes (5) = g — ol

where §(s) = go(s) +&(g — go)(s) for some 0 < £ < 1 and hence is bounded. Therefore we

have

P(I(8; Z) = 1(00: 2))* S 1B = Bol” + llg — goll3 = d*(0, 60)

for any 6 € ©F which implies that

sup  Var(l(6p; Z) = 1(6;2)) < sup  P(l(60; Z) — 1(6;2))* S €.
{d(0,00)<e,0cOh} {d(0,00)<e,0€08}

So Condition C2 of Shen and Wong [1994] on page 583 holds with the constant § = 1 in

their notation.

Finally, we verify the Condition C3 in Shen and Wong [1994]. By Lemma C.3, for F,, =
{1(0: Z) — U(6o,n; Z): 0 € O}, we have Ny(g, Fo, |||loo) S (1/€)°F. Then by the fact that

the covering number is bounded by the bracketing number, it follows that

H(e, Fu [[-loc) = log Ny(&, Fu, [|-llo) S (can + d) log(1/e) S n"log(1/e).

So Condition C3 of Shen and Wong [1994] on page 583 holds with the constants 2ry = v and

r = 0" in their notation.
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Therefore, the constant 7 in Theorem 1 of Shen and Wong [1994], page 584, is I_T” — lgﬁlog”.
ogn

loglogn

Since 3 iog 2

— 0 as n — oo, we can pick a v slightly greater than v such that I’T” <

1-—v _ loglogn

5 ooy, for large n. We still denote the v as v and then 7 = 1_7” Then by definition
gn

~

0, maximizes the empirical log-likelihood P,[(0; Z) over the sieve space ©F, so 6, satisfies

nl

the inequality (1.1) in Shen and Wong [1994] with 7, = 0. By Lemma C.2, there exists
an go, € HP such that |[gon — gollec = O(n7?”). Moreover, by the Taylor expansion for
Pli(Bo, 90; Z) — I(B,9; Z)] in C.3 and plugging in 6 = 6y, = (5o, gon), the Kullback-Leilber

pseudodistance of 6y, = (B0, go.n) and 8y = (5o, go) follows

K(eovn, 90) = P[l(eo, Z) — l(907n, Z)]
= _P{Zgg(ﬁo, 90)[90.n — 905 Go.n — 90|} + o(|lgo.n — goH%)

—p {/a 1(eo > 8)1(70 < 8) exp{go(s)} (gon(s) — go(s))2d8} + 0(/lgom — g012)
< P{ [ (00a(s) = ()20} + o0 — ol

= |90, = 90ll3 + 0([lgo.n — goll2) = O(n™2")

where the last equality holds because ||gon — goll2 < [|gon — Gollec = O(n?). Therefore
KY2(09.,,,600) = O(n™). Thus by Theorem 1 of Shen and Wong [1994], we obtain the

convergence rate for 6, as
d(ém 00) = Op {max (n_(l—l/)/Q’ nP, n—pu)} _ Op {n— min(pu,(l—u)/2)} ‘

This completes the proof. O
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C.4 Proof of Theorem 2.2

Theorem C.2. Suppose that the conditions in Theorem 1 hold, and let 1(By) be the infor-

mation matriz evaluated at the true parameters. Then,

n'?(B, — Bo) = N(0,17(By))

Proof. To prove this theorem, we use Theorem 2.1 of Ding and Nan [2011a]. Thus, we must
check their conditions (A1) - (A6) in the aforementioned work. Note that in our case the
criterion function of a single observation is the log-likelihood function (5, ((-, 5); Z). So
instead of m, we will use [ to denote the criterion function. We repeat the assumptions we

need to check here for ease of reading:

(A1) (Rate of convergence) For an estimator 6, = (3,, (u(-, Bn)) € ©,, and the true parameter
0o = (Bo, Co(+, Bo)) € ©, d(Bn,00) = Op(n~¢) for some & > 0.

(A2) Ss(Bo. Col- Bo)) = 0 and Se(Bo, Go(+, Bo))[h] = 0 for all h € H

(A3) (Positive Information) There exists an h* = (h7, ..., hj)’, where b} € Hforj =1,...,d,

such that

Sac(Bos o5 Bo)) [h] = Sec(Bo, Gol-, Bo)) ™, h] = 0

for all h € H. Furthermore, the matrix

A = —S35(Bo, Go(+» Bo)) + Sca(Bos Go(-, Bo)) "]
= —P{mﬁﬁ(ﬁo,@("ﬁo); Z) - m(ﬁ(ﬁo, Co(',ﬂo); Z)[h*]}

is nonsingular.
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(A4) The estimator (3,, (-, Bn)) satisfies

S@”(Bna 671(7 Bn)) - Op(n_l/Q) and Sc7n(5na én(v Bn»[h*] = OP(n_l/Q).

(A5) (Stochastic equicontinuity) For some C' > 0,

sup | V1(Ssn — S5)(B,C(, B)) — V1l Ssm — S5)(Bo, C(-, o)) |= 0p(1)

d(0,00)<Cn—¢,0€0,

and

sup |\/E(SC7H_SC)(6aC(75))[h*(a6)]

d(0,00)<Cn—¢,0€0,,

— V(Sen = S¢) (Bo, Go(-, o)) 0" (-, Bo)] = 0,(1).

(A6) (Smoothness of the model) For some o > 1 satisfying o > 1/2, and for 6 in a
neighborhood of y: {0: d(6,6,) < Cn=%,0 € ©,},

| S5(8,¢(, B)) — S5(Bo, o+ Bo)) — Sas(Bos G-+ 5o)) (B — Bo)

— Spc(Bos Go-, Bo))C(, B) = Go- Bo)] |
= 0(d*(0,6y))

and

| Se(B,¢( BN, B)] = Se(Bos Col-, Bo)) " (-, B)] — Sca(Bos Col-» Bo)) ™ (-, Bo)] (B — Bo)
— See(Bo, Gol-, Bo)) 0" (-, Bo). € (-, B) — Col+, Bo)] |
= 0(d“(0,6,))
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By Theorem 1, we know that assumption (A1) holds with £ = min(pv, (1 — v)/2) and the

norm defined in (C.2). Assumption (A2) automatically holds for scores.

For assumption (A3) consider that

Spc(Bo:Go(, Bo))[h] — See(Bos Col-, Bo))[h*, B
= P{lpc(Bo, Co(+ Bo); Z)[h] — lee(Bo. Col- Bo); Z) 0™, h]}

for all h € H with h(t,z,8) = w(t — 2'(8 — fp)). Note that

P{isc(Bo, Gol+ Bo); Z)[h] — lec(Bo, ol Bo); Z) (0", h}

- p{-x [aita) - “Leo = )10 < 9 explan(s) (5

a

b
+ [ 1600 91 < 9 explanlo) ol X+ w (s |

Since P{i¢(Bo, (-, Bo); Z)[h)| X} = 0 for all h € H, replacing h(-, 3y) by w we have

P{-x |site) - [ Lo = 1m0 < ) explan(s)is)is| |

_p {—X P {Aw(eo) _ /ab Leo > $)1(r0 < 5) explgo(s)}i(s)ds

)

=P{-X-0}=0.
It follows that we only need to find a w* such that

P { [ 16602 91070 < 5) explos)wls) Xan(s) + w*(s)]ds} 0.
In other words,

go(s)P[1(eg > s)1(10 < 8)X] + W*(s)P[1(eg > s)1(m0 < 5)] = 0.
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The obvious choice is

h*(s, t,, fo) = W*(s) = —4(s) =X 4P 62 5.7 < 9). (CO

Then it follows that

15(Bo:Go(:+ Bo): Z) = Ic(Bo Go(-+ o): Z) 7]
= A{=doleo) HX — P(X | @0 > Y = X'fo, 70 < T — X'60)}
= [ 1= Um0 < (X = POX |02 570 < S H-dn()} explns) s
= [ = P(XJeo 2 5.m < 9 H=dn()}aM ()

=15 (Y, A, X, T)

which is the efficient score functions for 5y as mentioned in Section 3 of Lai and Ying [1992a],

where
M(s) =Al(1g < ¢ < s) — /_S 1(eo > u)1(10 < u) exp{go(u)}du

as in Equation 2.38 of Lai and Ying [1991b].

By the fact of zero-mean for a score function, it is straightforward to verify the following

equalities:

Plac(B,C (-, B); Z)[h]) = =P{ig(B, < (-, 8); 2)ic(B, (-, B); Z)[h]}
Ples(8,¢(-, 8); Z)[h] = =Pic(8, ¢ (-, B); Z)[Mis(8,¢(- B); 2)}
Plas(8,(-, 8): Z) = =P{is(B, (- B); 2)I5(8, ¢ (-, B); 2)}
Plec(B,¢(-, B); Z)[hn, ha] = =P{ic(8,<(, B); Z)[iL(B, (-, B); Z)[hal}
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Then together with the fact that

P{lsc(Bos Gl Bo); Z)[0*] — lee(Bo, ol Bo); Z)[h*, h*]} = 0

the matrix A in assumption (A3) of Theorem 2.1 is given by

A = P{=l35(B0, ol Bo): Z) + lca(Bo, ol Bo); Z)[b*, 1]
+1ac(Bos Gol-+ Bo); Z) 0] = lec(Bos Gol-+ Bo): Z) [0, b*]}
= P{ls(8,C( B); 2)i5(8,C(, B);: Z) = Uc(B,<C(, B): Z) 058, (-, B); Z)
—15(B,¢ (. B); 2)IL(B.C( B): )] + (B, (-, B): Z) W1 (B, ¢ (-, B): Z) 7]
= P{i5(B0, Go(-+ B0); Z) = Ic(Bos Go(- Bo); Z) ]}
= Pl};O(Y, A X, T)®2

which is the information matrix for S,.

To verify (A4) we note that the first part automatically holds since Bn satisfies the score

equation Sﬁ,n(ﬁnp G-, Bn)) = Pnig(ﬁn, (o, Bn): Z) = 0. Next we shall show that

=P {Aw;(y — X'B,) — / LY > s)U(T < s) exp{Gu(s, X, B) Jw)(s — X’Bn)ds}

= 0p (n_l/Q)

where w(s) = —go(s)P(Xjleo > 5,70 < 5), j = 1,...,d is the jth component of w*(s) given
in C.6. According to Lemma C.4, there exists h}, € Hp such that ||k} — R}, [l = O(n™>").
Then by the score equation for ~: S’%n(ﬁn, An) = ]Pnl'y(ﬁn, An; Z) = 0 and the fact that w},, (s)

can be written as wj, (s) = Y " 7; ;B (s) for some coefficients {~;,,...,7;, } and the basis
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functions Bg(s) of the spline space, it follows that
P, {Aw;n(Y - X'B,) — / LY > $)I(T < s) exp{Ca(s, X, Bn)}w;‘m(s - x'ﬁn)ds} =0
So it suffices to show that for each 1 < 5 < d,
Iy = Pulc(Bu, Gl Bu); 2)[h5 = 5] = 0p(n™"7%).
Since P{fc(ﬁo, Co(+5 Bo); Z)[h; — k3,13 = 0, we decompose I,, into I, = I, + I,, where
Ly = (Po = P)ic(Ba, Cul-, Bn); Z) [ — b,
and
Do = P{Uc(Bu, Gal-, Bu); Z)IRS = B3] = Le(Bo, Colt o)s Z) 5 = b, 1}

We will show that I;,, and Iy, are both o,(n=%/2).

First, consider I;,,. According to Lemma C.5, the e-bracketing number associated with |||«

norm for the class F7(n) defined in Lemma C.5 is bounded by (n/e)°"*?. This implies that

log Ny(e, Fi(n), La(P)) <log Ny(e, Fi(n), |llsc) < anlog(n/e),

which leads to the bracketing integral

I Fin) LaP) = [ /1410 Ny, Fn). La(P)ie

< ¢/
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Now we pick 7 to be 1, = O{n=™n»(1=)/2)1 "then
105 = B lloe = O(n™ < O(n=mmCEHU=D) — gy,
and since p > 3,
d(6,,00) = 0, {n~mnEr(1-1/D} < O L= min@1-)/2)} —

Therefore, I¢(Bp, Ca(, Bn); z)[hs = h%,] € F)(n,). Denote sg = s — X'(8 — ) for notational

simplicity, for any Ic(6; Z )W — h] € F}(ny), it follows that

P{ic(0; Z)[1; — h]}?

b

=P {A(w; —w)(ep) +/ L(eo > s)1(10 < s) exp{g(sp) Hwj — w)(s@ds}

b
S s = i+ P{ [ espt2asn) ;- )i |
b

S N = wle + s — wli [ Plexp{2g(s))ds,
where the first inequality holds because of the Cauchy-Schwarz inequality. Since ||w] —w][oo <
M, by the same argument as Shen and Wong [1994] (page 591), for slowly growing ¢, (their
l,), for example, ¢, = o(log(n; 1)), we know that ||ic(6; Z) [h5 — hl||l« is bounded by some

constant 0 < M < oo and P{i.(6; Z)[hs — h]}? < my for a slightly enlarged 7, obtained by

a fine adjustment of v. Then by the maximal inequality in Lemma 3.4.2 of van der Vaart
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[2023], it follows that

EelGalyy S o i), L) (14

< ¢ %0, + gun V2

-0 {ny/2—min(2u,(1—y)/2)} + O(nu—1/2>

=0 {n—min(3y/2,1/2—y)} + O(nu—1/2> _ 0(1)7

where the last equality holds because 0 < v < 1/2. Thus by Markov’s inequality, I, =
nV2Gle(00; Z) [R5 — 15,] = 0,(n7V2).

Next, for Iy, the Taylor expansion for i¢(6,; Z) [h5 — h3,] at Oy yields

iC(Bn:én('v Bn): Z) [h; - h;,n] - l.C(B[b CO('a 60); Z)[h; - h;,n]
= (B - BU)IZ5C(/§7’L’ 571(7 Bn)a Z)[h; - h;n]

+ ZCC(Bm gn('vgn% Z)[h; - h;na én - Co],
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where (Bn, En(, Bn)) is between (B, (o(+, So)) and (Bn, én(, Bn)) Then it follows that
|l3C(Bm §n<7 Bn)a Z)[h; - h;,nH
= ‘X {A(w;‘ — u');n)(egn)
b
- / L(eo > s)1(10 < s) exp{gn(sp, ) H(wj — ], )(s5,)

+a@mm@—w;x%mw}

b
sww—wau+ww—w%m{/ewwa%ww}

b
s =l { [ expn(os, i)
S 05 = 5 e+ I = 5,

=0(n™)+0n*)=0((n")

where the second inequality holds because §, and its first derivative g, are bounded (or
growing with n slowly enough so it can be effectively treated as bounded based on the same
argument of Shen and Wong [1994] on page 591), and the last equality holds due to the
Corollary 6.21 of Schumaker [2007] that [[w} — @}, |l = O(n=?=Y) = O(n™"). Thus,

P|(Bn - /BO)/Z/%‘(B’H’ é:n(a Bn); Z)[h;k — h;k,n”
=B, — Bol - O(n™")
— p{n— min(pl/,(l—l/)/Z)} . O(?’L_V)

= Op{n~ min((pl)v,(1+3V)/2)}.
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Also,

|[CC(Bm En(v 571)7 Z)[h; - h;‘,m én - COH

b
/ (o > 8)1(r0 < 8) explan(ss,) ! — wl)(55.)(Gn — go) (53, )ds

< o~ il { [ 0300 — 005,05

J

= ”w; - w;k,nHOO : [3n-

By the Cauchy-Schwarz inequality and the boundedness of g,, we have

2

b
P{L,)? = P { [ explantos Ha - go)(sgn)ds}
< /X / (0 — 90)2(55. ) dA (8)AFx (2)
= H&n(’én) - CO(:Bn)H%
S ’Bn - BHP + Hén(’ Bn) - CO('vﬁO)Hg + |ﬁ0 - Bn’2
< 1B — Bol? + 1ea Bu) — Gl Bo) 2

— d(én, 00)2.
Hence P|Is,| < d(6,,60,) and

Plicc(Bus Gu; Z)[B; = s o = Gl
S llw) = wllse - d(6n, 60)
— O(n—Qv) . Op{n_ min(pu,(l—y)/Q)}

— O, {n~mn(r2m1530)/2)),

Since (2(1+p)~! < v < (1+2p)7!, it follows that I, = O{n~ mn(E+2n(1+31)/2)} — 5(n=1/2),

Thus I,, = Iy, + I, = 0,(n"*/?), and condition (A4) holds.
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Now we verify assumption (A5). First by Lemma C.6, the e-bracketing numbers for the
classes of functions ffd (n) and frf’j(n) are both bounded by (n/g)% %4 which implies that

the corresponding e-bracketing integrals are both bounded by qi/ 277, that is,

Jy(n, Fi o), Lo(P)) S ¢b/*n and  Jy(n, Fs;(n), L2(P)) < ¢5/*n.

Then for l@(@;z) — igj(éo;z), by applying the Cauchy-Schwarz inequality, together with

subtracting and adding the terms g(€g), %) g(s5), €% g(s5) and %) gy(s5) we have

{i5,(0; Z) — I3, (60; 2)}?
— {-axle) - dn(ea] + X; | Lo > 5)1(m < )5 (s5) — eg0<s>go<s>1ds}2
S (8lj(es) - e+ { | e9g(s55) - o) |
< {Al(es) — e} + {Al3(eo) — doleo))
+ /ab { [e9039) — g90(56)]* 1 [e90(58) — ego(5>]2} P (sp)ds
[0 1g(05) — (s 7+ i) () ds

:Bl+BQ+Bg+B4.

For By, since § is bounded and the largest eigenvalue of P(X X') satisfies 0 < Ay < oo by

condition (A.2), it follows that

PBy < P[(Y = X'B)X'(8 = o)) S P[X'(8 — 5o))?

< MlB = Bol> S 1B = Bol*> < ma.
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For B,, we have

b
o< [ { [ ) - go<s>>2dAeo<s>} 0Fx (1)
= ||Q(¢('750)) - Qo(d’('ﬁo))“%
<18 = Bol? + g (-, B)) — g0 (-, B I3 S 0

For Bj, by using the mean value theorem, it follows that

PB; =P {/ab { [e969) (g — go)(85)}2 + [egO(SB)X’(ﬁ - /30)]2} 92(56)d5}
< [ [ 6= sl eninae)im ) + PG - )P
SICC,B) = ol Bo)ll3 + 18 = Bol? < 07,

where § = go + £(g — go) for some 0 < £ < 1 and thus is bounded. Finally, for By, by the

mean value theorem, it follows that

PBy=P {/ ) {[g(s5) — go(s5)]” + € Dgo(s5) — ()]} ds}
b b
5 /X/a (g - gO)Q(SB)dAgo(S)de(l‘) + P/a [gO(SB)X’(ﬁ _ 60)}2d8

S N9, B)) = go((-, B))II2 + PIX'(B — Bo)]?
S N9, B)) = do((-, Bo)llz + 18 = Bol* <

Therefore we have P{l@(@; Z) — igj(GO;Z)}Q < n% Using the similar argument, we can
show that P{ic(0; Z)[h}] — lc(0o; Z)[R:]}* < n?. By Lemma C.1, we also have ||is,(6; Z) —
iﬁj(eo; Z)|loe and ||ic(6; Z)h5] — I (6o; Z)[I]]loe are both bounded. Now we pick 1 as 7, =

O{n~min(p=1r,(1=1)/2)1 " then by the maximal inequality in Lemma 3.4.2 of van der Vaart
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[2023], it follows that

1/2

~1/2
Ep”Gn”]:f,j(nn) 5 Qy "M+ qun ]

= O{pmex((/2=Pvr=1/2DY L O(p¥=1/2) = (1),

where the last equality holds since p > 3 and v < 3. Similarly, we have Ep||Gy]| () =
n,j\mn

o(1). Thus for £ = min(pv, (1 — v)/2) and
C«nff _ O{n* min(pl/,(lfu)/Q)}
by Markov’s inequality,

sup  Gu{is, (8.C( 8): Z) — I, (Bo, o, Bo); Z)} = 0,(1),

d(9,00) SCﬂig

sup  Go{ic(B.C( B): Z2)[h3] — Ic(Bo, o, Bo); Z) 5]} = o0,(1).

d(0,00)<Cn—¢

This completes the verification of assumption (A5).

Finally, assumption (A6) can be verified by using the Taylor expansion. Since the proofs
for the two equations in (A6) are essentially identical, we just prove the first equation. In a
neighborhood of 6y: {0: d(6,0,) < Cn=%,0 € ©F} with £ = min(pv, (1 — v)/2), the Taylor

expansion for [g(6, Z) yields

15(0; Z) = U5(00; Z) + 130 Z)(B — Bo) + Ly (0; Z)[C (-, B) = Gol-» o))
= 15003 Z) + lgs(00; Z)(B = Bo) + Lsc (003 2)[C(- B) = Gol- Bo)]
+ {50 2)(8 — Bo) — Lss(80; Z)(8 — o)}
+{lsc(0: 2)[C(, B) = Gol+ Bo)] — Lsc(Bo: Z)[C (-, B) = Gol+ Bo)l}
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where 6 = (3,C(-, 5)) is a midpoint between 6, and 6. So

P{ig(0; Z) — I5(00; Z) — U3p(80; Z)(8 — Bo) — (005 Z)[C (-, B) = Col-, Bo)]}
= P{lps(0; Z) — lgs(60; Z)}(B — Bo)

+ P{isc(0; 2)[C (-, B) — Col-, Bo)] — Lac(B0; Z)[C (-, B) — Co(-, Bo)]}

Then by direct calculation we have

Pllgs(0; Z) — U35(00; Z))|
< PIXX'A{g(e5) — Go(eo)}

# {7 [ 1660 2 010 < s)expla(s5))i5) ~ xplante) o) s

b
+/ L(eo = 5)1(mo < 5) {exp{g(55)}9° (s5) — exp{go(s)}45(s) } ds

|

< PIAL(es) — dofeo)}
b
#P{ [ expatosVits;) — explan(e)in(s)lds |
w2 { [ lexpa(s:02(0) - explan}o)1ds

:Cl+02+03.

By applying a similar argument that we used before for verifying (A5) and condition (A.6),

we can show

Cr S 18 = Bol + 13 8)) = Go(wb(-, Bo)) 2

=O0(n™%) + O {n-min(e=20=/2) 1
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Similarly, we can show

Co S 16 = Bol + 13 8)) — Go(ib(; Bo)) 2

= O(n™%) + O {n~minle=2n=/2)}
and

Cs S 16 = Bol + 19 (-, 8)) = Go(eb(-, Bo)) 2

= O(n%) + O {n~mn-2p1-01/2))
where & = min(pv, (1 — v)/2). Therefore,

Pliss(0: 2) — ns(60; 2)| = O {n~minw-20-0121)
and thus

Pligs(0; Z) — 135003 2)|(8 — o)
-0 {n* min((p—z)u,(ku)/m} ) {n* min(pv,(lfv)/2)}

=0 {n* min(2(pf1)1/,1/2+(p75/2)1/,171/)}

= ofn12),

where the last equality holds since p > 3 so 2(p — 1)v > 21 >

1 —v > 4. Similarly, we can show

Plisc(0; Z)[C(+ B) = Go(- Bo)] = Lsc (003 2)[C(-, B) = Gl Bo)|
-0 {Tli min(2(p71)1/,1/2+(p75/2)1/,171/)}

= 0(n’1/2).

122



Therefore, we have

[P{i5(6; 2) — U5(80; Z) — U35(60; Z) (8 — o) — Usc (85 Z)[C (-, B) — Gl Bo)]}
-0 {n— min(Z(p—1)V71/2+(p—5/2)y,1—y)}

= O<n_a§)v

where @ = min(2(p — 1)v, 4 + (p — 2)v, 1 — v)/min(pr, :5%) > 1 and af > 1.

Therefore, we have verified all six assumptions, and thus we have
\/E(Bn - 60) - A_l\/ﬁIPnlEO (ﬁ()? CO('J 60)7 Z) + O;D(l) — N(07 A_lB(A_l)/)a

where [} (00; Z) = I5(00; Z) — I¢(6o; Z)[*] is the efficient score function for Gy and A =
P{l; (Y, A X, T)}®% = I(By), which is shown when verifying (A3). Hence, A = B and
AT'B(A™YY = At =T71(5), and

VP (00: Z) =072 I (Vi AL X, T,

=1

Thus we complete the proof of Theorem 2.2. O

C.5 Proof of Theorem 2.3
Define w* (s) = —gn(s)X (s;8,). Then we have

I (Y, A, X, T) = l(6n; Z) — Ic(0n; Z) 1)
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Define

1%(80) = P |{15,(00: 2) = Ic(60: 2) 15 |
x {ls.(00:2) = Ic(00: 2)[13] }| = PA™(00: 2),

I?f(ﬁﬂ) [{lﬁj( ) - lC em Z h* }

b
x L 0n: 2) = Uc(0u 2) 3] }] = Pudd (00 2),

where 17 is defined in Lemma C.4. We will prove P, A% (0,,; Z) — PA™*(0,; Z) in probability
forall j,k=1,...,d. Let

P, AYf (b Z) — PA™M(00; Z) = (P — PYAL (6,; 2)
4P {Ai;'“(én; Z) — A" (0o Z)}

= Iln + I2n

For I, we first define the class of functions

fff(n) = {fﬁj (0;2) — ic(ﬁ;z)[hj]: 0 €O, d,b) <nh;c H.,

900, B)) = g0, Bo)ll2 < m llhs = Billoe < -

Then by Lemmas C.5 and C.6 we have
Ny(e, Fog o 1 lloo) S (1/)0m 4

n,j’

for some constant ¢ > 0. This is because for any function l@(@; 2) —1c(0; 2)[hy] € .7:;?”];(77), it
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can be written as

g, (0; 2) — 1c(0; 2)[hy]
= i, (0:2) s, (00: 2) } = {ic(0: 23] — (60 2) 1)}
+ {lel0:2) 5] = 1e(0; 20T + {1 (00 2) el )15

= A+ Ay + Az + Ay,

where A; € ]-"fij (n) and Ay € f,f’j(n) defined in Lemma C.6, A3 € Fi(n) defined in Lemma

C.5, and Ay is a fixed function (the efficient score function).

Assume AL < A, < AU with ||AY — AL || o< e,m =1,2,3. Then AZ + AL, < A, + A, <
AV + AY, with ||(AY + AV )) — (AL AL || < [|AY — AL || + |AY, — AL || oo < e. Therefore

the e-bracketing number associated with ||-||« for J’-"ﬁ’jc(n) is also bounded by (n/e)*.
We next define the class of functions
Fun) = { (s, (0:2) = (0 2)[0)) (U (0 2) 1)) 0 € ©F,

hj’ hk € Hg_lvd(eaeﬂ) < n, ||9(¢(w3)) - 90<¢(a60))||2 < 7,

I = B5loo < .l = hillc < m}

Then if B < ig,(6;2) — ic(6;2)[h;] < BY and BE < g, (0;2) — lc(0;2)[h] < BY with
IBY = BF[loo < € and || BY — Bf||o < ¢, we have By By < (Ig,(6; 2) — lc(0; 2)[h;]) (U5, (05 2) —

I:(0; 2)[hy]) < B*By*, where B, B take values of either Bl or BY, and the same for
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B}, B;*. Thus

1By By" = BiBilleo = [I(Bj™ = B}) Bi™ + (B — By) Bjll
= 1B} = Bjlloo | Bi™ loo 11 B" — Billoo 1 B5 [l
SIB} = Bfllse + 1By — Byl

Se,
which yields

Ny(e, Frgio Flloc) S (1/) 0

for some constant ¢ > 0.

Finally, similar to the verification of Assumption (A4) in the proof of Theorem 2.2 and

together with the following fact:

175 (-,B0) = 150, Bn) e
= [lgo() E[X | 70 < t < eo] = gn(55,; Bn) oo
< lgo()EIX | 70 < s < €] = Gn(5) X (53 Bn)l|oc (C.7)
19 (s5,)X (5,5 6n) = Gn55,)X (53 Bl

119 (35,)X (53 80) = 9(5) X (53 B) s
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where the first term on the right-hand side of inequality (C.7) is

190 () E[X | 70 < 5 < €] = g ()X (55 )|
< [190(s) = gn()ll o BIX | 70 < 5 < 0]l
HIELX |70 < 5 < co] = X (55 5u) oo/l 3(3) ]l

= Oy (n ™) + O (n712) = Oy(n2™)

by Lemma C.4 and Corollary 6.21 in Schumaker [2007] for the first term and straightforward
argument using empirical process theory for Donsker classes for the second term, together
with the boundedness of ||[E[X | 70 < s < €o]|lse and [[Gn(s)]|so, and it is straightforward
to see that the remaining two terms on the right-hand side of inequality (C.7) is O,(n~%/2).
Thus, we have Iy, = 0,(1).

That Iy, = 0,(1) can be argued directly by the dominated convergence theorem. We now

have proved the theorem.
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Appendix D

Proof of Theorem 3.1

D.1 Regularity Conditions

Let Y* =1log(Y/(1—Y)) and L* =log (£ /(1 — £)). Note that € = Y* — X®Pwy and define
7 =L*— X@w,. Let X\ be the hazard function of € and A be the corresponding cumulative
hazard function. Following Lai and Ying [1991b] we assume € is independent of (L, Z), which
implies that Y is independent of L given Z, an assumption we need for obtaining the joint
density function of (Y, Z, L) given Y > L/T. To obtain desirable asymptotic properties of
the proposed estimator, we introduce the same regularity conditions in Ding and Nan [2011a]
with a few additional assumptions for the left-truncation as described in Matthews and Nan

[2026], with the conditions for censoring removed.

(C1) (a) The true parameter 3y belongs to the interior of a compact set B C R%; (b) the

true parameter wy belongs to the interior of a compact set W C R,

(C2) (a) The covariate Z takes values in a bounded subset Z C R% (b) E(ZZT) is non-

singular.
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(C3)

(C4)

(C5)

(C6)

(C7)

(a) There is a constant b < oo such that, for some constant 0, pr(e >b| Z) > > 0
almost surely with respect to the probability measure of Z. This implies that A(b) <
—logd < oo; (b) We also assume pr(7 < b | Z) > 1 — §; for some constant §; € (0,1)

almost surely, and pr(7 > € | Z) < d, for some constant dy € [0,1) almost surely.

The error €'s density f and its derivative f are bounded and
: 2
[{#6119} fo)ds <.

(a) The conditional density of L* given Z and its derivative are uniformly bounded for

all possible values of Z € Z, that is,

sup fropp(l]2) S K, osup|fueial] )] < K
z2€EZ z2€Z

for all [ € £ with some constants K1, Ky > 0; (¢) fr« zy=>r+ is free of parameters w

and .

Let G? denote the collection of bounded functions g on [a, b] with bounded derivatives
g¥), 5 =1,... k. The kth derivative ¢g\¥) satisfies the following Lipschitz continuity

condition:
‘g(k)(s)—g(k)(t)‘ < Ks|s —t|™ for s,t € [a, b],

where k is a positive integer and m € (0, 1] such that p = k+m > 3, K3 < oo is an
unknown constant, a = inf,« . (y* — 27 5y) Vinfp . (I* — 27 fy) > —oo and b is defined in
condition (A.3). The true log hazard function of the error €, go(-) = log A(+), belongs

to GP.

For some n € (0,1), u'Var(Z | €)u > nu? E(ZZT | €)u almost surely for all u € R4

129



D.2 Preliminary Lemma and Proof

Lemma D.1. Let

d
exp{rzw +Y — Xw} eXP{Y+Zj:1<xj_Xj>Wj}

flw; X, Y, x) = B
1+ exp{zw+Y — Xw} 1+ exp {Y + ijl(flfj - Xj)wj}

and define F = {f(w; X,Y,2): w e W; X,z € X;Y € Y}. Under conditions (C1)-(C2), F

1s a Donsker class.

Proof. Consider first just the numerator:
d d
fi(w; X, Y, ) = exp {Y + ) (- Xj)%} = exp{Y} [ [ exp{(z; — X;)w;}
j=1 j=1

We will start by showing that f; is Donsker. By Condition (A1) and (A2) we have that
|z; — X;| < Ky and |wj| < Ky for all j =1,...,d and some K;, Ky < oo. Thus it follows
that ¢;(w;; X, ;) = exp{(z; — X;)w;} is uniformly bounded. Note that ¢;(w;; X;, z;) is
also monotone in w, ; and so by Theorem 2.7.9 in van der Vaart [2023] we have that ¢; is
Donsker for all j =1,...,d. Then by Theorem 2.10.8 and example 2.10.10 in van der Vaart
[2023] we have that ((w; X, z) = H?:1 oj(w;; X, x5) = szl exp{(z; — X;)w;} is Donsker.
By the same theorems we have that fi(w; X, Y, z) is Donsker since exp{Y'} is bounded. Thus

the numerator is Donsker.

The denominator is simply one plus the numerator, which also forms a Donsker class. Note
that the denominator is bounded away from 0. Thus again by Theorem 2.10.8 of van der

Vaart [2023] we have that F is Donsker. O
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D.3 Sketch Proof of Theorem 3.1

Through maximum likelihood theory and the continuous mapping theorem, we have

cxp{ATa)  explafa)
1+exp{fTzM} 1+ exp{ffaz®

flp) = y T e

in probability. Using the asymptotic properties of @&, as derived in Matthews and Nan [2026]

and applying a similar technique as in Section 3 of Lai and Ying [1991a], we have

0= /ab 1 ixif;{%;)g i}u} dFp,(w) > E[Y | X =2@ Ag=1,a" <Y <] =0
in probability. The two main differences between our work and that of Lai and Ying [1991a]
is the “trimmed” nature of the mean estimation and the additional left-truncation indicator
function. The former simplifies the proof by helping control the tail probabilities, and the
latter does not bring much complication due to its nice Donsker properties (see Lemma D.1).

Consistency of R* follows through the application of Slutsky’s theorem.

Standard maximum likelihood theory also gives the asymptotic linearity that leads to the
asymptotic normality of Bn, which further leads to the asymptotic linearity and the asymp-

totic normality given below:

) exp{ATz1} exp{f7 =V} N 2
o ey N(0
V(i — o) = Vn <1 +exp{fTa®M} 1+ exp{fzM} (-0

in distribution with 02 = (0 (1 — p,m))? (x(l))T I71(By)zM, where I(fy) is the information

matrix.
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For the estimator of the conditional expectation portion, we can write

b ~T ..(2) R b T,.(2)
\/ﬁ</ exp{w,,z* +u} dFm@m(u)—/ exp{wy 2 + u} dF(u))

1+ exp{@lz(? + u} 1+ exp{wlz®@ +u}

b AT, (2) . b T (2) .
SN ( / G ) SR / xplur 4 u) dFm,wwL(u))

1+ exp{@Tz? + u} 1 + exp{wlz®@ + u}

b T..(2) . b T..(2)
i / exp{wy ¥ + u} dFp o (1) _/ exp{wy ¥ + u} dem(u)>

1+ exp{wi z® + u} 1+ exp{wlz® + u}

b T..(2) b T..(2)
i / exp{wy ¥ + u} A, (1) _/ exp{wy ¥ + u} deo(“))

1+ exp{wf z® + u} 1+ exp{wlz® + u}

b T,.(2) b T .(2)
i / exp{wy ¥ + u} iF (u)—/ exp{wy ¥ + u} IF (u))

1 +exp{wlz® +u} —° 1+ exp{wlz® +u}

:]1+]2+[3+I4, (Dl)

where F,, is the distribution function of Y* —w” X so F, = F. The asymptotic linearity of
I; can be shown by applying Theorem 2 of Matthews and Nan [2026] and the delta method.
The asymptotic linearity of I, and I3 can be argued in the same way as in the proof of
Theorem 2.2.3 of Ding [2010], and the asymptotic linearity of I, comes directly from that
of @,,. Some modifications to the technical details are made to accomodate left-truncation,
but again without much added technical difficulty. We then obtain the influence function for
(D.1) that yields the asymptotic normality of our estimator 6 of the conditional expectation

0=E[Y|X®?=2® Ag=1a" <Y <b], ie, V/n(d—0) — N(0,03) in distribution.

Since we have obtained asymptotic linearity for both /n(fi,a) — ) and /n(0 — 6), we
know that they have an asymptotic joint bivariate normal distribution with a covariance o1».
We can then apply the bivariate delta method to obtain the asymptotic normality result in
Theorem 3.1.
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D.4 Detailed Derivation of the Form of the Asymptotic

Variance

We work here in the absence of censoring and truncation, and thus recommend fitting the
part 1 model through the standard Newton-Raphson algorithm and fitting the part two
model via least squares. This will give estimates for § and w, which we will refer to as 3,
and w,, respectively. For simplicity and without a loss of generality, assume X1 = X®

and that there is only one covariate.

Now, consider some fixed covariate value x, at which we want to evaluate the quantity R

(feasible since we assume no left truncation). Define

. exp{zfa}
gn(ﬁnax) - 1 +exp{:1:6n}’
Fo(om:z) = E exp{zw, + €}

N1+ exp{aw, +€}]’

where m = >"" | Ag;.

Step one is to show that

B B0 vn0,9) + 0,0
i=1 \ B(Ag;, Vs, Xis2,w0)
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First we derive A. Via a first-order Taylor expansion we obtain

9(Bn; x)—g(B; ) = %@@

=2g(B;2)[1 — g(B; )| I (BYU(B) + 0, (n7/?) + O, (™)

—ag(Bi)lt - oG5l 0) 30K (Bai - 2T o, (1)

(ﬂn - 5) + OP (n_l)

_l nm )] — )L A o exp{Xi5} o (n-1/2
= 5 2wt = O (B TR ) o ()

=P,A(Ags, Xisz,8) + 0p (”_1/2)
where the equality on the second line holds via the Newton-Raphson algorithm and

A(As, Xi, B) = 2g(B;)[1 — g(B; )] 171 (8) X, <Asl_ M) |

et exp{ X}

For B we again use a first-order Taylor expansion to get

_ Of(w; )

Juln; @) = f(wiz) = =2

(wn —w) + Op([lwn — wl|*)

Under standard regularity conditions we have that

Of(wiz) _ 0 . [ explawte) ]: E{a exp{zw + €}

dw  Ow |1+ exp{zw + €} 0w 1+ exp{aw + €}

and

Wp —w =TI W)U(w) + o,(n?)

1 — Y;
= I Y w)— E X1 i xT -1/2
(w)mj:1 ](Ogl—Y; ]W)+Op(n )

1<~ n Y;
S VR no. 5w i T ~1/2
I (w)n Z mAS,lxl (log 1—Y, X W> + op(n ),

=1
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giving us

exp{aw + €} ) (1_ exp{zw + €} )} 2T (w)

1 + exp{zw + €} 1 + exp{zw + €}

1 ¢ _ Y; _
X ﬁ ;E[AS] 1AS,iXZ' (lOg — XzTCL)) -+ Op(n 1/2)

Fulwns ) — flwsz) = E. [(

1-Y,

== IEI)nB(AS,ia }/:L'? Xw iIZ’,CL))

where

1 + exp{zw + €} 1+ exp{aw + €}

B(ASJ,YQ,XZ-;a:,w):EE[( explaw + ¢} )(1 explaw + e} )]fol(w)

Y;
-1 B i yT
X E[As] ASﬂXz <10g 1 }/Z Xz w) .

Thus, we have that

Nl R YA RS)

fm_f

where ¥ is a 2 X 2 matrix, with o1 = P(A — PA)? = PA? 099 = P(B — PB)? = PB? and
012 = 091 = P(A— PA)(B — PB) = PAB. These equalities hold since PA = PB = 0.

Without loss of generality, assume that both models contain an intercept term. We compute
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the elements of the variance matrix as follows. First, for o;; we have

011 = E |:A<A87i7Xi;x7ﬁ)2j|

—F :(J;g(ﬁ;l‘)[l —g(B; )] I H(B)X; (Asi B %))1

1+ exp{X;3}

= B |(g(B:2)1 — g8 2))* T (B)X, (A - M) Xfl‘l(ﬁ)w]

= (9(B;2)[1 — g(B:2)))* 2" T7(B)

exp{Xlﬂ} ? T -1
X (AS,- - m) X | Xi] } I~ (B)x

1= g(8;2)))* 2" I (B)E [9(8; Xi)[1 — 9(8; X)X X[ T (B)x
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Then for 99 we can compute

09 = E[B(Agy, Vi, X5 7, 0)°]
-#|(n](Fieta) (i) e

Y, 2
x E[As] ' Agi X; (log - _’Y - Xfw>)

= E [D(z,w,)’z" T (w)E[As] *Ag;i Xl X[ TN (w)z]

= P(Ag=0)-0

+ P(Ag =1)E [D(z,w)’z" I (w)E[As] 2 X6, X T (w)z | Ag = 1]
1

= gt [Pl @) XX T w)r | As = 1]

_ E[ZS]E [D(x,wPa" TN w)XBle} | XX T W)z | As = 1]
e Dl T [XXT | g = 1] el

- E[ZS]D(Q:,M)%Tfl(w)x,

where

D) = £, | (22D (1 (2P D ) and o2 v

1 + exp{zw + €} 1+ exp{aw + €}
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For the cross-terms, we get

012 = 091 = E[A(AS,MXzaxvﬂ)B(AS,m}/;)wa)w)]

exp{ X[}
1+ exp{X;3}

- X! w) Ve I—l(w)x}

B [ngw; D)L — g(8; )1 (B) X (A -

Y;
1-Y;

> D(x,w)

X E[As]_lA&i <10g

= D(w,w)g(x; B)[1 — g(; B)]a"17(8)

x B [Xi (AS,Z- _ M) (log 1 e

— X)X | Ag=1|T7"
1+ exp{X,8} Y, ”") o1 8s } )z

Now, we can use the bivariate Delta method to obtain the asymptotic distribution of R.
We just derived the asymptotic distribution of (g,, f,). Now we define a transformation

¢ = gn + (1 — gn)fn. We have

O¢ 1—f
Vo = ‘29" -

¢

A 1= gn

and so by the multivariate delta method we have

Vo, — @) = vVn(gn + (1= ga)fu — g+ (1 —g)f) = N(0,Ve'EV¢)

in distribution, where

VeTsV = (1 _f 1—gn) 7o) (1T
021 022 1—gn
1—fn
- ((1_fn)‘711+(1—9n)021 (1—fn)012+(1—9n)022) )
— gn

= (1 - fn>2011 + 2<1 - fn)(l - gn>021 + (1 - gn>2022~
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Appendix E

Simulation Study for Modeling the
Golden Health Index

E.1 Simulation Setup

In order to assess the validity of the proposed methodology and demonstrate its asymptotic
properties, we perform a simulation study with the following setup. We first generate left
truncation time L from a Uniform(0, 5) distribution and two covariates: X; from a Uniform(-
3, 3) distribution, and X, from a Bernoulli(0.4) distribution. Death time is simulated from

the model
log(T) = 1.7+ 0.05X, +0.05Xy + ¢, ¢~ N(0,0.3%),

with coefficients chosen to ensure the simulated data approximates the observed death time

distribution in the NACC UDS. The healthspan proportion Y conditional on getting the
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disease before death, i.e., Ag = 1, is simulated from the model

Y
log (W) =017+ X, — Xo+¢, e~ N(0,1). (E.1)

The small coefficient of T" yields a signal strength that is comparable to those of X; and Xs.
The underlying disease onset time is then computed as S =T x Y. Left truncation affects
the simulated data by only keeping observations where S > L and T" > L. The setup we
have described here causes about 60% of observations to be truncated. Finally, we generate

Ag from a Bernoulli(p) distribution with
log (%) = —0.17 — 0.5X, + 2X, + 0.2L,
— p

and set Y =11if Ag = 0.

Simulations are carried out with sample sizes of 400, 800, and 1600. Since left-truncation
removes data, we keep simulating independent data until accumulated non-truncated data
reach the desired sample size, then treat the sample size as a known quantity. For each
sample size, we perform 250 replications and use 300 bootstrap samples in each replication

to estimate the variance of the predicted GHI, as suggested in Section 4 of the main text.

As noted in Section 4 of the main text, we need to estimate the trimmed mean due to left-
truncation. In the simulation, we choose a* by adding 1 to Ay, which leads to the lower

bound

R 1T . . .
a = lOg (JW) — (JJlT — (,UQXl — (.U3X2.

In real life, this can be interpreted as the predicted GHI given that a patient is still alive
and disease-free in one year after the baseline age Ay. The upper bound b is set to be the

largest observed residual for practical convenience.
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E.2 Simulation Results

We present a summary of simulation results in Table E.1, where covariate values are chosen
to yield GHI values that span a large portion of the interval (0, 1). Biases are negligibly small
in most cases, and the variances are approximately inversely proportional to the sample size.
The bootstrap variance estimator matches the corresponding empirical variance, and the
coverage is close to the nominal value of 95%, especially as the sample size increases.

Table E.1: Results from numerical simulations, sorted by ascending GHI value. Var! is the
variance estimated from 300 bootstrap replications, and Var? is the empirical variance.

T X; Xy True GHI n Bias x10%? Var! x 10> Var? x 10> 95% Cov.

10 -15 1 0.263 400 17.7 8.6 7.0 92.2
800 -2.2 3.4 3.1 93.2
1600 2.8 1.6 1.5 94.0
7 -15 1 0.290 400 11.3 6.4 5.6 94.7
800 -4.8 2.6 2.6 91.6
1600 4.6 1.2 1.2 94.0
10 0.0 1 0.406 400 9.8 7.0 5.9 94.3
800 -2.3 2.6 2.6 94.4
1600 3.5 1.2 1.2 93.6
7 00 1 0.420 400 6.4 3.9 3.6 93.1
800 -6.4 1.4 1.5 91.2
1600 2.9 0.6 0.7 92.8
7 -15 0 0.582 400 2.3 4.5 3.6 95.2
800 -3.3 2.0 1.8 94.8
1600 1.1 0.9 1.0 94.0
10 -1.5 O 0.608 400 7.6 7.7 6.8 94.0
800 -3.1 3.6 3.2 95.2
1600 -0.1 1.7 1.8 96.4
10 15 1 0.642 400 2.9 3.3 3.3 94.7
800 -4.7 1.5 1.4 94.0
1600 1.2 0.7 0.7 95.2
7 15 1 0.647 400 3.9 1.3 1.4 92.7
800 -3.3 0.5 0.6 94.4
1600 1.2 0.3 0.3 92.8
7 00 O 0.774 400 2.6 1.0 0.8 98.4
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Table E.1: Results from numerical simulations, sorted by ascending GHI value. Var! is the
variance estimated from 300 bootstrap replications, and Var? is the empirical variance.

T X; Xy True GHI n Bias x10%? Var! x 10> Var? x 10> 95% Cov.

800 -0.6 0.5 0.4 96.0
1600 -0.2 0.2 0.3 90.8
10 0.0 O 0.794 400 1.1 2.5 2.4 93.2
800 -1.9 1.2 1.1 95.2
1600 -1.2 0.6 0.6 94.8
7 15 0 0.925 400 -0.1 0.2 0.2 924
800 0.8 0.1 0.1 91.6
1600 -0.4 0.1 0.1 94.8
10 15 0 0.931 400 -1.5 0.4 0.4 91.6
800 -0.5 0.2 0.2 95.2
1600 -0.9 0.1 0.1 95.2
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Appendix F

Model Diagnostics and Sensitivity
Analyses for Models 3.7 and 3.8

Supporting figures and tables for the information in Section 2.5. For notational ease, we
denote the two parts of our modeling strategy by Model (1) for the logistic regression portion

and Model (2) for the semiparametric conditional portion.
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F.1 Model Diagnostics
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(a) Surrogate Residual Q-Q Plot (b) Observed vs. Predicted Probability

Figure F.1: (a) shows a Q-Q plot based on surrogate residuals for Model (1), with the blue
band representing the envelope of possible values after 100 simulated sets, the black points
representing a single example set of surrogate residuals, and the red dashed line showing
the theoretical trend [Liu and Zhang, 2018]. (b) shows the observed event rate against
the average predicted probability from Model (1), where the data are split into deciles as
in the Hosmer-Lemeshow test; error bars indicate binomial confidence bands [Hosmer and
Lemesbow, 1980].
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Figure F.2: Surrogate residual plots for numerical predictors in Model (1), assessing the
linear form assumed in the model [Liu and Zhang, 2018]. The red dashed line shows 0, and
the blue solid line indicates a smoother fit of the observed points. In all cases, the overall
trend is consistent with a linear functional form; for Years of Education, the slight upward
trend at high values reflects sparse data in that range.
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Figure F.3: Martingale residual vs. the numerical predictors in Model (2) [Therneau et al.,

1990).

The dashed red line indicates zero, and the blue solid line is the smoothed fit.

Variations in the tails of covariate values (where there is sparse data) are expected. These
plots exhibit the characteristics we expect for a linear functional form.
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Figure F.4: Cumulative martingale residual plots for the numerical predictors in Model (2)
[Lin et al., 1993] show 95% simulation-based confidence envelopes (1,000 null simulations
assuming a zero-mean process or linear functional form). Age at Death exhibits slight de-
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parture from the null, but alternative functional forms did not improve model fit.
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Figure F.5: A Q-Q plot of the observed residuals in Model (2), as compared to a truncated
normal assumption. The plot shows significant deviation from the theoretical quantiles and
gives evidence for the semiparametric model choice.
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F.2 Sensitivity Analyses

Table F.1: Comparison of select demographic variables by ADRC for patients who are
included in our analytical sample (N = 5,036).

Entry Got Is Is Is APOE &4
ADRC N Age Dementia Female Married Black 0 1 2
186 2 751 50.0% 0.0% 100.0% 0.0% 100.0% 0.0% 0.0%

289 144 74.6 35.4%  42.4% 65.3% 0.0% 62.5% 30.6% 6.9%
354 105 78.2 39.0%  45.7% 63.8% 14.3% 65.7% 27.6% 6.7%
490 141 75.4 44.0%  39.7% 71.6% 15.6%  56.0% 37.6%  6.4%

911 15 76.7 13.3%  66.7% 40.0%  0.0% 73.3% 26.7%  0.0%
943 17 81.8 29.4%  58.8% 58.8% 23.5%  52.9% 471%  0.0%
1018 6 76.4 16.7%  50.0% 66.7% 0.0% 66.7% 33.3%  0.0%

1354 177 81.2 43.5%  48.6% 49.2%  3.4% 68.9% 282% 2.8%
1416 16 77.2 12.5%  37.5% 87.5% 62% 62.5% 37.5%  0.0%
2096 377 773 40.8%  46.9% 68.2% 29.2%  52.0% 39.3% 8.8%
2125 28 79.3 32.1%  21.4% 71.4% 10.7%  42.9% 46.4% 10.7%
2289 100 78.7 28.0%  52.0% 48.0% 6.0% 70.0% 25.0% 5.0%
2578 217 80.6 41.5%  47.9% 62.2%  0.0% 64.1% 29.0% 6.9%
2793 8 76.8 50.0%  37.5% 87.5% 0.0% 87.5% 125%  0.0%
2958 95  80.8 41.1%  46.3% 56.8%  1.1%  68.4% 274% 4.2%
3630 81 78.2 39.5%  42.0% 64.2% 4.9% 66.7% 30.9% 2.5%
3697 20 788 25.0%  40.0% 65.0% 5.0% 65.0% 35.0% 0.0%
4032 21 77.6 33.3%  19.0% 66.7%  0.0% 71.4% 28.6% 0.0%
4347 160  80.3 31.2%  66.9% 43.8% 10.0%  74.4% 25.0%  0.6%
4935 89  80.6 43.8%  46.1% 39.3% 14.6% 67.4% 29.2%  3.4%
4967 220 77.0 53.2%  43.6% 69.1% 8.6% 57.3% 34.1% 8.6%
5310 115 80.3 19.1%  55.7% 522%  3.5%  15.7% 21.7%  2.6%
5452 202 76.9 43.6%  51.5% 69.8% 4.5% 69.8% 27.7% 2.5%
D783 531  86.6 29.6%  63.7% 38.6% 6.6% T7.0% 21.7% 1.3%
o897 12 744 25.0%  33.3% 83.3% 83% 66.7% 83% 25.0%
6061 98  80.5 34.7%  55.1% 40.8% 1.0% 74.5% 224% 3.1%
6499 66  75.7 59.1%  37.9% 69.7% 7.6% 53.0% 40.9% 6.1%
6518 291 8.7 46.4%  51.2% 581% 20.3%  62.9% 34.4% 2.7%
6713 66  75.4 24.2%  69.7% 36.4% 84.8% 56.1% 37.9% 6.1%
8354 97  76.1 45.4%  42.3% 68.0% 10.3% 61.9% 29.9% 8.2%
8361 167 81.2 44.3%  55.7% 52.7%  0.6% 64.7% 28.7%  6.6%
8646 379 781 49.6%  50.7% 59.4% 12.9% 66.2% 31.1%  2.6%
8658 451 8.7 36.4%  56.8% 60.5% 6.4% 652% 31.5% 3.3%
8660 6 775 50.0%  66.7% 83.3% 0.0% 16.7% 83.3%  0.0%
8683 200 80.6 44.0%  49.5% 57.0% 14.0% 67.0% 29.5%  3.5%
8974 162 78.0 53.7%  48.8% 64.8% 1.2% 58.6% 33.3%  8.0%
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9637 3r 1773 35.1%  32.4% 75.7%  54%  67.6% 29.7% 2.7%
9661 117 785 35.0%  57.3% 47.0% 16.2%  66.7% 31.6% 1.7%
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Table F.2: Comparison of select demographic variables by ADRC for patients who are in
our target population in the NACC UDS (N = 30,122). Note that APOE percentages may
not add up to 100% due to missing values.

Entry Got Is Is Is APOE &4
ADRC N Age Dementia Female Married Black 0 1 2
186 390  75.0 3.6% 63.6% 64.9% 1.3% 438% 11.3% 1.8%
238 58 74.8 12.1%  67.2% 60.3% 1.7% 44.8% 19.0% 6.9%
289 1173 724 12.6%  52.9% 65.9%  2.5% 587% 244% 4.0%
354 977 73.6 14.5%  62.8% 58.0% 29.1% 56.2% 28.5%  5.1%
490 741 73.7 14.4%  56.5% 63.2% 33.6% 55.7% 27.8% 5.3%
740 54 T72.2 0.0% 59.3% 68.5% 74% T4.1% 204% 0.0%
911 529 729 8.3%  57.3% 54.1% 21.6% 55.6% 22.1% 2.8%
943 795 729 54%  66.4% 59.0% 39.0% 55.2% 28.6%  3.5%
1018 610 728 5.9%  66.9% 62.5% 21.5% 45.4% 159% 1.8%
1354 1079 757 15.3%  59.5% 57.4%  44% 44.9% 21.6%  3.0%
1416 756 744 8.2%  58T% 64.6% 9.8% 475% 19.0% 1.6%
1553 112 73.2 54%  53.6% 72.3% 28.6% 49.1% 31.2%  4.5%

2096 1155  74.6 22.9% 51.7% 671% 34.3% 41.3% 28.4%  4.8%
2125 280  73.7 182%  56.1% 63.2% 16.8% 37.5% 39.6% 12.5%
2289 1001 74.3 13.9%  60.4% 454% 14.8% 47.1% 16.9% 2.3%
2578 983  75.6 13.8%  62.9% 64.6%  0.9% 53.6% 228% 5.1%

2793 135 728 8.1%  49.6% 68.1% 13.3% 49.6% 35.6% 2.2%
2933 o1 772 2.0% 51.0% 60.8% 13.7% 0.0% 0.0% 0.0%
2958 644  74.7 16.3%  52.3% 62.6%  5.6% 49.2% 252% 3. 7%
3630 905 729 8.8%  62.4% 671% 8.0% 39.0% 19.6% 2.4%
3697 366  73.9 14.5%  53.3% 60.4% 12.3% 481% 254% 5.7%
3964 13 75.7 7.7%  53.8% 76.9% 7.7% 0.0% 0.0% 0.0%
3966 211 754 3.8%  70.6% 61.1% 25.1% 0.0% 0.0% 0.0%
4032 434 739 6.2%  49.5% 721% 1.6% 66.6% 24.9% 5.1%

4347 602  76.7 16.3%  67.9% 47.0% 18.3% 65.6% 23.3% 1.7"%
4935 1156 76.5 14.7%  49.5% 44.2% 18.6% 39.7% 17.7% 2.2%
4967 1099  73.3 20.8%  57.5% 68.5% 14.8% 56.7% 28.4%  5.6%
5310 412 75.0 16.5%  59.2% 62.9% 16.7% 62.9% 31.3% 5.8%
5452 1045 741 21.7%  61.0% 64.8% 10.8% 51.7% 19.2% 1.6%
o783 1120 82.1 20.9%  65.4% 40.4% 13.7% 61.0% 18.3% 1.4%
2897 383 728 14.1%  54.6% 66.8% 17.0% 50.1% 26.9% 5.7%
6061 1297 73.7 9.6%  67.9% 414% 142% 571% 22.7%  2.1%
6499 616 704 14.4%  59.4% 68.5% 17.5% 56.3% 32.1%  6.0%
6518 1224 75.5 19.7%  62.2% 52.0% 23.6% 50.7% 26.9% 2.2%
6713 344 73.3 10.2%  82.3% 33.1% 93.0% 44.5% 24.4%  2.0%
8073 97 725 21%  63.9% 588% 57.7% 51.5% 24.7%  4.1%
8354 657 725 17.2%  59.7% 65.8% 24.5% 49.2% 30.7% 4.9%
8361 675 754 19.4%  57.3% 62.5% 0.9% 64.0% 29.9% 3.7%
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8646
8658
8660
8683
8734
8974
9637
9661

1440
1516
135
839
87
665
016
745

73.6
74.8
75.3
75.4
71.0
74.6
72.0
73.5

26.7%
16.8%
23.7%
21.6%

6.9%
22.6%
11.0%
14.6%

56.6%
61.7%
54.1%
61.1%
59.8%
56.2%
52.7%
60.1%

62.2%
64.7%
72.6%
58.6%
70.1%
68.6%
73.6%
58.9%

17.8%
15.7%
11.9%
23.7%
20.7%

1.2%
13.8%
18.8%

55.1%
56.2%

7.4%
37.2%
13.8%
60.2%
59.9%
54.2%

28.7%
24.9%

4.4%
18.2%
16.1%
28.0%
30.8%
23.2%

3.1%
2.9%
0.0%
2.3%
9.2%
4.1%
3.9%
2.6%
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Table F.3: Comparison of Model (1) with two mixed effects models. Mixed effects model A
includes only a random intercept, while mixed effects model B includes a random intercept
and random effects for sex, marital status, comorbidity status, race, and 4 alleles.

Standard GLM

Mixed Effects Model A

Mixed Effects Model B

Variable
Estimate 95% CI Estimate 95% CI Estimate 95% CI

Death Age 0.083 (0.069, 0.098) 0.082 (0.067, 0.097) 0.084 (0.068, 0.010)
Yrs of School ~ -0.013 (-0.033, 0.006) -0.012 (-0.032, 0.008) -0.013 (-0.033, 0.007)
Sex

Male Referent - Referent — Referent -

Female -0.155 (-0.288, -0.022) -0.129 (-0.262, 0.004) -0.139 (-0.288, -0.010)
Is Married

No Referent — Referent — Referent —

Yes 0443  (0.305,0.581)  0.434  (0.294,0.573)  0.421  (0.241, 0.601)
Comorbidity

No Referent — Referent — Referent -

Yes -0.135 (-0.273, 0.002) -0.159 (-0.298, -0.020) -0.158 (-0.305, -0.011)
Race

White Referent - Referent — Referent -

Black -0.588 (-0.803, -0.374) -0.611 (-0.834, -0.388) -0.522 (-0.794, -0.250)

Other 0.234 (-0.170, 0.638) 0.211 (-0.199, 0.621) 0.213 (-0.210, 0.636)
€4 Alleles

Zero Referent — Referent — Referent —

One 0.696 (0.567, 0.825) 0.690 (0.559, 0.821) 0.681 (0.540, 0.822)

Two 1.389 (1.087, 1.691) 1.389 (1.083, 1.695) 1.390 (1.064, 1.715)
Study Entry -0.077 (-0.093, -0.062) -0.072 (-0.088, -0.056) -0.074 (-0.090, -0.058)
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Table F.4: Comparison of Model (2) with two mixed effects models, which are fitted under
a truncated normal error assumption due to a lack of available methods for fitting random
effects in the considered semiparametric model. Since the normal error assumption is in-
correct (see Figure S.5), the results are just for showing robustness against center effects
and should not be interpreted. Mixed effects model A includes only a random intercept,
while mixed effects model B includes a random intercept and random effects for sex, marital
status, comorbidity status, race, and 4 alleles.

Standard Trunc. Reg.

Mixed Effects Model A

Mixed Effects Model B

Variable
Estimate 95% CI Estimate 95% CI Estimate 95% CI

Death Age 0.070 (0.051, 0.089) 0.053 (0.033, 0.073) 0.055 (0.035, 0.075)
Yrs of School  -0.039 (-0.083, 0.004) -0.043 (-0.086, -0.001) -0.042 (-0.084, 0.001)
Sex

Male Referent — Referent - Referent -

Female -0.030 (-0.331, 0.270) -0.061 (-0.352, 0.229) -0.066 (-0.358, 0.226)
Is Married

No Referent — Referent — Referent —

Yes -0.315 (-0.635, 0.004) -0.244 (-0.554, 0.066) -0.340 (-0.707, 0.027)
Comorbidity

No Referent — Referent — Referent —

Yes 0.172 (-0.147, 0.491) 0.172 (—0.137, 0.480) 0.162 (—0.146, 0.470)
Race

White Referent - Referent - Referent -

Black -0.267 (-0.784, 0.250) -0.141 (-0.649, 0.366) -0.148 (-0.652, 0.356)

Other -0.794 (-1.767, 0.180) -0.675 (-1.616, 0.265) -0.664 (-1.597, 0.269)
€4 Alleles

Zero Referent — Referent - Referent -

One -0.643 (-0.936, -0.349) -0.605 (-0.888, -0.321) -0.601 (-0.948, -0.254)

Two -1.018 (-1.600, -0.436) -0.999 (-1.561, -0.436) -1.016 (-1.577, -0.455)
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Table F.5: Comparison of demographics between included and excluded study participants.
Participants in the analytic data set have older age at enrollment, longer follow-up length,
and higher dementia incidence. Variations in sex, comorbidity status, and race likely reflect
evolving ADRC recruitment strategies and known sex differences in lifespan. No differences
are observed in education, marital status, or APOE <4 status.

65+ without Dementia (N = 30,122)

Variable Included (N = 5,036) Excluded (N = 25,086)
Enrollment Age 79.34 (7.61) 73.41 (6.40)
Length of Follow-Up 7.53 (4.29) 3.69 (4.19)

Dementia Observed

No 3,024 (60.1%) 22, 474 (89.6%)

Yes 2,012 (40.0%) 2,612 (10.4%)
Sex

Female 2,583 (51.3%) 15,363 (61.2%)

Male 2,453 (48.7%) 9,273 (38.8%)
Years of Education 15.60 (3.12) 15.62 (3.23)

Missing — 134 (0.5% of total)
Married

No 2,140 (42.5%) 10,062 (40.1%)

Yes 2,896 (57.5%) 15,024 (59.9%)
Comorbidity

No 3,631 (72.1%) 14,754 (58.8%)

Yes 1,405 (27.9%) 10,332 (41.2%)
Race

White 4,397 (87.3%) 18,942 (75.5%)

Black 531 (10.5%) 4,547 (18.1%)

Other 108 (2.1%) 1,597 (6.4%)
APOE &4 Alleles

None 3,291 (65.4%) 12,198 (65.2%)

One 1,525 (30.3%) 5,695 (30.5%)

Two 220 (4.4%) 802 (4.3%)

Missing — 6,391 (25.5% of total)
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Figure F.6: The evolution of the results of proposed analysis if it had been done at the
beginning of each year starting from 2010. FEach panel shows the effect of the specified
number of APOE &4 alleles for the specified model. Unstable estimates for the Part 2 Model
in the early 2010s are due to small sample sizes in those subsets.
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Table F.6: Model parameter estimates for a temporal robustness analysis. The values pre-
sented below would have been the estimates if the analysis had been run in 2015 (N = 1, 854).
Estimates are similar to those presented in the main analysis of the paper, and our main
conclusions do not change.

. Part 1 Model Part 2 Model
Variable
Estimate 95% CI P-Value Estimate 95% CI P-Value
Death Age 0.290 (0.241, 0.339) < 0.001 0.055 (0.026, 0.084) < 0.001

Yrs of School  -0.045  (-0.079, -0.011)  0.009 -0.069 (-0.138, 0.001)  0.051
Sex
Male Referent — — Referent -
Female -0.235 (-0.474, 0.003) 0.053 -0.121 (-0.636, 0.394)  0.645
Is Married

No Referent — — Referent — —

Yes 0.405 (0.155, 0.656) 0.002 -0.511 (-1.068, 0.046)  0.072
Comorbidity

No Referent - - Referent - —

Yes -0.027 (-0.263, 0.207) 0.819 0.375 (-0.103, 0.853)  0.124
Race

White Referent — — Referent — —

Black -0.477  (-0.899, -0.074)  0.023 -0.457  (-1.904, 0.988)  0.534

Other 0.168 (-0.749, 0.997) 0.701 0.403 (-1.908, 2.714)  0.732
g4 Alleles

Zero Referent — — Referent — —

One 0.687 (0.451, 0.923) < 0.001  -0.639 (-1.282, 0.005)  0.052

Two 1.499 (0.952, 2.064) < 0.001 -1.077  (-2.428,0.274)  0.118

Study Entry -0.277  (-0.327,-0.228) < 0.001 - = -
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Table F.7: Results from fitting Models (1) and (2) to the left-truncated NACC UDS data
using baseline age Ay = 65 and inverse-probability weights based on population distributions
of APOE &4 allele prevalence, sex, and race. Weights for APOE ¢4 status are obtained from
the UK Biobank [Lumsden et al., 2020], stratified on sex and race with their proportions
determined from the US Census data. Since APOE 4 allele frequencies are only available
for white race that is also the majority in the analytic data set (see Table 1 in the main text),
we assign the same allele frequencies to other race groups for the sake of sensitivity analysis.
Weights are defined as the ratio of the population proportion to the corresponding observed
sample proportion. For Model (1), a weighted logistic regression is used, and the variance
is estimated using a sandwich estimator. For Model (2), the sieve likelihood approach can
computationally support a weighting scheme, and variance is estimated using the bootstrap.
The weighted estimates are similar to those from the main analysis.

Parameter Original Estimate (95% CI) Weighted Estimate (95% CI)

By 0.083 (0.069, 0.098) 0.091 (0.074, 0.110)
Bs -0.013 (-0.033, 0.006) -0.016 (-0.043, 0.012)
Bs -0.155 (-0.288, -0.022) -0.173 (-0.331, -0.015)
Ba 0.443 (0.305, 0.581) 0.486 (0.320, 0.651)
Bs -0.135 (-0.273, 0.002) -0.181 (-0.353, -0.008)
Bs -0.588 (-0.803, -0.374) -0.567 (-0.810, -0.325)
B 0.234 (-0.17, 0.638) 0.220 (-0.194, 0.634)
Bs 0.696 (0.567, 0.825) 0.618 (0.449, 0.787)
By 1.389 (1.087, 1.691) 1.400 (1.035, 1.765)
B0 -0.077 (-0.093, -0.062) -0.079 (-0.097, -0.062)
w1 0.083 (0.070, 0.095) 0.079 (0.066, 0.092)
ws -0.020 (-0.054, 0.013) -0.069 (-0.103, -0.035)
Wy -0.057 (-0.265, 0.150) -0.129 (-0.354, 0.096)
Wy -0.083 (-0.307, 0.141) -0.094 (-0.334, 0.146)
ws 0.316 (0.103, 0.528) 0.301 (0.071, 0.530)
We -0.194 (-0.548, 0.160) -0.190 (0.569, 0.188)
wy -0.373 (-1.216, 0.469) -0.441 (-1.368, 0.486)
ws -0.460 (-0.683, -0.238) -0.504 (-0.735, -0.273)
Wy -0.363 (-0.838, 0.113) -0.452 (-0.955, 0.052)
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Appendix G

Proofs of Lemmas 4.1, 4.2, and 4.3

G.1 Proof of Lemma 4.1

Proof. Part (i). By our definition of the sieve space, ¢, — 0. Choose 0, € ©, with

d(én, ) < 2¢,. Since 6, maximizes S over ©,, and 6, € O,,, we have S(0o.n) > S(én)

By continuity of S, d(6,,,6y) — 0 implies S(6,,) — S(6,). Since f, maximizes S over © D O,:

0 < S(6o) — S(0on) < S(0o) — S(6,) — 0.
Now suppose for contradiction that d(6y.,,0) # 0. Then there exists ¢ > 0 and a sub-
sequence ny with d(6p,,,0) > € for all k. By the well-separation condition in (B4),

SUDgeo. d(,00)>c O(0) < S(0o) — 6. But S(fpn,) — S(f) along this subsequence, a con-

tradiction. Therefore d(6p,,6y) — 0.

Part (i). By part (i), d(fo,n,60) — 0. Choose 6, € ©, such that d(f,,60,) < 2¢,. Since
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S(6p) = 0 by Remark 4.1, (B1) gives us the following expansion for # sufficiently close to 6y:
1 .
S(0o) — S(0) = 5{—5(90)[9 — 60,60 — 60|} + O{d(6, 60)°}.
By (Bb), there exist constants 0 < ¢; < C; < oo such that

csd(0,0)% < —S(00)[0 — 00,0 — 6o] < Cd(0,6)>.

Applying the lower bound with 6 = 6y ,,, together with d(6y,,60y) — 0, yields
S(60) — S(Bon) = c1d(6o,, 00)°

for all sufficiently large n, for some constant ¢; > 0.

Since 0, ,, maximizes S over ©,, and én € 0,,
S(0o) — S(0o,n) < S(6) — S(6y).

Applying the upper bound with 6 = 6,,, and using d(én, ) < 2¢,, gives
S(0) — S(6,) < C1d(By,00)* < 4C1é

for all sufficiently large n, for some constant C; < co.

Combining the preceding displays,

Cld(eo,n, 90)2 S 40162.
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Therefore

d(eom, 90) S 2 01/01 €n = O(En)

G.2 Proof of Lemma 4.2

Proof. Part (i). To bound |[J(8,) — J(62)|lop, we use that fact that [|Alle, < ||Al|s for
any matrix A, where || - || is the Frobenius norm. First, we note that by (B1), J™(6,) is

element-wise Lipschitz, meaning,
[ (0) = T (0] < Lali6n — 03]

for k,¢/ = 1,...,p, and some constant L; that does not depend on n. Now, using the

Frobenius norm, we have

1J59(6,,) — J™(67) HF—\ iy H‘]’(ln)(é”)hz [Jén)(e;;)hé :
k=1 (=1
Pn  Pn 3
< L2)16,, — 0%||?
< \ 2 il |

PaLal|fn — 63

=0 (pnn )

Since || J5 (6,) — JE 0 [lop < 1J5 (B,) — JS7(67) ||, the result follows. Since expectation
is a linear operator, the element-wise Lipschitz argument passes through expectation and

the same argument yields the same rate for || J™(8,,) — J™(0%)||op-
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Part (ii). Decompose

152 (05) = T @) lop < 1757(87) — T (80) lop
+ 17 (00) = T (0;) oy
+ 1757 (G0) = ™ (80)lop

=hL+L+1;

By part (i) of this lemma, we have I} = O,(p,n%) and Iy = O,(p,n~*). For I3, we define
Xi = n I (B0) — T (6o)}. Thus 7, X, = J(6y) — J™ (6p). By (B1), we know that
each element of J." (60) — J™(6y) is bounded by some constant My < co. Thus the bounded

entry Frobenius argument (similar to above) gives

Msp,
5 00) — T 80 lop < Mopy, and thus [ Xillp < 222
Similarly, we have
n 1 n . .
DUEXY =52 B 0) = T 00
i=1 op =1 op
1 n n
= || =B (2,7 (60) — T (60))?
op
< LB 175 (06) — 1 (00)2
= H n,z( 0) ( O)HOp
< Mip,
n
Applying Vershynin [2012], Theorem 5.29, we have
P{II(00) = T (00)lop =t} < 2py exp /2
”’Z =)= M3p2/n + Myppt/n )’
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and choosing t = M3p,,+/log p,/n and plugging in we have

/1log py,
P {||J7(£.)(00) — J(”)(QO)Hop > Msp, 0g . } < 2p,, exp (—KM32 logpn) — 0,
’ n

for a choice of M3 large enough so that KMZ > 1 (note here that K absorbs all other
constants). Thus, I3 = O,(p,+/(log p,)/n). Putting the three parts together, we obtain the

result.

Part (iii). Define v, = (v} 5,0, )" € RP". We denote the functional direction defined

by v, in the sieve space as h,, = 2521 Un~;B;. By definition, the vector v, J™(6y)v,, =

—5(60)[(vn,8; I, ), (Vnp, o, )] By assumption (B5),

crllall® < vy I (Bo)vn < Crllval?.
Now, we decompose,

oy JM (070, = v, T (G)v, + vy {TM05) — T (6) } vn,
and have

o {7082) = 7 (60)} va] < 17 82) = T (0) ol
By part (i), [[7®(8;) = J® (0o)]| = Op(pan~*) = 0p(1), s0

ol {T(62) = T (66)} va] = 0p(1) ol
Combining this with the curvature bound at 6y, we obtain

ol T (00 > slleall? = o, leal> = {es = 0p(1)} o]

n
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and
vn 02 v < Cllvall® + 0p(D)|vall> = {Cs + 0p(1) }Hlva 1.

By setting ¢; = ¢;/2 and C'; = 2C}, the result follows. O

G.3 Proof of Lemma 4.3

Proof. For the first rate, consider the decomposition
T Ba) = T B0n) = [JE(0n) = T Bo) | + [T Bon) = T (Bo)] = L1 + Iy

By the triangle inequality, |6, —60..|| = O,(n~¢). Thus by Lemma 4.2(i), | 11]|op = O,(pnn~%).

Since d(6p.n,00) = O(n=*%) by (B3) and Lemma 4.1, we can apply Lemma 4.2(ii) to I, giving

17E(B,) — T o) llop < i llop + 1 E2llop
log py,
= Op(pan™%) + O, (max {ng  pat | 22 })

n
= 0p(1)
where the last equality holds by the rate conditions on p,, in (B3).

For the second rate, we consider a similar decomposition

Vn(én) - Vn - Vn(én) - Vn(eo,n)] + [Vn(eﬂ,n) - Vn = IS + [4

(n)

First consider I3. By (B1), we have that the score vector u; () is element-wise Lipschitz

in the neighborhood of fy. Thus, the observation level matrices V;, ;(6) = ugn)(H)ul(-n)(Q)T are
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element-wise Lipschitz. We can then use the same strategy from the proof of Lemma 4.2(i)
of bounding the Frobenius norm. We omit the details here due to large duplication of the
work. In the end, we derive the same result, namely that ||13]|o, = O,(p,n~¢). Note that in

many cases, V,,(0) = ,(1”)(9), so this result can be obtained by direct application of 4.2(i).

We now bound 1. Applying the same technique as in the proof of Lemma 4.2(ii), we have
that the operator norm of V,,;(fy,.) = Op(pn). Applying Theorem 5.29 of Vershynin [2012],

we obtain the rate

log pp
[ allop = O, (Pn\/ - ) -

Combining and applying (B3), we get

S A — logpn
Va(0n) = Vallop < 1 sllop + [ Lallop = Op(pun™) + O, <pn ) = 0p(1)
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