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ABSTRACT OF THE DISSERTATION

Statistical Considerations for Healthspan-Focused Research: A Conditional Modeling
Approach

By

Spencer Matthews

Doctor of Philosophy in Statistics

University of California, Irvine, 2026

Bin Nan, Ph.D., Chair

Cohort studies of aging-related diseases often produce event-time data that are subject to

left-truncation, since participants enroll after some baseline age while being free of the dis-

ease of interest, in addition to right-censoring due to variable follow-up. This dissertation

develops a suite of semiparametric methods, organized around a two-part conditional mod-

eling framework, for drawing valid inference from such data and for quantifying healthspan

(the portion of life spent in good health) as an endpoint in aging research. The first project

proposes a semiparametric sieve likelihood approach for fitting a linear regression model to

a response subject to both left-truncation and right-censoring; the resulting estimators are

shown to be consistent, asymptotically normal, and semiparametrically efficient, and the

method is illustrated on data from the Canadian Study of Health and Aging and The 90+

Study. The second project introduces the Golden Health Index (GHI), the expected propor-

tion of post-baseline life lived disease-free; we estimate the GHI and its covariate associations

via a two-part model that accounts for left-truncation, and establish its large-sample prop-

erties, and applied to the National Alzheimer’s Coordinating Center data, the framework

shows that APOE ε4 allele status is negatively associated with the GHI, whereas lifespan is

positively associated with the GHI after an initial dip. The third project closes a theoretical

gap by establishing the asymptotic normality of sieve estimates in a broad range of non-

xiv



and semi-parametric regression models in which a smooth unknown function is among the

parameters of interest, thereby justifying likelihood-based inference in the settings of the

first two projects.
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Chapter 1

Introduction

The diagram in Figure 1.1 represents the traditional trajectory of most age-related diseases.

A person is healthy at some age A0, and eventually dies at time T . Between this baseline age

and death, the person either develops the disease of interest at time S, or does not have it

before death. We let ∆S be an indicator of whether or not the person contracted the disease

during lifetime.

Figure 1.1: A visual representation of the conditional modeling approach employed for age-
related diseases.

This work is motivated by studying data generated by this type of process. To do so, we

employ a conditional modeling approach composed of two parts. The first part is to model

1



the probability that an individual develops the disease of interest before dying at T , i.e.,

P (∆S = 1|T,X), here X denotes a set of covariates. The second part is to model the

distribution of S conditional on an individual developing the disease during their lifetime,

i.e., P (S ≤ s|T,X,∆S = 1).

Studies that consider a fixed baseline age A0, such as a prospective cohort study with a

disease-free requirement for entry, are subject to left-truncation. To aid in the analysis of

left-truncated data, Chapter 2 presents a novel method for fitting semiparametric linear

models to data that is both left-truncated and right-censored. This work extends the prior

work of Ding and Nan [2011a] to include the left-truncated case. As a part of this work, we

developed a code package, and it is available online for easy implementation, allowing users

to rapidly fit this type of model. In addition to a comparison data analysis on The Canadian

Study of Health and Aging, we preview Chapter 3 by modeling a derived quantity called the

Healthspan Proportion on the left-truncated 90+ Dataset from the University of California,

Irvine [Corrada et al., 2010].

Using the work in Chapter 2, we are able to model the time to disease given that the

disease occurs under left-truncation. This is the second part of our two-part conditional

modeling framework mentioned above. Chapter 3 addresses the overall modeling framework

and tackles the challenge of deriving an interpretable metric from this two-part conditional

modeling framework. In this chapter, we introduce the Golden Health Index, which provides

an interpretation of the average proportion of disease-free life after some baseline age A0.

We motivate this development with a detailed data analysis of the National Alzheimer’s

Disease Coordinating Center Uniform Data Set (NACC UDS), focused on the impact of the

APOE ε4 allele on the Golden Health Index. We propose a logistic regression model for ∆S

and a semiparametric linear regression model for logit(S/T ), respectively, in the two-part

modeling framework, and derive an appropriate estimator of the Golden Health Index. This

estimator takes into account left-truncation and is shown to have desirable properties, both

2



theoretically and in simulation. When applied to NACC UDS, the results indicate that

the Golden Health Index is strongly associated with the number of APOE ε4 alleles. This

association comes from both model parts and remains in effect across a variety of sensitivity

analyses.

Chapter 4 returns to the work of Chapter 2 to complete the theory of joint asymptotic

normality of both finite- and infinite-dimensional parameters. In Chapter 2 the asymptotic

normality was only obtained for the finite-dimensional parameter, where the asymptotic

variance is derived from the efficient score function. In practice, however, a sieve likelihood

estimation problem is an approximation of the finite-dimensional maximum likelihood esti-

mation problem. It is tempting to instead estimate the asymptotic variance by inverting the

information matrix as is standard in parametric likelihood estimation. Such an estimator is

presented for comparison in the simulation study results in Chapter 2. While it is similar

to the efficient score function based estimate, its validity needs a theoretical justification.

Additionally, the asymptotic normality of the infinite-dimensional parameter estimator is

desirable because it can provide a justified uncertainty quantification for the estimator.

The heart of Chapter 4 is Theorem 4.1, which gives the asymptotic normality for contrasts of

sieve likelihood parameter estimates. Under standard conditions that are typically satisfied

in these sort of estimation problems, we show that the parametric parameters and sieve

coefficient parameters are jointly normally distributed, and use this to derive the pointwise

normality of the infinite-dimensional parameter estimator. Having developed this theorem,

we are able to derive an estimator for the variance of all coefficients in a sieve likelihood

problem, as well as give pointwise confidence bands on the infinite-dimensional parameter.

It also paves the way for future work to allow for more flexible modeling methods in our

two-part framework.

Together, these three chapters form a tight body of work around the two-part modeling

framework described at the beginning of the chapter. They allow researchers to ask and

3



answer questions about healthspan-based issues, giving them the appropriate modeling tools

and the corresponding estimating procedures.
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Chapter 2

Regression for Left-Truncated and

Right-Censored Data: A

Semiparametric Sieve Likelihood

Approach

2.1 Introduction

There has been significant research effort in understanding age-related diseases, such as

Alzheimer’s disease and dementia, in recent decades. A key method in understanding these

diseases is to design a prospective cohort study, where study participants are recruited and

followed, with data collected at regular intervals. Oftentimes the ultimate outcome of interest

is the time at which the disease occurs. Such studies typically require that participants who

enroll in the study meet an age requirement while being disease free; for instance, The

90+ Study only enrolled dementia-free individuals at age 90 or older [Corrada et al., 2010].

5



This method of participant enrollment induces left-truncation into the resulting dataset in

addition to right-censoring.

Left-truncation, often called delayed entry in longitudinal studies, occurs when individuals

who have already developed the condition of interest prior to the commencement of the study

are not observed or are excluded from the analysis. Simply ignoring left-truncation introduces

bias, as individuals who develop the disease earlier are systematically underrepresented,

potentially skewing the findings toward a healthier or longer-lived population. Appropriately

accounting for left-truncation is therefore essential to obtain valid inference, particularly in

longitudinal studies of aging and chronic disease.

Another common feature of event time data is right-censoring, which occurs when some

participants in the study do not experience the event of interest within the specified study

time period, or are lost to follow-up before the event can be recorded. As a result, the exact

time of the event for such an individual remains unknown, and the available information is

limited to the fact that the event has not occurred up to the last observed time.

While fitting parametric models or semiparametric hazard regression models, e.g., the Cox

model, to data subject to left-truncation and right-censoring has been studied extensively

[Chen and Yi, 2021], the case of fitting a semiparametric linear model to such data is un-

derdeveloped, and a linear model is a natural choice for the transformed outcome of interest

in the example of The 90+ Study. For some reference time A0, often referred to as time

zero in survival analysis which can be either deterministic or random, define (Ỹ , T̃ , C̃) as the

underlying event time, left-truncation time (i.e., study entry time), and right-censoring time

since A0, respectively, where Ỹ can be left-truncated by T̃ and right-censored by C̃. Given

a well-defined continuous and monotonic transformation ξ(·), let Y ∗ = ξ(Ỹ ), T = ξ(T̃ ) and

C = ξ(C̃), then Y ∗ can be left-truncated by T and right-censored by C. Define Y = Y ∗∧C,

where a ∧ b = min (a, b), and ∆ = 1(Y ∗ ≤ C), where 1(·) is an indicator function. We also

define a ∨ b = max (a, b). Let X denote a set of covariates. Variables (Y,∆, X, T ) become
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observed when Y > T and otherwise unobservable, giving the so-called left-truncated data

that are also subject to right-censoring, which follow a conditional distribution given Y > T .

For the underlying transformed event time of interest Y ∗, consider the following linear re-

gression model given covariates X:

Y ∗ = XTβ + e, (2.1)

where β ∈ Rd, d is a fixed integer, and the error e follows some unknown distribution Fe with

density fe. Thus model (2.1) is a semiparametric model. If ξ(·) = log(·), then this becomes

the so-called accelerated failure time model as in Kalbfleisch and Prentice [2002] Chapter 7.

We extend the terminology to model (2.1) with any known transformation ξ.

Another model of potential interest similar to the above model (2.1) is the linear transfor-

mation model, where the function ξ is unknown but the distribution of e is given, see Wang

and Wang [2015] and references of earlier work therein. Incorporating left-truncation in this

setting would be an interesting future work. We consider a known transformation ξ here for

a more straightforward interpretation of β.

One method for fitting a semiparametric model like (2.1) is rank regression. Adichie [1967]

was among the first who used residual rank statistics for fitting regression parameters, and

Bhattacharya et al. [1983] extended the approach to left-truncated data in their work in

astronomy. Lai and Ying [1991b, 1992b, 1994] used these ideas in exploring rank statistics

with left-truncated and right-censored data as they studied the behavior and asymptotic

properties of such a regression. Kim and Lai [2000] pointed out various issues with practical

implementations of rank regression methods, the most important being the large computa-

tional cost associated with fitting these models. In an attempt to overcome some of these

issues, they introduced an adaptive M-estimation method using efficient scores for censored

and truncated regression models in which they used splines to approximate their estimat-
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ing equations. While they showed their method to have nice theoretical properties, the

implementation is dense and no code package is readily available. Also note that another

estimation method for model (2.1) under left-truncation and right-censoring is the length-

biased sample approach, where it is assumed that the left-truncation time follows a uniform

distribution [Chen and Qiu, 2023, Ning et al., 2014, Chen, 2024]. Following Wang [1989], in

contrast, the method we consider in this work does not make any distributional assumption

about the left-truncation time.

A more computationally efficient approach, and statistically efficient as well, is to fit model

(2.1) using a sieve likelihood. The method of sieves provides a general framework for es-

timating infinite-dimensional parameters by approximating them with a sequence of finite-

dimensional spaces whose complexity increases with the sample size. First explored by

Geman and Hwang [1982], sieve estimation has developed into an effective tool for semipara-

metric and nonparametric inference. It allows the flexibility of infinite-dimensional models

while preserving the tractability of likelihood-based estimation. In the sieve likelihood ap-

proach, the likelihood function is maximized over a sequence of finite-dimensional approxi-

mations of infinite-dimensional parameters with dimension growing at an appropriate rate

to ensure both consistency and asymptotic efficiency [Shen and Wong, 1994, Chen, 2007].

This framework has been successfully applied in a variety of semiparametric contexts, includ-

ing censored and truncated data models, [van der Vaart, 2023] where traditional likelihood

methods can be difficult to implement due to the presence of infinite-dimensional nuisance

parameters.

In this work, we consider a sieve likelihood approach for fitting model (2.1) to left-truncated

and right-censored data where the unknown infinite-dimensional nuisance parameter, the log-

arithm of the hazard function of e in our case, is estimated using splines. Our method builds

on the work of Ding and Nan [2011a] for bundled parameters where only right-censoring was

considered. This approach allows for a semiparametric likelihood estimation for a frequently
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encountered problem in practice, which not only provides a simple numerical implementa-

tion but also yields desirable asymptotic properties for the regression coefficient estimates,

namely asymptotical normality and semiparametric efficiency. We demonstrate this ap-

proach through simulation studies and applications to the Canadian Study of Health and

Aging [The Canadian Study of Health and Aging Working Group, 1994a,b] and The 90+

Study [Corrada et al., 2010].

2.2 Sieve Likelihood Approach

A sieve approach approximates the true unknown infinite-dimensional parameter with a

sequence of increasingly complex parametric models. In our case, we propose to use a

sequence of B-spline basis expansions to approximate the logarithm of the unknown hazard

function of e in model (2.1).

Denote the hazard function of e by λe, and let g = log λe. For a finite interval [a, b] and K

knots placed within the interval: a < κ1 < . . . < κK < b, we approximate g by

g(s) = log λe(s) ≈
K∑
k=1

γkBk(s),

where Bk, k = 1, . . . , K, are cubic B-spline basis functions. We chose cubic B-splines so that

the second derivative is continuous, but other splines may be considered as well. For further

discussion see De Boor [2001] Chapter 9.

Since e = Y ∗ − XTβ, g is a composite function of β. Thus (β, g) form a pair of bundled

parameters. [Ding and Nan, 2011a] Denote ϵβ,i = Yi−XT
i β and τβ,i = Ti−XT

i β that denotes

the left-truncation time on the residual scale. Assume Y ∗ is independent of (C, T ) given

X. Then for independent and identically distributed observations {(yi, δi, xi, ti) : yi > ti, i =
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1, . . . , n}, we have the following likelihood function:

n∏
i=1

[exp{g(ϵβ,i)}]∆i exp

[
−
∫ ϵβ,i

τβ,i

exp{g(u)}du

]
,

which is then approximated by the sieve likelihood:

Ln(β, γ) =
n∏

i=1

[
exp

{
K∑
k=1

γkBk(ϵβ,i)

}]∆i

exp

[
−
∫ ϵβ,i

τβ,i

exp

{
K∑
k=1

γkBk(u)

}
du

]
.

See Appendix B for the detailed construction of the density function of the observed data

(Y,∆, X, T ) given Y > T which is obtained by using the left-truncation observation condition

and leads to the above likelihood function for data with left-truncation and right-censoring.

Then we obtain the following sieve log-likelihood function:

ℓn(β, γ) =
n∑

i=1

(
∆i

K∑
k=1

γkBk (ϵβ,i)−
∫ ϵβ,i

τβ,i

exp

{
K∑
k=1

γkBk(s)

}
ds

)
. (2.2)

Denote Ḃk(s) = dBk(s)/ds and B̈k = d2Bk(s)/ds
2. Taking partial derivatives of the above

sieve log-likelihood function (2.2), we arrive at the following sieve score functions:

Sn(β, γ) =

(
∂ℓn(β, γ)

∂β
,
∂ℓn(β, γ)

∂γ

)T

, (2.3)

with

∂ℓn(β, γ)

∂β
=

n∑
i=1

XT

i

(
−∆i

K∑
k=1

γkḂk (ϵβ,i) + exp

{
K∑
k=1

γkBk (ϵβ,i)

}

− exp

{
K∑
k=1

γkBk (τβ,i)

}) (2.4)
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and

∂ℓn(β, γ)

∂γk
=

n∑
i=1

(
∆iBk (ϵβ,i)−

∫ ϵβ,i

τβ,i

Bk(s) exp

{
K∑
k=1

γkBk(s)

}
ds

)
. (2.5)

Furthermore, the observed sieve information matrix is

In(β, γ) =

∂2ℓn(β,γ)
∂β∂βT

∂2ℓn(β,γ)
∂β∂γT

∂2ℓn(β,γ)
∂γ∂βT

∂2ℓn(β,γ)
∂γ∂γT

 , (2.6)

with

∂2ℓn(β, γ)

∂β∂βT
=

n∑
i=1

XiX
T

i

(
∆i

K∑
k=1

γkB̈k (ϵβ,i)− exp

{
K∑
k=1

γkBk (ϵβ,i)

}
K∑
k=1

γkḂk(ϵβ,i)

+ exp

{
K∑
k=1

γkBk (τβ,i)

}
K∑
k=1

γkḂk (τβ,i)

)
,

∂2ℓn(β, γ)

∂β∂γk
=

n∑
i=1

XT

i

(
−∆iḂk (ϵβ,i) +Bk (ϵβ,i) exp

{
K∑
k=1

γkBk (ϵβ,i)

}

−Bk (τβ,i) exp

{
K∑
k=1

γkBk (τβ,i)

})
,

∂2ℓn(β, γ)

∂γk∂γl
=

n∑
i=1

(
−
∫ ϵβ,i

τβ,i

Bk(s)Bl(s) exp

{
K∑

m=1

γmBm(s)

}
ds

)
.

We consider a gradient search algorithm by setting (2.4) and (2.5) equal to zero and solving

for β and γ, which leads to the sieve maximum likelihood estimates (β̂n, γ̂n). Similar to Ding

and Nan [2011a] we can see that, under the regularity conditions given in the next section,

the sieve log-likelihood function (2.2) is locally concave in a neighborhood of true parameters

(β0, g0). Thus, we start the search algorithm from multiple randomly selected initial values

and set (β̂n, γ̂n) to be the converging result that gives the maximum value of the sieve
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log-likelihood (2.2). Specifically in our numerical examples, we generate 10 random initial

values each obtained by adding a vector of random noises to the naive ordinary least squares

estimator of β obtained from complete observations, where the standard deviation of each

random noise is chosen to be three times the standard error of the corresponding estimated

coefficient from the naive model. We multiply the standard error by three to avoid getting

caught too close to the naive estimate for all random starts. We sample initial γ values

from the standard normal distribution. To avoid singular information matrix during search

iterations, we only use diagonal elements of the sieve information matrix (2.6), with the

final full information matrix evaluated at (β̂n, γ̂n). The method works well in our simulation

studies presented in Section 2.4.

2.3 Asymptotic Results

Define ϵ0 = Y − XTβ0 and τ0 = T − XTβ0, where β0 is the true parameter. Let λ0 be the

hazard function of e0 = Y ∗−XTβ0 and Λ0 be the corresponding cumulative hazard function.

Following Lai and Ying [1991b] we assume e0 is independent of (C, T,X), a reasonable

assumption for a linear regression model, which implies that Y ∗ is independent of (C, T )

given X, an assumption of conditional independent left-truncation and right-censoring that

we need for obtaining the joint density function of the observed data (Y,∆, X, T ) with

Y > T in Appendix B. To obtain desirable asymptotic properties of the proposed estimator,

we introduce the same regularity conditions in Ding and Nan [2011a] with a few additional

assumptions for the left-truncation.

(A.1) The true parameter β0 belongs to the interior of a compact set B ⊂ Rd.

(A.2) (a) The covariate X takes values in a bounded subset X ⊂ Rd; (b) E(XXT) is non-

singular.
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(A.3) (a) There is a constant b < ∞ such that, for some constant δ, pr(ϵ0 > b | X) ≥ δ > 0

almost surely with respect to the probability measure of X. This implies that Λ0(b) ≤

− log δ <∞; (b) We also assume pr(τ0 < b | X) ≥ 1− δ1 for some constant δ1 ∈ (0, 1)

almost surely, and pr(τ0 > ϵ0 | X) ≤ δ2 for some constant δ2 ∈ [0, 1) almost surely.

(A.4) The error e0’s density f0 and its derivative ḟ0 are bounded and

∫ {
ḟ0(s)/f0(s)

}2

f0(s)ds <∞.

(A.5) (a) The conditional density of C given (T,X) and its derivative are uniformly bounded

for all possible values of T ∈ T ⊆ R and X ∈ X , that is,

sup
t∈T ,x∈X

fC|T,X(y | t, x) ≤ K1, sup
t∈T ,x∈X

∣∣∣ḟC|T,X(y | t, x)
∣∣∣ ≤ K2

for all y ∈ Y ⊆ R with some constants K1, K2 > 0; (b) Similarly, the conditional

density of T given X and its derivative are uniformly bounded for all possible values

of X ∈ X , that is,

sup
x∈X

fT |X(t | x) ≤ K3, sup
x∈X

∣∣∣ḟT |X(t | x)
∣∣∣ ≤ K4

for all t ∈ T with some constants K3, K4 > 0; (c) Both fC|T,X and fT,X|Y >T are free of

parameters β and λe.

(A.6) Let Gp denote the collection of bounded functions g on [a, b] with bounded derivatives

g(j), j = 1, . . . , k. The kth derivative g(k) satisfies the following Lipschitz continuity

condition:

∣∣g(k)(s)− g(k)(t)
∣∣ ≤ L|s− t|m for s, t ∈ [a, b],

where k is a positive integer and m ∈ (0, 1] such that p = k + m ≥ 3, L < ∞ is an
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unknown constant, a = infy,x(y − xTβ0) ∨ inft,x(t − xTβ0) > −∞ and b is defined in

condition (A.3). The true log hazard function of the error e0, g0(·) = log λ0(·), belongs

to Gp.

(A.7) For some η ∈ (0, 1), uTVar(X | ϵ0)u ≥ ηuTE(XXT | ϵ0)u almost surely for all u ∈ Rd.

The modified regularity conditions to those given in Section 3 of Ding and Nan [2011a] are

in (A.3)(b) and (A.5). Condition (A.3)(b) guarantees that we observe left-truncated data

almost surely. Condition (A.5)(a) is a natural extension of the condition in Ding and Nan

[2011a] for the conditional density function of C. Condition (A.5)(b) plays a similar role

as (A.5)(a). Condition (A.5)(c) contains a noninformative censoring assumption for right-

censored data and a similar but less stringent noninformative truncation assumption made

by Lai and Ying [1992a] for left-truncated data. Condition (A.5)(c) simplifies the likelihood

function to the desirable form we use in this article. Note that while fT,X|Y >T being free of

β and λe holds in our setup (as shown in Wang [1989]), we include this assumption in our

conditions for clarity. When sup{t ∈ T } ≤ inf{y ∈ Y}, left-truncation does not play any role

so we only deal with right-censored data and the problem reduces to that in Ding and Nan

[2011a]. On the other hand, when pr(Y ∗ ≤ C) = 1, the problem reduces to left-truncation

only.

Consider the collection of functions

Hp = {ζ(·, β) : ζ(s, x, β) = g(ψ(s, x, β)), g ∈ Gp, s ∈ [a, b], x ∈ X , β ∈ B} ,

where ψ(s, x, β) = s−xT(β−β0) and Gp is defined in Condition (A.6). Here ζ is a composite

function of g composed with ψ. Note that ζ(s, x, β0) = g(s). Then for ζ(·, β) ∈ Hp we define
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the following norm:

∥ζ(·, β)∥2 =
[∫

X

∫ b

a

{g (s− xT(β − β0))}2 dΛ0(s)dFX(x)

]1/2
.

For any θ1 = (β1, ζ1(·, β1)) and θ2 = (β2, ζ2(·, β2)) in the space of Θp = B × Hp, define the

following distance:

d(θ1, θ2) =
{
|β1 − β2|2 + ∥ζ1(·, β1)− ζ2(·, β2)∥22

}1/2
. (2.7)

This is the same distance used by Ding and Nan [2011a] in their treatment of the right-

censored case.

Let Gp
n be the space of polynomial splines of order p ≥ 1. For details on this space see

Schumaker [2007] Chapter 4. Denote

Hp
n = {ζ(·, β) : ζ(s, x, β) = g(ψ(s, x, β)), g ∈ Gp

n, s ∈ [a, b], x ∈ X , β ∈ B}

and Θp
n = B × Hp

n. Clearly, Hp
n ⊆ Hp

n+1 ⊆ · · · ⊆ Hp for all n ≥ 1. The sieve estimator

θ̂n = (β̂n, ζ̂n(·, β̂n)), where ζ̂n(s, x, β̂n) = ĝn(s − xT(β̂n − β0)), is the maximizer of the log-

likelihood over the sieve space Θp
n. The following theorem gives the convergence rate of the

proposed estimator θ̂n to the true parameter θ0 = (β0, ζ0(·, β0)) = (β0, g0).

Theorem 2.1. Let Kn be the number of internal knots in the spline space and Kn = O(nν),

where ν satisfies 1/{2(1 + p)} < ν < 1/(2p) with p being the smoothness parameter defined

in condition (A.6). Suppose conditions (A.1)–(A.7) hold. Then

d(θ̂n, θ0) = Op

{
n−min(pν,(1−ν)/2)

}
,

where d(·, ·) is defined in (2.7).
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Remark 2.1. The sieve space Gp
n does not have to be restricted to the B-spline space. It can

be any sieve space as long as the estimator θ̂n ∈ B×Hp
n satisfies the conditions of Theorem 1

in Shen and Wong [1994]. Our choice of the cubic B-spline space is primarily motivated by

its simplicity of numerical implementation, which is a tremendous advantage of the proposed

approach over existing numerical methods for fitting accelerated failure time models for data

subject to right-censoring and left-truncation.

The proof of Theorem 2.1 follows that of Ding and Nan [2011b] by verifying the conditions

of Shen and Wong [1994], and is given in Appendix C.3. The main difference is controlling

the additional complication brought by τβ = T − XTβ in the likelihood function, which

is managed by Condition (A.3)(b) as well as desirable properties of linear and indicator

functions. Theorem 2.1 implies that if ν = 1/(1 + 2p), d(θ̂n, θ0) = Op(n
−p/(1+2p)) which is

the optimal convergence rate in the nonparametric regression setting. Although the overall

convergence rate is slower than n−1/2, the next theorem states that the proposed estimator

of the regression parameter is still asymptotically normal and semiparametrically efficient.

Theorem 2.2. Given the following efficient score function obtained by Lai and Ying [1992a]

for the censored and truncated linear model:

l∗β0
(Y,∆, X, T ) =

∫
{X − E[X | ϵ0 ≥ s, τ0 ≤ s]}

{
−λ̇0
λ0

(s)

}
dM(s),

where

M(s) = ∆1(ϵ0 ≤ s)1(ϵ0 ≥ τ0)−
∫ s

−∞
1(ϵ0 ≥ u)1(τ0 ≤ u)λ0(u)du

is the failure counting process martingale, suppose that the conditions in Theorem 2.1 hold

and I(β0) = P{l∗β0
(Y,∆, X, T )⊗2} is nonsingular. Then

n1/2(β̂n − β0) = n−1/2I−1(β0)
n∑

i=1

l∗β0
(Yi,∆i, Xi, Ti) + op(1) → N(0, I−1(β0))
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in distribution.

The proof of Theorem 2.2 closely follows the work of Ding and Nan [2011a,b], and Zhao et al.

[2017] by checking Conditions (A1) through (A6) of Ding and Nan [2011a], and is given in

Appendix C.4. Verifying their Condition (A3) requires searching for the least-favorable

submodel, which leads to the same efficient score function found by Lai and Ying [1992a].

The main difference to Ding and Nan [2011a] is again the inclusion of the left-truncation

indicator, which has minimum impact under the additional regularity conditions (A.3)(b)

and (A.5)(b) and desirable properties of indicator and linear functions.

The following theorem provides the consistency result of the variance estimator based on the

efficient score function given in Theorem 2.2. Denote Pf =
∫
f(y, δ, x, t)dP (y, δ, x, t) and

Pnf = n−1
∑n

i=1 f(Yi,∆i, Xi, Ti), where P is a probability measure, and Pn is an empirical

probability measure.

Theorem 2.3. Suppose the conditions in Theorem 2.2 hold. Denote

l̂∗
β̂n
(Y,∆, X, T ) =

∫
{X − X̄(s; β̂n)}{− ˙̂gn(s)}dM̂(s),

where

X̄(s; β̂n) =
Pn{X1(Y −XTβ̂n ≥ s)1(T −XTβ̂n ≤ s)}
Pn{1(Y −XTβ̂n ≥ s)1(T −XTβ̂n ≤ s)}

and

M̂(s) = ∆1(T −XTβ̂n ≤ Y −XTβ̂n ≤ s)

−
∫ s

−∞
1(Y −XTβ̂n ≥ u)1(T −XTβ̂n ≤ u) exp{ĝn(u)}du.

Then

Pn

{
l̂∗
β̂n
(Y,∆, X, T )⊗2

}
→ P

{
l∗β0

(Y,∆, X, T )⊗2
}
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in probability.

In Theorem 2.3, X̄(s, β̂n) estimates E[X | ϵ0 ≥ s, τ0 ≤ s] from Theorem 2.2. Once again,

the proof of Theorem 2.3 follows Ding and Nan [2011b] with a major difference of including

the truncation indicator, which can be easily dealt with. The details of this proof are given

in Appendix C.5.

2.4 A Simulation Study

2.4.1 Simulation Setup

We perform an extensive simulation study to assess the validity of the proposed methodology.

To compare with existing methods, we simulate datasets following the exact same setup as

used in Ning et al. [2014] from the following linear model:

log(Ỹ ) = 1 + β1X1 + β2X2 + e, (2.8)

where β1 = 0.5 and β2 = 1. We generate binary covariate X1 from a Bernoulli(0.5) distri-

bution, continuous covariate X2 from a Uniform(0,1) distribution, truncation time T̃ from

a Uniform(0, c) distribution, censoring times C̃ from a Uniform(0, c) distribution, and the

error term e from either a Uniform(-0.5, 0.5) distribution or a N(0, 1/12) distribution. Then

Ỹ is determined from the above equation (2.8). The constant c is chosen to give a 15%, or

30%, or 50% censoring rate. The simulated censoring and truncation distributions reflect a

real study setup where censoring or study entry could occur at any point during the fixed

duration of the study. Simulations are run with sample sizes of 100 and 200 at the three

previously mentioned levels of censoring. Simulation results are directly compared to those

reported in Ning et al. [2014].
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We further expand the simulation to demonstrate the robustness of the sieve likelihood

method under different error distributions. Specifically, the error term comes from one of

three distributions: (a) generalized extreme value distribution, or Gumbel distribution, (b)

a 50% even mixture of N(0, 1/24) and N(0, 1/8) distributions, and (c) a 50% even mixture

of N(0, 1/12) and N(−0.3, 1/24) distributions. These distributions were chosen to have

variances the same as or similar to those in Ning et al. [2014], while exhibiting more complex

nuisance parameter curves.

In both parts, the number of internal knots, K, used to estimate the nuisance parameter

for each setup was determined via cross-validation and ranged between 1 and 4. Since

left-truncation removes data, we keep simulating independent data until accumulated non-

truncated data reach the desired sample size, then treat the sample size as a known quantity.

For each simulation setup, we generate 1,000 datasets. We use 10 randomly selected initial

values as described in Section 2.2 when fitting each model.

2.4.2 Simulation Results

Table 2.1 shows a comparison of the results of the first part of our simulation study to those

presented in Section 4 of Ning et al. [2014]. The comparison methods are the semi-rank-

based estimator UII proposed in Ning et al. [2014], the inverse weighted estimating equation

estimator UIW proposed in Shen et al. [2009], the Buckley-James-type estimator UBJ from

Ning et al. [2011], and the rank-based estimator ULT proposed by Lai and Ying [1991b].

Among these methods, UII , UIW , and UBJ all use the length-biased approach, meaning that

they assume a uniform truncation distribution, whereas ULT applies to general left-truncated

data.

The bias of our approach is similar to that of the other presented approaches, and in almost

all cases the variance of our estimator is smaller than that of all comparison approaches
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presented in Ning et al. [2014]. The one clear exception is in the 50% censoring case when

the sample size is 100. This is expected, as the high censoring rate leads to a much smaller

effective sample size, undermining the effectiveness of the method of sieves. In Ning et al.

[2014], the authors state that based on the outcome of their simulation study, there is

“no uniform best estimation method in terms of statistical efficiency among the estimation

methods considered.” We see that our sieve likelihood approach does indeed yield a uniformly

most efficient estimator, as long as the number of observed events is large enough for splines

to be used effectively. This aligns with the semiparametric efficiency theory from which the

estimator was derived.

Results from the second part of our simulation study are presented in Table 2.2. For both

β1 and β2 the biases are negligibly low, although the magnitude of the bias is often larger

for β2 which likely stems from the lower signal-to-noise ratio for that covariate.

The variance estimates across the three methods of estimation are very similar, especially

at larger sample sizes. While the theory presented in this work only guarantees that the

variance estimator Var1 obtained from the efficient score function converges to the truth, we

see that the variance estimator Var2 obtained by inverting the information matrix of (β, γ)

is close to the value of Var1, and they both are close to the empirical variance Var3. Further,

all three variances are reduced approximately by half as the sample size is doubled, which is

expected from the large sample theory. The confidence intervals created using Var2 provide

proper coverages. The same pattern holds irrespective of error distributions.

Recall that we use 10 random starting points to fit the model to each dataset, and select

the result with the highest log-likelihood value. Given the known truth, we can examine the

convergence of these 10 random starts for each simulated dataset. For both β1 and β2, we

find about 80 ∼ 95% of the randomly selected initial values lead to convergence somewhere

close to the truth.
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Table 2.1: Comparison of the Sieve Likelihood method to other approaches as reported in Ning et al. [2014] in simulations.
Results of other approaches are taken directly from Ning et al. [2014], where UII is the estimator proposed in Ning et al.
[2014]; UIW is the inverse weighted estimating equation from Shen et al. [2009]; UBJ is the Buckley-James-type estimating
equation from Ning et al. [2011]; ULT is the rank-based approach presented in Lai and Ying [1991b]. For further details on
these approaches see Ning et al. [2014]. All variances and biases are multiplied by 103.

N Cens. %
Sieve Likelihood UII UIW UBJ ULT

β1 β2 β1 β2 β1 β2 β1 β2 β1 β2
Bias Var1 Bias Var1 Bias Var Bias Var Bias Var Bias Var Bias Var Bias Var Bias Var Bias Var

e ∼ Unif(−0.5, 0.5)

100 15% 1.6 1.4 5.2 5.0 -4.0 1.9 -6.0 6.2 -7.0 4.9 -5.0 14.9 0.0 4.6 2.0 2.6 1.0 8.5 -11.0 4.1
100 30% 2.2 2.1 0.7 7.5 8.0 2.6 27.0 9.0 -7.0 5.3 -6.0 18.5 -5.0 4.5 -1.0 14.4 0.0 3.5 -6.0 13.7
100 50% -0.7 3.1 9.5 11.1 -18.0 4.9 -33.0 16.1 -8.0 7.6 -5.0 24.7 15.0 11.3 36.0 36.0 0.0 6.1 -60.0 35.0
200 15% 1.3 0.6 -1.1 2.1 -3.0 0.7 -7.0 2.4 -3.0 2.5 0.0 7.6 1.0 2.3 -1.0 6.4 1.0 0.9 -1.0 2.9
200 30% -0.2 1.0 -1.9 3.5 -11.0 1.0 -25.0 3.9 -3.0 2.5 -5.0 8.8 0.0 2.3 2.0 7.4 1.0 1.3 -3.0 4.5
200 50% -3.6 1.6 0.5 5.5 -13.0 1.8 -28.0 6.1 0.0 3.4 0.0 11.4 15.0 4.4 36.0 14.4 1.0 2.1 -14.0 10.4

e ∼ N(0, 1/12)

100 15% -0.5 4.1 8.8 13.4 -6.0 5.3 -19.0 14.6 -2.0 5.3 -11.0 15.4 -1.0 5.2 -2.0 13.9 4.0 7.4 -4.0 19.0
100 30% -1.4 4.4 6.5 14.6 -18.0 5.8 -43.0 18.5 -2.0 5.8 -13.0 18.0 1.0 4.5 -5.0 15.2 1.0 8.6 -14.0 22.8
100 50% 29.8 3331.6 4.0 18.6 -29.0 7.6 -44.0 26.2 -3.0 7.6 -12.0 25.6 -30.0 9.4 -65.0 34.6 -2.0 10.8 -60.0 33.5
200 15% -1.4 2.2 2.6 6.8 -10.0 2.4 -24.0 7.7 -2.0 2.6 -11.0 7.4 -1.0 2.4 -1.0 6.6 0.0 3.6 -3.0 9.4
200 30% 0.7 2.5 1.8 7.8 -21.0 2.6 -44.0 9.2 -2.0 2.9 -12.0 8.6 -1.0 2.5 2.0 7.2 -1.0 4.0 -6.0 11.2
200 50% -0.2 3.0 6.7 9.9 -28.0 3.6 -31.0 13.5 -2.0 3.5 -9.0 12.3 -30.0 4.2 -52.0 14.6 -3.0 4.9 -12.0 15.6
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Table 2.2: Simulation results, where β1 = 0.5 and β2 = 1. Error distributions: (a) Generalized Extreme Value Distribution, (b)
0.5N(0, 1/24)+0.5N(0, 1/8), (c) 0.5N(0, 1/12)+0.5N(−0.3, 1/24). Truncation probability was 60% to 90%, depending on error
and censoring distributions. Var1 comes from the efficient score function estimator in Theorem 2.3, Var2 comes from inverting
the information matrix for β and γ, and Var3 is the empirical variance. The coverage probability is obtained using Var2.

Error Sample Size Censoring %
Bias×103 Var1 × 103 Var2 × 103 Var3 × 103 95% Coverage
β1 β2 β1 β2 β1 β2 β1 β2 β1 β2

(a) 200 15% 0.9 12.7 1.5 4.8 1.8 5.5 1.7 5.3 93.4 93.3
30% 0.5 13.4 1.6 5.1 1.9 6.1 1.7 6.1 93.8 91.5
50% 2.7 15.6 1.7 5.9 2.0 7.3 2.2 6.9 91.2 92.4

400 15% -0.1 10.1 0.8 2.5 0.8 2.6 1.0 2.9 93.1 93.2
30% 1.4 11.6 0.8 2.6 0.9 2.7 1.0 2.9 93.7 92.7
50% 5.7 13.9 0.9 2.9 1.0 3.1 1.0 3.3 93.4 92.8

800 15% -0.7 10.0 0.4 1.2 0.4 1.3 0.4 1.4 94.5 93.0
30% 1.3 9.4 0.4 1.3 0.4 1.3 0.4 1.5 94.6 93.2
50% 5.3 15.2 0.4 1.4 0.5 1.5 0.5 1.6 92.7 91.2

(b) 200 15% 1.5 9.1 2.1 6.6 2.5 8.6 2.8 7.9 91.5 92.3
30% 4.1 5.6 2.3 7.0 2.7 9.0 3.0 9.1 92.1 90.9
50% 0.4 2.7 2.6 8.4 3.4 11.6 3.6 10.8 92.6 92.2

400 15% -4.3 -5.8 1.0 3.2 1.2 4.0 1.3 4.2 93.1 92.2
30% -0.9 -4.9 1.1 3.3 1.2 4.0 1.4 4.2 92.4 92.4
50% -3.6 -12.3 1.2 3.9 1.4 4.9 1.7 5.4 92.0 91.4

800 15% -1.8 -6.0 0.5 1.6 0.5 1.7 0.6 1.9 93.2 93.9
30% -3.4 -8.7 0.6 1.7 0.6 2.0 0.7 2.2 93.1 92.2
50% -3.4 -9.6 0.6 2.0 0.7 2.3 0.8 2.7 92.1 91.0

(c) 200 15% 1.7 2.2 2.1 6.4 3.0 10.4 2.5 9.2 92.5 89.8
30% 2.0 3.3 2.2 6.9 4.4 13.3 3.0 9.5 91.2 90.3
50% 3.4 3.4 2.5 8.5 5.0 13.2 3.3 12.6 91.8 89.8

400 15% -0.2 -2.1 1.1 3.3 1.4 4.5 1.4 4.0 92.1 92.7
30% -1.3 -4.2 1.1 3.6 1.4 5.2 1.4 4.9 92.4 91.2
50% 0.0 -7.4 1.3 4.2 1.9 6.5 1.7 5.3 92.0 91.5

800 15% -0.1 -2.9 0.6 1.7 0.6 2.6 0.6 2.1 95.4 92.6
30% -0.2 -2.5 0.6 1.8 0.6 2.0 0.6 2.1 94.9 93.0
50% -1.0 -5.5 0.7 2.1 0.8 2.7 0.8 2.7 94.0 91.3
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Along with the regression coefficient estimates, we also examine the estimates of the infinite-

dimensional nuisance parameter, the logarithm of the hazard function, in simulations with a

sample size of 800. Figure 2.1 summarizes the simulation results for each error distribution,

including a sample of 100 individual estimates plotted with light-blue solid lines, the point-

wise average over all 1,000 datasets plotted with a red solid line, and the ground truth

plotted with a black dashed line. The bounds of the x-axis represent the middle 95% of the

theoretical error distribution. We see from Figure 2.1 that the spline estimates of log(λ0)

perform reasonably well in simulations.

2.5 Real Data Applications

2.5.1 The Canadian Study of Health and Aging

The Canadian Study of Health and Aging (CSHA) is a multicenter epidemiologic study of

dementia and related conditions among Canadians aged 65 years and older. [The Cana-

dian Study of Health and Aging Working Group, 1994a,b] In the first phase (1991–1992),

10,263 participants were enrolled from a stratified random sample of community and institu-

tional residents across Canada. Community-dwelling participants completed a brief cognitive

screening, and those with lower scores (together with a random sample of higher scorers)

underwent a more detailed clinical assessment following common evaluation practices. Par-

ticipants were classified into major dementia subtypes using standardized clinical guidelines.

In the follow-up phase (1996–1997), information on survival and date of death was obtained

for all participants diagnosed with dementia at baseline.

Because participants entered the study only after dementia onset had occurred, the data are

left-truncated, as individuals who developed dementia but died before enrollment were not

observed. This means that the observed sample overrepresents longer survivors and under-
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Figure 2.1: Plots showing the spline estimator for the log hazard function of each error
distribution at 15%, 30%, and 50% censoring. 100 samples are plotted in light-blue solid
lines, the point-wise average of all 1000 estimates is plotted in a red solid line and the true
function plotted in a black dashed line. Error distributions: (a) Generalized Extreme Value
Distribution, (b) 0.5N(0, 1/24) + 0.5N(0, 1/8), (c) 0.5N(0, 1/12) + 0.5N(−0.3, 1/24).
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Table 2.3: Descriptive statistics of the 821 patients analyzed from the CHSA data. AD means
Alzheimer’s Disease, SD denotes the standard deviation, and ∗ indicates only computed from
non-censored subjects.

Variable
Mean (SD) or N (%)

Probable AD Possible AD Vascular Dementia

Age of Dementia Onset 82.3 (7.7) 81.0 (8.9) 78.5 (9.0)
Survival (post-diagnosis, in years)∗ 6.3 (3.9) 7.2 (5.6) 6.4 (6.4)

Censored Patients 85 (21.5%) 60 (23.8%) 34 (19.5%)
Sex

Female 312 (79.0%) 171 (67.9%) 100 (57.5%)
Male 83 (21.0%) 81 (32.1%) 74 (42.5%)

Education (years) 8.6 (3.8) 8.6 (3.5) 8.6 (3.9)
≤ 8 years 166 (42.0%) 119 (47.2%) 83 (47.7%)
> 8 years 149 (37.7%) 93 (36.9%) 67 (38.5%)
Missing 80 (20.3%) 40 (15.9%) 24 (13.8%)

represents those with shorter post-dementia lifespans. In addition, some subjects were still

alive at the end of follow-up, resulting in right-censored observations. Fitting a standard

survival model to the observed data would yield biased estimates of survival time and co-

variate effects due to the left-truncation, underscoring the need for statistical methods that

explicitly account for both truncation and censoring.

The present analysis focuses on analyzing the time from dementia onset, the reference age

A0, to death and parallels work done in Wolfson et al. [2001] and Ning et al. [2014] under

the length-biased sampling paradigm. After excluding subjects with missing onset dates

or other dementia types, 821 individuals remained (395 probable Alzheimer’s, 252 possible

Alzheimer’s, and 174 vascular dementia). Demographic information for each group is shown

in Table 2.3.

We fit a semiparametric linear model using the sieve likelihood approach, adjusting for age

of dementia onset and sex. To avoid dropping data (and since the values are similar across

dementia types) we did not include education in our model.
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log (Time to Death (in days)) = β11(Diagnosis = Probable AD)

+ β21(Diagnosis = Vascular Dementia) (2.9)

+ β3(Dementia Onset Age)

+ β41(Sex = Female) + Error

The form of the model is given in Equation 2.9 and parameter estimates are presented in

Table 2.4. Five-fold cross-validation was used to determine the optimal number of knots,

which was one in the final model.

From the fitted results, we conclude that even after adjusting for age at disease onset and sex,

there is no evidence of a difference in survival times between the different dementia categories

considered here. As a comparison, we also ran an unadjusted analysis and obtained estimates

within the confidence intervals estimated by Ning, Qin, and Yu Ning et al. [2014]. In other

words, we reached the same conclusions as in Ning, Qin, and Yu, Ning et al. [2014] where

no difference was seen between the groups in the unadjusted analysis.

Table 2.4: Results of the sieve method for fitting model (2.9) to the left-truncated right-
censored CHSA data.

Variable Estimate 95% CI P-Value

Type of Dementia
Possible Alzheimer’s Referent – –
Probable Alzheimer’s 0.094 (-0.043, 0.231) 0.177
Vascular Dementia 0.055 (-0.063, 0.175) 0.362

Age at Disease Onset 0.004 (-0.003, 0.011) 0.342
Sex

Male Referent – –
Female 0.044 (-0.077, 0.164) 0.477
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2.5.2 The 90+ Study of Dementia

To further illustrate the proposed methodology, we also apply our method to the dataset

of The 90+ Study of Alzheimer’s disease and dementia. [Corrada et al., 2010] This dataset

comes from an ongoing study at the Alzheimer’s Disease Research Center at the University

of California, Irvine. The study enrolled participants who were at least 90 years old and

did not have Alzheimer’s disease or dementia at baseline. These individuals were followed

via yearly visits. The main feature of interest is a diagnosis of the cognitive state of each

participant, which comes from a panel of experts after reviewing the results of neurologic

examination and a battery of neuropsychological tests.

Understanding dementia onset during lifespan is of great interest. Because dementia may or

may not occur during one’s lifetime, a clear description of such a problem involves two com-

ponents: the lifetime dementia-free probability and the age distribution of dementia onset

during one’s lifetime given dementia has occurred. These two components can be modeled

separately conditional on lifetime, where lifetime becomes a covariate in both conditional

models. It is well-known that complete-case analysis when a covariate is subject to right

censoring is a valid approach to estimate regression coefficients, see Kong and Nan [2016],

Kong et al. [2018], and references therein. Thus we apply complete-case analysis to the

second component in the analysis of The 90+ Study where only individuals with available

death time are included in the analysis. Specifically, we are interested in understanding the

impact of demographic variables on the age of dementia onset relative to death time among

participants who have developed dementia at some point during their lifetime by modeling

the proportion of life after age 90 lived in a healthy state. For this purpose, we restrict our

analysis to 349 available participants with complete information of age at death and age at

dementia, out of the total of 921 patients available in the dataset.

These original 921 participants were from two main cohorts recruited at two different time
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Table 2.5: Descriptive statistics of the 349 participants of The 90+ Study. SD, standard de-
viation; HP90, the proportion of lifespan after 90 years of age that is lived without dementia.

Variable Mean (SD) or N (%)

Enrollment Age 93.201 (2.745)
Dementia Diagnosis Age 96.343 (3.222)
Death Age 98.514 (3.374)
HP90 0.737 (0.201)
Cohort

First 278 (79.7%)
Second 71 (20.3%)

Sex
Female 251 (71.9%)
Male 98 (28.1%)

Education
Did Not Graduate College 208 (59.6%)
Graduated College 141 (40.4%)

Has Had a Stroke?
No 211 (60.5%)
Yes 138 (39.5%)

Has Had Heart Disease?
No 142 (40.7%)
Yes 207 (59.3%)

periods: The first cohort (599 out of 921 patients; 278 out of 349 in our sample of interest)

is made up of survivors from the Leisure World Cohort Study (LCWS) and is primarily

Caucasian, well-educated, upper middle-class, and mostly female. [Corrada et al., 2008,

2010] The LCWS is a health survey study of the residents of the Leisure World (now known

as Laguna Woods Village), a large retirement community in Orange County, California. This

cohort was recruited into the study between 2003 and 2006. The second cohort (322 out of

921 patients; 71 out of 349 in our sample of interest) was recruited between 2014 and 2017,

using a variety of methods including community outreach, earned media, direct mailings, and

referrals. [Melikyan et al., 2019] The second cohort has a higher proportion of males, a higher

proportion of subjects who graduate college, and similar rates of stroke and heart disease.

Since participants enrolled in the study at different ages that range from 90.1 to 103.0 years

old, the data we consider in this analysis are left-truncated. We do not have right-censoring
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in the dataset because ages at dementia onset are observed for all participants. Some details

of the dataset are given in Table 2.5, where age at dementia ranges from 90.9 to 109.8 years

and age at death ranges from 91.3 to 111.2 years.

To better answer the question of interest, we derive a new variable called the Healthspan

Proportion for Age 90, HP90, that is the number of healthy years after the reference age

A0 = 90 divided by the number of total years lived after age 90. In other words, HP90 is

defined as [(Age at Dementia) -A0] / [(Age at Death) -A0]. In order to correctly fit the model,

we must also scale the truncation time in this same way. Higher HP90 implies better quality

of life for an individual in this population of oldest old. We consider the following linear

regression model for the logit transformed HP90 and leave the error distribution unspecified:

log

(
HP90

1− HP90

)
= β1(Death Age - 90) + β21(Cohort = 2)

+ β31(Sex = Female) (2.10)

+ β41(Education = Graduated College)

+ β51(Stroke = Yes or Heart Disease = Yes) + Error.

Since HP90 potentially ranges from 0 to 1, the logit transformed HP90 can take any real

value, and it is left-truncated because age at dementia is left-truncated. We apply our

proposed method to fit a left-truncated regression model to the data. We use five-fold cross-

validation to select the number of internal knots for the considered B-spline basis expansion,

and ultimately choose two internal knots. From the regression results given in Table 2.6 we

see that increased longevity is associated with higher HP90, and the second cohort has higher

HP90 than the first cohort.
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Table 2.6: Results of the sieve method for fitting model (2.10) to the left-truncated data of
The 90+ Study.

Variable Estimate 95% CI P-Value

Death Age 0.0578 (0.0221, 0.936) 0.0015
Cohort

First Referent – –
Second 0.3312 (0.0158, 0.6465) 0.0396

Sex
Male Referent – –
Female -0.0660 (-0.3431, 0.2109) 0.6403

Education
Did Not Graduate College Referent – –
Graduated College 0.1638 (-0.0882, 0.4157) 0.2026

Comorbidity: Stroke or CHD
No Referent – –
Yes 0.0200 (-0.3332, 0.3733) 0.9116

2.6 Discussion

Left-truncation and right-censoring are often present in prospective cohort studies. Although

linear regression models with unspecified error distributions are appealing due to simplicity,

their applications to censored or truncated event time data are rather limited, mainly because

of lacking easily implementable estimating methods with desirable statistical properties. In

this work we show that the semiparametric sieve maximum likelihood approach for bundled

parameters possesses nice properties in dealing with left-truncated and right-censored data in

linear regression models. The method yields asymptotically efficient and normally distributed

estimates for regression coefficients, with estimators obtained using an easily implementable

gradient search algorithm. We expect this work would encourage the proper use of linear

regression models in analyzing event time data that are subject to left-truncation and right-

censoring.
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Chapter 3

Modeling the Golden Health Index

3.1 Introduction

While lifespan has long been the dominant endpoint in aging research, increasing attention

is now given to healthspan, the duration of life spent free from chronic disease or disability

[Olshansky, 2018, Garmany et al., 2021]. Healthspan better reflects quality of life in older age

and is a core focus of geroscience, an emerging field aimed at delaying age-related functional

decline [Vaiserman and Lushchak, 2023, Sierra, 2016].

Researchers currently work with a range of measures to quantify patient health. These in-

clude objective event times, biomarker measurements, and physical performance metrics,

as well as subjective patient-reported outcome measures (PROMs) that reflect lived experi-

ences of mobility, memory, and well-being [Cella et al., 2007, Krogsgaard et al., 2021, Ben-

son, 2023]. Several existing approaches integrate survival with health status, most notably

quality-adjusted life years (QALYs) and quality-adjusted progression-free survival (QAPFS)

[Weinstein and Stason, 1977, Bravo Vergel and Sculpher, 2008, Diaby et al., 2014]. These

measures weight survival time by health-related quality-of-life utilities, typically derived from
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PROMs. While valuable in many contexts, this formulation poses challenges for healthspan

research. Utility weights are subjective and may change independently of clinically defined

disease processes. Consequently, quality-adjusted metrics can blur the distinction between

time lived with versus without disease. Many healthspan questions instead focus on the

timing and duration of clinically defined disease-free states, motivating estimands that are

directly tied to disease incidence and survival.

On the other hand, these endpoints are often analyzed using survival models that focus on

relative hazards across covariates, such as the Cox model [Cox, 1972]. While such approaches

yield important insights into the risk and timing of adverse events, they offer limited infor-

mation about how long individuals remain in good health relative to their total lifespan.

To bridge these gaps, we introduce the Golden Health Index (GHI), a healthspan-oriented

metric defined as the expected proportion of post-baseline life lived without a given disease.

We develop a two-part semiparametric framework to estimate the GHI while accounting for

left-truncation. Left-truncation is a common challenge in aging research, where individuals

are often enrolled after some baseline age with a disease-free requirement. This selection

criterion conditions on disease-free survival at entry and failure to account for it leads to

biased results [Wang et al., 1986, Matthews and Nan, 2026].

We apply this framework to estimate dementia-free healthspan using longitudinal data from

the National Alzheimer’s Coordinating Center. In particular, we examine how healthspan

varies by APOE genotype, a well-established genetic marker for dementia risk. The ε4

allele has been associated with higher lifetime risk for Alzheimer’s disease [Safieh et al.,

2019, Fortea et al., 2024], but its impact on the duration of dementia-free life remains less

well understood. This application illustrates how the GHI can uncover new dimensions of

age-related disease trajectories in genetically diverse populations.
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3.2 Motivation and Data Description

Understanding not only whether, but also when, age-related diseases occur is central to

assessing health in an aging population. In this paper, we focus on dementia as a prototypical

disease of aging and consider healthspan through the lens of the proportion of remaining life

spent free from dementia. We are interested in the following questions. Of primary scientific

interest, among U.S. senior adults who reach age 65 without a diagnosis of dementia, how

is the number of apolipoprotein E (APOE) ε4 alleles associated with the proportion of

remaining lifespan spent dementia-free? Of secondary interest, how does APOE ε4 status

affect the probability of developing late-onset dementia during one’s lifetime; does APOE ε4

status also influence the timing of dementia onset if it were to occur?

To answer these questions and explore variation in dementia-free healthspan by APOE geno-

type, we use data from the National Alzheimer’s Coordinating Center (NACC) [Center,

2023], a centralized data repository for studies at over 40 Alzheimer’s Disease Research Cen-

ters (ADRCs) across the United States since 1984. The NACC Uniform Data Set (UDS)

includes longitudinal clinical and neuropsychological data collected between 2005 and the

present via yearly in-office visits [Beekly et al., 2007, Morris et al., 2006]. It captures individ-

uals across the spectrum of cognitive function and includes APOE genotype data for a large

number of participants, which serves as our primary predictor. For the analyses presented

here, we use data from the NACC UDS as of the December 2024 freeze.

In the NACC UDS there are 30,122 individuals who have at least one visit at or after the

age of 65 and who are dementia-free at the age of 65. Participants without a recorded date

of death as of December 2024 (24,376 individuals) are excluded. Note that excluding in-

dividuals whose death times are censored leads to a complete case analysis that is a valid

approach when time to death is treated as a covariate [Kong et al., 2018, Wang et al., 2024].

Because our analysis centers on APOE ε4 status and includes education as one of the adjust-
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ment variables, we also exclude individuals with missing APOE genotype (687) or education

information (23). These criteria yield a final analytic sample of 5,036 participants from 38

ADRCs. Table 3.1 contains descriptive statistics for this cohort. A detailed comparison

of included and excluded participants is provided in Table F.5 in Appendix F and further

discussion is given in Section 3.5.2.

We define age 65 as the baseline for analysis to align with Medicare eligibility, which often

marks the onset of more consistent health care utilization and systematic clinical assessment

among older adults in the United States. Because participants may enroll in the study well

after this baseline age, the resulting data are subject to substantial left-truncation. In the

analytic sample, the average age at enrollment exceeds 78 years, underscoring the importance

of accounting for delayed study entry.

3.3 Concept and Statistical Modeling

Consider a typical setup encountered when studying age-related diseases such as dementia.

Let A0 denote a fixed baseline age (e.g. 65 years), which we take as time zero. Define S as

the number of years after A0 at which an individual is diagnosed with the disease of interest,

and T as the number of years after A0 at which the individual dies. Note that S may be

unobserved if the individual dies disease-free.

Let ∆S be an indicator of whether the disease was diagnosed before death, and let L denote

the number of years after A0 at which an individual enters the study (i.e., the left-truncation

time), so that the individual is included in the study only if S > L when ∆S = 1 and

T > L. We assume T is always observed (i.e., non-missing), and we observe a set of baseline

covariates Z for each individual. For notational simplicity and modeling purposes, we also

include T in Z.
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Table 3.1: Descriptive statistics of the 5, 036 patients from the NACC UDS stratified by the
number of APOE ε4 alleles. The values shown are Mean (SD) or N (%), where SD stands
for standard deviation. Comorbidities included are traumatic brain injury, stroke, diabetes,
arthritis, and heart attack at baseline.

Variable
Number of APOE ε4 Alleles

Zero (N = 3, 291) One (N = 1, 525) Two (N = 220)

Enrollment Age 80.5 (7.6) 77.7 (7.2) 73.8 (6.1)
Dementia Before Death

No 2,194 (66.7%) 757 (49.6%) 73 (33.2%)
Yes 1,097 (33.3%) 768 (50.4%) 147 (66.8%)

Death Age 87.9 (8.0) 85.6 (7.4) 81.3 (6.7)
Sex

Female 1,753 (53.3%) 741 (48.6%) 89 (40.5%)
Male 1,538 (46.7%) 784 (51.4%) 131 (59.5%)

Years of Education 15.5 (3.1) 15.7 (3.1) 16.1 (3.1)
Married

No 1,510 (45.9%) 574 (37.7%) 56 (25.5%)
Yes 1,781 (54.1%) 951 (62.4%) 164 (74.5%)

Comorbidity
No 2,345 (71.3%) 1,117 (73.2%) 169 (76.8%)
Yes 946 (28.7%) 408 (26.8%) 51 (23.2%)

Race
White 2,893 (87.9%) 1,314 (86.2%) 190 (86.3%)
Black 314 (9.5%) 192 (12.6%) 25 (11.4%)
Other 84 (2.6%) 19 (1.2%) 5 (2.3%)

To support a healthspan-oriented analysis and to answer the scientific questions of inter-

est proposed in Section 3.2, we define the healthspan proportion (HP), an individual-level

outcome indexed by disease status and baseline age, as the following:

HPDisease,A0 =


1 if ∆S = 0,

S/T if ∆S = 1.

This quantity can be interpreted as the proportion of years lived after age A0 that are free

from the disease. Given T , a higher value of HPDisease,A0 is more desirable.

We propose a two-part modeling approach to estimate the expectation of HPDisease,A0 , which
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gives the GHI. Let X(1) be a subset of covariates from Z, which includes T and L. The first

part models the conditional probability of receiving a disease diagnosis before death given

X(1), denoted by µX(1) = P (∆S = 1|X(1)), using a logistic regression:

log

(
µX(1)

1− µX(1)

)
= βT

0 X
(1), (3.1)

where β0 is the vector of true regression coefficients. Since data with S < L are not observ-

able, which implies that the observed disease status ∆S depends on L, we model the effect

of L parametrically in (3.1) for the conditional probability µX(1) by treating L as another

covariate.

The second part models the expected value of a logit-transformed healthspan proportion

conditional on ∆S = 1 using a linear regression. Specifically, let Y = S/T when ∆S = 1,

and we have

log

(
Y

1− Y

)
= ωT

0X
(2) + ϵ, (3.2)

where X(2) is a subset of Z, ω0 is the vector of true regression coefficients, and ϵ ∼ F for

some unspecified distribution F . Covariate vector X(2) should include T but not L. We do

not include L in X(2) because left-truncation can be handled in a more robust way for model

(3.2) under conditional independence of Y and L given Z (see Appendix D for regularity

conditions). Specifically, under left-truncation, regression coefficients in model (3.2) can be

estimated using a semiparametric sieve-likelihood approach for bundled parameters [Ding

and Nan, 2011a, Matthews and Nan, 2026], where the logarithm of the hazard function of ϵ

is approximated using spline functions.

Based on both models (3.1) and (3.2), for a given set of covariate values Z = z with respective

subsets x(1) and x(2), where L is set at 0 in x(1) which corresponds to the baseline time A0,
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we obtain the GHI as follows:

R = (1− µx(1)) + µx(1)E
[
Y | X(2) = x(2),∆S = 1

]
(3.3)

=

(
1− exp{βT

0 x
(1)}

1 + exp{βT
0 x

(1)}

)
+

(
exp{βT

0 x
(1)}

1 + exp{βT
0 x

(1)}

)(∫
exp{ωT

0 x
(2) + u}

1 + exp{ωT
0 x

(2) + u}
dF (u)

)
.

The GHI R in the above (3.3) is our primary quantity of interest, which summarizes the

expected proportion of life after A0 spent in good health during one’s lifetime given a set

of baseline covariate values z that contains APOE ε4 status. This directly answers our

first question whether the number of APOE ε4 alleles is associated with the proportion

of advanced years spent free from dementia. Further, defining R in this way permits a

decomposition of effects that allows us to determine if both the occurrence of dementia and

the timing play a role in the association.

3.4 Estimation and Properties

Due to left-truncation, it may be impossible to estimate E
[
Y | X(2) = x(2),∆S = 1

]
in (3.3).

Similarly to the techniques used in Wang et al. [1986] and Ding [2010], we define two constant

values 0 < a∗ < b∗ < 1 to instead estimate the “trimmed” mean

E
[
Y | X(2) = x(2),∆S = 1, a∗ < Y < b∗

]
,

which also satisfies the requirement of bounded support for the splines used in the sieve-

likelihood estimation procedure [Matthews and Nan, 2026] for model (3.2). We choose a∗

close to 0 and b∗ close to 1 and consider a fixed z (with x(1), and x(2)) as above. Note that a∗

is on the scale of the healthspan proportion, and thus is a truncation time scaled by death

time. This means a∗ = l∗/t for a fixed truncation time l∗ and death time t (both in years

after A0). For a consistent interpretation, we also use the value of l∗ corresponding to a∗,
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instead of 0, as the left-truncation time in x(1) for evaluating the GHI when predicting with

model (3.1). We can then define the “trimmed” version of the GHI as

R∗ = (1− µx(1)) + µx(1)E
[
Y | X(2) = x(2),∆S = 1, a∗ < Y < b∗

]
, (3.4)

which is estimable under left-truncation.

Let β̂n be the maximum likelihood estimator of the logistic regression parameters in model

(3.1) and ω̂m be the sieve likelihood estimator of the regression parameters in model (3.2),

where m =
∑n

i=1∆S,i. We define ϵ̂ω̂m,m as the observed residuals for a given ω̂m. Denote

F̂m,ω̂m(u) as the product-limit estimator of the cumulative distribution function F using

observed residuals, taking into account left-truncation [Wang et al., 1986]. Also, let a =

log(a∗/(1 − a∗)) − ωT
0 x

(2), b = log(b∗/(1 − b∗)) − ωT
0 x

(2), â = log(a∗/(1 − a∗)) − ω̂T
mx

(2) and

b̂ = log(b∗/(1− b∗))− ω̂T
mx

(2). Denote

µ̂x(1) =
exp{β̂T

n x
(1)}

1 + exp{β̂T
n x

(1)}
,

θ = E
[
Y | X(2) = x(2),∆S = 1, a∗ < Y < b∗

]
=

∫ b

a

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dF (u),

θ̂ =

∫ b̂

â

exp{ω̂T
mx

(2) + u}
1 + exp{ω̂T

mx
(2) + u}

dF̂m,ω̂m(u).

We estimate R∗ in (3.4) by

R̂∗ = (1− µ̂x(1)) + µ̂x(1) θ̂

=

(
1− exp{β̂T

n x
(1)}

1 + exp{β̂T
n x

(1)}

)

+

(
exp{β̂T

n x
(1)}

1 + exp{β̂T
n x

(1)}

)(∫ b̂

â

exp{ω̂T
mx

(2) + u}
1 + exp{ω̂T

mx
(2) + u}

dF̂m,ω̂m(u)

)
. (3.5)
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The following theorem gives the consistency and asymptotic normality of R̂∗ under a set of

mild regularity conditions that are provided in Appendix D.1, with a proof sketch given in

Appendix D.3.

Theorem 3.1. Suppose Conditions (C1)–(C7) hold. For R∗ given in (3.4) and R̂∗ given in

(3.5), we have

(i) R̂∗ → R∗ in probability, and

(ii)
√
n(R̂∗ −R∗) → N(0, σ2

R∗) in distribution with

σ2
R∗ = (1− θ)2σ2

1 + 2(1− θ)(1− µx(1))σ12 + (1− µx(1))2σ2
2, (3.6)

where σ2
1 is the asymptotic variance of

√
n(µ̂x(1) − µx(1)), σ2

2 is the asymptotic variance of

√
n(θ̂ − θ), and σ12 is their asymptotic covariance. See Appendix D.4 for further details on

the form of this asymptotic variance.

Although the expression (3.6) appears relatively simple, the term σ2
2 involves derivatives of

the distribution function with respect to β, making it highly complex to evaluate in practice.

This complexity is illustrated explicitly in the right-censored case studied by Ding [2010].

Due to the computational burden associated with calculating σ2
2, we recommend using a

bootstrap estimator for the variance σ2
R∗ [Efron, 1992].

We also conduct a simulation study to evaluate the finite-sample performance of the proposed

methodology. Data are generated from models for death time, disease onset time, and

probability of disease occurrence consistent with the proposed framework and designed to

reflect key characteristics of the observed NACC UDS data. Across a range of covariate

configurations spanning much of the (0, 1) GHI scale, the estimator exhibit negligible bias.

Further, variances decrease at the expected 1/n rate and bootstrapped variance estimates

closely match empirical variances. Coverage probabilities are near the nominal 95% level
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and improve with increasing sample size. Full details of the simulation design and complete

numerical results are provided in Appendix E.

3.5 NACC UDS Data Application

3.5.1 Results

We now apply our proposed metric and estimation procedure to NACC UDS. For the part-

one model, we fit the logistic regression model

log

(
µ

1− µ

)
= β1(Death Age - 65) + β2(Years of Education)

+ β31(Is Female) + β41(Is Married) (3.7)

+ β51(Has a Comorbidity) + β61(Race = Black)

+ β71(Race = Other) + β81(ε4 Alleles = 1)

+ β91(ε4 Alleles = 2) + β10(Age at Study Entry - 65).

A comorbidity is defined as any history at baseline of diabetes, arthritis, traumatic brain

injury, a heart attack, or a stroke.

We consider the following linear regression model for our part-two model, modeling the logit

transformed HPDementia,65 (denoted by Y ) given that dementia occurred, and leave the error

distribution unspecified:
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log

(
Y

1− Y

)
= ω1(Death Age - 65) + ω2(Years of Education)

+ ω31(Is Female) + ω41(Is Married) (3.8)

+ ω51(Has a Comorbidity) + ω61(Race = Black)

+ ω71(Race = Other) + ω81(ε4 Alleles = 1)

+ ω91(ε4 Alleles = 2) + Error.

Both models are fitted using R, with (3.7) fitted using the glm function and (3.8) fitted using

the ltrc package [Matthews and Nan, 2026]. Regression results are given in Table 3.2, and

a set of predicted Golden Health Index values across covariate levels is given in Figures 3.1

and 3.2. For the predictions in Figures 3.1 and 3.2, we used a∗ = 0.25/T , so that these

values can be interpreted as the GHI after age 65 given that dementia or death does not

occur within three months after turning 65.

Living longer is associated with a higher probability of being diagnosed with dementia before

death, but it is also associated with a larger healthspan proportion among those who develop

dementia. These opposing effects create the “J”-shaped curves observed in Figures 3.1 and

3.2, where predicted GHI values first decline and then rise with increasing survival.

Focusing on the part-one model in Table 3.2, the covariates of sex, marital status, and

race show associations with dementia probability that differ from expectations based on

prior literature [Sommerlad et al., 2018, Kornblith et al., 2022, Aggarwal and Mielke, 2023,

Merrick and Brayne, 2024]. Similar counterintuitive patterns have been reported by others

using the NACC dataset [Wang and Li, 2021, Lennon et al., 2022, Karakose et al., 2025].
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Table 3.2: Results of fitting models (3.7) and (3.8) to the left-truncated data from the NACC
UDS, using a baseline age A0 = 65.

Variable
Part 1 Model (3.7) Part 2 Model (3.8)

Estimate 95% CI P-Value Estimate 95% CI P-Value

Death Age 0.083 (0.069, 0.098) < 0.001 0.083 (0.070, 0.095) < 0.001
Yrs of School -0.013 (-0.033, 0.006) 0.186 -0.020 (-0.054, 0.013) 0.231
Sex

Male Referent – – Referent – –
Female -0.155 (-0.288, -0.022) 0.023 -0.057 (-0.265, 0.150) 0.589

Is Married
No Referent – – Referent – –
Yes 0.443 (0.305, 0.581) < 0.001 -0.083 (-0.307, 0.141) 0.466

Comorbidity
No Referent – – Referent – –
Yes -0.135 (-0.273, 0.002) 0.054 0.316 (0.103, 0.528) 0.004

Race
White Referent – – Referent – –
Black -0.588 (-0.803, -0.374) < 0.001 -0.194 (-0.548, 0.160) 0.283
Other 0.234 (-0.170, 0.638) 0.256 -0.373 (-1.216, 0.469) 0.385

ε4 Alleles
Zero Referent – – Referent – –
One 0.696 (0.567, 0.825) < 0.001 -0.460 (-0.683, -0.238) < 0.001
Two 1.389 (1.087, 1.691) < 0.001 -0.363 (-0.838, 0.113) 0.135

Study Entry -0.077 (-0.093, -0.062) < 0.001 – – –
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Figure 3.1: Predicted values of GHI based on our two-part fitted models for female patients
with a college degree (16 years of education). Shaded bands indicate pointwise 95% confi-
dence intervals for the predictions, with the variance estimated using the bootstrap.
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Figure 3.2: Predicted values of GHI based on our two-part fitted models for male patients
with a college degree (16 years of education). Shaded bands indicate pointwise 95% confi-
dence intervals for the predictions, with the variance estimated using the bootstrap.
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Our main predictor of interest is the number of APOE ε4 alleles. Figures 3.1 and 3.2 show

clear separation in predicted GHI values by APOE ε4 status. This answers our primary

question of interest, highlighting the association between dementia-free proportion of life af-

ter age 65 and the APOE ε4 allele. Specifically, APOE ε4 carriers have lower GHI comparing

to non-carriers, and carriers with two copies have the lowest GHI.

Table 3.2 documents how differences arise in both modeling components, particularly for ε4

allele carriers, answering the secondary questions of interest. Having a copy of the ε4 allele

increases the probability of dementia before death, consistent with prior findings [Safieh

et al., 2019, Fortea et al., 2024]. Notably, the part-two model shows that the ε4 allele is

also associated with a lower expected healthspan proportion among those diagnosed with

dementia. In other words, ε4 carriers not only face a higher risk of developing dementia,

but once diagnosed, they also tend to spend a greater fraction of their remaining life with

the disease even after adjusting for other covariates. This pattern is consistent with earlier

onset of a low-morbidity condition, resulting in a longer duration of life lived with disease.

The result of the part-two model is less clear for individuals with two copies of the ε4 allele.

Although the estimated effect among homozygotes is negative with a similar size, the effect is

not statistically significant. This may reflect limited sample size rather than a true absence

of association, or could be related to the accelerated cognitive decline seen in this group

[Craft et al., 1998].

3.5.2 Model Checking and Sensitivity Analyses

We have conducted extensive model diagnostics and sensitivity analyses to assess the validity

and robustness of these results. Full diagnostic figures and tables are provided in Appendix

F.
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For the part-one logistic regression model (Figures F.1 and F.2), surrogate residual diagnos-

tics show strong agreement with theoretical expectations [Liu and Zhang, 2018]. The Q–Q

plot closely follow the reference line and residuals are centered at zero with no systematic

patterns. Additionally, a Hosmer-Lemeshow test based on deciles of predicted risk yields a

non-significant result (p = 0.08), indicating no evidence of lack of fit of the model [Hosmer

and Lemesbow, 1980]. Linearity assumptions for continuous covariates are evaluated using

(a) surrogate residual plots and (b) likelihood ratio comparisons with spline-based alterna-

tives. Both approaches support the assumed linear functional forms. Multicollinearity is

modest (maximum VIF ≈ 3.8). Influence diagnostics based on leverage and Cook’s distance

have identified several observations above typical thresholds [Pregibon, 1981], but refitting

the model after removing potentially influential subsets produces nearly identical estimates.

For the part-two semiparametric model (Figures F.3–F.5), martingale residual diagnostics

accounting for left-truncation support the assumed linear covariate effects [Barlow and Pren-

tice, 1988]. Residual-versus-covariate plots and cumulative martingale residual processes

largely follow their theoretical mean-zero behavior, and alternative nonlinear transforma-

tions of death time do not improve model fit or alter other parameter estimates [Therneau

et al., 1990, Lin et al., 1993]. Removing high-leverage observations or extreme residuals has

negligible impact. Comparison with a parametric truncated regression model indicates that

the normal error assumption is inappropriate, supporting the semiparametric specification.

Enrollment practices differ considerably across ADRCs, leading to heterogeneity in variable

distributions. For example, some centers enroll participants at much older ages, while others

target specific demographic subgroups, resulting in variation in sex, marital status, and racial

composition across centers. In addition, the analytic sample slightly over-represents APOE

ε4 carriers [Rasmussen et al., 2019, Lumsden et al., 2020]. Tables F.1 and F.2 illustrate center

variations in participants’ characteristics in the analytic sample and the target population,

respectively. We perform sensitivity analyses addressing the impact of heterogeneity across
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ADRCs. In particular, we find that introducing random effects (either random intercept or

random intercept plus random slopes, Table F.3) in the part-one model produces parame-

ter estimates consistent with the primary analysis. For the part-two component, analogous

comparisons using a parametric model with normal error are provided merely as an illus-

tration, since including random effects in the current semiparametric modeling methodology

for truncated data has not yet been developed. While not a perfect solution, nonetheless the

addition of random effects to the truncated parametric model does not seriously impact those

model estimates (Table F.4). These findings indicate that between-center heterogeneity does

not materially influence the reported associations.

Because over 80% of individuals in the target population are excluded due to censored

death times, one would expect different demographic characteristics between included and

excluded participants, which are illustrated in Table F.5. We evaluate potential impacts

of the selection biases. To assess sensitivity to temporal sampling, we re-fit the models

using earlier data, effectively analyzing the data as if at prior time points, and compare

the estimating results with the current results obtained from December 2024 data freeze.

We find these models have consistent effect directions and overlapping confidence intervals

with our main analysis, see Table F.6. Notably, APOE ε4 estimates remain stable across

historical analyses performed at many earlier time points, see Figure F.6.

Although changing covariate distribution does not necessarily alter the association between

covariates and the response variable in a regression model, we look into the impact of poten-

tial oversampling APOE ε4 carriers in the NACC UDS by conducting a weighted analysis.

Weights for APOE ε4 status are obtained from the UK Biobank [Lumsden et al., 2020],

stratified on sex and race with their proportions determined from the US Census data. Since

APOE ε4 allele frequencies are only available for white race that is also the majority in

the analytic data set (see Table 3.1), we assign the same allele frequencies to other race

groups for the sake of sensitivity analysis. Each participant is assigned a weight equal to
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the target proportion for their stratum divided by the corresponding observed proportion

in the analytic data, so that overrepresented strata are downweighted and underrepresented

strata are upweighted. Weighted and unweighted results are nearly identical for both model

components (see Table F.7), suggesting that differential covariate sampling has little impact

on our main conclusions and supporting the robustness of our findings.

3.6 Discussion

While this study demonstrates the utility of the GHI for characterizing dementia-free healthspan,

several limitations warrant discussion. First, the generalizability of our findings may be con-

strained by the nature of the study and the overall recruitment efforts in the NACC. Certain

populations, including individuals from underrepresented racial and ethnic groups and those

with lower educational attainment, are not proportionally represented in the NACC data.

Moreover, participants who engage in regular clinic visits and who have APOE gene infor-

mation available may differ systematically in health behavior or disease risk compared to

the broader population. These factors limit the extent to which estimates from the NACC

sample can be directly extrapolated to the general aging population. However, the sensitiv-

ity analyses discussed in Section 3.5.2 indicate that these results are reasonably robust to

these sampling issues and the modeling choice.

Second, in this work, we focus on individuals with recorded death dates to avoid complica-

tions related to censoring. However, many longitudinal studies (including the NACC UDS)

feature a substantial proportion of participants who are still alive at their last follow-up.

Developing methods to appropriately account for censoring in both disease onset and death

times remains an important area for future work. A related consideration is using this

method to predict the GHI for living individuals. Since death time is a covariate in our

models, all predictions must make some assumption about what the age of death will be.
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One other note on the topic of death time is that any computation of the GHI must be

conditional on death time, as implemented here. Otherwise, comparisons of the GHI do not

take into account absolute lifespan and are thus less useful.

Third, the choice of integration limits a∗ and b∗ plays a nuanced role in interpreting the

predicted GHI. In our analysis, we set a∗ and b∗ to be small and fixed durations from

the boundaries (typically between one-quarter year and one year, scaled by death time) to

satisfy the assumptions needed for asymptotic validity. These values strike a practical bal-

ance between theoretical requirements and data limitations. Although it is computationally

feasible to predict the GHI down to the smallest observed residual, doing so complicates in-

terpretability. For example, a lower limit corresponding to 0.1598 years is less intuitive than

a clean cutoff like 0.25 years. We also note that as a∗ increases, the directional relationships

between covariates and GHI remain stable, though the predicted GHI generally increases

as well. This aligns with intuition: conditioning on longer disease-free survival implies a

healthier subset of individuals, leading to higher GHI estimates.

Despite these limitations, the proposed framework offers a novel and flexible approach to

studying healthspan in aging populations. By explicitly modeling the time spent in disease-

free states, our method provides new insights into the lived experience of aging, complement-

ing traditional survival-based analyses.
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Chapter 4

Asymptotic Normality of Sieve

M-Estimators

4.1 Introduction

Semiparametric models provide a flexible framework for statistical inference when the pa-

rameter of interest contains both finite- and infinite-dimensional components. In many

applications, the infinite-dimensional component is modeled nonparametrically, while the

finite-dimensional component retains a direct scientific interpretation. This combination al-

lows researchers to avoid overly restrictive assumptions while still performing interpretable

inference on key model features. A common estimation approach in this setting is sieve

estimation, which approximates the infinite-dimensional parameter by a sequence of spaces

whose dimension grows with the sample size. This turns the original infinite-dimensional

problem into a sequence of problems with parameters estimated via standard parametric

methods. Note that when there is no finite-dimensional component, the model reduces to a

nonparametric model.
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The setting considered in this work is motivated by semiparametric models with bundled

parameters [Ding and Nan, 2011a], where the infinite-dimensional component may depend on

the finite-dimensional parameter. This structure arises naturally in models where the infinite-

dimensional component is tied to the finite-dimensional component in some way, and reduces

to a standard semiparametric model when finite- and infinite-dimensional parameters are

separated. Existing results for sieve M-estimation with bundled parameters provide general

tools for establishing consistency and asymptotic normality of finite-dimensional components

[Ding and Nan, 2011a, Matthews and Nan, 2026]. However, for many applications, it is also

important to conduct inference on the infinite-dimensional component itself, for example,

through pointwise confidence intervals for the estimated function.

In this work we develop an asymptotic normality result for sieve M-estimators in a bundled-

parameter setting, with particular attention to pointwise inference on the nonparametric

component. The estimator maximizes an empirical criterion over a sieve space, and the proof

uses an expansion at the sieve population maximizer, or pseudo-truth, rather than at the

full population truth. This allows the argument to separate the stochastic estimation error

from the deterministic sieve approximation bias. Our main result has three parts. First,

it establishes asymptotic normality for arbitrary contrasts of the sieve coefficient vector.

Second, it shows that the corresponding sandwich variance estimator is consistent for such

contrasts, leading to feasible inference. Third, it derives a pointwise limiting distribution for

the nonparametric component, including the contribution of the sieve approximation bias.

The result therefore provides a direct route to pointwise inference for basis-expansion-based

sieve estimators in semiparametric models with bundled parameters.
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4.2 Notation and Problem Setup

Let Z1, . . . , Zn ∼ P0 be independent and identically distributed observations taking values

in a measurable space Z, where P0 is the true probability law. Let m : Z × Θ → R be a

measurable criterion function indexed by θ ∈ Θ. We write the population objective as

S(θ) = Pm(θ) =

∫
m(z; θ) dP0(z),

and the empirical objective as

Sn(θ) = Pnm(θ) =
1

n

n∑
i=1

m(Zi; θ).

Our goal is to study the asymptotic behavior of a maximizer of Sn in a semiparametric model

with bundled parameters, in the sense of Ding and Nan [2011a].

The parameter takes the form

θ = (β, ζ(·, β)),

where β ∈ B ⊂ Rd is finite-dimensional and ζ(·, β) is an infinite-dimensional parameter that

depends on β. Note that in the case where ζ does not depend on β, the results in this work

still hold as a special case. Let H be a functional space equipped with norm ∥ · ∥ζ . The full

parameter space is

Θ = {(β, ζ(·, β)) : β ∈ B, ζ(·, β) ∈ H}.

For θ1 = (β1, ζ1) and θ2 = (β2, ζ2), define the distance

d(θ1, θ2) =
{
|β1 − β2|2 + ∥ζ1(·, β1)− ζ2(·, β2)∥2ζ

}1/2
,
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where | · | denotes the Euclidean norm on Rd.

Let

θ0 = (β0, ζ0(·, β0)) = argmax
θ∈Θ

S(θ)

denote the true parameter, defined as the unique maximizer of S over Θ, and assume that

θ0 lies in the interior of Θ.

We adopt the notation of Ding and Nan [2011a] for Fréchet derivatives. For the criterion

function m(z; θ) at θ = (β, ζ), define

ṁβ(z; θ) =
∂

∂β
m(z; β, ζ(·, β)),

ṁζ(z; θ)[h] = lim
t→0

m(z; β, ζ + th)−m(z; θ)

t
,

where h ∈ H is a direction in the functional space. Similarly, denote respective second

derivatives as the following:

m̈ββ, m̈βζ [h], m̈ζβ[h], m̈ζζ [h1, h2].

Under Assumption (B1) below, which permits the interchange of differentiation and integra-

tion up to third order, the population score operators

Ṡβ(θ) = Pṁβ(·; θ), Ṡζ(θ)[h] = Pṁζ(·; θ)[h]

are well-defined, with empirical counterparts

Ṡβ,n(θ) = Pnṁβ(·; θ), Ṡζ,n(θ)[h] = Pnṁζ(·; θ)[h].
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Second-order population operators S̈ββ(θ), S̈βζ(θ)[h], S̈ζβ(θ)[h], and S̈ζζ(θ)[h1, h2] are defined

analogously under (B1), along with their empirical counterparts.

For any continuous j-linear form T acting on the parameter space, we use the induced

operator norm

∥T∥op = sup
{
|T [v1, . . . , vj]| : ∥v1∥Θ, . . . , ∥vj∥Θ ≤ 1

}
,

where ∥v∥2Θ = |a|2 + ∥h∥2ζ for v = (a, h) ∈ Rd × H. For a matrix A ∈ Rp×p viewed as a

bilinear form, this reduces to the usual spectral norm ∥A∥op = sup∥x∥=1 ∥Ax∥.

The estimation of the infinite-dimensional parameter ζ is carried out in a sequence of growing-

dimensional sieve spaces. Let Θn ⊂ Θ be an increasing sequence of subsets such that
⋃∞

n=1Θn

is dense in Θ. This sieve approximates θ0 at rate ϵn in the sense that there exists a sequence

ϵn → 0 and θ̃n ∈ Θn such that d(θ̃n, θ0) = O(ϵn). Throughout, we consider sieve spaces Θn

formed by basis expansions of ζ. For each n, the function ζ ∈ H is approximated by a basis

expansion of the form

ζn(·, β; γ) =
kn∑
j=1

γj Bkn,j(ϕ(·; β)), γ = (γ1, . . . , γkn)
⊤ ∈ Rkn ,

where {Bkn,j}knj=1 is a set of kn basis functions, and ϕ is a function mapping the dependence

of ζ on β.

Since β has fixed dimension d, the corresponding sieve parameter has total dimension

pn = d+ kn, pn → ∞.
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It is convenient to work with the growing-dimensional sieve coordinate

η = (β⊤, γ⊤)⊤ ∈ Rpn ,

and with the induced parameter map

θ(η) = (β, ζn(·, β; γ)) ∈ Θn,

where Θn = Rd ×Hn, and Hn = span{Bkn,1(·, β), . . . , Bkn,kn(·, β)}. The map θ : Rpn → Θn

embeds the sieve coordinate into the full parameter space; we will use θ(η) and η inter-

changeably where the context is clear.

With a slight abuse of notation, we write

S(η) = S(θ(η)) = P m(θ(η)), Sn(η) = Sn(θ(η)) = Pnm(θ(η)).

Their gradient and negative Hessian are denoted by

U (n)(η) =
∂

∂η
S(η), U (n)

n (η) =
∂

∂η
Sn(η),

and

J (n)(η) = − ∂2

∂η∂ηT
S(η), J (n)

n (η) = − ∂2

∂η∂ηT
Sn(η).

Because both the score vector and the information matrix depend on the sieve basis {Bkn,j}

and hence on n, we use the superscript (n) to make this explicit throughout. Define the
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sieve-projected score at any θ ∈ Θ:

u
(n)
i (θ) =



ṁβ(Zi; θ)

ṁζ(Zi; θ)[Bkn,1]

...

ṁζ(Zi; θ)[Bkn,kn ]


∈ Rpn ,

with population and empirical versions Ṡ(n)(θ) = P u
(n)
i (θ) and Ṡ

(n)
n (θ) = Pn u

(n)
i (θ). Simi-

larly, the sieve-projected information matrix at θ is

J (n)(θ) = −



S̈ββ(θ) S̈βζ(θ)[Bkn,1] · · · S̈βζ(θ)[Bkn,kn ]

S̈ζβ(θ)[Bkn,1] S̈ζζ(θ)[Bkn,1, Bkn,1] · · · S̈ζζ(θ)[Bkn,1, Bkn,kn ]

...
...

. . .
...

S̈ζβ(θ)[Bkn,kn ] S̈ζζ(θ)[Bkn,kn , Bkn,1] · · · S̈ζζ(θ)[Bkn,kn , Bkn,kn ]


.

Define J
(n)
n (θ) in a similar way for the empirical second derivatives, and define J

(n)
n,i (θ) as

the individual-level matrix for observation i. When θ = θ(η) ∈ Θn, these coincide with

the coordinate gradient and Hessian: u
(n)
i (θ(η)) = ∇ηm(Zi; θ(η)), Ṡ

(n)(θ(η)) = U (n)(η), and

J (n)(θ(η)) = −∇2
ηS(θ(η)) = J (n)(η).

Although the true parameter θ0 need not belong to the growing-dimensional sieve space Θn,

the projected information matrix J (n)(θ0) is still well-defined. It is obtained by evaluating

the full population second-derivative bilinear form −S̈(θ0) on the collection of directions

generated by perturbing the coordinates of β and by perturbing ζ along the basis functions

Bkn,1, . . . , Bkn,kn . Thus J
(n)(θ0) should be understood as a sieve projection of the full infor-

mation operator at the truth, not as the Hessian of a growing-dimensional criterion evaluated

at a point of Θn.
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Define the sieve population maximizer by

θ0,n = (β0,n, ζ0,n(·, β0,n; γ0,n)) = argmax
θ∈Θn

S(θ),

or equivalently, in coordinates,

η0,n = argmax
η: θ(η)∈Θn

S(η).

The sieve M-estimator is

θ̂n = (β̂n, ζ̂n(·, β̂n)) = argmax
θ∈Θn

Sn(θ),

with coordinate representation η̂n defined by

θ̂n = θ(η̂n), θ0,n = θ(η0,n).

When m(z; θ) = log pθ(z) is the log-likelihood, θ̂n becomes the semiparametric or nonpara-

metric sieve maximum likelihood estimator.

Define the sieve-projected score variance

Vn = E0

[
u
(n)
i (θ0,n)u

(n)
i (θ0,n)

T
]
,

the sandwich covariance Σn = {J (n)(θ0,n)}−1Vn{J (n)(θ0,n)}−1, and the empirical score outer

product

V̂n(θ) =
1

n

n∑
i=1

u
(n)
i (θ)u

(n)
i (θ)T .

Since θ0,n ∈ Θn, the score u
(n)
i (θ0,n) = ∇ηm(Zi; θ0,n) and the information matrix J (n)(θ0,n) =
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−∇2
ηS(η0,n) are the usual gradient and Hessian evaluated at η0,n.

4.3 Assumptions

We assume the following regularity conditions:

(B1) (Criterion smoothness and interchangeability) For P -almost every z, m(z; θ) is three-

times continuously Fréchet differentiable in a neighborhood of θ0, with uniformly

bounded third derivatives on compact sets; in other words, for each j = 1, 2, 3, there

exists a measurable function Mj satisfying PMj <∞ such that

sup
θ : d(θ,θ0)≤δ

∥∥Djm(z; θ)
∥∥
op

≤Mj(z)

for some δ > 0, and for P -almost every z, where Djm(z; θ) denotes the jth Fréchet

derivative of m(z; θ) viewed as a continuous j-linear form on the parameter space.

Moreover, for each j = 1, 2, 3, differentiation with respect to θ and integration with

respect to P0 may be interchanged in a neighborhood of θ0, so that DjPm(·; θ) =

P Djm(·; θ).

(B2) (Basis Requirement) The expansion basis {Bkn,j}knj=1 is normalized.

(B3) (Rate of Convergence for Non-Bundled Parameters) There exists ξ > 1/4 such that

d(θ̂n, θ0) = Op(n
−ξ), the sieve approximation rate satisfies ϵn = O(n−ξ), and the sieve

dimension satisfies pn = o(n2ξ−1/2).

(B3*) (Rate of Convergence for Bundled Parameters) There exists ξ > 3/8 such that d(θ̂n, θ0) =

Op(n
−ξ), the sieve approximation rate satisfies ϵn = O(n−ξ), and the sieve dimension

satisfies pn = o(n2ξ−1/2).
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(B4) (Uniqueness) θ0 ∈ Θ is the unique maximizer of S over Θ, well-separated in the sense

that for every ε > 0, there exists a δ > 0 such that supθ∈Θ: d(θ,θ0)≥ε S(θ) < S(θ0)− δ.

(B5) (Positive Definite Information Operator) There exist constants 0 < cJ < CJ < ∞ not

depending on n, such that for every direction v = (a, h) ∈ Rd ×H with ∥v∥Θ <∞,

cJ∥v∥2Θ ≤ −S̈(θ0)[v, v] ≤ CJ∥v∥2Θ,

where ∥v∥2Θ = |a|2 + ∥h∥2ζ . Further, there exist constants 0 < cV < CV < ∞ not

depending on n such that, for all c ∈ Rpn ,

cV ∥c∥2 ≤ c⊤Vnc ≤ CV ∥c∥2.

(B6) (Approximate score equations) The estimator θ̂n satisfies

∥Ṡβ,n(θ̂n)∥ = op(n
−1/2)

and

sup
h∈Hn, ∥h∥ζ≤1

∣∣∣Ṡζ,n(θ̂n)[h]
∣∣∣ = op(n

−1/2).

(B7) (Pointwise bias scaling) For each fixed x ∈ [a, b],
√
n/pn{ζ0,n(x, β0,n) − ζ0(x, β0)} →

b(x) where |b(x)| <∞.

Condition (B1) is the infinite-dimensional analogue of the usual smoothness and dominated-

differentiation conditions imposed in classical maximum likelihood theory [Lehmann and

Casella, 1998], and additionally requires that differentiation and integration may be inter-

changed up to third order. Here the condition is imposed to an arbitrary objective function

that includes likelihood as a special case. The interchangeability holds automatically when
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the sample space Z is compact, and can be satisfied more generally by many standard models

with unbounded response. Condition (B2) establishes a basic condition on the basis func-

tions. Conditions (B3)–(B6) follow (A1)–(A4) of Ding and Nan [2011a] closely, with some

minor adjustments required to ensure that normality can be extended to the nonparametric

portion of θ. Specifically, Condition (B3) is standard and can be verified by, for example,

checking conditions (C1)–(C3) in Shen and Wong [1994]. The convergence rate needs to be

achieved before obtaining asymptotic normality. Condition (B3*) is an alternate version of

(B3) necessary in the bundled parameter case. Condition (B4) is common for maximum

likelihood and usually holds. Condition (B5) provides local identifiability and coercivity of

the population information bilinear form on Rd × H. For a likelihood model this reduces

to that the Fisher information is bounded above and away from zero uniformly over nor-

malized directions. For global maximizers over the sieve, the first-order conditions hold

exactly, so (B6) is trivially satisfied. The op(n
−1/2) form accommodates approximate opti-

mizers (e.g., from gradient descent with finite termination criteria). Condition (B7) defines

the rate that balances the bias and variance from the sieve estimation, and also allows for

the undersmoothing case where b(x) = 0.

Remark 4.1. Since θ0 lies in the interior of Θ and is the maximizer of S, the smoothness

of m in (B1) along with (B4) implies that the population score equations

Ṡβ(θ0) = 0, Ṡζ(θ0)[h] = 0 for all h ∈ H,

hold as first-order conditions.

Remark 4.2. In the bundled-parameter case, one may ask that the sieve approximation of

ζ be uniformly Lipschitz in β, i.e., for each fixed x in a neighborhood of θ0,

|ζn(x, β1; γ)− ζn(x, β2; γ)| ≤ Lζ(x) ∥β1 − β2∥,
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for some Lζ(x) not depending on n. The smoothness and dominating-function bounds in

(B1), applied along β-directions to the basis expansion
∑

j γjBkn,j(ϕ(·; β)), yield such a Lip-

schitz bound in a neighborhood of θ0.

Remark 4.3. Assumption (B3) defines consistency as a prerequisite for the asymptotic

normality results derived below while putting an upper bound on the sieve dimension growth.

If the sieve approximation error satisfies ϵn = O(p−r
n ) and pn = O(nκ), then Assumption (B3)

is satisfied whenever ξ
r
≤ κ < 2ξ − 1

2
. This interval is nonempty provided ξ > r/(4r − 2),

which is possible for r > 1.

Remark 4.4. Assumption (B3*) is the replacement for (B3) in the bundled-parameter case,

where the basis representation of the nuisance component depends on the finite-dimensional

parameter. In this setting, pointwise evaluation of ζ̂n(x, β̂n) introduces an additional remain-

der term from replacing β0,n by β̂n inside the basis functions. Under Remark 4.2, this bundled

remainder is of order Op(n
−ξ). Since the pointwise nonparametric component is normalized

by
√
n/pn, we require n−ξ

√
n/pn → 0. Together with the upper bound pn = o(n2ξ−1/2), this

compatibility is guaranteed under the stronger rate condition in (B3*). When the nuisance

component is not bundled with β, this additional remainder is absent, and (B3*) is not

required.

Remark 4.5. The constants cJ and CJ are uniform in n because (B5) is stated on the

full function space H, not on a dimension-dependent subspace. When the coordinate map

v 7→ (a,
∑

j vγ,jBkn,j) is norm-preserving (as for orthonormal bases), the eigenvalues of the

growing-dimensional matrix J (n)(θ0) ∈ Rpn×pn are bounded below by cJ and above by CJ ,

uniformly in n.

Remark 4.6. Assumption (B7) is stated pointwise (for each fixed x) because Theorem 4.1(iii)

delivers a pointwise result; uniform confidence bands would require stronger uniformity condi-

tions on b(x) and are deferred to future work. The quantity b(x) represents the renormalized

sieve approximation bias at x; it is generally non-zero and is the reason the limiting distri-
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bution in Theorem 4.1(iii) is not centered.

Remark 4.7. Our conditions differ from those of Ding and Nan [2011a] in scope. Their

analysis targets the Euclidean parameter along the least favorable direction, and consequently

relies on stochastic equicontinuity of the score together with smoothness of the least favorable

submodel. Our aim is joint asymptotic normality across the full sieve coordinate vector,

and this stronger conclusion is obtained through the uniform third-derivative control in (B1).

The bounded third derivative delivers direct control of the Hessian variation and hence of

the Taylor remainder in every sieve direction, which in turn removes the need for the score

equicontinuity and least-favorable-direction smoothness conditions of Ding and Nan [2011a].

4.4 Main Results

Lemma 4.1 (Sieve pseudo-truth convergence and rate).

(i) Under (B1) and (B4), d(θ0,n, θ0) → 0 as n→ ∞.

(ii) Under additionally (B5), d(θ0,n, θ0) = O(ϵn).

Lemma 4.2 (Local properties of J). Under (B1) and (B3)–(B5), the following hold:

(i) For θ̄n and θ∗n in the neighborhood of θ0, with d(θ̄n, θ
∗
n) = Op(n

−ξ),

∥J (n)
n (θ̄n)− J (n)

n (θ∗n)∥op = Op(pnn
−ξ) and ∥J (n)(θ̄n)− J (n)(θ∗n)∥op = Op(pnn

−ξ).

(ii) For any θ∗n with d(θ∗n, θ0) ≤ Cn−ξ,

∥J (n)
n (θ∗n)− J (n)(θ∗n)∥op = Op

(
max

{
pnn

−ξ, pn

√
log pn
n

})
.
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(iii) For θ∗n with d(θ∗n, θ0) ≤ Cn−ξ, there exists c′J > 0 not depending on n such that for all

vn ∈ Rpn and all n sufficiently large,

c′J∥vn∥2 ≤ v⊤n J
(n)(θ∗n) vn ≤ C ′

J∥vn∥2.

In other words, (B5) transfers to the sieve in the neighborhood of the truth, and J (n)(θ∗n)

is uniformly invertible in n.

Lemma 4.3 (Sieve variance consistency). Under assumptions (B1) and (B3)–(B5),

∥J (n)
n (θ̂n)− J (n)(θ0,n)∥op = op(1) and ∥V̂n(θ̂n)− Vn∥op = op(1).

Theorem 4.1. Let an ∈ Rpn be an arbitrary vector of real values satisfying an ̸= 0.

(i) (Directional asymptotic normality.) Under (B1)–(B6),

√
n aTn (η̂n − η0,n)

(aTnΣnan)1/2
→d N(0, 1).

(ii) (Feasible inference.) Under the same conditions, the sandwich covariance estimator

Σ̂n = {J (n)
n (θ̂n)}−1 V̂n(θ̂n) {J (n)

n (θ̂n)}−1

satisfies (aTn Σ̂nan)/(a
T
nΣnan) →p 1, and

√
n aTn (η̂n − η0,n)

(aTn Σ̂nan)1/2
→d N(0, 1).

(iii) (Pointwise inference for the infinite-dimensional parameter.) If, in addi-

tion, (B7) holds, and in the bundled-parameter case (B3*) holds, then for each fixed
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x,

√
n

pn

(
ζ̂n(x, β̂n)− ζ0(x, β0)

)
→d b(x) + σ2(x)Z,

where Z ∼ N(0, 1) and the variance σ2
2(x) = limn→∞ p−1

n en(x)
⊤Σnen(x), en(x) =

(0⊤d , Bkn,1(ϕ(x; β0,n)), . . . , Bkn,kn(ϕ(x; β0,n)))
⊤.

Proof of Theorem 4.1. The proof centers the Taylor expansion at the sieve pseudo-truth

θ0,n ∈ Θn and works in the growing-dimensional sieve coordinate η ∈ Rpn . To avoid questions

about op in growing-dimensional spaces, we project onto the direction an at the outset.

Scalar linearization. Let an ∈ Rpn be arbitrary. Define cn =
[
J (n)(θ0,n)

]−1
an. Since θ0,n

maximizes S over Θn, the population sieve score vanishes meaning U (n)(η0,n) = Ṡ(n)(θ0,n) =

0. By (B6), ∥U (n)
n (η̂n)∥ = op(n

−1/2), so cTnU
(n)
n (η̂n) = op(n

−1/2∥cn∥).

A Taylor expansion of U
(n)
n around η0,n gives

U (n)
n (η̂n) = U (n)

n (η0,n)− J (n)
n (η0,n)(η̂n − η0,n) +R(n)

n , (4.1)

where the remainder is

R(n)
n =

[
J (n)
n (η0,n)− J (n)

n (η̃n)
]
(η̂n − η0,n)

for some η̃n on the segment between η̂n and η0,n. Projecting (4.1) by c
T
n and using cTnU

(n)
n (η̂n) =

op(n
−1/2∥cn∥):

cTnJ
(n)
n (η0,n)(η̂n − η0,n) = cTnU

(n)
n (η0,n) + cTnR

(n)
n + op(n

−1/2∥cn∥). (4.2)

Since η̃n lies on the segment between η̂n and η0,n, we have ∥η̃n−η0,n∥ ≤ ∥η̂n−η0,n∥. By (B3)
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and the triangle inequality,

∥η̂n − η0,n∥ ≤ d(θ̂n, θ0,n) ≤ d(θ̂n, θ0) + d(θ0, θ0,n) = Op(n
−ξ) +O(n−ξ) = Op(n

−ξ),

where the first equality uses Lemma 4.1(ii) combined with (B3). Therefore ∥η̃n − η0,n∥ =

Op(n
−ξ). By Lemma 4.2(i),

∥J (n)
n (η̃n)− J (n)

n (η0,n)∥op = Op(pnn
−ξ).

Combining,

|cTnR(n)
n | ≤ ∥cn∥ ∥J (n)

n (η0,n)− J (n)
n (η̃n)∥op ∥η̂n − η0,n∥ = ∥cn∥ ·Op(pnn

−2ξ).

By Lemma 4.2(ii),

∥J (n)
n (η0,n)− J (n)(θ0,n)∥op = Op

(
max

{
pnn

−ξ, pn

√
log pn
n

})
,

so

∣∣cTn{J (n)
n (η0,n)− J (n)(θ0,n)}(η̂n − η0,n)

∣∣ ≤ ∥cn∥ ·Op

(
max

{
pnn

−ξ, pn

√
log pn
n

})
·Op(n

−ξ)

= ∥cn∥ ·Op

(
max

{
pnn

−2ξ, n−ξpn

√
log pn
n

})
.

To normalize these remainder terms, first note that by (B5) and the definition of cn we have

cV ∥cn∥2 ≤ cTnVncn = aTnΣnan ≤ CV ∥cn∥2. (4.3)
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Normalizing the remainder terms by
√
aTnΣnan and using cTnVncn ≥ cV ∥cn∥2 from (4.3),

|cTnR
(n)
n |√

aTnΣnan
≤ ∥cn∥ ·Op(pnn

−2ξ)√
cV ∥cn∥2

=
Op(pnn

−2ξ)
√
cV

= op(n
−1/2),

by (B3), and similarly

∣∣∣cTn{J (n)
n (η0,n)− J (n)(θ0,n)}(η̂n − η0,n)

∣∣∣√
aTnΣnan

≤
∥cn∥ ·Op

(
n−ξpn

√
log pn

n

)
√
cV ∥cn∥2

=

Op

(
n−ξpn

√
log pn

n

)
√
cV

= op(n
−1/2),

since n−ξpn
√
log pn → 0.

By symmetry of J (n)(θ0,n), we have cTnJ
(n)(θ0,n) = aTn , so combining (4.2) with the above

remainder bounds gives

aTn (η̂n − η0,n)√
aTnΣnan

=
cTn√
aTnΣnan

U (n)
n (η0,n) + op(n

−1/2)

=
aTn
[
J (n)(θ0,n)

]−1√
aTnΣnan

1

n

n∑
i=1

u
(n)
i (θ0,n) + op(n

−1/2). (4.4)

Part (i). Define Wn,i = cTnu
(n)
i (θ0,n). Multiplying (4.4) by

√
n and plugging in,

√
n aTn (η̂n − η0,n)√

aTnΣnan
=

1√
n

n∑
i=1

Wn,i + op(1).

We have aTnΣnan = cTnVncn, so

√
n aTn (η̂n − η0,n)√

aTnΣnan
=

1√
n

n∑
i=1

Wn,i√
cTnVncn

+ op(1).

66



Since E[u
(n)
i (θ0,n)] = 0, we have E[Wn,i] = 0. Define the normalizing constant σ2

n = cTnVncn =

aTnΣnan. By assumption, lim infn→∞ σ2
n > 0. Define normalized variables

Zn,i =
Wn,i

σn
, E[Zn,i] = 0, Var(Zn,i) =

cTnVncn
σ2
n

= 1.

We verify the Lindeberg condition forXn,i = Zn,i/
√
n with row variances s2n =

∑n
i=1Var(Xn,i) =

1. For any ε > 0,

Ln(ε) =
n∑

i=1

E
[
X2

n,i 1{|Xn,i| > ε}
]
→ 0. (4.5)

By coordinatewise boundedness of the observation-level score, ∥u(n)i (θ0,n)∥ ≤ A1
√
pn and we

have |Wn,i| = |cTnu
(n)
i (θ0,n)| ≤ A1

√
pn∥cn∥ a.s. Using σ2

n = cTnVncn ≥ cV ∥cn∥2 from (4.3),

|Zn,i| =
|Wn,i|
σn

≤
A1

√
pn∥cn∥√

cV ∥cn∥2
=
A1

√
pn√
cV

.

Therefore |Xn,i| = |Zn,i|/
√
n ≤ A1

√
pn/(

√
cV n) → 0 by (B3), so for large n, |Xn,i| < ε and

the indicator in (4.5) vanishes. By the Lindeberg–Feller CLT,

1√
n

n∑
i=1

Zn,i →d N(0, 1),

which gives the desired result.

Part (ii). Define ĉn =
[
J
(n)
n (θ̂n)

]−1

an and V̂n = V̂n(θ̂n) so that a⊤n Σ̂nan = ĉ⊤n V̂nĉn. We will

show

ĉ⊤n V̂nĉn
c⊤nVncn

=
c⊤nVncn + (ĉ⊤n V̂nĉn − c⊤nVncn)

c⊤nVncn
= 1 + op(1)
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Decompose

ĉ⊤n V̂nĉn − c⊤nVncn = ĉ⊤n (V̂n − Vn)ĉn + {ĉ⊤nVnĉn − c⊤nVncn}.

For the first term, we have

∣∣∣∣∣ ĉ⊤n (V̂n − Vn)ĉn
c⊤nVncn

∣∣∣∣∣ ≤ ∥V̂n − Vn∥op∥ĉn∥2

cV ∥cn∥2
.

Let

rJ,n = ĉn − cn =

([
J (n)
n (θ̂n)

]−1

−
[
J (n)(θ0,n)

]−1
)
an

=
[
J (n)
n (θ̂n)

]−1 (
J (n)
n (θ̂n)− J (n)(θ0,n)

)
cn

where the last equality holds by the standard equivalence A−1 − B−1 = A−1(B − A)B−1.

By Lemma 4.3, we have ∥J (n)
n (θ̂n) − J (n)(θ0,n)∥op = op(1) and from Lemma 4.2(iii) we have[

J
(n)
n (θ̂n)

]−1

= Op(1). Thus,

∥rJ,n∥ ≤
∥∥∥∥[J (n)

n (θ̂n)
]−1
∥∥∥∥
op

∥∥∥(J (n)
n (θ̂n)− J (n)(θ0,n)

)∥∥∥
op
∥cn∥

= Op(1) · op(1) · ∥cn∥

= op(1) · ∥cn∥,

and applying Lemma 4.3 with ∥V̂n − Vn∥op = op(1) it follows that

∣∣∣∣∣ ĉ⊤n (V̂n − Vn)ĉn
c⊤nVncn

∣∣∣∣∣ ≤ ∥V̂n − Vn∥op∥ĉn∥2

cV ∥cn∥2
=
op(1) ·Op(1) · ∥cn∥2

cV ∥cn∥2
= op(1)

68



For the second part of the decomposition, write

ĉ⊤nVnĉn − c⊤nVncn = 2c⊤nVnrJ,n + r⊤J,nVnrJ,n.

Using the uniform upper and lower bounds on Vn, we know c⊤nVncn ≥ cV ∥cn∥2, and ∥Vn∥op ≤

CV . Thus we obtain

|2c⊤nVnrJ,n|
c⊤nVncn

≤ 2∥cn∥∥Vn∥op∥rJ,n∥
cV ∥cn∥2

≤ 2CV

cV

∥rJ,n∥
∥cn∥

= op(1),

and similarly

|r⊤J,nVnrJ,n|
c⊤nVncn

≤ CV ∥rJ,n∥2

cV ∥cn∥2
= op(1).

Therefore

ĉ⊤nVnĉn − c⊤nVncn
c⊤nVncn

= op(1).

Combining this with the first part gives

a⊤n Σ̂nan
a⊤nΣnan

=
ĉ⊤n V̂nĉn
c⊤nVncn

→p 1.

By Slutsky’s theorem,

√
n a⊤n (η̂n − η0,n)

(a⊤n Σ̂nan)1/2
→d N(0, 1).

Part (iii). For each fixed x, let

en(x) =
(
0⊤d , Bkn,1(ϕ(x; β0,n)), . . . , Bkn,kn(ϕ(x; β0,n))

)⊤ ∈ Rpn .
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We decompose

ζ̂n(x, β̂n)− ζ0(x, β0) = en(x)
T (η̂n − η0,n)︸ ︷︷ ︸

(I)

+
(
ζ0,n(x, β0,n)− ζ0(x, β0)

)︸ ︷︷ ︸
(II)

+ rn(x)︸ ︷︷ ︸
(III)

,

where rn(x) = ζ̂n(x, β̂n) − ζ̂n(x, β0,n) arises from the β-dependence of the basis, and is only

non-zero in the bundled parameter setting.

For term (I), set an = en(x) and define

σ2
n(x) = en(x)

TΣn en(x).

By assumption (B5) and Lemma 4.2(iii), Σn is bounded in operator norm, so p−1
n σ2

n(x) →

σ2
2(x).

Applying part (i) with an = en(x) we have

√
n en(x)

T (η̂n − η0,n)

σn(x)
→d N(0, 1).

Rescaling by
√
n/pn and using σ2

n(x)/pn → σ2
2(x),

√
n

pn
en(x)

T (η̂n − η0,n) =
σn(x)√
pn

·
√
n en(x)

⊤(η̂n − η0,n)

σn(x)
→d N

(
0, σ2

2(x)
)
,

by Slutsky’s.

Term (II) is the sieve approximation bias. By (B7),
√
n/pn(ζ0,n(x, β0,n)− ζ0(x, β0)) → b(x).

Term (III) is identically zero in the case of non-bundled parameters. Otherwise, by Re-

mark 4.2 we have rn(x) = ζ̂n(x, β̂n) − ζ̂n(x, β0,n) ≤ Lζ(x)∥β̂n − β0,n∥. Since ∥η̂n − η0,n∥ =

Op(n
−ξ) by (B3) and the triangle inequality (applying Lemma 4.1), we have |rn(x)| =

Op(n
−ξ), and thus

√
n/pn|rn(x)| = Op(n

−ξ
√
n/pn) = op(1) by (B3*).
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Combining terms (I)–(III) and multiplying through by
√
n/pn, we have

√
n

pn

(
ζ̂n(x, β̂n)− ζ0(x, β0)

)
→d b(x) + σ2(x)Z.
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Maŕıa M. Corrada, Ron Brookmeyer, Annlia Paganini-Hill, Daniel Berlau, and Claudia H.
Kawas. Dementia incidence continues to increase with age in the oldest old: The 90+
study. Ann. Neuro., 67(1):114–121, January 2010. ISSN 0364-5134, 1531-8249. doi: 10.
1002/ana.21915. URL https://onlinelibrary.wiley.com/doi/10.1002/ana.21915.

D. R. Cox. Regression Models and Life-Tables. Journal of the Royal Statistical Soci-
ety Series B: Statistical Methodology, 34(2):187–202, January 1972. ISSN 1369-7412,
1467-9868. doi: 10.1111/j.2517-6161.1972.tb00899.x. URL https://academic.oup.com/

jrsssb/article/34/2/187/7027194.

S. Craft, L. Teri, S. D. Edland, W. A. Kukull, G. Schellenberg, W. C. McCormick, J. D.
Bowen, and E. B. Larson. Accelerated decline in apolipoprotein E-e4 homozygotes with
Alzheimer’s disease. Neurology, 51(1):149–153, July 1998. ISSN 0028-3878, 1526-632X.
doi: 10.1212/WNL.51.1.149. URL https://www.neurology.org/doi/10.1212/WNL.51.

1.149.

73

https://journals.lww.com/00005650-200705001-00002
https://journals.lww.com/00005650-200705001-00002
https://www.naccdata.org
https://www.naccdata.org
https://linkinghub.elsevier.com/retrieve/pii/S0378375824000107
https://linkinghub.elsevier.com/retrieve/pii/S0378375824000107
https://academic.oup.com/biometrics/article/79/4/3929/7587556
https://academic.oup.com/biometrics/article/79/4/3929/7587556
https://link.springer.com/10.1007/s10463-020-00755-2
https://link.springer.com/10.1007/s10463-020-00755-2
https://linkinghub.elsevier.com/retrieve/pii/S157344120706076X
https://linkinghub.elsevier.com/retrieve/pii/S157344120706076X
https://www.neurology.org/doi/10.1212/01.wnl.0000310773.65918.cd
https://www.neurology.org/doi/10.1212/01.wnl.0000310773.65918.cd
https://onlinelibrary.wiley.com/doi/10.1002/ana.21915
https://academic.oup.com/jrsssb/article/34/2/187/7027194
https://academic.oup.com/jrsssb/article/34/2/187/7027194
https://www.neurology.org/doi/10.1212/WNL.51.1.149
https://www.neurology.org/doi/10.1212/WNL.51.1.149


Carl De Boor. A practical guide to splines. Springer, New York, rev. edition, 2001. ISBN
978-0-387-95366-3.

Vakaramoko Diaby, Georges Adunlin, Askal Ayalew Ali, and Rima Tawk. Using quality-
adjusted progression-free survival as an outcome measure to assess the benefits of cancer
drugs in randomized-controlled trials: case of the BOLERO-2 trial. Breast Cancer Research
and Treatment, 146(3):669–673, August 2014. ISSN 0167-6806, 1573-7217. doi: 10.1007/
s10549-014-3047-y. URL http://link.springer.com/10.1007/s10549-014-3047-y.

Ying Ding. Some New Insights about the Accelerated Failure Time Model. PhD thesis, The
University of Michigan, Michigan, U.S.A., 2010.

Ying Ding and Bin Nan. A sieve M-theorem for bundled parameters in semiparametric
models, with application to the efficient estimation in a linear model for censored data.
Ann. Statist., 39(6):2795–3443, 2011a.

Ying Ding and Bin Nan. Supplement to ”A sieve M-theorem for bundled parameters in
semiparametric models, with application to the efficient estimation in a linear model for
censored data.”. Ann. Statist., 39(6), 2011b. doi: 10.1214/11-AOS934SUPP.

Bradley Efron. Bootstrap methods: another look at the jackknife. In Breakthroughs in
statistics: Methodology and distribution, pages 569–593. Springer, 1992.

Juan Fortea, Jordi Pegueroles, Daniel Alcolea, Olivia Belbin, Oriol Dols-Icardo, Ĺıdia Vaqué-
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Appendix A

Code Availability

The R code used for the numerical implementations in Chapter 2, along with an R package

for fitting models where the response is subject to both left-truncation and right-censoring,

can be found on my GitHub page at https://github.com/srmatth/ltrc.

The R code used for the numerical implementations in Chapter 3 can be found on my GitHub

page at https://github.com/srmatth/ghi.
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Appendix B

Derivation of the Likelihood under

Left-Truncation and Right-Censoring

Let F̄A(a) denote the survival function of an arbitrary random variable A. We proceed with

looking at two sub-distributions that correspond to ∆ = 1 and ∆ = 0, respectively. We have

pr(Y ≤ y,∆ = δ | Y > T, T = t,X = x)

=
pr(Y ≤ y,∆ = δ, Y > t | T = t,X = x)

pr(Y > t | T = t,X = x)
1(y > t). (B.1)

From our assumption, Y ∗ is independent of (C, T ) given X. Consider first the denominator

in (B.1). We have

pr(Y > t | T = t,X = x) = pr(Y ∗ > t,C > t | T = t,X = x)

= F̄Y ∗|X(t | x)F̄C|T,X(t | t, x). (B.2)
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Now consider the numerator in (B.1). For the case where ∆ = 1, we have

pr(Y ≤ y,∆ = 1, Y > t | T = t,X = x)

= pr(Y ∗ ≤ y, Y ∗ < C, Y ∗ > t | T = t,X = x)

=

∫ y

t

∫ ∞

u

fY ∗,C|T,X(u, v | t, x)dvdu

=

∫ y

t

∫ ∞

u

fY ∗|X(u | x)fC|T,X(v | t, x)dvdu

=

∫ y

t

fY ∗|X(u | x)F̄C|T,X(u | t, x)du.

When ∆ = 0 we have

pr(Y ≤ y,∆ = 0, Y > t | T = t,X = x)

= pr(C ≤ y, Y ∗ > C,C > t | T = t,X = x)

=

∫ y

t

∫ ∞

v

fY ∗,C|T,X(u, v | t, x)dudv

=

∫ y

t

∫ ∞

v

fY ∗|X(u | x)fC|T,X(v | t, x)dudv

=

∫ y

t

fC|T,X(v | t, x)F̄Y ∗|X(v | x)dv.

Thus we obtain the following conditional density function:

fY,∆|Y >T,T,X(y, δ | y > t, t, x)

=

{
fY ∗|X(y | x)F̄C|T,X(y | t, x)

}δ {
fC|T,X(y | t, x)F̄Y ∗|X(y | x)

}1−δ

F̄Y ∗|X(t | x)F̄C|T,X(t | t, x)
1(y > t).
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Then the joint density function of left-truncated data is

fY,∆,T,X|Y >T (y, δ, t, x | y > t)1(y > t)

= fY,∆|T,X,Y >T (y, δ | t, x, y > t)fT,X|Y >T (t, x | y > t)1(y > t)

=

{
fY ∗|X(y | x)F̄C|T,X(y | t, x)

}δ {
fC|T,X(y | t, x)F̄Y ∗|X(y | x)

}1−δ

F̄Y ∗|X(t | x)F̄C|T,X(t | t, x)

× fT,X|Y >T (t, x | y > t)1(y > t). (B.3)

Dropping the factors that are free of (β, λe) from (B.3), we obtain the likelihood:

L(β, λe | Y,∆, T,X) =

{
fY ∗|X(Y | X)

}∆ {
F̄Y ∗|X(Y | X)

}1−∆

F̄Y ∗|X(T | X)
.

Using hazard functions, we can rewrite the above likelihood function as the following:

L(β, λe | Y,∆, T,X) =

{
λY ∗|X(Y | X)

}∆
exp

{
−
∫ Y

−∞ λY ∗|X(u | X)du
}

exp
{
−
∫ T

−∞ λY ∗|X(u | X)du
}

=
{
λY ∗|X(Y | X)

}∆
exp

{
−
∫ Y

T

λY ∗|X(u | X)du

}
= {λe(Y −XTβ)}∆ exp

{
−
∫ Y−XTβ

T−XTβ

λe(u)du

}
.
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Appendix C

Proof of Theorems 2.1, 2.2, and 2.3

C.1 Additional Notation for Proofs

Most of the notation in this section will be consistent with that of Chapter 2, with a few

different symbols used now that we will be focused in the theoretical space:

• Y is the observed survival time, and Y = Y ∗ ∧ C where Y ∗ is the true survival time

and C is the censoring time

• X are covariates

• T is the left truncation time

• ∆ = 1(Y ∗ < C) is the indicator that censoring time is greater than the survival time.

• ϵβ = Y −X ′β, ϵ0 = Y −X ′β0

• τβ = T −X ′β, τ0 = T −X ′β0

• a and b are the limits of integration for the sieve space
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• Z includes all observed data: (Y,∆, X, T )

• ψ(·, β) = · −X ′β

• g0(·) = log λ0(ψ(·, β)) = ζ(·, β)

• ĝ(s) =
∑K

k=1 γ̂kBk(s)

Now let us define the norm we will be using. This is the same as the norm defined in

Equation 4.2 of Ding and Nan [2011a]. First define a collection of functions HP as follows:

HP = {ζ(·, β) : ζ(s, x, β) = g(ψ(s, x, β)), g ∈ GP , s ∈ [a, b], x ∈ X , β ∈ B},

where

ψ(s, x, β) = s− x′(β − β0)

and GP is defined in our assumptions A.6 in the main work. Here ζ is a composite function

of g composed with ψ. Note that ζ(s, x, β0) = g(s). Then for ζ(·, β) ∈ HP we define the

following norm:

∥ζ(·, β)∥2 =
{∫

X

∫ b

a

{g(s− x′(β − β0))}2 dΛ0(s)dFX(x)

}1/2

. (C.1)

We also have the following collection of scores:

H =

{
h : h(·, β) = ∂ζn(·, β)

∂η

∣∣∣∣
η=0

= w(ψ(·, β)), ζn ∈ HP

}
,

in which h(s, x, β) = w(ψ(s, x, β)) = w(s− x′(β − β0)).

For any θ1 = (β1, ζ1(·, β1)) and θ2 = (β2, ζ2(·, β2)) in the space of ΘP = B × HP , define the
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following distance:

d(θ1, θ2) = {|β1 − β2|2 + ∥ζ1(·, β1)− ζ2(·, β2)∥22}1/2. (C.2)

We will use this distance frequently in the following proofs.

Furthermore, up to this point we have mostly discussed the likelihood of the data, as

ℓ(β, γ | X, Y,∆, T ) =
n∑

i=1

(
δi

K∑
k=1

γkBk (ϵβ,i)−
∫ ϵβ,i

τβ,i

exp

{
K∑
k=1

γkBk(s)

}
ds

)
.

In the proofs, we will switch over to discussing the theoretical likelihood, using l̇ and l̈ to

denote first and second derivatives, respectively, as in Ding and Nan [2011a]. We have the

following:

l(β, ζ(·, β);Z) = ∆g(ϵβ)−
∫ b

a

1(s ≤ ϵβ)1(s ≥ τβ) exp{g(s)}ds

l̇β(β, ζ(·, β);Z) = −X
{
∆ġ(ϵβ)−

∫ b

a

1(s ≤ ϵβ)1(s ≥ τβ) exp{g(s)}ġ(s)ds
}

l̇ζ(β, ζ(·, β);Z)[h] = ∆h(ϵβ)−
∫ b

a

1(s ≤ ϵβ)1(s ≥ τβ) exp{g(s)}h(s)ds

l̈ββ(β, ζ(·, β);Z) = XX ′
{
∆g̈(ϵβ)

−
∫ b

a

1(s ≤ ϵβ)1(s ≥ τβ) exp{g(s)}[ġ2(s) + g̈(s)]ds

}
l̈βζ(β, ζ(·, β);Z)[h] = −X

{
∆ḣ(ϵβ)

−
∫ b

a

1(s ≤ ϵβ)1(s ≥ τβ) exp{g(s)}[ḣ(s) + ġ(s)h(s)]ds

}
l̈ζζ(β, ζ(·, β);Z)[h1, h2] = −

∫ b

a

1(s ≤ ϵβ)1(s ≥ τβ) exp{g(s)}h1(s)h2(s)ds

These will be used extensively in the following proofs.
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C.2 Technical Lemmas and their Proofs

Lemma C.1. Under conditions (A.1)–(A.3) and (A.6), the log-likelihood

l(β, ζ(·, β);Z) = ∆g(ϵ0 −X ′(β − β0))

−
∫ b

a

1(s ≤ ϵ0)1(s ≥ τ0) exp{g(s−X ′(β − β0))}ds

has bounded and continuous first and second derivatives with respect to β ∈ B and ζ(·, β) ∈

HP .

Proof. This result follows by direct calculation. See all the first and second derivatives given

above. By Conditions (A.1)–(A.3) and (A.6), these are continuous and bounded.

Lemma C.2. For g0 ∈ Gp, there exists a function g0,n ∈ Gp
n such that

∥g0,n − g0∥∞ = O
(
n−pν

)

Proof. This is a direct result of Corollary 6.21 in Schumaker [2007], that is, there exists a

g0,n ∈ Gp
n such that ζ0,n(s, x, β0) = g0,n(s) and

∥ζ0,n(·, β0)− ζ0(·, β0)∥∞ = ∥g0,n − g0∥∞ = O(q−p
n ) = O(n−pν).

Lemma C.3. Let θ0,n = (β0, ζ0,n(·, β0)) with ζ0,n(·, β0) ≡ g0,n defined in Lemma C.2. Denote

Fn = {l(θ; z)−l(θ0,n; z) : θ ∈ ΘP
n }. Assume that conditions (A.1)–(A.3) and (A.6) hold, then

the ε-bracketing number associated with ∥·∥∞ norm for Fn is bounded by (1/ε)cqn+d, that is,

N[](ε,Fn, ∥·, ∥∞) ≲ (1/ε)cqn+d for some constant c > 0.
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Proof. By the calculation in Shen and Wong [1994] on page 597, denote the ceiling of x by

⌈x⌉, then for any ε > 0, there exists a set of brackets {[gLi , gUi ] : i = 1, 2, . . . , ⌈(1/ε)c1qn⌉}

such that for any g ∈ GP
n , g

L
i (s) ≤ g(s) ≤ gUi (s) for some 1 ≤ i ≤ ⌈(1/ε)c1qn⌉ and all

s ∈ [a, b], where ∥gUi − gLi ∥∞ ≤ ε. Since B ⊆ Rd is compact, B can be covered by ⌈c2(1/ε)d⌉

balls with radius ε; that is, for any β ∈ B, there exists βr, 1 ≤ r ≤ ⌈c2(1/ε)d⌉, such that

|β − βr| ≤ ε, i.e., |(β − β0) − (βr − β0)| ≤ ε, and hence |x′(β − β0) − x′(βr − β0)| ≤ Cε

for any x ∈ X because of Condition (A.2), where C > 0 is a constant. This indicates that

s − x′(β − β0) ∈ [s − x′(βr − β0) − Cε, s − x′(βr − β0) + Cε] for any x and s. Assume

gLi (s − x′(βr − β0) + ci,s1 ε) and g
U
i (s − x′(βr − β0) + ci,s2 ε) are the minimum and maximum

values of gLi and gUi within the interval [s − x′(βr − β0) − Cε, s − x′(β2 − β0) + Cε], where

ci,s1 and ci,s2 are two constants that only depend on gLi , g
U
i and s with |ci,s1 |, |ci,s2 | ≤ C. So we

have

gLi (s− x′(βr − β0) + ci,s1 ε) ≤ gLi (s− x′(β − β0))

≤ g(s− x′(β − β0))

≤ gUi (s− x′(β − β0)) ≤ gUi (s− x′(βr − β0) + ci,s2 ε).

Hence we can construct a set of brackets

{
[mL

i,r(Z),m
UUi,r(Z)] : i = 1, . . . , ⌈(1/ε)c1qn⌉; r = 1, . . . , ⌈c2(1/ε)d⌉

}
such that for any m(θ;Z) ∈ Fn, there exists a pair (i, r) such that for any sample point Z,

m(θ;Z) ∈ [mL
i,r(Z),m

U
i,r(Z)], where

mL
i,r =

{
∆gLi (ϵ0 −X ′(βr − β0) + ci,ϵ01 ε)

−
∫ b

a

1(s ≤ ϵ0)1(s ≥ τ0) exp{gUi (s− x′(βr − β0) + ci,s2 ε)}ds
}

− l(θ0,n;Z),
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and

mU
i,r =

{
∆gUi (ϵ0 −X ′(βr − β0) + ci,ϵ02 ε)

−
∫ b

a

1(s ≤ ϵ0)1(s ≥ τ0) exp{gLi (s− x′(βr − β0) + ci,s1 ε)}ds
}

− l(θ0,n;Z),

It then follows that

|mU
i,r(Z)−mL

i,r(Z)|

≤ |gUi (ϵ0 −X ′(βr − β0) + ci,ϵ02 ε)− gLi (ϵ0 −X ′(βr − β0) + ci,ϵ01 ε)|

+

∫ b

a

| exp{gUi (s− x′(β2 − β0) + ci,s2 ε)} − exp{gLi (s− x′(βr − β0) + ci,s1 ε)}|ds

= A1 + A2

For A1, by subtracting and adding the terms of g(ϵ0−X ′(βr−β0)+ci,ϵ02 ε) and g(ϵ0−X ′(βr−

β0) + ci,ϵ01 ε) and applying the Taylor expansion to g at ϵ0 −X ′(βr − β0) + ci,ϵ01 ε, we have

A1 ≤ |gUi (ϵ0 −X ′(βr − β0) + ci,ϵo2 ε)− g(ϵ0 −X ′(βr − β0) + ci,ϵ02 ε)|

+ |g(ϵ0 −X ′(βr − β0) + ci,ϵ02 ε)− g(ϵ0 −X ′(βr − β0) + ci,ϵ01 ε)|

+ |g(ϵ0 −X ′(βr − β0) + ci,ϵ01 ε)− gLi (ϵ0 −X ′(βr − β0) + ci,ϵ01 ε)|

≤ ∥gUi − g∥∞ + |ġ(ϵ0 −X ′(βr − β0) + c̃ε)(ci,ϵ02 − ci,ϵ01 )ε|+ ∥g − gLi ∥∞

≤ ∥gUi − gLi ∥∞ + C1|(ci,ϵ02 − ci,ϵ01 )|ε+ ∥gUi − gLi ∥∞

≤ 2ε+ 2C1C2ε ≲ ε

where the third inequality holds because ∥gUi − g∥∞, ∥g − gLi ∥∞ ≤ ∥gUi − gLi ∥∞ and ġ is

bounded by C1. The constant C1 may be proportional to cn that is allowed to grow with n

slowly enough, but it does not affect the later calculations on convergence rate (see Shen and
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Wong [1994] page 591 for their constant ln), thus we drop cn for simplicity. For A2, by using

the similar arguments as for A1 and denoting s−X ′(βr − β0) = sr for notational simplicity,

we have

A2 ≤
∫ b

a

{| exp{gUi (sr + ci,s2 ε)} − exp{g(ss + ci,s2 ε)}|

+ | exp{g(sr + ci,s2 ε)} − exp{g(sr + ci,s1 ε)}|

+ | exp{g(sr + ci,s1 ε)} − exp{gLi (sr + ci,s1 ε)}|}ds

=

∫ b

a

{| exp{g̃Ui (sr + ci,s2 ε)}(gUi − g)(sr + ci,s2 ε)|

+ | exp{g(sr + c̃ε)}(ci,s2 − ci,s1 )ε|

+ | exp{g̃Li (sr + ci,s1 ε)}(gLi − g)(sr + ci,s1 ε)|}ds

≲ ∥gUi − g∥∞ + |(ci,s2 − ci,s1 )ε|+ ∥g − gLi ∥∞ ≲ ε.

The above equality is from the Taylor expansion, where g̃Ui = g+ξ(gUi −g) for some 0 < ξ < 1

and thus |g̃Ui (·)| ≤ |g(·)|+ε, which is bounded in [a, b]; similarly |g̃Li | is also bounded in [a, b].

Hence ∥mU
i − mL

i ∥∞ ≲ ε and the ε-bracketing number associated with ∥·∥∞ norm for the

class Fn follows

N[](ε,Fn, ∥·∥∞) ≤ (1/ε)c1qnc2(1/ε)
d ≲ (1/ε)c1qn+d.

Lemma C.4. Let h∗j(s, x, β) = w∗
j (ψ(s,X, β)), where h

∗
j(s, x, β0) = w∗

j (s) = −ġ0(s)P (Xj |

ϵ0 ≥ s, τ0 ≤ s), j = 1, . . . , d. Assume conditions (A.1)–(A.6) hold, then there exists

h∗j,n(s, x, β) = w∗
j,n(ψ(s, x, β)) ∈ H2

n such that ∥h∗j,n − h∗j∥∞ = O(n−2ν), or equivalently,

∥w∗
j,n − w∗

j∥∞ = O(n−2ν) where w∗
j,n ∈ G2

n

Proof. In the proof of Theorem 2.2 we show that such defined (h∗1, . . . , h
∗
d) determines the

least favorable submodel for β. Now, by conditions (A.4)–(A.5), the following conditional
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density of ϵ0 given T and X

fϵ0|T,X(s|t, x) = fY ∗|X(s+x
′β0|x)F̄C|T,X(s+x

′β0 | t, x)+fC|T,X(s+x
′β0 | t, x)F̄Y ∗|X(s+x

′β0 | x)

is uniformly bounded for all t ∈ T and x ∈ X , and its derivative with respect to s

ḟϵ0|T,X(s | t, x) = ḟY ∗|X(s+ x′β0 | x)F̄C|T,X(s+ x′β0 | t, x)

− fY ∗|X(s+ x′β0 | x)fC|T,X(s+ x′β0 | t, x)

+ ḟC|T,X(s+ x′β0 | t, x)F̄Y ∗|X(s+ x′β0 | x)

− fC|T,X(s+ x′β0 | t, x)fY ∗|X(s+ x′β0 | x)

is also uniformly bounded. Hence the density of ϵ0

fϵ0 =

∫
X

∫
T
fϵ0|T,X(s | t, x)fT |X(t | x)fX(x)dtdx

and its derivative

ḟϵ0(s) =

∫
X

∫
T
ḟϵ0|T,X(s | t, x)fT |X(t | x)fX(x)dtdx

are bounded. Thus the first and second derivatives of P (ϵ0 ≥ s), i.e., −fϵ0(s) and −ḟϵ0(s)

are both bounded. In addition, under Condition (A.2), the first and second derivatives of

P [X1(s ≤ ϵ0)1(s ≥ τ0)] with respect to s

dP [X1(s ≤ ϵ0)1(s ≥ τ0)]

ds
= −

∫
X

∫
T
xfX(x)fT |X(t | x)fϵ0|T,X(s | t, x)dtdx

and

d2P [X1(s ≤ ϵ0)1(s ≥ τ0)]

ds2
= −

∫
X

∫
T
sfX(x)fT |X(t | x)ḟϵ0|T,X(s | t, x)dtdx
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are also bounded. Therefore, P [X | ϵ0 ≥ s, τ0 ≤ s] = P [X1(ϵ0 ≥ s)1(τ0 ≤ s)]/P [1(ϵ0 ≥

s)1(τ0 ≤ s)] has a bounded second derivative with respect for s for s ≤ b, where b is the

truncation time defined in Condition (A.3). Thus P [X | ϵ0 ≥ s, τ0 ≤ s] ∈ G2. Moreover,

since g0 ∈ GP for p ≥ 3, we have ġ0 ∈ Gp−1 with p − 1 ≥ 2. Thus according to Corollary

6.21 of Schumaker [2007], there exists an h∗j,n ∈ Hmin(p−1,2)
n = H2

n such that h∗j,n(s, x, β0) =

w∗
j,n(ψ(s, x, β0)) = w∗

j,n(s) and ∥h∗j,n(·, β0)−h∗j(·, β0)∥∞ = ∥w∗
j,n−w∗

j∥∞ = O(q−2
n ) = O(n−2ν).

Lemma C.5. For h∗j defined in Lemma C.4, denote the class of functions

F j
n(η) = {l̇ζ(θ; z)[h∗j − hj] : θ ∈ ΘP

n , hj ∈ H2
n, d(θ, θ0) ≤ η, ∥hj − h∗j∥∞ ≤ η}.

Assume conditions (A.1)–(A.6) hold, then N[](ε,F j
n(η), ∥·∥∞) ≲ (η/ε)cqn+d for some constant

c > 0.

Proof. We shall use the similar argument for the bracketing number of the class Fn in Lemma

C.3. First, define the classes of functions

Hp
n(η) = {g ∈ Hp

n, ∥g − g0∥2 ≤ η},

H2
n,j(η) = {h ∈ H2

n, ∥h− h∗j∥∞ ≤ η}, and

B(η) = {β ∈ B ⊆ Rd, |β − β0| ≤ η},

then it follows by the calculation of Shen and Wong [1994] in page 597 that

N[](ε,Hp
n(η), ∥·∥∞) ≤ (η/ε)c1qn and N[](ε,H2

n,j(η, ∥·∥∞) ≤ (η/ε)c2qn

for some constants c1, c2 > 0. In addition, since B ⊆ Rd is compact, the covering number

for B(η) follows N(ε,B(η), ∥·∥∞) ≤ c3(η/ε)
d.
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Then as in the proof of Lemma C.3, let ϵr = Y −X ′βr, ϵ0 = Y −X ′β0, and sr = s−X ′βr for

notational simplicity. gLi and gUi are functions that bracket g with ∥gUi − gLi ∥∞ ≤ ε; hLk and

hUk are functions that bracket h with ∥hUk − hLk ∥ ≤ ε; and βr satisfies s − x′β ∈ [s − x′β2 −

Cε, s− x′βr +Cε] = [sr −Cε, sr +Cε] for any x, s and some constant C > 0. Moreover, let

cj,k,s1 and cj,k,s2 be two constants such that (h∗j − hUk )(sr + cj,k,si ε) and (h∗j − hLk )(sr + cj,k,s2 ε)

are the minimum and maximum values of (h∗j − hUk ) and (h∗j − hLk ) in [sr − Cε, sr + Cε],

respectively; and let ci,s3 and ci,s4 be two constants such that gLi (sr + ci,s3 ε) and g
U
i (sr + ci,s4 ε)

are the minimum and maximum values of gLi and gUi in [sr−Cε, sr+Cε], respectively. Then

we can construct a set of brackets for F j
n(η) as

{
[dLi,k,r(Z), d

U
i,k,r(Z)] : 1 < i < ⌈(η/ε)c1qn⌉; 1 ≤ k ≤ ⌈(η/ε)c2qn⌉; 1 ≤ s ≤ ⌈c3(η/ε)d⌉

}
that for any l̇g(θ;Z)[h

∗
j − h] ∈ F j

n(η), there exists a triplet (i, k, r) such that

l̇g(θ;Z)[h
∗
j − h] ∈ [dLi,k,r(Z), d

U
i,k,r(Z)]

for any sample point Z, where

dLi,k,s(Z) = ∆(h∗j − hUk )(ϵr + cj,k,Y1 ε)

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
U
i (sr+ci,s4 ε)(h∗j − hLk )(sr + cj,k,s2 ε)1{(h∗j − h)(sr + cj,k,s2 ε) ≥ 0}ds

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
L
i (sr+ci,s3 ε)(h∗j − hLk )(sr + cj,k,s2 ε)1{(h∗j − h)(sr + cj,k,s2 ε) < 0}ds
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and

dUi,k,s(Z) = ∆(h∗j − hLk )(ϵr + cj,k,Y2 ε)

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
L
i (sr+ci,s3 ε)(h∗j − hUk )(sr + cj,k,s1 ε)1{(h∗j − h)(sr + cj,k,s1 ε) ≥ 0}ds

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
U
i (sr+ci,s4 ε)(h∗j − hUk )(sr + cj,k,s1 ε)1{(h∗j − h)(sr + cj,k,s1 ε) < 0}ds

Then it follows that

|dUi,k,r(Z)− dLi,k,r(Z)| ≤ |(h∗j − hLk )(ϵr + cj,k,Y2 ε)− (h∗j − hUk )(ϵr + cj,k,Y1 ε)|

+

∫ b

a

|egUi (sr+ci,s4 ε)(h∗j − hLk )(sr + cj,k,s2 ε)1{(h∗j − h)(sr + cj,k,s2 ε) ≥ 0}

− eg
L
i (sr+ci,s3 ε)(h∗j − hUk )(sr + cj,k,s1 ε)1{(h∗j − h)(sr + cj,k,s1 ε) ≥ 0}|ds

+

∫ b

a

|egLi (sr+ci,s3 ε)(h∗j − hLk )(sr + cj,k,s2 ε)1{(h∗j − h)(sr + cj,k,s2 ε) < 0}

− eg
U
i (sr+ci,s4 ε)(h∗j − hUk )(sr + cj,k,s1 ε)1{(h∗j − h)(sr + cj,k,s1 ε) < 0}|ds

= A1 + A2 + A3.

For term A1, by subtracting and adding the terms hLk (ϵr + cj,k,s1 ε), h(ϵr + cj,k,s1 ε) and h(ϵ +

cj,k,s2 ε), and applying the Taylor expansions for h∗j and h, we have

A1 ≤ |h∗j(ϵr + cj,k,Y2 ε)− h∗j(ϵr + cj,k,Y1 ε)|+ |hUk (ϵr + cj,k,Y1 ε)− hLk (ϵr + cj,k,Y1 ε)|

+ |hLk (ϵr + cj,k,Y1 ε)− h(ϵr + cj,k,Y1 ε)|+ |h(ϵr + cj,k,Y1 ε)− h(ϵr + cj,k,s2 ε)|

+ |h(ϵr + cj,k,Y2 ε)− hLk (ϵr + cj,k,Y2 ε)|

≲ |cj,k,Y2 − cj,k,Y1 |ε+ ∥hUk − hLk ∥∞ + ∥hLk − h∥∞ + |cj,k,Y2 − cj,k,Y1 |ε+ ∥h− hLk ∥∞

≲ |cj,k,Y2 − cj,k,Y1 |ε+ ∥hUk − hLk ∥∞ ≲ ε

Next for A2, first, by subtracting and adding the term eg
U
i (sr+ck,s4 ε)(h∗j − hUk )(sr + cj,k,s1 ε) we
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have

A′
2 =

∫ b

a

|egUi (sr+ci,s4 ε)(h∗j − hLk )(sr + cj,k,s2 ε)− eg
L
i (sr+ci,s3 ε)(h∗j − hUk (sr + cj,k,s1 ε)|ds

≤
∫ b

a

eg
U
i (sr+ci,s4 ε)

∣∣∣(h∗j − hLk )(sr + cj,k,ss ε)− (h∗j − hUk )(sr + cj,k,s1 ε)
∣∣∣ ds∫ b

a

∣∣∣{egUi (sr+ci,s4 ε) − eg
L
i (sr+ci,s3 ε)

}
(h∗j − hUk )(sr + cj,k,s1 ε)

∣∣∣ ds
= A4 + A5

By the above result for A1, since ∥gUi ∥∞ ≤ ∥g∥∞+∥gUi −g∥∞ ≤ ∥g∥∞+ε, which is bounded,

we have

A4 ≤ ∥A1∥∞
∫ b

a

eg
U
i (sr+ci,s4 ε)ds ≲ ε.

Then for A5, using the similar argument for A1, it follows that

A5 ≤ ∥h∗j − hUk ∥∞
∫ b

a

{∣∣∣egUi (sr+ci,s4 ε) − eg(sr+ci,s4 ε)
∣∣∣+ ∣∣∣eg(sr+ci,s4 ε) − eg(sr+ci,s3 ε)

∣∣∣
+
∣∣∣eg(sr+ci,s3 ε) − eg

L
i (sr+ci,s3 ε)

∣∣∣} ds
≤ (∥h∗j − h∥∞ + ∥h− hUk ∥∞)

{∫ b

a

[
eg̃

U
i (sr+ci,s4 ε)

∣∣(gUi − g)(sr + ci,s4 ε)
∣∣

+eg(sr+c̃ε)
∣∣(ci,s4 − ci,s3

)
ε
∣∣+ eg̃

L
i (sr+ci,s3 ε)

∣∣(g − gLi )
(
sr + ci,s3 ε

)∣∣] ds}
≲ (η + ε)

{
∥gUi − g∥∞ + |ci,s4 − ci,s3 |ε+ ∥g − gLi ∥∞

}
≲ (η + ε)ε ≲ ε,

where g̃Ui = g + ξ1(g
U
i − g) and g̃Li = g + ξ2(g

L
i − g) for some constants ξ1, ξ2 ∈ (0, 1), and
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c̃ = ci,s3 + ξ(ci,s4 − ci,s3 ) for some ξ]in(0, 1). Thus A′
2 ≲ ε. Therefore,

A2 ≤
∫ b

a

∣∣∣egUi (sr+ci,s4 ε)(h∗j − hLk )(sr + ci,k,s2 ε)− eg
L
i (sr+ci,s3 ε)(h∗j − hUk )(sr + cj,k,s1 ε)

∣∣∣
· 1
{
(h∗j − h)(sr + cj,k,s2 ε) ≥ 0

}
ds

+

∫ b

a

eg
L
i (sr+ci,s3 ε)

∣∣∣(h∗j − hUk )(sr + cj,k,s1 ε)
∣∣∣

·
∣∣∣1{(h∗j − h)(sr + cj,k,s2 ε) ≥ 0

}
− 1

{
(h∗j − h)(sr + cj,k,s1 ε) ≥ 0

}∣∣∣ ds
≲ A′

2 +

∫ b

a

∣∣∣1{(h∗j − h)(sr + cj,k,s2 ε) ≥ 0
}
− 1

{
(h∗j − h)(sr + cj,k,s1 ε) ≥ 0

}∣∣∣ ds
≲ ε+

∣∣∣(cj,k,s2 − cj,k,s1

)
ε
∣∣∣ ≲ ε,

where the second inequality holds since ∥gLi ∥∞ ≤ ∥g∥∞ + ∥gLi − g∥∞ ≤ ∥g∥∞ + ε and thus is

bounded, then

∥egLi (sr+ci,s3 ε)(h∗j − hUk )(sr + cj,k,s1 ε)∥∞ ≤ ∥egLi ∥∞(∥h∗j − h∥∞ + ∥h− hUk ∥∞) ≲ (η + ε),

which is bounded. Finally, by using the same argument as for A2, we can also show that

A3 ≲ ε. Hence ∥dUi,k,r(Z)− dLi,k,r(Z)∥∞ ≲ ε. Therefore, the ε-bracketing number for the class

F j
n(η) is bounded by (η/ε)c1qn(η/ε)c2qnc3(η/ε)

d, that is,

N[](ε,F j
n(η), ∥·∥∞) ≲ (η/ε)(c1+c2)qn+d.

Lemma C.6. For j = 1, . . . , d, define the following two classes of functions:

Fβ
n,j(η) = {l̇βj

(θ; z)− l̇βj
(θ0; z) : θ ∈ ΘP

n , d(θ, θ0) ≤ η, ∥ġ(ψ(·, β))− ġ0(ψ(·, β0))∥2 ≤ η}
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and

F ζ
n,j(η) = {l̇ζ(θ; z)[h∗j(·, β)]− l̇ζ(θ0; z)[h

∗
j(·, β0)] : θ ∈ ΘP

n , d(θ, θ0) ≤ η}

where l̇βj
(θ;Z) is the jth element of l̇β(θ;Z), ġ(·) denotes the derivative of g(·) and h∗j is

defined in Lemma C.5. Assume conditions (A.1)–(A.6) hold, then N[](ε,Fβ
j,n(η), ∥·∥∞) ≲

(η/ε)c1qn+d and N[](ε,F ζ
j,n(η), ∥·∥∞) ≲ (η/ε)c2qn+d for some constants c1, c2 > 0.

Proof. First, for the following classes of functions

HP
n (η) =

{
g ∈ HP

n , ∥g − g0∥2 ≤ η
}
,

Hp−1
n (η) =

{
ġ ∈ Hp−1

n , ∥ġ − ġ0∥2 ≤ η
}

and

B(η) =
{
β ∈ B ⊆ Rd, |β − β0| ≤ η

}
,

by the same argument in the proof of Lemma C.5, we have

N[](ε,Hp
n(η), ∥·∥∞) ≤ (η/ε)c1qn , N[](ε,Hp−1

n (η), ∥·∥∞) ≤ (η/ε)c2qn ,

and N[](ε,B(η), ∥·, ∥∞) ≤ c3(η/ε)
d for some constants c1, c2, c3 > 0.

Then using a similar argument as in the proof of Lemma C.5, let gLi and gUi be functions that

bracket g with ∥gUi −gLi ∥∞ ≤ ε; ġLk and ġUk be functions that bracket ġ with ∥ġUk − ġLk ∥∞ ≤ ε;

and let βr satisfy s−x′β ∈ [s−x′βr−Cε, x−x′βr+Cε] = [sr−Cε, sr+Cε] for any x, s and

some constant C > 0. Moreover, let ck,s1 and ck,s2 be two constants such that ġLk (sr + ck,s1 ε)

and ġUk (sr + ck,s2 ε) are the minimum and maximum values of ġLk and ġUk in [sr −Cε, sr +Cε],

respectively; let ci,s3 and ci,s4 be two constants such that gLi (sr + ci,s3 ε) and g
U
i (sr + ci,s4 ε) are

the minimum and maximum values of gLi and gUi in [sr − Cε, sr + Cε], respectively; and let

cj,s5 and cj,s6 be two constants such that h∗j(sr + cj,s5 ε) and h∗j(sr + cj,s6 ε) are the minimum

and maximum values of h∗j in [sr − Cε, sr + Cε]. Then we can similarly construct a set of
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brackets for Fβ
n,j(η) as

{[
uLi,k,r(Z), u

U
i,k,r(Z)

]
: 1 ≤ i ≤ ⌈(η/ε)c1qn⌈; 1 ≤ k ≤ ⌈(η/ε)c2qn⌉; 1 ≤ r ≤ ⌈c3(η/ε)d⌉

}
that for any element in Fβ

n,j(η), there exists a triplet (i, k, r) such that

l̇βj
(θ;Z)− l̇βj

(θ0;Z) ∈
[
uLi,k,r(Z), u

U
i,k,r(Z)

]
for any sample point Z (without loss of generality, assume Xj is nonnegative; for negative

Xj, just switch the lower and upper brackets), where

uLi,k,r(Z) = −Xj

{
∆ġUk (ϵr + ck,Y2 ε)

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
L
i (sr+ci,s3 ε)ġLk (sr + ck,s1 ε)1{ġ(sr + ck,s1 ε) ≥ 0}ds

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
U
i (sr+ci,s4 ε)ġLk (sr + ck,s1 ε)1{(̇sr + ck,s1 ε) < 0}ds

}
− l̇βj

(β0, g0;Z)

and

uUi,k,r(Z) = −Xj

{
∆ġLk (ϵr + ck,Y1 ε)

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
U
i (sr+ci,s4 ε)ġUk (sr + ck,s2 ε)1{ġ(sr + ck,s2 ε) ≥ 0}ds

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
L
i (sr+ci,s3 ε)ġUk (sr + ck,s2 ε)1{(̇sr + ck,s2 ε) < 0}ds

}
− l̇βj

(β0, g0;Z)

with ϵr and sr being defined as in the proof of Lemma C.4. Also we can construct a bracket

for Fg
n,j(η) as

{[
vLi,r(Z), v

U
i,r(Z)

]
: 1 ≤ i ≤ ⌈(η/ε)c1qn⌉; 1 ≤ r ≤ ⌈c3(η/ε)d⌉

}
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that for any element in Fg
n,j(η), there exists a pair (i, r) such that

l̇g(θ;Z)[h)j
∗]− l̇g(θ0;Z)[h

∗
j ] ∈

[
vLi,r(Z), v

U
i,r(Z)

]
for any sample point Z, where

vLi,r = ∆h∗j(ϵr + cj,Y5 ε)

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
U
i (sr+ci,s4 ε)h∗j(sr + cj,s6 ε)1{h∗j(sr + cj,s6 ε) ≥ 0}ds

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
L
i (sr+ci,s3 ε)h∗j(sr + cj,s6 ε)1{h∗j(sr + cj,s6 ε) < 0}ds− l̇g(θ0;Z)[h

∗
j ]

and

vUi,r = ∆h∗j(ϵr + cj,Y5 ε)

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
L
i (sr+ci,s3 ε)h∗j(sr + cj,s5 ε)1{h∗j(sr + cj,s5 ε) ≥ 0}ds

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg
U
i (sr+ci,s4 ε)h∗j(sr + cj,s5 ε)1{h∗j(sr + cj,s5 ε) < 0}ds− l̇g(θ0;Z)[h

∗
j ].

By using a similar argument for the proof of Lemma C.5, we can show that

∥uUi,k,r(Z)− uLi,k,r(Z)∥∞ ≲ ε and ∥vUi,r(Z)− vLi,r(Z)∥∞ ≲ ε.

Therefore,

N[](ε,Fβ
n,j(η), ∥·∥∞) ≲ (η/εc1qn(η/ε)c2qn(η/ε)d = (η/ε)(c1+c2)qn+d

and

N[](ε,Fg
n,j(η), ∥·∥∞) ≲ (η/ε)c1qn(η/ε)d = (η/ε)c1qn+d.
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C.3 Proof of Theorem 2.1

Theorem C.1. Let Kn = O(nν) where ν satisfies the restriction 1
2(1+p)

< ν < 1
2p

with

p being the smoothness parameter defined in condition (A.6). Suppose conditions (A.1) -

(A.7) hold, and the failure time Y follows the typical AFT model subject to left-truncation

and right-censoring. Then

d(θ̂n, θ0) = Op

{
n−min(pν,(1−ν)/2)

}
,

where d(·, ·) is defined in (C.2) and θ =

(
βT γT

)T

.

Proof. We shall apply Theorem 1 of Shen and Wong [1994] to derive the convergence rate.

First, we verify their Condition C1. Since Pl(β, g;Z) is maximized at (β0, g0), its first

derivative at (β0, g0) is equal to 0. By Lemma C.1 that all the second derivatives of l(β, g;Z)

are continuous and bounded, the Taylor expansion yields

Pl(β, g;Z)−Pl(β0, g0;Z)

=
1

2
P
{
(β − β0)

′l̈ββ(β0, g0;Z)(β − β0) + 2(β − β0)
′l̈βg(β0.g0;Z)[g − g0]

+l̈gg(β0, g0;Z)[g − g0, g − g0]
}
+ o(d2(θ, θ0))

= A+ o(d2(θ, θ0)),

(C.3)

where θ = (β, g) ∈ Θp
n. By the model assumption we have E{l̇g(β0, g0;Z)[h]|X} = 0 for

all h ∈ {h = ∂gη
∂η

|η=0, gη ∈ Hp}. The result holds in conditional expectation because the

log-likelihood l(β, g;Z) is from the conditional density of (Y,∆, X, T ) with conditioning on
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X. Taking h to be g̈0 and ġ − ġ0 respectively, we have

E

{
∆g̈0(ϵ0)−

∫
1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}g̈0(s)ds | X

}
= 0

and

E

{
∆(ġ − ġ0)(ϵ0)−

∫
1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}(ġ − ġ0)(s)ds | X

}
= 0.

Then it follows

A = P

{
1

2

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}
{
−[ġ0(s)(β − β0)

′X]2

+ 2ġ0(s)(β − β0)
′X(g − g0)(s)− (g − g0)(s)

}
ds

}
= −P

{
1

2

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)} [ġ0(s)(β − β0)
′X − (g − g0)(s)]

2
ds

}
= −1

2

∫ b

a

exp{g0(s)}P
{
1(ϵ0 ≥ s)1(τ0 ≤ s) [ġ0(s)(β − β0)

′X − (g − g0)(s)]
2
}
ds

(C.4)

The integrand is from a to b because of Condition (A.3) and (A.6). Denote a0(s) =

−ġ0(s), a1(s; ϵ0, τ0, X) = 1(ϵ0 ≥ s)1(τ0 ≤ s)(β−β0)
′X, and a2(s; ϵ0, τ0) = 1(ϵ0 ≥ s)1(τ0 ≤ s),

then

P
{
1(ϵ0 ≥ s)1(τ0 ≤ s)[ġ0(s)(β − β0)

′X − (g − g0)(s)]
2
}

= P
{
[a0(s)a1(s; ϵ0, τ0, X) + (g − g0)(s)a2(s; ϵ0, τ0)]

2
}

≥ a20(s)P (a
2
1) + (g − g0)

2(s)P (a22)− 2|a0(s)(g − g0)(s)P (a1a2)| (C.5)

Using the same argument in Wellner and Zhang [2007], page 2126, under Condition (A.7),
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we have [P (a1a2)]
2 ≤ (1− η)P (a21)P (a

2
2) for some η ∈ (0, 1). It follows that

a20(s)P (a
2
1) + (g − g0)

2(s)P (a22)− 2|a0(s)(g − g0)(s)P (a1a2)|

≥ a0(s)P (s
2
1) + (g − g0)

2(s)P (a22)

− (1− η)
1
2 · 2|a0(s){P (a21)}

1
2 | · |(g − g0)(s){P (a22)}

1
2 |

≥ {1− (1− η)
1
2}{a20(s)P (a21) + (g − g0)

2(s)P (a22)}

≳ ġ20(s)(β − β0)
′P [1(ϵ0 ≥ s)1(τ0 ≤ s)XX ′] (β − β0)

+ (g − g0)
2(s)P [1(ϵ0 ≥ s)1(τ0 ≤ s)]

Hence, we have

A = −1

2

∫ b

a

exp{g0(s)}P
{
1(ϵ0 ≥ s)1(τ0 ≤ s) [ġ0(s)(β − β0)

′X − (g − g0)(s)]
2
}
ds

≲ −
{
(β − β0)

′
[∫ b

a

exp{g0(s)}ġ20(s)P [1(ϵ0 ≥ s)1(τ0 ≤ s)XX ′] ds

]
(β − β0)

+

∫ b

a

exp{g0(s)}(g − g0)
2(s)P [1(ϵ0 ≥ s)1(τ0 ≤ s)] ds

}
= −(A1 + A2)

For A1, Condition (A.3) implies that

P [1(ϵ0 ≥ s)1(τ0 ≤ s)XX ′] = P [XX ′E(ϵ0 ≥ t, τ0 ≤ t|X)]

≥ P [XX ′E(ϵ0 ≥ b, τ0 ≤ b|X)]

≥ δ(1− δ1)P (XX
′).

Then Condition (A.2) yields that P (XX ′) is positive definite and thus its smallest eigenvalue

λ1 > 0. In addition,
∫ b

a
exp{g0(s)}ġ20(s)ds is bounded away from zero since exp{g0(s)}, ġ20(s) ≥
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0 but not ≡ 0 for s ∈ [a, b]. Hence it follows that

A1 ≳ (β − β0)
′P (XX ′)(β − β0) ≥ λ1|β − β0|2 ≳ |β − β0|2

For A2, Condition (A.3) with the fact that exp{g0(s)} = dΛϵ0(s) yields

A2 ≥ P (ϵ0 ≥ b)P (τ0 ≤ a)

∫ b

a

(g − g0)
2(s)dΛϵ0(s) ≳ ∥g − g0∥22.

Therefore

A ≲ −(|β − β0|2 + ∥g − g0∥22) = −d2(θ, θ0)

and thus

Pl(β, g;Z)− Pl(β0, g0;Z) ≲ −d2(θ, θ0) + o(d2(θ, θ0)) ≲ −d2(θ, θ0),

i.e., P (l(θ0;Z)− l(θ;Z)) ≳ d2(θ, θ0) for any θ ∈ Θp
n, which implies that

inf
{d(θ,θ0)≥ε,θ∈Θp

n}
P (l(θ0, Z)− l(θ;Z)) ≳ ε2

Hence Condition C1 of Shen and Wong [1994] on page 583 holds with the constant α = 1 in

their notation.

Next we verify the Condition C2 of Shen and Wong [1994]. Denote ϵβ = Y − X ′β, τβ =
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T −X ′β and sβ = s−X ′(β − β0) for notational simplicity (as done before). It follows that

[L(θ;Z)− l(θ0;Z)]
2

=

{
∆g(ϵβ)−

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg(sβ)ds−∆g0(ϵ0) +

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)eg0(s)ds

}2

≲ ∆[g(ϵβ)− g0(ϵ0)]
2 +

{∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)[eg(sβ) − eg0(s)]ds

}2

≲ ∆[g(ϵβ)− g0(ϵ0)]
2 +

∫ b

a

[eg(sβ) − eg0(s)]2ds

≲ ∆[g(ϵβ)− g(ϵ0)]
2 +∆[g(ϵ0)− g0(ϵ0)]

2

+

∫ b

a

[gg(sβ) − eg(s)]2ds+

∫ b

a

[eg(s) − eg0(s)]2ds

= I1 + I2 + I3 + I4

where the second inequality holds because of the Cauchy-Schwarz inequality

{∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)[eg(sβ) − eg0(s)]ds

}2

≤
{∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)ds

}{∫ b

a

[gg(sβ) − eg0(s)]2ds

}
≤ (b− a)

∫ b

a

[gg(sβ) − eg0(s)]2ds

and the third inequality holds by subtracting and adding the terms g(ϵ0) and e
g(s). For I1,

since ġ ∈ Hp−1
n is bounded, applying the Taylor expansion of g at ϵ0 we get

PI1 = P{∆[g(ϵ0 −X ′(β − β0))− g(ϵ0)]
2}

≤ P [ġ(ϵ0 −X ′(β̃ − β0))X
′(β − β0)]

2

≲ P [X ′(β − β0)]
2 = (β − β0)

′P (XX ′)(β − β0)

≤ λd|β − β0|2 ≲ |β − β0|2

where λd is the largest eigenvalue of P (XX ′). For I2, since the density function for (Y,∆ =
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1, X, T ) is

fY,∆,X,T (y, 1, x, t) = λϵ0(y−x′β0)e−Λϵ0 (y−x′β0)F̄C|T,X(y | t, x)fT |X(t | x)fX(x)[P (Y ≥ T )]−1

it follows that

PI2 = P [∆(g − g0)
2(ϵ0)]

=

∫
X

{∫ b

a

(g(s)− g0(s))
2λϵ0(s)e

−Λϵ0 (s)

· F̄C|T,X(s+ x′β0 | t, x)fT |X(s | x)[P (Y ≥ T )]−1ds

}
fX(x)dx

≲
∫
X

{∫ b

a

(g(s)− g0(s))
2λϵ0(s)ds

}
fX(x)dx

=

∫
X

∥g − g0∥22 · fX(x)dx = ∥g − g0∥22

Where the ≲ holds by conditions (A.3) and (A.5). Then for I3, since g ∈ Hp
n is bounded, it

follows that

PI3 = P

∫ b

a

[
eg(s−X′(β−β0)) − eg(s)

]2
ds

= P

∫ b

a

e2g(s−X′(β̃−β0)) [X ′(β − β0)]
2
ds

≲
∫ b

a

P [X ′(β − β0)]
2
ds

≲ (β − β0)P [XX
′](β − β0) ≲ |β − β0|2
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Finally for I4, by the Taylor expansion for eg(s) at g0, we have

PI4 =

∫ b

a

[
eg(s) − eg0(s)

]2
ds

≤
∫ b

a

e2g̃(s)(g(s)− (g0(s))
2ds

=

∫ b

a

e2g̃(s)−g0(s)(g(s)− g0(s))
2dΛϵ0(s)

≲
∫ b

a

(g(s)− g0(s))
2dΛϵ0(s) = ∥g − g0∥22,

where g̃(s) = g0(s) + ξ(g − g0)(s) for some 0 < ξ < 1 and hence is bounded. Therefore we

have

P (l(θ;Z)− l(θ0;Z))
2 ≲ |β − β0|2 + ∥g − g0∥22 = d2(θ, θ0)

for any θ ∈ Θp
n which implies that

sup
{d(θ,θ0)≤ε,θ∈Θp

n}
Var(l(θ0;Z)− l(θ;Z)) ≤ sup

{d(θ,θ0)≤ε,θ∈Θp
n}
P (l(θ0;Z)− l(θ;Z))2 ≲ ε2.

So Condition C2 of Shen and Wong [1994] on page 583 holds with the constant β = 1 in

their notation.

Finally, we verify the Condition C3 in Shen and Wong [1994]. By Lemma C.3, for Fn =

{l(θ;Z) − l(θ0,n;Z) : θ ∈ Θp
n}, we have N[](ε,Fn, ∥·∥∞) ≲ (1/ε)cqn+d. Then by the fact that

the covering number is bounded by the bracketing number, it follows that

H(ε,Fn, ∥·∥∞) = logN[](ε,Fn, ∥·∥∞) ≲ (cqn + d) log(1/ε) ≲ nη log(1/ε).

So Condition C3 of Shen and Wong [1994] on page 583 holds with the constants 2r0 = ν and

r = 0+ in their notation.
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Therefore, the constant τ in Theorem 1 of Shen and Wong [1994], page 584, is 1−ν
2

− log logn
2 logn

.

Since log logn
2 logn

→ 0 as n → ∞, we can pick a ν̃ slightly greater than ν such that 1−ν̃
2

≤
1−ν
2

− log logn
2 logn

for large n. We still denote the ν̃ as ν and then τ = 1−ν
2
. Then by definition

θ̂n maximizes the empirical log-likelihood Pnl(θ;Z) over the sieve space Θp
n, so θ̂n satisfies

the inequality (1.1) in Shen and Wong [1994] with ηn = 0. By Lemma C.2, there exists

an g0,n ∈ Hp
n such that ∥g0,n − g0∥∞ = O(n−pν). Moreover, by the Taylor expansion for

P [l(β0, g0;Z) − l(β, g;Z)] in C.3 and plugging in θ = θ0,n = (β0, g0,n), the Kullback-Leilber

pseudodistance of θ0,n = (β0, g0,n) and θ0 = (β0, g0) follows

K(θ0,n, θ0) = P [l(θ0;Z)− l(θ0,n;Z)]

= −P{l̈gg(β0, g0)[g0,n − g0, g0,n − g0]}+ o(∥g0,n − g0∥22)

= P

{∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}(g0,n(s)− g0(s))
2ds

}
+ o(∥g0,n − g0∥22)

≤ P

{∫ b

a

(g0,n(s)− g0(s))
2dΛ0(s)

}
+ o(∥g0,n − g0∥22)

= ∥g0,n − g0∥22 + o(∥g0,n − g0∥22) = O(n−2pν)

where the last equality holds because ∥g0,n − g0∥2 ≤ ∥g0,n − g0∥∞ = O(n−pν). Therefore

K1/2(θ0,n, θ0) = O(n−pν). Thus by Theorem 1 of Shen and Wong [1994], we obtain the

convergence rate for θ̂n as

d(θ̂n, θ0) = Op

{
max

(
n−(1−ν)/2, n−pν , n−pν

)}
= Op

{
n−min(pν,(1−ν)/2)

}
.

This completes the proof.
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C.4 Proof of Theorem 2.2

Theorem C.2. Suppose that the conditions in Theorem 1 hold, and let I(β0) be the infor-

mation matrix evaluated at the true parameters. Then,

n1/2(β̂n − β0) → N(0, I−1(β0))

Proof. To prove this theorem, we use Theorem 2.1 of Ding and Nan [2011a]. Thus, we must

check their conditions (A1) - (A6) in the aforementioned work. Note that in our case the

criterion function of a single observation is the log-likelihood function l(β, ζ(·, β);Z). So

instead of m, we will use l to denote the criterion function. We repeat the assumptions we

need to check here for ease of reading:

(A1) (Rate of convergence) For an estimator θ̂n = (β̂n, ζ̂n(·, β̂n)) ∈ Θn and the true parameter

θ0 = (β0, ζ0(·, β0)) ∈ Θ, d(θ̂n, θ0) = Op(n
−ξ) for some ξ > 0.

(A2) Ṡβ(β0, ζ0(·, β0)) = 0 and Ṡζ(β0, ζ0(·, β0))[h] = 0 for all h ∈ H

(A3) (Positive Information) There exists an h∗ = (h∗1, . . . , h
∗
d)

′, where h∗j ∈ H for j = 1, . . . , d,

such that

S̈βζ(β0, ζ0(·, β0))[h]− S̈ζζ(β0, ζ0(·, β0))[h∗, h] = 0

for all h ∈ H. Furthermore, the matrix

A = −S̈ββ(β0, ζ0(·, β0)) + S̈ζβ(β0, ζ0(·, β0))[h∗]

= −P{m̈ββ(β0, ζ0(·, β0);Z)− m̈ζβ(β0, ζ0(·, β0);Z)[h∗]}

is nonsingular.
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(A4) The estimator (β̂n, ζ̂n(·, β̂n)) satisfies

Ṡβ,n(β̂n, ζ̂n(·, β̂n)) = op(n
−1/2) and Ṡζ,n(β̂n, ζ̂n(·, β̂n))[h∗] = op(n

−1/2).

(A5) (Stochastic equicontinuity) For some C > 0,

sup
d(θ,θ0)≤Cn−ξ,θ∈Θn

|
√
n(Ṡβ,n − Ṡβ)(β, ζ(·, β))−

√
n(Ṡβ,n − Ṡβ)(β0, ζ(·, β0)) |= op(1)

and

sup
d(θ,θ0)≤Cn−ξ,θ∈Θn

|
√
n(Ṡζ,n − Ṡζ)(β, ζ(·, β))[h∗(·, β)]

−
√
n(Ṡζ,n − Ṡζ)(β0, ζ0(·, β0))[h∗(·, β0)] |= op(1).

(A6) (Smoothness of the model) For some α > 1 satisfying αξ > 1/2, and for θ in a

neighborhood of θ0 : {θ : d(θ, θ0) ≤ Cn−ξ, θ ∈ Θn},

| Ṡβ(β, ζ(·, β))− Ṡβ(β0, ζ0(·, β0))− S̈ββ(β0, ζ0(·, β0))(β − β0)

− S̈βζ(β0, ζ0(·, β0))[ζ(·, β)− ζ0(·, β0)] |

= O(dα(θ, θ0))

and

| Ṡζ(β, ζ(·, β))[h∗(·, β)]− Ṡζ(β0, ζ0(·, β0))[h∗(·, β)]− S̈ζβ(β0, ζ0(·, β0))[h∗(·, β0)](β − β0)

− S̈ζζ(β0, ζ0(·, β0))[h∗(·, β0), ζ(·, β)− ζ0(·, β0)] |

= O(dα(θ, θ0))
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By Theorem 1, we know that assumption (A1) holds with ξ = min(pν, (1 − ν)/2) and the

norm defined in (C.2). Assumption (A2) automatically holds for scores.

For assumption (A3) consider that

S̈βζ(β0,ζ0(·, β0))[h]− S̈ζζ(β0, ζ0(·, β0))[h∗, h]

= P{l̈βζ(β0, ζ0(·, β0);Z)[h]− l̈ζζ(β0, ζ0(·, β0);Z)[h∗, h]}

for all h ∈ H with h(t, x, β) = w(t− x′(β − β0)). Note that

P{l̈βζ(β0, ζ0(·, β0);Z)[h]− l̈ζζ(β0, ζ0(·, β0);Z)[h∗, h]}

= P

{
−X

[
∆ẇ(ϵ0)−

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}ẇ(s)ds
]

+

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}w(s)[Xġ0(s) +w∗(s)]ds

}
.

Since P{l̇ζ(β0, ζ0(·, β0);Z)[h]|X} = 0 for all h ∈ H, replacing h(·, β0) by ẇ we have

P

{
−X

[
∆ẇ(ϵ0)−

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}ẇ(s)ds
]}

= P

{
−X · P

[
∆ẇ(ϵ0)−

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}ẇ(s)ds
∣∣∣∣X]}

= P{−X · 0} = 0.

It follows that we only need to find a w∗ such that

P

{∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g0(s)}w(s)[Xġ0(s) +w∗(s)]ds

}
= 0.

In other words,

ġ0(s)P [1(ϵ0 ≥ s)1(τ0 ≤ s)X] +w∗(s)P [1(ϵ0 ≥ s)1(τ0 ≤ s)] = 0.
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The obvious choice is

h∗(s, t, x, β0) = w∗(s) = −ġ(s)P [1(ϵ0 ≥ s)1(τ0 ≤ s)X]

P [1(ϵ0 ≥ s)1(τ0 ≤ s)]
= −ġ(s)P (X | ϵ0 ≥ s, τ0 ≤ s). (C.6)

Then it follows that

l̇β(β0,ζ0(·, β0);Z)− l̇ζ(β0, ζ0(·, β0);Z)[h∗]

= ∆{−ġ0(ϵ0)}{X − P (X | ϵ0 ≥ Y −X ′β0, τ0 ≤ T −X ′β0)}

−
∫

1(ϵ0 ≥ s)1(τ0 ≤ s){X − P (X | ϵ0 ≥ s, τ0 ≤ s)}{−ġ0(s)} exp{g0(s)}ds

=

∫
{X − P (X|ϵ0 ≥ s, τ0 ≤ s)}{−ġ0(s)}dM(s)

= l∗β0
(Y,∆, X, T )

which is the efficient score functions for β0 as mentioned in Section 3 of Lai and Ying [1992a],

where

M(s) = ∆1(τ0 ≤ ϵ0 ≤ s)−
∫ s

−∞
1(ϵ0 ≥ u)1(τ0 ≤ u) exp{g0(u)}du

as in Equation 2.38 of Lai and Ying [1991b].

By the fact of zero-mean for a score function, it is straightforward to verify the following

equalities:

P l̈βζ(β, ζ(·, β);Z)[h] = −P{l̇β(β, ζ(·, β);Z)l̇′ζ(β, ζ(·, β);Z)[h]}

P l̈ζβ(β, ζ(·, β);Z)[h] = −P{l̇ζ(β, ζ(·, β);Z)[h]l̇′β(β, ζ(·, β);Z)}

P l̈ββ(β, ζ(·, β);Z) = −P{l̇β(β, ζ(·, β);Z)l̇′β(β, ζ(·, β);Z)}

P l̈ζζ(β, ζ(·, β);Z)[h1, h2] = −P{l̇ζ(β, ζ(·, β);Z)[h1]l̇′ζ(β, ζ(·, β);Z)[h2]}
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Then together with the fact that

P{l̈βζ(β0, ζ0(·, β0);Z)[h∗]− l̈ζζ(β0, ζ0(·, β0);Z)[h∗,h∗]} = 0

the matrix A in assumption (A3) of Theorem 2.1 is given by

A = P{−l̈ββ(β0, ζ0(·, β0);Z) + l̈ζβ(β0, ζ0(·, β0);Z)[h∗,h∗]

+ l̈βζ(β0, ζ0(·, β0);Z)[h∗]− l̈ζζ(β0, ζ0(·, β0);Z)[h∗,h∗]}

= P{l̇β(β, ζ(·, β);Z)l̇′β(β, ζ(·, β);Z)− l̇ζ(β, ζ(·, β);Z)[h∗]l̇′β(β, ζ(·, β);Z)

− l̇β(β, ζ(·, β);Z)l̇′ζ(β, ζ(·, β);Z)[h∗] + l̇ζ(β, ζ(·, β);Z)[h∗]l̇′ζ(β, ζ(·, β);Z)[h∗]

= P{l̇β(β0, ζ0(·, β0);Z)− l̇ζ(β0, ζ0(·, β0);Z)[h∗]}⊗2

= Pl∗β0
(Y,∆, X, T )⊗2

which is the information matrix for β0.

To verify (A4) we note that the first part automatically holds since β̂n satisfies the score

equation Ṡβ,n(β̂n, ζ̂n(·, β̂n)) = Pnl̇β(β̂n, ζ̂n(·, β̂n);Z) = 0. Next we shall show that

Ṡζ,n(β̂n, ζ̂n(·, β̂n))[h∗j ]

= P

{
∆w∗

j (Y −X ′β̂n)−
∫

1(Y ≥ s)1(T ≤ s) exp{ζ̂n(s,X, β̂n)}w∗
j (s−X ′β̂n)ds

}
= op(n

−1/2)

where w∗
j (s) = −ġ0(s)P (Xj|ϵ0 ≥ s, τ0 ≤ s), j = 1, . . . , d is the jth component of w∗(s) given

in C.6. According to Lemma C.4, there exists h∗j,n ∈ H2
n such that ∥h∗j − h∗j,n∥∞ = O(n−2ν).

Then by the score equation for γ : Ṡγ,n(β̂n, γ̂n) = Pnl̇γ(β̂n, γ̂n;Z) = 0 and the fact that w∗
j,n(s)

can be written as w∗
j,n(s) =

∑qn
k=1 γ

∗
j,kBk(s) for some coefficients {γ∗j,1, . . . , γ∗j,qn} and the basis
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functions Bk(s) of the spline space, it follows that

Pn

{
∆w∗

j,n(Y −X ′β̂n)−
∫

1(Y ≥ s)1(T ≤ s) exp{ζ̂n(s,X, β̂n)}w∗
j,n(s− x′β̂n)ds

}
= 0

So it suffices to show that for each 1 ≤ j ≤ d,

In = Pnl̇ζ(β̂n, ζ̂n(·, β̂n);Z)[h∗j − h∗j,n] = op(n
−1/2).

Since P{l̇ζ(β0, ζ0(·, β0);Z)[h∗j − h∗j,n]} = 0, we decompose In into In = I1n + I2n, where

I1n = (Pn − P )l̇ζ(β̂n, ζ̂n(·, β̂n);Z)[h∗j − h∗j,n]

and

I2n = P{l̇ζ(β̂n, ζ̂n(·, β̂n);Z)[h∗j − h∗j,n]− l̇ζ(β0, ζ0(·, β0);Z)[h∗j − h∗j,n]}.

We will show that I1n and I2n are both op(n
−1/2).

First, consider I1n. According to Lemma C.5, the ε-bracketing number associated with ∥·∥∞

norm for the class F j
n(η) defined in Lemma C.5 is bounded by (η/ε)cqn+d. This implies that

logN[](ε,F j
n(η), L2(P )) ≤ logN[](ε,F j

n(η), ∥·∥∞) ≲ qn log(η/ε),

which leads to the bracketing integral

J[](η,F j
n(η), L2(P )) =

∫ η

0

√
1 + logN[](ε,F j

n(η), L2(P ))dε

≲ q1/2n η.
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Now we pick η to be ηn = O{n−min(2ν,(1−ν)/2)}, then

∥h∗j − h∗j,n∥∞ = O(n−2ν ≤ O(n−min(2ν,(1−ν)/2)) = ηn,

and since p ≥ 3,

d(θ̂n, θ0) = Op{n−min(pν,(1−ν)/2)} ≤ Op{n−min(2ν,(1−ν)/2)} = ηn.

Therefore, l̇ζ(β̂n, ζ̂n(·, β̂n); z)[h∗j − h∗j,n] ∈ F j
n(ηn). Denote sβ = s−X ′(β − β0) for notational

simplicity, for any l̇ζ(θ;Z)[h
∗
j − h] ∈ F j

n(ηn), it follows that

P{l̇ζ(θ;Z)[h∗j − h]}2

= P

{
∆(w∗

j − w)(ϵβ) +

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g(sβ)}(w∗
j − w)(sβ)ds

}2

≲ ∥w∗
j − w∥2∞ + P

{∫ b

a

exp{2g(sβ)}(w∗
j − w)2(sβ)ds

}
≲ ∥w∗

j − w∥2∞ + ∥w∗
j − w∥2∞

∫ b

a

P [exp{2g(sβ)}]ds,

where the first inequality holds because of the Cauchy-Schwarz inequality. Since ∥w∗
j−w∥∞ ≤

ηn, by the same argument as Shen and Wong [1994] (page 591), for slowly growing cn (their

ln), for example, cn = o(log(η−1
n )), we know that ∥l̇ζ(θ;Z)[h∗j − h]∥∞ is bounded by some

constant 0 < M < ∞ and P{l̇ζ(θ;Z)[h∗j − h]}2 ≲ ηn for a slightly enlarged ηn obtained by

a fine adjustment of ν. Then by the maximal inequality in Lemma 3.4.2 of van der Vaart
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[2023], it follows that

EP∥Gn∥Fj
n(ηn)

≲ J[](ηn,F j
n(ηn), L2(P ))

(
1 +

J[](ηn,F j
n(ηn), L2(P ))

η2n
√
n

M

)
≲ q1/2n ηn + qnn

−1/2

= O
{
nν/2−min(2ν,(1−ν)/2)

}
+O(nν−1/2)

= O
{
n−min(3ν/2,1/2−ν)

}
+O(nν−1/2) = o(1),

where the last equality holds because 0 < ν < 1/2. Thus by Markov’s inequality, I1n =

n−1/2
Gnl̇ζ(θ̂n;Z)[h

∗
j − h∗j,n] = op(n

−1/2).

Next, for I2n, the Taylor expansion for l̇ζ(θ̂n;Z)[h
∗
j − h∗j,n] at θ0 yields

l̇ζ(β̂n,ζ̂n(·, β̂n);Z)[h∗j − h∗j,n]− l̇ζ(β0, ζ0(·, β0);Z)[h∗j − h∗j,n]

= (β̂ − β0)
′l̈βζ(β̃n, ζ̃n(·, β̃n);Z)[h∗j − h∗j,n]

+ l̈ζζ(β̃n, ζ̃n(·, β̃n);Z)[h∗j − h∗j,n, ζ̂n − ζ0],
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where (β̃n, ζ̃n(·, β̃n)) is between (β0, ζ0(·, β0)) and (β̂n, ζ̂n(·, β̂n)). Then it follows that

|l̈βζ(β̃n, ζ̃n(·, β̃n);Z)[h∗j − h∗j,n]|

=

∣∣∣∣X {∆(ẇ∗
j − ẇ∗

j,n)(ϵβ̃n
)

−
∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g̃n(sβ̃n
)}[(ẇ∗

j − ẇ∗
j,n)(sβ̃n

)

+ ˙̃gn(sβ̃n
)(w∗

j − w∗
j,n)(sβ̃n

)]ds

}∣∣∣∣
≲ ∥ẇ∗

j − ẇ∗
j,n∥∞ + ∥ẇ∗

j − ẇ∗
j,n∥∞

{∫ b

a

exp{g̃n(sβ̃n
)}ds

}
+ ∥w∗

j − w∗
j,n∥∞

{∫ b

a

exp{g̃n(sβ̃n
)} ˙̃g(sβ̃n

)ds

}
≲ ∥ẇ∗

j − ẇ∗
j,n∥∞ + ∥w∗

j − w∗
j,n∥∞

= O(n−ν) +O(n−2ν) = O(n−ν)

where the second inequality holds because g̃n and its first derivative ˙̃gn are bounded (or

growing with n slowly enough so it can be effectively treated as bounded based on the same

argument of Shen and Wong [1994] on page 591), and the last equality holds due to the

Corollary 6.21 of Schumaker [2007] that ∥ẇ∗
j − ẇ∗

j,n∥∞ = O(n−(2−1)ν) = O(n−ν). Thus,

P |(β̂n − β0)
′l̈βζ(β̃n, ζ̃n(·, β̃n);Z)[h∗j − h∗j,n]|

= |β̂n − β0| ·O(n−ν)

= Op{n−min(pν,(1−ν)/2)} ·O(n−ν)

= Op{n−min((p1)ν,(1+3ν)/2)}.
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Also,

|l̈ζζ(β̃n, ζ̃n(·, β̃n);Z)[h∗j − h∗j,n, ζ̂n − ζ0]|

=

∣∣∣∣∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s) exp{g̃n(sβ̃n
)}(w∗

j − w∗
j,n)(sβ̃n

)(ĝn − g0)(sβ̃n
)ds

∣∣∣∣
≤ ∥w∗

j − w∗
j,n∥∞ ·

{∫ b

a

exp{g̃n(sβ̃n
)}(ĝn − g0)(sβ̃n

)ds

}
= ∥w∗

j − w∗
j,n∥∞ · I3n.

By the Cauchy-Schwarz inequality and the boundedness of g̃n, we have

P{I3n}2 = P

{∫ b

a

exp{g̃n(sβ̃n
)}(ĝn − g0)(sβ̃n

)ds

}2

≲
∫
X

∫ b

a

(ĝn − g0)
2(sβ̃n

)dΛϵ0(s)dFX(x)

= ∥ζ̂n(·, β̃n)− ζ0(·, β̃n)∥22

≲ |β̃n − β̂n|2 + ∥ζ̂n(·, β̃n)− ζ0(·, β0)∥22 + |β0 − β̃n|2

≲ |β̂n − β0|2 + ∥ζ̂n(·, β̃n)− ζ0(·, β0)∥22

= d(θ̂n, θ0)
2.

Hence P |I3n| ≲ d(θ̂n, θ0) and

P |l̈ζζ(β̃n, g̃n;Z)[h∗j − h∗j,n, ζ̂n − ζ0]|

≲ ∥w∗
j − w∗

j,n∥∞ · d(θ̂n, θ0)

= O(n−2ν) ·Op{n−min(pν,(1−ν)/2)}

= Op{n−min((p+2)ν,(1+3ν)/2)}.

Since (2(1+ p)−1 < ν < (1+ 2p)−1, it follows that I2n = O{n−min((p+2)ν,(1+3ν)/2)} = o(n−1/2).

Thus In = I1n + I2n = op(n
−1/2), and condition (A4) holds.
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Now we verify assumption (A5). First by Lemma C.6, the ε-bracketing numbers for the

classes of functions Fβ
n,j(η) and F ζ

n,j(η) are both bounded by (η/ε)cqn+d, which implies that

the corresponding ε-bracketing integrals are both bounded by q
1/2
n η, that is,

J[](η,Fβ
n,j(η), L2(P )) ≲ q1/2n η and J[](η,F ζ

n,j(η), L2(P )) ≲ q1/2n η.

Then for l̇βj
(θ; z) − l̇βj

(θ0; z), by applying the Cauchy-Schwarz inequality, together with

subtracting and adding the terms ġ(ϵ0), e
g0(sβ)ġ(sβ), e

g0(s)ġ(sβ) and e
g0(s)ġ0(sβ) we have

{l̇βj
(θ;Z)− l̇βj

(θ0;Z)}2

=

{
−∆Xj[ġ(ϵβ)− ġ0(ϵ0)] +Xj

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)[et(sβ)ġ(sβ)− eg0(s)ġ0(s)]ds

}2

≲ {∆[ġ(ϵβ)− ġ0(ϵ0)]
2 +

{∫ b

a

[eg(sβ)ġ(sβ)− eg0(s)ġ0(s)]
2ds

}
≲ {∆[ġ(ϵβ)− ġ(ϵ0)]

2}+ {∆[ġ(ϵ0)− ġ0(ϵ0)]
2}

+

∫ b

a

{[
eg(sβ) − eg0(sβ)

]2
+
[
eg0(sβ) − eg0(s)

]2}
ġ2(sβ)ds

+

∫ b

a

e2g0(s)
{
[ġ(sβ)− ġ0(sβ)]

2 + e2g0(s)[ġ0(sβ)− ġ0(s)]
2
}
ds

= B1 +B2 +B3 +B4.

For B1, since g̈ is bounded and the largest eigenvalue of P (XX ′) satisfies 0 < λd < ∞ by

condition (A.2), it follows that

PB1 ≤ P [̈(Y −X ′β̃)X ′(β − β0)]
2 ≲ P [X ′(β − β0)]

2

≤ λd|β − β0|2 ≲ |β − β0|2 ≤ η2.
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For B2, we have

PB2 ≤
∫
X

{∫ b

a

(ġ(s)− ġ0(s))
2 dΛϵ0(s)

}
dFX(x)

= ∥ġ(ψ(·, β0))− ġ0(ψ(·, β0))∥22

≲ |β − β0|2 + ∥ġ(ψ(·, β))− ġ0(ψ(·, β0))∥22 ≲ η2

For B3, by using the mean value theorem, it follows that

PB3 = P

{∫ b

a

{[
eg̃(sβ)(g − g0)(sβ)

]2
+
[
eg0(sβ̃)X ′(β − β0)

]2}
ġ2(sβ)ds

}
≲
∫
X

∫ b

a

(g − g0)
2(sβ)dΛϵ0(s)dFX(x) + P [X ′(β − β0)]

2

≲ ∥ζ(·, β)− ζ0(·, β0)∥22 + |β − β0|2 ≤ η2,

where g̃ = g0 + ξ(g − g0) for some 0 < ξ < 1 and thus is bounded. Finally, for B4, by the

mean value theorem, it follows that

PB4 = P

{∫ b

a

e2g0(s)
{
[ġ(sβ)− ġ0(sβ)]

2 + e2g0(s)[ġ0(sβ)− ġ0(s)]
2
}
ds

}
≲
∫
X

∫ b

a

(ġ − ġ0)
2(sβ)dΛϵ0(s)dFX(x) + P

∫ b

a

[g̈0(sβ̃)X
′(β − β0)]

2ds

≲ ∥ġ(ψ(·, β))− ġ0(ψ(·, β))∥22 + P [X ′(β − β0)]
2

≲ ∥ġ(ψ(·, β))− ġ0(ψ(·, β0))∥22 + |β − β0|2 ≲ η2

Therefore we have P{l̇βj
(θ;Z) − l̇βj

(θ0;Z)}2 ≲ η2. Using the similar argument, we can

show that P{l̇ζ(θ;Z)[h∗j ] − l̇ζ(θ0;Z)[h
∗
j ]}2 ≲ η2. By Lemma C.1, we also have ∥l̇βj

(θ;Z) −

l̇βj
(θ0;Z)∥∞ and ∥l̇ζ(θ;Z)[h∗j ] − l̇ζ(θ0;Z)[h

∗
j ]∥∞ are both bounded. Now we pick η as ηn =

O{n−min((p−1)ν,(1−ν)/2)}, then by the maximal inequality in Lemma 3.4.2 of van der Vaart
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[2023], it follows that

Ep∥Gn∥Fβ
n,j(ηn)

≲ q1/2n ηn + qnn
−1/2]

= O{nmax((3/2−p)ν,ν−1/2)}+O(nν−1/2) = o(1),

where the last equality holds since p ≥ 3 and ν < 1
2
. Similarly, we have EP∥Gn∥Fζ

n,j(ηn)
=

o(1). Thus for ξ = min(pν, (1− ν)/2) and

Cn−ξ = O{n−min(pν,(1−ν)/2)}

by Markov’s inequality,

sup
d(θ,θ0)≤Cn−ξ

Gn{l̇βj
(β, ζ(·, β);Z)− l̇βj

(β0, ζ0(·, β0);Z)} = op(1),

sup
d(θ,θ0)≤Cn−ξ

Gn{l̇ζ(β, ζ(·, β);Z)[h∗j ]− l̇ζ(β0, ζ0(·, β0);Z)[h∗j ]} = op(1).

This completes the verification of assumption (A5).

Finally, assumption (A6) can be verified by using the Taylor expansion. Since the proofs

for the two equations in (A6) are essentially identical, we just prove the first equation. In a

neighborhood of θ0 : {θ : d(θ, θ0) ≤ Cn−ξ, θ ∈ Θp
n} with ξ = min(pν, (1 − ν)/2), the Taylor

expansion for l̇β(θ, Z) yields

l̇β(θ;Z) = l̇β(θ0;Z) + l̈ββ(θ̃;Z)(β − β0) + l̈βg(θ̃;Z)[ζ(·, β)− ζ0(·, β0)]

= l̇β(θ0;Z) + l̈ββ(θ0;Z)(β − β0) + l̈βζ(θ0;Z)[ζ(·, β)− ζ0(·, β0)]

+ {l̈ββ(θ̃;Z)(β − β0)− l̈ββ(θ0;Z)(β − β0)}

+ {l̈βζ(θ̃;Z)[ζ(·, β)− ζ0(·, β0)]− l̈βζ(θ0;Z)[ζ(·, β)− ζ0(·, β0)]},
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where θ̃ = (β̃, ζ̃(·, β̃)) is a midpoint between θ0 and θ. So

P{l̇β(θ;Z)− l̇β(θ0;Z)− l̈ββ(θ0;Z)(β − β0)− l̈βζ(θ0;Z)[ζ(·, β)− ζ0(·, β0)]}

= P{l̈ββ(θ̃;Z)− l̈ββ(θ0;Z)}(β − β0)

+ P{l̈βζ(θ̃;Z)[ζ(·, β)− ζ0(·, β0)]− l̈βζ(θ0;Z)[ζ(·, β)− ζ0(·, β0)]}

Then by direct calculation we have

P |l̈ββ(θ̃;Z)− l̈ββ(θ0;Z)|

≤ P |XX ′∆{¨̃g(ϵβ̃)− g̈0(ϵ0)}|

+ P

{
XX ′

∣∣∣∣∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s){exp{g̃(sβ̃)}¨̃g(sβ̃)− exp{g0(s)}g̈0(s)}ds

+

∫ b

a

1(ϵ0 ≥ s)1(τ0 ≤ s)
{
exp{g̃(sβ̃)} ˙̃g

2(sβ̃)− exp{g0(s)}ġ20(s)
}
ds

∣∣∣∣}
≲ P |∆{¨̃g(ϵβ̃)− g̈0(ϵ0)}|

+ P

{∫ b

a

| exp{g̃(sβ̃)}¨̃g(sβ̃)− exp{g0(s)}g̈0(s)|ds
}

+ P

{∫ b

a

| exp{g̃(sβ̃)} ˙̃g
2(sβ̃)− exp{g0(s)}ġ20(s)|ds

}
= C1 + C2 + C3.

By applying a similar argument that we used before for verifying (A5) and condition (A.6),

we can show

C1 ≲ |β − β0|+ ∥g̈(ψ(·, β))− g̈0(ψ(·, β0))∥2

= O(n−ξ) +O
{
n−min((p−2)ν,(1−ν)/2)

}
.
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Similarly, we can show

C2 ≲ |β − β0|+ ∥g̈(ψ(·, β))− g̈0(ψ(·, β0))∥2

= O(n−ξ) +O
{
n−min((p−2)ν,(1−ν)/2)

}
and

C3 ≲ |β − β0|+ ∥ġ(ψ(·, β))− ġ0(ψ(·, β0))∥2

= O(n−ξ) +O
{
n−min((p−2)ν,(1−ν)/2)

}
where ξ = min(pν, (1− ν)/2). Therefore,

P |l̈ββ(θ̃;Z)− l̈ββ(θ0;Z)| = O
{
n−min((p−2)ν,(1−ν)/2)

}
and thus

P |l̈ββ(θ̃;Z)− l̈ββ(θ0;Z)|(β − β0)

= O
{
n−min((p−2)ν,(1−ν)/2)

}
·O
{
n−min(pν,(1−ν)/2)

}
= O

{
n−min(2(p−1)ν,1/2+(p−5/2)ν,1−ν)

}
= o(n−1/2),

where the last equality holds since p ≥ 3 so 2(p − 1)ν > p−1
p+1

≥ 1
2
, 1
2
+ (p − 5

2
)ν > 1

2
, and

1− ν > 1
2
. Similarly, we can show

P |l̈βζ(θ̃;Z)[ζ(·, β)− ζ0(·, β0)]− l̈βζ(θ0;Z)[ζ(·, β)− ζ0(·, β0)]|

= O
{
n−min(2(p−1)ν,1/2+(p−5/2)ν,1−ν)

}
= o(n−1/2).
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Therefore, we have

|P{l̇β(θ;Z)− l̇β(θ0;Z)− l̈ββ(θ0;Z)(β − β0)− l̈βζ(θ̃;Z)[ζ(·, β)− ζ0(·, β0)]}|

= O
{
n−min(2(p−1)ν,1/2+(p−5/2)ν,1−ν)

}
= O(n−αξ),

where α = min(2(p− 1)ν, 1
2
+ (p− 5

2
)ν, 1− ν)/min(pν, 1−ν

2
) > 1 and αξ > 1

2
.

Therefore, we have verified all six assumptions, and thus we have

√
n(β̂n − β0) = A−1

√
nPnl

∗
β0
(β0, ζ0(·, β0);Z) + op(1) → N(0, A−1B(A−1)′),

where l∗β0
(θ0;Z) = l̇β(θ0;Z) − l̇ζ(θ0;Z)[h

∗] is the efficient score function for β0 and A =

P{l∗β0
(Y,∆, X, T )}⊗2 = I(β0), which is shown when verifying (A3). Hence, A = B and

A−1B(A−1)′ = A−1 = I−1(β0), and

√
nPnl

∗
β0
(θ0;Z) = n−1/2

n∑
i=1

l∗β0
(Yi,∆i, Xi, Ti).

Thus we complete the proof of Theorem 2.2.

C.5 Proof of Theorem 2.3

Define w∗
n(s) = − ˙̂gn(s)X̄(s; β̂n). Then we have

l∗
β̂n
(Y,∆, X, T ) = l̇β(θ̂n;Z)− l̇ζ(θ̂n;Z)[h

∗
n].
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Define

Ijk(β0) = P
[{
l̇βj

(θ0;Z)− l̇ζ(θ0;Z)[h
∗
j ]
}

×
{
l̇βk

(θ0;Z)− l̇ζ(θ0;Z)[h
∗
k]
}]

= PAjk(θ0;Z),

Îjkn (β̂n) = Pn

[{
l̇βj

(θ̂n;Z)− l̇ζ(θ̂n;Z)[h
∗
j ]
}

×
{
l̇βk

(θ̂n;Z)− l̇ζ(θ̂n;Z)[h
∗
k,n]
}]

= PnA
jk
n (θ̂n;Z),

where h∗j is defined in Lemma C.4. We will prove PnA
jk
n (θ̂n;Z) → PAjk(θ0;Z) in probability

for all j, k = 1, . . . , d. Let

PnA
jk
n (θ̂n;Z)− PAjk(θ0;Z) = (Pn − P )Ajk

n (θ̂n;Z)

+ P
{
Ajk

n (θ̂n;Z)− Ajk(θ0;Z)
}

= I1n + I2n

For I1n we first define the class of functions

Fβ,ζ
n,j (η) =

{
l̇βj

(θ; z)− l̇ζ(θ; z)[hj] : θ ∈ Θp
n, d(θ, θ0) ≤ η, hj ∈ H2

n

∥ġ(ψ(·, β))− ġ0(ψ(·, β0))∥2 ≤ η, ∥hj − h∗j∥∞ ≤ η
}
.

Then by Lemmas C.5 and C.6 we have

N[](ε,Fβ,ζ
n,j , ∥·∥∞) ≲ (1/ε)cqn+d

for some constant c > 0. This is because for any function l̇βj
(θ; z)− l̇ζ(θ; z)[hj] ∈ Fβ,ζ

n,j (η), it
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can be written as

l̇βj
(θ; z)− l̇ζ(θ; z)[hj]

=
{
l̇βj

(θ; z)− l̇βj
(θ0; z)

}
−
{
l̇ζ(θ; z)[h

∗
j ]− l̇ζ(θ0; z)[h

∗
j ]
}

+
{
l̇ζ(θ; z)[h

∗
j ]− l̇ζ(θ; z)[hj]

}
+
{
l̇βj

(θ0; z)− l̇ζ(θ0; z)[h
∗
j ]
}

= A1 + A2 + A3 + A4,

where A1 ∈ Fβ
n,j(η) and A2 ∈ F ζ

n,j(η) defined in Lemma C.6, A3 ∈ F j
n(η) defined in Lemma

C.5, and A4 is a fixed function (the efficient score function).

Assume AL
m ≤ Am ≤ AU

m with ∥AU
m −AL

m∥∞≲ ε,m = 1, 2, 3. Then AL
m +AL

m′ ≤ Am +Am′ ≤

AU
m +AU

m′ with ∥(AU
m +AU

m′)− (AL
mA

L
m′)∥∞ ≤ ∥AU

m −AL
m∥∞ + ∥AU

m′ −AL
m′∥∞ ≲ ε. Therefore

the ε-bracketing number associated with ∥·∥∞ for Fβ,ζ
n,j (η) is also bounded by (η/ε)cqn+α.

We next define the class of functions

Fβ,ζ
n,jk(η) =

{
(l̇βj

(θ; z)− l̇ζ(θ; z)[hj])(l̇ζ(θ; z)[hk]) : θ ∈ Θp
n,

hj, hk ∈ Hp−1
n , d(θ, θ0) ≤ η, ∥ġ(ψ(·, β))− ġ0(ψ(·, β0))∥2 ≤ η,

∥hj − h∗j∥∞ ≤ η, ∥hk − h∗k∥∞ ≤ η
}
.

Then if BL
j ≤ l̇βj

(θ; z) − l̇ζ(θ; z)[hj] ≤ BU
j and BL

k ≤ l̇βk
(θ; z) − l̇ζ(θ; z)[hk] ≤ BU

k with

∥BU
j −BL

j ∥∞ ≤ ε and ∥BU
k −BL

k ∥∞ ≤ ε, we have B∗
jB

∗
k ≤ (l̇βj

(θ; z)− l̇ζ(θ; z)[hj])(l̇βk
(θ; z)−

l̇ζ(θ; z)[hk]) ≤ B∗∗
j B

∗∗
k , where B∗

j , B
∗∗
j take values of either BL

j or BU
j , and the same for
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B∗
k, B

∗∗
k . Thus

∥B∗∗
j B

∗∗
k −B∗

jB
∗
k∥∞ = ∥(B∗∗

j −B∗
j )B

∗∗
k + (B∗∗

k −B∗
k)B

∗
j ∥∞

= ∥B∗∗
j −B∗

j ∥∞∥B∗∗
k ∥∞+∥B∗∗

k −B∗
k∥∞∥B∗

j ∥∞

≲ ∥BU
j −BL

j ∥∞ + ∥BU
k −BL

k ∥∞

≲ ε,

which yields

N[](ε,Fβ,ζ
n,jk, ∥·∥∞) ≲ (1/ε)cqn+d

for some constant c > 0.

Finally, similar to the verification of Assumption (A4) in the proof of Theorem 2.2 and

together with the following fact:

∥h∗j(·,β0)− h∗j,n(·, β̂n)∥∞

= ∥ġ0(s)E[X | τ0 ≤ t ≤ ϵ0]− ˙̂gn(sβ̃n
; β̂n)∥∞

≤ ∥ġ0(s)E[X | τ0 ≤ s ≤ ϵ0]− ˙̂gn(s)X̄(s; β̂n)∥∞ (C.7)

+∥ ˙̂gn(sβ̂n
)X̄(sβ̂n

; β̂n)− ˙̂gn(sβ̂n
)X̄(s; β̂n)∥∞

+ ∥ ˙̂gn(sβ̂n
)X̄(s; β̂n)− ˙̂gn(s)X̄(s; β̂n)∥∞,
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where the first term on the right-hand side of inequality (C.7) is

∥ġ0(s)E[X | τ0 ≤ s ≤ ϵ0]− ˙̂gn(s)X̄(s; β̂n)∥∞

≤ ∥ġ0(s)− ˙̂gn(s)∥∞∥E[X | τ0 ≤ s ≤ ϵ0]∥∞

+∥E[X | τ0 ≤ s ≤ ϵ0]− X̄(s; β̂n)∥∞∥ ˙̂g(s)∥∞

= Op(n
−2ν) +Op(n

−1/2) = Op(n
−2/nu)

by Lemma C.4 and Corollary 6.21 in Schumaker [2007] for the first term and straightforward

argument using empirical process theory for Donsker classes for the second term, together

with the boundedness of ∥E[X | τ0 ≤ s ≤ ϵ0]∥∞ and ∥ ˙̂gn(s)∥∞, and it is straightforward

to see that the remaining two terms on the right-hand side of inequality (C.7) is Op(n
−1/2).

Thus, we have I1n = op(1).

That I2n = op(1) can be argued directly by the dominated convergence theorem. We now

have proved the theorem.
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Appendix D

Proof of Theorem 3.1

D.1 Regularity Conditions

Let Y ∗ = log(Y/(1− Y )) and L∗ = log
(
L
T

/(
1− L

T

))
. Note that ϵ = Y ∗ −X(2)ω0 and define

τ = L∗ −X(2)ω0. Let λ be the hazard function of ϵ and Λ be the corresponding cumulative

hazard function. Following Lai and Ying [1991b] we assume ϵ is independent of (L,Z), which

implies that Y is independent of L given Z, an assumption we need for obtaining the joint

density function of (Y, Z, L) given Y > L/T . To obtain desirable asymptotic properties of

the proposed estimator, we introduce the same regularity conditions in Ding and Nan [2011a]

with a few additional assumptions for the left-truncation as described in Matthews and Nan

[2026], with the conditions for censoring removed.

(C1) (a) The true parameter β0 belongs to the interior of a compact set B ⊆ Rd1 ; (b) the

true parameter ω0 belongs to the interior of a compact set W ⊆ Rd2 .

(C2) (a) The covariate Z takes values in a bounded subset Z ⊆ Rd; (b) E(ZZT ) is non-

singular.
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(C3) (a) There is a constant b < ∞ such that, for some constant δ, pr(ϵ > b | Z) ≥ δ > 0

almost surely with respect to the probability measure of Z. This implies that Λ(b) ≤

− log δ < ∞; (b) We also assume pr(τ < b | Z) ≥ 1− δ1 for some constant δ1 ∈ (0, 1)

almost surely, and pr(τ > ϵ | Z) ≤ δ2 for some constant δ2 ∈ [0, 1) almost surely.

(C4) The error ϵ’s density f and its derivative ḟ are bounded and

∫ {
ḟ(s)/f(s)

}2

f(s)ds <∞.

(C5) (a) The conditional density of L∗ given Z and its derivative are uniformly bounded for

all possible values of Z ∈ Z, that is,

sup
z∈Z

fL∗|Z(l | z) ≤ K1, sup
z∈Z

∣∣∣ḟL∗|Z(l | z)
∣∣∣ ≤ K2

for all l ∈ L with some constants K1, K2 > 0; (c) fL∗,Z|Y ∗>L∗ is free of parameters ω

and λ.

(C6) Let Gp denote the collection of bounded functions g on [a, b] with bounded derivatives

g(j), j = 1, . . . , k. The kth derivative g(k) satisfies the following Lipschitz continuity

condition:

∣∣g(k)(s)− g(k)(t)
∣∣ ≤ K3|s− t|m for s, t ∈ [a, b],

where k is a positive integer and m ∈ (0, 1] such that p = k +m ≥ 3, K3 < ∞ is an

unknown constant, a = infy∗,x(y
∗−xTβ0)∨ inf l∗,x(l

∗−xTβ0) > −∞ and b is defined in

condition (A.3). The true log hazard function of the error ϵ, g0(·) = log λ(·), belongs

to Gp.

(C7) For some η ∈ (0, 1), uTVar(Z | ϵ)u ≥ ηuTE(ZZT | ϵ)u almost surely for all u ∈ Rd.
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D.2 Preliminary Lemma and Proof

Lemma D.1. Let

f(ω;X, Y, x) =
exp{xω + Y −Xω}

1 + exp{xω + Y −Xω}
=

exp
{
Y +

∑d
j=1(xj −Xj)ωj

}
1 + exp

{
Y +

∑d
j=1(xj −Xj)ωj

}
and define F = {f(ω;X, Y, x) : ω ∈ W ;X, x ∈ X ;Y ∈ Y}. Under conditions (C1)-(C2), F

is a Donsker class.

Proof. Consider first just the numerator:

f1(ω;X, Y, x) = exp

{
Y +

d∑
j=1

(xj −Xj)ωj

}
= exp{Y }

d∏
j=1

exp{(xj −Xj)ωj}

We will start by showing that f1 is Donsker. By Condition (A1) and (A2) we have that

|xj − Xj| ≤ K1 and |ωj| ≤ K2 for all j = 1, . . . , d and some K1, K2 ≤ ∞. Thus it follows

that ϕj(ωj;Xj, xj) = exp{(xj − Xj)ωj} is uniformly bounded. Note that ϕj(ωj;Xj, xj) is

also monotone in ωn,j and so by Theorem 2.7.9 in van der Vaart [2023] we have that ϕj is

Donsker for all j = 1, . . . , d. Then by Theorem 2.10.8 and example 2.10.10 in van der Vaart

[2023] we have that ζ(ω;X, x) =
∏d

j=1 ϕj(ωj;Xj, xj) =
∏d

j=1 exp{(xj − Xj)ωj} is Donsker.

By the same theorems we have that f1(ω;X, Y, x) is Donsker since exp{Y } is bounded. Thus

the numerator is Donsker.

The denominator is simply one plus the numerator, which also forms a Donsker class. Note

that the denominator is bounded away from 0. Thus again by Theorem 2.10.8 of van der

Vaart [2023] we have that F is Donsker.
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D.3 Sketch Proof of Theorem 3.1

Through maximum likelihood theory and the continuous mapping theorem, we have

µ̂x(1) =
exp{β̂T

n x
(1)}

1 + exp{β̂T
n x

(1)}
→ exp{βT

0 x
(1)}

1 + exp{βT
0 x

(1)}
= µx(1)

in probability. Using the asymptotic properties of ω̂m as derived in Matthews and Nan [2026]

and applying a similar technique as in Section 3 of Lai and Ying [1991a], we have

θ̂ =

∫ b̂

â

exp{ω̂T
mx

(2) + u}
1 + exp{ω̂T

mx
(2) + u}

dF̂m,ω̂m(u) → E
[
Y | X(2) = x(2),∆S = 1, a∗ < Y < b∗

]
= θ

in probability. The two main differences between our work and that of Lai and Ying [1991a]

is the “trimmed” nature of the mean estimation and the additional left-truncation indicator

function. The former simplifies the proof by helping control the tail probabilities, and the

latter does not bring much complication due to its nice Donsker properties (see Lemma D.1).

Consistency of R̂∗ follows through the application of Slutsky’s theorem.

Standard maximum likelihood theory also gives the asymptotic linearity that leads to the

asymptotic normality of β̂n, which further leads to the asymptotic linearity and the asymp-

totic normality given below:

√
n(µ̂x(1) − µx(1)) =

√
n

(
exp{β̂T

n x
(1)}

1 + exp{β̂T
n x

(1)}
− exp{βT

0 x
(1)}

1 + exp{βT
0 x

(1)}

)
→ N(0, σ2

1)

in distribution with σ2
1 = (µx(1)(1− µx(1)))

2 (x(1))T I−1(β0)x
(1), where I(β0) is the information

matrix.
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For the estimator of the conditional expectation portion, we can write

√
n

(∫ b̂

â

exp{ω̂T
mx

(2) + u}
1 + exp{ω̂T

mx
(2) + u}

dF̂m,ω̂m(u)−
∫ b

a

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dF (u)

)

=
√
n

(∫ b̂

â

exp{ω̂T
mx

(2) + u}
1 + exp{ω̂T

mx
(2) + u}

dF̂m,ω̂m(u)−
∫ b̂

â

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dF̂m,ω̂m(u)

)

+
√
n

(∫ b̂

â

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dF̂m,ω̂m(u)−
∫ b̂

â

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dFω̂m(u)

)

+
√
n

(∫ b̂

â

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dFω̂m(u)−
∫ b̂

â

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dFω0(u)

)

+
√
n

(∫ b̂

â

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dFω0(u)−
∫ b

a

exp{ωT
0 x

(2) + u}
1 + exp{ωT

0 x
(2) + u}

dFω0(u)

)

= I1 + I2 + I3 + I4, (D.1)

where Fω is the distribution function of Y ∗−ωTX(2) so Fω0 = F . The asymptotic linearity of

I1 can be shown by applying Theorem 2 of Matthews and Nan [2026] and the delta method.

The asymptotic linearity of I2 and I3 can be argued in the same way as in the proof of

Theorem 2.2.3 of Ding [2010], and the asymptotic linearity of I4 comes directly from that

of ω̂m. Some modifications to the technical details are made to accomodate left-truncation,

but again without much added technical difficulty. We then obtain the influence function for

(D.1) that yields the asymptotic normality of our estimator θ̂ of the conditional expectation

θ = E
[
Y | X(2) = x(2),∆S = 1, a∗ < Y < b∗

]
, i.e.,

√
n(θ̂ − θ) → N(0, σ2

2) in distribution.

Since we have obtained asymptotic linearity for both
√
n(µ̂x(1) − µx(1)) and

√
n(θ̂ − θ), we

know that they have an asymptotic joint bivariate normal distribution with a covariance σ12.

We can then apply the bivariate delta method to obtain the asymptotic normality result in

Theorem 3.1.
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D.4 Detailed Derivation of the Form of the Asymptotic

Variance

We work here in the absence of censoring and truncation, and thus recommend fitting the

part 1 model through the standard Newton-Raphson algorithm and fitting the part two

model via least squares. This will give estimates for β and ω, which we will refer to as βn

and ωn, respectively. For simplicity and without a loss of generality, assume X(1) = X(2)

and that there is only one covariate.

Now, consider some fixed covariate value x, at which we want to evaluate the quantity R

(feasible since we assume no left truncation). Define

gn(βn;x) =
exp{xβn}

1 + exp{xβn}
,

fm(ωm;x) = Eϵ

[
exp{xωn + ϵ}

1 + exp{xωn + ϵ}

]
,

where m =
∑n

i=1 ∆S,i.

Step one is to show that

√
n

 gn − g

fm − f

 =
1√
n

n∑
i=1

 A(∆S,i, Xi;x, β)

B(∆S,i, Yi, Xi;x, ω)

 = N2(0,Σ) + op(1).
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First we derive A. Via a first-order Taylor expansion we obtain

g(βn;x)−g(β;x) =
∂g(β;x)

∂β
(βn − β) +Op

(
n−1
)

= xg(β;x)[1− g(β;x)]I−1(β)U(β) + op
(
n−1/2

)
+Op

(
n−1
)

= xg(β;x)[1− g(β;x)]I−1(β)
1

n

n∑
i=1

Xi

(
∆S,i −

exp{Xiβ}
1 + exp{Xiβ}

)
+ op

(
n−1/2

)
=

1

n

n∑
i=1

xg(β;x)[1− g(β;x)]I−1(β)Xi

(
∆S,i −

exp{Xiβ}
1 + exp{Xiβ}

)
+ op

(
n−1/2

)
= PnA(∆S,i, Xi;x, β) + op

(
n−1/2

)
where the equality on the second line holds via the Newton-Raphson algorithm and

A(∆S,i, Xi;x, β) = xg(β;x)[1− g(β;x)]I−1(β)Xi

(
∆Si

− exp{Xiβ}
1 + exp{Xiβ}

)
.

For B we again use a first-order Taylor expansion to get

fn(ωn;x)− f(ω;x) =
∂f(ω;x)

∂ω
(ωn − ω) +Op(∥ωn − ω∥2)

Under standard regularity conditions we have that

∂f(ω;x)

∂ω
=

∂

∂ω
Eϵ

[
exp{xω + ϵ}

1 + exp{xω + ϵ}

]
= Eϵ

[
∂

∂ω

exp{xω + ϵ}
1 + exp{xω + ϵ}

]

and

ωn − ω = I−1(ω)U(ω) + op(n
−1/2)

= I−1(ω)
1

m

m∑
j=1

Xj

(
log

Yj
1− Yj

−XT
j ω

)
+ op(n

−1/2)

= I−1(ω)
1

n

n∑
i=1

n

m
∆S,iXi

(
log

Yi
1− Yi

−XT
i ω

)
+ op(n

−1/2),

134



giving us

fn(ωn;x)− f(ω;x) = Eϵ

[(
exp{xω + ϵ}

1 + exp{xω + ϵ}

)(
1− exp{xω + ϵ}

1 + exp{xω + ϵ}

)]
xT I−1(ω)

× 1

n

n∑
i=1

E[∆S]
−1∆S,iXi

(
log

Yi
1− Yi

−XT
i ω

)
+ op(n

−1/2)

= PnB(∆S,i, Yi, Xi;x, ω)

where

B(∆S,i, Yi, Xi;x, ω) = Eϵ

[(
exp{xω + ϵ}

1 + exp{xω + ϵ}

)(
1− exp{xω + ϵ}

1 + exp{xω + ϵ}

)]
xT I−1(ω)

× E[∆S]
−1∆S,iXi

(
log

Yi
1− Yi

−XT
i ω

)
.

Thus, we have that

√
n

 gn − g

fm − f

→ N2(0,Σ)

where Σ is a 2× 2 matrix, with σ11 = P (A− PA)2 = PA2, σ22 = P (B − PB)2 = PB2 and

σ12 = σ21 = P (A− PA)(B − PB) = PAB. These equalities hold since PA = PB = 0.

Without loss of generality, assume that both models contain an intercept term. We compute
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the elements of the variance matrix as follows. First, for σ11 we have

σ11 = E
[
A(∆S,i, Xi;x, β)

2
]

= E

[(
xg(β;x)[1− g(β;x)]I−1(β)Xi

(
∆Si

− exp{Xiβ}
1 + exp{Xiβ}

))2
]

= E

[
(g(β;x)[1− g(β;x)])2 xT I−1(β)Xi

(
∆Si

− exp{Xiβ}
1 + exp{Xiβ}

)2

XT
i I

−1(β)x

]

= (g(β;x)[1− g(β;x)])2 xT I−1(β)

× E

{
E

[
Xi

(
∆Si

− exp{Xiβ}
1 + exp{Xiβ}

)2

XT
i | Xi

]}
I−1(β)x

= (g(β;x)[1− g(β;x)])2 xT I−1(β)E
[
g(β;Xi)[1− g(β;Xi)]XiX

T
i

]
I−1(β)x

= (g(β;x)[1− g(β;x)])2 xT I−1(β)x.
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Then for σ22 we can compute

σ22 = E[B(∆S,i, Yi, Xi;x, ω)
2]

= E

[(
Eϵ

[(
exp{xω + ϵ}

1 + exp{xω + ϵ}

)(
1− exp{xω + ϵ}

1 + exp{xω + ϵ}

)]
xT I−1(ω)

×E[∆S]
−1∆S,iXi

(
log

Yi
1− Yi

−XT
i ω

))2
]

= E
[
D(x, ωn)

2xT I−1(ω)E[∆S]
−2∆S,iXiϵ

2
iX

T
i I

−1(ω)x
]

= E
(
E
[
D(x, ω)2xT I−1(ω)E[∆S]

−2∆S,iXiϵ
2
iX

T
i I

−1(ω)x | ∆S,i

])
= P (∆S = 0) · 0

+ P (∆S = 1)E
[
D(x, ω)2xT I−1(ω)E[∆S]

−2Xiϵ
2
iX

T
i I

−1(ω)x | ∆S = 1
]

=
1

E[∆S]
E
[
D(x, ω)2xT I−1(ω)Xiϵ

2
iX

T
i I

−1(ω)x | ∆S = 1
]

=
1

E[∆S]
E
[
D(x, ω)2xT I−1(ω)XiE[ϵ

2
i | Xi]X

T
i I

−1(ω)x | ∆S = 1
]

=
1

E[∆S]
D(x, ω)2xT I−1(ω)σ2

ϵE
[
XiX

T
i | ∆S = 1

]
I−1(ω)x

=
1

E[∆S]
D(x, ω)2xT I−1(ω)x,

where

D(x, ω) = Eϵ

[(
exp{xω + ϵ}

1 + exp{xω + ϵ}

)(
1− exp{xω + ϵ}

1 + exp{xω + ϵ}

)]
and σ2

ϵ = var(ϵ).
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For the cross-terms, we get

σ12 = σ21 = E[A(∆S,i, Xi;x, β)B(∆S,i, Yi, Xi;x, ω)]

= E

[
xTg(β;x)[1− g(β;x)]I−1(β)Xi

(
∆S,i −

exp{Xiβ}
1 + exp{Xiβ}

)
D(x, ω)

×E[∆S]
−1∆S,i

(
log

Yi
1− Yi

−XT
i ω

)
XT

i I
−1(ω)x

]
= D(x, ω)g(x; β)[1− g(x; β)]xT I−1(β)

× E

[
Xi

(
∆S,i −

exp{Xiβ}
1 + exp{Xiβ}

)(
log

Yi
1− Yi

−XT
i ω

)
XT

i | ∆S = 1

]
I−1(ω)x

Now, we can use the bivariate Delta method to obtain the asymptotic distribution of R.

We just derived the asymptotic distribution of (gn, fn). Now we define a transformation

ϕ = gn + (1− gn)fn. We have

∇ϕ =

 ∂ϕ
∂gn

∂ϕ
∂fn

 =

1− fn

1− gn


and so by the multivariate delta method we have

√
n(ϕn − ϕ) =

√
n(gn + (1− gn)fn − g + (1− g)f) → N (0,∇ϕTΣ∇ϕ)

in distribution, where

∇ϕTΣ∇ϕ =

(
1− fn 1− gn

)σ11 σ12

σ21 σ22


1− fn

1− gn


=

(
(1− fn)σ11 + (1− gn)σ21 (1− fn)σ12 + (1− gn)σ22

)1− fn

1− gn


= (1− fn)

2σ11 + 2(1− fn)(1− gn)σ21 + (1− gn)
2σ22.
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Appendix E

Simulation Study for Modeling the

Golden Health Index

E.1 Simulation Setup

In order to assess the validity of the proposed methodology and demonstrate its asymptotic

properties, we perform a simulation study with the following setup. We first generate left

truncation time L from a Uniform(0, 5) distribution and two covariates: X1 from a Uniform(-

3, 3) distribution, and X2 from a Bernoulli(0.4) distribution. Death time is simulated from

the model

log(T ) = 1.7 + 0.05X1 + 0.05X2 + ζ, ζ ∼ N(0, 0.32),

with coefficients chosen to ensure the simulated data approximates the observed death time

distribution in the NACC UDS. The healthspan proportion Y conditional on getting the
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disease before death, i.e., ∆S = 1, is simulated from the model

log

(
Y

1− Y

)
= −0.1T +X1 −X2 + ϵ, ϵ ∼ N(0, 1). (E.1)

The small coefficient of T yields a signal strength that is comparable to those of X1 and X2.

The underlying disease onset time is then computed as S = T × Y . Left truncation affects

the simulated data by only keeping observations where S > L and T > L. The setup we

have described here causes about 60% of observations to be truncated. Finally, we generate

∆S from a Bernoulli(µ) distribution with

log

(
µ

1− µ

)
= −0.1T − 0.5X1 + 2X2 + 0.2L,

and set Y = 1 if ∆S = 0.

Simulations are carried out with sample sizes of 400, 800, and 1600. Since left-truncation

removes data, we keep simulating independent data until accumulated non-truncated data

reach the desired sample size, then treat the sample size as a known quantity. For each

sample size, we perform 250 replications and use 300 bootstrap samples in each replication

to estimate the variance of the predicted GHI, as suggested in Section 4 of the main text.

As noted in Section 4 of the main text, we need to estimate the trimmed mean due to left-

truncation. In the simulation, we choose a∗ by adding 1 to A0, which leads to the lower

bound

â = log

(
1/T

1− 1/T

)
− ω̂1T − ω̂2X1 − ω̂3X2.

In real life, this can be interpreted as the predicted GHI given that a patient is still alive

and disease-free in one year after the baseline age A0. The upper bound b̂ is set to be the

largest observed residual for practical convenience.
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E.2 Simulation Results

We present a summary of simulation results in Table E.1, where covariate values are chosen

to yield GHI values that span a large portion of the interval (0, 1). Biases are negligibly small

in most cases, and the variances are approximately inversely proportional to the sample size.

The bootstrap variance estimator matches the corresponding empirical variance, and the

coverage is close to the nominal value of 95%, especially as the sample size increases.

Table E.1: Results from numerical simulations, sorted by ascending GHI value. Var1 is the
variance estimated from 300 bootstrap replications, and Var2 is the empirical variance.

T X1 X2 True GHI n Bias ×103 Var1 × 103 Var2 × 103 95% Cov.

10 -1.5 1 0.263 400 17.7 8.6 7.0 92.2
800 -2.2 3.4 3.1 93.2
1600 5.8 1.6 1.5 94.0

7 -1.5 1 0.290 400 11.3 6.4 5.6 94.7
800 -4.8 2.6 2.6 91.6
1600 4.6 1.2 1.2 94.0

10 0.0 1 0.406 400 9.8 7.0 5.9 94.3
800 -5.3 2.6 2.6 94.4
1600 3.5 1.2 1.2 93.6

7 0.0 1 0.420 400 6.4 3.9 3.6 93.1
800 -6.4 1.4 1.5 91.2
1600 2.9 0.6 0.7 92.8

7 -1.5 0 0.582 400 5.3 4.5 3.6 95.2
800 -3.3 2.0 1.8 94.8
1600 1.1 0.9 1.0 94.0

10 -1.5 0 0.608 400 7.6 7.7 6.8 94.0
800 -3.1 3.6 3.2 95.2
1600 -0.1 1.7 1.8 96.4

10 1.5 1 0.642 400 2.9 3.3 3.3 94.7
800 -4.7 1.5 1.4 94.0
1600 1.2 0.7 0.7 95.2

7 1.5 1 0.647 400 3.9 1.3 1.4 92.7
800 -3.3 0.5 0.6 94.4
1600 1.2 0.3 0.3 92.8

7 0.0 0 0.774 400 2.6 1.0 0.8 98.4
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Table E.1: Results from numerical simulations, sorted by ascending GHI value. Var1 is the
variance estimated from 300 bootstrap replications, and Var2 is the empirical variance.

T X1 X2 True GHI n Bias ×103 Var1 × 103 Var2 × 103 95% Cov.

800 -0.6 0.5 0.4 96.0
1600 -0.2 0.2 0.3 90.8

10 0.0 0 0.794 400 1.1 2.5 2.4 93.2
800 -1.9 1.2 1.1 95.2
1600 -1.2 0.6 0.6 94.8

7 1.5 0 0.925 400 -0.1 0.2 0.2 92.4
800 0.8 0.1 0.1 91.6
1600 -0.4 0.1 0.1 94.8

10 1.5 0 0.931 400 -1.5 0.4 0.4 91.6
800 -0.5 0.2 0.2 95.2
1600 -0.9 0.1 0.1 95.2
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Appendix F

Model Diagnostics and Sensitivity

Analyses for Models 3.7 and 3.8

Supporting figures and tables for the information in Section 2.5. For notational ease, we

denote the two parts of our modeling strategy by Model (1) for the logistic regression portion

and Model (2) for the semiparametric conditional portion.
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F.1 Model Diagnostics
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Figure F.1: (a) shows a Q-Q plot based on surrogate residuals for Model (1), with the blue
band representing the envelope of possible values after 100 simulated sets, the black points
representing a single example set of surrogate residuals, and the red dashed line showing
the theoretical trend [Liu and Zhang, 2018]. (b) shows the observed event rate against
the average predicted probability from Model (1), where the data are split into deciles as
in the Hosmer-Lemeshow test; error bars indicate binomial confidence bands [Hosmer and
Lemesbow, 1980].
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Figure F.2: Surrogate residual plots for numerical predictors in Model (1), assessing the
linear form assumed in the model [Liu and Zhang, 2018]. The red dashed line shows 0, and
the blue solid line indicates a smoother fit of the observed points. In all cases, the overall
trend is consistent with a linear functional form; for Years of Education, the slight upward
trend at high values reflects sparse data in that range.
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Figure F.3: Martingale residual vs. the numerical predictors in Model (2) [Therneau et al.,
1990]. The dashed red line indicates zero, and the blue solid line is the smoothed fit.
Variations in the tails of covariate values (where there is sparse data) are expected. These
plots exhibit the characteristics we expect for a linear functional form.
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Figure F.4: Cumulative martingale residual plots for the numerical predictors in Model (2)
[Lin et al., 1993] show 95% simulation-based confidence envelopes (1,000 null simulations
assuming a zero-mean process or linear functional form). Age at Death exhibits slight de-
parture from the null, but alternative functional forms did not improve model fit.
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Figure F.5: A Q–Q plot of the observed residuals in Model (2), as compared to a truncated
normal assumption. The plot shows significant deviation from the theoretical quantiles and
gives evidence for the semiparametric model choice.
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F.2 Sensitivity Analyses

Table F.1: Comparison of select demographic variables by ADRC for patients who are
included in our analytical sample (N = 5,036).

ADRC N
Entry Got Is Is Is APOE ε4
Age Dementia Female Married Black 0 1 2

186 2 75.1 50.0% 0.0% 100.0% 0.0% 100.0% 0.0% 0.0%
289 144 74.6 35.4% 42.4% 65.3% 0.0% 62.5% 30.6% 6.9%
354 105 78.2 39.0% 45.7% 63.8% 14.3% 65.7% 27.6% 6.7%
490 141 75.4 44.0% 39.7% 71.6% 15.6% 56.0% 37.6% 6.4%
911 15 76.7 13.3% 66.7% 40.0% 0.0% 73.3% 26.7% 0.0%
943 17 81.8 29.4% 58.8% 58.8% 23.5% 52.9% 47.1% 0.0%
1018 6 76.4 16.7% 50.0% 66.7% 0.0% 66.7% 33.3% 0.0%
1354 177 81.2 43.5% 48.6% 49.2% 3.4% 68.9% 28.2% 2.8%
1416 16 77.2 12.5% 37.5% 87.5% 6.2% 62.5% 37.5% 0.0%
2096 377 77.3 40.8% 46.9% 68.2% 29.2% 52.0% 39.3% 8.8%
2125 28 79.3 32.1% 21.4% 71.4% 10.7% 42.9% 46.4% 10.7%
2289 100 78.7 28.0% 52.0% 48.0% 6.0% 70.0% 25.0% 5.0%
2578 217 80.6 41.5% 47.9% 62.2% 0.0% 64.1% 29.0% 6.9%
2793 8 76.8 50.0% 37.5% 87.5% 0.0% 87.5% 12.5% 0.0%
2958 95 80.8 41.1% 46.3% 56.8% 1.1% 68.4% 27.4% 4.2%
3630 81 78.2 39.5% 42.0% 64.2% 4.9% 66.7% 30.9% 2.5%
3697 20 78.8 25.0% 40.0% 65.0% 5.0% 65.0% 35.0% 0.0%
4032 21 77.6 33.3% 19.0% 66.7% 0.0% 71.4% 28.6% 0.0%
4347 160 80.3 31.2% 66.9% 43.8% 10.0% 74.4% 25.0% 0.6%
4935 89 80.6 43.8% 46.1% 39.3% 14.6% 67.4% 29.2% 3.4%
4967 220 77.0 53.2% 43.6% 69.1% 8.6% 57.3% 34.1% 8.6%
5310 115 80.3 19.1% 55.7% 52.2% 3.5% 75.7% 21.7% 2.6%
5452 202 76.9 43.6% 51.5% 69.8% 4.5% 69.8% 27.7% 2.5%
5783 531 86.6 29.6% 63.7% 38.6% 6.6% 77.0% 21.7% 1.3%
5897 12 74.4 25.0% 33.3% 83.3% 8.3% 66.7% 8.3% 25.0%
6061 98 80.5 34.7% 55.1% 40.8% 1.0% 74.5% 22.4% 3.1%
6499 66 75.7 59.1% 37.9% 69.7% 7.6% 53.0% 40.9% 6.1%
6518 291 78.7 46.4% 51.2% 58.1% 20.3% 62.9% 34.4% 2.7%
6713 66 75.4 24.2% 69.7% 36.4% 84.8% 56.1% 37.9% 6.1%
8354 97 76.1 45.4% 42.3% 68.0% 10.3% 61.9% 29.9% 8.2%
8361 167 81.2 44.3% 55.7% 52.7% 0.6% 64.7% 28.7% 6.6%
8646 379 78.1 49.6% 50.7% 59.4% 12.9% 66.2% 31.1% 2.6%
8658 451 78.7 36.4% 56.8% 60.5% 6.4% 65.2% 31.5% 3.3%
8660 6 77.5 50.0% 66.7% 83.3% 0.0% 16.7% 83.3% 0.0%
8683 200 80.6 44.0% 49.5% 57.0% 14.0% 67.0% 29.5% 3.5%
8974 162 78.0 53.7% 48.8% 64.8% 1.2% 58.6% 33.3% 8.0%
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9637 37 77.3 35.1% 32.4% 75.7% 5.4% 67.6% 29.7% 2.7%
9661 117 78.5 35.0% 57.3% 47.0% 16.2% 66.7% 31.6% 1.7%
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Table F.2: Comparison of select demographic variables by ADRC for patients who are in
our target population in the NACC UDS (N = 30,122). Note that APOE percentages may
not add up to 100% due to missing values.

ADRC N
Entry Got Is Is Is APOE ε4
Age Dementia Female Married Black 0 1 2

186 390 75.0 3.6% 63.6% 64.9% 1.3% 43.8% 11.3% 1.8%
238 58 74.8 12.1% 67.2% 60.3% 1.7% 44.8% 19.0% 6.9%
289 1173 72.4 12.6% 52.9% 65.9% 2.5% 58.7% 24.4% 4.0%
354 977 73.6 14.5% 62.8% 58.0% 29.1% 56.2% 28.5% 5.1%
490 741 73.7 14.4% 56.5% 63.2% 33.6% 55.7% 27.8% 5.3%
740 54 72.2 0.0% 59.3% 68.5% 7.4% 74.1% 20.4% 0.0%
911 529 72.9 8.3% 57.3% 54.1% 21.6% 55.6% 22.1% 2.8%
943 795 72.9 5.4% 66.4% 59.0% 39.0% 55.2% 28.6% 3.5%
1018 610 72.8 5.9% 66.9% 62.5% 21.5% 45.4% 15.9% 1.8%
1354 1079 75.7 15.3% 59.5% 57.4% 4.4% 44.9% 21.6% 3.0%
1416 756 74.4 8.2% 58.7% 64.6% 9.8% 47.5% 19.0% 1.6%
1553 112 73.2 5.4% 53.6% 72.3% 28.6% 49.1% 31.2% 4.5%
2096 1155 74.6 22.9% 51.7% 67.1% 34.3% 41.3% 28.4% 4.8%
2125 280 73.7 18.2% 56.1% 63.2% 16.8% 37.5% 39.6% 12.5%
2289 1001 74.3 13.9% 60.4% 45.4% 14.8% 47.1% 16.9% 2.3%
2578 983 75.6 13.8% 62.9% 64.6% 0.9% 53.6% 22.8% 5.1%
2793 135 72.8 8.1% 49.6% 68.1% 13.3% 49.6% 35.6% 2.2%
2933 51 77.2 2.0% 51.0% 60.8% 13.7% 0.0% 0.0% 0.0%
2958 644 74.7 16.3% 52.3% 62.6% 5.6% 49.2% 25.2% 3.7%
3630 905 72.9 8.8% 62.4% 67.1% 8.0% 39.0% 19.6% 2.4%
3697 366 73.9 14.5% 53.3% 60.4% 12.3% 48.1% 25.4% 5.7%
3964 13 75.7 7.7% 53.8% 76.9% 7.7% 0.0% 0.0% 0.0%
3966 211 75.4 3.8% 70.6% 61.1% 25.1% 0.0% 0.0% 0.0%
4032 434 73.9 6.2% 49.5% 72.1% 1.6% 66.6% 24.9% 5.1%
4347 602 76.7 16.3% 67.9% 47.0% 18.3% 65.6% 23.3% 1.7%
4935 1156 76.5 14.7% 49.5% 44.2% 18.6% 39.7% 17.7% 2.2%
4967 1099 73.3 20.8% 57.5% 68.5% 14.8% 56.7% 28.4% 5.6%
5310 412 75.0 16.5% 59.2% 62.9% 16.7% 62.9% 31.3% 5.8%
5452 1045 74.1 21.7% 61.0% 64.8% 10.8% 51.7% 19.2% 1.6%
5783 1120 82.1 20.9% 65.4% 40.4% 13.7% 61.0% 18.3% 1.4%
5897 383 72.8 14.1% 54.6% 66.8% 17.0% 50.1% 26.9% 5.7%
6061 1297 73.7 9.6% 67.9% 41.4% 14.2% 57.1% 22.7% 2.1%
6499 616 70.4 14.4% 59.4% 68.5% 17.5% 56.3% 32.1% 6.0%
6518 1224 75.5 19.7% 62.2% 52.0% 23.6% 50.7% 26.9% 2.2%
6713 344 73.3 10.2% 82.3% 33.1% 93.0% 44.5% 24.4% 2.0%
8073 97 72.5 2.1% 63.9% 58.8% 57.7% 51.5% 24.7% 4.1%
8354 657 72.5 17.2% 59.7% 65.8% 24.5% 49.2% 30.7% 4.9%
8361 675 75.4 19.4% 57.3% 62.5% 0.9% 64.0% 29.9% 3.7%
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8646 1440 73.6 26.7% 56.6% 62.2% 17.8% 55.1% 28.7% 3.1%
8658 1516 74.8 16.8% 61.7% 64.7% 15.7% 56.2% 24.9% 2.9%
8660 135 75.3 23.7% 54.1% 72.6% 11.9% 7.4% 4.4% 0.0%
8683 839 75.4 21.6% 61.1% 58.6% 23.7% 37.2% 18.2% 2.3%
8734 87 71.0 6.9% 59.8% 70.1% 20.7% 13.8% 16.1% 9.2%
8974 665 74.6 22.6% 56.2% 68.6% 1.2% 60.2% 28.0% 4.1%
9637 516 72.0 11.0% 52.7% 73.6% 13.8% 59.9% 30.8% 3.9%
9661 745 73.5 14.6% 60.1% 58.9% 18.8% 54.2% 23.2% 2.6%
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Table F.3: Comparison of Model (1) with two mixed effects models. Mixed effects model A
includes only a random intercept, while mixed effects model B includes a random intercept
and random effects for sex, marital status, comorbidity status, race, and ε4 alleles.

Variable
Standard GLM Mixed Effects Model A Mixed Effects Model B

Estimate 95% CI Estimate 95% CI Estimate 95% CI

Death Age 0.083 (0.069, 0.098) 0.082 (0.067, 0.097) 0.084 (0.068, 0.010)
Yrs of School -0.013 (-0.033, 0.006) -0.012 (-0.032, 0.008) -0.013 (-0.033, 0.007)
Sex

Male Referent – Referent – Referent –
Female -0.155 (-0.288, -0.022) -0.129 (-0.262, 0.004) -0.139 (-0.288, -0.010)

Is Married
No Referent – Referent – Referent –
Yes 0.443 (0.305, 0.581) 0.434 (0.294, 0.573) 0.421 (0.241, 0.601)

Comorbidity
No Referent – Referent – Referent –
Yes -0.135 (-0.273, 0.002) -0.159 (-0.298, -0.020) -0.158 (-0.305, -0.011)

Race
White Referent – Referent – Referent –
Black -0.588 (-0.803, -0.374) -0.611 (-0.834, -0.388) -0.522 (-0.794, -0.250)
Other 0.234 (-0.170, 0.638) 0.211 (-0.199, 0.621) 0.213 (-0.210, 0.636)

ε4 Alleles
Zero Referent – Referent – Referent –
One 0.696 (0.567, 0.825) 0.690 (0.559, 0.821) 0.681 (0.540, 0.822)
Two 1.389 (1.087, 1.691) 1.389 (1.083, 1.695) 1.390 (1.064, 1.715)

Study Entry -0.077 (-0.093, -0.062) -0.072 (-0.088, -0.056) -0.074 (-0.090, -0.058)
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Table F.4: Comparison of Model (2) with two mixed effects models, which are fitted under
a truncated normal error assumption due to a lack of available methods for fitting random
effects in the considered semiparametric model. Since the normal error assumption is in-
correct (see Figure S.5), the results are just for showing robustness against center effects
and should not be interpreted. Mixed effects model A includes only a random intercept,
while mixed effects model B includes a random intercept and random effects for sex, marital
status, comorbidity status, race, and ε4 alleles.

Variable
Standard Trunc. Reg. Mixed Effects Model A Mixed Effects Model B

Estimate 95% CI Estimate 95% CI Estimate 95% CI

Death Age 0.070 (0.051, 0.089) 0.053 (0.033, 0.073) 0.055 (0.035, 0.075)
Yrs of School -0.039 (-0.083, 0.004) -0.043 (-0.086, -0.001) -0.042 (-0.084, 0.001)
Sex

Male Referent – Referent – Referent –
Female -0.030 (-0.331, 0.270) -0.061 (-0.352, 0.229) -0.066 (-0.358, 0.226)

Is Married
No Referent – Referent – Referent –
Yes -0.315 (-0.635, 0.004) -0.244 (-0.554, 0.066) -0.340 (-0.707, 0.027)

Comorbidity
No Referent – Referent – Referent –
Yes 0.172 (-0.147, 0.491) 0.172 (-0.137, 0.480) 0.162 (-0.146, 0.470)

Race
White Referent – Referent – Referent –
Black -0.267 (-0.784, 0.250) -0.141 (-0.649, 0.366) -0.148 (-0.652, 0.356)
Other -0.794 (-1.767, 0.180) -0.675 (-1.616, 0.265) -0.664 (-1.597, 0.269)

ε4 Alleles
Zero Referent – Referent – Referent –
One -0.643 (-0.936, -0.349) -0.605 (-0.888, -0.321) -0.601 (-0.948, -0.254)
Two -1.018 (-1.600, -0.436) -0.999 (-1.561, -0.436) -1.016 (-1.577, -0.455)
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Table F.5: Comparison of demographics between included and excluded study participants.
Participants in the analytic data set have older age at enrollment, longer follow-up length,
and higher dementia incidence. Variations in sex, comorbidity status, and race likely reflect
evolving ADRC recruitment strategies and known sex differences in lifespan. No differences
are observed in education, marital status, or APOE ε4 status.

Variable
65+ without Dementia (N = 30,122)

Included (N = 5,036) Excluded (N = 25,086)

Enrollment Age 79.34 (7.61) 73.41 (6.40)
Length of Follow-Up 7.53 (4.29) 3.69 (4.19)
Dementia Observed

No 3,024 (60.1%) 22,474 (89.6%)
Yes 2,012 (40.0%) 2,612 (10.4%)

Sex
Female 2,583 (51.3%) 15,363 (61.2%)
Male 2,453 (48.7%) 9,273 (38.8%)

Years of Education 15.60 (3.12) 15.62 (3.23)
Missing — 134 (0.5% of total)

Married
No 2,140 (42.5%) 10,062 (40.1%)
Yes 2,896 (57.5%) 15,024 (59.9%)

Comorbidity
No 3,631 (72.1%) 14,754 (58.8%)
Yes 1,405 (27.9%) 10,332 (41.2%)

Race
White 4,397 (87.3%) 18,942 (75.5%)
Black 531 (10.5%) 4,547 (18.1%)
Other 108 (2.1%) 1,597 (6.4%)

APOE ε4 Alleles
None 3,291 (65.4%) 12,198 (65.2%)
One 1,525 (30.3%) 5,695 (30.5%)
Two 220 (4.4%) 802 (4.3%)
Missing — 6,391 (25.5% of total)
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Figure F.6: The evolution of the results of proposed analysis if it had been done at the
beginning of each year starting from 2010. Each panel shows the effect of the specified
number of APOE ε4 alleles for the specified model. Unstable estimates for the Part 2 Model
in the early 2010s are due to small sample sizes in those subsets.

154



Table F.6: Model parameter estimates for a temporal robustness analysis. The values pre-
sented below would have been the estimates if the analysis had been run in 2015 (N = 1, 854).
Estimates are similar to those presented in the main analysis of the paper, and our main
conclusions do not change.

Variable
Part 1 Model Part 2 Model

Estimate 95% CI P-Value Estimate 95% CI P-Value

Death Age 0.290 (0.241, 0.339) < 0.001 0.055 (0.026, 0.084) < 0.001
Yrs of School -0.045 (-0.079, -0.011) 0.009 -0.069 (-0.138, 0.001) 0.051
Sex

Male Referent – – Referent – –
Female -0.235 (-0.474, 0.003) 0.053 -0.121 (-0.636, 0.394) 0.645

Is Married
No Referent – – Referent – –
Yes 0.405 (0.155, 0.656) 0.002 -0.511 (-1.068, 0.046) 0.072

Comorbidity
No Referent – – Referent – –
Yes -0.027 (-0.263, 0.207) 0.819 0.375 (-0.103, 0.853) 0.124

Race
White Referent – – Referent – –
Black -0.477 (-0.899, -0.074) 0.023 -0.457 (-1.904, 0.988) 0.534
Other 0.168 (-0.749, 0.997) 0.701 0.403 (-1.908, 2.714) 0.732

ε4 Alleles
Zero Referent – – Referent – –
One 0.687 (0.451, 0.923) < 0.001 -0.639 (-1.282, 0.005) 0.052
Two 1.499 (0.952, 2.064) < 0.001 -1.077 (-2.428, 0.274) 0.118

Study Entry -0.277 (-0.327, -0.228) < 0.001 – – –
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Table F.7: Results from fitting Models (1) and (2) to the left-truncated NACC UDS data
using baseline age A0 = 65 and inverse-probability weights based on population distributions
of APOE ε4 allele prevalence, sex, and race. Weights for APOE ε4 status are obtained from
the UK Biobank [Lumsden et al., 2020], stratified on sex and race with their proportions
determined from the US Census data. Since APOE ε4 allele frequencies are only available
for white race that is also the majority in the analytic data set (see Table 1 in the main text),
we assign the same allele frequencies to other race groups for the sake of sensitivity analysis.
Weights are defined as the ratio of the population proportion to the corresponding observed
sample proportion. For Model (1), a weighted logistic regression is used, and the variance
is estimated using a sandwich estimator. For Model (2), the sieve likelihood approach can
computationally support a weighting scheme, and variance is estimated using the bootstrap.
The weighted estimates are similar to those from the main analysis.

Parameter Original Estimate (95% CI) Weighted Estimate (95% CI)

β1 0.083 (0.069, 0.098) 0.091 (0.074, 0.110)
β2 -0.013 (-0.033, 0.006) -0.016 (-0.043, 0.012)
β3 -0.155 (-0.288, -0.022) -0.173 (-0.331, -0.015)
β4 0.443 (0.305, 0.581) 0.486 (0.320, 0.651)
β5 -0.135 (-0.273, 0.002) -0.181 (-0.353, -0.008)
β6 -0.588 (-0.803, -0.374) -0.567 (-0.810, -0.325)
β7 0.234 (-0.17, 0.638) 0.220 (-0.194, 0.634)
β8 0.696 (0.567, 0.825) 0.618 (0.449, 0.787)
β9 1.389 (1.087, 1.691) 1.400 (1.035, 1.765)
β10 -0.077 (-0.093, -0.062) -0.079 (-0.097, -0.062)

ω1 0.083 (0.070, 0.095) 0.079 (0.066, 0.092)
ω2 -0.020 (-0.054, 0.013) -0.069 (-0.103, -0.035)
ω3 -0.057 (-0.265, 0.150) -0.129 (-0.354, 0.096)
ω4 -0.083 (-0.307, 0.141) -0.094 (-0.334, 0.146)
ω5 0.316 (0.103, 0.528) 0.301 (0.071, 0.530)
ω6 -0.194 (-0.548, 0.160) -0.190 (0.569, 0.188)
ω7 -0.373 (-1.216, 0.469) -0.441 (-1.368, 0.486)
ω8 -0.460 (-0.683, -0.238) -0.504 (-0.735, -0.273)
ω9 -0.363 (-0.838, 0.113) -0.452 (-0.955, 0.052)
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Appendix G

Proofs of Lemmas 4.1, 4.2, and 4.3

G.1 Proof of Lemma 4.1

Proof. Part (i). By our definition of the sieve space, ϵn → 0. Choose θ̃n ∈ Θn with

d(θ̃n, θ0) ≤ 2ϵn. Since θ0,n maximizes S over Θn and θ̃n ∈ Θn, we have S(θ0,n) ≥ S(θ̃n).

By continuity of S, d(θ̃n, θ0) → 0 implies S(θ̃n) → S(θ0). Since θ0 maximizes S over Θ ⊃ Θn:

0 ≤ S(θ0)− S(θ0,n) ≤ S(θ0)− S(θ̃n) → 0.

Now suppose for contradiction that d(θ0,n, θ0) ̸→ 0. Then there exists ε > 0 and a sub-

sequence nk with d(θ0,nk
, θ0) ≥ ε for all k. By the well-separation condition in (B4),

supθ∈Θ: d(θ,θ0)≥ε S(θ) < S(θ0) − δ. But S(θ0,nk
) → S(θ0) along this subsequence, a con-

tradiction. Therefore d(θ0,n, θ0) → 0.

Part (ii). By part (i), d(θ0,n, θ0) → 0. Choose θ̃n ∈ Θn such that d(θ̃n, θ0) ≤ 2ϵn. Since
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Ṡ(θ0) = 0 by Remark 4.1, (B1) gives us the following expansion for θ sufficiently close to θ0:

S(θ0)− S(θ) =
1

2
{−S̈(θ0)[θ − θ0, θ − θ0]}+O{d(θ, θ0)3}.

By (B5), there exist constants 0 < cJ < CJ <∞ such that

cJd(θ, θ0)
2 ≤ −S̈(θ0)[θ − θ0, θ − θ0] ≤ CJd(θ, θ0)

2.

Applying the lower bound with θ = θ0,n, together with d(θ0,n, θ0) → 0, yields

S(θ0)− S(θ0,n) ≥ c1d(θ0,n, θ0)
2

for all sufficiently large n, for some constant c1 > 0.

Since θ0,n maximizes S over Θn and θ̃n ∈ Θn,

S(θ0)− S(θ0,n) ≤ S(θ0)− S(θ̃n).

Applying the upper bound with θ = θ̃n, and using d(θ̃n, θ0) ≤ 2ϵn, gives

S(θ0)− S(θ̃n) ≤ C1d(θ̃n, θ0)
2 ≤ 4C1ϵ

2
n

for all sufficiently large n, for some constant C1 <∞.

Combining the preceding displays,

c1d(θ0,n, θ0)
2 ≤ 4C1ϵ

2
n.
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Therefore

d(θ0,n, θ0) ≤ 2
√
C1/c1 ϵn = O(ϵn).

G.2 Proof of Lemma 4.2

Proof. Part (i). To bound ∥J (n)
n (θ̄n)− J

(n)
n (θ∗n)∥op, we use that fact that ∥A∥op ≤ ∥A∥F for

any matrix A, where ∥ · ∥F is the Frobenius norm. First, we note that by (B1), J
(n)
n (θn) is

element-wise Lipschitz, meaning,

[
J (n)
n (θ̄n)− J (n)

n (θ∗n)
]
kℓ
≤ L1∥θ̄n − θ∗n∥

for k, ℓ = 1, . . . , pn and some constant L1 that does not depend on n. Now, using the

Frobenius norm, we have

∥J (n)
n (θ̄n)− J (n)

n (θ∗n)∥F =

√√√√ pn∑
k=1

pn∑
ℓ=1

∣∣∣[J (n)
n (θ̄n)

]
kℓ
−
[
J
(n)
n (θ∗n)

]
kℓ

∣∣∣2

≤

√√√√ pn∑
k=1

pn∑
ℓ=1

L2
1∥θ̄n − θ∗n∥2

= pnL1∥θ̄n − θ∗n∥

= Op(pnn
−ξ)

Since ∥J (n)
n (θ̄n)− J

(n)
n (θ∗n)∥op ≤ ∥J (n)

n (θ̄n)− J
(n)
n (θ∗n)∥F , the result follows. Since expectation

is a linear operator, the element-wise Lipschitz argument passes through expectation and

the same argument yields the same rate for ∥J (n)(θ̄n)− J (n)(θ∗n)∥op.
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Part (ii). Decompose

∥J (n)
n (θ∗n)− J (n)(θ∗n)∥op ≤ ∥J (n)

n (θ∗n)− J (n)
n (θ0)∥op

+ ∥J (n)(θ0)− J (n)(θ∗n)∥op

+ ∥J (n)
n (θ0)− J (n)(θ0)∥op

= I1 + I2 + I3

By part (i) of this lemma, we have I1 = Op(pnn
−ξ) and I2 = Op(pnn

−ξ). For I3, we define

Xi = n−1{J (n)
n,i (θ0)− J (n)(θ0)}. Thus

∑n
i=1Xi = J

(n)
n (θ0)− J (n)(θ0). By (B1), we know that

each element of J
(n)
n (θ0)−J (n)(θ0) is bounded by some constantM2 <∞. Thus the bounded

entry Frobenius argument (similar to above) gives

∥J (n)
n (θ0)− J (n)(θ0)∥op ≤M2pn and thus ∥Xi∥op ≤ M2pn

n
.

Similarly, we have

∥∥∥∥∥
n∑

i=1

EX2
i

∥∥∥∥∥
op

=

∥∥∥∥∥ 1

n2

n∑
i=1

E (J
(n)
n,i (θ0)− J (n)(θ0))

2

∥∥∥∥∥
op

=

∥∥∥∥ 1nE (J
(n)
n,i (θ0)− J (n)(θ0))

2

∥∥∥∥
op

≤ 1

n
E ∥J (n)

n,i (θ0)− J (n)(θ0)∥2op

≤ M2
2p

2
n

n

Applying Vershynin [2012], Theorem 5.29, we have

P
{
∥J (n)

n,i (θ0)− J (n)(θ0)∥op ≥ t
}
≤ 2pn exp

(
−t2/2

M2
2p

2
n/n+M2pnt/n

)
,
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and choosing t =M3pn
√

log pn/n and plugging in we have

P

{
∥J (n)

n,i (θ0)− J (n)(θ0)∥op ≥M3pn

√
log pn
n

}
≤ 2pn exp

(
−KM2

3 log pn
)
→ 0,

for a choice of M3 large enough so that KM2
3 > 1 (note here that K absorbs all other

constants). Thus, I3 = Op(pn
√

(log pn)/n). Putting the three parts together, we obtain the

result.

Part (iii). Define vn = (v⊤n,β, v
⊤
n,γ)

⊤ ∈ Rpn . We denote the functional direction defined

by vn in the sieve space as hvn =
∑kn

j=1 vn,γ,jBj. By definition, the vector v⊤n J
(n)(θ0)vn =

−S̈(θ0)[(vn,β, hvn), (vn,β, hvn)]. By assumption (B5),

cJ∥vn∥2 ≤ v⊤n J
(n)(θ0)vn ≤ CJ∥vn∥2.

Now, we decompose,

v⊤n J
(n)(θ∗n)vn = v⊤n J

(n)(θ0)vn + v⊤n
{
J (n)(θ∗n)− J (n)(θ0)

}
vn,

and have

∣∣v⊤n {J (n)(θ∗n)− J (n)(θ0)
}
vn
∣∣ ≤ ∥J (n)(θ∗n)− J (n)(θ0)∥op∥vn∥2.

By part (i), ∥J (n)(θ∗n)− J (n)(θ0)∥ = Op(pnn
−ξ) = op(1), so

∣∣v⊤n {J (n)(θ∗n)− J (n)(θ0)
}
vn
∣∣ = op(1)∥vn∥2.

Combining this with the curvature bound at θ0, we obtain

v⊤n J
(n)(θ∗n)vn ≥ cJ∥vn∥2 − op(1)∥vn∥2 = {cJ − op(1)}∥vn∥2
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and

v⊤n J
(n)(θ∗n)vn ≤ CJ∥vn∥2 + op(1)∥vn∥2 = {CJ + op(1)}∥vn∥2.

By setting c′J = cJ/2 and C ′
J = 2CJ , the result follows.

G.3 Proof of Lemma 4.3

Proof. For the first rate, consider the decomposition

J (n)
n (θ̂n)− J (n)(θ0,n) =

[
J (n)
n (θ̂n)− J (n)

n (θ0,n)
]
+
[
J (n)
n (θ0,n)− J (n)(θ0,n)

]
= I1 + I2

By the triangle inequality, ∥θ̂n−θ0,n∥ = Op(n
−ξ). Thus by Lemma 4.2(i), ∥I1∥op = Op(pnn

−ξ).

Since d(θ0,n, θ0) = O(n−ξ) by (B3) and Lemma 4.1, we can apply Lemma 4.2(ii) to I2, giving

∥J (n)
n (θ̂n)− J (n)(θ0,n)∥op ≤ ∥I1∥op + ∥I2∥op

= Op(pnn
−ξ) +Op

(
max

{
pnn

−ξ, pn

√
log pn
n

})

= op(1)

where the last equality holds by the rate conditions on pn in (B3).

For the second rate, we consider a similar decomposition

V̂n(θ̂n)− Vn =
[
V̂n(θ̂n)− V̂n(θ0,n)

]
+
[
V̂n(θ0,n)− Vn

]
= I3 + I4

First consider I3. By (B1), we have that the score vector u
(n)
i (θ) is element-wise Lipschitz

in the neighborhood of θ0. Thus, the observation level matrices V̂n,i(θ) = u
(n)
i (θ)u

(n)
i (θ)T are
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element-wise Lipschitz. We can then use the same strategy from the proof of Lemma 4.2(i)

of bounding the Frobenius norm. We omit the details here due to large duplication of the

work. In the end, we derive the same result, namely that ∥I3∥op = Op(pnn
−ξ). Note that in

many cases, V̂n(θ) = J
(n)
n (θ), so this result can be obtained by direct application of 4.2(i).

We now bound I4. Applying the same technique as in the proof of Lemma 4.2(ii), we have

that the operator norm of V̂n,i(θ0,n) = Op(pn). Applying Theorem 5.29 of Vershynin [2012],

we obtain the rate

∥I4∥op = Op

(
pn

√
log pn
n

)
.

Combining and applying (B3), we get

∥V̂n(θ̂n)− Vn∥op ≤ ∥I3∥op + ∥I4∥op = Op(pnn
−ξ) +Op

(
pn

√
log pn
n

)
= op(1)
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