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ABSTRACT OF THE DISSERTATION 

Patterned Heterogeneity in Colon Cancer: Data-driven, Mechanistic 

Mathematical Modeling 

By 

Eric J. Puttock 

Doctor of Philosophy in Mathematics 

University of California, Irvine, 2020 

Professor John S. Lowengrub, Chair 

The objective of this work is to develop data-driven mechanistic mathematical modeling to 

understand and make predictions on how metabolic and tumor heterogeneity impact tumor growth 

and resistance to treatment. Cell-intrinsic metabolic reprogramming is a hallmark of cancer that 

provides anabolic support to cell proliferation. How reprogramming influences tumor 

heterogeneity or drug sensitivities is not well understood. Here we report a self-organizing spatial 

pattern of glycolysis in xenograft colon tumors where pyruvate dehydrogenase kinase (PDK1), a 

negative regulator of oxidative phosphorylation, is highly active in clusters of cells arranged in a 

spotted array. To understand this pattern, we developed a reaction-diffusion model that 

incorporates Wnt signaling, a pathway known to upregulate PDK1 and Warburg metabolism. 

Partial interference with Wnt alters the size and intensity of the spotted pattern in tumors and in 

the model. The model predicts that Wnt inhibition should trigger an increase in proteins that 

enhance the range of Wnt ligand diffusion. Not only was this prediction validated in xenograft 
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tumors, but similar patterns also emerge in radiochemotherapy-treated colorectal cancer. Finally, 

to investigate how self-organized, patterned communities of colon cancer cells emerge, and how 

heterogeneity influences growth we performed single cell RNA sequencing (scRNAseq) on 

xenograft tumors. Single cell RNA sequencing also indicates the interactions between cell types. 

We then developed a multispecies mathematical model that incorporates cellular interactions 

informed by scRNAseq analysis. This multispecies model recapitulates the spotted patterns, 

stromal content, morphologies and their spatial variations in the tumor. The model predicts that 

blocking positive feedback signaling will alter population heterogeneity and the spatial patterning 

of Wnt signaling, resulting in significant reduction of a cell type. However, the tumor retains the 

capacity to grow indicating that there is a possible link between heterogeneity and drug resistance. 
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Introduction 

 

Reprogrammed metabolism is one of the hallmarks of cancer [9]. Typically, healthy non-cancerous 

cells undergo oxidative phosphorylation to metabolize nutrients in an oxygenated environment, 

although it is increasingly recognized that actively proliferating non-cancerous cells utilize 

glycolysis preferentially even when oxygen is present [10]. Generally, it has been thought that 

cancer cells also exclusively use glycolysis. However, recent data shows that tumors are 

metabolically heterogeneous [1]. Heterogeneity within the tumor is thought to help the tumor 

utilize nutrient resources and survive in varying environmental conditions. This heterogeneity can 

also make therapeutic treatment more challenging. 

In normal, non-proliferating cells in the presence of oxygen, glucose is completely oxidized 

through oxidative phosphorylation (OXPHOS). When oxygen is not present (in your muscle cells 

during exercise, for example), metabolism is limited to glycolysis and is fermented into lactate. 

Otto Warburg in 1956 describes the usage of aerobic glycolysis, the Warburg Effect, by cancer 

cells undergoing glycolysis as the main form of metabolizing nutrients in an oxygenated 

environment instead of oxidative phosphorylation [11]. Understanding how and why altered 

metabolism occurs within cancer cells can be useful in understanding how tumors grow and may 

help develop new strategies for treatment. Why would cancer cells do this? The prevailing 

hypothesis is that since the cells are rapidly dividing, they use the metabolic intermediates to 

produce amino acids and other essential building blocks ([12],[13]). The lactate that is produced 

by the cells undergoing Warburg metabolism can be taken up by cells in the same neighborhood 
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undergoing OXPHOS, which is an example of metabolic symbiosis ([14]; Fig. I.1). It is beneficial 

to the tumor, as lactate is acidic, and a buildup of lactate would be toxic. Additionally, metabolic 

symbiosis supports the growth of the system because nutrients are more efficiently used. Cells 

balance between both forms of metabolism in order to adjust to their environment, such as nutrient 

levels, oxygen levels, and signals from surrounding cells. 

Colon cancer is the second leading cause of cancer deaths in the United States, with one in 20 

people diagnosed with colon cancer in their lifetime. It is also distinctly an age-related disease, 

with most patients being diagnosed over the age of 50 [15]. The colon is made up of many stacked 

layers of intestinal crypts. In colon cancer Wnt signaling pathways are known to affect the 

proliferation, survival, self-renewal, and differentiation of stem cells in the intestinal crypts [16]. 

It was also found by Pate et al. [2] that blocking downstream activity of Wnt influences the 

metabolic programming (Fig. I.2) and angiogenesis. In addition, colon tumor xenografts have been 

Figure I.1: Overview of cellular metabolism and metabolic symbiosis. Cells dynamically 

balance metabolic programs in order to adjust to their environment. Lactate secreted by 

glycolytic cells can be taken up by cells in the surrounding area undergoing oxidative 

phosphorylation to establish a relationship of metabolic symbiosis. 
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shown to exhibit spotted patterns when stained for phosphorylated PDH (pPDH) and 𝛽-catenin as 

shown in by Lee and Chen et al. [1]. The spotted patterns observed in Wnt are consistent with 

Turing mechanisms (Fig. I.3). 

In 1956, Alan Turing described reaction-diffusion systems, where complex patterns can be 

established from a signal activator and its inhibitor [17]. Many of these systems have been 

described previously, including animal stripes and spots, fingerprints, and shell patterns [7]. The 

reaction-diffusion model describes the formation of self-organizing complex patterns that can arise 

from simple, interacting stimuli. Multiple reaction-diffusion models are present in biological 

systems, and several involve Wnt signaling and a secreted inhibitor DKK1, Dickkopf WNT 

Signaling Pathway Inhibitor 1 ([18], [19]). There are some general rules that allow for patterns to 

occur. They are as follows: 1) The activator must stimulate the production of itself and its inhibitor, 

2) Inhibitor must diffuse faster than the activator, 3) Inhibitor blocks the autoactivation of the 

activator (blue blocking), and 4) Inhibitor acts long-range to limit the range of the activator ([7]; 

Figure I.2: Wnt signaling influences metabolic programming. Wnt signaling regulates 

expression of Pyruvate Dehydrogenase Kinase 1 (PDK1), which phosphorylates pyruvate 

dehydrogenase (PDH) in order to increase the conversion of pyruvate to lactate while 

driving metabolism towards glycolysis [2]. 
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Fig. I.4). Modeled over time, a seemingly random expression (white noise) of activators and 

inhibitors can thus self-organize to form a regular pattern.  

Chapter one highlights my collaboration with Lee and Chen [1] where we developed a Turing 

spatio-temporal mathematical model to help understand how the self-organized, patterned 

metabolism appears in-vivo. The model includes the study of oxidative cells and glycolytic cells 

with a diffusible substrate that accounts for concentrations of nutrients (e.g., glucose, growth 

Figure I.3: Metabolic patterning in xenograft anti-body staining [1]. SW480 colon xenograft tumors 

reveal spotted metabolic patterning in tumors. 𝛽-catenin marks the spots of Wnt signaling on the left and 

phosphorylated PDH (pPDH) marks the spots of glycolysis on the right. 

Figure I.4: Overview of a Turing reaction-diffusion system. The activator (Wnt) must stimulate the production of 

itself and its inhibitor (DKK). Inhibitor must diffuse faster than the activator. Inhibitor acts long-range to limit the 

range of the activator. Figure adapted from Kondo et al. [7]. 
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factors, oxygen), Wnt activity, and Wnt inhibitor activity. Oxidative cells and glycolytic cells can 

diffuse, proliferate, “switch” metabolism programs depending on Wnt signaling activity and 

nutrients, and die from lack of nutrients. Wnt and Wnt inhibitor activity equations are based on the 

Gierer-Meinhardt activator-inhibitor model. Another variant of the model in Lee's work [1] 

includes the effects of cross-feeding between lactate, glucose, and pyruvate (Appendix A.3). The 

results are consistent with their simplified model. In the study, we also looked at the study of colon 

tumors self-organizing and forming patterns in an in vitro setting. In all these models, therapeutic 

studies were done to determine what treatments were effective in controlling the growth of the 

tumors (e.g., tumor volume, spot size, and metabolic shifts) in-silico.  

In chapter two, we utilize tools for single cell RNA sequencing (scRNAseq) analysis to identify 

and determine cell types within the developing tumors using SoptSC developed by Shuxiong et al. 

[20] and identify possible relationships between cell types and important signaling networks within 

the tumor. We take these results of the analysis to develop a new multispecies system that drives 

tumor growth. 

In chapter three, we develop a multi-species spatio-temporal mathematical model. This model 

includes the effects of Wnt signaling and secreted factors from the stroma and viable cells within 

the tumor that affect the growth process (e.g., proliferation, division, cell-type switching) and 

metabolism. We show results consistent with the xenograft tumors while also being able to predict 

stromal structure of the tumor. We investigate how the changes to the surrounding media may 

affect the metabolism as well as development of the tumors undergoing therapeutic treatment. 

Finally, in chapter four, the thesis concludes with a discussion of the modeling results and possible 

future work that may test the predictions from the simulations. 

  



6 
 

 

Chapter 1 

 

Mathematical Modeling Links Wnt Signaling to 

Emergent Patterns of Metabolism in Colorectal Cancer 

 

1.1 Abstract 

 

Cell-intrinsic metabolic reprogramming is a hallmark of cancer that provides anabolic support to 

cell proliferation. How reprogramming influences tumor heterogeneity or drug sensitivities is not 

well understood. Here we report a self-organizing spatial pattern of glycolysis in xenograft colon 

tumors where pyruvate dehydrogenase kinase (PDK1), a negative regulator of oxidative 

phosphorylation, is highly active in clusters of cells arranged in a spotted array. To understand this 

pattern, we developed a reaction-diffusion model that incorporates Wnt signaling, a pathway 

known to upregulate PDK1 and Warburg metabolism [2]. Partial interference with Wnt alters the 

size and intensity of the spotted pattern in tumors and in the model. The model predicts that Wnt 

inhibition should trigger an increase in proteins that enhance the range of Wnt ligand diffusion. 

Not only was this prediction validated in xenograft tumors but similar patterns also emerge in 

radiochemotherapy-treated colorectal cancer. The model also predicts that inhibitors that target 

glycolysis or Wnt signaling in combination should synergize and be more effective than each 

treatment individually. We validated this prediction in 3D colon tumor spheroids. 
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1.2 Introduction 

 

A hallmark feature of many cancers is “aerobic glycolysis,” or the Warburg effect, a form of 

metabolism whereby cells skew their balance of cellular metabolism away from oxidative 

phosphorylation (OXPHOS) to favor glycolysis, despite the availability of sufficient levels of 

oxygen [11]. Cellular emphasis on Warburg metabolism is intriguing since it is much less efficient 

than OXPHOS in producing energy (four molecules of ATP produced by glycolysis for each 

molecule of glucose consumed versus 36 molecules by OXPHOS). Warburg metabolism has been 

hypothesized to be beneficial because glycolytic intermediates can be used as biosynthetic building 

blocks for cell growth and proliferation, suggesting that this mode of glucose utilization is essential 

for actively expanding tumors ([12], [13]). There are other effects as well: The production of 

lactate acidifies the tumor microenvironment, a cytotoxic environmental condition that can 

enhance tumor invasiveness [21], and induces angiogenic responses for increased delivery of 

glucose, oxygen and other nutrients [22], effects that are growth promoting and provide cancer 

cells with a fitness advantage. 

Oncogenic, overactive Wnt signaling has been recently linked to metabolic and nutrient 

programming in tumors. For example, in colon cancer, Wnt signaling is proposed to increase 

expression of key glycolytic factors that enhance Warburg metabolism and angiogenesis [2]. 

Oncogenic Wnt signaling most commonly derives from genetic inactivation of one or more 

signaling components (e.g., adenomatous polyposis coli, APC), inactivating mutations that cause 

the pathway to become chronically activated and to trigger overexpression of Wnt target genes. 

One such target gene is pyruvate dehydrogenase kinase 1 (PDK1), a mitochondrial kinase that 
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inhibits the pyruvate dehydrogenase complex (PDC) via phosphorylation of the component 

pyruvate dehydrogenase (PDH) [2]. Since PDC converts pyruvate to acetyl CoA for mitochondrial 

respiration, phosphorylation/inhibition of PDH by PDK1 suppresses OXPHOS modes of 

metabolism (ATP and CO2 production) to favor glycolytic modes that produce lactate [23]. Thus, 

at least in some tissues such as colon, Wnt signaling elevates PDK1 to suppress OXPHOS and to 

encourage glycolysis and the production of lactate. 

Our previous study of xenograft colon tumors established that oncogenic Wnt signals directly 

activate PDK1 gene transcription as well as other glycolysis-connected gene targets including the 

lactate transporter MCT1 (SLC16A1) ([2], [24]). That Wnt signals might be directly responsible 

for shaping the metabolic profile of cells is a discovery from multiple studies focused on diseased 

(e.g., melanoma, breast [25]) and normal tissues [26]. At least two types of Wnt signals have been 

defined. One signal utilizes canonical signaling and beta-catenin-regulated transcription to drive 

sustained expression of glycolysis regulators. A second signal utilizes a novel Rac-mTORC2 

pathway to increase the protein levels of glycolytic enzymes in the cytoplasm [26]. Both signals 

can be triggered by secreted Wnt ligands, and these, in addition to oncogenic Wnt pathway 

activities created by genetic mutations, can direct the metabolic and proliferative capacity of colon 

tumors. However, because metabolism is shaped by the collective activity of multiple pathways 

and environmental influences--including those that enhance or diminish WNT signaling--there is 

still much to learn about how signatures of metabolism are established. 

Metabolic symbiosis has emerged as a powerful model to explain tumor heterogeneity and survival. 

As a concept, metabolic symbiosis means that glycolysis is not a singular metabolic choice for 

cells in a tumor; OXPHOS modes of metabolism may be dominant in subpopulations. The 

proposed outcome of this heterogeneity is that cooperation between two groups of cancer cells can 
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maximize delivery and consumption of nutrients and minimize the environmental stresses that are 

imposed on a tumor. Glycolytic cells are likely the dominant consumers of glucose, and their 

fermentation of this carbon source produces an acidic by-product (lactate) that must be exported 

to the tumor microenvironment. Lactate can be angiogenic, and thus, the activities of glycolytic 

cells can be important for delivery of nutrients and growth factors to the tumor microenvironment 

([27], [28]). In turn, cancer cells with prominent modes of OXPHOS metabolism can uptake and 

utilize lactate (and other metabolic by-products) from neighboring glycolytic cells and metabolize 

it as a stable source of energy over long time scales ([29], [30]). An important example of this is 

the “reverse Warburg” effect observed in breast cancer [31]. Thus, not all cancer cells show a 

preference for glycolysis at all times because microenvironmental, spatial, and temporal factors 

may direct them to emphasize OXPHOS modes of metabolism ([14], [32], [33]). Such back-and-

forth influences on glycolysis and OXPHOS create nongenetic tumor heterogeneity, meaning that 

genetically identical cancer cells might adopt different modes of metabolism depending on cell-

intrinsic and cell-extrinsic influences. Identifying these influences and signals, and understanding 

the spatial and temporal forces that direct their cooperation is important, as metabolic symbiosis 

is not just a manifestation of tumor heterogeneity, but it is likely a fundamental aspect of tumor 

survival. 

In the course of our study of Wnt signaling and glycolysis in xenograft colon tumors, we observed 

heterogeneous patterns of metabolism. Heterogeneity was observed via immunohistochemical 

stain of PDK1 activity, a major inhibitor of mitochondrial activity, and immunohistochemical 

stains of Wnt signaling. In particular, these stains revealed a pattern of discrete clusters of cells, or 

“spots”, indicating groups of cells with different levels of glycolysis relative to OXPHOS, and 

differences in Wnt activity. We refer to these groups of cells as “glycolytic (Pg)” and “OXPHOS 
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(Po)” to indicate that they differ in the relative balance between these two modes of metabolism. 

As the spots of PDK activity and Wnt signaling appeared as a regular array in space, we 

hypothesized that metabolism was subject to rules of pattern formation, and we therefore 

developed a mathematical model with spatial features to study the organization of this pattern. 

Using reaction-diffusion equations to describe the dynamics of Wnt signaling, nutrients, cell 

substrates, and the populations of the different metabolic cell types, we elucidate the mechanisms 

that underlie this spatial pattern and find good agreement between the model and experiments. We 

lastly exploit this knowledge to identify promising therapeutic strategies. 

 

1.3 Results 

 

1.3.1 A spotted pattern of PDK activity and LEF-1 expression in xenograft tumors 

 

Xenograft tumors of (human) colon cancer cell line SW480 (containing homozygous loss-of-

function mutations in APC and intrinsically activated Wnt signaling) were produced by 

subcutaneous injection of cells in immunocompromised mice. To investigate metabolic changes 

within the tumor, 5.0- to 6.0- 𝜇m serial sections of formalin-fixed, paraffin-embedded tumor were 

probed with antisera specific for phosphorylated PDH (pPDH) as an indicator of PDK activity, 

and lymphoid enhancer factor-1 (LEF-1), a Wnt signaling transcription factor and Wnt target gene 

[34]. Both stains revealed a general, high level of pPDH and LEF-1, but also heterogeneity in the 

form of a prominent spotted pattern (Fig. 1.1A and B, where “mock” refers to tumors from parental 

SW480 cells). The pattern appeared as discrete localized clusters of cells with increased levels of  
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Figure 1.1: SW480 xenograft tumors reveal a spotted pattern of metabolic heterogeneity. SW480 cells lentivirally 

transduced with empty pCDH vector (mock) were subcutaneously injected in immunocompromised mice. The 

resulting tumors were stained for (A) phosphorylated pyruvate dehydrogenase (pPDH) and counterstained with 

hematoxylin or (B) lymphoid enhancer factor 1 (LEF-1).  Scalebars indicate 100 μm in the series of 4X, 20X and 

40X images. In (A) and (B), the red curves denote spot contours and the blue curves denote convex hulls, which 

group together spots that are sufficiently close to one another (see Appendix A1). (C) Image analysis of spot size 

versus distance of spot to nearest neighbor, using analyzed 20x images (second panels of A and B).  The outlined 

data points indicate the average distance and area for pPDH and LEF-1 spots. Results show that quantifiable 

features of the spotted patterns in pPDH and LEF-1 are similar. (D) Colorectal carcinoma patient samples (tumors 

1, 2, and 3) stained for pPDH (top) and LEF-1 (bottom) show spatial heterogeneity in expression levels. Scalebars 

are 100 μm (LEF-1 samples from [4]). (E) Serial section of human colorectal carcinoma stained with pPDH and 

LEF-1 antisera. Scale bar is 100 μm. 
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pPDH, and these clusters, or spots, were detected at seemingly regular intervals. Since pPDH 

staining is an indicator of PDK activity, the darker stained cell clusters indicate increased rates of 

glycolysis relative to neighboring cells. The lighter staining, neighboring cells are likely utilizing 

greater levels of OXPHOS since PDH is less inhibited (less phosphorylated). Since it is known 

that lactate, the secreted by-product of glycolytic cells, can be imported into neighboring cells for 

use as an OXPHOS metabolic fuel, this pattern points to a potential symbiotic spatial relationship 

between these two cell populations, a metabolic relationship proposed by other groups studying 

cancer metabolism ([14], [32])--glycolytic cells that are localized in distinct regions uptake glucose 

and produce metabolic fuel such as lactate for surrounding oxidative cells, a mode of sharing and 

metabolic distribution. In addition to the spotted metabolic pattern, an overlying gradient in pPDH 

staining level was observed wherein the spots were more densely arrayed toward the outer edges 

of the tumor, decreasing in frequency towards the center of the tumor, suggesting that more 

glycolysis occurs at the outer regions of the tumor where there is more vasculature ([2], Appendix 

A1.4). As we previously identified a link between Wnt signaling and glycolysis, we used 

immunohistochemistry to assess the activity of the canonical pathway. Interestingly, a spotted 

pattern was also evident in immunohistochemical stains of the Wnt target gene and effector, LEF-

1 (Fig. 1.1B), indicating that the spotted array might be linked to a pattern of heterogeneity in Wnt 

signaling. Automated image analysis was used to quantify the spatial parameters of each of the 

spotted patterns (see Appendix A1.1-A1.3 and Appendix Figs A.1-A.5). Figure 1.1C shows the 

quantification of each spot area and distances to each nearest neighbor, showing that the 

parameters of the spots for pPDH and LEF-1 are very similar (data on the number  

of cells per spot are given in Appendix A1.15). We found that the total area fraction of tumor 

covered by each set of spots in Fig. 1.1A and B was nearly the same (pPDH: 21.2%; LEF-1: 20.2%). 
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To assess the overlap between the pPDH and LEF-1 spots in the serial sections in Fig. 1.1A and B 

(see Appendix A1.2), we counted spots that partially overlap and found that there was a significant 

overlap of 65-77% in the spatial arrangement of the pPDH and LEF-1 spots (Fig. 1.8). We also 

found that the area fraction of tumor covered by the overlapping region (pPDH spots that are 

contained in LEF-1 spots and LEF-1 spots that are contained in pPDH spots) is 7.4%. 

To determine the significance of the association between the spots (see Appendix A1.2 for details), 

we analyzed staining in pairs of pixels, assuming that each pixel location in one section 

corresponds to the same pixel location in the other section. We performed a Cochran-Mantel-

Haenszel test [35] and found that the pPDH and LEF-1 spots are significantly associated with one 

another (p < 0.0001). While this analysis is not definitive because it does not guarantee that the 

paired pixels are in the same cell (we found it difficult to directly match cells in the serial sections) 

and also does not take into account spatial variation in spot densities, it suggests that the patterned 

heterogeneity of metabolism and Wnt signaling are linked.  

Xenograft tumors from colon cancer cell lines are different from primary human colon cancers, 

the latter of which develop in immunocompetent patients and contain a greater variety of cell types 

and stromal involvement. We asked whether PDK activity and Wnt signaling were uniform or 

heterogeneous in primary human colon tumors. In Figure 1.1D, pPDH and LEF-1 stains in primary 

human colon tumors compared to normal colon tissue demonstrate that there is indeed significant 

spatial heterogeneity in human tumors. In addition, serial sections of a primary human colon tumor 

stained with pPDH and LEF-1 antisera show a striking concordance in expression pattern (Fig. 

1.1E). While a regular spotted array is not apparent in primary tumors like it is in xenografts, the 

heterogeneous pattern of clusters of cells with high glycolysis and high LEF-1 in the epithelial 

portion of the tumor suggests that although xenograft tumors are artificial and have a different 
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microenvironment, understanding the mechanisms underlying the observed spatial patterning in 

xenograft tumors can provide insight into the forces that create nongenetic heterogeneity in 

primary human colon tumors. 

 

1.3.2 Reaction-diffusion modeling mimics the self-organizing patterns of PDK activity and 

Wnt signaling in xenograft tumors 

 

The regular spotted pattern in the xenograft IHC stains suggests the development of a mathematical 

model consisting of reaction-diffusion equations similar to those first described by Alan Turing 

[17]. Turing’s equations describe how an initial perturbation in the concentrations of chemicals, 

or morphogens, can grow in the presence of diffusion (the Turing instability) and self-organize 

into a spatial pattern. Because diffusion is normally a stabilizing process, diffusion-driven 

instabilities occur only under certain conditions ([36], [7]). Recently, Marcon et al. [37] performed 

an automated analysis of Turing-type reaction diffusion equations and identified general 

conditions for which instabilities could occur. When two species are considered (e.g., activator-

inhibitor models), the species need to diffuse at sufficiently different rates as observed  

  

Figure 1.2: A mathematical model for Wnt signaling regulation of metabolism. This set of reaction-diffusion 

equations describes the change over time of oxidative (Po) and glycolytic (Pg) cell populations, Wnt signaling activity 

(W), and Wnt inhibitor activity (WI). (A) The cells can diffuse, proliferate, “switch” metabolism programs depending 

on Wnt signaling activity and nutrient levels, and die from lack of nutrient (N). (B) Wnt and Wnt inhibitor activity 

equations are based on the Gierer-Meinhardt activator-inhibitor model.  The Wnt signal diffuses short range relative 

to the longer-range diffusion of the Wnt inhibitor.  Wnt also auto-upregulates its activity in glycolytic cells at a rate 

proportional to nutrient level, is inhibited by a Wnt inhibitor, is constitutively upregulated in both cell types, and 

decays (downregulation term).  The Wnt inhibitor diffuses long range, is nonlinearly upregulated by Wnt, and decays.  

Equations for nutrient and dead cells (Pd) are not shown; their descriptions are in the main text. (C) Three-dimensional 

numerical simulations that model the spatial distribution and level of glycolytic and oxidative cells, Wnt, and Wnt 

inhibitor reveal an emergent self-organizing pattern of metabolic heterogeneity (spots).  The simulations shown depict 

the heterogeneity in a 3D and 2D representation.  The 3D representation includes a portion of the “tumor” removed 

to visualize the interior of the domain.  The 2D representation is a horizontal slice of the respective 3D simulation in 

the center of the domain. (D) Summary of parameter effects on the spotted pattern. 
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Figure 1.2: A mathematical model for Wnt signaling regulation of metabolism. 
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Table 1.1: Model parameters for Wnt signaling regulation of metabolism. 

Parameter Description Mock 

value 

dnLEF 

value 

Reference 

𝐷𝑜 Diffusion coefficient of oxidative cells 0.01 0.01 [38] 

𝐷𝑔 Diffusion coefficient of glycolytic cells 0.01 0.01 [38] 

𝐷𝑊 Diffusion coefficient of Wnt 0.004 0.008 Chosen to be small 

𝐷𝑊𝐼  Diffusion coefficient of Wnt inhibitor 1 1.5 Chosen to be large 

𝐷𝑁 Diffusion coefficient of nutrient 100 100 [39] 

𝜏𝑜 Oxidative cell proliferation time 1 1 Non-dimensionalization 

(time scale) 

𝜏𝑔 Glycolytic cell proliferation time 1 1 Non-dimensionalization 

(time scale) 

𝜏𝑜𝑔 Switch time from OXPHOS to glycolysis  1/24 1/24 [40] 

𝜏𝑔𝑜 Switch time from glycolysis to OXPHOS  1 1 [40] 

𝛼𝑊 Constant for Michaelis-Menten dynamics  1 1 Parameter estimation 

𝜅𝑊 Rate of nonlinear Wnt production  5 5 Parameter estimation 

𝜅𝑊𝐼 Rate of Wnt inhibitor production  1 1 Parameter estimation 

𝜇𝑜 Decay rate of 𝑃𝑔 cells 1 1 Parameter estimation 

𝜇𝑔 Decay rate of 𝑃𝑜 cells 1 1 Parameter estimation 

𝜇𝑑 Decay rate of 𝑃𝑑 cells 1 1 Parameter estimation 

𝜇𝑊 Decay rate of Wnt 2 2 Parameter estimation 

𝜇𝑊𝐼 Decay rate of Wnt inhibitor 3 3 Parameter estimation 

𝜇𝑁 Decay rate of nutrient 0.1 0.1 Parameter estimation 

𝑆𝑊 Rate of Wnt production through cells 7.5 6.5 Parameter estimation 

𝑎 Constant of inhibition 10−8 10−8 Parameter estimation 

𝑏 Constant of inhibition by 𝑊𝐼 1 1 Parameter estimation 

𝛾𝑊 Sensitivity level of Wnt switch functions 1 1 Parameter estimation 

𝛾𝑁 Sensitivity level of nutrient switch function 100 100 Assumed to be high 

𝜈𝑁𝐺  Uptake of nutrient by 𝑃𝑔 cells 10 10 Parameter estimation 

𝜈𝑁𝑂 Uptake of nutrient by 𝑃𝑜 cells 10 10 Parameter estimation 

𝑁𝑆 Parameter for nutrient source 2 2 Parameter estimation 

𝑊∗ Wnt level at which 50% of cells switch 

metabolism 

5 5 Parameter estimation 

𝑁∗ Nutrient level below which cells die 0.07 0.07 Parameter estimation 

𝑁𝑔
∗ Nutrient level below which 𝑃𝑜 cells cannot 

switch to glycolysis 

0.1 0.1 Parameter estimation 

𝛼𝑁 Value of scaling function when ∫ 𝑃𝑔 = 0 0.025 0.025 Parameter estimation 

𝑆𝑥 Horizontal length of spatial domain 12 12  

𝑆𝑦 Vertical length of spatial domain 12 12  

Model parameters for mock and dnLEF/dnTCF simulations 

 

previously (e.g., short-range activator, long range inhibitor). However, when multiple diffusing 

species are present, instabilities can be obtained even for arbitrary diffusivities. Here, we focus on 

reaction-diffusion models that link cell metabolic phenotypes with Wnt signaling and argue that 

conditions for instability are met in colon cancer.  
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Despite the fact that colon cancers are most often driven by genetically activated Wnt signaling, a 

cell-autonomous condition, there are numerous studies that highlight that secreted Wnt ligands and 

their bona fide signaling through Frizzled receptors on the plasma membrane are abundantly active  

in human colon cancer and that they influence colon cancer biology ([41], [42], [43], [44]). 

Importantly, Wnt ligands are highly constrained in their diffusion, traveling only one to two cells 

from the origin of their secretion, meaning that the range of their influence is highly localized [45]. 

This is in contrast to the longer-range diffusion properties of known, secreted inhibitors that bind 

to Wnt ligands and/or interfere with receptor binding (i.e., DKK, SFRPs) ([46, 47]). Some of these 

inhibitors are Wnt target genes, for example, DKK4, an inhibitor that is expressed in human colon 

cancer, and SFRP2, a secreted Wnt inhibitor induced by Wnt4 in the developing kidney [48]. Thus, 

a Turing-type model, wherein short-range nonlinear activation by Wnt ligands and long-range 

inhibition of their activities, fits well with the known physical and regulatory properties of Wnts 

and their inhibitors. Moreover, this type of model is capable of forming patterns ([36], [7]). 

Previously, Turing models have been used to describe Wnt-directed patterns in a variety of 

contexts including hair follicles ([49], [7]), colon crypts [50], limb development [51], and stem-

cell driven cancers ([52], [53]). Additionally, the BMP family, known to be Wnt signaling 

antagonists, have been recently described to direct murine intestinal patterning [54]. 

We therefore developed a Turing-type model for simulating the spatial and temporal dynamics of 

different metabolic phenotypes, nutrients, and Wnt signaling activity through a system of reaction-

diffusion equations (Fig. 1.2A and B; Appendix A2 and A3). We included populations of cells that 

perform less glycolysis, which we refer to as oxidative (Po) cells, and those that perform more 

glycolysis, which are termed glycolytic (Pg) cells. Both types of cells may divide, die and undergo 

random movement. Depending on local environmental conditions, the cells may switch from one 
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phenotype to the other. A diffusible substrate (N), which accounts for concentrations of nutrients 

such as glucose and growth factors, regulates cell division and death (𝜒𝑁), the switching function 

𝜒𝑊
∗ 𝜒𝑁

∗  from OXPHOS to glycolysis, and the ability of cells to generate Wnt (W) and Wnt inhibitor 

(WI) activities. The Wnt and Wnt inhibitor equations are based on the Gierer-Meinhardt activator-

inhibitor model [55], where Wnt is the short-range activator which produces a long-range factor 

that inhibits Wnt activity (e.g., SFRP2). Because Wnt signaling is assumed to be constitutively 

active, both OXPHOS and glycolytic cells are assumed to upregulate Wnt activity at the rate 𝑆𝑊. 

In the model shown in Fig. 1.2A and B, the glycolytic cell proliferation rates and the metabolic 

switching rates (𝜒𝑊 and 𝜒𝑊
∗ ) also depend on Wnt activity where a higher activity level increases 

cell propensities for glycolysis over OXPHOS, if sufficient nutrients are available (𝜒𝑁
∗ ). To model 

the angiogenic response of the mouse vasculature to the lactate produced by the glycolytic cells 

and the accompanying increased delivery of nutrients, we introduced sources 𝑁𝑆 that increase the 

amount of nutrient in the system proportionally to the amount of glycolytic activity of the cells. 

We also assumed that the vascular density was largest at the domain boundary and thus, we 

modified the boundary conditions for nutrients analogously. See Appendix A2 for the precise 

functional relationships. 

We also considered a more general in vivo model, which accounted for PDK activity, hypoxia-

inducible transcription factor concentrations (HIF1 𝛼 lactate concentration, and cross-feeding 

between glycolytic and OXPHOS cells (Appendix A3). Assuming that Wnt and HIFs promote 

PDK expression/activity ([56], [2], [57]), that PDK activity promotes lactate production [2], and 

that lactate increases HIF1𝛼 expression levels and provides a source of fuel for OXPHOS cells 

([29], [30]), we obtained results that were qualitatively similar to the simpler model shown in Fig. 

1.2A and B where these additional processes were not considered directly. In particular, the effects 
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of Wnt signaling dominate those of cross-feeding between the cell types, and the positive feedback 

loop between Wnt and PDK (high PDK implies more Pg cells; higher numbers of Pg cells imply 

more Wnt activity; more Wnt activity means increased PDK) has been distilled in the simpler 

model so that Wnt activity level, rather than PDK levels, provides an effective metabolic switch 

between relative amounts of OXPHOS and glycolysis. Because PDK drives the switch in 

metabolism in SW480 cells, we use the Pg and Po spatial distributions to compare to our xenograft 

stains. 

The model equations were solved in nondimensional form using a characteristic proliferation time 

T of 1 day to rescale time and a characteristic diffusion length 𝑙 of the Wnt inhibitor to rescale 

space. Since we did not know 𝑙  (in fact, there may be many factors that contribute to Wnt 

inhibition) we varied 𝑙  and found good agreement between the experimental and numerical 

patterns when 𝑙 ≈ 40 𝜇𝑚. A full description of the both models, boundary conditions, and the 

nondimensionalization can be found in Materials and Methods and in the Appendix. The parameter 

values can be found in Table 1.1 ([39], [38], [40]). 

Figure 1.2C presents the numerical results for the fractions of glycolytic and oxidative cells and 

the concentrations of Wnt and Wnt inhibitor, where each two-dimensional plot is a horizontal slice 

through the center of the three-dimensional spatial domain (nutrient distributions can be found in 

Appendix Fig. A.15 and Appendix A4). The cells were initially seeded randomly near the 

boundary of the domain to reflect the fact that the cells that survive the initial implantation are 

likely close to nutrient sources (alternative initial distributions of cells give similar results). The 

cells then proliferate and grow inwards toward the center of the domain with angiogenesis-induced 

nutrient sources fueling the growth. Consistent with the xenograft data, a distinct spotted pattern 

in the population of glycolytic cells is produced by the model over time. Over the entire domain, 
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there is a high level of glycolytic-dominant cells with localized areas of highly active glycolytic 

cells (dark red spots). Similar to the xenograft tumors, the spots are denser toward the boundary 

of the tumor space, where there is a higher density of vasculature, a spatial pattern that agrees with 

the overall pattern of pPDH staining of the mock tumors in Fig. 1.1A. The oxidative cell fractions 

are close to 0 in the same spots where glycolysis is high, and their levels are relatively higher in 

regions surrounding these spots. Wnt and Wnt inhibitor activity show a similar pattern, with high 

levels distributed in a spotted array throughout the domain, surrounded by lower levels in the 

neighboring regions. Like the pattern of glycolysis, the frequency of spots is higher near the 

boundary relative to the interior. The square symmetries in the simulated spot distributions are due 

to the use of a cubic spatial domain in the simulations. Quantitative and comparative analysis of 

the patterns in the xenograft tumors to the simulated pattern generated by the model indicates that 

the model predicts similar dimensions for the size of the spots and distance between the spots (see 

Fig. 1.3D and E), although there is significant scatter in the data. 

Because the model parameters were largely unknown, we investigated their influence on the results 

through a parameter study (Appendix A5). Using a diffusive stability analysis to determine the 

ranges of values for which patterns were predicted to occur (see Appendix A6), we modified the 

parameters one by one within the pattern forming range and tested for phenotype changes in 

metabolism and patterning. The results are summarized in the table in Fig. 1.2D. Increasing the 

Wnt diffusion coefficient or decreasing the Wnt decay rate increased the extent of Wnt activity, so 

that the spots of glycolysis increased in size. Increasing the Wnt inhibitor diffusion coefficient or 

decreasing the decay of the Wnt inhibitor caused the inhibitor to stay within the system for longer  



21 
 

times and resulted in fewer spots. Modifying the switching times between the phenotypes changed 

the proportion of Po and Pg. Increasing or decreasing the Wnt switch changed the background 

levels of Pg cells and spot sizes without affecting the number of spots. Small reductions in 𝑆𝑊, 

which can be thought of as reducing overall Wnt signaling, reduced the background levels of 

glycolytic cells without much effect on the sizes or numbers of spots. Sufficiently reducing 𝑆𝑊 

resulted in all terms (Po, Pg, W, and WI) decreasing to 0. Decreasing 𝜅𝑊 (nonlinear Wnt activity) 

or increasing b (Wnt response to inhibition) paradoxically increases the number of glycolytic cells 

because nonlinear interactions actually result in a decreased amount of WI. Analogously, when 

𝜅𝑊𝐼  (nonlinear Wnt inhibitor activity) decreases, the number of glycolytic cells decreases. 

Modifying the cell diffusion coefficients, death and decay rates and the nutrient uptake rates did 

not significantly influence the self-organization of a spotted array. Similarly, varying the  

  

Figure 1.3: Decreasing Wnt signaling leads to changes in metabolic patterning in xenograft tumors. SW480 cells were 

lentivirally transduced to express dominant negative LEF-1 (dnLEF-1), and transduced cells were injected 

subcutaneously into immunocompromised mice.  Tumor sections were stained for phosphorylated PDH (A) and beta-

catenin (B) and counterstained with hematoxylin.  Compared to mock tumors, the spots are larger and more 

heterogeneous and the background staining is lighter, which reflects an overall decrease in Wnt signaling. Scalebars 

are 100 μm.  (C) Numerical simulations that lower Wnt signaling activity in the model show an overall decrease in 

glycolysis and a change in the spotted pattern that closely mimics that observed in the dnLEF tumors.  (D) Image 

analysis of spot size versus distance of spot to nearest neighbor, using analyzed images. Averages for mock and dnLEF 

spot simulations are denoted in white outlined symbols (pPDH: Spot sizes/Inter-spot distances: mock simulation 

average – 225±278 μm2/ 29±12 μm; mock xenograft tumor average - 309±367 μm2/29±10 μm; dnLEF-1 simulation 

average: 423±327 μm2/41±14 μm; dnLEF-1 xenograft tumor average: 1139±1042 μm2/53±15 μm). Results are also 

shown for dominant negative transcription factor 1 (dnTCF-1) tumors (see Appendix A1.10-A1.12, Appendix Figures 

A.8-A.10). The metabolic pattern in dnTCF-1 tumors is consistent with that in dnLEF-1 tumors. The analysis and 

model predict that the changes in the metabolic spotted pattern (larger spots, greater distance between spots) are due 

to an increase in the diffusion of Wnt and the Wnt inhibitor. (E) Comparison of mock beta-catenin spots to dnLEF-1 

and dnTCF-1 β-catenin spots from image analysis. Averages for mock and dnLEF-1 spot simulations are denoted in 

white outlined symbols. (β-catenin Spot sizes/Inter-spot distances: mock simulation average - 139±145 μm2/26±11 

μm; mock xenograft tumor average - 97±209 μm2/16±4 μm; dnLEF-1 simulation average: 342±221 μm2/39±14 μm; 

dnLEF-1 xenograft tumor average: 312±277 μm2/32±9 μm; dnTCF-1 xenograft tumor average: 603±578 μm2/42±14 

μm). The analysis and model predict that Wnt signaling diffuses further with dominant negative LEF-1 expression. 
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Figure 1.3: Decreasing Wnt signaling leads to changes in metabolic patterning in xenograft tumors. 
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proliferation times only changed the time it took to reach a steady state but otherwise had no effect 

on pattern formation. 

 

1.3.3 Interfering with Wnt signaling alters colon cancer metabolic patterns in vivo 

 

Since our model utilizes Wnt signaling, we tested how interference of this pathway would alter 

metabolic patterning. To disrupt the pathway, we used lentiviral transduction to express dominant 

negative LEF-1 (dnLEF-1), or dominant negative TCF-1 (dnTCF-1) transcription factors. Both 

dominant negative versions are naturally occurring LEF/TCF isoforms that lack the β-catenin 

binding domain and therefore interfere with the activation/expression of Wnt target genes. 

Expression of moderate, physiological levels of dnLEF-1 or dnTCF-1 expression, partially, but 

not completely, disrupts Wnt target gene expression in the xenograft tumors ([58], [59], [2]). 

Partial disruption is necessary because complete inhibition of Wnt activity would block cell cycle 

progression and the formation of tumors altogether. 

SW480 colon cancer cells that had been lentivirally transduced and selected for dnLEF-1 or 

dnTCF-1 expression were subcutaneously injected in immunocompromised mice for tumor 

formation. Experiments showed that, as a result of dnLEF-1 expression, PDK1 activity was 

reduced, Warburg metabolism was diminished, and tumor mass was reduced approximately four- 

to fivefold [2]. Immunohistochemical staining of the levels of phospho-PDH in these tumors (Fig. 

1.3A) revealed a lighter background and lower pPDH level overall. Interestingly, pPDH positivity 

remained easily visible in clusters of cells, but there were striking changes in the spotted pattern. 

Each pPDH-positive cluster was comprised of a larger number of cells (mock average: ~seven 

cells/spot and dnLEF average: ~17 cells/spot; see Appendix A1.15 and Appendix Fig A.11), and 
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there was a greater distance between each spot (compared to parental, mock-transduced cells; Fig. 

1.3D). We also utilized immunohistochemical staining for the Wnt-mediating factor β-catenin in 

the dnLEF tumors (Fig. 1.3E) (dnLEF-expressing tumors cannot be stained for LEF-1). These 

stains revealed a spotted pattern, with clusters of cells having higher levels of β-catenin in the 

nucleus than neighboring cells, although because of the very high levels of β-catenin in SW480 

cells, there was an overall strong intensity of the IHC stain. Image analysis showed that while the 

β-cateninHI spots are, on average, smaller than the pPDH-positive spots, they too had increased in 

size and distance relative to the pattern of β-cateninHI cell clusters in the mock/parental tumors. 

Additional image analyses of staining for pPDH and β-catenin in dnLEF-1- and dnTCF-1-

expressing tumors are provided in Appendix A.1 (Appendix A1.8-A1.12), together with a 

quantification of these staining patterns (Appendix A.1 and Appendix A1.13-A1.15). In summary, 

there were significant changes in both the intensity and distribution of the spotted patterns for 

pPDH and β-catenin when Wnt signaling was reduced by dnLEF-1/dnTCF-1 expression. 

 

1.3.4 Reaction-diffusion modeling of metabolic patterns under partial disruption of Wnt 

signaling predicts expression of factors that increase the range of Wnt signaling 

 

To understand the phenotypic changes in the spotted patterns when Wnt signaling was partially 

disrupted, we used our model to identify changes in parameters that could recapitulate the 

experimental observations. The simplest change was to reduce SW, which mimics dnLEF-1 and 

dnTCF-1 expression in lowering intrinsic Wnt activity throughout the domain, a manipulation that 

represents the cell-autonomous effect of expressing Wnt-interfering, dominant negative LEF/TCF 

factors in the nucleus of every cell. However, as described earlier in our parameter study, 
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decreasing SW lowers the overall background levels of Pg cells, but does not affect the spotted 

pattern (unless it is taken to be too small in which case the pattern disappears). Thus, solely 

lowering overall Wnt signaling (SW) in the model produces outcomes in pattern that are 

inconsistent with the experimental data. 

Clearly, the effects of dnLEF-1/dnTCF-1 expression are more complex than the cell-autonomous 

manipulation of only decreasing Wnt pathway activity in the nucleus. We considered the 

possibility that dnLEF-1/dnTCF-1 might also be triggering a cell-extrinsic response that connects 

collections of cells in the microenvironment. Specifically, our parameter study suggested that the 

increase in the sizes of pPDH-positive cell clusters might be due to extracellular soluble factors 

that increase the range of the activator (Wnt ligands) and that the decrease in the number of pPDH-

positive cell clusters could be due to factors that increase the range of inhibition. Therefore, we 

included two additional parameter modifications: increasing DW, which increases the range of Wnt 

ligands and makes the spots larger, and concomitantly increasing DWI, which increases the range 

of Wnt ligand inhibitors and reduces the number of spots. Changing these two parameters and 

decreasing SW simultaneously resulted in a striking recapitulation of the changes in the spotted 

pattern observed in the dnLEF-1/dnTCF-1-expressing tumors: lower background levels of Pg cells 

and larger, fewer spots of Pg-glycolysis (Fig. 1.3C). The average sizes and centroid distances of 

the Pg spots in the simulated tumors correlated very well with the experimental observations (Fig. 

1.3D). Further, the simulation showed a decrease in nutrient concentrations throughout the tumor 

(Appendix A4), a result that is consistent with our previous experimental data as we observe 

significantly fewer blood vessels in the dnLEF-1 and dnTCF-1 tumors [2]. This is because the 

nutrient concentration N is linked to the proportion of Pg cells, which are decreasing. 
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Since in the experiments, we used IHC staining of β-catenin as a direct assessment of patterns in 

Wnt signaling, in the simulations, we analogously examined patterns of Wnt activity in the model. 

The results show very good agreement between the simulations and the experiments: The spots of 

Wnt activity are smaller than the Pg spots but the Wnt-activity spots were increased in size and 

distance relative to the pattern of Wnt activity in the simulations of the mock tumors (Fig. 1.3E). 

In summary, our results suggest that stressing the colon cancer cells by interfering with Wnt 

signaling triggers changes in the expression of factors that increase the diffusion range, or “spread”, 

of Wnt ligands and extend the range of Wnt inhibition. 

 

1.3.5 In vivo validation of model predictions 

 

Only a few studies have directly examined the diffusion range of Wnt ligands in any tissue, a range 

which is extremely limited, in part because the ligands are post-translationally modified by 

palmitoylation and are highly lipophilic for membranes and extracellular matrix proteins ([60], 

[45]). There is a growing awareness of proteins that modify the range of ligand diffusion, although 

their actions and impact are not very well characterized (Fig. 1.4A). Perhaps the best-characterized 

factors that influence Wnt ligand diffusion are the SFRP protein family, secreted inhibitors that 

bind directly to Wnt ligands and interfere with receptor binding. Importantly, several studies have 

shown that even though SFRPs can interfere with Frizzled receptor binding, they are bimodal in 

their actions, repressing Wnts at high concentrations of ligand but also promoting Wnt actions by 

increasing their range of diffusion and, in essence, delivering the ligands to cells that are further 

away [46, 47]. Given that our mathematical model predicts the diffusion of Wnt ligands and their 

inhibitors have increased in the dnLEF-1 and dnTCF-1 xenograft tumors, we tested the prediction  
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Figure 1.4: Model predictions revealed in xenograft tumors and human colorectal cancer. The model 

predicted that lowering Wnt signaling results in an increase in the expression of factors that increase the 

range of diffusion of Wnt and Wnt inhibitors.  (A) Known regulators of Wnt ligand diffusion.  (B & C) 

Quantitative PCR of diffusion regulators in SW480 mock, dnLEF-1, and dnTCF-1 (B) transduced cells and 

(C) xenograft tumors show human SPOCK2, GPC4, and SFRP5 mRNA are notably upregulated in 

xenograft tumors but not 2D in vitro culture. In vitro data represent an average of three sample sets (+/- 

SEM), xenograft tumor data represents the average of five independent tumor sets (+/- SEM); * denotes p 

< 0.05. Statistical significance was determined using Student’s two-tailed t-test. (D & E) Gene expression 

data from GEO dataset GDS3756, of 21 rectal cancer patient tissue with or without radio-chemotherapy [6]. 

Significant changes in expression levels of GPC1 (p = 0.00019), SFRP1 (p = 0.016), SFRP2 (p = 0.0006) 

and SFRP4 (p = 0.0006) are observed in post-therapy tumor cells compared to before treatment. SD shown. 

Statistical significance was determined using the Mann-Whitney U test with Benjamini-Hochberg 

correction for multiple hypotheses (RStudio). 
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that one or more candidate regulators of Wnt diffusion were elevated in their expression. Using 

RNA-seq data as a guide for identifying candidates expressed in SW480 cells, we designed human-

specific primers for both diffusion regulators and inhibitors that were detectably expressed in this 

cell line. Expression analysis of mRNA purified from 2D cultures and 3D xenograft tumors 

revealed that the Wnt diffusers SPOCK2, GPC4, and SFRP5 are upregulated specifically in 

dnLEF-1 and dnTCF-1 xenograft tumors but not 2D culture (Fig. 1.4B and C). Since the primers 

are human specific, the expression changes derive specifically from the human cancer cells and 

not mouse-derived cell types in the tumor microenvironment. 

While small molecule Wnt inhibitors that mimic the effects of dnLEF-1 and dnTCF-1 are working 

their way through pre-clinical testing and early phase clinical trials, there are not yet any available 

data from patient studies that profile gene expression changes in primary colorectal cancers treated 

with Wnt inhibitors. However, there is limited data available from patients treated with radio- and 

chemotherapy regimens, treatments that induce stress and loss of nutrient delivery to the tumor. 

We analyzed one dataset ([6], NCBI GEO GDS3756), which provided gene expression profiles of 

a group of colorectal cancer patients before and after radio- and chemotherapy treatment. Figure 

1.4D and E shows that, while the treatment had no significant effect on expression of Wnt ligand 

regulators in normal rectal tissue, the expression of GPC1 and three SFRP family members (SFRP1, 

SFRP2, and SFRP4) was strongly and specifically increased in the tumor following treatment (Fig. 

1.4E). We checked for changes in expression of Wnt ligands, and although there was a trend 

toward significantly increased expression of Wnt2, Wnt5b, Wnt8b, and Wnt10b specifically in the 

tumor and not the neighboring normal tissue, the changes did not quite reach statistical significance 

(Fig. 1.9A and B). Interestingly, one glycolytic gene (ENO2), was significantly increased in 

radiochemotherapy-treated tumor tissue (Fig. 1.9D) and the glycolytic regulator HIF1A was 
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increased but not to the same level of significance. This suggests that radiochemotherapy may 

trigger increased expression of proteins that increase the range of Wnt diffusion, a response that 

we predict might serve to maintain a critical level of glycolytic cells in the tumor. 

 

1.3.6 Modeling a therapeutic treatment for cancer: metabolic targeting 

 

To test whether glycolytic cells are the important subpopulation of cells to target in the tumors, we 

compared the effectiveness of a hypothetical therapy program that selectively targeted each 

population by independently varying the death rates of Po and Pg cells (we introduced additional 

Figure 1.5: Simulations identify the glycolytic cell population as a sensitive drug target. We target either cells with 

more oxidative phosphorylation (Po; left) or cells with more glycolysis (Pg; right) selectively, starting from a 

metabolically patterned state, for 2.5, 5, or 7.5 (arbitrary) time units, with a treatment dose between 0.25 and 1. 

After therapy is halted, the cells are allowed to evolve according to the original model (Figure 1.2). The total cell 

populations, relative to the initial, starting cell population are shown. Corresponding populations of Po and Pg cells 

can be found in Figure 1.10. 
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death terms 𝜇𝑃𝑜
𝑃𝑜 and 𝜇𝑃𝑔

𝑃𝑔 in the Po and Pg equations in Fig. 1.2A). The simulation applied the 

targeted therapy to a fully developed tumor at steady state for different lengths of time (days), 

followed by removal of the therapy and a recovery time for tumor development (Fig. 1.5). In this 

figure, the tumor size (integral of Pg + Po over the entire domain) is shown relative to that of the 

untreated tumor (see Fig. 1.10 for the dynamics of the individual cell populations). The treatment 

dose refers to cell death rates 𝜇𝑃𝑜
 or 𝜇𝑃𝑔

, and targeting means that the death rate is non-zero only 

for the target cell population. These simulations revealed that regardless of the targeted population, 

modest rates of cell death suppressed tumor development transiently, followed by full recovery of 

the system once therapy was removed, a pattern more evident and more robust when cell killing 

was directed towards the Po population. At sufficiently large death rates, complete loss of the tumor 

could be achieved. However, targeting the Pg population led to a complete loss of the simulated 

tumor at shorter treatment times and smaller death rates than when Po cells were targeted. Thus, 

the simulation predicts that Pg cells are the more sensitive population and that targeting these cells 

could more effectively lead to a full regression of the tumor.  

Since selective targeting resulted in full recovery of the simulated tumors unless death rates were 

sufficiently high and treatment was sufficiently long, we considered dual targeting of two features 

of cancer cell metabolism as a mechanism for more effective killing. Specifically, we targeted 

canonical Wnt signaling and PDK enzyme activity, both of which act as regulators of glycolysis 

(Fig 1.6A). Dichloroacetate (DCA) inhibits PDK activity and therefore targets cell metabolism 

directly by releasing inhibition of PDC, which increases OXPHOS capacity. Tankyrase inhibitors 

such as XAV939 reduce 𝛽-catenin levels and hence reduce canonical Wnt signaling. Compounds 

that target Wnt and PDK are currently being tested in preclinical studies as individual agents in 

clinical trials, but they have not been tested in combination (Fig 1.6B). We asked whether targeting  
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Figure 1.6: Therapies targeting metabolism and Wnt synergize for tumor death in mathematical simulations. (A & 

B) Modeled therapies, their targets and the model parameters influenced by therapy. (C) Starting with a metabolically 

patterned state, treatment of tumors with dichloroacetic acid (DCA) and XAV939 combined leads to an effective 

crash in the system, as shown by the complete loss of cells (C.1e and C.2e). The panels on the left show the cell 

arrangements for the oxidative (Po, top) and glycolytic (Pg, bottom) populations (metabolic patterning) and the three 

graphs on the right show the fractions of Po or Pg cells relative to their initial values, after applying the therapy for 

50 (arbitrary) time units. The effects of therapy on the total cell population, relative to the initial cell population, for 

the same 𝐷𝑊 and 1/𝜏𝑔𝑜 values, are shown in the third graph. XAV939 treatment is modeled by decreasing SW and 

increasing 𝐷𝑊 and 𝐷𝑊𝐼  linearly with respect to the decrease in SW; legend values are listed relative to mock SW.  

The dashed curves labeled 𝑆�̃� = 0.80 correspond to the case in which 𝑆𝑊
̅̅ ̅̅ = 0.80 but 𝐷𝑊 and 𝐷𝑊𝐼  are unchanged 

and take the values used in the mock tumor simulations. The panels on the left correspond to the red curve in the 

graphs and show the effect on patterning for 1/τgo values 1, 4, 12, 17, and 18 respectively (denoted by labels (1a) 

through (2e)). 
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glycolytic cells using anti-Wnt and anti-PDK therapies in combination is more effective than 

single-agent therapy.  

Because the inhibition of 𝛽-catenin by XAV939 is similar to the effects of dnLEF-1 and dnTCF-

1, we modeled treatment by XAV939 using an analogous approach. In particular, we assumed that 

XAV939 decreases the general Wnt signaling term 𝑆𝑊 and increases the ranges of Wnt and its 

inhibitor (due to upregulation of Wnt and Wnt inhibitor diffusers), which we modeled by 

increasing 𝐷𝑊 and 𝐷𝑊𝐼  proportionally. To model the effects of DCA, we increased the rate at 

which cells switched from a glycolytic metabolic phenotype to an OXPHOS phenotype (e.g., 

1/𝜏𝑔𝑜 is increased) to reflect the tendency of cells to perform OXPHOS when PDK is inhibited. 

In Fig 1.6C, we simulated a combination therapy applied to a fully developed tumor at steady state. 

At a fixed dose of XAV939, coupled to increasing doses of DCA, the simulation predicts that the 

population of oxidative cells will increase initially as cells switch from a glycolytic state (Pg) to an 

OXPHOS state (Po) until there is an insufficient level of glycolytic cells to sustain the tumor and 

all the tumor cells die. Furthermore, the treatment simulations indicate that a combination of the 

two therapies will be more effective than single therapies as long as one or the other has adequately 

been applied. For example, a value of 1/𝜏𝑔𝑜 = 12 is effective in eradicating the cells as long as 

Wnt signaling has been reduced by more than about 27% (e.g., 𝑆𝑊
̅̅ ̅̅ = 0.73). In other words, if 𝛽-

catenin expression has not been sufficiently suppressed by XAV939, then PDK inhibition by DCA 

must be adequately increased, and vice versa. Similar results are obtained when an in vitro version 

of the mathematical model is used to simulate the growth of colonies in fibrin gels (Fig. 1.7C; see 

also Appendix A7 and Appendix Fig A.17). In the in vitro case, however, the colony does not die 

out as the DCA concentration is increased. Instead the effect saturates because sufficient nutrients 

are available to diffuse throughout the spheroid to maintain cell viability in the absence of 
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glycolytic cells. Additionally, in the in vitro version of the model, there is no angiogenesis, but 

there is cross-feeding between the OXPHOS and glycolytic cells (Appendix A7.1--A7.3). 

Given that factors that increase Wnt diffusion were upregulated in the dnLEF/dnTCF tumors, we 

also tested the effect of increases in Wnt diffusion. We determined that increased expression of 

Wnt diffusers decreases the sensitivity of the tumors to treatment. For example, decreasing 𝑆𝑊 but 

maintaining 𝐷𝑊 and 𝐷𝑊𝐼 at their pre-treatment values to model the inhibition of Wnt diffusers 

results in more efficient treatment--tumor eradication occurs at smaller concentrations of XAV939 

and DCA (e.g., compare the red solid and dashed curves in Fig. 1.6C (right panels), which 

correspond to a 20% reduction of Wnt signaling; the dashed curve shows the result when the 

production of Wnt diffusers is inhibited and is labeled as 𝑆�̃�).  

We performed a preliminary experimental test of model predictions using 3D colony growth of 

colon cancer cells. A total of 200 single cells were seeded in fibrin gels and cultured under drug 

treatment for 14 days (Fig. 1.7A). Over this time the single cells proliferated to give rise to tumor 

spheroids, and we used image analysis to quantify the increase in colony size as a proxy for 

proliferation (Fig. 1.7B and C). Treatment with low doses of DCA (0.5 mM, 2 mM) or XAV939 

(5 µM) as single agents had no effect on the development and growth of colonies over the 2-week 

treatment period--in fact, DCA treatment appeared to increase colony size. By contrast, 

combination therapy had a significant inhibitory effect on colony growth, indicating a strong, 

negative, and synergistic effect on proliferation. 

Synergy can be quantified using the Bliss Independence Model Combination Index [61], which 

assumes that XAV939 and DCA treatments act independently (e.g., XAV939 targets Wnt 

signaling, and DCA targets PDK activity). In particular, if the Combination Index is less than one, 

this indicates synergy (see Appendix A8 for the definition of the Combination Index and further 
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details). In the in vivo simulation and the in vitro experiments, the Combination Index is zero 

because neither XAV939 nor DCA treatment separately affects tumor sizes (provided the 

concentrations of XAV939 and DCA are not too large; Appendix A8). In the in vitro model, the 

Figure 1.7: Targeted therapy significantly decreases SW480 tumor spheroid size in vitro. Combined Wnt signaling 

and glycolysis targeting therapies significantly decrease SW480 spheroid size in vitro. SW480 cells were embedded 

in a fibrin gel using a method described in (A). Media containing a mock treatment, 0.5 mM DCA, 2 mM DCA, 10 

μM of XAV939, or a combination of DCA and XAV939. (B) Representative 4x images of spheroids each condition, 

imaged 14 days after treatment, is shown in. (C) Analysis of 75 spheroids per condition shows 2mM DCA 

significantly increases SW480 spheroid size, while combined 2mM DCA treatment with 10 μM XAV939 

significantly decreases their size. Statistical significance was determined using Student’s Two-Tailed T-test. (D) 

The effects of therapy on the total cell population, relative to the initial cell population, of combined XAV939 and 

DCA treatment were simulated using an in vitro version of the model (Appendix A7).  As in Figure 6, DCA 

treatment was modeled by increasing the rate at which cells switched from a glycolytic metabolic phenotype to an 

OXPHOS phenotype (e.g., 1/𝜏𝑔𝑜 is increased) to reflect the tendency of cells to perform OXPHOS when PDK is 

inhibited.  XAV939 treatment was modeled by decreasing the general Wnt signaling term SW and increasing the 

range of Wnt and its inhibitor (due to upregulation of Wnt and Wnt inhibitor diffusers), which we modeled by 

increasing 𝐷𝑊 and 𝐷𝑊𝐼  proportionally. The dashed curves labeled 𝑆�̃� = 0.80 correspond to the case in which 𝑆𝑊
̅̅ ̅̅ =

0.80 but 𝐷𝑊 and 𝐷𝑊𝐼  are unchanged. 
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Bliss Combination Index is 0.3462 (using 𝑆𝑊
̅̅ ̅̅ = 0.80, 1/𝜏𝑔𝑜 = 4), although the Combination 

Index does depend on the drug concentrations and increases towards one as the DCA concentration 

increases because the responsiveness to DCA treatment saturates (Appendix A8). Since the 

Combination Indices in all cases are less than one, this indicates synergy of the XAV939 and DCA 

combinatorial treatments. As predicted by both the in vivo and in vitro models, these results suggest 

that combining Wnt inhibitors and metabolic targeting agents is a promising strategy for treating 

colon tumors. 

 

1.4 Discussion 

 

In this study we generated colon cancer xenograft tumors and examined changes in cellular 

metabolism by immunohistochemical staining for phospho-PDH (a marker of PDK activity), and 

markers of Wnt signaling (LEF-1, 𝛽-catenin). We observed that the tumors exhibit a pronounced 

spotted pattern of metabolic states where the spots indicate clusters of cells in which their 

mitochondria are inhibited (by PDK action) and thus where glycolysis was likely to be highly 

active. This is in contrast to the cells in the regions surrounding the spots. In these regions, 

mitochondria are more active (not inhibited by PDK) and therefore utilize more oxidative 

phosphorylation. Although we cannot rule out that the spotted pattern is due to the emergence of 

genetically distinct, clonal populations, the short timescale of the xenografting (14-21 days) and 

the reproducibility of the pattern in another cell line (SW620) as well as site of injection 

(subcutaneous and orthotopic within the colon caecum) suggest that what we have observed is a 

fundamental pattern of tumor heterogeneity that is not genetic in nature, but nongenetic and 

dynamic (Appendix A9 and Appendix Fig A.20). 
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Metabolic patterning had been previously proposed as a mechanism to facilitate transport of 

glucose into hypoxic regions of tumors [14]. In particular, cells performing OXPHOS would be 

located near blood vessels, and, rather than fueling respiration using glucose, these OXPHOS cells 

would instead use lactate produced by the hypoxic (glycolytic) cells as an alternative nutrient 

source. Utilization of lactate frees the glucose to travel farther into the hypoxic regions of the tumor 

where it would be used during glycolysis. Recent studies propose that cancer cell subpopulations 

segregate and reorganize to survive the sudden loss of nutrients due to antiangiogenic therapy and 

that this leads to the development of resistance ([62], [63], [64]). However, in our xenograft images, 

we did not observe this type of spatial relationship between metabolism and vasculature. In fact, 

we observed that the spotted pattern was denser at the tumor margin where the vascular density 

was highest. 

To investigate the mechanisms underlying the patterning we observed, we proposed a 

mathematical model based on Turing-Gierer-Meinhardt activator-inhibitor equations that 

simulated a symbiotic spatiotemporal relationship between these two cell populations (an oxidative 

population and a glycolytic population). Our model incorporated terms for Wnt as an activator 

with a short range of diffusion and Wnt inhibitors (e.g., SFRP, DKK) with longer ranges of 

diffusion. The Wnt and Wnt inhibitor equations describe a feedback relationship, and this lies at 

the crux of a spotted pattern that emerges in our simulations. Our equations also describe activities 

of metabolic reprogramming through changes in Wnt levels and availability of nutrients and cell 

substrates. The model describes a mutualistic interaction between the glycolytic and OXPHOS 

cells because the glycolytic cells induce the delivery of nutrients from blood vessels to mimic the 

effects of lactate-induced angiogenesis and these nutrients benefit both cell types. More generally, 

we can also interpret these nutrients as mutually beneficial cell substrates produced by the 
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glycolytic cells. When we considered the effects of symbiosis by explicitly incorporating cross-

feeding between glycolytic and OXPHOS cells in a more general model (Appendix A3) and an in 

vitro model (Appendix A7), we found that Wnt signaling dominates the behavior and the 

patterning is robust to this form of symbiosis. Although mathematical models have been developed 

previously to investigate metabolic symbiosis, including spatially homogeneous [40] and 

heterogeneous models ([65],[66]), to our knowledge, the model presented here is the first to 

describe a pattern for heterogeneity in tumors that derives from an intricate spatial relationship 

between metabolic types and Wnt signaling. Though the role of Wnt signaling in cancer growth 

and development has been studied for many years, only recently has its regulation of 

Warburg/glycolysis metabolism been described. A better understanding of the link between Wnt 

and metabolism is crucial for defining how this overactive pathway drives tumorigenesis and 

progression, and for developing novel cancer treatments that target its key oncogenic actions. 

Our mathematical model demonstrated strong qualitative and quantitative (spatial) agreement with 

the spotted patterns of activity detected in the tumors. The model also predicted that interference 

with Wnt signaling is not solely the result of a decrease in overall Wnt activity. Making the simple 

parameter change of decreasing Wnt signaling throughput leads to overall less glycolytic activity 

(lower background of Pg cells), a prediction that was validated in our xenograft experiments in 

which Wnt transcription was partially blocked by the overexpression of dominant negative LEF-

1. However, the phospho-PDH stains also revealed fewer, but larger regions of PDK activity (i.e., 

larger, fewer cell clusters). To simulate these observations, coefficients of diffusion for Wnt and 

its secreted inhibitors were increased--parameter changes that resulted in a “spreading out” of Wnt 

and Wnt inhibitor activity. This model prediction prompted us to investigate whether the 

expression of proteins known to increase the range of Wnt ligand and Wnt inhibitor diffusion was 
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increased when dnLEF- or dnTCF-expressing colon cancer cells were developed into xenograft 

tumors. Consistent with the mathematical model, we observed that the diffusers SPOCK2 and 

GPC4 were overexpressed in our xenografts but interestingly, not in our 2D in vitro culture 

conditions. The expression of SFRP5, which acts simultaneously as a Wnt inhibitor and diffuser 

by preventing binding to Frizzled receptors, also shows somewhat higher expression in our Wnt-

low xenografts (dnLEF-1). It is important to emphasize that it is human-specific oligonucleotide 

primers that detect these changes in expression of Wnt ligand modifiers. Thus, the implanted 

human colon cancer cells appear to adapt to interference with Wnt signaling by directly increasing 

expression of Wnt ligand regulators. Our analysis of primary human colorectal tumors stressed by 

radiochemotherapy treatment shows that one consequence of therapy could be a similar increase 

in the distribution of Wnt ligands through upregulated expression of glypicans (e.g., GPC1) and 

SFRP proteins (Fig. 1.9E). These observations suggest that there are likely to be significant 

changes in Wnt signaling dynamics and metabolic programming of treated tumors, perhaps as a 

means of coping and surviving the loss of nutrient and cellular damage. 

The model also suggested that the tumor is most reliant on the glycolytic cells, and we found that 

inhibitors that target glycolysis and Wnt signaling in combination are more effective than 

treatments that only target one of these features. We simulated the actions of XAV939, which 

lowers β-catenin levels, and DCA, which inhibits PDK activity, thereby decreasing glycolysis. 

Since standard-of-care treatments for colon cancer have not changed significantly for decades, the 

novel combination of an inhibitor of glycolysis (e.g., DCA) with a Wnt pathway inhibitor (e.g., 

XAV939) might be an effective treatment to consider. We validated this prediction using 3D 

colony growth of SW480 colon cancer cells, which have high, intrinsic Wnt signaling and high 

levels of glycolytic activity. However, given that primary human colon cancers are more complex 
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with respect to intrinsic Wnt pathway activity and crosstalk with the microenvironment, 

determining which tumor subtypes will be the most sensitive to this drug combination and how in 

vivo tumors respond to treatment will be important issues to resolve in developing effective drug 

combinations. 

Our mathematical model is an abstract idealization and simplification of tumor proliferation and 

metabolism, and real tumors are much more complex than modeled here. For example, it is likely 

that Wnt and a Wnt inhibitor are not the only factors contributing to the pattern, although it is clear 

that Wnt has a strong influence, since the spots change significantly when Wnt signaling is 

interfered with. In the Appendix, we developed a more complete model that simulated PDK 

activity, hypoxia-inducible transcription factor concentrations (HIF1α) and lactate concentration 

(see Appendix A3), and linked these factors to cross-feeding, Wnt signaling, and metabolism. In 

this more detailed model, the switch between metabolic phenotypes depends on PDK activity, 

rather than on Wnt directly. However, since Wnt and HIF1α promote PDK expression and activity 

([56], [2], [57]), we found that the spatiotemporal distributions of PDK, Wnt and lactate track 

closely together and so the results from the more detailed model are qualitatively similar to those 

presented in the main text for the simplified model. 

While we have used a Turing-type model to simulate the spotted pattern, a decision well supported 

by data, we acknowledge that this type of model is only one possible mechanism to explain the 

patterning in the tumors. Other alternatives include differential adhesion or cell sorting--a process 

where cells of different adhesion potential sort away from each other ([67], [68]) and bet-hedging-

-a process where different cells are differentially sensitive to external stresses, so that no matter 

the condition, at least some cells thrive ([69], [70], [71]). For bet-hedging to generate patterns, cell 

state changes must be reversible on a time scale slower than cell division, so that cells of like state 
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end up clustered by default. Further experiments are needed to definitively distinguish among these 

processes. For example, these three types of processes (Turing, differential adhesion, bet-hedging) 

would be expected to be driven by different types of molecular signals and so these signals would 

need to be identified and tested. 

Finally, although we focused on xenograft tumors, artificial constructs that only partially model 

tumorigenesis, we observed heterogeneity in metabolism and Wnt signaling in other settings as 

well. For example, we generated orthotopic tumors by implanting colon cancer cells (mock-

parental SW480 and SW620, as well as dnLEF- or dnTCF–expressing variants) in the wall of the 

mouse cecum and observed patterning (Appendix A9 and Appendix Fig A.19). In normal colon 

epithelia, pPDH stains show a gradient with high PDK activity in the base of the crypt where there 

is strong Wnt signaling and less PDK activity at the top of the crypt near the mucosal surface 

where Wnt signaling is not active ([2], Fig. 1.1D). In primary human patient colon tumors, our 

analysis revealed clear and striking heterogeneity in PDK activity and LEF-1 expression in the 

epithelial portion of the tumor (Fig. 1.1D). While this heterogeneity was not apparent as a regular 

array of cell clusters like the xenograft patterns, groups of cells with markedly different activities 

are clearly evident. Since the tumor microenvironment is more complex in human tumors than 

xenograft tumors, an inherent pattern of metabolic and Wnt activity may be modified by additional 

structural and cellular components as well as nutritional stresses and a changing microenvironment. 

Understanding how these additional components influence metabolic heterogeneity and the 

symbiosis between neighboring cells and how they might create more complex pattern-on-pattern 

activities is a challenge going forward. 
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1.5 Materials and methods 

 

1.5.1 Numerical simulations 

 

The nondimensionalized equations for the rate of change in the population of oxidative (Po) cells 

and glycolytic (Pg) cells, respectively, are shown in Fig. 1.2A. See Appendix A2 for details on the 

nondimensionalization. Fig. 1.2B shows the rate of change in the concentration of Wnt and Wnt 

inhibitor (W and 𝑊𝐼) activity respectively. 

The first term on the right side of the equality in the Po and Pg equations refers to diffusion, or 

random motion of the cells. The next terms are standard logistic proliferation terms, with 

proliferation dependent on nutrient level N, cell type, and the current total population of cells in 

the domain. The model sets the proliferation of glycolytic cells to be dependent on Wnt activity 

according to Michaelis--Menten dynamics, given by the term 𝑊/(𝛼𝑊 + 𝑊), which saturates at 

high levels of W. The parameters 1/𝜏𝑜 and 1/𝜏𝑔 are proliferation rates and 1/𝜏𝑔𝑜 and 1/𝜏𝑜𝑔 are 

switching rates. The last terms in these equations are cell death terms; death is modeled such that 

it occurs if the nutrient supply N drops below a threshold 𝑁𝑑. The death rates are given by 𝜇𝑜 and 

𝜇𝑔.  

The model is designed such that glycolytic and oxidative cells can emphasize, or “switch”, 

metabolism programs depending on W, Wnt activity, which is reflected in the third and fourth 

terms of each equation, where 𝜒𝑊 and 𝜒𝑊
∗  are switch functions. Each switch function is defined 

by a modified hyperbolic tangent function, such that if Wnt activity falls below a parameter 𝑊∗ 

then the cells utilize a more dominant OXPHOS program, and if Wnt activity is above 𝑊∗, then 

cells are more likely to utilize a greater level of glycolysis. 
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We assume that oxidative cells can switch to utilizing more glycolysis only if sufficient nutrient is 

present, given by parameter 𝑁𝑔
∗. Cells will die if nutrient is below the parameter 𝑁𝑑. The steepness 

of the functions can be adjusted so that they are more step-like and hence more sensitive to W and 

N. Since we use large values for the steepness of the functions, we could alternatively have used 

piecewise functions for 𝜒𝑁 and 𝜒𝑁
∗ . 

The dynamics of dead cells (not shown) is described by a similar reaction-diffusion equation. This 

is the population of cells that have died from lack of nutrient. These cells can also diffuse and 

decay. The equations in Fig. 1.2 describe W (Wnt) and 𝑊𝐼 (Wnt inhibitor, e.g., DKK or SFRP) 

activity. 𝐷𝑊 and 𝐷𝑊𝐼 are constant diffusion coefficients. It has been shown in epidermal cells that 

Wnt target genes produce Wnt signals as well as long-range secreted Wnt inhibitors [72], so the 

inhibitor is assumed to diffuse much longer range than Wnt; that is, 𝐷𝑊 must be significantly 

smaller than 𝐷𝑊𝐼. Wnt signaling activity is assumed to be nonlinear with respect to Wnt and is 

inhibited by the Wnt inhibitor through the term 1/(𝑎 + 𝑏𝑊𝐼). We assume the Wnt inhibitor is 

being produced by Wnt activity through both cell types. The terms 𝜇𝑊 and 𝜇𝑊𝐼 are decay rates. 

The term SW(Po+ Pg) in the Wnt equation refers to constitutive Wnt signaling through the cells. 

The equation for nutrient (Eq. A.6 in Appendix A2) describes the diffusion and uptake, decay, and 

source of nutrient. The nutrient term has Dirichlet (fixed) boundary conditions and diffuses in from 

the boundary of the spatial domain, so that the boundary can be considered as regions where 

vasculature is high. The second and third terms refer to uptake of nutrient by the two different cell 

types. The term 𝜇𝑁N is a natural decay term. The last term, 𝑁𝑆, refers to the nutrient source, which 

is a small source term applied to the entire domain. This source term is based linearly on the 

glycolytic activity of the cells and is given by 𝑁𝑆 =  𝑁𝑆(∫ 𝑃𝑔) = 𝛾𝑁[(1 − 𝛼𝑁) ∫
𝑃𝑔

𝑆𝑥𝑆𝑦
+  𝛼𝑁] where 

𝛼𝑁 and 𝛾𝑁 are parameters, ∫ 𝑃𝑔 is the integral of Pg cells, and Sx and Sy are the lengths of the sides 
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of the spatial domain. This function was chosen so that 𝑁𝑠(0) = 𝛾𝑁𝛼𝑁 and 𝑁𝑠(𝑆𝑥𝑆𝑦) = 𝛾𝑁 (𝑆𝑥𝑆𝑦 

is the maximum that ∫ 𝑃𝑔 can reach). We chose to have the nutrient source 𝑁𝑠 depend on Pg cells 

because glycolysis induces angiogenesis ([73], [74], [75]), allowing more nutrients and growth 

factors to be delivered to the tumor [2]. We use a linear function in the model as the simplest form 

for the dependency between N and Pg, which is consistent with experimental observations. 

To summarize, in addition to consideration of Wnt signaling dynamics, biological assumptions for 

the model include terms for random motion in space (diffusion), terms for each cell type (oxidative 

and glycolytic, or Po and Pg, respectively), and their propensity to proliferate, die, and switch to 

the other cell type. Equations were included to account for dead cells, which consists of Po and Pg 

cells that have died from lack of nutrient, and which can diffuse and decay. Terms for Wnt (W) 

and Wnt inhibitor (𝑊𝐼) activity were made nonlinear with respect to Wnt, meaning that their rates 

are proportional to Wnt activity. Nonlinear Wnt activity is dependent on Pg levels while nonlinear 

Wnt inhibitor activity is proportional to both Pg and Po levels. A term for constitutive Wnt signaling 

was included for both cell types as well as decay terms for W and 𝑊𝐼. The general nutrient term N 

can diffuse, decay, and be taken up by the different cell populations. A bulk source was included 

for the nutrient as well as a Dirichlet boundary condition, both of which are dependent on the 

average level of glycolytic cells in the domain, a simplified way to incorporate increased 

angiogenesis driven by glycolysis [2]. This relationship was included to take into account our 

observation that there is considerably less vasculature in tumors in which Wnt signaling has been 

blocked by dominant interfering forms of the Wnt transcription factors lymphoid enhancer factor-

1 (dnLEF-1) or T cell factor 1 (dnTCF-1) [2]. Finally, there is a baseline assumption that there is 

sufficient oxygen available throughout the domain for OXPHOS to operate, even at a minimal 

level. 
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In the numerical results presented here, no-flux boundary conditions were used for all terms except 

N, which is governed by Dirichlet boundary conditions (N at the boundary is equal to the value 

1

𝛾𝑁
𝑁𝑠 where 𝑁𝑠 is described above). Initial conditions were set for a random distribution of Pg cells 

located near the boundary, and small random values of W and 𝑊𝐼 in the same areas where initial 

Pg cells are located. A constant high level of nutrient throughout the domain was provided (results 

did not change qualitatively if N was solved as a quasi-steady-state equation), and the initial 

condition contained no Po or Pd cells. All parameters are given in Table 1.1, and a sensitivity 

analysis is provided in Appendix A5. 

Numerical simulations were performed in MATLAB, using a forward difference method for each 

time derivative. Po, Pg, W, and 𝑊𝐼 equations were solved implicitly in centered diffusion terms. 

The nutrient equation was solved implicitly in uptake, decay, and centered diffusion terms. 

 

1.5.2 Animal protocols for xenograft and orthotopic tumors 

 

SW480 stable transductants for xenograft or orthotopic injection were prepared through lentiviral 

infection with pCDH vector from System Biosciences: empty vector (mock), or vector expressing 

dnLEF-1 or dnTCF-1, followed by selection with 500 µg/ml G418. Transduced cells were 

collected as a pool for confirmation of expression, and Wnt signaling activity was measured by a 

SuperTOPFlash luciferase reporter [2]. A total of 2.5 × 106 cells were injected into 

immunodeficient NSG mice [2-month-old NSG male and female mice were used for the 

subcutaneous xenograft tumors (JAX™ Mice from Jackson Labs); male and female NSG mice, 

approximately 3 months old were used for orthotopic tumors (injection of 5-10 × 103 cells into the 

caecum wall)]. Tumors were removed (subcutaneous after 3 weeks, orthotopic after 4 weeks), 
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fixed in paraformaldehyde overnight, and paraffin-embedded 4 weeks after injection. All 

experiments involving animals were approved by the UCI IACUC (Protocol 2002-2357-4 to R. 

Edwards). 

 

1.5.3 Immunohistochemistry 

 

Deparaffinized 5- to 6- µm sections of formalin-fixed paraffin-embedded (FFPE) mouse xenograft 

tumor and human colorectal carcinoma tissues followed by pressure cooker antigen retrieval in 

citrate buffer were blocked in 3% H2O2 and goat or horse serum plus MOM block reagent (if 

mouse primary antibody was used on mouse tissue), avidin, and biotin blocking reagents (Vector 

Labs). Sections were incubated in primary antibodies: antiphospho-PDHpSer293 (Calbiochem; 

1:50--1:100), anti-β-catenin (BD; 1:500), anti-LEF-1 (Cell Signaling; 1:100), anti-HIF1α (Thermo 

Scientific; 1:1,000) followed by biotinylated secondary antibodies and visualization using a 

peroxidase-conjugated avidin-based Vectastain protocol. Slides were then counterstained with 

hematoxylin and mounted using Permount mounting medium (Fisher). Images were captured 

using an Olympus FSX100 system and processed in Adobe Photoshop. 

 

1.5.4 Quantitative PCR 

 

RNA was extracted from xenograft tumors and cells using TRIzol (Invitrogen) following the 

manufacturer's instructions. cDNA was synthesized with 1 μg of total RNA with the High Capacity 

cDNA Reverse Transcription Kit (Invitrogen), as per the manufacturer's instructions. qPCR was 

performed in triplicate for each experimental condition using Maxima SYBR Green qPCR Master 
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Mix (Invitrogen), according to the manufacturer's instructions. To normalize mRNA levels, 

GAPDH probes were used. Primer pairs are as follows: GAPDH forward: 

TCGACAGTCAGCCGCATCTTCTT, reverse: GCGCCCAATACGACCAAATCC; TINAGL1 

forward: ACCAGGTCACTCCTGTCTACC, reverse: GATGCCTCCCTTGTATAGGAAG; 

CDC42 forward: CCATCGGAATATGTACCGAC, reverse: CTCAGCGGTCGTAATCTGTC; 

SPOCK2 forward: CCCGGCAATTTCATGGAGG, reverse: GCGGTTCCAGTGCTTGATC; 

GPC1 forward: GGCTGGTGGCTGCTATGT, reverse: CAGGTTCTCCTCCATCTCGC; GPC2 

forward: CACCTGCTGTTCCAGTGAGA, reverse: AGAGAGTGCTGGGCTACTGA; GPC4 

forward: GTGGGAAATGTGAACCTGGAA, reverse: CGAGGGACATCTCCGAAGG; DKK4 

forward: GGGACACTCTGTGTGAACGA, reverse: TGGTTTTCCTGGACTGGGTG; SFRP5 

forward: CTGTACGCGTCATCCTAGCC, reverse: CGGACCAGAAGGGGGTCTAT. 

 

1.5.5 Fibrin gel assay 

 

A total of 200 trypsinized SW480 cells were mixed with 100 μL of 2.5 mg/ml bovine fibrinogen 

(MP Biomedicals) in DMEM plus 10% FBS and 1% penicillin-streptomycin-glutamine and 1 μL 

of thrombin (Sigma). The fibrin gels were seeded in 96-well, flat-bottom plates. After the gels 

solidified, 100 μL of DMEM media containing the desired drug treatment was layered on top 

(DCA was obtained from Sigma, XAV939 from Stemgent). Wells were imaged after 14 days of 

incubation. Size measurements were taken using Adobe Photoshop. Data was analyzed using 

Prism (Graphpad). 
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1.5.6 Image processing of spots 

 

Image processing (overlay of spot contours and convex hulls) was done using built-in functions in 

MATLAB's Image Processing Toolbox. Briefly, a color channel of an image was converted to a 

binary image based on a manually chosen threshold dependent on staining intensity. A noise filter 

was applied to reduce background staining. Thresholds were then chosen to define cutoff values 

of spot boundaries. Parameters for built-in tools were chosen manually to give the best fit for 

pattern contours. Details for this method are provided in Appendix A1 and A1.1--A1.3, and 

Appendix Figs A.1--A.10. 
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Figure 1.8: Overlap of pPDH and LEF1 spots in xenograft tumors. Convex hull image analysis of serial sections of 

SW480 mock xenograft tumors stained for pPDH and LEF1, as shown in Figure 1.1A and 1.1B, second panels. (A & 

B) Isolated contour maps with convex hull outlines for pPDH and LEF1. (C-E) pPDH and LEF1 contour maps were 

overlaid on each other and overlapped regions highlighted in blue. Different thresholds for spot detection were tested; 

each threshold condition revealed between 65-77% overlap between pPDH and LEF1 spots. (F) Summary of overlap 

results. 
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Figure 1.9: Wnt ligand and glycolysis gene expression in rectal cancer patients post-radiochemotherapy. Gene 

expression data from GEO dataset GDS3756 of 21 rectal cancer patients before and after radio-chemotherapy [6]. (A, 

B) Expression of Wnt ligands WNT5B, WNT8B, and WNT10B show trends toward increased expression in rectal 

tumor tissue treated with radiochemotherapy, but these changes do not reach statistical significance when p< 0.05 is 

used as a cut-off (specific  p-values are 0.10, 0.10, and 0.08 respectively).  (C, D) Expression of the glycolytic enzyme 

ENO2 is specifically increased in tumor tissue after radiochemotherapy (p=0.008); HIF1A expression also shows a 

trend in increased expression (p=0.06). * denotes adjusted p-value < 0.05; + denotes adjusted p-value < 0.10. Statistical 

significance was determined using the Mann-Whitney U test with Benjamini-Hochberg correction for multiple 

hypothesis testing (RStudio). 

Figure 1.10: Targeted therapy simulations for Pg and Po populations. Figure 1.5 in the main text gives the results for 

total tumor size after individually targeting either Pg or Po cells with given treatment doses and treatment times.  Here 

are the effects for the individual Pg and Po populations in those targeted therapy simulations. Simulations suggest that 

the glycolytic cell population is a more sensitive drug target than the oxidative cell population. We target either Po 

(left) or Pg (right) cells selectively, starting from a metabolically patterned state, for 2.5, 5, or 7.5 (arbitrary) time 

units, with a death rate between 0.25 and 1. After therapy is stopped, the cells are allowed to evolve according to the 

original model (Figure 1.2). The Pg and Po cell populations, relative to their initial cell populations, are shown. 
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Figure 1.10: Targeted therapy simulations for Pg and Po populations. 
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Chapter 2 

 

Single Cell RNA Sequencing (scRNAseq) Analysis 

 

The key aims of this chapter are to determine whether there are different communities of colon 

cancer cells that emerge and to identify signaling networks that play a role between the different 

communities of colon cancer cells. We obtain gene expression levels of SW480 colon cancer cells 

by applying single cell RNA sequencing (scRNAseq) using DropSeq [5] and analyze the gene 

expression levels using similarity matrix-based optimization for single-cell data analysis (SoptSC) 

developed by Shuxiong [20]. SoptSC is used to identify gene clusters determined by differentially 

expressed (DE) genes called "marker genes", and cell-cell signaling networks. Driven by these 

results, we develop a multispecies mathematical model in chapter three to study the morphologies 

and patterning within these tumors with different cell-types and signaling networks consistent with 

the scRNAseq data. 

 

2.1 DropSeq and SoptSC 

 

We applied DropSeq to tumors that were grown and harvested from the backs of mice 

subcutaneously injected with SW480 colon cancer cells (Fig. 2.1; [5]). DropSeq allows us to 

capture gene expression levels of many common pathways involved in cell-division and 

metabolism from a single tumor in a form of a matrix. From the gene expression matrix, we apply 
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the SoptSC analysis developed by Shuxiong [20]. SoptSC is a tool that takes a gene expression 

matrix and produces a heat map based on identified gene clusters from differentially expressed 

(DE) genes called “marker genes”. SoptSC can also be used to infer a cell-cell signaling network 

using ligand-receptor pairs from the obtained data. 

 

2.2 Cell clustering & transcriptomic metabolic heterogeneity 

 

SoptSC analyzes the gene expression data and separates the cells into clusters or groups that share 

features. An important feature that is identified for each cluster are differentially expressed (DE) 

genes that we call “marker genes”. We visualize the data from SoptSC using a heatmap of the 

marker genes (e.g., Top 10, Top 300) labeled by their clusters and a scatter plot of all cells using 

Elastic Embedding (EE; [3]) , a nonlinear dimensionality reduction technique. A heatmap with all 

the marker genes along the vertical axis and the identified clusters along the horizontal axis allows 

the data to form boxes along the diagonal separating the marker genes and clusters. We identify 

five distinct gene clusters using Top 10 DE genes in mock tumors (Fig. 2.2). The associated cluster 

names are assigned by identifying key marker genes and Wnt gene scores (Fig. 2.2). From the 

Figure 2.1: Single cell RNA sequencing using DropSeq [5]. SW480 colon cancer cells were injected 

subcutaneously into the back of mice. The tumor is grown and harvested after 3 to 4 weeks and isolated 

into single cells. DropSeq will individually analyze the cells and form a gene expression matrix. 
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marker gene list of differentially expressed genes, we can identify some of the clusters as “stem-

like”, “hypoxic”, and “cycling”. Within the stem-like cluster we have BMP4 showing up as a 

differentially expressed gene [76]. Within the hypoxic cluster we have NDRG1 which is known to 

be upregulated by hypoxia [77]. The cycling cluster contains the gene SMC4 commonly expressed 

in cycling cells [78]. We identify the “WntHi” and “WntMod” clusters based on the scores for a 

group of genes associated with Wnt signaling pathways using Seurat (Fig. 2.2, [8]). The figure 

shows that WntHi cluster has the highest score relative to the other clusters, and WntMod cluster 

having moderate levels of Wnt. The stem-like cluster has the least amount of Wnt in comparison 

to the other clusters. 

We also look at the scRNAseq data of dnLEF SW480 tumors, which have reduced Wnt-signaling. 

We observe a loss of the stem-like clusters (Fig. 2.3). The result doesn't necessarily mean stem-

Figure 2.2: SoptSC data visualization of mock tumor. (Right) Heatmap of Top 10 

differentially expressed (DE) genes for all cells in their clusters. (Top left) Single cell data in 

low-dimensional space was implemented by applying Elastic Embedding (EE; [3]), a 

nonlinear dimensionality reduction technique, to the cell-to-cell similarity matrix produced 

by SoptSC. (Bottom left) Gene scores calculated from a group of genes associated with Wnt 

signaling pathways using AddModuleScore from Seurat [8]. 
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like cells did not exist, but rather the stem-like genes within the dnLEF tumors are not differentially 

expressed. 

 

2.3 Transition/lineage of cell types & signaling network interactions 

 

To understand the lineage structure and signaling network interactions, we produce a lineage graph 

and a plot showing the signaling networking interaction between cells. The lineage graph seems 

to indicate that each cluster may be able to transition between each cluster type (Fig. 2.4). The 

signaling network plot uses receptor/ligand pairs and averaged probabilities of signaling for each 

cluster (Fig. 2.5). The thickness of these curves is related to the average signaling. The receptors 

have a flat edge while the ligands have pointed edges. We see that BMP, FGF, Wnt, DKK (Wnt 

inhibitor) all show receptor-ligand pairings. For example, BMP show stem-like receptors with 

connections coming from Wnt-high and Wnt-mod that show ligands. This could indicate that Wnt-

high and Wnt-mod clusters are producing factors that negatively feedback to the proliferation or 

division of stem-like clusters. Wnt show every cluster pairing with receptor-ligands for each 

cluster. This might indicate that each cluster is producing Wnt at some level. Since the stroma 

Figure 2.3: dnLEF SoptSC clustering. Elastic embedding of the 

scRNAseq data of dnLEF SW480 tumors using SoptSC. Loss of stem-

like cluster observed. 
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produce soluble factors like Wnt, this may be an indication of signaling between tumor and stromal 

cells. 

 

 

Figure 2.4: Cluster-to-cluster lineage graph. Lineage graph showing the cluster-to-cluster 

signaling interaction suggesting a transition between each cluster may be occurring. 

Figure 2.5: Signaling network from SoptSC. The signaling network plot uses 

receptor/ligand pairs and averaged probabilities of signaling for each cluster. The thickness 

of these curves is related to the average signaling. The receptors have a flat edge while the 

ligands have pointed edges. BMP, FGF, Wnt, and DKK (Wnt inhibitor) all show receptor-

ligand pairings. 
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2.4 scRNAseq summary 

 

To determine whether there are different communities of colon cancer cells that emerge and to 

identify signaling networks that play a role between the different communities of colon cancer 

cells we applied scRNAseq analysis on SW480 colon cancer tumors. We have identified five 

distinct clusters using SoptSC in mock tumors, stem-like, Wnt-high, Wnt-mod, cycling, and 

hypoxic. SoptSC applied to the dnLEF tumors, tumors with decreasing Wnt signaling results in 

the loss of stem-like cells. Additionally, we identified signaling networks that may play a role 

between the stroma and the tumor. In particular, the Wnt signaling network seems to indicate that 

every cluster shows a receptor-ligand pair interaction. Mice stroma produce soluble factors such 

as Wnt that may diffuse into the growing tumor allowing signaling interactions between the tumor 

and stromal cells. Finally, the lineage graph from SoptSC indicates cellular transitions between 

each cluster may be occurring. If we assume hypoxic and cycling cells are not a “type”, but rather 

a "state" in transition, we identify three cell types; Stem-Like, Wnt-Mod, and Wnt-Hi that make 

up the lineage structure that may differentiate into either type forming a triangular lineage (Fig. 

2.6).  

Figure 2.6: Three-species lineage model. Three-species lineage model allowed to 

transition between each cell-type inferred from the scRNAseq analysis.  
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Chapter 3 

 

Mathematical Modeling 

 

In this chapter, we aim to develop a mathematical model guided by the single cell RNA sequencing 

(scRNAseq) analysis in chapter two to understand and predict the growth and development of 

tumors of colon cancer in the surrounding environment. We consider the spatial effects which 

allow cells to divide and diffuse within a 2D (or 3D) environment using Gierer-Meinhardt-Turing 

nonlinear coupled partial differential equations (PDEs). The mathematical model predicts pattern 

heterogeneity within the tumor of different cell-types. We study the dnLEF tumor and present 

treatments within this chapter as an attempt to understand its relationship with growth. Simulated 

therapeutic treatments were applied to the tumors in order to study their behavior and resistance 

while making predictions on how to effectively control the growth of these tumors. 

 

Figure 3.1: Multispecies, spatiotemporal model. (Left) Triangular three-species spatiotemporal model informed from 

scRNAseq analysis. Three cell types stem-like (CSC), WntHi, and WntMod may transition between each cell-type. 

(Middle) Cell-types self-renew with base probabilities 𝑝0, 𝑝1, 𝑝2. (Right) We introduce signaling factors interacting 

between the cell types and stroma. 



58 
 

 

3.1 Colon cancer growth model 

 

We take the triangular three-species lineage model and build a spatiotemporal model in the 

schematic outlined in figure 3.1. We adapt the three-dimensional multispecies mixture model 

described in Wise et al. [79], Youssefpour et al. [52] to simulate colon cancers([79],[52]). The 

cells are assumed to be tightly packed and cell species are modeled as volume fractions. Let 𝜑0, 

𝜑1, 𝜑2, 𝜑𝐷 and 𝜑𝐻 be the volume fractions of SCs (0-cells), WntHi (1-cells), WntMod (2-cells), 

dead cells and host region (e.g., gel, stroma), respectively. The volume fraction of total cancer 

cells is 𝜑𝑇 = 𝜑0 + 𝜑1 + 𝜑2 + 𝜑𝐷. We assume that the fractions of the solid region 𝜑𝑆 = 𝜑𝑇 +

𝜑𝐻 and interstitial water (𝜑𝑊) are constant and add up to one. Here, we rescale 𝜑𝑇 by 𝜑𝑆 so that 

𝜑𝑇 and all other cell fractions are in [0,1]. The volume fractions satisfy the mass conservation 

equation 

                                                
𝜕𝜑𝑖

𝜕𝑡
+ 𝛻 ∙ (𝒖𝑆𝜑𝑖) = −𝛻 ∙ ( 𝑱𝒊 ) + 𝑆𝑟𝑐𝑖 ,                                               (3.1) 

where 𝑖 = 0, 1, 2, D or T. We introduce an adhesion energy 

𝐸 =
γ

ϵ
∫ 𝑓(𝜑𝑇)

Ω

+ 𝜖2|∇𝜑𝑇|2𝑑𝑥 ,                                               (3.2) 

where γ measures cell to cell adhesion, ϵ is the thickness of the tumor-host interface, 𝑓(𝜑𝑇) =

1

4
𝜑𝑇

2(1 − 𝜑𝑇)2 is a double-well potential that penalizes mixing of cancer cells (𝜑𝑇 ≈ 1) and host 

gel (𝜑𝑇 ≈ 0). 𝑱𝒊 is a mass flux taken to be the generalized Fick's law 

𝑱𝒊 = −𝑀𝑖∇ (
𝜕𝐸

𝜕𝜑𝑖
) ,                                                              (3.3) 
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where 𝑀𝑖 is the cell mobility, 
𝜕𝐸

𝜕𝜑𝑖
 are variational derivatives of the adhesion energy: 

𝜕𝐸

𝜕𝜑𝑖
=

γ

ϵ
(𝑓′(𝜑𝑇) − 𝜖2∇2𝜑𝑇) .                                                  (3.4) 

The term 𝛻 ∙ (𝒖𝑆𝜑𝑖) models passive cell movement (advection), where 𝒖𝑠 is the mass-averaged 

velocity of solid components defined by Darcy's law 

                                                                   𝒖𝑠 = − (∇𝑝 −
𝜕𝐸

𝜕𝜑𝑖
∇𝜑𝑇) ,                                                   (3.5) 

where 𝑝 is the solid, or mechanical, pressure. We assume 𝑆𝑟𝑐𝐻 = 0, sum up the mass conservation 

equation Eq. (3.1) for all cell components and define 𝑆𝑟𝑐𝑇 = 𝑆𝑟𝑐0 + 𝑆𝑟𝑐1 + 𝑆𝑟𝑐2 + 𝑆𝑟𝑐𝐷 as the 

mass exchange term for total cancer cells, so that 𝛻 ∙ 𝒖𝑠 = 𝑆𝑟𝑐𝑇. The solid pressure can then be 

solved by 

                                          −∇2𝑝 = 𝑆𝑟𝑐𝑇 − ∇ ⋅ (
𝜕𝐸

𝜕𝜑𝑖
∇𝜑𝑇) .                                                   (3.6) 

It can be shown that the adhesion energy is non-increasing in time in the absence of cell 

proliferation and death, given our choices of flux and velocity terms [79]. To model the advection 

of cell substrates with the interstitial liquid velocity, we also use Darcy's law to relate the water 

pressure 𝑞 and the interstitial fluid velocity 𝒖𝑤 by 𝒖𝑤 = −𝛻𝑞. Since the sum of all the solid and 

liquid volume fractions is one, we obtain 

−𝛻2𝑞 = −𝑆𝑟𝑐𝑇 .                                                                 (3.7) 
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3.2 Cancer cell species and lineage relationships 

 

Following previous studies ([80],[81]), we assume that the mitosis rates of SCs (0-cells), WntHi 

(1-cells), and WntMod (2-cells) are proportional to the nutrient concentration. We model the 

nutrients for the cells: oxygen (n), glucose (G) and lactate (L) concentrations cross-feeding 

between the cells. SC, WntHi, and WntMod cells self-renew with probabilities 𝑝0, 𝑝1, and 𝑝2, 

respectively. All cells necrose when the nutrient level is insufficient to support their viability. The 

source term of dead cells accounts for necrosis, apoptosis, and cell lysis, which models the loss of 

solid material (e.g., by the disintegration of cells into water). The mass exchange terms for cell 

components are: 

𝑆𝑟𝑐0 = (2𝑃0 − 1)𝜆𝑚0𝜑0 + 2(1 − 𝑃1)(1 − 𝑞1)
𝜒10𝐶𝐹0

1 + 𝜒10𝐶𝐹0
𝜆𝑚1𝜑1

+ 2(1 − 𝑃2)(1 − 𝑞2)
𝜒20𝐶𝐹0

1 + 𝜒20𝐶𝐹0
𝜆𝑚2𝜑2 − 𝜆𝑛0ℋ(𝑛0̃ − 𝑛)𝜑0                           (3.8) 

𝑆𝑟𝑐1 = (2𝑃1 − 1)𝜆𝑚1𝜑1 + 2(1 − 𝑃0)𝑞0𝜆𝑚0𝜑0    

+ 2(1 − 𝑃2) (1 − (1 − 𝑞2)
𝜒20𝐶𝐹0

1 + 𝜒20𝐶𝐹0
) 𝜆𝑚2𝜑2 − 𝜆𝑛1ℋ(𝑛1̃ − 𝑛)𝜑1               (3.9) 

𝑆𝑟𝑐2 = (2𝑃2 − 1)𝜆𝑚2𝜑2 + 2(1 − 𝑃0)(1 − 𝑞0)𝜆𝑚0𝜑0

+ 2(1 − 𝑃1) (1 − (1 − 𝑞1)
𝜒10𝐶𝐹0

1 + 𝜒10𝐶𝐹0
) 𝜆𝑚1𝜑1 − 𝜆𝑛2ℋ(𝑛2̃ − 𝑛)𝜑2            (3.10) 

𝑆𝑟𝑐𝐷 = 𝜆𝑛0ℋ(𝑛0̃ − 𝑛)𝜑0 + 𝜆𝑛1ℋ(𝑛1̃ − 𝑛)𝜑1 + 𝜆𝑛2ℋ(𝑛2̃ − 𝑛)𝜑2 − 𝜆𝐿𝜙𝐷 .                         (3.11) 

Here 𝜆𝑚0, 𝜆𝑚1, 𝜆𝑚2 are the mitosis rates of 0, 1, and 2 cells, respectively. 𝜆𝑛0, 𝜆𝑛1, 𝜆𝑛2 are the 

necrosis rates of 0, 1, and 2 cells, respectively, and ℋ(𝑥) is the Heaviside function (ℋ(𝑥) = 1 

when 𝑥 > 0 ; ℋ(𝑥) = 0 otherwise). Further,  𝑛0̃, 𝑛1̃, 𝑛2̃ are the minimal nutrient levels to support 
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cell viability for 0, 1, and 2 cells, respectively. 𝜆𝐿 is the lysis rate of dead cells. The mass exchange 

term of total cancer cells is the sum of Eq. 3.8-3.11 that accounts for 0, 1, and 2 cell proliferation 

as well as cell lysis:  

𝑆𝑟𝑐𝑇 = 𝜆𝑚0𝜑0 + 𝜆𝑚1𝜑1 + 𝜆𝑚2𝜑2 − 𝜆𝐿𝜑𝐷                                   (3.12) 

We assume that cancer cell proliferation and differentiation are regulated by soluble factors that 

feedback on self-renewal probabilities ([52], [82], [83]). We assume proliferation and switch back 

into SCs are positively regulated by a self-renewal promoter F0 with concentration 𝐶𝐹0, (e.g., 

FGF20; [84]). This factor also influences the switchback from 1 and 2 cells to 0 cells. However, 

this needs further study. We also assume that there are soluble signaling factors produced from all 

cells (as well as diffusing in from the stroma) F (e.g., FGF; [85]) with concentration 𝐶𝐹  that 

promotes the probability of self-renewals 𝑃0, 𝑃1, 𝑃2. Additionally, we assume there are soluble 

signaling factors G [e.g., BMP, TGF-𝛽 superfamily members, ([86], [87])] with concentration 𝐶𝐺 

produced from differentiated cells that negatively regulate self-renewal of all cells. 

We take 𝑃0 = 𝑝0 ∙
𝜒0𝐶𝐹

1+𝜒0𝐶𝐹
∙

1

1+𝜓0𝐶𝐺
∙

𝜒00𝐶𝐹0

1+𝜒00𝐶𝐹0
 where 𝑝0 is the base self-renewal rate of SC and 𝜒00 

and 𝜒0 are positive feedback gains due to FGF20 (𝐹0) and FGF (𝐹), respectively, and 𝜓0 is the 

negative gain due to BMP (𝐺). Analogously, we take the self-renewal probabilities of 1 and 2 cells 

to be 𝑃1 = 𝑝1 ∙
𝜒1𝐶𝐹

1+𝜒1𝐶𝐹
∙

1

1+𝜓1𝐶𝐺
 and 𝑃2 = 𝑝2 ∙

𝜒2𝐶𝐹

1+𝜒2𝐶𝐹
∙

1

1+𝜓2𝐶𝐺
. Furthermore, the division rates for 

𝜑0, 𝜑1, and 𝜑2 are taken to be 𝜆𝑚0 = 𝜆𝑚 ∙
𝜒𝑣00𝐶𝐹0

1+𝜒𝑣00𝐶𝐹0

𝜒𝑣0𝐶𝐹

1+𝜒𝑣0𝐶𝐹

1

1+𝜓𝑣0𝐶𝐺
, 𝜆𝑚1 = 𝜆𝑚 ∙

𝜒𝑣1𝐶𝐹

1+𝜒𝑣1𝐶𝐹

1

1+𝜓𝑣1𝐶𝐺
 , 

𝜆𝑚2 = 𝜆𝑚 ∙
𝜒𝑣2𝐶𝐹

1+𝜒𝑣2𝐶𝐹

1

1+𝜓𝑣2𝐶𝐺
 , respectively, where 

𝜆𝑚 = �̅� [(1 − 𝑞0)(𝛽𝐺𝑜𝑔 + 𝛽𝐿𝐿)𝑛 + 𝑞0𝛽𝐺𝐺𝑔].                                       (3.13) 

The division rate of cells is nutrient dependent due to cross-feeding of lactate and glucose 

undergoing OXPHOS and glycolysis with a base rate �̅�. Here, 𝑞0 (also, 𝑞1 and 𝑞2) represent cells 
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with high-Wnt favoring glycolysis, and 1 − 𝑞0  representing cells favoring oxidative 

phosphorylation following Pates study (Fig. 3.2; [2]). 𝛽𝐺𝑂, 𝛽𝐿, 𝛽𝐺𝐺 are the OXPHOS cells utilizing 

glucose, OXPHOS cells utilizing lactate, and glycolytic cells utilizing glucose, respectively. The 

parameter 𝜒𝑣00 is the positive feedback gain due to FGF20 on 𝜆𝑚 for 0-cells. Also, 𝜒𝑣0, are the 

positive feedback gains due to FGF on 𝜆𝑚 for 0-cells, and 𝜓𝑣0, are the negative feedback gains 

due to BMP on 𝜆𝑚 for 0-cells. Likewise, 𝜒𝑣1, 𝜒𝑣2, 𝜓𝑣1, 𝜓𝑣2 are the positive and negative gains for 

the 1 and 2-cells. 𝜒10, 𝜒20 are the positive feedback gains due to FGF20 (𝐹0) for switching back 

to 0-cells from 1-cells or 2-cells, respectively. 

Wnt and Wnt Inhibitors (Dkk, for example) form patterns that the cells take in as signals to adjust 

their ability to divide or change metabolic phenotypes. It is assumed that SCs produce a short-

range activator W (e.g., Wnt), with concentration 𝐶𝑊, and a longer-range inhibitor W-inhibitor 

(WI, e.g., Dkk) with concentration 𝐶𝑊𝐼, that affect the ability of SCs to proliferate ([1], [18], [19]). 

In chapter two, scRNAseq analysis identified stem-like (0-cells), WntMod (2-cells) and WntHi (1- 

cells) with the least, moderate, and highest levels of Wnt signaling, respectively. We define base 

proliferation rates (𝑝0, 𝑝1, 𝑝2) consistent with the data (Fig. 3.2). We take the base proliferation 

rate of 2-cells with moderate levels of Wnt signaling as 𝑝2 = 1 − 𝑡𝑎𝑛ℎ
(𝐶𝑊−𝐶𝑊̅̅ ̅̅ ̅)2

10
 where 𝐶𝑊

̅̅ ̅̅  is the 

average Wnt signaling level. As Wnt levels deviate from 𝐶𝑊
̅̅ ̅̅  the value of 𝑝2 decreases (that is, 2-

cells do not self-renew). If 2-cells do not self-renew, they must be switching to another cell-type 

(0-cell or 1-cell). To make use of 𝑝2 , we define 𝑝1 = (1 − 𝑝2)𝑞0  so that 1-cells (WntHi) 

proliferate with high levels of Wnt. Likewise, 𝑝0 = (1 − 𝑝2)(1 − 𝑞0) so that 0-cells (stem-like) 

proliferate with low levels of Wnt. We define 𝑞0 = 𝑞1 = 𝑞2 =
1

2
(1 + tanh

𝐶𝑊−𝐶𝑊̅̅ ̅̅ ̅

1
) for a switch-

like behavior dependent on Wnt level. From Eq. (3.8-3.9) the term (1 − 𝑃1)(1 − 𝑞1)
𝜒10𝐶𝐹0

1+𝜒10𝐶𝐹0
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would represent the fraction of 1-cells (WntHi) that switch to 0-cells (stem-like) provided 

sufficient levels of F0 are present. Similarly, (1 − 𝑃2)(1 − (1 − 𝑞2)
𝜒20𝐶𝐹0

1+𝜒20𝐶𝐹0
)  represent the 

fraction of 2-cells (WntMod) that switch to 1-cells (WntHi). 

  

3.3 Cell substrates 

 

We follow Youssefpour et al. [52] and use a generalized Gierer-Meinhardt model for Turing-type 

pattern formation. In particular, we assume 𝐶𝑊 is a short-range activator, and 𝐶𝑊𝐼 is a long-range 

inhibitor of 𝐶𝑊 [e.g., Dkk, ([1],[18], [19])]. We assume 𝐶𝑊 and 𝐶𝑊𝐼 are produced by SCs ([88], 

[89], [90]) and their production rates are proportional to the nutrient level, we take the system of 

reaction–diffusion equations: 

 
𝜕𝐶𝑊

𝜕𝑡
+ ∇ ∙ (𝒖𝒘𝐶𝑊) = DWΔ𝐶𝑊 + �̅�𝑆𝑟𝑐𝑊                                           (3.14) 

𝜕𝐶𝑊𝐼

𝜕𝑡
+ ∇ ∙ (𝒖𝒘𝐶𝑊𝐼) = DWIΔ𝐶𝑊𝐼 + �̅�𝑆𝑟𝑐𝑊𝐼                                       (3.15) 

Figure 3.2: Wnt dependent switch curves. Proliferation (𝑝0, 𝑝1 , 𝑝2), and switch rates (𝑞0, 𝑞1, 𝑞2) are assumed 

to be affected by Wnt signaling levels. 
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Here ∇ ∙ (𝒖𝒘𝜑𝑊) and ∇ ∙ (𝒖𝒘𝜑𝑊𝐼) model advection with the interstitial water velocity, DW and 

DWI are the diffusivities, and �̅� is the reaction rate. Note that the full time-dependent equations are 

used here because we assume that W and WI are less diffusive than the nutrient and change over 

slower time scales. We take the nonlinear source terms 

𝑆𝑟𝑐𝑊 = (𝑝𝑊 + 𝜆𝐹𝑂𝐶𝐹0)𝑃 ∙
𝐶𝑊

2

𝐶𝑊𝐼
(𝑘4𝜑0 + (1 − 𝑘4)(𝜑1 + 𝜑2))                                                    

+ 𝑝𝑊
𝐵 𝑃 ∙ (𝑘4𝜑0 + (1 − 𝑘4)(𝜑1 + 𝜑2)) + 𝑝𝑊

𝑆 (1 − 𝜑𝑇) − 𝑑𝑊𝐶𝑊                    (3.16) 

𝑆𝑟𝑐𝑊𝐼 = 𝑝𝑊𝐼𝑃 ∙ 𝐶𝑊
2 (𝑘4𝜑0 + (1 − 𝑘4)(𝜑1 + 𝜑2)) + 𝑝𝑊𝐼

𝑆 (1 − 𝜑𝑇) − 𝑑𝑊𝐼𝐶𝑊𝐼                        (3.17) 

where 𝑝𝑊 , 𝑝𝑊𝐼 , 𝑑𝑊 , 𝑑𝑊𝐼  are the production and natural decay rates, respectively. 𝜆𝐹𝑂  is the 

upregulation of Wnt signaling due to FGF20. The parameters 𝑝𝑊
𝐵  and 𝑝𝑊

𝑆  models a nutrient-

dependent production of 𝐶𝑊 from all viable cells and from the stroma, respectively. Here, we take 

the production rate of Wnt, 

𝑃 = 𝑘0 + 𝑘1𝑛 + 𝑘2𝑔 + 𝑘3𝐿                                                   (3.18) 

to depend on oxygen, glucose and lactate. Following the scRNAseq analysis, we assume that Wnt 

is produced by all the cell types. 

We assume that the concentration of nutrients (oxygen (n), glucose (g), lactate (L)) satisfy the 

quasi-steady-state equation Eq. 3.19-3.21, because nutrient diffusion (minutes) occurs more 

rapidly than cell proliferation (days). Oxygen and glucose are provided from the stroma. We 

assume that cells uptake nutrients at potentially different rates. In particular, 

0 = 𝐷𝑛∆𝑛 − 𝑢𝑛(1 − 𝑞0)(𝜑𝑇 − 𝜑𝐷)𝑛 + 𝑝𝑛𝑄(1 − 𝜑𝑇)(�̅� − 𝑛)                                                   (3.19) 

0 = 𝐷𝑔∆𝑔 − 𝑢𝑔 (𝛼𝑔𝑞0 + 𝛼𝑜(1 − 𝑞0)) (𝜑𝑇 − 𝜑𝐷)𝑔 + 𝑝𝑔𝑄(1 − 𝜑𝑇)(�̅� − 𝑔)                         (3.20) 

0 = 𝐷𝐿∆𝐿 − 𝑢𝐿(1 − 𝑞0)(𝜑𝑇 − 𝜑𝐷)𝐿 + 𝑝𝐿
𝑔(𝜑𝑇 − 𝜑𝐷)𝑞0 + 𝑝𝐿

ℎℋ(𝑛�̃� − 𝑛)(𝜑𝑇 − 𝜑𝐷)          (3.21) 
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where 𝐷𝑛, 𝐷𝑔, 𝐷𝐿 is the nutrient diffusivity of oxygen, glucose and lactate respectively. 𝑢𝑛, 𝑢𝐿, 𝑢𝑔 

are the uptake of oxygen, lactate, and glucose by cells undergoing oxidative phosphorylation, or 

glycolysis. 𝑝𝐿
𝑔

 and 𝑝𝐿
ℎ  are the production of lactate from glycolysis and necrosis, respectively. 

𝑄(1 − 𝜑𝑇) approximates the characteristic function of the host tissue. 𝑝𝑛 and 𝑝𝑔 are the oxygen 

and glucose supply rate from the host, and �̅�, �̅� are the oxygen, and glucose concentrations in the 

microenvironment. Analogously, we assume that positive feedback regulators FGF20 (F0) and 

FGF (F), and negative feedback regulators GDF (G) diffuse rapidly, and the time derivatives and 

advection terms may be neglected. Note that some TGF-𝛽 superfamily members such as activin 

diffuse over long ranges or are modified by inhibitors that act over long ranges, effectively 

establishing a long-range gradient, such as for BMP4 ([91], [92]). They can also diffuse in from 

the stroma. Following the scRNAseq analysis, we assume that BMP (𝐺), FGF (𝐹), FGF20 (𝐹0) 

are produced by all viable cell types. We take 

0 = 𝐷𝐹0∆𝐶𝐹0 + 𝑝𝐹0(𝜑0) + 𝑝𝐹0
12(𝜑1 + 𝜑2) − 𝑑𝐹0𝐶𝐹0                                                                     (3.22) 

0 = 𝐷𝐹Δ𝐶𝐹 + 𝑝𝐹(𝜑𝑇 − 𝜑𝐷) + 𝑝𝐹
𝑆(1 − 𝜑𝑇) − 𝑑𝐹𝐶𝐹                                                                      (3.23) 

0 = 𝐷𝐺Δ𝐶𝐺 + 𝑝𝐺(𝜑𝑇 − 𝜑𝐷) − 𝑑𝐺𝐶𝐺                                                                                                 (3.24) 

where 𝐷𝐹0, 𝑑𝐹0, 𝑝𝐹0, 𝑝𝐹0
12 are the diffusivity, natural decay, production rates of FGF20 from SC, 

WntHi and WntMod cells, and stroma, respectively. The equation for FGF and GDF is analogous 

except 𝑝𝐹, 𝑝𝐺, that they are produced by viable cells.  
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3.4 Simulation of the mock & dnLEF tumor 

 

We model the time evolution of the mock tumor. Figure 3.3 and 3.4 show the morphology of the 

tumor and the stem-like cells over time. We observe SCs are closer to the edges of the tumor 

surrounding the stroma. The WntHi cells form patterns aligned with Wnt signaling. Over time, the 

stem-cell fraction stabilizes to about 10%. We also capture stromal content in the interior as they 

get pinched off inside. These results are consistent with preliminary experimental results.  

As seen in figure 3.4, the mathematical model predicts patterned heterogeneity within the tumor. 

One reason for the observed heterogeneity in the tumor is the idea of multiple cell types working 

together in maximizing delivery and consumption of nutrients and minimizing the environmental 

Figure 3.3: Time series of stem-like cells for mock tumor. The mock model tumor is simulated up to time 70 

showing stem-like cells. The color bars on the right represent the fraction or probability of cells displacing a 

region of the tumor. Stem-like cells stay close to the edges of the tumor surrounding the stroma. 

Figure 3.4: Patterned heterogeneity within the mock tumor. Simulated tumors at time 70. We observe 

patterned heterogeneity within the tumor with WntHi cells forming spot-like patterns. 
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stresses that are imposed on a tumor ([12],[33]). We study the tumor grown under dnLEF 

conditions to understand how the tumor adapts and grows within an environment with reduced 

Wnt signaling and reduced nutrient availability. The dnLEF tumors were simulated by reducing 

the Wnt signaling of the tumor as done in the study of chapter one by increasing diffusivity of Wnt 

and Wnt inhibitor and reducing the background production of Wnt. We also reduce the background 

levels of nutrient by reducing the level of oxygen and glucose produced from the stroma. The 

simulation was started with no stem-like cells at the start of the simulation. We compare the tumors 

of mock and dnLEF relative to their appropriate time-scale, T = 70/.6 = 117 (Fig. 3.5; Appendix 

B2). The dnLEF tumor is smaller with larger spot sizes but with fewer spots spread out in 

comparison to the mock tumor as observed in a previous study. In the dnLEF simulation, stem-

like cells are present at low levels in the background, likely due to the FGF20 being produced by 

non-stem-like cells. Finally, we show the time-series of WntHi cells for mock and dnLEF to 

Figure 3.5: Comparison between mock and dnLEF morphology. Simulated mock and dnLEF tumors compared 

relative to their appropriate time-scales. Mock tumor at time 70 and dnLEF tumors at time 70/.6 = 117. The time-scale 

was non-dimensionalized relative to nutrient concentration (see Appendix B2 ). 
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compare the development of the tumor. The mock tumor develops with irregular stroma contained 

within the interior unlike the dnLEF tumor. Parameters used for mock and dnLEF simulations are 

listed in Tables 3.1 and 3.2.  We next look into stromal content within the  

simulated tumor.  

Table 3.1: Model parameters for simulations 

      Parameters for dnLEF simulations different from mock listed in parenthesis. 

 

Parameter Description 
Mock (dnLEF) 

value 
References 

𝑀 Cell Mobility 10 [52] 

𝜖 Diffuse interfacial thickness 0.05 [52] 

𝛾 Adhesion force -0.1 [52] 

�̅� Reaction rate 25 [52] 

𝜆̅ Base division rate for viable cells 0.5 Parameter estimation 

𝜆𝐿 Lysis rate of dead cells 0.25 Parameter estimation 

𝛽𝐺𝐺  Glycolytic cells utilizing glucose 1.0 Parameter estimation 

𝛽𝐺𝑂 OXPHOS cells utilizing glucose 3.0 Parameter estimation 

𝛽𝐿 OXPHOS cells utilizing lactate 5.0 Parameter estimation 

𝜒00 Positive gain from FGF0 on p0 40 Parameter estimation 

𝜒10 Positive gain from FGF0 on 1-cells switching to 0 cells 0.04 Parameter estimation 

𝜒20 Positive gain from FGF0 on 2-cells switching to 0 cells 0.04 Parameter estimation 

𝜒0 Positive gain from FGF on p0 10 Parameter estimation 

𝜒1 Positive gain from FGF on p1 15 Parameter estimation 

𝜒2 Positive gain from FGF on p2 12 Parameter estimation 

𝜓0 Negative gain on p0 0.1 Parameter estimation 

𝜓1 Negative gain on p1 1.0 Parameter estimation 

𝜓2 Negative gain on p2 0.1 Parameter estimation 

𝜒𝑣00 Positive gain from FGF0 on 𝜆𝑚 for 0-cells 100 Parameter estimation 

𝜒𝑣0 Positive gain from FGF on 𝜆𝑚 for 0-cells 10 Parameter estimation 

𝜒𝑣1 Positive gain from FGF on 𝜆𝑚 for 1-cells 15 Parameter estimation 

𝜒𝑣2 Positive gain from FGF on 𝜆𝑚 for 2-cells 12 Parameter estimation 

𝜓𝑣0 Negative gain on 𝜆𝑚 for 0-cells 0 Parameter estimation 

𝜓𝑣1 Negative gain on 𝜆𝑚 for 1-cells 1.0 Parameter estimation 

𝜓𝑣2 Negative gain on 𝜆𝑚 for 2-cells 0.1 Parameter estimation 

𝐷𝐹0 Diffusivity of FGF0 1.0 Parameter estimation 

𝐷𝐹  Diffusivity of FGF 1.0 Parameter estimation 

𝐷𝐺  Diffusivity of BMP 1.0 Parameter estimation 

𝑝𝐹0 Production of FGF0 by stem cells 6.0 Parameter estimation 

𝑝𝐹  Production of FGF by tumor cells 1.0 Parameter estimation 

𝑝𝐺  Production of BMP by tumor cells 1.0 Parameter estimation 

𝑝𝐹0
12 Production of FGF by non-stem cells 0.5 Parameter estimation 

𝑝𝐹
𝑆 Production of FGF by stroma 2.0 Parameter estimation 

𝑑𝐹0 Natural decay of FGF0 1.0 Parameter estimation 
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Table 3.2: Model parameters for simulations (continued). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

             

Parameters for dnLEF simulations different from mock listed in parenthesis. 

 

  

Parameter Description 
Mock (dnLEF) 

value 
References 

D𝑛   Diffusivity of oxygen 1.0 Parameter estimation 

D𝑔   Diffusivity of glucose 10 Parameter estimation 

D𝐿   Diffusivity of lactate 1.0 Parameter estimation 

𝑛0̃   0-cell oxygen threshold of necrosis 0.1 Parameter estimation 

𝑛1̃   1-cell oxygen threshold of necrosis 0.05 Parameter estimation 

𝑛2̃   2-cell oxygen threshold of necrosis 0.05 Parameter estimation 

𝜆𝑛0   Necrosis rate of 0-cells 0.1 Parameter estimation 

𝜆𝑛1   Necrosis rate of 1-cells 0.2 Parameter estimation 

𝜆𝑛2   Necrosis rate of 2-cells 0.2 Parameter estimation 

𝑢𝑛   Oxygen uptake rate by OXPHOS cells 1.0 Parameter estimation 

𝑢𝑔   Glucose uptake rate of cells 1.0 Parameter estimation 

𝑢𝐿   Uptake of lactate by OXPHOS cells 1.0 Parameter estimation 

𝑝𝑛   Oxygen production by host 1.0 Parameter estimation 

�̅�   Oxygen level in stroma 1.0 (0.6) Parameter estimation 

�̅�   Glucose level in stroma 1.0 (0.6) Parameter estimation 

𝑛�̃�   Hypoxic threshold for lactate production 0.05 Parameter estimation 

𝑝𝐿
ℎ   Production of lactate by hypoxic cells 1.0 Parameter estimation 

𝑝𝐿
𝑔

   Production of lactate by glycolytic cells 1.0 Parameter estimation 

𝑝𝑔   Production of glucose by stroma 1.0 Parameter estimation 

𝛼𝑜   Fraction of uptake by OXPHOS cells 0 Parameter estimation 

𝛼𝑔   Fraction of uptake by glycolytic cells 1.0 Parameter estimation 

DW   Diffusivity of Wnt 1 (5) Parameter estimation 

DWI   Diffusivity of Wnt inhibitor 25 (125) Parameter estimation 

𝑝𝑊   Production rate of Wnt 2.5 Parameter estimation 

𝜆𝐹𝑂   Upregulated production of Wnt by F0 2.0 Parameter estimation 

𝑘4   Fraction of Wnt Production by SCs 0.3 Parameter estimation 

𝐶𝑊
̅̅ ̅̅    Average Wnt signaling level 6.0 Parameter estimation 

𝑝𝑊
𝐵    Background production of Wnt by viable cells 1.0 Parameter estimation 

𝑝𝑊
𝑆    Production of Wnt by stroma 1.0 Parameter estimation 

𝑝𝑊𝐼    Production rate of Wnt Inhibitor 1.0 Parameter estimation 

𝑝𝑊𝐼
𝑆    Production rate of Wnt Inhibitor by stroma 0 Parameter estimation 

𝑑𝑊   Natural decay of Wnt 1.0 Parameter estimation 

𝑑𝑊𝐼    Natural decay of Wnt inhibitor 1.0 Parameter estimation 

𝑘0   Independent production of Wnt 0.1 Parameter estimation 

𝑘1   Oxygen dependent production of Wnt 0.4 Parameter estimation 

𝑘2   Glucose dependent production of Wnt 0.4 Parameter estimation 

𝑘3   Lactate dependent production of Wnt 1.0 Parameter estimation 
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Figure 3.6: WntHi morphology development for mock and dnLEF tumors. We simulate the mock and dnLEF 

tumors. The mock tumor develops with irregular stroma contained within the interior unlike the dnLEF tumor. 

The dnLEF tumor surrounded by thicker strands of stroma. 

Figure 3.7: Stromal comparison of mock tumor and dnLEF tumor. Compare the stroma within the 

boundary of the simulated mock and dnLEF tumors. The tumors are compared relative to their 

appropriate time-scales. Mock tumor at time 70 and dnLEF tumors at time 70/.6 = 117. The dnLEF tumor 

have more stroma in comparison to mock. 
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3.5 Stromal comparison 

 

We compared the stromal content trapped within the boundary of the tumor (Fig. 3.7). The stromal 

content trapped within the convex-hull of the tumor was computed using MATLAB’s image 

analysis toolbox. The percentage of the stromal content was computed using the fraction between 

the area of the stroma within the tumor and the area of the total tumor. The mock tumor, although 

larger in size, shows less stroma in comparison to the dnLEF tumors. Qualitative similarities are 

also observed in SW480 mock and dnLEF xenografts. One possibility for this behavior is the lack 

of overall background nutrients available for the dnLEF tumor. The dnLEF tumor may be 

attempting to enhance supply of oxygen and glucose by maximizing the stroma around the tumor, 

allowing for survival. 

 

3.6 Spot analysis 

 

We also investigated the spread of WntHi spots from the experimental data and the simulated data 

by applying MATLAB’s image analysis toolbox. The 2D simulations did not predict the 

experimental data very well, but it did accurately predict the distance to nearest neighbors for the 

mock tumor (Fig. 3.8). We demonstrated better results for both mock and dnLEF tumors when we 

extended the mathematical model to grow in 3D under the same conditions matching distance to 

nearest neighbors (Fig. 3.9, Appendix B4). The 3D model still slightly underestimated the area of 

the spot sizes. This may indicate the spatial effects of 3D play an important role in the development 

of these tumors. 
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Figure 3.8: Spot analysis of mock and dnLEF tumors (2D simulations vs experimental). We compare area of spot 

to distance to nearest neighbors of the simulated mock and dnLEF tumors in 2D and SW480 xenograft tumors. 

Figure 3.9: Spot analysis of mock and dnLEF tumors (3D simulations vs experimental). Compare area of spot to 

distance to nearest neighbors of the simulated mock and dnLEF tumors in 3D and SW480 xenograft tumors. See 

Appendix B4 for 3D simulated tumors. 
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3.7 Bistability due to reduced FGF concentration determined by initial SC% 

 

To understand the role of heterogeneity within the tumor we started by studying the effects of 

FGF20. Stem-like cells are assumed to produce FGF20 at greater levels than the non-stem-like 

cells within the tumor. We simulate tumors with varying levels of FGF20 production in the 

environment by reducing the fraction of stem-like cells at the start of the simulation (Fig. 3.10). 

We observe bistable behavior as we increase the initial CSC percentages. As we increase the stem-

like cell fraction, we increase the effect of FGF20 onto the tumor. This is indicating that FGF20 

may be playing a role in the ability of the tumor to maintain a balance between the three cell types. 

We also observe the stromal content become irregular as more stem-like cells are present within 

Figure 3.10: Bistability observed by varying FGF20 production. We observe a shift in tumor heterogeneity as FGF20 

production is increased. A critical threshold of stem-like cells is needed to maintain a balance between three cell types. 
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the tumor. Notice that simply reducing FGF20 within the tumor environment doesn’t reduce tumor 

size. We next applied therapeutic treatment to tumors in order to study their behavior and resistance 

while making predictions on how to effectively control the growth of these tumors. 

 

3.8 Therapeutic treatment 

 

Bistability of tumor heterogeneity was observed through varying levels of FGF20 production in 

the environment through reduced fraction of stem-like cells at the start of the simulation (Fig. 3.10). 

We investigate how heterogeneity within the tumor leads to drug resistance while making 

predictions on how to effectively control the growth of these tumors. We proceed to study the 

behavior of the tumor under therapeutic treatment by targeting cell types directly. Additionally, 

we simulate combination treatment to the tumors, and test the effects of turning off cross-feeding 

of lactate and switching between WntHi and WntMod cells. Summary of all therapy results are 

shown in Tables 3.3-3.5. We present several different outcomes from treatment and all other 

additional treatments in Appendix B3. 

 

3.8.1 Targeted therapy applied to mock model 

 

We target individual cell types to investigate the overall effect on the growth of the tumor. Targeted 

cells are killed at different rates proportional to their division rates. After determining how 

sensitive the tumor is to each targeted treatment, we investigate whether combination of targeted 

treatments can improve the outcomes. We grow the mock tumor out to time 60 (arbitrary time 

units), then apply the treatment up to time 100 by introducing an additional source term into their 
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equations (e.g., include a term −𝑑0𝜆𝑚0𝜑0 in 𝑆𝑟𝑐0, where 𝜆𝑚0 is the division rate of CSCs). We 

compare the tumor size, stem-like fraction, and the overall shape in comparison to the mock model 

and place them in Table 3.3 summarizing the result of these treatments. 

 

Table 3.3: Summary of targeted treatment to mock model. 

Treatment Outcome 

 
Tumor size CSC % Shape 

CSC Still significant Smaller to zero Similar 

WntHi Smaller but regrows Significant Similar 

WntMod Slightly smaller, but still significant Significant Similar 

WntHi, WntMod Smaller but regrows Significant Similar 

CSC, WntHi Capable of eliminating the tumor Smaller to zero Similar 

CSC, WntMod Smaller and doesn’t regrow* Smaller to zero More invasive 

CSC, WntHi, WntMod Capable of eliminating the tumor Smaller to zero Similar 

This table summarizes the outcomes of inducing death to targeted cell types. This table shows that individual treatment 

is not as effective as targeting multiple cell types simultaneously. This shows that tumor heterogeneity prevents the 

tumor from getting eliminated from a drug targeting a single cell type. Combination treatment or drugs that target 

multiple cell-types become important. 

 

We predict individual targeted treatment does not control the growth of the tumor very well. 

Targeting WntHi and WntMod cells did slightly reduce the size of the tumor, but the tumor 

continues to regrow over time while maintaining a significant stem-like fraction (Fig 3.12-3.13). 

One possibility is the stem-like cells begin to invade the open space no longer occupied by WntHi 

(or, WntMod) cells, allowing them to thrive in larger fractions. Depending on the combination of 

treatments applied, they may eliminate the tumor or may result in it becoming more invasive (Fig 
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3.15-3.16). The combination treatment seems to indicate that targeting stem-like cells shows a 

greater effect in combination with another cell-type for best results. Interestingly, targeting WntHi 

and WntMod together doesn’t prevent the tumor from growing as the stem-like cells start to take 

over. Targeting all cell-types together eliminates the tumor effectively. The model predicts that 

heterogeneity makes the tumor more resistant to therapy. 

  

Figure 3.11: CSC treatment -- still significant tumor size. We simulate the tumor up to time 60 and apply stem-cell 

targeted therapy up to time 100 using varying death rates. The overall tumor volume is not affected, but higher death 

rates reduce stem-like fraction, and the tumor remains a significant size occupied by WntHi and WntMod cells. 
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Figure 3.12: WntHi treatment – slightly smaller but regrows. We simulate the tumor up to time 60 and apply WntHi-

cell targeted therapy up to time 100 using varying death rates. The tumor volume is slightly smaller with higher 

death rates while increasing stem-like fractions. The tumor regrows. 
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Figure 3.13: WntMod treatment – slightly smaller but regrows. We simulate the tumor up to time 60 and apply 

WntMod-cell targeted therapy up to time 100 using varying death rates. The tumor volume is slightly smaller with 

higher death rates while increasing stem-like fractions. The tumor regrows. 
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Figure 3.14: Combination treatments to simulated mock tumor. Combination treatment of targeted CSC and WntHi 

(or WntMod) cells significantly reduce tumor size. WntHi+WntMod treatment slightly reduces the tumor size, but 

significantly increases the stem-like population. 
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Figure 3.15: CSC+WntHi combination treatment – potential to eliminate tumor. Combination treatment of targeted 

CSC and WntHi cells have potential to eliminate tumor with longer treatment times. 

 

Figure 3.16: CSC+WntMod combination treatment – becomes more invasive. Combination treatment of targeted 

CSC and WntMod shows tumor has become more invasive although the overall size does not vary. 
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3.8.2 Cross-feeding therapy applied to mock model 

 

We targeted individual cell types to investigate the overall effect on the growth of the tumor. Now, 

we study how the tumors respond by preventing cross-feeding of lactate by setting 𝛽𝐿 = 0 in Eq. 

(3.13), the proliferation rate of OXPHOS cells utilizing lactate. Preventing cross-feeding slightly 

reduces the tumor size, but stem-like fractions demonstrate similar outcomes (Fig 3.17). We repeat 

targeted treatments to the tumor and summarize the differences in Table 3.4. Many outcomes show 

similar results as in the mock treatments. Preventing cross-feeding allows the tumor to become 

controlled, although now this treatment can only eliminate the tumor when all cell-types are 

targeted simultaneously. 

 

 

 

 

Figure 3.17: Prevent cross-feeding to mock simulation. Compare tumors with cross-feeding turned off. The tumor 

shape is similar with slightly smaller tumor size and similar stem-cell fractions 
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Table 3.4: Cross-feeding treatment results. 

CF Treatment Different Outcome from Mock Treatment 

 Tumor size CSC % Shape 

CSC, WntHi Smaller and doesn’t regrow Smaller to zero Similar 

CSC, WntMod Smaller and doesn’t regrow Smaller to zero Similar, slightly invasive 

 

 

 

 

 

Figure 3.18: Cross-feeding and targeted combination treatment. Similar outcomes with mock model. 

Combination treatment of targeted CSC and WntHi (or WntMod) cells significantly reduce tumor 

size. WntHi+WntMod treatment slightly reduces the tumor size, but significantly increases the stem-

like population 
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3.8.3 WntHi/WntMod switching therapy applied to mock model 

 

Finally, we prevent the switching between WntHi and WntMod cells, and apply therapy. Figure 

3.19 shows the outcome preventing switching between WntHi and WntMod cells compared to 

mock. The tumor size is slightly smaller, but more significantly, the stem-like fraction is greater. 

The results of all treatments are summarized in Table 3.5. In this model, targeting stem-like cells 

reduces the tumor size and prevents the tumor from growing back. Targeting WntHi did not have 

much effect on the overall growth of the tumor, although the stem-like population is higher, it is 

gradually decreasing at time 100. Notice that the WntMod population is greater. If there is an 

effective way to cut out the WntMod tumors or target them individually, we may further combine 

those techniques with this treatment to eliminate or excise the tumor completely. 

 

 

Figure 3.19: Mock vs WntHi/WntMod switch prevention therapy. Compare tumors turning off the ability of WntHi 

and WntMod cell-types to switch types. The tumor shape is more irregular with slightly smaller tumor size. The tumor 

has greater stem-like fractions compared to mock. 
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Table 3.5: Outcome of treatment from preventing WntHi/WntMod switching. 

Switch Treatment Different Outcome from Mock Treatment 

 
Tumor size CSC % Shape 

CSC Smaller and doesn’t regrow Smaller to zero Similar 

WntHi Still significant, keeps growing Decreasing Similar 

CSC, WntHi Smaller and doesn’t regrow Smaller to zero Similar 

CSC, WntMod Smaller and doesn’t regrow Smaller to zero Similar 

CSC, WntHi, WntMod Smaller and doesn’t regrow Smaller to zero Similar 

Figure 3.20: Switch Treatment – CSC vs WntHi targeting. High levels of Wnt-Mod cells occupying the entire tumor 

in both CSC targeted therapy and WntHi targeted therapy. The major difference is in the tumor size. Targeting stem-

like cells have a much greater effect on tumor size. Targeting WntHi cells still maintain high level of stem-like cells. 



85 
 

 

3.9 Modeling summary 

 

The goal of this model was to understand and make predictions on how tumor heterogeneity 

impacts tumor growth and resistance to treatment. The scRNAseq analysis helped us identify that 

there are three primary cell-types that make up the tumor. From this framework, we built a model 

with cell-cell signaling feedback mechanisms. The model was able to demonstrate, although not 

perfectly, comparable spot size to distance to nearest neighbor to the experimental SW480 

xenograft images. 

Moreover, this model gives us insight into how the stromal content gets caught up inside and 

potentially plays a role in the delivery of the nutrients to the tumor. Additionally, this model 

predicts that the presence of FGF20 is one possible mechanism behind the bistability observed 

within the system and is essential for these tumors to grow larger. We also studied the effects of 

varying treatments to the model demonstrating that killing multiple cell types together is helpful, 

but under certain combinations leads to a more invasive tumor. However, overall, targeting CSC 

seems to show the most effective treatment in this model. 

Figure 3.21: Switch treatment with targeted CSC+WntHi+WntMod treatment. Similar results from targeting just 

stem-like population. We see high levels of Wnt-Mod cells occupying the entire tumor. 
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Chapter 4 

 

Summary & Future Work  

 

The goal of this research was to understand and make predictions on how metabolic and tumor 

heterogeneity impact tumor growth and resistance to treatment through this work.  

We first aimed to get a better understanding of metabolic reprogramming, one of the hallmarks of 

cancer [9]. An example of metabolic reprogramming we studied is the Warburg metabolism, where 

the usage of aerobic glycolysis by cancer cells acts as the main form of metabolizing nutrients in 

an oxygenated environment instead of oxidative phosphorylation. Why would cancer cells do this? 

Recent research suggests Warburg metabolism may in fact contribute a significant growth 

advantage, by allowing metabolic byproducts to support proliferation and biomass production 

([12],[33]). The buildup of lactic acid, a byproduct of glycolysis, is advantageous to the tumor 

because lactate is known to be proangiogenic increasing the nutrient supply for the surrounding 

tissue [6]. However, too much buildup of lactate would be toxic for cells and it is thought that 

tumor cells utilize the Warburg metabolism to withstand the acidic environment [93].  

A form of symbiotic relationship has been proposed by Sonveaux et al. [14], suggesting the lactate 

that is produced by the cells undergoing Warburg metabolism can be taken up by cells in the same 

neighborhood undergoing OXPHOS. This process would also allow unused glucose to diffuse out 

the glycolytic cells allowing for both cells to benefit from the relationship. While this prevents the 
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buildup of lactate to toxic levels, it supports the growth of the system because nutrients are 

efficiently used.  

It is known from Pate’s study that Wnt signaling regulates a metabolic switch between OXPHOS 

and glycolysis [2]. In chapter one, experimental data for xenograft SW480 colon cancer tumor was 

shown to determine how Wnt signaling affects the metabolism spatially. “Mock” tumors (colon 

cancer tumors grown in normal conditions), and “dnLEF”/“dnTCF” tumors (colon cancer tumors 

with limited Wnt signaling by overexpression of dominant negative form of LEF1/TCF) were 

studied. Colon tumor xenografts exhibited spatial, spotted patterns of Wnt signaling and glycolysis 

using immunohistochemical staining with phosphorylated PDH (pPDH) and β-catenin. It was 

experimentally shown that dnLEF/dnTCF tumors exhibited larger, but fewer spots in comparison 

to the mock tumor showing Wnt signaling influencing metabolic heterogeneity within the tumor. 

Cells balance between both forms of metabolism in order to adjust to their environment, such as 

nutrient levels, oxygen levels, and signals from surrounding cells, constituting one example of 

tumor heterogeneity. To help understand how the self-organized, patterned metabolism appears 

in-vivo and how Wnt signaling play a role in these patterned tumors, we presented a reaction-

diffusion model between two metabolic cell types, Wnt-signaling, growth factors, and nutrients. 

The model includes the study of oxidative cells and glycolytic cells with a diffusible substrate that 

accounts for concentrations of nutrients (e.g., glucose, growth factors, oxygen), Wnt activity, and 

Wnt inhibitor activity. Oxidative cells and glycolytic cells can diffuse, proliferate, “switch” 

metabolism programs depending on Wnt signaling activity and nutrients, or may die from lack of 

nutrients. Wnt and Wnt inhibitor activity equations are based on the Gierer-Meinhardt activator-

inhibitor model. Another variant of the model in appendix A.3 shows consistent results with the 

simplified model including the effects of cross-feeding between lactate, glucose, and pyruvate. 
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Consistent with the stained xenografts, the simulations closely mimic the spotted metabolic 

patterns by interfering with Wnt signaling. Under partial disruption of Wnt signaling, this model 

predicts that there may be an expression of factors that increase the range of Wnt signaling. We 

investigated an experimental dataset of colorectal cancer patients before and after radio- and 

chemotherapy treatment to observe Wnt target gene expression declining with an increased 

expression of Secreted Frizzled Related Proteins (SFRPs) that are Wnt ligand “diffusers” ([6]; 

NCBI GEO GDS3756). Another aspect of this study was to make predictions of what therapeutic 

treatments would be effective to control these tumors. Simulations predict that the glycolytic 

populations are more sensitive to targeted treatment. Additionally, we simulated the actions of 

Dichloroacetate (DCA) that inhibit PDK activity pushing metabolism towards OXPHOS and 

XAV939 that inhibits Wnt signaling by reducing β-catenin. We predict that a combination of these 

treatments is more effective than each treatment individually applied. Hence, therapies co-

targeting glycolysis and Wnt signaling in colon cancer have the potential to be highly effective. 

From our investigation of how self-organized, patterned communities of colon cancer cells emerge, 

we applied single cell RNA sequencing (scRNAseq) on xenograft tumors. A set of five cell clusters 

that we call stem-like, Wnt-high, Wnt-mod, cycling, and hypoxic were identified by their 

differentially expressed (DE) genes and gene scores of WNT1 using SoptSC [20]. SoptSC 

predicted the presence of cancer stem-like cells in SW480 mock tumors, but not in dnLEF tumors, 

where Wnt signaling is reduced. SoptSC also predicts a lineage structure showing transition states 

between each cluster type. Additionally, SoptSC identified several signaling factors between the 

cells and stroma that regulate proliferation and differentiation of cells (e.g, FGFs, BMPs). To 

understand how tumor heterogeneity influences growth a multispecies mathematical model was 

developed incorporating cellular interactions informed by scRNAseq analysis. The model predicts 
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glycolytic spot distributions, stromal content and morphologies consistent with xenograft 

experiments. Additionally, the model predicts that blocking positive feedback signaling alters the 

spatial patterning of Wnt signaling and altering population heterogeneity by reducing the stem-

like population (but, still significant size). This shows blocking positive feedback signals is not 

enough to prevent these tumors from growing. We simulated targeted therapy and combination 

therapy to determine how effectively they can be controlled. Individual treatment doesn’t prevent 

the tumor from growing. Targeting CSC allows reduction of CSC population effectively reducing 

FGF in the environment, but still produces a significantly sized tumor. Targeting WntHi reduces 

tumor size but causes CSC population to rise allowing the tumor to regrow. We predict that 

combination treatment with the targeting of CSCs will be most effective. Interestingly, contrary to 

the results of our first model which predicted the glycolytic cells would be more sensitive to 

treatment, these results don’t show much greater sensitivity between OXPHOS (CSC) and 

glycolytic cells (WntMod, WntHi). Combination treatment targeting WntMod+WntHi shows 

reduced tumor size but shows similar outcomes to directly targeting WntHi. The model predicts a 

greater effect when targeting CSC cells with WntHi. These results indicate that heterogeneity 

makes the growth of the tumor more robust and resistant to treatment. This heterogeneity poses a 

challenge for cancer therapies.  

What additional future studies may improve the understanding of the biological system and current 

modeling? There is much more to learn about colon cancer and experimentally validate our 

predictions. We predicted that there is a dependence on the initial CSC fraction altering population 

heterogeneity. Additionally, experimental validation of the model predictions for individual and 

combinatorial treatment need to be done, although how one should find and target specific cell-

types will also require further study. Along the lines of treatment and experimental validation, 
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another study could be done to understand how these tumors respond differently to treatment under 

dnLEF/dnTCF conditions. One possible future study is the direct effect of angiogenesis, the 

formation of vessels. The multispecies mathematical model we developed utilizes neo-vessels by 

providing nutrients from the stroma surrounding the tumor, or smaller patches of stroma pinched 

inside as the tumor grows. Having a direct source of nutrients may alter the shape and dynamics 

of the tumor. Additionally, how does altering lineage structures vary the growth and dynamics of 

these tumors? We simulated outcomes for mock and dnLEF/dnTCF results in 3D and produced 

some results, but there is much more to be investigated experimentally. Lastly, although we 

modeled everything in the context of colon cancer, this model can be used to study different tumors 

that exhibit Turing-like patterning and multiple cell-types. As this model was driven by data, this 

model can only make predictions based on what is known. We are still learning more about how 

these tumors grow and respond to outside environmental factors. As more data becomes available 

the mathematical model would need to be modified and tuned in response.  
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Appendix A 

Supplementary Material to Chapter One 

 

A1. Image Processing 

 

A1.1 Description of image processing of experimental data 

 

Image processing for spot contours was done using MATLAB. Below is a detailed description of 

the processing including the built-in MATLAB functions that were used (appended by .m). 

Thresholds for the MATLAB functions are given in Appendix Table A.3. 

1. Read the image into MATLAB and output an n × n × 3 matrix of RGB values using 

imread.m. 

2. Manually choose one of the R, G, or B matrices. Convert this matrix to black and white 

(0’s and 1’s) using im2bw.m (setting the threshold manually); convert by subtracting this 

matrix from 1 so that white (a value of 1) is part of a spot and black (a value of 0) is not 

part of a spot. 

3. Apply a noise filter with medfilt2.m (setting the threshold manually) to remove as many of 

the smaller spots as possible (this function is a median filter used to reduce “salt and pepper” 

noise). 

4. Fill in any holes using imfill.m. Set any values in the output matrix of imfill from 0.5 to 1. 
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5. Use bwlabel.m to label connected components. 

6. Use regionprops.m to get centroid locations and areas. 

7. Define an area limit (setting the threshold manually) to plot only those spots whose area is 

larger than this limit. 

8. Set a threshold for distance between any two centroids (in our case, we used 35 pixels, or 

approximately 11 µm, which we estimate to be the diameter of a cell). If any two centroids 

are within this distance, group all of these spots together and take the convex hull using 

convhull.m to visualize the spot. The centroid of the combined spots, or cluster of cells, is 

computed by taking the weighted average of the centroids, where weights are based on 

areas. The area of the combined spots is computed as the sum of the original areas. 

In the following sections, images are shown with both red and blue contours. Red contours were 

found using the steps 1-7 above. Blue contours (convex hulls) were found using step 8 above. 

 

A1.2 Description of overlay analysis from image processing data (Fig. 1.8) 

 

Spot contour overlay using image processing was done using MATLAB. Below is a detailed 

description of how the overlay was formed using built-in MATLAB functions that were used 

(appended by .m). Thresholds for the MATLAB functions are given in Appendix Table A.4. 

 

1. Apply steps 1 and 2 from A1.1 for both pPDH and LEF1 experimental images to obtain 

two separate matrices 𝑀𝑝𝑃𝐷𝐻 and 𝑀𝐿𝐸𝐹1. 
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2. Form matrix 𝑀 by multiplying 𝑀𝑝𝑃𝐷𝐻 by 𝑀𝐿𝐸𝐹1 entry by entry (not matrix multiplication). 

Matrix  �̅� now contains overlapping regions of pPDH and LEF1 where white (a value of 

1) is part of an overlapping region and black (a value of 0) is a non-overlapping region. 

3. Form matrix �̅�𝑝𝑃𝐷𝐻 = 𝑀𝑝𝑃𝐷𝐻 − �̅�  and �̅�𝐿𝐸𝐹1 = 𝑀𝐿𝐸𝐹1 − �̅�  (to remove overlapping 

regions). Now, �̅�𝑝𝑃𝐷𝐻, �̅�𝐿𝐸𝐹1 and �̅� matrices that do not overlap where the value of 1 is 

located. Form matrix 𝑆̅ = 1 ∗ �̅�𝑝𝑃𝐷𝐻 + 2 ∗ �̅�𝐿𝐸𝐹1 + 3 ∗ �̅� , so that each a value of 0 

assigned in non-spot region, a value of 1 is assigned in pPDH spots (minus the overlap), a 

value of 2 is assigned in LEF1 spots (minus the overlap), a value of 3 is assigned in the 

overlapping region. 

4. Use imagesc.m to visualize overlay with matrix 𝑆̅ using colormap.m (setting custom colors 

by manually selecting a 4 by 3 matrix where each row represents a color for the numbers 

0, 1, 2, 3). 

 

A1.2.1 Percent coverage 

 

The 4x (leftmost) images in Figs. A.1A and A.1B are both the same size and the images were 

assumed to be lined up as close as possible. In each image, a pixel inside a red contour was 

considered positively stained and a pixel outside a red contour was considered negatively stained. 

In the mock pPDH image in Fig. A.1A, there are 101,712 pixels inside the contours and there are 

479,314 pixels in the tumor section, which yields a 21.2% coverage of pPDH spots. In the mock 

LEF-1 image in Fig. A.1B, there are 97,368 pixels inside the contours and there are 481,623 pixels 

in the tumor section, which yields a 20.2% coverage of LEF-1 spots. The number of pixels in the 

tumors in the images in Figs. A.1A and A.1B are slightly different because these images are serial 
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sections. Because they are close, we can approximately pair the pixels in the images by assuming 

that each pixel location in one slice corresponds to the same pixel location in the other slice. The 

staining in each pixel pair can be described using a 2x2 contingency matrix. For example, when 

there is both pPDH and LEF1 staining in the pixel pair, the contingency matrix is given in Table 

A.1 The contingency matrices in the other cases (e.g., pPDH positive stain/LEF1 negative stain, 

etc) correspond to permutations of the location of the "1" in the matrix entries. 

Appendix Table A.1: 2x2 contingency matrix showing LEF1 and pPDH staining in a pixel pair. 

 pPDH no pPDH 

LEF1 1 0 

no LEF1 0 0 

 

The number of pixels that overlap between the LEF-1 and pPDH images is 35,503 (blue area in 

Fig. 1.8). Thus, the percent overlap of pPDH in LEF-1 spots is 35,503/97,368=36.4% and the 

percent overlap of LEF-1 in pPDH spots is 35,503/101,712=34.9%. The area fraction of overlap 

between LEF-1 and pPDH spots in the tumor sections are 35,503/481,623=7.4% and 

35,503/479,314=7.4%, respectively. 

 

A1.2.2 Cochran-Mantel-Haenszel test 

 

To test whether there is an association between the pPDH and the LEF1 spots, we used the 

Cochran-Mantel-Haenszel test ([35], [94]). By collapsing the contingency matrices for all the 

pixels in the images, we obtain a single 2 x 2 contingency table that describes the numbers of pixel 

pairs with each type of staining. For Fig. 1.1B, this gives Table A.2. 

Appendix Table A.2: Collapsed 2x2 contingency matrix for all pixel pairs. 

 pPDH no pPDH Total 

LEF1 35503 61865 97368 

no LEF1 66209 318046 384255 

Total 101712 379911 481623 
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The null hypothesis is that the pPDH and LEF1 spots are conditionally independent. Then, 𝑧2 =

(𝑛21 − 𝑛12)2/(𝑛21 + 𝑛22) , where 𝑛21  and 𝑛12  are the off-diagonal terms in the contingency 

matrix, is a 𝜒2 statistic with 1 degree of freedom. Calculating, we obtain 𝑧2 = 147 from which we 

conclude p<0.0001. This allows us to reject the null hypothesis and we conclude that pPDH and 

LEF1 spots are significantly associated with each other. The results obtained using Fig. 1.1A are 

similar. 

 

A1.3 Image processing parameters and data 

 

Appendix Table A.3: Parameters and resulting number of spots in image processing of IHC stains. 

 

Sample RGB im2bw medfilt2 Minimum area Number of spots 

Mock pPDH 1 B 0.3 15 700 98 

Mock pPDH 2 B 0.28 10 700 75 

Mock pPDH 3 B 0.4 15 700 89 

Mock LEF1 1 G 0.55 10 800 69 

Mock LEF1 2 B 0.3 15 500 77 

Mock LEF1 3 B 0.39 15 500 92 

Mock LEF1 4 B 0.3 15 500 87 

Mock LEF1 5 B 0.3 15 500 100 

Mock β-catenin 1 G 0.62 10 200 301 

Mock β-catenin 2 G 0.62 10 200 315 

Mock β-catenin 3 G 0.62 10 200 272 

dnLEF pPDH 1 B 0.5 18 1500 29 

dnLEF pPDH 2 B 0.5 18 1500 35 

dnLEF pPDH 3 B 0.5 18 1500 24 

dnLEF pPDH 4 B 0.55 20 1500 37 

dnLEF β-catenin B 0.35 10 1000 74 

dnTCF pPDH 1 B 0.35 17 1500 31 

dnTCF pPDH 2 B 0.33 20 1500 33 

dnTCF pPDH 3 B 0.28 20 1500 44 

dnTCF β-catenin 1 B 0.45 15 2000 35 

dnTCF β-catenin 2 B 0.45 15 2000 55 

dnTCF β-catenin 3 B 0.45 15 2000 26 
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Appendix Table A.4: Parameters and resulting number of spots in image processing of IHC stains for overlay analysis. 

Sample RGB im2bw medfilt2 Minimum area Number of spots 

Mock pPDH 1 B 0.325 10 140 131 

Mock pPDH 2 B 0.39 10 140 106 

Mock pPDH 3 B 0.36 10 140 153 

Mock LEF1 1 B 0.3 10 100 173 

Mock LEF1 2 B 0.4 10 100 166 

Mock LEF1 3 B 0.4 10 100 191 

 

Parameter values and resulting number of spots in image analysis of pPDH, LEF1, and 𝛽-catenin 

stains. The terms im2bw and medfilt2 refer to built-in Matlab tools. Minimum area refers to the 

smallest area (in terms of square pixels) that were outlined. Number of spots refers to number of 

resulting spots outlined from the image processing, after combining spots if their centroids are 

within some distance (see image processing description in previous section). Thresholds for image 

analysis were set by user input to capture strongest signals from the epithelial part of the tumors, 

avoiding mouse stroma and vessels. 

 

A1.4 Gradient of phospho-PDH spot density in SW480 xenograft tumors 

 

We quantified and visualized the changes in spot densities from the tumor periphery to the core 

using Matlab and ImageJ tools. To identify contours of the spots, we applied steps 1-7 as in A1.1. 

Several large artificial "spots" were formed on the periphery when only one parameter set was 

used for the entire image (due to changes in intensity from the periphery (left) to the core (right) 

in the tumor). Thus, we separately analyzed the two largest "spots" near the periphery and formed 

contours of the spots using different parameters. We replaced the large "spots" with the 

corresponding new contours. As indicated in figure A.1, we divided the image into 8 bins from 

left to right. For each bin we computed the total area of the spots. If the bin divides a spot into 

multiple pieces, the areas of each individual piece contained within the bin were added and the 
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total areas of the spots in each bin were plotted in (C). To visualize the gradient in spot density 

and intensity, we used the ImageJ plugin "Interactive 3D Surface Plot" to create topographic maps 

Appendix Figure A.1: Gradient of phospho-PDH spot density in SW480 xenograft tumors (A) A section of the 

pPDH-stained SW480 xenograft tumors was selected for analysis. (B) We divided the image into 8 bins (1 is 

leftmost and 8 is rightmost). For each bin we computed the total area of the spots. If the bin divides a spot into 

multiple pieces, the areas of each individual piece contained within the bin were added. (C) The areas of the spots 

in each bin are plotted and show that the areas of the spots generally decrease towards the core of the tumor. (D-

F) To further visualize the gradient in spot density and intensity, the ImageJ plugin "Interactive 3D Surface Plot" 

was used to create topographic maps from the green channel of tumor images. (D) Top view, showing ability to 

detect spots using ImageJ. (F) Isometric view (G) Side view, showing intensity of spotting decreases towards the 

core of the tumor. The spikes at the right are from tears in the tissue. 



105 
 

from the green channel of tumor images (D-G). The spikes at the right are from tears in the tissue.  

 

A1.5 SW480 mock xenograft tumor phospho-PDH immunohistochemistry 

 

The figures that follow are stains that were processed and whose data (area of each spot and 

distance to nearest neighbor) appear in the image analysis scatter plots in the main text (Fig. 1.1C). 

 

Appendix Figure A.2: Mock phospho-PDH contours. Scalebars indicate 100µm, with each images’ dimensions 

approximately 440 × 330µm2. The left column shows stained images. The right column shows stained images 

with red contour outlines drawn around each spot and blue convex hull outlines which group red spots together 

if their centroids are within 35 pixels (approximately 11 µm) of each other (see image processing methods, A1.1). 
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A1.6 SW480 mock xenograft tumor LEF1 immunohistochemistry 

 

The figures that follow are stains that were processed and whose data (area of each spot and 

distance to nearest neighbor) appear in the image analysis scatter plots in the main text (Fig. 1.1C). 

Appendix Figure A.3: Mock LEF1 contours. Scalebars indicate 100µm, with each images’ dimensions 

approximately 440 × 330µm2. The left column shows stained images. The right column shows stained images 

with red contour outlines drawn around each spot and blue convex hull outlines which group red spots together if 

their centroids are within 35 pixels (approximately 11 µm) of each other (see image processing methods, A1.1). 
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A1.7 SW480 mock xenograft tumor β-catenin immunohistochemistry 

The figures that follow are stains that were processed and whose data (area of each spot and 

distance to nearest neighbor) appear in the image analysis scatter plots in the main text. 

 

Appendix Figure A.4: Mock LEF1 contours (continued). Scalebars indicate 100µm, with each images’ 

dimensions approximately 440 × 330µm2. The left column shows stained images. The right column 

shows stained images with red contour outlines drawn around each spot and blue convex hull outlines 

which group red spots together if their centroids are within 35 pixels (approximately 11 µm) of each 

other (see image processing methods, A1.1). 
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A1.8 SW480 dnLEF xenograft tumor phospho-PDH immunohistochemistry 

 

The figures that follow are stains that were processed and whose data (area of each spot and 

distance to nearest neighbor) appear in the image analysis scatter plots in the main text (Figure 

1.3D). 

 

Appendix Figure A.5: Mock β-catenin contours. Scalebars indicate 100µm, with each images’ dimensions 

approximately 440×330µm2. The left column shows stained images. The right column shows stained images with 

red contour outlines drawn around each spot and blue convex hull outlines which group red spots together if their 

centroids are within 35 pixels (approximately 11 µm) of each other (see image processing methods, A1.1). 
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Appendix Figure A.6: dnLEF phospho-PDH contours. Scalebars indicate 100µm, with each images’ dimensions 

approximately 440 × 330µm2. The left column shows stained images. The right column shows stained images with 

red contour outlines drawn around each spot and blue convex hull outlines which group red spots together if their 

centroids are within 35 pixels (approximately 11 µm) of each other (see image processing methods, A1.1). 
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A1.9 SW480 dnLEF xenograft tumor β-catenin immunohistochemistry 

 

The figures that follow are stains that were processed and whose data (area of each spot and 

distance to nearest neighbor) appear in the image analysis scatter plots in the main text (Figure 

1.3E). 

 

Appendix Figure A.7: dnLEF1 β-catenin contours. Scalebars indicate 100µm, with each images’ dimensions 

approximately 440 × 330µm2. The left panel shows stained images. The right panel shows stained images with red 

contour outlines drawn around each spot and blue convex hull outlines that group red spots together if their centroids 

are within 35 pixels (approximately 11 µm) of each other (see image processing methods, A1.1). Spots highlighted 

here have high β-catenin expression in the cytoplasm and not just the nucleus. 

 

A1.10 Heterogeneity in SW480 dnTCF xenograft tumors 

 

Heterogeneity in metabolism and Wnt activity was also observed in dnTCF tumors. There is no 

counterstain for nuclei in these stains. 
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Appendix Figure A.8: Phospho-PDH and β-catenin immunohistochemical detection of expression in a dnTCF tumor. 

SW480 cells were lentivirally transduced to express dominant negative TCF1, which interferes with Wnt signaling 

activation of target genes. Transduced cells were injected subcutaneously into immunocompromised mice. Tumor 

sections were stained for phosphorylated PDH and beta-catenin. Scalebars are 161 µm. 

 

A1.11 SW480 dnTCF phospho-PDH immunohistochemistry 

 

The figures that follow are stains that were processed and whose data (area of each spot and 

distance to nearest neighbor) appear in the image analysis scatter plots in the main text (Figure 

1.3D). 
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Appendix Figure A.9: dnTCF phospho-PDH contours. Scalebars indicate 100µm, with each images’ dimensions 

approximately 440 × 330µm2. The left column shows stained images. The right column shows stained images with 

red contour outlines drawn around each spot and blue convex hull outlines which group red spots together if their 

centroids are within 35 pixels (approximately 11 µm) of each other (see image processing methods, A1.1). 

 

A1.12 SW480 dnTCF β-catenin immunohistochemistry 

 

The figures that follow are stains that were processed and whose data (area of each spot and 

distance to nearest neighbor) appear in the image analysis scatter plots in the main text (Figure 

1.3E). 
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Appendix Figure A.10: dnTCF β-catenin contours. Scalebars indicate 100µm, with each images’ dimensions 

approximately 440×330µm2. The left column shows stained images. The right column shows stained images with red 

contour outlines drawn around each spot and blue convex hull outlines which group red spots together if their centroids 

are within 35 pixels (approximately 11 µm) of each other (see image processing methods, A1.1). 

 

A1.13 Significance in differences between mock and dominant negative tumors in metabolic 

patterning 

 

The p-values in the tables below were computed using the image processing data after combining 

spots whose centroids were more than 35 pixels apart (approximately 11 µm; see image processing 
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description in previous section). Wilcoxon's rank-sum test was done using Matlab's ranksum.m 

function, which tests the statistical significance in the difference of the medians of two datasets, 

regardless of their distribution. 

Appendix Table A.5: p-values for area of spot. 

 
Mock pPDH Mock 

LEF1 

Mock 

β-catenin 

dnLEF 

pPDH 

dnTCF 

pPDH 

dnLEF 

β-catenin 

dnTCF 

β-catenin 

Mock pPDH  3.91E-17 1.25E-68 6.87E-30 9.82E-21 0.0111 1.69E-20 

Mock LEF1   1.47E-43 2.40E-51 1.21E-41 5.03E-15 5.81E-45 

Mock β-catenin    1.93E-68 7.85E-59 1.96E-32 2.62E-64 

dnLEF pPDH     0.0292 6.69E-16 6.79E-06 

dnTCF pPDH      1.09E-10 0.1525 

dnLEF β-catenin       9.54E-11 

 

Appendix Table A.6: p-values for distance to nearest neighbor. 

 
Mock pPDH Mock 

LEF1 

Mock 

β-catenin 

dnLEF 

pPDH 

dnTCF 

pPDH 

dnLEF 

β-catenin 

dnTCF 

β-catenin 

Mock pPDH  8.15E-08 3.15E-100 3.31E-40 1.41E-23 1.40E-03 3.29E-21 

Mock LEF1   3.19E-84 7.74E-50 5.35E-33 1.01E-09 7.59E-32 

Mock β-catenin    7.81E-73 1.44E-62 2.33E-39 8.21E-67 

dnLEF pPDH     2.70E-05 2.32E-19 2.48E-08 

dnTCF pPDH      9.03E-10 0.24 

dnLEF β-catenin       1.29E-07 

 

A1.14 Description of image processing of simulation results 

 

Simulation results were processed in the following way, after numerical solutions were obtained: 

The 𝑃𝐺  cell matrix was converted to 0's and 1's by setting matrix entries to 1 if greater than or 

equal to 0.99 and 0 otherwise. Areas and centroids were computed using Matlab's regionprops.m 

function. Distances to nearest neighbor (centroid-to-centroid) were then calculated. These 

distances are based on the simulation length scale, which we converted to a dimensional length 

scale using the following: 1 computational unit = 37.5043 𝜇m. This length scale was chosen so 

that there was good agreement between experimental and simulation averages. Computations for 

the W matrix were similar, except the cutoff used was 8 (i.e., if W≥8, set the entry to 1, and 0 
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otherwise). The averages are plotted and labeled as simulation averages in the main text (𝑃𝐺  spots 

represent pPDH spots and W spots represent 𝛽-catenin spots). 

 

A1.15 Quantification of IHC staining intensity and cells per spot in SW480 mock and dnLEF 

pPDH staining 

Appendix Figure A.11: Quantification of pPDH spots in SW480 mock and dnLEF xenograft tumors for cells per tumor 

and intensity of staining. Three images each of SW480 mock and dnLEF pPDH staining were provided to blinded 

researchers who were asked to identify the number of spots within each image and rate the staining intensity of each 

spot on a scale of 0 to 3, where 3 is the highest intensity. A. The proportion of spot scores for each tumor type. B. 

Cells per spot per tumor type. 
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A2 Nondimensionalization 

 

The full set of dimensionalized equations are given by the following, where  �̅� is the characteristic 

cell population: 

𝜕𝑃𝑜

𝜕𝑡
= 𝐷𝑜∇2𝑃𝑜 +

1

𝜏𝑜
𝑁 (1 −

𝑃0 + 𝑃𝑔 + 𝑃𝑑

�̅�
) 𝑃𝑜 +

1

𝜏𝑔𝑜
𝜒𝑊(𝑊)𝑃𝑔 −

1

𝜏𝑜𝑔
𝜒𝑊

∗ (𝑊)𝜒𝑁
∗ (𝑁)𝑃𝑜

− 𝜇𝑜𝜒𝑁(𝑁)𝑃𝑜                                                                                                                 (𝐴. 1) 

𝜕𝑃𝑔

𝜕𝑡
= 𝐷𝑔∇2𝑃𝑔 +

1

𝜏𝑔

𝑊

𝛼𝑊 + 𝑊
 𝑁 (1 −

𝑃0 + 𝑃𝑔 + 𝑃𝑑

�̅�
) 𝑃𝑔 −

1

𝜏𝑔𝑜
𝜒𝑊(𝑊)𝑃𝑔 +

1

𝜏𝑜𝑔
𝜒𝑊

∗ (𝑊)𝜒𝑁
∗ (𝑁)𝑃𝑜

− 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔                                                                                                                 (𝐴. 2) 

𝜕𝑃𝑑

𝜕𝑡
= 𝐷𝑑∇2𝑃𝑑 + 𝜇𝑜𝜒𝑁(𝑁)𝑃𝑜 + 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔 − 𝜇𝑑𝑃𝑑                                                                       (𝐴. 3) 

𝜕𝑊

𝜕𝑡
= 𝐷𝑊∇2𝑊 +

1

𝑎 + 𝑏𝑊𝐼
𝜅𝑊𝑁𝑊2𝑃𝑔 + 𝑆𝑊(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝑊                                                  (𝐴. 4) 

𝜕𝑊𝐼

𝜕𝑡
= 𝐷𝑊𝐼∇2𝑊𝐼 + 𝜅𝑊𝐼

𝑁𝑊2(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝐼
𝑊𝐼                                                                            (𝐴. 5) 

𝜕𝑁

𝜕𝑡
= 𝐷𝑁∇2𝑁 − 𝜈𝑁𝐺𝑁𝑃𝑔 − 𝜈𝑁𝑂𝑁𝑃𝑜 − 𝜇𝑁𝑁 + 𝑁𝑆                                                                            (𝐴. 6) 
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and the switch functions: 

𝜒𝑊(𝑊) =
1

2
[1 − tanh(𝛾𝑊(𝑊 − 𝑊∗))]                                                                                             (𝐴. 7) 

𝜒𝑊
∗ (𝑊) =

1

2
[1 + tanh(𝛾𝑊(𝑊 − 𝑊∗))]                                                                                             (𝐴. 8) 

𝜒𝑁(𝑁) =
1

2
[1 − tanh(𝛾𝑁(𝑁 − 𝑁𝑑))]                                                                                                 (𝐴. 9) 

𝜒𝑁
∗ (𝑁) =

1

2
[1 + tanh (𝛾𝑁(𝑁 − 𝑁𝑔

∗))].                                                                                            (𝐴. 10) 

Introducing the nondimensional quantities below, where overbars indicate characteristic 

values, we have 𝑃𝑜
′ = 𝑃𝑜/�̅�, 𝑃𝑔

′ = 𝑃𝑔/�̅�, 𝑃𝑑
′ = 𝑃𝑑/�̅�, 𝑊′ = 𝑊/�̅�, 𝑊𝐼

′ = 𝑊𝐼/𝑊𝐼
̅̅̅̅ , 𝑁′ = 𝑁/�̅� . 

We define nondimensionalized time as 𝑡′ =
𝑡

𝑇
 and nondimensionalized length as 𝑥′ =

𝑥

𝑙
, 

where 𝑇 =
𝜏𝑜

�̅�
 and 𝑙 = √

𝐷𝑊𝐼
𝜏𝑜

�̅�
. We also define the following nondimensional parameters: 

𝐷𝑜
′ =

𝜏𝑜𝐷𝑜

�̅�𝑙2 , 
1

𝜏𝑔𝑜
′ =

𝜏𝑜

�̅�𝜏𝑔𝑜
, 

1

𝜏𝑜𝑔
′ =

𝜏𝑜

�̅�𝜏𝑜𝑔
, 𝜇𝑜

′ =
𝜏𝑜𝜇𝑜

�̅�
, 

𝐷𝑔
′ =

𝜏𝑜𝐷𝑔

�̅�𝑙2 , 
1

𝜏𝑔
′ =

𝜏𝑜

𝜏𝑔
, 𝜇𝑔

′ =
𝜏𝑜𝜇𝑔

�̅�
, 

𝑎′ = 𝑎,𝑏′ = 𝑏𝑊𝐼
̅̅̅̅ ,𝐷𝑊

′ =
𝜏𝑜𝐷𝑊

�̅�𝑙2
, 𝜇𝑊

′ =
𝜏𝑜𝜇𝑊

�̅�
, 𝜅𝑊

′ = 𝜏𝑜�̅�𝜅𝑊�̅�, 𝑆𝑊
′ =

𝜏𝑜𝑆𝑊�̅�

�̅��̅�
, 

𝜅𝑊𝐼
′ =

𝑊𝐼̅̅ ̅̅

𝜏𝑜�̅��̅�2
, 𝜇𝑊𝐼

′ =
𝜏𝑜𝜇𝑊𝐼

�̅�
, 𝑊∗′ =

𝑊∗

�̅�
, 𝛾𝑊

′ = 𝛾𝑊�̅�, 
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 𝑁𝑑
′ =

𝑁𝑑

�̅�
, 𝑁𝑔

′ =
𝑁𝑔

∗

�̅�
, 𝛾𝑁

′ = 𝛾𝑁�̅�. 

 

We redefine the switch functions in the following way: 

𝜒𝑊
′ (𝑊′) =

1

2
[1 − tanh (𝛾𝑊

′ (𝑊′ − 𝑊′∗))] , 𝜒′
𝑊
∗ (𝑊′) =

1

2
[1 + tanh (𝛾𝑊

′ (𝑊′ − 𝑊′∗))]  

𝜒𝑁
′ (𝑁′) =

1

2
[1 − tanh (𝛾𝑁

′ (𝑁′ − 𝑁′∗))] , 𝜒′
𝑁
∗ (𝑁′) =

1

2
[1 + tanh (𝛾𝑁

′ (𝑁′ − 𝑁𝑔
′ ))]  

Using these nondimensional quantities, and dropping the prime notation, the nondimensional 

equations are: 

𝜕𝑃𝑜

𝜕𝑡
= 𝐷𝑜∇2𝑃𝑜 + 𝑁(1 − 𝑃0 − 𝑃𝑔 − 𝑃𝑑)𝑃𝑜 +

1

𝜏𝑔𝑜
𝜒𝑊(𝑊)𝑃𝑔 −

1

𝜏𝑜𝑔
𝜒𝑊

∗ (𝑊)𝜒𝑁
∗ (𝑁)𝑃𝑜

− 𝜇𝑜𝜒𝑁(𝑁)𝑃𝑜                                                                                                              (𝐴. 11) 

𝜕𝑃𝑔

𝜕𝑡
= 𝐷𝑔∇2𝑃𝑔 +

1

𝜏𝑔

𝑊

𝛼𝑊 + 𝑊
 𝑁(1 − 𝑃0 − 𝑃𝑔 − 𝑃𝑑)𝑃𝑔 −

1

𝜏𝑔𝑜
𝜒𝑊(𝑊)𝑃𝑔 +

1

𝜏𝑜𝑔
𝜒𝑊

∗ (𝑊)𝜒𝑁
∗ (𝑁)𝑃𝑜

− 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔                                                                                                              (𝐴. 12) 

𝜕𝑃𝑑

𝜕𝑡
= 𝐷𝑑∇2𝑃𝑑 + 𝜇𝑜𝜒𝑁(𝑁)𝑃𝑜 + 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔 − 𝜇𝑑𝑃𝑑                                                                    (𝐴. 13) 

𝜕𝑊

𝜕𝑡
= 𝐷𝑊∇2𝑊 +

1

𝑎 + 𝑏𝑊𝐼
𝜅𝑊𝑁𝑊2𝑃𝑔 + 𝑆𝑊(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝑊                                                (𝐴. 14) 

𝜕𝑊𝐼

𝜕𝑡
= ∇2𝑊𝐼 + 𝑁𝑊2(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝐼

𝑊𝐼                                                                                        (𝐴. 15) 
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𝜕𝑁

𝜕𝑡
= 𝐷𝑁∇2𝑁 − 𝜈𝑁𝐺𝑁𝑃𝑔 − 𝜈𝑁𝑂𝑁𝑃𝑜 − 𝜇𝑁𝑁 + 𝑁𝑆                                                                         (𝐴. 16) 

A3 Wnt-PDK-Lactate-HIF1α Cross-Feeding Model 

 

The model presented in this paper was developed to have minimal complexity. Because other 

signaling pathways and growth or inhibition factors are known to be involved in cancer growth 

and metabolism, we considered an extension to the Wnt signaling model to include these additional 

effects. 

 

A3.1 Augmenting the Wnt Signaling Model 

 

We added more detail to the Wnt signaling model by including equations for PDK, lactate, and 

HIF. The equations for 𝑃𝑜, 𝑃𝑔, 𝑃𝑑, 𝑊, 𝑊𝐼, and 𝑁 (Equations A.17 through A.25) are identical to 

those in the Wnt signaling model in the main text, except that the metabolic switch between 

OXPHOS and glycolysis is regulated by PDK activity rather than Wnt levels. If PDK is high, then 

the cells are more likely to switch to glycolysis, and if PDK is low, the cells are more likely to 

switch to OXPHOS. This larger model was built with the assumptions that Wnt and the hypoxia 

transcription factor HIF1α promote PDK expression and activity ([2], [56], [57]), PDK activity 

promotes lactate production through upregulation of glycolysis [2], and lactate increases HIF 

production [95].  

The equation for 𝑃, PDK activity, is given by equation (A.22). The first term on the right of the 

equality is random motion; the second term represents nonlinear upregulation by Wnt, since Wnt 

signaling upregulates PDK ([2]); the third term represents upregulation by HIF1𝛼 ([56], [57]); the 
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fourth term stands for upregulation through the cells, with sufficient nutrient; and the last term is 

a decay term. 

Equation (A.23) is the equation for lactate, which is assumed to diffuse long-range; is upregulated 

nonlinearly by PDK through the 𝑃𝑔 cells, since PDK drives glycolysis [2]; and can decay and be 

uptaken by 𝑃𝑜 cells, a form of metabolic symbiosis or cross feeding. 

The dynamics for HIF are given by Equation (A.24). HIF is assumed to diffuse, to be upregulated 

nonlinearly by lactate, and to decay. The nonlinear upregulation by lactate comes from the 

assumption that lactate stabilizes HIF [95]. The last two terms in the HIF equation are production 

terms. There is a small rate (𝑑𝐻) at which HIF is produced everywhere; and there is a large rate 

(𝑑𝐻𝑁𝑖) at which HIF is produced when nutrient is low, which represents the stabilization of HIF in 

hypoxic environments. 

𝜕𝑃𝑜

𝜕𝑡
= 𝐷𝑜∇2𝑃𝑜 +

1

𝜏𝑜
(𝑁 +

𝐿

𝐿𝑠
) (1 − 𝑃0 − 𝑃𝑔 − 𝑃𝑑)𝑃𝑜 − 𝜇𝑜𝜒𝑁(𝑁)𝑃𝑜                                                 

+
1

𝜏𝑔𝑜
𝜒𝑃(𝑃)𝑃𝑔 −

1

𝜏𝑜𝑔
𝜒𝑃

∗ (𝑃)𝜒𝑁
∗ (𝑁)𝑃𝑜                                                                    (𝐴. 17) 

𝜕𝑃𝑔

𝜕𝑡
= 𝐷𝑔∇2𝑃𝑔 +

1

𝜏𝑔

𝑊

𝛼𝑊 + 𝑊
 𝑁(1 − 𝑃0 − 𝑃𝑔 − 𝑃𝑑)𝑃𝑔 − 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔                                                

−
1

𝜏𝑔𝑜
𝜒𝑃(𝑃)𝑃𝑔 +

1

𝜏𝑜𝑔
𝜒𝑃

∗ (𝑃)𝜒𝑁
∗ (𝑁)𝑃𝑜                                                                    (𝐴. 18) 

𝜕𝑃𝑑

𝜕𝑡
= 𝐷𝑑∇2𝑃𝑑 + 𝜇𝑜𝜒𝑁(𝑁)𝑃𝑜 + 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔 − 𝜇𝑑𝑃𝑑                                                                    (𝐴. 19) 

𝜕𝑊

𝜕𝑡
= 𝐷𝑊∇2𝑊 +

1

𝑎 + 𝑏𝑊𝐼
𝜅𝑊𝑁𝑊2𝑃𝑔 + 𝑆𝑊(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝑊                                                (𝐴. 20) 
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𝜕𝑊𝐼

𝜕𝑡
= 𝐷𝑊𝐼∇2𝑊𝐼 + 𝜅𝑊𝐼

𝑁𝑊2(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝐼
𝑊𝐼                                                                          (𝐴. 21) 

𝜕𝑃

𝜕𝑡
= 𝐷𝑃∇2𝑃 + 𝜈𝑝𝑊

𝑊2

𝛼𝑝𝑊 + 𝑊
𝑁 + 𝑣𝑝𝐻

𝐻

𝛼𝑝𝐻 + 𝐻
𝑁 + 𝜈𝑝𝑁(𝑃𝑜 + 𝑃𝑔) − 𝜇𝑃𝑃                         (𝐴. 22) 

𝜕𝐿

𝜕𝑡
= 𝐷𝐿∇2𝐿 + 𝜈𝐿𝑃𝑃𝑔

𝑃2

𝛼𝑃 + 𝑃
𝑁 − 𝜇𝐿𝐿 − 𝜈𝐿𝑂𝐿𝑃𝑜                                                                           (𝐴. 23) 

𝜕𝐻

𝜕𝑡
= 𝐷𝐻∇2𝐻 + 𝜈𝐻𝐿

𝐿2

𝛼𝐿 + 𝐿
𝑁 − 𝜇𝐻𝐻 + 𝑑𝐻 + 𝑑𝐻𝑁𝑖(1 − 𝑁)                                                      (𝐴. 24) 

𝜕𝑁

𝜕𝑡
= 𝐷𝑁∇2𝑁 − 𝜈𝑁𝐺𝑁𝑃𝑔 − 𝜈𝑁𝑂𝑁𝑃𝑜 − 𝜇𝑁𝑁 + 𝑁𝑆.                                                                        (𝐴. 25) 

 

A3.2 Results 

 

The parameters used in the results shown here are given by Table A.7. The system evolves over 

time and its final output at time 50 is shown in Figs. A.12-A.13. The numerical results are similar 

to those in Figs. A.2 and A.3, with a striking spotted pattern in glycolysis and OXPHOS. Near the 

boundary, there is a very high level of glycolysis, with localized spots of high glycolysis 

surrounded by relatively lower levels. We also see this spotted pattern in PDK activity, lactate, 

and HIF. When the mock and dnLEF tumors were stained for HIF, we saw a spotted pattern in 

both, with the dnLEF tumor exhibiting larger and fewer spots (see Fig. A.14). 
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Appendix Table A.7: Wnt-PDK-Lactate-HIFα Model parameters for mock and dnLEF. 

Parameter Description Mock value dnLEF value 

Do Diffusion coefficient of oxidative cells 0.01 0.01 

Dg Diffusion coefficient of glycolytic cells 0.01 0.01 

𝐷𝑊 Diffusion coefficient of Wnt 0.01 0.035 

𝐷𝑊𝐼  Diffusion coefficient of Wnt inhibitor 1 1.5 

DP Diffusion coefficient of PDK activity 0.01 0.01 

DL Diffusion coefficient of lactate 100 100 

DH Diffusion coefficient of HIF 0.01 0.01 

DN Diffusion coefficient of nutrient 100 100 

τo Oxidative cell proliferation time 1 1 

τg Glycolytic cell proliferation time 1 1 

𝜏𝑜𝑔 Switch time from OXPHOS to glycolysis 1/24 1/24 

𝜏𝑔𝑜 Switch time from glycolysis to OXPHOS 1 1 

𝛼𝑊 Constant for Michaelis-Menten dynamics 1 1 

𝜅𝑊 Rate of nonlinear Wnt production 5 5 

𝜅𝑊𝐼 Rate of Wnt inhibitor production 1 1 

µo Decay rate of Po cells 1 1 

µg Decay rate of Pg cells 1 1 

µd Decay rate of Pd cells 1 1 

µW Decay rate of Wnt 3 3 

µWI Decay rate of Wnt inhibitor 5 5 

µP Decay rate of PDK activity 1 1 

µL Decay rate of lactate 1000 1000 

𝜇𝐻 Decay rate of HIF 1 1 

𝜇𝑁 Decay rate of nutrient 1 1 

𝜈𝑃𝑊 Rate of PDK upregulation through Wnt 2 2 

𝜈𝑃𝐻  Rate of PDK upregulation through HIF 0.5 0.5 

𝜈𝐿𝑃 Rate of lactate upregulation through PDK activity 3000 3000 

𝜈𝐻𝐿  Rate of HIF stabilization through lactate 3 3 

𝜈𝑃 PDK activity upregulation through cells 1 1 

𝜈𝐿𝑂 Rate of lactate uptake by Po cells 105 105 

𝑑𝐻 Constitutive HIF production 0.5 0.5 

𝑑𝐻𝑁𝑖 Rate of HIF stabilization due to low nutrient 5 5 

𝑆𝑊 Rate of Wnt production through cells 7.5 5.5 

a Constant of inhibition 10−8 10−8 

b Constant of inhibition by WI 1 1 

𝜈𝑃 Sensitivity level of PDK switch functions 1 1 

𝜈𝑁 Sensitivity level of nutrient switch function 100 100 

𝜈𝑁𝐺  Uptake of nutrient by Pg cells 100 100 

𝜈𝑁𝑂 Uptake of nutrient by Po cells 100 100 

Ns Parameter for nutrient source 30 30 

Ls Parameter for characteristic value of L 1 1 

P∗ PDK activity level at which 50% of cells switch metabolism 3 3 

Nd Nutrient level below which cells will die 0.07 0.07 

 Nutrient level below which Po cells cannot switch to glycolysis 0.1 0.1 

αN Value of scaling function when ∫ 𝑃𝑔 = 0 0.025 0.025 

Sx Horizontal length of spatial domain 12 12 

Sy Vertical length of spatial domain 12 12 
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Appendix Figure A.12: Numerical results for mock and dnLEF Po, Pg, W, and 

WI in Wnt-PDK-lactateHIF1α model. 

 

Appendix Figure A.13: Numerical results for mock and dnLEF PDK, lactate, 

and HIF in Wnt-PDK-lactateHIF1α model. 
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A3.3 Discussion 

 

The results from this more detailed model give us good qualitative agreement with our IHC data 

when we compare the numerical results for PDK activity with our phospho-PDH stains. We see 

the larger, fewer spots and lighter background in the dominant negative LEF PDK results in 

comparison to mock. It was not possible to stain for lactate, but experimental data show that the 

cells and HIF1α follow the same spotted pattern, and the same change in the pattern from mock to 

dnLEF/dnTCF, and we therefore conclude that this model is sufficient to recapitulate qualitatively 

our experimental observations. 

Importantly, this more detailed model gives similar qualitative results to the simpler model 

presented in the main text when the experimental results are compared to numerical results for 

PDK activity. Since PDK drove switching in the cells, we saw patterns in metabolism as well. The 

simpler model retains the most important elements of the larger model while producing similar 

results. In the Wnt signaling model discussed in the main text, the positive feedback between Wnt 

and PDK (high PDK implies more 𝑃𝑔 cells; higher levels of 𝑃𝑔 cells imply more Wnt activity; more 

Appendix Figure A.14: Stains for HIF1α in mock and dnLEF tumors. Scalebars indicate 100µm 
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Wnt activity means increased PDK) has been distilled so that Wnt activity level is the effective 

switch rather than PDK. Because PDK was directing the switch in metabolism, we can use 𝑃𝑔 and 

𝑃𝑜 as the effective patterned state to compare to the xenograft stains. Thus, the equations for PDK 

activity, HIF1α concentration, and lactate concentration can be removed from the system, with 

Wnt activity driving the switch rather than PDK, so that the remaining equations contain only most 

important elements of the model. 

 

A3.4 Numerical method 

 

Numerical simulations were performed in MATLAB, using a forward difference method for each 

time derivative. 𝑃𝑜, 𝑃𝑔, 𝑊, 𝑊𝐼, 𝑃, 𝐿, and 𝐻 equations were solved implicitly in centered diffusion 

terms. The nutrient equation was solved implicitly in uptake, decay, and centered diffusion terms. 

No-flux boundary conditions were used for all fields except for the nutrient boundary which used 

a Dirichlet boundary condition. The initial condition for the 𝑃𝑔  cell population was a random 

distribution near the boundary of the domain. 𝑊  and 𝑊𝐼  initial conditions were a random 

distribution in the same locations where initial 𝑃𝑔 cells were located. Initial 𝑁 was 1 everywhere 

in the domain; results did not change qualitatively if 𝑁 was solved as a quasi-steady state equation. 

Initial conditions for 𝑃𝑜, 𝑃𝑑, 𝑃, 𝐿, and 𝐻 terms were 0.  
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A4 Nutrient diffusion simulation 

 

Appendix Figure A.15: Nutrient diffusion simulation for Wnt signaling model. Nutrients diffuse into the system form 

all boundaries. The rate of diffusion and total concentration of nutrient is influenced by Wnt signaling and metabolic 

program switching. 
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A5 Parameter exploration 

 

This table lists the set of parameters we investigated in the Wnt signaling model in order to test 

our model for robustness. The parameters that are missing from this table were explored in the 

main part of the paper, so their effects are already evaluated and are not included here. We varied 

each parameter one by one, varying between the minimum and maximum values listed in the table, 

and kept all other values the same as the mock values in the table of parameter values in the main 

text, to ensure that a pattern would emerge that was qualitatively consistent with our mock stains. 

Next, we made the same changes from mock to dnLEF as presented in the paper (increased the 

diffusion coefficients for 𝑊 and 𝑊𝐼  and decreased 𝑆𝑊) to see if we still obtained qualitatively 

similar answers as the dnLEF/dnTCF experiments. In this way we determine whether our model 

is robust to a large range of values, so that the results we obtain from the parameters presented in 

the main part of this paper can be considered characteristic of our system.  
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Appendix Table A.8: Parameter sensitivity study. 

 

Parameter 
Mock 

value 

dnLEF 

value 
Minimum Maximum Comment 

𝜅𝑊 5 5 3 50 𝜅𝑊 = 2: no pattern in dnLEF 

𝜅𝑊𝐼 1 1 0.1 1.25 𝜅𝑊𝐼 = 1.5: no pattern in dnLEF 

a 10−8 10−8 10−16 0.75 a = 1: no pattern in dnLEF 

b 1 1 0.1 1.75 b = 2: no pattern in dnLEF 

𝜏𝑜𝑔 1/24 1/24 1/85 1/20 
𝜏𝑜𝑔 = 1/18: no pattern in dnLEF; 𝜏𝑜𝑔 = 1/90: almost all Pg; 

not enough spots in mock 

µo 1 1 0 40 µo = 50: no pattern in dnLEF 

µg 1 1 0 100 Did not try larger than 100 

µd 1 1 0 100 Did not try larger values 

𝛼𝑊 1 1 10−8 1.5 Numerical error if 𝛼𝑊 = 0; no pattern in dnLEF if 𝛼𝑊 = 2 

𝜇𝑊 2 2 2 2 

𝜇𝑊 = 1, dnLEF: pattern in Wnt but none in Pg (100% Pg); 𝜇𝑊 

= 1.5, dnLEF: slight pattern in Pg (almost 100% Pg); 𝜇𝑊 = 

1.75, mock: slight pattern in Pg (almost 100% Pg, but fewer 

spots than in dnLEF); 𝜇𝑊 = 2.25, dnLEF: all terms → 0 

𝜇𝑊𝐼 3 3 3 20 
𝜇𝑊𝐼 = 2.75, dnLEF: no pattern; 𝜇𝑊𝐼 = 20, mock: almost 100% 

Pg, 3 “spots” 

𝜈𝑁𝐺  10 10 0 25 𝜈𝑁𝐺  = 30: no pattern in dnLEF 

𝜈𝑁𝑂 10 10 0 20 𝜈𝑁𝑂 = 25: no pattern in dnLEF 

𝜇𝑁 0.1 0.1 0 1 𝜇𝑁 = 1.5: no pattern in dnLEF 

Ns 2 2 0 10 
Ns = 10: nutrient essentially constant throughout domain in 

dnLEF and mock 

Ls 65.9 57.7 1/100 100 Small values of Ls result in the pattern forming more quickly 

 

Robustness to parameter changes: The minimum and maximum values listed in this table indicate 

the range of tested values for which we still see the same characteristic phenotype changes in our 

model. This means that from mock to dnLEF, we observe fewer, larger spots farther apart from 

each other. 
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A6 Diffusive stability analysis 

 

We chose our parameters first by looking only at a modified version of the two equation Gierer-

Meinhardt activator-inhibitor system, given by 

 

𝜕𝑎

𝜕𝑡
= 𝐷𝑎∇2𝑎 + 𝜅𝑎

𝑎2

ℎ
− 𝜇𝑎𝑎 + 𝜌𝑎                                                      (𝐴. 26) 

 

𝜕ℎ

𝜕𝑡
= 𝐷ℎ∇2ℎ + 𝜅ℎ𝑎2 − 𝜇ℎℎ + 𝜌ℎ                                                       (𝐴. 27) 

 

where 𝑎 is the activator that creates its own inhibitor ℎ (modified so that the rates for nonlinear 

production of 𝑎 and ℎ can be different). Classic diffusive instability analysis was done on this 

smaller system to find parameters that expect to give us patterns. After finding and fixing suitable 

parameters for these equations, we performed diffusive stability analysis on the larger system by 

solving the equations without diffusion using MATLAB's ode45 solver and 100 time steps, fixing 

other values and varying two parameters at a time. If a steady state was not found, then that set of 

parameters was assumed to give us oscillations and so the linear stability analysis could not be 

performed with those parameters. If a steady state was found, we linearized around that steady 

state and we determined whether it was stable or not by looking at the real part of each eigenvalue. 

If all real parts were negative, we include diffusion and if any these new eigenvalues had a positive 

real part, then that set of parameters was expected to give us a pattern. 

In the figures that follow, areas that are white are associated with parameters where no patterns are 

expected to form. Areas that are neither white nor blue show the eigenvalue and wavenumber 
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associated with the pattern that is predicted to emerge. Any area that is blue is a region in which 

the solution of the ordinary differential equation (ODE) versions of the equations is oscillatory 

rather than steady, hence the equations could not be linearized about a steady state and so the 

analysis could not be performed. That is not to say, however, that patterns could not form with 

those parameter values. 

We plot eigenvalues, which quantify the instability of an initial perturbation, and wavenumbers, 

which predict the dominant number of spikes or peaks in the entire system. Note that each 

wavenumber graph is plotted with a fixed color scale between white (0) and black (12); 

wavenumbers above 12 were not tested. If a set of parameters has a nonzero eigenvalue, it is 

expected that a perturbation grows in time, hence a pattern should form in early times. The higher 

the eigenvalue, the higher the instability and hence more likelihood for a pattern to emerge and 

remain over the long term. Hence, a nonzero eigenvalue that is very small may yield a pattern only 

in very early times in the simulation. Moreover, a nonzero eigenvalue and wavenumber may mean 

a pattern in Wnt and inhibitor, but this may not necessarily translate to a pattern in the cells.  
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Appendix Figure A.16: Diffusive instability analysis A. Diffusive instability 

analysis varying 𝜅𝑊  and 𝜅𝑊𝐼 . B. Analysis varying 𝜇𝑊  and 𝜇𝑊𝐼 . C. Analysis 

varying a and b. D. Analysis varying 𝐷𝑊 and 𝑆𝑊. E. Analysis varying 𝛾 and 𝑊∗. 
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A7 Simulation of in vitro tumor growth with DCA and XAV939 treatment 

 

A7.1 Boundary conditions 

 

N is set to Dirichlet constant 0.25. 𝑃𝑔, 𝑃𝑜 , 𝑃𝑑 , 𝑊, 𝑊𝐼 , 𝐿 is Neumann. 

 

A7.2 Equations 

 

𝜕𝑃𝑜

𝜕𝑡
= 𝐷𝑜∇2𝑃𝑜 +

1

𝜏𝑜
(𝑁 +

𝐿

𝐿𝑠
) (1 − 𝑃0 − 𝑃𝑔 − 𝑃𝑑)𝑃𝑜 − 𝜇𝑜𝜒𝑁𝐿(𝑁, 𝐿)𝑃𝑜                                                 

+
1

𝜏𝑔𝑜
𝜒𝑊(𝑊)𝑃𝑔 −

1

𝜏𝑜𝑔
𝜒𝑊

∗ (𝑊)𝜒𝑁
∗ (𝑁)𝑃𝑜                                                               (𝐴. 28) 

𝜕𝑃𝑔

𝜕𝑡
= 𝐷𝑔∇2𝑃𝑔 +

1

𝜏𝑔

𝑊

𝛼𝑊 + 𝑊
 𝑁(1 − 𝑃0 − 𝑃𝑔 − 𝑃𝑑)𝑃𝑔 − 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔                                                

−
1

𝜏𝑔𝑜
𝜒𝑊(𝑊)𝑃𝑔 +

1

𝜏𝑜𝑔
𝜒𝑊

∗ (𝑊)𝜒𝑁
∗ (𝑁)𝑃𝑜                                                               (𝐴. 29) 

𝜕𝑃𝑑

𝜕𝑡
= 𝐷𝑑∇2𝑃𝑑 + 𝜇𝑜𝜒𝑁𝐿(𝑁, 𝐿)𝑃𝑜 + 𝜇𝑔𝜒𝑁(𝑁)𝑃𝑔 − 𝜇𝑑𝑃𝑑                                                              (𝐴. 30) 

𝜕𝑊

𝜕𝑡
= 𝐷𝑊∇2𝑊 +

1

𝑎 + 𝑏𝑊𝐼
𝜅𝑊𝑁𝑊2𝑃𝑔 + 𝑆𝑊(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝑊                                                (𝐴. 31) 

𝜕𝑊𝐼

𝜕𝑡
= 𝐷𝑊𝐼∇2𝑊𝐼 + 𝜅𝑊𝐼

𝑁𝑊2(𝑃0 + 𝑃𝑔) − 𝜇𝑊𝐼
𝑊𝐼                                                                          (𝐴. 32) 
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𝜕𝑁

𝜕𝑡
= 𝐷𝑁∇2𝑁 − 𝜈𝑁𝐺𝑁𝑃𝑔 − 𝜈𝑁𝑂𝑁𝑃𝑜 − 𝜇𝑁𝑁                                                                                   (𝐴. 33) 

𝜕𝐿

𝜕𝑡
= 𝐷𝐿∇2𝐿 − 𝜈𝐿𝑂𝐿𝑃𝑜 + 𝑁𝑠𝑃𝑔                                                                                                           (𝐴. 34) 

with bulk source term 𝑁𝑠 = 𝑁𝑠
̅̅ ̅, and 𝜒𝑁𝐿(𝑁, 𝐿) =

1

2
[1 − tanh (𝛾𝑊 (𝑟𝑁 + (1 − 𝑟)

𝛾𝐿𝐿

1+𝛾𝐿𝐿
− 𝑁∗))]. 

 𝜒𝑊(𝑊), 𝜒𝑊
∗ (𝑊), 𝜒𝑁

∗ (𝑁) defined in Equations A.7-A.10. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



134 
 

A7.3 Parameter values for in vitro model 

 

Appendix Table A.9: Parameter values for in vitro model. 

 

Parameter Description Mock dnLEF 

  value value 

𝐷𝑜 Diffusion coefficient of oxidative cells 0.01 0.01 

𝐷𝑔 Diffusion coefficient of glycolytic cells 0.01 0.01 

𝐷𝑑 Diffusion coefficient of dead cells 0 0 

𝐷𝑊 Diffusion coefficient of Wnt 0.004 0.008 

𝐷𝑊𝐼  Diffusion coefficient of Wnt inhibitor 1 1.5 

𝐷𝑁 Diffusion coefficient of Nutrient 100 100 

𝐷𝐿  Diffusion coefficient of Lactate 100 100 

𝜏𝑜 Oxidative cell proliferation time 1 1 

𝜏𝑔 Glycolytic cell proliferation time 1 1 

𝜏𝑜𝑔 Switch time from OXPHOS to glycolysis 1/24 1/24 

𝜏𝑔𝑜 Switch time from glycolysis to OXPHOS 1 1 

𝛼𝑊 Constant for Michaelis-Menten dynamics 1 1 

𝜅𝑊 Rate of nonlinear Wnt production 5 5 

𝜅𝑊𝐼 Rate of nonlinear Wnt inhibitor production 1 1 

𝜇𝑜 Decay rate of Po cells 1 1 

𝜇𝑔 Decay rate of Pg cells 1 1 

𝜇𝑑 Decay rate of Pd cells 1 1 

𝜇𝑊 Decay rate of Wnt 2 2 

𝜇𝑊𝐼 Decay rate of Wnt inhibitor 3 3 

𝜇𝑁 Decay rate of nutrient 0.1 0.1 

𝑆𝑤 Rate of Wnt production through cells 7.5 6.5 

a Constant of inhibition 10−8 10−8 

b Constant of inhibition by WI 1 1 

𝛾𝑊 Sensitivity level of Wnt switch functions 1 1 

𝛾𝑁 Sensitivity level of nutrient switch functions 100 100 

𝛾𝐿 Parameter for scaling L for Po death 1 1 

𝜈𝑁𝐺  Uptake of nutrient by Pg cells 10 10 

𝜈𝑁𝑂 Uptake of nutrient by Po cells 10 10 

𝑁𝑠
̅̅ ̅ Parameter for nutrient source 2 2 

𝑊∗ Wnt level at which 50% of cells switch metabolism 5 5 

𝑁𝑑 Nutrient level below which cells will die 0.07 0.07 

𝑁𝑔
∗ Nutrient level below which Po cells cannot switch to glycolysis 0.1 0.1 

𝛽𝑁 Nutrient boundary condition parameter 0.25 0.25 

𝑆𝑥 Horizontal length of spatial domain 12 12 

𝑆𝑦 Vertical length of spatial domain 12 12 

r Parameter for scaling N for Po death 0.375 0.375 
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A7.4 Simulations of DCA and XAV939 treatment on in vitro tumors 

 

Appendix Figure A.17: Using the in vitro simulation equations described above, we modeled the same drug 

concentrations as the in vivo simulations presented in Figure 1.6. The tumor size over increasing drug concentrations 

for these simulations are described in Figure 1.7D. 

 

A8 Synergy is evident in simulations with combined DCA and XAV939 

treatment 

 

We can measure the synergistic effect of treatment using the Bliss Independence model [61]. The 

Bliss combination index is defined by 𝐵𝐶𝐼 =
𝐸𝐴+𝐸𝐵−𝐸𝐴𝐸𝐵

𝐸𝐴𝐵
, where the effectiveness of treatment by 
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drug 𝐴 is 𝐸𝐴 and the effectiveness of treatment by drug 𝐵 is 𝐸𝐵. The Bliss model assumes that the 

drugs 𝐴 and 𝐵 act independently of each other. Effectiveness for each drug is defined by the ability 

to reduce tumor size as in the following: 

  𝐸𝐴 = 1 − (surviving tumor fraction after applying drug 𝐴) 

  𝐸𝐵 = 1 − (surviving tumor fraction after applying drug 𝐵) 

𝐸𝐴𝐵 = 1 − (surviving tumor fraction after applying drug 𝐴 and drug 𝐵 in combination) 

A BCI of less than 1 indicates the synergy of drug action, while a score closer to 1 indicates the 

treatments act additively rather than synergistically. A BCI greater than 1 implies that the drugs 

interfere with each other. In the in vivo simulation and in vitro experimental model of tumor 

spheroid growth, 𝐸XAV939 = 𝐸DCA = 0 (see figure below), which implies that BCI=0 in these cases. 

 

A.8.1 In vivo 

 

Neither DCA alone nor XAV939 alone are successful in eradicating any of the tumor cells by the 

end of treatment (unitless time 50) unless the treatment doses are relatively high (e.g., 

𝑆𝑊
̅̅ ̅̅  𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑜𝑟 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑜 0.4 or 1/𝜏 greater or similar to 30). Thus, 𝐸XAV939 = 𝐸DCA = 0 =

𝐵𝐶𝐼. In figure A.18 below, we plot 𝐸𝐴𝐵 with  A = XAV939 and B = DCA. The areas with dark 

blue indicate the regions where the combination effectiveness 𝐸𝐴𝐵 = 1  and the Bliss model 

predicts that there is synergy (this would also be true if we used the Highest Single Agent or 

Response Additivity models to assess synergy). 

  

A.8.2 In vitro 
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In the in vitro model simulations, we assessed synergy using 𝑆𝑊
̅̅ ̅̅ = 0.8 (the same conditions for 

the red curve in figure 1.7D in the main text) and 
1

𝜏𝑔𝑜
= 4. We obtain 𝐸XAV939 = 0.0156, 𝐸DCA =

0.1855 , and 𝐸XAV939+DCA = 0.5725 . Thus 𝐵𝐶𝐼 = 0.3462 . The BCI depends on the drug 

concentrations, however. For example, taking 𝑆𝑊
̅̅ ̅̅ = 0.8 and 

1

𝜏𝑔𝑜
= 18, we find 𝐸XAV939 = 0.0156 

as before but now 𝐸DCA = 0.6679, and 𝐸XAV939+DCA = 0.68, which yields 𝐵𝐶𝐼 = 0.9898. Thus, 

the BCI indicates that DCA and XAV939 combined treatments are more synergistic at smaller 

concentrations of DCA (the effect of DCA reaches a saturation point - see figure 1.7D in the main 

text). 

 

Appendix Figure A.18: Effectiveness of combination therapy. Here we plot the proportion of total tumor that is 

eradicated by DCA (vertical axis,
1

𝜏𝑔𝑜
) and XAV939 (horizontal axis, 𝑆𝑊

̅̅ ̅̅ ) treatment, where 0 (light blue) means none 

of the tumor cells are killed by treatment, and 1 (dark blue) means 100% of the tumor cells have died. Pure DCA 

treatment (bottom row, 
1

𝜏𝑔𝑜
= 1) or pure XAV939 treatment (left column, 𝑆𝑊

̅̅ ̅̅ = 1) are not at all effective in killing 

the tumor. Away from the bottom row and left column (as indicated by the dotted lines), the plot shows 𝐸𝐴𝐵  with B =

XAV939 and B = DCA. The upper right area of the plot, which is a combination of low levels of DCA and XAV939 

treatment together, shows that the tumor is completely killed, and hence a synergy between the two drugs. 
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A9 Heterogeneity in orthotopic tumors 

 

 

Appendix Figure A.19: β-catenin stains in SW480 and SW620 orthotopic tumors. Patterns of Wnt signaling 

heterogeneity are present in orthotopic tumors of SW480 and SW620 cells. Cell lines were lentivirally transduced to 

express dominant negative LEF1 or TCF1 and the transduced cells were injected into the submucosal layer of the 

colon wall. Tumors were harvested after three weeks and stained for beta-catenin. Scalebars are 161 µm. Decreasing 

Wnt signaling in SW480 tumors leads to changes in hypoxic patterning. SW480 cells lentivirally transduced to express 

either an empty vector or dominant negative LEF1 were subcutaneously injected into immunocompromised mice. 

Tumor sections were stained for HIF1α. 
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A.10 Vessel density versus pPDH expression in relative to mock tumor 

 

 

Appendix Figure A.20: We quantified the vasculature of the tumors by staining for CD31, an endothelial cell marker. 

We graphed the vessel density per field and the level of pPDH expression on the x-axis, both values normalized to 

mock tumors. Mock tumors demonstrated significantly higher pPDH levels and vasculature than dnLEF or dnTCF 

tumors. Our mathematical model was capable of replicating the best fit line from the biological data. 
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Appendix B 

 

Supplementary Material to Chapter Three 

 

B1 Numerical methods 

 

We solve the equations in 2D/3D and adapt the block-structured adaptive multigrid solver [96] for 

the highly coupled and spatially heterogeneous system. We perform discretization using the 

implicit Crank-Nicholson scheme for the spatial domain, central difference for time derivatives, 

and Weighted ENO scheme for advection terms. We also implement a block structured Cartesian 

refinement. We have a multi-level composite mesh, each consisting a collection of uniform grids. 

An undivided gradient test is used by marking grid cells with large finite differences of total tumor 

cells. As a result, most refinements occur near the tumor boundary. The construction begins at root 

level; finer resolution grids are added recursively to cover grid points on previous levels that 

require refinement. 

 

B2 Nondimensionalization of the model equations in chapter three 

 

Let L and T be the length and time scale respectively. We denote ∇′= ∇/𝑙 as the dimensionless 

gradient and 𝑡′ = 𝑡/𝑇  as the dimensionless time. Following Wise et al. [96], we choose 𝑙 =
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√𝐷𝑛/𝑢𝑛 , typically on the order of 200𝜇𝑚. Since the oxygen (n) concentration is measured against 

that in the microenvironment, we nondimensionalize 𝑛 as 𝑛′ = 𝑛/�̅�. We rewrite Eq. (3.19) for the 

dimensionless nutrient concentration 𝑛′: 

0 = ∆′𝑛′ − (1 − 𝑞0)(𝜑𝑇 − 𝜑𝐷)𝑛′ + 𝑝𝑛
′ 𝑄(1 − 𝜑𝑇)(1 − 𝑛′) ,                   (B. 1) 

where 𝑝𝑛
′ = 𝑝𝑛/𝑢𝑛. Similarly, we get the nondimensionalized equations for glucose (𝑔′ =

𝑔

 �̅�
) and 

lactate (𝐿): 

0 = 𝐷𝑔
′ ∆′𝑔′ − (𝛼𝐺𝑞0 + 𝛼0(1 − 𝑞0))(𝜑𝑇 − 𝜑𝐷)𝑔′ + 𝑝𝑔

′ 𝑄(1 − 𝜑𝑇)(1 − 𝑔′) ,                          (B. 2) 

0 = 𝐷′𝐿∆𝐿 − (1 − 𝑞0)(𝜑𝑇 − 𝜑𝐷)𝐿 + 𝑝′𝐿
𝑔(𝜑𝑇 − 𝜑𝐷)𝑞0 + 𝑝′𝐿

ℎℋ(𝑛𝐿 ′̃ − 𝑛′)(𝜑𝑇 − 𝜑𝐷) ,        (B. 3) 

where 𝐷𝑔
′ = 𝐷𝑔/(𝑢𝑔𝑙2), 𝑝𝑔

′ = 𝑝𝑔/𝑢𝑔, 𝐷𝐿
′ = 𝐷𝐿/(𝑢𝐿𝑙2), 𝑝′𝐿

𝑔
= 𝑝𝐿

𝑔
/𝑢𝐿, 𝑝′𝐿

ℎ = 𝑝𝐿
ℎ/𝑢𝐿, 𝑛𝐿

′̃ = 𝑛�̃�/�̅�. 

The dimensionless equations for BMP (𝐺), FGF20 (𝐹0), FGF (𝐹) are 

0 = ∆′𝐶𝐹0 + 𝑝𝐹0
′ (𝜑0) + 𝑝′𝐹0

12(𝜑1 + 𝜑2) − 𝑑𝐹0
′ 𝐶𝐹0                                                                           (B. 4) 

0 = Δ′𝐶𝐹 + 𝑝𝐹
′ (𝜑𝑇 − 𝜑𝐷) + 𝑝′

𝐹

𝑆 (1 − 𝜑𝑇) − 𝑑𝐹
′ 𝐶𝐹                                                                          (B. 5) 

0 = Δ′𝐶𝐺 + 𝑝𝐺
′ (𝜑𝑇 − 𝜑𝐷) − 𝑑𝐺

′ 𝐶𝐺                                                                                                       (B. 6) 

where 𝑝′𝐹0 = 𝑝𝐹0 (
𝑙2

𝐷𝐹0
) , 𝑝′𝐹0

12 = 𝑝𝐹0
12 (

𝑙2

𝐷𝐹0
) , 𝑑𝐹0

′ = 𝑑𝐹0 (
𝑙2

𝐷𝐹0
) ,  𝑝′𝐹 = 𝑝𝐹 (

𝑙2

𝐷𝐹
) , 𝑝′𝐹

𝑆 = 𝑝𝐹
𝑆 (

𝑙2

𝐷𝐹
) , 

𝑑𝐹
′ = 𝑑𝐹 (

𝑙2

𝐷𝐹
),𝑝𝐺

′ = 𝑝𝐺 (
𝑙2

𝐷𝐺
) , and 𝑑𝐺

′ = 𝑑𝐺 (
𝑙2

𝐷𝐺
). 

Next, we nondimensionalize Eq. (3.1). Denote 𝑢′ = 𝑢/(𝑙/𝑇), 𝑀′ = 𝑀/�̅�and 𝜇′ = 𝜇/�̅�  as the 

nondimensionalized cell velocity, mobility and chemical potential respectively. We write the 

equation for 𝜑𝑇 as 

1

𝑇�̅��̅�
(

𝜕𝜑𝑇

𝜕𝑡′
+ 𝛻′ ∙ (𝑢′𝜑𝑇)) =

�̅��̅�

𝑙2�̅��̅�
𝛻′ ∙ (𝑀′𝜑𝑇∇′μ′ ) + 𝜆𝑚0

′ 𝜑0 + 𝜆𝑚1
′ 𝜑1 + 𝜆𝑚2

′ 𝜑2 − 𝜆𝐿
′ 𝜑𝐷 . (B. 7) 
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We choose time scale 𝑇 = (�̅��̅�)
−1

and 
�̅��̅�

𝑙2�̅��̅�
= 1. 𝜆𝐿

′ =
𝜆𝐿

�̅��̅�
, 𝜆𝑚0

′ =
𝜆𝑚0

�̅��̅�
, 𝜆𝑚1

′ =
𝜆𝑚1

�̅��̅�
, 𝜆𝑚2

′ =
𝜆𝑚2

�̅��̅�
. 

Finally, 𝜆𝑚
′ = [(1 − 𝑞0)(𝛽𝐺𝑜

′ 𝑔′ + 𝛽𝐿𝐿)𝑛′ + 𝑞0𝛽𝐺𝐺
′ 𝑔′] where 𝛽𝐺𝑜

′ = 𝛽𝐺𝑜�̅� and 𝛽𝐺𝐺
′ =

𝛽𝐺𝐺�̅�

�̅�
. 

Analogously, the dimensionless equations for other cell species are 

𝜕𝜑𝑖

𝜕𝑡′
+ 𝛻′ ∙ (𝑢′𝜑𝑖) = 𝛻′ ∙ (𝑀′𝜑𝑖∇′(𝜇′)) + 𝑆𝑟𝑐𝑖

′,                                  (B. 8) 

where i = 0, 1, 2, or D, and the dimensionless source terms are 

𝑆𝑟𝑐0
′ = (2𝑃0 − 1) ∙ 𝜆𝑚0

′ 𝜑0 + 2(1 − 𝑃1)(1 − 𝑞1)
𝜒10𝐶𝐹0

1 + 𝜒10𝐶𝐹0
∙ 𝜆𝑚1

′ 𝜑1

+ 2(1 − 𝑃2)(1 − 𝑞2)
𝜒20𝐶𝐹0

1 + 𝜒20𝐶𝐹0
∙ 𝜆𝑚2

′ 𝜑2 − 𝜆𝑛0
′ ℋ(𝑛0

′̃ − 𝑛′)𝜑0                    (B. 9) 

𝑆𝑟𝑐1
′ = (2𝑃1 − 1)𝜆𝑚1

′ 𝜑1 + 2(1 − 𝑃0)𝑞0𝜆𝑚0
′ 𝜑0    

+ 2(1 − 𝑃2) (1 − (1 − 𝑞2)
𝜒20𝐶𝐹0

1 + 𝜒20𝐶𝐹0
) 𝜆𝑚2

′ 𝜑2 − 𝜆𝑛1
′ ℋ(𝑛1

′̃ − 𝑛′)𝜑1          (B. 10) 

𝑆𝑟𝑐2
′ = (2𝑃2 − 1)𝜆𝑚2

′ 𝜑2 + 2(1 − 𝑃0)(1 − 𝑞0)𝜆𝑚0
′ 𝜑0

+ 2(1 − 𝑃1) (1 − (1 − 𝑞1)
𝜒10𝐶𝐹0

1 + 𝜒10𝐶𝐹0
) 𝜆𝑚1

′ 𝜑1 − 𝜆𝑛2
′ ℋ(𝑛2

′̃ − 𝑛′)𝜑2          (B. 11) 

𝑆𝑟𝑐𝐷
′ = 𝜆𝑛0

′ ℋ(𝑛0
′̃ − 𝑛′)𝜑0 + 𝜆𝑛1

′ ℋ(𝑛1
′̃ − 𝑛′)𝜑1 + 𝜆𝑛2

′ ℋ(𝑛2
′̃ − 𝑛′)𝜑2 − 𝜆𝐿

′ 𝜙𝐷 ,                   (B. 12) 

where 𝜆𝑛𝑖
′ = 𝜆𝑛𝑖/�̅� and 𝑛𝑖

′̃ = 𝑛�̃�/�̅� for i = 0,1,2. 

The dimensionless velocity 𝑢′  satisfies 
𝐿

𝑇
𝑢′ = −

𝑝

𝐿
∇′𝑝′ +

�̅�

𝐿

𝜆

𝜖
𝜇′∇′𝜑𝑇 , where 𝑝′ =

𝑝

�̅�
  is the 

dimensionless pressure. We choose  �̅� = �̅� = 𝐿2/𝑇, then 

𝑢′ = −∇′𝑝′ +
𝜆

𝜖
𝜇′∇′𝜑𝑇  .                                                        (B. 13) 

We now nondimensionalize Eq. (3.14) and Eq. (3.15): 

𝜕𝐶𝑊

𝜕𝑡′
+ ∇′ ∙ (𝑢𝑤

′ 𝐶𝑊) = ∇′(DW
′ ∇′𝐶𝑊) + 𝛾 ′̅𝑆𝑟𝑐𝑊

′                                            (B. 14) 
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𝜕𝐶𝑊𝐼

𝜕𝑡
+ ∇′ ∙ (𝑢𝑤

′ 𝐶𝑊𝐼) = ∇′(DWI
′ ∇′𝐶𝑊𝐼) + 𝛾 ′̅𝑆𝑟𝑐𝑊𝐼

′                                        (B. 15) 

where 𝐷𝑊
′ =

𝑇

𝐿2 𝐷𝑊 and 𝐷𝑊𝐼
′ =

𝑇

𝐿2 𝐷𝑊𝐼. We take 𝛾 ′̅ = 𝑑𝑊
𝑇

𝐿2 �̅� and the source terms 

𝑆𝑟𝑐𝑊
′ = (𝑝𝑊

′ + 𝜆𝐹𝑂
′ 𝐶𝐹0)𝑃′ ∙

𝐶𝑊
2

𝐶𝑊𝐼
(𝑘4𝜑0 + (1 − 𝑘4)(𝜑1 + 𝜑2))                                                    

+ 𝑝′
𝑊

𝐵
𝑃′ ∙ (𝑘4𝜑0 + (1 − 𝑘4)(𝜑1 + 𝜑2)) + 𝑝′

𝑊

𝑆 (1 − 𝜑𝑇) − 𝐶𝑊                     (B. 16) 

𝑆𝑟𝑐𝑊𝐼
′ = 𝑝𝑊𝐼

′ 𝑃′ ∙ 𝐶𝑊
2 (𝑘4𝜑0 + (1 − 𝑘4)(𝜑1 + 𝜑2)) + 𝑝′

𝑊𝐼

𝑆 (1 − 𝜑𝑇) − 𝑑𝑊𝐼
′ 𝐶𝑊𝐼                    (B. 17) 

where 𝑝𝑊
′ =

𝑝𝑊

𝑑𝑊
,𝜆𝐹𝑂

′ =
𝜆𝐹0

𝑑𝑊
,𝑃′ = 𝑘0 + 𝑘1

′ 𝑛′ + 𝑘2
′ 𝑔′ + 𝑘3𝐿 , 𝑘1

′ =
𝑘1

�̅�
,  𝑘2

′ =
𝑘2

�̅�
,  𝑝′

𝑊

𝐵
=

𝑝𝑊
𝐵

𝑑𝑊
,  𝑝′

𝑊

𝑆
=

𝑝𝑊
𝑆

𝑑𝑊
 𝑑𝑊𝐼

′ =
𝑑𝑊𝐼

𝑑𝑊
, 𝑝′

𝑊𝐼

𝑆
=

𝑝𝑊𝐼
𝑆

𝑑𝑊
 and 𝑝𝑊𝐼

′ =
𝑝𝑊𝐼

𝑑𝑊
. 

The nondimensionalized equations can be obtained by dropping the prime notation in Eq. (B.1)-

Eq. (B.17).  
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B3 Therapeutic treatment results 

 

We investigated how tumor heterogeneity leads to drug resistance. We applied treatment by 

inducing death to cell-types directly. Additionally, simulation outcomes from testing the effects of 

turning off cross-feeding and switching between WntHi and WntMod cells are shown in Tables 

B.1 and B.2). Simulations for the combination treatments applied to tumors without cross-feeding 

and WntHi/WntMod switching predict that targeting CSC may control the growth of these tumors.  

 

B3.1 Combination treatment applied to mock model 

 

We show the combination treatments simulations from Table 3.3. 

Figure B.1: Combination treatments (WntHi+WntMod). Combination treatment of targeted WntHi and WntMod at 

different death rates. As we increase dosage of the treatment the tumors become slightly smaller. However, over time 

they regrow with a larger stem-cell fraction. 
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Figure B.3: Combination treatments (CSC+WntHi). Combination treatment of targeted CSC and WntHi at 

different death rates. As we increase dosage of the treatment the tumors become significantly smaller. Over time 

this treatment shows potential to eliminate the tumor. 

Figure B.2: (Continued) Combination treatments (WntHi+WntMod). Combination treatment of targeted WntHi and 

WntMod at different death rates. As we increase dosage of the treatment the tumors become slightly smaller. 

However, over time they regrow with a larger stem-cell fraction. 
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Figure B.4: Combination treatments (CSC+WntMod). Combination treatment of targeted CSC and WntMod at 

different death rates. As we increase dosage of the treatment the tumors become smaller. However, the tumors 

become invasive over time dividing into multiple smaller tumors. 
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Figure B.5: Combination treatments (CSC+WntHi+WntMod). Combination treatment 

of targeted CSC, WntHi, and WntMod at different death rates. This treatment shows 

potential to eliminate the tumor at earlier times compared to combination treatment of 

CSC+WntHi.  
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B3.2 Cross-feeding therapy applied to mock model 

 

We studied the response of the tumor by preventing cross-feeding of lactate by setting 𝛽𝐿 = 0 in 

Eq. (3.13), the proliferation rate of OXPHOS cells utilizing lactate. The tumors overall show 

similar results to treatment as in the mock model, but the tumors with combination therapy no 

longer regrow. 

Table B.1: Summary of treatment applied to tumors without cross-feeding. 

CF Treatment Outcome 

 Tumor size CSC % Shape 

CSC Still significant Smaller to zero Similar 

WntHi Smaller but regrows Significant Similar 

WntMod Still significant Significant Similar 

WntHi, WntMod Smaller but regrows Significant Similar 

CSC, WntHi Smaller and doesn’t regrow Smaller to zero Similar 

CSC, WntMod Smaller and doesn’t regrow Smaller to zero Similar 

CSC, WntHi, WntMod Capable of eliminating the tumor Smaller to zero Similar 

 

This table summarizes the outcomes turning off cross-feeding and inducing death to targeted cell types. This table 

shows that individual treatment is not as effective as targeting multiple cell types simultaneously. Turning off cross-

feeding shows similar results to the mock model but prevents the tumors from growing.  
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Figure B.6: Combination treatments (WntHi+WntMod). Combination treatment of targeted WntHi and WntMod 

at different death rates. This treatment is not effective. The tumor grows significantly and maintains a high fraction 

of stem-cells. 
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Figure B.7: Combination treatments (CSC+WntHi). Combination treatment of targeted CSC and WntHi at different 

death rates. The tumors become much smaller compared to the mock simulation without cross-feeding. However, 

this treatment doesn’t eliminate the tumor even at later times eventually reaching a steady tumor size. 
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Figure B.8: Combination treatments (CSC+WntMod). Combination treatment of targeted CSC and WntMod at 

different death rates. This treatment is not as effective as targeting CSC+WntHi. The tumor size maintains a 

steady size with larger fraction of WntHi cells. 
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Figure B.9: Combination treatments (CSC+WntHi+WntMod). Combination treatment of 

targeted CSC, WntHi, and WntMod at different death rates. This treatment is very 

effective and eliminates the tumor quickly. 
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B3.3 WntHi + WntMod switching therapy applied to mock model 

 

Tumors without the ability of switching between WntHi and WntMod cells were simulated. We 

applied combination therapy and show a table of outcomes. Simulations of these combination 

treatments show that targeting CSC is effective in controlling the tumor size. 

 

Table B.2: Summary of treatment without switching between WntHi and WntMod. 

 

Switch Treatment Outcome 

 Tumor size CSC % Shape 

CSC Smaller and doesn’t regrow Smaller to zero Similar 

WntHi 
Still significant, keeps growing Decreasing Similar 

WntMod Still significant Significant Similar 

WntHi, WntMod Smaller but regrows Significant Similar 

CSC, WntHi Smaller and doesn’t regrow Smaller to zero Similar 

CSC, WntMod Smaller and doesn’t regrow Smaller to zero Similar 

CSC, WntHi, WntMod Smaller and doesn’t regrow Smaller to zero Similar 

 

This table shows similar outcomes as preventing cross-feeding. The treatment doesn’t eliminate the tumors, but the 

tumors become saturated with WntMod. This may allow for secondary procedure to directly target WntMod cells.  
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Figure B.10: Combination treatments (WntHi+WntMod). Combination treatment of targeted WntHi and WntMod 

at different death rates. This treatment is not effective. The tumor grows significantly while increasing the stem-

cell population 
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Figure B.11: Combination treatments (CSC+WntHi). Combination treatment of targeted CSC and WntHi at 

different death rates. This treatment leads to a significantly smaller tumor saturated with WntMod cells. This 

treatment may become helpful if there is a reliable way to target WntMod cells 
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Figure B.12: Combination treatments (CSC+WntMod). Combination treatment of targeted CSC and WntMod at 

different death rates. This treatment leads to a significantly smaller tumor saturated with WntMod cells. This 

treatment produces an outcome like CSC+WntHi. This treatment may become helpful if there is a reliable way 

to target WntMod cells. 

 



157 
 

  

Figure B.13: Combination treatments (CSC+WntHi+WntMod). Combination treatment of 

targeted CSC, WntHi, and WntMod at different death rates. This treatment leads to a 

significantly smaller tumor saturated with WntMod cells. Targeting all three cell-types at 

the same time doesn’t improve treatment after preventing switching. 
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B4 Three dimensional simulation of the mock & dnLEF tumor 

 

The mathematical model was extended to 3D. Here, we present preliminary results of 3D 

simulations using the parameters from Tables 3.1-3.2. The 3D tumors also demonstrate tumor 

heterogeneity and WntHi spot patterning (Fig. B.14). The 2D simulations did not predict the spot 

area to distance to nearest neighbors very well, but the 3D simulations show improvements (Fig. 

B.15). We also present preliminary stromal analysis from the simulated 3D tumors (Fig. B.16). 

 

B4.1 Mock and dnLEF evolution 

Figure B.14: Mock and dnLEF evolution of 3D tumor. The mock and dnLEF tumors are grown in 3D. Stem-like cells 

are represented in red with WntHi cells represented in green. The tumor boundary is shown in blue. Note the WntHi 

cells show spot-like patterning in both mock and dnLEF tumors. The dnLEF tumors show larger, but fewer spots as 

in the SW480 xenografts. 
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B4.2 Spot analysis 

 

The experimental data compares area of spots to distance to nearest neighbors. To compare the 

WntHi spots in 3D, we assumed each spot represents a sphere. The volume of each spot, 𝑉, was 

computed and assigned an effective radius, 𝑅 , using the volume formula of a sphere 𝑉 =  
4

3
𝜋𝑅3. 

With the effective radius, we computed the effective area of the spot, A =  𝜋𝑅2 . The 3D 

distribution of area to spot to distance to nearest neighbors predicts the SW480 xenograft 

distributions well (Fig. B.15). The simulations still underestimate the area of spots, but accurately 

simulate the distance to nearest neighbors. 

 

 

 

 

Figure B.15: Spot analysis of mock and dnLEF tumors (3D simulations vs experimental). We compare area of spot to 

distance to nearest neighbors of the simulated mock and dnLEF tumors in 3D and SW480 xenograft tumors. 
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B4.3 Stromal analysis 

 

We compute the stromal content from the simulated 3D tumors. We first compute 3D volume of 

tumor, 𝑉𝑡. We also compute the 3D volume of convex hull, 𝑉𝑐. We are interested in the stroma 

surrounding the tumor, so the volume of the stroma caught around the tumor is the difference, 𝑉𝑡 −

𝑉𝑐. Finally, we compute the percentage of stromal content: (𝑉𝑡 − 𝑉𝑐)/𝑉𝑡. We show in Fig. B.15 

that dnLEF tumors have a greater amount of stromal content compared to mock consistent with 

previous simulations and qualitatively with SW480 xenografts. 

 

 

Figure B.16: 3D stromal analysis of mock and dnLEF tumors. The 3D tumors demonstrate greater 

stromal content in dnLEF (34.25%) compared to mock (25.98%). Stromal content is computed 

using the volume of the 3D tumor and its convex hull volume. This result is consistent with the 

2D simulations and the SW480 xenograft tumors. Here, we also show a sample 2D slice taken 

from the 3D tumor. The amount of stroma caught inside the tumor varies significantly by how the 

slices are taken. 

 




