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Two-electron Lamb Shifts and 1s2s 1” 1s2p “P

J

Transition Frequencies in Helium-like Tons

S. P. Goldman
Department of Physics
University of Western Ontario
London, Ontario, Canada
and
G. W. F. Drake*
Lawrenée Berkeley Laboratory

University of California

Berkeley California 94720

Abstract

The leading terms in the 1/Z expansion of the two-electron Bethe

logarithm are calculated for the ls2 lSo, 1s2s 1Sl and ls2s 3Sl states by the

use of a novel finite basis set method. The resulting QED terms are combined
with other relativistic and mass polarization corrections to obtain total
transition frequencies. The results are in good overall agreement with

. .+ 24+
recent measurements in helium-like ions from Li to Fe. .

* ) .
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Recent high precision measurements of the 1ls2s 3S; - 1s2p 3PJ Q= 0,1,2)
transition frequencies in high Z two-electron ioﬁsl-s have stimulated conside-
rable interest in tﬁe ﬁheoretical calculation of relativistic and quantum
electrodynamic (QED) effects in these ions’~!°. Since the monrelativistic
energy difference increases only as Z, compared with a?z* and 03z*1n(@2z) for
the relativistic and QED corrections, the corrections become rapidly more
- important with increasing Z. For example, at Z = 20, they are about 20% and
1% of the total respeétively. The experimental tranéition frequency for cetst
determines the two-electron Lamb shift to an accuracy of +0.65%3 (assuming
that other contributions are accurately known), which is.more accurate than
corresponding measurements in high Z one—électron ions. The purpose of this
letter is to present new calculations for the Bethe logarithms of the 1Is2s 1So
and 381 states, and to compare the resulting transition frequencies with
experiment. |

Following Kabir and Salpeterll, the lowest order (in o) two-electron

QED correction is (in atomic units, with 1 a.u. = a’me?)

B, %z&{ 1n(za)~2 + 1n[Z?Ry /e(nLS)] + %%} <ED + &) (1)

where Z is the nuclear charge and a = 1/137.03596 is the fine structure
constant. The principal uncertainty in the evaluation of (1) is the value of
the two-electron Bethe logarithm defined by

v e 2

Li<vglelv>[*1n (B - E)/ (B, - Ep)

1ne (nLS) = L 5 (2)
£|<¢0[t[wm>12/(Em - Ey)

in the dipole acceleration form where wo is the wave function for the nlLS

. . > - 3 . .
two-electron configuration, t = ZZri/ri and the sums are over all imtermediate
i

states. The use of standard methods involving discrete variational basis sets

to evaluate (2) leads to non-convergent results because of the large contribution
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from highly excited states. Accurate calculations have been attempted for ‘the

13

ground state with Z up to 10;12’ and estimates have been made for the low

14,15

. . .+ .
lying excited states of He and Li . For other cases, it has become custo-

mary to use the lowest order hydrogenic approximation®’?

lnfe,(aLs)] = (1 + 62’0/n3)_1[ln50(ls) + n_3ln€0(n2)] (3)

where eo(nl) is the hydrogenic Bethe logérithm for nuclear charge Z = 1.
In the present work, we write the two-electron Bethe logarithm in the

form
lne(nlS) = A/B (4)

where A and B are the numerator and denominator of (2) respectively, and

insert the 1/Z expansions

= 4 _l _l - o @ :
A=12 [Ao + Alz + 2(1nZz) (B0 + Blz ) + ] (5)

24[30 + B z‘l + .. ] (6)

B 1

The coefficients in the expansion of B can be obtained from the identity (in

atomic units)

B = mz<s(F)) + 6°F,)> - (7)
The exact values of BO and Bl are

By (1 's) = 4, By(2 's) = 9/4, B, (2 ’S) = 9/4

B (1 1s) = -19/4 + 31n2 = -2.670558

B, (2 1S) = (-4130 + 68791n3 - 67201ln2)/37 = -0.562686

B, (2 3S) = (-4402 + 76471n3 - 71041n2)/37 = -0.422967.

The above B1 values were obtained with the aid of matrix elements tabulated

by Cohen and Dalgarno.16 The value of A0 is now determined by the condition

AO/Bo = lneo(nLS) . | v (8)



A

Only A1 requires significant additional calculation. Using l/r'l.2 as a first

order perturbation, it is given bye’10
- >(0) >(1) 0,,.0 +>(0)2,.1 0 0,2
A E[Zto,m a0 InAE /AE_ + ]tO,mI AE (1 - 1nAE )/(AE )] (9)

> 0,>,.0
where tn,0 = <¢m|t|w0> ,

+>(1) 12,0 0>, 1
m’o = <wm|tlw0> +_<lpm|t|wo> ’
AEE = E® - ED
m m m

and wi and Ei are the first order perturbed two-electron wave functions and
energies. 1In general, the sums in (9) are difficult to evaluate because of
the presence of the wi given by
0.0 -1,.0
<
[he><vy lry, lvg>

1

> =}
o m g0 - g2
m k

(10)

>
However, since t is a sum of one-electron operators, only single electron
excitations from the hydrogenic initial state wg make non-vanishing contributions.
We therefore replace the actual summations in (9) and (10) by summations over

discrete variational one-electron basis sets of the form

S

|
|~
| 10

) r'lexp(-a,1)Y3(8,8), n = 1,2,---,IxJ . (11)
=1 j=1 103 3

The linear variational coefficients ci?g are determined by first ortho-
normalizing the basis set, and then diagonalizing the one-electron Hamiltonian.
The presence of multiple exponential parameters aj in (11) is essential
to obtaining convergent results as the number of terms in the basis set is
increased.® We have devised a novel and highly successful iteration procedure

for progressively altering the aj, depending on the eigenvalue spectrum

obtained in the preceeding iteration. For the p'th iteration, the aj are
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calculated from

(p) _ ® _ ¢ _ ,()1/2 '
o [2(zj 56 27" ] (12)
with z® =1 % g{P-1) (13)
j I, j+i-1
i=1
and the Eép-l) are the variational eigenvalues obtained in the préceeding

iteration. Successive iterations have the effect of progressively spreading
out the eigenvalue spectrum and extending iﬁ to higﬁer energies. A quantity
such as Al calculated from the p'th basis set passes through an extremum as
a function of p. The interpoléted extremum point at a non-integral value of
pP represents fhe optimum value of Al. Test calculations yielded the known Bl
coéfficients, and the ls and 2s hydrogenic Bethe logarithms, correct to 6
figures or better with 20 term basis sets. Typically, fewer than 10 iterations
were required to find an extremum as a function of p. The method appears to
offer a significant advance in compufational technique for the evaluation of
nearly divergent perturbation sums.

The calculations for A; converge to the values Al(l 1) = 6.167410(5),
A,((2 '8) = =1.186594(3) and A (2.75) = -0.898450(2). Using expansions (5) and

(6) in (4), the two~electron Bethe logarithm is

2,,~1 -2
- AOBl)/BO 12 -+ 0(z °)

1n[e(nLS)/Ry]

AO/BO + 1n2 + 21nZ + [(AlBO

1n[eo(an)(z—c)2] + 0(2'2) (14)

. _ _ 2 )
with g = (AlB0 AOBl)/(ZBO ). The numerical values are

In[e(l 'S)/Ry} = 1n[19.7693(Z - 0.00615)2]

1n[19.3943(Z + 0.02040)°]

1n[e(2 !8)/Ry]

In[e(2 3S)/Ry] = 1n{19.3943(Z + 0.01388)°]
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The result for the ground state does not differ significantly from our earlier
less accurate caléulation‘.8 Screening constants for the excited states have
not been calculated before. The values obtained from (14) for ﬁeutral helium
are 4.371 and 4.365 for the 2 'S and 2 3S states respectively, as combared with
4.345 £ 0.020 and 4.380 * 0.020 calculated by Suh and Zaidi.l*

The QED corrections for the 2 3Sl -2 3SJ transifions can be compared
with experiment after other relativistic effects have been téken into account.

This was done by diagonalizing the matrix’>!7

= @NR+§~P+§L,2+‘—’M+§NS)LS+5@D+-‘512+§+§H0)jj5 -4

(15)

in the basis set of zero-order degenerate states to obtain relativistic gnd
QED corrected eigenvalues. Here, HNR is the nonrelativistic Hamiltonian,

B, is the Breit-Pauli interaction is the diagonal matrix of lowest

p » By o
order QED terms given by (1), HM is the mass polarization correction, ENS is

the nuclear size correction calculated by Ermolaev'?, HD is the sum of one-

electron Dirac Hamiltonians, V12 = ez/rlz, B is the l6-component Dirac form

3 contains all higher

: 20 .
order diagonal one-electron QED corrections as calculated by Mohr. The

of the Breit interaction including retardation’®, and

B4
first group of terms in (15) is calculated with highly accurate variational
wave functions in LS coupling,!??2! while the second group of terms is calcu-
lated with hydrogenic products of Dirac spinors in jj-coupling for wave
functions. Finally, R is the jj - LS recoupling transformation and A subtracts
those terms that are counted twice. H is a 2 X 2 matrix for the states

2 3P1 and 2 1Pl, and is a scalar for the states 2 381, 2 3PO and 2 3P2. The
significance of (15) is that it contains the (essentially) exact nonrelati-

vistic eigenvalues and fine structure shifts, while summing to infinity the

. . 254 46 ..
one- and two-electron relativistic corrections of order a“Z”, a“Z2°, ---, and



<7~

a2z3, a"z%, --.. The leading term not included is of 0(a*z").

The results are compared with a selection of the more precise experi-~
mental measurements for ions up to Z = 26 in Tablé 1. The theoretical error
- estimates are obtained by assuming that uncalculated terms contribute approxi-
mately #0.20"Z* a.u. = il.Z(z/lQ)E cm—l.. The coefficient 0.2 is chosen to be
similar in magnitude to other known coefficients. The'influeﬁce of the screening
term in (14) is to decrease the transition frequencies by approximately
1.11(z/10)°3 cm-l. The effect is small only because |G| turns out to be much

less than unity for the 1s2s 33 state. It is presumably even smaller for

1

the 1s2p 3PJ stateé.

Except for a few notable exceptions, theory and experiment agree within

2

the error limits.? A further comparison can be made with a high precision

measurement of the 2 3P2 > 2 3Pl fine structure interval in F’T. Here, theory
gives 957.48 £ 0.80 cm—1 in agreement with the much more accurate experimental
value?® 957.80 t 0.03 cm—l. It is clear that further progress in the comparison
ol

between theory and experiment will require a calculation of the « term,

which contains the combined effects of electron correlation and higher order

relativistic corrections.

This research was supported in part by the National Sciences and
Ehgineering Research Council of Canada, and in partAby the Director, Office
of Energy Research, Office of Basic Energy Sciences, Chemical Sciences Division

of the U.S. Department of Energy, under Contract No. DE-AC03-76SFO0098.
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Table 1. Comparison of theory and experiment for the 1s2p PJ - 1s2s 3S1 transitions of

He-like ions (in cm_1). Experimental data which disagree with theory are underlined.

z J theorya experiment Z theory experiment
3 0 18231.30(1) 18231.303(1)2 10 78265.0(1.2) 78266.9(2.4)°, 78265.0(1.2)°
18226.10(1) 18226.108(1)2 ‘ 78563.7(1.2) 78566.3(2.4)b, 78565.7(1.8)°
2 18228.19(1) 18228.198(1)2 80120.8(1.2) 80120.5(1.3)°, 80123.3(.8)°
L 0 26864.6(.1) 26867.4(.7)° 1 113814.9(4.8)  113815(L)°
26853.0(.1) 26853.1(.2)° 115583.%(4.8)
2 26867.9(.1) 26867.9(.2)° 122738.2(L.8) 122746(3)>
5 0 35393.7(.1) 35393-2(-6)b' 15 122963.4(6.3) 122940(30)6
35377.4(.1)  35377.2(.6)° 125385.2(6.3)
2 35420.0(.1) 35429-5(-6)b 135145.3(6.3) 135153(18)6
6 0 43898.9(.2) 143899.0(.1)° 16 132229.5(8.2) 132198(10)°
43886.2(.2) 43836.1(.1)° 135437.1(8.2)
2 44021.9(.2) 144021.6(.1)° 148488.7(8.2)  148493(5)”
7 0 52420.7(.3) 52413.9(1.1)°,52420.0(1.1)¢ 17 141630(10) 141643 (40)°
52429.0(.3) 52429.0(.6)°, 52428.2(1.1)° 145958 (10)
2 52719.9(.3) 52719.5(.6)b, 52720.2(.7)°¢ 162913(10) 162923(6)3
8 0 60979.2(.5) 60978.2(1.5)b,6o978.4(.6)° 18  151173(13) 151350(250)1
61057.3(.5) 61036.6(3.0)°,61037.6(.9)° 156352(13)
2 61588.7(.5) 61588.3(1.5)b,61589.7(.6)° 178564(13) 178500(300)1
9 0 69591.8(.8) 69586.0(4.0)b 26 233554(57) 232558(55O)L+
69741.8(.8) 69743.8(3.0)° 249730(57)
2 70699.3(.8) 70700.4(3.0)° 368695(57) 368960(125)L+

®Numbers in brackets give the uncertainty in the final figure(s) quoted.
®0lder data referenced by DeSerio et al.” °M. F. Stamp, D. Phil. Thesis, Oxford (1983).
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