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Machine perception is essential for the functionality and safety of modern autonomous

system, yet achieving accurate and robust estimations of the state of the environment from sensor

data remains challenging. Core perception tasks like multi-object tracking (MOT) and simulta-

neous localization and mapping (SLAM) are frequently addressed using a two-stage paradigm,

where sensor data is preprocessed into an intermediate representation before being used for infer-

ence. This paradigm, however, suffers from a critical weakness that the initial processing stage

can discard valuable information, leading to suboptimal performance in challenging conditions.

This dissertation posits that a graph-based Bayesian framework provides a powerful
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and flexible platform for overcoming these limitations. This framework leverages the explicit

structure of factor graphs to pursue two powerful, complementary strategies: first, by designing

more physically-grounded statistical models for direct inference on raw sensor data, and second,

by seamlessly integrating data-driven learning components to correct and enhance simpler,

hand-designed models.

We demonstrate the potential of this approach through three primary contributions. We

first address the dominant detect-then-track (DTT) paradigm by introducing a hybrid method

that mitigates model mismatch, using a graph neural network (GNN) to learn corrections

for a BP algorithm. This approach significantly enhances tracking performance in complex

scenes by learning to reject false alarms and improve data association, as demonstrated on a

large-scale autonomous driving dataset. Next, to overcome the fundamental information loss

of DTT, we propose a principled track-before-detect (TBD) method for MOT, built upon a

comprehensive signal model that operates directly on raw sensor data. Finally, we extend this

direct-processing philosophy to a new domain, introducing the first multipath-based SLAM

algorithm that functions on raw radio signals without a separate, lossy channel estimation

stage. This enables precise geometric mapping in challenging indoor environments by resolving

multipath components (MPCs) that are unresolvable by traditional two-stage methods.

In each case, a factor graph is constructed and a scalable BP algorithm is developed

to enable efficient inference. Through extensive validation on both synthetic and real data,

our contributions collectively demonstrate that a graph-based approach leads to significant

improvements in accuracy. This work provides a versatile foundation for the next generation of

intelligent perception systems.
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Chapter 1

Introduction

Machine perception is foundational to the capabilities of modern intelligent systems,

providing the essential interface for perceiving, interpreting, and navigating the physical world.

This fundamental capability underpins critical advancements across various domains, enabling

autonomous vehicles to safely tackle complex traffic scenarios, facilitating the monitoring of

intricate underwater acoustic environments for ocean science, and allowing wireless networks

to sense and adapt to dynamic propagation conditions for optimized communication. In these

safety-critical applications, the reliability of the entire system highly depends on the quality of

its perception; a single failure can have catastrophic consequences for safety.

Achieving robust situational awareness in these demanding settings relies on solving

complex perception tasks. Prominent tasks are multi-object tracking (MOT), which involves

estimating the time-varing states of an unknown number of objects in the environment, and

simultaneous localization and mapping (SLAM), which is particularly challenging in scenarios

where signals propagate via multiple paths. Despite decades of progress, the gap between

algorithm performance and the demands of real-world deployment remains significant. Conse-

quently, developing machine perception algorithms that are simultaneously accurate, reliable,

and computationally efficient remains a central and ongoing research challenge.

Key difficulties arise from dynamic nature of targets, complex environments, and the

inherent limitations and diverse characteristics of sensing modalities. Addressing these chal-
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lenges requires fundamental advancements in how sensor data is modeled and processed. This

dissertation provides advancements by focusing on the design of more accurate and physically

grounded statistical models to represent the underlying data-generating processes, coupled with

the development of scalable and robust inference algorithms tailored to these models.

1.1 Bayesian Estimation and Graph-Based Processing

Effectively addressing aforementioned challenges in MOT and SLAM requires robust

methods for inferring the state of the environment from sensor data. This inference task involves

estimating unknown quantities, which we will collectively denote by a state vector x, based on

available observations typically represented by a data vector z. Formally, this is the domain

of parameter estimation [7], which seeks to establish a principled mapping or function that

transforms the observed data z into an estimate of the underlying state x. The choice of an

estimation framework shapes how we model the problem.

1.1.1 The Bayesian Approach to Parameter Estimation

The field of parameter estimation is broadly divided into two principal philosophies:

traditional (or frequentist) and Bayesian estimation, each having distinct historical roots and fun-

damental ideas regarding the nature of unknown parameters. Traditional parameter estimation,

at its core, treats unknown parameters as fixed, deterministic constants. Consequently, inference

in this framework relies primarily on the observed data to derive point estimates, making it

difficult to make use of any prior knowledge.

In contrast, Bayesian estimation models the unknown parameters as random variables.

This probabilistic formulation facilitates the incorporation of prior knowledge by specifying a

prior probability density function (PDF) 5 (x), which summarizes the information about the

unknown parameter before any data is observed. When data becomes available, Bayesian

inference uses Bayes’ theorem to combine the prior PDF with the likelihood function 5 (z|x),

which is a conditional PDF summarizing the knowledge provided by the data conditioned on
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specific values of the parameter. The result is the posterior PDF 5 (x|z), which represents

our updated knowledge about the parameter after observing the data. From this posterior

distribution, specific point estimates can be derived by minimizing the expected value of a loss

function. Common examples include the minimum mean-square error (MMSE) estimator, which

computes the posterior mean, and the maximum a posterior error (MAP) estimator, which finds

the posterior mode. In addition, the posterior PDF provides a comprehensive description of the

estimate, inherently quantifying its uncertainty. For instance, in robot localization, a Bayesian

estimator provides not just the most likely location of the robot, but also the uncertainty of

that location estimate, which is critical for safe navigation and decision-making in autonomous

systems. These characteristics make the Bayesian framework powerful for developing advanced

sensing and perception methods.

1.1.2 Factor Graphs and Belief Propagation

Bayesian estimator requires the knowledge of the posterior distribution, which in princi-

ple can be obtained via Bayes’ theorem,

5 (x|z) =
5 (x) 5 (z|x)

5 (z)
.

However, for continuous random variables, the normalizing constant, also known as

the partition function, 5 (z) =
∫

5 (x) 5 (z|x)dx may not have closed-form analytical solutions.

The dimensionality of the space and the complexity of the integral may prohibit numerical

integration. To deal with the intractability of the posterior computation, various approximate

inference techniques have been developed [8]. Prominent examples include variational inference,

which frames the approximation as an optimization problem that minimizes the Kullback-Leibler

(KL) divergence between the approximated distribution @(x) and the true posterior 5 (x|z) [9].

Expectation propagation offers another iterative approach, which refines approximations to the

factors of the posterior distribution by matching the moments of the true posterior [10].
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Alongside these methods, especially when the probabilistic model exhibits a known

conditional independence structure, graphical models provide a powerful framework for rep-

resenting joint distributions. In particular, factor graphs offer bipartite undirected graphical

representation for joint PDFs that encapsulate statistical dependencies among random variables.

It consists of a set of variable nodes Q, a set of factor nodes F , and edges connecting them. A

variable node @ ∈ Q represents a random variable x@ and a factor node B ∈ F represents a factor

kB

(
x(B)

)
. The joint PDF represented by the factor graph reads

5 (x|z) ∝
∏

B∈F

kB

(
x(B)

)

which is decomposed into a product of factors. This explicit factorization is not only a represen-

tational convenience, but also forms the foundation for belief propagation (BP), also known as

the sum-product algorithm [11, 12, 13, 14]. BP is an efficient message-passing algorithm that

operates on the factor graph to compute the beliefs 5̃ (x@) for each variable x@, @ ∈ Q. When

the factor graph is tree-structured, the beliefs are exact, i.e., 5̃ (x@) = 5 (x@ |z). For graphs with

loops, BP is conducted iteratively, known as the loopy BP algorithm [15]. Loopy BP is not

guaranteed to converge, and the resulting beliefs 5̃ (x@) are approximations of the true poste-

riors. However, its empirical performance is often remarkably accurate and has been applied

in many applications [16, 17, 18, 19]. While the messages themselves can be computationally

intractable, they are often approximated effectively using parametric forms like Gaussians [20]

or non-parametric representations like particles [21].

1.1.3 Sequential Bayesian Estimation

The principles of factor graphs and BP are not limited to static estimation. They are

exceptionally well-suited for parameter estimation problems in dynamic systems where the state

x: evolves over time : , and measurements z: arrive sequentially. While one could collect all

measurements and then estimate the entire state history, known as smoothing, many applications
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like navigation and control demand real-time operation. This necessitates filtering, where the

goal is to estimate the current state x: using only the measurements z1:: = [zT
1 · · · z

T
:
]T received

up to the current time step : . In the Bayesian context, this boils down to computing the posterior

5 (x: |z1::).

In such dynamic systems, the true state is typically assumed to be an unobserved Markov

process. Given the immediately previous state x:−1, the current state x: is conditionally in-

dependent of the other earlier states x: ′ , :
′ < : − 1, i.e., 5 (x: |x0::−1) = 5 (x: |x:−1) where

x0:: = [xT
0 · · · x

T
:
]T, known as the state-transition model. Similarly, the measurement z: is only

dependent on the current state x: , i.e., 5 (z: |x0:: ) = 5 (z: |x: ), known as the measurement model.

This leads to a joint posterior distribution over the entire state trajectory x0:: factorizes

5 (x0:: |z1:: ) = 5 (x0)

:∏

: ′=1

5 (z: ′ |x: ′) 5 (x: ′ |x: ′−1)

which can be perfectly represented by a factor graph with a simple chain structure. This graph-

based perspective provides a unifying view of sequential estimation. The classic recursive

Bayesian estimation (or Bayesian filtering) framework [22], which seeks to compute the posterior

5 (x: |z1::) recursively, emerges as a specific message-passing schedule on this chain-structured

graph. The famous “predict-update” recursion can be seen as running BP with messages passed

only forward in time. When the state-transition and measurement models are linear-Gaussian,

this recursion has an exact closed-form solution, known as Kalman filter (KF) [23]. For nonlinear

or non-Gaussian models, the integrals become intractable, and approximation methods are

required. Prominent examples include extended KF (EKF) [24], unscented KF (UKF) [25],

which use Gaussian approximations, and the particle filter [26], which uses a non-parametric

sample-based representation.

The true power of this graphical model perspective, however, is revealed when we move

beyond this simple chain structure to address complex perception problems like MOT and SLAM.

While these problems retain the principle of sequential estimation, their underlying statistical
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models are more complicated and induce a more complex factorization. For instance, the mea-

surement models can introduce cumbersome dependencies, such as measurements depending

on multiple objects. Such dependency is difficult to capture with traditional recursive filters.

On the other hand, the factor graph provides a unified and principled language to model the

entire problem, including all temporal and cross-sectional dependencies. BP then serves as a

general-purpose inference engine on this complete graph, enabling the development of scalable

algorithms that can exploit the full model structure, far beyond the capabilities of classic filters.

The specific design of these advanced graph-based methods in different perception problems

will be detailed in the following chapters.

1.2 Multi-Object Tracking

Tracking is the estimation of the states of moving objects over time, inferring the value

of interest from indirect, inaccurate and uncertain observations [27]. The state of an object

usually includes motion-related parameter like its position and velocity, while observations are

obtained from sensors such as LiDAR, radar or sonar. Contrary to the detection task that finds

the objects for a single time step, tracking is about maintaining object identities and estimating

their evolutions over time, using not only the observations at the current time but also past

estimates. As a result, the trajectories of the objects can be used for downstream tasks such as

trajectory prediction and path planning.

The sequential Bayesian estimation framework discussed Section 1.1.3 can be seen as an

ideal blueprint for tracking problems. However, directly applying this blueprint to MOT is not

straightforward. One fundamental challenge of MOT is that the number of objects is unknown

and time-varying due to object birth and death. This necessitates robust track management to

handle the appearance and disappearance of objects. Within the Bayesian framework, a common

approach to address this is representing the existence of objects by a Bernoulli random variable

[28, 29, 30, 31, 32]. By inferring the posterior probability of this variable, also known as
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existence probability, the algorithm can make principled decisions about track initialization and

termination.

The other challenge lies in formulating the measurement model, which describes the

statistical relationship between the object states and the sensor observations. Depending on

how the sensor data is preprocessed, the state-of-the-art tracking approaches can be divided into

detect-then-track (DTT) and track-before-detect (TBD) algorithms.

1.2.1 Detect-Then-Track (DTT) Methods

The DTT paradigm addresses the MOT problem by adopting a two-stage approach. In

the first stage, an object detector processes the raw sensor data to generate measurements, often

referred to as “point measurements”. For instance, these can be bounding boxes from a LiDAR

point cloud, or range-bearing estimates from a radar system. The second stage, the tracker, then

operates exclusively on these “point measurements” to estimate and maintain object trajectories

over time.

The major challenge of DTT-based methods is data association: the task of determining

the origin of each measurement. Uncertainty arises because it is unclear which object generated

which measurement; some measurements may not correspond to any real object at all, i.e., false

alarms, and objects may not be detected, i.e., missed detections. In DTT-based MOT, a common

assumption for the “point measurements” is that an object can generate at most one measurement

and a measurement can originate from at most one object. This distinguishes from the extended

object tracking [33], where a single large object generates multiple measurements, and cases of

merged measurements [34], where a single measurement originates from multiple objects. A

robust data association mechanism is essential for any DTT tracker. Note that if the association

is known, MOT can be split into multiple single object tracking (SOT) problems and solved

individually.

Early and straightforward approaches treat data association as a “hard” assignment

problem. They seek a single association between measurements and objects at each time
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step, often using greedy matching or the Hungarian algorithm [35]. The multi-hypothesis

tracking (MHT) method [36] extends this idea to find the most probable assignments over a sliding

time window and compute the MAP estimate. However, by committing to a single assignment,

an early association error can lead to irrecoverable tracking failures. Furthermore, they separate

the association and estimation steps, which is suboptimal from a Bayesian perspective.

To address these limitations, probabilistic data association is developed. Instead of

making a hard decision, it considers all possible association hypotheses by modeling the data

association event as a nuisance random variable, weighting each by its probability. Probabilistic

data association was first applied in SOT [28, 37, 38] and was later extended to MOT [27, 29, 38],

aiming to compute the MMSE state estimate by marginalizing over all association events. The

primary drawback of this principled approach is its computational complexity, which grows

exponentially with the number of objects and states. Consequently, much research has focused

on developing efficient approximation techniques. Common strategies include using Murty’s

algorithm [39] to consider only the :-best linear assignment for approximation [32, 40], or

leveraging graphical model structures, as in the BP-based approach proposed in [41]. This latter

line of work, which integrates data association into a unified Bayesian framework via message

passing [18], has proven particularly powerful and forms a key point of reference for the methods

developed in this dissertation.

In summary, the DTT paradigm offers a computationally pragmatic two-stage solution

that has become the mainstream tracking approach. However, it comes at the cost of a funda-

mental limitation that valuable information may lose during the initial detection stage, leading

to suboptimal performance.

1.2.2 Track-Before-Detect (TBD) Methods

TBD methods were developed to overcome the irreversible loss of information inherent

in the DTT paradigm’s detection stage. The idea of TBD is to operate directly on the raw or

minimally processed sensor data, before any detection decisions are made. Data is typically
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structured as a grid of resolution cells (e.g., range-bearing bins) containing signal amplitude

and phase. It preserves the full information content available for tracking, which is particularly

advantageous for detecting weak or closely-spaced objects.

This fundamental shift in data processing strategy directly translates to a different for-

mulation of the measurement model. In TBD, the explicit data association problem of DTT

vanishes, and is replaced by a signal separation problem, i.e., the measurement model describes

how multiple objects contribute to the raw sensor data.

The histogram probabilistic multi-hypothesis tracking (H-PMHT) [42, 43] quantizes the

raw sensor data within each resolution cell, e.g., range-bearing cells in radar. The intensity value

in each cell is then treated as if it were a count of independent pseudo-measurements originating

from that cell. This effectively transforms the signal separation problem to a data association

framework, where a single object can be associated with multiple pseudo-measurements from

different cells.

A more physically-grounded superpositional signal model is introduced [44, 45]. In this

framework, the value in each sensor data cell is modeled directly as the summation of signal

contributions from all objects, plus an additive noise. Here, the measurement likelihood not

only depends on the object states, but also their unknown amplitudes which represent their

signal strength. This model avoids artificial quantization and captures the physics of wave-based

sensors like radar and sonar. While this provides a more principled foundation, it also introduces

significant computational challenges for inference and the complexity grows exponentially with

the number of objects. To make the problem tractable, existing works typically make simplifying

assumptions that constrain the model. Some approaches impose structural limitations, such as

assuming that each data cell can be affected by at most one object [46, 47, 48]. Others simplify

the problem by assuming key parameters, like the signal amplitudes, are known [49, 50]. A

third, widely used strategy is to assume conditional independence between the data cells given

the object states and amplitudes [51, 52, 53].
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1.3 Multipath-Based SLAM

Alongside tracking dynamic objects, a cornerstone of autonomous systems is the ability

to simultaneously build a map of the environment while determining the position of the map

agent, a problem known as SLAM. The predominant line of research in SLAM has historically

focused on sensors that perceive direct geometric features of the environment, such as cameras

and LiDAR. These feature-based SLAM methods operate by identifying and matching landmarks

(or anchors), like corners and edges, to build a map and triangulate the agent’s position. This

feature-based SLAM paradigm has achieved remarkable success and is foundational to modern

robotics and autonomous driving [54, 55].

A parallel and increasingly important line of research approaches SLAM not by observing

direct geometric features, but by leveraging the rich information embedded in signal propagation

itself, particularly through multipath components (MPCs). Many conventional radio-based

localization techniques, e.g., global navigation satellite system (GNSS), rely on line-of-sight

(LOS) ranging and treat non-line-of-sight (NLOS) signals as harmful interference. Consequently,

GNSS is often ineffective in indoor or dense urban environments. Multipath-based SLAM,

conversely, repurposes these reflections as valuable sources of geometric information

The core principle is that each NLOS path encodes the geometry of the reflecting

surfaces it interacted with. By measuring properties of these paths, such as their delay and

angle-of-arrival, one can infer the location and orientation of the reflectors. This concept was

first established in multipath-assisted localization, where, given a known map of reflectors and

signal anchors, the geometry of signal reflections is exploited for precise positioning [56]. The

map consists of two types of features: physical anchors (PAs), which are signal transceivers at

known locations, and virtual anchors (VAs), which are the geometric mirror images of the PAs

with respect to the reflecting surfaces. An NLOS path from a PA can then be interpreted as

a direct LOS path from its corresponding VA, with the path’s properties providing geometric

constraints.
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The multipath-based SLAM takes one step further that while the PAs locations are known,

the location and visibility of VAs are unknown and must be estimated alongside the agent’s state.

Therefore, multipath-based SLAM can be understood as a specific form of feature-based SLAM

where the “features” to be mapped are these VAs, thereby simultaneously localizing the agent

and mapping the reflective geometry of the environment. There are also methods that consider

features beyond specular reflections, e.g., scatterers [57].

Multipath-based SLAM shares a lot of similarity with MOT. The VAs are functionally

equivalent to objects in the MOT problem, i.e., their number is unknown and their existence

(i.e., visibility to the agent) must be jointly inferred with their state. Reflecting this similarity,

many existing methods adopt a DTT-like, two-stage approach: a channel estimator first extracts

the MPCs from the raw signal, which are then fed to a tracker that performs data association

and state estimation [58]. Even more integrated approaches, which handle data association

and estimation jointly within a unified Bayesian framework [19], still operate on these pre-

processed MPC estimates rather than the raw signal itself. Consequently, these methods inherit

the potential for information loss characteristic of the DTT paradigm, creating a clear motivation

for exploring alternative approaches.

1.4 Contributions and Outline

This dissertation addresses fundamental challenges in machine perception by developing

unified and principled Bayesian methods for MOT and multipath-based SLAM. The central

thesis of this work is that by first designing accurate, physically-grounded statistical models

that capture the fine-grained conditional independence structure of a problem, then representing

these models explicitly using factor graphs, and finally developing scalable message-passing

algorithms for inference, it is possible to create perception systems that are simultaneously

robust, accurate, and computationally efficient. The structure of this dissertation is introduced

below.
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Chapter 2 addresses the critical challenge of model mismatch in traditional DTT methods.

These methods often rely on hand-crafted statistical models that often struggle to capture the

true data generation processing, leading to performance degradation due to model mismatch.

To overcome this limitation, we introduce a novel hybrid inference framework for MOT that

integrates traditional model-based BP with data-driven components learned by neural networks.

Specifically, the proposed neural enhanced belief propagation (NEBP) method augments the

factor graph by a graph neural network (GNN), which learns information from raw sensor

data and correct the inaccurate BP messages in the factor graph. This hybrid architecture

retains the core benefits of the graphical model approach, such as scalability and principled

uncertainty quantification, while harnessing the expressive power of neural networks to adapt

to training data. Evaluated on nuScenes tracking challenge, a large autonomous driving dataset,

NEBP demonstrates state-of-the-art performance. Furthermore, by achieving lower identity

switches (IDS) and track fragments (Frag), the proposed method proves its superior robustness

compared to non-BP-based approaches.

Chapter 3 shifts focus to the alternative paradigm of TBD-based MOT. Here, we propose

a novel TBD method built upon a physically-grounded, comprehensive signal model that avoids

the information loss inherent in DTT. Unlike prior TBD work that often relies on simplifying

assumptions, our model explicitly accounts for sensor data correlations and unknown amplitude

fluctuations, enabling a more faithful representation of the data generation process. This general-

purpose model is not tied to a specific sensor but is grounded in the physics of wave propagation,

making it broadly applicable to active and passive radar, active and passive sonar, as well as

integrated sensing and communication systems. Based on a factor graph representation of the

new measurement model, we develop a scalable BP method for efficient Bayesian inference.

Experimental results, on both synthetic and real-world data, demonstrate that the proposed

method outperforms state-of-the-art DTT methods, particularly in challenging scenarios with

low signal-to-noise ratios or closely-spaced objects where the information loss of DTT is most

detrimental.
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Chapter 4 extends the physically-grounded, comprehensive signal model to multipath-

based SLAM. Existing methods largely follow a DTT-like pipeline, relying on a channel

estimator to extract MPCs before performing SLAM. This preprocessing step is a potential

bottleneck and source of information loss. Chapter 4 introduces a direct multipath-based SLAM

method that, for the first time, operates on raw radio signal without a separate channel estimation

stage. A novel statistical model is developed that links the raw sensor data directly to the agent’s

location, and the existence and location of VAs. Representing this model as a factor graph,

we derive an efficient BP algorithm that performs SLAM. The resulting BP algorithm demon-

strates significantly improved localization and mapping accuracy in both synthetic and real-data

experiments, showcasing the power of the direct approach for robust geometric inference in

challenging multipath environments.
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Chapter 2

Neural Enhanced Belief Propagation for

Multiobject Tracking

Algorithmic solutions for MOT are a key enabler for applications in autonomous naviga-

tion and applied ocean sciences. State-of-the-art MOT methods fully rely on a statistical model

and typically use preprocessed sensor data as measurements. State-of-the-art Bayesian MOT

methods that are based on BP systematically exploit graph structures of the statistical model

to reduce computational complexity and improve scalability. However, as a fully model-based

approach, BP can provide highly suboptimal estimates when there is a mismatch between the

statistical model and the true data-generating process. Existing BP-based MOT methods can

further only make use of preprocessed measurements. In this chapter, we introduce a variant of

BP that combines model-based with data-driven MOT. The proposed NEBP method comple-

ments the statistical model of BP by information learned from raw sensor data. This approach

conjectures that the learned information can reduce model mismatch and thus improve data asso-

ciation and false alarm rejection. Our NEBP method improves tracking performance compared

to model-based methods. At the same time, it inherits the advantages of BP-based MOT, i.e.,

it scales only quadratically in the number of objects, and it can thus generate and maintain a

large number of object tracks. We evaluate the performance of our NEBP approach for MOT

on the nuScenes autonomous driving dataset and demonstrate that it can achieve state-of-the-art

performance.
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2.1 Chapter Overview

Multi-object tracking (MOT) [18, 30, 32, 40, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69,

70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80] enables emerging applications including autonomous

driving, applied ocean sciences, and indoor localization. MOT aims at estimating the states (e.g.,

positions and possibly other parameters) of moving objects over time, based on measurements

provided by sensing technologies such as Light Detection and Ranging (LiDAR), radar, or sonar

[18, 30, 32, 40, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80].

An inherent problem in MOT is measurement-origin uncertainty, i.e., the unknown association

between measurements and objects. MOT is further complicated by the fact that the number of

objects is unknown, i.e., for the initialization and termination of object tracks, track management

schemes need to be employed.

2.1.1 Model-Based and Data-Driven MOT

Typically MOT methods rely on measurements that have been extracted from raw sensor

data in a detection process. For example, an object detector [81, 82, 83, 84, 85, 86] can be

applied to LiDAR scans or images at each time step independently, and the detected objects

are then used as measurements for MOT [87, 88]. This common strategy is referred to as

“detect-then-track”. Based on the assumption that, at each time step, an object can generate at

most one measurement and each measurement can be originated by at most one object, data

association can be cast as a bipartite matching problem.

The first class of MOT methods follows a global nearest neighbor association approach

[59]. Here, a Hungarian [35] or a greedy matching algorithm is used to perform “hard”

measurement-to-object associations [71, 72, 73, 74, 75, 76, 77, 78]. To improve the reliability

of hard associations, these methods often rely on discriminative shape information of objects

and measurements. Shape information is extracted from raw sensor data based on deep neural

networks [77, 78] and used to compute pairwise distances between objects and measurements
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more accurately. The methods in this class typically rely on heuristics for track management.

A second class of methods formulates and solves the MOT problem in the Bayesian

estimation framework [18, 30, 32, 40, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68]. Methods in this class

rely on a statistical model for object birth, object motion, and measurement generation [18, 30,

32, 40, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68]. The statistical model makes it possible to perform

a more robust probabilistic “soft” data association and to avoid heuristics for track initialization

and termination. Methods in this class include the joint probabilistic data association (JPDA)

filter [59], the MHT [89], random finite sets (RFS) filters [32, 40, 65, 66, 67, 68], and BP-based

MOT [18, 32, 60, 61, 62, 63, 64].

BP, also known as the sum-product algorithm, [12, 14, 90] provides an efficient and

scalable solution to high-dimensional inference problems. BP operates by “passing messages”

along the edges of the factor graph [12] that represents the statistical model of the inference

problem. Important algorithms such as sequential Bayesian estimation [26] and the JPDA filter

[59] are instances of BP. By exploiting the structure of the graph, BP-based MOT methods

[18, 32, 60, 61, 62, 63, 64] are highly scalable. In particular, using BP, “soft” probabilistic

data association can be performed for hundreds of objects. This makes it possible to generate

and maintain a very large number of potential object tracks and, in turn, achieve state-of-the-art

MOT performance [18, 32, 60, 61, 62, 63, 64].

Existing BP-based methods entirely rely on “hand-designed” statistical models. However,

the statistical models are often unable to accurately represent all the intricate details of the true

data-generating process. This mismatch leads to suboptimal object state estimates. In addition,

since BP methods rely on the detect-then-track strategy, important object-related information

might be discarded by the object detector. On the other hand, learning-based methods are

fully data-driven, i.e., they do not make use of any statistical model. Typically, learning-based

methods rely on deep neural networks, which facilitate the extraction of all relevant information

from raw sensor data [77, 78]. However, learning-based MOT typically makes use of potentially

unreliable heuristics for track management and only performs well in “big data” problems.
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A GNN [91, 92] is a graphical model formed by neural networks. The neural network

“passes messages”, i.e., exchange processing results, along the edges of the GNN. This mech-

anism is similar to the message passing performed by BP. It has been demonstrated that in

Bayesian estimation problems, a GNN can outperform loopy BP [93] if sufficient training data

is available. Recently, NEBP [94] was introduced. In NEBP, a GNN [91, 92] that matches the

topology of the factor graph is established. After training the GNN, the GNN messages can

complement the corresponding BP messages to correct errors introduced by cycles and model

mismatch. The resulting hybrid message passing method combines the benefits of model-based

and data-driven inference. In particular, NEBP can leverage the performance advantages of

GNNs in big data problems. The benefits of NEBP have been demonstrated in decoding [94]

and cooperative localization [95] problems.

2.1.2 Contribution and Chapter Organization

In this chapter, we address the fundamental question of how model-based and data-driven

approaches can be combined in a hybrid inference method. In particular, we aim to develop a

BP-based MOT method that augments its “hand-designed” statistical model with information

learned from raw sensor data. In this context, we propose NEBP for MOT. Here, BP messages

calculated for probabilistic data association are combined with the output of a GNN. The GNN

uses object detections and features learned from raw sensor information as inputs. It can improve

the MOT performance of BP by introducing data-driven false alarm rejection and object shape

association.

False alarm rejection aims at identifying which measurements are likely false alarms. For

measurements identified as a potential false alarm, the false alarm distribution in the statistical

model used by BP is locally increased. This reduces the probability that the measurement is

associated with an existing object track or initializes a new object track. Object shape association

computes improved association probabilities by taking features of existing object tracks and

measurements into account. The features are learned from raw sensor data. Compared to BP
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Figure 2.1. Flow diagram of one time step of conventional BP and the proposed NEBP method
for MOT. Black boxes show the computation modules performed by both BP and NEBP. The
red dotted boxes show additional modules only performed by the proposed NEBP method. The
goal of both MOT methods is to obtain estimates x̂8 and Â8 of object state x8 and existence
variable A8 ∈ {0, 1} for all objects 8 ∈ {1, . . . , �}. First, raw sensor data Z is preprocessed
by an object detector and the resulting object detection vector z consists of the measurements
used for MOT. In addition to the measurements z, approximate marginal posterior distributions
(“beliefs”) 5̃

(
x−8 , A

−
8

)
, 8 ∈ {1, . . . , �−} that have been computed at the previous time step are used

as input for MOT. The BP method reviewed in Section 2.2.1 performs operations on the factor
graph discussed in Section 2.4 to compute updated beliefs 5̃ (x8, A8), 8 ∈ {1, . . . , �}. Estimates
x̂8 and Â8 can be computed from the beliefs 5̃ (x8, A8) as discussed in Section 2.3.4. Compared to
conventional BP for MOT, the proposed NEBP approach introduces a shape and motion feature
extraction module and a GNN, discussed in Section 2.5.1 and 2.5.2, respectively. The shape
and motion feature extraction module computes shape and motion features hshape and hmotion

from raw sensor data Z− and Z of the previous and current time. The GNN computes NEBP
messages 5̃ based on the conventional BP messages 5 and the features hshape and hmotion, to
obtain more accurate beliefs 5̃ (x8, A8), 8 ∈ {1, . . . , �} and thus more accurate estimates x̂8 and Â8
as discussed in Section 2.5.3.

for MOT, the resulting NEBP method for MOT can improve object declaration and estimation

performance if annotated data is available and consequently provide state-of-the-art performance

in big data MOT problems.

The key contributions of this chapter are summarized as follows.

• We introduce NEBP for MOT where probabilistic data association is enhanced by learned

information provided by a GNN.

• We present the procedure and the loss function, used for the training of the GNN, that
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enable false alarm rejection and object shape association.

• We apply the proposed method to an autonomous driving dataset and demonstrate state-

of-the-art object tracking performance.

An overview of the proposed NEBP method for MOT is presented as a flow diagram in Fig. 2.1.

Here, black boxes show the computation modules performed by both conventional BP and

NEBP. The red dotted boxes show the additional modules only performed by the proposed

NEBP method. A detailed description of each module will be provided in Sections 2.4 and 2.5.

In modern MOT scenarios with high-resolution sensors, it is often challenging to capture

object shapes and the corresponding data-generating process by a statistical model. Thus, in

contrast to the extended object tracking strategy [61, 96, 97], the influence of object shapes on

data generation is best learned directly from data.

This chapter is organized as follows. Section 2.2 reviews the general BP and NEBP

algorithm. Section 2.3 describes the system model and statistical formulation. Section 2.4

reviews the factor graph and the BP for MOT algorithm. Section 2.5 develops the proposed

NEBP for MOT algorithm. Section 2.6 introduces the loss function used for NEBP training and

Section 2.7 discusses experimental results.

2.2 Review of Belief Propagation (BP) and Neural Enhanced

Belief Propagation (NEBP)

In what follows, we review the general framework of BP and NEBP.

2.2.1 Factor Graph and BP

A factor graph [12, 13] is a bipartite undirected graph G 5 = (V5 , E 5 ) that consists of a

set of edges E 5 and a set of vertices or nodes V5 = Q ∪ F . A variable node @ ∈ Q represents a

random variable x@ and a factor node B ∈ F represents a factor kB

(
x(B)

)
. The argument x(B) of

a factor, consists of certain random variables x@ (each x@ can appear in several x(B)). Variable
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x@ x<

5B

q@→B

qB→<

(a)

h@ h<

hB

m@→B

mB→<

(b)

Figure 2.2. Factor graph (a) and its corresponding GNN (b) of a simple NEBP example.

nodes and factor nodes are typically depicted by circles and boxes, respectively. An example is

shown in Fig. 2.2a. The joint PDF represented by the factor graph reads

5 (x) ∝
∏

B∈F

kB

(
x(B)

)

where ∝ denotes equality up to a multiplicative constant.

BP [12], also known as the sum-product algorithm, can compute marginal PDFs 5 (x@),

@ ∈ Q efficiently. BP performs local operations on the factor graph. The local operations can

be interpreted as “messages” that are passed over the edges of the graph. There are two types of

messages.

At message passing iteration ℓ ∈ {1, . . . , !}, the messages passed from variable nodes

to factor nodes are defined as

q
(ℓ)
@→B (x@) =

∏

0∈NF (@)\B

q
(ℓ−1)
0→@ (x@). (2.1)

In addition, the messages passed from factor nodes to variable nodes are given by

q
(ℓ)
B→@ (x@) =

∑

x(B)\x@

kB

(
x(B)

) ∏

<∈NQ (B)\@

q
(ℓ)
<→B (x<) (2.2)
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where NQ (·) ⊆ Q and NF (·) ⊆ F denote the set of neighboring variable and factor nodes,

respectively. Here,
∑

x(B)\x@
denotes marginalization of all elements in x(B) except the element

x@. If kB

(
x(B)

)
is a singleton factor node in the sense that it is connected to a single variable

node x@, i.e., x(B) = x@, then the message from the factor node to the variable node is equal to

the factor node itself, i.e., q@ (x@) , qB→@ (x@) = kB

(
x@
)
. For future use, we introduce the joint

set of messages 5(ℓ) =
{
q
(ℓ)
@ , q

(ℓ)
@→B, q

(ℓ)
B→@

}
@∈Q,B∈F

and 5
(ℓ)

F→Q
=
{
q
(ℓ)
@ , q

(ℓ)
B→@

}
@∈Q,B∈F

as well as

the function

5(ℓ)
= BP

(
5
(ℓ−1)
F→Q

)

that summarizes all message computations (2.1) and (2.2) related to one iteration ℓ.

After message passing is completed, one can subsequently obtain “beliefs” 5̃ (x@), for

each variable node x@, computed as the product of all incoming messages, i.e.,

5̃ (x@) ∝
∏

B∈NF (@)

q
(!)
B→@ (x@).

If the factor graph is a tree, then the beliefs are exactly equal to the marginal PDF, i.e.,

5̃ (x@) = 5 (x@). In factor graphs with loops, BP is applied in an iterative manner and the

message passing order is not unique. Different message passing orders may lead to different

beliefs. The beliefs 5̃ (x@) provided by this “loopy BP” scheme are only approximations of

marginal posterior PDFs 5 (x@). However, the beliefs 5̃ (x@) have been observed to be very

accurate in many applications[18, 98, 99].

2.2.2 NEBP

NEBP [94] is a hybrid message passing method that combines the benefits of model-based

and data-driven inference. In particular, NEBP aims at improving the BP solution by augmenting

the factor graph by a GNN. While BP messages are calculated based on the statistical model

represented by the factor graph, GNN messages are computed based on information learned

from data. In NEBP, a GNN that matches the network topology of the factor graph is introduced
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as shown in Fig. 2.2. To avoid redundancies, singleton factor nodes are not represented by

additional nodes in the GNN [94]. In particular, singleton factor nodes are already represented

by GNN nodes introduced for variables nodes. An iterative message passing procedure is

performed on the GNN. In one GNN iteration, nodes send messages to their neighboring nodes

(cf. (2.3) and (2.4)), receive messages from neighboring nodes, and aggregate received messages

to update their node embeddings (cf. (2.5) and (2.6)). In particular, at message passing iteration

ℓ ∈ {1, . . . , !}, the equations that describe message passing of the GNN are given as follows

[94]. The messages exchanged between variable nodes @ ∈ Q to factor nodes B ∈ F along the

edges of the GNN are given by the vectors

m
(ℓ)
@→B = 6Q→F

(
h
(ℓ−1)
@ , h

(ℓ−1)
B , q

(ℓ)
@→B

)
(2.3)

m
(ℓ)
B→@ = 6F→Q

(
h
(ℓ−1)
B , h

(ℓ−1)
@ , q

(ℓ)
B→@

)
(2.4)

where q
(ℓ)
@→B and q

(ℓ)
B→@ are the BP messages (cf. (2.1)-(2.2)) and 6Q→F (·) as well as 6F→Q (·)

are referred to as edge functions [94]. In addition, after GNN messages have been exchanged,

so-called node embedding vectors h
(ℓ)
B and h

(ℓ)
@ for factor node B ∈ F and variable node @ ∈ Q,

are computed as

h
(ℓ)
B = 6F

(
h
(ℓ−1)
B ,

∑

@∈NQ (B)

m
(ℓ)
@→B

)
(2.5)

h
(ℓ)
@ = 6Q

(
h
(ℓ−1)
@ ,

∑

B∈NF (@)

m
(ℓ)
B→@, q

(ℓ)
@

)
(2.6)

where q
(ℓ)
@ are the singleton BP messages discussed in Sec. 2.2.1 and 6F (·) as well as 6Q (·) are

referred to as node functions [94]. Edge and node functions are neural networks. For future use,

we introduce the joint set of GNN messages m(ℓ) = {m
(ℓ)
B→@,m

(ℓ)
@→B}@∈Q,B∈F , node embeddings

h(ℓ) = {h
(ℓ)
B , h

(ℓ)
@ }@∈Q,B∈F , and the function

{
h(ℓ),m(ℓ)

}
= GNN(h(ℓ−1), 5(ℓ)) that summarizes all

GNN computations (2.3)–(2.6) at iteration ℓ. Note that singleton factor nodes are not included
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in the GNN.

Based on the BP message passing procedure discussed in Section 2.2.1 and the GNN

message passing procedure discussed above, the hybrid NEBP method can be summarized as

follows. In particular, at iteration ℓ

5(ℓ)
= BP

(
5̃
(ℓ−1)
F→Q

)

{
h(ℓ),m(ℓ)

}
= GNN

(
h(ℓ−1), 5(ℓ)

)

where 5̃
(ℓ−1)
F→Q =

{
q̃
(ℓ−1)
B→@

}
@∈Q,B∈F

is the set of NEBP messages from the last iteration ℓ that are

passed from factor nodes to variables nodes. In the MOT context, the BP messages 5
(ℓ−1)
F→Q

provide a preliminary data association solution, which does not make use of the object shape

information, to the GNN. The GNN then aims at refining this preliminary solution by also

taking the object shape information into account. Providing a preliminary solution to the GNN

can make training and inference more efficient and accurate [94].

Finally, the NEBP messages at the current iteration, are calculated as

q̃
(ℓ)
B→@ = 6nebp,1

(
h(ℓ),m(ℓ)

)
⊙ q

(ℓ)
B→@ + 6nebp,2

(
h(ℓ),m(ℓ)

)
(2.7)

where 6nebp,1
(
h(ℓ),m(ℓ)

)
and 6nebp,2

(
h(ℓ),m(ℓ)

)
are neural networks that, in general, output a

nonnegative vector with the same dimension as q(ℓ)
B→@ and ⊙ is element-wise multiplication. The

BP messages passed from variable nodes to factor nodes are not “neural enhanced”.

After the last message passing iteration ℓ = !, the beliefs for each variable node x@ are

calculated as

5̃ (x@) =
∏

B∈NF (@)

q̃
(!)
B→@ (x@).

23



2.3 System Model and Statistical Formulation

In this section, we review the system model of BP-based MOT and the multiobject

declaration and state estimation problem BP-based MOT aims to solve.

2.3.1 Potential Objects and Object States

The number of objects is unknown and time-varying. We describe this scenario by

introducing #: potential objects (POs) [18, 60] where #: is the maximum possible number of

objects1. At time : , the existence of a PO = ∈ {1, . . . , #: } is modeled by a binary random

variable A:,= ∈ {0, 1}. PO = exists, in the sense that it represents an actual object, if and only

if A:,= = 1. The kinematic state of PO = is modeled by a random vector x:,= that consists of

the object’s position and possibly motion information. The augmented PO state is defined as

y:,= , [xT
:,=

A:,=]
T. In what follows, we will refer to augmented PO states simply as PO states.

We also introduce the joint PO state vector at time : as y: , [yT
:,1 · · · y

T
:,#:

]T.

At time : , a detector 6det(·) produces a vector z: , [zT
:,1 · · · z

T
:,�:

]T of preprocessed

measurements from raw sensor data Z: , i.e., z: = 6det(Z: ). The joint measurement vector that

consists of all preprocessed measurements up to time : is denoted as z1:: , [zT
1 · · · z

T
:
]T.

There are two types of POs:

• New POs represent objects that, for the first time, have generated a measurement at the

current time step : . Their states are denoted as y:, 9 = [xT
:, 9

A :, 9 ]
T. At time : , a new PO

is introduced2 for each measurement z:, 9 , 9 ∈ {1, . . . , �: }.

• Legacy POs represent objects that already have generated at least one measurement at

previous time steps :′ < : . Their states are denoted by y:,8 = [xT
:,8

A :,8]
T, 8 ∈ {1, . . . , �: },

where �: is the total number of legacy POs.

1The number of POs #: is the maximum possible number of actual objects that have produced a measurement
so far [18].

2Introducing a new PO is equal to initializing a new potential object track [18].
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All new POs that have been introduced at time : −1 become legacy POs at time : . Thus,

the number of legacy POs at time : is �: = �:−1 + �:−1 = #:−1 and the total number of POs is

#: = �: + �: . A pruning step that limits the growth of the number of PO states will be discussed

in Section 2.3.4. For future reference, we further define the joint PO states y: , [yT
:,1 · · · y

T
:,�:

]T,

y: , [yT
:,1 · · · y

T
:,�:

]T, and y: , [yT
:

yT
:
]T.

POs represent actual objects that already have generated at least one measurement. In

addition, there may also be actual objects that have not generated any measurements yet. These

objects are referred to as “unknown” objects. Unknown objects are independent and identically

distributed according to 5u(·). The number of unknown objects is modeled by a Poisson

distribution with mean `u. The statistical model for unknown objects induces a statistical model

for new POs [18] as further discussed in Section 2.4.

2.3.2 Data Association Vector and Measurement Model

MOT is subject to measurement origin uncertainty, i.e., it is unknown which actual object

generates which measurement z:, 9 . It is also possible that a measurement is not originated from

any actual object. Such a measurement is referred to as a false alarm. Furthermore, an actual

object may also not generate any measurements. This is referred to as missed detection. We

assume that an object can generate at most one measurement and a measurement can originate

from at most one object; this is known as the “data association assumption.”

Since every actual object that has generated a measurement is represented by a PO, we

can model measurement origin uncertainty by PO-to-measurement associations. These associ-

ations are represented by multinoulli random variables. In particular, the PO-to-measurement

association at time : can be described by the “object-oriented” data association (DA) vector

a: = [0:,1 · · · 0:,�: ]
T. The case where legacy PO 8 generates measurement 9 at time : , is

represented by 0:,8 = 9 ∈ {1, . . . , �: }. On the other hand, the case where legacy PO 8 does not

generate any measurement at time : is represented by 0:,8 = 0.

The computation complexity of MOT can be reduced by also introducing the “measure-
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ment-oriented” DA vector [100, 101] b: = [1:,1 · · · 1:,�: ]
T. Here, 1:, 9 = 8 ∈ {1, · · · , �: }

represents the case where measurement 9 is originated by legacy PO 8. In addition, 1:, 9 = 0

represents the case where measurement 9 is not originated by any legacy PO. Modeling PO-to-

measurement associations in terms of both a: and b: is redundant in that b: can be determined

from a: and vice versa. However, the resulting hybrid representation makes it possible to

check the consistency of the data association assumption based on indicators that are only a

function of two scalar association variables. In particular, we introduce the indicator function

Ψ8, 9 (0:,8, 1:, 9 ) [100, 101] which is equal to 0 if 0:,8 = 9 , 1:, 9 ≠ 8 or 0:,8 ≠ 9 , 1:, 9 = 8, and

is equal to 1 otherwise. If and only if a data association event can be expressed by both an

object-oriented a: and a measurement-oriented association vector b: , then the event does not

violate the data association assumption and all indicator functions are equal to one. Finally, we

also introduce the joint DA vectors a1:: , [aT
1 · · · a

T
:
]T and b1:: , [bT

1 · · · b
T
:
]T. It is assumed

that an actual object generates a measurement with probability of detection ?d. If and only if a

PO = represents an actual object, i.e., A:,= = 1, it can generate a measurement. If measurement

z:, 9 has been generated by (legacy or new) PO = ∈ {1, . . . , #: }, its conditional PDF given PO

state x:,= is 5 (z:, 9 |x:,=). The functional form of 5 (z:, 9 |x:,=) is determined by the statistical

measurement model chosen for the considered tracking problem. For example, if we have a

linear measurement with respect to PO state x:,= with zero-mean, additive Gaussian noise, i.e.

z:, 9 = H:x:,=+v:, 9 , then 5 (z:, 9 |x:,=) is given by N(H:x:,=,R:), where R: is the covariance of

the measurement noise v:, 9 .

If measurement z:, 9 has not been generated any PO, it is a false alarm measurement.

False alarm measurements are independent and identically distributed according to 5fa(z:, 9 ).

The number of false alarm measurements is modeled by a Poisson distribution with mean `fa.

2.3.3 Object Dynamics

The PO states y:−1,8 are assumed to evolve independently and identically according to a

Markovian dynamic model [59]. In addition, for each PO at time : − 1, there is a legacy PO
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at time : . The state transition function of the joint PO state y:−1 at time : − 1, can thus be

expressed as

5 (y: |y:−1) =

#:−1∏

8=1

5 (y:,8 |y:−1,8)

where the state-transition PDF 5 (y:,8 |y:−1,8) = 5 (x:,8, A :,8 | x:−1,8, A:−1,8) models the dynamics

of individual POs and is given as follows. If PO 8 does not exist at time : − 1, i.e., A:−1,8 = 0,

then it cannot exist at time : either. The state-transition PDF for A:−1,8 = 0 is thus given by

5 (x:,8, A :,8 |x:−1,8, 0) =




5du(x:,8), A :,8 = 0

0, A :,8 = 1

where 5du(x:,8) is an arbitrary “dummy” PDF since states of nonexisting POs are irrelevant. If

PO 8 exists at time : − 1, i.e., A:−1,8 = 1, then, the probability that it stills exists at time : is given

by the survival probability ?s. If PO 8 still exists at time : , its state x:,8 is distributed according

to 5 (x:,8 |x:−1,8). The state-transition PDF for A:−1,8 = 1, is thus given by

5 (x:,8, A :,8 |x:−1,8, 1) =




(1 − ?s) 5du(x:,8), A :,8 = 0

?s 5 (x:,8 |x:−1,8), A :,8 = 1.

2.3.4 Declaration, Estimation, Initialization, and Termination

At each time step : , our goal is to declare whether a PO = ∈ {1, . . . , #: } exists and to

estimate the PO states x:,= of all existing POs, based on all measurements z1:: = [zT
1 · · · z

T
:
]T. In

the Bayesian setting, object declaration and state estimation essentially amount to, respectively,

calculating the marginal posterior existence probabilities ?(A:,= = 1|z1:: ) and the marginal

posterior state PDFs 5 (x:,= |A:,= = 1, z1::). Then, a PO = is declared to exist if ?(A:,= = 1|z1::)

is larger than a suitably chosen threshold )dec [102, Ch. 2]. Furthermore, for each declared PO
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=, an estimate of x:,= is provided by the MMSE estimator [102, Ch. 4]

x̂:,= =

∫
x:,= 5 (x:,= |A:,= = 1, z1:: )dx:,=.

Both ?(A:,= = 1|z1:: ) and 5 (x:,= |A:,= = 1, z1::) can be obtained from the marginal posterior

PDFs of augmented states 5 (y:,= |z1::) = 5 (x:,=, A:,= |z1:: ). Thus, the problem to be solved is

finding an efficient computation of 5 (y:,= |z1:: ). For future reference, we introduce the notation

Â:,= = ?(A:,= = 1|z1:: ).

Track initialization and termination can be summarized as follows. We initialize a new

potential object track for each measurement. The initial existence probability of each potential

object track is determined by the statistical model for unknown objects discussed in Section

2.3.2. With this initialization approach, the number of object tracks grows linearly with time : .

Therefore, we terminate (“prune”) potential object tracks by removing legacy and new POs with

existence probabilities below a threshold )pru from the state space.

2.4 Conventional BP-based MOT Algorithm

In this section, we review the BP-based MOT approach. Contrary to the original BP-

based MOT approach, we introduce an alternative factor graph which makes it easier to describe

the proposed NEBP method presented in Section 2.5.

2.4.1 Alternative MOT Factor Graph

By using common assumptions, the factorization structure of the joint posterior PDF

5 (y0:: , a1:: , b1:: |z1::) is given as follows (cf. [18, Sec. VIII-G])
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5 (y0:: , a1:: , b1:: |z1:: ) ∝

( #0∏

=′=1

5 (y0,=′)

) :∏

: ′=1

( #:′−1∏

==1

5 (y: ′,= |y: ′−1,=)

)

×

( �:′∏

8=1

@(y: ′,8, 0: ′,8; z: ′)

�:′∏

9 ′=1

Ψ8, 9 ′ (0: ′,8, 1: ′, 9 ′)

)

×

�:′∏

9=1

E(y: ′, 9 , 1: ′, 9 ; z: ′, 9 ). (2.8)

Note that often there are no POs at time : = 0, i.e., #0 = 0.

The factor @(y:,8, 0:,8; z:) , @(x:,8, A :,8, 0:,8; z: ), describing the measurement model of

the sensor for legacy POs, is defined as

@(x:,8, 1, 0:,8; z:) ,




?d 5 (z:, 9 |x:,8)

`fa 5fa(z:, 9 )
, 0:,8 = 9 ∈ {1, . . . , �: }

1 − ?d, 0:,8 = 0

@(x:,8, 0, 0:,8; z:) , 1(0:,8) (2.9)

where 1(0) ∈ {0, 1} is the indicator function of the event 0 = 0, i.e., 1(0) = 1 if 0 = 0 and 0

otherwise.

The factor E(y:, 9 , 1:, 9 ; z:, 9 ) , E(x:, 9 , A :, 9 , 1:, 9 ; z:, 9 ), describing the measurement model

of the sensor as well as prior information for new POs, is given by

E(x:, 9 , 1, 1:, 9 ; z:, 9 ) ,




0, 1:, 9 = 8 ∈ {1, . . . , �: }

?d`u 5u(x:, 9 ) 5 (z:, 9 |x:, 9 )

`fa 5fa(z:, 9 )
, 1:, 9 = 0

E(x:, 9 , 0, 1:, 9 ; z:, 9 ) , 5du(x:, 9 ) (2.10)

where 5du(x:, 9 ) is an arbitrary “dummy” PDF. Here, the distribution 5u(x:, 9 ) and mean number

`u of unknown objects are used as prior information for new POs. Note that a detailed derivation
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of the factors @(y:,8, 0:,8; z: ) and E(y:, 9 , 1:, 9 ; z:, 9 ) is provided in [18].

The factorization in (2.8) provides the basis for a factor graph representation. Contrary

to [18], in this work, we consider an alternative factor graph where PO states and association

variables are combined in joint variable nodes. In particular, legacy PO states y:,8 and object-

oriented association variables 0:,8 form joint nodes “y:,8, 0:,8”. In addition, new PO states

y:, 9 and measurement-oriented association variables 1:, 9 form joint nodes “y:, 9 , 1:, 9”. This

combination of variable nodes is motivated by the fact that in the original factor graph there

is exactly one 0:,8 connected to the corresponding y:,8 and exactly one 1:, 9 connected to the

corresponding y:, 9 . The resulting alternative factor graph leads to a presentation of the proposed

method in Section 2.5 that is consistent with BP message passing rules [12] as well as the original

work on NEBP [94]. A single time step of the considered factor graph is shown in Fig. 2.3a.

Next, BP is applied to efficiently compute the beliefs 5̃ (y:,=) that approximate the

marginal posterior PDFs 5 (y:,= |z1:: ). Since the considered factor graph in Fig. 2.3a has loops,

a specific message-passing order has to be chosen. As in [18, 60], we choose an order that is

based on the following rules: (i) BP messages are only sent forward in time, and (ii) iterative

message passing is only performed for data association and at each time step individually.

2.4.2 BP for MOT

In what follows, we will briefly discuss the calculation of BP messages on the considered

factor graph shown in Fig. 2.3a. Note that messages sent from the singleton factor nodes

“@(y:,8, 0:,8; z: )” to the joint variable nodes “y:,8, 0:,8”, and messages sent from the singleton

factor nodes “E(y:, 9 , 1:, 9 ; z:, 9 )” to the joint variable nodes “y:, 9 , 1:, 9” are equal to the singleton

factor nodes “@(y:,8, 0:,8; z: )” and “E(y:, 9 , 1:, 9 ; z:, 9 )” themselves. Thus, we reuse the same

notation for factor nodes and corresponding messages.

The messages U:,8 (y:,8) = U:,8 (x:,8, A :,8), 8 ∈ {1, . . . , �: } passed from the factor nodes
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Figure 2.3. Factor graph (a) and corresponding bipartite GNN (b) for a single time step : of
the considered NEBP approach for MOT. BP and GNN messages are shown. The time index :

is omitted. A GNN node was introduced for each legacy PO and each new PO. The topology
of the GNN, which only matches the part of the factor graph that models the data generating
process, will be discussed in Section 2.5.2. Following the topology of the data association part
of the factor graph in (a), GNN edges were introduced such that the bipartite GNN shown in (b)
is obtained. The following shorthand notation is used: y8 = y:,8, y 9 = y:, 9 , 08 = 0:,8, 1 9 = 1:, 9 ,
Ψ8, 9 = Ψ8, 9 (0:,8, 1:, 9 ), @8 = @(x:,8, A :,8, 0:,8; z:), E 9 = E(x:, 9 , A :, 9 , 1:, 9 ; z:, 9 ), 58 = 5 (y:,8 |y:−1,8),

U8 = U:,8 (x:,8, A :,8), V8, 9 = V
(ℓ)

:,8, 9
(y:,8, 0:,8), b 9 ,8 = b

(ℓ)

:, 9 ,8
(y:, 9 , 1:, 9 ).

“ 5 (y:,8 |y:−1,8)” to the joint variable nodes “y:,8, 0:,8” are calculated as (cf. [18, Sec. IX-A1])

U:,8 (x:,8, 1) =

∫
?s 5 (x:,8 |x:−1,8) 5̃ (x:−1,8, 1)dx:−1,8

and U:,8 (x:,8, 0) = U:,8 5du(x:,8) where U:,8 is a scalar that can be computed by making use of

5̃ (y:−1,8) = 5̃ (x:−1,8, A:−1,8) and ?s (cf. [18, eq. (77)]). Note the belief 5̃ (y:−1,8) and the

message U:,8 (y:,8) are normalized in the sense that they sum to unity, e.g.,

∑

A:,8∈{0,1}

∫
U:,8 (x:,8, A :,8)dx:,8 = 1.

At message passing iteration ℓ ∈ {1, . . . , !}, the messages V(ℓ)
:,8, 9

(y:,8, 0:,8) and b (ℓ)
:, 9 ,8

(y:, 9 ,

1:, 9 ), 8 ∈ {1, . . . , �: }, 9 ∈ {1, . . . , �: } passed from variable nodes “y:,8, 0:,8” and “y:, 9 , 1:, 9” to
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the indicator nodes “Ψ8, 9 (0:,8, 1:, 9 )” are given by (cf. (2.1))

b
(ℓ)

:, 9 ,8
(y:, 9 , 1:, 9 ) = E(y:, 9 , 1:, 9 ; z:, 9 )

�:∏

8′=1
8′≠8

i
(ℓ−1)
Ψ8′ , 9→1:, 9

(1:, 9 ) (2.11)

V
(ℓ)

:,8, 9
(y:,8, 0:,8) = @(y:,8, 0:,8; z: )U:,8 (y:,8)

�:∏

9 ′=1
9 ′≠ 9

a
(ℓ)

Ψ8, 9′→0:,8
(0:,8). (2.12)

In addition, the messages i
(ℓ)

Ψ8, 9→1:, 9
(1:, 9 ) and a

(ℓ)

Ψ8, 9→0:,8
(0:,8) passed from indicator

nodes “Ψ8, 9 (0:,8, 1:, 9 )” to variables nodes “y:, 9 , 1:, 9” and “y:,8, 0:,8” are obtained as (cf. (2.2)),

i
(ℓ)

Ψ8, 9→1:, 9
(1:, 9 ) =

�:∑

0:,8=0

Ψ8, 9 (0:,8, 1:, 9 )
∑

A:,8∈{0,1}

∫
V
(ℓ)

:,8, 9
(x:,8, A :,8, 0:,8)dx:,8 (2.13)

a
(ℓ)

Ψ8, 9→0:,8
(0:,8) =

�:∑

1:, 9=0

Ψ8, 9 (0:,8, 1:, 9 )
∑

A:, 9∈{0,1}

∫
b
(ℓ)

:, 9 ,8
(x:, 9 , A :, 9 , 1:, 9 )dx:, 9 . (2.14)

By plugging (2.11) into (2.14) and (2.12) into (2.13), we finally obtain the following

combined messages for 8 ∈ {1, . . . , �: }, and 9 ∈ {1, . . . , �: }

i
(ℓ)

Ψ8, 9→1:, 9
(1:, 9 ) =

�:∑

0:,8=0

V:,8 (0:,8)Ψ8, 9 (0:,8, 1:, 9 )

�:∏

9 ′=1
9 ′≠ 9

a
(ℓ)

Ψ8, 9′→0:,8
(0:,8) (2.15)

a
(ℓ)

Ψ8, 9→0:,8
(0:,8) =

�:∑

1:, 9=0

b:, 9 (1:, 9 )Ψ8, 9 (0:,8, 1:, 9 )

�:∏

8′=1
8′≠8

i
(ℓ−1)
Ψ8′ , 9→1:, 9

(1:, 9 ). (2.16)

Here, we have introduced the short notation

V:,8 (0:,8) ,
∑

A:,8∈{0,1}

∫
@(x:,8, A :,8, 0:,8; z: )U:,8 (x:,8, A :,8)dx:,8 (2.17)
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and

b:, 9 (1:, 9 ) ,
∑

A:, 9∈{0,1}

∫
E(x:, 9 , A :, 9 , 1:, 9 ; z:, 9 )dx:, 9 . (2.18)

Note that with a small abuse of notation, one message passing iteration, indexed by ℓ, in (2.15)

and (2.16) corresponds to two message passing iterations in (2.1) and (2.2). Iterative message

passing in (2.15) and (2.16) is initialized at ℓ = 1, by setting in (2.16) i(0)
Ψ8, 9→1:, 9

(1:, 9 ) = 1 for all

9 ∈ {1, . . . , �: } and 8 ∈ {1, . . . , �: }.

These combined messages can be further simplified [41] as follows. Because of the binary

consistency constraints expressed by Ψ8, 9 (0:,8, 1:, 9 ), each message comprises only two different

values. In particular, i(ℓ)

Ψ8, 9→1:, 9
(1:, 9 ) in (2.15) takes on one value for 1:, 9 = 8 and another for all

1:, 9 ≠ 8. Furthermore, a(ℓ)
Ψ8, 9→0:,8

(0:,8) in (2.16) takes on one value for 0:,8 = 9 and another for

all 0:,8 ≠ 9 . Thus, each message can be represented (up to an irrelevant constant factor) by the

ratio of the first value and the second value, hereafter denoted as i
(ℓ)
8, 9

for i(ℓ)

Ψ8, 9→1:, 9
(1:, 9 ) and

a
(ℓ)
9 ,8

for a(ℓ)
Ψ8, 9→0:,8

(0:,8). By exchanging simplified messages the computational complexity of

each message passing iteration only scales as O(�:�:) (see [18, 41] for details). Furthermore, it

has been shown in [41] that iterative probabilistic data association following (2.15)–(2.16) and

its simplified version discussed above are guaranteed to converge.

Finally, after the last message passing iteration ℓ = !, the beliefs 5̃ (y:,8, 0:,8), 8 ∈

{1, . . . , �: } and 5̃ (y:, 9 , 1:, 9 ), 9 ∈ {1, . . . , �: } are computed according to

5̃ (y:,8, 0:,8) =
1

�:,8

@(y:,8, 0:,8; z:)U:,8 (y:,8)

�:∏

9=1

a
(!)

Ψ8, 9→0:,8
(0:,8)

5̃ (y:, 9 , 1:, 9 ) =
1

�:, 9

E(y:, 9 , 1:, 9 ; z:, 9 )

�:∏

8=1

i
(!)

Ψ8, 9→1:, 9
(1:, 9 )

where �:,8, and �:, 9 are normalizing constants that make sure that 5̃ (y:,8, 0:,8) and 5̃ (y:, 9 , 1:, 9 )

sum and integrate to unity. The marginal beliefs 5̃ (y:,8), 5̃ (y:, 9 ), ?̃(0:,8), and ?̃(1:, 9 ) can

then be obtained from 5̃ (y:,8, 0:,8) and 5̃ (y:, 9 , 1:, 9 ) by marginalization. In particular, the
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approximate marginal posterior PDFs of augmented states 5̃ (y:,8) ≈ 5 (y:,8 |z1:: ), 8 ∈ {1, . . . , �: }

and 5̃ (y:, 9 ) ≈ 5 (y:, 9 |z1::), 9 ∈ {1, . . . , �: } are used for object declaration and state estimation

as discussed in Section 2.3.4. Furthermore, the approximate marginal association probabilities

?̃(0:,8) ≈ ?(0:,8 |z1:: ), 8 ∈ {1, . . . , �: } and ?̃(1:, 9 ) ≈ ?(1:, 9 |z1:: ), 9 ∈ {1, . . . , �: } are used in a

preprocessing step for performance evaluation discussed in Sections 2.7.1 and 2.7.2.

2.5 Proposed NEBP-based MOT Algorithm

In this section, we start with a discussion on how neural networks can extract features

from raw sensor data by using previous state estimates and preprocessed measurements. We

then introduce the proposed NEBP framework for MOT, which compared to BP for MOT uses

features as an additional input. Since we limit our discussion to a single time step, we will omit

the time index : in what follows.

2.5.1 Feature Extraction

We consider two types of features: (i) features that represent motion information (e.g.,

position and velocity) and (ii) features that represent shape information.

For each legacy PO 8 ∈
{
1, . . . , �

}
, the shape feature h08 ,shape is extracted as

h08 ,shape = 6shape,1(Z
−; x̂−8 ) (2.19)

where x̂−8 is the approximate MMSE state estimate of legacy PO 8 at the previous time step.

Furthermore, Z− is the raw sensor data at the previous time step and 6shape,1(Z
−; x̂−8 ) is a neural

network.

Similarly, for each preprocessed measurement z 9 , 9 ∈
{
1, . . . , �

}
the shape feature

h1 9 ,shape is obtained as

h1 9 ,shape = 6shape,2(Z; z 9 ) (2.20)

where 6shape,2(Z; z 9 ) is again a neural network and Z is the raw sensor data collected at the
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current time step.

Finally, for each legacy PO 8 ∈
{
1, . . . , �

}
and each measurement 9 ∈

{
1, . . . , �

}
, a

motion feature is computed according to

h08 ,motion = 6motion,1(x̂
−
8 , Â

−
8 )

h1 9 ,motion = 6motion,2(z 9 ) (2.21)

where Â−8 is the approximate existence probability of legacy PO 8 at the previous time step.

Furthermore, 6motion,1(x̂
−
8 , Â

−
8 ) and 6motion,2(z 9 ) are again neural networks. We will discuss one

particular instance of shape feature extraction in Section 2.7.2.

2.5.2 GNN Topology and BP Message Enhancement

The conjecture of this work is that in many MOT applications (i) object dynamics and ex-

istence can be described accurately by a statistical model represented by the PDFs 5 (x:,8 |x:−1,8),

5u(x:, 9 ) and parameters ?s, `u; (ii) measurement detection and the resulting measurements

of the object’s position can also be described well by a statistical model represented by PDFs

5 (z:, 9 |x:,=), 5fa(z:, 9 ) and parameters ?d, `fa; but (iii) object shape information are difficult to

represent accurately by a statistical model. Thus, we can make use of models available for (i)

and (ii), while for (iii), we best learn the influence of object shape information on measurement

detection directly from the data itself. Thus, contrary to the original NEBP approach, in our

NEBP method, only the parts of the MOT factor graph that model the data generating process

are matched by the GNN. We also use a message passing order that is tailored to the considered

MOT problem. The matched parts of the factor graph are highlighted in Fig. 2.3. All factor

nodes in this part of the factor graph are either singleton or pairwise factor nodes. As discussed

in Section 2.2.2, in NEBP singleton factor nodes are not matched by GNN nodes. In addition, in

our considered factor graph in Fig. 2.3(a), the pairwise factor nodes “Ψ8, 9 (08, 1 9 )”, 9 ∈
{
1, . . . , �

}

and 8 ∈
{
1, . . . , �

}
represent simple binary consistency constraints. Thus, we do not explicitly
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model factor nodes by GNN nodes. The node embeddings of GNNs nodes introduced for the

variable nodes “y8, 08”, 8 ∈
{
1, . . . , �

}
are denoted as h08 and the node embeddings introduced

for variables nodes “y 9 , 1 9”, 9 ∈
{
1, . . . , �

}
are denoted as h1 9

. Finally, following the topology

of the factor graph for data association in Fig. 2.3a, GNN edges are introduced such that the

bipartite GNN shown in Fig. 2.3b is obtained.

We recall from Section 2.2.1 that for singleton factor nodes, the message passed to

the adjacent variable node is equal to the factor node itself. As a result, @(x8, A8, 08; z) and

E(x 9 , A 9 , 1 9 ; z 9 ) not only describe factor nodes but also the messages that are enhanced. There

are two challenges related to directly enhancing these messages based on the GNN according

to (2.3)–(2.7), i.e., (i) the codomain of @(x8, A8, 08; z) and E(x 9 , A 9 , 1 9 ; z 9 ) can be very large,

which complicates the training of the GNN [103] (see also Sections 2.5.3 and 2.6) and (ii) the

messages @(x8, A8, 08; z) and E(x 9 , A 9 , 1 9 ; z 9 ) involve the continuous random variables x8 and x 9

which makes it impossible to enhance them by the output of a GNN for every possible value of

x8 and x 9 individually.

To address the first challenge, we introduce normalized versions3 of the original BP

messages as

@s(x8, A8, 08; z) =
1

�@

@(x8, A8, 08; z) (2.22)

Es(x 9 , A 9 , 1 9 ; z 9 ) =
1

�E

E(x 9 , A 9 , 1 9 ; z 9 ) (2.23)

where �@ =
∑�

08=0

∑
A 8∈{0,1}

∫
@(x8, A8, 08; z)dx8 and �E =

∑�
1 9=0

∑
A 9∈{0,1}

∫
E(x 9 , A 9 , 1 9 ; z 9 )dx8

are the normalization constants. Note that after normalization the codomain of @s(x8, A8, 08; z)

and Es(x 9 , A 9 , 1 9 ; z 9 ) is limited to the interval [0, 1].

The second challenge is addressed by enhancing BP messages @s(x8, A 8, 08; z), 8 ∈

3Multiplying BP messages by a constant factor does not alter the resulting beliefs [12].
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{1, . . . , �} and Es(x 9 , A 9 , 1 9 ; z 9 ), 9 ∈ {1, . . . , �} as follows (cf. (2.7))

@̃s(x8, 1, 08 = 9 ; z) = l 9 · @s(x8, 1, 08 = 9 ; z) + `8 ( 9) (2.24)

Ẽs(x 9 , 1, 1 9 = 0; z 9 ) = l 9 · Es(x 9 , 1, 1 9 = 0; z 9 ). (2.25)

Here, l 9 ∈ (0, 1) and `8 ( 9) ∈ R+ are computed from information provided by the GNN as

discussed in the following Section 2.5.3. The other entries of the messages @̃s(x8, A8, 08; z),

8 ∈ {1, . . . , �} and Ẽs(x 9 , A 9 , 1 9 ; z 9 ), 9 ∈ {1, . . . , �} remain unenhanced, i.e., @̃s(x8, 0, 08; z) =

@s(x8, 0, 08; z), @̃s(x8, 1, 08 = 0; z) = @s(x8, 1, 08 = 0; z), Ẽs(x 9 , 0, 1 9 ; z 9 ) = Es(x 9 , 0, 1 9 ; z 9 ), and

Ẽs(x 9 , 1, 1 9 = 8; z 9 ) = Es(x 9 , 1, 1 9 = 8; z 9 ), 8 ∈ {1, . . . , �}. Note that calculating NEBP messages

according to (2.24) and (2.25) avoids enhancing @(x8, A8, 08; z) and E(x 9 , A 9 , 1 9 ; z 9 ) for every

possible value of x8 and x 9 . All other BP messages are not neural enhanced.

Finally, neural enhanced data association can be performed by replacing the functions

V8 (08) and b 9 (1 9 ) in (2.15) and (2.16) with their neural enhanced counterparts Ṽs,8 (08) and

b̃s, 9 (1 9 ). These neural enhanced counterparts are obtained by replacing in (2.17) and (2.18) the

BP messages @(x8, A8, 08; z) and E(x 9 , A 9 , 1 9 ; z 9 ) with the NEBP messages @̃s(x8, A8, 08; z) and

Ẽs(x 9 , A 9 , 1 9 ; z 9 ), respectively. In particular, for 8 ∈ {1, . . . , �} we obtain

Ṽs,8 (08 = 9) = l 9

V8 (08 = 9)

�@

+ `8 ( 9) 9 ∈ {1, . . . , �} (2.26)

and Ṽs,8 (08 = 0) = Vs,8 (08 = 0) = V8 (08 = 0)/�@. Similarly, for 9 ∈ {1, . . . , �} we get

b̃s, 9 (1 9 = 0) = l 9

b 9 (1 9 = 0)

�E

(2.27)

and b̃s, 9 (1 9 = 8) = bs, 9 (1 9 = 8) = b 9 (1 9 = 8)/�E, 8 ∈ {1, . . . , �}.

The value V8 (08 = 9), 9 ∈ {1, . . . , �} provides a likelihood ratio for the measurement

with index 9 being associated to the legacy PO with index 8 [18]. In addition, b 9 (1 9 = 0)
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provides a likelihood ratio for the measurement with index 9 being generated by a new PO.

The shape association term `8 ( 9) ≥ 0 in (2.26), calculated by the GNN implements object

shape association, which can be interpreted as follows. The GNN compares the shape feature

extracted for legacy PO 8 with the shape feature extracted for measurement 9 and, if there is

a good match, outputs a large `8 ( 9) > 0. According to (2.26), this effectively increases the

likelihood ratio that the legacy PO 8 is associated with the measurement 9 . Note that there is no

shape association term in (2.27). Since the shape feature extracted for new PO 9 would be the

same as the shape feature for measurement 9 , comparing shape features as performed for legacy

POs and measurements is not possible.

The scalar l 9 ∈ (0, 1) in (2.26) and (2.27) provided by the GNN implements false alarm

rejection. In particular, l 9 < 1 is equal to the local increase of the false alarm distribution

according to 5̃fa(z 9 ) = 1
l 9

5fa(z 9 ) (cf. (2.22), (2.23), (2.9), and (2.10)). In (2.26), this local

increase of the false alarm distribution makes it less likely that the measurement z 9 is associated

to a legacy PO. In (2.27), this local increase reduces the existence probability of the new PO

introduced for the measurement z 9 .

2.5.3 Statement of the NEBP for MOT Algorithm

NEBP for MOT consists of the following steps:

First, the conventional BP-based MOT algorithm is run until convergence, from which

we obtain Vs,8 = [Vs,8 (0) · · · Vs,8 (�)]
T ∈ R�+1, bs, 9 = [bs, 9 (0) · · · bs, 9 (�)]

T ∈ R�+1, i8, 9 ∈ R, and

a8, 9 ∈ R (cf. Section 2.4.2), where Vs,8 ( 9) = V8 (08 = 9)/�@ and bs, 9 (8) = b 9 (1 9 = 8)/�E.

Next, GNN message passing is executed iteratively. In particular, at iteration ? ∈

{1, . . . , %} the messages passed along the edges of GNN are computed as

m
(?)

08→1 9
= 6e

(
h
(?)
08 , h

(?)

1 9
, Vs,8 ( 9), i8, 9

)
(2.28)

m
(?)

1 9→08
= 6e

(
h
(?)
08 , h

(?)

1 9
, Vs,8 ( 9), a8, 9

)
(2.29)
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where 6e(·) is the edge neural network. Furthermore, node embedding vectors of each node are

obtained as

h
(?+1)
08 = 6n

(
h
(?)
08 ,

∑

9∈N (8)

m
(?)

1 9→08
, Vs,8 (0)

)
(2.30)

h
(?+1)
1 9

= 6n

(
h
(?)

1 9
,
∑

9∈N (8)

m
(?)

08→1 9
, bs, 9 (0)

)
. (2.31)

where 6n(·) is the node neural network. The iterative processing scheme is initialized by setting

node embeddings equal to motion and shape features, i.e., h
(1)
08 = [hT

08 ,motion hT
08 ,shape]

T and

h
(1)
1 9

= [hT
1 9 ,motion hT

1 9 ,shape]
T.

After computing (2.28)-(2.31) for % iterations, the refinement l 9 used in (2.24) and

(2.25) is calculated as

l 9 = f
(
) (l∗

9 − X)
)

with l∗
9 = 6s

(
h
(%)

1 9

)
. (2.32)

Here, 6s(·) is a neural network and f(G) = 1/(1 + 4−G) ∈ (0, 1) is the sigmoid function.

Furthermore, the temperature ) and the bias X are hyperparameters [104] that make it possible

to calibrate the transition of the sigmoid.

Finally, the refinement `8 ( 9) used in (2.24) is obtained as

`8 ( 9) = ReLU
(
`∗8 ( 9)

)
with `∗8 ( 9) = 6d

(
m

(%)

1 9→08

)
(2.33)

where 6d(·) is another neural network and ReLU(·) is the rectified linear unit defined as

ReLU(G) = (G + |G |)/2.

Finally, iterative probabilistic DA is again run until convergence by replacing @s(x8, A8, 08;

z) and Es(x 9 , A 9 , 1 9 ; z 9 ) in (2.22) and (2.23) by its neural enhanced counterparts @̃s(x8, A8, 08; z)

and Ẽs(x 9 , A 9 , 1 9 ; z 9 ) in (2.24) and (2.25), respectively. This results in the enhanced messages

ĩ
(!)

Ψ8, 9→1 9
(1 9 ) and ã

(!)

Ψ8, 9→08
(08) (cf. Section 2.4.2), which are then used for the calculation of

legacy PO beliefs 5̃ (y8), 8 ∈ {1, . . . , �} and new PO beliefs 5̃ (y 9 ), 9 ∈ {1, . . . , �} as discussed
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in Section 2.4.2.

2.5.4 Complexity Analysis

In this section, we analyze and compare the computational complexity of the conventional

BP and the proposed NEBP methods for MOT. Since both BP and NEBP for MOT follow the

detect-then-track paradigm, the complexity of the detector has to be taken into account. We

denote by |Z| the number of raw sensor data points. For example, if a LiDAR sensor is

considered, this is the number of points of the LiDAR point cloud, and if a camera sensor is

used, this is the number of pixels of the camera image. Then the number of operations needed for

detection is 2det |Z|, where 2det is a constant that depends on the size and type of neural network

used as the detector 6det(·). As discussed in [18, 60], the number of operations needed for the

conventional BP method for MOT algorithm is 2bp � �, where 2bp is a constant that depends on

the number of message passing iterations for DA, the number of particles, and further parameters.

In total, the number of operations for BP is 2det |Z| + 2bp ��. Thus, the computational complexity

of BP scales as O(|Z| + ��).

The additional operations of NEBP compared to conventional BP are related to feature

extraction and the GNN. Feature extraction as discussed in (2.19)–(2.21) requires 2shape |Z| +

2motion(� + �) operations, where 2shape, 2motion are constants that depend on the size and type of

the neural networks 6shape(·), 6motion(·), respectively. The GNN is a fully connected bipartite

graph, i.e., it consists of two sets of nodes, and each node in the first set is connected via an

edge to each node in the second set. The number of nodes in each set is equal to � and �,

respectively. GNN messages are exchanged on the �� edges of the network according to (2.28)

and (2.29). This is followed by GNN messages aggregation in (2.30) and (2.31), as well as

BP message refinement in (2.32) and (2.33). The total number of operations is hence equal to

2gnn,1�� + 2gnn,2� + 2gnn,3�, where 2gnn,· depends on the size and type of neural networks 6e(·),

6n(·), 6s(·), and 6d(·). It can thus be seen, that the computational complexity of NEBP also

scales as O(|Z| + ��). Note that due to the additional operations performed by NEBP, the
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runtime of NEBP is longer compared to BP. Runtimes of BP and NEBP are further analyzed in

Section 2.7.4.

2.6 Loss Function and Training

Training of the proposed NEBP method is performed in a supervised manner. It is

assumed that a training set consisting of ground truth object tracks is available. A ground truth

object track is a sequence of object positions. Every sequence is characterized by an object

identity (ID). During the training phase, the parameters of all neural networks are updated

through back-propagation, which computes the gradient of the loss function. The loss function

has the form L = Lr + La, where the two contributions Lr and La are related to false alarm

rejection and object shape association, respectively.

We consider the following binary cross-entropy loss [8, Chapter 4.3] for false alarm

rejection, i.e.,

Lr =
−1

�

�∑

9=1

l
gt
9

ln
(
l 9

)
+ n (1 − l

gt
9
) ln

(
1 − l 9

)
(2.34)

where l
gt
9
∈ {0, 1} is the pseudo ground truth label for each measurement and n ∈ R+ is a

tuning parameter. The pseudo ground truth label lgt
9

is equal to 1 if the distance between the

measurement and any ground truth position is smaller or equal to )dist, and 0 otherwise. The

tuning parameter n addresses the imbalance problem in learning-based binary classification (see

[105] for details). This problem is caused by the fact that object detectors for MOT typically

produce more false alarm measurements than true measurements4. Consequently, the weight of

individual false alarm measurements in the loss function has to be reduced by setting n < 1.

Since Ṽs,8 (08 = 9) in (2.26) represents the likelihood that the legacy PO 8 is associated

to the measurement 9 , ideally `8 ( 9) is large if PO 8 is associated to the measurement 9 , and is

equal to zero if they are not associated. Thus, we consider the following binary cross-entropy

loss for object shape association, i.e.,

4Missing an object is typically more severe than producing a false alarm.
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La =
−1

��

�∑

8=1

�∑

9=1

`
gt
8
( 9) ln

(
f(`∗8 ( 9))

)
+
(
1 − `

gt
8
( 9)

)
ln

(
1 − f(`∗8 ( 9))

)
(2.35)

where f(G) = 1/(1 + 4−G) is the sigmoid function and `
gt
8
= [`

gt
8
(1) · · · `gt

8
(�)]T ∈ {0, 1}� is

the pseudo ground truth association vector of legacy PO 8 ∈ {1, . . . , �}. In each pseudo ground

truth association vector `gt
8

, at most one element is equal to one and all the other elements are

equal to zero. In the binary entropy loss (2.35), we use `∗8 ( 9) from (2.33) instead of `8 ( 9). This

is because otherwise the ReLU operation “blocks” certain gradients that are beneficial for the

training of the GNN. Note that gradients mLa/m`
∗
8 ( 9) are zero for negative values of `∗8 ( 9)

if `8 ( 9) is used in (2.35). It has been observed that by performing backpropagation by also

making use of the gradients related to the negative values of `∗8 ( 9), the GNN can be trained

more efficiently.

At each time step, pseudo ground truth association vectors are constructed from mea-

surements and ground truth object tracks based on the following rules:

• Get Measurement IDs: First, the Euclidean distance between all ground truth positions

and measurements is computed. Next, the Hungarian algorithm [35] is performed to

find the best association between ground truth positions and measurements. Finally, all

measurements that have been associated with a ground truth position and have a distance

to that ground truth position that is smaller than )dist, inherit the ID of the ground truth

position. All other measurements do not have an ID.

• Update Legacy PO IDs: Legacy POs inherit the ID from the previous time step. If a

legacy PO with ID has a distance not larger than )dist to a ground truth position with the

same ID, it keeps its ID. If a legacy PO 8 ∈ {1, . . . , �} has the same ID as measurement

9 ∈ {1, . . . , �}, the entry `
gt
8
( 9) is set to one. All other entries of `gt

8
are set to zero.

• Introduce New PO IDs: A new PO 9 ∈ {1, . . . , �} inherits the ID from the corresponding

measurement if the measurement has an ID that is different from the ID of any legacy PO.
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All other new POs do not have an ID.

2.7 Numerical Results

To validate the performance of our method, we present results in an autonomous driving

scenario.

2.7.1 Experimental Setup

Our numerical evaluation is based on the nuScenes autonomous driving dataset [106],

which contains 1000 autonomous driving scenes. We use the official predefined dataset split,

where 700 scenes are considered for training, 150 for validation, and 150 for testing. Each

scene has a length of roughly 20 seconds and contains keyframes (frames with ground truth

annotations) sampled at 2Hz. There are seven object classes. The proposed MOT method

and reference techniques are performed for each class individually. If not stated otherwise, all

the operations described next are performed for each class in parallel. We only consider the

LiDAR data provided by the nuScenes dataset. A scene of the considered autonomous driving

application is shown in Fig. 2.4.

The state of a PO x:,= ∈ R
4 consists of its 2-D position and 2-D velocity. Preprocessed

measurements are extracted from the LiDAR data. For the extraction of preprocessed mea-

surements, we employed the CenterPoint [69] detector which is based on deep learning5. Any

preprocessed measurement z:, 9 consists of 2-D position, 2-D velocity, and a confidence score

0 < B:, 9 ≤ 1.

Object dynamics are modeled by a constant-velocity motion model [108]. Object tracking

is performed in a global reference frame that is predefined for each scene [106]. The considered

region of interest (ROI) is defined by [Ge,:−54, Ge,: +54]× [He,:−54, He,: +54], where (Ge,: , He,:)

is the 2-D position of the “ego vehicle” that is equipped with the LiDAR sensor. The PDFs that

5The measurements provided by the CenterPoint detector are further preprocessed using non-maximum sup-
pression (NMS) with 3-D intersection over union (IoU) [75, 107] where the threshold is set to 0.1.
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describe false alarms 5fa(·) and unknown objects 5u(·) are uniformly distributed over the ROI.

The measurement model that defines the likelihood function 5 (z:, 9 |x:,=) is linear with additive

Gaussian noise, i.e., z:, 9 = H:x:,= + v:, 9 , where v:, 9 ∼ N(0,R) with R being the diagonal

covariance matrix. The probability of survival is set to ?s = 0.999. The threshold for target

declaration is )dec = 0.5.

The pruning threshold discussed in Section 2.3.4 is set to )pru = 10−3. In addition,

we also prune new POs with ?̃(1:, 9 = 0) < 0.8 to further reduce the number of false objects

and computational complexity. All other parameters used in the system model are extracted

from training data. For the BP part of the proposed NEBP method, we use the particle-based

implementation introduced in [60].

We consider using the average multi-object tracking accuracy (AMOTA) metric proposed

in [72] to evaluate the performance of our algorithm. In addition, we also use the widely used

CLEAR metrics [109] and track quality measures [110] that include the number of IDS and

Frag. The number of IDSs is increased if a ground truth object is matched to an estimated object

with index 8 at the current time step, while it was matched to an estimated object with index

9 ≠ 8 at a previous time. The number of Frags is increased if a ground truth object is matched

to an estimated object at the previous time step, but it is not matched to any estimated objects at

the current time step. Note that AMOTA is the primary metric used by the nuScenes tracking

challenge [106].

2.7.2 Implementation Details

For shape features extraction as discussed in Section 2.5.1, a neural network 6shape(·) ,

6shape,1(·) = 6shape,2(·) that consists of two stages is introduced. The first stage is a VoxelNet

[81], a neural network architecture that is used as the backbone for a variety of object detectors

[69, 83]. The VoxelNet takes the LiDAR scan, Z: , as input, and outputs a 3D tensor of size

180 × 180 × 512. This tensor is typically referred to as feature map. The first two dimensions

of the feature map form a grid with 180 × 180 elements that cover the ROI. For each grid
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LiDAR Observation

Ground Truth Object Track

Estimated Object Track

Ground Truth Object Position

Estimated Object Position

Ground Truth Object Box

Estimated Object Box

Figure 2.4. Top-down view of the considered autonomous driving scene. For each ground truth
and estimated vehicle, we plot tracks as well as positions and bounding boxes at the last time
step. This scene is part of the nuScenes autonomous driving dataset.

point, there is a feature vector with 512 elements. The second stage is a convolutional neural

network (CNN) that consists of two convolutional layers and a single-hidden-layer multi-layer

perceptron (MLP). Here, we use a CNN since it has fewer trainable parameters compared to an

MLP and is thus easier to train. Note that CNNs have been widely used for feature extraction

[81, 111]. The CNN extracts shape features from a reduced feature map, as discussed next.

For the extraction of shape features in the second stage, at first, the grid point of the

feature map that corresponds to the considered POs or measurements is located. Then, the

feature vector at this grid point and the 8 feature vectors at adjacent grid points are extracted. As

a result, for each PO and each measurement, a reduced feature map of size 3×3×512 is extracted.

This reduced feature map is then used as the input of a CNN. Finally, the CNN computes the

shape feature h08 ,shape or h1 9 ,shape. The considered feature map of dimension 180 × 180 × 512

has been precomputed by the CenterPoint [69] method. The same VoxelNet is shared across all

seven object classes. Its parameters remain fixed during the training of the proposed method.

The other neural networks 6e(·), 6n(·), 6d(·), 6s(·), and 6motion(·) , 6motion,1(·) =
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6motion,2(·) are MLPs with a single hidden layer and a leaky ReLU activation function. All

feature vectors, i.e., h08 ,motion and h08 ,shape, 8 ∈ {1, . . . , �} as well as h1 9 ,motion and h1 9 ,shape,

9 ∈ {1, . . . , �}, consist of 128 elements. The number of GNN iterations is % = 3. Training of

the proposed method is performed based on the Adam optimizer [112]. The batch size, learning

rate, and the number of “epochs”, i.e., the number of times the Adam optimizer processes the

entire training dataset, are set to 1, 10−4, and 8, respectively. The hyperparameter n in (2.34) is

set to 0.1 and the threshold )dist for the pseudo ground truth extraction discussed in Section 2.6

is set to 2 meters.

Evaluation of AMOTA requires a score for each estimated object. It was observed that a

high AMOTA performance is obtained by calculating the estimated object score as a combination

of existence probability and measurement score. In particular, for legacy PO 8 ∈ {1, . . . , �} we

calculate an estimated object score as

B8 = ?̃(A 8 = 1) +
�∑

9=1

?̃(08 = 9)B 9 . (2.36)

For new PO 9 ∈ {1, . . . , �} the estimated object score is given by B 9 = ?̃(A 9 = 1) + B 9 .

2.7.3 Calibration

The calibration of the sigmoid introduced in (2.32) is performed as follows. For training,

we set ) = 1 and X = 0. However, for inference we set ) > 0 and X > 0 such that the sigmoid in

(2.32) transitions to zero quicker and for smaller values of l∗
9 . The different calibration values

for inference are necessary because the loss function used for training and the AMOTA metric

used for performance evaluation behave differently. In particular, for performance evaluation

based on AMOTA, missing an object is significantly more severe than a false object. (Note that

the AMOTA metric can not directly be used for training because it is not differentiable [8].) The

calibration values ) and X used for inference are selected based on a grid search over possible

values) ∈ T = {0.5, 1, 2, 4, 8, 16, 32, +∞} and X ∈ J =
{
X |f(X) ∈ {0.01, 0.02, 0.05, 0.1, 0.2}

}
.
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The values for X and ) that achieved the highest AMOTA value on a subset of the training

set were obtained as f−1(0.2, 0.02, 0.2, 0.02, 0.2, 0.01, 0.01) and (∞, 8, 1,∞, 1, 8, 0.5) for the

classes bicycle, bus, car, motorcycle, pedestrian, trailer, and truck, respectively.

2.7.4 Performance Evaluation

For performance evaluation, we use state-of-the-art reference methods that all use mea-

surements provided by the CenterPoint detector [69], which was the best LiDAR-only object

detector for the nuScenes dataset at the time of the submission of this work. In particular, BP

refers to the conventional BP-based MOT method [18]. CenterPointT refers to the tracking

method proposed in [69]. It uses a heuristic to create new tracks and a greedy matching algo-

rithm based on the Euclidean distance to associate measurements provided by the CenterPoint

detector. The methods in [75, 78, 113] all follow a similar strategy. The CBMOT method [113]

adopts a score update function for estimated object scores. Chiu et al. [78] make use of a

hybrid distance that combines the Mahalanobis distance with a proposed deep feature distance.

SimpleTrack [75] uses the generalized IoU (GIoU) as the distance for measurement association.

In SimpleTrack [75], the object detector is also applied to non-keyframes and has a measure-

ment rate of 10Hz. The Immortal tracker [76] has a measurement rate of 2Hz. It follows the

tracking approach of SimpleTrack, except that it never terminates tracks. PMB [67] implements

a Poisson multi-Bernoulli filter for MOT that relies on a global nearest neighbor approach for

data association. Finally, OGR3MOT [73] utilizes a network flow formulation and transforms

the data association problem into a classification problem.

In Table 2.1 and 2.2, we present the tracking performance of the considered methods

on the nuScenes validation and test sets based on measurements provided by the CenterPoint

detector. The symbol “-” in Table 2.2 indicates that the metric is not reported. It can be

seen that the proposed NEBP approach outperforms all reference methods in terms of AMOTA

performance. Furthermore, it can be observed, that BP and NEBP achieve a much lower IDS

and Frag metric compared to the reference methods. This is because both BP and NEBP make
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Table 2.1. Performance results: nuScenes test set

Method Modalities AMOTA ↑ IDS ↓ Frag ↓

CenterPointT [69] LiDAR 0.638 760 529
CBMOT [113] LiDAR 0.649 557 450
Chiu et al. [78] LiDAR+Camera 0.655 1043 717

OGR3MOT [73] LiDAR 0.656 288 371
SimpleTrack [75] LiDAR 0.668 575 591

Immortal [76] LiDAR 0.677 320 477
PMB [67] LiDAR 0.678 770 431

BP LiDAR 0.666 182 245

NEBP (proposed) LiDAR 0.683 227 299

Table 2.2. Performance results: nuScenes validation set

Method Modalities AMOTA ↑ IDS ↓ Frag ↓

CenterPointT [69] LiDAR 0.665 562 424
CBMOT [113] LiDAR 0.675 494 -
Chiu et al. [78] LiDAR+Camera 0.687 - -

OGR3MOT [73] LiDAR 0.693 262 332
SimpleTrack [75] LiDAR 0.696 405 -

Immortal [76] LiDAR 0.702 385 -
PMB [67] LiDAR 0.707 650 345

BP LiDAR 0.698 161 250

NEBP (proposed) LiDAR 0.708 172 271
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(a) (b) (c) (d)

Figure 2.5. Top-down view and single time step for an example autonomous driving scene.
Ground truth objects (a) as well as estimated object provided by CenterPointT (b), BP (c), and
NEBP (d) are shown. Note that BP and NEBP do not provide object size and orientation
estimates. Thus, for each estimated object, the size and orientation of the measurement with the
largest association probability are shown.

Table 2.3. GOSPA results: nuScenes validation set

Method GOSPA ↓ Localization ↓ False ↓ Missed ↓

BP 1.163 0.327 0.127 0.709
NEBP (proposed) 1.140 0.318 0.123 0.699

use of a statistical model to determine the initialization and termination of tracks [18], which is

more robust compared to the heuristic track management performed by other reference methods.

The improved AMOTA performance of NEBP over BP comes at the cost of a slightly increased

IDS and Frag. Qualitative results for a single time step of an example autonomous driving

scene are shown in Fig. 2.5. It can be seen that compared to CenterPointT, BP can reduce

the number of false objects significantly, while NEBP can reduce the number of false alarms

even further. We also report estimation performance results based on the generalized optimal

sub-pattern assignment (GOSPA) metric [114] in Table 2.3. This metric can be split up into

three components, namely, localization error, false estimated objects, and missed ground truth

objects. NEBP outperforms BP in all three components.

We also compare the performance of the proposed NEBP method with BP based on

measurements provided by different object detectors. In particular, in addition to measurements

provided by the CenterPoint [69] detector, we also consider measurements provided by the
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Table 2.4. Results for different detectors: nuScenes validation set

Detector Method AMOTA ↑ IDS ↓ Frag ↓

PointPillar [82]
BP 0.360 226 658

NEBP (proposed) 0.398 270 418

Megvii [83]
BP 0.637 108 262

NEBP (proposed) 0.651 136 252

CenterPoint [69]
BP 0.698 161 250

NEBP (proposed) 0.708 172 271

PointPillar [82] and the Megvii [83] detectors. Results based on the nuScenes validation set are

shown in Table 2.4. For all three detectors, NEBP can outperform BP in terms of AMOTA, and

at the same time maintain a similar number of IDS and Frag. These results indicated that the

proposed NEBP method is robust with respect to the chosen object detector.

All experiments were executed on a single Nvidia P100 GPU. For training, eight epochs

of the nuScenes training set were performed. The total training time was measured as 30 hours.

The inference times of BP and NEBP applied to the nuScenes validation set were measured as

658 seconds and 1137 seconds. These times do not include the execution of the object detector,

which yields a runtime of 822 seconds. NEBP has a higher computational complexity compared

to BP due to the additional operations discussed in Section 2.5.4.

2.7.5 Ablation Study

In this section, we analyze the contribution of different algorithmic components to the

overall performance of our NEBP method. In particular, we analyze the degradations of NEBP

performance that are the result of the ablation of specific algorithmic components. All ablation

studies are based on the nuScenes validation set, and measurements provided by the CenterPoint

detector [69].

We aim to quantify the performance benefits of NEBP resulting from using shape

features as an additional input. We consider three NEBP variants: “NEBP-m”, “NEBP-r”

and “NEBP-a”. NEBP-m does not make use of shape features. In particular, it initializes

the GNN node embeddings only based on motion features, i.e., h
(1)
08 = [hT

08 ,motion 0T]T and
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Table 2.5. Ablation studies: nuScenes validation set

Method AMOTA ↑ IDS ↓ Frag ↓

BP 0.698 161 250
NEBP-m 0.698 183 228
NEBP-a 0.703 195 259
NEBP-r 0.706 178 227

NEBP-nc 0.703 180 250
NEBP (proposed) 0.708 172 271

h
(1)
1 9

= [hT
1 9 ,motion 0T]T. The two variants NEBP-r and NEBP-a are introduced to quantify the

benefits of false alarm rejection and object shape association, respectively. More specifically,

NEBP-r focuses on false alarm rejection only, i.e., in (2.24) object shape association is deactivated

by setting `8 ( 9) = 0, 8 ∈ {1, . . . , �}, 9 ∈ {1, . . . , �}. Similarly, NEBP-a focuses on object

shape association only, i.e., in (2.24) and (2.25) false alarm rejection is deactivated by setting

l 9 = 1, 9 ∈ {1, . . . , �}.

Table 2.5 shows the tracking performance of these NEBP variants, conventional BP, and

the proposed NEBP method. It can be seen that NEBP-m cannot achieve any performance

improvements compared to BP. This is not surprising since object motion is already modeled

accurately by the statistical model and, compared to BP, NEBP-m does not make use of any

additional information. On the other hand, both NEBP-a and NEBP-r can achieve an improved

AMOTA performance compared to BP. This is because NEBP-a and NEBP-r incorporate

additional information in the form of shape features and address the fact that the statistical model

used by BP does not accurately model the true data-generating process. In particular, in the

statistical model, false alarm measurements are uniformly distributed over the ROI. Furthermore,

false alarm measurement and their number are also assumed to be independent and identically

distributed across time. However, these assumptions do often not hold in real-world MOT

applications such as the considered autonomous driving scenario. This is because physical

structures and other reflecting features in the environment can generate so-called persistent false

alarm measurements. These false alarm measurements are not uniformly distributed and are not
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Table 2.6. AMOTA results for different sigmoid temperatures: nuScenes validation set

Temperature bicycle pedestrian motorcycle trailer truck
) = 0.5 0.528 0.807 0.737 0.568 0.662
) = 1 0.534 0.809 0.727 0.565 0.663
) = 2 0.527 0.810 0.716 0.563 0.662
) = 4 0.550 0.815 0.727 0.566 0.664

) = 8 0.544 0.814 0.739 0.569 0.662
) = 16 0.540 0.813 0.730 0.562 0.662
) = 32 0.547 0.814 0.736 0.567 0.657
) = +∞ 0.550 0.813 0.739 0.559 0.656

independent across time. Thus, they are not accurately represented by the considered statistical

model. This model mismatch degrades tracking performance and is addressed by false alarm

rejection performed by NEBP and NEBP-r. Object shape association as performed by NEBP

and NEBP-a improves data association by using object shape information provided by shape

features.

Finally, Table 2.5 also reports performance improvements that result from the calibration

process discussed in Section 2.7.3. In particular, “NEBP-nc” is the NEBP variant where no

calibration has been performed, i.e., we have ) = 1 and X = 0 for training and inference. It can

be seen that calibration can significantly improve the performance of NEBP.

The effect of temperature parameters) > 0 for five representative object classes is shown

in Table 2.6. For each class, the bias X is fixed to the value provided above. Note that ) = +∞,

is equivalent to discarding all measurements with l 9 < f(X). It can be seen that NEBP does

not always achieve the best AMOTA for ) = +∞. In cases where it is difficult to determine

whether a measurement is a false alarm, using a temperature ) < +∞ can be more robust, as it

does not directly discard the measurements with l 9 < f(X), but instead reduces the estimated

object score (2.36) of POs that are likely to generate these measurements.
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Chapter 3

Message Passing for Track-Before-Detect

Accurately tracking an unknown and time-varying number of objects in complex environ-

ments is a significant challenge but a fundamental capability in various applications, including

applied ocean sciences, surveillance, autonomous driving, and wireless communications. Con-

ventional Bayesian MOT methods typically employ a DTT approach, where a nonlinear frontend

detector preprocesses raw sensor data to extract measurements for MOT. While simplifying

subsequent processing, the irreversible nature of this preprocessing step can discard valuable

object-related information, particularly impairing the ability to resolve weak or closely spaced

objects. The TBD paradigm offers an alternative by operating directly on sensor data that has

been preprocessed by a linear mapping, preserving information fidelity. However, existing TBD

approaches introduce simplifications to facilitate the development of inference methods, such

as assuming known signal amplitudes or conditional independence between sensor measure-

ments given object states. These assumptions can lead to suboptimal performance and limit the

applicability of the resulting TBD methods in realistic scenarios.

This chapter introduces a novel TBD method that is based on a comprehensive signal

model for sensor data. The new measurement model accounts for sensor data correlations and

amplitude fluctuation. It also enables the accurate representation of the physics of the data-

generating process in the statistical model used for TBD. We further enhance the measurement

model by introducing a general multi-snapshot, multi-dictionary formulation that enables multi-
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sensor fusion or multi-frequency processing. The proposed model is suitable for a wide range of

problems in active and passive radar, active and passive sonar, as well as integrated sensing and

communication systems. Based on a factor graph representation of the new measurement model,

a scalable BP method is developed to perform efficient Bayesian inference. Experimental results,

performed with both synthetic and real data, demonstrate that the proposed method outperforms

state-of-the-art conventional MOT methods.

3.1 Chapter Overview

The ability to perceive, interpret, and navigate surroundings has become a fundamental

component in autonomous systems, applied ocean science, and wireless networks. MOT [1,

18, 30, 31, 32, 40, 42, 43, 44, 46, 47, 49, 50, 51, 52, 53, 59, 61, 65, 68, 89, 115] is an active

area of research dedicated to addressing this challenge. In MOT, the time-varying states of

multiple objects are estimated based on measurements from sensing technologies such as radar

or sonar. However, accurately and reliably tracking objects in dynamic environments and in

the presence of complex object interactions (e.g., occlusions and close proximity) remains

challenging. In particular, it is typically unknown when and where objects appear and disappear.

This necessitates robust mechanisms for object initialization and termination, also known as

tracking management, which adds further complexity to the MOT task.

3.1.1 State-of-the-Art MOT

Conventional methods address the MOT task following a DTT framework that operates

in two stages. In the first stage, a nonlinear detector preprocesses the raw sensor data in order

to reduce data flow and computational complexity. Second, “point measurements” generated by

the object detector are then used as input for tracking [18, 30, 32, 40, 59, 60, 61, 65, 68, 89]. The

extracted “point measurements” are prone to measurement origin uncertainty. State-of-the-art

DTT-based methods solve the MOT problem in a Bayesian estimation framework, utilizing

statistical models to describe object birth, object motion, and measurement generation. Based
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on the statistical models, data association can be performed to address measurement-origin

uncertainty. The Bayesian inference engine sequentially estimates object states and dynamically

introduces new object states in the state space. Prominent examples include joint probabilistic

data association filters [59], multi-hypothesis trackers [89], RFS-based filters [32, 40, 65, 68],

and BP-based MOT methods [18, 32, 60, 61]. Furthermore, neural networks have recently been

integrated to refine the statistical models employed in MOT [1, 116]. However, a significant

limitation of DTT-based MOT is its potential for suboptimal performance, stemming from the

irreversible loss of valuable information during the initial detection stage.

To address the limitations of DTT, the TBD approach operates directly on received signals

that have been preprocessed by a linear mapping. The linear mapping typically transforms the

received signals into data cells, e.g., into angle and distance cells, which are then used as

measurements for TBD. The potential advantage of the TBD strategy is that it can significantly

reduce or completely avoid information loss related to irreversible object detection. Sequential

Bayesian estimation techniques for TBD are of particular interest as they can be implemented

in real time. Early TBD research focused on the simpler SOT problem, where the task is to

determine the existence and state of at most one object [117, 118, 119, 120, 121, 122]. Building

on this, subsequent work has extended the TBD paradigm to the more general and challenging

MOT problem, which is the focus of this work.

For MOT scenarios, various TBD approaches have been developed. The resulting

methods represent object states using either random vectors [42, 43, 44, 49, 53, 80, 115] or

RFS [31, 46, 47, 50, 51, 52]. While adopting similar Bayesian frameworks, a fundamental

distinction from DTT lies in the statistical measurement model: whereas DTT relates “point

measurements” from detectors to object states, TBD establishes a statistical relationship between

the sensor data and the object states. However, accurately modeling this relationship for sensor

data is challenging, hence specific modeling constraints are often made. For instance, H-PMHT

[42, 43] treats the sensor data as if they are point measurements and requires heuristics for track

management. Others, like [46, 47], assume that a measurement cannot be affected by more than
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one object.

A more physically motivated direction characterizes the raw sensor data using a su-

perpositional signal model [49, 50, 51, 52, 53], which represents signals as a summation of

contributions from different objects and noise. Crucially, the measurement likelihood depends

not only on object states but also on their amplitudes, which describe the strength of signal

contributions. These amplitudes vary between objects and fluctuate over time, significantly

complicating the computation of the measurement likelihood. To reduce complexity, existing

methods often rely on assumptions that simplify the signal model. Some assume amplitudes

are known [49, 50], while others model them as random variables but assume measurements

are conditionally independent given the object states and amplitudes [51, 52, 53]. While these

assumptions facilitate the development of estimation methods, they represent idealized scenarios.

Consequently, either a significant amount of model mismatch is introduced, leading to degraded

tracking performance when applied to real data, or the resulting model is fundamentally too

simplistic for effective application in real-world environments. Although a more general mea-

surement model accounting for various amplitude fluctuations of complex valued sensor data

was introduced in [45], a general MOT method based this model remains unavailable. Recently,

[123] develops a variational message passing MOT method without detector for radar signals.

It demonstrates superior tracking performance compared with the DTT-based counterparts,

underscoring the substantial benefits achievable by leveraging more general signal models.

3.1.2 Contributions and Chapter Organization

In this chapter, we propose a novel Bayesian method for MOT that directly operates

on sensor data, performing sequential Bayesian estimation without requiring a frontend object

detector. In contrast to existing TBD methods that often rely on simplifying assumptions, our

proposed method adopts a comprehensive superpositional signal model of the sensor data, which,

for the first time, makes it possible to perform both state estimation and track management for

TBD in a fully Bayesian manner, explicitly describing correlations among sensor measurements,
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time-varying signal amplitudes, and unknown measurement noise levels. The ability to describe

correlations among measurements allows us to make use of the information in the signal phase

of measurements. For computationally efficient Bayesian inference, we employ BP based on a

factor graph representation of the statistical model.

We further extend the signal model in [45] to accommodate multiple independent mea-

surements, or "snapshots," as well as multiple concurrent signal models, or "dictionaries."

This multi-dictionary formulation offers flexibility for multi-sensor fusion [124, 125], multi-

frequency beamforming [126, 127], and multi-waveform localization [128]. Within this model,

the signal model of a dictionary is a function of the object’s kinematic state that contains its

motion-related parameters. The amplitudes are modeled as zero-mean Gaussian variables, with

variances governed by the object’s signal power state. The signal power state consists of a binary

existence variable and a continuous power parameter. The resulting Bernoulli-Gaussian model

is inspired by the sparse signal reconstruction literature [129, 130, 131], where it is similarly

used to describe the individual components of superpositional signals.

At each time step, the variance of the zero-mean additive noise, referred to as noise power

state, is also considered a random variable that is inferred together with the kinematic and signal

power states of the objects. In the Bayesian setting, the goal of our TBD method is to compute

the marginal posterior PDFs of object states. Leveraging the conditional independence among

random variables, we represent the new statistical model by a factor graph [12, 13]. The factor

graph lays the foundation for developing a scalable BP method that can compute the desired

marginal posteriors. BP operates by computing local “messages”, which are real-value functions

of random variables, along the edges of the factor graph. Messages that cannot be computed in

closed form are represented by particles [21, 26] or by means and covariance matrices obtained

via moment matching.

The key contributions of this chapter are as follows:

• We introduce a multi-snapshot and multi-dictionary measurement model that considers
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correlation among measurements as well as fluctuations of amplitudes.

• We represent the proposed statistical models by a factor graph and develop a scalable BP

method for estimating the existence and states of objects.

• We conduct comprehensive numerical experiments on both synthetic and real data and

demonstrate state-of-the-art performance.

The organization of this chapter is as follows. Section 3.2 presents the superpositional

signal model and the statistical model. Section 3.3 develops the proposed BP method for TBD.

Section 3.4 discusses the results of the performed numerical study.

3.2 Signal Model and Problem Formulation

In this section, we introduce the signal model and statistical framework of the considered

MOT problem. At each time step : , we assume that there are !: objects in the environment.

Measurements are generated simultaneously by � dictionaries, each producing � snapshots. The

individual measurement vector z
(8)

:, 9
= [I

(8)

:, 9 ,1 · · · I
(8)

:, 9 ,"
]T ∈ C" , 8 ∈ {1, . . . , �}, 9 ∈ {1, . . . , �} is

then modeled as

z
(8)

:, 9
=

!:∑

;=1

r
(8)

:,;, 9
a(8) (x:,;) + &

(8)

:, 9
(3.1)

where a(8) (x:,;) is the known basis function for the 8-th dictionary that encodes a forward

model that maps the object’s kinematic state x:,; , e.g., position and velocity, to the observed

measurements. Multiple dictionaries may arise from distinct sensors [124, 125] or scenarios

where objects transmit wideband (i.e.multi-frequency) signals [126, 127] or multiple waveforms

[128]. The complex amplitude r
(8)

:,;, 9
∈ C quantifies the contribution of object ; to snapshot 9 in

dictionary 8, while & (8)
:, 9

∈ C" is the noise vector. The number of objects !: , complex amplitudes

r
(8)

:,;, 9
, and kinematics states x:,; are unknown.
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3.2.1 Measurement Model

The goal of MOT is to estimate the time-varying number of objects as well as their

kinematic states. To facilitate this estimation, at each time step : , we employ a model that

has #: POs as proposed in [18]. Each PO = ∈ {1, . . . , #: } is characterized by a kinematic

state x:,= ∈ {1, . . . , #: } and a binary existence random variable A:,= ∈ {0, 1}, where A:,= = 1

indicates that the PO corresponds to a physical object. The signal model in (3.1) can thus be

reformulated to account for all POs, i.e.,

z
(8)

:, 9
=

#:∑

==1

A:,=d
(8)

:,=, 9
a
(8)

:,=
+ &

(8)

:, 9
(3.2)

where a
(8)

:,=
, a(8) (x:,=) represents the contribution vector of PO = ∈ {1, . . . , #: } at dictionary

8 ∈ {1, . . . , �}. The complex amplitude d
(8)

:,=, 9
is assumed zero-mean complex Gaussian with

a common variance W
(8)

:,=
across snapshots, i.e., d(8)

:,=, 9
∼ CN(d

(8)

:,=, 9
; 0, W (8)

:,=
),∀ 9 ∈ {1, . . . , �},

corresponding to the Swerling 1 fluctuation model [45, 132]. The amplitudes are also assumed

mutually independent, and are independent of all x:,=, A:,=, and &
(8)

:, 9
. Note that A:,=W

(8)

:,=
is

the “effective” signal power for each PO = on the 8-th dictionary, where A:,= ∈ {0, 1} controls

the PO’s existence and W
(8)

:,=
scales the strength of its contribution. Hence, we define 5:,= =

[$T
:,=

A:,=]
T as the signal power state of PO = with $:,= = [W

(1)
:,=

· · · W
(�)

:,=
]T. The noise vector

&
(8)

:, 9
is modeled as zero-mean complex Gaussian with a common power for all snapshots, i.e.,

&
(8)

:, 9
∼ CN(&

(8)

:, 9
; 0, [

(8)

:
I"),∀ 9 ∈ {1, . . . , �}. Conditioned on noise power [(8)

:
, the measurement

noise are mutually independent across dictionaries and snapshots, and are independent of all

x:,=, A:,=, and d
(8)

:,=, 9
. Both the signal and noise power, W (8)

:,=
and [

(8)

:
, are unknown and random.

Based on the above assumptions, the likelihood function of individual measurement vector z
(8)

:, 9

is zero-mean complex Gaussian, i.e.,

5 (z
(8)

:, 9
|x: , 5: , [

(8)

:
) = CN(z

(8)

:, 9
; 0,C

(8)

:
)
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with covariance given by C
(8)

:
=
∑#:

==1 A:,=W
(8)

:,=
a
(8)

:,=
a
(8)H
:,=

+ [
(8)

:
I" . We have x: = [xT

:,1 · · · x
T
:,#:

]T

and 5: = [5T
:,1 · · · 5

T
:,#:

]T. From the independence assumptions, the likelihood of the joint

measurement vector can also be obtained as

5 (z: |x: , 5: , (: ) =

�∏

8=1

�∏

9=1

5 (z
(8)

:, 9
|x: , 5: , [

(8)

:
) (3.3)

where we have z: = [z
(1)T
:

· · · z
(�)T
:

]T, z
(8)

:
= [z

(8)T
:,1 · · · z

(8)T
:,�

]T, and (: = [[
(1)
:

· · · [
(�)

:
]T.

Remark: When there is a single snapshot and single dictionary, i.e., � = 1 and � = 1,

our signal model in (3.2) is similar to the one in [53]. However, a key difference is that

the model in [53] relies on the assumption that the elements within the measurement vectors,

i.e., I(8)
:, 9 ,<

, < ∈ {1, . . . , "} are independent conditioned on x: , 5: , and [
(8)

:
. This common

assumption in TBD [51, 52, 115] ignores correlations across measurements and thus results in

degraded tracking performance [45]. In practice, sensor data often exhibits correlation among

individual measurements. To satisfy the independence assumption, preprocessing steps such as

matched filtering or further decorrelation are typically required [51, Sec. 4.2]. In contrast, our

model can take correlations across measurements into account, thereby reducing reliance on

preprocessing steps.

The multi-dictionary model has been successfully applied in applications such as image

reconstruction [133], multimodal classification [134], underwater source localization [135],

and angle-of-arrival (AOA) estimation [127]. However, the aforementioned existing methods

focus on static scenarios, neglecting state transitions inherent to dynamic tracking problems.

Furthermore, existing methods typically model the complex amplitude r
(8)

:,;, 9
using Gaussian

scale mixture priors, while here we adopted a Bernoulli-Gaussian model for signal amplitude.

The Bernoulli-Gaussian model [129, 130, 131] can describe objects that dynamically appear

and disappear over time together with time-varying signal strengths.
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3.2.2 State-Transition Models

In addition to the measurement model, we also establish state-transition models to

describe the dynamics of the kinematic states and the signal power states of POs as well as noise

power states. A first-order Markov model is considered, i.e., we assume that conditioned on

x:−1, 5:−1, (:−1, the states x: , 5: , (: are independent of all previous states x: ′ , 5: ′ , (: ′ , :
′ < :−1

with x: = [xT
:,1 · · · x

T
:,#:−1

]T and 5: = [5T
:,1 · · · 5

T
:,#:−1

]T. The joint state-transition process is

then governed by the conditional PDF 5 (x: , 5: , (: |x:−1, 5:−1, (:−1). Furthermore, we assume

that the joint Markov process consists of multiple independent Markov processes. Specifically,

x:,=, 5:,=, [
(8)

:
, = ∈ {1, . . . , #:−1}, 8 ∈ {1, . . . , �} are assumed to evolve independently, i.e., the

joint state-transition PDF can be written as the product of individual state-transition PDFs as

follows

5 (x: , 5: , (: |x:−1, 5:−1, (:−1) =

#:−1∏

==1

5 (x:,= |x:−1,=) 5 (5:,= |5:−1,=)
( �∏

8=1

5 ([
(8)

:
|[

(8)

:−1)
)
.

Here, the kinematic state evolution of each PO = ∈ {1, . . . , #:−1} is described by the conditional

PDF 5 (x:,= |x:−1,=). A common choice for this conditional PDF relies on a constant velocity

model [108, Ch. 4]. The conditional PDF 5 ([
(8)

:
|[

(8)

:−1) describes the state-transition of the noise

power states. A suitable choice for this conditional PDF is the Gamma PDF [136]. The state-

transition of PO existence and signal power are also assumed independent, i.e., 5 (5:,= |5:−1,=) =

?(A:,= |A:−1,=) 5 ($:,= |$:−1,=). For the existence of PO = ∈ {1, . . . , #:−1}, if it does not exist

in the previous time step : − 1, i.e., A:−1,= = 0, then it also does not exist at time : , i.e.,

?(A:,= = 1|A:−1,= = 0) = 0. If it exists at time : − 1, i.e., A:−1,= = 1, then it continues to exist at

time : with survival probability ?s, i.e., ?(A:,= = 1|A:−1,= = 1) = ?s.

3.2.3 Object Birth Models

Newly appearing objects are modeled by a Poisson point process with mean `B and

spatial PDF 5B(x, $) = 5B(x) 5B($), where we assume the kinematic states and signal powers
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of new POs are independent a priori. To systematically introduce new POs across the ROI X

with x ∈ X, we partition the ROI into & non-overlapping regions denoted by X@, @ ∈ {1, . . . , &}

with ⊎
&

@=1X@ = X. Each subregion X@ spawns one new PO, resulting in #: = #:−1 + & total

POs at time : . The birth process within each X@ is also a Poisson point process with mean

`B,= = `B

∫
X@

5B(x) dx, = = #:−1 + @. Its spatial PDF is given by

5B,= (x) ∝




5B(x), x ∈ X@

0, x ∉ X@

where ∝ indicates equality up to a multiplicative constant.

When the region covered by each X@ is sufficiently small, we can assume that there is

at most one new object in X@. Based on the Poisson probability mass function (PMF), the

probabilities that X@ contains zero or one new objects are e−`B,= and `B,=e−`B,= , = = #:−1 + @.

We thus define the existence probability of the corresponding new PO as

?B,= =
`B,=e−`B,=

`B,=e−`B,= + e−`B,=
=

`B,=

`B,= + 1
.

As a result, the PDF of new PO = ∈ {#:−1+1, . . . , #: } is 5 (x:,=, 5:,=) = 5 (x:,=) 5 (5:,=)

with

5 (x:,=) = 5B,= (x:,=)

5 (5:,=) = ?B(A:,=) 5B($:,=)

where ?B(A:,= = 1) = ?B,=. The kinematic and signal power state x:,=, 5:,=, = ∈ {#:−1 +

1, . . . , #: } of a new PO are independent of all current and previous states of other POs. The

joint prior PDF of new POs can then be written as the product of prior PDFs of individual

new POs, i.e., 5 (x: , 5: ) =
∏#:

==#:−1+1 5 (x:,=, 5:,=) with x: = [xT
:,#:−1+1 · · · x

T
:,#:

]T and 5: =

[5T
:,#:−1+1 · · · 5

T
:,#:

]T.
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At time : = 0, the prior PDF 5 (x0,=), 5 (50,=), = ∈ {1, . . . , #0}, and 5 ([
(8)

0 ), 8 ∈

{1, . . . , �} are assumed known. The random variables x0,=, 50,=, = ∈ {1, . . . , #0} and [
(8)

0 , 8 ∈

{1, . . . , �} are all independent of each other.

3.2.4 Joint Posterior PDF and Factor Graph

In the Bayesian setting, estimating the number of objects reduces to the computation

of existence probabilities ?(A:,= |z1:: ) that involve all the measurements z1:: = [zT
1 · · · z

T
:
]T up

to time : . Object declarations are made by thresholding existence probabilities based on a

threshold )dec, i.e., a PO = is declared to exist if ?(A:,= |z1::) > )dec. The number of POs

increases over time. To manage computational complexity, we remove a PO from the state

space if its existence probability is lower than a threshold )pru. To compute an estimate of the

kinematic state estimation, we make use of the MMSE estimator given by

x̂:,= =

∫
x:,= 5 (x:,= |z1:: )dx:,=.

Computing an MMSE estimate requires knowledge of the marginal posterior PDF 5 (x:,= |z1:: ).

Provided the conditional independence assumptions in Section 3.2.1 to 3.2.3, the joint

posterior PDF can be factorized as

5 (x0:: , 50:: , (0:: |z1::) ∝

#0∏

==1

5 (x0,=) 5 (50,=)
( �∏

8=1

5 ([
(8)

0 )
) :∏

: ′=1
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8=1

5 ([
(8)

: ′
|[

(8)

: ′−1)
)

×

#:′−1∏

==1

5 (x: ′,= |x: ′−1,=) 5 (5: ′,= |5: ′−1,=)

#:′∏

==#:′−1+1

5 (x:,=)

× 5 (5:,=)
( �∏

8=1

�∏

9=1

5 (z
(8)

:, 9
|x: , 5: , [

(8)

:
)
)

(3.4)

where we have x0:: = [xT
0 · · · x

T
:
]T, 50:: = [5T

0 · · · 5
T
:
]T, and (0:: = [(T

0 · · · (
T
:
]T. With the

factorization (3.4), the joint posterior PDF can be represented by a factor graph [12, 13, 14]. This
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= = 5 (x:,=), 5

5
= = 5 (5:,=) for = ∈ {#:−1 + 1, . . . , #: }, U= = U(x:,=), k= = k(5:,=), b =

b ([
(8)

:
), V

(8)
=, 9

= V
(8,C)
9

(x:,=), Z
(8)
=, 9

= Z
(8,C)
9

(5:,=), ] 9 = ]
(C)
9
([

(8)

:
), ^

(8)
=, 9

= ^
(8,C)
9

(x:,=; z
(8)

:, 9
), _(8)

=, 9
=

_
(8,C)
9

(5:,=; z
(8)

:, 9
), and a 9 = a

(C)
9
([

(8)

:
; z

(8)

:, 9
).

factor graph comprises factor nodes encapsulating statistical models introduced in Sections 3.2.1

to 3.2.3, and variable nodes representing random variables, including the kinematic state, signal

power state of POs, and the noise power states. Edges in the graph connect factor nodes and

variable nodes, describing their statistical dependencies. The factor graph that represents (3.4),

is shown in Fig. 3.1. Based on this factor graph, we develop the proposed Bayesian BP method

[12, 13, 14], which enables the efficient computation of marginal posterior PDFs for object

declaration and state estimation.

3.3 Proposed Method

In this section, we introduce the proposed BP method [12, 13, 14] for TBD. Based on

the statistical model introduced in Section 3.2.4, we aim to compute the existence probabilities
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?(A:,= |z1:: ) and the marginal posterior PDFs 5 (x:,= |z1:: ) for each PO = ∈ {1, . . . , #: }. However,

directly marginalizing the joint posterior 5 (x0:: , 50:: , (0:: |z1:: ) is computationally infeasible

due to high-dimensional integrations over kinematic states, signal power states, and noise power

states. Instead, we make use of BP. BP exploits the conditional independence structure

represented by the factor graph for efficient and scalable computation of existence probabilities

and marginal posterior PDFs. BP operates by computing so-called “messages” that are real-value

functions of the random variables over the edges of the factor graph, propagating probabilistic

information between variable and factor nodes. When the factor graph is a tree, existence

probabilities and marginal posterior PDFs provided by BP, called “beliefs”, are the same as

the true existence probabilities and marginal posterior PDFs. If the factor graph has loops, as

in our TBD problem, beliefs serve as approximations of the true marginal posterior PDFs and

theoretical performance guarantees are typically unavailable. Nonetheless, the approximation

performed by BP is generally accurate. Loopy BP has been applied in a wide range of applications

[16, 17, 18, 19].

The computation order of BP messages is flexible on loopy factor graphs. Depending on

the chosen order, the resulting beliefs may vary. In this work, we adopt the following message

passing order: (i) messages are only sent forward in time, (ii) within each time step, messages of

the signal power states, noise power states, as well as kinematic states are computed sequentially

and iteratively, (iii) messages in each dictionary are computed in parallel. BP messages involved

in our considered MOT problem are shown in Fig. 3.1 and can be computed using standard

sum-product rules [12, 13, 14]. We detail the computation of the messages in the rest of the

section.

3.3.1 Prediction and Birth Messages

At each time step : , the prediction messages are computed based on the beliefs from the

previous time step : − 1 and the state-transition model. For legacy PO = ∈ {1, . . . , #:−1}, the
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prediction messages of the kinematic states sent from “ 5 (x:,= |x:−1,=)” to “x:,=” are given by

U(x:,=) =

∫
5 (x:,= |x:−1,=) 5̃ (x:−1,=) dx:−1,=

and the prediction messages of the signal power states sent from “ 5 (5:,= |5:−1,=)” to “5:,=” can

be expressed as

k(5:,=) =
∑

A:−1,=∈{0,1}

∫
5 ($:,=, A:,= |$:−1,=, A:−1,=) 5̃ ($:−1,=, A:−1,=) d$:−1,= (3.5)

where 5̃ (x:−1,=) and 5̃ (5:−1,=) = 5̃ ($:−1,=, A:−1,=) are the beliefs of the kinematic and signal

power state at time : − 1, respectively. Specifically, inserting the state-transition model defined

in Section 3.2.2 into (3.5), we obtain

k($:,=, 1) =

∫
?s 5 ($:,= |$:−1,=) 5̃ ($:−1,=, 1) d$:−1,=

and k($:,=, 0) = k:,= 5D($:,=). Here, the constant k:,= is given by

k:,= =

∫
(1 − ?s) 5̃ ($:−1,=, 1) + 5̃ ($:−1,=, 0) d$:−1,=

and 5D($:,=) is a “dummy” PDF. Since it is “marginalized out” later, the functional form of the

dummy PDF has no effect on the final solution of the BP method [18].

POs with indices = ∈ {#:−1 + 1, . . . , #: } are newly introduced at time : . The birth

messages of their kinematic and signal power states are the ones sent from “ 5 (x:,=)” to “x:,=”,

and from “ 5 (5:,=)” to “5:,=”, respectively. Since 5 (x:,=) and 5 (5:,=) are singleton factors, the

corresponding messages are the factors itself, i.e., for = ∈ {#:−1 + 1, . . . , #: } we have

U(x:,=) = 5 (x:,=) k(5:,=) = 5 (5:,=)

where 5 (x:,=) and 5 (5:,=) have been introduced in Section 3.2.3.
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Similarly, for each dictionary 8 ∈ {1, . . . , �}, the prediction messages for noise power

states from “ 5 ([(8)
:
|[

(8)

:−1)” to “[(8)
:

” are computed as

b ([
(8)

:
) =

∫
5 ([

(8)

:
|[

(8)

:−1) 5̃ ([
(8)

:−1) d[(8)
:−1

where 5̃ ([
(8)

:−1) is the belief of the noise power states at time : − 1.

3.3.2 Iterative Measurement Update Messages

After the prediction messages are computed, iterative message passing is performed to

incorporate the information from measurements z: . At iteration C ∈ {1, . . . , )}, the messages

that pass from the variable nodes “x:,=, 5:,=, [
(8)

:
” to the factor nodes “ 5 (z(8)

:, 9
|x: , 5: , [

(8)

:
)”

= ∈ {1, . . . , #: }, 9 ∈ {1, . . . , �}, 8 ∈ {1, . . . , �} are given as follows.

Measurement Update Signal Power State – Incoming

Z
(8,C)
9

(5:,=) = k(5:,=)

�∏

8′=1

�∏

9 ′=1
(8′, 9 ′)≠(8, 9)

_
(8′,C)
9 ′

(5:,=; z
(8′)

:, 9 ′
). (3.6)

Measurement Update Noise Power State – Incoming

]
(C)
9
([

(8)

:
) = b ([

(8)

:
)

�∏

9 ′=1
9 ′≠ 9

a
(C)
9 ′
([

(8)

:
; z

(8)

:, 9 ′
). (3.7)

Measurement Update Kinematic State – Incoming

V
(8,C)
9

(x:,=) = U(x:,=)

�∏

8′=1

�∏

9 ′=1
(8′, 9 ′)≠(8, 9)

^
(8′,C)
9 ′

(x:,=; z
(8′)

:, 9 ′
). (3.8)

The messages sent from factor node “ 5 (z(8)
:, 9

|x: , 5: , [
(8)

:
)” to the variable nodes are _

(8,C)
9

(5:,=;

z
(8)

:, 9
), a(C)

9
([

(8)

:
; z

(8)

:, 9
), and ^

(8,C)
9

(x:,=; z
(8)

:, 9
). These messages are presented below.
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Measurement Update Signal Power State – Outgoing

_
(8,C)
9

(5:,=; z
(8)

:, 9
) =

∑

A:,1∈{0,1}

· · ·
∑

A:,=−1∈{0,1}

∑

A:,=+1∈{0,1}

· · ·
∑

A:,#:
∈{0,1}

∫
· · ·

∫
5 (z

(8)

:, 9
|x: , 5: , [

(8)

:
) ]

(C−1)
9

([
(8)

:
) d[(8)

:

×

#:∏

=′=1
=′≠=

Z
(8,C−1)
9

(5:,=′) d$:,1 · · · d$:,=−1 d$:,=+1 · · · d$:,#:

×

#:∏

=′=1

V
(8,C−1)
9

(x:,=′) dx:,1 · · · dx:,#:
. (3.9)

Measurement Update Noise Power State – Outgoing

a
(C)
9
([

(8)

:
; z

(8)

:, 9
) =

∑

A:,1∈{0,1}

· · ·
∑

A:,#:
∈{0,1}

∫
· · ·

∫
5 (z

(8)

:, 9
|x: , 5: , [

(8)

:
)

×

#:∏

=′=1

V
(8,C−1)
9

(x:,=′) dx:,1 · · · dx:,#:

×

#:∏

=′=1

Z
(8,C)
9

(5:,=′) d$:,1 · · · d$:,#:
. (3.10)

Measurement Update Kinematic State – Outgoing

^
(8,C)
9

(x:,=; z
(8)

:, 9
) =

∑

A:,1∈{0,1}

· · ·
∑

A:,#:
∈{0,1}

∫
· · ·

∫
5 (z

(8)

:, 9
|x: , 5: , [

(8)

:
)]
(C)
9
([

(8)

:
) d[(8)

:

×

#:∏

=′=1
=′≠=

V
(8,C−1)
9

(x:,=′) dx:,1 · · · dx:,=−1 dx:,=+1 · · · dx:,#:

×

#:∏

=′=1

Z
(8,C)
9

(5:,=′) d$:,1 · · · d$:,#:
. (3.11)
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Note that the messages in (3.9)-(3.11) depend on fixed sensor measurements z
(8)

:, 9
, which is

indicated by the semicolon notation “(·; z
(8)

:, 9
)”. The messages in (3.9)-(3.11) contain information

related to measurements z
(8)

:, 9
while also taking most recent statistical information for the random

signal power states, noise power states, and kinematic states into account. This most recent statis-

tical information is given by (3.6)-(3.8). For example, the computation of a(C)
9
([

(8)

:
; z

(8)

:, 9
) includes

the likelihood function 5 (z
(8)

:, 9
|x: , 5: , [

(8)

:
) of measurement z

(8)

:, 9
, the product

∏#:

=′=1 V
(8,C−1)
9

(x:,=′)

involving all kinematic states, and the product
∏#:

=′=1 Z
(8,C)
9

(5:,=′) involving on all signal power

states.

The iteration is initialized by Z (8,0)
9

(5:,=) = k(5:,=), ]
(0)
9
([

(8)

:
) = b ([

(8)

:
), and V

(8,0)
9

(x:,=) =

U(x:,=). As defined in (3.9)-(3.11), within each iteration, messages are computed in the following

order and sequentially, i.e., _(8,C)
9

(5:,=; z
(8)

:, 9
), Z (8,C)

9
(5:,=), a

(C)
9
([

(8)

:
; z

(8)

:, 9
), ](C)

9
([

(8)

:
), ^ (8,C)

9
(x:,=; z

(8)

:, 9
),

and V
(8,C)
9

(x:,=).

3.3.3 Message Approximation and Belief Calculation

Messages in (3.9)-(3.11) require the marginalization of all kinematic and signal power

states. This marginalization cannot be performed in closed form. Numerical integration would

lead to a computational complexity which grows exponentially with the number of POs #: .

Since 5 (z
(8)

:, 9
|x: , 5: , [

(8)

:
) is zero-mean complex Gaussian with respect to z

(8)

:, 9
, all three messages

in (3.9)-(3.11) are a Gaussian mixture with an uncountably infinite number of components with

respect to z
(8)

:, 9
. All components have a zero mean. To ensure the scalability of the proposed

method with respect to #: , we employ moment matching to approximate these Gaussian mixtures

by a single Gaussian component. The approximated messages read

_̃
(8,C)
9

(5:,=; z
(8)

:, 9
) = CN

(
z
(8)

:, 9
; 0,C

(8,C)

_,:,=, 9

)

ã
(C)
9
([

(8)

:
; z

(8)

:, 9
) = CN

(
z
(8)

:, 9
; 0,C

(8,C)

a,:,=, 9

)

˜̂(8,C)
9

(x:,=; z
(8)

:, 9
) = CN

(
z
(8)

:, 9
; 0,C

(8,C)

^,:,=, 9

)
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where the covariances C
(8,C)

_,:, 9
, C

(8,C)

a,:, 9
, and C

(8,C)

^,:, 9
preserve the second-order statistics of their

respective original Gaussian mixture PDFs. Based on derivations previously presented in

[5, 50, 53], covariance matrices can be computed as

C
(8,C)

_,:,=, 9
= A:,=W

(8)

:,=
�
(8,C)

:,=, 9
+

#:∑

=′=1
=′≠=

Ŵ
(8,C)

:,=′, 9
�
(8,C)

:,=′, 9
+ [̂

(8,C)

:, 9
I" (3.12)

C
(8,C)

a,:,=, 9
=

#:∑

=′=1

Ŵ
(8,C)

:,=′, 9
�
(8,C)

:,=′, 9
+ [

(8)

:
I" (3.13)

C
(8,C)

^,:,=, 9
= Ŵ

(8,C)

:,=, 9
a:,=a

H
:,= +

#:∑

=′=1
=′≠=

Ŵ
(8,C)

:,=′, 9
�
(8,C)

:,=′, 9
+ [̂

(8,C)

:, 9
I" (3.14)

where

Ŵ
(8,C)

:,=, 9
=

∑

A:,=∈{0,1}

∫
W
(8)

:,=
Z
(8,C)
9

(5:,=) d$:,= (3.15)

�
(8,C)

:,=, 9
=

∫
a:,=a

H
:,=V

(8,C)
9

(x:,=) dx:,= (3.16)

[̂
(8,C)

:, 9
= 1[ ·

∫
[
(8)

:
]
(C)
9
([

(8)

:
) d[(8)

:
. (3.17)

Here, 1[ is the noise amplification factor. When 1[ = 1, the matrices C
(8,C)

_,:, 9
, C

(8,C)

a,:, 9
, and C

(8,C)

^,:, 9

align with the covariances of the original messages. Setting 1[ > 1 can improve robustness

against model mismatch, e.g., when measurement noise &
(8)

:, 9
is colored.

After ) iterations, the beliefs for each random variable can be obtained by multiplying
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all the incoming messages at the corresponding variable node [12], i.e.,

5̃ (x:,=) ∝ U(x:,=)

�∏

8=1

�∏

9=1

˜̂(8,))
9

(x:,=; z
(8)

:, 9
)

5̃ (5:,=) ∝ k(5:,=)

�∏

8=1

�∏

9=1

_̃
(8,))
9

(5:,=; z
(8)

:, 9
)

5̃ ([
(8)

:
) ∝ b ([

(8)

:
)

�∏

9=1

ã
())
9

([
(8)

:
; z

(8)

:, 9
).

Beliefs are approximations of the corresponding marginal posterior PDFs, i.e., 5̃ (x:,=) ≈

5 (x:,= |z1::) can then be used for state estimation as detailed in Section 3.2.4 and for infer-

ence in the subsequent time steps.

The integration in (3.15)-(3.16) is done individually for each random variable, i.e., a

joint integration as in (3.9)-(3.11) can be avoided. The fact that integration is performed

individually results in a computational complexity that scales linearly with the number of POs.

Evaluating the Gaussian functions _̃(8,C)
9

(5:,=; z
(8)

:, 9
), ã(C)

9
([

(8)

:
; z

(8)

:, 9
), and ˜̂(8,C)

9
(x:,=; z

(8)

:, 9
) results in

a computational complexity that scales as O("3). Since there are 2��#: + �� such messages,

the overall complexity scales as O("3��#: ), i.e., linearly with respect to the number of POs,

number of dictionaries, and number of snapshots. The expressions in (3.15)-(3.16) are computed

by means of Monte Carlo integration, i.e., by means of random samples or particles.

3.4 Experimental Results

In this section, we evaluate the performance of our proposed method based on both

synthetic and real data. In the considered scenario, the entries in the measurement vectors

z
(8)

:, 9
= [I

(8)

:, 9 ,1 · · · I
(8)

:, 9 ,"
]T ∈ C" , 8 ∈ {1, . . . , �}, 9 ∈ {1, . . . , �} are strongly correlated across

measurement index <, which makes conventional multiobject TBD methods such as [31, 42, 43,

44, 46, 47, 49, 50, 51, 52, 53, 115, 118] unsuitable.
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3.4.1 Synthetic Radar Tracking Scenario

We consider a two-dimensional (2-D) multi-sensor radar system with � sensors equipped

with a uniform linear array. Sensors are located at positions p(8), 8 ∈ {1, . . . , �}. A linear chirp

signal is transmitted and reflections from objects are received. This type of system is referred to

as linear frequency modulated continuous wave (LFMCW) radar [137, 138]. At each time step

: , the radar system demodulates, downconverts, and discretizes the analog received signal to

obtain the baseband signal z
(8)

:, 9
in the time domain [137, Sec. 9.2.3]. The measurement vectors

z
(8)

:, 9
adhere to the signal model in (3.1) through the position-dependent basis function, i.e.,

a(8) (p) = vec
(
a
(8)

d (p) a
(8)T
\

(p)
)

(3.18)

with delay and angular steering vectors defined as

a
(8)

d (p) = [1 e 94c`)s3
(8)/2 · · · e 94c("d−1)`)s3

(8)/2]T

a
(8)

\
(p) = [1 e 9c sin(\ (8)) · · · e 9c("\−1) sin(\ (8))]T.

Here 3 (8) = ‖p − p(8) ‖ denotes the distance between object at position p and sensor 8, while

\ (8) = ∠(p − p(8)) − i(8) is the AOA relative to the array orientation i(8) . The orientation of

both arrays is i(8) = c
4 . The parameters 2, `, and )s represent the speed of light, chirp rate, and

sampling interval, respectively. The total measurement size is " = "d"\ , combining "d delay

samples and "\ array elements, with vec(·) being the vectorization operation. Note that a
(8)

d (p)

is a complex narrowband signal e 9l (8)g with distance-dependent frequency l(8) = 2c(2`3 (8)/2)

sampled at times g ∈
{
0, )s, . . . , ("d − 1))s

}
.

For data generation, the power of the complex amplitude r(8) is characterized with the

radar-range equation

|r(8) |2 =
22

5 2
c (4c)3(3 (8))4

(3.19)
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where 5c = 77 GHz is the carrier frequency and its phase is uniformly distributed over [0, 2c).

In this experiment, there are � = 2 radar sensors at positions p(1) = [0 0]T and p(2) =

[50 50]T. We set the chirp rate ` = 8MHz/`s, the sampling interval )s = 0.2`s, the number of

samples in time domain "d = 20, and the number of array elements "\ = 10. The kinematic

state x:,= = [pT
:,=

vT
:,=
]T of PO = ∈ {1, . . . , #: } contains its 2-D position p:,= and 2-D velocity

v:,=. A constant velocity model x:,= = Fx:−1,= + Wq: [108, Ch. 4] is employed to describe

the dynamics of the kinematic states, where q: ∈ R2 is the zero-mean Gaussian driving noise

with covariance 10−4I2. The state-transition of the signal power for each dictionary is assumed

to be independent, i.e., 5 ($:,= |$:−1,=) =
∏�

8=1 5 (W
(8)

:,=
|W

(8)

:−1,=), and the individual state-transition

PDFs are given by 5 (W
(8)

:,=
|W

(8)

:−1,=) = G(W
(8)

:,=
; W (8)

:−1,=/2W, 2W) with 2W = 103. Here, G(·; 0, 1)

is the Gamma PDF with the shape parameter 0 and the scale parameter 1. The surveillance

region spans [0, 50] × [0, 50], defining a ROI defined as X = [0, 50] × [0, 50] × R2. The

spatial PDF of the object birth model is given by 5B(x) = 5B(p) 5B(v) with 5B(p) uniformly

distributed over the surveillance region and 5B(v) being zero-mean Gaussian with covariance

0.25I2. The expected number of new objects is set to `B = 10−6. As discussed in Section 3.2.3,

we discretize the surveillance region using a step size of 1 m in both dimensions, leading

to & = 2500 non-overlapping regions X@, @ ∈ {1, . . . , &} for the initialization of new POs.

The signal power of new POs is uniformly distributed from 0 to 1 and independent across

different sensors. Note that our normalization of the data implies that the signal power of POs

cannot exceed one. The dynamics of the noise power states are modeled by a Gamma PDF

5 ([
(8)

:
|[

(8)

:−1) = G([
(8)

:
; [(8)

:−1/2[, 2[) with 2[ = 100. The noise amplification factor in (3.17) is set

to 1[ = 1 as there is no model mismatch. At the initial time step : = 0, the prior of noise powers

[
(8)

0 , 8 ∈ {1, 2} are uniformly distributed over [0, 10−3] and there is no prior information about

the objects, i.e., #0 = 0. We set the survival probability to ?s = 0.9, the declaration threshold

to )dec = 0.5, and the pruning threshold to )pru = 10−2.

We simulate with 80 time steps, i.e., : ∈ {1, . . . , 80} and five objects. Two of the objects

appear at time : = 10 and disappear at time : = 70. The two objects are initialized at positions
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Figure 3.2. Visualization of the synthetic radar tracking scenario in an example simulation
run: (a) Trajectories of the objects with their initial positions marked as red crosses and sensor
positions marked as blue stars. (b) Tracking results of different methods at time step : = 41. An
SNR of −3 dB was considered. The Bartlett spectrum obtained by matched filtering is shown
as a background.

[10 25]T and [25 10]T with velocities [0.5 0]T and [0 0.5]T, respectively, creating intersecting

trajectories at the surveillance region center. The other three objects appear at : = 15, 20, and

25, and disappear at : = 55, 60, and 65, respectively. Their initial positions are uniformly

distributed over [15, 35] × [15, 35] and velocities are drawn from a zero-mean Gaussian PDF

with covariance 0.04I2. Objects also disappear if they leave the surveillance region. We conduct

100 simulation runs. Fig. 3.2a shows representative trajectories. The measurements z
(8)

:, 9
are

generated based on (3.1), (3.18), and (3.19) for � = 3 snapshots at each time step. For data

generation, noise power states are set to [(8)
:

= 0.5×10−14, 1×10−14, and 2×10−14, corresponding

to the “input” signal-to-noise ratios (SNRs) |r(8)
:,;
|2/[

(8)

:
= −6, −3, and 0 dB for objects at the

surveillance region center [25 25]T.

We employ methods based on the DTT strategy, comprising frontend detectors paired

with a conventional tracking method as a reference. For object detection, we utilize two distinct

detectors: matching pursuit (MP) [139] and sparse Bayesian learning (SBL) [127, 135]. These

detectors provide 2-D position measurements to the BP-based MOT method [18]. We refer

to the two variants as “MP + Tracking” and “SBL + Tracking”, respectively. The pairing of
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Figure 3.3. GOSPA error of different tracking methods for synthetic radar tracking averaged
over 100 simulation runs at (a) 0 dB, (b) −3 dB, and (c) −6 dB.
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SBL with detect-then-track MOT in [18], was first introduced in [80]. Our proposed “BP-

TBD” method is implemented using particle-based BP [21], with 30,000 particles for kinematic

states, 1000 particles for signal power states, and 300 particles for measurement noise variances.

Conventional BP-based tracking [18] is also implemented using particle-based BP [21] with

30,000 particles. To further reduce the complexity, instead of initializing new POs for all grid

cells, we only initialize new POs on cells with a MP detection. As a result, BP-TBD has an

equal number of POs at each time step as MP + Tracking. The tracking performance is evaluated

using the GOSPA [114] metric with cutoff parameter 2 = 5 and order ? = 1. The GOSPA,

averaged over the 100 simulation runs, is shown in Fig. 3.3. Among all methods, BP-TBD

achieves the lowest GOSPA for different noise levels. The advantage stems from the ability

of the proposed statistical model to accurately characterize the data generation process. The

qualitative tracking result for −3 dB SNR at a single time step is shown in Fig. 3.2b. Here, the

background is the “Bartlett” spectrum, i.e., a average of the output of matched filtering defined

as
∏�

8=1

∑�
9=1 ‖

(
a(8) (p)

)H
z
(8)

:, 9
‖2

2.

While DTT-based methods fail to estimate closely spaced objects due to information

loss in the detection stage, BP-TBD can estimate them accurately by directly processing raw

measurements. We further show the noise variance [̂
(8)

:
=
∫
[
(8)

:
5̃ ([

(8)

:
)d[(8)

:
estimated by the

proposed method in Fig. 3.4. After a few initial time steps, our method accurately estimates the

noise level of sensor measurements.

3.4.2 High-SNR Passive Acoustic Scenario

In this section, we evaluate the proposed method using real data in a shallow-water

underwater scenario. A 20-minute segment from a passive acoustic dataset [126] is considered.

A mobile source transmits seven tonals at frequencies 58 ∈ {49, 79, 112, 148, 201, 283, 388} Hz

simultaneously. Signals are recorded by a vertical linear array (VLA) with " = 21 elements at

a known position. The seven tones define � = 7 distinct dictionaries, each corresponding to one

tonal transmission. This set of tones is referred to as the “high tonal set”. The measurements
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Figure 3.4. Estimated and true noise variance [
(8)

:
averaged over 100 simulations runs for (a)

the sensor at [0 0]T and (b) the sensor at [50 50]T. An SNR of −3 dB was considered.

z
(8)

:, 9
are extracted from an 8192-point short-time Fourier transform (STFT) with 75% overlap

applied to the received acoustic signals. In particular, frequency bins for 8 ∈ {1, . . . , �} are

extracted by taking the Doppler shift into account. Doppler compensation is performed by

selecting the maximum-power bin among the ±5 discrete Fourier transform (DFT) bins adjacent

to the nominal DFT bin. We include � = 3 snapshots per time step, resulting in a total of

292 time steps. The duration of each time step is 4.09 seconds. We make use of a range-

independent geoacoustic model [140] of the considered shallow water waveguide [126]. Here,

a(8) (Gr, Gd) ∈ C
" corresponds to the complex wavefield of a source at frequency 58, located at a

range of Gr, and a depth of Gd, received by the "-element VLA. This wavefield of the underwater

environment was computed based on the range-independent geoacoustic model and by using

the KRAKEN normal mode program [141]. In particular, we use KRAKEN to precompute

the propagating modes of the range-independent acoustic waveguide and then, for each relevant

(Gr, Gd) value, synthesize the wavefield from modes during runtime. The mirage effect in shallow

water [142] as well as an array tilt of 1◦ has been taken into account.

To illustrate that our proposed method is capable of tracking multiple objects, we create

a two-source scenario artificially. In particular, a copy of the measurement at the last time step,
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Figure 3.5. Bartlett spectrum of high tonal set in dB at time : = 246. The red circles are the
true positions of the two sources.
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Figure 3.6. GOSPA error in the high-SNR passive acoustic scenario. Different tracking methods
based on the high tonal set are considered.

multiplied by a random phase and a scaling factor of 2, is added to the original measurements

[135] in frequency domain. This creates a scenario with one static and one moving source trans-

mitting at the same frequencies, where the power of the moving source is 3 dB weaker than the

static source. At times step : , the goal is to estimate the number of sources (two in this case) as

well as their ranges from the VLA and their depths using measurements z1:: . The Bartlett spec-

trum of the measurement, i.e., the output of matched filtering 1
��

∏�
8=1

∑�
9=1 ‖

(
a(8) (Gr, Gd)

)H
z
(8)

:, 9
‖2

2,

at time : = 246, is shown in Fig. 3.5.

The kinematic state x:,= ∈ R4 of PO = ∈ {1, . . . , #: } consists of its range Gr,:,=,

depth Gd,:,=, range rate Er,:,=, and depth rate Ed,:,=. A constant rate model x:,= = Fx:−1,= +
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Wq: [108, Ch. 4] is employed to describe the dynamics of the kinematic states, where

q: ∈ R2 is the zero-mean Gaussian driving noise with covariance diag(10−2, 10−5). The

state-transition of the signal power for each dictionary is assumed to be independent, i.e.,

5 ($:,= |$:−1,=) =
∏�

8=1 5 (W
(8)

:,=
|W

(8)

:−1,=), and the individual state-transition PDFs are given by a

Gamma PDF 5 (W
(8)

:,=
|W

(8)

:−1,=) = G(W
(8)

:,=
; W (8)

:−1,=/2W, 2W) with 2W = 104. The ROI is defined as

X = [0, 5000] × [0, 200] × R2, corresponding to a maximum range of 5000 m and depth of

200 m. The expected number of new objects is set to `B = 10−4, with a spatial PDF for range

and depth that is uniform on [0, 5000] × [0, 200]. The range rate and depth rate are modeled as

independent zero-mean Gaussian PDFs, with standard deviations of 4m/s and 1m/s, respectively.

The disjoint sets X@, @ ∈ {1, . . . , &} are constructed by a range and depth discretization with

intervals 25 m and 2 m, resulting in a 200-by-100 grid over the ROI. Our normalization of

the data implies that the signal power of POs cannot exceed one. Consequently, the signal

power of new POs is assumed to be uniformly distributed from 0 to 1 and is independent

across tones. The dynamics of the measurement noise variance is modeled by a Gamma PDF

5 ([
(8)

:
|[

(8)

:−1) = G([
(8)

:
; [(8)

:−1/2[, 2[) with 2[ = 102. The noise amplification factor in (3.17) is set

to 1[ = 10. The initial prior of noise variances [(8)0 , 8 ∈ {1, . . . , �} is uniform on [0, 2 × 10−4],

and we set #0 = 0. Particle-based BP [21] is used for the implementation of the proposed

method, using 10,000 particles for kinematic states, 1000 particles each for signal power states

and measurement noise variances. In addition, we set the survival probability to ?s = 0.95, the

declaration threshold to )dec = 0.5, and the pruning threshold to )pru = 10−2.

Consistent with our synthetic experiment, we adopt DTT as our baseline, with MP [139]

and SBL [127, 135] as object detectors combined with BP-based MOT [18], termed MP +

Tracking and SBL + Tracking, respectively. Also here, due to strongly correlated measurements,

conventional TBD methods such as [31, 42, 43, 44, 46, 47, 49, 50, 51, 52, 53, 115, 117, 118,

119, 120, 121, 122] are unsuitable for the considered scenario.

The object detectors provide range and depth measurements. BP-based MOT [18] is

implemented using 30,000 particles. For the proposed BP-TBD method, we only initialize new
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Figure 3.7. Range estimates of different methods in the high-SNR passive acoustic scenario.
The true range of the two sources is indicated by black lines.

POs for grid cells with an MP detection to reduce computational complexity. The tracking

performance is evaluated using the GOSPA [114] metric with cutoff parameter 2 = 200 and

order ? = 1. Our results presented in Fig. 3.6 demonstrate that the proposed method achieves the

lowest GOSPA. A visualization of tracking results is shown in Fig. 3.7. The proposed method

shows superior performance compared to the two-step reference methods, especially around

: = 200. The primary reason for the superior performance is that the conventional two-step

approach can suffer from poor detector performance due to side lobes and model mismatch. The

proposed method can improve performance by avoiding a potentially error-prone detector. Note

that the GOSPA error peaks around time steps 90 and 140 are related to the time steps where

sources stop transmitting the aforementioned tones.

3.4.3 Low-SNR Passive Acoustic Scenario

We further extend our experiment to a more challenging low-SNR scenario. A 10-minute

segment is extracted from the same dataset as in Section 3.4.2. The considered tonal signals are

at frequencies 58 ∈ {52, 82, 115, 151, 204, 286, 391} Hz. Compared to the “high tonal set” used

in Section 3.4.2, the power of the “low tonal set” is reduced by 26 dB. The low tonal set is too

quiet for tracking based on the model used for the high tonal set in Section 3.4.2. To increase

SNR, we adopt the range-coherent model in [143] that relies on a virtual-array formulation.

81



In particular, #syn measurement vectors are stacked to form a super measurement vector, i.e.,

z
(8)

syn,:, 9 = [z
(8)T
:1, 9

· · · z
(8)T
:#syn , 9

]T. Let there be :1, . . . , :#syn time steps with a duration of gsyn. For a

source with a range of Gr at the initial time step, a constant range rate Er, and a constant depth

Gd, the synthetic array response becomes

a
(8)
syn(Gr, Gd, Er) =



a(8) (Gr, Gd)

a(8) (Gr + Ergsyn, Gd)

...

a(8)
(
Gr + (#syn − 1)Ergsyn, Gd

)



which generates a planar synthetic array with the source at the endfire. Note that a(8) (Gr, Gd) ∈ C
"

is the wavefield model discussed in Sec. 3.4.2. This modeling approach effectively generates a

virtual planar array that increases SNR via coherent integration. The stacked measurement and

contribution vector are used in the measurement model (3.2) throughout the rest of the section.

The segment that we consider for the experiment contains 45 time steps with a time interval of

10.92 seconds. There are � = 4 snapshots at each time step, and the number of subarrays in the

planar synthetic array is #syn = 5.

The statistical model and parameter setup are similar to those used for the high tonal set

discussed in Section 3.4.2. We set the power and noise state-transition parameters to 2W = 1000

and 2[ = 10. The noise amplification factor is set to 1[ = 5. The expected number of new

objects is set to `B = 10−4. The initial prior of noise variances [(8)0 , 8 ∈ {1, . . . , �} are uniform

over [0, 6 × 10−3] and #0 = 0. There are 3000 particles for kinematic states, 1000 particles

for signal power states and 300 particles for measurement noise variances. Other parameters

remain unchanged compared to Sec. 3.4.2.

To extract measurements from the received acoustic signals, we first compute the 16384-

point STFT spectrum with 50% overlap. Since the SNR in the low tonal set is too low, we

are not able to obtain z
(8)

:, 9
by choosing DFT bins based on power as in the high SNR case
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Figure 3.8. Bartlett spectrum in dB at time : = 1 in the low-SNR passive acoustic scenario
with virtual array processing. The red circle is the true position of the source.
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Figure 3.9. GOSPA error of different tracking methods in the low-SNR passive acoustic
scenario.

(cf. Section 3.4.2). Instead, we propose selecting bins for each PO separately based on their

estimated range rate. For PO = ∈ {1, . . . , #: }, we first compute its estimated range rate Êr,:−1,=

at the previous time step from its belief 5̃ (x:−1,=) of the kinematic state. Considering the

Doppler effect, the observed frequency of the tones are now (1 + Êr,:−1,=/2) 58 where 2 is the

sound speed, which can then be used for selecting the corresponding DFT bins. This frequency-

adjusted bin selection is applied independently to each PO, meaning that POs may use different

measurement vectors for evaluating BP messages. When computing the covariance matrices in

(3.12) and (3.14) for PO =, we set �(8,C)

:,=′, 9
to zero if PO =′ ≠ = selects a different DFT bin on tone

8 ∈ {1, . . . , �}.
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The tracking performance is again evaluated using the GOSPA [114] metric with cutoff

parameter 2 = 500 and order ? = 1. The two reference methods, MP + Tracking and SBL +

Tracking, are identical to those used in the high tonal set. To reduce computational complexity,

the proposed BP-TBD method only initializes new POs for grid cells with a MP detection. The

ROI is defined as X = [0, 5000] × [0, 200] × [−3,−1] × R. The spatial PDF is uniform on

the ROI for range, depth, and range rate, respectively, while the depth rate is standard normal

distributed. The disjoint sets X@, @ ∈ {1, . . . , &} are constructed by discretizing range, depth,

and range rate with intervals 25 m, 10 m, and 0.1 m/s, resulting in a 200 × 20 × 20 voxel grid

covering the ROI. Results are shown in Fig. 3.9. Our proposed method achieves the lowest

GOSPA. It can accurately identify that there is exactly one object, while the reference methods

often introduce false objects. Note that all methods fail at the end of the data segment, where

the object does not have a constant range rate. The variable range rate introduces a significant

mismatch with the range-coherent model.
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Chapter 4

Direct Multipath-Based SLAM

Radio-based localization approaches that make use of reflections in the propagation

environment to improve the accuracy and robustness of location estimates have a variety of

potential applications in future wireless communication networks. Multipath-based SLAM aims

at estimating the position of agents and reflecting features in the environment by exploiting the

relationship between the local geometry and MPCs in received radio signals. Existing multipath-

based SLAM methods preprocess received radio signals using a channel estimator. The channel

estimator lowers the data rate by extracting a set of dispersion parameters for each MPC. These

parameters are then used as measurements for SLAM. Bayesian estimation for multipath-based

SLAM is facilitated by the lower data rate. However, due to finite resolution capabilities limited

by signal bandwidth, channel estimation is prone to errors and MPC parameters may be extracted

incorrectly and lead to a reduced SLAM performance. We propose a multipath-based SLAM

approach that directly uses received radio signals as inputs. A new statistical model that can

effectively be represented by a factor graph is introduced. The factor graph is the starting

point for the development of an efficient BP method for multipath-based SLAM that avoids data

preprocessing by a channel estimator. Numerical results based on synthetic and real data in

challenging single-input, single-output (SISO) scenarios demonstrate that the proposed method

outperforms conventional methods in terms of localization and mapping accuracy.
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4.1 Chapter Overview

SLAM [19, 54, 55, 57, 144, 145, 146, 147, 148, 149] aims at estimating the position

together with a unknown map of the environment based on noisy measurements provided by

sensors hosted on mobile platforms. SLAM is a key signal processing task in a variety of

applications, including land robotics, autonomous driving, underwater navigation, and wireless

communication. In particular, in wireless communication, SLAM can be performed by exploit-

ing multipath propagation of radio signals in urban or indoor scenarios. The resulting knowledge

of the agent position and the propagation environment can then be used for, e.g., precise beam

tracing or effective resource allocation [150, 151].

4.1.1 Multipath-Based SLAM and State of the Art

In wireless networks, localization in scenarios with multiple propagation paths is typ-

ically performed using ultra-wideband or mmWave radios. Their relatively high bandwidth

makes it possible to resolve MPCs.

Early work on radio-based indoor localization aims at mitigating multipath effects [152].

On the contrary, multipath-based SLAM exploits multiple propagation by inferring the relation

between the geometry of the propagation environment and the MPCs in received radio signals.

Existing multipath-based SLAM methods can be categorized as feature-based SLAM [153,

154, 155, 156]. Here, the map of the environment is represented by an unknown number of

individual map features with unknown positions. In received radio signals, MPCs generated

by LOS path and specular reflections at flat surfaces often dominate. The map features are

referred to as PAs and VAs, where PAs are base stations and VAs are the mirror images of PAs

at the reflecting surfaces. The number and position of VAs are unknown. The signals resulting

from a transmission from mobile agent to PA (or vice versa) provide information on the agent’s

position, the PA, and the VAs associated with it. Consequently, the goal of many multipath-based

SLAM approaches is to estimate the positions of the mobile agents together with the number of
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aforementioned features and their positions. In addition to features related to specular reflections,

some multipath-based SLAM methods also aim to estimate the position of point scatterer [57]

or the parameters of a probability distribution characterizing diffuse multipath [149].

Existing multipath-based SLAM methods include methods based on extended Kalman

filtering [54], Rao-Blackwellized particle filtering [55, 57, 145], sequential estimation of random

finite sets [146, 147], and BP [157, 158, 159]. All existing approaches perform data processing

in two stages. In stage one, a channel estimator is applied to the received radio signal. The

channel estimator detects MPCs and extracts their dispersion parameters, e.g., delay, angle of

arrival, angle of departure, or Doppler frequency [130, 160, 161, 162, 163, 164, 165, 166]. In

stage two, a sequential Bayesian SLAM engine estimates the mobile agent position and the

number and position of map features. The extracted dispersion parameters of MPCs are prone

to measurement origin uncertainty. In particular, (i) it is not known which propagation path

generated which extracted MPC (ii) certain propagation paths are missed in the sense that no

MPC is extracted, and (iii) some MPCs that do not correspond to any propagation path may be

erroneously extracted.

The SLAM engine sequentially estimates agent positions and map features representing

propagation paths, addresses measurement-origin uncertainty by performing data association

[35, 41, 59], and dynamically introduces new map features in the state space. The use of a

channel estimator as a preprocessing stage is widely used as it reduces the data flow and thus

leads to SLAM engines that have reduced computational complexity due to simplified models.

For example, a key assumption in data association is that each extracted MPC can be associated

with at most one map feature. On the other hand, the use of a channel estimator can lead

to a significant loss of information and thus impede the robustness and accuracy of SLAM.

For example, in single-input, single-output (SISO) scenarios, where only delays, i.e., range

measurements, can be extracted from the received radio signal, it is often common that multiple

VAs have similar ranges to the agent. In such challenging geometries, the channel estimator may

not be able to resolve the MPC delays and thus extract a single range “merged” measurement for
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Figure 4.1. Flow diagram of the proposed Direct-SLAM compared to conventional multipath-
based SLAM. Discrete time is indexed by : . Conventional methods process received radio
signals is two stages. In stage one, a channel estimator extracts the parameters of MPCs, e.g., the
delays, from � samples of the received radio signal, z

( 9)

:
, 9 ∈ {1, . . . , �}. These parameters are

then used as the measurements for SLAM in stage two. On the contrary, Direct-SLAM uses the
received radio signal z

( 9)

:
, 9 ∈ {1, . . . , �} as measurements. Both approaches perform sequential

Bayesian estimation, i.e., in addition to the received radio signal, approximate marginal posterior
distributions (“beliefs”) from the previous time step : − 1 are also used as the input at time : .

multiple VAs. The SLAM engine is then poised to make suboptimum data associations, which

can lead to incorrect multipath SLAM estimation results. Since the ability to resolve MPC

is directly proportional to signal bandwidth, performance degradation related to challenging

geometries is exacerbated in low-bandwidth systems.

4.1.2 Contributions and Chapter Organization

In this chapter, we propose Direct-SLAM for multipath-aided localization and mapping.

Raw radio signals are directly used as measurements for sequential Bayesian estimation without

being preprocessed by a channel estimator to reduce information loss. The proposed method

is inspired by TBD [45, 46, 53, 167, 168] approaches for MOT. In particular, it relies on a

superpositional measurement model for received radio signals that describes LOS propagation

and specular reflections. Other propagation phenomena that can potentially also generate MPCs,

such as point scattering and diffusion, are modeled as interference.

We introduce a new measurement model for multipath-based SLAM that (i) accurately

describes the superposition of specular MPCs in received radio signals and a birth model that (ii)
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introduces new feature hypotheses referred to as potential features (PFs). At each time step, in

addition to the state of the mobile agent and the features, the noise variance is also modeled as a

random variable. The new statistical model is designed such that it can be efficiently represented

by a factor graph [12, 13]. It can be viewed as a combination of the Swerling 1 model for

correlated measurements proposed in [45] and the Bernoulli existence model introduced in

[53], while also resembling the statistical model used in variational line spectral estimation

[130, 169, 170]. The factor graph provides the blueprint for a BP method [12, 14, 90] that

can sequentially estimate the number of features and their positions as well as the state of the

agent in a scalable and efficient way. BP, also known as the sum-product-algorithm [12, 14, 90],

computes real-value functions called “messages” along the edges of the factor graph by exploiting

conditional statistical independencies. Most BP messages cannot be calculated in closed form.

For an accurate and feasible numerical evaluation, following our previous work in [53, 60, 171],

we represent some of the BP messages by random samples “particles” and others by means and

covariance matrices obtained via moment matching. Contrary to existing SLAM methods, the

processing of received radio signals by a channel estimator and explicit data association can be

avoided, alleviating performance degradation in challenging SLAM geometries. Basic block

diagrams of conventional and proposed methods are shown in Fig. 4.1.

The key contributions of this chapter can be summarized as follows.

• We introduce a statistical model for multipath-based SLAM that accurately models the

data-generating process of received radio signals.

• We develop a scalable BP method for the sequential estimation of agent position and map

features based on the factor graph representing the new model.

• We conduct comprehensive numerical experiments on synthetic and real data and demon-

strate state-of-the-art performance.

The chapter is organized as follows. Section 4.2 presents the radio signal model and
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the new statistical model. Section 4.3 develops the proposed BP method for multipath-based

SLAM. Section 4.4 introduces a feasible implementation of the BP method. Section 4.5 reports

the results of the performed numerical study.

4.2 System Model and Problem Formulation

In what follows, we introduce the proposed system model and discuss the problem

formulation of the considered multipath-based SLAM problem.

4.2.1 Radio Signal and Specular MPCs

Multipath effects in radio channels are directly related to the geometry of the propagation

environment [56, 57, 157]. In particular, the parameters of specular MPCs, e.g., delays, can

be described by the position of the mobile agent and the positions of PAs and VAs. In what

follows, we assume the mobile agent acts as a transmitter, and the PAs act as receivers. Note,

however, that the proposed model can be easily reformulated for the case where the roles of PAs

and mobile agent are swapped.

VA positions are the mirror images of PA positions at flat reflecting surfaces and encode

the geometry of the environment. In particular, the length of the path from the mobile agent to

the VA is equal to the length of the path from the mobile agent to the reflecting surface to the

PA. This principle is illustrated in Fig. 4.2.

For the considered multipath-based SLAM problem, we consider a single mobile agent

with an unknown position. At discrete time : , the position of the agent is denoted as p: . In

addition, there are � PAs with known positions p
( 9)

1 , 9 ∈ {1, . . . , �}. At time step : , each PA

9 has !
( 9)

:
− 1 associated VAs, with unknown positions p

( 9)

;
, ; ∈ {2, . . . , ! ( 9)

:
}. PAs and VAs,

here referred to as features, provide a partial characterization of the propagation environment.

While PA positions are known, due to the unavailability of a floor plan, VA positions are

unknown and have to be estimated jointly with the agent positions. The fact that the absolute

position of certain features in the environment, i.e., the PAs, is known is a major difference of
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p:

p
(1)
2

p
(1)
3

p
(1)
1

Reflecting Surface

LOS Path

Reflected Path

Agent

VA

PA

Surface 2

Surface 1

Figure 4.2. Scenario with one mobile agent, one physical anchor (PA), and two virtual anchors
(VAs). The radio signal transmitted by the agent at position p: propagates to the receiver at

position p
(1)
1 on the LOS path and on the reflected paths. The path length of the reflected paths

are equal to the length of the paths from the agent at position p: to the VAs at position p
(1)
2 and

p
(1)
3 , respectively.

multipath-aided SLAM compared to traditional robotic SLAM.

The mobile agent transmits a signal at center frequency 5c and bandwidth �. In the

frequency domain, the transmitted signal in baseband is (( 5 ) ∈ C. At each discrete time step : ,

" samples of the received signal waveform are recorded by the PAs. In the frequency domain,

the resulting " = �/Δ+1 samples have a frequency spacing of Δ1. Let h(C) denote the sampled

transmitted signal, delayed by time C, in baseband and frequency domain, i.e.,

h(C) =
[
(
(
− (" − 1)/2Δ

)
e 92c

(
"−1

2 Δ

)
C · · · (

(
(" − 1)/2Δ

)
e− 92c

(
"−1

2 Δ

)
C
]T
. (4.1)

The measurement model for the sampled received signal at PA 9 , i.e., z
( 9)

:
=

[
I
( 9)

:
(−(" −

1)/2Δ) · · · I
( 9)

:
((" − 1)/2Δ)

]T
=
[
I
( 9)

:,1 · · · I
( 9)

:,"

]T
, can now be expressed as [172, 173]

z
( 9)

:
=

!
( 9 )

:∑

;=1

r
( 9)

:,;
h(C

( 9)

:,;
) + &

( 9)

:
(4.2)

where C ( 9)
:,;

= ‖p:−p
( 9)

;
‖/2 is the delay related to the ;-th MPC, r( 9)

:,;
∈ C is the complex amplitude

of propagation path 9 , and 2 is the speed of light.2 For example, a simple physical model for the

1The corresponding unambiguous maximum observation distance is given by 3max = 2/Δ.
2The signal model in (4.2) can be straightforwardly extended to include additional MPC parameters, such as

angle-of-departure, angle-of-arrival and Doppler frequencies [166, 174].
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complex amplitude, r( 9)
:,;

∈ C, is given by

r
( 9)

:,;
= 0

( 9)

:,;
e− 92c 5cC

( 9 )

:,;
2

4c 5c‖p: − p
( 9)

;
‖

(4.3)

where 0 ( 9)
:,;

∈ C is an unknown cumulative reflection coefficient resulting from all interactions of

the radio signal with flat surfaces3. Furthermore, & ( 9)
:

=
[
n
( 9)

:

(−("−1)
2 Δ

)
· · · n

( 9)

:
("−1

2 Δ
) ]T

∈ C"

is the noise vector.

4.2.2 State Vectors and Measurement Model

The state of the mobile agent is denoted as x: . It includes the agent’s position p:

and possibly further motion-related parameters. The number of features !
( 9)

:
, 9 ∈ {1, . . . , �}

associated with each PA depends on the position of the agent and is generally unknown and

time-varying. For the estimate of the unknown !
( 9)

:
at each time : , so called PFs indexed by

= ∈ {1, . . . , # ( 9)

:
} are introduced [19, 60]. Here #

( 9)

:
is the maximum possible number of

features associated with the 9-th PA at time step : . The existence of each PF 9 ∈ {1, . . . , �}

is modeled by a binary random variable A
( 9)

:,=
∈ {0, 1}, = ∈ {1, . . . , # ( 9)

:
}. A PF exists, i.e.,

corresponds to a physical feature in the environment contributing to the signal received at PA 9 ,

if and only if A ( 9)
:,=

= 1.

The state of PFs is defined as y
( 9)

:,=
= [5

( 9)T
:,=

A
( 9)

:,=
]T where 5

( 9)

:,=
= [p

( 9)T
:,=

W
( 9)

:,=
]T includes

the position p
( 9)

:,=
and the intensity W

( 9)

:,=
. The intensity represents the signal strength of the

propagation path represented by the PF. Since each PA is also modeled as a PF, we have

#
( 9)

:
≥ 1. In particular, we always use the first index, = = 1, for PFs representing PAs. For

future reference, we establish the notation y
( 9)

:
=
[
y
( 9)T
:,1 · · · y

( 9)T

:,#
( 9 )

:

]T
.

Based on the PF representation, the measurement model in (4.2), can also be expressed

3The signal model in (4.2) implies uniform radiation patterns for transmit and receive antennas.
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as

z
( 9)

:
=

#
( 9 )

:∑

==1

A
( 9)

:,=
d
( 9)

:,=
h
( 9)

:,=
+ &

( 9)

:
(4.4)

where h
( 9)

:,=
, h(g

( 9)

:,=
) ∈ C" denotes the known contribution vector related to PF with indexes 9 ∈

{1, . . . , �} and = ∈ {1, . . . , # ( 9)

:
}, i.e., g ( 9)

:,=
= ‖p:−p

( 9)

:,=
‖/2. Following [130, 160, 161, 162, 163],

we here assume that the complex amplitudes, d( 9)
:,=

, are random and unknown. In particular,

random amplitudes are modeled by zero-mean complex Gaussian random variables with variance

W
( 9)

:,=
, i.e., d( 9)

:,=
∼ CN

(
d
( 9)

:,=
; 0, W ( 9)

:,=

)
. This amplitude model is referred to as Swerling 1 [45, 132].

The complex amplitudes d
( 9)

:,=
are independent across :, =, and 9 . The noise &

( 9)

:
represents

different noise sources, including unmodeled non-specular propagation effects and white receiver

noise. For the sake of simplicity &
( 9)

:
is assumed distributed according to CN

(
&
( 9)

:
; 0, [

( 9)

:
I"

)

and independent across : and all 9 , as well as independent of all complex amplitudes.

As a result of this model, conditioned on the agent state x: , the joint PF state y
( 9)

:
, and

the noise variance [( 9)
:

, the measurement z
( 9)

:
is also zero-mean complex Gaussian, i.e.,

5 (z
( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
) = CN(z

( 9)

:
; 0,C

( 9)

:
) (4.5)

with covariance C
( 9)

:
= [

( 9)

:
I" +

∑#
( 9 )

:

==1 A
( 9)

:,=
W
( 9)

:,=
h
( 9)

:,=
h
( 9)H
:,=

. It follows from (4.4) that, conditioned

on the x: , y
( 9)

:
and [

( 9)

:
, the measurement z

( 9)

:
is independent of all the other measurements and

independent of x1::−1, y
( 9)

1::−1 and [
( 9)

1::−1. As a result, the joint likelihood function factorizes as

5 (z1:: |x1:: , y1:: , (1:: ) =

:∏

: ′=1

�∏

9=1

5 (z
( 9)

: ′
|x: ′ , y

( 9)

: ′
, [

( 9)

: ′
) (4.6)

where we introduce z: =
[
z
(1)T
:

· · · z
(�)T
:

]T
, z1:: = [zT

1 · · · z
T
:
]T, x1:: = [xT

1 · · · x
T
:
]T, y: =

[
y
(1)T
:

· · · y
(�)T
:

]T
, y1:: = [yT

1 · · · y
T
:
]T, (: =

[
[
(1)
:

· · · [
(�)

:

]T
, and (1:: = [(T

1 · · · (
T
:
]T.
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4.2.3 State-Transition Models and Prior PDFs

The dynamics of the agent state x: are described statistically by a first-order Markov

model. Its state transition PDF is denoted as 5 (x: |x:−1), which can, e.g., be the result of a

constant velocity model [108, Ch. 4]. The dynamics of the noise variance is described by

a PDF 5 ([
( 9)

:
|[

( 9)

:−1), which can, e.g., be a Gamma distribution. Each PF state y
( 9)

:,=
with = ∈

{1, . . . , # ( 9)

:−1} and 9 ∈ {1, . . . , �} is also assumed to evolve independently following a first-order

Markov model. The individual state-transition PDF of the PF with indexes = ∈ {1, . . . , # ( 9)

:−1}

and 9 ∈ {1, . . . , �}, is denoted by 5 (y
( 9)

:,=
|y

( 9)

:−1,=) = 5 (5
( 9)

:,=
, A

( 9)

:,=
|5

( 9)

:−1,=, A
( 9)

:−1,=). If PF ( 9 , =) does

not exist at time step : − 1, i.e, A ( 9)
:−1,= = 0, then it does not exist at time step : either. The

state-transition PDF for A ( 9)
:−1,= = 0 is thus given by

5 (5
( 9)

:,=
, A

( 9)

:,=
|5

( 9)

:−1,=, 0) =




5D(5
( 9)

:,=
), A

( 9)

:,=
= 0

0, A
( 9)

:,=
= 1

(4.7)

where 5D(5
( 9)

:,=
) is an arbitrary “dummy” PDF. However, if the PF exists at time step : − 1, i.e,

A
( 9)

:−1,= = 1, then it continues to exist at time step : with survival probability 0 < ?s ≤ 1. If it

still exists at time : , then 5
( 9)

:,=
is distributed according to 5 (5

( 9)

:,=
|5

( 9)

:−1,=), which can be, e.g., a

random walk model. For A ( 9)
:−1,= = 0, the state-transition PDF thus reads

5 (5
( 9)

:,=
, A

( 9)

:,=
|5

( 9)

:−1,=, 1) =




(1 − ?s) 5D(5
( 9)

:,=
), A

( 9)

:,=
= 0

?s 5 (5
( 9)

:,=
|5

( 9)

:−1,=), A
( 9)

:,=
= 1.

(4.8)

The birth of newly appearing features associated with PA 9 and time : is modeled by a

point Poisson process with mean `
( 9)

B and spatial PDF 5
( 9)

B (5 |x:). Assuming that (i) the number

of newly appearing features is significantly smaller than the number of measurements and (ii)

newly appearing features are well separated, we introduce " new PFs at each time step, i.e.,

#
( 9)

:
= #

( 9)

:−1 + " [53]. The initial PDF of each new PF, conditioned on x: , can thus be written
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as

5
( 9)

B,= (5 |x:) ∝




5
( 9)

B (5 |x:), p ∈ P< (x: )

0, p ∉ P< (x: )

where ∝ indicates equality up to a multiplicative constant and the region P< (x:) that is occupied

by index < = = − #
( 9)

:−1 ∈ {1, . . . , "}, is given by

P< (x:) = {p | (< − 1) · )B ≤ ‖p − p: ‖/2 ≤ < · )B}. (4.9)

To define the existence probability of new PFs, we first note that the number of new fea-

tures in cell P< (x: ) is also Poisson distributed with mean `
( 9)

B,= = `
( 9)

B

∫ ∫
P< (x:)

5
( 9)

B (5 |x: )dpdW,

and the probabilities that each cell has zero and one feature are e−`
( 9 )

B,= and `
( 9)

B,=e
−`

( 9 )

B,= , respectively.

Based on the assumption that there is at most one new feature in P< (x: ), we define the existence

probability of the corresponding PF as

?
( 9)

B,= =
`
( 9)

B,=e
−`

( 9 )

B,=

`
( 9)

B,=e
−`

( 9 )

B,= + e−`
( 9 )

B,=

=
`
( 9)

B,=

`
( 9)

B,= + 1
.

As a result, the PDF for individual new PFs reads

5 (y
( 9)

:,=
|x: ) =




(1 − ?
( 9)

B,=) 5D(5
( 9)

:,=
), A

( 9)

:,=
= 0

?
( 9)

B,= 5
( 9)

B,= (5
( 9)

:,=
|x: ), A

( 9)

:,=
= 1 .

(4.10)

Note that based on the binary random variables A ( 9)
:,=

∈ {0, 1} (cf. Section 4.2.2) that indicate fea-

ture existence and the Poisson point process used to describe the appearance of new PFs discussed

above, we can represent dynamic SLAM environments with features that appear/disappear due

to limited visibility, e.g., blockage of propagation paths and changes in the environment.

By using the fact that agent states, PFs, and noise variance follow first-order Markov
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dynamics, we can write

5 (x0:: , y0:: , (0:: ) = 5 (x0, y0, (0)

:∏

: ′=1

5 (x: ′ , y: ′ , (: ′ |x: ′−1, y: ′−1, (: ′−1). (4.11)

At time : = 0, the random variables x0, [( 9)0 , 9 ∈ {1, . . . , �}, and y
( 9)

0,=, = ∈ {1, . . . , # ( 9)

0 },

9 ∈ {1, . . . , �} are all independent of each other, i.e.,

5 (x0, y0, (0) = 5 (x0)

�∏

9=1

5 ([
( 9)

0 )

( #
( 9 )

0∏

==1

5 (y
( 9)

0,=)

)
. (4.12)

The prior distributions 5 (x0), 5 ([
( 9)

0 ), 9 ∈ {1, . . . , �}, and 5 (y
( 9)

0,=), = ∈ {1, . . . , # ( 9)

0 }, 9 ∈

{1, . . . , �} are known.

It is furthermore assumed that agent states and noise variance evolve independently in

time and that the evolution of time of PFs also depends on the current agent state, i.e.,

5 (x: , y: , (: |x:−1, y:−1, (:−1) = 5 (x: |x:−1) 5 ((: |(:−1) 5 (y: |x: , y:−1). (4.13)

Conditioned on the corresponding previous PF state y
( 9)

:−1,=, the legacy PF state y
( 9)

:,=
, 9 ∈

{1, . . . , �}, = ∈ {1, . . . , # ( 9)

:−1}, is assumed independent of the current and previous states of the

other PFs. For the new PF state y
( 9)

:,=
, 9 ∈ {1, . . . , �}, = ∈ {#

( 9)

:−1 + 1, . . . , # ( 9)

:
}, it is assumed

that conditioned on x: , the new PF state y
( 9)

:,=
is independent of all current and previous states of

all other PFs, i.e.,

5 (y: |x: , y:−1) =

�∏

9=1

#
( 9 )

:−1∏

==1

5 (y
( 9)

:,=
|y

( 9)

:−1,=)

#
( 9 )

:∏

==#
( 9 )

:−1+1

5 (y
( 9)

:,=
|x: ). (4.14)

It is also assumed that, conditioned on [
( 9)

:−1, the noise variance [
( 9)

:
is independent of all the

other noise variances, i.e.,
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5 ((: |(:−1) =

�∏

9=1

5 ([
( 9)

:
|[

( 9)

:−1). (4.15)

Based on these assumptions, we can develop the joint prior PDF 5 (x0:: , y0:: , (0:: ). In

particular, by first using (4.12) and (4.13) for 5 (x0, y0, (0) and 5 (x: , y: , (: |x:−1, y:−1, (:−1) in

(4.11) and subsequently replacing 5 (y: |x: , y:−1) and 5 ((: |(:−1), by the expressions in (4.14)

and (4.15), respectively, we obtain

5 (x0:: , y0:: , (0:: ) = 5 (x0)

�∏

9=1

5 ([
( 9)

0 )

( #
( 9 )

0∏

==1

5 (y
( 9)

0,=)

) :∏

: ′=1

5 (x: ′ |x: ′−1)

×

�∏

9=1

5 ([
( 9)

: ′
|[

( 9)

: ′−1)

( #
( 9 )

:′−1∏

==1

5 (y
( 9)

: ′,=
|y

( 9)

: ′−1,=)

) ( #
( 9 )

:′∏

==#
( 9 )

:′−1
+1

5 (y
( 9)

: ′,=
|x: ′)

)
. (4.16)

4.2.4 Declaration and Estimation

At each time step : , given all the measurements z1:: = [zT
1 · · · z

T
:
]T, the goal of multipath-

based SLAM is to declare the existence of PFs as well as estimate the states 5( 9)

:,=
of PF that have

been declared to exist, the agent state x: , and the noise variance [( 9)
:

. In our Bayesian setting, the

problem comprises the computation of the marginal PDFs 5 (A
( 9)

:,=
|z1:: ), 5 (5

( 9)

:,=
|A
( 9)

:,=
= 1, z1::),

5 (x: |z1::), and 5 ([
( 9)

:
|z1:: ). We refer to 5 (A

( 9)

:,=
= 1|z1::), = ∈ {1, . . . , # ( 9)

:
} as the existence

probability of PFs. A PF is declared to exist, if its existence probability is larger than a certain

fixed threshold )dec.

Based on these marginal PDFs, the MMSE estimate of the agent states, PFs declared to

exist, and noise variance at time : , can be obtained as
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x̂:,MMSE =

∫
x: 5 (x: |z1:: ) dx: (4.17)

5̂
( 9)

:,=,MMSE =

∫
5
( 9)

:,=
5 (5

( 9)

:,=
|A
( 9)

:,=
= 1, z1:: ) d5( 9)

:,=
(4.18)

[̂
( 9)

:,MMSE =

∫
[
( 9)

:
5 ([

( 9)

:
|z1::) d[( 9)

:
. (4.19)

Note that 5 (A ( 9)
:,=

= 1|z1:: ) and 5 (5
( 9)

:,=
|A
( 9)

:,=
= 1, z1:: ) can be computed from the marginal posterior

PDF 5 (y
( 9)

:,=
|z1::) = 5 (5

( 9)

:,=
, A

( 9)

:,=
|z1:: ).

Following Bayes rule and inserting (4.6) and (4.16), the joint posterior PDF 5 (x0:: , y0:: ,

(0:: |z1:: ) can be factorized as

5 (x0:: , y0:: , (0:: |z1:: ) ∝ 5 (z1:: |x0:: , y0:: , (0:: ) 5 (x0:: , y0:: , (0:: )

= 5 (z1:: |x1:: , y1:: , (1::) 5 (x0:: , y0:: , (0::)

= 5 (x0)

( �∏

9=1

5 ([
( 9)

0 )

#
( 9 )

0∏

==1

5 (y
( 9)

0,=)

) :∏

: ′=1

5 (x: ′ |x: ′−1)

×

�∏

9=1

( #
( 9 )

:′−1∏

==1

5 (y
( 9)

: ′,=
|y

( 9)

: ′−1,=)

) ( #
( 9 )

:′∏

==#
( 9 )

:′−1
+1

5 (y
( 9)

: ′,=
|x: ′)

)

× 5 ([
( 9)

: ′
|[

( 9)

: ′−1) 5 (z
( 9)

: ′
|x: ′ , y

( 9)

: ′
, [

( 9)

: ′
). (4.20)

A single time step of the factor graph corresponding to the factorization in (4.20), is shown

in Fig. 4.3. This factorization facilitates the development of an efficient BP method for the

computation of approximate marginal posterior PDFs 5̃ (y
( 9)

:,=
) ≈ 5 (y

( 9)

:,=
|z1:: ), 5̃ (x:) ≈ 5 (x: |z1::),

and 5̃ ([
( 9)

:
) ≈ 5 ([

( 9)

:
|z1:: ), typically referred to as beliefs.
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Figure 4.3. Factor graph representing the joint posterior distribution in (4.20) and the BP
messages for a single time step : . Each box with light blue background indicates a different
PAs. BP messages are shown as blue arrows. The time index : is omitted. The following
shorthand notation is used: # = #

( 9)

:−1, # = #
( 9)

:
, x = x: , y= = y

( 9)

:,=
, [ = [

( 9)

:
, 5 = 5 (x: |x:−1),

5[ = 5 ([
( 9)

:
|[

( 9)

:−1), 5z = 5 (z
( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
), 5= = 5 (y

( 9)

:,=
|y

( 9)

:−1,=) for = ∈ {1, . . . , # ( 9)

:−1}, and

5= = 5 (y
( 9)

:,=
|x:) for = ∈ {#

( 9)

:−1 + 1, . . . , # ( 9)

:
}. Furthermore, V = V(x: ), U= = U(y

( 9)

:,=
), b =

b ([
( 9)

:
), ] = ](x: ; z

( 9)

:
), ^= = ^(y

( 9)

:,=
; z

( 9)

:
), and a = a([

( 9)

:
; z

( 9)

:
).

4.3 The Proposed BP Algorithm

In this section, we derive the proposed BP method for multipath-based SLAM. BP is

an efficient approach for solving high-dimension Bayesian inference problems. A BP method

is derived by performing local operations called “messages” on the edges of the factor graph

[12, 14, 90] that represents the statistical model of the Bayesian estimation problem. When

the factor graph is a tree, the solutions provided the BP, called “beliefs”, are equal to the true

marginal posterior PDFs required for the computation of optimum estimates. However, the factor

graph representing the statistical model for direct SLAM shown in Fig. 4.3 has loops. Thus, the

beliefs computed by BP are only approximations of the true marginal posteriors [12, 14, 90].

Despite the fact that theoretical performance guarantees are typically unavailable, performing BP

on graphs with loops is a widely used strategy to compute accurate approximations of marginal
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posterior PDFs with application in, e.g., modern channel coding [16], cooperative localization

[17], mulitobject tracking [18], and SLAM [19]. In graphs with loops, there is some flexibility

regarding the order in which messages are computed. Different message-passing orders may

lead to different beliefs. In this work, we make use of the following message passing computation

order: (i) messages are passed only forward in time, (ii) along the edges connecting an agent

state variable node “x:” and a new PF state variable node “y
( 9)

:,=
”, messages are only sent from

the former to the latter [19], (iii) all messages are only computed once, i.e., messages are not

updated iteratively. BP messages are also shown in Fig. 4.3. They are computed in parallel for

all PAs 9 ∈ {1, . . . , �}. All messages developed in what follows are obtained from conventional

BP message rules for messages passed from factor to variable nodes, and messages passed from

variable nodes to factor nodes [12, 14, 90].

4.3.1 Prediction and Birth Messages

First, we present the prediction message that is passed from factor node “ 5 (x: |x:−1)” to

variable node “x:”. This message is obtained as

V(x: ) =

∫
5 (x: |x:−1) 5̃ (x:−1) dx:−1 (4.21)

where 5̃ (x:−1) is the belief of the agent state at the previous time step : − 1.

Next, we develop the messages that are sent from the factor nodes “ 5 (y( 9)

:,=
|y

( 9)

:−1,=)”,

= ∈ {1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} to the corresponding PF variable nodes “y

( 9)

:,=
”. For each

legacy PF state y
( 9)

:,=
with = ∈ {1, . . . , # ( 9)

:−1}, 9 ∈ {1, . . . , �}, this message is given by

U(y
( 9)

:,=
) =

∑

A
( 9 )

:−1,=∈{0,1}

∫
5 (5

( 9)

:,=
, A

( 9)

:,=
|5

( 9)

:−1,=, A
( 9)

:−1,=) 5̃ (5
( 9)

:−1,=, A
( 9)

:−1,=) d5( 9)

:−1,= (4.22)

where 5̃ (y
( 9)

:−1,=) = 5̃ (5
( 9)

:−1,=, A
( 9)

:−1,=) is the corresponding belief at time step : − 1. Specifically,
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by inserting (4.7) and (4.8) into (4.22), for A ( 9)
:−1,= = 1, we obtain

U(5
( 9)

:,=
, 1) =

∫
?s 5 (5

( 9)

:,=
|5

( 9)

:−1,=) 5̃ (5
( 9)

:−1,=, 1) d5( 9)

:−1,=.

Similarly, for A ( 9)
:−1,= = 0 we have U(5

( 9)

:,=
, 0) = U

( 9)

:,=
5D(5

( 9)

:,=
) with

U
( 9)

:,=
,

∫
(1 − ?s) 5̃ (5

( 9)

:−1,=, 1) + 5̃ (5
( 9)

:−1,=, 0) d5( 9)

:−1,=.

PF states y
( 9)

:,=
, = ∈ {#

( 9)

:−1 + 1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} are newly introduced at time : .

The message sent from factor node “ 5 (y( 9)

:,=
|x: )” to variable node “y

( 9)

:,=
” is given by

U(y
( 9)

:,=
) =

∫
5 (y

( 9)

:,=
|x: )V(x:) dx: . (4.23)

This message provides feature birth information. By inserting (4.10) into (4.23) we obtain

U(5
( 9)

:,=
, 1) = ?

( 9)

B,=

∫
5
( 9)

B,= (5
( 9)

:,=
|x: )V(x: ) dx:

and U(5
( 9)

:,=
, 0) = (1 − ?

( 9)

B,=) 5D(5
( 9)

:,=
).

Finally, for each 9 ∈ {1, . . . , �}, the prediction message that is sent from the factor node

“ 5 ([( 9)
:

|[
( 9)

:−1)” to the noise variance node “[( 9)
:

”, is given by

b ([
( 9)

:
) =

∫
5 ([

( 9)

:
|[

( 9)

:−1) 5̃ ([
( 9)

:−1) d[( 9)
:−1. (4.24)

where 5̃ ([
( 9)

:−1) is the belief of the noise variance computed at the previous time step : − 1.

Following BP message passing rules, messages sent from the PF state nodes “y
( 9)

:,=
”,

= ∈ {1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} to the factor nodes “ 5 (z( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
)” are equal to U(y

( 9)

:,=
),

while messages sent from the noise variance nodes “[( 9)
:

”, 9 ∈ {1, . . . , �} to “ 5 (z( 9)
:

|x: , y
( 9)

:
,

[
( 9)

:
)” are equal to b ([

( 9)

:
). In addition, due to our message schedule stated above, no message

is passed from “ 5 (y( 9)

:,=
|x: )”, = ∈ {#

( 9)

:−1 + 1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} to “x: .” Thus, the
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messages sent from “x:” to factor nodes “ 5 (y( 9)

:,=
|x: )”, = ∈ {#

( 9)

:−1 + 1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �}

and “ 5 (z( 9)
:

|x: , y
( 9)

:
, [

( 9)

:
)”, 9 ∈ {1, . . . , �} are equal to V(x:). It is worth mentioning that the

messages resulting from the equations (4.21)-(4.24) are all PDFs, i.e., they all normalized to

one. This is because the messages needed as an input in (4.21)-(4.24), namely 5̃ (x:−1), 5̃ ([
( 9)

:
),

V(x: ), and 5̃ ([
( 9)

:−1) are also PDFs. Message computations in (4.21)-(4.24) can then be seen as

marginalization from joint distributions that consist of two variables.

4.3.2 Measurement Update Messages

After prediction and birth messages are obtained, a measurement update is performed

where messages that provide the information of measurements z: are obtained. Specifically,

messages sent from factor nodes “ 5 (z( 9)
:

|x: , y
( 9)

:
, [

( 9)

:
)” to agent state “x:”, PF states “y

( 9)

:,=
”,

= ∈ {1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} and noise variance “[( 9)

:
”, 9 ∈ {1, . . . , �} are computed. In

particular, the messages ](x: ; z
( 9)

:
), 9 ∈ {1, . . . , �} sent from “ 5 (z( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
)” to “x:” are

obtained as

](x: ; z
( 9)

:
) =

∑

A
( 9 )

:,1∈{0,1}

· · ·
∑

A
( 9 )

:,#
( 9 )
:

∈{0,1}

∫
· · ·

∫
5 (z

( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
)b ([

( 9)

:
)

×

#
( 9 )

:∏

==1

U(y
( 9)

:,=
) d5( 9)

:,1 · · · d5
( 9)

:,#
( 9 )

:

d[( 9)
:
. (4.25)

Note that the measurements z
( 9)

:
, 9 ∈ {1, . . . , �} are observed and thus fixed. This is indicated by

the “;” notation in ](x: ; z
( 9)

:
). These messages provide new agent location information related

to measurement z
( 9)

:
by leveraging knowledge on PFs states and the noise variance.

Next, the messages ^(y( 9)

:,=
; z

( 9)

:
), = ∈ {1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} passed from “ 5 (z( 9)

:
|

x: , y
( 9)

:
, [

( 9)

:
)” to PF “y

( 9)

:,=
” are given by
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^(y
( 9)

:,=
; z

( 9)

:
) =

∑

A
( 9 )

:,1∈{0,1}

· · ·
∑

A
( 9 )

:,=−1∈{0,1}

∑

A
( 9 )

:,=+1∈{0,1}

· · ·
∑

A
( 9 )

:,#
( 9 )
:

∈{0,1}

∫
· · ·

∫
5 (z

( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
)b ([

( 9)

:
)V(x: )

#
( 9 )

:∏

=′=1
=′≠=

U(y
( 9)

:,=′
)

d5( 9)

:,1 · · · d5
( 9)

:,=−1 d5( 9)

:,=+1 · · · d5
( 9)

:,#
( 9 )

:

d[( 9)
:

dx: . (4.26)

These messages provide new location information related to measurement z
( 9)

:
for each PF state

by taking the knowledge on all the other PFs states, on the agent state, and on the noise variance

into account.

Finally, the messages a([( 9)
:

; z
( 9)

:
), 9 ∈ {1, . . . , �} sent from “ 5 (z( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
)” to the

noise variance nodes “[( 9)
:

” are calculated as

a([
( 9)

:
; z

( 9)

:
) =

∑

A
( 9 )

:,1∈{0,1}

· · ·
∑

A
( 9 )

:,#
( 9 )
:

∈{0,1}

∫
· · ·

∫
5 (z

( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
)

#
( 9 )

:∏

==1

U(y
( 9)

:,=
)

× V(x: ) d5( 9)

:,1 · · · d5
( 9)

:,#
( 9 )

:

dx: . (4.27)

These messages provide new noise variance information related to measurement z
( 9)

:
by taking

the knowledge on all the PFs states and on the agent state into account.

4.3.3 Approximate Update and Belief Calculation

The computation of measurement update messages in (4.25)–(4.27) involves marginal-

ization of # ( 9)

:
or # ( 9)

:
−1 PF states. The complexity of this marginalization scales exponentially

with the number of PFs # ( 9)

:
. To improve the scalability of the proposed algorithm, we perform

the following approximations. Since the likelihood function 5 (z
( 9)

:
|x: , y

( 9)

:
, [

( 9)

:
) is zero-mean

complex Gaussian with respect to z
( 9)

:
, the messages computed in (4.25)–(4.27), i.e., ](x: ; z

( 9)

:
),

103



^(y
( 9)

:,=
; z

( 9)

:
), and a([

( 9)

:
; z

( 9)

:
), can be interpreted as zero-mean complex Gaussian mixtures

PDFs of z
( 9)

:
. We here approximate them with zero-mean Gaussian PDFs via moment matching

[53, 168], i.e., we compute the following approximated messages

]̃(x: ; z
( 9)

:
) = CN(z

( 9)

:
; 0,C

( 9)

],:
)

˜̂(y( 9)

:,=
; z

( 9)

:
) = CN(z

( 9)

:
; 0,C

( 9)

^,:,=
)

ã(C
( 9)

& ,:
; z

( 9)

:
) = CN(z

( 9)

:
; 0,C

( 9)

a,:
)

such that C
( 9)

],:
(x: ), C

( 9)

^,:,=

(
y
( 9)

:,=

)
, and C

( 9)

a,:
are the covariance of the original Gaussian mixtures

](x: ; z
( 9)

:
), ^(y

( 9)

:,=
; z

( 9)

:
), and a([

( 9)

:
; z

( 9)

:
), respectively. In particular, the matrices C

( 9)

],:
(x: ),

C
( 9)

^,:,=

(
y
( 9)

:,=

)
, and C

( 9)

a,:
are obtained as [175, Sec. 1 of the supporting document]

C
( 9)

],:
(x: ) =

#
( 9 )

:∑

==1

C
( 9)

1,:,=(x: ) + [
( 9)

b,:
I" (4.28)

C
( 9)

^,:,=

(
y
( 9)

:,=

)
= A

( 9)

:,=
C

( 9)

2,:,=

(
5
( 9)

:,=

)
+

#
( 9 )

:∑

=′=1
=′≠=

C
( 9)

3,:,=′ + [
( 9)

b,:
I" (4.29)

C
( 9)

a,:
= [

( 9)

:
I" +

#
( 9 )

:∑

==1

C
( 9)

3,:,= (4.30)

where we introduced the following matrices that have to be computed in a preparatory step, i.e.,

H
( 9)

:,=
(x: , 5

( 9)

:,=
) = W

( 9)

:,=
h
( 9)

:,=
h
( 9)H
:,=

C
( 9)

1,:,=(x: ) =

∫
H

( 9)

:,=
(x: , 5

( 9)

:,=
)U(5

( 9)

:,=
, 1)d5( 9)

:,=
(4.31)

C
( 9)

2,:,=

(
5
( 9)

:,=

)
=

∫
H

( 9)

:,=
(x: , 5

( 9)

:,=
) V(x: )dx: (4.32)

C
( 9)

3,:,= =

∫
H

( 9)

:,=
(x: , 5

( 9)

:,=
)U(5

( 9)

:,=
, 1)V(x: )d5

( 9)

:,=
dx: (4.33)

[
( 9)

b,:
=

∫
[
( 9)

:
b ([

( 9)

:
)d[( 9)

:
. (4.34)
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Recall that h
( 9)

:,=
is the contribution of the PF with indexes ( 9 , =) as introduced in (4.4). This

contribution is a function of y
( 9)

:,=
and x: . Note that for A ( 9)

:,=
= 0, C

( 9)

^,:,=

(
y
( 9)

:,=

)
= C

( 9)

^,:,=

(
5
( 9)

:,=
, A

( 9)

:,=

)

in (4.29) is independent of 5( 9)

:,=
.

With the approximated BP messages, the beliefs of agent state x: , PF states y
( 9)

:,=
, = ∈

{1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} and noise variance [

( 9)

:
, 9 ∈ {1, . . . , �} can be obtained as the

product of all messages sent to the corresponding variable node, i.e.,

5̃ (x: ) ∝ V(x: )

�∏

9=1

]̃(x: ; z
( 9)

:
) (4.35)

5̃ (y
( 9)

:,=
) ∝ U(y

( 9)

:,=
) ˜̂(y( 9)

:,=
; z

( 9)

:
) (4.36)

5̃ ([
( 9)

:
) ∝ b ([

( 9)

:
) ã([

( 9)

:
; z

( 9)

:
). (4.37)

Computation of these beliefs involves proper normalization such that they integrate and sum to

one. The calculated beliefs can then be used for declaration and state estimation as discussed in

Section 4.2.4.

4.4 Particle-Based Implementation

In general, it is not possible to calculate the beliefs and BP messages discussed in

Section 4.3 in closed form. This is because the integrations in BP message passing equations

(4.21)–(4.24) and (4.31)–(4.34) as well as message multiplication in belief calculations in (4.35)–

(4.37) cannot be performed analytically.

Hence, in this section, we present a computationally feasible particle-based implemen-

tation [21, 26, 60] of the proposed BP method. Here, the beliefs 5̃ (x:), 5̃ (y
( 9)

:,=
) = 5̃ (5

( 9)

:,=
, A

( 9)

:,=
),

and 5̃ ([
( 9)

:
) are represented by sets of weighted particles

{
(x

(?)

:
, F

(?)

x,:
)
}%
?=1,

{
(5

( 9 ,?)

:,=
, F

( 9 ,?)

y,:,=
)
}%
?=1,

= ∈ {1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} and

{
([

( 9 ,?′)

:
, F

( 9 ,?′)

[,:
)
}%′

?′=1, 9 ∈ {1, . . . , �}. To keep the com-

putational complexity linear in the number of particles, we adopted an approach introduced in

[171] where the particles representing incoming BP messages for each agent-PF pair are stacked
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into a joint incoming message. This stacking approach requires that the agent state and the PF

states are represented by the same number of particles, %. The measurement noise variance

can be represented by a different number of particles %′. Note that this stacking approach is

asymptotically optimal [171]. The weights representing PF states, F ( 9 ,?)

y,:,=
, do not sum to one,

instead we have ?
( 9)

:,=
=
∑%

?=1 F
( 9 ,?)

y,:,=
≈

∫
5̃ (5

( 9)

:,=
, 1) d5( 9)

:,=
, which approximately equals to the

existence probability 5 (A
( 9)

:,=
= 1|z1::).

4.4.1 Prediction and Birth

At each time step : , we have sets of weighted particles {(x
(?)

:−1, F
(?)

x,:−1)}
%
?=1, {(5( 9 ,?)

:−1,=,

F
( 9 ,?)

y,:−1,=)}
%
?=1, = ∈ {1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �} and {([

( 9 ,?′)

:−1 , F
( 9 ,?′)

[,:−1)}
%′

?′=1, 9 ∈ {1, . . . , �} repre-

senting beliefs at the previous step :−1. Since the messages V(x: ), U(y
( 9)

:,=
), and b ([( 9)

:
) are PDFs

as discussed in Section 4.3.1, they can be represented with weighted particles {(x(?)

:
, F

(?)

V,:
)}%

?=1,

{(5
( 9 ,?)

:,=
, F

( 9 ,?)

U,:,=
)}%

?=1, and {([
( 9 ,?′)

:
, F

( 9 ,?′)

b,:
)}%

′

?′=1. These new sets of particles can be obtained as

follows [21, 26, 60].

For the agent state, one particle x
(?)

:
, ? ∈ {1, . . . , %} is drawn from 5 (x: |x

(?)

:−1) for each

x
(?)

:−1. Similarly, for the noise covariance matrix, one particle [
( 9 ,?′)

:
, ?′ ∈ {1, . . . , %′} is drawn

from 5 ([
( 9)

:
|[

( 9 ,?′)

:−1 ) for each [
( 9 ,?′)

:−1 . Their weights remain unchanged, i.e., F (?)

V,:
= F

(?)

x,:−1 and

F
( 9 ,?′)

b,:
= F

( 9 ,?′)

[,:−1. For legacy PF states, one particle 5
( 9 ,?)

:,=
, ? ∈ {1, . . . , %}, = ∈ {1, . . . , # ( 9)

:−1}

is drawn from 5 (5
( 9)

:,=
|5

( 9 ,?)

:−1,=) for each 5
( 9 ,?)

:−1,=, and the particle weights is multiplied by the

survival probability, i.e., F ( 9 ,?)

U,:,=
= ?sF

( 9 ,?)

y,:−1. The predicted existence probability of a PF state is

thus
∑%

?=1F
( 9 ,?)

U,:,=
= ?s ?

( 9)

:−1,=. Finally, for new PF states = ∈ {#
( 9)

:−1 + 1, . . . , # ( 9)

:
}, one particle

5
( 9 ,?)

:,=
, ? ∈ {1, . . . , %} is drawn from 5

( 9)

B,= (5
( 9)

:,=
|x

(?)

:
) for each x

(?)

:
, and the weights are set to

F
( 9 ,?)

U,:,=
= ?

( 9)

B,=/%.

4.4.2 Measurement Update and Belief Calculation

As discussed in Section 4.6.1, we approximate the measurement update messages in

(4.25)–(4.27) with zero-mean complex Gaussian PDFs. Thus, for each particle, we only need to
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compute approximations of the covariance matrices in (4.28)-(4.30) as follows

C̃
( 9)

],:

(
x
(?)

:

)
=

#
( 9 )

:∑

==1

C̃
( 9)

1,:,=

(
x
(?)

:

)
+ [̃

( 9)

b,:
I"

C̃
( 9)

^,:,=

(
y
( 9 ,?)

:,=

)
= A

( 9)

:,=
C̃

( 9)

2,:,=

(
5
( 9 ,?)

:,=

)
+

#
( 9 )

:∑

=′=1
=′≠=

C̃
( 9)

3,:,=′ + [̃
( 9)

b,:
I"

C̃
( 9 ,?′)

a,: = [
( 9 ,?′)

:
I" +

#
( 9 )

:∑

==1

C̃
( 9)

3,:,=.

Recall that for A ( 9)
:,=

= 0, C̃
( 9)

^,:,=

(
y
( 9)

:,=

)
= C̃

( 9)

^,:,=

(
5
( 9)

:,=
, A

( 9)

:,=

)
is independent of 5( 9)

:,=
. The resulting

constant is denoted by C̃
( 9)

^,:,= = C̃
( 9)

^,:,=

(
5
( 9 ,?)

:,=
, A

( 9)

:,=
= 0

)
.

Here, the covariance in (4.31)–(4.34) are performed by means on Monte Carlo integration

[176]

H̃
( 9 ,?)

:,= = W
( 9 ,?)

:,=
h
( 9 ,?)

:,=
h
( 9 ,?)H
:,=

(4.38)

C̃
( 9)

1,:,=

(
x
(?)
=

)
=

( %∑

?′=1

F
( 9 ,?′)

U,:,=

)
H̃

( 9 ,?)

:,= (4.39)

C̃
( 9)

2,:,=

(
5
( 9 ,?)

:,=

)
= H̃

( 9 ,?)

:,= (4.40)

C̃
( 9)

3,:,= =

%∑

?=1

F
(?)

V,:

( %∑

?′=1

F
( 9 ,?′)

U,:,=

)
H̃

( 9 ,?)

:,= (4.41)

[̃
( 9)

b,:
=

%′∑

?′=1

F
( 9 ,?′)

b,:
[
( 9 ,?′)

:
(4.42)

where h
( 9 ,?)

:,=
= h(g

( 9 ,?)

:,=
) is the contribution vector with delay g

( 9 ,?)

:,=
= ‖p

(?)

:
− p

( 9 ,?)

:,=
‖/2 (cf. Sec-

tion 4.2.2) evaluated at the “stacked” particle (x
(?)

:
, 5

( 9 ,?)

:,=
). Details on how (4.38)–(4.42) are

obtained based on the stacking approach [171] are provided in [175, Sec. 2 of the supporting

document]. We now compute a particle-based representation of (4.35)–(4.37) by means of

importance sampling. In particular, for ? ∈ {1, . . . , %}, we first calculate unnormalized weights
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as

F̃
(?)

x,:
= F

(?)

V,:

�∏

9=1

CN
(
z
( 9)

:
; 0, C̃

( 9)

],:

(
x
(?)

:

) )
(4.43)

F̃
( 9 ,?)

y,:,=
= F

( 9 ,?)

U,:,=
CN

(
z
( 9)

:
; 0, C̃

( 9)

^,:,=

(
5
( 9 ,?)

:,=
, A

( 9)

:,=
= 1

))
. (4.44)

We also introduce the constant F̃ ( 9)

y,:,=
= CN

(
z
( 9)

:
; 0, C̃

( 9)

^,:,=

)
. Similarly, for ?′ ∈ {1, . . . , %′}, we

obtain unnormalized weights as

F̃
( 9 ,?′)

[,:
= F

( 9 ,?′)

b,:
CN

(
z
( 9)

:
; 0, C̃

( 9 ,?′)

a,:

)
. (4.45)

Here, we have replaced ]̃(x: ; z
( 9)

:
), ˜̂(y( 9)

:,=
; z

( 9)

:
), and ã(C( 9)

& ,:
; z

( 9)

:
) in (4.35)–(4.37), byCN

(
z
( 9)

:
; 0,

C̃
( 9)

],:

(
x
(?)

:

) )
, CN

(
z
( 9)

:
; 0, C̃

( 9 ,?)

^,:,=

(
y
( 9 ,?)

:,=

) )
, and CN

(
z
( 9)

:
; 0, C̃

( 9 ,?′)

a,:

)
, respectively.

Next, the weighted particles {(x(?)

:
, F

(?)

x,:
)}%

?=1 and {([( 9 ,?
′)

:
, F

( 9 ,?′)

[,:
)}%

′

?′=1 representing the

beliefs 5̃ (x: ) and 5̃ ([
( 9)

:
) are obtained by normalizing their corresponding weights, i.e., F (?)

x,:
=

F̃
(?)

x,:
/
∑%

?=1 F̃
(?)

x,:
and F

( 9 ,?′)

[,:
= F̃

( 9 ,?′)

[,:
/
∑%′

?′=1 F̃
( 9 ,?′)

[,:
. For PF states, the particle representations

{(5
( 9 ,?)

:,=
, F

( 9 ,?)

y,:,=
)}%

?=1 of the beliefs 5̃ (y
( 9)

:,=
) = 5̃ (5

( 9)

:,=
, A

( 9)

:,=
) are obtained in a similar way. Here,

the sum of weights represents the existence probability of the corresponding PF, i.e., ? ( 9)
:,=

=

∑%
?=1 F

( 9 ,?)

y,:,=
≈
∫

5̃ (5
( 9)

:,=
, 1) d5( 9)

:,=
. Properly normalized weights are obtained as (cf. [60, Sec. VI-

C])

F
( 9 ,?)

y,:,=
=

F̃
( 9 ,?)

y,:,=

∑%
?=1 F̃

( 9 ,?)

y,:,=
+ F̃

( 9)

y,:,=

(
1 −

∑%
?=1 F

( 9 ,?)

U,:,=

) .

Here, the denominator is a particle-based computation of the normalization constant
∑

A
( 9 )

:,=
∈{0,1}∫

U(5
( 9)

:,=
, A

( 9)

:,=
) ˜̂(5( 9)

:,=
, A

( 9)

:,=
; z

( 9)

:
)d5( 9)

:,=
. To avoid particle degeneracy, a resampling step [21, 26]

is performed for the agent and each PF at each time step.

Based on the probabilities ?
( 9)

:,=
, = ∈ {1, . . . , # ( 9)

:
}, 9 ∈ {1, . . . , �}, the existence of PFs

can now be determined. In particular, if ? ( 9)
:,=

is larger than the threshold )dec, PF with indexes

( 9 , =) is declared to exist (cf. Section 4.2.4). An approximation of the MMSE estimates in
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(4.17)-(4.18) at time : for agent states and PFs declared to exist can now be computed as

x̂: =

%∑

?=1

F
(?)

x,:
x
(?)

:

5̂
( 9)

:,= =
1

?
( 9)

:,=

%∑

?=1

F
( 9 ,?)

y,:,=
5
( 9 ,?)

:,=

and the MMSE estimate of measurement noise variance in (4.19) can be approximated as

[̂
( 9)

:
=
∑%′

?′=1 F
( 9 ,?′)

[,:
[
( 9 ,?′)

:
.

The number of PFs increases with each time step. To limit computational complexity, we

prune PF states that do not represent the PA and have a low existence probability. In particular,

if ?
( 9)

:,=
for = ∈ {2, . . . , # ( 9)

:
} and 9 ∈ {1, . . . , �} is lower than a certain threshold )pru, the

corresponding PF state is removed from the state space.

4.4.3 Complexity Analysis

The computational complexity of our particle-based implementation is analyzed in what

follows. To simplify the notation, it is assumed that % = %′. The computation of prediction

and birth messages only involves drawing particles and multiplying constants to weights for the

agent, each PF, and each measurement noise variance individually. It can easily be verified

that the computational complexity of these operations scales as O
(
% (#: + �)

)
, where #: =

∑�
9=1 #

( 9)

:
is the total number of PFs. The computation of the measurement update messages

and beliefs includes the covariance matrix calculations and the Gaussian PDF evaluations.

The complexity of the operations in (4.38)–(4.42) needed for the computation of covariance

matrices is O(%#:"
2). For complex Gaussian PDF evaluations in (4.43)–(4.45), the inverses

of C̃
( 9)

],:

(
x
(?)

:

)
, C̃

( 9 ,?)

^,:,=

(
y
(?)

:,=

)
, and C̃

( 9 ,?)

a,: are needed for each particle and each PF. The complexity

of these operations scales as O(%#:"
3). Thus, the overall complexity of the proposed particle-

based BP algorithm scales as O(%#:"
3), i.e., linearly in the number of map features and

cubically in the number of measurements. To further reduce computational complexity, we

have developed an alternative approximate computation of BP messages. The complexity of the
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Figure 4.4. The considered floor plan for performance evaluation. Stars indicate the PAs and
the black line indicates the agent trajectory. The black triangle is the position of the agent at the
current time step : = 1. The crosses are the first-order VAs and their colors indicate the PAs
they associate with.

resulting BP message passing method scales quadratically in the number of measurements "

and is thus particularly useful if the signal bandwidth is high. The alternative approximation and

resulting BP messages are presented in [175, Sec. 3 of the supporting document]. Experimental

results show that direct SLAM with the alternative approximation performs almost identical to

the original SLAM method but yields significantly lower runtime when the signal bandwidth is

high [175, Sec. 3 of the supporting document].

4.5 Numerical Results

In this section, to analyze the performance of the proposed direct SLAM method, we

present numerical results using synthetic and real data in 2-D scenarios.

110



1 200 400 600
time step :

0

25

50

75

100

de
la

y
[n

s]

0.0

0.2

0.4

0.6

0.8

1.0

(a)

1 200 400 600
time step :

0

25

50

75

100

de
la

y
[n

s]

0.0

0.2

0.4

0.6

0.8

1.0

(b)

Figure 4.5. The magnitude | Ĩ
( 9)

:,<
| of synthetic data with 400MHz bandwidth normalized to

[0, 1] from PA (a) 9 = 1 and (b) 9 = 2. The red dashed lines are the delay between the agent
and ground truth features (PAs plus VAs). VA positions are provided by ray tracing.

4.5.1 Experimental Setup

System Model

The agent state x: = [pT
:

vT
:
]T ∈ R4 consists of the agent’s 2-D position p: and 2-D

velocity v: . Its state-transition function 5 (x: |x:−1) is obtained from a constant-velocity motion

model [108, Sec. 4]. A Gamma distribution is used for the dynamics of the measurement

noise variance, i.e., 5 ([
( 9)

:
|[

( 9)

:−1) = G([
( 9)

:
; 2[, [

( 9)

:−1/2[), which is of mean [
( 9)

:−1 and variance

([
( 9)

:−1)
2/2[.

The evolution of the PF position p
( 9)

:,=
and intensity W ( 9)

:,=
are assumed to be independent, i.e.,

5 (5
( 9)

:,=
|5

( 9)

:−1,=) = 5 (p
( 9)

:,=
|p

( 9)

:−1,=) 5 (W
( 9)

:,=
|W

( 9)

:−1,=). PFs are assumed static, i.e., the state-transition

of PF position would be a Dirac delta function. However, for the sake of robustness of our

particle-based implementation, we use the random walk model with a small driving noise, i.e.,

5 (p
( 9)

:,=
|p

( 9)

:−1,=) = N(p
( 9)

:,=
; p

( 9)

:−1,=, f
2
p,=I2). The state transition of the intensity is modeled by a

random walk model 5 (W ( 9)

:,=
|W

( 9)

:−1,=) = N(W
( 9)

:,=
; W ( 9)

:−1,=, f
2
W ). For new PFs, the birth of position and

intensity are also assumed to be independent, i.e., 5
( 9)

B,= (5 |x: ) = 5
( 9)

B,= (p|x: ) 5
( 9)

B,= (W |x:), where

5
( 9)

B,= (p|x: ) is the uniform PDF over P< (x: ) (cf. (4.9)) and 5
( 9)

B,= (W |x: ) = 5
( 9)

B,= (W) is the uniform

PDF over [0, 2].
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Parameters and Implementation

We consider an indoor environment with two PAs, and the floor plan is shown in Fig. 4.4.

There are 679 time steps in total and the agent track is depicted by the black line. The driving

noise variance of the agent state is set to f2
x = 10−4 m2/s2. The driving noise variance for

legacy PF positions f2
p,= is set to 10−8 m2 for PAs, i.e., = = 1, and is set to 9 × 10−6 m2 for

other VAs, i.e., = ≥ 2. PAs have lower driving noise variance as their positions are known.

The driving noise variance for legacy PFs’ intensity is f2
W = 10−4 and the survival probability

in (4.8) is ?s = 0.999. The birth probability in (4.10) is set to ?
( 9)

B,= = 10−4 for all new PFs.

The state-transition parameter for noise variance is 2[ = 10. In addition, we set the declaration

threshold to )dec = 0.5 and the pruning threshold to )pru = 10−2.

For the particle-based implementation, we choose % = 104 particles for the agent state

and PF states, and %′ = 1000 particles for measurement noise variance. The particles for the

initial agent position, {p(?)

0 }%
?=1, are drawn uniformly from a disk with center p1 and radius

0.5 m, where p1 is the true agent position at : = 1. The initial agent velocity particles {v(?)

0 }%
?=1

are uniformly drawn from [−0.01, 0.01]m/s in both dimensions. The initial agent state particles

are uniformly weighted, i.e., F (?)

x,0 = 1/%. The particles for initial PA positions {p
( 9 ,?)

0,1 }%
?=1 are

sampled from a Gaussian PDF N(p
( 9 ,?)

0,1 ; p
( 9)

1 , f2
p,1I2) where p

( 9)

1 is the position of PA 9 ∈ {1, 2}.

The particles for initial PA intensity {W
( 9 ,?)

0,1 }%
?=1 are drawn uniformly from [0, 2]. There is no

prior information for VAs. Since the two PAs exist at the beginning for the considered agent

track, we set the PA state weights as F
( 9 ,?)

y,1 = 1/%. For the measurement noise variance, its

initial particles {[( 9 ,?
′)

0 }%
′

?′=1 are sampled uniformly from 0 to 0.1.

Synthetic Data Generation

For synthetic data, only first-order VAs are considered, i.e., every considered propagation

path is reflected at most once from a feature in the environment. The ground truth parameters

of propagation paths are computed using ray-tracing [177, 178]. The VAs computed at : = 1
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are shown in Fig. 4.4, where we have !
(1)
1 = 4 and !

(2)
1 = 5 features corresponds to PA 1 and

2, respectively. The ground truth VAs are used exclusively for data generation and performance

evaluation, and are not by the SLAM methods. The transmitted signal spectrum (( 5 ) has a

root-raised-cosine shape with a roll-off factor of 0 (flat spectrum) and a bandwidth � (specified

in Sections 4.5.2 and 4.5.3). We define the maximum observation distance as 3max = 30 m,

resulting in a frequency spacing of Δ = 10 MHz. The complex amplitudes r
( 9)

:,;
are generated

according to (4.3), where the magnitude 0
( 9)

;,:
= 1 for PAs (; = 1) and 0

( 9)

;
= 0.7 for VAs (; ≥ 2).

The phase of 0
( 9)

;,:
is drawn uniformly from [0, 2c). The SNR output at 1 m distance to the

mobile agent is set to be 42 dB resulting in 10−4.2 measurement noise variance.

To reduce computational complexity and increase robustness, instead of introducing

all the " new PFs at each time step, we here only establish a new PF over a subset N ( 9)

:
⊆

{#
( 9)

:−1+1, . . . , # ( 9)

:−1+"}. To do that, we first compute Ĩ( 9)
:,<

= hH(g<)z
( 9)

:
with g< = (<−1))B and

h(C) introduced in (4.1). Note that the positive scalar values | Ĩ( 9)
:,<

|, < ∈ {1, . . . , "} represent the

1-D magnitude spectrum over the delay grid [g1 · · · g"]
T. A new PF = ∈ N

( 9)

:
, corresponding to

Ĩ
( 9)

:,<
, < = =−#

( 9)

:−1 and occupying the region P< (x:) defined in (4.9), must satisfy the following

two conditions: (i) the absolute value | Ĩ
( 9)

:,<
| is larger than a certain threshold, W ( 9)

init, and a local

maximum with respect to <; (ii) the delay satisfies (< − 1))B · 2 < min? ‖p
(?)

:
− p

( 9 ,?)

:,1 ‖ or

(< − 1))B · 2 > max? ‖p
(?)

:
− p

( 9 ,?)

:,1 ‖. Here, ‖p(?)

:
− p

( 9 ,?)

:,1 ‖ is the Euclidean distance between

the agent and PA particles. The first condition ensures that only the peaks of the spectrum with

values exceeding the threshold are selected. The second condition ensures that no PF with a

delay similar to the PA is introduced. The threshold is set to W
( 9)

init,: =

√
[̂
( 9)

:−1 · 10.

4.5.2 Results of Synthetic Data

We perform 100 simulation runs for synthetic data, i.e., we generate 100 different

measurements z
( 9)

:
, 9 ∈ {1, 2} as discussed in Section 4.5.1 and apply different methods inde-

pendently. A bandwidth of � = 300, 400, and 600 MHz is considered. This results in a signal

vector z
( 9)

:
, 9 ∈ {1, 2} with " = �/Δ+1 = 31, 41, and 61 samples, respectively. A visualization
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Figure 4.6. Example of a single simulation run using synthetic data with 400MHz bandwidth
at times (a) : = 18, (b) : = 282, (c) : = 476, and (d) : = 655. Blue and red indicate features
associated with PA 1 and PA 2, respectively. Crosses indicate the true positions of features.
Bullets indicate the position particles of declared PFs, and circles with black edges are estimated
positions of declared PFs. The yellow line is the true agent trajectory, the black dashed line is
the estimated agent trajectory, and the black triangle is the agent position at the current time
step.

of | Ĩ( 9)
:,<

| with 400MHz bandwidth is shown in Fig. 4.5. The results of a single simulation run

are depicted in Fig. 4.6.

For performance evaluation, the following multipath-based SLAM methods are used as

benchmarks: “Channel-SLAM” [57], “BP-SLAM” [157] and “BP-SLAM-AI” [179]. All the

reference methods use a sparse Bayesian learning channel estimator [161, 162, 166] to estimate

MPCs from radio signals. The estimated MPCs are then fed to the downstream algorithm for
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Figure 4.7. Performance of agent localization on synthetic data: (a) Agent position RMSEs
averaged over 100 simulation runs and (b) empirical CDFs of the RMSEs with 300 MHz
bandwidth. (c)\(d) and (e)\(f) are the counterparts of (a)\(b) for bandwidth 400 MHz and
600 MHz, respectively.

SLAM. Compared with BP-SLAM, in addition to using the delay information, BP-SLAM-AI

further exploits the amplitude information in estimated MPCs. For the three considered signal

different bandwidths, Fig. 4.7 shows the root mean square errors (RMSEs) of estimated agent

positions vs. time step : and the empirical cumulative distribution function (CDF) of RMSEs.

The RMSEs of estimated agent positions are averaged over all 100 simulation runs, while the

empirical CDFs is also averaged over all time steps. Note that, in the visual SLAM literature

[180], the RMSE is also referred to as absolute trajectory error (ATE).

Fig. 4.7 also shows the Cramér-Rao lower bound (CRLB) of the agent localization

error. A detailed derivation of the CRLB for the considered multipath-based SLAM problem is
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Figure 4.8. Visualization of the distance between the agent position and the true and estimated
feature position. The first column with (a)/(e) shows the true distances for PA 1 and PA 2,
respectively. The following columns show the averaged distance between the true agent position
and the particles of PF positions obtained using (b)/(f) BP-SLAM, (c)/(g) BP-SLAM-AI, and
(d)/(h) Direct SLAM with 400MHz bandwidth and for PA 1 and PA 2, respectively.

provided in [181, 182, 183]. Note that, for the different bandwidths, in 3-5 runs of the total 100

runs, Channel-SLAM leads to an “agent track loss”. An agent track loss is a run where the RMSE

rises above 1 m and continues to increase. Runs where the application of Channel-SLAM results

in an agent track loss are not taken into account in the performance plots provided in Fig. 4.7

(a), (c), and (e). In all 100 runs, the application of BP-SLAM, BP-SLAM-AI, and Direct-SLAM

does not lead to an agent track loss. It can be seen that the proposed Direct-SLAM method

closely follows the CRLB and outperforms the reference methods in terms of localization error.

Especially, the performance gain is significant during time steps : ∈ [100, 400] and around

: = 600, where the geometry of the propagation environment is complicated, and many features

have similar distances to the agent. We plot the average distance between the particles of the

PF positions and the true agent positions for one exemplary simulation run with 400 MHz in

Figure 4.8b-4.8d and 4.8f-4.8h. Since BP-SLAM and BP-SLAM-AI rely on a channel estimator
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Figure 4.9. Visualization of the range measurements (blue dots) provided by the sparse Bayesian
learning estimator for (a) PA 1 and (b) PA 2 with bandwidth 300 MHz. (c)\(d) and (e)\(f) are
the counterparts of (a)\(b) for bandwidth 400 MHz and 600 MHz, respectively.
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Figure 4.10. Performance of mapping on synthetic data with 400MHz bandwidth: GOSPA
error of estimated VAs associated with PA 1 (a) and PA 2 (b), averaged over 100 simulation
runs.
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Figure 4.11. True and estimated measurement noise variance [( 9)
:

averaged over 100 simulation
runs for PA 1 (a) and PA 2 (b) at 400MHz bandwidth.

that cannot resolve MPCs having similar path lengths, both BP-SLAM and BP-SLAM-AI have

problems when features “cross” or have similar distances with respect to the agent position.

The range measurements provided by the state-of-the-art sparse Bayesian learning channel

parameter estimator are shown in Fig. 4.9. As can be seen, these range measurements are of

low quality during time steps : ∈ [100, 400] and around : = 600 when different MPCs result

in similar delays. In addition, as can also be seen in Fig. 4.9, this inaccuracy exacerbates as

the signal bandwidth decreases, resulting in a reduced localization performance. Conversely,

Direct-SLAM directly operates on the radio signal and does consider the superposition of MPCs

in the statistical model. For this reason, Direct-SLAM alleviates performance issues in situations

with complicated propagation environments.

To quantify the mapping performance, we use the Euclidean distance-based GOSPA

metric [114] with cutoff parameter 2 = 2 m and order ? = 1. Results are shown in Fig. 4.10.

The GOSPA error of Direct-SLAM is generally smaller than the reference methods, and its

performance gain is large in challenging situations, e.g., during : ∈ [100, 400]. Videos of

this experiment that indicated a faster mapping performance of Direct-SLAM compared to BP-

SLAM can be found in [184]. Fig. 4.11 compares the true and estimated measurement noise

variance at all time steps. The estimated variance is large at the beginning as the particles are

initialized over a large interval [0, 0.1], then it quickly converges to the true value.
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Table 4.1. Average runtime of different methods per time step

Method
Time (s)

300MHz 400MHz 600MHz
BP-SLAM [19] 1.03 1.04 1.04

BP-SLAM-AI [179] 1.06 1.06 1.07
Direct-SLAM (proposed) 1.19 1.53 2.58
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Figure 4.12. Results using real data for : = 102. Blue and red indicate features associated with
the two PAs. Crosses depict the positions of PAs. Bullets are particles of declared PF positions,
and circles with black edges are estimated positions of declared PFs. The yellow line is the
expected agent trajectory, the black dashed line is the estimated agent trajectory, and the black
triangle is the estimated agent position at the current time step.

All experiments are conducted on a single core of Intel Xeon Gold 5222 CPU. The

average computation time of different methods for each time step is reported in Table 4.1. Note

the runtime of BP-SLAM and BP-SLAM-AI includes the 0.98, 0.99, and 0.99 s processing

time of the fast variational sparse Bayesian learning channel estimator [161] for 300, 400, and

600 MHz bandwidth, respectively. The runtime of Direct-SLAM is somewhat higher than the

ones of the two reference methods. For 300 MHz, where Direct-SLAM yields the most significant

performance gain. Here, the runtime is only increased by 15.5% compared to reference methods.
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Figure 4.13. Performance of agent localization on real data: (a) Agent position RMSEs averaged
over 30 simulation runs and (b) empirical CDFs of the RMSEs.

4.5.3 Results of Real Data

The performance of the proposed method has been evaluated on real data collected in a

classroom previously used in [185]. The floor plan is shown in Fig. 4.12. The two crosses are

the position of the two PAs and the yellow line is the agent trajectory. The trajectory consist of

220 agent positions with 0.05 m spacing along the trajectory. This signal was measured using

an M-sequence correlative channel sounder with frequency range 3 − 10 GHz and antennas

with an approximately uniform radiation pattern in the azimuth plane and zeros in the floor and

ceiling directions. Within the measured band, the actual signal band was selected by a filter with

rooted-raised-cosine impulse response with a roll-off factor of 0, a bandwidth of � = 400 MHz,

and a center frequency of 5c = 6 GHz, leading to measurements z
( 9)

:
, 9 ∈ {1, 2} with " = 41.

For the experiments running on real data, we set the driving noise variance for legacy

PF positions f2
p,= to 1 × 10−6 m2 for PAs, and to 6.4 × 10−5 m2 for other VAs. The driving

noise variance for legacy PFs’ intensity is f2
W = 10−2. In the likelihood function (4.5), we

artificially increase the measurement noise variance by a factor of 2. Note that, compared to the

simulated scenario in Section 4.5.2, we increase the driving noise variance and the measurement

noise variance to capture model mismatch, e.g., due to not explicitly modeling non-specular

propagation effects. In this way, we represent the mismatch between our statistical model and
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the true data-generating process as an additional noise source. The number of particles of the

agent and PF states is % = 30000 and the number of particles of noise variances is %′ = 3000.

The survival probability is ?s = 0.98. The driving noise variance of the agent state is set to

f2
x = 4 × 10−4 m2/s2. All other parameters remain the same.

For the reference method BP-SLAM and BP-SLAM-AI, 150000 particles are used. In

total, the data is processed in 30 runs, where only particle realizations are different across runs.

The qualitative result of Direct-SLAM at a single time step in a single simulation run is shown

in Fig. 4.12. The RMSE of the estimated agent positions at different time steps averaged over

all 30 runs, as well as the empirical CDF of individual RMSEs evaluated at all time steps and all

simulation runs are shown in Fig. 4.13, and Direct-SLAM outperforms the reference methods

with a clear margin. As the reference methods, the proposed method also does not consider

non-specular propagation effects such as diffuse scattering and diffraction. Nonetheless, it can

achieve robust performance in real scenarios.

4.6 Appendices

4.6.1 Computation of Matrices C
( 9)

],:
(x:), C

( 9)

^,:,=
(q

( 9)

:,=
), and C

( 9)

a,:

In this section, we present the derivation of the covariance matrices in (4.28)-(4.30). By

definition, C
( 9)

^,:,=
is computed as
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as dis-

cussed in Section 4.2.2. Plugging in the result we obtain
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which is the same as (4.28)-(4.30). The matrices C
( 9)

],:
(x: ) and C

( 9)

a,:
can be derived in a similar

way.
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4.6.2 Monte Carlo Integration of C
( 9)
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In this section, we discuss how the “stacking technique” from (4.39)-(4.41) is used within

our direct SLAM framework. We start from the“non-stacked” Monte Carlo integration of C
( 9)
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This “non-stacked” version has complexity O(%2). To avoid the square complexity, we stack

the particles and only evaluate pairs (?, ?′), ? = ?′. As a result,
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Similarly, C
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4.6.3 Alternative Approximation of Measurement Update Messages

As discussed in Section 4.6.1, the measurement update messages ](x: ; z
( 9)

:
), ^(y( 9)
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; z
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and a([
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) are approximated by Gaussian density functions with respect to z

( 9)

:
, and

the covariance matrices of the Gaussian PDFs are computed using moment matching. Since

evaluating Gaussian PDFs requires the inverse of the covariance matrices, the computational

complexity scales cubically with the number of measurements " . In this section, we provide

an alternative approximation that reduces the complexity.

The main idea used for the derivation of alternative measurement update messages is

to use the outer product of the mean vector to approximate the correlation (covariance) matrix.

Specifically, we now compute an alternative approximation of (4.33) based on the outer product
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A particle-based computation of this outer product (4.41) is then computed as C̃
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Based on this approximation, the matrix C̃
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Next,
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Table 4.2. Average runtime of fast implementation per time step

Method
Time (s)

300MHz 400MHz 600MHz
Direct-SLAM 1.19 1.53 2.58

Direct-SLAM-fast 0.74 0.88 1.25

be computed in O
(
#

( 9)

:
" + (#

( 9)

:
)3
)

instead of in O("3). Note that since det
(
A

( 9)

:,=

)
appears in

both the numerator and denominator of F̃ ( 9 ,?)

y,:,=
in (4.44) and does thus not need to be computed.

The same method can be applied to the computation of F̃ (?)

x,:
and F̃

( 9 ,?′)

[,:
in (4.43) and (4.45).

Including the operations of all particles and PFs, as well as the initialization of new PFs, the

total complexity is O

(
"2 + %

( ∑�
9=1

(
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)2
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9=1

(
#

( 9)

:
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which scales quadraticly with

the number of measurements " . The number of PFs #
( 9)

:
is typically smaller than ten and

having five features is already sufficient to accurately localize the agent. Hence, this alternative

approximation has time complexity advantages over the original one in high-bandwidth cases.

Next we repeat the experiments in Section 4.5.2 to show the efficacy of the alternative

approximation that we refer to as “Direct-SLAM-fast”. All the parameter settings remain the

same. The results are shown in Fig. 4.14, from which we can see that Direct-SLAM-fast has

almost identical performance compared with the original Direct-SLAM. The averaged runtime

shown in Table 4.2 verifies that Direct-SLAM-fast achieves lower computational complexity in

the considered bandwidths.

4.6.4 Qualitative Real Data Results

The real radio measurements have been collected in a room with the floorplan as shown

in Fig. 4.4, and the two PAs are in the same positions as well. The mobile agent moves

following a track composed of 679 consecutive positions shown as yellow line in Fig. 4.4, yet

the accurate position of the agent at each time step is not available. The radio signals are

measured with a vector network analyzer (VNA) over a bandwidth of � = 2 GHz at a center

frequency of 5c = 3 GHz. The dipole-like ultra-wideband transmit antenna mounted at the
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Figure 4.14. Performance of agent localization on synthetic data: The first row shows the agent
position RMSEs averaged over 100 simulation runs with (a) 300 MHz, (b) 400 MHz, and (c)
600 MHz bandwidth, respectively. The second row shows the empirical CDFs of the RMSEs
with (d) 300 MHz, (e) 400 MHz, and (f) 600 MHz bandwidth, respectively.

mobile agent and the dipole-like ultra-wideband receiver antennas mounted at two static PAs

have a uniform radiation pattern in the azimuth plane and nulls in the ground and ceiling

directions. Using (( 5 ), the measured radio signals are filtered to a bandwidth of � = 400 MHz

and demodulated to received baseband signals z
( 9)

:
, 9 ∈ {1, 2} with " = 41. The magnitude

spectrum | Ĩ
( 9)

:,<
|, 9 ∈ {1, 2} of the real measurements used by the Direct-SLAM algorithm is

shown in Fig. 4.15a-4.15b. Compared to simulated radio signals shown in Fig. 4.5, it can

be observed that the real measurements contain more measurement noise and non-specular

multipath effects, including dense multipath component (DMC).

For the experiments running on real data, we set the driving noise variance for legacy PF

positions f2
p,= to 2.5 × 10−5 m2 for PAs, and to 6.4 × 10−5 m2 for other VAs. Increasing driving
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Figure 4.15. The magnitude specturm | Ĩ
( 9)

:,<
| of real data with 400MHz bandwidth and normal-

ized to [0, 1] of PA (a) 9 = 1 and (b) 9 = 2.

noise variance improves robustness in this scenario. All other parameters remain the same as

in Section 4.5.1. Since there are no ground truth agent positions, we present a qualitative result

in Fig. 4.15c. It can be seen that some estimated PFs do not relate to any specular path. These

result from the fact that real measurements include non-specular MPCs and there is a model

mismatch. Nonetheless, the proposed Direct-SLAM algorithm is still able to provide reasonable

estimates for the agent position and the features in the environment.
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Chapter 5

Conclusions

This dissertation has advanced the state of the art in machine perception by developing

a unified, graph-based Bayesian framework for solving complex estimation problems. Centered

on the use of factor graphs to represent statistical models and belief propagation for scalable

inference, this work has introduced novel algorithms for both MOT and multipath-based SLAM.

This conclusion provides a summary of the principal contributions of this thesis and reflects on

their impact.

First, we addressed the persistent challenge of model mismatch in DTT-based MOT. We

introduced NEBP for MOT, a hybrid method that bridges that gap between model-based BP and

the adaptive power of data-driven neural networks. By designing a GNN to mirror the topology of

the underlying factor graph, our method learns to compute data-informed correction terms for the

BP messages. Our method also retains the principled structure and scalability of the probabilistic

graphical model while harnessing the expressive power of neural networks to adapt to raw sensor

data where hand-crafted models are often ineffective. Specifically, the GNN component learns

to improve the data association and to effectively reject false alarms, enhancing both object

declaration and state estimation accuracy without sacrificing the computational scalability of BP.

The evaluation of NEBP on the challenging nuScenes autonomous driving dataset validated this

hybrid approach. It not only achieved state-of-the-art accuracy, but also demonstrated superior

robustness compared with non-BP-based methods. This enhanced consistency is essential for the
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safety of downstream tasks like trajectory prediction and path planning in autonomous systems.

Second, to overcome the fundamental information loss inherent in the DTT paradigm,

we developed a message passing algorithm for TBD-based MOT. The cornerstone of this work

is a physically-grounded superpositional measurement model that operates directly on raw sen-

sor data and is applicable to a wide range of sensing systems. It simultaneously accounts for

challenging real-world effects like sensor data correlation and unknown amplitude fluctuations.

The multi-dictionary and multi-snapshot structure allows it to be adapted to a wide range of

applications, such as multi-sensor fusion, multi-frequency beamforming, and multi-waveform

localization. The new measurement model is combined with statistical models for object dy-

namics, object birth, and time-varying sensor noise levels. We demonstrated that even with this

sophisticated model, scalable inference remains feasible by representing the statistical model as

a factor graph and employing Gaussian and particle-based approximations within a tailored BP

algorithm. The superior performance over DTT in synthetic radar scenarios validated that pre-

serving information from raw sensor data through a direct signal model yields significant gains.

Furthermore, its successful application to a real-world passive acoustic scenario underscored

the model’s generality and its robustness to real-world imperfections like colored noise.

Finally, the idea of “direct processing” is extended from tracking to SLAM. We intro-

duced a novel direct multipath-based SLAM algorithm, which is the first method capable of

performing SLAM directly on raw radio signals without relying on a lossy frontend channel

estimator. This is achieved by a statistical model that directly links the raw received signal to

the agent’s state and the locations of map features. We also establish a birth model that makes

it possible to infer the unknown and time-varying number of map features. A factor graph

representation is then established with an efficient BP algorithm derived from it. To reduce

computational complexity, certain BP messages are approximated by complex Gaussian PDFs

via moment matching. The resulting complexity only scales linearly with the number of map

features. Our numerical studies demonstrated significantly improved localization and mapping

accuracy, particularly in challenging environments where conventional two-stage methods fail

131



due to unresolvable MPCs. The experiments on real data verified its robustness to non-ideal

effects like non-specular reflections, showing the power of this direct, graph-based approach for

robust perception in complex indoor environments.

The framework established in this dissertation opens several promising directions for fu-

ture research. One direction involves enriching the physical fidelity of the models, for instance by

incorporating diffuse multipath components and non-ideal reflecting surfaces in multipath-based

SLAM, or by considering non-constant bathymetry in underwater acoustic sensing. Another

promising direction lies in further integrating machine learning, such as using neural networks to

learn the sophisticated, non-Gaussian statistics of environmental noise and interference, thereby

further bridging the gap between analytical models and real-world complexity.

Ultimately, the contributions presented in this dissertation offer a unified and extensible

methodology for machine perception. The synthesis of detailed statistical models and scalable

inference provides a robust foundation for the future of perception systems. By leveraging the

factor graph as a common language to integrate structured, physics-based knowledge and insights

learned from sensor data, this work establishes a powerful paradigm for creating intelligent

systems that can perceive their environments with greater accuracy, reliability, and insight.
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