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T o w e r - N o t i c i n g T r i g g e r s S t r a t e g y - C h a n g e 

in the Tower of Hanoi: 

A Soar Model 

Dirk Ruiz and Allen Newell 

Dcpiirlnients of Psychology and Computer Science 

Carnegi e Mello n Universit y 

People who solve the Tower of Hanoi stait out with a guided trial-and-error strategy and later acquire a 

recursiv e strategy ,  th e generall y mos t  effectiv e strategy .  Protoco l  dat a show s tha t  noticin g an d usin g sub -

tower s i n problem-solvin g differentiate s tw o subject s wh o acquire d th e recursiv e strateg y fro m on e wh o 

di d not .  A  workin g SoiU "  mode l  explain s Towe r  o f  Hano i  strategy-acquisitio n b y first  assumin g th e basi c 

abilit y  t o notic e an d us e sublowers ,  ;uk 1 llie n chartin g th e proces s b y whic h thi s ne w knowledg e i s 

integrate d wit h existin g knowledg e t o produc e th e recursiv e strategy .  O f  particula r  importanc e i n th e 

integratio n i s learnin g t o se e neste d subtower s an d usin g simpl e spatial-miuiipulatio n reasonin g t o figure 

out  ho w t o mov e thos e subtowers .  T\\ e mode l  show s a  goo d qualitativ e fit  t o th e data ,  providin g suppor t 

fo r  Soa r  a s a  unifie d theor y o f  huma n cognition . 

THE P H E N O M E N ON 

How are new problem-solving strategies acquired? In particular, what new information triggers the 

acquisitio n process ,  an d ho w i s tha t  uifomiatio n integrate d int o problem-solvin g t o produc e a  ne w stra -

tegy ? W e addres s Uii s questio n withi n th e Towe r  o f  Hano i  domain .  Th e puzzl e (Figur e 1 )  consist s o f  five 

disk s o f  grade d size s whic h i n th e initia l  stat e ar e sittin g o n on e pe g (th e Source )  t o for m a  tower .  Th e 

objec t  i s  t o mov e th e disk s t o th e Destinatio n pe g whil e movin g onl y on e dis k a t  a  tim e fro m pe g t o pe g 

and neve r  placin g a  large r  dis k o n a  smaller .  Muc h i s alread y know n abou t  thi s problem .  I n particular ,  i t 

has bee n foun d tha t  th e Towe r  o f  Hano i  ca n b e solve d wit h a  smal l  numbe r  o f  well-defined ,  easil y detect -

abl e strategie s an d tha t  peopl e ten d t o leiu n ne w strategic s whil e solvin g i t  (Simon ,  1975 ;  Anza i  & 

Simon ,  1979) .  Thes e characteristic s mak e th e proble m idea l  fo r  studyin g strategy-acquisition . 

Subjects start out solving the Tower of Hanoi using a guided trial-and-error (GTE) strategy and fre-

quentl y en d u p usin g a  recursiv e strateg y (Egi m &  Greeuo ,  1974 ;  Simon ,  1975 ;  Anza i  &  Simon ,  1979 ; 

Ruiz ,  1988 ;  VanLehn ,  1989) .  Th e G T E strateg y consist s o f  neve r  movin g th e sam e dis k twic e i n a  ro w 

and neve r  returnin g a  dis k t o th e pe g fro m whic h i t  mos t  recentl y came .  Th e recursiv e strateg y consist s o f 

settin g a  goa l  t o mov e th e larges t  dis k tha t  i s no t  ye t  o n th e Destinatio n t o Ui e Destination ,  followe d b y 

recursivel y settin g subgoal s t o mov e blockin g disk s ou t  o f  th e way .  Prio r  speculation s an d model s o f  thi s 

chang e hav e typicall y relie d o n tlue e assumption s (Ega n &  Greeno ,  1974 ;  Simon ,  1975 ;  Anza i  &  Simon , 

1979) .  First ,  searc h take s plac e onl y i n th e Towe r  o f  Hano i  problem-space .  Second ,  prio r  knowledg e o f 

(domain-independent )  means-end s analyse s ( M E A )  i s necessar y eithe r  t o guid e th e acquisitio n o f  ne w 
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Figur e 1 :  Tli e Five-Dls k Towe r  o f  Hanoi . 
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information that will later lead to the development of the recursive strategy, or to directly provide a tem-

plat e fo r  buildin g th e recursiv e strategy .  Third ,  littl e prio r  knowledge ,  draw n fro m othe r  domains ,  i s 

assumed .  (VanLehn' s mode l  set s asid e th e M E A assumption ,  bu t  retain s th e assumption s o f  a  singl e 

problem-spac e an d littl e prio r  knowledge. )  Ou r  theory ,  a  workin g Soa r  mode l  (Newell ,  i n press) ,  provide s 

a ne w explanatio n o f  Towe r  o f  Hano i  strateg y acquisitio n withou t  havin g t o mak e thes e sometune s overl y 

restrictiv e assumptions . 

H U M AN DAT A 

Our model is based on thinking-aloud protocols taken from three subjects solving the five-disk 

Tower  o f  Hano i  problem :  A S ,  R N ,  iin d PD .  A S i s Anza i  an d Simon' s well-know n (1979 )  subject ,  wh o 

di d th e followin g trial s usin g a  physica l  problem :  par t  o f  a  five-disk,  a  complet e five-disk,  a  one-disk ,  a 

two-disk ,  a  three-disk ,  a  four-dis k (thes e las t  fou r  problem s wer e experiment s initiate d b y A S ) ,  an d the n 

tw o mor e five-disks.  R N an d P D wer e ru n i n ou r  laborator y o n a n I B M PC ;  the y use d specia l  key s t o 

pic k u p an d dro p disks .  Number s wer e printe d o n th e disk s t o ai d identification .  The y eac h di d liv e com -

plet e trial s o f  th e five-disk  Towe r  o f  Hanoi .  Thei r  move s an d time s wer e recorded .  Th e followin g regu -

laritie s wer e observe d i n th e protocols : 

1. All three subjects initially used the GTE strategy; RN and AS later acquired the recursive stra-

tegy .  A S acquire d i t  upo n startin g he r  three-dis k experiment ;  R N acquire d i t  durin g hi s first  (ria l 

at  stal e _ ,  1234, 5 (th e Sourc e i s blank .  Auxiliar y ha s disk s 1-4 ,  an d 5  i s o n Destination) .  Whil e 

PD wa s abl e t o solv e th e Towe r  o f  Hanoi ,  h e di d no t  acquir e tli e recuisiv e strategy ;  h e di d us e 

lookahead ,  bu t  tha t  onl y infrequentl y (si x times) . 

2. Solving one-disk and two-disk subtowers was trivial for all subjects. 

3. Before acquiring the recursive strategy, RN set five subgoals and AS set six. Two of RN's 

subgoal s an d thre e o f  AS' s subgoal s wer e t o mov e a  two-dis k subtower .  I n both ,  th e two-dis k 

towe r  wa s the n planne d ou t  an d moved .  Th e remainin g goal s wer e t o mov e hu"ge r  towers ;  the y 

wer e abandone d i n favo r  o f  a  mov e generate d accordin g t o th e G T E strategy . 

4.  Upo n o r  afte r  placin g dis k 4  o n th e Destination ,  al l  thre e subject s realize d the y ha d mad e a n erro r 

and trie d t o rectif y it . 

5. Subtowers figured prominently in RN's and AS's pre-recursive problem-solving, but not in PD's 

pre-lookahea d problem-solving .  ( A subtowe r  i s define d a s a  stac k o f  k  consecutive-size d disks , 

wit h dis k 1  a s th e first  disk. )  R N mentione d the m explicitl y  i n si x statement s suc h a s "No w I 

need t o mov e disk s one ,  two ,  an d thre e [t o the ]  auxiliaiy. "  A S di d he r  aforementione d fou r 

experiment s solvin g subtowers .  P D di d mentio n subtower s five  time s i n hi s pre-lookahea d 

problem-solving .  Thes e mentioning s wer e eithe r  vagu e o r  wer e comment s o n a  towe r  jus t  abou t 

t o b e completed ;  the y neve r  occurre d whil e plannin g a  move . 

6. Recursion was displayed suddenly by both AS and RN, within one move. 

7. Recursive reasoning occurred when AS and RN were confronted with subtowers (e.g., the state 

5,4,123) ;  ther e wa s littl e mentio n o f  goal s whil e movin g betwee n subtowers . 

SOAR 

Tlie theory we shall present is a subtheory within Soar. Soar provides the general theoretical con-

struct s (learning ,  problem-spaces ,  memor y structure ,  etc )  tha t  suppor t  an d realiz e ou r  strategy-chang e 

explanation .  T o understan d lli e subtheory ,  i t  i s necessar y t o first  understan d Soar . 
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Soar  i s a  genera l  cogniliv e architectur e wiiic h model s th e huma n cognitiv e architectur e (Newell ,  i n 

press) .  Soa r  ha s a n associative ,  recognilion-base d long-ter m memor y (LTM) ,  realize d b y productions , 

and a  workin g memor y t o hol d intermediat e result s o f  computation .  A s wit h humiuis ,  Ih c problem-spac e 

(th e problem-state s an d operator s tlia l  ca n b e use d t o solv e th e problem )  i s Ui e basi s o f  Soar' s cognitio n 

(Newell ,  1980) .  Give n a  goa l  t o solv e a  problem ,  Soa i  make s progres s b y (irs t  decidin g o n a  problem -

spac e fo r  tha t  goal ,  the n decidin g o n a  problem-state ,  an d the n decidin g o n a n operato r  t o appl y t o tha t 

state .  Th e operato r  i s use d t o creat e a  ne w state ,  t o whic h ne w operator s tu- e applied ,  an d s o on .  Eac h 

decisio n (probletn-space .  state ,  an d operator )  take s plac e withi n a  decision-cycle ,  durin g whic h candidate s 

ar e firs t  generate d vi a productio n matc h fro m L T M ,  followe d b y th e selectio n o f  th e bes t  candidate .  Th e 

selectio n i s don e b y collectin g desirabilit y  informatio n abou t  eac h candidat e fro m L T M ,  an d the n apply -

in g a  fixe d decisio n procedur e t o thi s infonnation .  I f  Soa r  ha s conflictin g o r  insufficien t  informatio n t o 

make a  decision ,  i t  set s u p a  subgoa l  t o resolv e th e impasse .  B y searchin g i n on e o r  mor e problem -

spaces .  Soa r  generate s th e neede d informatio n an d resolve s th e impasse ,  hiipasse s ciu i  occu r  withi n 

impasses ,  leadin g t o a  subgoa l  hierarchy .  Soa r  learn s fro m it s experienc e i n resolvin g impasse s b y deter -

minin g whic h working-memor y element s wer e responsibl e fo r  generatin g th e result s tha t  resolve d th e 

most  recen t  impass e i n th e stack .  Th e responsibl e element s an d th e generate d result s becom e th e condi -

tio n an d action ,  respectively ,  o f  a  ne w production ,  a  chunk .  Th e chun k wil l  fir e whe n th e impass e situa -

tio n (o r  an y othe r  sufficientl y simila r  situation )  occur s i n th e future .  Thu s th e chun k bot h avoid s impasse s 

and cause s transfe r  o f  learning .  Soa r  ha s n o pre-buil t  procedtire s fo r  handlin g fault y chunks :  the y mus t  b e 

detecte d an d override n b y deliberat e problem-solving . 

THE M O D EL 

The model consists of productions that provide the knowledge Soar needs to use the various 

problem-spaces .  Eac h problem-spac e correspond s t o a  particula r  cognitiv e functio n (e.g. ,  ho w t o generat e 

operators ,  an d ho w t o reaso n abou t  generate d operators) .  Ou r  descriptio n o f  th e mode l  wil l  firs t  b e 

problem-spac e oriented ,  wit h th e exceptio n o f  subtower-noticing ,  whic h doe s no t  occu r  i n it s ow n 

problem-spac e (Figur e 2) .  Then ,  w e wil l  describ e th e mechanic s o f  th e individua l  model s fo r  R N an d AS , 

and finall y thei r  genera l  behavior .  (P D i s no t  modele d here ,  bu t  i s  use d simpl y t o suppl y contrastin g 

data. ) 

TOH 

Tower  O f  Hano i  move s disk s i n th e rea l  world .  T O H i s assume d t o aris e fro m comprehendin g th e 

T OH Spac e 

GENOP Space B W S p a c e 

Selectio n Spac e 

Tower-Noticin g 

Figur e 2 :  Summar} '  o f  Problem-S|jaces . 
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problem insiruciions. which specify how disks may be moved. (Future versions of this model will actu-

all y comprehen d proble m instructions ,  usin g th e languag e comprehensio n syste m develope d b y Lewis , 

Newel l  &  Pol k (1989). )  T O H translate s th e physicall y realizabl e result s o f  operato r  generatio n an d rea -

sonin g int o dis k movements .  T O H i s implemente d i n Soa r  wit h tli e move-dis k operator ,  whic h transfer s a 

dis k fro m on e pe g t o another . 

GENOP 

GENeral e OPerato r  generate s move-dis k operator s fo r  T O H b y first  choosin g a  dis k t o mov e an d 

the n choosin g a  pe g t o whic h t o mov e it .  Operato r  generatio n i s give n a  separat e problem-spac e becaus e 

it  i s  a  comple x cognitiv e activity ,  a s indicate d b y th e fac t  tha t  subject s emplo y severa l  heuiislic s i n gen -

eratin g operators .  G E N OP use s tw o heuristic s t o selec t  disk s fo r  movement :  d o no t  repetitivel y mov e a n 

object ,  an d prefe r  th e larges t  (non-repetitive )  objec t  whic h ca n b e moved .  G E N OP employ s thre e heuris -

tic s t o selec t  pegs :  d o no t  bloc k th e goa l  o n th e first  move ,  d o no t  mov e a n objec t  t o th e locatio n fro m 

whic h i t  wa s las t  moved ,  an d prefe r  t o mov e a n objec t  t o it s fina l  locatio n (th e Destinatio n peg) .  Prio r  t o 

th e problem-solve r  perceivin g a  stac k o f  consecutive-size d disk s a s bot h a  uni t  ( a subtower )  an d a s mov -

able ,  G E N OP generate s move-dis k operator s fro m th e lop s o f  th e stacks ,  a s the y ar e th e onl y movabl e 

disks .  Thi s effectivel y implement s th e G T E strategy .  Alte r  a  problem-solve r  ha s starte d seein g stack s o f 

disk s a s movabl e subtowers ,  G E N OP wil l  generat e operator s t o mov e th e botto m dis k o f  a n encountere d 
subtower .  Thi s effectivel y generate s th e operator s neede d t o begi n th e recursiv e strategy .  I n th e Soa r 

model ,  G E N OP ha s tw o operators :  choose-dis k an d choose-to-peg .  Th e result s o f  thes e operator s ar e 

recorde d o n th e problem-stat e an d the n use d t o fom i  a  move-dis k operato r  fo r  TOH. 

BW 

Block s Worl d reason s abou t  TOH' s unimplementabl e move-dis k operators .  B W i s s o name d 

becaus e i t  rellect s people' s abilit y  t o d o simpl e spatial-manipulatio n reasoning ,  o f  whic h blocks-worl d 

typ e problem s ar e a  paradigmati c case .  Thi s reasonin g capabilit y  i s  calle d int o us e b y th e Towe r  o f 

Hanoi' s spatia l  character .  Sinc e spatial-manipulatio n reasonin g i s a t  leas t  abl e t o solv e a  two-dis k prob -

lem,  B W wa s buil t  wit h enoug h knowledg e t o d o that .  B W doe s thre e things .  First ,  give n a n unimple -

mentabl e move ,  i t  determine s th e blockin g objec t  usin g tw o heiu'istics :  prefe r  th e larges t  movabl e object , 

and prefe r  th e objec t  tha t  block s th e unimplementabl e move' s desire d location .  Second ,  B W choose s a 

peg t o whic h t o mov e th e blockin g object ,  usin g lli e heuristi c tha t  i t  i s  bes t  t o mov e th e blockin g objec t 
out  o f  th e wa y o f  th e desire d move .  Third ,  B W trie s ou t  th e assemble d move-dis k operator .  I f  thi s result s 

i n a  ne w state ,  the n th e move-dis k operato r  i s  implementabl e an d i s use d t o resolv e th e unimplementabl e 
operator' s impasse .  I f  n o ne w slat e i s produced ,  a n impass e ha s occmre d an d B W i s use d agai n t o resolv e 

thi s ne w impasse .  Th e final  resul t  o f  BW' s reasonin g i s returne d t o T O H an d executed .  I n th e Soa r 
model .  B W ha s on e operato r  fo r  eac h action :  a  mark-blocking-dis k operator ,  a  mark-receiving-pe g opera -

tor ,  an d a n operato r  calle d try-operator .  Th e result s o f  th e first  tw o operator s ar c recorde d o n th e stale . 

Try-operato r  trie s ou t  th e assemble d operato r  a s discusse d above .  When B W finally  reason s ou t  a  move , 
it  provide s T O H wit h bot h th e mov e an d th e operato r  i t  shoul d us e next ,  a s determine d i n th e reasonin g 

chain . 

Selectio n 

Selectio n i s a  default ,  domain-independen t  problem-spac e tha t  collect s informatio n abou t  alterna -

tive s (usually ,  operators )  an d use s tha t  informatio n t o choos e on e o f  them .  Th e selection-spac e i s derive d 

fro m people' s abilit y  t o us e heuristic s an d t o mak e simpl e choice s a s a  resul t  o f  applyin g thos e heuristics . 
The selection-spac e i s use d whe n a  problem-spac e encounter s a n impass e i n whic h i t  ha s insufficien t 

informatio n t o directl y choos e betwee n severa l  alternatives .  Th e selection-spac e applie s al l  relevan t 

heuristic s fo r  eac h alternativ e separately ,  an d the n integrate s th e result s o f  thos e heuristic s int o a  singl e 

choice ,  thu s resolvin g th e origina l  problem-space' s impasse .  (Th e selection-spac e doe s no t  generat e 
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heuristics; it only applies them.) The selection-space has one operator: evaluate-object, which evaluates 

eac h alternativ e ;ui d record s th e result s o f  eac h evaluatio n o n th e selection-space' s problem-state . 

Subtower-Notlclng 

vSublower-nolicin g distinguishe d R N an d A S fro m PD ,  an d thu s i s postulate d t o b e th e crucia l  vari -

abl e i n discoverin g th e recursiv e strategy .  Subtower-nolicin g occur s whe n th e subjec t  realize s tha t  a 

serie s o f  consecutive ,  stacke d disk s (startin g wit h dis k 1 )  form s a  tower ,  an d make s tJi e assumptio n tha t 

thi s towe r  migh t  b e move d a s a  unit .  Th e subject' s abilit y  t o se e consecutiv e disk s a s a  towe r  i s derive d 

fro m his/lie r  prio r  knowledg e o f  suc h thing s a s towers ,  pyramid s im d triangles .  Th e impetu s t o appl y thi s 

knowledg e t o th e proble m come s fro m th e proble m nam e (th e T O W ER o f  Hanoi )  plu s th e frequenc y wit h 

whic h subtower s occu r  i n th e problem .  Fo r  example ,  i n a  perl'ec t  solutio n t o a  5-dis k problem ,  1 2 o f  th e 

32 problem-state s wil l  hav e a  subtowe r  sittin g b y itsel f  o n a  peg .  Mos t  important ,  th e subjec t  will ,  durin g 

his/he r  solution ,  encounte r  thes e subtower s i n orde r  o f  size .  Fo r  example ,  s/h e ma y se e a  two-dis k towe r 

followe d b y a  three-dis k tower ,  followe d b y a  foiu'-dis k tower .  Thi s experienc e shoul d lea d th e subjec t  t o 

see th e subtower s a s bein g nested ,  i.e. ,  tha t  a  three-dis k towe r  reall y consist s o f  a  two-dis k towe r  sittin g 

on to p o f  dis k 3 .  Seein g subtower s a s neste d i s importan t  becaus e i t  effectivel y break s a  subtowe r  dow n 

uit o component s abou t  whic h B W ca n reason .  For ,  a  neste d subtowe r  o f  k  disk s i s reall y jus t  a  two-dis k 

subtower :  a  ( A /)-dis k subtowe r  sittin g o n dis k k .  (O f  course ,  th e ( k -  /)-dis k lowe r  mus t  itsel f  b e a  two -

dis k towe r  fo r  reasonin g t o proceed. )  I n Soar ,  tower-noticin g occur s i n th e G E N OP problem-spac e upo n 

seein g a  A-dis k subtowe r  sittin g b y itsel f  o n a  peg .  Th e noticin g (implemente d vi a productions )  result s i n 

a mino r  chang e t o th e problem-state :  th e tower' s botto m dis k i s marke d a s a  towe r  an d a s movable .  A 

chun k get s buil t  tha t  ca n tlie n labe l  tha t  towe r  i n an y context ,  includin g whe n i t  i s  th e subtowe r  o f  anothe r 

tower .  Repeate d experienc e wit h singl e subtower s thu s give s Soa r  th e abilit y  (i.e. ,  th e chunks )  t o se e 

neste d subtowers .  Sinc e thes e chunk s allo w th e us e o f  B W ,  the y (an d no t  th e subtower-noticin g produc -

tions )  ai e directl y responsibl e fo r  th e developmen t  o f  th e recursiv e strategy . 

Model Mechanics 

T wo variim t  model s wer e created ,  on e eac h fo r  R N an d AS .  Th e G E N O P,  B W ,  an d T O H 

problem-space s wer e th e sam e i n th e tw o models .  Th e production s constitutin g thes e problem-space s 

wer e integrate d int o L T M befor e solvin g th e Towe r  o f  Hanoi .  Th e tw o model s differe d i n tlûe e areas . 

First .  RN' s mode l  wa s give n th e abilit y  t o labe l  subtower s a s subtower s befor e i t  wa s give n th e abilit y  t o 

labe l  the m a s movable ,  whil e A S '  mode l  wa s give n th e tw o abilitie s simultaneously .  Thi s correspond s t o 

th e fac t  tha t  R N notice d subtower s wel l  befor e trym g t o mov e them ,  wherea s A S notice d an d use d sub -

tower s a t  th e sam e time .  I n bot h models ,  th e relevan t  production s wer e integrate d int o L T M a t  th e indi -

cate d poin t  i n th e huma n subjects '  problem-solving .  Second ,  A S require d severa l  additiona l  production s 

t o mode l  th e differen t  initia l  state s i n he r  one-dis k tlu-oug h four-dis k problems .  Tlies e wer e integrate d 

int o L T M befor e th e stiu l  o f  eac h problem .  Third ,  a  smal l  se t  o f  special-cas e production s (tw o fo r  A S an d 

one fo r  R N )  modele d instance s i n whic h th e subject s use d reasonin g processe s outsid e o f  th e scop e o f  th e 

G E N O P.  B W ,  an d T O H problem-spaces .  I n A S '  model ,  on e productio n wa s use d t o hal t  he r  simulatio n 

afte r  placin g dis k 4  o n th e Destinatio n i n th e first  trial ,  mimickin g A S '  givin g u p midwa y o n he r  first  trial . 

Anothe r  productio n mimicke d A S '  second-tria l  realizatio n tha t  dis k 1  ha d t o g o t o th e Destinatio n o n th e 

first  move .  Finally ,  on e productio n mimicke d RN' s violatio n o f  th e dis k non-repetitio n heuristi c a t  stat e 

5._,1234 .  Th e firs t  o f  thes e production s wa s introduce d alon g wit h th e thre e problem-spaces ;  th e las t  tw o 

wer e introduce d a t  th e appropriat e point s i n th e problem-solving .  Effectively ,  th e tw o model s onl y 

explaine d move s tha t  corresponde d t o a  stric t  us e o f  th e recursiv e an d G T E strategies .  Learnin g wa s 

alway s on ;  th e model s therefor e learne d continuousl y fro m thei r  experience . 

Model Behavior 

Upon sti u tin g t o solv e th e problem ,  th e model s use d th e T O H problem-space .  Sinc e T O H canno t 
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generate operators, it eiicoiuitcrecJ impasses and used GENOF to supply the needed move-disk operators. 

At  thi s point ,  th e model s di d no t  notic e subtowers ,  an d therefor e generate d implementabl e operator s 

accordin g t o th e G T E strategy .  Upo n learnin g abou t  subtowers ,  G E N OP bega n generatin g operator s t o 

move (th e botto m disk s ol" )  subtowers .  Sinc e suc h operator s wer e no t  directl y implementable ,  impasse s 

resulte d an d B W wa s use d t o reaso n ou t  ho w t o mak e progres s towju-d s applyin g th e operators .  B W trie d 

t o generat e a n operato r  t o mov e th e blockin g disk/towe r  ou t  o f  th e way .  1 1 B W produce d a n implement -

abl e move-dis k operator ,  th e ne w operato r  wa s use d i n T O H .  I f  B W produce d a n unimplementabl e 

operator ,  anothe r  impass e resulte d an d B W wa s onc e agai n use d t o reaso n abou t  th e ne w unimplement -

abl e operator .  Thi s successiv e us e o f  B W o n a  singl e mov e produce d th e observe d recursion .  B W ' s lirs t 

implementabl e resul t  wa s use d t o continu e progres s i n T O H .  Th e selection-spac e wa s use d ever y tim e 

G E N OP o r  B W ha d t o choos e betwee n severa l  version s o f  a n operator .  Th e selection-spac e applie d th e 

heuristic s discusse d abov e t o mak e th e choices .  Learnin g ha d thre e majo r  effect s o n (h e model' s 

behavior .  First ,  i t  produce d th e chunk s tha t  notice d neste d subtowers .  Second ,  i t  abbreviated ,  wit h time , 

th e amoim t  o f  processin g neede d t o us e bot h th e G T E an d recursiv e strategies .  Third ,  i t  eventuall y buil t 

chunk s tha t  directl y generate d move-dis k operator s i n T O H ,  thu s bypassin g strategi c processing . 

MODEL AN D DATA:  TH E FI T 

Problem-Sotvin g Fi t 

Tli e model s sho w a  goo d quantitativ e fit  t o th e subjects '  externa l  problem-solvin g behavior .  Move s 

made b y th e mode l  corresponde d t o 7 7 % im d 6 7 % o f  AS' s an d RN' s first-trial  moves ,  respectively .  I n 

th e remainin g trials ,  th e correspondenc e wa s almos t  alway s 1 0 0 % wit h th e exceptio n o f  AS' s secon d tria l 

(94'/r )  an d RN' s las t  tria l  (97%) .  Uiunodele d move s wer e th e resul t  o f  error s o r  error-recover y o n tii e 

subjects '  part ,  bot h o f  whic h deviate d fro m a  perfec t  G T E o r  recursiv e sequence ;  thes e move s eithe r  ha d 

no analo g i n th e models ,  o r  wer e mimicke d wit h th e special-purpos e production s describe d above .  (Bot h 

type s o f  move s wer e counte d agains t  th e models. )  T o tes t  th e model s further ,  RN' s move-time s wer e 

correlate d wit h th e numbe r  o f  decision-cycle s tha t  hi s mode l  require d t o mak e th e correspondin g moves . 

(Unmodcle d move s wer e no t  include d i n thi s correlation. )  Th e correlations ,  i n orde r  o f  trials ,  wer e /  = 

0.69 .  0.61 ,  0.85 ,  0.4. 5 (0.75) .  an d 0.01 .  Th e Tria l  4  correlatio n wa s lo w becaus e R N remembere d th e first 

move an d execute d i t  directly ,  wherea s th e mode l  reasone d i t  out ;  withou t  thi s outlier ,  th e correlatio n 

goes t o 0.75 .  Th e final  correlatio n wa s ni l  (an d shoul d be) ,  becaus e bot h R N an d th e mode l  ha d lo w vari -

ance .  Move-tim e dat a wa s no t  reporte d fo r  A S i n Anza i  &  Simo n (1979 )  s o n o coirelation s coul d b e cal -

culated . 

Tlie models' problem-solving strategies displayed a good qualitative fit to the subjects'. We simu-

late d a  pur e for m o f  th e G T E an d recursiv e strategies .  TTierefore ,  th e model s showe d som e differences : 

thei r  G T E showe d n o occasiona l  goal-settin g an d thei r  recursiv e strateg y showe d exces s goal-settin g 

betwee n subtowers .  Withi n thes e boundaries ,  th e models '  G T E an d recursiv e strategie s showe d th e sam e 

typ e o f  reasonin g an d behavio r  a s A S an d RN .  Th e protocol s migh t  b e fit  mor e closel y b y rememberin g 

more o f  BW' s reasonin g chai n o r  usin g th e B W problem-spac e earlier .  However ,  a  close r  li t  woul d no t 

chang e th e basi c result ,  i.e. ,  tha t  th e recursiv e strateg y arise s fro m noticin g an d usin g (nested )  subtower s 

i n problem-solving . 

Strategy-Chang e Fi t 

The model s closel y fit  th e qualitativ e aspect s o f  th e subjects '  strategy-change .  AS' s an d RN' s 

model s acquire d th e recursiv e strateg y a t  th e sam e poin t  tha t  A S an d R N did .  RN' s model ,  lik e R N , 

acquire s th e recursiv e strateg y a t  stal e _,1234,5 ;  AS' s model ,  lik e A S ,  acquire s i t  durin g it s 3-dis k experi -

ment .  I n bot h cases ,  th e model' s acquisitio n wa s th e resul t  o f  havin g correctl y mimicke d subtower -

noticin g an d use .  RN' s mode l  ha d bee n learnin g t o notic e subtower s fo r  th e sam e amoun t  o f  tim e tha t 
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RN did; upon acquiiiiig the ability lo mark labeled lowers as movable, the model was immediately able to 

make us e o f  tha t  information .  AS' s mode l  ha d ha d previou s experienc e wit h a  two-dis k tower ,  an d thu s 

sa w th e ttiree-dis k towe r  a s a  neste d towe r  ( a two-dis k towe r  sittin g o n dis k 3) ,  allowin g i t  t o appl y B W. 

Thus ,  th e switc h t o th e recursiv e strateg y i s no t  du e t o th e subtowcr-noticin g production s pe r  sc ,  bu t  t o th e 

chunk s tha t  allo w th e model s t o se e th e subtower s a s neste d an d t o Soar' s abilit y  t o recursivel y us e 

problem-spaces .  Finally ,  th e models ,  lik e R N an d A S ,  acquire d th e recursiv e strateg y suddenly .  Thi s i s 

becaus e th e model s trea t  movabl e object s (disk s o r  subtowers )  alike :  a s soo n a s subtower s ar e noticed , 

the y ciu i  immediatel y b e reasone d about . 

Learnin g Fi t 

The learnin g displaye d b y th e model s showe d a  goo d qualitativ e ti t  t o th e subjects' .  Beside s notic -

in g subtowers ,  th e models '  learnin g di d tw o majo r  things :  i t  abbreviate d strategi c processin g an d i t  even -

tuall y cause d wcll-lcsuTie d move s t o b e execute d directly ,  withou t  th e nee d fo r  an y strategi c processing . 

The abbreviatio n o f  strategi c processin g appeare d i n th e protocol s a s decrease d verbalizatio n ove r  trials , 

as wel l  a s correspondin g decrease s o f  move-lime s i n RN' s protocol .  Makin g well-leame d move s directl y 

executabl e brough t  th e mode l  mor e i n lin e wit h th e spars e recursiv e reasonin g displaye d b y th e subjects . 

Afte r  th e move s betwee n majo r  subtower s ha d bee n well-learned ,  th e model ,  lik e th e subjects ,  onl y 

reasone d ou t  move s whe n confronte d wit h a  subtower . 

CONCLUSIONS 

Our model has provided a simple answer to the question of Tower of Hanoi strategy-acquisition. It 

conie s abou t  becaus e peopl e notic e neste d subtower s an d us e spatial-manipulatio n reasonin g t o mov e 

them .  Thi s latte r  capabilit y  i s  cas t  i n term s o f  physica l  object s i n general ,  an d s o i s abl e t o wor k wit h 

eithe r  disk s o r  tower s onc e thes e hav e bee n note d a s relevan t  t o lli e tas k a t  hand .  I n positin g thi s answer , 

our  mode l  ha s bypasse d th e nee d lo r  som e o f  th e basi c assumption s o f  previou s model s an d speculations . 

Our  model ,  lik e previou s models ,  work s b y problem-spac e search .  However ,  ou r  mode l  work s i n multi -

pl e problem-spaces ,  no t  one ,  an d thu s claim s tha t  peopl e (wh o ca n us e multipl e type s o f  reasonin g o n a 

singl e task )  d o likewise .  Th e clai m o f  multipl e problem-space s i s bot h a  specifi c  clai m o f  ou r  mode l  an d 

a genera l  clai m o f  Soar ,  whic h processe s informatio n i n mim y problem-spaces . 

Second ,  w e hav e reduce d th e type s o f  informatio n tha t  prio r  model s claime d ha d t o b e learned . 

Lik e previou s models ,  our s learn s continuousl y fro m it s experience .  But ,  th e crucia l  infonnatio n tha t 

allow s th e switc h t o th e recursiv e strateg y i s noticin g (nested )  subtowers .  Thi s pape r  ha s describe d ho w 

thi s knowledg e i s incorporate d int o problem-solvin g t o produc e a  ne w strategy ;  futur e wor k wil l  tackl e 

th e meclumic s o f  subtowcr-noticin g pe r  se . 

Third, our model has eliminated prior knowledge of domain-independent MEA as the cause of 

strategy-change .  Whil e ou r  mode l  certainl y behave s accordin g t o M E A i n th e B W problem-space .  iJia t 

M EA i s a  direc t  resul t  o f  domain-specifi c  knowledge ,  an d i s no t  necessaril y  transferabl e t o non-spatial -

manipulatio n domains .  Th e recursio n characteristi c o f  Towe r  o f  Hano i  solution s come s abou t  becaus e o f 

Soar' s abilit y  t o recursivel y us e problem-space s t o resolv e impasses .  W e hav e therefor e se t  u p a  stron g 

alternativ e hypothesi s ( o strategy-adaptation :  strategy-building .  Thi s clai m abou t  M E A i s a  genera l  Soa r 

claim ,  a s Soa r  ha s nothin g correspondin g t o a  domain-independen t  M E A .  Rather ,  Soar' s us e o f  wea k 

method s stem s fro m it s tas k knowledg e agains t  th e backgroun d o f  it s  us e o f  multipl e problem-space s 

(Lair d &  Newell ,  1983 ) 

Fourth ,  ou r  mode l  directl y relic s o n prio r  knowledg e o f  a  specifi c  domain :  spatial-manipulatio n 

problems .  W e hav e therefor e take n thi s tas k ou t  o f  di e real m o f  knowledge-lea n tasks ,  an d mad e i t  mor e 

knowledge-intensive ,  wher e th e knowledg e use d i s knowledg e o f  spatia l  relationship s an d operators .  I n 
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so doing, we have blurred the boundaries of tiie traditional toy-task category. 

Finally, the work done here will generalize to other task domains. The fundamental insight, that 

strategy-chang e come s abou t  vi a noticin g aggregat e proble m feature s an d attemptin g t o operat e o n tJiem , 

i s certainl y empiricall y verifiable ,  an d therefor e amenabl e t o modeling ,  i n othe r  tasks .  Th e G E N OP 

problem-spac e migh t  b e easil y extende d t o othe r  tasks ,  thu s providin g a  sourc e o f  model s an d idea s abou t 

people' s defaul t  strategies .  Finally ,  th e B W problem-spac e migh t  b e expande d t o ijiclud e man y othe r 

spatial-manipulatio n tasks ,  an d thu s migh t  b e th e startin g poin t  fo r  a  singl e Soa r  theor y o f  puzzl e 

problem-solving . 

To conclude, this model derives its explanatory power from being a subtheory of Soar. Soar pro-

vide s th e abilit y  t o setuc h i n problem-spaces ,  th e learning ,  an d th e theor y o f  ho w knowledg e i s transmit -

te d betwee n problem-spaces .  Ou r  tas k a s theorist s ha s bee n t o carefull y specif y th e knowledg e peopl e 

hav e abou t  th e Towe r  o f  Hanoi .  Wha t  Soa r  ha s thu s don e i s no t  onl y eas e ou r  burde n a s theorists ,  bu t 

reduc e ou r  theoretica l  degree s o f  freedo m a s well .  I n return ,  tli e succes s o f  thi s mode l  support s Soa r  a s a 

unifie d theor y o f  huma n cognition . 
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