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ELASTIC SCATTERING OF 30-Mev PROTONS 

John Leahy 

(Thesis) 

Radiation Laboratory 
University of California 

Berkeley, California 

February 1956 

ABSTRACT 

The differential elastic cross section for 31.5-Mev protons on Al, 
0 0 

Cu, Ag, Ta, Au, and Pb has been measured from 10 to between 140 

and 170° in the laboratory system at intervals of 5° or less. All elements 

exhibit the typical diffraction-type maxima and minima in the cross 

section. 

Theoretical calculations have been obtained for these data, based 

on an optical model with a complex, rounded, nuclear potential. At 

this energy fits to the data are obtained for values of the real and im

aginary parts of the potential well of about 35 Mev and 15 Mev respec

tively. The radius parameter, r 
0 

(R
0 

= r 
0

A l/ 3), and the rounding 
-13 -13 

parameter, a, are 1.33 x 10 em and about 0.50 x 10 em respec-

tively. 
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INTRODUCTION 

The great amount of work being done to interpret nuclear scattering 
. 1 . ' 

data by means of an optical model has prompted extension of the measure-

ments of the elastic scattering of protons to the 31.5 -Mev energy avail

able at the Berkeley linear accelerator. 

The optical model ascribes to nuclear matter an index of refraction 

and an absorption coefficient. 
12 

This asC"ription may be achieved by 

describing the nucleon-nucleus interaction by a complex potential 

V(r) = V 
0
(r) + i W 

0
(r). 

25 
Then from the Schroedinger equation the usual 

equation of continuity is 

2p wo 
j = 1i 

where the right side is the probability of absorption per second and 

p = ljJ"o< ljJ. 

1r 
j = ZMi 

_J _J 

( lJl* \l ljJ - ljJ '\/ lJl*). 

( 1) 

(2) 

The Schroedinger equation itself is solved in the usual manner by 

matching the logarithmic derivatives at the boundary of the nucleus, 

giving the phase shifts and in turn the cross sections. 

The wave length of the nucleon inside the nucleus is given by 

(3) 

where E
0 

is the incident energy of the nucleon. In general V 0 is a 

function of E
0

, but- -as is often done- -we can use a value derived from 

considering the nucleus as a Fermi gas, which gives V 
0 

':::! 33 Mev. Thus 

even for vanishing E
0

, X has a magnitude of the order of the separation 
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of nucleons in the nucleus. An incident nucleon therefore can be con

sidered as moving "freely" through nuclear matter, and it is possible 

. f hf h 1 7,19,21 to e stlmate a mean ree pat or t e nuc eon, 

x.o = 
1 

~ p. (J. 
1 1 

1 

( 4) 

where p. is the density of nucleons and (J. is the nucleon-nucleon cross 
1 1 

section, and the sum is over neutrons and protons. These nucleon-

nucleon cross sections are modified to take account of the Pauli exclusion 

principle, and this effect, rather than a particular type of two-body 

interaction, is dominant in determining x.
0 

and thus W 
0 

and the 

b · ff" · K 6 ' 16 K . 1 -l d . f . f a sorption coe 1c1ent . 1s equa to x.
0 

, an 1s a unct1on o 

W 
0

. At higher energies, where the Pauli principle does not have such 

a strong effect, the cross sections are smaller, so that the simple idea 

of a "free" particle is maintained in this approximation. 
18 

From this naive picture and from more realistic approximations, 
6 

several workers have attempted to derive the parameters of the model 

and their variation with energy. Quite good agreement with the empiri

cally determined values has been achieved in the range from thermal 

energies to about 20 Mev. Above 20 Mev good experimental values are 

lacking. 

The actual potential used by Saxon and Woods to fit differential 

eros s- section data of the type de scribed here is 

Ze
2 

~ -
r2) r ~ R

0 2R
0 

---z 
V C (r) 

Ro = 
Ze 2 

r ~Ro, r 

(5) ¥ 
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where R
0 

is the nuclear radius, VN is the complex nuclear potential 

with a rounding factor, and V C is the ordinary Coulomb potential 

appropriate to a uniform distribution of nuclear charge through a 

sphere of radius R
0

. 

It has been shown that a simple square well predicts far too much 

scattering in the backward direction. 24 Thus the rounding of . the well 

smoothes .out the discontinuity in the potential at the nuclear boundary 

and reduces reflection, giving much improved agreement with obser-
. 25 

vat1on .. 

The four parameters V 
0

, W 
0

, R
0

, and·a, or related ones, have 

been estimated from a wide variety of experiments. 
1 

Many of these 

have been measurements of total neutron cross sections. A broad 

view of these results gives, at low energies (from thermal to about 

1 Mev), a mean free path of abo~t 20f (f :;. fermi ; 10-
13 

em), which 

is large compared;to nuclear radii. This decreases to about 4f at 

incident energy of 20 Mev, has a minimum somewhere below 50 Mev, 

and is decreasing again at 400 Mev .. 

A much more critical test of the model, however, is its agreement 

with angular distribution measurements. 
25

• 
26 

Where it is possible 

to match experiment and theory, the agreement is quite good. For 

incident energies from 1 Mev to 22 Mev, V 
0 

remains approximately 

40 Mev while w
0 

increases from 1.3 Mev to about 10 Mev. 
13

• 
31

• 
25

• 
26 

The data above 22 Mev, with the exception of the work described here, 

are either not complete or not accurate enough to determine the 

parameters. 

Comparison with experiments to show polarization of nucleons by 

scattering is also a sensitive test of theory, yet such measurements 

are few. At an incident energy of 380 kev a particular form of the 

optical mode1
23 

predicted some of the observed peaks, but also predicted 

others that were not observed. Sternheimer 29 has made extensive 

calculations for 300-Mev protons, using the rounded complex potential 

of Saxon and Woods plus a spin-orbit term, in which he varied the type 

of coupling and the strength of coupling as well as the other adjustable 

parameters. He found satisfactory agreement using a Thornas -type 
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coupling, as in shell-model theory, and V 
0 

= W 
0 

=:,16"5 Mev at an 

incident energy of 300 Mev. He also fitted the differential cross 

section data at this energy with the same potential. There are, of 

course, some discrepancies which if real would be serious, but these 

seem to be explained by considering the effect, on the cross section 

and the polarization, of the experimental acceptance of protons that 

had lost as much as 20 Mev in scattering. 
33 

There are indications that before the model can be more successful 

it will have to be modified to include deviations of the nucleus from 

sphericity. 
34 

Such an effect may be present in the data given here for 

Ta. 
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EXPERIMENTAL METHODS 

A. Beam Collimation 

The bombardment geometry is shown in Fig. l. The beam from 

the linear accelerator has a 1/4 inch diameter, a 1 percent energy 

spread (full width at half maximum), and an angular divergence of 
-3 35 

10 radians. The beam then passes through C 
1

, a remotely 

controlled four-jaw premagnet collimator, an analyzing magnet which 

deflects the beam 20°, and c2, an adjustable four -jaw postmagnet 

collimator (set a 1/8 inch by 1/8 inch). This part of the coilimation 

is primarily for the purpose of restricting energy spread. Collimator 

system c
3 

is used for beam shaping, and consists of 1/8-inch, 

5/32-inch and 3/16-inch circular apertures in three carbon disks 

separated by one -foot intervals. The latter two apertures limit slit 

scattering. c3 may be retracted for alignment purposes without 

breaking the vacuum. 

A telescope is sighted along a line through the postmagnet collima

tor c 2 ,and a spot which is burned on a glass plate by the proton beam at the 

exit port of the scattering chamber. c3' the scattering chamber, 

counters, and target holders are then accurately aligned from this 

reference line. The time -average beam current at the target is a 

maximum of 3 x 10-9 ampere and the beam has a maximum diameter 

of 3/16 inch. 

B. Scattering Chamber and Targets 

Remote controls allow the table of the 24-inch-diameter scattering 

chamber to be positioned in angle to within 0.1°. The remotely 

controlled target holder on the lid of the chamber can be positioned 

in angle to within 3°. However, by placing a front-surface mirror at 

one of the target positions and then setting the scattering chamber table 
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so as to form an image of a reference point in the alignment telescope, 

one can read the target-holder angle to virithin 0.2°. Any of six targets 
, ·;. r .. ~ 

can be inserted into the beam remotely during·the run. Pressure 

inside the scattering chamber is maintained by a local vacuum systern 
-5 at less than 10 mm of Hg. 

The targets used were foils of Al, Cu, Ag, Ta, Au, and Ph. It is 

desirable to use thick targets so as to have counting rates as large as 

possible. The limiting factor on the thickness of targets is the loss of 

beam from the integrating monitor. Targets should be thin enough so 

that this error is small compared with all other experimental errors. 

This point was checked experimentally during one run by keeping all 

other quantities fixed and varying only target thickness, in order to 

insure that the targets used were thin enough. 

C. Particle Detection 

The protons scattered from Al were detected by a proportional

counter differential-range method. For all other targets a scintillation 

counter was used with a pulse -height analyzer. 

1. Differential Range Method 
. 36 37 

With this method, first used by Benven1ste and Cork, ' the 

protons scattered from the target must pass through a solid-angle

defining collimator, an aluminum absorber R, and finally a counter 

telescope consisting of three proportional counters. The size of the 

collimator, its distance from the counters, and the sensitive area of 

the counters are such that less than l o/o of the protons are lost by 

multiple scattering in R. The absorber R is variable by remote 

control and serves to degrade the proton energy so that only those 

protons with a certain residual range will be counted. In order to be 

counted a particle must produce a pulse in the first two counters 

and stop in. the differential. range foil b,R (-6 mg/ em 2 Al) between 

Counters 2 and 3. A pulse in Counter 3 serves to reject particles not 
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stopping in 6.R and thus provides an upper limit on the acceptable 

total range, namely, R + bR. Thus a differential range spectrum 

can be obtained by varying the absorber R. 

The adjustment of the counter system tb insure operation in the 

plateau region is described in detail by Ashby. 
38 

In order to detect 

particles just passing through 6.R, the discriminator level for Counter 

3 is set as close to the noise level as possible. Discriminator levels 

in Counters 1 and 2 can easily be set, as pulses produced by particles 

selected by the differential-range counter telescope are large compared 

with the average noise pulse. 

A block diagram of .the electronics is sh?wn in Fig. 2b. Gate 

widths for the first two counters are set at 0.5 IJ.Sec. Because of elec

tronic jitter between Gate 3 and Gates 1 and 2, which is 0.5 IJ.Sec at the 

worst, Gate 3 is set at 1.5 fJ.Sec, overlapping both Gate 1 and Gate 2 in 

time. The scalers (S) monitor the counts from the individual proportional 

counters and from the diode coincidence circuit (CC), which has a 

resolving time of the order of 0.1 IJ.Sec. The accidental coincidences 

are obtained with an arrangement that is identical except that the pulses 

from Counter 2 are delayed. A regulated (O.lo/o) common hv supply 

serves the proportional counters. 

de sign. 

2. Scintillation Counter Method 

The other units are all of standard 

This method allows the observation of the complete elastic proton 

spectrum by a pulse -height analysis of signals from a DuM0nt 6291 

photomultiplier tube which detects the light produced by the scattered 

protons passing through a fast plastic scintillator (terphenyl in polyr-. 

styrene). The scintillator is thick enough to stop all protons. Data 

are collected in a much shorter time than with the differential range 

method. 

Pulses from the phototube (Fig., 2a) are clipped by the cathode

follower clipping preamplifier to about 1.0 IJ.Sec and fed into the linear 

amplifier. whose gain is adjusted to give a 75-volt output for the elastic 

proton pulses. The discriminators of 1024 scalers,whenconnec_tedto_acom

mon regulated power supply as in this case, are stable to less than 0 .l volt 
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over a wide range of temperature. The ten scaler discriminators are 

set 10 volts apart by feeding pulses from a pulse generator through 

the system. The pulse subtracter, window amplifier, and pulse 

stretcher process the pulses from the linear amplifier so that the 

range in size of elastic proton pulses entering the scalers is overlapped 

by the range of pulse sizes accepted by the scaler discriminators. 

Thus an effective window width of 2 volts is obtained while the percentage 

stability of 10-volt windows is maintained. The ten scalers are inter

connected by coincidence and anticoincidence circuits so that a pulse 

registers in only one scaler. The pulse-height resolution of this 

arrangement was about 4o/o (full width at half maximum). 

D. Beam Integration 

A Faraday cup collects the beam and the charge is. integrated on 

a capacitor of value known to 0, l o/o. The voltage across the capacitor 

is measured by an electrometer and read on a recording millivoltmeter. 



-14-

TREATMENT OF DATA 

A. Center -of-Mass Transformations 

1. For elastic scattering the transfo~mations from laboratory 

system to center-of-mass system are given by the following non

relativistic formulas: 

for solid 
angle, 

for angle, Sln (<j> - 8) = r sin 8, 

1 dw 

dO 
= = (r cos 8 +)1 - r

2 
sin

2 ~ )
2 

./1 - r 2 sin2 8 f ( 8) 

where r is the ratio of proton mass number to target mass number A, 

r = 1/A, 8 and<!> are th~ scattering angles (lab. and c. m. respectively), 

and dO and dw are the solid angle differentials (lab. and c. m. respec

tive! y). 

2. With the differential range method one can obtain the energy 

E 8 of the proton scattered into angle 8 from its range in Al at the 

center of the elastic peak by using Smith ij s range -energy data. 39 For 

energies above 22 Mev an expression fitted to Smith's data gives 

R = 2.624 E
8

1.789 + 6.1, 

where E 8 is in Mev and R in mg/ em 
2

. From this. one can get the 

incident proton energy, Ep: 

Over a period of months Ep was 31.5 :± 0.25 Mev for the protons incident 

on the Al target. This value is assumed as the normal output energy of 
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the machine for all runs using the pulse -height analyzer where range 

data are not available. 

B. Determination of Cross Sections 

When r
8 

protons are scattered into the solid angle D,O of the 

counter' which is set at an- angle 8 in the laboratory system, while 

1
0 

protons are incident on the target, the differential cross section in 

the center-of-mass system, ~' is given by the usual relationship, 

du 
18 

aw = t
0 

n D,Q f( 8), 

2 
where n is the number of target nuclei per em , and f( 8) is the. factor 

relating lab. and c. m. systems given in section A above. For Al, 

f( 8) was never more than a 7% adjustment, and for all other targets 

was negligible with respect to experimental error and therefore was 

not used. 

Now n and 1
0 

are given by 

and 

where 

10 = CV/e, 

N
0 

is Avogadro's number, 

A is the mass number of the target element, 

tis the thickness of the target in g/cm
2

, 

V is the potential across the capacitance C due to 

the collected proton beam, and 

e is the charge on one proton. 



Thus, the working formula is 

dO" 
dw = Ae 

No 
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cos Bt 
tCVLS:n 

where the factor cos et takes into account the fact that the perpendic

ular to the target makes an angle et with the incident-proton direction. 

For the pulse -hei~ht method, Ie is given by 

I£1 = ~(N. -B.) =, 2: N. - Z B., 
0 1 1 1 1 

where N. is the total counts in the ith channel and B. is the cor-
1 1 

responding background. 2: N., the measured quantity, is just the 
1 

total number of counts in the elastic peak, i.e., it includes all 

counts with pulse height equal to or greater than that at the minimum 

on the low-energy side of the elastic spectrum (Figs. 3 and 4). ~B. 
1 

is approximated arbitrarily by mB
0

, where m is the number of 

channels covered by the peak and B
0 

is half the number of counts 1n 

the channel at the minimum. 

For the differential range method, 

~(~L ~R-~-
Here (~~1 i ~R represents the measured quantity, normalized to some 

constant incident charge (CV) for a given angle, which is the number 

of protons observed with ranges between R. and R. + ~R. The 
1 1 

summation over range gives the area A under the elastic peak 

(gaussian). 

Thus, A-B 
~R 

In practice A i~ found by fitting a triangle to the experimental 

points (Fig. 5). The relationship between the area of a gaussian 

A and a triangle A1 whose sides are tangert to the gaussian at the points 

of inflection is A = L036 Pl. 
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.C: . Errors 

For a functional relationship of the form ' 

(J ( ••• ' ~· ••• ) 

the law of propagation of errors gives for the error in a, oa, due to 

errors in the measured quantities ox, the expression 

In terms of measured quantities the differential cross section is given 

by 

da 
dw = 

cos 8t 
tCVLSrl 

Thus the terms in the formula for the error are 

= 0.4o/o. 

ot/t = o.lo/o, 

oC/C = O.lo/o, 

oV /V = LOo/o, 

o(~nY ~n = 2 .2o/o 

0 = 0.2 ), 

5 f(8)/f(8) is negligible compared with the above. 

0 . 
An error of 0 .l in the angle e can produce an error of as much as 

· 2.0o/o in the cro.ss section where it is varying rapidly with angle. This 

must he added to the above list. 



-21-

To these. errors must be added the error in counting, i.e., 

o Ie/Ie. For the scintillation counter method, where we have 

Ie ct ~ (Ni - Bi)' this 1s. given by 

.IL, (N. +B.)'/~ (N. -B.)= 3.5% to 6.0o/o. 
'V 1 1 1 1 

For the differential range method, where Ie <f (A - B)/ .t.R, we have 

(o (.t.R)) 
2 + (o (A - B)\ 

2 

= \ LSR A - B ") 

where 
0 ~RR~ is l.Oo/o and 

0-r _-:) is estimated by several determi

nations of A and B from the same data, giving 

o(A - B) 

A-B 
= 3.5% to 7 .0%. 

Finally, combining all sources of relative error, we have for the 

. scintillation-counter pulse -height method 

Q(J 

(J 
= 4.5% to 7 .Oo/o, 

and for the differential-range method, 

Q(J = 4.5% to 8.0%. 
(J 

Other sources of error that are not included in the calculated error 

are variations in background during a run, and variations in incident 

proton energy. The former is common to both sc;:hemes of detection. 
. . . 0~ 0 . 

A change of lOo/o in background at any angle from ~0 to 120 . would 

produce an error of less than 2% in the eros s section for all elements 

bombarded. However, for these angles and for the larger angles where 
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. ' 

background fluctuations· could be quite serious, reproducibility of 

results from one run to the next was the criterion for avoiding such 

errors. The latter squrce of error applies only to the differential 

range method, since for pulse -height analysis all channels covering 

the elastic peak record simultaneously and therefore no counts are 

lost due to a shift in energy. For the differential range method the 

shape of the elastic peak can easily betray shifts of 2o/o in the proton 

range; but again reproducibility of data was required. 
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RESULTS AND CONCLUSIONS. 

A. Experimental 

The results of the experiment, the measured differential cross 

sections for Al, Cu, Ag, Ta, Au, and Pb, are shown in Figs. 6 through 
0 0 

11. Data were taken for each element from 10 to between ,140 and 

170° at 5° intervals, and at intermediate angles in some cases of 

interest, e. g., at maxima or minima of the cross section. 

The cross sections for all elements show a general decrease in 

value, not only at small angles but also' throughout the angular range 

observed. Superimposed on .this trend are the characteristic diffraction

type maxima and minima, which are roughly evenly spaced in angular 

separation for a given target. This separation of minima becomes 

smaller for heavier elements, and is roughly proportional to A -l/
3 

0 It can also be noted that for angles larger than 60 the dependence 

of the cross section on angle is generally the same for all elements, 

disregarding differences due to individual maxima or minima. For 

angles less than 60° the cross sections are in general larger for 

elements of higher nuclear charge. 

Figures 3, 4, and 5 show examples of the raw data, presented in 

the form of a range spectrum for Al, and pulse -height spectra for Cu 
0 0 0 0 

and Pb. The angles {30 , 60 , 90 , and 135 ) and elements chosen 

show characteristic data. 

Figure 12 shows the ratio in the center-of-mass system of the 

measured cross section to the Rutherford cross section1 which is given 

by 

( dO") 
dwc 

A+ 1) 
2 

A 
1 

sin 
4 

cj>/2 

This representation of the data serves to emphasize the maxima and':-

. . d b d" 1 d . 1 d k 34• 40 
m1n1ma an can e 1rect y compare to prev1ous y reporte wor .. · 
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em 
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Fig. 6. Differential cross section for elastic protons from Al 
at 31.5 Mev (lab) and the optical model prediction. 
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- ELASTIC PROTONS 
FROM Cu 

OPTICAL MODEL POTENTIAL 
Vo= 35 Mev Wo= 15 Mev 

R0 = 1.33 x 1013cm 
0 0 = 0.475 Xl0

13cm 
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MU-10676 

UCRL-3273 

Fig. 7 ;' Differen'tial eros s section for eiastic protons from Cu 
at 31.5 Mev (lab), and the optical model prediction. 
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ELASTIC PROTONS 
FROM Ag 

OPTICAL MODEL POTENTIAL 

Vo= 35 Mev Wo= 15 Mev 

Ro= 1.33 x I013cm 
a = 0.50 x I013cm 

150 

MU·I0677 

UCRL-3273 

Fig. 8. Differential eros s section for elastic protons from Ag at 
31.5 Mev (lab), and the optical model prediction, with calculated 
points marked by circles. 
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ELASTIC PROTONS 
FROM TO 

OPTICAL MODEL POTENTIAL 
Vo = 36 Mev Wo= 20 Mev 

Ro= 1.33 XI0
13cm 

a= 0.60XI0
13
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Fig. 9. Differential cross section for elastic protons from Ta at 
31.5 Mev (lab), and the optical model prediction. 
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OPTICAL MODEL POTENTIAL 
Vo = 36 Mev Wo= 16 Mev 

Ro= 1.33 XI015Cm 
a = 0.55 XI015cm 

.\r 
I 

• 

UCR.L-3273 

Fig. 10. Differential cross section for elastic protons from Au at 
31.5 Mev (lab), and the optical model prediction. 
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ELASTIC PROTONS 
FROM Pb 

\ 

OPTICAL MODEL POTENTIAL 
V0 = 36 Mev W0 = 16 Mev 

Ro= 1.33x 1013cm 
o = 0.6xlo"11:m 

0.1 ~~~~~~~~LL~~wWUw~~~5~0--~ 
0 50 100 

cp {CENTER OF MASS) 
MU-10680 

UCRL-3273 

Fig. 11 -Differential cross section for elastic pr()tons from Pb at 
31.5 Mev (lab), and the optical model prediction. 
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Ag 
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Oj<Tc A· • • 
Au • • 

Pb 

.. 
0 50 100 150 

e (C.M.) 

Fig. 12. Ratio of observed cross section to Rutherford cross section 
for Al, Cu, Ag, Ta, Au, and Pb. The elements are arbitrarily 
spaced vertically to avoid overlap. The value for unity for each 
element is marked on the vertical axes. 
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The various elements are arbitrarily spaced vertically to prevent 

overlap, and the position of unity for the ratio is indicated in the 

margin for each element. 

Figure 13 is an attempt to display some of the regularities appearing 

in the data. Here e . (c.m.) is the angle in the center-of-mass system 
mln -

for which the ratio of observed to Rutherford eros s sections is a 

minimum. The term (R
0

k) -l is the deBroglie wave length of the 

proton divided by the radius of the nucleus. The wave length is 

calculated for a proton whose energy is taken as its center -of-mass 

energy minus the energy required to penetrate the Coulomb barrier, 

EC' 

where = ·Z A-1/3 0.53 Mev, 

and R
0 

= 1.33 A -l/3 fermis ( 1 fermi .., 
-13' 

10 em). 

This barrier subtraction is somewhat arbitrary, but does improve the 

straight-line fit. 
41 

The straight lines are drawn through points 

representing corresponding minima for the various elements. Thus 

one sees graphically that as the ~adius is increased the diffraction 

pattern bunches toward smaller angles,, as would be expected from an 

optical model. The line representing the first minima has an intercept 

at 0°, while the second has an interce~t at -.13°, the third at ::.15 °, the 

fourth at -8°. The meaning of negat
1
ive intercepts is not known. At 

17 Mev intercepts of 0° for the first minima and -28° for all other 

minima have been observed. 
34 

The proportionality between e . 
-1 m1n 

and (R
0
k) exists throughout the apgular range observed here. and at 

h . . . . 34, 40 h f . 1 d'ff t'• 'd . ot er energ1es, w ereas . rom a s1mp e 1 rae 1on cons1 erat1on 

one would expect proportionality only at small angles. 
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Fig. 13. Regularities in positions of minima of ratio of observed cross 
· section to Rutherford eros s section. 
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B. Optical Model 

The solid curves in Figs. 6 through 12 represent the resuits of 

optical model calculations by D. S. Saxon, M. A. Melkanoff, et al., 

at the University of California at Los Angeles. 
42 

Calculations were 

made at 5° intervals for all elements and l 0 intervals for Cu. The 

solid curves drawn through these points represent the variation of 

theoretical eros s section with angle. For Ag the calculated values are 

marked by circles. The indication of very deep minima in the 

theoretical results for Ag is confirmed by the similar minima for Cu, 

where calculated values were given for every degree. 

With the angular aperture of the counter (1.6 °) these minima are 

detectable. Folding the angular acceptance efficiency of the counter 

and multiple scattering in the target into the theoretical curves still 

gives minima deeper by an order of magnitude than those observed. 

That it was possible to observe deeper minima was corroborated 

experimentally by measuring the elastic cross section for vanadium 

across the deep minimum at 30° (lab.). Results show this minimum to 

be 2.5 times as deep as any observed here, although it had the same 

angular width. 

The table below shows the optical-model parameters for the 31.5-
34,42 

Mev data and Dayton and Schrank's 17 -Mev data. The nuclear 

radius, R
0

, is given by r 
0

A l/3 . V 
0

, W 
0

, and E
0 

are in Mev arid r 0 and 

a are in fermis. 

Vo Wo ro a 

E~ 31.5 17 31.5 17 31.5 17 31.5 17 

Al 35 40 9 9 1.33 1.30 0.625 0. 725 

Cu 35 46 15 
i 

9 1.33 1.33 0.475 0.475 

Ag 35 46 15 9 1.33 1.33 0.50 0.50 

Ta 36 20 1.33 0.60 

Au 36 45 16 8 1.33 1.36 0.55 0.50 

Pb 36 16 1.33 0.60 
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Thus, the rounding parameter a :and the radius r 
0 

are essentially 

the S!l-me for 17 Mev: and 31.5 Mev, while v 0 decreases and w 0 increases 

with increasing E
0

. _ Since mean free path in nuclear matter, >..
0

, and 

W 
0 

are related by 

\0 = 4.5 (EO + V 0) 1/2 /W 0' 

whecre E
0

, V 
0 

and w
0 

are in Mev and >..
0 

in fermis, the increase in 

W 0 corresponds to a decrease in >..
0

. Thus at 31.5 Mev, >..
0 

is 2.4 

fermis as compared with 20f at 1 Mev, 4f at 20 Mev, and the nuclear 

radius of Al which is 3.99f if r
0 

is 1.33 f. 

For the lighter elements, Al, Cu, and ~g. the theoretical 

fluctuations at the backward angles are too pronounced. This seems to 
. 41 

be characteristic of the model and occurs at other energ1es. For the 

heavier elements the agreement at large angles is good but the ratio to 

Rutherford cross section (Fig. 12) shows that the agreement at forward 

angles is not so good as would appear from Figs. 6 through 11. 

The experimental results for Ta (Fig. 9) do not show maxima a,nd 

minima as pronounced as those observed for Au (Fig. 10). This is 
43 

also true for elastic scattering of electrons from Ta and Au, and 

attempts to fit the theory in that case have led to consideration of 

deformation of the nucleus from sphericity. Thus, for 31.5-Mev proton 

scattering, too, it may be necessary to add a quadrupole-moment term 

to the potential. For the data presented here the theoretical curves 

fit equally well for Ta and Au, but this may be owing to the increase 

of w
0 

to a value of 20 Mev for Ta, since increasing W 
0 

has the effect 

of washing out maxima and minima. 

The cross sections were also compared with a Born approximation, 

which gives an angular dependence 

dO' 
dw ,= 

l_h (2 kRo sin <j>~2~ 2 

L 2 k R0 sin <1>/ j 
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With this the best fits to the data were much worse than those for 

the optical model. The nuclear-radius parameters r
0 

derived in this 
44 45 

way were rather large; e. g., for Be, r
0 

= 1.90 f, for C, r
0 

= 1.80 f, 

forAl, r
0 

= 1.78f, andforAg, r
0 

= l.60f. Because of the zeroes of 

the Bessel function deep unobserved minima are present for all elements. 

And it can easily be shown analytically that this model can never give 

a good fit over an extended angular range as the optical model does. 

For the values of the Bessel-function argument necessary to give some 

fit to the data, the calculated cross sections at the maxima are pro

protional to sin - 4 
cj> /2, the Rutherford cross section. From inspection 

of Fig. 12 it is evident that the ratio at the maxima has an angular 

dependence other than Rutherford, and thus this approximation cannot 

be made adequate by any adjustment of parameters. 
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