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Abstract

Methods, like Maximum Empirical Likelihood (MEL), that operate within
the Empirical Estimating Equations (E3) approach to estimation and inference
are challenged by the Empty Set Problem (ESP). We propose to return from E3

back to the Estimating Equations, and to use the Maximum Likelihood method.
In the discrete case the Maximum Likelihood with Estimating Equations (ML-
EE) method avoids ESP. In the continuous case, how to make ML-EE operational
is an open question. Instead of it, we propose a Patched Empirical Likelihood,
and demonstrate that it avoids ESP. The methods enjoy, in general, the same
asymptotic properties as MEL.

1 Introduction: Estimating Equations,
Empirical Estimating Equations

In Econometrics and other fields, it is rather common to formulate a model in
terms of the Estimating Equations (EE); cf. [8]. The stochastic part of the model
is specified by a random variable X ∈ X ⊆ Rd , with the cumulative distribution
function (cdf) Q r ∈ Q(X ), where Q(X ) is the set of all cdf’s on X . Estimating
equations are formulated in terms of estimating functions u(X ;θ) : X ×Θ→ RJ ,
where θ ∈ Θ ⊆ RK . There, K can be, in general, different than J . Estimating
equations Φ(θ) = {Q ∈ Q(X ) : E u(X ;θ) dQ = 0} serve to form the model Φ(Θ) =
⋃

θ∈ΘΦ(θ).
Examples:
Ex. 1: X = R, Θ= [0,∞), u(X ;θ) = X − θ .
Ex. 2: (Brown & Chen [2]) X = R, Θ= R, u(X ;θ) = {X − θ , sgn(X − θ)}.
Ex. 3: (Qin & Lawless [18]) X = R, Θ= R, u(X ;θ) = {X − θ , X 2− (2θ 2+ 1)}.
Given a random sample X n

1 = X1, . . . , Xn from Q r , the objective is to select a
Q̂ from Φ(Θ), and this way make a point estimate θ̂ of the ’true’ value θr . In the
case of correctly specified model (i.e., Q r ∈ Φ(Θ)), θr solves E u(X ;θ) dQ r = 0. If
the model is not correctly specified, i.e., Q r /∈ Φ(Θ), then θr can be defined as the
solution of E u(X ;θ) dQ̂(Q r) = 0, where Q̂(Q r) is the L-projection of Q r on Φ(Θ),
cf. [9].
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In order to connect the model Φ(Θ) with the data X n
1 , the Empirical Estimating

Equations (E3) approach to estimation and inference replaces the model Φ(Θ) by
its empirical, data-based analogue Φn(Θ) =

⋃

θ∈ΘΦn(θ), where

Φn(θ) = {Qn ∈Q(X n
1 ) : E u(X ;θ) = 0}

are the empirical estimating equations. E3 replaces the set Φ(Θ) of cdf’s supported
on X by the set Φn(Θ) of cdf’s that are supported on the data X n

1 . An estimate θ̂
of θr is then obtained by means of a rule that selects Q̂n(x; θ̂) from Φn(Θ).

A broad class of methods for selecting a sample-based cdf from Φn(Θ) is pro-
vided by the Generalized Minimum Contrast (GMC) rule [4], [1], [15], that sug-
gests to select

Q̂n(x; θ̂) = arg inf
Qn(x)∈Φn(Θ)

Dφ(Qn || Q̃ r), (1)

where Q̃ r is a non-parametric estimate of Q r ; the divergence (or contrast)

Dφ(Qn || Q̃ r) = EQ̃ r
φ

�

dQn

dQ̃ r

�

,

and φ(·) is a convex function, with minimum at 1. Typical choices of φ(·) are
φ(v) = − log v (leads to the Maximum Empirical Likelihood [18]), v log v (leads
to the Exponential Empirical Likelihood [14], [13], [16]), (v2− 1)/2 (leads to the
Euclidean Empirical Likelihood [2]). Another popular option is to use in (1) the
Cressie Read [6] class of discrepancies; the resulting estimators are known as the
Generalized Empirical Likelihood [19] estimators.

The θ part of the optimization problem (1) can be expressed as

θ̂ = arg inf
θ∈Θ

inf
Qn(x)∈Φn(θ)

EQ̃ r
φ

�

dQn

dQ̃ r

�

, (2)

The convex dual form of (2) is

θ̂ = arg min
θ∈Θ

max
µ∈R,λ∈RJ

�

µ− EQ̃ r
φ∗(µ+λ′u(x;θ))

�

, (3)

where φ∗(w) = supv vw −φ(v) is the Legendre Fenchel transformation of φ∗(v).
Asymptotic properties of GMC estimators are known, and provide a basis for infer-
ence. Hypothesis tests and confidence intervals can be also constructed by means
of the GMC analogue of the Wilks’ Theorem. Let D(Φn(Ω) || Q̃ r) denote the value
of D(· || ·) at Q̂n(Ω) for which D(Qn || Q̃ r) attains its infimum over Φn(Ω), where
Ω ⊆ Θ. A GMC test of the null hypothesis H0 : θ ∈ Θ0 ⊂ Θ is based on the GMC
statistic

− 2[log D(Φn(Θ0) || Q̂ r)− log D(Φn(Θ) || Q̂ r)], (4)

that is asymptotically χ2 distributed, with the degrees of freedom equal to the
number of restrictions.

The most prominent member of the GMC class is the Maximum Empirical Like-
lihood (MEL) estimator θ̂MEL, that can be obtained by choosing φ(v) = − log v
(hence φ∗(w) =−1− log(−w)) and choosing as the non-parametric estimate Q̃ r of

Q r the empirical cdf Q̂ r(x) =
∑n

i=1 I(X i≤x)
n

, where I(·) denotes the indicator function:

θ̂MEL = arg min
θ∈Θ

max
λ∈RJ

EQ̂ r
log(1+λ′u(x;θ)). (5)
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It is worth noting that MEL is the Maximum Likelihood estimator in the class of
data-based cdf’s from Φn(Θ). The GMC statistic is in this case usually known as the
Empirical Likelihood Ratio (ELR) statistic [17].

1.1 Existence problems of E3

The E3-based methods are subject to existence problems that arise from the fact
that the model Φn(Θ) is data dependent. The test based on GMC statistic cannot
be constructed if the data set X n

1 is such that Φn(Θ0) = ;. In the literature on
the Empirical Likelihood this is known as the convex hull problem, cf. [17], [7].
Several ways of mitigating the problem were proposed; cf. [3], [7]. Among them
is a modification of E3 that lifts up the restriction that Qn ∈ Q(X n

1 ), in the sense
that if x1 < x2, x1, x2 ∈ X , then F(x1) may be greater than F(x2). Permitting the
negative weights on data points allows to escape the convex hull restriction. GMC
with divergences that allow negative ’weights’, such as the euclidean one, which is
given by φ(v) = (v2 − 1)/2, can be used within the modified E3 approach (mE3).

Recently, it was demonstrated that E3 faces an even deeper existence problem,
the Empty Set Problem (ESP) [10]. ESP concerns the possibility that Φn(Θ) = ;,
for some models and data.

For instance, in the Ex. 3, Φn(Θ) is empty, for any data set X n
1 for which EQn

X 2−
2(EQn

X )2−1< 0, for any Qn ∈Q(X n
1 ); cf. [10]. Probability of obtaining such data

set depends on the sample size n and on the sampling distribution Q r(x).
Once an E3 model is subject to ESP, any E3-based method breaks down, for any

data set for which Φn(Θ) is empty. Unlike the convex hull problem, ESP cannot be,
in general, mitigated by replacing E3 with mE3. For instance, in the Ex. 3, mE3

model set can be empty for some data sets; cf. [10]. Not every E3 model is subject
to ESP. For instance, the model of Ex. 2 is free of ESP.

2 Maximum Likelihood with Estimating Equations

The Empty Set Problem (ESP) of E3 arises as a consequence of being restricted to
the probability distributions that are supported by data. Due to this restriction, E3

methods ignore the information about the support X of X .
One option to avoid ESP is to return back to the model, Φ(Θ), that is specified

by Estimating Equations (EE). In order to introduce Maximum Likelihood with
Estimating Equations (ML-EE) method, it will be assumed that cdf’s from Φ(Θ)
are such that they induce probability density functions (pdf) q(x) (with respect to
the Lebesgue measure), if X is the continuous random variable. In the discrete
case, q(x) will be used to denote the probability mass function. Given the random
sample X n

1 from Q r , we propose to select as the representative member of Φ(Θ) the
cdf Q̂ML(x; θ̂ML) for which the value of probability of the sample X n

1 is supremal:

Q̂ML(x; θ̂ML) = arg sup
Q∈Φ(Θ)

n
∏

i=1

q(x i). (6)

This is the Maximum Likelihood (ML) method, applied to the set of distributions
Φ(Θ) that is specified by means of EE. To stress both aspects, we name the method
a Maximum Likelihood with Estimating Equations (ML-EE) method. The ML-EE
estimator θ̂ML, is the parametric component of Q̂ML(x; θ̂ML) defined at Eq. (6).
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In the Subsections ahead, ML-EE will be explored in various settings and con-
fronted with MEL.

2.1 ML-EE in the discrete case

The simplest setting which can illuminate working of ML-EE and exemplify its dif-
ference to MEL, is the case of discrete random variable.

Example. LetX = {0,1, 2,3}. Let the estimating functions be the same as in the
Ex. 3. For the values of θ in Θ= [0.52,0.96] the feasible set Φ(Θ) is non-empty.

Let X n
1 , the random sample be such that every outcome from X occurs in the

sample at least once. Then Φn(Θ) = Φ(Θ) and ML-EE lead to the same estimate as
MEL.

More interesting is the case when some of the outcomes are not present in the
sample. E3-based methods a priori put zero probability to those outcomes that do
not appear in the sample. This means, that MEL seeks ML estimate among the
data-supported pmf’s from Φn(Θ) that satisfy E3. The problem is that Φn(Θ) may
be empty for some models and data sets and consequently, for them MEL does not
exist. However, ML-EE is not affected by ESP.

Example (cont’d). Let the sample of size n= 10 be such that it induces the type
(i.e., vector of relative frequencies) ν = [2,3, 5,0]/10. For such sample Φn(Θ)
is empty; cf. [10], Sect. 2.1. Thus, neither MEL nor any other E3-based esti-
mate exists for the sample. However, ML-EE exists, and it can be found1 to be
Q̂ML(x; θ̂ML) = [0.7226, 0.7459,0.7851, 1.0000], hence the ML-EE pmf is [0.7226,
0.0233,0.0392, 0.2149] and θ̂ML = 0.7464. It is worth stressing that Q̂ML(x4; ·) is
non-zero, although the fourth outcome from X did not appear in the sample.

Unlike the E3-based methods, ML-EE is not affected by the convex hull problem.
It is also free of ESP. As far as its asymptotic properties are concerned, the Theorem
3.6 of [17], which is based on [18], can be applied to ML-EE to claim its asymptotic
normality, if the empirical counterpart Φn(θ) of Φ(Θ) and Q r are such that the
probability of obtaining a random sample with ESP goes to zero, as the sample size
goes to infinity.

To sum up the findings, in the discrete case ML-EE achieves everything that
MEL seeks to attain, but fails, due to ESP.

Next, we turn to the problem of making ML-EE operative in the continuous
random variable case.

2.2 ML with exactly identified EE in the continuous case and
restricted parameter space

It is instructive to consider first the setup of Ex. 1. The random variable X is
continuous; the model is exactly identified (i.e. J = K). The parametric space is
restricted. For any data set such that X n

1 < 0, the empirical model Φn(Θ) = ;, and
consequently no E3-based estimate exists for such X n

1 .
ML-EE is defined by Eq. (6). How to make the definition operational in the

continuous case, remains an open problem. Instead, we propose to work even in
the continuous case, solely with those cdf’s that are supported on any countable

1In this simple setting ML-EE can be found analytically. The solution was checked also by direct
numeric optimization.
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subset of X . The model set of such cdf’s Q̇ is denoted Φ̇(Θ). This restriction is in
the spirit of the empirical likelihood, yet, it does not limit the feasible set into those
cdf’s that are supported on data. Therefore, Φ̇(Θ) cannot be subject to the Empty
Set Problem. The method that selects

ˆ̇QPEL(θ̂PEL) = arg sup
Q̇∈Φ̇(Θ)

n
∏

i=1

q̇(x i), (7)

where q̇ is the pmf corresponding to a Q̇ ∈ Φ̇(Θ), will be called the Patched Empir-
ical Likelihood (PEL).

Ex. 1 (cont’d): If the data set is such that EQ̂ r
∈ Θ, then the PEL estimate

is the same as MEL. Unlike to MEL, PEL exists also for those data sets for which
EQ̂ r

/∈ Θ. In such case the PEL estimator is θ̂PEL = 0, and the associated ˆ̇QPEL is
sought among cdf’s Q̇ that are supported on the data X n

1 and an extra point Xn+1,
such that EQ̇X ∈ Θ. Among those cdf’s the maximal value of the likelihood is
attained for Xn+1 → ∞, and the PEL distribution that is uniform on the data and
zero on the extra point, obtains.

2.3 ML with overidentified EE in the continuous case

Following the discussion of Sect. 2.2, PEL will be explored and demonstrated in the
context of overidentified EE of Ex. 3. The model is subject to ESP. For the data set
for which Φn(Θ) is non-empty, MEL gives the same estimate as PEL. For a data set
with ESP there is no MEL. However, Φ̇(Θ) is non-empty and PEL can be searched
for. The PEL estimate ˆ̇θPEL should be searched among pmf’s that are supported at
the data X n

1 and an ’extra’ point Xn+1, that is such that Φ̇(Θ) 6= ;. There is a half-
line of such ’extra’ points. As Xn+1 →∞, the value of likelihood at maximum goes
up, and the pmf at which the maximum is attained converges to the pmf that puts
equal weight on observed data and zero weight on the extra point. Thus, the PEL
estimate is ˆ̇θPEL = EQ̂ r

X , i.e., the sample mean.
In the Table 1, results of a MC study of properties of ML-EE estimator for the

sample size n= 10 and n(0,1) sampling distribution, are presented, and compared
with those of ML for n(θ ,θ 2+1) and the sample mean. In the batch of MC samples,

Method Mean Var
ML -0.01309571 0.08631685

ML-EE 0.0009237978 0.095654
mean -0.007084217 0.1040660

Table 1: Mean and Variance of ML, ML-EE and the sample mean, from 1000 simu-
lations.

ESP occurred 98 times. For those samples PEL is just the sample mean. For the
remaining samples it is the same as MEL, that can be found numerically from (5).
ML-EE has both bias and variance smaller than the sample mean. ML has smaller
variance, but larger bias than ML-EE.

If the sampling distribution Q r and the model Φ̇(Θ) are such that probability
of obtaining a sample X n

1 for which the associated Φn(Θ) = ; goes to zero, as n
goes to infinity, then asymptotic normality of PEL is expected to hold, under the
regularity conditions expressed e.g. in Thm. 3.6 of [17].
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3 Conclusions and Implications

Replacement of Estimating Equations (EE) by Empirical Estimating Equations (E3)
seems to be a natural way to link the model with data. The resulting E3 model
Φq(Θ) is data dependent and for some models there are data samples for which
Φq(Θ) is empty. Consequently, E3 models has to be checked on case-by-case basis
for Empty Set Problem (ESP). The E3-based methods can be applied only to those
models that are free of ESP and this makes the E3 approach peculiar.

In [10], a few ways out of the ESP were identified. One of them is the General-
ized Method of Moments [12]. Another option, proposed here, is to return back to
EE and apply to it the Maximum Likelihood method. Initial explorations of result-
ing Maximum Likelihood with Estimating Equations (ML-EE) method demonstrate
that:

1) In the discrete case Maximum Empirical likelihood (MEL) may fail due to
ESP. In contrast, ML-EE is free of ESP and achieves asymptotically the same prop-
erties as MEL.

2) In the continuous case, how to make ML-EE operational is an open question.
Instead of addressing the issue, we consider an EE model set comprised of cdf’s
supported on all possible countable subsets of the sample space. To such an EE
model ML can be applied. The resulting estimator resembles MEL, but it is free
of ESP; hence the name Patched Empirical Likelihood. Asymptotically it enjoys, in
general, the same properties as MEL.
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