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TRANSITION PROBABILITIES AND MULTIPLE IONIZATIONS OF IONS I. INTRODUCTION 

* BY HIGH ENERGY ELECTRON IMPACT 

Yukap Hahn t and Kenneth H. Vlatson 

Physics Department and Lawrence Berkeley Laboratory 
University of California, Berkeley, California 94720 

July), 1972 

ABSTRACT 

The single-particle model for atoms and ions is 

used to calculate the transition probabilities to bound 

and continuum electronic states. The projection operators 

in the semi-classical approximation derived previously 

are applied to treat the large numbers of final states 

invol ved. Ionization cross sect-ions of atoms and ions 

by high-energy electron impact are then estimated, which 

result both from direct transition to the continuum and 

from inelastic scattering followed by the Auger emission. 

Electron impact provides a possible mechanism for production of 

highly ionized beams to be used for injection into heavy ion accelera-

tors. With most of the periodic table and as many as hienty to thirty 

steps of ionization considered of interest, it is evident that several 

tqousand ionization cross sections may be required to estimate ioniza-

tion rates. It is also evident that great accuracy is not feasible in 

the calculation of so many cross sections. The purpose of this paper 

is to obtain a reasonable estimate iri parametrized form for the many 

required cross sections. 

We shall assume the bombarding electrons to have energies large 

compared with the relevant electronic ionization potentials. Two 

mechanisms for ionization will· be considered; (a) direct transitions to 

continuum states; (b) excitations of inner shell electrons to excited 

states followed by Auger emission. Several studies of the fluorescence 

·Yieldl - 3 i~dicate that process (b) is no less important than (a) for 

producing inonization. 

To obtain a quantitative estimate of ,the contribution from the 

processes (a) and (b), it is desirable first to· evaluate the transition 

probabilities of both inner- and outer-shell electrons to various 

allowed excited states, including the continuum. For the target atoms 

and ions, we choose a simple single-particle model. Bas.ed on the 
. 4 

extensive studies carried out earlier using the Hartree-Fock and 

Fermi-Thomas models,5 Green et al;6 have deri~ed an even simpler model 

for complex atoms, with analytic potentials of the Coulombic plus Wood-

Saxon type. Although rather crude in the prediction of term values. 

this model is probably sufficient for our present purpose. The form 
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of potential we have adopted contains essentially one adjustable 

parameter d for each core charge ZC. 

The transition probabilities to a group of excited states and 

the continuum may be conveniently evaluated using the projection 

operators derived earlier7 in the semi-classical approximation. Since 

the model potential we have chosen is local and in a single-particle 

form, very little modification is necessary; .Ie have used the simple 

form i. 
!'BO in the notation of Ref. 7. 

In Sec. II. we define the model potential for the target ions. 

Since we present the result of our calculations at only several typical 

values of Zc and the degree of ionization ZI' the intermediate steps 

involved in the energy eigenvalue calculations and scaling should be 

helpful in obtaining results at other values of Zc and ZI. We give 

a brief discussion of this in Appendix A. The transition probabilities 

Ylith dipole coupling are defined in terms of the semi-classical projec-

tion operators, and the complete set of transitions allowed by the 

selection rules and exclusion principle is studied. 

The result of Sec. II is then used in Sec. III to estimate the 

ionization cross sections of ions and atoms by high-energy electron 

impact. Contributions from the different competing processes mentioned 

above are evaluated. With the various simplifYing approximations which 

are expected to be valid for high-energy collisions, the transition 

probabilities evaluated in Sec. II can be directly related to the 

ionization cross sections. 
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II. THE SINGLE-PARTICLE MODEL AND 

TRANSITION PROBABILITIES 

For simplicity, we adopt the single-particle potential for 

6 atoms and ions obtained by Green et al., which was derived by fitting 

the HF and HFS solutions. Its form is 

VCr) 

where 

and 

Y(r) 

where 

n(r) 

H 

v 

0: 

m 

bare core nuclear charge of an atom or ion, 

.the degree of ionization of the target before the 

collision, 

1 - nCr) , 

(Z = 0 for a neutral atom), 
I 

[H(er / d _ 1) + 1]-1 

o:(zc - z - l)V d 
I 

0.4 

1.00 for all ZC' and ZI 

11 2 1 e 

(2.1) 

(2.2) 

Thus, the only parameter which is varied as a function of Zc is d, 

which is assigned the values6 given in Table I. (We take Green's 

values.) 

.. 
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The result of the calculation of the single-particle energies 

E is summarized in Tables II-IV for the valuE ne Zc = 10,20,·.·,80. 

For each ZC' all values of ZI which correspond to the filled sub

shells are considered. 

As V(r) of (2.1) is Coulombic for large values of r, we 

expect to have an infinite number of bound states near each ionization 

threshold. Therefore, the excitation probabilities to these discrete 

and also to continuum states may be evaluated most conveniently 

using projection operators. We have shown7 previously that the 

projection onto all the bound states generated by the potential 

V{r) may be given in a semi-classical approximation by 

t+( 1 sin(Pu) , AB-r,r') :n:rr' 

where 
1 

p(v) [-2V(r) -i r 
and 

u r - r' 

v (r + r')/2 

L 2 1 2 
± (t± + '2) • 

(2.3) 

(2.4 ) 

t = t + 1 are the angular momenta of the excited states ± -
reached by the dipole coupling from the initial state with the angular 

momentum t. 
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For a more general case in which the projection onto states 

which lie between Ea and ~ is desired, we have 

where 

t+ 
" -(r r') ab ' 

p (v) 
a 

1 
:n:rr' 

1 

() L 2 v-2 J2 [2Ea - 2V v - ± 

Note that, in the rescaled units of Appendix A, 

= [4:a 
n.e 

v(v) L 2 
± 

-V-v2 

with 

v (s + s' )/2 , 

(2.6) 

(Ent > 0) • 

In particular, we choose in the following Ea = ED, ~ = 0, which 

gives .e+ t± flab ~ AD for the projections onto states which lie between 

ED and the ionization threshold. 

For dipole couplihg, the integrals of interest here are 

then given by 

(2.8) 
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(2.10) 

and 

(2.ll) 

The values for Eb are chosen such that the transitions are 

only to the unoccupied levels of given £± = £ ± 1, in accordance with 

the exclusion principle. Therefore, ~ corresponds to the correct 

transition probability to all the unoccupied. bound states of the ion 

with Ze and ZI' while ME includes transitions to all bound levels, 

some of which are forbidden by the exclusion principle. Throughout the 

calculation, we have taken Eb to be the En£± corresponding to the 

last filled subshell energies. Table V contains a sample for Ze = 20. 

The accuracy of the projection operators ~ and ~ is 

partly reflected in the integral 

(2.12) 

which should be unity if ~£ were exact and the state In£) is 

contained in ~£. This value is also given in Table V. We refer the 

£ readers to Ref. 7 where the accuracy of ~ was studied in detail for 

several cases where exact results are available for comparison. Except 

when ~ or Me are very small compared with MA, we expect our 

result to be fairly reliable. 

Relativistic corrections are expected to be significant for 

K-shell electrons when Ze ~ 50. Because these inner electrons 

contribute little to the ionization processes when Ze > 40, [see 

Fig. (2)], we have ignored relativistic corrections to the atomic 

-8-

structure. The projectile electrons will be treated relativistically, 

however, in our final results. 

Finally, it is of interest to compare the transition probabil-

ities to the continuum calculated here with those for hydrogenic atom 

given in Ref. 8. For this purpose, we write 

[ 

(£ + 1) ~£+ + £ 

2£ + 1 
(2.13) 

where the factor 1/3 is the average of the orientation of the dipole 

operators in (2.8) - (2.10). Table VI contains the result for 

Ze = 10 and Ze = 60, with ZI = O. 

for Ze = 30. 

Figure 1 also contains the result 

·..,i , 

• 1 '. ! 

.' 

.1 

. ' 
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III. '.i.'O'l'i\L IONIZATION CItOSS SECTIONS 

He consider the collision ofa fast electron of J:lorr:entum kO 

(energy EO = kO 212m large compared with single orbital ionization 

energies) Vlith an ion characterized by the charge paralneters (Ze' Z1)' 

'rne collision leads to a single orbital transition 0( ~ f3 
0( = n,l. , etc. The final momentum of the impacting electron 

is k ~ where 

2 
Ef = k~ 12m = EO - .Ll,,~ 

L\c( E ~ - E c( 

j'ceglecting exchange terms involving the impacting electron, 

''I'e may 1'Irite the differential cross section in the forr:J. given by 

}:ott and Eassey8 

I (0) 

"'~ 

where t:,e ~ 's are single electron orbital states, 

~ 

q 

o is the scattering angle, and 

v 
s 

1\ 
qn 

(3.1) 

~'Je take Z", to be the nUlnber of electrons in the shell o(=(n,.1. ). 

For high energy impacts, we may use the dipole approximation8 

Thus, 

where 

Now, 
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e 

.... ~ 
lq.r 

-+" + iqr.n 

kO k~ sinO dO = q dq ~ kO 
2 

sinO dO 

so we may introduce 

Jol~ (q) dq = 211' 1o!.~ (0) kc(k~ sinO dO Iq 

or the total cross section 

411' Zc( 
J~A (q) dq ~ 2 
"'r ~ 

Here, we have used high energy, nonrelativistic k:L'1errta.tics9 to 

determine the l:L'Ilits on q as 

'1min .~ m .6o(~ I k,,( 

1 

'1max ~ 2 m EO )2 

(3.6) 

0.7) 

(J.8) 

. 
0.10) 

(3.11 ) 
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!tIe consider first the direct ionization to 

continuum states. When the expression (3.9) for O~ is summed over 

all available final states, we have 

where 

4Jf Z.,( 
-

k 2 
0: 

C 

MO: L M~ C 
C 

~ 

l{~~) MO: 
C 

0: (n,£ ) 

M C 
~ 

6 C the average excitation energy defined by (3.12). 
0: 

8J.°nce both on
c

£+ and ~£- old . 1 0: M_ ,Ot are J.nvo ve J.n our case, we rep ace MC 

in (3.12) by its- average 

and set 

2(2£ + 1), for each closed subshell. 

(3.15) 

Thus, combining (3.12) - (3.15), we finally have 

and thus 

L 
0: 

o C 
0: 
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As discussed earlier, the ionization of the target ions is 

also possible through the excitation of an inner-shell electron followed 

by an Auger transition. This is then related to the transition matrix 

elements ~£± to all the allowed bound state levels and also to 

the fluorescence yield. If we denote, -by vlo( the probability that an 

Auger transition will follow excitation from the- orbital ,state 01., the 

cross section for ionization following collisional excitation is 

__ (Nn.) 

which follows from the argument similar to that was used to obtain (3.16), 
'and thus 

L 0o:A 

0: 

~e ~ 
In (3.18),~Wo: are given by the fluorescence yield Yo: as Wo: = 1 - Yo:' 

and the actual values used in our calculation are given in Fig. 2, ,dth 

Wo: = 1 for n ~ 3; ~B is the average excitation energy of the 

o:th subshell, and 

(3.20) 
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The total ionization cross section is finally given by 

a 

(cr C + cr A) 
a a 

for each set of parameters ZC' ZI' and E. 

In ac~ual calculation, we simply used 

6.
C 

a 
B 

"'" 6.a ~ Er 
t~ntial for the electron 

(3. 2l ) 

(3. 22 ) 

Since the cross sections depend on 
uhere EI is 
in the highest filled subshell. 

1 the cho~ce (3.22) is not expected to affect 6. only logarithmical y, ~ 

the result drastically. An improved treatment of the log factor is 

possible, however, and this is outlined in Appendix B, where a 

procedure to estimate the average excitation energy is presented. 

When the incident electron is relativistic, we have to modify 

(3. 16 ) and (3.18) slightly as
8 

and 

where 

y 

2 e 
-ric 

1 
137 

~ = vic. 

(3. 24 ) 
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Thus, we have explicitly, at high energies with relativistic electron 

2 
beams and with E =t me , 

cr C 
a 

cr a 
A 

In Table VII, both nonrelativistic forms (3.16), (3.i8), and 

the extreme relativistic forms (3.25), (3.26) of cross sections are 

used to calculate the total ionizations. The result at Eo= 1 KeV and 

at 10 KeV seems to agree reasonably well with the earlier calculations 

and also with the experimental value. We note that the contribution of 

crA is not negligible. 

Individual values of and 

Z = Zc - ZI are presented in Fig. 3. 

~ for various Zc and 

For given Z, crC seems to 

dominate at small ZC' but this trend is reversed for large ZC' with 

cr
A 

dominating at high ZC' The total ionization cross section ~ 

is given in Fig. 4 for an electron energy of 20 ;-iev. The cross 

section at other energies may be scaled from Fig. 4 and Eqns. (3.10), 

(3.18), (3.25), ~~d (3.26). 
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IV. DISCUSSION 

The ionizatior: cross sections that \-re have obtained in Section 

III are based on a rather crude model for the electron orbital states. 

The comparisons in Tables VI and VII \-lith tDe corresponding exact 

calculations given in Ref. 8 (for hydrogen, however, so that direct 

comparison is not possible) and \-lith some experimental cross sections 

provide an indication of the accuracy of our cross sections. He 

have made severa.l of the I standard I high energy approximations and 

these of course limit the energy range over which our expressions 

can be used. 

of 

The previous estlirrates3 

d A , which requires both 

of 
_K 

~ 

(5"1 do not include the contribution 

and We>( • Since (fA seems to 

dominate the ionization cross sections at high Zc ' any agreement 

existed previously between the theoretical calculations and experiments 

could be fortuitous. 
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APPENDIX A 

The calculation of the eigenvalues and eigenfunctions with the 

local potential V(r) given in Sec. II is well known, but we briefly 

describe tte procedure used in our calculation so that results at other 

. values of Zc and ZI than those presented here could be readily 

reproduced . 

The single-particle energies and wave functions are calculated 

in the usual way by solving the radial equation 

[ 
d2 £(£ + 1) ] . 

- - + 2 - + 2V(r) + En£ Rn£(r) 
dr

2 
r 

o , (A.l) 

where En£ is given in Rydberg units. Since a large variation in 

Zc and En£ is involved, we rescale the variable r such that (A.l) 

becomes 

o , (A.2) 

with 

s 

V(s) 

The solutions obtained by integrating (A.2) in from the large values 

of s and out from s ~ 0 are matched at s = sO' So ~ 20 h with 

t = 0.2 in the above unit. 

The starting values for the integrations are calculated as 

follows: 

-ler 

(a) s = 0 region: 

t " 10 Using the expansion of the regular Whittaker func ~on, 

where 

k 

m 1 
2" 

~ ~(s) 1 1 [ s2+m e-zs 1 
1 2" + m - k 

+ l~ (2m + 1) s 

That is, the dominant part of V(r) near r = 0 is taken to be purely 

Coulombic with the charge ZC' The correction to the wave function 

coming from the non-Coulombic part of V(s) is then included by 

integrating out with the finer mesh size h' = O.lh. In this way, the 

starting values of Rn£ and R~£ at s = h for further integration 

outward with DB = h are generated. 

(b) s large: 

Since the core charge Zc is in general screened by the 

(zC - ZI - 1) electrons, we have to modify the value of k in the 

region of large s, as 

k --? K 

.m 

Thus, we havelO 

1 
2 . 



R 
nt 

+ 

"" W (s) 
KIll 
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e -~ SK {l + _m2_---:-(-:"K_-_~_)_2 
l:s 

(A.4) 

Typically, the starting values are evaluated at s "" 27 in the rescaled 

atomic units. 

(c) The matching of the logarithmic derivatives is made at 

s = So = 20h, 

The value of 

where 

0.2, except when they are very small in this region. 

guessed initially is corrected by the formula 

• [vt'!Vt - ut'!utJ-
l 

s=sO 

and in, respectively. 

are the functions obtained by integrating out 

With a reasonable initial guess on E(t) the 
nt ' 

procedure converged within five iterations to an accuracy of one part 

in Note that the variable r is rescaled as Ent is changed. 

In view of the crudeness of the model used, the eigenvalues 

Ent are not expected to be very accurate, especially for the higher 

excited states. In fact, the variations among the values obtained with 

-2lr 

different models are substantial. Therefore, Rnt and Ent are 

calculated here only to the accuracy which is sufficient to give a 

rough estimate of the excited states involved. 

• 
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APPENDIX B 

The average excitation energies' ~B and ~c introduced in 

Sec. III may be estimated more accurately if we write, by definition, 

and similarly for 6 C 
ex where 

of the ~-sum is such that 

< ~B < ~ 

is given by (3.13). 

I (B.l) 

The range 

(B.2) 

lbe right-hand side of (B.l) may be evaluated using the identity 

(B.3) 

where the operator D is defined such that 

o 

Therefore, (B.l) may be rewritten as 

(E~ > 0 for bound states) , 

(B.4) 

-22-

where 

As in Sections II and III, we may now replace the 

their semiclassical approximations. That is7, 

~ ~ ~ sin (p(v)0 
211 u \.:: ') 

and 

-.: ..L IP (v) _-.£.=-..=.;,;:~:..t.-_ ~ pdp sin (pu) 
2 

11 U 0 . 2Eex - cp - 2cV(v) 

(B·5 ) 

(B.6) 

(B.8) 

where V(v) is the single-particle model potential defined in Sec. II. 

Similar expressions can be derived for ~ C by replacing in (B. 5) the 

subspace lable B by C. 

We do not consider (B.5) further in this paper, since tuB 

and ~C appear in the cross sections only logarithmically so that 

their effect would not be expected to change the overall estimate of 

cr in any serious way. 
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Table I. The parameter d in the single-particle potential as given 

in Ref. 6. The same values are used for all ZI at each ZC. 

(Atomic units.) 

. " 
Zc d 

r 10 0·500 

20 1.154 

30 0.612 

40 0.866 

50 0.841 

60 0.938 

70 0.654 

80 0.671 

I ( 

, . ... 

-2b-

Table II. The energy eigenvalues calculated with the single-particle 

model potential of Ref. 6, for the core charges Zc = 10, 20, 30, and 

40. The values of ZI are chosen for all closed subshells. The 

energies- En£ are given in Rydbergs . 

ls 

40 
; 

38 11598 
i 

36 11591 
j 

30 11559 

28 1547 

22 1503 

12 1419 

10 1401 

4 1343 

2s 

365·2 

355·1 

322.1 

261.1 

248.2 

2p 

364.6 

354.0 11 

319.2 

254·5 I 
240.81 

198.6 

3p i 3d 
I 

4s i 4p 
( 

142.8 

119·5 117. 2 

79·0 76.0 70.0 

70.8 67·6 60.0 25·7 

46.5 42.7 33.4 11.6 i 10.7 
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Table III. Same as Table II, for Zc = 50 and 60. 

I 

ZI i ,ls 2s 2p 3p 3d 4s 4p 4d 4r 

,1 I" I 50 I 48 ! 2498 [ l I I 
·1 I 46 ! 2491 I 616 i ! I I I 
f ! 40 'I' 2459 "f 588 ! 588 1\ I \ ! 

i I I l! II i I 38 ! 2446 !. 578 i 577 I 22
1

3

3

9 '~:f 212 j f 
1, i 32 I 2402 I 542 1 540 II, I I II, 

; I 22 2}L5 1 476 1 480 1166 I 164 156 f ! ! I I 20 2296 1 462 I 456 157 1'50 146 I 68 1 I 
! \ 14 2237 I 419! 410 I 128 S 124 113 ~ 49 ,48 ! ! 

'I-i __ 1-'1 _~ .. .;,_-=~~~.I. 2~t! ~29 1._7_9-+1_7_3-+_6_0...;ij-' _1_9_l-f' _18_+-!~ _1_3 -t---l! 
! 60 I 58 i 3598 i ! lit 

~I. I 56
1 3591 j 890· I III J I'.'., ! 

50 ! 3559! 862 862j I I! I 
I 48 I 3545 '851 851 359 I I 
! 42 3501 814 I 813 331 330 ' 

1 32 , 3413 745 740 280 277 270 I 

I :: :::: :: ::: ::: ::: :: : 1021 

! 14 3224 602 590 181 175 161 ~ 67 65 

I : :::~ ~:: ~:: ::: ';: ~ :: :: 10 

19 I 29 

"' 'H lH 
I QJ 

.-I 

~ 
E-i 

'" oj 

. 
:> 
H 

QJ 
.-I 
,n 

\~ 
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I---l'""--,-.-------~" "---"--" -------"'-------4 ~ 1 

[- i 'd 

o co I ~ 
~ ( c: 

~--~----~--__ ------__ -----------____ -+---------4 j 
~ c: 

~ ~ C\J I 0 
~ If'I C\J 1 0 

~-_I_----_---_-----_---.-_-.,-i-_.-_-_- QJ 

co ~ ~ t<'\! :;:j 
~ C\J ~ t<'\ i <1l 
.-1.-1 ; E-i 

I--~---------'-------.----.--.----t--.-----
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1--+-------
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'" C\J 

'" .-I 
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Table IV continued. 
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Table VI. Comparison of the transition probabilities to the 

continuum as calculated here and those given in Ref. 8. 

is defined by (2.13). 

Zc ZI nt cnt cnt 

10 0 10 0.28 0.36 

20 0.21 0·30 

21 0.13 0.20 

60 0 10 0.28 0.30 

20 0.21 0.14 

21 0.13 0.32 

30 0.17 0.14 

31 0.14 0.20 

32 0.07 0.27 

40 0.15 0.18 

41 0.13 0.22 

42 0.09 0.54 

cnt 
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Table VII. The ionization cross sections cP , cJ, and oI in units 

f 2 h a Bohr radl·us dB corresponds to total o rraO ' were 0 = ' . 

excitation cross section to all the bound states, where the effect 

of the exclusion principle is neglected. The experimental values 

are summarized in Ref. 3. 

EO = 1 KeV: 

(rra02 unit) 

EO = 10 KeV: 

E = 20 MeV: 

dB = 0.363 

cP = 0.396 

cJ = 0.087 

;: = 0.483 

dB = 0.053 

C 
a = 0.058 

cJ = 0.013 

;: = 0.071 

dB = 0.0049 

C a = 0.0083 

cJ = 0.0019 

;: = 0.0102 

Exp. ;: "" 0.07 

" 

. ~' 
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FIGURE Ci\P'l'IONS 

The transition pl'ob!.bilities ",f 
l· ... 

D to all the allm-lod hound 

states and EC to all the continuum, at Zc = 30. The 

numbers next to each C1J.rve are (n£+) or (ni.-). The solid 

lines are the 1<1D values, while the dotted lines are for NCo 

Fig. 2. Tbe relative Auger branching ratio as estimc.1.ted from the 

fluorescence yield calculations. 

Fig. 3. The estimated ionization cross sections 
c 

0' and (fA 

corresporiding to the direct excitations to the continulW and 

the excitations to bound states followed by the Auger 

emissions, respectively. z = Zc - ZI ,where Ze is the 

core charge and ZI is the degree of ionization of the 

target before the collision. All values are given in 
2 

1f a
O 

units and the electron energy is 20 lJlev. The solid lines 

are the values for 0' A , while the dotted lines are fot (Y'C. 

Fig. 4. The total ionization cross sections for 20 !-lev electron as 

functions of Zc and 2 = Zc - 21 • 

2 . 
171 1l aO unl ts. 

All values are given 
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r-----------------LEGALNOTICE------------------__ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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