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Thermodynamics of the Unsymmetrical Mixed Electrolyte HC1-LaC1 3  

Rabindra N. Roy and James J. Gibbons 

Department of Chemistry, Drury College, Springfield, MO 65802 

and 

J. Christopher Peiper and Kenneth S. Pitzer 

Department of Chemistry and Lawrence Berkeley Laboratory 
University of California, Berkeley, CA 94720 

Abstract 

The contribution of higher-order electrostatic terms (beyond the Debye- 

+3+ - Huckel approximation) has been investigated for the system (H ,La ,C1,H20). 

E.m.f. measurements were carried out on solutions at temperatures from 288.15 K 

to 318.15 K, and at ionic strengths from 0.1 to 5.0 mol kg 1 , using hydrogen 

and silver-silver chloride electrodes. From these measurements it is possible 

to determine the Pitzer mixing coefficients S8 	
and j 	as a function H,La 	H,La,Cl 

of temperature. They are well-represented by linear equations yielding 

temperature-invariant estimates of 3(S0 	
a 	 ,La,C 
)/T and D(i 	1)IT. These 

estimates may be used to predict the relative apparent molal enthalpy for aqueous 

+3+ 	- solutions containing H , La and Cl with reasonable confidence. A brief table 

of the enthalpy and the activity coefficients is included. 

?I. 



Introduction 

At finite concentration the properties of an electrolyte solution are 

complex functions of short-range forces between solute ions and of long-range 

(electrostatic) forces. The theory of Debye and HUckel assumes only the latter, 

together with a uniform hard-core repulsion, and leads to a knowledge of the 

limiting behavior of such solutions. "Higher-order" limiting laws arising 

from purely electrostatic effects may also be developed from a more complete 

theory; Friedman1  discusses these, including a law for unsymmetrical mixing 

of ions of the same sign. Since short-range interionic forces have substantial 

effect on solution properties at rather low concentration, it is not easy to 

isolate the purely electrostatic terms in treating experimental measurements. 

It was shown by Pitzer 2  that the limiting law for unsymmetrical mixing could 

be extended to an expression valid at finite concentration and that the inclu-

sion of this term resolved an anomaly in the properties of the system HC1-A1C1 3 . 

The importance of this electrostatic function for unsymmetrical mixing was 

demonstrated impressively by Harvie and Weare 3  in their calculations on 

mineral solubility in the system Na+ ,  K+, Mg, Ca, Cl, SO4 , HO at 25 ° C. 

The present study extends our understanding of unsymmetrical mixing effects by 

very precise measurements over a range of temperature on the system HC1-LaCl 3 . 

The measurements are treated In the system of equations46  for electrolyte 

properties based on a Debye-HUckel term plus virial coefficients (or interaction 

coefficients) for short-range interionlc interactions. Pair and triplet inter-

actions usually suffice, but the secOnd virial coefficients are functions of 

ionic strength in an electrolyte. The higher order electrostatIc function for 

unsymmetrical mixing Is easily included as a contribution to the second virial 

coefficient. 

The temperature derivative of the mixing parameters for the Gibbs energy 
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is related to the heat of mixing, and in an accompanying paper 7  the experimental 

data on the heat of unsymmetrical mixing are treated. That paper reviews the 

basic theory and the related thermodynamics, hence those aspects will not be 

repeated here. 

Experimental 

Potentials for the cell 

Pt,H2 (g)HC1(m1),LaCl 3 (m2)AgCl,Ag 	 (1) 

were measured at 288.15, 298.15, 308.15, and 318.15 K, and at ionic strengths 

from 0.1 to 5.0 mol kg 1 . Solutions were prepared from reagent-grade hydro-

chloric acid, which was twice distilled to azeotropic composition, and reagent-

grade lanthanum chloride, which was recrystallized three times from aqueous 

solution. Analyses of stock solutions of these reagents were carried out 

gravimetrically by precipitation of silver chloride. The molalities of HC1 

and LaCl 3  were determined to within ±0.01 per cent and ±0.02 per cent., 

respectively. Sample solutions were prepared by mass dilution of the stock 

solutions. Electrode preparation, 8 ' 9  purification of hydrogen gas, cell design, 

temperature contol and stability (±0.02 K), and other experimental details have 

been given elsewhere) 0 '
11 

 

	

Measurements of the e.m.f. were made using a Leeds and Northrup type K-S 	
ltll 

potentiometer in conjunction with a Leeds and Northrup model 9829 D.C.  null 

detector. Stable, drift-free readings were always obtained, even in the most 

concentrated solutions. Equilibrium was assumed to have been attained when the 

e.mf. remained constant (to well within 0.1 mV) for 30 mm. at ionic strengths 

below 1.0 mol kg, and for 15-20 mm. above 1.0 mol kg 1 . All data are 

listed in Table I. 



As a check on technique, standard potentials of all Ag-AgC1 electrodes 

were determined at all experimental temperatures. Cell 1 was used with 

= 0.01 mci kg 1  and m2  0 mol kg, as suggested by Bates, et al. 12  

The standard potentials thus obtained were in excellent agreement with 

previously published values. 13  

Theory and Equations 

The Nernst equation for cell 1 is 

E = E ° (Ag,AgCl) - 

	

RT  1[m 	)mll) 	'0 ½ 

mO 	
P(H2) 	(2) 

Herein: E(Ag,AgC1) is the standard potential for the silver-silver chloride 

electrode, F is the Faraday and R,T retain their usual meanings. The ionic 

	

activities are given by the product 	where m has dimension mol kg 1 . 

The hydrogen fugacity may be assumed equal to the hydrogen pressure P(H 2 ) 

in this work. The quantities m 0  and P0  are included to ensure dimensional 

correctness and have the values 1.0 mol kg 1  and 1 atm = 0.101325 MPa, 

respectively. In light of the results of Bates, et al., 
12 
 concerning the 

behavior of silver-silver halide electrodes, values for E (Ag,AgC1) were taken 

from reference 10. All physical constants were taken from reference 14. 

The activity coefficient of HC1 appearing in equation 2 is given for a 

mixed electrolyte by Pitzer and Kim5  (their equation 15) and more recently 

by Pitzer2  (his equations 26-30). For ease of reference, we reproduce those 

equations here. The activity coefficient of HC1 in a solution containing 

LaCl3  is given by 

3 



ln(YHC1) = f1  + (m + mCi) (BH Cl + mC1CHC1) 

+ mIa(BLa Cl + mC1CLa Cl + 0H La 

+MHC mi(Bi + CHc1) 

+amCl( aCi + CLaC1  + ½ H,La,Cl 

+ MHmLa(0,La + ½ *HLaCl) 	 (3) 

[_½ fy = 1, + 1 ln(l+b1½)] ; 	 (3a) 

2 1 ) 

B. 	 + 	[l-(l+ctI1) exp(-a11)]; 	 (3b) 1,3 	i,J 	2 

B' 	= - 
	

[l-(l-ktI1  + ½ct 2 1) exp(-ctf)}; 	 (3c) i,j 	c I 
2 2 

C.  
C 	= 
i,j 	 ½' 

2 1z z ij 

(3d) 

0H,La = 
EGH,La  + SOH,La; 0H,La = 	 (3e) 

Herein: f' is the Debye-Hückei function for the activity coefficient with 

parameter A. Values of A, of dimension kg½  moi, are given by Bradley and 

Pitzer. 	The parameter b has the standard value 1.2 kg 2  mci 2 The molality 

of ion I is given by m. and the ionic strength by I, both have dimension mci 

kg 1 . The second and third virial coefficients for a pure electrolyte ij are 

B 4  . and C 
i,J 

., and have dimension kg mol and kg 2  mol 2 , respectively. The 

second virial is assumed to have some dependence upon the ionic strength, as 

represented above with an equation in two adjustable parameters, a (0)  and 
1,3 	1,3 

4 
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These parameters have the same dimension as B . 	a has the value 2.0 kg½  mol. 
123 

B. is the ionic strength derivative ofB i'j with dimension kg 2  mol 2 . The 

ionic charges, in protonic units, enter into the formula for the third virial 

as z. 1  and z 3 	 13 	 1,J 
. and relate C.. to the parameter C . which was originally defined 

for the osmotic coefficient and is normally tabulated. The mixing coefficients 

O H,La  and i4 H,La,Cl arise from the difference in 	 interaction between 

+ 	+3 	 + 	+ 	+3 	+3 H and La from the appropriate mean for H - H and La - La , and are 

defined in several papers. 26  

Using the notation of Pitzer, 2  6 
 H , La  may be decomposed into electrostatic 

and short-range contributions E0 
H,La and S0 H,La . The term E0 H,La has an ionic 

strength derivative E OI,La ; the corresponding term for short range forces 

S0 
H,La is assumed to be independent of I. The electrostatic terms E0 . and 

1,3 
E0 	

may be calculated a priori from formulae given by Pitzer. 2 ' 7  

Z.Z. 
E 0 	= 1] 

1,3 	41 [J(xi.) - ½J(x 1 ) - ½J(x)] 

E 
zz 

E 0 t 	= - 	 iJ + 	1 [x 	J'(x 	) - lix J'(x 	) - ½x 	J'(x 	)] (4b) 
1,3 	 I 	

81 	
i,j 	i,j 	i,i 	i,i 	j 'i 

where z,, z. and I have been defined above. The univariant function J (and 
1 	3 

its derivative, J') is obtained from cluster-integral theory with omission of 

short-range forces. The variable x 	 is defined by 

x. . = 6z,z. A 12. 
1,3 	13 

(5) 

The functions J and 3' are given by Pitzer2 ' 7  in integral and series form. 

The latter is useful only for x 1 	:~ 0.10, which, fortuitously, is the region 

where numerical integration is difficult. Dropping for the moment the sub-

scripts on x, one obtains 

(4a) 



p-i p-3 
J(x) = - p3 
	

+ Icr) 
p!(p-3)! 	

(6) 

The quantities K are constants given as sums involving Euler's constant, lnp 

and integral fractions; the first few values are K 3  = 0.41970, K4  = -0.292608, 

K5  = -0.369464 and K6  = -3.00381. From eq (6) one may obtain 

	

00 	

fl/ 

p-2p-3 
J'(x) = - 
	

[l+(p-l)(inx + K)I p !(p _3)! 
p 3  

The error in truncating either series at P = 6 for x = 0.10 is less than 0.5 

percent., which was calculated by comparison to the direct numerical result. 

For x > 0.10, numerical methods are most precise. The integrals given 

by Pitzer2 ' 7  may be rearranged via variable substitution to yield: 

1 

	

X - + 1 	mt 	
q 

	

J(x) = 	 - (l-e )dt 	 (8a) 

1 

	

J'(x) = I + I 	[l_(l_q)e]dt 	 (8b) 

J o  

xt 
q 	. 	 (8c) 

Int 

A variety of numerical techniques may be used to compute these integrals; the 

authors prefer a 200-point Gauss-Legendre method. 

The temperature dependence of E OH,La  and E e L  derives solely from that 

of A, as indicated in eq (5). This knowledge, plus precise e.m.f. measurements 
4' 

interpreted via eq (2) and (3), allows the determination of S OH,La  and ip H,La,Cl 

as functions of temperature. This analysis assumes that the virial coefficients 

appearing in eq (3) are known over the temperature range of interest. This is 

in fact the case if it may be assumed that, e.g., 
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(0) (T) = 	
298.l5 K) + (T-298.l5 K) La,C1 	La,C1 	

/298.15K 

and similarly forthe remaining pure-electrolyte parameters. Table II gives 

values for all HC1 and LaC1 3  parameters, and their temperature derivatives, 

S at 298.15 K. Thus, only the mixing parameters 
0H,La'  and  H,La,Cl  remain 

unknown. 

The excess enthalpy of HC1-LaC13  mixtures may be calculated from the excess 

7 	 ex Gibbs energy 6,  by the usual differentiation. For these mixtures H is given 

by 

H ex 

	

nRT = H - 2 .T mHmCl 	BHC1 + m1 	CHC1I 

	

- 2 T mLamC1  [ B+ mi 	CLad] 

- 2T flittJ a  [-if 0H,La + 4 m1  T H,La,C1 

	

H = A HI ln(l+b1½) 	 (9a) 

Here, 
fH 
 is the Debye-Huckel function for the enthalpy, with parameter A. fl  (of 

dimension J kg ), mol-3/2 	 15 
) as defined by Bradley and Pitzer. 	Once more the 

	

mixing parameter a  6 	may be separated into electrostatic and short-range 

effects 

3 
3T 0H,La = 3T 0H,La + 3T eHLa. 	 (10 ) 

The electrostatic contribution may be calculated from eq (4a) 

3x. .1 

	

Z•Z. f 	3x 	. 3 fE 	 I 	(x 	) 	 (x 	) 	- ½J'(x. .) 0 ij) 	41 	i,j 	3T 	i,i 	3T 	j,j 	3T 
 j 	

(1 



From eq (5) one obtains 

3x. 	3z z. 
1,J = 	i j 

2RT2  
(12) 



Results and Discussion 

Linear least-squares procedures were used to fit eqs (2) and (3) to the 

experimental data. Only isothermal fits were performed. All points were 

given equal weight as measurements of E. The pure-electrolyte parameters 

were taken from references 16-18. For each isothermal fit, the only unknown 

parameters were S0 	
and H,La,Cl' 

The unlmowns S OH,La  and 
H,La,Cl  may also be estimated by a graphical 

procedure. This procedure defines the quantity AlnyHCl  as the difference 

between the experimental value of lnYHCl  calculated from (2) and that cal- 

S culated from eq (3) with 
0HLa 

 and 
 H,La,Cl  zero. This yields 

(lnYHCl)/mLa = SORLa 
 + "12 (m + m1) iPH La Cl 	

(13) 

so that a plot of (lnyHCl) s1'ThIa vs .1  (md + mci)  should give a straight line 

with intercept S0 	and slope H,La,C1  Figure 1 shows at the top a plot 

of this type for the data at 298.15 K. Care must be exercised when using 

this procedure, since a constant uncertainty in the measured e.m.f. leads to 

an uncertainty in (Lln'y'HCl)/mL  which is greatly magnified for small La3+ 

molalities. However, we recommend construction of such plots as a visual 

check on the least-squares calculations. 

The quality of the measurements and of the fit is better judged from the 

deviation of measured from calculated values of E shown on the lower part of 

Figure 1. When the 
E0 
 and 

 E0, 
 terms are included (solid circles), the 

deviations are randomly positive and negative and rarely exceed 0.5 mV. 

Also plotted on Figure 1 are the results (as triangles) if the higher 

order electrostatic terms are omitted. The systematic departures are apparent, 

primarily for dilute solutions. 



The values are given in Table III of S0, H,La,Cl' and the standard 

deviation of fit determined at each temperature via the least-squares procedure, 

and Figure 2 presents the temperature dependence of the results graphically. 

The errors bars correspond to the standard deviations of the parameters as 

determined by the fitting procedure. Also included in Table III are values 

of the standard deviation and of 0H,La 
 and  'H,La,Cl 

 determined without EOH,La  

and Ee L ; inclusion of the higher-order electrostatic terms is clearly 

indicated by the standard deviation values as well as by Figure 1. The 

mixing parameters are well represented by the equations 

S OH,La  = 0.281 + 0.0018 (T-298.l5) 

	

H,La,Cl = 0.006 - 0.0025 (T- 298.15) 	 (14) 

The temperature coefficients of these parameters are then 

( S OH,La ) 	= 0.0018 ± 0.0007 

T 	
H,La,Cl = -0.0025 ± 0.0003 	 (15) 

where, again, errors were determined via the least-squares fitting procedure. 

Most of the earlier measurements 192' for this system are not sufficiently 

precise to contribute to those aspects considered here. The most recent study 

that of Khoo, et al., 22 reports data with precision comparable to the present 

study but only for 25 ° C and only to I = 3 mol kg 1 . They used slightly dif-

ferent pure-electrolyte parameters and there are small differences in the 

reported E values for pure HC1. In general, the results and conclusions of 

Khoo, etal., for 25 °C are the same as those of this investigation. 

The activity coefficients of HCl and LaC1 3  and the 

excess enthalpy were calculated by eqs (3) and (9-11), and are presented in 



Table IV. The enthalpy of mixing is the difference between the next to last 

column (y = 0.5) and the average of the adjoining columns (y = 0,1). These 

calculations are reasonably straightforward; hence we have not made efforts 

to provide extensive tables. 

11 
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TABLE II. Ion-interaction Parameters at 298.15 K 

HC1 LaC1 3  

(0) 01775a 05889b 

(1) 0•2945a 560b 

C O 000080a 002383b 

x 10 -3.081 2.5267 DT 

DT 	
x 10 1.419 79.80 

30  x 10 4 	 0.6213 	 37144b 

a From reference 16. 

b From Reference 17. 

C From Reference 18. 
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Figure Captions 

Figure 1. The upper plot shows the composition dependence of (M.n y HCl"a 

at 298 K eq.(13). Data for (mH  + mCl)/2 < 0.2 mol kg 1  are not 

shown: the uncertainties for these points are large and the 

' deviations are negative and very large if E 0H,La and E 0H,La are 

neglected (the triangles). The straight lines represent least-squares 

fits to the e.m.f. data. The lower plot shows the residuals 

(E 	-obs 	caic 
E 	) for the data at 298 K, for least-squares calculations 

with and without higher-order electrostatic terms, circles and 

triangles, respectively. Note the definite dish-shaped curvature 

for the fit without these terms. Obviously, the data at low ionic 

strength are much better represented with inclusion of E OH,La  and 

E' 
0H,.La 

Figure 2. 	The temperature dependence of the mixing parameters S OH,La  and 

'PH,La,Cl 	The fitted lines are given by eqs. (14). 
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