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Abstract

When communicating our conceptual knowledge to others, we
can either provide examples, or provide the defining rule of the
concept directly. Here, we propose a normative computational
theory of when people should use each mode of transmission.
Our model is based on the idea that teachers who are uncer-
tain about a target concept prefer to induce a similar struc-
ture of uncertainty in the learner’s mind. Simulations show
that example-based teaching more effectively communicates
conceptual uncertainty, whereas rule-based teaching is more
efficient when teachers are confident. A pre-registered study
using a “number game” paradigm (n=100) supports this ac-
count: participants assigned the role of teachers made choices
that align with the model predictions when deciding whether
to communicate examples or rules. Subsequent participants
(n=100) that learned from these messages showed uncertainty
patterns that sensitive to the mode of communication, and were
similar to the uncertainty patterns of their teachers.

Keywords: Social Learning; Rational Pedagogy; Rational
Speech Act; Bayesian Inference

Introduction
When teaching concepts to others, there are two main ap-
proaches we can take. The first is to provide examples of
objects that do or do not belong to the concept, relying on
the learner’s ability to generalize from examples. The sec-
ond approach is to define the concept explicitly by specifying
the features that are relevant for its definition and outlining
its boundaries. To date, most models and theories of concept
learning in cognitive science have been concerned with the
first form of learning, with classical experimental paradigms
involving children or adults learning concepts from examples
(Rosch & Mervis, 1975; Shepard et al., 1961; Tenenbaum,
1999). Similarly, recent computational theories of pedagogy
have focused on how teachers choose examples to provide to
learners (Chen et al., 2024; Shafto et al., 2014; Vélez et al.,
2023), rather than on cases when teachers directly communi-
cate a defining rule. Nevertheless, humans frequently learn
and teach concepts through explicit rules: we write dictionar-
ies and legal statutes that carefully define concepts for others
to interpret, and our formal education systems often ask stu-
dents to recite explicit definitions related to the subject matter.

Many factors might lead a teacher to rely on examples
rather than explicit definitions: the formal definition of a con-
cept may not align with how the knowledge is intuitively per-
ceived and represented (imagine teaching the color “red” to
a child by telling them that red light has a wavelength of

625–750 nanometers), or the language may lack some words
necessary to communicate rules effectively (Zettersten et al.,
2024). Such considerations, however, are not the focus of
the present research. Instead, the model, and the empirical
study that follows, demonstrate that even when examples and
rules are expressed using the same representational system
(i.e., numbers), teachers’ preferences for each mode of trans-
mission additionally depend on their uncertainty about the
concept boundaries.

We often use, and even teach to others, concepts whose
boundaries we regard as uncertain. We might not be certain
at what age a person becomes “old”, but would nevertheless
confidently cite our grandparents as examples if asked about
the meaning of the word. In such scenarios, giving examples
can help the learner develop a probabilistic, graded represen-
tation of the concept “old” – similar to the one we, as teach-
ers, possess – that will allow them to apply the concept flex-
ibly in different contexts. In contrast, communicating your
best guess in the form of a clear-cut rule – “every person
above 70 years of age is old” – might be counterproductive,
as it will make the learner overconfident in a hypothesis you,
as a teacher, are uncertain about.

In this project, we formalize this notion, deriving a norma-
tive model of when a rational teacher should choose to com-
municate a concept via examples vs. rules. Our analysis is
built on the assumption that the objective of teaching is not
only to convey rules, but also the graded uncertainty structure
regarding the nature of these rules (stated formally, to com-
municate p(H) instead of h∗). Of course, both clear-cut rules
and graded concept representations can be communicated in
both ways. The size principle in Bayesian concept learning
(Tenenbaum, 1999, 1998) guarantees that after being given
many examples, rational learners will represent the concept
with clear-cut boundaries. In contrast, a probabilistic, graded
concept representation can be communicated in the form of
a rule by laboriously stating the level of confidence for dif-
ferent situations (“Be 100% sure that a person over 80 is old,
90% sure about 70 to 80. . . ”, etc.). However, in accordance
with the rational speech act theoretical framework (Frank &
Goodman, 2012; Hawkins et al., 2023), we model teachers as
being cost-sensitive, namely, trying to balance the message’s
informative value with its length. As we shall see, this will
lead them to communicate high-uncertainty concepts through
examples and low-uncertainty ones through definitions.
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Computational Model
Settings
The model assumes a continuous concept learning task where
the goal is to learn a mapping from a point in Rk (a location
in a k-dimensional feature space) to a binary category label.
The hypothesis space consists of concept definitions that cor-
respond to continuous regions of the feature space and can be
represented as a lower and upper bound for all dimensions.
Each hypothesis maps a coordinate to concept membership:

hb0,b1(x) =

{
1, if b0

i ≤ xi ≤ b1
i for all i ∈ {1, . . . ,k},

0, otherwise.

In the case of a unidimensional feature space (where our
simulations and experiment are set), hypotheses are simply
ranges of numbers, defined by an upper and a lower bound.

A learner is provided with a message m (either a rule or
a set of examples x1, . . . ,xk) and uses hypothesis averaging
to decide, for each new object encountered, its probability of
belonging to the concept (posterior predictive distribution).

p(x ∈C) =
∫

h(x)p(h | m)dh

Learning Process
Learning From Examples When the learner receives a set
of k positive examples X = x1, . . . ,xk as their message, they
use a previously established Bayesian inference algorithm
(Tenenbaum, 1998, 1999) to update their posterior over the
hypothesis space. Specifically,

p(h | X) ∝ p(X | h)p(h)

where the likelihood p(X | h) is given by the size principle
under the strong sampling assumption:

p(X | h) =


(

1
|h|

)k

, if h(xi) = 1 ∀i

0, otherwise

Learning From Rules Alternatively, the learner can re-
ceive a message in the form of a rule, rather than data con-
sistent with it. Such a message can be represented as lower
and upper bounds for all the m dimensions – exactly how hy-
potheses are represented. Assuming a perfect communication
channel without any noise added, the learner updates their
posterior in the following way when provided with a rule R:

p(h | R) =

{
1, if R = h
0, otherwise

Teaching Process
Our model draws inspiration from previous work on rational
pedagogy (Shafto et al., 2014), which defines the teacher ob-
jective as increasing the learner’s belief in the true hypothesis

about the target concept. However, we add a crucial compo-
nent to this model: the teacher can have uncertainty over what
the correct hypothesis is. Thus, the objective of the teacher is
not to increase the learner’s belief in a single hypothesis, but
rather to replicate their own structure of uncertainty (posterior
over H) in the learner’s mind. We use the Kullback-Leibler
(KL) divergence as a measure of the correspondence between
the teacher’s and learner’s posterior distributions, and set the
objective of the teacher to find the message that minimizes it.

m∗ = argmin
m

DK L

(
Pteacher(H)

∥∥Plearner(H | m)
)

However, our teachers are cost-sensitive communicators.
They do not only care about sending the message that would
reflect their hypothesis distribution with the highest precision,
but also prefer to avoid sending long messages. Thus, we de-
fine the message utility function to be:

U(m) =−DK L

(
Pteacher(H)

∥∥Plearner(H | m)
)
−λ∗Cost(m)

where λ is a free cost-sensitivity parameter, and the cost of
a message is determined by the number of numbers included
in the message. For example, in the unidimensional case, the
cost of sending a rule is 2 (because the teacher needs to spec-
ify one lower bound and one upper bound), and the cost of
sending examples is just the number of examples included in
the message.

Teaching With Examples When teaching with examples,
the objective of the teacher is to find the set X of k positive
examples with the highest utility according to the utility func-
tion specified above. However, if we allow large example
sets, the number of possible example sets explodes combi-
natorially (there are about 2× 1013 example sets of up to 10
examples). Therefore, we use a greedy algorithm, where at
each step, the teacher chooses between either adding the sin-
gle example that maximizes the message utility or stopping
and sending the already curated example set.

Xt+1 =

{
Xt ∪ argmax

x
U(Xt ∪{x}) if U(Xt ∪{x})>U(Xt),

Xt otherwise.

Teaching With Rules When teaching with rules, the
teacher chooses the rule that maximizes the utility function
described above: r∗ = argmaxr U(r).

Deciding Between Examples and Rules The teacher de-
cides whether to deliver a rule or a set of examples based on
their respective utilities in a stochastic way using a softmax:

P(choose r |Ur,UX ) ∝ exp(βUr)

where β is an inverse temperature parameter.

Simulations
Simulation code, as well as experimental data and analy-
sis code, are available on the project GitHub repository:
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https://github.com/arielevy8/examples-rules-uncertainty. We
explore the model through simulations in a unidimensional
setting, where the target concept is a continuous range of in-
tegers between 1 and 100. This setting is a simplified ver-
sion of the number-game paradigm used in previous research
(Ellis, 2023; Tenenbaum, 1998), in which concepts are de-
fined solely by numerical ranges rather than by mathematical
properties or other rules1.

In the simulations, we examined the utility of teaching with
rules and examples across varying levels of the teacher’s cost
sensitivity and uncertainty about the target concept. To ma-
nipulate teachers’ uncertainty, teachers first learned the con-
cept from examples before teaching it to others using exam-
ples and rules. Cost sensitivity values ranged from 0 to 1.5,
and the number of examples observed by the teacher ranged
from 5 to 60. For each parameter combination, we ran 15 sim-
ulation repetitions, with the ground-truth concept randomly
initialized in each run.

Figure 1A exemplifies the simulations in two specific sce-
narios. In the left panel, the teacher has learned the target
concept with only a few examples, reflected in the poste-
rior predictive distribution plotted. They can communicate
the concept via three examples, resulting in a virtually identi-
cal posterior distribution for the learner (DK L ≈ 0), or com-
municate a rule, resulting in a similar maximum a posteri-
ori (MAP), but a very dissimilar posterior distribution. The
teacher in this case would rather pay the tiny added cost (3
numbers in the example set vs. 2 numbers in a definition) to
effectively communicate their uncertainty structure. In con-
trast, if the teacher is very confident regarding the boundaries
of the concept (e.g., if they have seen 40 examples; right
panel), communicating a rule would lead to a similar pos-
terior in the learner’s mind, but achieving a similar posterior
with examples will require many of them. The teacher, being
cost-sensitive, will send the rule.

The utility of rule-based and example-based messages, as
a function of teacher conceptual certainty, is plotted in Figure
1B. As expected, the utility of using examples decreases as
certainty increases, while the utility of using rules increases
with certainty. The left and right panels demonstrate this ef-
fect for different degrees of cost sensitivity (λ) values—which
do not change the main trend, but rather the point at which the
teacher will prefer to switch from examples to rules.

Study 1
Our simulations support a clear prediction, that can be tested
empirically: rational teachers would be more likely to com-
municate concepts with rules when they are highly certain
about the concept boundaries. We designed an experiment to
test whether prolific participants, assigned the role of teachers
in a range-based concept learning task, act according to this
prediction.

1Limiting the hypothesis space to numerical ranges allows us
to have a straightforward definition of the cost of providing a
rule—unlike rules based on mathematical properties, for which ut-
terance costs are more ambiguous.

Figure 1: Simulations results. A) Examples of the teach-
ing outcomes of an uncertain teacher (top left) and a certain
teacher (top right). Black vertical lines represent posterior
predictive distribution. Blue segments represent top 8 un-
derlying hypotheses, sorted by their posterior probability. B)
Message utility as a function of teacher’s uncertainty across
low (left) and high (right) cost sensitivity parameters.

Methods

Sample size, as well as experiment details and analysis plan,
were pre-registered (https://aspredicted.org/2rc4vy.pdf). One
hundred US-based Prolific participants were recruited for this
study. Participants took part in a concept learning and teach-
ing game, where the concepts to be learned are specific ranges
of numbers between 1 and 100. At the beginning of the study,
participants are introduced to the background story of the
game: they are assigned the role of spacecraft engineers on
a remote planet. Each spacecraft has a specific range of safe
temperatures in which it can operate, measured in a unique
temperature unit that ranges from 1 to 100. For each space-
craft, participants complete the following three phases:

Phase I – active learning In this phase, the participant in-
teracts with the number line, testing different temperatures
and receiving feedback on whether these temperatures belong
to the safe range of the current spacecraft. The key experi-
mental manipulation occurs in this phase: after finding the
first safe temperatures, the number of additional interactions
with the number line is limited. In the low certainty condi-
tion, participants can only test two additional temperatures,
making it impossible to understand the safe range precisely.
In the medium certainty condition, they are allowed 6 addi-
tional tests. In the high certainty condition, they are allowed
12 additional tests, making sampling positive and negative
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Figure 2: A depiction of a trial sequence. In each trial, participants completed three phases: active learning, confidence ratings,
and teaching.

examples around the boundary and inferring a clear-cut rule-
based concept very likely.

Phase II – posterior predictive report We asked partici-
pants to report, for 15 different temperatures between 1 and
100, their degree of confidence that each temperature belongs
to the concept (the safe range). This phase served as a way to
sample directly from the posterior predictive distribution of
participants and allowed us to infer their uncertainty level re-
garding the concept—both for the purpose of a manipulation
check and to see if the uncertainty level predicted their fre-
quency of using examples vs. rules. The 15 temperatures they
are asked about are sampled stochastically from the number
line, and numbers that are closer to the ground-truth concept
were more likely to be asked about.

Phase III – teaching In this phase, participants were told
they could teach an additional Prolific participant—who
would not have the opportunity to interact with the number
line—about the safe temperature range for the current space-
craft. They are presented with two user interfaces, side by
side: one that allows them to deliver a rule (a lower bound and
an upper bound), and one that allows them to deliver exam-
ples of safe temperatures. They can add additional examples
using a “+” button, without limitation on the number of ex-
amples. They can interact with both UIs, but can only choose
one type of message to send.

Participants completed all three phases for 6 space-
craft—two in each certainty condition. After completing the
study, participants reported basic demographics, completed
an attention check, and were debriefed.

Results
Manipulation check We used an inverse inference algo-
rithm to recover the hypothesis distribution most likely to
generate teachers’ Phase II confidence ratings and computed
its Shannon entropy on each trial. As shown in Figure 3A,
entropy decreased as participants were given more time to in-
teract with the number line. A mixed-effects regression con-
firmed a significant effect of condition on entropy: compared

to the low condition, entropy was lower in the medium condi-
tion (β =−0.65, SE = 0.09, t =−7.00, p < .001) and lowest
in the high condition (β = −1.06, SE = 0.09, t = −11.36,
p < .001).

Uncertainty leads to using examples To test the main
hypothesis—that participants would prefer rule-based mes-
sages when they were more certain about the concept bound-
aries—we fit a generalized linear mixed-effects model pre-
dicting teaching method from condition, with random inter-
cepts for participants. The model revealed a significant effect
of condition on the use of rules (p < .001): compared to the
low condition, participants in the medium condition showed
higher odds of rule-based teaching (β = 1.10, SE = 0.31,
z = 3.48, p < .001), with an even stronger effect in the high
condition (β = 2.33, SE = 0.37, z = 6.23, p < .001). Fig-
ure 3B illustrates this pattern by showing the proportion of
teaching modes across conditions.

As a complementary analysis, we examined teaching
choices as a function of trial-by-trial hypothesis entropy.
Consistent with the condition-based results, participants were
more likely to use examples as entropy increased. A gener-
alized linear mixed-effects model with random intercepts for
participants confirmed this relationship, showing that higher
entropy predicted greater odds of example-based teaching
(β = 0.90, SE = 0.17, z = 5.43, p < .001). Figure 3C plots
the predicted probability of using examples as a function of
teacher entropy.

Properties of examples given As an exploratory analysis,
we examined which examples participants provided when
opting for example-based teaching. The vast majority of
examples (87%) fell within the participant’s known safe
range—values that could be classified as belonging to the tar-
get concept with certainty based on Phase I (exploration). As
shown in Figure 3D, participants frequently selected exam-
ples near the boundaries of this range. Both the restriction to
highly certain examples (with posterior predictive probability
of 1) and the preference for boundary cases mirror qualitative
patterns observed in our computational simulations.
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Figure 3: Study 1 results. A) Trial-level entropy (recovered from participants’ confidence ratings) as a function of experimental
condition. B) Teaching method as a function of experimental condition. C) Teaching method as a function of entropy (effect
plot of the logistic model). D) Histogram of the examples given, rescaled relative to the known safe range (max and min
temperatures that were observed as safe during exploration). E) KL-divergence between the teachers’ (recovered) posterior
distributions and those of simulated learners receiving random, actual, and optimal examples. Error bars represent 95% CIs.

To test whether teachers’ examples were effective in com-
municating their underlying uncertainty structure, we com-
puted the KL divergence between each teacher’s inferred pos-
terior and a simulated rational learner exposed to their exam-
ples. We compared the KL divergence produced by teachers’
actual examples to two baselines: optimal examples gener-
ated by the greedy algorithm outlined above, and examples
sampled randomly from the safe range. We assigned the
KL values to a generalized linear mixed-effects model with
a Gamma distribution and log link and random intercepts for
participants.2 We found that actual examples reduced KL
divergence (β = −0.23, SE = 0.08, p = .004), while opti-
mal examples showed an even larger reduction (β = −0.50,
SE = 0.08, p < .001), suggesting that participants’ example
choices were systematically more informative about their un-
certainty structure than random ones, though they were far
from being fully optimal (Figure 3E).

Study 2
In Study 2, we recruited new participants to act as learners
receiving messages produced by teachers in Study 1, while
being informed about how those messages were generated.

2A Gamma model was used for KL values here and in the fol-
lowing study because these values are bounded at 0 and were right-
skewed; results are robust to Gaussian specifications.

Study 2 had two goals: first, to test whether learners who re-
ceived examples developed greater uncertainty about the tar-
get concept than those who received rules; and second, to as-
sess whether the examples provided in Study 1 were effective
at conveying teachers’ uncertainty to real learners.

Methods
Participants and design One hundred US-based partici-
pants were recruited via Prolific. All participants completed
four within-participant learning conditions (one trial per con-
dition) in a 2×2 design. The first factor was teaching mode,
which varied whether the message consisted of example sets
or explicit rules. The second factor was message source,
which varied whether the message was given by a real par-
ticipant from Study 1 or generated at random based on an
actual concept presented in Study 1.

Random example sets were generated by first identifying
trials in which teachers provided examples, then sampling ex-
amples uniformly at random from the known safe range based
on the teacher’s exploration in these trials. The number of ex-
amples in each random set was matched to teachers’ behavior
by sampling with noise around the average number of exam-
ples they provided.

Procedure The instructions introduced participants to the
generating process of the examples or rules they were about

865



to see. Specifically, they were informed that their teachers
were allowed to test temperatures to learn about the space-
ship’s temperature range, and that in some cases they had
more time to experiment than others. In addition, they were
informed that teachers could choose between message types.
Next, they were shown the message given by previous partic-
ipants. Then, they responded to the same posterior predictive
report interface that was used in Phase II of Study 1. The tem-
peratures for which they reported concept membership confi-
dence were the exact same ones for which the corresponding
teacher responded, to allow a clean comparison between the
representations of the teacher–learner pairs.

Results
Uncertainty is higher when learning from examples We
used an inverse inference algorithm to recover the posterior
distribution most likely to generate teachers’ reported confi-
dence ratings and computed its Shannon entropy on each trial.
A linear mixed-effects regression with message type and mes-
sage source as fixed effects, and random intercepts for partic-
ipant ID, revealed a significant main effect of message type:
entropy was lower for rule-based messages than for example-
based messages (β =−0.52, SE = 0.11, t =−4.91, p < .001,
Cohen’s d = 0.37). In contrast, there was no significant ef-
fect of information source (actual vs. random: β = −0.11,
SE = 0.10, t =−1.09, p = .28).

Actual examples transmit uncertainty structure better
than random ones To test whether teachers’ examples pre-
serve uncertainty structure for real learners, we computed
the KL divergence between teachers’ inferred posteriors and
the posteriors of learners exposed to those examples. We
compared learners who received teachers’ actual examples
to learners who received example sets sampled randomly
from the known safe range. A generalized linear mixed-
effects model revealed a significant effect of source: learn-
ers exposed to random examples showed higher KL diver-
gence than those who learned from teachers’ actual examples
(β = 0.13, SE = 0.06, p = .027, Cohen’s d = 0.28). Con-
sistent with our model predictions, teachers selected exam-
ples that conveyed their uncertainty structure more effectively
than would be expected from random choices within their
known safe range.

Discussion
In this paper, we drew on principles from Bayesian concept
learning (Tenenbaum, 1999) and rational pedagogy (Shafto
et al., 2014) to develop a theory of how teachers choose be-
tween rule-based and example-based concept teaching. A
central prediction of the model, established through simula-
tions, is that teachers should prefer examples when they are
uncertain about a concept’s boundaries, because examples al-
low them to efficiently recreate their uncertainty structure in
the learner’s mind. This prediction was supported in Study
1: participants who actively learned number-range concepts
subsequently adjusted their teaching strategies as a function

of their own uncertainty, in the direction predicted by the
model. When new participants learned from these messages
(Study 2), teachers’ rules induced more clear-cut concept rep-
resentations, whereas example sets were found to transmit the
teachers’ uncertainty structure faithfully.

Previous work on rational pedagogy (Shafto et al., 2014;
Vélez et al., 2023) has focused on settings in which the
teacher knows a rule for certain but can communicate it only
through examples. In these cases, learners can often infer a
precise rule from a small number of examples by reasoning
about what led the teacher to choose the specific examples
they did. This line of work might suggest that learning from
pedagogical examples (unlike non-pedagogical example sam-
pling) generally leads to confident learners (Bonawitz et al.,
2011). In contrast, our results from Study 2 show that learners
who received examples develop a concept representation with
high uncertainty. This apparent tension can be reconciled by
noting that pedagogical reasoning depends on learners’ be-
liefs about the teacher’s epistemic state. When learners con-
sider the possibility that the teacher might also be uncertain,
and especially when they know that a teacher could have pro-
vided a rule but instead chose to provide examples, learners
infer greater uncertainty about the target concept.

This study focused on simple, unidimensional concepts de-
fined over numerical ranges. When studying more complex
concepts, cognitive scientists distinguish between rule-based
categorization, where membership is determined by apply-
ing an explicit, all-or-none rule, and family-resemblance cat-
egorization (Rosch & Mervis, 1975), where some items are
perceived as more representative (or prototypical) of the con-
cept than others. The Bayesian approach to concept learning
(Tenenbaum, 1999), which we adopt, unifies these: learners
consider a space of candidate rules (hypotheses), and rep-
resentativeness effects arise because some items are consis-
tent with more plausible hypotheses (Tenenbaum & Griffiths,
2001). On this view, graded membership is a marker of
conceptual uncertainty. Thus, our model predicts that con-
cepts that elicit family-resemblance judgments, like power
(Haugaard, 2010), will be communicated using examples,
whereas concepts that elicit all-or-none judgments will be
communicated by directly conveying the rule. Future work
is needed to test this prediction with more natural concepts.

While we believe the uncertainty factor identified here to
be an important determinant of the choice between rules and
examples, it is certainly not the only one. In many real-
world teaching contexts, even low-uncertainty concepts are
best communicated using a combination of explicit rules and
illustrative examples, particularly when rules are abstract or
costly to fully specify. In such cases, examples can ground
otherwise precise but underspecified rules by conveying con-
crete information that would be inefficient to communicate
explicitly. Extending the present framework to allow teach-
ers to combine rule-based teaching with examples remains an
important direction for future work.
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