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Abstrac t 
A proposa l  i s  mad e fo r  representin g th e knowledg e learner s 
acquir e from  example s i n term s o f  subgoal s an d methods . 
Furthermore ,  i t  i s  suggeste d tha t  tes t  problem s ca n als o b e 
represente d i n term s o f  th e subgoal s an d method s neede d t o 
solv e them .  Manipulation s o f  example s ca n influenc e th e 
particula r  subgoal s an d method s learned .  Thus ,  transfe r  ca n b e 
predicte d b y th e overla p i n th e learne d subgoal s an d method s 
and thos e require d t o solv e a  nove l  problem .  A  subgoa l  i s  a n 
unknow n entity ,  numerica l  o r  conceptual ,  tha t  need s t o b e 
foun d i n orde r  t o achiev e a  higher-leve l  goa l  o f  a  problem .  A 
metho d i s a  serie s o f  step s fo r  achievin g a  particula r  subgoal . 
The experimen t  presente d her e suggest s tha t  elaboration s i n 
exampl e solution s tha t  emphasiz e subgoal s ma y b e a n 
efficien t  wa y o f  helpin g a  learne r  t o recogniz e an d achiev e 
thos e subgoal s i n a  nove l  problem ,  tha t  is ,  t o improv e 
transfer .  I t  i s  argue d tha t  conceptualizin g problem-solvin g 
knowledg e i n term s o f  subgoal s an d method s i s a 
psychologicall y plausibl e approac h fo r  predictin g transfe r  an d 
has implication s fo r  teachin g an d desig n o f  examples . 

Introduction 

Thi s pape r  make s tw o basi c claims .  O n e ,  peopl e ca n lear n 
subgoal s fo r  solvin g problem s i n a  particula r  domai n fro m th e 

example s the y study ,  an d two ,  a  person' s succes s a t  solvin g a 
nove l  proble m i s partl y a  functio n o f  whethe r  h e o r  sh e 
possesse s th e necessar y subgoal s t o solv e tha t  problem .  A 
subgoa l  i s  a n unknow n entity ,  numerica l  o r  conceptual ,  tha t 
must  b e foun d i n orde r  t o achiev e a  higher-leve l  goa l  o f  a 
problem .  A  metho d i s a  serie s o f  step s fo r  achievin g a 
particula r  subgoal .  N o explici t  mechanis m i s propose d her e fo r 
h o w subgoal s ar e learned .  Rather ,  th e emphasi s i s o n 
identifyin g subgoal s an d method s an d elucidatin g th e condition s 
unde r  whic h the y wil l  b e learned .  Thi s emphasi s wa s chose n 
sinc e i t  seem s importan t  t o gathe r  empirica l  evidenc e i n a 
variet y o f  domain s concernin g th e factor s tha t  influenc e whethe r 
subgoal s an d method s ar e learne d an d t o integrat e thes e findings 
int o th e simpl e schem e propose d here ,  panicularl y i f  thi s 
schem e ca n successfull y predic t  transfe r  performanc e an d 
improv e th e desig n o f  examples .  Initia l  experiment s hav e 
provide d som e suppor t  fo r  th e abov e approac h fo r  examinin g 
transfe r  (Catrambone ,  1991 ;  Catrambon e &  Holyoak ,  1990) . 
Thi s pape r  explore s on e particula r  wa y o f  designin g example s t o 
increas e th e likelihoo d o f  conveyin g subgoal s t o learners : 
Briefl y labelin g o r  elaboratin g th e subgoal s i n examples .  W o r k 
i n perceptua l  categor y learnin g ha s suggeste d tha t  transfe r  i s 
improve d whe n subject s ar e le d t o focu s o n usefu l  distinction s 
(categories )  durin g trainin g (e.g. ,  Medin ,  D e w e y ,  &  Murphy , 
1983) .  Subgoa l  learnin g m a y perhap s b e viewe d a s a  for m o f 
categor y learnin g an d thus ,  m a y als o benefi t  from  manipulation s 
tha t  serv e t o highligh t  subgoals . 

Credit s 
Thi s researc h wa s supporte d b y Offic e o f  Nava l  Researc h Gran t 
N00014-91-J-113 7 an d Nationa l  Institute s o f  Healt h Biomedica l 
Researc h Suppor t  Gran t  2-SO7-RR07024-24 . 

I t  i s  argue d tha t  successfu l  learner s acquir e usefu l  subgoal s 
and method s fo r  solvin g problem s i n a  particula r  domain .  Th e 
meanin g o f  "useful "  i s  operationall y define d a s thos e subgoal s 
and method s tha t  ca n b e use d t o solv e som e corpu s o f  targe t 
problems .  I f  a  learne r  ha s learne d a  particula r  subgoal ,  the n h e 
or  sh e i s mor e likel y t o recogniz e th e nee d t o find  tha t  subgoa l 
i n a  nove l  problem .  Eve n i f  th e metho d fo r  achievin g tha t 
subgoa l  i n th e nove l  proble m i s ne w o r  require s a  modificatio n 
of  a n already-learne d method ,  th e learne r  w h o recognize s th e nee d 
t o achiev e a  particula r  subgoa l  wil l  a t  leas t  hav e som e guidanc e 
fo r  recruitin g usefu l  backgroun d knowledg e t o achiev e th e 
modificatio n compare d t o a  learne r  w h o doe s no t  posses s th e 
subgoal .  Thus ,  subgoal s provid e a  contro l  structur e t o guid e 
proble m solvin g an d transfer . 

For  example ,  conside r  a  learne r  w h o studie s a  worked-ou t 
physic s mechanic s proble m involvin g a  bloc k restin g o n a n 
incline d plane .  Perhap s th e proble m ask s wha t  th e angl e o f 
inclin e ha s t o b e i n orde r  fo r  th e bloc k t o star t  slidin g dow n th e 
plan e give n tha t  othe r  thing s suc h a s th e block' s mas s an d th e 
coefficien t  o f  frictio n wer e known .  A  learne r  coul d memoriz e 
th e step s fo r  solvin g thi s proble m suc h a s pickin g a  coordinat e 
syste m wit h th e x-axi s paralle l  t o th e plan e (rathe r  tha n paralle l 
t o th e proble m solver' s perspective )  an d performin g th e 
trigonometr y fo r  dealin g wit h th e angl e o f  incline .  However , 
th e learne r  migh t  no t  realiz e tha t  mos t  o f  thes e step s collaps e 
int o method s fo r  achievin g variou s subgoals .  Thes e subgoal s 
migh t  includ e high-leve l  one s suc h a s findin g th e opposin g 
force s an d equatin g the m a s wel l  a s lower-leve l  subgoal s suc h a s 
splittin g th e force s int o thos e actin g alon g th e x -  an d y-axes . 
Thus ,  whe n give n a  "simpler "  proble m suc h a s determinin g ho w 

har d on e woul d hav e t o pus h a  bloc k restin g o n a  flat  tabl e i n 
orde r  t o jus t  ge t  th e bloc k t o star t  moving ,  th e learne r  coul d b e 
at  a  complet e loss .  M a n y o f  th e step s fro m th e example ,  suc h 
as thos e involvin g th e trigonometry ,  ar e n o longe r  needed , 
excep t  i n a  trivia l  way .  I f  th e learne r  ha d learne d onl y a  serie s o f 
step s fro m th e example ,  h e o r  sh e woul d hav e littl e guidanc e i n 
determinin g whic h one s shoul d b e eliminate d o r  adapte d fo r  th e 
ne w problem .  Conversely ,  i f  th e learne r  di d hav e hi s o r  he r 
knowledg e organize d hierarchicall y int o a  serie s o f  subgoals , 
the n th e learne r  woul d b e i n a  bette r  positio n t o separat e th e 
step s int o thos e tha t  wer e necessar y fo r  th e curren t  subgoal s 
(suc h a s equatin g th e opposin g forces )  an d thos e tha t  migh t  no t 
be necessar y (suc h a s choosin g a  coordinat e syste m tha t  i s no t 
horizonta l  an d vertical) . 

Prio r  wor k ha s demonstrate d tha t  whe n learner s stud y on e o r 
tw o worked-ou t  exampl e problems ,  suc h a s algebr a problem s 
dealin g wit h tw o worker s completin g som e tas k together ,  the y 
ca n solv e isomorphi c problem s (Reed ,  Dempster ,  &  Ettinger , 
1985) .  Fo r  instance ,  subject s migh t  stud y a n exampl e i n whic h 
th e workers '  rate s ar e give n an d th e goa l  i s  t o determin e ho w 
lon g on e o f  th e worker s work s give n tha t  th e othe r  worker' s 
tim e i s known .  Th e difficult y emerge s whe n learner s ar e face d 
wit h non-isomorphs ,  tha t  is ,  problem s requirin g a  modificatio n 
of  th e ol d procedure .  Fo r  example ,  i n Ree d e t  al.' s  study ,  a  non -
isomorphi c tes t  proble m migh t  expres s on e worker' s rat e i n 
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term s o f  ih e othe r  worker' s rate .  Subject s typicall y ha d 
difficult y solvin g non-isomorphs .  Par t  o f  th e difficult y appeare d 

t o b e tha t  subject s forme d subgoal s suc h a s "fin d th e tw o 
number s associate d wit h worke r  A  an d multipl y the m together " 

rathe r  tha n subgoal s suc h a s "fin d eac h worker' s rate "  an d "fin d 
eac h worker' s time. "  I n problem s whic h di d no t  hav e tw o 
number s associate d wit h a  worker ,  perhap s becaus e th e rat e wa s 
a variable ,  subject s wer e ofte n unabl e t o solv e th e problem . 

The poo r  transfe r  performanc e tha t  i s typicall y foun d i n 
studie s ma y partl y b e du e t o a  failur e t o identif y th e necessar y 
knowledg e component s tha t  shoul d b e conveye d t o learner s t o 
hel p the m solv e nove l  problems .  I t  i s  claime d her e tha t  thes e 
component s ca n b e viewe d a s subgoals .  Th e goa l  o f  th e curren t 
experimen t  wa s t o manipulat e th e subgoal s conveye d t o learner s 
vi a example s an d examin e transfe r  effects .  Cognitiv e 
architecture s suc h a s A C T *  (Anderson ,  1983) ,  P U P S (Anderso n 
& Thompson ,  1986) ,  an d S O A R (Laird ,  Newell ,  & 
Rosenbloom ,  1987 )  hav e mechanism s fo r  predictin g transfer . 
For  example,  A C T *  predict s transfe r  o f  procedure s b y measurin g 
overla p o f  ol d an d ne w productio n rule s (se e als o Single y & 
Anderson ,  1989) .  However ,  thes e model s ar e quit e comple x an d 
many aspect s o f  th e models ,  suc h a s chunkin g an d 
proceduralization ,  ar e no t  necessar y t o deriv e usefu l  prediction s 
about  learnin g fro m examples .  Researc h utilizin g th e approac h 
advocate d her e shoul d allo w th e developmen t  o f  a  relativel y 
simpl e mode l  t o predic t  learnin g fro m example s a s wel l  a s 
provid e constraint s o n mor e complet e model s o f  cognition . 
Thi s approach ,  i f  successfu l  i n term s o f  makin g usefu l 
predictions ,  coul d b e use d b y researcher s an d textboo k writer s 
fairl y  easil y a s a  practica l  guid e fo r  designin g bette r  example s 
(t o improv e learning )  an d tes t  item s (t o improv e diagnosticity) . 

I n som e sense ,  th e greates t  valu e o f  th e approac h describe d 
her e ma y b e it s emphasi s o n th e effor t  require d b y th e teache r  o r 
researche r  t o identif y th e usefu l  subgoal s an d method s i n a 
domain .  Tha t  is ,  assumin g tha t  example s d o conve y subgoal s 
and methods ,  i t  i s  necessar y t o first  determin e wha t  th e usefu l 
ones are ,  an d the n t o creat e example s t o conve y them .  I t  i s  no t 
claime d tha t  th e usefu l  subgoal s an d method s ca n b e identifie d i n 
any algorithmi c way .  Th e approac h advocate d her e fo r 
determinin g subgoal s an d method s i s t o identif y a  targe t  se t  o f 
problem s tha t  on e want s student s t o b e abl e t o solve .  The n 
solution s t o thes e problem s shoul d b e writte n out .  Thes e 
solution s ar e the n analyze d i n term s o f  th e step s fo r  achievin g 
certai n unknowns ,  eithe r  numerica l  o r  conceptual ,  i n a 
hierarchica l  fashion .  Fo r  example ,  i n th e physic s problem s 
discusse d earlier ,  a  high-leve l  subgoa l  woul d b e t o equat e th e 
force s alon g th e x-axis .  Thi s high-leve l  subgoa l  wil l  b e 
achieve d b y first  satisfyin g a  lower-leve l  subgoa l  suc h a s finding 
th e variou s force s actin g alon g th e x-axis .  Thi s subgoa l  ca n b e 
satisfie d b y first  satisfyin g th e subgoa l  o f  identifyin g al l  th e 
force s i n th e proble m an d breakin g the m int o thei r  x -  an d y -
components .  Thi s subgoa l  decompositio n ca n continu e unti l 
one reache s th e leve l  o f  madiematica l  operations .  I t  i s  a 
judgmen t  cal l  a s t o h o w m u c h decompositio n on e feel s i s 
necessar y t o represen t  subgoal s an d method s a t  a  usefu l  level . 
I n an y case ,  th e subgoal s an d method s identifie d b y th e 
researche r  o r  teache r  ar e a t  leas t  ope n t o inspectio n b y other s an d 
can b e debated . 

Experiment 

The experimen t  presente d her e examine d subjects '  abilit y  t o 
solv e permutatio n an d combinatio n problem s i n probability . 
Thi s domai n wa s chose n becaus e prio r  wor k indicate d tha t 
learner s wer e strongl y influence d b y superficia l  feature s o f 

trainin g an d tes t  problems .  Fo r  example ,  Ros s (1989 ; 
Experimen t  IB )  ha d subject s stud y exampl e probabilit y 
problems ,  suc h a s one s involvin g permutations ,  an d the n solv e 

severa l  tes t  problems .  Th e entitie s (e.g. ,  computers ,  cars , 
scientists )  i n th e example s an d tes t  problem s wer e manipulated . 
For  instance ,  Tabl e l a present s a  permutatio n proble m 
involvin g th e determinatio n o f  th e probabilit y  o f  scientist s 
choosin g particula r  computers .  Th e equatio n presente d t o 
subject s i n Ros s (1989 )  i n orde r  t o solv e thi s exampl e wa s 
l/[n(n-l)...(n-r+l)] .  Tes t  problem s include d som e subject s 
finding  th e probabilit y  o f  student s choosin g particula r  car s whil e 
othe r  subject s ha d t o find  th e probabilit y  o f  particula r  student s 
bein g assigne d t o particula r  car s (i.e. ,  inanimat e object s 
"choosing "  humans) . 

Correspondin g role s ar e hel d b y th e human s an d inanimat e 
object s i n th e exampl e i n Tabl e l a an d th e tes t  proble m 
involvin g student s choosin g cars .  Tha t  is ,  th e mathematica l 
role s o f  th e human s (scientist s an d students )  an d th e inanimat e 
object s (computer s an d cars )  ar e identical :  th e inanimat e object s 
provid e th e value s fo r  n  an d fo r  r  whil e th e human s provid e th e 
valu e onl y fo r  r .  Th e secon d typ e o f  tes t  problem ,  however ,  ha s 
reverse d objec t  correspondences :  th e human s provid e th e value s 
fo r  n  an d r  whil e th e inanimat e object s provid e th e valu e onl y 
fo r  r .  Ros s foun d tha t  subject s wer e mor e successfu l  solvin g 
th e first  typ e o f  tes t  proble m tha n th e second ,  presumabl y 
becaus e thei r  proble m solvin g wa s guide d t o som e degre e b y a n 
objec t  mappin g approach .  Tha t  is ,  i f  human s provid e th e valu e 
of  n  i n th e examples ,  th e subject s wer e likel y t o assig n the m 
thi s rol e i n tes t  problem s eve n i f  i t  wa s reall y a n inanimat e 
objec t  tha t  shoul d b e providin g th e valu e o f  n . 

Ross als o ha d subject s stud y an d solv e combinatio n 
problems .  A n exampl e combinatio n proble m migh t  as k fo r  th e 
probabilit y  o f  th e seve n hook s neares t  th e classroo m doo r  bein g 
picke d b y th e seve n talles t  student s i n a  clas s (se e Tabl e lb) . 
The equatio n presente d t o subject s i n orde r  t o solv e combinatio n 
problem s o f  thi s sor t  wa s [h!(j-h)!]/j! ,  wher e A  i s th e numbe r  o f 
object s (e.g. ,  students )  doin g th e choosin g and ;  i s th e numbe r 
of  object s i n th e poo l  fro m whic h object s ar e chose n (e.g. , 
hooks) .  Again ,  Ros s foun d tha t  i f  th e role s o f  th e object s wer e 
switche d fro m th e trainin g example s t o th e tes t  problems , 
subject s woul d no t  solv e th e tes t  problem s correctl y (tha t  is , 
the y woul d switc h th e value s for y an d h) . 

Whil e permutatio n an d combinatio n problem s ca n b e solve d 
usin g quit e differen t  equations ,  a  furthe r  examinatio n o f  thes e 
proble m type s indicate s tha t  the y ar e simila r  a t  a  fundamenta l 
level .  Bot h type s o f  problem s ca n b e analyze d b y considerin g 
th e individua l  even t  probabilitie s tha t  contribut e t o a n overal l 
probability .  Fo r  example ,  i n th e permutatio n proble m > 
involvin g scientist s choosin g computer s (Tabl e la) ,  th e overal l 
probabilit y  ca n b e calculate d b y explicitl y  considerin g eac h o f 
th e individua l  probabilities .  Thi s approac h i s demonstrate d i n 
th e solutio n provide d i n Tabl e 2c .  Th e combinatio n proble m i n 
Tabl e l b involvin g student s an d coathook s ca n b e analyze d i n a 
simila r  way : 

Probability of one of the seven tallest students getting a hook 
near  doo r  =  7/1 7 
Probabilit y  o f  on e o f  th e remainin g si x talles t  student s gettin g a 
hoo k nea r  doo r  =  6/1 6 
Probabilit y  o f  on e o f  th e remainin g five  talles t  student s gettin g 
a hoo k nea r  doo r  =5/15 ,  et c 

JL*J L *  _J ^ _ZL 
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So,  1 7 1 6 11 17*16*...*1 1 

= overal l  probabilit y 



Tab l e 1 
Permuta t io n a n d C o m b i n a t i o n P r o b l e m s 

a.) The supply department at IBM has to make sure that scientists get computers. Today, they have 11 IBM computers and 8 IBM 

scientist s requestin g computers .  Th e scientist s randoml y choos e thei r  computer ,  bu t  d o s o i n alphabetica l  order .  What  i s th e 
probabilit y  tha t  th e firs t  3  scientist s alphabeticall y wil l  ge t  th e lowest ,  secon d lowest ,  an d thir d lowes t  seria l  numbers , 

respectively ,  o n thei r  computers ? 

b.) The Happy House Nursery School has had 17 hooks put up In the hail for the coats of their 14 students, with each student using 
one hook .  Th e student s ar e eac h randoml y assigne d a  hoo k a s the y com e i n on e morning .  What  i s th e probabilit y  tha t  th e 7  hook s 
closes t  t o th e classroo m doo r  ar e assigne d t o th e 7  talles t  students ? 

Table 2 
Solutio n T y p e s U s e d i n E x p e r i m e n t  fo r  P r o b l e m i n Tab l e l a 

a. )  Equatio n Solutio n 

_L 
The equatio n neede d fo r  thi s proble m i s n  *  ( n -  1 )  *  .. .  *  ( n -  r  +  1) .  I n thi s proble m n  =  1 1 an d r  =  3 .  So , 

5 =  — 5 — =  overal l  probabilit y 
11 •  1 0 *  9  99 0 

b.) Equation+Eiaboration Solution: 

1 

The equatio n neede d fo r  thi s proble m i s n  *  ( n -  1 )  *  .. .  *  ( n -  r  +  1 )  jhj g equatio n allow s on e t o determin e th e probabilit y  o f  th e 

abov e outcom e occurring .  I n thi s proble m n  =  1 1 an d r  =  3 .  Th e 1 1 represent s th e numbe r  o f  computer s tha t  ar e availabl e t o b e 
chose n whil e th e 3  represent s th e numbe r  o f  choice s tha t  ar e bein g focuse d o n i n thi s problem .  Th e equatio n divide s th e numbe r  o f 
ways th e desire d outcom e coul d occu r  b y th e numbe r  o f  possibl e outcomes .  So ,  insertin g 1 1 an d 3  int o th e equation ,  w e fin d tha t 

3 =  - 3 — =  overal l  probabilit y 
11 •  1 0 •  9  99 0 

c.) Subgoal Solution: 

1 

The equatio n neede d fo r  thi s proble m i s n  *  ( n -  1 )  *  .. .  *  ( n -  r +  1) ,  | n thi s proble m n  =  1 1 an d r  =  3 .  However ,  anothe r  wa y o f 

approachin g th e proble m i s t o thin k o f  i t  i n th e followin g way : 

Probability of the first scientist (who comes first alphabetically) getting the computer with the lowest serial number = 1/11. 
Probabilit y  o f  secon d scientis t  gettin g secon d lowes t  seria l  numbe r  =  1/10 . 
Probabilit y  o f  thir d scientis t  gettin g thir d lowes t  seria l  numbe r  =  1/9 . 

J — '  J — '  L  =  _ J _ =  overal l  probabilit y 
So,  1 1 1 0 9  99 0 

d.) Numerator/Denominator-Subgoal Solution: 

The equatio n neede d fo r  thi s proble m i s n  *  ( n -  1 )  *  .. .  *  ( n -  r  +  1) .  I n thi s proble m n  =  1 1 an d r  =  3 .  However ,  anothe r  wa y o f 
approachin g th e proble m i s t o thin k o f  i t  i n th e followin g way : 

Of the 11 computers that the first scientist has to choose from, only 1 of them would be acceptable, since only 1 has the lowest 
seria l  number .  So ,  th e probabilit y  o f  th e firs t  scientis t  gettin g th e compute r  wit h th e lowes t  seria l  numbe r  =  1/11 . 

Of the 10 remaining computers that the second scientist has to choose from, only 1 of them would be acceptable, since only 1 has the 
lowes t  remainin g seria l  number .  So ,  th e probabilit y  o f  th e secon d scientis t  gettin g a  compute r  wit h th e lowes t  remainin g seria l 
number  =  1/10 . 

Of the 9 remaining computers that the third sdentist has to choose from, only 1 of them would be acceptable, since only 1 of has the 
lowes t  remainin g seria l  number .  So ,  th e probabilit y  o f  th e thir d scientis t  gettin g th e compute r  wit h th e lowes t  remainin g seria l 
number  =  1/9 . 

J — *  J _ •  1  =  _ L _ =  overal l  probabilit y 
So,  1 1 1 0 9  99 0 

354 



The permutatio n proble m solutio n presente d i n Tabl e 2 c 
migh t  hel p learner s for m th e subgoa l  o f  findin g eac h even t 
probabilit y  (e.g. ,  th e probabilit y  o f  th e first  scientis t  gettin g th e 
compute r  wit h th e lowes t  seria l  number ,  th e probabilit y  o f  th e 
secon d scientis t  gettin g th e compute r  wit h th e second-lowes t 
seria l  number ,  etc) .  I n particular ,  i t  shoul d hel p learner s for m 
th e subgoa l  o f  finding  th e entit y bein g chose n an d usin g th e 
valu e associate d wit h tha t  entit y a s th e startin g valu e fo r  th e 
denominator .  Thus ,  subject s w h o stud y example s usin g thi s 
solutio n approac h ar e predicte d t o b e mor e likel y t o b e abl e t o 
fin d even t  probabilitie s i n case s wher e th e role s o f  th e inanimat e 
object s an d human s ar e differen t  fro m th e example s (se e Tabl e 
3b)  compare d t o subject s w h o stud y example s usin g onl y th e 
permutatio n equatio n (Tabl e 2a) .  Thi s latte r  grou p presumabl y 
leam s onl y t o plac e number s int o a n equation .  Furthermore , 
learner s wh o stud y example s emphasizin g eac h even t  probabilit y 
migh t  b e mor e likel y t o represen t  th e even t  probabilitie s 
correctl y i n combinatio n problem s fo r  whic h th e numerator s ar e 
no longe r  simpl y "1 "  (suc h a s th e combinatio n proble m i n 
Tabl e lb) .  Tha t  is ,  becaus e thes e subject s ar e assume d t o b e 
more likel y t o b e abl e t o focu s o n th e individua l  even t 
probabilities ,  the y m a y hav e a  bette r  chanc e o f  representin g 
the m correctl y compare d t o learner s w h o d o no t  hav e thi s focus . 
However ,  thi s generalizatio n m a y b e to o difficul t  fo r  learner s 
when solvin g combinatio n problems .  Sinc e th e solutio n 
presente d i n Tabl e 2 c doe s no t  emphasiz e findin g th e numerator , 
but  rathe r  jus t  involve s placin g a  "1 "  i n eac h numerator , 
subject s w h o stud y thi s solutio n typ e migh t  no t  for m th e 
subgoa l  o f  findin g th e numerato r  fro m th e numbe r  o f 
"acceptable "  outcomes .  Subject s m a y requir e exampl e solution s 
tha t  explicitl y  highligh t  h o w th e numerato r  i s chose n i n th e 
permutatio n example s i n orde r  t o for m a  subgoa l  fo r  dealin g 
wit h th e numerators .  A  solutio n approac h tha t  migh t 
accomplis h thi s i s presente d i n Tabl e 2d . 

Anothe r  concer n i n thi s stud y wa s whethe r  subject s migh t 
misinterpre t  th e combinatio n problem s a s permutatio n 
problems .  I f  tha t  wer e t o happen ,  the n subject s woul d b e likel y 
t o us e "1 "  i n th e numerator s o f  th e probabilitie s fo r  al l 
problem s regardles s o f  th e example s the y studied .  I n orde r  t o 
investigat e thi s issue ,  som e subject s wer e give n combinatio n 
problem s tha t  containe d a  clarificatio n indicatin g tha t  orde r  di d 
not  matter .  Subject s w h o stud y example s demonstratin g th e 
solutio n approac h i n Tabl e 2 d migh t  outperfor m subject s w h o 
stud y example s usin g th e approac h i n Tabl e 2 c o n combinatio n 
problem s containin g a  clarification .  Thi s woul d occu r  becaus e 
th e latte r  grou p wil l  presumabl y no t  hav e th e subgoa l  fo r 
findin g th e numbe r  o f  acceptabl e outcome s t o pu t  i n th e 
numerato r  fo r  eac h probabilit y  an d thus ,  the y woul d b e mor e 
likel y t o simpl y us e "1 "  i n th e numerator . 

Method 

Subjects .  Subject s wer e 9 0 student s fro m introductor y 
psycholog y classe s a t  th e Georgi a Institut e o f  Technology . 

Materials and Procedure. All subjects studied three 
isomorphi c exampl e problem s dealin g wit h jjermutation s tha t 
involve d human s choosin g object s (includin g th e proble m i n 
Tabl e la) .  T w o factor s wer e manipulated .  Th e fu-s t  wa s th e 
typ e o f  solutio n provide d t o th e example s subject s studied .  Th e 
example s eithe r  provide d a  solutio n usin g th e permutatio n 
equatio n (th e Equation-Onl y group ;  se e Tabl e 2 a fo r  a n 
example) ,  th e permutatio n equatio n plu s a n elaboratio n o f  wha t 
th e number s i n th e equatio n represente d (th e Equation -
Elaboratio n group ;  Tabl e 2b) ,  a  subgoal-oriente d solutio n tha t 

emphasize d th e rational e fo r  th e denominato r  i n eac h probabilit y 
(th e Denominator-Subgoa l  group ;  Tabl e 2c) ,  o r  a  subgoal -
oriente d solutio n tha t  containe d a  rational e fo r  th e denominato r 
an d numerato r  i n eac h probabilit y  (th e Numerator/Denominator -

Subgoa l  group ;  Tabl e 2d) . 
Th e secon d facto r  manipulate d wa s whethe r  th e tes t 

combinatio n problem s containe d a  clarificatio n abou t  order .  Th e 
clarificatio n consiste d o f  th e followin g sentence s adde d o n t o th e 
end o f  th e firs t  an d secon d combinatio n problem s (se e Tabl e 3c , 
d) ,  respectively :  "I t  doe s no t  matte r  whic h o f  th e particula r 
seve n hook s closes t  t o th e doo r  thes e student s get ,  jus t  a s lon g 
as i t  i s  an y on e o f  th e seve n closest "  an d "I t  doe s no t  matte r 
whic h o f  di e particula r  si x fron t  seat s th e pitcher s get ,  jus t  a s 
lon g a s i t  i s  an y on e o f  th e si x i n th e ft'ont" 

Afte r  studyin g th e example s subject s solve d th e fou r 
problem s i n Tabl e 3 .  Subject s coul d no t  refe r  bac k t o th e 
example s whe n workin g o n th e problems .  Th e firs t  proble m 
was isomorphic  t o th e example s (se e Tabl e 3a) .  Th e secon d 
proble m wa s a  permutatio n proble m isomorphi c t o th e 
example s bu t  ha d human s playin g th e role s o f  n  an d r  an d 
object s playin g onl y th e rol e o f  r  (Tabl e 3b) .  Th e thir d an d 
fourt h problem s wer e combinatio n problems .  Th e solution s t o 
thes e problem s involv e bot h a  numerato r  an d denominato r  tha t 
star t  a t  som e valu e an d the n ar e decremented .  Th e first 
combinatio n proble m involve s human s pickin g object s (Tabl e 
3c )  whil e th e secon d combinatio n proble m involve s object s 
pickin g human s (Tabl e 3d) . 

Results and Discussion 

Each proble m wa s score d fo r  whethe r  a  subjec t  use d di e correc t 
startin g numbe r  i n th e denominato r  an d wheUie r  th e denominato r 
was decremente d appropriately .  Fo r  instance ,  th e solutio n t o th e 
secon d permutatio n proble m i s 1/1 1 *  1/10 .  I f  subject s wrot e 
1/1 4 *  1/13 ,  confusin g di e role s o f  di e chair s an d secretaries , 
the y woul d b e score d a s havin g th e incorrec t  startin g numbe r  o f 
th e denominato r  bu t  th e correc t  numbe r  o f  decrements .  Fo r 
combinatio n problems ,  th e numerato r  an d denominato r  wer e 
bot h score d fo r  whedie r  th e correc t  startin g numbe r  wa s use d an d 
whethe r  the y wer e decremente d appropriately .  Th e frequencie s 
fo r  di e variou s categorie s liste d abov e wer e analyze d usin g th e 

likelihoo d rati o chi-squar e tes t  (G^ ;  Bishop ,  Fienberg ,  & 
Holland ,  1975) . 

Ther e wa s n o significan t  differenc e i n performanc e amon g th e 
group s o n th e fu-s t  permutatio n proble m tha t  wa s isomorphi c t o 
th e trainin g example s an d ha d human s an d object s playin g th e 
same role s a s i n th e example s (Equation-Only :  7 3 % ,  Equation -
Elaboration :  8 3 % ,  Denominator-Subgoal :  91%,an J 

Numerator/Denominator-Subgoal :  9 1 % ) .  G^(3)=3.71,p=.29 . 
Th e secon d permutatio n proble m ha d object s pickin g 

humans ,  a  reversa l  fro m th e gainin g example s (se e Tabl e 3b) . 
Th e majo r  erro r  subject s mad e wa s t o us e th e wron g startin g 
valu e fo r  th e denominator .  M a n y subject s use d 1 4 (di e numbe r 
of  chairs )  a s th e startin g poin t  rathe r  tha n 1 1 (di e numbe r  o f 
secretaries) .  I t  wa s expecte d tha t  th e tw o subgoa l  group s woul d 
be mor e likel y t o us e th e correc t  startin g poin t  fo r  th e 
denominato r  tha n th e equatio n groups .  However ,  whil e th e 
subgoa l  group s tende d t o perfor m th e best ,  th e mos t  strikin g 
resul t  wa s di e poo r  performanc e o f  th e Equation-Elaboratio n 
grou p (Equation-Only :  3 2 % ,  Equation-Elaboration :  1 3 % , 
Denominator-Subgoal :  4 8 % ,  an d Numerator/Denominator -

Subgoal :  4 1 % ) .  g2(3)=7.63 ,  p  =.054 .  I t  i s  no t  clea r  w h y U^ e 
Equation-Elaboratio n grou p di d s o poorly . 
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T a b l e 3 
Tes t  P r o b l e m s 

a.) As part of a new management policy, the Campbell Company is allowing the 20 company-owned vacation cottages to be used for 
vacation s b y thei r  1 4 plan t  managers .  I f  th e managers ,  i n orde r  o f  seniority ,  randoml y choos e a  cottag e fro m a  list ,  wha t  I s th e 

probabilit y  tha t  th e manage r  wit h th e mos t  seniorit y get s th e mos t  lavis h cottage ,  an d th e manage r  wit h th e secon d mos t  seniorit y 
get s th e secon d mos t  lavish ,  an d th e manage r  wit h th e thir d mos t  seniorit y get s th e thir d mos t  lavish ,  an d th e manage r  wit h th e 
fourt h mos t  seniorit y get s th e fourt h mos t  lavis h cottage ? 

b.) The secretaries at city hall are supposed to get new chairs this week. Today, city hall received 14 new chairs and there are 11 
secretarie s requestin g them .  Fo r  inventor y purposes ,  th e propert y manage r  want s t o assig n th e chair s i n th e orde r  tha t  the y ar e 
unpacked .  So ,  startin g wit h th e chai r  tha t  i s  unpacke d first ,  h e randoml y choose s a  secretar y t o receiv e it ,  an d continue s unti l  al l 
th e secretarie s hav e chairs .  Wha t  i s th e probabilit y  tha t  th e firs t  2  secretarie s alphabeticall y wil l  ge t  th e firs t  an d secon d chair s 

tha t  ar e unpacked ,  respectively ? 

c.) The Happy House Nursery School has had 17 hooks put up in the hall for the coats of their 14 students, with each student using 
one hook .  Th e student s eac h choos e a  hoo k a t  rando m a s the y com e i n on e morning .  Wha t  i s th e probabilit y  tha t  th e 7  talles t  student s 
get  th e 7  hook s closes t  t o th e classroo m door ? 

d.) The Nashville Gnats Baseball team has a bus that has 30 seats. There are 25 players that are going on a road trip to play in a 
nearb y town .  T o avoi d arguments ,  th e manage r  randoml y choose s a  playe r  fo r  eac h seat ,  startin g wit h th e seat s i n th e front .  What 
i s th e probabilit y  tha t  th e 6  pitcher s ge t  th e 6  fron t  seats ? 

Table 4 
P e r f o r m a n c e (Pe rcen t  C o r r e c t )  o n V a r i o u s A s p e c t s o f  C o m b i n a t i o n P r o b l e m s a s a  Func t io n o f 
E x a m p l e s S tud ie d a n d P r e s e n c e o f  Clarificatio n 

Group 

( 
Proble m 

Combinatio n Proble m # 1 
(peopl e choos e objects ) 

Correc t  Star t  fo r  Denominato r 
Correc t  Denominato r  Decremen t 
Correc t  Star t  fo r  Numerato r 
Correc t  Numerato r  Decremen t 

Combinatio n Proble m # 2 
(object s choos e people ) 

Correc t  Star t  fo r  Denominato r 
Correc t  Denominato r  Decremen t 
Correc t  Star t  fo r  Numerato r 
Correc t  Numerato r  Decremen t 

Bl 
Onl y 
n=11) ( 

82 
82 

0 
0 

27 
82 

0 
0 

Clarificatio n 

Eq + 
Ela b 

;n=12 ) 

70 
60 

0 
0 

30 
70 

0 
0 

Denom 
Subgoa l 
(n=12 ) 

75 
92 
25 
33 

33 
92 
33 
33 

Num/Denom 

Subgoa l 
(n=11 ) 

80 
90 
40 
40 

36 
64 
46 
36 

No Clarificatio n 

B? E q + 
Onl y Ela b 

(n=11)(n=11 ) 

91 10 0 
82 9 1 

9 0 
0 0 

27 3 6 
82 8 2 

9 0 
9 0 

Denom 
Subgoa l 
(n=11 ) 

91 
91 
20 
18 

9 
82 

9 
9 

Num/Denom 
Subgoal 

(n=11 ) 

70 
80 
10 
10 

27 
64 

9 
9 

T h e thir d an d fourt h problem s wer e combinatio n problem s 
(se e Table s 3 c an d d) .  I t  wa s hypothesize d tha t  subject s migh t 
interpre t  thes e combinatio n problem s a s permutatio n problem s 
and ,  a s a  result ,  th e subgoa l  manipulatio n woul d no t  hav e a s 
stron g a n effec t  a s i t  could .  I n orde r  t o investigat e thi s 
possibility ,  hal f  o f  th e subject s i n eac h instructiona l  grou p 
receive d modifie d version s o f  th e tw o combinatio n problem s 
tha t  include d a  clarificatio n abou t  order .  I f  subject s neede d th e 
clarificatio n i n orde r  t o b e mor e likel y t o interpre t  thes e 
problem s correctly ,  the n th e instructiona l  manipulatio n migh t 
onl y produc e a n effec t  fo r  subject s w h o receiv e th e clarification . 

T h e firs t  combinatio n proble m involve d human s pickin g 
objects .  Thus ,  a s i n th e examples ,  human s provid e th e valu e 
fo r  th e denominator .  Th e presenc e o f  a  clarificatio n di d no t 
see m t o differentiall y  influenc e performanc e fo r  th e variou s 
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instructiona l  group s o n th e likelihoo d o f  choosin g th e correc t 
startin g valu e fo r  th e denominato r  (se e Tabl e 4 ;  Clarification : 

g2(3)=.49 ,  p=.92 ,  No-Clarification :  G ^ 0 ) = 5.29 ,  p  =.15) .  Th e 
clarificatio n als o di d no t  differentiall y  affec t  performanc e o n 

decrementin g th e denominato r  (Clarification :  G^(3)=4.04 , 

p=.26 ,  No-Clarification :  0^(3 )  =.91.p=.82) .  Thes e result s ar e 
not  surprisin g sinc e th e clarificatio n ha s littl e relationshi p t o 
choosin g th e denominato r  an d decrementin g i t  appropriately . 

Subject s wer e m u c h les s successfu l  choosin g th e correc t 
numerato r  o n th e firs t  combinatio n problem .  Unlike  th e 
examples ,  th e numerato r  i s no t  simpl y "1, "  rathe r  i t  i s  a  valu e 
startin g a t  7  an d decrementin g t o 1 .  Mos t  subject s simpl y use d 
"1 "  a s th e numerator ,  a s i n th e trainin g examples .  Fo r  non -
clarificatio n subjects ,  ther e wa s n o significan t  differenc e i n th e 



groups '  succes s i n choosin g th e correc t  startin g valu e fo r  th e 

numerato r  a s a  functio n o f  th e example s the y studied ,  0^(3 )  = 

3.21,/ ? =.36 .  However ,  fo r  clarificatio n subjects ,  th e subgoa l 
group s outperforme d th e equatio n group s wit h th e 

Numerator/Denominato r  grou p performin g th e best ,  0^(3 )  = 
11.25 ,  p  =  .01 .  Thi s patter n o f  result s i s repeate d fo r 
decrementin g th e numerator . 

Subject s wer e les s likel y t o choos e th e correc t  startin g valu e 
fo r  th e denominato r  i n th e secon d combinatio n problem , 
presumabl y du e t o th e switc h i n role s o f  human s an d objects ; 
i n thi s proble m object s wer e pickin g humans .  A s i n th e prio r 
problem ,  though ,  th e presenc e o f  a  clarificatio n di d no t  see m t o 
differentiall y  influenc e performanc e fo r  th e variou s instructiona l 
group s o n choosin g th e correc t  startin g poin t  fo r  th e 

denominato r  (Clarification :  G^(3 )  =  .24 ,  p  =  .97 ,  No -

Clarification :  g2(3 )  =  2.58 ,  p  =  .46) .  Th e clarificatio n als o 
di d no t  differentiall y  affec t  performanc e o n decrementin g th e 

denominato r  (Clarification :  0^(3 )  =  3.21 ,  p  =  .36 ,  No -

Clarification :  g2(3)=1.45, p =.69) . 
As i n th e first  combinatio n problem ,  subject s wer e no t  ver y 

successfu l  choosin g th e correc t  numerator .  Fo r  non-clarificatio n 
subject s ther e wa s n o significan t  differenc e i n th e groups ' 
succes s i n choosin g th e correc t  startin g valu e fo r  th e numerator , 

0 (̂3 )  =  1.80,/ ? =  .62 .  However ,  fo r  clarificatio n subjects ,  th e 
subgoa l  group s outperforme d th e equatio n group s wit h th e 

Numerator/Denominato r  grou p performin g th e best ,  G^(3 )  = 
12.03 ,  p  =  .007 .  Thi s patter n o f  result s i s repeate d fo r 
decrementin g th e numerator . 

Conclusions 

The result s fro m thi s stud y ar e importan t  becaus e the y sugges t 
tha t  trainin g subgoa l  recognitio n facilitate s thei r  flexibl e 
application .  Thi s conclusio n i s supporte d b y th e fac t  tha t  th e 
Numerator/Denominator-Subgoa l  grou p wa s th e mos t  likel y t o 
recogniz e tha t  th e numerator s o f  th e individua l  even t 
probabilitie s i n th e combinatio n problem s wer e no t  simpl y 1 
but  rathe r  wer e a  valu e tha t  represente d th e numbe r  o f  acceptabl e 
outcomes .  Eve n thoug h thes e subject s ha d studie d example s 
tha t  onl y use d 1  i n th e numerators ,  the y wer e sensitize d t o th e 
rol e thi s valu e played-presumabl y vi a th e elaboratio n durin g 
training-an d wer e abl e t o generaliz e whe n face d wit h nove l 
problems .  Thi s support s th e clai m tha t  i f  usefu l  subgoal s ca n 
be conveye d t o learner s the n the y wil l  b e abl e t o solv e nove l 
problems ,  tha t  is ,  problem s tha t  involv e modifie d o r  ne w 
method s fo r  achievin g thos e subgoals . 

General Discussion 

The approac h fo r  predictin g transfe r  describe d i n thi s pape r  view s 
problem-solvin g knowledg e i n term s o f  subgoal s an d methods . 
An importan t  tas k the n i s t o develo p rule s fo r  predictin g whe n 
thes e subgoal s an d method s wil l  b e learne d fro m example s an d 
to develo p a  mor e theoretically-guide d motivatio n fo r  th e rules . 
It  ha s bee n argue d tha t  th e relativel y simpl e schem e presente d 
her e ca n accoun t  fo r  transfe r  effect s withou t  considerin g th e 
additiona l  complexitie s o f  a  ful l  mode l  o f  cognition .  Clearl y 
thi s simplicit y i s a  virtu e onl y i f  th e approac h i s reasonabl y 
accurat e an d ca n b e applie d fairl y easil y t o a  variet y o f  domain s 
by differen t  researcher s an d teachers .  Whil e ful l  model s o f 
cognitio n ar e extremel y valuable ,  a  simple r  approac h t o 
predictin g u-ansfer ,  i f  successful ,  ca n hel p improv e instructio n i n 
a direc t  way .  Th e qualit y o f  example s an d th e diagnosticit y o f 
test s ca n b e improve d i f  instructor s an d textboo k writer s becom e 
sensitiv e t o th e subgoal s an d method s tha t  student s nee d t o lear n 

i n a  particula r  domain .  Th e exercis e o f  identifyin g thes e 
component s i s valuabl e i n it s o w n righ t  sinc e i t  woul d mak e 
researcher s an d instructor s awar e o f  th e buildin g block s learner s 
need t o acquir e i n orde r  t o solv e nove l  problem s successfully . 
Example s ca n the n b e devise d tha t  conve y th e subgoal s an d 
methods .  Althoug h convergin g evidenc e i s certainl y needed ,  th e 

presen t  result s ar e consisten t  wit h prediction s tha t  learner s w h o 
acquir e a  mor e hierarchica l  subgoa l  structur e wil l  b e mor e 
successfu l  o n nove l  problem s tha n learner s w h o lear n a  linea r 
serie s o f  steps . 
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