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Production of m =-mesons in Nucleon-Nucleon Collisions
Keith Allan Brueckner
July 20, 1950
ABSTRACT

. The production of n -mesons in nucleon-nucleon collisions as
predicted by scalar meson theory, pseudoscalar meson theory with pseudo-
scalar and pseudovector coupling, and vector theory with vector coupling
is compared with the experimental results of the workers at Berkeley. The
calculations are made on the basis of 3rd order perturbation theory using
the methods of Feynman énd Dyson and also using a phenomenological treatment

of the nucleon-nucleon interaction. Account is taken of the fact that the

final nucleons are not in plane wave states, It is shown that pseudoscalar

theory with pseudovector coupling gives qualitative agreement with experiment.
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I Introduction

A problem of considerable interest in meson theory is ﬁhe production
of mesons in nucleon-nucleon collisions. The intimate connection ﬁfedicted
by ﬁesbn theory between this process and ordinary nucleon-nuclegn scattering
provided an excellent and basic opportunity for testing the fundamentgl aSe
sumptions of mesén thk_eory° The meson theory of nuclear forces.assﬁmés that
77"-mesons, found to interact strongiy with nuclei, are responsible for the
coupling between nucleons., Sinece this coupling via the meson fiel&\implieé
the existence of virtual mesons in the mutual field of twounucléoné; it
should be possible, if sufficient energy is available, for virtual mesons '
to be materiélized as free énd observable particles, A comparison of the
prediqtions of the theory with the experimental measurements oflnucleon-
nucleoﬁ scattering and of meson production should indicate whethef this
basic assumption is quantitaiively correct, .

JExperiments are row being carried out at Berkeleyl wpich‘give infor-
mation about the production of charged and neutral mesons in neﬁtron-proton
and proton-proton collisions. It is of interest to consider in a systematic
manner:théntheory of the production in order to understand whaﬁ can be
learned from these experiments, |

The production of mesons in nucleon=-nucleon collisions has been
studied’in considerablé detail by a number of theoretical wprkers.2 The
most thorough theoretical analyses which have .been made can”ﬁé:divided into
two types: 1) an application of the meson'field theory of nuclear forces
to the problem considered as a third order process, and 2) an attempt to
describe phenomenologically the scattering of the nucleons associated with
the meson emission aﬁd only the meson emission itself by meson'field'theory.

The first method suffers from the well-known failure of meson theory to
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describe nuclear forces in more than a qualitative Waj and from the more
- general failure offpérturbation théoryiin thé‘weakﬁcOupling épprokimation
applied to problems in which the coupling is not ﬁeako This method can,.
howeveryfbe applied rigorously in the lowest order and with this limi=-
tation gives a loglcally complete description of the process., _Also; be-
cause of the close relation between high energy nucleon=-nucleon scatfering
M(Qirﬁﬁéiimééoh”eiﬁéﬁéég).QQ& mesoh proéﬁééighv(;iréﬁal meson exéhanges
together With a real meson emission), a theory which givés qualitafively
cérrecﬁ:;ésults for the former process might be expected té be correct to
a similar approximation for the latter, |
The second method based on a more phenomenologicél approaéh deé
cribeS'the’mesqn emission on the basis of field theorylbut sepérates the
nucleon-nucleon scattering, which gives the momentum transfer necessary‘for
over-all energy and momentum conservation, and attempts to descrige.this in
:ﬁefmélgf;the_experimentally measurednpotentials; 'This method ié‘inadequate
iﬁ.as far as processes can occur in the meson productionlwhichtﬁanQSt'béi
‘descfibéd'in térms of the'scattering process preceded or folléwedugy;ﬁééon
. emission. Such processes are for example the interruption of.a'virtuai
meson exchange by a real meson emission., These processes are equivalént
to scatterings which take place far off fhe energyvshell;‘i;eOQ'Whgré energy
and momentum are related very differently from the relationship for free
 particles° Only if. such processes give unimportant contribuﬁionsvcan the
phenomehological approach be appro;imately»correcty Howeverg.if thié-és=
sumptioh is made, the calcwlation can be made.in a mahnetr.tiich moee'independent
ofwmesontfieldttheoryuthaﬁ‘isvtheﬁthirdc@rder"péftﬁibation'calcula%ion}'f7

ow .+ . The rigorous treatment of meson production as a third order process

-~
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is complicated by mathématical difficulties in integrating the cross~sections
over the momenta of the final nucleons to give a.resulﬁ which depends only
~on the meson momentum. This problem has been partially solved by Cecille
NMorette? for pseudoscalar mesons with pseudoscalar coupliné who, however,
ignored the effects of the Pauli principle, and so introduced a rather large
-error (about 50%) in the cross-section near threshold, Her expressiﬁns for
the cross-sections also have been averaged over meson and nucléon‘charges

and so do not separately give the crossesections for charged and neﬁtral.
mesons for neutron-proton and protoneproton collisions., Since these separate
. quantities are those which can be determined experimentally, it is of inter=-
est to calculate them, We therefore have in Section IT considered the cal-
culation of the transition matrix elements on the basis of rigorous third
order perturbation theory,‘and obtained the expressions for scalar theory,
psetdoscalar theory with pseudoscalar and pseudovector coupling, and vector
theory with vector coupling, The calculations are made in the center=of=-

mass system for cnergies near threshold where the velocities of the final

» particles are small. Corrections of the order of v2/c2 for the firal nucleons

and meson are neglected, so the results are only applicable for incident nu=-
cleon energies of 350 to 400 Mev corresponding to maximum meson energies in

the center-of-mass system of 23 to 44 lev,

The second method of calculation, treating the nucleon-nucleon inter-
action phenomenologically, has been carried out by Marshak and Foldy3 for
scalar mesons and for pseudoscalar mesons with pseudovector coupling. They

found a zZero cross-section for scalar mesons and a very small cross-section

31

(about 10 °~ at 350 Mev) for pseudoscalar mesons, Both of these results

disagree with the experimentally observed1 large cross section of the order-

of 10~

2 . ‘s .
cm , however, their treatment suffers from an unrealistic choice
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of the nuclear éotentials s;ince they assumed charge independence of the
forces at thé large 'moment{:m transfers necessary for meson productioh.,
Experimentally, high energy neutron-proton and protonmproton' séattering are
qualitatively different. Approximate agreement With the experimental re-

sults at high energy is given by the po’“tentialsl‘”

| "'gNP(fl + Px)/’g ‘egp(=/( r)/lm*r fpr Nw? scaﬁfsgring, ‘gzm,/lm—g W49 (1

"EZPP(C" 10/ ) o 5- v//() exp(4 r) /Lwr for P-P scattering,

gZPP/Ara 20418 |

. where PX is the space exchange operator. The choice of the P-P potential

is not unique; any potential which predicts a very singular and strong
interaction in P states would give approximate agreement with the high
energy scattering, This potehtial is chosen since it corresponds to pseudo-
scalar theory witklpseudbvectox coupling. Using these potentials it is of
interest t6 carry out calculations similar to those done by karshak and
Foldy to see if sufficiently large cross sections can be obtained to ex=
plain the experimental results.

This method is applied in Section III to the calculation of the tran-
sition matrix elements for scalar theory, vector theory with vector coﬁpling,
and pseudoscalar theory with pseudovector coupling. For pseudoscalar coup= |
ling, it is possible to generalize the P-P potential to ité relativistic
form using the equivalence between pseudovector and pseudoscalar coupling
pointed out by:Nelsons° The equivalence theorem gives for the éotential

the result

2 2
g PP(ZM&') (Y5)l()’ 5) o exp(=w r)/4inT (2
The. calculation can then be carried. out using this type of interaction.

However, it will be shown that for pseudoscalar coupling, processes occur
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in the production of mesons which cannot be described in terms of a potential
interaction and which give the largest contribution to the matrix eiement.

A treatment on the basis of a potential model therefore is not justified,
For such a theory the methods of third ofder perturbation theory'should

give more reliable results. These phenomenological calculations are made

in the center-of mass system and are restricted to -energies near threshold,
ic€ey 1es§tthan 400 Mev for the incident nucleon in the laboratory system.

An additional important effect which has been ignored in these calcu=

lations must be considered before comparison with experiment can be made,

In the ordinary approach to the problem of meson production, the appfoxi-
mation is made of replacing the wave functions of the initial and final
nucleons by plane waves, This approximation is falrly good for the 1n1t1al
nucleons since it is eguivalent to the use of Born approx1m?tlon in hlgh
energy scattering, However, because of the large amount of onergy carrled
off by the meson in its rest mass, the ‘final nucleons are mov1ng wlomly,
particularly near threshold. It was pointed out by E.W. Hart and Dro:**
Geoffrey Chew that as a consequence of this it is possible, if the final .
~nucleons are a neutron and a proton, cdeuteron may be formed,' In addition,
even if the nucleons do not form a deuteron, use of the plane wave'ap;lzﬂ*
proximation for the final nucleons gives very inaccurate reéultso> In the

.Appendix these effects are considered and shown to be important.

il Thifd Order Field-Theoretic Calculation of Transition Matrix Eieﬁents
The third order matrix éiement may be written down directly_uéing
the methods of Feynman and Dysono6 A FeynmanuDyson diégram_for:meson |
production is given in Figure l Seven additional diagraﬁs may Ee ob= |
talned for emission of the meson by the three other nucleons and . for '

correspondnng dlagrams in which the two 1n1tial or final nucleons are
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interchangedo The matrix element for the diagram of Fig, 1 is

s el - -1 o .
r: (f%z“r(z)[w 1 f v fw o ke 8@
_ . (Plﬂq)‘f =i (pé =P2)2+7uf
where ls (%‘:: Yuofor S(III) and = XS &ofor PsPs(III‘);
U/‘}; o‘( %(P = Pz).,75 and Ui - ,2(544%\5},1‘01» Ps.Pv(III);
Ul /A Y. for V.V(III); 4>A ¢g for S(III); Ps.Ps(III), and

mPson(III); and 91 = éz for V.V(III). We use the symmetrical isotopic

© 'spin notatien7 fXT) = flTi +-f21é +'f315+f4720 Gherge.symmetry requires

 that £, =z £, = J3/2f; the use of both £, and £

4

“of sign for the coupling of neutral mesons to nucleons, sinee the expec-
tation value of‘T§ is positive for a neutron and negative for a proton,
while the expeciation value of‘Tz is positive for both nucleon states,
The_seven additional matrix elements can be obtained by various permu=

tatlons of Py5 Py PB’ and PA and chances of the sign of au These matrix

elements are approximately in the centermofmmass system

BN AO T N EA W R (O WE R
where Uy = Uy =2 1, S(III)s U=1, U; =0 pé,ﬂy 42 Ps.Ps(TII);

Uy zo go-py /My Uy =@ py/MyPsPv(ITI); U = 12/ U, = 1,V.V(III),
The total transition matrix elements given by these expressions, squared

and averaged over the spins of the nucleons are given by the expressions

ltigl 2 o In/(zM%s) © S(II1), Ps.Ps(III)

- ¢ HI/(?,M?*/R) (1’9*;/2//@)‘ Ps Pv(III), V.V(III)

where the values of 66

III

in Table I, It is épparent that the results are sensitive to the relative

N :
We shall in what follows refer to the 3rd order computations for scalar,
.. pseudoscalar with pseudoscalar or pseudovector coupling, and vector
theory with vector coupling as S(III), Ps.Ps{III), Ps.Pv(III), and

V.V(III) respectively,

corresponds to two choices

for the various theories and processes are given

(3

(4

(5

Ear
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choice of sign for the coupling of neutral mesons to neutrons and protons,
since the use of f3 with f4 set equal to zero corresponds to the_bpposite

choice of sign for the coupliﬁgs, while the use of fL with f3 = 0 cor-
responds to the same choice of sign of the couplings, It is interesting

to observe that the only theory which predicts production of neutral mesons
in PP collisions with a cross section comparable with that for charged
“mesons is Ps,Ps(III), For the other theories cancellations océur beﬁween
matrix elements corresponding to emission of-.the final meson by the initial

or final nucleons which make the cross section the order of (/q/ﬁ)z smaller

“than for charged production.
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III Phenomenclogical Caleulation of Produgtion .

; In this: type of calculation, we gssume that theéproesss'pﬁépr?duction
saﬁ be aescribed-by meson emission prspengJQP fpliowed.by.the nucleon=nucieon
ssattefingo This, however, is not quitsrﬁyue:sinCG virtual procsssssvpscur
‘ Whicﬁ‘cannot‘Be described in terms of such a,sepafationo An analySis‘of,the
prscess considered as taking plsos in third order indicates thres basic ways

1 Sra e

'1n whlch a typlcal process “zan teke place, These are

. (1) | Pl + Pg wﬁ__}P? + P3
- (2) P,l'-ﬁva-—) Py + P? +wﬂf—>P9+P3 '—9P5+P4+-w
(3) - Py P kw2 Fy 4 Py d o + WY

It is clear 4hat the virtual meson (w') exchange in processes (1) and (2) 1is
'“a;alo¢ous to that whiech occurs in scattemngs therefore the exwhange can be
replaced by the effects of ‘the potentlal which predlc%s the scatterlngo However,
in process (3) the real meson () is emitted between the emission. and reabsorpn
tion of the virtaal mesom. Such a: process cannot occur in the snattex1ng of
real nucleons therefore its effect cannot be given in terms.of the potentlal
modeioiyég%s;srg‘;t can be shown rather easily that such processes w111 give a
rather small contribution, at least for theories in which uegativq-anrgy
states are not important for the virtual nucleons, The.energdesnoﬁésatér for
thsséﬂmgtriiveleméntsbis given by'g; - _
| 1/ (E = E“1) (E 'Eng) - : | , | .. . , (7
where. Ep is the total energy and E?; and Efy are.the eneréies‘ofttheftws inter~
mediaﬁe stateso» These denominators are (ignorisg negative energy s#gtes) for
prosessésj(i) and (2) _ ,
| 1/(Bo/2 - By = w?) (B, - 2By) & 1/(«/2 = wt)eo »' | | (8
~and for process (3} |

1/(E0/2 - E4 mwﬂ) (By/2 = wewt - Eg) «&/(u/z Dwv)(a w/2 - w*)

(9



s UCRL-715 Rev.
12w ‘

Now since near threshold the energy w!' of the virtual mesons is much larger
then the energy co of the real meson, these are spproximately -L/Au;;ufor (1)
end (2), and 1/w '2 for 3), Therefore the contribution from pfocess_(S} is
smaller than the contribution from processes (1) amd (2) in the ratio w [2 wi,
‘Since the momentum of the virtual meéson is equal to the différence of the
momentum of the initial and final nucleons which at threshold is about (pM}L/b,

1/2

the ratiow/2w? is sbout 1/2(u/M)” " which is about 20 percent. This contribu-
tion is negligible only if the ratio of the masses of the meson and nucleon is |
small; actually an error of the order of 20 percent in the matrix element can be
expected if this term is ignored. A further error arises from the neglect of
negative energy states for the virtual nucleons; however, because of the large-
ness of the energy denominators for.such processes, the coﬁtribuﬁion is negligible
~ for all theories except for pseudoscalar coupling. This case will be discussed in
detail below, |

We now consider processes leading from the initial state of two nucleons
%o the fiﬁal state of two nucleons and & meson. This can take piéce in two ways,

either through a scattering of the two initial nucleons followed by the meson

~emission, or with the order of these events reversed, We therefore have for the

@ & [EREER v RF] [ @ [y ER @) @] fr
+ [ @ [y @) s @Y @) f & @[y @) 2@V (F3) /5,

In this expression S; and SII are the potentials describing the interaction of the

matrix element (10

initial and findl nucleons, H is the operator for meson emission, and Ef and E"
are the energies of the two intermediate states. The energy denominators are
2 2 2 2 24 (11

E, - E* = P;°/2M - P,°/2M « P*y"/2u = (P, = P'°) /M

—p 2 2
B, = E" =P /M - P"“/M - w
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A, . Scalar meson theory, vector meson theory

:W@iéhallfnowfgonsidgpctheqqase,of two initial protons Pys Pz‘gqing into
a final neutron Nz, proton Péwgpdlpositive mesog.qo For this case we have the
scattering before meson emission in the P-P poteﬁ%iai and the scattering after
emission in the N-P potential, If we take scalar coupling for the meson0 then

B pAat exp(mlqor)/w)"/ 2 (12

The cése of Veotor éoﬁﬁliﬁg'ééﬁ”ﬁé”ﬁBﬁEﬁﬁﬁ%éd“éiﬁﬁi%éﬁéously since the coupling
is. U | |

H=tA oy f(2) | | (13

S K : .

where»)/ is the 4=vector formed from the Diracvmatriceso This coupling is
approximately for longitudinaily polarized mesons |

AP |3 fu exp (-34:8)/(2e)/2 (14
if corrections:of the order dﬁ-v/é“for the nucleons are ignore&o Therefore we
can obtain this result from that for sealar thecr& by multiplying the matrix
element by 'al/ho |

We find foz the matrix element for Sxphen)

) (XS &F o (Pl + P4)X1)A<XZ* & (§4 *;;15 X2) (15

o
(2) f_g PP u(L (2 )I/ZCP-» R FO NSRS AL

+(2)1/2f gZNP(l - Py )<f““ +2P34 (7(5 ’(1”)(4*)(?3 =
(2w) w(u * CP] EALDE

, : ’ 2
Near threshold, Pf>> P5 or P49 ‘We can also dlsregard g relative to P1 o
We then note that Cleiz) (1#P345 (KS*‘Xg) (}%*Xi) S0, Therefore the second
.term of the matrix element vanishes, and the expr6351on 31mp11f1es to
i/2 »
- £ gpp (1mP12><x3 o2 ) (o B X, ) (92 (16

where we have set Py /2M =. g/? andco— ) whlch are thelv values at thresholdo_

* We shall refer to the phenomenolog1cal treafment of saalarg vect0r9 and pseudo~
sealar'theuryww1th-pseudoveetor ‘coupling as S(phen), VeV(phen), and Ps-Pv(phen),
respectively,

PR L
R O G
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A similar expression is obtained for an initial neutron and proton going
into two final protons and a meson, For processes involving'thé scattering of two
neutrons, the result depends on the choice of the N-N interaction. However, in the
absence of any direct information, we shall assume that this is the same as the
P-F interaction. The results for these processes are then idéntical‘With those
given above,

For the production of néutral mesons, the analysis is similar to that
given hereo ‘In this case, however, the nucleon charge is unchanged by the meson
emission, and the scattering tekes place before and after emission in the same
potential, We find that cancellation occurs between the terms répresenting
scattering before or after emission so that a zero cross-section is predicted for
neutrel mesons in either N-P or P-P collisions.

B, _Pseudoscaler meson With'pseudovector coupling

The snelysis for pseudovector coupling can be carried out in an exactly
similar ENTS Hefé’wé have , ‘
. o 1/2 B
H = 7 ceq/u exp(-id3-2)/(2 w) / (17
This gives for the production of charged mesons: {18
L x e x ., e % v K wx f % (1/2
= (1-Py ) (gpp? (X "0 <a0= P XX, "0 P G) /0P ey (14P5.0) (X5 X ) (X, ))/1® ()
For neutral mesons from N-P collisions, we have the matrix element
2 ; . \ E> = E VAN \1/2 ‘ "
b’ 25 (1P oP3) 0T ) (XX Vit ()2 (19
and for P~P collisions the result is again zero, ' '

Co Pseudoscalar meson with pseuddscalar coupling

For the case of pseudoscalar coupling, we have
=2 Py exp(-13:7)/(2 @) / | (20

We shall now use the relativistic generalization of the P-P potential, which

Y

. 18

gpp GU/)2 (1), (1), e (eur)/amr (21
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Since negative energy states are,iﬁportant with this form of interaction, we

must reconsider thg;energy dénomigators in their relativistic form. If the

. intermediate nucleon is in a negative energyvstate” its energy is approximately

equai to the negative of its rest mass, and we have for the eneréy denominators
as given in EqQ. , N

for processes (1) and (2);approximately 1/§M2 and for process (3) -1/2Mf. We

also must consider the behaviour of the matrix elemsnts describing the emission

and reabsorption of the mesons., For transitions between positive energy states,

»(7%5 (}éiL«(vy%ﬁz where v is the welocity of the nucleons. For transitions

to and from negative energy states, (7%3 (?%) is about 1, Combining these

results we find for the approximete magnitude of the matrix elements

Processes (1) and (2) Z(V/%)Z/Zwﬂﬁi/%Mw“(Q/M)L/Z = ,40/2M« (trans- (22
itions to positive energy states)

Process (3) I/ZMﬁﬁ (transition to negative emergy state)
Wé see therefore that near threshold we cannot neglect the nonmpotentlal like |
terms correspondlng to process (5) with the virtual nucleon undergoing transitions
férnégative energy states, since they give the largest contribution to the matrix
element, We must refer to the third order perturbafxon theory'resulto for a
more adequate description of the process for the anomalous case of pseudoscalar
coupling,

Do Summary of resuilts for phenomenological calculation

The squares of the magnitudes of the matrix elements given by the .

epplication of the phenomenological method to the meson production problem are

given by
2 :
Hif‘ = phen /%I@u ‘ S(phen) | (23
= (680 /2%) P/ PsoPv(phen), V°V°(phen)
where the values of GShen are listed in Table II. A comparison of these results

with those obtained in Section II by the third order calculation for the pro=

duction of charged mesouns is given in Table III, It is spparent that the results
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obtalned by these two methods are approximately equal for not unreasonaﬁle
.cbolces of the coupling constants. The use of symmetric theory in which
f= f3 and f# is set equal to zero, however, would predict a zero cross section
fér S(III) and.V°V(III)a It is certainly not necessary, however, that such a

choice of.the coupling constants be made,

IV Caleulation of Differential Cross-Section

We shall consider the specific case of production of positive mesons
" in P-P collisions. The generalization to other cases can easily be made. To
the approximation used in these calculations, the differential cross section
in the center-of-mass coordinate system for the production of two nucleons and a
meson in a nucleon-nucleon collision is given by the expression |
awfanar -2l Whtrie ) | nof /i | (24
where T is the meson kinetic energy, T is the maximum meson kinetic energy,
and Hip 1s the transition matrix element including fhé effects discussed in the
Appendix of the interaction of the final nucleons, Using the results 6f fhat
- section, we can write ' | |
l\¥£ —O)le(O)(trlplet) '\{ (}=O)Hif(b)(sin5le£) 2 (25

where M. f(O)(trlplet) is the transition matrix element to a trlplet state calcu-

Hyp

lated in Sections II and III, evaluated at zero relative momentum for the final

nucleons, similarly for Mif(o)(singlet)° Substituting the values for the wave

functions, this becomes (setting Ef - T)
dor fanar = 2(2)YABu(n(z,-1) 1/2(| O)(triplet) (v, + 1T, »T)/(gt-»-T - 7).
M, 0(0) (singlet) (v *T =T/ T, - D)) (26

The values of,Mif (O)(triplet) and Mif (0) (singlet) are given in Table IV. The
6

relation between the constants G?II and Gphen and the coupling constants £, f

39

and f4 is given in Tables I and II.



UCRL=715 Rev,

The total cross section then is given by the expressions
1 2 - | ' 2.5
an(2)BR pr_ (gMif(O)(trlplet) 2(1/4+(Vtwgt)/im(1+2Et/Tm‘“z(gt/Tm’ Ex/T) %)+ (27

(4n) . .
*+(corresponding term for singlet)) for S and Ps-Ps

and

Snngmz uTm3(
4n

- {1+ CL/Tm)B/z(é%/Tm)%) + (corresponding term for singlet)) for V.V. and Ps.Pv.

i £(0) ( ;riplet)g?f(l/lé#(vtw £,)/T,(3/8+3/2 & /T + (£,/T)) -

(28

We can now use this cross section ignoring the possibility of deuteron formation
to estimate the values of the coupling constants. If we assume a cross section
at 350 lev of 2 x.lOm28 émz with the corrésponding meximum value of the meson
kinetic energy in the center-of-mass system of 24.8 Mev, the corresponding
values of the constants G%II/(An)B and Gghen/(An)B are given in Table V. The

values of the coupling constants £, f,, and f4 calculated from these values of
Gé/(Aﬂ)B, by the relation given iﬁ Tables I and II are given in Table VI. For
comparison the values of the coupling constants adjusted to agree with the
magnitude of P-P scattéring at 350 Mev4.(about 25 millibarns) are alsc given.
It is apparent that the coupling constants predicted by these two processes,
meson production and high energy scattering, are well within the same order
of magnitude. Conversely we can conclude that any of the 3rd erder or pheno-
menological results can correctly predict the order of magnitude of the meson
production cross section, for not unreasonable choices of the coupling constants,
Finally we must conslder the additional process which can contribute
to meson production, the formation of a deuteron and a meson in a proton-

proton collision. The cross section can be calculated easily; we have

do /aa

n

'lwif(g)(triplet) Yp (x = O)!2 Hqs/(8n* P_)

= Imif(o)(triplet) 2 4(2)1/2(Tm 5{:}/2 V. Mzu/(zmn)3 (29
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 Using the values of the matrix elements given in Table IV the cross sections
are
. 2 3 3/2 26 2 o oo .
do /dn = (Glllgphen/An) (Tm/u) 6.66 x 10 em” PsePv(III), Ps<Pv(phen) (30
(62, /un)? (Tm/u)l/z 2,22 x 10720 o Ps*Ps(III)
111 _
At 350 Mev, using the values of the constants G2/4n given in Teble V, the total-
cross sections for formation of a deuteron and a meson are

o = 7.63 x 10728 on? PsePv(III), Ps*Pv(phen) (31

2.57 x 10°°% el PsPs(III)

These cross sections are larger than those iﬁ which the final nucleons are
not bound (assuméd to be 2 x 10°28 cmz)o

The differential cfoss sections at 350 Mev for proton-proton production
of positivemesons are given in Figé° 2 and 3 for scalar theory and pseudoscalar
theory with pseudovector coupling. For comparison the cross sections obtained
when the Born approximation was made of treating the final nucleopiwave functions
as plane.wavés are also given (dashed curves). The very striking effects of the
interactions of the final nucleons are obvious. The variation of the total
cross sections with energy is given in Table VII, including the contribution
to the cross section when a deuteron is formed, The normalizatiqn is again

028 sz at 350 Mev for the production in

to a totgl cross section of 2 x 1
which the two final nucleons’are unbound.
V___Conclusions
‘The experimental results of the Berkeley Workers1 indigate that the
ross’section per nucleon for protons bombérding carbon is about 2 x 10“28 cm?
for both charged and neutrai mesons; For protons bombarding free protons, the
cross section is about the same for production of charged mesons, but appears

to be perhaps an order of magnitude smaller for neutial meson production., It

is apparent from the results of Sections II, III, and IV that the relative size
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of these cross se@tions is predicted successfully only by the third order and
the phenomenolog¢cal results for pseudoscalar mesons with pseudovector coupling.
The phenomenological result for scalar and vector theoty falls in that a zero
cross section is predlcted fo: production of neutral mesons in N~P collisions,
The third order result for pseudoscélaf theory with pseudoscalar coupling is
of the right order of magnitude except for neutral mesons produced in proton-
proton collisions, where a cross section is predicted comparable with that for
charged mesons, in contradiction with the experimentel result. The 3rd order
result for scalar and vector theories is peculiar in that the cross section for
neutral mesons vanishes for neutronwproton collisions and also vanishes for
charged mesons if fz is taken equal to 1/2 f32 {see Table I) cérresponding to
the use of symmetrical theory., 1t is interesting to cbserve that a small
crogs section is predicted for neﬁtral meson production in proteon-proton
collisions by all of the theories except pseudoscalar theory Witﬁ pseudo-
scalar coupling. It is somewhat queétionable, however, that such cancella~-
tions as those which appear in these calculations are to be quantitatively
believed since it is possible that.ﬁigher order virtual effects would remove
the cancellation which appears in léwest order8°
The phenomenological calculations for pseudovector coupling are
successful in predicting a sufficiently large cross section for agreement with
experiment because an unsymmetrical choice of the neutrgnwpfoton and proton~
proton potentials was made. Thé calculation made by Marshak and Foldy used a
symmetrieal interaction and cancellations which occurred reduced the cross
section by 2 or 3 orders of magnitudee It is not necessarily true, however,
that all symmetrical theories would give a similar result., A theory which
while symmetrical could also predict the high energy nucleon-nucleon scattering

would presumably give the same general features as the potential models used
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in these phenomenological calculations. It is interesting'ﬂo note that the

use of symmetrical theory in the third order calculation does predict correctly
the general magnitudes of the cross sections for pseudovector coupling but
gives zero cross sections for scalar and vector theory.

The experiments of meson production by protons Eombérding free'protonsl
provide a good opportunity for verifying the detailed predictions of the
differential energy spectra. The experimental results of Cartwright, et al,
are shown in Fig. 4 in comparison with the predictions of pseudoscalar theory
with pseudovector coupling. It is apparent that agreement with experiment can
be obtained only if the effects of the interactions of the final nucleons are
taken into account. The predicted fine structure of the high energy peak
resulting from the deuteron formétion cannot be resolved with the present
experimental data; presumably an improvement of experimental techniques will
make it possible to test this prediction of the theory.

The author wishes to thank Professor Robert Serber and Dr. K. M.
Watson for many ihteresting discussions of the theoretical results derived
in this paper. He also wishes to thank the experimental workers at Berkeley,
particularly Drs. Chaim Richmah, Herb York, and Vince Peterson for cbntinuous
infbrmation about the preliminary resﬁlts of their work, and for aid in inter-
preting the experiments, In particular he wishes to thank William Cartwright
and Marian.Whitehead for permission to quote the regults of their experiment

in advance of publication,
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APPENDIX

Keith Brueckner, Geoffrey Chew, and Edward Hart

Effects of interaction of Final Nucleons

For simplicity We“;esfrict<§grsélves't6 the case of two initial protons
leading to a final neutron, protgn; and positive meson. In the calculations
described in Sections II and I1I, we have made the approximation of representing
thé wave function of the final nucleons by plane waves. This is equivalent to
using the Born approximation‘to‘describexthe nucleon-nucleon scattering. How-
eVef, heér~£ﬁfeshbid where “the final nucleons have low energies, the scattering
"into these final states is poorly represented by the Born approximation applied
" to the potentials. The calculatiohs“can be done in a more satisfactory way if
the actugl wave function of the final nucleons is used. We can then resolve

this into plane waves by the relation

VF(f) f"fk exp(iker) dR (1

L}

where

o =1/(n)7 Ve ® exp(~ike¥) a7 p (2

The calculations which we have made can then be considered to represent one of

the.foﬁriér componeﬁts of this momentum_distribution. We can represent the

tranéitionﬁﬁétrix élemeht Which léads from the initial state to the final state

in wﬁich'wg have plane outgoing waves of relative momentum k by Mif(ﬁ). The

. t:ansitidn matrix eleﬁént to & state ‘\VF(?) then will be given by the expression
Hip = fdﬁ oy Hyp(R) | (3

ifiwe wish furthe ‘tb‘separate the final state into singlet and friplet spin

states, we must copéider separétely the matrix elements of Mif(i) leading

to these spin states. | .

| If we insert the:definitionAof'q‘ks we have

Hlf = 1/(2n)> Jj drdR exp(-ik-7) VF(ﬁ) mif(f) (4

Noﬁ,if_we define

1/(2n)° [ oF exp(-iRF) Myp(k) = 13 p(D) (5
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then we have for the matrix - element

ﬂ/F (#) wyp() o

Ve(Parerage) | Wiy of

¥ gl average) M £(0) o (6

where y[F<Fév) is the value of the final wave function at an average value

Hp

of %, This separation can be made more acceptable if we note that Mlif(?) mist
be large only for ?"considerably less than the range of the forces since the
large momentum transfers necessary for meson production lead to a réther
singular form fér M“if(?).‘ Then, since for low energy nucleons, y/F(?) is

~ slowly varying over a région of the size of the meson Compton wave length,

the result will not be sensitive to the particﬁlar value Of.?a§’ as long as

;;v is considerably less than fi/uc. .

This simple result can be applied to the problem of intéresto If we
wish to calculate the probability that a deuteron is formed, we can take the
expectation value of the transition matrii element Mif(o)'between the ipitial
state of arbitrary spin and the final tfiplet_state, and mltiply this by the
deuteron wave function evaluated at'?;v. Similarly, if we wish to include the
effects of the interaction of the slowly moving final nucleons in a singlet or
triplet-state, we multiply the appropriate values of the matrix elements by the
singlet or triplet wave functions évaluated at'?av; We shall use‘the_approximate
wave functions for a square wellA-of range 1053x10°136m, triplet depth V, of
52,9 Mev, singlet depth V,S of 41.1 Mev., This gives simplé analyﬁiglexpressions
- for the wave functions of the deuteron and of the unbound system of neutron and -
proton §f low relative momentum. The use of this non-singular potential may
underestimate the magnitude of the wave functions for smsll separations;

however, the results will not be gqualitatively incorrect. The approximate

wave functions are
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1/2

Vp () = sn(Om) Y20 /e (e )Mz (7

V4,5 (1) = sin(((T - f))1/21')/r (m(gt,

1

)ul'./z 5
where & g’ &4 are the singlet or trlplet binding energy (in magnitude) and
Ef is the energy of the final nucleons. The magnltude of these wave functions
is quite insensitive to the ch01ce of ra for ¥, av less than’h/hc; for simplicity
: we,shall,evaiuate_them at ?av egual to ;zeroo We then have

vy (0) = (Y2 (e )2/ 2 | (8

Ve (0) = ((Ty 5 * B/ o + BN

It.is apparent from these results that the value of the matrix element is
considersbly increased by the factor 'MfF(O) near threshold; where the final
nucleon energy E_ is considerably less than the well depth of about 50 Nev.

f
The factor

(T, B)/(E, 4+ Bp) S (9

only approachee one for E.>>7V; this condition is not satisfied‘until the

f
incident nucleon energies are the order of a Bev. At 350 lMev where the final
nucleon energy varies from O‘to about 25 Nev, this factor varies from about 2
to 25 for the triplet state and from 2 to about 600 for the singlet state.

This has the effect of raising the cross section by a factor of about 3 or 4.

The effects of the interaction of the flnal nucleons therefore clearLy are

large and cannot be ignored.
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Por production of charged mesons and neutral mesons

of type 3 (coupled through T3) or of type 4 (coupled through 7'4)0

S(III), V.V.(III) Ps.Ps(III) x p°/16M° Ps . Pv(ITI)x(M/)?
. - g T T 7~ ] 22
wp | 77| £2(E° - 1/2 f52)2 £2(£% + 1/2 f42)2 £2(22 £ 1/2 £.°)
0 rns 2,28 . 2.2 )
7 (3} 0 8fz (f3 - £,%) 827t
O, 2/fp 2 22 . a4
77 (4) o 8e 2 ((£,° - £,°)° + £%) o
PP |t [p%(% - 1/2 f32)2 2£2 (354 - £21,%+ 3/ f44): £2(£% & 1/2 f32)2
O¢s ' . 2fp 2 . o 242
7 (3) 0 16f, @3 +£,°) 0
% d 2
7743 0 16,2 (£5% + £,%) 0

Values of G6‘
phien
of type 3 and type 4.

Table II

for production of charged mesons and neutral mesons

S(phen), V.V.(phen)

Ps.Pv(phen)

2 2,2 ' L 242
Charged £ (W gPP) fz(M/p’ ggP + g%P)
—— )
N-P 7°(3) 0 2f, (g§P)2
77°(4) ° °
P-P 7r°(3) 0 0
o2 0 0
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Ratio of 3rd order %o phenaménological matrix elements for production
of charged mesons,

Scalar, vector

Pseudovector coupling

| (£ - ,1/2_,,f52)/47r)"/0266)'2'

(€% + 1/2 £,2)/a ) /110)?

Table IV

Values of square of magnitude of tran31t10n matrix elements, for P-P
production of p031t1ve mesons, evaluated at zero relative momentum for

the final nucleons, leading -

are to be multiplied by 1/% 'u o

singlet and triplet spin state, All

S(I11) [S(phen) | VoV(III) | V.V(phen)| Ps.Ps(III) Ps.Pv(I1I)[Ps.Pv(phen)
6 |6
]M f(O)(trlplet)| 0 0 0 0 2/5 111 frrr2T/b 68, o2 Tm/i
‘ . 6 6 6 6 6
‘Mif(o)(31ng1et) G111 | Cphen |O7772T /u GphenZT./h %/3 Gy 0 0
Teble V

Values of the constants GIII/47' and G hen/47f to give a total cross

section at 350 Mev of 2 x 10-2% cm for production of a positive meson,
neutron, and proton in a proton-proton collision,

S(III), S(phen)

VoVo(III), VoV.(phen)

Ps.Ps(II1)

Ps.Pv(III), Ps.Pv(phen)

a2/ 471 268

o h23

0298

2533
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Table VI

Values of the coupling constants f,fz, and £ given by Tables I, II,
and V, and also as predicted by P=P scattering at 350 Mev,

Meson Production : _ ‘P=P Scattering
— 22, 2 2.2 1/5 2 2
S(111} £ (" - 1/2 £, Y'Y  /av = .268 (f3 * T, )/ 4p= .283
, 2,
S{phen) /477 = 273
2,2 2.1/3 2 2
VoV, (I11) (£ (e - 1/2 f‘g?‘)z) (477 = 423 (f3 + £, )/4wr= .283
V,Vo{phen) | £2/47 = o613

o 2 ; ’ 4.2.1
Pso.Ps{III) (f?(3f4 - fsz + 3/4 f4 ¥

/

3 2 |
[Ay=3.79f /47 _6

2  2.2,1/3 . o 2 2 :
Ps.Pv{III} | {(f (f2 + 1/2 fsz)z) Jarr = o145 (f3 +£, )/4 7% =,0418
Ps.Pviphen) | £2/47r= 4189
Table VII

Variation with energy of total cross séggi_n for positive meson produc-
tion in P-P collisions, in units of 107° em®, The columns headed
Unbound are for production leading to a neutron, proton, and mesong
those headed Deuteron are for production leading to a deuteron and a
mesoha

Mev

290

325

350

Scalar Vector Ps.Pso Ps.Pv,
Unbouad Unbound Unbound Deuteron TUnbound Deuteron
o 6] 0 0 0 0
1,10 0.64 0,83 2,05 0.53 3,85
. 2,00 2,00 2, 00 2,57 2,00 7063
3,08 4,51 3048 3,07 5,01 13,0
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Figure Captions

" Fig. 1

Fig. 2

Fige-3 -

Fig. 4

vFeynman—Dyson diagram for meson production by nucleon-nucleon
‘collisions in lowest order: 'The' solid lines represent ‘the

nucleons, the dashed lines represent mesons.

. N
Differential cross section at 350 Mev in the laboratory System
for production of positive scalar mesons in proton-proton collisions,
The solid curve includes the effects of the interactions of the
final particles; the dashed curve is the result of the calculations
using Born approximation throughout.

Differential cross section at 350 Mev in the laboratory system

for production of positive pseudoscalar mesons with pseudovector
coupling in proton=-proton collisions. The delta function representing
deuteron formation is averaged over a 5 Mev energy interval.

Comparison of the experimental results of Cartwright, et. al.,
for production of p051t1ve mesons by 340 Mev protens bombarding
free protons. The curve is in the laboratory system for mesons
produced in the direction of the proton beam.,
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