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ABSTRACT 

The production of n -mesons in nucleon-nucleon collisions as 

predicted by scalar meson theory 9 pseudoscalar meson theory with pseudo-

scalar and pseudovector coupling, and vector theory vdth vector coupling 

is compared with the experimental results of the workers at Berkeleyo The 

calculations are made on the basis of 3rd order perturbation theory using 

the methods of Feynman and Dyson and also using a phenomenological treatment 

of the nucleon-nucleon interactiono Account is taken of the fact that the 

final nucleons are not in plane wave stateso It is shown th~t pseudoscalar 

theory with pseudovector coupling gives qualitative agreement with experimento 
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I Introduction 

A problem of considerable interest in meson theory is the production 

of mesons in nucleon-nucleon collisions. The intimate connection predicted 

by meson theory between this process and ordinary nucleon-nucleon scattering 

provided an excellent and basic opportunity for testing the fundamental as-

sumptions of meson theory. The meson theory of nuclear forces assumes that 

17""'-mesons, found to interact strongly with nuclei, are responsible for the 

coupling between nucleonso Since this coupling via the meson field implies 

the exis·tence of virtual mesons in the mutual field of two nucleons, it 

should be possible, if sufficient energy is available, for virtual mesons 

to be materialized as free and observable particles. A comparison of the 

predictions of the theory with the experimental measurements of nucleon-

nucleon scattering and of 'neson production should indicate whether this 

basic assumption is quantitatively correct. 

1 Experiments are row being carried out ~t Berkeley which give infor-
~ . 

mation about the production of charged and neutral mesons in neutron-proton 

and proton-proton collisions. It is of interest to consider in a systematic 

manner the theory of the production in order to understand what can be 

learned from these experiments. 

The production of mesons in nucleon-nucleon collisions has been 

studied"' in considerable detail by a number of theoretical workers. 2 The 

most thorough theoretical analyses which have been ntade can be divided into 

two types: 1) an application of the meson field theory of nuclear forces 

to the problem considered as a third order process, and 2) an attempt to 

describe phenomenologically the scattering of the nucleons associated with 
. . 

the meson .emission and only the meson emission itself by meson field theory. 

The first method suffers from the well-known failure of meson theory to 
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describe nuclear forces in more than a q~alitattve way and from the more 

general fa:l.lure of 'perturbation theory in the· wea:k ;coupling approximati·on 

applied to problems in which the coupling is not w.eako This method c?.n9 . 

however, be applied rigorously in the lowest order and vvi th this limi-

tation gives a logically complete description of the processo Also.9 be-

cause of the close relation between high energy nucleon=nucleon scattering 
. - '· '~· 

(virtual meson exhanges) and meson production (virtual meson exchanges 

together with a real meson emission)l' a theory which gives qualitatively 

correctresults for the former process might be expected to be correct to 

a similar approximation for the lattere 

The second method based on a more phenomenological approach de= 

cribes the meson emission on the basis of field theory but separates the 

nucleon-nucleon scattering) which gives the momentlUn transfer necessary for 

over-all energy and momentum conservation, and attemptn to describe this in 

terms of the experimentally measured potentials. This method is inadequate 

in as far as processes can occur in. the meson production which . cannot be. 

described in terms of the scattering process preceded or followed by meson 

emission. Such processes are _for example the int8rruption of a virtual 

meson exchange by a real meson emission. These processes are equivalent 

to· scatterings which take place far off the energy shell 9 ioeo,) where energy 

and momentum are related very differently from the relationship for free 

particles. Only if- such processes give unimportant contributions can the 

phenomenological approach be approximately correcto However~ if this as-

of '.meson':field_·~theory.:,thari is··theLthird~;order · perrt"il.rbation· calculationo · 

The· rigorous treatment of meson :product~on as a third order process 

.~ c 
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is complicated by mathematical difficulties in integrating the cross~sections 

over the momenta of the final nucleons to give a result whi·ch depends only 

on the meson momentum. This problem has been partially solved by Cecille 

Morette2 for pseudoscalar mesons with pseudoscalar coupling who, however, 

ignored the effects of the Pauli principle, and so introduced a rather large 

·error (about 50%) in the cross-section nea,r threshold. Her expressions for 

the cross-sections also have been averaged over meson and nucleon charges 

and so do not separately give the cross-sections for charged and neutral . 

mesons for neutron-proton and proton-proton collisions. Since these separate 

quantities are those which can be determined experimente~ly, it is of inter­

est to calculate them. We therefore have in Section II considered the cal-

culation of the transition matrix elements on the basis of rigorous third 

order perturbation theory, and obtained the expressions for scalar theory, 

pseudoscalar theory with pseudoscalar and pseudovector coupling, a:t;J.d vector 

theory with vector coup:.ing. The calculations are made in the center-of-

mass system for energies near threshold where the velocities of the final 

particles are smalL Corrections of the order of v2/c2 for the final· nucleons 

and meson are neglected, so the results are only applicable for incid.Eint nu-

cleon energies of 350 to 400 Mev corresponding to maximum meson energies in 

the center-of-mass system of 23 to 44 Mev. 

The second method of calculation, treating the nucleon-nucleon inter­

action phenomenologically, has been carried out by Marshak and Fold~ for 

scalar mesons and for pseudoscalar mesons with pseudovector coupling. They 

found a zero cross-section for scalar mesons and a'very small cross-section 

(about lo-31 at 350 Mev) for pseudoscalar mesons. Both of these results· 

disagree with the experimentally observed1 large cross section of the order­

of lo-28 cm2, however, their treatment suffers from an unrealistic choice 
, .. : ,., .. ~ .. ·· .. 
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of the nuclear potentials since they assumed charge independence of the 

forces at the large momentum transfe:cs necessary for meson productiono 

Experimentally, high energy neutron~proton and proton~proton scattering are 

qualitatively differento Approximate agreement with the experimental re­

sults at high energy is given by the potentials4 

where Px is the space exchange operatoro The choice of the P=P potential 

~s not unique; any potential which predicts a very singular and strong 

interaction in P states would give approximate agreement with the high 

(1 

energy scatteringo This potential is chosen since it corresponds to pseudo-

scalar theory with pseudovector coupling a Using these potent:lals it is of 

interest to carry out calculations similar to those done by Marshak and 

Foldy to see if sufficiently large cross sections can be obtained to ex~ 

piain the eXperimental ·resul tso 

This method is applied in Section III to the calculation of the tran-

sition matrix elements for scalar theory~ vector theory with vector coupling, 

and pseudoscalar theory with pseudovector couplingo For pseudoscalar coup~ 

ling, it is possible to generalize the P=P potential to its relativistic 

form using the equivalence between pseudovector and pseudoscalar coupling 

pointed out by Nelson5o The equiva1ence theorem gives for the potential 

the result 

The.-calculation. can then be carried out using this type of interactiono 

However, it will be shown that for pseudoscalar coupling~ :processes occur 

(2 
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in the production of mesons which cannot be described in terms of a potential 

interaction and which give the largest contribution to the matrix element. 

A treatment on the basis of a potential model therefore is not justified. 

For such a theory the methods of third order perturbation theory should 

give more reliable results. These phenomenological calculations are made 

in the center-of mass system and are restricted to energies near threshold, 

ioeft~ less than 400 Mev for the incident nucleon in the laboratory system. 

An additional important effect which has been i~nored in these calcu-

lations must be c'?nsidered before comparison with experiment can be mn.deo 

In the ordinary approach to the problem of meson production,~~ the approxi-

mation is made of replacing the wave functions of the initial and final 

nucleons by pla.ne wa11es. This approximation is fairly good for the initial 

nucleons since it is equivalent to the use of Born approximation jri high 

energy scattering. However, because of the large amount of energy carried 

off by the_ meson in its rest mass, the ·final nucleons are moving slovily, 

particularly near threshold. It· was pointed out by E. W. Hart and Dr. 

Geoffrey Chew that a:'> a consequence of this it is possible, if the final 

nucleons are a neutron and a proton, deuteron may be formed. In addition~ 

even if the nucleons do not form a deuteron, use of the plane wave · ap.;. ·• ·· ·· 

proximation for the final nucleons gives very inaccurate results. In the· 

·Appendix these effects are considered and shown to be important. 

II Third Orlc:')r Field-Theoretic Calculation of Transition Matrix Elements 

The third order matrix element may be written dovm directly using 

6 the methods of Feynman and Dysono A Feynman=Dyson diagram for meson 

production is given in Figure lo Seven additional diagrams may be ob­

tained for emission of the meson by the three other nucleons and for 

corresponding diagrams in which the two initial or final nucleons .. are . 

·r 
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interchangedo The matrix element for the diagram of Figo 1 is 

r). cr P> 2tc3.)[cu! 11-). 1 ~~"' P 
. · I ' (P1=q~ ~ =iM 

1 2--- * . . . 
where UfA~·~ ~~ 0for S(III) and: ~5 ~ofor PsPs(III), 

~ "~ ~o Y 5f (P 4 = P2).y Oyand u:: ~" o-5~q-y )'yfor PsoPv(III); 
1 2 . I 

. ~.:.If .. : .. ~,~ .. :~ ~~r '[o V(III); ~; ~ ~A·~~-fo~ S(III)9 Ps,Ps(III) ~ and 

·· PsoPv(III):; and ~ :;: ~ for V o V(III) e We use the synunetrical isotopic 

· . ·spin notation7 r""")::;; f11i + r21;2 + f;'1j+f'41z_o Gh~rge symmetry requires 

that r1 : r2 ~ {2/2f; the use of both r
3 

and t•
4 

corresponds to two choices 

of sign for the coupling of neutral mesons to nucleons~ since the expec·= 

tation value of·'fJ is positive for a neutron and negative· for a proton9 

while the expectation value orf4 is positive for both nucleon stateso 

The seven additional matrix elements can be obtained by various permu~ 

tations of P1 ~ P29 P3.\l and P4 and changes of the sign of qp., These matrix 

elements are approximately in the center=of=mass system 

(3 

. ___ J.i\(ff)~[t*(3Jtr-1-pU1 'f(l~l 'Y*(4)Tfcr
2 

tC2J /(2M~ 5) (4 

where u1 :: U2 ;;;: 1 9 S(III), U1=l9 U2 : o-· p2 ,/A/I).ts PsoPs(III)' 

U1 : o-· _gcr· PJ,ff M9 u2 :; (J. pfM9Ps=Pv(III) ~ u1 ~ jqflj..-t" u2 : 1, Vo V(III) o 

The total transition matrix elements given by· the~.e expressions.\! squared 

and averaged over the spins of the nucleons are given by the expressions 

IH1rl 2 :., G
6 
III/(2M2ft 5) S (III) 9 Ps,Ps (III) 

~ .G6rrr/(""M2 JA-5) ,,~/2/;-2,' _ ~ 
1 

~ ~ o PsoPv(III) 9 VoV(III) 

where the values of a6
111 

for the various theories and processes are given 

in Table Io It is apparent that the results are sensitive to the relative 

* We shall in what follows refer to the 3rd order computations for scalar» 
·pseudoscalarwith pseudoscalar or pseudovector couplingJ and vector 

(5 

theory with vector coupling as S(IIIL PsoPs(Ili) s Ps,Pv(III):; and \,.,_ 
VaV(III) respectivelyo 
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choice of sign for the coupling of neutral mesons to neutrons a?d protons, 

since the use of f
3 

with f
4 

set equal to zero corresponds to the opposite 

choice of sign for the couplings, while the use of r4 with r
3 

: 0 cor­

responds to the same choice of sign of the couplings. It is interesting 

-c.o observe that the only theory which predicts production of neutral mesons 

in P-P collisions with a cross section comparable with that for charged 

mesons is PsoPs(III)o For the other theories cancellations occur between 

matrix elements corresponding to emission of.the final meson by the initial 

or final nucleons which make the cross section the order of (~/M) 2 
smaller 

than for charged production. 
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III Phenomenolo€;ical Calculation. of Pr.odu(d;loll: _ 

In this type of calc ula.tion9 we. ~~ s,l-Wl:~·, t¥, t the pro ces~ · .o~'. pr~ duction 

can be described by mes.on emlssion. pre.ceded.: pr followed by -the nucleon=nucleon 
. ' . : ' . . . 

sc~tteringo This 0 however 9 :i.s not quite tr:ue since virtual proc~sses oecur 

which cannot' be described in terms of such a .. separationo An analysis of the 

process considered as taking pl~.ee in third order indicates three basic ways 
,· •, ···••.v'' ,_.,..:,.,._,~.,,~·.-.. , •'' ~'·"'"4..-..•'o.~ J,,,,_,.,. "'"~ ' 

in which a typical process can take placeo These are 

(1) p +. po + ~~~ -7 pu + p3 
1 

(2) pl + p2-) p2 + pu +wu-7pv + p3 . l-tP3 + p4 + i<J 

(3l"· p2 + po ..Pw 0 -7P + p4 + w + (Jg . 2 

(6 

It is ciear ,that the virtual· meson (t.vn) exchange in processes (l) and (2) .is 

~logous t6 that which occurs in scatteri.ng.9 therefore the exchange can ·be 

replaced by the ef'fects of the potential which predicts the scattering o However 8 

. . . . I 

in process (3) the real meson (c.v) is emitted between the emission and rea.bsorp~ 

tion of' the virtual mesono· 
. . . . . . : ·. ~ i . : f ; • ; • •• 

Such a, process cannot occur in the scattering of· 

real nucleonS:~ therefore its effect cannot be given ~n ·terms of' the potential 
:~ .... · ...... : . .. ·- .. "'··. ~··· ,' ··; 

modelo Hovirev'er 9 it can be shown> rathe..r easily that such processes will give a 

rather small contributi·on9 at least for theories in which negativ~ energy 
' . 

states are not important f'or the virtual nucleons~ 

thes,e' matrix elements is given by ·. 
. '.....; 

'1/ (Eo = E a 1} (Eo =' E, u 2) 

where E0 is the total energy and En1 and Eu 2 are the energies of the twO inter=· 

mediate stateso These denominators ar'e (ignoring negativ!;l energy states) for 

process~s (1) and (2) 

.1/(Eo/2~ =· E4 = 1.U u) (E0 = 2E4) = 1/( C4l /2 = w11) c.u 

and for process (3) . . ·.•'"" ...... ,..... ~ ..... :..· .... .,~ ·"''·'· -.• · ... ,.,.,., ....... . 
.-.J 

(7 

(8 

1/(Ec/2 = E4 = wu) (Eo/2 = w= c..Jn = E3) = 1/(t.J/2 = wu H= wj2 = £V' j (9 
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Now since near threshold the energy ~· of the virtual mesons is much larger 

than the energy w of the real meson, these are approximately -1/ww' for (1) 

and (2)., and 1/w v2 for (3)o Therefore the contribution from process (3) is 

smaller than the contribution from processes (1) and (2) in the ratio w /2 w•., 

Since the momentum of the virtual meson is equal to the difference of the 

momentum of the initial and final nucleons 'Which at threshold is about (tJ.M)1/
2, 

the ratio wj2 w' is about l/2(tJ./M)
1

/
2 

which is about 20 percent. This contribu-

tion is negligible only if the ratio of the masses of the meson and nucleon is 

small; actually an error of the order of 20 perc~nt in the matrix element can be 

expected if this term is ignoredo A further error arises from the neglect of 

negative energy states for the virtual nucleons; however, because of the large-

ness of the energy denominators for such processes, the contribution is negligible 

for all theories except for pseudoscalar couplingo This case will be discussed in 

detail belowe 

We now consider processes leading from the initial state of two nucleons 

to the final state of two nucleons and a mesone This can take place in two ways~ 

either through a scattering of the·two initial nucleons followed by the meson 

emission, or with the order of these events reversedo We therefore have for the 

matrix element 
(10 

) CJ.i- ~~ [f;(zt,~)H(r:~) 'If' (;,t')] ;~ &~t [ 'f•*(t,"tv) s1(t,t•) l(1(zt,t•j] /E0 -E 1 . 

( -7 ~ [ • ~ ~ . -? -? . . lll" ~ ~ J f -7 7 [ * " ~ _, . ·~ ~ . ~ -7 ~v 
¥ Jdr dr 1 YF (r 9 r 1 ) SII(r,r') 't' (r,r'~ dr dr! '/' (r,r') H(r,r•)ljf1 (r,r'~ E0-~11 

In this expression s1 and SII are the potentials describing the interaction of the 

initial and final nucleons, H is the operator for meson emission, and E1 and E~ 

are the energies of the two intermediate stateso The energy denominators are 

E
0

- Et = P1
2/2M = P2

2j2M- pv1
2j2M = (P0

2 - pr2)/M 

E
0

- E" =P
0

2
/M = pn2/M- w 

(11 
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Ao . Scalar meson t_heory2 vector meson theory 

We shalL now consid~;r .the .~a.se. of two ini tia.l protons Pp P2 . going into 

a. final neutron N3» proton p4 ~d~posit:tve meso!?- qo For this case we have the 

scattering before meson emission ,_in the P=P potentiaf and the sc:a.ttering after 

emission in the N=P potentiaL If' we take sca.la.r coupling for the meson,9 then_ 

H ~ fA_,-"- exp(=iqor)/(2.c.;)1/
2 

(12 

is 

H = rA.,A -y </> (?) 
1-t 1-t 

where ]I is the ~vector formed. from the Dirac me.triceso This coupling is 
. !.L 

approximately for longitudinally polarized mesons 

(lJ 

fA~ ~~~~~ exp (~iq of)/(Z:"-J)l/Z (14 

if corrections of the order of v,/c for the nucleons are ignoredo Therefore we 

can obtain thi.s result from that for scalar theory by multiplying the matrix 

'* We find for the matrix element for S(phen). 

. 1/2 2 .... 
=(2.) f g pp M(l = P

12
) 

. . ·,. ~-· ·-- . 

(X3*(f 0 (Pl + P4)Xl) ( \* t-o ct4 + P]) x2) 

_(2w)~/2(pl2_ = p42) (p;2 + (i\ + ~4)2 ) 

.f(2)1/2f g2 NP(l = p~2) (1 -!'-/34 <X3 *rtiH X4* X2) 
(2~v~c!J.2 + <~. + i4)2 ) 

2 2 
Near threshold.o Pr> P

3 
or P4 o .we can also disregard !l relative to P

1 
o 

We thim note t~t (l=P12) (1-e-P34) (X3 * X2) (X4*X1) .= Oo Therefore the second 

. term of the matrix element vanishes .o and the 13:x:pression simplifies to 

= f gpp 2 (l~Pl2)(Xs * o-<>Pl.X:l)(~ *p-o~lX2)/¥. IJ.4 (!l)l/2 

·where we. have se~ l:1
2
/2M ~- !J./2 and W=, p. 9 whic.h ar~ thei:r values at thresholdo. 

(1.5 

(16 

*We shall refer to the phenomenological treatment of scalar 9 vector 9 and. p~;;eudo ... 
""S'cs:tgr~-theory-with -p·s-eudovector eoup-l:ing as S(phen) 9 V<>V(phenL and PsoPv(phen)s 
:respectivelyo 

( .. ( . 
,, ' •, ·. ~ _., 
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A similar expression is obtained for an initial neutron and proton going 

into two final protons and a mesonG For processes involving the scattering of tvro 

neutrons~ the result depends on the choice of the N-N interaction. However~ in the 

absence of any direct information, we shall assume that this is the same as the 

P=I' :i.nteraction., The results for these processes are than identical with those 

given above., 

For the production of neutral mesons, the analysis is similar to that 

given here., In this case~ however, the nucleon charge is unchanged by the meson 

emission0 and the scattering takes place before and after emission in the same 

potential., We find that cancellation occurs between the terms representing 

scattering before or after emission so that a zero cross-section is predicted for 

neutral mesons in either N-P or P-P collisionsG 

Bo Pseudoscalar meson with pseudovector coupling 

The analysis .for pseudovector coupling can be carried out in an exactly 

similar wayo Here' we have 

..A A. _/. ~ ~·· ,l/2 
H = 1" -r o-·':11~ exp(-iq•:r)/(2t.J) (17 

This gives for the production of charged mesons: (18 

=f(l-Pl2) (gpp 2(,x3 *rr•qo-•PlX~*o-•Pl~)jl-\2 -g11JP2(1+P34)(~6-q~) (.4*X'2))/~3(~l/2 
z 

For neutral mesons .from N-P collisions, we have the matrix element 

and for P-P collisions the result is again zeroe 

Co Pseudoscalar meson ~~th pseudoscalar coupli~ 

For the case of pseudoscalar coupling, we have 

H = rA.-f Ys exp(-iqei)/(2 CJ) 1
/

2 

. . . . 
We shall now use the relativistic generalization of the P-P potential, which 

is 

(19. 

(20 

.(21 
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Since 'negative energy states are important with this form of interaction0 we 

must reconsider the ,energy denomi:~:mtor~ in th~ir relativistic formo If the 

intermediate nucleon is in a negative energy state~ its energy is approximately 

equal to .the negative of its rest mass" and we have for the energy denominators 

for processes (1) and (2):·:p~~~~~m!~e~i" 1~~ and for process (3}-l/2Mt.Ju., We 

also must consider the behaviour of the matrix elements describing; the emission 

and reabsorption of the mesons" For transitions betWeen positive energy states~> 

(~) (Ys).:...-(v/c) 2 where 1r is the velocity of the nucleons.., For transitions 

to and from negative energy states 8 (is) (is) is about lo Combining these 

res.ul ts we find for the approximate magnitude of the matrix elements 

Processes (1) and (2) 2 (v/c )2/wtJJ-l/2M4.1u (t-t/M)1/ 2 ~ o40/2Mc.JI (t~:ans- (22 
itions to positive energy states) 

Process (3) l/2MeJl (transi.t;ion to negative energy state) 

We see therefore that near threshold we cannot neglect the nor.i.=po-t;ential like 

terms corresponding to process (3) with the virtual nucleon undergoing transitions 

t~· negative energy states" since they give the largest contribution to the.matrix 

eiement., We must refer to the third order perturbation theory results for a 

more adequate description of the process for the a:nomalous case of pseudoscalar 

coup lingo 

Do Summary of results for phenomenological calculation 

The squares of the magnitudes of the matrix elements given by the 

application of the phenomenological method to the meson production probJem are 

given by 

2/. 2 
q Ill 

S(phen) 

PsoPv(phen)" V<>Vo (phen) 

where the values of G6 are listed in Table IIo A comparison of these results 
ph en 

with those .obtained in Section. II by the third order calculation for the pro-

(23 

duetion of charged mesons is given in Table IIIo It is apparent tha't the results 
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obtained by these two methods are approximately equal for not unreasonable 

choices of the coupling constants c The use of symmetric theory in which 

f:;, 1:3 ~nd f4 is set.equal to zero, however, would predict a zero cross section 

for S(III) and VoV(III)o It is certainly not necessary, however 9 that.such a 

nhoice of.the coupling constants be made. 

IV_ Calculation of Differential Cross-Section 

We shall consider the specific case of production of positive mesons 

Sn P=P collisionso The generalization to other cases can easily be madeo To 

the approximation used in these calculations, the differential cross section 

in the center~of~mass coordinate system for the production of two nucleons and a 

meson in a nucleon-nucleon collision is given by the expression 

d<Y/dn dT "'2(2fl~t(T(Tm-T) )J/2 j Hif~/(4n)3 n (24 

where T is the meson kinetic energy, Tm is the maximum meson kinetic energy, 

and Hif is the transition matrix element including the effects discussed in the 

Appendix of the interaction of the final nucleonse Using the results of that 

section, we can write 

\Hit \
2 

• \lftd=O)Mir(O)(triplet)\
2 

+ IV 8 (1-=0)\1 if(o)(s~let)l 2 
(25 

where M..f(O)(triplet) is the transition matrix element to a triplet state calcu~ 
~ . 

lated in Sections II and III 9 evaluated at zero relative momentum for the final 

nucleons, similarly for Mif(O){singlet)e Substituting the values for the wave 

functions, this becomes (setting Ef ~ Tm- T) 

do-/dfldT = 2(2)l/~2~(T(Tm=T) )1
/

2
( 'Mif(O)(triplet)I

2
(Vt + Tm - T)/(€t + Tm - T) · 

+ IM;~(O)(singlet), 2 (v + T = T)j(C + T - T)) (26 
... J. s m l-s m 

The values of Mif (O)(triplet) and Mif (O)(singlet) are given in Table IVo The 

relation between the constants G~II and G~hen and the coupling constants f, f
3

, 

and f. is given in Tables I and IIo 
4. 
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The total cross section then is given by the expressions 

!tn(2)-kM2 i!Tm2~Mif( O)(triplet)~~l/4+(Vt=Lt)/Tm(l+2tt/Tm"-2([tfTm- ([t/Tm) 
2

) t) + (27 
(4n):3 ~ . · -

+(corresponding term for singlet)) for Sand Ps·Ps 

and 

8n(2~tNf !J.Tm.3(1M1_do) {triElet)b(l/~6+(Vt~Et)/T (3/B+J/2 et/T + ([,t/Tm) 2~ 
(4n 3 T I m m ( 28 

= (1 + Gt/Tm)3/2(lt/Tm)i) + (corresponding term for singlet)) for V.Vo and PsoPvo 

We can now use this cross section ignoring the possibility of deuteron formation 

to estimate the values of the coupling constants. If we assume a cross section 

at 350 Mev of 2 x 10=28 cm2 with the corresponding maximum value of the meson 

kinetic energy in the center=of·=mass system of 24~8 Mev j the corresponding 

values of the constants G~rr/(4n) 3 ~d a;hen/(4n) 3 are given in Table V. The 

values of the coupling constants f~ f3 ~ and r
4 

calculated from these values of 

G6/(4n) 3 ~ by the relation given in Tables I and II are given in Table VIo For 

comparison the values of the coupling constants adjusted to agree with the 

magnit·ude of P-P scattering at .350 Mev4 (about 25 millibarns) are also given. 

It is apparent that the coupling constants predicted by these two processes 9 

meson production and high energy scattering, are well within the same order 

of magnitude. Conversely we can conclude that any of the Jrd order or pheno= 

menological results can correctly predict the order of magnitude of the meson 

production cross section 9 for not unreasonable choices of the coupling constants. 

Finally we must consider the additional process which can contribute 

to meson production 9 the formation of a deuteron and a meson in a proton= 

proton collision. The cross section can be calculated easily; we have 

dll'/di1 • I M;.£(O)(triplet) "'!' D (r " 0)12 MqJL/(Sn2 P 
0

) 

"" 'Mif(O)(triplet)J
2 

4(2)l/Z(Tm cJ/2 
Vt M2lJ./(4n) 3 (29 
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Using the values of the matrix elements given in Table IV the cross sections 

cm2 Ps•Pv(III) 9 Ps•Pv(phen) (30 

Ps•Ps(III) 

2 At 350 Mev 9 using the values of the constants G /4n given in Table V, the total· 

cross sections for formation of a deuteron and a meson are 

=28 2 
0"' ~ 7.63 x 10 em 

2.57 x 10=
28 cm2 

Ps•Pv(III), Ps•Pv(phen) 

Ps•Ps(III) 

These cross sections are larger than those in which the final nucleons are 

not bound (assumed to. be 2 x lo-28 cm2). 

(31 

The differential cross sections at 350 Mev for proton-proton production 

of positivemesons are given in Figs. 2 and 3 for scalar theory and pseudoscalar 

theory with pseudovector coupling. For comparison the cross sections obtained 

when. the Born approximation was made of treating the fin~ nucleop. wave functions 

as plane waves are also given (dashed curves). The· very striking. effects of the 

interactions of the final nucleons are obvious. The variation of the total 

cross sections with energy is given in Table VII, including the coq.tribution 

to the cross section when a deuteron is formed. The normalization is again 

to a total cross section of 2 x 10=28 cm2 at 350 Mev for the pro?uction in 

which the two final nucleons are unbound. 

V Conclusions 

The experimental results of the Berkeley workers1 indicate that the 

cross section per nucleon for protons bomb~rding carbon is about 2 x 10=28 cm2 

for both charged and neutral mesons. For protons bombarding free protons, the 

cross section is about the same for production of charged mesons, but appears 

to be perhaps an order of magnitude smaller for neut1al meson production. It 

is apparent from the results of Sections 11 9 III 9 and IV that the relative size 
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of these cross sec.tions is predicted successfully on~ by the third order and 

the phenomenological results for pseudoscalar mesons with pseudovector coupling. 

The phenomenological result for scalar and vector theory fails in that a zero 

cross section is predicted for production of neutral mesons in N-P collisions. 

The third order result for pseudosc:alar theory with pseudoscalar coupling is 

of the right order of magnitude except for neutral mesons produced in proton= 

proton collisions~ where a cross section is predicted comparable with that for 

charged mesons? in contradiction with the experimental res1ilt. The 3rd order 

result for scalar and vector theories is peculiar in that the cross section for 

neutral mesons vanishes for neutron=proton collisions and also vanishes for 

charged mesons if r2 is taken equal to 1/2 r
3

2 (see Table I) corresponding to 

the use of symmetrical theoryo It is interesting to observe that a small 

cross seGtion is predicted for neutral meson production in proton=proton 

collisions by all of the theories except pseudoscalar theory with pseudo~ 

scalar coupling. It is somewhat questionable, however~ that such cancella­

tions as those which appear in these calculations are to be quantitatively 

believed since it is possible that higher order virtual effects would remove 

the cancellation which appears in lowest order8 • 

The phenomenological calculations for pseudovector coupling are 

successful in predicting a sufficiently large cross section for agreement with 

experiment because an unsymmetrical choice of the neutron-proton and proton-

proton potentials was made. The calculation made by Marshak and Foldy used a 

symmetrical interaction and cancellations which occurred reo.uced the cross 

section by 2 or 3 orders of magnitude. It is not necessar:ily true~ however, 

that all s.ymmetrical theories would give a similar result. A theory which 

while s.ymmetrical could also predict the high energy nucleon=nucleon scattering 

would presumably give the same general features as the potent~al models used 
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in these phenomenological calculations. It is interesting to note that the 

use of symmetrical theory in the third order calculation does predict correctly 

the general magnitudes of the cross sections for pseudovector coupling but 

gives zero cross sections for scalar and vector theoryo 

The experiments of meson production by protons bombarding free protons1 

provide a good opportunity for verifying the detailed predictions of the 

differential energy spectrao The experimental results of Cartwright 1 et al, 

are shown in Fig. 4 in comparison with the predictions of pseudoscalar theory 

with pseudovector coupling. It is apparent that agreement with experiment can 

be obtained only if the effects of the interactions of the final nucleons are 

taken into accounto The predicted fine structure of the high energy peak 

resulting from the deuteron formation cannot be resolved with the present 

experimental data; presumably an improvement of experimental techniques will 

make it possible to test this prediction of the theory. 

The' author wishes to thank Professor Robert Serber and Dro K. Mo 

Watson for many interesting discussions of the theoretical results derived 

in this paper. He also wishes to thank the experimental workers at Berkeleyy 

particularly Drs. Chaim Richman, Herb York, and Vince Peterson for continuous 

information about the preliminary results of their work, and for aid in inter~ 

preting the experiments. In particular he wishes to thank William Cartwright 

and Marian Whitehead for permission to quote the results of their experiment 

in advance of publication. 
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APPENDIX 

Keith Brueckner, Geoffrey Chew, and Edward Hart 

Effects of interaction of Final :Nucleons 

For simplicity we restrict' ourse+ves to the case of two initial protons 

leading to a final neutron, proton, and positive meson. In the calculations 

described in Sections II and IU:I, we have made the approximation of representing 

the wave function of the final nucleons by plane waves. This is equivalent to 

using the Born approximation to· describe. the nucleon-nucleon scattering. How-

ever, near threshold where·the· final nucleons have .low energies, the scattering 

· ~nto these final states is poorly represented by the Born approximation applied 

to the potentials. The calculations .can be done in a more satisfactory way if 

the ·actual wave function of the final nucleons is used., We can then resolve 

this into plane waves by the relation 

1( F(r) ""f "'! k exp(ikor) ~ (1 

where 

(2 

The calculations which we have made can then be considered to represent one of 

the Fourier components of this momentum distribution. We can represent the 

transition matrix element which leads from the initial state to the final state 

in which we have plane outgoing waves of relative momentum k by Mif(k). The 

transition matrix element to ·a: state \(FCLt) then will be given by the expression . f -+. . ~ Hif = • dk ork Mif(k:) 

wish furthe . t~ separate the If we final state into singlet and triplet spin 

states, we must consider separately the matrix elements of Mif(Yt) leading 

to these spin states. 

If we insert the· definition of ~k, we have 

Hif = l/(2n)J JJ di"dJt exp( -ik·~) y F(~) Mif(k) 

Now if we define 

(3 

(4 

(5 
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then we have for the rratriX element 

Hif = [Y F (t) M' if.(t) o1 

= l(F(i!average) f M' if(1) dr 

= yrF(~average) Mif(O) 

UCRL-715 Rev. 

where VfF(tav) is the value of the final wave function at an average value 

(6 

of :t.. This separation can be made more acceptable if we note that M 'if(t) must 

be large only for ? considerably less than the range of the forces since the 

large .momentum transfers necessary for meson production lead to a rather 

singular form for M 1 if(~). Then, ~ince for low energy nucleons, 1fF(~) is 

slow~ varying over a region of the size of the meson Compton wave length, 

the result will not be sensitive to the particular value ofr ·· as.long as av' 
4 
r is considerably less than ~/~c. av 

This simple result can be applied to the problem of interest. If we 

wish to calculate the probability that a deuteron is formed, we can take the 

expectation value of the transition matrix element M.f(O) .between the ~itial 
~ . 

state of arbitrary spin and the final triplet state, and multiply this qy the 

_deuteron wave function evaluated at 1 av• Similarly, if we wish to include the 

effects of the- interaction of the slow~ moving f;i..nal nucleons in a singlet or 

triplet state, we multiply the appropriate valu~s of the matrix elements by the 

singlet or triplet wave functions evaluated at t . We shall use the approximate av - -

wave functions for a square we114 of range 1.5.3x10-l.3cm, triplet depth Vt of 

52.9 Mev 9 singlet depth V.s of 41.1 Mev. This gives simple analytic expressions 

for the waye functions of the deuteron and of the unbound system of neutron and 

proton of low relative momentum. The use of this non-singular potential may 

underestimate the magnitude of the wave functions for small separations; 

however, the results will not be qualitatively incorrect. The approximate 

wave functions are 
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. 1/2 1/2 1/2 . I{ D (r) = sJ.n((MVt) r)/r ((M E.t) /2n) 

. l V t~s (r) = sin( (M(Vt~s~ ~f) )l/2r)/r (M(E t j~ +Ef) fl/2 

(7 

where t~ 1 C::t are the singlet or triplet binding energy (in magnitude) and 

Er is the energy of the final nucleons. The magnitude of these wave functions 

is quite insensitive to the choice of ;av for rav less than~/~c; for simplicity 

we shall evaluate them at rav equal to ~ero. We then have 

1.r (0) = (MV )1/2 ( (M C )1/2 /2n)l/2 
o/D t t 

Vt~s (O) = ((Vt~s + ~)/(Ct,s + EF))
1
/
2 

It is apparent from these results that the value of the matrix element is 

consid.era.bly increased by the factor 'V F(O) near threshold, where the final 

nucleon energy Ef is considerably less than the well depth of about 50 Mev. 

The factor 

only approaches one for Ef> > V; this condition is not satisfied until the 

incident nucleon energies are the order of a Bev. At .350 Mev where the final 

nucleon energy varies from 0 to about 25 Mev,·this factor varies from about 2 

to 25 for the triplet state and from 2 to about 600 for the singlet state. 

(8 

(9 

This has the effect of raising the cross section by a factor of about .3 or 4. 

The effects of the interaction of the final nucleons therefore clearly are 

large and cannot be ignored. 
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Table I 

6 
Values of' G·r·r-r for production of charged mesons and neutral mesons 
of' type 3 (c~~pled through T 3) or of type 4 (coupled through r 4) o 

S(III)D VeV&(III) PsGPs(III) x ~3/16~ PsePv~~III)x(~~) 2 

- -. .. ··--·· . - -- ---

7!+ [) 71= £'2(£2 = 1/2 £'32)2 r2(r2 + 1/2 r42)2 f2(f2 + 1/2 r32)2 

?/(3) 0 8£' 2(£' 2 - f 2)2 
3 3 4 

8f4f' 2 
3 

?10(4) 0 Bf 2((r 2 _ f 2)2 + r4) 
4 3 4 

0 

• 
7{+ r 2(r2 

= 1/2 f 2)
2 2£'2 (3f'4 ~ r2f4 2 + 3/4 f4 4} r2(r2 + 1/2 r 2)2 

3 3 
. 0 ('2;) 1( <.· 0 1sr 2(f 2 + f 2)2 

3 3 4 
0 

7f(4) 0 16r42(r32 + r42)2 0 

Table II 

6 Values of G ~ for production of charged mesons and neutral mesons 
pH en 

of type 3 and type 4~ 

S(phen)~ VoVo(phen) PsoPv(phen) 

Charged 
2 2 2 

f (M/1-1 gpp) 
2 M/i 2 . 2 --2 

f ( ~ gpp + gNP) 

N=P 7(0(3) 0 2f 2(g2: )2 
3 NP 

?10(4) 0 0 

P=P r(3) 0 0 

1'T" ( 4) I 
0 0 

-
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Table III 

Ratio of 3rd order to phenomenological matrix elements for production 
of charged mesons& 

Scalar» vector Pseudovector couplin.g 

Table IV 

Values of square of magnitude of transition mat.rix elements.? for P=P 
production of positive mesons 9 evaluated. at zero relative momentum for 
the final nucleons!) leading t.Q singlet and triplet spin stateo All 
are to be multiplied by 1/2 ruf~5o 

S(III) s(phen) V.,V(III) VoV(phen) PsoP.s (III Ps,.Pv(III) IPs oPv(phen) 
----

jMif(O) (triplet) 1
2 

0 0 0 0 2/3 6 :t~rr2 Tm/~ G~hen2Tm/~. Grn _ .............. .,..........,. . 

1Mif(o)(singlet)l
2 6 6 G~II2T /~ G6h 2T: /1-1 1/3 G6 0 Gnr Gphen p en III 

Table V 

Values of the constants G~'n/41T and G~heti4?7"' to give a total cross _ 
section at 350 Mev of 2 x 10~28 cm2 for production of a positive meson~ 
neutron» and proton in a proton-proton collision. 

0 

S(III) l) S(phen) Vo Vo (III)n V., Vo (phen) PsoPs(III) PsoPv(III) 0 Pso?v(phen) 

G2/4rr .,268 o:4.'23 .,298 o51J 

--
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Table VI 

Values of the coupling constants f 9f~ 0 and f given by Tables I 9 II 0 

and V 9 and also as predicted by P~P ~catteri~g at 350 Mev .. 

Meson Production -P~P Scattering 

2 
1/3 

2 2 
S(III) (f2 = 

2 2 
(f 1/2 f3 ) ) /4?r = o268 (f + f )/47Y= o283 

3 4 

S(phen) 
2 

f '/41Y = 0,273 

c--

VuV'v(III) . 2 ( 2 
1/2 f' 

2
)
2

/
13

/47T = a/~.3 2 2 
tf f - (f3 + f4 )/47r= .. 283 

3 

VoVo (phen) r 2
/4tr = o613 

2 4 2 2 4 2 l/3 2 
PsoPs(III) (f~(3f = f f 

4 
+ 3/4 f 

4 
) ) /4?T= 3o 79 f /47r ,_, 6 

. 
(r

2
(r2 + 1/2 r 2

)
2
·/

13
/471= PsoPv(III) (>145 2 2 

f(£
3 

+ £
4 

)/4?'r=o0418 
. 3 

- I - . --·--
PsoPv(phen) 1 fo'2/47t= -1)18'9 ! 

\ 

Mev 

290 

325 

350 

375 

Table VII 

Variation with energy o~ total cross se~~ion for positive meson produc~ 
tion in P·-"P collisions!) in units of 10=~ cm2

o The columns headed 
Unbound are for production leading to a neutron.~~ proton0 and meson; 
those headed Deuteron are for production leading to a deuteron and a 
mesono 

Scalar Vector PsoPSo PsoPv., 
U.uboun.d Unbound Unbound Deuteron Unbound Deuteron 

0 0 0 0 0 0 

lolO Oo64 Oo83 2.,05 Oo5J Jo85 

· 2o00 2o00 2o 00 2o5'7 2o00 7 .. 6.3 

3o08 4o51 3o48 3 .. 07 5o01 1] .. 0 

-
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Figure Captions 

Figo 1 

Figo 2 

Fig. 4 

~eynman-py~on diagram for me.son production by nucleon-nucleon 
·'collisions in ;lowest order~ "The' solid lines represent <the 

nucleons, the dashed lines represent mesons. 
'-­

Differential cross section at 350 Mev in the laborato~J system 
for production of positive scalar mesons in proton-proton collisionso 
The solid curve includes the effects of the interactions of the 
final particles; the dashed curve is the result of the calculations 
using Born approximation throughouto 

Differential cross section at 350 Mev in the laboratory system 
for production of positive pseudoscalar mesons vvith pseudovector 
coupling in proton~proton collisionso The delta function representing 
deuteron formation is averaged over a 5 Mev energy intervaL 

Comparison of the exp~rimental results of Cartwright, et. al., 
for production of positive mesons by 340 Mev protons bombarding 
free protonso The curve is in the laboratory system 'for mesons 
produced in the direction of the proton beam. 
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