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1. INTRODUCTION 

Complex, dynamical systems can be investigated at various heir­

archial levels of description. One of these entails focussing on the 

details of the individual interactions--the differential equations 

comprising the "parts" of the system. Another is a global view em­

phasizing "system" properties--the endpoints, their distributions and 

stabilities--and variational principles guiding the evolution of the 

system towards the endpoints. This latter is the global-thermodynamic­

potential approach to the analysis and characterization of the system. 

The primordial thermodynamic potential function is, of course, the 

total entropy (i.e. the entropy of a system plus that of its surround­

ings). Its thermodynamic potential character is expressed as a varia­

tional principle, in terms of its orderly, monotonic increase to its 

"evolutionary extremum" (maximum), achieved for endpoints of thermo­

dynamic equilibrium--the second law of thermodynamics. In practice it 

is usually more convenient to work with thermodynamic functions of the 

system alone, such as the Gibbs free energy, which under particular 

sets of circumstances become surrogates for the total entropy. 

Valuable as the total entropy and its surrogates are, they cannot 

serve as thermodynamic potentials for processes which evolve to end­

points even slightly displaced from equilibrium. A successful exten­

sion of this kind of global variational prinCiple was made for the 

near-to-equilibrium domain or so-called "linear domain" of non­

equilibrium steady state systems, in the form of the system's entropy 
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d.S 
production per unit time, a~ = (]J, (more simply the "entropy 

production"), and Prigogine's "minimum entropy production theorem 

(1-3). As is well known, this function evolves monotonically both in 

time and in configuration space (e.g. activity space) for chemically 

reacting species, from initial values determined by arbitrary initial 

conditions, reaching its extremum-minimum value at the final sta-

tionary state. 

Given the inherently nonlinear or far-from-equilibrium nature of 

many complex dynamical systems, especially biological systems, dif­

ferent approaches have been taken in attempts to generalize the var­

iational-principle concept to embrace the realistic non-linear kinet­

ics of such systems. One approach, taken by Prigogine and co-workers 

(4-7), has been to abandon the search for a global thermodynamic po-

tential function in favor of "local potentials" based on the local 

stability criterion: L J i • oX i ~ O. Th is approach does not gen­
i 

erally lead to thermodynamic (state) functions, and its utility is, 

hence, limited to the analysis of local kinetic behavior. 

Finding this "local potential" constituted a theoretical advance: 

it has not, however, obviated or lessened the value of thermodynamic 

potentials possessing global or state-function character, if such 

functions could be found. Their existence may be suspected from the 

responses and dynamics of many complex systems. For biological sys­

tems, in particular, despite their multifaceted nature, (and often 

far-from-equilibrium endpoints), in the manifestation of their many 

homeostatically-controlled metabolic and other subsystems, they 
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typically behave as if they are describable (if not actually guided) 

by such an evolutionary/variational principle. Such "self-restoration" 

to an other-than-equilibrium endpoint has sometimes been referred to 

as an "extended Le Chatelier-Braun Principle" (l,p.58: 4,p.64). 

A contribution towards a more general, global thermodynamic 

potential theory for open systems of chemical reactions, constrained 

far away from equilibrium, led to the "affinity squared minimum func­

tion", or)1 function, by nature a "kinetically-weighted system-free-

energy" quantity (8). This function was shown quite generally to have 

its extremum-minimum values in the steady st.ate, irrespective of how 

far away from equilibrium a system was constrained to operate. Fur-

thermore, for a variety of kinds of "kinetica11y connected" reaction 

networks, including, as well, straight-line, autocatalytic and dis­

proportionation reactions, a well-behaved time-evolution character 

could be demonstrated, i.e. the property of ~ ~ 0, where the equal­

ity applied only to the stationary state. All but one of the kinetic 

systems which were previously studied using the)1 function possessed 

only a single, stable stationary state. A summary of some of the 

essential features of the~ function is included as Appendix A. 

In subsequently considering a "more demanding" test of the..M 

function, analysis was made of a system possessing 3 steady states--2 

stable plus one unstable (9). Though by the nature of the construction 

of the..M function, the variational property of..M t d t t =..M .. s ea y s a e mlnlmum 
remained valid for all three of the stationary states, and further-

more, for most of the full domain of "concentration space" the property 
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~ ~ 0 held as well, in a few small regions this latter property became 

no longer valid. That is, for short times during the system's evolu-

tion, the value of ~ increased, prior to decreasing once again to its 

final minimum value.* 

It was during the course of analyzing the nat~!e of this "failure" 

of ~ to retain everywhere !!l of its global thermodynamic potential 

qualities for this multi-steady state system, and in considering 

means of circumventing this limitation, that we arrived at the present 

~ function. While still retaining the desired variational properties, 

the function _ does not suffer this same limitation with respect to 

the sign of its time derivative. Moreover, its thermodynamic poten­

tial (state function) character is seen to be of considerable inter­

est and generality because it enables thermodynamic analysis of a 

system's global features and characteristics rather than merely its 

local stability properties. As will be seen, ~ also is mathematically 

and conceptually closely related to~, hence as well to~ and to 

Stotal -- functions for which the elements are simple and well known, 

and with which there is much "physical" experience.' 

* This statement refers to behavior in regions of the two stable 
stationary states. In the reference frame of the unstable steady 
state, comparable occasional violations were found, i.e. where 
c1M crt > O. 

, Another approach to generalized questions of stability and evolu­
tionary tendency has been presented in a body of work by Biot (10). 
Founded in mechanics as an extension of"d'Alembert's prinCiple, it 
employs the concepts of virtual work and virtual and generalized 
dissipation, and also extends their application to chemical ther­
modynamic systems. Though formally familiar, the equations are de­
veloped in terms of functions somewhat removed from the standard 
thermodynamic and kinetic quantities underlying S, f, ~, and ~, 
(and even involve something of a redefinition of chemical poten­
tial, entropy, etc.). It is thus not a simple matter to relate 
Biot's results to those of more traditional irreversible thermodynamics. 
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II. GENERAL PROPERTIES OF THE ¢ FUNCTION 

A. DEFINING RELATIONS 

For any open, chemical reactiO'n system, there is a function 

~(x,y, ••• ) of the concentration* variables (x,y, .•• ) defined by: 

d~ (ItA ItAss )., ar = - \.P"'U·' (Eqn 1) 

and 

(Eqn 2) 

In the following sections, several properties of ~(x,y, •.• ) are 

examined to evaluate ~ as a thermodynamic potential function, for open 

chemical reaction systems operating far-from-equilibrium, i.e., systems 

exhibiting "non-linear" phenomenological laws. 

For all "molecularly acceptable" chemical reaction networks, r/J is 

shown to have the following properties: 

1. ~ is a global state function; 

2. (~_~ss) is positive-definite; 

3. ~ exhibits extrema at stationary states; 

4. for stable stationary states, the extrema are minima; 

5. for non-stable stationary states, the extrema have a cusp-like 

character. 

6 d_, t' d f' "t • dt 1S nega lve e 1nl e. 

Following the general demonstration of these properties, r/J is 

examined in some detail for two example reaction systems, including 

one exhibiting multi stable and unstable stationary state behavior. 

* For purposes of this paper we take all concentrations equal to 
their respective activities. 
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In this manner, both from the six general properties, and as illus-

trated in three specific systems, ~, as defined by Equations (1) and 

(2), is seen to be a global thermodynamic potential function for the 

evolution of a system towards far-from-equilibrium as well as near-

to-equilibrium steady states. 

B. STATE FUNCTION PROPERTY 

For chemical reaction systems at constant temperature and pressure 

in a homogeneous medium, the set of concentration variables (x,y, ••• ) 

provides a complete specification of the state of the system. These 

variables apply to any reaction network described by its corresponding 

set of chemical kinetic equations. These equations describe the sys-

tern's evolution in time. starting from any arbitrary initial condition 

(x.y ••.• ) at t = O. They allow one to calculate the subsequent values 

of the concentration variables as they change due to (i) chemical re­

actions within the system, and (ii) flows in and out of the system. 

The kinetic equations are first-order in time and thus reflect the 

time-forward. irreversible character of nonequilibrium systems. 

For any chemical reaction network the set of chemical kinetic 

equations describing the system's evolution will have the form: 

dx or- f(x.y •••• ) (Eqn 3) 

.2l dt = g(x.y •••• ) (Eqn 4) 

where f and g are single valued functions of the concentrations. 
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The set of stationary states of the system, (xSS,yss, •.. ), also 

referred to mathematically as critical points of the system, are given 

by the algebraic equations: 

ss ss f(x ,y, •.. ) = 0 (Eqn 5) 

ss ss g(x ,y , ••. )=0 (Eqn 6) 

The stationary states represent the end points of the system's evo­

lution in time and the system's ultimate locus in (x,y, ••. ) space (in 

the limit as time goes to infinity). 

Thus, once the initial conditions are specified for a system, its 

evolution or "trajectory" in (x,y, ••• ) space is completely specified. 

Because of the single-valued and first order character of the kinetic 

equations, each state (x,y, ••• ) has associated with it only one unique 

dx ~ value of dt and at· Therefore, except for the stationary states, there 

can be no "branch points" or intersecting trajectories in (x,y, ••. ) 

space. Moreover, the entire (x,y, ••• ) space is "dense with trajec-

tories"--every point lies on a trajectory, each trajectory ends at 

a single stationary state, and all trajectories converge to one or 

another stationary state of the system. 

The value of the function ~(x,y, ••• ) at any point is found by 

evaluating the integral in Equation 2: 

"" 

f ss 
~(x,y •.•• ) = (./'1-./'1 )dt ss ss ) + ~(x ,y , ••• , (Eqn 7) 

o 
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where the path of integration is the trajectory connecting the point 

(x,y, •.• ) with the steady state point as determined by the kinetic 

equations. This procedure leads to a unique value of ~ for every 

point (x,y, ••• ), independent of the previous history of the system. 

The function ~(x,y, ••• ) is therefore a global state function, a 

"thermodynamic function", a function having a perfect differential. 

C. POSITIVE-DEFINITE CHARACTER OF ~ 

From the defining relation, Equation 2, we see that: 

ss ss 
~(x ,y ,0") - ~(x,y, ••• ) dt. (Eqn 8) 

The integration, here, is taken in the "time-forward" direction, 

dt > 0, along the irreversible path of the system's evolution, from 

any arbitrary initial condition at (x,y, ••• ) along the trajectory in 

(x,y, ••• ) space to its corresponding final steady state. The inte­

grand, (~~ss), is always positive-definite (8), so the right hand 

side of Equation 8, above, must be negative-definite for any position 

(x,y, ••• ) away from a stationary state. 

It therefore follows that: 

( ) ss ss 
~ x,y, ••• - ~(x ,y , ••• ) ~ 0, (Eqn 9) 

where the equality holds only at the stationary state. 



9 

D. TOPOLOGICAL FEATURES OF THE ¢J SURFACE 

This section is concerned with the topology of the ¢J surface asso-

ciated with chemical reaction systems. Such systems may have more 

than one stationary state, both stable and unstable in character. 

Though a more detailed treatment of both stable and unstable steady 

states is presented later, it is useful here to categorize, by pre-

liminary definition, these two kinds of states according to the sys­

tem's response to perturbations away from the steady state: 

Stable stationary state: 

Nonstable stationary state: 

when the system is slightly perturbed 
away, it always returns; 

when the system is slightly perturbed 
away it does not always return. 

The demonstration that ¢J(x,y) exhibits a topological extremum at 

each of the (stable or unstable) stationary states of any open chemical 

reaction system is founded upon the positive-definite character of the 

~ function and upon the restrictions inherent in the form of all kine-

tic equations, when homogeneous-phase reactions are correctly written 

in their most elementary molecular form. These restrictions on the 

kinetics will first be developed here. We then examine the ¢J(x,y) 

topology and demonstrate the extremum properties in the vicinity of 

stable stationary states, and follow this by extending the treatment 

to nonstable stationary states. We are further able to show that the 

extrema are true minima for stable stationary states, whereas the ex-

trema for nonstable stationary states are cusp-like in character.. Fin­

ally, we end this section with a uniqueness theorem, demonstrating that 
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there is a one-to-one correspondence between extrema of the ~(x,y) sur­

face and stationary states of the chemical reaction system, and that 

true minima of ~(x,y) are found only at the stable stationary states. 

1. Elementary Chemical Reaction Kinetics 

Systems of chemical reactions, no matter how complex overall, can 

ultimately be "decomposed" into sequences of individual steps involv-

ing, at most, collisions between two reactants. (This;s because under 

any reasonable biological conditions, simultaneous 3-body collisions 

of chemically interacting solutes can be considered sufficiently im­

probable so as to be ignored.) Thus, at the elementary molecular 

level, reaction steps can only be monomolecular--dependent upon the 

concentration of only a single species (example: a simple chemical 

isomerization), or bimolecular--dependent upon the concentrations of 

two reacting species. In addition, considerations of "microscopic 

reversibility" require that both forward and reverse pathways exist 

for any actual reaction, even if one of the unidirectional rates is 

very small. Thus, the kinetics of any complex reaction network can be 

written in the form of a sequence of first-order and/or second-order 

rate equations. Furthermore, from the standpoint of any given re-

acting species, x, the kinetic equation for each reaction step, i, 

must be of the form: 

(dX) = a
1
.x2 b 7r + .x + c. , 

u ~ . 1 1 
1 

(Eqn 10) 
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where one of the coefficients must be zero. This restricted form of 

Equation 10 follows directly from the monomolecular, bimolecular, 

reverse-pathway restrictions/limitations/conditions listed above, as 

readily seen by examining the complete set of "permitted" (i .e. mono­

or bi-molecular) elementary reactions for x in the following Table. 

Table 1. ELEMENTARY REACTIONS 

Reaction Type 

k 
1. x -~ Y .-

k' 

k 
2. x --~ y + Y 

~ 

k' 

k 
3. x-~y+z .-

k' 

k 
4. x + Y -+ Y + Z 

~ 

k 

5. x + x -~ 
~y 

k I 

k 

6. x + x -~ y + Y .-
k' 

Equation of the Form: 
dx 
df= 

dx 
err = 

dx 
CIt = 

dx 
dt= 

dx 
CIt 

dx 
CIt = 

dx 
CIt = 

= 

a.i 
1 

0 

0 

0 

0 

-ki 

_kx2 

+ b.x 
1 

- kx 

- kx 

- kx 

(ky) x 

+ 0 

+ 0 

+ 

+ (k I y) 

+ (k Ii) 

+ (k'y z) 

+ (k'y z) 

+ (k I y) 

+ (k Ii) 



Table 1 (continued) 

Reaction Type 

7. x + x -~ y + z 
~-k I 

k 
8. x + y --~ y + Y 

~-k I 

k 
9. x + y ~ z 

~-
k' 

k 
10. x + y --~. x + x 

~ 

k I 

k 
II. x + y -~ y + y 

~-
k' 

k 
12. x + y -~ ~z + Z 

k' 

k 
13. x + y ~ y + Z 

~-
k' 

k 
14. x + Y --~ 

~-
z + u 

k' 

12 

Equation of the Form: 
dx 
at= 

dx 
at= 

dx 
at= 

dx 
d"t= 

dx 
at= 

dx 
CIt = 

dx 
CIt = 

dx 
at= 

dx 
at= 

a.i 
1 

-ki 

0 

0 

-k,i 

0 

0 

0 

0 

+ b.x 
1 

+ 0 

- (ky)x + 

- (ky)x 

+ (ky)x 

- (ky) x 

- (ky)x 

- (ky) x 

- (ky) x 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

c· 1 

(k I yz) 

(k Ii) 

(k I z) 

0 

(k Ii) 

(k Ii) 

(k I Y z) 

(k I u) 
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Evidently the overall expression for ~ for any reaction network 

(the sum of any number of such individual reaction steps) must neces­

sarily retain the general quadratic form of Equation 10. That is, 

dx '" dt = ~ (dX)· 2 b = ax + x + c, 
dt i 

(Eqn 11) 

where band c (but not a) may be functions of the concentrations of 

~ species in the reaction system, other than x. 

It will be noted from Table 1, above, that the coefficient ai of 

Equation 10 is never positive: whenever x combines with another x in 
I 

an elementary reaction step, it necessarily results in a depletion of 

x from the system. Likewise, the coefficient ci (Equation 10) is 

never negative: to affect the concentration of x, by a reaction in 

which x is not a reactant, x must be a product of the reaction. Fur-

thermore, all of the equations contain just two of the three terms 

from the right-hand side of Equation 10. 

In summary, 

for all i. (Eqn 12) 

c i > 0 

a. Second Order Case Restrictions. When the kinetic equation 

(Equation 11) is second order in x, it may also be written: 

ss ss) a (x - xl ) (x - x2 
(Eqn 13) 
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where 

ss -b + V b2 - 4ac 
Xl = 2a (Eqn 14) 

and 

ss -b - ~ b2 - 4ac x2 = 2a (Eqn 15) 

When c is nonzero (hence positive), and given that, a < 0, we see that: 

b2 -4ac >0, and >b. (Eqn 16) 

These conditions require both that the roots be unequal, and that 

x2
ss be positive (physically acceptable) and x1

ss negative (physically 

unacceptable). Furthermore, we see from Equation 11 that: 

[:x(~~)] = 2ax + b. 
Y 

Evaluating the expression at the stationary state, x2
ss : 

[:x(~~)] S5 = 2a [-b -~2~2 - 4ac] + b 
Y 

Since a < 0 and c > 0, we see that: 

b2 _ 4ac > 0 , 

and that therefore 

(Eqn 17) 

(Eqn 18) 

(Eqn 19) 

(Eqn 20) 

(Eqn 21) 
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For the specific case of c = 0 (reaction 10 in Table 1), which 

requires b > 0 (note: the requirement for the existence of both a 

forward and back reaction precludes having both b = 0 and c = 0), 

ss f E t' 14 10Th f t ss E t' 21 h 1 d xl 0 qua 10n equa s. ere ore, a xl ' qua 10n 0 s. 
ss . In addition, from Equation 15, x2 = -bfa. From Equation 19 it is 

evident that Equation 21 continues to be valid. 

b. First Order Case Restrictions. When the kinetic equation, 

Equation 11, is merely first order in x, it may also be written: 

(Eqn 22) 

where 

X
ss c = - 0 . (Eqn 23) 

Furthermore, we see from Equation 22 that: 

a dx ss [ax+ar)] = b. 
y 

(Eqn 24) 

Since b is never zero (and in fact from Equation 23 must be negative) 

for reactions that are first order in x (reactions 1, 2, 3, 4, 8, 9, 

11, 12, 13, 14 of Table 1), it follows that Equation 21 holds for all 

first order reactions as well. It has thus been shown to be valid for 

the set of all acceptable reactions (Table 1). 

2. Extremum Property: Stable Stationary States 

The restrictions to the set of "permitted" kinetics have important 

consequences for the thermodynamic functions that describe the steady 

state behavior and the approach to the steady state. These properties 

of the set of kinetic equations make it possible to demonstrate the 
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extrema of ~(x,y) in any reaction system through their effect on the 

various partial derivatives of ~ evaluated at stationary states. 

There are two ways of evaluating such partial derivatives. In 

both we start by perturbing the system away from the stationary state 

in the x direction by an infinitesimal displacement, dx. The change 

of ~ is thus simply expressed as: 

ss 
d~ = [(!!)] dx 

ax y 
(Eqn25) 

The system is then allowed to relax after such a displacement, as re­

quired by stability, along a single trajectory that leads back to the 

stationary state. From Equation 25, the associated rate of change of 

~ will be: 

ss 
~ - [(!!)] ~ . (Eqn 26) 
UI. - ax y UI. 

.~ ss 
The exp·ression [(L.)] is evaluated directly from Equation 26, then 

ax y 

using the defining relation, Equation 1, and noting explicitly that 

the trajectory is at constant y: 

ss 
[(a~)] ,. 

ax y 
Limit 

x _+ xSs 
along a trajectory with y = constant; 

= Limit 
x _+ xSs 

= Limi t (Eqn 27) 

x -+ xSs 
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ss 
From this pOint we can evaluate [(~) ] in two independent ways. 

ax y 

a. Method A - ilHospital IS Rule. We proceed directly, using 

'IHospital IS rule, applicable to the evaluation of such a limit where 

both the numerator and denominator are iden~ically zero at the sta­

tionary state. The extremum properties of (~_~ss) at the station­

ary states of the system (8) require that: 

Limit I 
ss x -~ x 

(Eqn 28) 

along the trajectory y = ySS in the neighborhood of the stationary 

state. We have already seen from Equation 21 that: 

I a dx I ax (at) y 1= 0 (Eqn 29) 

for all reactions in Table 1. 

Thus, from Equation 27 and invoking IHospital IS Rule, we find that: 

[(!!) ] 
ss 

{ 
L(./'1 _./'ISS) } 

= Lim; t ax X. 
ax y 

x ~ xSs a (dx) ax-Of y 

(Eqn 30) 

zero o. :a = nonzero (Eqn 31) 

The other partial derivatives of ~ may be similarly evaluated at the 

stationary state, and by symmetry they must also vanish. Thus, ~(x,y) 

exhibits an extremum at a stable stationary state. 
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b. Method B - The "Zero Over Zero" Gambit. In this method 

we evaluate the expression by indirect argument, without invoking 

i'Hospital 's rule. We start by noting some fundamental mathematical 

properties of a simple ratio. Any expression of the form a/a must 

equal zero unless a = O. Conversely, if such an expression does not 

equal zero, "a" necessarily must equal zero. 

For reasons which will subsequently become obvious, our a/a 

.. test ratio" is taken in the form: 

ss 
[(!!) ] 

ax y 

(Eqn 32) 

where the numerator is necessarily zero, in view of the proven 

extremum properties of~ in the steady state (8). In this context 
ss 

[(!!)] would be zero if and only if: 
ax y 

ss 
[(!!) ] 

ax y 

'" a 
(Eqn 33) 

Following our argument, we demonstrate the extremum property, 
ss 

[(:!}y] = 0, by showing that the test ratio, Equation 32. is nonzero. 

We now proceed to evaluate this ratio by first expressing the 

extremum property of ~ in its equivalent form as a limit: 



[(a.M) ] 
ax y 

5S 
= Limit 

5S 
X -~ X 
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= 0 (Eqn 34) 

We now consider movement along the particular trajectory y = ySS in 

the neighborhood of the steady state. Replacing the numerator of 

Equation 33 by its equivalent from Equation 34 and expressing the 

denominator as in Equation 27, our test ratio becomes: 

[(a.M) ] 
ss Limit I CM - oM)" ) 

x _ xSs 
ax y x _~ xSs 

= (Eqn 35) 

[(!!.) ] 
ss 

I 
(dil ) 

) Limit at u y (dx) x _~ xSs at 

By the cancellation afforded by the defining relation, Equation 1, 

the right hand side of Equation 35 becomes: 

= Limit 
x _~ xSs (Eqn 36) 

This expression is most clearly evaluated by considering, as before, 

the two separate cases. 

(i) Quadratic Case. We first substitute into the numerator of 

Equation 36 the general kinetic equation in the form of Equation 13. 

We then evaluate this limit for the single, physically acceptable 

root, x2
ss • Expression 36 thus becomes: 
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= Limit 
{a(x - XlSS)(X - x2

SS )} 

ss _(x_x ss ) 
x -~ x2 2 

(Eqn 37) 

= Limit [ -a(x - xl SS ) I 
ss x -~ x2 

(Eqn 38" 

ss ss = -a(x2 - xl ) > o. (Eqn 39) 

The inequality holds because of the intrinsic signs of a, x~s, and x~s 

as discussed above. Therefore, from Equation 33: 

ss 
((!!)] = O. 

ax y 
(Eqn 40) 

By symmetry, the other partial derivatives must also vanish at the 

stationary states of any reaction system. 

(ii) Linear Case. for this case we substitute the linear form of 

the kinetic equation, Equation 22, into the numerator of Equation 36 

and evaluate the limit at the single stationary state. Equation 36 

thus becomes: 

= Limit 
x -+ xss {

b(X-X::)} 
-(x - x ) 

(Eqn 41) 

:a -b '" O. (Eqn 42) 

(Since this is by definition the linear case, the coefficient b, from 

Equation 11, must be nonzero.) Once again, from Equation 33 and the 

symmetry argument,we have the vanishing of all partial derivatives of 

~ at the stable stationary state. 
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3. Minimum Property: Stable Stationary States 

As the system approaches a stationary state within its "territory," 

it is evident from the defining relation, Equation 1, that the value 

of ~ is always decreasing in time. Therefore, ~ also decreases con­

tinually in a spatial s~nse as the system progresses towards its steady 

state end point, following a determined trajectory. For stable sta­

tionary states, these features, together with the vanishing of all 

partial derivatives, require that the extremum value of ~ at the 

stationary state must be a minimum. 

4. Nonexistence of Other Minima: Uniqueness 

It remains to show that_these stationary states are the only 

points at which the minimum or even true extremum conditions hold, 

i.e., the various partial derivatives, (:~) (:~) vanish simulta­
x y y x 

neously only at such a stationary state. To accomplish this we intro-

duce a new spatial coordinate, r, and then examine the variations of ~ 

with respect to this new variable. 

Let us denote by r the scalar distance along a trajectory between 

any point (x,y) and the stationary state at the end of its evolving 

trajectory, viz.: 

r = (Eqn 43) 
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This line integral is taken in the time-forward direction of the 

trajectory that passes through the point (x,y) en route to the 

stationary state (xss ,yss). The quantity t(x,y) is the unit vector 

at each point in the (x,y) plane, pointing along this trajectory. 

For any system, we can see by inspection of Equation 43 that: 

at steady states: 

dr err = 0; (Eqn 44) 

away from steady states: 

-dr 
err < O. (Eqn 45) 

(Note: Equation 45 must hold rigorously since the integrand in Equa­

tion 43 as a unit vector cannot be zero.) 

For an infinitesimal displacement along a kinetic trajectory: 

d~ = (d~) dr. 
dr 

(Eqn 46) 

Let us consider any point (x,y) which is not a stationary state of the 

system. The time rate of change of ~ is: 

(Eqn 47) 
dt dr dt 

Solving for d~ and also uSing the .defining relation, Equation 1, 
dr 

we have: 

d~ 

dr 
= (Eqn 48) 



and 

d~ 

dr 
= 

-(,M - }1ss) 

dr 
dt 
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(Eqn 49) 

For an extremum of ~ to exist at any point, d~ must be zero at that 
dr 

point. For any point (x,y) which is not a stationary state of the 

system, this expression can never be zero since both the numerator 

(8) and the denominator (by Equation 45) must be nonzero. With the 

vanishing of ~ thus excluded, any such point which is not a steady 

state cannot be the locus of an extremum of 6. 

5. Stability and Instability: An Enlarged View 

Previous sections have dealt with steady states, and the behavior 

of ~ in a relation to these, from several points of view: extremum 

property, minimum property, and time-dependent behavior. To demon­

strate the extremum property, we employed a technique of infinites-

imally displacing the system away from the steady state; then allowing 

it to relax back to that stationary state, as described by the kinetic 

equations. This·kind of behavior is inherently that of a system ex­

hibiting stability. But other behavior is possible; a system may be 

unstable and thus not return to that steady state once displaced away 

from it. Except for the very unlikely instance that such a perturbed 

state is, itself, a new steady state, or that the perturbation is 

exactly along a separatrix (see p. 26), an unstable system will con-

tinue to move away from its initial position, towards some entirely 

new end point. One approach to questions of instability is that of 
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catastrophe theory (II), originally created by Rene Thom to provide a 

theoretical .framework for deal ing with the phenomena of embryological 

development in biology. Our dual approach, below, is founded on more 

traditional branches of phy'sical chemistry. 

a. Kinetic Definitions. The most common means of assessing a 

system1s stability properties is by examination of the kinetic equa­

tions themselves, focusing on their local properties in the vicinity of 

a stationary state. This is a purely mathematical approach (4,p.62). 

A given steady state ;s termed stable if all points in its vicinity 

IIbelongll to that steady state region (i.e., as stated above, that all 

such points lie on trajectories that lead to that particular steady 

state). Contrarywise, if (any of) the near-vicinity points of the 

given steady state do not belong kinetically to that steady state 

region, the given steady state is termed unstable or nonstable. 

Our two kinetic definitions are chosen because they conform 

closely to the generally perceived intuitive and fundamental notions 

of stability, and to what it means to IIbelong kinetically to a steady 

state region. 1I The notion of a steady state region is not merely a 

local concept, however. No matter how close or far away a point (x,y) 

may be from a given steady state, if it lies on a trajectory leading 

to that steady state, it is within that steady state region. Evi­

dently, all points in the (x,y) plane belong to one or another steady 

state region. 

b. Thermodynamic View of Stability. For a thermodynamic view of 

stability, we return to the enlarged dimensionality, e.g. x, y, 

~(x,y), inherent in the potential function approach of previous 
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sections. It is the "topographical" features of the ~ surface that 

we will look to, to be in one-to-one correspondence with the kinetic 

stability behavior described above. In effect, we have already ac-

complished parts of this task by demonstrating for (kinetically de­

fined) stable stationary states, the correspondence between the top-

ographical feature, the minimum of ~, and the system's stability. 

That is, the demonstration of the extremum property, (aa~) = 0, 
x y 

utilizes our kinetic definition of stability, as does the minimum-

property demonstration. The characteristic topographical feature of 

the stable stationary state is that it has a lower value of ~ than for 

all nearby points. The system always moves spontaneously towards 

regions of lower ~, and the stable stationary state is sought out as 

the point of minimum~. This topographical feature of ~ allows the 

stable stationary state to be readily identified by inspection. 

c. Thermodynamic View of Instability. Having just shown how the 

topology of a ~ surface - the minimum feature - reflects stability in 

the vicinity of a stable stationary state, we now ask, what topological 

features might characterize an unstable stationary state Clearly, 

there is more than one type of surface geometry which could be 

compatible with the fundamental requirement, ~: ~ 0, and also be in 

one-to-one correspondence with kinetic instability. However, they 

would all have this in common: some nearby points would lie below the 

stationary state, i.e., the steady state would have a higher value of 

~ than those for some nearby points. 

In view of the fundamental requirement, ~: ~ 0, under all conditions, 

a system displaced from the (unstable) steady state to such a point 
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having a lower ~ value could not return. In fact, it would have to 

continue to move to positions of even lower values of ~, towards some 

other endpoint. Hence, the ~ surface cannot display a true minimum at 

an unstable stationary state: the surface must have the form of some 

other kind of extremum. Whether the extremum would be a maximum, a 

saddle point or other, one cannot say simply from these general con­

siderations. Nevertheless, the topographical features of an unstable 

stationary state, namely, that some of its nearby points lie lower 

than it, would be immediately evident upon viewing the ~ surface. 

In summary, the above visible topographical features of the 

mathematically defined ~ function thus provide the desired thermo-

dynamic criteria of stability and instability, criteria not requiring 

the solutions of the kinetic differential equations. We shall see in 

Section IV how this thermodynamic treatment of stability is applied to 

a specific multistationary state system. In the next section we shall 

take a more detailed "thermodynamic" look at ~ - surface topology in 

the vicinity of instabilities. 

6. Extremum Properties in the Vicinity of Nonstable Stationary States 

In a multistationary state kinetic system, the set of all points 

whose trajectories lead to a given stationary state (we have called the 

locus of such a set of points a "kinetic region") must have a boundary. 

This boundary fits the mathematical definition of a separatrix: the di­

viding line(s) between two regions whose trajectories lead to different 

final endpoints (7,p.82). A separatrix then "separates" these adjacent 

kinetic regions in (x,y) space and is a curve consisting of two curve­

linear trajectories that lead to the nonstable endpoint. The separa­

trix is, itself, a kinetic region which includes this endpoint. -
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The principal detailed features of the ~ surface in the vicinity 

of such a nonstable stationary state may be deduced by employing the 

perturbation technique suggested in our preliminary definition of a 

nonstable stationary state {c.f. page 9}, namely by considering the 

subsequent behavior of the system following particular infinitesimal 

perturbations away from the nonstable stationary state: 

Away from the Separatrix: 

Along the Separatrix: 

By the very definition of a separatrix, 

the system follows a trajectory towards 

one of the stable stationary states, with 

6{x,y) continually decreasing; 

The system returns to the nonstable 

stationary state along the separa­

trix-trajectory, with ~{x,y} continually 

decreasing as the stationary state i~ 

approached {Eqn l}. 

a. Cusp-Like Character Near the Separatrix. The topographical 

character of the 6{x,y} surface in the vicinity of the nonstable 

stationary state is not that of a normal saddle point: along the 

separatrix, we show, below, that 6 exhibits a true minimum at the 

stationary state, but that on either side of the separatrix it 

exhibits a cusp-like maximum, with infinite slope. 

The analytical demonstration of this cusp-like singular character 

of the ~{x,y} surface follows from the analysis of particular 
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infinitesimal perturbations away from the nons table stationary state. 

These are chosen so as to cause the system to move to positions in 

(x,y) space within a stable region (i.e., to points not on the sep­

aratrix) on one or the other of the curves: 

dx 
dt = f(x,y) = 0 (Eqn 50) 

~ -- ( ) or g x,y = O. (Eqn 51) 

The functions f(x,y) and g(x,y) are given by the kinetic equations, 

Equations 3 and 4. 

The time-derivative of ~(x,y) along any trajectory may be 

generally written as follows: 

d~ _ (!.!) dx + (!!.) ~ 
CIt - ax y at ay x Of • 

dx Along the curve at = f(x,y) = 0, the expression for this time-

derivative simplifies to: 

d~ (!.!) ~ 
dt = ay x CIt . 

(Eqn 52) 

(Eqn 53) . 

By substituting the defining relation, Equation 1, into Equation 53, 

above, and solving for the partial derivative, we obtain an expression 

whose limiting behavior may be evaluated as the nonstable stationary 

state is approached: 

= - (Eqn 54) 
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In the limit of smaller and smaller perturbations away from the 

nonstable stationary state, by inspection of Equations 13 and 22, the 

trajectory velocity, %t, in the denominator of Equation 54 becomes 

vanishingly small. However, the numerator of Equation 54 remains 

finite because the expression (.M-tMss ) is evaluated using the pa­

rameters for the stable kinetic region appropriate for the system's 

subsequent evolution endi~ at a new, stable stationary state. 

Therefore, the partial derivative (!~) must become infinite as the 
ay x 

nonstable stationary state is approached along the curve f(x,y) =0. 

In a similar fashion, along the curve %f = g(x,y), the expression 

for the time-derivative of ~(x,y) simplifies to: 

d~ _ (-!!.) dx 
Of - ax y or (Eqn 55) 

By an identical argument to that just given, it follows that (~~) also 
aX y 

becomes infinite. 

Thus, the infinite steepness and cusp-like character of the ~(x,y) 

surface has thus been established for representative, nearby points 

off of the separatrix. It remains only to show that along the sep-

aratrix ~(x,y) exhibits a true minimum. 

To do this, we will again employ the spatial coordinate, r, to 

follow the system as it moves toward the nonstable stationary state 

along the separatrix. We will then utilize ~'Hospital's rule to 

evaluate d~ along the separatrix, thereby demonstrating the minimum 
dr 

property. 
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b. Minimum of ~ Along the Separatrix. As the nonstable sta­

tionary state is approached along the separatrix, the expression for 

d~ given in Equation 49 is indeterminate because both the numerator 
dr 
and denominator vanish at the steady state. Differentiating the nu­
merator and denominator with respect to the spatial coordinate, r, 

yields an expression for d~ which may be readily evaluated in the 
dr 

steady state limit: 

! :~ I 
_ d _ (.M-,Mss) 

Limit Limit dr (Eqn 56) = 
ss is ss is d_ (dr) 

x,y-+x , x ,y-+x , .dr at 

The kinetic region associated with a nonstable stationary state consists 

of only two trajectories in the x, y plane, namely, the separatrix. In 

general, displacements along this curve are describable as increments of r. 

For such a limited domain, the general extremum properties of the ~ 

function (c.f. Appendix A) can be expressed as a vanishing of~ with 

respect to the single spatial coordinate, r, rather than as the vanishing 

of the partial derivatives with respect to x and y. Thus, Equation 56 

may be written as follows: 

Limit (:~ I Limit { zero } (Eqn 57) = 
d_ (#t-) . ss ySS ss is x,y-+x , x,y-+x , dr 

The instantaneous velocity at any point along such a linear seg-

ment of the separatrix can be written explicitly as follows: 
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* = cos 'a * + sin a ¥t (Eqn 58) 

where a is the smaller of the two angles between the separatrix segment 

and the x axis. 

Next, we examine the special cases when the separatrix is parallel 

to either the x or y axis and the general case when it is not. 

(i) Special Cases. In the event that the segment is parallel to 

either the x or y axis (i.e. sin a = 0, or cos a = 0), the velocity 

along the separatrix segment is given directly by ~ or %t, respec­

tively. It then follows that d_(*), the denominator of Equa-
dr 

. d dx d.Ql) tion 57, maps lnto dx(dI) or dY(at. But from the general form 

of the kinetic equations we have already shown such expressions to be 

nonzero (c.f. Eqn 21 and Eqn 24). Therefore the right hand side of 

Equation 57 must become zero, thus demonstrating the extremum property 

of ~ along the separatrix for both these two special cases. These 

extrema must be minima since ~ is continually decreasing during the 

approach to the nonstable stationary state. 

(ii) General Case. For nonzero values of sin a or cos a, 

Equation 56 can be simplified in another fashion, eliminating the 

variable y: 

-dr - - dx at = (cos a + sin a tan a) or. (Eqn 59) 

Note: this follows from the fact that tan 



From Equation 59 we can write: 

d~ = l/(cos a + sin a). 
dr 
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(Eqn 60) 

This equation enables us to evaluate d_ (dr) by its equivalent (using 
dr dt 

th e ch a i n r u 1 e ) : 

- -
d_(dr) = !L(dr) • dx (Eqn 61) 
dr dt dx dt dr 

= (%x(COS a + sin a tan a) %[)/(cos a + sin a tan a) (Eqn 62) 

As the stationary state is approached, the curvature of the separatrix 

in the x-y plane may be neglected and a takes on a value that is in­

dependent of x. Then the term (cos a + sin a tan a) may be factored 

out of Equation 62, yielding the result: 

d dr) d dx) -=(ar = rx(ar . 
dr 

(Eqn 63) 

This result indicates that even for the general case (i.e., for any -
slope of the local separatrix-trajectory), d_(dr) maps into the simpler 

dr dt 
expression, ~(%r), which we have alread: shown to be nonzero in 

Equations 21 and 24. The fact that d_(dr) ~ 0 is a vectorial conse­
dr dt 

quence of the fact that ~%r) ~ 0 and ~(%t) ~ O. Therefore, just 

as for the special cases, above, the separatrix-trajectory exhibits an 

extremum and a minimum at the nonstable stationary state. 

These general features of the ~ surface are shown for an example 

system in Chapter IV. Note that in Figure 3, the stable stationary 

states are clearly seen as minima of the ~ surface and the cusp-like 

topographical feature is associated with the separatrix. 
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7. Uniqueness of Extremal Cusps to Nonstable Stationary States 

We have just shown in the previous section two properties of the ¢ 

surface for a nonstable stationary state: 

(i) an extremal property along the trajectory (trajectories) 
leading to the nonstable stationary state, i.e. d~ = 0, at 

dr 

( i i ) 

the steady state; 

a steepness properta on trajectories leading away from the 
steady state (towar s some other stationary state), i.e. 
d~ takes on the limiting value of minus infinity at the 
dr 
nonstable steady state. 

We arrive at our desired uniqueness result by excluding the possi­

bility of these properties, taken together, occurring anywhere else 

(i.e. anywhere other than at a nonstable stationary state). 

First, we note from the section on "Nonexistence of Other Minima: 

Uniqueness" (p. 21) that the vanishing of d~, given by Equation 49, 
dr 

can only occur at a stationary state. This part of the uniqueness 

argument applies equally well to any stationary state. Secondly, we 

note that a stable stationary state does not exhibit the steepness 

property. That is, the minima-extrema shown for all stable stationary 

states (p. 15-21) perforce do not have any such steepness property, 

nor any trajectories leading away from them. Thus, if d~ fails to 
dr 

vanish at some kind of stationary state, but this stationary state 

cannot be a stable one, it must necessarily be a nonstable one--ergo, 

"uniqueness". 
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E. THE TIME DERIVATIVE 

The function,~, is positive-definite for all values of the con-

centration variables and takes on a minimum value at a stationary 

state (8; also shown in Appendix A)! Thus, the quantity _(~ _~ss) 

must always be negative at positions away from the steady state. 

Therefore, from the defining relations for ~, Equations 1 and 2, it is 

required that for any irreversible process, 

(Eqn 64) 

The equality holds only at a stationary state. 

Thus, ~ serves as "time's arrow" for irreversible processes. 
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III. EXAMPLE SYSTEMS 

Up to this point our treatment of the thermodynamic potential char­

acter of ~ has been general--independent of particular applications. 

It is, however, also instructive to treat (some) specific examples, 

both as illustrations of the ways that the general properties manifest 

themselves~ and for displaying analytical and computational means that 

can be employed to evaluate the ~ function numerically. Two such ex­

amples are presented herein--the first one as the simplest reaction 

network having a far-from-equilibrium steady state, the second to 

illustrate a multistationary-state control system, exhibiting insta­

bility and bifurcation. Since for both of these examples the well­

behaved, negative-definite, time-evolutionary character of ~ follows 

so self-evidently from the basic definition, Equation 1, it is not 

worthwhile to present specific calculations on their point-by-point 

trajectories in time. Hence, in the following examples we show cal­

culations only for the variational behavior of ~, in "concentration 

space". 

A. A STRAIGHT-LINE ISOMERIZATION SEQUENCE 

There are two general methods for finding ~, one requiring a so­

lution to the kinetic (differential) equations, the other requiring a 

knowledge only of the form of the kinetic equations. Both methods are 

shown in detail for the following 2-step sequence of elementary, mono­

molecular (e.g. isomerization) reactions: 
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1 
A --~ x 

-E'--
(Eqn 65) 

2 
x --~ B (Eqn 66) 
~--

(Eqn 67) 
net reaction: 

where A and B are held constant by a reservoir or "chemostat" or a 

buffer system. The respective velocities and affinities of each of 

these elementary reactions are: 

d1 (dX) 
, 

vl = at = = k1A - k1x dt 1 
(Eqn 68) 

d2 dx ' 
v2 = dt = -(df) = k2x - k2B 

2 
(Eqn 69) 

overall affinity: (Eqn 70) 

The fixed concentrations of species A and B, as well as the init-

ia1 value of the single concentration variable, x, may be chosen ar-

bitrarily. The system may thus be constrained to operate away from 

equilibrium in any desired manner simply by appropriate choice of 

these parameters. Therefore, without loss of generality, we may set 

all the forward and reverse rate constants, k, (hence, also, both 

equilibrium constants K = k/k') equal to unity and still enable the 
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system to exhibit irreversibility to any desired extent. We choose to 

do so because of the mathematical simplicity thereby afforded. 

By inspection of Equations 68 and 69 it ;s seen that the concen-

tration of x varies according to the kinetic equation, expressed as 

an algebraic function in terms of x or, alternatively, in terms of 
x a reduced variable, Z = --ss ' as follows: 
x 

Concentration Variable Reduced Variable 

dz err = 2 (l-z) • (Eqn 71) 

= A + B - 2x; 

The single, stable, stationary state of the system is evidently given 

by: 

~~ = a = A + B _ 2x
sS 

xSs = A + B 
2 

dz 5S or = a = 2(I-z ); (Eqn 72) 

(Eqn 73) 

The first method of calculating ~ requires direct integration of 

the kinetic equation, Equation 71, above. If xG represents the in­

itial value of the concentration variable at t = 0, and xSs is the 

steady state value, as given by Equation 73, above, then integration 

of Equation 71 yieldS the expression for x(t): 

(Eqn 74) 

This parametric representation of x will be used shortly. 
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Proceeding directly from the defining relation, Equation 2, we 

have: 

(Eqn 75) 

(Note that calculation of ~(xO) is simply a device for calculating 

~(x); for any value, x, can be considered equally well to be an "in_ 

itial value ll xo, the start of a trajectory in chemical reaction sys-

terns which "lack inertia". For this reason, we simplify the notation 

by henceforth dropping the Xo and ZO in favor of x and z, respective­

ly.) To evaluate the integral in Equation 75, we use the definition 

of ~ (c.f. Appendix A): 

122 
.M = T (alAi + azA2) (Eqn 76) 

vss 
where 1 > 0 a1 =-

~s 
(Eqn 77) 

vss 
2 > 0 a2 =- , 
~s 

(Eqn 78) 

and"" andoAz are the simplified (k=k '=l) forms of the affinities 

from Equations 68 and 69. We also employ the reduced variable z, and 

recall that Jt1SS = fSS = {v ss • ~S )/T (this follows from the steady 

state condition applied to Equation 71: v~s = v~s = vSs , plus 

Equation 70). Thereby: 
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(Eqn 79) 

= t [~1 (A1 S + RT 1n z)2 + ~2(~S - RT 1n z)2 _ vss~ssJ 

(Eqn 80) 

(Eqn 81) 

For purposes of our first method we express Equation 81 in terms of our 

original variable x, whereby Equation 75 becomes: 
co 

6(x) - tJ(xss ) = [~1 R2T + ~2R2T] /ln2 (x~~)) dt (Eqn 82) 
o x 

Using Equations 73 and 74, the integral (variable) portion of 

Equation 82, has been calculated for several values of z = x/x ss , 

for the particular nonequilibrium case of A = 1, B = 10, using nu­

merical integration based upon the method of Gaussian quadratures. 

The results are tabulated in Table 2, column 2 below, and plotted in 

Figure 1. The 6 function is clearly seen to take on its minimum value 

at the steady state. Furthermore, it is everywhere concave upwards. 

For comparison, the corresponding variable portions of the}1 func­

tion and the entropy production function, are calculated for this same 

system, tabulated in Table 2, Columns 3 and 4, and plotted in Figures 

2 and 3, respectively. As must be the case for the ~ function, its 

extremum occurs precisely at the steady state position. By contrast, 

the entropy production minimum is seen to be clearly displaced from 

the steady state position. This is a graphical demonstration of the 

well-known fact that the entropy production function (or the dissipa­

tion function) cannot serve as a thermodynamic potential function for 

a far-from-equil ibrium, "nonl inear" system. 
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Table 2. THERMODYNAMIC FUNCTIONS EVALUATED FOR THE SYSTEM A --> x -->s 
. (-- (--

x/xSS ~(x) _ ~(xSS) T (.M(x) _ ,Mss) T!1'(x) 2 2 [aIR T + a2R T] 

0 1.06 

0.1 0.58 5.301898 27.678015 

0.2 0.368 2.590290 19.654278 

0.5 0.095 0.480453 11 .129937 

0.9 0.00268 0.011101 9.868728 

1.0 -0- -0- 10.361633 

1.1 0.00234 0.009004 11. 075275 

1.5 0.0469 0.164402 15.635697 

2 0.150 0.480453 24.074263 

3 0.427 1.206949 46.707125 

4 0.739 1.921812 74.373380 

5 1.06 2.5902.90 105.528945 

6 1.38 3.210402 139.348459 

10 2.61 5.301898 
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The second method of finding ~ is an analytical method and requires 

only the differential form of the kinetic equation, Equation 71. We 

commence with the defining equation, Equation 2: 

. ~(x)_~(xSS) ~ J (,/I-$S )dt (Eqn 83) 
o 

and proceed using Equation 83: 
00 

) ss 1 2 2 2-' f ~ (x - (> (x ) =r [a1 R T + a2 R I] (Eqn 84) 

o 

Using the differential form of the kinetic equation, Equation 71: 

1 dz 
2" (r:iT = dt , (Eqn 85) 

Equation 84 takes the form: 

_(x) - ~(xSS) ~ ~ [alrl + azRZrZ] 111~~ dz. (Eqn 86) 

z 

[ 2 2 ] I(z) = aIR T + a2R T ~. (Eqn 87) 

where I(z) is the integral of Equation 86. 

Because the integrand in Equation 86 exhibits a strong singularity 

at z ~ 1, the evaluation of the integral must be performed in two 

parts, first, along the positive real axis from z = 0 to z = 1, and, 

secondly, along the positive real axis from z = 00 to z = 1. (There is 

no contribution to the integral for z = 1, since both the left and 

right hand sides of Equation 86 vanish for x = xSS
, i.e. z = 1.) 
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The integral, I(z), may be expressed in terms of little-used, spec­

ial functions, polylogarithms (12;p.274,Eq.6; p.244,Eq.6; p.258,Eq.6): 

For z < 1, 

(Eqn 88) 

For z > 1, 

where Li2 and Li3 are the dilogrithm and trilogarithm functions, 

respectively. This allows us to evaluate the expression I(z) over the 

entire domain 0 ~ z ~ = , and hence evaluate [~(x) - ~(xss)]/[alR2T + 

a2R2T], for 0 ~ x ~ =, uSing the series definitions for these special 

functions, given below in terms of the dummy variable, z. (We have 

also included the series expansion for the logarithm function in 

order to display the simple, family relationship between all of the 

(poly)logarithm functions.) 

- n 
In(z) is the logarithm of . z, = }:+- (Eqn 90) 

n=1 

- n 

Li2 (z) is the dilogarithm of z, = L-!z-
n=1 

(Eqn 91) 

- n 
Li 3(Z) is the trilogarithm of Z, =}: !3 . 

n=1 

(Eqn 92) 
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Two comments are in order. First, these series converge only for 

z < 1. Second, this condition presents no restriction on the domain 

over which I(z) can be calculated, because of its two-part form as 

given in Equations 88 and 89: in both of these expressions, the 

arguments of the polylogarithms are, indeed, always less than unity. 

Numerical calculations using tabulated values of these special 

functions, (12;p.275), show that [~(x) - ~(xss)]/[alR2T + Q2R2T] 

calculated by this method using Equation 86 is precisely the same as 

when evaluated by the first method, Equation 82. Hence, the numerical 

values given in Table 2, column 2, and Figure 1 apply to this calcu­

lation as well. 

B. AN AUTOCATALYTIC REACTION NETWORK 

In order to examine the ~ surface and to confirm its general prop­

erties for a reaction system exhibiting qualitatively different fea­

tures of interest, numerical calculations were carried out for the 

following multistationary state, open, chemical reaction system: 
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1 
A + x --~ x + x 

~--

3 
c --~ e + B 
~--

(Eqn 93) 

(Eqn 94) 

(Eqn 95) 

(Eqn 96) 

where z, e, and c are concentration variables, and A and B are held 

constant by a .reservoir, or "chemostat" or a buffer system. It is 

also evident by inspection of Equations 94 and 95 that the sum of 

e + C ... E, must also remain constant. The respective velocities and 

affinities of each"of these elementary reactions are: 

I 2 .At ... RT 
kl A 

(Eqn 97) vI ... k1Ax - k1x 1n --.-
k1x 

I k2xe 
v2 .. k2xe - k2c Az = RT 1n ..,.-- (Eqn 98) 

k2c 

I k3c 
v3 :II k3 c - k3eB .As = RT 1n --.-- (Eqn 99) 

k3eB 

----------------------------------------

overall affinity .A ... ~ + Az +.A:3 .. RT In[K1 K2 K3 (~)] . (Eqn 100) 
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The condition, e + c = E (constant), reduces the number of independent 

concentration variables from three to two, which we take as x and e. 

Again setting all rate constants equal to unity, the rates of change 

of x and e are given by the kinetic equations: 

=. - x2 + Ax - xe + (E - e) (Eqn 101) 

de at = - v2 + v3 = - xe - Be + 2(E - e) (Eqn 102) 

The solutions of these equations, plotted as trajectories in the x,e 

phase-plane, are given in Figure 4, for the boundary conditions 

A = 8.44, B = 0.20, E = 30.0, and a representative set of initial 

conditions. 

This system, first studied by Edelstein in 1970 (13,4p.274), has 

been'shown to exhibit either a single, stable stationary state, or 

three stationary states (2-stable, I-unstable), depending upon the values for 

the boundary conditions, A, Band E. The values we selected for A, B 

and E ensure the system's multistable stationary-state behavior (9). 

This stability/instability feature of the reaction network depends 

upon the autocatalytic character of the first reaction of the network. 

The individual trajectories of Figure 4 do not reveal any knowledge 

of either the system's rate of approach to the stationary states, or 

of possible instabilities exhibited by the system. However, the family 

of all such trajectories does indicate system-stability properties. 

The two stable stationary states of the system (stationary states I and 

III), as is clearly indicated on the phase-plane map, Figure 4, are the 
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respective end-points of virtually all possible trajectories. Sand­

wiched between trajectories leading to stationary states I and III, 

lies the separatrix, which "separates" kinetic regions I and III, and 

consists of a pair of trajectories leading to the unstable stationary 

state, II. From examination of Figure 4, the separatrix (dashed line) 

is seen to lie somewhere in the narrow region for which no trajectories 

are plotted, between the. kinetic regions I and III. However, only the 

approximate location of the separatrix can be inferred from the phase­

plane trajectories. In fact, no general mathematical method apparently 

exists for finding the separatrix for an arbitrary system of different­

ial equations, even for such a simple system as Equations 101 and 102. 

The location of the unstable stationary state II, can also be 

inferred only approximately by inspection of the phase-plane trajec­

tories. It lies on the separatrix, at its intersection with what 

may be called the "inverse separatrix" (the latter obtained by inte­

grating the kinetic equations with respect to negative time). Of 

course the exact location of stationary state II can be obtained di­

rectly from the kinetic equations; it is simply calculated as one of 

the three solutions to the algebraic steady-state form of Equations 

101 and 102. 

Figure 4 consists of curves which are strictly kinetic in nature. 

By contrast, Figures 5-9 exhibit the thermodynamics of the system. 

They contain the results of calculations of the ~ function for this 

system, carried aut numerically starting fram 10,000 different paints, 

-
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equally dividing the same region of the x,e plane as in Figure 4. The 

time-integration of (~~ss) according to Equation 2 was carried out 

along the trajectories of regions I and III using the steady st~te 

values of reaction velocity and affinity appropriate to each region 

(inherent to the~ function). Because the velocities decrease to 

zero as'~ steady state is approached, it was necessary to perform 

more than 100,000 iterative steps along each trajectory to evaluate 

the family of integrals,~. The absolute convergence of ~(x,e), as 

was predicted from the general demonstration based upon i' Hospital's 

Rule, was verified by numerical calculations at the two stable sta­

tionary states. 

The singular character of ~(x,e), in the near vicinity of the 

trajectories which lead to the unstable stationary state was also 

verified by numerical calculations. The unusual cusp-like structure 

of the ~ surface in this region was predicted and derived in Section 

11-0 from very general considerations: the nonzero character of the 

intergrand, (~~ss), and the semi-infinite limits of the integration 

indicated that ~ would become unbounded as the unstable stationary was 

approached. Furthermore, the numerical calculations brought out an 

added feature--namely, that analytic continuation can be employed to 

find the limits of a kinetic region. It is readily seen in Figures 5-8 

that ~ exhibits singular character along the separatrix, yet is an an­

alytic function in the near vicinity of the separatrix. Thus, ~ di­

verges as the separatrix is approached in the x,e plane, but does so 

smoothly. The smooth and continuous character of ~ can, in fact, be 
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employed to find the location of the separatrix to any desired degree 

of precision. 

The three-dimensional ~(x,e) surface is most readily visualized in 

Figures 6-9. In these figures, many general features of the ~ surface 

which were mathematically proven in Section II may be verified by in­

spection, including: (a) (~ - ~ss) is positive-definite; (b) stable 

stationary state extrema are minima; (c) unstable stationary state ex­

trema are cusp-like saddle points; and (d) extrema are unique to sta­

tionary states of the system. Overall we can say that there is a ane­

to-one correspondence between the topographical features of the ~ sur­

face and the kinetic behavior of the system. 

For purposes of comparison with the ~ topology, we include two 

additional contour maps of closely related thermodynamic functions: 

the tM function and Tf function as Figures 10 and 11, respectively. 

The extent to which each of these can and cannot serve as a thermo­

dynamic potential function for the multi-steady state, far-from­

equilibrium "Edelstein" system is indicated in Figures 10 and 11 and 

their captions. 
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IV. DISCUSSION 

A principal point of departure for this paper was the identifica­

tion of a limit of validity for a previously-studied function, the ~ 

function, that is, its imperfection to serve as a general purpose far­

from-equilibrium .thermodynamic potential for a more complex and more 

interesting (multi-stationary-state) system than had previously been 

investigated. This led to the ~ function which was able to "cure" 

this "defect" without otherwise sacrificing the remaining, desirable 

properties of~. Curiously, the ~ function is closely related to~, 

indeed, directly constructed upon~. It is therefore appropriate to 

open this discussion section by first examining a direct comparison of 

the explicit forms of ~ and ~ in the context of the examples we have 

analyzed herein. We subsequently consider, briefly, the physical/bio­

logical significance of the two examples, themselves, then focus on the 

conceptual linkages and interrelationships existing within an enlarged 

set of global thermodynamic potential functions covering the full do­

main from equilibrium systems to far-from-equilibrium systems. We con­

clude by touching briefly on future directions for this work. 

A. COMPARATIVE FORMS OF ~ AND ~ 

For the first of our two examples, III-A, it is possible without 

too much complexity, and therefore it is instructive, to present in 

overview format a comparison of the specific forms of ~ and its princ­

ipal derivative functions, with those of ~ and its corresponding der­

ivative functions, expressed at several levels of increasing algebraic 
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detail. This comparison serves two specific purposes: (1) it facili­

tates making (virtually all) the most significant and useful intra- and 

interfunction comparisons; and (2) it enables the most straightforward 

demonstration of each of the central properties of ~ and~, taking ad­

vantage of the best form in each case (i.e., the most appropriate level 

of expression) to make the validity of that property most readily self­

evident. (For the benefit of those not familiar with the analytical 

properties of theJM function, we have included a general demonstration 

of the extremum property as Appendix A.) 

The general properties to be demonstrated in each case, as pre­

sented in Table 3 are: positive definiteness, extremum-in-steady­

state, and time-dependent variation. Together with an identifica­

tion-reference to the "best .. form for the demonstration, these are 

given in the right-most two columns of Table 3. The forms of closest 

correspondence for the~ (lines 1-3) and ~ (lines 4-6) functions are 

within a given vertical column, for example [b]-1 with [b]-4, [b]-2 

with [b]-S, [b]-3 with [b]-6, (and similarly for columns [c] and Cd]). 

The left-most column, [a], contains entries only for the ~ function 

forms, which accents the differing-level relationship between the de­

fining forms of ~ and Jt: integral (for ~) to differential (for.M). 

We omit a comparable table for our second example, III-B, since 

the nature of this autocatalytic kinetic system would render the table, 

as a whole, unwie1dy--some of the algebraic forms are much too complex 

to permit drawing simple conclusions by mere inspection. Suffice it 

to say that in such a table a number of the properties would still be 
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simply self-evident in the corresponding positions as for Table 3, 

others would not be self evident, and one would not even be true 

(i.e. as indicated previously, ~I~ is not always negative definite). 

It is evident from Table 3 that our success at finding global thermo­

dynamic potentials hinges on our explicit use of the expressions for 

the velocity and affinity in terms of the concentration variables. 

Thus, it is for a particular class of nonlinearity (e.g. linear-loga-

. rithm type) that our theory applies. Fortunately, this class of be­

havior encompasses the whole of normal chemical kinetics. 

B. SIGNIFICANCE OF THE TWO EXAMPLES STUDIED IN THIS PAPER 

1. Example III-A, the Linear Network. As the simplest possible 

non-trivial open chemical reaction system that can be constrained 

to operate in a non-equilibrium (including far-from-equilibrium) 

fashion, this system is too elementary to model the dynamics of a 

system of real, interesting complexity. The 2-step monomolecular 

reaction sequence (and multi-variable straight-line extensions) are 

representative, rather, of processes such as a series of successive 

molecular de-excitations, or of isomerizations, or of sequential 

isotopic decays. 

2. Example III-B, the Autocatalytic Network (13,9). Even with 

such a relatively simple 3-reaction (2-independent-variable) bimo­

lecular sequence as this, an impressive degree of dynamic ("con_ 

trol-system") complexity is inherent in it: three stationary states; 

an unstable stationary state; a separatrix. In a global mechanistic 
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sense the behavior of this network is that of a "two-position" switch 

(e.g., a "toggle" switch). In point of fact, such a switch, examined 

more closely, actually represents a3-steady state device (where the 

steady-states are actually equilibrium states): two stable, and one 

(intermediate position) unstable state. 

A biological analogue of such control-system behavior would be the 

differentiation of a "bi~potentia1" stem cell into two alternative end-

cell or progeny lines. In this model the stem-cell state represents 

the unstable steady state (in which the cell can and must be able to 

remain while it reproduces, but which if "perturbed" slightly will 

lead to the cells irreversibly departing for one or the other stable 

end points). Other biological models of dynamic similarity include 

anabolic enzyme induction, e.g., lac operon of E. coli (14), and the 

Krebs cycle/glycolytic cycle "bifurcation" process. 

C. ~ IN LARGER CONTEXT 

The significance of the; function will be examined primarily in 

relation to a set of four state functions which possess global thermo­

dynamic potential character, and in terms of its dimensionality. The 

other 3 functions are: total entropy (\ot); "entropy production" 
. d.5 

(f = ai-); and the "affini ty squared m; n imum funct ion" (~). The do-

mains of applicability of their respective thermodynamic potential 

character evidently span the range from strictly-equilibrium, through 

near-to-equilibrium, to far-from-equilibrium, as shown in Table 4, 

below. 
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Table 4. THERMODYNAMIC POTENTIALS AND THEIR DOMAINS 

a' 
(near-equilibrium) 

)1 

(far-from-equilibrium) 
(not all systems) 

Stat 
(equilibrium endpoint) 

¢J 

(far-from-equilibrium) 

To emphasize the relationships explicitly we can expand Table 4 in 

the form of Table 5. (Where no subscript is given, the connotation 

system is implied.) 

Table 5. INTEGRAL-DIFFERENTIAL RELATIONSHIPS 

diS dStot 
cP = at = dt 

( .. Uss) d~ - .... ...".. = or 

f dt ~ \ot 

This table is configured (left to right) with each left-column item 

being the differential of its corresponding right-column (integral) 

item, taken with respect to the same variable--time. Furthermore, 

since ~ and"M both have the same dimensions (of entropy production per 

unit time; recall that "Mss =~ss), so must the expressions in the 

right-hand column also have the same dimensions, i.e. the dimensions 

of the new function ~ must be simply those of entropy. 



55 

Another IIstructural ll feature of Tables 4 and 5 is that, proceeding 

counterclockwise from the entropy function, each succeeding function 

in turn is applicable as a thermodynamic potential for systems of 

increasing generality (and/or "farness-from-equilibrium"). 

Conceptually, introduction of the function f broke new ground: 

for the first time there was a global thermodynamic function, and one 

of simple physical interpretation, which could "model" or "guide" the 

evolution of a chemical system to a point removed (even if slightly 

so) from equilibrium. That is, the evolution brought the system 

through successive states of ever-lower entropy production to the 

final minimum value at the steady state. The advance brought to 

thermodynamic analysis by the advent of the f function is evident 

in light of the fact that even the slightest constraint (imposed by 

boundary conditions) forcing the endpoint of an evolving system to 

be displaced from the equilibrium position, utterly eliminates the 

(total) entropy from consideration as the evolutionary "guiding 

principle" of the kinetic processes. In that sense, the function 

Stot with its "constraintless" domain is qualitatively different 

from the other three functions, operating in their variously 

constrained domains. 

From one point of view, that might seem to make Stot of less 

general applicability than the other functions, at least with respect 

to "interesting" systems such as living systems. Another perspective, 

however, is that the domain of Stot places it at a different level, 

and in fact "over" the domains of the other 3 functions. That is 
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because, regardless of the constrained-system behavior they model, all 

their respective systems are also ultimately subjected to the power of 

entropy--with its tendency to drive them toward the final fate of equi-

librium. In defense of the three nonequilibrium functions, however, it 

should be noted that their domains penetrate into that of the entropy: 

these functions will continue to serve as thermodynamic potentials as 

their respective constraints would be successively relaxed, down to and 

including the equilibrium domain of the entropy. 

These ideas may be summarized in a list of strengths and weakness, 

as follows: 

Statal 

Strengths: '" applicable to all systems of any kinetic complexity; 

, applicable within the complete domain, near-to and 
far-from the endpoint; 

, applicable on an overall "supervisory" level, also, to 
systems being guided by "restricted-domain" 
thermodynamic potentials. 

Weaknesses: I Strictly limited to systems evolving towards the sole 
endpoint of equilibrium. 

Strengths: I applicable to systems evolving to an enlarged and whole 
new class of endpoints--nonequilibrium endpoints--as 
well as to equilibrium-endpoint systems; 

• applicable to systems of any formal kinetic complexity; 

• provides a principle of simple physical interpretation 
for spontaneous orderin (as opposed to the disordering 
principle of entropy. 
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Weaknesses:, severely restricted, in-toto, to near-to-equilibrium, 
or the IIlinear ll domain; 

, the permitted, general formal complexity of kinetics is 
illusory, since all lIinteresting ll kinetic/control-sys­
tem behavior is lost when the usual nonlinear relation­
ships of real chemical kinetics are IIcollapsed ll into 
the linear domain. 

Strengths: , extends the formal, global thermodynamic potential 
approach to the far-from-equilibrium domain, for many 
types of realistic chemical kinetics (and remains 
applicable down to equilibrium). 

Weaknesses: , fail s to retai n all of its thermodynami c potenti a 1 
character for alTirealistic chemical kinetic systems 
of wide/biological interest. . 

Strengths: , retains global thermodynamic potential character for 
far-from-equilibrium steady state systems of con­
siderable biological interest (multi-steady-state, 
unstable-steady-state character); 

, provides an unexpected payoff in the form of an 
important kinetic parameter, the IIseparatrix"; 

, has physically simple character, and the astonishingly 
simple dimensions of entropy units. 

Weaknesses:, ? 

Some additional comments on Tables 4 and 5 are in order. 

With respect to integral-differential relationships, customarily, 

entropy production, f, is thought of as the differential of (an) en­

tropy, rather than entropy being viewed as an integral of the f func­

tion. Such thinking, which carries the implication that the entropy 

is llmore fundamental II than f, is rooted in the classical thermo-

dynamical focus on reversible systems and their evolution toward 
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the equilibrium endpoint. It may be argued that more fundamental is 

the notion of evolution to general endpoints, virtually all of which 

are nonequilibrium in-character. In this view, dynamic, irreversible 

systems become the natural starting point, and reversible or equilib-

rium-bound systems only a special, limiting case. Indeed, as already 

mentioned, this more general view is the proper one for modeling the 

evolutionary (and stability) properties of living systems from a ther­

modynamic-potential perspective. Thus, Stot might better be con­

sidered to be founded on f (in the form of its integral), than the 

reverse. 

In that spirit, the "integral definition" of (J in terms of a 

dynamic quantity,~, fs most natural, perhaps providing a measure of 

"independent validity" for (J, by noting that its origins are entirely 

analogous in kind to those of the entropy itself.* At the very least, 

by virtue of the nature of its origins as well as the identity of its 

dimensionality with entropy, one can say that ~ is conceptually in 

very good company. 

D. STEADY STATE VALUES OF THE POTENTIAL FUNCTIONS 

Another difference which exists between ~ and the other thermo-

dynamic potential functions of Tables 4 and 5 which has not previously 

been commented on is one which relates to their steady state values. 

The functions S,~, and oM are all absolute functions in the sense that 

they possess defined, nonzero values in their respective steady state 

* This is speaking within the present macroscopic rather than 
probab~istic context, of course. 
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endpoints. The entropy (whether in its steady state, i.e. equilibrium, 

state or not) derives its absolute value from the third law of ther-

modynamics. f . ss d ~ ss. ss . The unctlon f ,expresse as L.J Ai v. ,1 S 1 i k e-
i 1 

wise defined absolutely since all ~s and v~s have absolute values 

calculable from the particular steady state concentrations. Given its 

identity with fSs, .Mss likewise has no indeterminacy.'" 

Given the origins of ~ solely in terms of an integral, without 

additional information it must be considered defined only in a rela­

tive sense. That is, its definition in terms of (~ _~ss) __ as an 

"integrated relative~"-assures its vanishing in the steady state, 

but provides no information as to an absolute value which would differ 

from one steady state to another. Thus, with respect to numerical 

values for tJ, these always measure a system's "distance" from its 

endpoint, but do not allow going beyond this to compare different 

endpoints. (Note that had the entropy been given its macroscopic 

origins as the integral of the@ function, as discussed above, 

additional information would have been required for it, as well, to 

evaluate the constant of integration, and to enable the definition of 

S to be more than a relative one.) For ~ and~ in multiple steady 

state systems, the different absolute values of~sS =~ss do allow 

ordering the steady states themselves in terms of the levels of their 

respective dissipations. 

... In systems with more than one steady state, both fSS and.MSS 
evidently have values which depend on the particular steady state 
from which the parameters are derived. 
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A possible approach to arriving at an absolute value for 0 may 

be found by considering the form taken by functions in Table 5, in 

the case of simplified example-systems. For instance, consider chem­

ical reaction systems of the following character: (a) evolving toward 

an equilibrium endpoint; (b) a-thermal as well as isolated, whereby 

dSSyst = dStot ~ 0; (c) chemical reaction systems (properly writ-

ten in their phenemenologically uncoupled form) operating solely within 

the linear-law dynamic region. Under these circumstances several sim-

plifications apply to the functions and expressions of Table 5: 

(Eqn 103) 

and 

(Eqn 104) 

Substituting Equation 103 and 104 as well as condition (b) in the par-

agraph above, into the two left...;hand expressions of Table 5, adding the 

two expressions, then integrating, yields: 

~ + S = ~equil + sequil 
system system system system (Eqn 105) 
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equil 
A simple and obvious choice for the constant of integration, ~system 

in this special situation is: 

equil equil 
~system = Ssystem (~n 1~) 

Such a choice would further strengthen the "interface" between ~ and 

S: these two functions would become identical in content as well as 

in units, at the equilibrium endpoint. 

What about the general situation, in the nonlinear domain and with 

far-from-equilibrium endpoints Generalizing Equation lOB, again in 

the simplest and most natural way, would lead to: 

ss ss 
0system = Ssystem (~n 1W) 

This choice would also provide an additional feature of compara-

bility, a pair wise comparability of 0 - S with ~ - f vis a vis their 

steady states. That is, the relationship ~ss = SSS is formally 

equivalent to the general relationship, ~ss =~ss. (Note that 

this latter arises in a nonarbitrary fashion since the definition of ~ 

does not carry with it any indeterminacy.) 

If there is no inherent impediment to making an arbitrary choice 

of ~ss, then a choice according to Equation 109 could be viewed as 

completing the definition of 0, beyond the original differential def­

inition provided by Equation 1. At this point it remains to be seen 

whether some other nonarbitrary basis or relation exists for arriving 

at a different value and choice for ~ss, thereby otherwise recasting 

. our relative ~ in the form of an absolute~. Whether or not this can 
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be accomplished, however, is not central to the utility of the ~ func­

tion, any more than it is to the normal uses of the usual functions of 

reversible thermodynamics (internal energy and its derivative free en­

ergies, etc.): in general it is only dE, dG, etc. that are of interest . 
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E. FUTURE DIRECTIONS 

Having presented in this paper the theoretical development of the 

~ function, plus a detailed examination of its application to two kinds 

of chemical reaction systems, it is in order to glance briefly at pri­

ority items for future work. Four of these stand out, three by way of 

different classes of example-systems to be addressed, the fourth a par-

allel development of a different (but closely related) theoretical 

function, the "~" function. 

Diffusion-Reaction System. The reaction systems treated herein 

(Table 1), though of broad generality and validity, are still limited 

to homogeneous systems, purely chemical in nature. An obvious, ex-

tended class of far-from-equilibrium systems to investigate with re-

spect to its ~ properties is that involving both the transport proc­

ess of diffusion, and chemical reaction. To procede requires only 

a slight generalization of the definition of the~ and ~ functions, 

whereby we would write: 

TJt1 =La.X. 2 
. 1 1 
1 

(Eqn 108) 

where the Xi are the generalized thermodynamic driving forces (in-

cluding the chemical affinities, for pure reactions, and the negative 

chemical potential differences/gradients for the diffusional proc­

esses). The calculation of ~ and evaluation of its extremum and other 

properties would then procede from Equation 2 as before, but now using 

the enlarged definition of Jt1 from Equation ICE. 

Limit Cycles. The second class of example is still one founded on 

open-system, homogeneous reaction kinetics of purely chemical systems, 
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but a class exhibiting a kind of nonequilibrium endpoint that has not 

yet been addressed--a limit cycle (7). As for the diffusion-reaction 

example, a simple generalization of the formalism is also required, in 

this case one dealing with the nature of the steady state. Though a 

limit cycle endpoint is clearly not "steady" (in the sense of main­

taining the time-invariance of all concentrations/activities) it still 

represents an identical kinetic limiting condition on the dynamic equa­

tions, the condition corresponding to t -->~. Thus, the generaliza­

tion ofJ1 in this case is one that is applicable only to the term)1ss, 

namely: 

.MSS ~ .Mt-+ ~ . (Eqn 109) 

With this generalization we again can procede with the evaluation of 

~ using Equation 2. It remains to be seen whether the integrand of 

Equation 2 vanishes sufficiently rapidly, as the limit-cycle endpoint 

is approached, so that the integral remains finite and well-behaved. 

Chaos. Another class of endpoints serving the evolution of non­

equilibrium systems, one attracting much attention in recent times, is 

the condition referred to as chaos (15). To the extent that limit 

cycles may be considered to be the step beyond steady states, chaotic 

endpoints, with their irregular and unpredictable cyclings, may be 

viewed as the step beyond limit cycles. The path toward chaos may 

include bifurcation-instabilities (15) not unlike the one we have 

analyzed in this paper. Still an open question: what kind of be­

havior would/should an ideal thermodynamic potential exhibit in 

tracking (the evolution toward) such an endpoint? 
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The ~ Function. A great deal of attention has been paid in the 

past to the inexact-differential character of-the two partial differ­

entials of the entropy production, ~, the so-called dtp and dJP 

terms for chemical reaction systems (7). This character renders 

either of these terms, individually, unsuitable for integration to 

yield a global thermodynamic potential function. (The validity of 

the dtp term as a test and indicator of stability--Prigogine's 

"universal stability criterion"--has been well-established, however 

(7) .) 

It happens that by only a "modest" transformation, the incomplete 

differential dxP can, in fact, be converted to an integral form 

which defines ~-another "candidate global thermodynamic potential 

function." The transformation is simply: 

(Eqn 110) 

(It might even be argued that this transformation is not so much a 

. change as an interpretation of the reasonable meaning of dxP' in the 

same sense that a common, reasonable meaning of the expression dS is 

that it refers to entropy changes ~ time.) 

A start has been made on the development and analysis of this ~ 

function, and some of the results to date have been surrvnarized in 

Appendix B. Three particular points are worth noting here: 1) this 

function possesses the same far-from-equilibrium domain of validity as 

does ~; 2) with ~, it offers no particular simplification, and there-

fore it is not necessary, to restrict the kinetic equations to those 

of just 2-body interactions. These equations are therefore left 



66 

in the form of more general n-body interactions, which might permit 

treating of more exotic processes, such as those occurring in highly 

condensed states of matter, for example; and 3) the units of ~ are the 

same as those of~ and ~;in this sense and in its form (founded on the 

same basic components as are the f and ~ functions--reaction velocities 

and affinities) it is a function closely linked, conceptually. to the 

other functions of Table 5. Further work is necessary to clarify these 

relationships, and the ultimate status as a generalized thermodynamic 

potential function. 
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v. APP ENDIX A: THE..M FUNCTI ON 

The "affinity squared minimum function,"..M, is defined for a sys-

tem of i chemical reactions as follows: 

T~ = (Eqn 111) 

where T is the absolute temperature of the isothermal system, and 

where ~ is the affinity. of the ith reaction, given by: 

,A. = - LV. 1J -, y,1 Y 
y 

(Eqn 112) 

The v l' are the stoichiometric coefficients for the ith reaction, 
y, 

and the u are the chemical potentials, both applicable to the species, 
. y 

y. For what follows, we assume two independent concentration (activ-

ity) variables, x and y. 

The choice of the constants, ai' derives from two requirements: first 

that !M is a state function, . a a(1M) a a(1M) 1.e. that -ax( ay ) = -( ) . and x ay ax y' 

second that (a~tM)) = 0 and 
x y 

(a(tM)) = 0 at (and only at) all steady 
3y x 

states of the system. The algebraic forms of the various partial der-

ivatives of tM follow from Equation Ill: 

. aJ\ 
( a ~!"") ) .. 2 L a i cPt, (ax) 

y y 
(Eqn 113) 

( 3 (T~) ) .. 2 ~ .A. (aA,) 
ay 4-1 ai 1 ay 

X i x 
(Eqn 114) 

From Equation 112, we see that: 
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~ d~x 
(Eqn ll5) (ax) = - \I x, i ax y 

and 
a~ ~ (Eqn 116) (aT) = - \I . 

X 
y,l dy 

where: 

n, if n XiS are produced by reaction i 

\I x, i = 0, if no net x is produced or consumed (Eqn 117) 

-n, if n XiS are consumed by reaction i 

and similarly for \I •• y,l 
We note that Equations 115, 116 and 117, taken collectively, sum-

marize in a slightly different form the formal algebra of the intrins-

ic network "flow-through" relation: 

a~ 
(ax) 

y 
where x is 

= _ (:;+1) , 
. y 

"produced" by the 

(Eqn 118) 

single reaction i, and "consumed" by a 

single subsequent reaction i + 1 (8). We choose to introduce the 

alternative forms (Equations 115-117) of this (local) "flow through" 

connectivity relation, because these afford ease of algebraic manip­

ulation as well as generalization to arbitrary networks in what 

follows. 

Upon substitution of Equations 115 and 116 into Equations 113 and 

114 we obtain the intermediate result: 

(Eqn 119) 
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(Eqn 120) 

The vanishing of the various partial derivatives of T~ at all 

steady states may be assured mathematically by expressing them in 

terms of any quantities that vanish identically in the stationary 

state. Since the fundamental, kinetic feature of the steady state 

is the time-invariance of the intensive (here: activity) variables 

of the system, obvious choices for such vanishing quantities are the 

dx and dy the system. In this sense we can write: dt CIt of 

Limit {('(ir'1)) I = Limit { ¥t} ax y 
ss ss ss is x,y-~x , Y X,Y4X , 

Limit l~ (dX) j 
= ss CIt. is 1 

x,y-~x , 

= L imi t {~ "x,; V; /;(Eqn 121 ) 
ss is x,y-~ x , 

and: 

Limit {('(~1) I = Limit {*} 
x,y~xS~ ySS x ss ySS 

x,y-~x , 

= Limit {~ (~)il 
ss is x,y-~x , 

= Limit {~ "y,; vi j;(Eqn 122) 
ss is x,y-~x , 
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where vi 1 (dX) = _1_ (dy) is the reaction (net velocity) of at. v . err. =--
1 y, 1 1 

th . th t·· b . t t k e 1-- reac 10n 1n an ar 1 rary ne wor • 

Substituting Equations 119 and 120 into Equations 121 and 122 leads 

to: 

dlJ 
Limit { -2dx x L:ai~vX,il= Limit {4: v x,i v i}(Eqn123) 

i J 1 
x,y_+xs~ is 

and 

SS SS x,y-+x , y 

Limit {-2:;y 4: ai A, 
ss SS 1 

Vy,i}= Limit {~VY,i vi} .(Eqn 124) 

x,y-+x , Y ss ySS x,y-+x , 

The simplest means of assuring the val idity of Equations 123 and 

124 l!!. the steady state, is by equating their left and right "summons" 

on a term-by-term basis. 

ss 
v' 1 

a i = ~s 

This yields for the ai: 

(Eqn 125) 

Such a choice for the ai guarantees the vanishing of the various 

partials of T~ at (and only at) the steady states of the system. To­

gether with the De Dander inequality, A v ~ 0, (1), this also assures 

that all ai > ° for all elementary chemical reactions of the network 

(such reactions are inherently uncoupled, in a phenomenological 

sense). This sign restriction on the ai renders T~ from Equation 

III a positive-definiteguadratic form, which in turn requires that 

all extrema are minima. This choice of the ai leads to the simplest 

possible interface between ~ andf in the steady state, namely: 

Jt1ss ... fSs. 
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VI. APPENDIX B: THE ~ FUNCTION 

For any open, chemical reaction system, the ~ function is defined 

from its time derivative form, in terms of the velocities, vi' and 

affinities,~, of the i chemical reactions, as follows: 

(Eqn 126) 

and 
co 

f ~ <tA; dt - f"v i ar (Eqn 127) 

o 

where the vi are the velocities and ~ are the affinities of the 

= 1 to n reactions in the system. 

To illustrate the analytical properties of ~, we consider an open, 

chemical reaction network system involving the intermediate concentra-

tion variables x and y along 'with the fixed concentrations A and B of 

the reactants and products, these latter two held constant so as to 

prevent the system from attaining equilibrium. Such chemical reaction 

network systems could involve any number of individual reactions ar­

ranged with arbitrary network connectivity. 

The time derivative of ~ is given directly by the defining rela­

tion, Equation 126 and may be evaluated by noting the following three 

facts. 

First, from the state function character of the affinity we can 

write: 

dA. = (!b) dx + (aA) dy 
ax y ay x 

(Eqn 128) 



this implies that: 

cIA _ (aA) dx + (aA) dy 
dt - a x y crt a y x CIt 
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(Eqn 129) 

which allows ~ in Equation (126) to be written in the expanded form: 

ddt1f = L. v
1
· [( aA,) ~tX + t~} Ut J 

1 ax y U~ ay x U~ (Eqn 130) 

Second, the form of the affinity (Equation 112) assures that the 

various partial derivatives have the form given in Equations 115 and 

116, i.e.: 

= -" . X,l 

and 

a~ ~ 
(ay ~ = - "y,i ~. 

Third, ~~ and %f may be written (from Equations 121 and 

122) as: 

and 

dx 
dt :0 L: 

i 
= 

= 

" . v. X,l 1 

"y, i V. 
1 

(Eqn 131) 

(Eqn 132) 

(Eqn 133) 

(Eqn 134) 

Substituting Equations 131 and 132 into Equation 130, gives the 

result: 
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X,l 1 
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4: vy,i Vi .(Eqn 135) 
1 

Substitution of Equations 133 and 134 into Equation 135 yields: 

(Eqn 136) 

By inspection, this function is seen to vanish at all steady states 

of the system. Furthermore, since the chemical potential is always an 

increasing function of activity, ~ must be negative for all other 

values of (x,y). Thus, ¥t is negative-definite, and 11', itself, is 

seen to be a decreasing function of time for all t > o. 
The analytical demonstration of the extremum properties of the ~(x,y) 

surface is similar to that presented for the ~ function. It follows from 

an analysis of particular, infinitesimal perturbations away from a sta-

tionary state, to nearby positions in (x,y) space, along one or the other 

dx s!l of the general curves: dt = 0, or at = O. 

d11' dx The time derivative, dt' along the curve dt = a is given by: 

d11' a 11' s!l 
dt = (ay) crt • 

x 
Along this same curve, ~ in Equation 136 simplifies to: 

enabling us to write: 

(Eqn 137) 

(Eqn 138) 
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(~) = _ :yUy u 
ay X Ul. 

(Eqn 139) 

Similarly, along the curve, ~ = 0, we have: 

'Of dUxdx 
(a-x)y=- dx err . (Eqn 140) 

The vanishing of both the partial derivatives of f(x,y) at all 

steady states of the system, thus establishes the extremum principle. 

By a similar argument to that presented in Section 11.03, these 

extrema (for stable stationary states) are true minima. 
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IX. FIGURES 

Figure 1. The integral (variable) portion of the thermodynamic 

potential, ~(x) - ~(x ss ), from Equation 82, plotted as a 

function of z = xss ' for the reaction system A --~ x --~ B. 
x ~-- ~--

(See note page 38 regarding the equivalance of x and xo, z and Zo .) 
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Figure 2. The "kinetically-weighted system-free-energy" quantity, 

T(~SS), as a function of _x ___ for the reaction system A --~ x --~ B. 
xSS 4-- 4--
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Figure 3. The dissipation function, Tf, plotted versus x , for the 
xss 

reaction system A --~ x --~ B, for the same nonequilibrium conditions 
~-- ~--

as for Figures 1 and 2 (solid curve). For comparison we have also 

plotted this function for "equilibrium conditions" (dashed curve), 

for which ~ regains its ther.modynamic potential character. 
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Figure 4. Kinetic trajectories in the x,e phase plane for the ~Edel­

stein" system (Equations 101--2), for the boundary conditions which 
\ . 

give rise to two stable steady state end points (I, III), and one un­

stable steady state endpoint (II). The dashed line depicts the posi-

tion of the separatrix, which separates the two kinetic regions of 

stability. (A duplicate of this figure for overlay purposes, in the 

form of a transparency, Figure 4T, is to be found in the back-cover 

pocket.) 
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Figure 5. Shaded contour map of the variable portion of the ~-function 

surface, calculated from Equation 2. for the autocatalytic "Edelstein" 

reaction system of Equations 93-95, under the same boundary conditions 

as for Figure 4. The separatrix has been emphasized by the dashed 

line. (Note that ·the transparency, Figure 4T, can serve as an over­

lay for Figures 5 and 6.) 
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Figure 6. Selected contours of the variable portion of the .-function 

surface corresponding to the shaded-contour map of Figure 5. 
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Figure 7. Three-dimensional Cal-Camp plot of the variable portion of 

the ~-function surface for the multistationary state IIEdelstein ll reac­

tion system of Figure 5. This viewing angle and coordinate scaling 

were chosen to best illustrate the cusp-like character of the surface 

in the vicinity of the separatrix. The minimum-extremum nature of the 

two stable stationary states (I and II) is best seen in Figures 6 and 5. 
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Fi gure 8. Another three-dimens i ana 1 view of the vari ab 1 e port ion of the 

¢>-function surface for the "Edelstein" reaction system. 
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Figure 9. Additional three-dimensional view of the variable portion 

of the \6-function surface for the IIEdelstein ll reaction system. 
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Figure 10. Contour maps of portions of the ~-function surfaces for 

the "Edelstein" reaction, calculated from Equations 103 and 116 in 

Appendix A, for steady-state regions I and III, under the same bound­

ary conditions as for Figure 4. The black line results from the super­

position of contour lines which (by computer instruction) discontinu­

ously connect the contours of regions I and III at the separatrix. 

Note that for the ~ surface, Figures 5-9, the separatrix results nat­

urallyas the region I - region III intersection-interface. For the~ 

function there is a comparable "natural" intersection-interface (dotted 

line). Though the 3-dimensional concavities of the ~ surface -compo­

nents are qualitatively similar to those of the ~ surface (extrema at 

all steady states) in the case of)1, the region I - region III inter­

section appears to have no theoretical significance; in any case, it 

does not correspond to the separattix. 

The "failure" of a key thermodynamic potential requirement for 

this chemical reaction network-the ability to serve as "time's arrow" 

for the system--can be visualized by overlaying on this Figure the 

kinetic trajectories (Figure 4T). Close examination shows that the 

trajectories which abruptly change direction by more than 90° go "up­

hill" for a time, before dropping to their final steady-state minimum 

endpoints. 
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Figure 11. Contour map of the variable portion of the entropy produc­

tion function ((Jl =A,.vl +~v2 +~v3) for the "Edelstein" reaction 

(Equations 97-99) under the same boundary conditions as for Figure 4. 

The~ function is seen to lack both of the key properties crucial to 

its serving as a thermodynamic potential for this far-from-equilibrium 

system: 1) extrema at the steady states; and 2) well-behaved corre­

spondence between the topography of Figure 10 and the kinetic tra­

jectories of Figure 4. 
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