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Synchronization is a hallmark of collective behavior that emerges when nonlinear systems interact,
spanning scales from mechanical oscillators to planetary orbits. As a universal phenomenon, it underpins
the study of complex systems and has far-reaching technological implications. While classical synchro-
nization has a long and rich history, it has not been observed experimentally between multiple quantum
limit-cycle oscillators despite a decade of theoretical investigations. We realize synchronization between
two quantum van der Pol oscillators by engineering dissipation in a mixed-isotope trapped-ion quantum
simulator. The synchronized state is encoded in a fixed relative phase between the oscillators that is
inaccessible to individual measurements and revealed only through joint readout of both oscillators, in stark
contrast to the system in the (deterministic) classical limit where synchronization can be observed via
individual phase measurements. We further show that the relative phase can be precisely controlled and that
the chain of two oscillators can synchronize to an external field, suggesting applications in sensing.
Our results provide a promising pathway for studying more complex synchronized quantum dynamics
beyond two oscillators, where a theoretical treatment becomes increasingly challenging, and it remains to
be understood whether genuinely quantum features persist in such cases.

DOI: 10.1103/w1bm-wjl4 Subject Areas: Atomic and Molecular Physics,
Nonlinear Dynamics, Quantum Physics

I. INTRODUCTION

Self-sustained oscillations emerge when internal feed-
back mechanisms regulate energy input to compensate
for dissipation [1–3]. These oscillations correspond to
closed and attractive trajectories in phase space, so-called
limit cycles. Because of their phase freedom, limit-cycle
oscillators can entrain to an external drive or mutually
synchronize [4–8], where the latter constitutes a genuine
self-organization phenomenon arising from bidirectional
interactions. Among classical models, the van der Pol (vdP)
oscillator has served as the canonical example of a limit-
cycle system: Originally introduced to describe nonlinear

electrical circuits in early radio technology [1], it has since
provided the conceptual foundation for synchronization
theory across diverse domains, from neuroscience to circa-
dian rhythms [9,10]. It is therefore natural that efforts to
formulate synchronization in the quantum regime start from
the quantum vdP oscillator [11,12]. In the quantum
regime [4–7,12–19], a limit cycle is defined as an attractive
solution of the dissipative dynamics with a steady state
exhibitingU(1) symmetry. The simplest realization of such a
quantum limit cycle is a harmonic oscillator with incoherent
one-phonon gain and two-phonon loss processes, which
together define the quantum vdP oscillator [11].
The quantized motional modes of trapped ions provide

an excellent platform for realizing quantum limit-cycle
oscillators and exploring their synchronized dynamics.
Their long coherence times, precise controllability, and
strong coupling to internal states [20–22] accommodate
the implementation of quantum dynamics in bosonic
degrees of freedom [23,24], which has enabled a wide
range of applications including analog quantum simulation,
quantum-enhanced metrology, and fault-tolerant quantum
computing with bosonic codes [25–31]. However, the
lack of direct observables for the motional states has
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traditionally limited the exploitation of quantum resources
in the infinite-dimensional Hilbert space. Over the past two
decades, however, substantial progress has been made in
overcoming this challenge. Wigner function reconstruction
was demonstrated in Refs. [32,33], and recent proposals
and experimental realizations have introduced efficient
benchmarking techniques for motional states [34–36].
These advancements, combined with reservoir engineering
techniques with programmable dissipation and noise
injection [7,37–41], enable the level of control and meas-
urement required for synchronization experiments.
Here, we experimentally demonstrate synchronization

between two quantumvdP oscillators encoded in the bosonic
state of two motional modes of a two-ion crystal. The vdP
oscillators are generated through a combination of two-
phonon loss and one-phonon gain processes of the motional
modes. We show that the steady states of the vdP oscillators
are highly tunable from the near-classical to the quantum
regime via tuning the gain-loss ratio, and the resulting limit-
cycle behavior is revealed by tracking the motional-state
dynamics via Wigner function reconstruction. We achieve
synchronization via engineered dissipative coupling [42],

confirmed by reconstructing the joint probability distribution
of the two-mode quantum states and supported by numerical
simulations. We further show that synchronization is pre-
served over a range of coupling strengths and frequency
differences between the oscillators. Finally, we probe phase
diffusion during mutual synchronization by phase locking
one oscillator to an external drive and measuring theWigner
functions of both modes at various detunings. Our results
pave the way for investigating synchronized dynamics in
networks of quantum limit cycles [43], harnessing engi-
neered dissipation as a resource for complex quantum
dynamics, and developing new applications in quantum
metrology and quantum sensing [44,45].

II. SYNCHRONIZING QUANTUM
VAN DER POL OSCILLATORS

A. Quantum vdP oscillators in trapped ions

To experimentally realize two coupled vdP oscillators,
we employ the two axial motional modes, M1 (in-phase)
and M2 (out-of-phase), of a 40Caþ − 44Caþ linear two-ion
crystal confined in an rf Paul trap [see Fig. 1(a)].

(c)

(a) (d)(b)

(e)

FIG. 1. Synchronization of quantum van der Pol oscillators with trapped ions. (a) Schematics of experimental setup with a
40Caþ–44Caþ ion crystal trapped in a linear rf Paul trap. The two axial motional modes are used for the synchronization experiment,
where the state of the 40Caþ ion and the motional state of the ion crystal are controlled by a 729-nm laser light. (b) Illustration of the
donut-shaped Wigner function of a quantum limit-cycle oscillator. Black dashed curves indicate classical trajectories attracted toward
the classical limit cycle. (c) Experimental implementation of the corresponding dissipator to generate and synchronize two vdP
oscillators. (1) Negative damping is realized by driving the blue sideband of Mi, followed by a qubit reset; (2) nonlinear damping is
realized by driving the second-order red sideband of Mi, followed by a qubit reset; (3) collective dissipation is generated by
simultaneous driving the red sidebands ofM1,M2 with a phase difference φ, followed by another qubit reset. (d) The Wigner function of
each mode M1 and M2 individually does not show any phase preference. Instead, the synchronized dynamics appears only as a stable
relative phase relation between the two oscillators, which can be observed only by a joint measurement. (e) Joint probability distribution
Pðx1; x2Þ for in-phase (φ ¼ 0) synchronized oscillators. The black dashed line shows the corresponding classical trajectory.
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The uncoupled collective motion is described by the
Hamiltonian H0 ¼ ω1a

†
1a1 þ ω2a

†
2a2, where ω1;2 are the

frequencies of mode M1;2 and a1;2 are the corresponding
ladder operators. For convenience, we set ℏ≡ 1 in the
following discussions. Qubit-motion couplings are imple-
mented via driving motional sidebands of the 42S1=2 ↔
32D5=2 quadrupole transition of the 40Caþ ion. Because of
the 40Caþ–44Caþ isotope shift of 5.34 GHz on this
transition [46], the applied laser field does not couple to
the internal state of the 44Caþ ion, resulting in Jaynes-
Cummings-type interactions. Motional dissipation required
for the limit-cycle dynamics of the quantum vdP oscillators
is engineered by returning the 32D5=2ðm ¼ −5=2Þ popu-
lation to the 42S1=2ðm ¼ −1=2Þ state via optical pumping,
i.e., resetting the qubit [see Figs. 1(c) and 2(b)–2(d)].
Specifically, negative damping (D½a†�) is implemented
through coupling to the first-order blue sideband (BSB),
which corresponds to transitions that add one phonon.
Nonlinear damping (D½a2�) is realized by driving the
second-order red sideband (2RSB), which corresponds to
transitions that remove two phonons simultaneously. In
both cases, the interaction is applied stroboscopically with
a randomized phase and followed by resetting the qubit
after each evolution step, ensuring effective damping in the
individual motional modes.
To synchronize the two oscillators, we interleave layers

of dissipative coupling (D½a1 − a2eiφ�) with resonantly
driving the first-order red sidebands (RSBs) on the two

modes simultaneously with a fixed phase difference φ,
followed by qubit reset [see Fig. 2(e)]. Here, the auxiliary
qubit is used to implement collective dissipation between
the modes. The full sequence of individual negative damp-
ing, nonlinear damping, and dissipative coupling pulses is
repeated for n cycles until the system reaches a steady state.
The detailed quantum circuit is shown in Fig. 2(a). The
resulting effective dynamics is described by the Lindblad
master equation

ϱ̇ ¼ −i½H̃0; ϱ� þ κþ
X2
i¼1

D½a†i �ϱþ κ−
X2
i¼1

D½a2i �ϱ

þ VD½a1 − a2eiφ�ϱ: ð1Þ

Here, H̃0 ¼ δ1a
†
1a1 þ δ2a

†
2a2 with δ1;2 being the

differences between motional frequencies ω1;2 and half
the laser frequency splittings of the BSB and RSB drives,
which set the rotating frame of the oscillators. The Lindblad
dissipators D½L�ϱ ¼ LϱL† − fL†L; ϱg=2 describe negative
damping with rate κþ, nonlinear damping with rate κ−, and
collective dissipation with strength V. Note that the ratio
κ−=κþ determines the average phonon number and, thus,
the radius of the donut-shaped Wigner functions.
Moreover, the phase φ appearing in Eq. (1) controls the
phase of the dissipative coupling between the oscillators as
illustrated in Fig. 1(c). The details of the experimental
protocols can be found in Appendix A.

(a)

(b) (c) (d) (e)

FIG. 2. The quantum circuit for synchronization between two quantum vdP oscillators and reconstruction of the motional states.
(a) The circuit acts on one qubit and two motional modes, where the auxiliary qubit is to generate collective dissipation on the two vdP
oscillators and to read out the two-mode state. Each cycle consists of a stroboscopic application of negative and nonlinear dampings on
both modes [described in (c) and (d)]. We repeat the sequence 15 times to generate the two vdP oscillator states, with another 10 cycles
including the dissipative coupling [described in (e)] to synchronize them. For the motional reconstruction, the controlled displacement in
the σx basis (realized by SDF) maps the motional information onto the qubit. The imaginary part is read out with an additional π=2 qubit
rotation along the x direction prior to state detection. (b) The qubit reset is realized with 854-nm repumping laser light to reset it to the
j↓iz state. (c),(d) The negative (nonlinear) damping on Mi is realized by a coherent BSB (2RSB) drive followed by a qubit reset R.
(e) Collective dissipation on the two motional modes is realized by simultaneously driving the RSB onM1 andM2 with a constant phase
difference φ, followed by a qubit reset [see details in Appendix A].
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B. Experimental characterization
of a single vdP oscillator

Before exploring synchronization, we first establish the
control of a single quantum vdP oscillator using a single
40Caþ ion. First, we show that the steady state of the vdP
oscillator can be precisely controlled by changing the
relative strengths (κþ and κ−), which affects the mean
phonon number and the radius of the donut-shaped Wigner
function. Previous research has classified different param-
eter regimes of a single vdP oscillator, i.e., the near-
classical regime with κ−=κþ ≲ 0.1, the quantum regime
with κ−=κþ ≈ 1, and the deep quantum regime with
κ−=κþ ≳ 10 [47]. In Fig. 3(a), we show the experimental
reconstructed Wigner function of various vdP oscillator
states from the near-classical to the deep quantum regime.
When the negative damping κþ exceeds κ− and the mean
phonon number is large, classical mean-field theory pre-
dicts a limit cycle with a radius αp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 þ p2Þ=2

p
¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κþ=2κ−
p

in phase space, where αp is defined as the most
probable position of the vdP Wigner function (i.e., the
radius of the donut). When the nonlinear damping κ−
exceeds κþ, the oscillator approaches the ground state upon
increasing κ− and αp starts to deviate from the classical
trajectory as shown in Fig. 3(b).
Second, we probe that the limit cycle is, in fact, the

nonequilibrium steady-state (and thus attractive) solution of
the dissipative dynamics, which is reached independently
of initial conditions. To this end, we measure the time
evolution of the Wigner function from a mixture of
opposite coherent states [ϱ ¼ 1

2
ðjαihαj þ j − αih−αjÞ] to

the vdP oscillator state. In Fig. 4, we begin with the initial
state of a mixture of two opposite coherent states at t ¼ 0.

After applying the vdP interaction, the state gradually
diffuses into a donut shape with the steady-state radius
determined by the ratio of interaction strength κ−=κþ.
Third, we show that the phase of a single vdP oscillator

can be entrained to an external drive. An isolated vdP
oscillator exhibits no intrinsic phase preference. When an
external coherent drive H ¼ Ωdðaeiφd þ a†e−iφdÞ of suffi-
cient strength is introduced, this rotational symmetry is
broken and the oscillator’s phase becomes entrained to that
of the external drive [7,11,48,49]. In practical experimental
conditions, the phase of the external drive has a constant
offset from the motional phase of the SDF ϕm for readout
due to differences in the optical and electrical signal paths.
In Fig. 5, we show the experimental results of a single vdP
oscillator locked to the external drive with different phase
preferences φd ¼ 0; π=2; π. These results also serve as a
reference for subsequent experiments on mutual synchro-
nization under the drive (see Sec. IV).

C. Mutual synchronization in the near-classical
and quantum regime

After characterizing the dynamics of a single vdP
oscillator, we extend our study to the synchronization
between two quantum vdP oscillators. To investigate
quantum limit-cycle synchronization, we realize two quan-
tum vdP oscillators and synchronize them via collective
dissipation. We first implement it in the near-classical
regime by tuning the ratio between the two damping
processes to be κ−=κþ ¼ 0.14 [47], identical for each
oscillator, resulting in a steady-state mean phonon number
of n ¼ 3.5. The effective rates are implemented by adjust-
ing the strengths and durations of the BSB and 2RSB

(a) (b)

FIG. 3. Crossover of the vdP oscillator from the near-classical to the deep quantum regime. (a) The top row shows experimentally
reconstructed Wigner functions of various vdP oscillator states κ−=κþ. The bottom row shows the corresponding numerical simulation.
(b) The radius αp is shown as a function of the ratio κ−=κþ on a logarithmic scale. Red dots are the experimental data, the blue solid
curve is the numerical simulation using the Lindblad equation, and the orange dashed line represents the classical mean-field theory. The
error bars represent the uncertainty arising from quantum projection noise. When κ−=κþ increases, the oscillator becomes more quantum
and deviates from the classical mean-field theory. During the experiment, we keep κ−=2π ¼ 0.218 kHz to be constant and change the
strength of κþ by tuning the power of the BSB drive.
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interactions on each mode. The collective dissipative
coupling has an effective rate V0=2π ¼ 0.1 kHz (see
Appendix B). During the first 15 cycles, the dissipative
coupling is not applied such that the two vdP oscillators
reach their steady states independently and without phase
preference. Synchronization is then introduced by applying
ten additional cycles including the dissipative coupling
with a fixed phase φ. By varying φ, we gain full control
over the relative phase alignment between the two oscil-
lators [see Fig. 6(b)].
After preparing the desired oscillator states, we perform a

readout of the Wigner function for each individual mode.
Figure 6(a) shows the reconstructedWigner functions of each
mode individually. Both oscillators exhibit similar phonon
occupations, resulting in the donut-shaped Wigner function,
which is characteristic of a quantum limit cycle. Because
synchronization in our system occurs only in the relative
phase, individual oscillators show no signatures of phase
locking. This contrasts with externally driven quantum vdP
oscillators, where synchronization remains locally observed
through single-mode measurements [7]. Instead, the global

phase of each oscillator remains unpolarized, leading to
isotropicWigner functions. This shows that synchronization
is not accessible through localmeasurements alone, since the
phase of each oscillator cannot be individually resolved [see
Figs. 1(d) and 1(e)]. In classical (deterministic) systems, by
contrast, a joint readout is, in principle, not necessary. The
phase of each classical oscillator can bemeasured separately,
and synchronization can then be observed by comparing
these phases. For the quantum oscillators, however, the
relative phase is not locally accessible and revealed only
through joint measurements.
To uncover the correlations between the two modes, both

oscillators need to be coherently displaced simultaneously,
which allows us to access the two-mode characteristic
function [27]

χðβ1; β2Þ ¼ hΨjD1ðβ1ÞD2ðβ2ÞjΨi; ð2Þ

where DiðβiÞ ¼ expðβia†i − β�i aiÞ denotes the coherent dis-
placement on Mi and jΨi is the two-mode state. The joint
probability distribution for measuring the two modes along
general quadrature axes xϕj

¼ ðaje−iϕj þ a†je
iϕjÞ= ffiffiffi

2
p

is then
obtained through the Fourier transform of the characteristic
function:

Pðxϕ1
; xϕ2

Þ ¼
ZZ

dβ1dβ2
2π2

e−i
ffiffi
2

p ðβ1xϕ1þβ2xϕ2 Þ

× χðiβ1eiϕ1 ; iβ2eiϕ2Þ: ð3Þ

Here, Pðxϕ1
; xϕ2

Þ denotes the joint distribution of rotated
quadratures, which for ϕ1 ¼ ϕ2 ¼ 0 reduces to Pðx1; x2Þ,
and for ϕ1 ¼ 0, ϕ2 ¼ π=2 yields the joint position-
momentum distribution Pðx1; p2Þ. Experimentally, the real

FIG. 4. Evolution toward the limit cycle of a single vdP oscillator. We create a mixture of opposite coherent states with α ¼ 3 at
t ¼ 0 ms and measure the time evolution to the vdP oscillator state with Wigner function reconstruction. The top row shows the
experimental data, and the bottom row shows the numerical simulation. The parameters used in the experiment are t2RSB ¼ 48 μs,
tBSB ¼ 24 μs, ΩBSB=2π ¼ 0.06 MHz, and Ω2RSB=2π ¼ 0.1 MHz.

FIG. 5. A single vdP oscillator synchronized to an external
drive with different phases φd ¼ 0; π=2; π. The dashed circles
indicate the size (radius αp) of the vdP oscillator with no
external drive.
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part Re½χ� is extracted by applying two sequential spin-
dependent displacements on j↓iz ⊗ jΨi and measuring the
spin magnetization hσzi, while the imaginary part Im½χ� is
accessed via an additional π=2 qubit rotation prior to
displacement (see Appendix A).
In Fig. 6(b), we show the joint probability distribution

Pðx1; x2Þ for three different values of the phase φ. For
φ ¼ 0, the two vdP oscillators are (in-phase) synchronized.
For φ ¼ π, they are antiphase synchronized. In the joint
probability distribution, this appears as structures along the
diagonal and antidiagonal directions, respectively. When
the phase difference is φ ¼ π=2, we observe a circular
shape in the Pðx1; x2Þ plot. This can be viewed as the
simplest Lissajous figure, formed by two orthogonal
oscillators of equal amplitude and a π=2 phase difference,
resulting in a circular trajectory in the plane defined by their
position axes (see Appendix E).
We next turn to the quantum regime, where synchroni-

zation should persist despite the dynamics of both oscil-
lators being closer to their respective ground state and, thus,
the increased role of quantum fluctuations due to quantum
jumps and zero-point fluctuations. To reach this regime, we
tune the effective dissipation rates by adjusting the duration
of the stroboscopic steps, such that the ratio κ−=κþ ¼ 0.42,
leading to steady-state occupation numbers n̄ ¼ 1.4. The
corresponding results are shown in Figs. 6(c) and 6(d).
Strikingly, even at such low occupation, the system retains
the features of limit-cycle behavior: The reconstructed
Wigner functions exhibit a visible, albeit smaller, donut-
shaped profile; cf. Fig. 6(c). Moreover, the joint probability

distributions continue to display the phase-dependent
patterns for φ ¼ 0; π=2; π, confirming that synchronization
may persist into the quantum regime. Notably, even if only
a few quanta per oscillator are present, synchronization
between the two modes can be established.

III. STABILITY OF SYNCHRONIZATION TO
DETUNING AND COUPLING

A central feature of classical synchronization is its
robustness: Even nonidentical systems can adjust their
rhythms and lock to a common frequency. This behavior
manifests in the so-called Arnold tongue [1], a region in
detuning-coupling space where synchronization persists.
Analogous regions have been theoretically predicted for
coupled quantum limit-cycle systems [14,42]. However,
characterizing this behavior using full state reconstruction
is experimentally demanding. To circumvent this challenge,
we introduce mutual information extracted from the meas-
urable quadrature distributions Pðxϕ1

; xϕ2
Þ as a figure of

merit, that retains sensitivity to synchronization (see
Appendix E). A measure based on a single quadrature,
however, depends on the relative phase difference φ. For
example, at φ ¼ π=2, I½x1∶ x2� vanishes due to symmetry
[middle panel in Fig. 6(b)], while I½x1∶p2� establishes that
the two oscillators are actually synchronized. Conversely,
at φ ¼ 0, I½x1∶p2� vanishes and the correlations are
contained in I½x1∶x2�. For intermediate phases, both quan-
tities contribute. To eliminate this dependence on φ, we
combine the two, thereby defining a mutual information

(a) (b)

(d)(c)

FIG. 6. Synchronized dynamics in the near-classical and quantum regime. (a),(b) Near-classical regime with κ−=κþ ¼ 0.14 and mean
phonon number n̄ ¼ 3.5. (a) Individually reconstructed Wigner functions of the two quantum vdP oscillators show the expected donut-
shaped profile without a preferred phase. (b) The reconstructed joint probability distributions Pðx1; x2Þ for different synchronization
phases φ. For φ ¼ 0 and π, the two oscillators exhibit in-phase and antiphase synchronization, indicated by diagonal and antidiagonal
features in the x1-x2 plane. For φ ¼ π=2, the distribution forms a circle, reflecting the relative phase lag between the oscillators. (c),(d)
Quantum regime with κ−=κþ ¼ 0.42 and n̄ ¼ 1.4. (c) Reconstructed Wigner functions show reduced limit-cycle amplitudes as the
system approaches the ground state. (d) Despite the increased role of quantum noise, correlations in the x1-x2 plane remain visible,
indicating persistence of synchronization in the quantum regime. Wigner functions in (a) and (c) are measured at φ ¼ π. Corresponding
numerical simulations are provided in Appendix B, showing good agreement with experimental values.
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measure that is invariant under the relative phase:

I ¼ I½x1∶x2� þ I½x1∶p2�; ð4Þ

where I½x1∶x2� and I½x1∶p2� are computed from the
respective distributions Pðx1; x2Þ and Pðx1; p2Þ. This
serves as our figure of merit for synchronization between
the two oscillators.
Similarly to classical synchronization, increasing the

dissipative coupling strength V enhances synchronization
in the quantum regime. At the same time, compared to the
near-classical regime, synchronization is generally weaker
in the quantum regime due to enhanced quantum fluctua-
tions that broaden the relative-phase distribution and reduce
the achievable phase locking. This trend is evident in
Figs. 7(a) and 7(d), which show I for zero frequency
detuning between the oscillators in the near-classical and
quantum regimes, respectively. Note that the noise of
Pðx1; x2Þ and Pðx1; p2Þ, stemming predominantly from
quantum projection noise and Rabi frequency fluctuations
from the readout, adds an offset to the mutual information,
such that, even for zero coupling, I has a small finite value.
Conversely, for fixed coupling strength, increasing the
detuning Δω ¼ δ1 − δ2 through changing the frequency

of M2 progressively suppresses synchronization, as the
frequency mismatch eventually becomes too large for the
interaction to induce phase locking. This behavior is
illustrated in Figs. 7(b) and 7(e) for a fixed effective
coupling strength of V=V0 ¼ 1.0. To map out synchroni-
zation across the full coupling-detuning parameter space,
we performed simulations spanning a wide range of
parameters [see Figs. 7(c) and 7(f)]. The simulation results
are plotted together with experimental data along the two
representative cuts (indicated by the blue dots), including a
global offset representing the measured contribution of the
readout noise. The Arnold-tongue contour shows that
synchronization of the two oscillators requires a finite
coupling V. This arises from the requirement that dissipa-
tive interactions must overcome individual damping, which
tends to erase the phase information.

IV. PHASE LOCKING AND
DESYNCHRONIZATION UNDER

AN EXTERNAL DRIVE

We augment the model in Eq. (1) with an additional
electric field resonant with M1. This external drive explic-
itly breaks the underlying U(1) symmetry of the system and
imposes a phase preference on the Wigner functions,

(a) (b) (c)

(f)(e)(d)

FIG. 7. Arnold tongue–like synchronization landscape. (a)–(c) Mutual information I as an indicator of synchronization between two
quantum vdP oscillators in the near-classical regime. (a) At zero detuning, increasing the dissipative coupling strength enhances
synchronization, reflected in higher mutual information. (b) At fixed coupling strength, increasing the detuning suppresses
synchronization and, thus, decreases mutual information. V0 is the coupling strength used in Fig. 6. (c) Simulation across the full
coupling-detuning parameter space reveals the characteristic Arnold tongue–like structure. The gray dashed curve represents the contour
for I ¼ 0.05. The blue dots represent the two cuts where the experimental data are taken. The simulations include a global offset
accounting for readout noise. (d)–(f) The same as (a)–(c) but in the quantum regime. Here, quantum noise reduces the overall level of
synchronization, leading to smaller values of mutual information, though the qualitative behavior persists. Black circles in (a),(b) and
(d),(e) show the experimentally measured I . Error bars are computed by Monte Carlo sampling of synthetic datasets based on the
observed counts, thereby propagating quantum projection noise into the uncertainty of I . Solid lines represent numerical simulations
using experimental parameters, and the shaded regions indicate uncertainty from motional frequency drifts and Rabi frequency
fluctuations (see Appendix C).
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determined by the drive phase, its amplitude, coupling
strengths, and detunings. The resulting configuration can
be viewed as a primary-secondary system: The externally
driven mode M1 locks to the drive, while the undriven
mode M2 synchronizes with M1 through dissipative cou-
pling. By varying the frequency ofM2, we can now directly
probe the desynchronization process by evaluating the local
Wigner functions of each oscillator because of the exter-
nally imposed phase preference (as opposed to the previous
case without external drive). Figures 8(a) and 8(b) show the

Wigner functions of both modes when the frequency ofM1

is tuned to match that of the external drive. In this regime,
synchronization emerges, and both modes acquire well-
defined phase preferences with the expected phase differ-
ence φ ¼ π, set by the phase of the collective dissipation.
As the frequency of M2 increases, detuning causes it to
desynchronize, whileM1 remains phase locked to the drive
[Figs. 8(c) and 8(d)]. To quantify the degree of phase
locking, we use the mean resultant length S ¼ jheiϕij [47]
ofM2. Figure 8(f) shows S as a function of the detuningΔω
between M1 and M2, which is maximized at zero detuning
and decreases rapidly as the detuning increases and the two
modes desynchronize with each other.
Synchronization in this primary-secondary configuration

is related to a setup that has been used to enhance the
resolution of a classical MEMS-based accelerometer [50],
where a sensing resonator and a readout resonator are
coupled unidirectionally. Although in our case the coupling
between the two oscillators is reciprocal, we demonstrate
that the externally applied drive frequency can nonetheless
be estimated by measuring M2. This suggests opportuni-
ties for future work exploring sensing using quantum
vdP oscillators [44,45,49,51] for enhanced resolution or
noise suppression analogous to classical synchronized
sensors [52].

V. CONCLUSIONS AND OUTLOOK

Unlike classical systems, synchronization between quan-
tum systems must contend with the effects of quantum
noise and measurement backaction. Here, we have realized
the long-anticipated synchronization between two quantum
van der Pol oscillators, enabled by engineered collective
dissipation in a trapped-ion platform. The synchronized
dynamics is encoded in a correlated joint measurement
signal and hidden from local measurements, illustrating a
uniquely quantum aspect of synchronization. Related
theoretical work predicted that in the deep-quantum limit
two coupled vdP oscillators can exhibit a weak “entangle-
ment tongue” [42], similar to an Arnold tongue, yet defined
via entanglement measures rather than phase locking.
However, this phenomenon is conceptually distinct from
synchronization (see Appendix E 4 for a detailed discus-
sion) and worth investigating in future works.
The van der Pol oscillator has long served as the

archetypal model of classical synchronization, providing
the foundation for understanding more complex nonlinear
networks. Our results establish its quantum counterpart as a
practical and versatile building block, from which richer
collective phenomena can be explored. Scaling to larger
oscillator networks could uncover genuinely many-body
effects beyond mean-field descriptions, such as quantum
chimera states [53] or topologically protected synchroni-
zation [54], where classical simulations become intractable
and quantum simulators provide a platform to explore these
open-system dynamics at scale. Our approach is readily

(a) (b)

(c)

(e)

(d)

FIG. 8. Entrainment of mutual synchronization to an external
drive.M1 is driven by an external signal such that its phase aligns
with the drive. The second modeM2 is dissipatively locked toM1

with a phase difference of φ ¼ π. (a),(b) Reconstructed Wigner
functions ofM1 andM2when the second oscillator is resonantwith
the external drive. (c),(d) The same as in (a),(b) butwith the second
oscillator detuned by 200 Hz. (e) Illustration of mutual synchro-
nization between M1 and M2 with external drive. (f) Degree of
phase localization of the second oscillator, quantified by the mean
resultant length S ¼ jheiϕij as a function of frequency detuning
Δω between the oscillator and the external signal. The black circles
are experimentally measured S, with error bars representing the
quantum projection noise. The blue curve is the numerical
simulation with the shaded region indicating the uncertainty to
motional frequency and Rabi frequency fluctuations.
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scalable to larger networks of coupled van der Pol
oscillators using ion chains. Notably, using a single
40Caþ ion and N − 1 44Caþ ions [55] can unlock the
control of 3N motional modes, opening the door to
programmable oscillator networks. As in classical settings
where phase-locked lasers boost output power and coupled
sensors enhance sensitivity [52], analogous advantages
may emerge in the quantum regime [17,56].
More broadly, the versatility of trapped ions in combin-

ing spin-spin, spin-boson, and boson-boson interactions
[25,26,57] with programmable local and collective dissi-
pation [37,38,58] offers a powerful setting for simulating
nonequilibrium quantum matter. Our results thus stimulate
further exploration of harnessing dissipation as a resource
for both understanding and controlling complex quantum
many-body dynamics [59–62].

ACKNOWLEDGMENTS

We thank Christoph Bruder, Zherui Chen, Tony Lee, Eric
Lutz, Andrew Jayich, Ting Rei Tan, Juzar Thingna, and
Baiyi Yu for helpful discussion and reading of the manu-
script. We acknowledge the early contributions of Bingran
You to the experimental setup, Thomas Lu to programming
the arbitrary waveform generator, and Nils Ciroth to
modeling and simulation that informed design choices
and interpretation in early experiments. This work was
supported by the U.S. Department of Energy, Office of
Science, Office of Basic Energy Sciences under Award
No. DE-SC0023277. And we received some institutional
support through the NSF-QLCI program through Grant
No. 2016245. C.W.W. was supported by the Deutsche
Forschungsgemeinschaft (DFG, German Research
Foundation), Project No. 496502542 (WA 5170/1-1),
and received funding from the European Union’s
Horizon Europe research and innovation program under
the Marie Skłodowska-Curie Actions (MSCA) Grant
Agreement No. 101149948.

Views and opinions expressed are, however, those of the
author(s) only and do not necessarily reflect those of the
European Union or the European Research Council.

DATA AVAILABILITY

The data that support the findings of this article are
openly available [63].

APPENDIX A: EXPERIMENTAL PLATFORM
AND PROTOCOLS

1. Mixed-isotope trapped-ion quantum simulator

We implement synchronization of two quantum vdP
oscillators using the two axial motional modes M1 and M2

in a crystal of a 40Caþ and a 44Caþ ion. We use 397-nm
light (42S1=2 ↔ 42P1=2 transition) and 866-nm light

(42P1=2 ↔ 32D3=2 transition) to Doppler cool the 40Caþ

ion while sympathetically cooling the 44Caþ ion. In
addition, we add a sideband 800 MHz red-detuned from
the 42S1=2 ↔ 42P1=2 transition of the 40Caþ ion to mitigate
collision-induced melting of the mixed-isotope crystal [64].
The 866-nm light passes through an additional electro-optic
modulator operated at 4.5 GHz to provide repumping
on the 44Caþ ion to facilitate loading of the 44Caþ ion
and maintaining the ion crystal. We perform single-shot
readout of the qubit state on only the 40Caþ ion with a
camera by shining the 397- and 866-nm light resonantly
with the corresponding transition in 40Caþ. From the
camera image, the position of the 40Caþ in the ion crystal
can be extracted to detect switching of the 40Caþ–44Caþ
crystal orientation due to collisions with the background
gas. If such an event is detected, we lower the trap rf power
and raise it back again until the desired order is restored.
M1 and M2 are the in-phase and out-of-phase axial

modes, whose frequencies are 522 and 906 kHz, respec-
tively. After Doppler cooling, we perform sideband cooling
on both modes to prepare them close to the ground state.
The qubit states we use are j↓iz ¼ 42S1=2ðm ¼ −1=2Þ and
j↑iz ¼ 32D5=2ðm ¼ −5=2Þ. The qubit is initiated in the
j↓iz state by optical pumping with σ− polarized 397-nm
light and 866-nm repumping light. The motional gain, loss,
and dissipative coupling between the two oscillators are
generated by driving the motional sidebands of the qubit
transition of the 40Caþ ion j↓iz ↔ j↑iz using a narrow-
linewidth 729-nm laser locked to an ultralow expansion
cavity, followed by qubit reset using 854-nm light resonant
with j↑iz ↔ 42P3=2ðm ¼ −3=2Þ. The latter state mostly
decays back to j↓iz. The leakage out of the qubit manifold
(from 42P3=2 to 32D3=2 process) is only 0.6% [65] and can
be closed with a short optical pumping pulse once every
five evolution cycles.

2. Dissipative and coherent quantum controls

The 729-nm light passes through a double-pass acousto-
optic modulator (AOM), which is used to change the
frequency of the light to match the qubit transition
frequency with a constant offset of þ80 MHz. It then
passes through a single-pass AOM centered at −80 MHz
before coupling to the ions, which enables control over
dissipative and coherent operations on the sidebands. The
single-pass AOM is driven by an arbitrary waveform
generator (Spectrum M4i.6621-x8). Throughout the
experiment, the phase of each rf signal is referenced to a
common clock to ensure phase continuity. For implement-
ing negative damping (via BSB) and nonlinear damping
(via 2RSB), we tune the single-pass AOM to match the
frequencies of the corresponding sidebands and randomize
the phase of the qubit-motion coupling. In the dissipative
coupling, the two RSBs are driven with a fixed phase
difference φ, which sets the phase reference for the mutual
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synchronization. To read out the motional state, we use the
state-dependent force [66] whose phase defines the readout
axis in phase space. For the phase locking to the external
drive, an oscillating electric field at the same frequency of
M1 is applied to one of the trap electrodes to excite the ion
motion. This drive is controlled by a separate channel of the
same arbitrary waveform generator to ensure phase coher-
ence with the optical modulation.

3. Readout of the motional states

Here,we discuss the reconstruction of theWigner function
of a single motional modeWðx; pÞ and the reconstruction of
the joint probability function Pðx1; x2Þ [Pðx1; p2Þ] between
two motional modes [reconstruction measurement in
Fig. 2(a)]. To reconstruct the Wigner function of a single
target motional state jψosci, we read out the characteristic
function by applying state-dependent forces (SDF) with
different time durations and phases, which we couple to the
RSB and BSB of the samemode simultaneously with phases
ϕr andϕb. In the readout process, we apply the SDF in the σx
basis by keeping ϕb þ ϕr ¼ π with Hamiltonian

HSDF ¼
ηΩ
2

σxðaeiϕm þ a†e−iϕmÞ: ðA1Þ

Here, η is the Lamb-Dicke parameter and Ω is the Rabi
frequency of the SDF. The motional phase ϕm¼ðϕr−ϕbÞ=2
is controlled by the relative phase of the blue and red
sideband. The initial qubit-motion state before applying
the SDF is jψð0Þi ¼ jψosci ⊗ j↓iz. During time evolution
withHSDF, themotional state is coupled to the σx basis states,
j↑ix and j↓ix, displacing the oscillator toward opposite
directions in phase space. The state after applying SDF
for time t is

jψðtÞi ¼ 1ffiffiffi
2

p ½j↑ixDðβÞjψosci þ j↓ixDð−βÞjψosci�: ðA2Þ

Here, DðβÞ ¼ expðβa† − β�aÞ is the displacement operator
with β ¼ ði=2ÞηΩteiϕm . By measuring in the σz basis, we
obtain the real part of the characteristic function

hσzi ¼ Re½hψoscjDð2βÞjψosciÞ� ¼ Re½χð2βÞ�: ðA3Þ

To read out the imaginary part, we prepare the initial state in
the σy basis jψð0Þi ¼ jψosci ⊗ j↓iy. The subsequent SDF
drive and measurement in the qubit σz basis are the same as
the readout of the real part. After obtaining the real and
imaginary parts of the characteristic function, we then apply
the two-dimensional Fourier transform and reconstruct the
Wigner function

WðαÞ ¼ 1

π2

Z
d2βχð2βÞe2iðβrαi−βiαrÞ: ðA4Þ

In addition, quantum projection noise, state preparation,
and other imperfections introduce a global offset of the
qubit population. We estimate and remove the constant
offset of the characteristic function by averaging over its
marginal distribution [35]. After subtracting this offset, we
apply zero padding to enhance the spatial resolution of the
reconstructed Wigner function.
For reconstructing the joint probability distribution

Pðx1; x2Þ [Pðx1; p2Þ or other combinations], we apply
two subsequent SDFs on the two motional modes as shown
in Eq. (2). Similar to the single-mode Wigner function,
reading out the real part of the joint characteristic function
requires starting in j↓iz, while reading out the imaginary
part requires starting in j↓iy. By changing the motional
phases on the SDFs on the two modes, we are able to
control the readout axes of the two-mode joint probability
distribution.

APPENDIX B: EXPERIMENTAL PARAMETERS
AND CALIBRATION PROCEDURES

1. Experimental parameters for synchronizing
two vdP oscillators

The synchronization experiment is conducted mainly in
two parameter regimes, with vdP oscillators operating in
the near-classical (n̄ ¼ 3.5) and quantum (n̄ ¼ 1.4)
regime [47]. To generate the two vdP oscillators with
similar occupation number, we tune the nonlinear and
negative damping strengths such that κ−=κþ are identical
for both oscillators. Experimentally, for each of the side-
band operations, we keep the same laser power and adjust
the sideband drive time to account for the different Lamb-
Dicke parameters of the two modes to achieve similar
damping strength. For example, the duration of the blue
sideband (BSB, j↓ijni ↔ j↑ijnþ 1i transition) drive is
τBSB ∝ 1=ηi, while the duration of the second-order red
sideband (2RSB, j↓ijni ↔ j↑ijn − 2i transition) drive is
τ2RSB ∝ 1=η2i , where ηi is the Lamb-Dicke parameter for
mode Mi of the 40Caþ. In Table I, we list the experimental
parameters used for the synchronization experiment in the
two regimes: Lamb-Dicke parameters ηi for the two modes;
corresponding carrier Rabi frequencies of the sideband
operations ΩBSB and Ω2RSB to generate effective dampings,
the duration τBSB; τ2RSB of applying the BSB and 2RSB
drives, and the resulting effective rates κþ; κ−; the corre-
sponding carrier Rabi frequencies of simultaneous RSB
drives Ωsync on the two modes to generate the dissipative
coupling with interaction time τsync and resulting effective
coupling rate V0. The heating rate of in-phase mode M1 is
around 10 quanta/s, which is negligible compared to the
engineered dissipative rates. The heating of the out-of-
phase mode M2 is strongly suppressed and can be
neglected.
In Fig. 9, we show the numerical simulation using

QUTIP [67] for synchronization between two vdP oscillators
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in near-classical and quantum regimes using the parameters
from Table I, which shows good agreement with the
experimental results.

2. Frequency calibration of qubits
and the motional modes

During data collection, we recalibrate the qubit fre-
quency every 180 s to compensate for slow drifts in the
reference cavity and magnetic field, and we recalibrate the
motional frequencies of the two axial modes every 400 s.
Long-term stability of the motional frequencies is

essential, as both the synchronization strength and the
motional reconstructions are sensitive to frequency drift.
For the motional frequency calibration, we simultaneously
probe the RSBs and BSBs on both modes using low laser
intensity and an interrogation time of approximately 2 ms

to reduce linewidth and laser-induced ac-Stark shifts [68].
To reduce the impact of qubit frequency fluctuations during
the motional frequency calibration, we interleave the
measurements by collecting one data point from BSB
and one data point from RSB in a repeating cycle. The
motional frequencies are then extracted from the difference
between the BSB and RSB fit and updated for the
subsequent experiments. Figure 10(a) shows the relative
frequency drift of modes M1 and M2 over a two-hour
interval after the trap has reached thermal equilibrium
with its environment; the residual fluctuations are small,
with standard deviations σM1

¼ 21 Hz and σM2
¼ 30 Hz.

Remaining noise likely originates from the sources provid-
ing the end cap electrodes voltage, environmental electric-
field noise, and uncertainties in the sideband frequency
measurements. These frequency uncertainties are included
in the numerical simulations of mutual synchronization and
phase locking to the external drive.
By contrast, the motional mode frequencies drift much

more rapidly immediately after loading the two-ion
crystal [Fig. 10(b)]. During loading, the trap is operated
at reduced rf power to facilitate trapping of the mixed-
isotope chain; after switching to the higher rf power used
for the synchronization measurements, resistive heating
of the rf electrodes leads to thermal expansion, which
increases the effective end cap separation and reduces the
trap frequency. The frequency then relaxes toward a steady
value on a timescale of one hour.

3. Phase control in mutual synchronization

With the precise frequency calibration of the motional
modes, we then demonstrate the capability to accurately
control the motional phases. We prepare the state in

TABLE I. The experimental parameters for synchronization of
two vdP oscillators in the near-classical and quantum regimes.

Near-classical Quantum

M1 M2 M1 M2

ηi 0.094 0.072 0.094 0.072
ΩBSB=2π (MHz) 0.12 0.12 0.11 0.11
Ω2RSB=2π (MHz) 0.22 0.22 0.22 0.22
τBSBðμsÞ 17.10 22.46 17.10 22.45
τ2RSBðμsÞ 48.77 84.06 97.54 168.12
κþ=2π (kHz) 0.12 0.12 0.10 0.10
κ−=2π (kHz) 0.017 0.017 0.042 0.042
Ωsync=2π (MHz) 0.048 0.063 0.048 0.063
τsyncðμsÞ 24 32
V0=2π (kHz) 0.1 0.1

(a) (b)

(d)(c)

FIG. 9. Numerical simulation of synchronization between two vdP oscillators in the near-classical and quantum regimes.
(a),(b) Near-classical regime with κ−=κþ ¼ 0.14 and mean phonon number n̄ ¼ 3.5. (a) Simulated Wigner functions show the
expected donut-shaped profiles without phase preference. (b) Joint probability distributions reproduce in-phase, circular, and antiphase
correlations for φ ¼ 0, π=2, and π, respectively. (c),(d) The same as (a),(b) but in the quantum regime with κ−=κþ ¼ 0.42 and n̄ ¼ 1.4.
These simulations correspond to the experimental results in Fig. 6.
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jψi ¼ j0i ⊗ j↓iz and drive the motional mode with the
SDF HSDF ¼ ½ðηΩÞ=2�σxðaeiϕm þ a†e−iϕmÞ. The SDF
entangles the qubit and motional degree of freedom,
and the system evolves into a spin-motional cat state [66].
After resetting the qubit using repump light, the sys-
tem is in a mixed state of two coherent states ϱosc ¼
1
2
jαihαj þ 1

2
j − αih−αj, where α ¼ 1

2
ηΩteiϕm is the displace-

ment after applying the SDF for time t. Then, the motional
mode is measured with the protocol described in the
previous section on experimental protocols. In Fig. 11(a),
we show theWigner functions corresponding to the motional
phases ϕm ¼ −π=3; 0; π=4, which align well with the
expected results. We also illustrate the coherent phase
control between the two motional modes M1 and M2.
Specifically, we apply the SDF to create the two-mode

cat state jψi ¼ ð1= ffiffiffi
2

p Þðj↑ixjα1; α2i þ j↓ixj−α1;−α2iÞ,
which after qubit reset is projected onto the mixed state
ϱosc ¼ 1

2
½ϱðα1; α2Þ þ ϱð−α1;−α2Þ�. When the displacement

α1 of M1 is along the position axis ðϕm1 ¼ π=2Þ and the
displacement of M2 is also aligned with the position axis
ðϕm2 ¼ 0; πÞ, the joint probability distribution Pðx1; x2Þ
exhibits two lobes oriented along the diagonal and anti-
diagonal directions [Fig. 11(b)].

4. Calibration of external drive

By driving the ion crystal with an oscillating electrical
field applied on one of the end cap electrodes, the motional
mode will be coherently excited [69], and the correspond-
ing Hamiltonian is

H ¼ Ωdðaeiφd þ a†e−iφdÞ: ðB1Þ

Here, Ωd is the strength of external drive and φd is the
phase of the external drive. With this additional external
drive, the phase of the vdP oscillator will be entrained to the
external drive. The resulting Wigner function breaks the
radial symmetry and is attracted toward the drive axis (see
Fig. 5). To calibrate the strength of the external drive, we
apply the oscillating electric field resonant with a specific
motional mode for different amounts of time and use the
blue sideband flopping to probe the motional occupation.
After the system evolved for time t, the displacement
induced by the external drive is α ¼ Ωdteiφd . To extract the
amplitude of displacement jαj, we fit the blue sideband
Rabi flopping assuming a coherent displacement of a
thermal state [33]. For the same external drive amplitude,
the coupling strength for the axial mode of a single ion is
found to be Ωd=2π ¼ 6.94 kHz, while the coupling
strength to the in-phase mode (M1) of the 40Caþ–44Caþ
ion crystal is found to be Ωd;M1

=2π ¼ 9.80 kHz (Fig. 12).
Their ratio of 1.41 is consistent with the theoretical

(b)(a)

FIG. 10. (a) The measured relative frequencies of axial modesM1 (blue) andM2 (orange) during a typical data collection run. (b) The
frequency relaxation process of the two modes upon switching from low rf power (for loading ions) to high rf power (for experiments)
due to thermal expansion of the trap rf electrodes.

(a)

(b)

FIG. 11. (a) Wigner functions of ϱ ¼ 1
2
ðjαihαj þ j − αih−αjÞ

withmotional phaseϕm ¼ −π=3, 0, and π=4with 60 μs SDF drive
and 30 μs readout time. The corresponding carrier Rabi frequency
of the SDF drive is Ω=2π ¼ 0.077 MHz. (b) Joint probability
distribution Pðx1; x2Þ for the mixture of opposite two-mode
coherent state on M1 and M2 (ϱ ¼ 1

2
½ϱðα1; α2Þ þ ϱð−α1;−α2Þ�)

with a phase difference of 0 and π.
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calculation Ωd;M1
=Ωd ¼ 1.43. Note that, for a pure

40Caþ − 40Caþ ion crystal, the ratio is
ffiffiffi
2

p
.

APPENDIX C: ERROR ANALYSIS IN STABILITY
OF SYNCHRONIZATION

To further analyze the stability of synchronization to
detuning and coupling strength, we perform numerical
simulations that incorporate motional frequency drifts and
Rabi frequency fluctuations from intensity noise and beam
pointing errors. Specifically, we compute the mutual infor-
mation as a function of frequency differenceΔω and coupling
strength V: IðΔω; VÞ. The coupling strength fluctuation δV
and frequency fluctuation δω contribute to uncertainty of
mutual information. We calculate this uncertainty from
the standard deviation of 20 numerical simulations using
Gaussian distributed coupling strengths with standard
deviation 2% and frequencies with standard deviation
Δω=2π ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ21 þ σ22

p
¼ 37 Hz.The estimationof themutual

information uncertainty interval ½I − ΔI ; I þ ΔI � is plotted
as the shaded area in Figs. 7(a)–7(e). The error bar on the data

reflects quantumprojection noise onI , which is calculated by
adding random quantum projection noise to the simulation
and computing the standard deviation of 20 samples of
noisy mutual information. We use a similar method for
analyzing experimental imperfections and statistical errors
of S ¼ jheiϕij in Fig. 8(f).

APPENDIX D: EFFECTIVE INTERACTION
GENERATED WITH SIDEBAND TRANSITION

1. Derivation of effective dissipation

To obtain the effective dynamics on the oscillators
[Eq. (1)], we begin by deriving the effective Lindblad
dissipator on the bosonic modes from a qubit-motion
coupling Hamiltonian. The most general form of the
qubit-motion coupling is

H ¼ ΩðσþOþ σ−O†Þ; ðD1Þ

where O represents a certain bosonic operator (e.g., a† for
the BSB, a2 for the 2RSB, and a for the RSB), Ω is the
generalized Rabi frequency of the sideband transition, and
σþ (σ−) is the qubit-raising (-lowering) operator. At the
beginning of each step, the qubit state is reset to j↓iz, so
that the qubit-motion density matrix takes the form

ϱ ¼ j↓izh↓jz ⊗ ϱosc: ðD2Þ

After a coherent evolution under H for a small duration
δt, followed by another qubit reset, the motional state is
obtained by taking the partial trace of ϱ over the qubit
degree of freedom:

ϱoscðδtÞ ¼ Trs½e−iĤδtϱeiĤδt� ¼
X
s¼↓;↑

hsje−iĤδtϱosceiĤδtjsi:

ðD3Þ

Expanding each term up to second order in δt and
neglecting higher-order corrections, the j↓iz and j↑iz
components of the trace are given by h↓jϱðδtÞj↓i ¼ ϱosc −
1
2
Ω2δt2fO†O; ϱoscg and h↑jϱðδtÞj↑i ¼ Ω2δt2ÔϱoscÔ

†. The
density matrix of the motional degrees of freedom after a
time δt is given by

ϱoscðδtÞ ≈ ϱosc þΩ2δt2ÔϱoscÔ
† −

1

2
Ω2δt2fO†O; ϱoscg:

ðD4Þ

In the limit δt → 0, the time derivative of the reduced
density matrix is then given by

ϱ̇oscðtÞ ¼ lim
δt→0

ϱoscðtþ δtÞ − ϱoscðtÞ
δt

¼ κD½Ô�ϱoscðtÞ; ðD5Þ

(a)

(b)

FIG. 12. Fitted displacement jαj from BSB flopping as a
function of the time t for which we apply the external field with
constant amplitude. Error bars represent uncertainty in the fitted
displacement amplitude, obtained by fitting the experimental data
to simulated BSB flopping of ions with displaced motional state.
(a) Single 40Caþ ion axial mode. (b) 40Caþ − 44Caþ in-phase
mode (M1).
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where D½Ô� denotes a collapse operator acting on the
density matrix, i.e.,D½Ô�ϱ¼ÔϱÔ†−1

2
fÔ†Ô;ϱg. The result-

ing effective damping rate is then given by κ ¼ Ω2δt. We
now recall that the Hamiltonians of the BSB and 2RSB
transitions are [33], respectively,

HðiÞ
BSB ¼ i

2
ΩðiÞ

BSBηiðσþa†i eiφb − σ−aie−iφbÞ;

HðiÞ
2RSB ¼ −

1

4
ΩðiÞ

2RSBη
2
i ðσþa2i eiφr þ σ−a

†2
i e−iφrÞ: ðD6Þ

Here, HðiÞ
BSB and HðiÞ

2RSB denote the interaction Hamiltonians
for the BSB and 2RSB transitions on mode Mi, respec-

tively. ΩðiÞ
BSB and ΩðiÞ

2RSB are the corresponding Rabi
frequencies, ηi is the Lamb-Dicke parameter, and φb
(φr) denotes the phase of the BSB (2RSB) drive. The
annihilation (creation) operators of motional mode Mi are
denoted as ai (a

†
i ).

Additionally, we define each cycle as the sum of all
sideband interaction times

T ¼
X
i¼1;2

ðtðiÞBSB þ tðiÞ2RSBÞ þ tsync; ðD7Þ

where theBSB and the 2RSB interaction times onMi are t
ðiÞ
BSB

and tðiÞ2RSB, respectively. Consequently, the negative damping
D½a†� and nonlinear damping D½a2� have effective rates
κþ¼½ðΩ2

BSBη
2t2BSBÞ=4T� and κ− ¼ ½ðΩ2

2RSBη
4t22RSBÞ=16T�,

respectively.
To realize the collective dissipation that enables the

synchronization, we simultaneously drive the RSBs on
both oscillators with a relative phase φ and equal strength
and then perform a qubit reset. The Hamiltonian of the
collective RSBs drive is

Hsync¼ i
Ωsyncη

2
½σ−ða†1−e−iφa†2Þ−σþða1−eiφa2Þ�; ðD8Þ

corresponding to the dissipator VD½a1 − eiφa2�. Here,
for simplicity, we write the equal RSBs strength as

Ωsyncη ¼ Ωð1Þ
syncη1 ¼ Ωð2Þ

syncη2. Equation (D8) can be written
in the form of general qubit-motion Hamiltonian [Eq. (D1)]
with Ô ¼ iða1 − eiφa2Þ and Ω ¼ Ωsyncη=2. Following the
above derivation, the effective dissipation rate is V ¼
½ðΩ2

syncη
2τ2syncÞ=4T�.

2. Frequency tuning between the two oscillators

To study the robustness of the synchronization against
frequency mismatch between the two vdP oscillators, we
tune the frequency difference Δω ¼ δ2 − δ1 between the
two oscillators by changing the frequency of the laser
fields. Specifically, to set the frequency of mode Mi to δi,

we tune the frequencies of the BSB, RSB, and 2RSB drives
to ωi þ δi, −ðωi þ δiÞ, and −2ðωi þ δiÞ, respectively.

APPENDIX E: SYNCHRONIZATION
INDICATORS AND DYNAMICS

1. Frequency and coupling strength tolerance
of synchronization

As shown in Sec. III, synchronization persists over a
certain range of frequency detuning and coupling strength.
In general, synchronization becomes more pronounced
for stronger coupling and smaller frequency mismatch.
Figure 14 illustrates this trend where synchronization
manifests itself as correlation of x1 and x2 quadrature
for φ ¼ 0 dissipative interaction. When the two oscillators
are uncoupled (V ¼ 0), Pðx1; x2Þ exhibits a square pattern
(which does not change upon frequency detuning). In
contrast, as the interaction strength V is increased, the
diagonal pattern emerges, indicating the synchronization of
the two oscillators.

2. Mutual information as indicator of synchronization

Mutual information quantifies the total amount of
correlations between two subsystems. Since synchroniza-
tion, as discussed here, also relies on correlations between
the two vdP oscillators, one can expect mutual information
to serve as a good measure of (quantum) synchronization
[70]. Given the steady-state density matrix of the two
oscillators ϱ12, the mutual information is defined as

Iðϱ12Þ ¼ Sðϱ1Þ þ Sðϱ2Þ − Sðϱ12Þ; ðE1Þ

where SðϱÞ ¼ −Trðϱ log ϱÞ denotes the von Neumann
entropy and ϱ1 ¼ Tr2ðϱ12Þ is the reduced density matrix
of M1 (analogously for M2). In Fig. 13(a), we show
simulation results for Iðϱ12Þ in the steady state, plotted
as a function of the coupling strength V and the frequency
detuning between the two oscillators Δω ¼ δ1 − δ2 [see
also Eq. (1)]. The simulation clearly shows the Arnold
tongue feature [1] that characterizes the synchronized
regime and further shows a threshold in the coupling
strength V below which synchronization is absent.
Classically, the transition between synchronized and
unsynchronized dynamics is a sharp boundary. In the
presence of quantum fluctuations, however, the border of
the Arnold tongue is smoothed [11,48]. Nevertheless, the
mutual-information-based measure of synchronization
remains a reliable indicator [70].
However, evaluating Iðϱ12Þ requires access to the full

density matrix ϱ12. A more experimentally accessible
quantity that captures similar information can be derived
from the joint probability distributions between the quad-
ratures. In particular, the mutual information of the joint x1
and x2 quadratures given by

LIU, WU, MOORE, HAEFFNER, and WÄCHTLER PHYS. REV. X 16, 021062 (2026)

021062-14



Iðx1∶ x2Þ¼
ZZ

Pðx1;x2Þ log
�

Pðx1;x2Þ
Pðx1ÞPðx2Þ

�
dx1dx2; ðE2Þ

where Pðx1; x2Þ ¼ hx1; x2jϱ12jx1; x2i and PðxiÞ denotes the
marginal distribution for i ¼ 1, 2. Similarly, one can
calculate the mutual information Iðx1∶p2Þ from the joint
distribution Pðx1; p2Þ. The full mutual information would
involve all quadratures, x and p, simultaneously, i.e.,
Pðx1; p1; x2; p2Þ, which is experimentally quite demand-
ing. However, the combination I ¼ Iðx1∶x2Þ þ Iðx1∶p2Þ
(sufficient due to symmetry considerations) provides the
necessary information to identify features analogous to the
classical Arnold tongue. In Fig. 13(b), we show simulation
results for I, which clearly exhibits the same overall
structure as Iðϱ12Þ. It thus serves as a sufficient indicator
of synchronization in our setup. Figure 13(c) shows a cut at
V=V0 ¼ 1.0 as the frequency difference between the two

oscillators increases, which demonstrates that I follows the
same trend as Iðϱ12Þ and thus signals the presence of an
Arnold tongue.

3. Classical and quantum dynamics for different
synchronization phases

In this section, we investigate how different synchroni-
zation phases affect the dynamics in the x1-x2 plane in
Figs. 6 and 9 by analyzing the mean-field equations. The
classical dynamics corresponding to Eq. (1) is derived from
the dynamics of αi ¼ haii by factorizing all expectation
values (mean field). For simplicity, we consider equal
oscillator frequencies, and the classical dynamics are given
by the following equations:

α̇1 ¼
κþ
2
α1 − κ−jα1j2α1 −

V
2
ðα1 − eiφα2Þ;

α̇2 ¼
κþ
2
α2 − κ−jα2j2α2 −

V
2
ðα2 − e−iφα1Þ: ðE3Þ

The nonlinear system can be analyzed using linear
stability analysis. To this end, we first identify the fixed
points of Eq. (E3) and then analyze their stability by
evaluating the Jacobian at those points. There are two sets
of fixed points. The first is the trivial fixed point α1¼α2¼0.
The second set is given by α1¼eiφα2¼eiðφþθÞjαj, with
positive amplitude jαj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

κþ=ð2κ−Þ
p

and θ a free global
phase. The Jacobian JðᾱÞ evaluated at a fixed point
ᾱ ¼ ðᾱ1; ᾱ2Þ is given by

JðᾱÞ ¼
� κþ

2
− κ−jᾱ1j2 − V

2
eiφV

e−iφV κþ
2
− κ−jᾱ2j2 − V

2

�
; ðE4Þ

which is Hermitian and all the eigenvalues are real. A fixed
point is linearly stable if all eigenvalues of the Jacobian
evaluated at that point are negative.
For the trivial fixed point α1 ¼ α2 ¼ 0, the eigenvalues

are λ1 ¼ κþ and λ2 ¼ κþ − 2V. Thus, for any positive κþ,
at least one eigenvalue is positive, making this fixed point

(a) (b) (c)

FIG. 13. (a) Mutual information between two motional modes as a function of coupling strength and frequency detuning.
(b) Summation of mutual information between the quadratures x1-x2 and x1-p2. (c) Comparison between Iðϱ12Þ=2 and I½x1∶ x2� þ
I½x1∶p2� as a function of frequency detuning.

FIG. 14. Numerical simulation of the joint probability distri-
bution Pðx1; x2Þ with φ ¼ 0 in the dissipative coupling for
different combinations of the coupling strength V and the
frequency detuning Δω=2π. All other parameters are the same
as the ones used in the quantum regime (Fig. 6).
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unstable. On the contrary, for the second fixed point, the
eigenvalues become λ1 ¼ −κþ and λ2 ¼ −κþ − 2V, both of
which are negative. Hence, this fixed point is stable, and
nearby trajectories are attracted to it and eventually settle
there in the long-time limit. In the original nonrotating
frame, this corresponds to a synchronized solution of the
form α1ðtÞ¼Re−iðωt−φÞ¼eiφα2ðtÞ, where we have set θ ¼ 0
for simplicity. Thus, at the mean-field level, the oscillators
are synchronized with the same amplitude and a fixed
phase difference determined by φ. As a result, changing the
phase φ yields simple Lissajous figures in the x1-x2 plane,
where xi ¼ ðαi þ α�i Þ=

ffiffiffi
2

p
. These correspond to the sim-

plest geometric figures: Since amplitude and frequency are
equal and only the phase varies, we obtain a diagonal line
for φ ¼ 0, an ellipse for intermediate φ, and a full circle for
φ ¼ π=2. We show the classical trajectory and the corre-
sponding quantum solution Pðx1; x2Þ for different φ in
Fig. 15. Additionally, we compare these mean-field pre-
dictions with simulation results of the effective quantum
model. Because of quantum noise, the numerical results
exhibit a distribution rather than a single trajectory.
However, the structure predicted by the classical mean-
field model remains clearly visible.

4. Weak entanglement in the deep quantum regime

Beyond the experimental focused quantum and near-
classical regime, theory predicts that in the deep quantum
limit, an “entanglement tongue” can appear, similar to an
Arnold tongue. In this limit, the oscillators no longer
behave as genuine harmonic oscillators and are instead
restricted to effectively two levels spanned by the Fock
states j0i and j1i. However, the predicted entanglement
between the two oscillators is weak. In Ref. [11], a
concurrence of at most 0.15 is reported, which is much
smaller than the maximal value of 1 corresponding to a
maximally entangled Bell state.

In our numerical simulation, we use logarithmic neg-
ativity EN and normalized mutual information [Eq. (E1)] as
the metrics of entanglement and synchronization between
the two oscillators. The logarithmic negativity for the two
oscillator state ρM1;M2

is defined as [71]

EN ðρM1;M2
Þ ¼ log2 kρTM2

k1; ðE5Þ

where kXk1 ¼ Tr
ffiffiffiffiffiffiffiffiffi
X†X

p
and ρM2

is the reduced density
matrix after tracing out the first oscillator M1. Figure 16
shows a comparison of logarithmic negativity and normal-
ized mutual information as a function of mean phonon
number. We can see that the logarithmic negativity
remains small across the entire range and increases as
the average occupation n̄ of each oscillator is below 0.2

FIG. 15. Classical trajectory in x1-x2 space (top row) and the joint probability distributionPðx1; x2Þ between twooscillators (bottom row).

FIG. 16. Logarithmic negativity EN (red curve) and normalized
mutual information I (blue dashed curve) are shown on the left
and the right scale of the figure for synchronized two oscillators
as a function of their occupation number. We use experimental
relevant parameters for the simulation, κ−¼2π×0.12kHz,
V¼2π×0.1kHz, and we use κþ ¼ 2π × f0; 0.001; 0.002; 0.004;
0.005; 0.01; 0.02; 0.05; 0.1; 0.2; 0.4g kHz for different mean
phonon numbers.
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(for comparison, in our experiment in the quantum regime,
the average occupation of each oscillator is around 1.4).
On the other hand, synchronization itself is not restricted

to the regime where entanglement between the two
oscillators arises. Signatures of mutual synchronization
persist over a broader range of oscillator occupations,
including regimes with higher excitation numbers where
entanglement is expected to be negligible. When the mutual
information between two oscillators decreases as the
system approaches ground state, the entanglement tends
to increase. This suggests that entanglement is not a
prerequisite for synchronization in our system; rather, it
is a distinct form of quantum correlation that can arise only
in the deep-quantum regime, where the synchronization
metric of mutual information is reduced.
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