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1T p - 1T 1T 6. AND 1T P -- K K 6. AT 7.1 GeV c 

S. D. protoP1:Pescu,t M. Alsto1-Garnjost, A. Barbaro-Galtieri, 
S. M. FlattE~', J. H. FriedIY)rn, T. A. Lasinski, G. R. Lynch, 

M. S. Rabin, and F. T. Solmitz 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

August 1972 

ABSTRACT 

We present results of an energy-dependent phase shift 

analysis for 1T1T energies between 550 and 1150 MeV from reactions 

+ + - ++ + + - ++ / 
1T P -- 1T 1T 6. and 1T p ->- K K 6. at 7.1 GeV c. The 1=0 s wave 

is parametrized in terms of a 2 X 2 M matrix coupling 1T1T and KK 

channels. All the obtained solu:tions rule out the possibility of a 

narrow E resonance in the p region and are characterized by a 

very rapid variation of the I 0 s-wa've amplitude near KK thresh-

old. We show that this rapid variation can be explained by a pole 

in the second Riemann sheet close to the KK threshold. 

---
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LBL-970 "A 1fTI' Partial Wave Analysis from Reactions 
,..+p-,..+,..- A++ and ,..+p-K+K- A++ at 7.1 GeV!c" by 
S. D. Protopopescu, M. Alston-Garnjost, A. Barbaro­
Galtie ri, S. M. Flatte: J 0 H. Friedman, T. A. Lasin.ski, 
Go Ro Lynch, Mo S. Rabin, and F 0 T. Solmitz 

An error has been uncovered (which also applies to results 
presented at Philadelphia, 1972) which is of some importa~e above 
1 GeV. In particular the s-wave contributicn to the ,..+,..- -00 KK cross 
section is given by 

2 2 0 2 
O''''+'IT. - _ KK = "3 4,..lI. I T 01 , 

where Tg is the 1=0, s-wave amplitude (cf. pp. 20 and 21). The 
fits originally presented did not include the isospin factor of 2/3. 

The enclosed tables are the results of fits which include the 
correct factor. While all waves have changed somewhat above 1 GeV, 
the most significant change is in DO , which now reaches a minimum 
of .... 0. 32. Since the fit to the ,..+,..- ~ KK cross section is worse, the 
confidence levels of the fits are somewhat poorer: case 1 - 16 Ufo 
(165/147) and case 3 - 70/0 ( 173/150). All remarks regarding poles, 
absorptio~, case (2), etc. remain much the same with the exception 
that the S -r mas s is somewhat higher and its width, somewhat narrower: 

* case 1) : S* = 997 - i27 (II) 
case 3) : S = 996 - i52 (II) 

E = 660 - i320 (II) 
no E within 500 MeV of real axis. 

It should be_emphasized that the primary physical chanKes occur 
above 1. Ge V ("'KK threshold) and that the estimate of the KK cross 
section is after all somewhat crude (cf. pp.13-15). 

(" r (~', f' n 
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1=0 
s wave 

1=1 
P wave 

1=0 
d wave 

1=1 
f wave 

1=2 
d wave 

I=2 
s wave 

Table IV. Parameters obtained from fit (case 1). a 

o 1 
M11 =-1.05 ±2.2 M11 =-0.087±0.33 

o 1 2 
M12 = 1.93 ±0.42 M12 =+0.205.:1:0.24 M12 = 0.0031±O.0007 

o 1 
M22 = 0.043±0.06 M22 =-0.2.41±0.25 

Ek1) = O. 775±0.004 GeV 

( 1) 
a O = 0.19 ±0.25 

b~1) = 2.215::3.0 

a~2) =-0.18 ±0.09 

b~2) =20.0 ±4.8 

(3) 
a

O 
=-0.093±0.006 

b~3) = 2.31 ±0.27 

( 1) r R = 0.160±0.01 GeV 

a(1) =-0.034±0.064 
1 

b ~ 1) = -0 . 611 ±O. 7 

a (2) = 0.095.:1:0.05 
1 

b\2) =- 5.0 ±1.2 

a (3) =0 .0043±0 .003 1 . 

(3) 
b 1 =- 6.27 ±1.83 

-5 a = -100 GeV 
(fixed) 

. . -1 
r = 3.0±0.9 GeV 

p 

a (2)=_0.0 12±0 .00 8 
2 

(3) a
2 

·-0.0005±0.0004 

-2 Co =-2.2X 10 
-2 

c
1
=-4.17::10 -2 c

2 
= 1.48X 10 

-4 
c 4 =.1. 76X 10 - 6· c5=-4.24X 10 

(fixed) 

aCorrelations between parameters are large; for any computation using these param­
eters the full error matrix should be used (Table V). Unless otherwise indicated, 
units are in appropriate powers of f.1 (tr-mass). 



Table VI. Phases and inelasticities (case.1). 

. Mass esO 0 
eS 1 1 esO 0 eS 1 1 

(GeV) 0 110 1 111 2 112 3 113 

0.55 43 ±2 10 ± 0.7 0±0.5 o ±0.1 
0.625 56± 3 19 ±0.8 0±0.5 -OA±0.2 
0.665 62 ±4 30 ± 1 0±0.5 -0.5 ±0.2 
0.690 68±4 39 ± 1 0±0.5 -0.6±0.3 
0.71 69 ±4 48± 1 0±0.5 -0.8 ±OA 
0.73 72 ±4 60 ± 1.5 0±0.5 -0.8±OA 
0.745 74 ±4 70 ± 1.5 0±0.5 -0.9±OA 
0.755 76±4 77 ± 1.6 0±0.5 -0.0 ±0.4 
0.765 77±4 85 ± 1. 6 0±0.5 -1.0 ±OA 
0.775 79±4 92 ± 1.6 0±0.5 -1.0±OA 
0.785 80±4 99 ± 1.5 0±0.5 -1.0±OA 
0.795 ' 81 ±4 105±1.5 O±0.5 -1.1 ±OA 
0.810 83 :f: 4 114 ± 104 0.4±1 -1.2±0.5 
0.83 86±4 124 ± 1.2 1.0 ±0.9 -1.3 :f:0.5 
0.85 88 ± 3.5 131±1.1 1.6±1 ;-1.4 ±0.5 
0.87 91±4 136 ± 1 Z.5±1 -1.4±0.5 
0.89 94±4 142±0.8 3.3±1 -1.5±0.5 
0.91 99±4 145±0.8 4A±1 -1.5 ±0.5 0.95 ±0.02 
0.935 109 ± 5 150 ±0.9 0.99 ±0.01 6.4±1.2 0.99 ±0.01 -1.4±0.5 0.85±0.05 
0.965 134±5.5 153 ± 1 0.99±0.01 8.9±1.4 0.99 ±0.01 -1.1±0.6 0.80 ±0.05 
1.0 194±9 0.39±0.08 156±1.2 0.99±0.01 12±2 0.94 ± 0.03 -0.7±0.8 0.78 ±0.05 
1.04 215±9 0.35±0.04 15S±1.6 0.99 ±0.03 19:f:2.5 0.S4±0.06 Q.l±0.7 0.78±0.05 
1.075 215± S 0.42±0.04 160:f: 2.5 0.9·8± 0.05 27±4 0.7S±0.OS 1.2 ±O.S O.SO ±0.05 
1.105 213± S 0.48±0.04 162±3.4 0.98±0.06 34±4 0.S1±0.06 2.4±1.1 0.S2 ±0.06 
1.135 210± 8 0.54 ± 0.04 163±4 0.96±0.06 40·±5 0.91 ±0.04 3.S±1.S 0.86 ±0.07 
1.150 208± 7 0.57±0.04 164± 6 0.94±0.07 44-£:7 0.94±0.04 4.5 ±2.0 0.90 ±0.1 

....... _._. _ ..... - .... - - .. -. - ....... _ ... -. _.- ..... ~ 
.~ 



. .'r.able IX. M-matrix parameters for cases 2 and 3. 

Case 

2 -0.358 2.14 -0.143 -0.68 2.61 -2.32 -0.186 

3 3.38 2.40 0.715 0 o -0.0038 0 
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L INTRODUCTION 

Be cause of its theoretical simplicity, the s -wave mr scatter­

ing amplitude has been the subject of substantial experimental and 

theoretical work over many years. 1 The experimental work has de­

pended on the use of reactions dominated by pion exchange; the anal­

ysis of these reactions has yielded some information in the region of 

the p meson, but a persiste.nt ambiguity in the s-wave amplitude be­

tween 750 and 900 MeV has made any conclusions drawn from the 

data very uncertain. 

Recently, in the reaction 1T +p- 1T +1T - LI.++, we have observed a 

strong anomaly in the 1T1T system near KK thre shold; 2 this anomaly 

consists of a shoulder followed by a rapid drop in the cross section 

between 950 and 980 MeV, and a striking discontinuity in the Y 1
0 

moment at 980 MeV. The data agree nicely with the interpretation 

that this anomaly arises from unitarity and a strong coupling of the 

- 3 
s-wave 1T1T channel to the KK channel at threshold. Furthermore, 

this interpretation provide s a complete re solution of the ambiguity 

that has plagued the determination of the s-wave amplitude for many 

3 
years. 

The important qualitative conclusions drawn from our data 

were reached without the need of a complicated analysis. In our 

previous paper no extrapolation to the pion pole was undertaken, and 

a simple Breit- Wigner form for the s wave near KK thre shold (the 

S* resonance) was used to show qualitatively how the effect might be 

interpreted. However, a more quantitative analysis is desirable: 

that is the subject of this paper. We have added extrapolation to the 

\, 
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pole, 1= 2 waves, inelasticity in the'p and d waves, anf wave, and 

a 2- channel M-matrix treatment of the s-wave amplitude. 

Most of the information on 1T1T phase shifts so far has come 

from reactions of the form 1TN ->- 1T1TN. 1 Extrapolations to the 1T pole, 

using this reaction, suffer from the fact that the amplitudes contain 

a kinematical zero somewhere between tNN = fJ.2 (1T-ma'ss squared) 

and tNN= O. Because of absorption effects the position of this zero 

is not known with precision and may occur at different values of tNN 

for each partial wave amplitude. This makes results of extrapola­

tions uncertain. Reactions of the form 1TN ->- 1T1T Ll.do not have this 

problem; therefore one can extrapolate the normalized Y ~ mo­

ments. In addition, on~ can che ck the validity of the extrapolation 

by comparing the extrapolated Y~ moments of the 1T + P ve rtex with 

the moments for physical1T +p scattering. These advantages are 

partially offset by the fact that It"T" . I (minimum momentum 
lNU mln 

transferred squared) is larger, requiring an extrapolation over a 

larger interval of tNLI.' Be cause of the se problems a detailed anal-

ysis from a single experiment cannot be expected to give definitive 

values for the phases and inelasticities. In the absence of physical 

1T1T scattering one can only hope that a consistent set of solutions may 

emerge from various different reactions at different energies. 

We present here results of a 1T1T phase shift analysis by using 

the reactions: 

( 1) + + - ++ 1T P -1T 1T LI. (32100 events, ItpLl.I < 0.4 GeV
2

), 

(2) 1T + P - K+K-Ll.++ (682 events, I tt "I =It-t . 1<0.1 GeV
2

) . PU mln 

at an incident beam momentum of 7.1 GeV / c
2

. Data from reaction 

1T +p- KOR°Ll.++ are also used to·e·stimate non-1T-exchange background 
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contribution to reaction (2). In addition we present data from 4TT 

systems recoiling against the ~++ which are relevant for estimating 

inelasticities but will not be used explicitly in the analysis. 

In Sec. II we discuss the experimental data. In Sec. III we 

discuss how the extrapolation to the 1T pole is done. To obtain the 

+ - +-
1T 1T -- 1T 1T cross se ction we perform a linear Chew- Low extrapola-

tion in tp~ modified by Diirr-Pilkuhn form factors. The Y~ moments 

are obtained by a simple linear extrapolation in tp~' In Sec. IV we 

pre sent a parametrizat ion of the partial wave amplitude s which we 

use to fit the extrapolated cross section and Y~ moments (up to L=6) 

between 550 and 1150 MeV. The I (isospin) = 2 amplitudes are as­

sumed to be elastic everywhere, the Lfoo (I~2) amplitudes are al-

lowed to be come inelastic at the W1T thre shold (- 900 Me V). The I = 0 

s wave is de scribed by a 2 X 2 M-matrix which couples 1T1T and KK 

channels. The results of the fits are given in Sec. V. They agree 

with the re sults of our previous analysis in that our o~ rule s out 

the "up" solution (narrow €) in the 800- to 900-MeV region and varies 

- 0 0 
rapidly before the KK threshold (°

0 
= 90· at - 900 MeV, °0 = 180· at 

-990 MeV). All the fits with. reasonable X
2 

gave essentially the same 

phases and inelasticities within the computed errors. Using our 

M-matrix parameter s, we looked for pole s in the 1=0 s-wave ampli­

tude. We always found one pole (S':') on the second Riemann sheet at 

980 ± 6 - i(37 ± 8), which can be interpreted as a KK bound state. We 

also found another pole (€) on the second Riemann sheet at 

600 ± 100-i(Z50 ± 70), but when we fitted with slightly different param-

etrizations we obtained fits with similar phase shifts which did not 

have an € pole in the se cond Riemann sheet. This indicate s that 

-1-

considerably more data (especially below 550 MeV) are needed to be 

able to locate faraway poles. Also, the effect of 41T cut (which we 

neglect) might have to be included. 

In Sec. VI we do an energy-independent phase shift analysis 

between 500 and 930 MeV, assuming that only elastic sand p waves 

are present. We show that between 700 and 880 MeV one cannot elim-

inate the usual "up-down" ambiguity on a point- by- point basis using 

the Y~ and Y~ moments alone, but near 900 MeV the "down" solution 

o . 
(°0 ::::: 90°) seems to be strongly favored. InSec. VII we present data 

+ + - - + for the three - body systems (1T 1T 1T and 1T 1T p) to show that three-

body resonances do not seem to contribute significant background. 

We also show how model-dependent absorption corrections may mod-

if your results and discuss the effect of p-w interference on the extrap-

olation. We summarize our results in Sec. VIII. In Appendix A we 

discuss in more detail the possibility of additional poles in the S':' 

region. In Appendix B we give tables of the extrapolated cross sec-

tions and moments used in the analysis. 

.",~ 
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II. DATA REDUCTION 

A. Path Length 

We used two methods to compute the path length: 

( 1) count the numbe r of be am tr a~ks , 

(2) count the total number of events and divide by the total cross 

section (aTOT )' 

With the first method we obtained 44.8 ± 0.4 events/ f.Lb. For 

the second we used a
TOT 

= 25.5 ±0.3 mb given by Dardel et aI., 4 

and obtained 42.8 ± 1.2 events/f.Lb. The largest uncertainty in the 

second method is in estimating the loss of forward elastic events 

be cause of short proton tracks. Using the t distribution of elastic 
pp 

1T + P events obtained by Foley et al. ,5 we estimated that we lose about 

380/0 of the elastic events. The lower value obtained with this method 

as compared to the first reflects the amount of f.L + contamination in 

our beam (between 2 and 30/0). Therefore the second value was used 

for computing cross sections. More details on the path length com-

putation are given in Ref. 6. 

B. Scanning and Measuring 

About 200/0 of the film was scanned twice and 100/0 was scanned 

three times. The total number of events found was 1025200 of which 

415600 were 2-prongs, 421650 4-prongs, and 107170 6-prongs . 

The rest are higher prongs and other topologies. We used the simple 

Geiger- Werner method for calculating scanning efficiencies, which 

should be quite adequate for 4-, 6-, and 2-prongs (excepting those 

with short proton tracks) since no subsamples are expected to be 

harder to see than others. The third scan was used to check the cal-

culated scanning efficiencies; we found the values to be consistent 

- 6-

within the q1.'.oted errors. The scanning efficiencies are given in 

Table I. The events were measured on the spiral reader. 

For data reduction the LBL Group A programs POOH, TVGP, 

and SQUAW were used. Failing events were measured a second 

time (excepting 2-:-prongs). The overall measuring efficiency for 4-

and 6-prongs is 95 ± 1.00/0. The particular sample of 4C 4-prongs 

used in the analysis had further selections made in the fitting pro-

grams, which resulted in an effective measuring efficiencies of 

90 ± 1.50/0. Details on the determination of scanning and measuring 

efficiencies are given in Ref. 7. 

C. Selection of Data Used in the Analysis 

(1) 

(2) 

(3) 

The following reactions will be of indirect or direct interest: 

+ + - + 1T P - 1T 1T 1T P 72700 events 

+ + - + 
1Tp-KK1TP 4600 events 

+ + - + - + 1T p->-1T 1T 1T 1T 1T P 15460 events 

(4) 1T+P -+ 1T+1T-1T+P MM (missing mass ~21TO) 113 570 events 

+ + -0 0 
(5) 1T P -+ 1T P K (K ) 

o + -One K decays to 1T 1T , 1270 events 
the other is not seen 
Botl~_~o seen to decay 286 events 
to 1T 1T in bubble chamber 

(6) 
+ + 0-0 1Tp-+1TpKK 

We will only study the systems recoiling against a ~++; we 

define the ~++ as the 1T +p combination with mass in the interval 1.13 

to 1.36 GeV. Where more than one 1T + P combination lies in that inter­

val the combination with the smallest l·tp~1 is chosen as the ~++. 

The number of events with more than one ~++ candidate is consider­

ably reduced with a small t cut. Of 32 100 the 1T +1T - ~++ events with 

Itp~1 < 0.4 GeV2 (which we will study in great detail) only 50/0 are 

ambiguous. From the mass and t distribution for ambiguous events -

we estimate that no more than 300 events may be misinterpreted 
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(or ITlay be double t:,++ events) by our selection criteria. About 150/e. 

+-+ +-+ of the K K 11" P (2) events are aITlbiguous with 11" 11" 11" p (1) events. 

After we select events with a t:,++ and It' A I == It A - t . I:s; 0.1 GeV-, p<-> p <-> ITlin . 

+ . ° ° only 17 out of 682 events are am.biguous (2.5%). The 11" p K (K ) (5) 

events have a high percentage of am.biguities, and we shall discuss a 

restricted sam.ple of them. la~er on (Sec. III-3). After the t:,++ selec-

tion we are left with: 

( 1') 

(2') 

( 3') 

(4') 

(5') 

(6') 

+ 11" p ...... 

+ - ++ 11" 11" t:, 

K+K- t:,++ 

+ - + - ++ 11" 11" 11" 11" t:, 

11" +11"- MM t:,++ 

KO (Ko ) t:,++ 

KO KO t:,++ 

32100 events, Itpt:,1 <0.4 GeV
2 

23400 events, I t~t:,1 < 0.1 GeV
2 

682 events, It~t:,1 <0.1 GeV
2 

2470 events It~t:,1 <0.1 GeV
2 

9600 events It~t:,1 <0.1 GeV
2 

140 events, It~t:,1 <0.1GeV
2 

63 events, It~t:,1 <0.1GeV
2

. 

Part of these data have already been published in Ref. 2. 

The m.ass distributions of the 11"+P system. and the system.s re­

coiling against the t:,++ are shown in Figs. 1- 6, both before and after 

the se Ie ctions. 
+ -

For extrapolations to 11" pole of the 11" 11" systeITl we 

use events with ItpD,1 < 0.4 GeV
2

. The m.ass resolution of 11" +11"-

events varies som.ewhat as a function of m.ass, being ±5 MeV in the 

p region (""'760 MeV) and ±8 MeV in the fo region; the dependence on 

11"11" angles is generally sm.all. (For further details on m.ass resolu-

tion see Ref. 8.) Because we only consider events with sm.all rno­

ITlentum. transfer there are no am.biguities between 11"+ and p tracks.' 

_/ 
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III. EXTRAPOLATION TO 11" POLE 

If 11" exchange is dom.inant, the aITlplitude for the reaction 

11" +p .... 11" +11"- D,++ is of the forITl (ignoring effects of absorption): 

A(s,t) 0: (11"+pIT I 11"+p) (11".'>-IT \'IT+11") + X, 

t - f.L 
(Ill. 1) 

where X stands for processes not produced by 11" exchange, e. g., A2 

+ + + + *+ 2 exchange, 11" p -+ A2 p, 11" p .... 11" N etc. When t ...... f.L the first terITl 

diverges while X rem.ains finite. The hope then is that by extrapola­

ting to t = f.L2 one reITloves off-shell effects and non 11"-exchange con-

tributions. After extrapolating, the analysis becom.es siITlpler in the 

sense that a standard phase shift analysis m.ay be attem.pted. This 

simplicity is offset by the uncertaintie s in extrapolation procedure s 

and the large increase in the statistical errors because of the need to 

divide the data in cells of t and m.11"11" The uncertainty becom.es larger 

the higher the ITlass because It . I increases m.In 
2 2 

(t . = -1.3 f.L at 760 MeV, t . = -5.2 f.L at 1280 MeV). m.in m.In 

A. Evaluation of the 11"+11"-->-11"+11"- Cross Section 

In the case of one-pion exchange, the differential cross section 

for the process 11"+p -+ (11"+11"-)(11"+p) is given by (if we neglect background 

term.s in III. 1): 

d
3
a 122 

--:3;---=2-2- (m. q a )..Q:J!L 2 411" PEt 11"11" 2 2 (M Q a ) I (t~ f.L ) t 11"p , 
(III. 2) 

dt dM dm. 

~. '. 

.. 

~ 

~. 
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,vhere 

PI C. ITl. ITlOITlenturn ITl + - . . 
11" 11" InvarIant ITlass, 

E c. ITl. energy, M +. . 
11" P InvarIant ITlass, 

G(t) = forITl factor = 1 at 11" pole, + -
u11"11" 11" 11" cross section, 

IJ. 
+ . 11" ITlass, U 11" P cross sectIon, 

11"p 

CIt virtual 11" ITlOITle nturn in 11" + 11" - res t fr aITle , 

0t virtual 11" ITlOITlenturn in 11" + P - re s t fraITle, 

In addition we define for later use: 

q . + t' +- tf = outgoIng 11" ITlOITlen urn In 11" 11" re s raITle, 

o = outgoing p ITlOITle nt= in 11" + p' re st fr aITle . 

We have then: 

JITl
2 

2 
q = ~- IJ., 

o _ 1 {' 2 2 'li 1/2 - 2M [M -(ITl +IJ.) ][M2_(ITl _1I2]1~ 
. P P r- J ' 

-J: (ITl
2
+!/_t)2 2 

q - - IJ. 
t 4ITl2 J 

Z--Z 2 
(M +ITl -t) 

o - P 
t - 4M2 

Z 
-ITl 

P 

~ The standard ITlethod of extrapolating is to calculate fir st: 

'? 

:") 

,'~:) 

. 
<01'"-"'":"" .. -:::;-.. 

".::) 
"! 

_ 1 SITlz t z M Z Z 
u OPE = 411"3 Z Z dITl r dtS dMITlZqt G (~) Z M

2
0 t U11" • 

PIE ITl1 ~1 M1 (t-IJ. ) P 
(III. 3) 

The above is the integral of Eq. (III.Z), where we have set u11"11" = 1 ITlb 

and U is the physical11"+p-11"+P scattering cross section. Then one 11"p 

fits to a polynoITlial in t the function 9 

( 

ITlZ t z M Z 3 \ 

F(ITl,t) = S dITlIS dtlS dM d U )/U
OPE

' 
ITl1 t1 M1 dt l dM dUll 

(III.4) 

where ITl = (ITl 1+ITlZ)/Z and t = (t
1
+t

2
)/2. The cross section for 11"+11"­

is then given by U (ITl) = F(ITl,t = IJ.Z). 
11"11" 
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With this procedure one usually needs high-order polyno-

ITlials in t to obtain good results. A linear, or at ITlost quadratic. 

extrapolation seeITlS to be quite adequate for our data if we ITlodify 

U
OPE 

with Diirr-Pilkuhn forITl factors (DP). The disadvantage is 

that one ITlust know in advance the amounts of each wave present (see 

Eq. (III.S) below). Fortunately the effect of DP forITl factors is not 

very drastic, so a rough e stiITlate is quite adequate . 

The DP ITlethod consists in replacing: 10 

qt - q 

q -t 
(~2 pq 

(

1 +RZ 2) 

1 + R Z Z q 
p~ 

~ 9+3 Rd q + Rd q ~ ~ 4 ( Z Z 4 4) 

qt - q 9+3 R Z Z + R 4 4 q 
dqt dqt 

for s-wave 

for p wave 

for d wave. 

For the b,++ vertex the ITlodification is slightly different: 

0-t 

2 
(M+ITl ) -t 

p 
Z Z 

(M+ITl ) -IJ. 
P 

~~~ 
1 +RZOZ 

b, 
1 +R Z 2 O. 

b, °t 

(III.5) 

(III. 6) 

Using these forITl factors, Wolf11 could fit very well the t 

distributions in the 0 region (for 11"+P-11"+11"-b,++) at various beaITl en-

-1 -1 
er gieswithR

p
=8.28±0.2GeV and Rb,=3.97±0.11GeV . In ad-

dition he had to introduce a slowly varying function: 

2 
G(t) = ~ 

c +t ' 
Z 

where c=Z.29±0.Z7(GeV) . 

These values have also given satisfactory fits to other reactions. 1Z 

We ITlade Ie ast- square s fits to t distributions for diffe rent 11"11" ITlas s 
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regions, assuming that p wave and d wave are given by p and fo 

ITlesons, and that the s wave is SITlooth and of the order of 130/0 of the 

cross section. We found that Rp and R~ are strongly correlated .. If 

R~ is kept fixed at 4.0 GeV- 1 then the best value for Rp was found to 

be 8.2 GeV- 1, in good agreeITlent with Wolf's value. In Fig. 7 we 

show the result of a fit to the t distribution for 0.76 < M <0.78GeV. 
'11"rr 

A least-squares fit to the fo region, keeping Rp and R~ fixed, showed 

that the value of Rd tends to be large and the fit is not very sensitive 

-1 
to it as long as Rd ~ 14.0 GeV 

-1 -1 
For calculating O'OPE we used R~= 4.0 GeV ,Rp = 8.2 GeV , 

R = d 
-1 13 

14.0 GeV ,and took 0' + frOITl Carter et al. We then did a 
'IT p 

least-squares fit to: 

F(ITl, t) = a + bt 
2 

(Note that O''IT'IT = a + bfJ. ) (III. 7) 

to deterITline a and b for various ITlass bins. Mass bins were chosen 

of variable width so as to have roughly the saITle nUITlber of events in 

each bin. In the range 0.6 to 1.4 GeV the X2for a linear fit was good, 

varying between 3.0 and 6.0 for five degrees of freedoITl. A quadratic 

fit did not iITlprove X2 significantly in that energy range, and the ex-

trapolated values were cOITlpatible with the ones obtained by a linear 

extrapolation, but the errors on the extrapolated points were substan­

tially larger. Below 600 MeV, linear fits had poor X2 (~10.0); qua­

dratic fits were found to be ITluch better. 

Extrapolation were tried for ITlany different t intervals and 

also using the x variable of Baton et al.
14 

Results varied little. The 

cross section shown in Fig. 10 was obtained with a linear extrapola­

tion in t (It 1< 0.4 GeV
2

) for points above 600 MeV. Below 600 MeV 

the extrapolation was quadratic in t. We obtained at 760 MeV, 

-12-

O''IT'IT 133.4±4.8ITlb; and at 1280 MeV, (T'IT'IT=31.2±2.0 ITlb. Thequoted 

error s are statistical. The unitary liITlits at those ITlasses are: 

1=1 p wave 116 ITlb at 760 MeV 
2 

(12 'IT 11.) 

1=0 s wave 17 ITlb at 760 MeV (~ 'IT 11.2 ) 
9 

1=0 d wave 27.9 ITlb at 1280 MeV (80 'IT 11.2 ) 
9 

I = 0 s wave 5.6 ITlb at 1280 MeV (1; 'IT 11.2 ). 

B. Extrapolation of yi MOITlents 

To extrapolate the ITlOITlents we siITlply calculate: 

(Y~) (m. t) {t Y~. i) IN. (Ill. 8) 

where N = number of events in (ITl, t) cell, and fit (y~) (ITl, t) for 

each ITl to a function a + bt. The 'IT'IT (y~ > is as sUITled to be equal to 

(y~> (ITl,l). Various intervals in t were tried, and the results were 

always consistent with each other. The ones shownonFig.10(b,c,d) were 

calculated for It 1':;::;0.4. GeV2 . Quadratic extrapolations only increased er­

rors substantially without iITlproving X2 significantly. Extrapolations 

using the variable x of Baton et al.
14 

were found to be unsatisfac-

tory, often giving values that were too high and would violate uni-

tarity for SOITle of the partial waves. 

Since the ITlOITlents are norITlalized we can neglect kineITlatic 

factors. In principle, no factors would be needed if off-shell effects 

were the saITle for each partial wave. We find that by including DP 

forITl factors we can change the results by at ITlost 1%, while the er-

rors on extrapolated points are usually of the order of 100/0. Unknown 

phases in the forITl factors ITlay introduce larger corrections, but we 

,. 
,,' 

.~ 
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know of no reliable way to estiInate how iInportant these phases Inay 

be. 

The validity of the extrapolation procedure can be checked by 

looking at Y~ for the rr + p ve rtex as a function of rr + p and rrrr Inas s. 

They should show no dependence on rr + rr - Inass. Linear extrapolations 

of Y~ show striking agreeInent with the values for rr+p elastic scatter­

ing (Fig. 8), except for rrrr Inass below 600 MeV, which Inakes the re-

gion suspect. We have no adequate explanation as to why the extrap-

olation should fail at low rrrr Inass. It is worth eInphasizing that if the 

t:,++ was produced by SOIne process other than rr exchange there is no 

reason to expect Y~ to behave as observed in physicalrr + p scattering, 

since that InOInent is deterInined by the interference between Sand P 

waves; a pure t:, state would give Y~ = O. The extrapolated Y~ InO­

Inent (Fig. 9) also agrees quite well with the one observed in physical 

rr +p scattering, but this is a weaker check, since any reaction where 

the P 33 , M = 3/2, wave dOIninates will give a siInilar Y~ InOInent. 

These results give us Inore confidence in the validity of the extrap-

olation but they do not constitute a proof. 

C. DeterInination of rr +rr- .... KK Cross Section 

+ -Since we do not have enough K K events to perforIn a Inean-

ingful extrapolation, we chose to calculate the KK cross section by 

. + - ++ + - ++ 
cOInparing the nUInber of K K t:, events to rr rr t:, events for 

It' pt:, I < 0.1 GeV
2

. Note that K+K- Inay consist of a Inixture of C = +1 

and C = -1 states. Only C = + 1 can COIne froIn rr exchange. We use 

the Ineager inforInation available froIn KO KO t:,++ events to estiInate 

the relative aInounts of C = +1 and C = - 1 events. For KK Inass less 

2 
than 1.1 GeV and t'pt:, <0.1 GeV we have: 

( 1) 

(2) 

(3) 

+ rrp .... 

K+K- t:,++ 

-0 K (Ko) t:,H 

KO KO t:,++ 
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146 events, 

Only one KO decaying in the bubble 
chaInber; (torr+rr-) 19 events, 

Both KO,s decaying in 
the bubble chaInber 18 events. 

All of the events in reaction (3) Inust be KsKs which have 

C = +1, and SOIne percentage of reaction (2) Inay be KsKL with 

C=-1. Of the 19 events with one KO decay not seen (2), 8 are 

aInbiguous with rr +K+Ko MM (Inis sing Inas s :;,: rro n) although for 4 of' 

theIn bubble density favors strongly the KO KO rr +p interpretation. We 

expect 5% of K to decay outside the bubble chaInber and another 5% s 

to decay too close to the vertex to be identified as a vee. These ef~ 

fects add up to a 20% correction for reaction (3). In addition there is 

another 10% correction because scanning and Ineasuring efficiencies 

are lower for reactions (2) and (3) than for reaction (1). Since a K 
s 

decays 2/3 of the tiIne into rr + rr -, we expect 4/9 of the K K events 
s s 

to contribute to reaction (2) and another 4/9 to reaction (3). Since 

the nUInber of events in both reactions is equal within statistics, they 

are clearly consistent with theassuInption that they COIne froIn KsKs 

decays. FurtherInore, if we aSSUIne that all the aInbiguous events 

in reaction (2) are truly KOKo t:,++ events then we obtain, after cor-

rections, 53 ±10. Neglecting phase space corrections, we would ex-

pect a C = +1 state decaying into KK to go 1/2 of the tiIne into K+K-, 

1/4 into K K • and 1/4 into KLK
L

. 
s s' 

+ -FrOIn the K K events (after a 

7.20/0 phase space correction) we expect 68±6 K K events to be corn­
s s 

0-0 pared with the 53 ± 10 calculated frOIn K K events. The agreeInent 

is reasonably good, indicating that less than 15% of the K+K- events 

in this region Inay COIne frOIn a C -1 state. 
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To compute the 1T + 1T - - KK we simply multiplied the ratio of 

+ - ++ + - ++ K K f::,. events to 1T 1T f::,. events by twice the extrapolated 1T1T cross 

section. The re suIts include a phase space correction for the difference 

in mass between KO and K+. 

~.-------

as: 

where 
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IV. ENERGY-DEPENDENT ANALYSIS: METHOD 

The partial wave amplitudes for 1T +1T- scattering may be written 

S 

D 

Z 0 1 Z 
3' T O+3' T o' 
Z 0 1 Z 
3'T Z +3'Tz, 

1 
P = T l' 

1 
F = T

3
, 

(IV.1) 

I 1 ( I 2io
I
£ \ 

T £ = Zi 1]£ e -1) (IV.Z) 

Upper indices denote I-spin, and lower indices angular momentum £. 

The cros s se ction and the Y~ mome nts are, in terms of the above 

amplitudes: 

a 1T1T 

(Y~ ) = 

(Y~ ) 

(Y~ ) = 

(Y~ ) = 

(Y~ ) = 

(Y~ ) 

41T}t Z (I S I
Z 

+ 31 P I
Z 

+ 51 D I
Z 

+ 71 F IZ) , 

[ 
f3 * i3 ~, JT *] 41T}t Z '-I":: Re(S P) + Z'" -Re(P D) +3 - Re(D F) --, 1T 1T 1T a 1T1T 

[ 
3 I IZ Is "" 5 J5 I IZ 9'~ - P +-1"::' Re(S D)+-7 - D + - Re(P F) 
~ 1T 1T,J5Tf 

+ ~ I F 12] ~1T}t Z , 
yJS'TT 1T1T 

[ 
9 "" 4 17 ;~ JT '~] 41T}t Z . 

-- Re(P D) + 3' "'..:.. Re(D F) + - Re(S F) --, ..J?Tr 1T 1T a 1T1T 

[~ IDIZ+ ....LRe(P*F) + _Z_1 IFIZ] 41T}tZ 
7..JTr..JTr 11>JTr a mr 

~ Re(D""F) 41T }tZ 
~ a 1T1T 

Z 
~ IFIZ 4;}t 

3J.[I3'iT 1T1T 

(IV.3) 

The total number of parameters [Eqs. (IV.1) and (IV.Z)] to be 

determined at each value of m 1T1T is 1Z, assuming partial waves up to 

L= 3 are important. It is not possible to determine them by an energy-

. d d I" h . + + - A ++ I 15. in epen ent ana YSiS uSing t e reacbon 1T p- 1T 1T u a one, Since 

~ 
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we only have seven constraints-six moments and the cross section 

[Eg. (IV.3)]. In order to extract phases and inelasticities we param-

etrize them as functions of TITI mass (or momentum) and then do a 

least-squares fit to the moments and the cross section. 

The parametrization we use is the following (summarized in 

Table II): 

A. P Wave, f Wave, and I = 0 d Wave 

For the I = 1 P wave and f wave, and the I = 0 d wave, we use a 

Background, T B' plus a Breit- Wigner amplitude BW, 

where 

Z ·~(.e) 
(.e) IU B 

I_ 'riB e -1 2i<j>(.e) (.e) 
T.e - Zi + e BW 

. 
( .e) 

'riB ={ 

v w 

iii .e) 
B 

q 

~h = 

BVV(.e) = 

1 below W1T thre shold 

- ).e) above W1T thre shold, 
e 

( _ ~ U+1( ~ b (.e) n)Z 
qqt L n q , 

n=O 
N 

U+1 '\ (.e) n \) . 
q L an q , 

n=o 

1T1T c. m. momentum, 

q evaluated at W1T threshold, 

,(.e)/Z 
1T1T / 

E~T - E-(iri.e) (Z) , 

,(.e) 
1T1T ( 

Z£+1 
= r(.e) ~) 

R (.e) 
qR 

ZE (.e) 
R 

Ere) +E 
R 

DR 
.e 

D.e ' 

(IV.4) 

(IV.5) 

(IV.6) 

(IV.7) 

(IV.8) 

E 

( .e) 
qR 

DR 
.e 

-18-

TITI c. m. energy, 

q evaluted at E = E
R

, 

D.e evaluated at E = E
R 

. 

For the p wave, 

r(1) = r(1) + I 

Di 

I 
WTI 

TITI WTT 

Z Z 
1 + q r p 

=~ 
l 

o below WTI thre shold 

Z 3 
gw q above W1T thre shold. p1T W1T 

(IV.9) 

There are eight parameters describing this wave that must be obtained 

. (1) (1) (1) (1) (1) (1) 
from the fIt, namely a O ' ai' b O ' b 1 ' r R ,E

R
, gpW1T' and r p' 

It turns out that g is strongly correlated with b
O
(1) and b(11), so pW1T 

2 . 16 -Z . 
g was fIxed at 0.6 GeV and only seven parameters were al-pW1T 

lowed to vary. 

For the d wave, 

,(Z) = r;;) + 'Kif' 

DZ = Z Z 4 4 
9 + 3q r f + g r

f 

{ 

0 below KK thre shold 

'KK = ( qKK )5 _ 
gKK R _ above KK thre shold, 

qKK 

qKK = c. m. momentum of KK system, 

R 
qKK = qKK at E = E(Z) 

R 

In this case, ·since the overall fit is only up to 1.15 GeV, 'k2) , 

(IV.10) 

E(Z) 
R' 

and r f are kept fixed at value s obtained from: a fit to the mass distri­

bution alone (r~Z) = 0.18 GeV, Ek2} = 1.28 GeV, r f = 3.0 GeV- 1), and 

g~K is set at 0.04. This value was chosen by comparing the number 
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- + -of events in the KK channel to the number of events in the Tr Tr chan-

ne 1 in the fo re gion for I t' 1< 0.1 GeV
2

. At such low t the A2 contribu­

tion to KK in that mass region should be quite small. The fits are not 

particularly sensitive to the value of g~K as long as 

P arameters left free are five' a(2) a(2) a(2) b(2) 
. 0' 1 ' 2 ' 0 ' 

2 
gKK < 0.1. The 

and b(2) 17 
1 . 

For the f wave we use an elastic g resonance (fixed mass and 

width) plus a background with five free parameters: 
(3) (3) (3) 

a O ' a 1 ' a 2 ' 

b (3) d b(3) o ,an l' 

The parametrization for the p wave, f wave, and 1= 0 d wave 

has the expe cted thre shold behavior for 0 and is a reasonable approx-

imation for". In addition it is a good approximation to the expected 

behavior of an inelastic resonance plus inelastic background in the 

elastic channel if the pole is not close to a thre shold.
18 

For certain 

values of 4>(£) the parametrization may violate unitarity at some 

ergies. We found that in setting 4>(£)= o~), unitarity was never 

en-

violated in the fitted region. We emphasize that we are not attempt-

ing to separate the amplitude into background plus a re sonance, we 

are simply using what we consider a reasonable approximation to the 

dependence of 0 and" on the energy in order to extract them from 

the data. No particular significance should be attached to the values 

obtained for the parameter s themselve s. 

B. I 2 sand d Waves 

The fits are not very sensitive to the I = 2 amplitude s which 

are known to be fairly small in the fitted region. We set ,,~=,,~ = 1 

throughout. For the I = 2 s wave we take 

02 
o 

5 

q L 
n=O 

C 2n 
n

q 
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where the various coefficients were obtained by fitting published data. 19 

2 
The O2 phase is poorly known at present but is believed to be 

negative.
20 

For the I = 2 d wave we set 

02 _ 5 
2 - aq , 

-5 
where a -100 GeV . This reproduces reasonably well the values 

given by Baton et aL 14 

C. 1=0 s Wave 

The I = 0 s-wave amplitude is parametrized in terms of a 2 X 2 

M-matrix;21 we assume that only the TrTr and KK channels are impor­

tant. Assuming that most of the events in 71" + Tr - 71"071"0 below 1 GeV corne 

from WTl' events, we can estimate (see Figs. 3 and 4) that below the KK 

threshold T)~ ~ 0.98. Thus a two-channel analysis should be adequate 

for this wave. 

Set TO _ (T 11 o -
T12 

T

12

)" 
T22 

where 

T11 
+ - + ~ 

s-wave amplitude, Tr,Tl' -'11'11' 

+ - -KK s-wave amplitude, T 12 = Tr Tr 

T 22 = KK -KK s-wave amplitude. 

The se amplitude s are normalized so that 

a .. = 471" 11.
2

1 T .. 1
2

. 
1J 1J 

In terms of the M-matrix, 

T k 1/2(M_ik)-1 k 1/2 . 

k diagonal matrix of momenta. 

•. 't~ 

" 
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Explicitly, T is given by 

where 

T 

(M - ik
2

) 

[ 

k1 22 

~ -.Jk1k2 Mi2 

-.hik, Mil] 
k (M - ik

1
) 2 11 

D = (M
11 

- ik
1

) (M
22 

- ik
2

) -M
1
:, 

k1= 1T momentuIn in 1T1T rest frame, 

k2= K momentum in KK rest frame. 

(IV.11) 

This repre sentation-provided M is real and symmetric-with the pre­

scription k2-+ i Ik21 below KK threshold satisfies the requirements 

of analyticity and unitarity under the assumption that we can neglect 

channels other than 1T1T and KK. The M-matrix elements are taken of 

the form 

o 1 
M .. = M .. + M .. (s-s ), 

1J 1J 1J 0 
(IV.12) 

where s = m
2 

and So = s at KK threshold. It is evident that the re-
1T1T 

suIts are inde pendent of the choice of so' A reasonable fit can be ob-

tained with a linear expansion of M .. , but X2 improves substantially if 
1J 

one more term is added to either M12 or M 22 . Adding more terms 

only increases the correlations between parameters without changing 

X 
2 

significantly. So we use a linear expansion in M11 and M22 and a 

quadratic one in M
12

. This give s seven free parameters for the 1=0 

s-wave amplitude. From the data in the physical region ( for which 

we have ± 8-MeV resolution, FWHM) , we can infer that the s-wave 

amplitude should be almost zero within 10 MeV of KK thre shold, and 

one could force that constraint on the fit by setting ~2= O. 
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V. ENERGY-DEPENDENT ANALYSIS: SOLUTIONS 

We have 24 parameters to be determined from the data. The 

parametrization is summarized in Table II. We fit the extrapolated 

o +- +- -moments up to Y 6 and the cross sections (1T 1T - 1T 1T - KK) between 

550 and 1150 MeV with a total of 171 points. 22 We did a large number 

of fits starting from different initial values and varying slightly the 

parametrization for each of the waves. We must emphasize that our 

parametrization is by no means unique and other parametrizations 

might serve equally well. Variations in our parametrization are dis­

cussed later on. The x2
forthebestfitsrangefrom 150to 160, which for 

147 degrees of freedom corresponds to confidence levels between 40'/0 and 

200/0. In Table ITI we list some properties of the three fits with similar 

X2 which differed the most. The curves shown on Fig. 10 are for case 1; the 

parameters and error matrix for ihis case are given in Tables IV and V. 

Overall the fit seems reasonably good but there are some notice­

able discrepancies. Between 550 and 650 MeV, predicted Y~ is system­

atically high, Y~ systematically low, and Y~ is not as negative as the 

data. It might be possible to improve the fit if the f wave is more nega-

tive in that region than the present parametrization permits. In the re­

gion 760 to 800 MeV the T1"rr cross section and Y~ have a dip and Y~ a 

spike not predicted by the fit. If we believe that in that region only sand 

p waves are important, then the value for extrapolated Y~ is unphysical. 

The contribution to X 2 of that region is 32 (for nine points), so it was 

excluded from the final fits. Since this effect occurs very close to the 

w mass (783 MeV), it is certainly possible that it is associated with 

p-w interference. If this is the case it is somewhat surprising that we 

observe the effect on the extrapolated data, since the w cannot be 
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produced by '11' exchange (at least not strongly); thus, it is part of the 

background that should disappear when we extrapolate. On the con-

trary, the extrapolation enhances the effect. A siIllilar phenoIllenon 

was observed in the extrapolation of '11''11' cross section by Colton et al~3 
. + + - ++ / for the reachon '11' p- '11' '11' I:::. at 8 GeV c. To see if this enhanceIllent 

was due siIllply to the conditions of the extrapolation [i.e., linear and 

including events up to Itpl:::.l = 0.4 (Gev/c1 we perforIlled quadratic and 

linear extrapolations using different cutoffs for t in that region. The 

quadratic extrapolations tend to enhance the effect even Illore; choosing 

sIllaller cutoffs only increased errors without changing results signif-

icantly. An explanation for this effect, which is consistent with data 

for reaction 1T+P - wl:::.++ at 7.1 GeV/c, is that at sIllall t the w is pro-

duced Illainly by B exchange with zero helicity. In this case p-w inter-

ference is IllOSt pronounced at sIllall t, distorting results of extrap-

olationto the '11' pole. See Sec. VII-C for Illore details on this effect. 

In order to fit the IllOIllents Y~ to Y~ above 900 MeV, we needed 

all waves (excluding P, = 0 and 1=2 aIllplitudes) to becoIlle inelastic at 

the W1T threshold. 17 If the w had zero width this threshold would be at 

920 MeV; the fits iIllproved sOIllewhat if we allowed the threshold to 

start at 900 MeV instead. We also found that we could not fit verywell 

the IllOIllents Y~ to Y~ with the paraIlletrization for ,,~ described ear­

lier [Eq. (IV.5)]. In addition, by 1.0 GeV, ,,~ was t06 sIllall to be con­

sistent with data in the 4'11' channels (predicting an order-of-Illagnitude 

Illore events than observed). A better fit is obtained if we take in-

stead: 

(3) 
"B 

(3) 
"B 

1 

1 +(q_Q. )(b(3}~b(3»2 
"th 0 1 q 

1 below W1T thre shold. 

above W1T threshold, 

(V.1) 
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We still obtain,,~ inconsistent with other channels, and in ad­

dition the above paraIlletrization does not have the correct threshold 

behavior. This is an undesirable feature of onr fit but cannot be 

avoided. A likely explanation is that the fwave is being used to fit 

non-1T-exchange background in that region and is not the true''I1''I1' 

f-wave aIllplitude. If the extrapolation for SOIlle reason (either back-

ground or absorption effects) gives values for the IIlOIIlents above 900 

MeV that are higher than the true physical IlloIIlents, then the easiest 

way to correct for that failure is to introduce a purely iIIlaglnary 

f-wave aIllplitude, since such a terIll would give a positive contribu-

tion to all the IlloIIlents. We IllUSt point out though that re sults ob­

tainedfor the p and s wave are little affected by this cOIllplicatiori:
24 

As long as we believe that the rapidly varying features in our data are 

due to the behavior of these waves (s and p), while the other waves are 

fairly sIllooth, the values obtained for sand p waves cannot change by 

Illuch regardless of how the other waves are paraIlletrized. This in-

deed was observed for the different fits atteIllpted. We therefore feel 

confident that the general features of the I = 0 s wave and I 1 

p wave between 550 and 1150 MeV have been well deterIllined by our 

fit. 25 

With the paraIlleter s obtained froIll our fit we can cOIllpute the 

phases and inelasticities. These are tabulated in Table VI and shown 

in Figs. 11 and 12 for case 1 (see Table IV). We point out that the 

given errors are cOIllputed by standard propagation of error and re-

fleet only the statistical errors; they do not reflect the inherent un-

certainties in perforIlling an extrapolation. They should be considered 

only as an indication of the IlliniIllUIll error in our COIllputed values. 

How accurate our results really are can only be ascertailled by 

.; 
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comparison with results of an experiment at different energy with 

comparable statistics. 

For the p-wave phase shift ( 6!) we obtain the well-known 

Breit-Wigner shape (with 6; = 90° at 0.772 GeV, 6! = 45° at 0.703 

GeV, and 6! = 135 0 at 0.863 GeV); the inelasticity (,,!) is close to unity 

within errors, although by 1.13 GeV it could be as small as 0.8. The 

I = 0 d-wave phase shift (6~) around 1 GeV is larger than we would 

expect for the fo meson alone. This wave also seems to be quite in­

elastic (,,~ ::::: 0.80 at 1.070 GeV). This result has to be viewed with 

caution because it depends strongly on what is assumed for the f-wave 

inelasticity, and non-1T-exchange background (or absorption) may have 

a substantial effect on these waves. The effect of the I = 2 d wave 

( 6~) is small; we can obtain a good fit by setting 6~ = 0 throughout. 

The f-wave phase shift is small and negative under the p and becomes 

positive past the W1T threshold. As indicated before, the obtained in-

elasticity is too small to be compatible with the data in the inelastic 

channels; we believe that it is simply acting as a parametrization of 

background (or a failure of the extrapolation). What bearing various 

effects may have on our results will be discussed in more detail in 

Sec. VII. 

The most intere sting re suIts are the phase shift and inelastic-

ity of the I = 0 s wave. The phase rise s from 45° at 550 MeV to 75° 

at 740 MeV, then increases slowly until 950 MeV, crossing 90° 

around 900 MeV. The phase below 850 MeV is in very good agree-

. 28 
ment with the one favored by Morgan and Shaw (referred to as 

"between-down" solution). Above 900 MeV it increases rapidly, 

reaching 180 0 close to the KK threshold. Past the KK threshold the 

inelasticity reaches a minimum very rapidly (within 20 MeV), and 
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then both phase and inelasticity vary rather slowly. This is in good 

agreement with the conclusions reached by a qualitative analysis of 

our data in the physical region. 3 At this point we should remark that 

the structure in the 1T1T data requires the maximum contribution of the 

s wave to the KK cross section to occur within 30 MeV of the KK 

threshold. This is consistent with our K+K- cross section 

( I tIp c,l < 0.1 GeV2) and the extrapolated cros s se ction obtained by 

Hyams et a1. 29 (in particular, the set "ter" = bt and "ter" = bt + ct
2

), 

but is not consistent with the KOKo cross section of Beusch et al. 

.. 0-0 / 30 (1T p- K K n at 4 and 6.2 GeV c), which reaches the maximum at 

1.07 GeV. Part of the discrepancy might be from the fact that the 

Beusch et al. data are It 1< 0.5 GeV, from differences in·background 

+ - 0-0 + -0 for K K and K K , and from the mass difference between K and K . 

This question deserves more careful study.31 

We can draw some interesting conclusions, using our param-

etrization of the s-wave amplitude. We find that the amplitude T has 

two poles on the second Riemann sheet as a function of complex en-

* -ergy. One (S ) is very close to KK threshold at 980 ± 6 - i(37 ± 8). 

The existence of a pole in this region was sugge sted from a K-matrix 

fit to the KK cross section by Hoang. 32 The other pole (€) is quite 

far from the physical region, at 600±100 - i(250±70). Strictly 

speaking, we should say that there are four poles, since each one has 

a cor re s ponding complex conjugate pole. Additional pole s are also 

present; a more complete discussion is given in Appendix A. Note 

that for both Si.' and € a conventional Breit- Wigner parametrization 

will not be adequate: one is too close to KK threshold, the other is 

too far from the real axis. We also computed the residues at both 

poles, which are given in Table VII. 

'-'. 
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To check how dependent these results are on parametrization, 

we redid the fits with a somewhat different one (case 2 in Table III). 

In this case we added barrier factors to the .£ =J 0 waves, i.e.: 

o(.£} 
B 

N 

q2.£+1Di
1 

(q) L 
n=O 

n 
anq , (V.2) 

where the D .£(q) functions are as defined in Sec. IV [Eqs. (IV.9) and 

(IV.10)]. For the M-matrix we took, instead of Eq. (IV.12), 

M .. 
IJ 

MO 
ij 

1 + M .. (E - E ), 
IJ 0 

where E = c. m. energy, Eo = E at KK threshold. For M12 we added 

an extra term M~2(E - Eo)3. The best X
2 

with this parametrization 

was essentially the same (153.6 as compared with 149.5 for 147 de-

grees of freedom). The phases and inelasticities changed within the 

computed errors. We again obtain an S* pole on the second Riemann 

sheet at 975 ± 6 - i( 39 ± 8). But inste ad of the E pole this solution has 

a pole on the IV sheet at 650 - i 150 and another on the I sheet at 

680 - i 300. In addition there is another pole on the II sheet at 

387 + i 40 and the behavior of the phase shift below 450 MeV is clearly 

patholog~cal; it goe s counterclockwise, being 180· at thre shold in-

stead of 0°. Both solutions are plotted from threshold to 1150 MeV 

in Fig. 13. Clearly case 2 is not an acceptable solution. However, 

it illustrates that one can obtain fits with almost identical phase shifts 

in the 550- to 1150-MeV region and strikingly different behaviour out-

side the fitted region, and that accurate data below 550 MeV are in-

dispensable to deterrnine whether a faraway pole like the E exists. 

Using the same parametrization as case 1 but only four param-

eters for the s wave instead of seven, we were able to obtain a solu-

tion (case 3) for which 08 lies outside the computed error bars in the 
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region 650 to 850 MeV. It can therefore be considered a different 

solution quantitatively although the general variation of o~ with ml' 

mass is not very different. The other phase shifts have changed less 

than one standard deviations. The X2 for this fit is 163.0 for 150 de­

grees of freedom, which is somewhat worse than case 1, (X 2 = 149.5 

for 147 degrees of freedom) but cannot be ruled out. In Table VIII we 

give o~ for this solution, and Fig. 14 contrasts it with o~ for case 1-

This solution is of interest because it does not have 'an E pole, and the 

phase shift is closer to the elastic down solution of Baton et a1. 14 be-

low 900 MeV. Even more than case 2, this solution indicates clearly 

that our data are not sufficiently accurate to determine whether a 

broad E exists. * The S pole for this solution is at 980 - i 40 on the 

second sheet. The M-matrix parameters for cases 2 and 3 are given 

in Table IX. 

How unique is our solution? We believe that the general fea­

tures are unique: all the fits that we found with reasonable X2 gave 

very similar phase shifts and inelasticies in the fitted region. In par,;, 

ticular, we feel that the evidence for the S* pole is conclusive. 

An E pole may be needed to explain the s-wave phase shift below 900 

MeV, but without more accurate data (especially below 600 MeV) it is 

difficult to prove its existence. There is also some uncertainty con­

cerning the inelasticities of the higher waves. In order to fit the mo-

ments we need substantial inelasticity in the d and f wave s, much Ie s s 

in the p wave, although solutions with smaller ,,~ than given by the 

selected fit could be obtained. Without more detailed information on 

the other channels one cannot choose among the various possibilities. 

In addition the amount of inelasticity needed in these waves is incon-

sistent with the number of events observed in the 411' channels. A 
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possible explanation is that above 1 GeV the moments obtained by a 

linear extrapolation tend to be systematically higher than the true phys-

ical moments, perhaps because of absorption effects (see Sec. VII-B). 

Another possibility, although this seems less likely, is that the ex-

trapolated W1T cross section is much larger than the one observed in 

1T +p -+ W1TO A++ and the small inelasticities actually reflect very strong 

couplings for the re action 1T + 1T - -+ W1TO. Be cause of this complication 

and the lack of clear structure in the moments beyond 1150 MeV, we 

don't feel that the extrapolated data are sufficiently sensitive to war-

rant extending the analysis beyond this point. 
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VI. ENERGY-INDEPENDENT ANALYSIS 

From the data and analysis presented in the previous sections 

it is clear that up to about 930 MeV, 1T1T scattering is dominated by 

only sand p waves. The small number of events in the 41T channels 

(Figs. 3 and 4) also indicate that one can assume those waves to be 

elastic up to 930 MeV, so an energy-independent analysis is relatively 

simple and straightforward. It is of interest then to do a point-by-

point'analysis and see how well one can eliminate ambiguities without 

imposing continuity. 

In order to reduce the errors the mass bins used to extr'l-polate 

Y~ moments and CT
TOT 

are two tim.es larger for this analysis than 

they are for the energy-dependent analysis (Fig. 10). Although a 

linear extrapolation for the cross section seems to work well, the 

need to include DP form factors makes the results somewhat model 

dependent. On the other hand, <Y~) and <Y~) have a smooth linear 

dependence on t in the physical region, so the extrapolated values are 

likely to be more reliable. In addition, absorption-model calculations 

by Williams
33 

indicate that for these moments linear extrapolation in 

t should be adequate (within 10%). Therefore we will try to extract as 

much information as possible, using only the moments, and will point 

out explicitly when the cross-section information is used. 

We define 

2 = percentage of s wave = IsI
2 41T~2 

s 
CT (VI.1) 2 

2 = percentage of p wave IpI2 4~~ P 

where Sand P are the sand p wave amplitudes respectively. Since 

we assume only these waves are important we have 
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o '1 
(y 1) = '" -:rr sp cosa, 

( yO) =~ 2 
2 5'IT P (VI.2) 

-...--

2 2 
s + P 1, 

a relative phase between sand p waves. 

From above equations we can determine s2, p2, and a. The results 

1 
Os 01±a. (VI.3) 

If the I = 2 s-wave phase shift (O~) is O· then Os = o~. One obtains 

then two values for o~, but note that this ambiguity is different from 

the one obtained solving for: 

4'IT:2 (y~) = 3fl sino~ sino~ cos(O~-O~), (VIA) 

(as suming o~ = 0) 

where the equation is also satisfied for o~t = I -(o! - O~). This is the 

usual up-down ambiguity pointed out by Gutay et aI., 34 which we will 

discuss later on. 

We now compute o~ from the two values of 0 s. It is trivial to 

show that 

tan 0 
s 
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2 . 2 00 + 1 . 2 02 "3 Sln 0 "3 Sln 0 

2 00. 00 1 02 . 02' "3 cos 0 Sln 0 +"3 cos 0 Sln 0 

from which follows, after some algebra: 

tan o~ = [itan OS ±J ~ tan
2 

0 s- 13(1+13)] /(1 + 13), 

(VI.5) 

(VI.6) 

where 13 = i (sin
2 o~ - sino~ tan 0 s) and the sign should be chosen such 

o 2 . 
that tan 0

0 
= tano

s 
when 0

0 
= O~ Note that Eq. (VI.6) may not have a 

solutioniftan2 0 <413(1+13); this indeed happens at some energies for 
s 

one of the two possible solutions. For o~ we use the same phase 

shifts as in Sec. IV. The effect of o~ is small, and even large errors 

on o~ will change o~ by very little. 

We define 

2 4 >.. 2 [4 . 200 + 4 . 00 . 02 (00 02) + 1 . 2 02J as:; s a = 'IT/\. 9" sm 0 9" Sln 0 sm 0 cos 0 - 0 9" Sln . 0 . 

Clearly, 

2 
s = a / (a + a ). 

ssp 

(VI.7) 

(VI-8) 

We now compute s2 and as from our phase shifts (O~ and o!>. 

and compare them to the one s obtained dire ctly from the y~ moment 

and the cross section. This will tell us if one solution can be favored 

over the other· and whether our extrapolated cross section is consis-

tent with the extrapolated moments. The results are tabulated in 

Table XI. Excepting for the two points below 600 MeV, it is quite 

apparent that o~e of the two solutions at each energy is in very good 

agreement with s2 and p2 computed directly, while the other is not. 

No solution can be obtained between 770 and 820 MeV; the y~ and y~ 

moments are inconsistent with each other, giving either p2 > 1 or 

cos a> 1. We believe that the main reason is p - W interference, which 

\.; 

. , 

• 
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we shall discuss in rrlOre detail in Sec. VII. It is clear that the ambi-

guity given by Eq. (VI.3) is easily resolved, at least above 600 MeV. Can 

we resolve the usual up-down ambiguity? With our values for o~ and o~ 
0' ! 0 1 0 0, 

we can compute 00 = 1T 2 - 00 + 51 and recompute (Y 1) and < Y 2) wlth the 

new o~ phase shift. We could try to distinguish between the two by using the 

cross section, but this depends on how well we know our normaliza-

tion and on the reliability of using DP form factors. We will there-

fore limit ourselves to the moments. In Table XII we give how many 

standard deviations (Y~) and (Y~) (computed from the phase shifts) 

are from the extrapolated values, both for the energy-independent and 

energy-dependent solutions. Clearly, between 700 and 880 MeV, one 

cannot separate the two ambiguous solutions on a point- by- point basis 

by using only the moments. Between 900 and 960 MeV the "up" solu­

tion (o~:::: 140·) is 3.7 standard deviations away from the extrapolated 

o moments; a value for 00 closer to 90· seems to be strongly favored. 

Howe ve r, we must point out that be cause of the unce rtaintie s in ex-

trapolation procedure s, the separation between the two solution should 

be considered less significant than what the errors indicate. 

With the energy-independent analysis we can reach the firm 

conclusion that o~ is between 60· and 70· near 700 MeV, in agreement 

with the unique 
14 . 27 

re sults of Baton et al. and Balllon et al. The 

structure in our data in the region between 950 and 1000 MeV indicates 

without doubt that the s wave is varying rapidly in that region. In par-

ticular, the rapid drop in the cross section between 950 and 980 MeV 

indicates that the s-wave amplitude must be large (i.e., o~ :::: 90·) 

before 950 MeV. 3 It is this observation that permits us to obtain a 

unique solution for5~. With our energy-dependent analysis we have 

found a parametrization for the s wave that connects smoothly the 
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unique values below 700 MeV with those above 950 MeV. Barring any 

fine structure, it is unlikely that a continuous solution would go 

through points corresponding to the "up" solution between 780 and 900 

MeV. Note from Fig. 11 that the "up" and "down" solutions are well 

separated. For the "up" branch to join the observed value at 900 MeV, 

o~ would have to decrease by about 40 0 within 20 MeV. From the 

Wigner condition of causality, 35 do/dq> - R, this would imply a radius 

of interaction of at least 15 fermi, which is unreasonable. The other 

possibility is that the phase shift goes through 180 0 before 900 MeV, 

implying that (Y~) is zero somewhere in that region, which is cer­

tainly not the case within our resolution (± 5 MeV in the p region). We 

feel therefore that our energy-dependent solution for 5~ gives the cor­

rect qualitative behavior of the s-wave amplitudes as a function of 1T1T 

mass. The actual quantitative values may have systelUatic deviations 

because of the effects non-1T-exchange background and absorption have 

on the extrapolation. 
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VII. SOURCES OF UNCERTAINTY IN THE EXTRAPOLATION 
TO THE TI POLE 

A. Three-BodyResonances 

Although in principle extrapolating to the TI pole should elim-

inate the background contribution of TI + TI - P and + + - . 
rr TI TI re sonance s, In 

practice significant three-body resonance production is likely to affect 

the results because of finite statistics. In Figs. 15 and 16 we show 

the TI+TI-P and TI+TI+TI- mass distributions for all the events and with 

various cuts in TI + TI - mass for the events used in the extrapolation. 

When all the events are considered there are clear Ai' A
2

, and A3 

signals in the TI+TI+TI- systems, and also a strong N*(1680) signal in 

+ - ':' TI TI P and some indications of lower-mass N IS. But once events with 

++ 2 >:< 
a D. and ItpD.1< 0.4 GeV are selected, the A2 and N (1680) signals 

+ -
disappear for all TI TI masses up to 1.4 GeV. How much of the en-

hancements (especially at low mass) are due to three-body resonances 

(or diffraction) and how much to reflections of the TI + TI - system (or TI + P 

system) is probably impossible to ascertain without a detailed produc-

tion model. To establish such a model, data at many different inci­

dent beam momenta are required. However, there is no obvious 

three-body resonance production that would contribute significantly 

to non-TI-exchange background. The most noticeable candidate for a 

three-body resonance is in Fig. 16(d) around 1600 MeV, which could 

at most contribute a 2% background. 

B. Absorption Effects 

Many years ago Gottfried and Jackson pointed out that initial 

and final state inte ractions should modify the one - pion exchange 

model. 36 Essentially, instead of the simple diagram in Fig. 17(a), 
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one should consider the diagram of Fig. 17(b). Because the lower 

partial waves of the initialTI+p system (or final p D.++ system) have 

higher probability of contributing to other channels, these waves are 

said to be absorbed. This is an alternative explanation to Durr-Pilkuhn 

form factors for the fact that the tpD. distribution is more sharply 

peaked in the forward direction than what one would expect from a 

nai ve one - pion exchange mode 1. 

Williams has done model calculations which show how absorp­

tion may modify the simple linear extrapolations of Y~ moments. 33 

His calculations indicate that a linear extrapolation of the Y~, Y~, and 

Y~ moments may miss the true value at the TI pole by 10'l't' or less, 

which is within our errors. However, the Y~ moment has a rapid 

turnover in the unphysical region, and a linear extrapolation is likely 

to overe stimate the value at the TI pole by 25% or more. Although he 

has not done the calculation for the highe r moments, the same kind of 

effect is probably to be expected. We have therefore redone our fit 

assuming that the < Y~) (L ;;,4) are 30% smaller than those used in 

Sec. VI. These corrections only affect the phase shifts above 900 MeV. 

The X
2 

for this fit is 118.0 for 147 degrees of freedom. In Table XIII 

we show the new phase shifts and in Table XIV the new M-matrix 

parameters. We must emphasize that the corrections are quite un-

certain and model dependent. The main effect is to give more reason-

able d and f waves. In particular the f wave is much less inelastic, 

although the inelasticity is still a bit too small to be consistent with 

other channels. The s-wave phase shift is now somewhat larger above 

1.0 GeV. The E pole is hardly affe cted, being at 604 - i 260 MeV 

(II sheet), while the S* has become nar.rower, 986 - i 28 MeV. Com-

puted errors are of the same size as previously quoted. See AppendixA, 

" 



,~O 

0.'­
<t 'liJ 

~, 

""",·1 

~ 

'" 
."..., ,""" 

'.,"" 
~I~t 

~-'"'"'l 

+_ .... 1 

-37-

Table XV, for the effect of absorption corrections on the case 3 fit. 

C. Effect of p-w Interference 

As indicated in Sec, VI, the extrapolated cross section has a 

dip and (Y~ > a spike not predicted by our fit, in the 

MeY, In Fig. 18 we show the mass distribution and 

region 760 to 800 

o 
N (Y2 > vs 'IT'IT 

mas s for various t' cuts. We chose to plot N (Y~ > in this case be­

cause it depends only on the p-wave amplitude (assuming higher waves 

give a negligible contribution) and shows clearly that the effect near 

the w mass is indeed a p-wave effect. It would be beyond the scope of 

this article to discuss p-w interference in detail. One needs to deter­

mine first the production amplitude for the reaction 'IT + p- ,6.++ w at a 

given beam momentum and use that as an input to the reaction 

'IT +p -'IT +'IT- ,6.++ at the same momentum. That will be the subject of a 

future article. We will·limit ourselves to discussing why the extrap-

olation to the 'IT pole is unable to remove the effect. 

Ratcliff et al. 37 have observed a striking effect in the reaction 

- +- 1 II 2 'IT p - 'IT 'IT nat 15 Gev, c near the w mass for 0.1 < t < 0.3 GeY , 

which is not visible for I t I < 0.1 Gey2. They also show that the w 

must be produced mostly with m = ±1. If this were the case for our 

reaction no trace of p-w interference should be present in our extrap-

olated data. It is evident from Fig. 18 that in our case an effect is 

noticeable only at small t', for It'I<0,03 Gey2 and 0.03<lt'l< 0.1 

Gey2, while it is not significant for 0.1 <It'l <0.3Gey2 . This indi-

cate s that the w must be produced with significant amounts of m = 0 

components in the reaction 'IT + P - w ,6.++ at 7.1 GeY / c (e specially at 

small t), which is consistent with preliminary studie s of that reac-

tion. 
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In conclusion then, because p-w interference in our case 

seems to be most significant at small t, the extrapolation to the 'IT pole 

tends to enhance the effect instead of removing it as one would nor-

mally expect. A possible explanation for the enhancement of the ef-

fect at low t being as rapid as anything produced by 'IT exchange-and 

we emphasize that this is only a speculation at this point-is that the 

m = ±1 and m = 0 amplitude s interfere with nearly opposite signs, can­

celling each other when they are of comparable magnitude, but at 

small t the m = ±1 amplitudes vanish rapidly while the m = 0 w ampli­

tude is still appre ciable. 
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VIII. CONCLUSIONS 

A coupled channel analysis (11"11" and KK) with a 2 X 2 M-matrix 

has yielded fruitful re suIts on the 1=0 11"11" -. 11"11" s-wave scattering am-

plitude. The very marked structure of our data puts sufficient con-

straints to eliminate the "up-down" ambiguity, leaving the "down" 

solution as the only viable one between 550 and 950 MeV. There are 

still quantitative uncertainties, in particular regarding how close to 

90° the 1=0 s-wave phase shift ( c5~) may be in the p region, but the 

possibility of a narrow E resonance is definitely ruled out by our 

solutions. Searching for poles in the complex energy plane, we found 

two of interest. One (S*) is very close to the KK threshold on the sec-

ond Riemann Sheet, at 980 ± 7 - i (37 ± 8). The other (E) is far from the 

physical region, at 600 ± 100 - i (250 ± 70) MeV on the second Riemann 
_ .. 

Sheet. The SO" pole was present in all the fits we obtained with rea-

sonable x2
, and we feel the evidence for its existence is conclusive. 

Whether one could find an E on the second sheet depended on param-

etrization, and it is clear that much more accurate data are needed to 

either rule it out or prove it exists. In addition the 411" cut, which we 

neglect, might have to be taken into account. We feel our solutions 

are qualitatively correct, but the actual quantitative values may have 

systematic deviations because of uncertainties in the extrapolation. 

The actual mass and width of the p resonance are probably. affected by 

p-w interference, while the d and f waves are likely to be modified 

because of absorption corrections. Unfortunately, all these correc-

tions are model dependent and a solid, reliable production model is 

needed before one can take them into account properly. 
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APPENDIX A 

With our M-matrix parametrization for the 1=0 s wave. we 

find in addition to the second sheet pole (980.35) a third sheet pole at 

(960.15) which can be said to be just as close to the physical region. 

This pole is pre sent in both case 1 and case 2 fits. More than one 

pole in that region was also found in fits done to our previously pub­

lished unextrapolated data by Kato and Fujii 38 with a quite different 

par ametrization. 

When more than one channel is taken into account and one finds 

a pole. one can expe ct by analytic continuation of the S matrix to find 

additional poles ("shadow" poles) on other unphysical sheets. 39 Is it 

then possible to unambiguously assign one pole to an observed res-

onance? Usually the other poles are far from the physical region and 

only the nearest one can be said to be well determined from the data. 

But when the pole is very close to a thre shold. as is the case for the 

S':<. "shadow" poles may be just as close and it is no longer clear 

whether a single pole is sufficient to de scribe the observed phenom-

ena. In particular it becomes problematical what values for the mass 

and width should be used for comparison with other members of an 

SU3 multiplet. In our case the third sheet pole re sidue s R 11 and R 12 

(see Table VII for definition) are half as big as for the second pole. 

while R22 is comparable. To determine whether the two poles are 

really needed we fitted the restricted region 935-1040 MeV with three 

parameters for the s wave (keeping all other waves fixed) and the re­

gion 935-1100 MeV with four parameters. Choosing different param-

ete r s each time. the striking feature was that we always found a se c-

ond sheet pole. Whether another pole was also present depended on 
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the fit; there could be an additional nearby pole on either the third or 

fourth sheet. The parameters for some of these fits are given in 

Table XV. For all these fits the higher moments (L?4) have a 30% 

absorption correction. If this correction is not made. X
2 

tend to be 

worse but the pole structure is not affected. We believe our data re­

quire a second sheet pole. but are clearly not sufficiently sensitive 

to be able to tell whether nearby "shadow" poles are also present. 

A more conclusive answer to this question will have to await higher-

statistics data on the KK channel. The fact that we have much more 

information in the 'IT'IT channe 1 may bias our re sults somewhat; since 

the additional poles observed couple weakly to 'IT'IT channel. establish-

ing their existence (or nonexistence) requires betterKK data. 

APPENDIX B 

To facilitate any quantitative fits to our extrapolated data we 

include here tables of our cross section and (Y~> up to L = 6 be­

tween threshold and 1.4 GeV. (Tables XVI. XVII. XVIII). 
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Table 1- Scanning and measuring efficiencies. 

Event type No. of events Scanning efficiency Measuring efficiency 
(%) (0/0) 

2-prongs 415600 93.9 ±0.5 (Note a) 

4-prongs 421650 98± 1 95 ± 1 

6-prongs 107 170 96.8 ±0.5 95 ± 1 

Others a 70200 95 ±2 
+ _ ++ b 

'11' '11' ~ 32000 98 ± 1 90 ± 1 
K+K- ~++c 682 98 ± 1 90 ± 1 

aMeasuring efficiency has not been determined yet for the se events. 

bThese are the events used for extrapolation to the '11' pole 

(tp~ < 0.4 ~V2). 

c + - -The se are events used for computing the '11' '11' - KK eros s se ction. 
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Table II. ParaITletrization of partial wave s. 

Partial wave 

1=0 s wave 

a 
1=1 P wave 

1=0 d wave a 

a 
1=1 f wave 

1 = 2 s wave 

1=2 d wave 

NUITlber of 
ParaITletrization free paraITleters 

2 X 2 M-ITlatrix coupling Tl'Tl' and KK 7 
channels 

p re sonance + background, both 7 
be COITle inelastic at 900 Me V 

fO re sonance coupled to Tl'Tl' and KK 5 
+ background which becoITles 
inelastic at 900 Me V 

Elastic g resonance + background 5 
which be COITle s inelastic at 900 
MeV 

o 
"2 = 

o 1, 6
2 

= q 

2 
"2=1, 

5 

L 2n 
c q 

n 
o 

o 

aparaITletrization for this wave is siITlilar to on~ used by Roper, 
Wright, and Feld to calculate Tl'N phase shifts. its 
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Table III. Properties Of two differentfits.
a 

Case 

1 

2 

3 

Description 

Background phase for 2 :=f 0 wave s given by: 
N 

6(2) = 22+1 '\ a (2) n 
B q L n q 

n=O 

M -matrix elements: 

o 1 2 2 
M .. = M .. + M .. (s-sO) + M .. (s-sO) 

1J 1J 1J 1J 

See text for complete de scription 

Background phase for 2:=f 0 waves given by: 

N 
d2L 22+1 D -1( »- (2) n 
u -q n q a q B )U _ n 

n=O 

M-matrix elements: 

o 1 2 3 
M .. = M .. + M .. (E-E O) + M .. (E - EO) 

1J 1J 1J 1J 

Otherwise same as case 1. 

Same as case 1 but only 4 parameters 
for s wave 

, 1 
a1n all 3 fits Eq. V.1 was used for "3' 

Degrees 
of freedom 

147 

147 

150 

2 
X 

149.5 

153.6 

163.0 

~~ 

S pole 

980 ± 6 
-i(37 ± 8) 

II sheet 

975 ± 6 
-i(39±8) 

II sheet 

980 ± 7 
-i(40±8) 

E pole 

600 ± 100 
-i(250 ± 70) 

II sheet 

See text 
See text 

See text 

No 
E pole 



1=0 
s wave 

1=1 
P wave 

1=0 
d wave 

1=1 
f wave 

1=2 
d wave 

1=2 
s wave 
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Table IV. ParaITleters obtained froITl fit (case 1). a 

o 
M11 =-3.3 ±2.2 

1 
M 11 = - 0 .4 5 ±O. 3 3 

M~2 = 2.66 ±0.42 M!Z =+0.569±0.24 M~2 = 0.0023±0.0007 

M~2 = 0.034±0.06 M~2 =-O.475±0.25 

Ek1) = 0.78 ±0.004 GeV 

ab
1

) = 0.48 ±0.25 

rk1) = 0.17 ±O.01GeV 

a \ 1) = - 0 .02 Z ±O .064 

r 
p 

-1 = 1.1±0.9 GeV 

b(1) =-0.142±3.0 o 

a~2) =- 0 .14±0 .09 

b ~ 2) = 18. 1 ±4. 8 

= - 0 .0 11 ±O .00 6 

= 2.45 ±0.27 

-2 Co =-2.2X 10 

c = 4 
1.76X10- 4 

b \
1) = - 0 .2 15 ±O . 7 

a(2) = 0.078±0.05 
1 

b\2) =-4.5 ±1.2 

a (:) = 0 .00 5 7 ±O .00 3 

b (;) = - 5 . 5 3 ± 1. 8 3 

-5 a = -100 GeV 
(fixed) 

a ~ 2 )= _ 0 .0 10 ±O .00 8 

a~3)=_0 .0007±0 .0004 

-2 
c 2 = 1.48X 10 

-3 
c 3 =- 2.49 X 10 

-6 c
5

=-4.24X 10 

(fixed) 

aCorrelations between paraITleters are large; for any cOITlputation using these paraITl­
eters the full error ITlatrix should be used (Table V). Unless otherwise indicated, 
units are in appropriate powers of I.l (1T-ITlaS s). 



I 
.....-4 
LO 

I 

M O 
11 

M~ 1 M~2 
1.00 -.85 

M~2 .-.85 1.00 

1 
~.! 11 LOO -.84 

1 
Mi2 -.99 .87 

1 M
ZZ 

.95 -.91 

M~2 .93 -.81 

1 
M11 

1.00 

-.84 

1.00 

-1.00 

.95 

.92 

1 
M12 

-.99 

1 
M22 

.95 

.87 -.91 

-1.00 .95 

1.00 -.97 

-.97 1.00 

-.92 .89 

Table V. 

M2 0 
12 M22 

.93 -.19 

-.81 -.06 

.92 -.17 

-.92 .! 7 

.89 -.17 

1.00 -.28 

(1) 
ao 

.06 

-.08 

.07 

-.07 

.07 

.05 

( 
(6x.6x.) ) 

Normalized error matrix E .. = 1 21 2 
1J "'(6x

i 
)(6x

j 
) 

(1) 
a

1 

-.04 

E(I) 
R 

.06 

.07 -.05 

-.04 .06 

.05 -.05 

-.06 .04 

-.04 .02 

r(1) 
R 

(2) 
r ao 

p 

.16 -.05 -.14 

(2) 
a 1 

.13 

-.08 .03 .16 -.17 

.16 -.05 -.14 .14 

-.15 .04 .15 -.15 

.11 -.01 -.17 .17 

.05 -.02 -.09 .09 

(2) a
2 

-.12 

.17 

-.12 

.14 

-.17 

-.09 

(3) 
ao 

-.04 

(3) 
a

l 

.03 

b~l) 

-.04 

-.02 .04 -.02 

-.05 .03 -.03 

.04 - .03 .02 

-.02 .01 .01 

-.05 .04 -.01 

b(l) 
1 

.05 

.02 

.05 

-.03 

-.01 

.02 

b~2) 

-.02 

b(2) 
1 

.10 

-.05 -.04 

-.02 .10 

.01 - .09 

-.01 .06 

- .03 .08 

(3) b(3) 
a 2 0 

-.09 .07 

.04 .04 

-.10 .07 

.09 -.06 

-.05 .01 

-.08 .04 

M~2 -.19 -.06 -.17 .17 -.17 -.28 1.00 .08 -.08 .03 -.03 -.07 -.07 .0'] -.11 .03 -.04 .05 -.05 .05 .07 -.07 -.02 

(1) 
ab .06 -.08 .07 -.07 .07 .05 .08 1.00 -.98 .75 .11 - .. 66 -.26 .25 -.24 .13 -.15 .33 -.24 .1(, .27 -.26 -.30 

a(l) 
I 

E(I) 
R 

~1) 
R 

- .04 .07 

.06 -.05 

.16 -.08 

r.p -.05 .03 

aF) -.14 .16 

a(2) 
I 

a(Z) 
2 

aP) 
a(3; 

I 

b~l) 

b(l) 
1 

b(2) 
o 

b(2) 
I 

a(3) 
2 

bPI 

b(3) 
I 

.13 -.17 

• -.12 .17 

-.04 -.02 

.03 .04 

~.04 -.02 

.05 .02 

•. 0 -.05 

.10 -.04 

-.09 .04 

.07 .04 

-.15 -.00 

-.04 

.06 

.16 

-.05 

-.14 

.14 

-.12 

-.05 

.03 

-.03 

.05 

-.02 

.10 

-.10 

07 

-.15 

.05 -.06 

- .05 .04 

-.15 .11 

.04 -.01 

.15 -.17 

-.15 .17 

.14 -.17 

.04 -.02 

-.03 .01 

.02 .01 

-.03 -.01 

.01 .01 

-.09 .06 

.09 -.05 

-.06 .01 

.13 -.06 

-.04 -.08 

.02 .03 

.05 -.03 

-.02 -.07 

".09 -.07 

.09 .09 

-.09 -.11 

-.05 .03 

.04 -.04 

-.01 .05 

.02 -.05 

-.03 .05 

.08 .07 

-.08 -.07 

.04. -.02 

-.11 .06 

-.98 

.75 

.11 

-.66 

-.26 

.25 

-.24 

.13 

-.15 

.33 

-.24 

.16 

.27 

-.26 

-.30 

.28 

1.00 -.64 

-.64 1.00 

.06 .58 

.52 -.56 

~27 -.19 

-.27 .17 

.27 -.15 

-.11 .12 

.13 -.14 

-.39 .03 

.31 .03 

-.14 .14 

- .20 .28 

.19 -.28 

.28 -.19 

-.25 .19 

.06 .52 .27 -.27 

.58 -.56 -.19 .17 

1.00 -.34 -.15 .11 

.27 

-.15 

-.07 

-.11 .13 -.39 

.12 -.14 .03 

.06 -.07 -.19 

-.34 1.00 -.01 .02 -.04 -.17 .19 -.20 

-.15 -.01 1.00 -.99 .98 -.16 .16 _.33 

.11 .02 -.99 1.00 -.99 

-.07 -.04 .98 -.99 1.00 

.06 -.17 -.16 .15 -.14 

.15 -.16 .37 

- .14 .15 - .40 

1.00 -1.00 .12 

-.07 .19 .16 -.16 .15 -1.00 1.00 -.13 

-.19 -.20 -.33 .37 -.40 .12 -.13 1.00 

.20 .11 .33 -.37 .41 

.07 -.20 -.17 .16 -.16 

.Z8 -.44 -.19 .19 -.18 

-.28 .43 .19 -.19 .19 

- 09 . 41 .10 -.11 .13 

.10 -.39 -.14 .17 -.20 

-.11 .11 -.99 

.99 -1.00 .13 

.09 - .09 .07 

- .07 .08 - .07 

-.15 .19 -.17 

.13 -.16 .29 

.31 -.14 -.20 

.03 .14 .28 

.20 .07 .28 

.11 -.20. -.44 

.33 -.17 -.19 

-.37 .16 .19 

.41 -.16 -.18 

-.11 .99 .08 

.11 -1.00 -.09 

-.99 .13 .07 

1.00 -.12 -.03 

-.12 1.00 .10 

.19 .28 

-.28 -.19 

-.28 - .09 

.43 .41 

.19 .10 

-.19 -.11 

.19 .13 

-.07 -.15 

.08 .19 

-.07 -.17 

.03 .14 

-.09 -.21 

-.03 .10 1.00 -1.00 -.27 

.03 -.09 -1.00 1.00 .26 

.14 -.21 -.27 .26 1.00 

-.28 .18 .12 -.11 -.90 

b(3) 
1 

- .15 

-.00 

-.15 

.13 

-.06 

-.11 

.06 

.28 

-.25 

.19 

.10 

-.39 

-.14 

.17 

•. 20 

.13 

-.If> 

.29 

-.28 

.18 

.t2 

-.if 

-.90 

1.00 



Table VI. Phases and inelasticities (case 1). 

Mass 0° 0 0 1 1 00 0 01 1 
(GeV) 0 110 1 111 2 112 3 113 

0.55 44 ±2 9.4±0.7 0±0.5 o ±O.1 
0.625 57 ± 3 19±0.8 0±0.5 -0.4±0.2 
0.665 64±4 30 ± 1 0±0.5 -0.5 ±0.2 
0.690 68±4 39 ± 1 0±0.5 -0.6±0.3 
0.71 71±4 . 48± 1 0±0.5 -0.8 ±0.4 
0.73 74 ±4 60 ± 1.5 0±0.5 -0.8±0.4 
0.745 76±4 71±1.5 0±0.5 -0.9±0.4 
0.755 77±4 78 ± 1. 6 0±0.5 -0.9 ±0.4 
0.765 78±4 85 ± 1.6 0±0.5 -0.9 ±0.4 
0.775 79±4 92 ± 1.6 0±0.5 -1.0±0.4 
0.785 80 ±4 99±1.5 0±0.5 -1.0±0.4 
0.795 81 ±4 105±1.5 0±0.5 -1.0±0.4 
0.810 82 ±4 114 ± 1.4 1±1 -1.1±0.5 I 

0.83 84 ±4 123 ± 1.2 1.5±0.9 -1.1±0.5 
\J1 
N 

0.85 86 ± 3.5 130 ± 1.1 2.0±1 -1.1±0.5 I 

0.87 88 ±4 136 ± 1 2.7±1 -1.1±0.5 
0.89 91±4 141 ±0.8 3.5±1 -1.1±0.5 
0.91 96±4 145 ±0.8 4.4±1 -1.0±0.5 0.96±0.02 
0.935 107 ± 5 149 ±0.9 0.99 ±O.O1 5.8±1.2 0.99 ±O.O1 -0.8±0.5 0.85 ±0.05 
0.965 134±5.5 153 ± 1 0.99±0.O1 7.8±1.4 0.99±0.O1 -0.5 ±0.6 0.78 ±0.05 
1.0 189 ± 9 0.62±0.08 156±1.2 0.98 ±O.O1 11±2 0.95±0.03 0.1 ±0.8 0.74±0.05 
1.04 202 ± 9 0.54±0.04 158±1.6 0.96 ±0.03 16±2.5 0.88 ±0.06 1.3±0.7 0.72±0.05 
1.075 202 ± 8 0.58±0.04 158 ± 2.5 0.94 ±0.05 22±4 0.85 ±0.08 2.3 ±0.8 0.72±0.05 
L105 202 ± 8 0.63±0.04 157±3.4 0.92 ±0.06 27±4 0.89 ±0.06 3.1±1.1 0.74±0.06 
1.135 200 ± 8 0.69 ±0.04 155 ±4 0.92 ±0.06 32±5 0.96±0.04 3.9±1.8 0.76±0.07 
1.150 199 ± 7 0.70 ± 0 .04 153 ± 6 0.92 ±0.07 36±7 0.96±0.04 4.5 ±2.0 0.78±0.1 



, U ?-~ .' J t) 

Pole position 
(MeV) 

s* 

980 ±5 

-i(37 ± 8) 

II sheet 

€ 

600 

-i(250 ± 70) 

II sheet 
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Table VII. pole parameter s for case 1. 

. Re sidue sa 
(units 'of 'IT mass) 

R 11::::: 0.052 -i 0.062, 

R
12

::::: 0.087 + i 0~035 

R
22

::::: 0.007 + i 0.110 

R
11

::::: ... 0.47 + i 0.38 

, -R
12 

::::: -0.36 + i 0.27 

R 2 2 ::::: - 0 .2 8 + i 0.21 

'IT'IT scattering length 

0.27±0.18 

s-s 
aResidues defined as R .. = -.,--Q.. T .. (sO)' where sO= s at pole 

1J '" ~k. k. ,1J' 
, 1 J 

,position. 
. .. ' .... ' .. ..' ... " 
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Table VID. Phase shifts for case 3. 

M 60 
M 60 

'TT'TT 0 'TT'TT 0 

0.55 47 ± 3 0.85 821:5 

0.625 54 ±3 0.87 87 ± 5 

0.665 58±4 0.89 93 ± 5 

0.69 60 ±4 0.91 101 ± 5 

0.71 62 ±4 0.935 118 ± 6 

0.73 64±4 0.965 142 ± 7 

0.745 66±4 1.0 181 ± 9 

0.755 67 ±4 1.04 198 ±9 

0.765 68 ±4 1.075 207 ±9 

0.775 69±4 1.105 212 ±9 

0.785 71 ±4 1.135 216 ±9 

0.795 73 ±4 1.150 218 ± 9 

0.810 75 ±4 

0.83 78 ±4 
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Table IX. M-ITlatrix paraITleters for cases 2 and 3. 

Case 

2 -0.295 2.75 - 0.0 18 -0.68 3.41 -3.73 -0.241 

3 2.67 2.94 0.204 o o -0.137 o 



Mass bin 
(GeV) 

0.50-0.60 
0.55-0.63 
0.60-0.65 
0.63-0.68 
0.65-0.70 
0.68-0.72 
0.70-0.74 
0.72-0.75 
0.74-0.76 
0.75-0.77 
0.77-0.79 
0.79-0.83 
0.82-0.86 
0.84-0.88 
0.86-0.90 
0.88-0.92 
0.90-0.96 

Table X. 

o 
(Y 1 ) 

0.164 ± 0.015 
o . 164 ± 0 . 0 15 
0.170 ±0.017 
0.187±0.014 
0.195±0.013 
0.191±0.013 
0.195±0.011 
0.202 ±0.012 
0.188±0.014 
0.153 ±0.014 
0.196±0.014 
0.185±0.013 
0.186±0.013 
0.180 ±0.015 
0.165±0.016 
0.158±0.017 
0.174±0.015 

Energy-independent analysis: 
o 0 2 2 

(Y1)' (Y2 ), 0", p, s ,a. 

(Y 2
0

) 

0.090 ±0.015 
0.117±0.015 
0.156±0.016 
0.174±0.013 
0.181 ± 0.012 
0.192±0.012 
0.197±0.010 
0.204±0.011 
0.204±0.012 
0.198±0.012 
0.261±0.013 
0.227±0.011 
0.204 ±0.012 
0.209 ± 0.0 14 
0.201±0.015 
0.196±0.016 
0.171±0.015 

0" 

18.9±2.5 
23.5±3.0 
40.2 ±2.0 
56.2 ± 2.3 
61.2±2.5 
78.9±3.0 

104.2 ± 3.3 
122 ± 4.0 
133±5.0 
134 ± 5.0 
121±5.0 
113 ±4.0 

75.2 ± 2.8 
58.9 ±2.4 
49.5±2.3 
41.3 ±2.1 
35.2±1.5 

2 
P 

0.36±0.06 
0.46±0.06 
0.62 ±0.06 
0.69±0.05 
0.72±0.05 
0.76±0.05 
0.78±0.04 
0.81 ±0.04 
0.81±0.05 
0.79±0.05 

2 
s 

0.64 ± 0.06 
0.54 ±0.06 
0.38±0.06 
0.30 ±0.05 
0.28 ±0.05 
0.24±0.05 
0.22 ±0.04 
0.19±0.04 
0.19±0.05 
0.21 ±0.05 

No solution 
No solution 

0.81 ±0.05 0.19 ±0.05 
0.83±0.06 0.17±0.06 
0.80 ±0.06 0.20 ±0.06 
0.78±0.06 0.22±0.06 
0.68±0.06 0.32±0.06 

a 

53 ±4 
54 ±4 
51 ±5 
44 ±5 
40 ± 6 
37 ± 7 
34 ± 7 
24 ± 13 
32 ± 11 
49 ± 6 

33 ± 10 
32 ± 14 
43 ±9 
47 ± 8 
48 ± 5 

I 
\]1 

0' 

. 
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Table XI. 
. . 1 01 02 2 2 1 2 

EnergY-lndependent analysls: <\ ' (00 ) , (00 ) , s1 ' s2 ' O"s 'O"s 

Mass b.in 
(GeV) 

0.50-0.60 
0.55-0.63 
0.60-0.65 
0.63-0.68 
0.65-0.70 
0.68-0.72 
0.72-0.75 
0.74-0.76 
0.75-0.77 
0.77-0.83 
0.82-0.86 
0.84-0.88 
0.96-0.90 
0.88-0.92 
0.90-0.96 

o 1 
1 

9.2 ±2.0 
13 ±2 
21±3 
29 ±3 
32 ±3 
40 ±4 
62 ± 7 
70 ± 11 
72 ± 12 

126 ± 5 
132 ± 5 
137 ± 5 
141 ±5 
146 ±4 

a 
2 

s 

0.64 ±0.06 
0.54 ±0.06 
0.38±0.06 
0.31 ±0.05 
0.28±0.05 
0.24 ±0.05 
0.19±0.04 
0.19±0.05 
0.21 ±0.05 

0.19 ±0.05 
0.17±0.05 
0.20 ±0.06 
0.22 ±0.06 
0.32 ±0.06 

a s2 obtained from Eq. (VI. 2). 

0" 
S 

12 ±2 
13 ±2 
15 ± 3 
17 ±3 
17 ±3 
19 ±4 
23 ±5 
25 ±7 
29 ± 7 

14 ±4 
10 ±3 
10 ± 3 
9±3 

11 ±2 

1st solution 

o 0 
o 

58± 5 
63 ±6 
69 ± 6 
68± 6 
67± 6 
72 ± 8 
80 ± 15 
97 ± 16 

114 ± 14 

86 ± 11 
92 ± 15 
85 ± 10 
84 ±9 
88 ±6 

2b 
s 

0.78±0.05 
0.69±0.05 
0.48±0.05 
0.35±0.04 
0.30±0.04 
0.24 ±0.02 
0.16 ±0.02 
0.15±0.02 
0.14±0.04 

0.20 ±0.02 
0.23 ±0.03 
0.26±0.03 
0.29±0.02 
0.34 ±0.02 

b s2 obtained from Eqs. (VI. 7) and (VI. 8). 

0" 
S 

26±3 
25 ±2 
23 ±3 
21±2 
19 ±2 
19 ±2 
19 ±2 
17 ± 3 
17 ± 5 

15 ± 3 
15 ±2 
14 ±2 
13 ± 1 
12 ± 1 

2nd solution 

o 0 
o 

134±5 
136 ± 6 
147 ±5 
163 ± 6 
174 ± 6 

29 ± 15 
28± 16 

158±11 
165 ± 15 
180 ± 10 

2b 
s 

0.77 ± 0.05 
0.62 ±0.06 
0.29±0.06 
0.08±0.04 
0.02 ±0.02 

0.03 ±0.03 
0.03 ±0.03 

0.06±0.04 
0.04 ±0.04 

o ±O.01 

0" 
S 

22±4 
18± 3 
10 ±3 
3±2 
1±1 

3±3 
3±2 

4±3 
2±2 
0±2 



Table XII. COITlparison of experiITlental ITlOlnents with those cOITlputed fron1 "up" and "down" solutions. 

Energy-independent solution 
0' 6
0 

0 
=rr/2 - 6

0 
1 + 6
1 

Energy-dependent solution 

6
1 

6
0 Oa Oa 

Jx2 b 0' Oa Oa 
Jx

2b 
6

1 
6

0 Oa Oa J1 M (GeV) 6. Y 2 6. Y2 6
0 6. Y 1 6. Y 2 6. Y 1 6. Y 2 TTTT 1 0 1. 0 

0.50-0.60 9.2 ± 2 58 ± 5 1.7 2.6 3.1 41 ± 5 - 3.2 0.7 3.3 9.8 ± 7 44 ±2 -1.9 1.4 2.4 
0.55-0.62 12.9 £2.3 63 ±4 0.82 2.6 2.7 40 ±5 - 5.1 -0.4 5.1 13.8 ± 1.0 51 ± 3 - 2.4 1.1 2.6 
0.60-0.65 21.4±2.6 68 ± 5 -0.3 1.6 1.66 43 ±5 - 3.8 -1.1 4.0 20.2 ± 1.0 57 ± 3 -1.8 f,5 2.3 
0 .. 63-0.68 28.8±2.7 68 ± 6 -0.4 0.74 0.8 50 ± 6 -2.3 -1.0 2.5 27.1±1.0 63 ±4 -0.79 0.95 1.2 
0.65-0.70 32 ± 3 67 ± 6.4 -0.28 0.36 0.5 55 ± 7 -1.4 -0.7 1.6 33.0 ± 1.0 66 ±4 -0.05 0.17 0.18 
0.68-0.72 40.5 ±3.5 73 ± 8 -0.03 0.014 0.04 58 ± 8 -1.02 -1.05 1.5 43.9 ± 1.0 70 ±4 -0.16 -0.54 0.56 
0.70-0.74 51.3 ±4.3 79 ± 8 0.85 -0.72 1.1 62 ± 8 0.03 -1.7 1.7 54.2 ± 1.5 72.5 :1:4 0.3 -1.2 -1.3 
0.72-0.75 62 ± 6 80 ± 12 1.15 -0.76 1.4 71 ± 12 0.90 -1.08 1.4 64.8 ± 1.5 74.5 ±4 1.0 -1.0 1.4 
0.74-0.76 70.2 ± 7 97 ± 15 1 .) 

.~ -0.85 1.5 63 ± 16 0.67 -1.63 1.8 75.3 ± 1.6 76.4 ±4 -0.03 -1.2 1.2 
0.75-0.77 71 ± 7 115 ± 14 1.82 - 1. 68 2.48 46 ± 15 1.13 - 3.0 3.3 81.1±1.6 77.3±4 -2.4 -1.8 3.0 
0.82-0.86 126 ± 5 86 ± 10 -0.14 -0.09 0.2 130 ± 10 -0.97 -0.92 1.3 126 ± 1.2 85 ±4 0.3') 0.10 0.4 
0.84-0.88 132 ± 5 93 ± 10 -1.4 1.09 1.8 129 ± 11 -2.3 0.13 2.3 133 ± 1.1 87 ±4 0.09 1.1 1.1 
0.86-0.')0 137 ± 5 85 ± 9 -0.86 0.87 1.2 142 ± 10 - 2.33 -0.80 2.5 138 ± 1.0 89 ±4 -0.76 1.2 1.4 I 

0.83-0.92 141 ± 5 84 ± 9 -0.86 1.04 1.3 146 ± 10 -2.7 -0.98 2.9 143 ± 1.0 94 ±4 -1.1 1.6 1.9 \J1 

0.90-0.9h 145 ±4 88 ± 6 -0.22 0.41 0.5 147 ±6 -3.0 -2.2 3.7 149 ± 1.0 104 ± 5 . -0.97 1.6 1.9 
ex:> 

a~yO 
1. 

. I 0 ) < 0 )/ = Y - Y CY .- (\. L calculated L )exp expo 

b 12 
'X =T(6.y~)2 + (6.Y~ )2]1/2. 

• 
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Mass 

0.91 
0.935 
0.965 
1.0 
1.04 
1.075 
1.105 
1.135 
1.150 

Table xm. Phases and inelasticities after modifying higher moments. 

[) 0 
o 

94±4 
104 ±5 
133 ±6 
192 ±9 
211 ±O 
212 ±8 
210 ±8 
207± 8 
205 ± 7 

0 
"0 

0.61 ±0.08 
0.54 ± 0.04 
0.59 ±0.04 
0.63 ±0.04 
0.68 ±0.04 
0.70 ±0.04 

[) 1 
1 "1 

1 

145 ± 8 
150 ±9 0.99 ±0.01 
153 ± 1 0.99 ±0.01 
155 ± 1.2 0.97±0.01 
155 ± 1.6 0.93 ±0.03 
154±2.5 0.89 ±0.05 
152 ± 3.4 0.87 ±0.06 
150 ±4 0.86 ±0.06 
150 ± 6 0.85 ±0.07 

[) 0 0 [) 1 1 
2 "2 3 "3 

3.5 ± 1 -1±0.5 0.96±0.02 
4.6± 1 -0.5 ±0.6 0.89 ±0.05 
6.0±1.20.99±0.01 -0.3±0.7 0.83±0.05 
8.8±1.4 0.96±0.03 0.1 ±0.8 0.80 ±0.05 
13 ±2 0.90 ±0.06 1±0.7 0.79±0.05 
18±3 0.86 ±0.08 2±0.8 0.80±0.05 
23 ±4 0.87 ±0.06 3±1.1 0.81±0.06 
28 ±5 0.93 ±0.04 4 ± 1. 8 0 .84 ± 0 .07 
33 ± 7 0.94 ±0.04 4.5±2.0 O.88±0.10 

j 



-60-

Table XIV. M-matrix parameters after modifying higher 
moments. 

o 
Mii = -3.03±2.2 

o 
Mi2 = 2.68±0.45 

o 
M22 = 0.028 ± 0.4 

1 
Mii = -0.444±0.70 

1 
M22 = 0.62 ± 0.50 

2 
Mi2 = 0.0023 ±0.0007 



Table XV. M-ITlatrix eleITlents and pole structure for various fits in 
re stricted ITlas s interv-als. a 

Mass No. of 
interval 2 0 0 1 1 1 0 
(GeV) 

No. of X Poles M11 M12 M11 M12 M22 M22 variable 
Eoints Ear aITle te r s 

0.935-1.04 33 22.0 II 4.6 2.24 0 0 0 -0.188 3 
(967,40) 

0.935-104 33 25.4 II, IV 1.1 2.6 0 0.2245 0 0.02 3· 
(960,39)(960,67) (fixed) 

I 
~ 0.935-1.04 33 20.3 II 3.04 2.599 0 0 -0.107 0.02 3 , , .... , -..0 . I ( 978,46) (fixed) 

.... -", . 
• ~ $(0'" 

0.935-1.1 40 30.6 II, IV 0.64 2.37 0 0.242 0 -0.18 4 
'''""'t'":>,.. 

(960,34)(962.56) 

J 

0.935-1.1 40 22.0 II 2.62 2.354 0 0 -0.102 -0.109 4 
(980,41) 

o.? 

"') 0.55 -1.15 171 131.5 II, III 2 .45 2.65 0 0 -0.128 0.038 21 
(980,40)(730,390) 4 for s wave 

", '" -I 

'~ .. '::; 
a All fits except nUITlber 6 keep the paraITleters of L::f. 0 waves fixed at the values obtained for our case 1 

"~I!; fit. 

.... 
,,, ..... 1. , 
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Table XVI. Extrapolated cross section and moments (L = 1-L = 2). 

Mas s bin (GeV) 

0.28-0.49 
0.45-0.55 
0.50-0.60 
0.60-0.65 
0.65-0.68 
0.68-0.70 
0.70-0.72 
0.72-0.74 
0.74-0.75 
0.75-0.76 
0.76-0.77 
0.77-0.78 
0.78-0.79 
0.79-0.80 
0.80-0.82 
0.82-0.84 
0.84-0.86 
0.86-0.88 
0.88-0.90 
0.90-0.92 
0.92-0.95 
0.93-0.98 
0.98-1.02 
1.02-1.06 
1.06-1.09 
1.09-1.12 
1.12-1.15 
1.12- 1.17 
1.15-1.20 
1.18-1.22 
1.20-1.24 
1.22-1.26 
1.24-1.28 
1.26-1.30 
1.28-1.33 
1.30-1.35 
1.33-1.37 
1.35-1.40 

(]' 
TITT 

6.5±2.3 
15.8±2.6 
18.9±2.5 
40.3 ± 2.8 
60.7 ± 3.1 
62.2 ± 3.9 
94.0 ±4.5 

113.5±4.9 
132.8±7.3 
132.3±7.4 
128.3±7.5 
108.2 ± 6.1 
12S.5±6.6 
123.8±7.1 
104.7 ± 4.5 

81.4±4.1 
65.7±3.6 
58.3 ± 3.3 
46.3±3.1 
35.8±2.8 
34.2 ± 2.2 
23.8±2.0 
13.6±1.3 
14.3±1.3 
17.6±1.6 
15.8±1.6 
19.0±1.7 
19.3±1.2 
21.9±1.3 
24.2 ± 1.6 
26.4±1.8 
28.3±1.9 
30.4±2.0 
31.2 ± 2.0 
29.4±1.8 
22.7 ± 1. 7 
17.2±1.8 
16.4±1.6 

0.076±0.015 
0.149±0.016 
o . 164 ± 0 • 0 15 
0.170±0.017 
0.203±0.017 
0.187±0.020 
0.199±0.017 
0.191±0.015 
0.224±0.019 
0.152 ±0.020 
0.153±0.020 
0.207±0.021 
0.200 ±0.020 
0.171±0.020 
0.199±0.016 
0.189±0.018 
0.186±0.020 
o . 174 ± 0 .024 
0.160 ±0.022 
0.157±0.026 
0.195 ±0.022 
0.175±0.024 
0.036±0.033 

-0.029 ± 0.034 
0.017±0.040 
0.010 ±0.041 

-0.024±0.042 
0.035±0.03 
0.075 ±0.032 
0.092 ±0.035 
0.084 ± 0.033 
0.077±0.034 
0.084 ± 0.033 
0.067 ± 0.035 
0.115 ±0.032 
0.156±0.037 
0.169 ±0.047 
0.198 ±0.048 

0.076 ± 0.0 15 
0.041±0.016 
0.090 ±0.015 
0.156±0.016 
0.167±0.016 
0.202 ±0.018 
0.189±0.015 
0.203±0.013 
0.225±0.017 
0.180 ±0.017 
0.216±0.017 
0.261±0.019 
0.273±0.018 
0.234 ±0.018 
0.234 ±0.014 
0.207 ±0.015 
0.212±0.018 
0.204 ± 0.022 
0.195±0.021 
0.199±0.024 
0.166±0.021 
0.200 ±0.025 
0.325±0.026 
0.271 ±0.026 
0.305 ±0.031 
0.298 ±0.033 
0.326±0.035 
0.267 ±0.024 
0.265 ±0.025 
0.332 ±0.027 
0.314 ±0.026 
0.353 ± 0.026 
0.369 ± 0.025 
0.406 ± 0.026 
0.403 ±0.023 
0.400 ±0.027 
0.385 ± 0.035 
0.389;±0.034 
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Table XVII. Extrapolated moments (L = 3-L = 6). 

Mass bin 
(Y 3

0
) (y4

O) (Y 5 0) (Y 6 0) 
(GeV) 

0.28-0.49 0.000±0.O15 0.008±0.O15 0.006±0.O15 0.006±0.O15 
0.45-0.55 0.007±0.O16 -0.013 ± 0.017 -0.002 ± 0.0 17 -0.005 ±0.O16 
0.50-0.60 -0.008±0.O16 -0.038±0.O16 -0.019 ±0.O16 -0.O17±0.O16 
0.60-0.65 -0.009±0.O17 -0.O15±0.O17 -0.011±0.O17 -0.O16±0.O17 
0.65-0.68 0.O13±0.O17 -0.021±0.O17 0.010 ±0.O17 0.001±0.O17 
0.68-0.70 -0.002 ±0.O12 0.O18±0.020 0.009 ± 0.02 0.020 ± 0.020 
0.70-0.72 0.031±0.O17 -0.O10±0.O16 0.009 ± 0.0 16 0.002±0.O16 
0.72-0.74 0.008 ±0.O15 -0.004±0.O15 0.010 ± 0.0 15 0.003±0.O15 
0.74-0.75 0.O11±0.020 -0.003±0.021 0.021±0.021 -0.007±0.021 
0.75-0.76 -0.027±0.020 -0.021±0.021 -0.016 ± 0.020 -0.028 ± 0.020 
0.76-0.77 -0.O19±0.020 -0.005 ±0.020 0.000 ± 0.020 0.O17±0.O19 
0.77-0.78 -0.013 ±0.020 0.036 ± 0 .022 0.010 ±0.022 0.022±0.022 
0.78-0.79 0.O15±0.021 0.020 ± 0.020 0.007 ± 0.020 0.009 ± 0.020 
0.79-0.80 0.009 ±0.022 0.020±0.022 -0.008 ± 0.022 -0.006±0.022 
0.80-0.82 0.000±0.O16 -0.007±0.O16 -0.005±0.O17 0.009±0.O17 
0.82-0.84 0.028±0.O18 0.002±0.O17 0.O14±0.O17 -0.001±0.O17 
0.84-0.86 0.043±0.021 0.001±0.021 0.013 ±0.020 0.001 ± 0.025 
0.86-0.88 0.O14±0.025 0.004±0.025 -0.008±0.025 -0.O11±0.025 
0.88-0.90 -0.007±0.025 0.024 ± 0.024 0.030 ± 0.024 0.O18±0.024 
0.90-0.92 0.027±0.027 0.021±0.026 0.010 ±0.026 0.001±0.027 
0.92-0.95 0.000 ±0.024 0.033±0.023 0.O10±0023 0.031±0.023 
0.95-0.98 -0.O10±0.026 0.065±0.026 0.038±0.026 0.006±0.026 
0.98-1.02 "-0.020 ±0.033 0.076±0.032 0.041 ± 0.033 0.039:1; 0.032 
1.02-1.06 0.005 ± 0.032 0.085 ± 0.032 0.047±0.032 0.O18±0.032 
1.06-1.09 0.O17±0.037 0.092 ±0.036 0.044±0.037 0.036±0.037 
1.09-1.12 0.055 ± 0.042 0.124±0.039 0.090±0.040 0.043±0.039 
1.12-1.15 0.O14±0.042 0.111 ± 0.041 0.064 ± 0.042 0.024 ± 0.044 
1.12-1.17 0.017 ± 0.030 0.100 ±0.029 0.077±0.029 0.004 ± 0.030 
1.15-1.20, 0.027±0.031 0.087±0.031 0.048±0.031 0.003±0.030 
1.18-1.22 0.056 ± 0.036 0.152 ± 0.034 0.079 ± 0.036 -0.005±0.030 
1.20-1.24 0.055 ±0.033 0.109±0.031 0.084 ± 0.032 -0.091 ± 0.031 
1.22-1.26 0.117±0.034 0.152 ±0.031 0.129±0.032 -0.054 ± 0.032 
1.24-1.28 0.144 ± 0.034 0.198 ± 0.032 0.163 ± 0.034 0.O19±0.033 
1.26-1.30 0.104 ± 0.036 0.193±0.034 0.079 ± 0.039 0.023 ± 0.037 
1.28-1.33 0.137±0.033 0.214±0.031 0.073 ± 0.033 0.076±0.033 
1.30-1.35 0.172±0.037 0.217±0.035 0.111 ± 0.038 0.043 ± 0.038 
1.33-1.37 0.189 ± 0.049 0.186±0.046 0.132±0.049 0.002±0.050 
1.35-1.40 0.191±0.052 0.257±0.049 0.108±0.053 0.122 ± 0.053 
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Table XVIII. KK cross se ction. 

Mass bin O'KK 
(GeV) {m.b) 

0.988-1.02 3.78 ±0.53 

1.02 -1.06 2.90 ±0.40 

1.06 -1.10 3.55±0.47 

1.10 -1.14 2.80 ±0.40 

1.14 -1.18 2.22 ±0.37 

1.18 -1.22 2.41 ±0.39 

1.22 -1.26 2.66:l:0.41 

1.26 -1.30 4.4 ±0.52 

1.30 -1.34 2.853:0.42 

1.36 -1.40 2.85 ±0.42 
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FIGURE CAPTIONS 

+ - + Fig. 1. Mass distributions for 'IT 'IT 'IT P events (reaction 1) in 20-MeV 

bins. (a) 'IT + P mass distribution, all events double counted; (b) 'IT + 'IT­

mass distribution, all events double counted; (c) 'IT +'IT- mass distribution 

with 6,++ sele cted and I tp6,1 < 0.4 GeV
2

; (d) same as (c) but It' p6,1 < 0.1 

2 
GeV . 

Fig. 2. Mass distribution for K+K- 'IT+p events (reaction 2) in 30 MeV 

bins. (a) 'IT + P mas s distribution, all events; (b) K+K- mas s distribution, 

all events; (c) K+K- mass distribution with 6,++ selected and It' J<O.1 . pu 

Ge..J. 

+ - + - + Fig. 3. Mass distribution for 'IT 'IT 'IT 'IT 'IT P events (reaction 3) in 20-

MeV bins. (a) 'IT + P mas s distribution, all events triple counted; (bl 

'IT + 'IT - 'IT + 'IT - mas s distribution, all eve nts triple counted; (c) 

mass distribution with 6,++ selected and It'p6,l<o.1 GeV
2

. 

+ - + -'IT 'IT 'IT 'IT 

Fig. 4. Mass distribution for 'IT + P 'IT + 'IT - MM (mis sing mas s ~ 2 'ITo ) 

(reaction 4) in 20-MeV bins. (a) 'IT +p mass distribution, all events double 

counted; (b) 'IT+'IT- MMmass distribution, 6,++ selected and It'p~1 <0.1 

GeV2 ; (c) 'IT +'IT- MM mass distribution, all events double counted. 

Fig. 5. Mass distribution for 'IT +pKO(i(O) (reaction 5) in 30-MeV bins. 

(a) 'IT + pmass distribution, all events; (b) KO (K» mass distribution, all 

events; (c) KO (Ro) mass distribution with 6,++ selection and It' 6,1<0.1 
. p 
2 

GeV . 

Fig. 6. Mass distribution for 'IT +p K°i(° events (reaction 6) in 30-MeV 

bins. (a) 'IT +p mass distribution, all events; (b) KO RO mass distribu­

tion, all events; (c) KO RO mass distribution with ~++ selected and 

I t' p~ I <0.1 GeV2 . 
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Fig. 7. -t A distribution for 0.76 < m. < 0.78 GeV, for reaction 
p~ ~~ 

+ + - ++ ~ p-~ ~ I::. • Curve corresponds to a fit.with Diirr-Pilkuhn form 

factors. 

Fig. 8. o + 
Extrapolated < Y 1) moments for ~ p vertex. Curves corre-

spond to physical ~ + P scattering. 

Fig. 9. o + Extrapolated < Y 2) moments for ~ p vertex. Curves corre-

spond to physical ~ + P scattering. 

Fig. 10. Cross section (a) and < YJ) [(b), (c), (d)] for extrapolated data 

and Itlpl::.l <0.1 GeV
2

. The curves on the extrapolated data and on the 

KK cross section for It I pI::. I <0.1 GeV
2 

(a) are those corresponding to 
. 

the case 1 fit (see. Sec. VI arid Table IV). 

Fig. 11. Phases and inelasticities of I = 0 s wave and I = 1 P wave. 

The eros se s are the points calculated from our data. The horizontal 

bars of the crosses give size of bins used in the fit to the moments and 

cross section. The vertical bars indicate the calculated error at a 

given mass. These errors are purely statistical and do not reflect 

possib~e systematic effe cts introduced by extrapolation procedure. The 

dots corre spond to the elastic "down" and "Upl! solutions of Baton, 

Laurens, and Reignier. 26 The open circles are the results of Baillon 

et al. 27 

Fig. 12. Phases and inelasticities of I = 0 d wave and I = 1 f wave. 

Fig. 13. Case 1 (solid line) and case 2 (dashed line) solutions for og 
(see Sec. VI). The vertical lines indicate the limits of the fitted region. 

Fig. 14. The vertical lines give computed errors and horizontal lines 

the mas s bins 
. 0 

for case 1 solution for 0
0

, The solid line is case 3 solu-

tion (four parameters for the I = 0 s wave). 
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Fig. 15. t + - . + + - ++ Mass distributions of 1T 1T 1T events for reactlOn 1T p-+ 1T 1T D" 

and various 1T+1T- m.ass cuts, with ItpD"l<o.4 GeV
2

, except for Fig. 15a 

which contains all the events. 

Fig. 16. +t . + + - ++ Mass distributions of 1T-D" event for reaction 1T p-+1T, 1T D" 

and various 1T +1T- m.ass cuts; with I tpAI <0.4 GeV
1T

, except for Fig. 16a 

which contains all the events. 

Fig. 17. (a) One-pion exchange diagram.. 

(b) One-pion exchange diagram. with absorption. 

Fig. 18. 1T+1T- m.ass distributions and N <Y~> in 10-MeV bins for 

various t l cuts. The arrow indicates the w m.ass (783 MeV). 
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