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Abstract

Observers with performance guarantees and robustness to measurement noise for

linear systems
by

Yuchun Li

This dissertation focuses on a class of observer designs for linear-time invariant
(LTI) systems, where the state variables are typically not directly measurable or
may be too expensive to completely measure. Designing an observer with both
fast convergence rate and robustness to noise is a well-know challenge, yet it is
an essential task in many applications. To relax the generic tradeoff between fast
convergence rate and robustness to perturbations in observer design with static
gains, three main scenarios are considered in this thesis. With the assumption
that information is accessible continuously (discretely), the first case focuses on
interconnected observers over a network. It is shown to have significant advan-
tages when comparing to a Luenberger observer. The second scenario is when the
rate of convergence is prioritized. A robust observer that exhibits both continuous
and impulsive behaviors is developed. With proper choice of parameters, such an
observer generates estimates that converge to the state of LTT in finite-time and
is robust to small perturbations. The third scenario is when measurements and
information over networks are only accessible intermittently. A hybrid distributed
state observer framework is established to achieve global exponential stability of
the zero estimation error set. Its robustness with respect to measurement, commu-
nication noise and unmodeled dynamics is characterized in terms of input-to-state
stability (ISS). In addition to providing sufficient conditions to guarantee stabil-

ity and robustness of these observers, the problem of determining parameters are

xil



characterized by Linear Matrix Inequalities (LMIs) in this thesis. Constructive
LMIs based on Lyapunov methods are given to efficiently design these observers.
Advantages and unique properties of these observers are illustrated in many ex-

amples throughout the thesis.
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Chapter 1

Introduction

Observers are used to generate an estimate of the state variables of a dynamical
process, in which the state variables are typically not directly measurable or too
expensive to be measured. Designing an observer with both robustness to noise
and fast convergence rate is one of the keys to many practical problems. For ex-
ample, in advanced battery management, state of charge is typically an unknown
quantity due to its invisibility to be measured directly, many algorithms are ap-
plied to estimate this quantity along with other model parameters, such as reaction
rate, see, e.g. [I]. Depending on specific model choices and assumptions, variety
of observers may be applied. In [2], the author compared mixed Kalman/H,
adaptive Luenberger and sliding mode observer for the state of charge estimation;
see, e.g., [3, M] for more details. In chemical processes, the state is usually impor-
tant yet not possible to be measured directly, a moving horizon estimation (MHE)
scheme has been shown to have some advantages; see, e.g., [5, [6]. Moreover, it has
been applied to other situations where the relationship between state and output
is highly nonlinear, see [7]. In [§], a critical comparison between extended Kalman
filter and MHE is performed. Observer can also be applied to fault diagnosis for

mechanical systems, see, e.g., [9, [10].



For a linear time-invariant systems of the form

T = Ax, (1.1)

y=Hx+m, (1.2)

where z € R", y € RP, and m : R5y — R” denotes measurement noise, a classic
observer design has the form
ir = Adp — K () (i — v),s
(1.3)
gL = Hzp,.
When the gain K (t) is chosen to be a constant gain and the pair (H,A) is

detectable, the design in (3] is called Luenberger observer and it leads to the

exponentially stable error system
éL = (A— K H)ey + Kpm(t) := Apep + Kpmi(t) (1.4)

with estimation error given by ey := z; — x. It is well-known that, under ob-
servability conditions of (II]), the matrix gain K can be chosen to make the
convergence rate of ([[L4]) arbitrarily fast. However, due to fast convergence speed
requiring large gain, the price to pay is that the effect of measurement noise m is
amplified. Indeed, the design of observers, such as those in the form (I3]), involves
a tradeoff between convergence rate and robustness to measurement noise [11], [12].
In fact, in [II], page 597], D. G. Luenberger makes the following remark about the
error system ((L4]) when (H, A) is observable:

“Theoretically, the eigenvalues can be moved arbitrarily toward
minus infinity, yielding extremely rapid convergence. This tends, how-
ever, to make the observer act like a differentiator and thereby become
highly sensitive to noise, and to introduce other difficulties.”



Along the same lines, the authors of [12] recognize the compromise between per-

formance and robustness in the design of (LL3)):

“At this point we can only offer some intuitive guidelines for a
choice of K to obtain satisfactory performance of the observer. To
obtain fast convergence of the reconstruction error to zero, K should be
chosen so that the observer poles are quite deep in the left-half complex
plane. This, however, generally must be achieved by making the gain
matrix K large, which in turn makes the observer very sensitive to any
observation noise that may be present, added to the observed variable
y(t). A compromise must be found.”

see [12] page 332]|. Unfortunately, this issue is also at the core of every estimation
algorithm for multi-agent systems.

Several observer architectures and design methods with the goal of conferring
good performance and robustness to the error system have been proposed in the
literature. In particular, H,, tools have been employed to formulate sets of linear
matrix inequalities (LMIs) that, when feasible, guarantee that the £, gain from
disturbance to the estimation error is below a pre-established upper bound; see,
e.g., [13, 14l 15 6], to just list a few. Following ideas from adaptive control
[177, [18], observers with a gain that adapts to the plant measurements have been
proposed in [19] 20], though the presence of measurement noise can lead to large
values of the gains. Such issues also emerge in the design of high-gain observers,
where the use of high gain can significantly amplify the effect of measurement
noise. Indeed, in 21, 22], it is shown that measurement noise introduces an
upper limit for the gain of a high-gain observer with constant gain when good
performance is desired. More recently, observers using essentially two set of gains,
one set optimized for convergence and the other for robustness, have been found
successful in certain settings. Such approaches include the piecewise-linear gain
approach in [23] for simultaneously satisfying steady-state and transient bounds,

the high gain observer with nonlinear adaptive gain in [24], and the high gain

3



observer with on-line gain tuning in [25]. Also recently, a switching algorithm
combining two observers for performance improvement was proposed in [26].

When rate of convergence is of main importance in design specifications, sev-
eral observer architectures that guarantee finite time convergence of the estimates
without measurement noise are available in the literature. These include those
using the properties of the solutions of multiple observers, see, e.g., [27], 28] 29| 30],
using measurement-based state updates [31], and those exploiting an homogene-
ity property, see, e.g., [32, 33 B4] [35]. However, when noise is present in the
measurement of the state of the plant, a tradeoff between rate of convergence
and robustness to measurement noise is also expected in finite-time convergent
observers.

As recent research efforts in multi-agent systems have lead to enlightening
results in distributed estimation and consensus. Distributed Kalman filtering are
employed for achieving spatially-distributed estimation tasks in [36] and for sensor
network in [37, 38| 39, 40, 4I]. To characterize the effect of unmodeled dynam-
ics on the consensus multi-agent system, in [42], a region-based approach is used
for distributed H.-based consensus of multi-agent systems with an undirected
graph. For dynamic average consensus, [43] proposes a decentralized algorithm
that guarantees asymptotic agreement of a signal over strongly connected and
weight-balanced graphs. In [44], switching inter-agent topologies are used to de-
sign distributed observers for a leader-follower problem in multi-agent systems.
In [45] and [46], the estimation of the trajectories of a moving target using dis-
tributed sensor networks are studied. However, distributed estimation algorithms
that systematically meet specifications of performance and robustness to measure-
ment noise are not available.

Along with distributed estimation, consensus for distributed systems has also



been extensively studied in the literature. Static consensus, which corresponds to
the agreement on the initial conditions of the agents, modeled via a directed graph,
are reported in [47, [48] [49]. For dynamic average consensus, [43] proposes a decen-
tralized algorithm that guarantees asymptotic agreement of a signal over strongly
connected and weight-balanced graphs. In [50], a dynamic consensus algorithm
that is robust to communication time delay is proposed. In [51], an observer-type
of consensus algorithm is designed for linear systems without noise. In [52], the
stability and convergence properties of integral and propotional-integral consensus
is thoroughly studied. On the other hand, the literature on consensus design with
robustness to measurement and communication noise is not as rich. In [53], the
effect of additive noise with zero mean on the variables of a consensus algorithm
is discussed, while in [42], a performance region-based approach is used for the de-
sign of distributed H..-based consensus. In [54], Kalman filter based consensus is
shown to be robust to state and input noise. In [55], the author studies consensus
under random topologies with noise and link failures.

When designing observers for realistic scenario, often the measurements can
only be taken at isolated events due to the limitation of sensing frequency. Within
the context of multi-agent system over communication networks, the information
transmission may also be restricted to an intermittent fashion. These constraints
make the classic observer designs challenging and not directly applicable. When
information is available periodically with constant sampling frequency, discrete-
time observers can be employed. In [56], under nominal conditions and for linear
time-invariant plants, a network of local observers communicating at the same
time instances is designed to achieve an attractivity property (called omniscience)
between the estimates and the state of the plant. In [57], the optimal linear

estimation problem for discrete time-varying networked systems over a shared



communication channel is considered. The work in [58] established an observer-
protocol pair to asymptotically reconstruct the states of a linear time-invariant
plant with multiple sensors. In [59], a distributed algorithm for observer design
for linear time-invariant continuous-time systems is designed by partitioning the
dynamics into disjoint areas and attaching an algorithm to each area that updates
the estimates over time windows with common length.

Approaches that maintain the continuous dynamics of the plant and treat
the communication events as impulsive events have also been developed. An
observer-based controller for a network control system modeled as a time-varying
hybrid system is proposed in [60] and its design is performed using the Lyapunov-
Krasovskii functional. In [61], an emulation-like approach is used to guarantee that
a robust continuous-time observer (when available) can be used for estimation
in network control systems. Such general result is obtained using trajectory-
based and small-gain arguments. In [44], for a second order system capturing
the dynamics of a leader-follower problem, a distributed observer allowing for
switching inter-agent topologies is proposed using switched systems theory.

In addition to the above deterministic continuous, discrete, and hybrid ap-
proaches for distributed estimation, the literature of network control and esti-
mation is rich on stochastic approaches over a variety of time domains. These
include information-oriented approaches. In [62], distributed Kalman-like filters
with ([63]) and without communication constraints (|39} [64]), and for spatially-
distributed estimation tasks [36]. Specifically, in [65], conditions guaranteeing
that a continuous-time observer for a class of nonlinear systems provides states
estimates with robustness to samples and delays of the measurement are pro-
vided. In particular, the main result requires an input-to-output stability of the

observer-plant pair. In [66], the authors propose a method to design observers for a



class of continuous-time systems with Lipschitz nonlinearities under nonuniformly
sampled measurements. The approach therein consists of composing a continuous-
time high-gain observer with an inter-sample output predictor. Closely related to
this work and also under the name “continuous-discrete observer,” [67] provides a
way to design observers for a class of Lipschitz continuous-time systems of small
dimensions through the computation of finite-time reachable sets. A survey of
recent advances in the design of continuous-discrete observers is available [68]. A
hybrid observer guaranteeing global exponential stability of the zero-estimation
error under sporadic measurements is available in [69]. However, due to the chal-
lenges introduced by asynchronous and heterogeneous communication events at

unknown times, extending these methods to the multi-agent case is not trivial.

1.1 Luenberger observer and its tradeoff

In this section, two examples are discussed. One is a scalar example, which
clearly demonstrates the limitation of a Luenberger observer when the convergence
rate and robustness are simultaneously enforced. The other one relates to an
application of a unstable batch reactor where observer-based controller is a typical

option, see, e.g., [70, page 213], [Tl page 62] for more details.

Example 1.1.1 To illustrate the tradeoff between robustness to measurement noise

and fast rate of convergence, consider the scalar plant
T = azx, y=x+m, (1.5)

where m denotes constant measurement noise (e.g., a bias) and a < 0. A standard
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Figure 1.1: Trade off between the rate of convergence and the robustness.

Luenberger observer for this plant is given by

(1.6)

The estimation error system is given by [I4) with A, = a — K. Its convergence

rate is 0 = |a — K| and its steady-state error is e; = K[jfam. It is apparent

that to get fast convergence, the constant K needs to be positive and large. How-
ever, with Ky, large, the influence of measurement error is amplified as well. As
suggested by Figure|1.1(a), a balance needs to be made between convergence rate
and steady-state error induced by measurement noise. More importantly, if we
restrict the Hy, gaint from noise m to estimation error er, to be 0.6 and the rate
of convergence is 2.5, then there is no feasible gain Ky such that the Luenberger
observer in (L6l can satisfy both specifications simutanously. In Section[1.2, we

will show a way to relax this tradeoff and provide feasible solutions. A

Next, we consider a practical problem of a unstable batch reactor.

For LTI systems, the Ho, gain from m to ey, is defined as the infinity norm of the transfer
function from m to er.
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Figure 1.2: Luenberger observer for a batch reactor subject to a convergence rate
constraint.

Example 1.1.2 Consider a linearized model for an unstable batch reactor in [70)],



which 1s described by the following data:

138 —0.2077 6.715 —5.676
L | a0 0w
1.067 4273  —6.654 5803 |
0.048 4273 1343 —2.104
101 -1
H—
010 0

Note that the eigenvalues of A is given by {1.9910,0.0635, —5.0566, —8.6659},
therefore, the system is unstable. Moreover, it can be verified that the pair (H, A)
1s observable. Then, when an observer is designed in the sense of Luenberger and
the rate of convergence is required to be no less than 7, we can minimize the H.,
gain from measurement noise m to the estimation error er. The resulting gain is

given by

9.7989 —4.1385
2.6416  6.1663
16.1345 —3.9715

15.7678 —2.8363

and the corresponding Hs, gain from measurement noise m to estimation error ey,

is == 3.63. If the rate of convergence requirement is 11 instead, the resulting gain

10



can be computed as

23.9485 —29.1535
2.5002  11.1575
58.1575  —5.0597

59.3809 —17.6970

which leads to Hy, gain =~ 5.83. Simulations for both gain matrices of this plant-

observer system are shown in Figure [LA  The initial conditions are x(0) =

(2,2,2,2) and z1(0) = (15,5,0,0). From Figure|l.2(a) and|1.2(c), as we change

the constraint for rate of convergence from 7 to 11, the estimation error converges
to zero faster. However, when measurement noise exists as shown in Figure|1.2(b)
and the resulting effect of noise is amplified when requiring faster conver-

gence rate. A

Such tradeoff between convergence rate and robustness to measurement noise
shown above is generic when designing Luenberger observers for linear systems,

which motivates the design in the following chapters and will be discussed further.

1.2 An observer with extra information

In this section, we show that by using more than one copy of Luenberger and
picking appropriate coupling between them, extra freedom is obtained to relax
the tradeoff between convergence rate and the robustness to measurement noise
represented by a H,, gain. The following example demonstrates the advantage of
using more than one copy of Luenberger observers when one wants to simultane-
ously enforce a particular performance index (such as rate of convergence) and its

H, gain from measurement noise to estimation error.

11



Example 1.2.1 We revisit the scalar example in ([L3)). The tradeoff pointed out
in Section [L1l inspired the idea of interconnected observers. Here we consider a
particular case which consists of a pair of coupled Luenberger observers. For the

scalar plant (LX), the observer takes the form

Sé’l =aty — Ku(ﬁl - y) - Klz(ﬁz - Z/)a
9i"2 = aly — K22@2 - y) - Kzl@l - y), (1-7)

1
g)i:i'i, 2'6{1,2}, T = §(i’1+§32)

The coupling injections terms “—Kio(g2 — y)” and “—Ko(1h — y)” define the
innovation terms of the proposed observer. Compared to ([L6l), with the proposed
observer, a one dimensional design problem on Ky becomes a fourth dimensional
design problem on K1, Kia, Ko, and Koy. The output T of the coupled pair of
observers defines the estimate of x as the average of the states &1 and To of the
individual observers.

By defining the error variables e; := &; — x for each i € {1,2}, the error

dynamics are captured by

él = (a — K11>€1 — K12€2 -+ (Kll + K12>m7

(1.8)
ég = —K2161 + (CL — K22)62 + (K21 + Kgg)m,
which can be written in matriz form as
é = Ae + Km, (1.9)
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where e = (e, e3) and

i a— K1 —Kip ’[?: K+ Ky . (1.10)
— Ko a— Ky Ko + Ky

Fori,j € {1,2}, i # j, the steady-state error of (L) is given by

*

KKy — KoKy — Kja — Kija

o K11 Ky — K1p Koy —K22G—K11a+a2m. (L11)
The estimation error of the proposed observer is given by the quantity
=7 —ux (1.12)
and has a steady-state value given by
o — K11 Koy — KioKo — (1/2) (K11 + Koo + Kip + Kzl)am (1.13)

K11 K9 — Koy Koy — Koga — Kj1a + a?

Under the condition that all eigenvalues of the matriz A are stable, they can be
written in the general form Ao = —o £ jw, where o is positive and w € R and
j = /—1. Then, by solving for the eigenvalues ofzzlv and comparing with the rate
of convergence of the observer (LLO), the following conditions guarantee a faster
convergence rate of the proposed observer:

(K11 —a) — (K —a)
2

(K1 — a) + (Kys —a))® < 4det(Ap). (1.15)

—0 =

<a—Kp <0, (1.14)

On the other hand, in order to assure an improvement on the effect of measurement

13



noise, we want to guarantee that |e*| < |e}|, which leads to the following condition.:

K11 Ky — K19Koy — (1/2) (K11 + Koo + K12 + Ka1)a
K11 Ky — K19K9 — Kyppa — Kjya + a?

Ky
KL—a .

(1.16)

It can also be verified that for any given K, there exist parameters K1, K12, Ko1, Koo
of the proposed observer (6.1I) such that conditions (LI4)-([TIG) hold. This ob-
server leads to the improvement in rate of convergence and robustness suggested
in Figure I3, where the dot dashed line denotes the state of a stable plant (LH),
dashed line denotes the estimate provided by the standard Luenberger observer

(CAQ), and the black line is the estimate from the proposed observer (G.1).

3

\
2.5
'

0.5F

I I I
14 16 18 20

Figure 1.3: Comparison between proposed observer (black, solid) and a standard
Luenberger observer (blue, dashed). The plant solution is denoted in red, dash-
dot.

It should be noted that simply using two Luenberger observers without any
coupling and taking the average of their estimates will not lead to both faster
convergence rate and smaller steady state error. In fact, let K9 = Ko = 0.
Then, the system in (1)) proposes a structure of two Luenberger observers without

coupling. A direct calculation shows that for constant noise, the estimation error

14



e satisfies

K2
(a) Hoo norm of proposed observer (Hs) in  (b) Rate of convergence of proposed observer
(61D vs gains Kj2 and Kao. (o) in ([GI) vs gain Ki2 and Ko.

Figure 1.4: Comparison between nominal observer and the proposed observer with
a = —0.5 and KH = K22 = 2.

More generally, when m is bounded, Figure|l.1(a) shows the Hy, norm from
measurement noise m to estimation error ey for the nominal observer (L6) as
a function of Kp. On the other hand, the rate of convergence, as shown in
Figure [1.1(b), also increases when K gets larger (o™ and o are defined as the
absolute value of the real part of the dominant pole of closed-loop systems with
the Luenberger observer and the coupled pair of observers, respectively). Such a
tradeoff would become crucial when both rate of convergence and robustness are
required. Figure |1.4(a) shows the Hy, mnorm of the proposed observer as a func-
tion of Kia and Ky with K11 = Ke = K = 2. Figure|1.4(b) shows that, for
K1 = Koy = Ky, the rate of convergence is also a function of Ky and Ko

The figures suggest that, when a specific rate of convergence is required, instead of

’Note that in Figure the H., grows unbounded at points on the Kis - Ko; plane
corresponding to the case of purely imaginary poles. This can be seen from Figure [1.4(b)
where, at such points, the rate of convergence is zero.
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0.4 ww "'l W

0.2

Figure 1.5: Feasible region of K5 and Ky where Ho, < H»* and ¢™* < o for the
proposed observer in (6.1 with a = —0.5, K7 = 2, and particular choice of gain

Ky = Koy = K7

only one option (K ) for the design of the Luenberger observer, we have more pa-
rameters for the coupled pair of observers to improve both the rate of convergence
and robustness. For example, when using the observer with K, = Koy = Ky, as
shown in Figure [1.J, the constraint on the rate of convergence leads to a feasi-
ble area on the K15, Ko1 plane while the constraint on the Ho, norm defines an
additional plane. In fact, we can show that the observer (6.1)) can have better

robustness property with faster rate of convergence. A

Example 1.2.2 We revisit the batch reactor system in Example 1.2 An inter-

connected observer similar as the one in (G1l) is considered. In particular, the
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observer has the following dynamics:

Zi’l :Ali'l —Kll(HZi'l—y)—Klg(Hli'g—y) (]_]_7)

2%2 = Ai’g — Kgl(Hi’l — y) — KQQ(H.:%Q — y) (118)
1

y=Hzx+m, 525(52“1—0—52’2)- (1.19)

Then, by defining estimation error e; = &; — x for i € {1,2} and & = §(e1 + €2),

we further have

é=Ae+ K(1,® I)m (1.20)
1
é:§ﬂ;®hk, (1.21)
where
~ Kll K12

A=L®A-K(I,®H), K=
K21 K22

When the design specification requires the rate of convergence to be no less than
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11, we can minimize the Hy, gain from m to €. The resulting gain is

—24.4924 —0.7231 35.3917 24.5557
6.7241 16.2905 —4.6515 6.2317
Ky = , K= ;
159.0754 48.5652 —112.6086 —48.4871
123.3211 46.6041 —80.9980 —27.4796
0.1234 9.1265 9.2160 7.5668
35.6030 —10.8481 —29.0235 —23.0023
Ky = , K= ;
—38.2258 —27.6230 55.2293 32.9513
—17.5271 —31.4137 36.3312 17.6245

which leads to an Hy, gain ~ 2.97. Under the same rate of convergence constraint,
via two interconnected observers, the resulting rate of convergence is ~ 18.2%

smaller than that from Luenberger observer (3.63). JAN

From the examples above, it is shown that by using more information, we
can design observer with faster rate of convergence and smaller H., gain from the
measurement noise to the estimation error. In fact, we can generalize the strategy

by modeling the system as directed graph, as shown in the following chapters.

1.3 Observer with intermittent information

In realistic setting and practical scenario, the measurements and information
transmitted from neighbors may not be continuously available. When informa-
tion arrives periodically, we can design observers by using discrete system tools.
However, when information is available only after non-periodic intervals, classic
discrete system tools would not apply directly. In particular, for the plant given

in (L)), the measurements at agent ¢ with forms in (L2) are only available at
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isolated time instances {t’}52,, namely, at agent (or sensor) i,

yi(th) = Hyx(th) 4+ my(t)), (1.22)

and the sequence {t}°°, satisfies

L -t e [Ty, Ty, (1.23)

where 0 < T} < T% for all 7 in the network. In such setting, the main challenges

to the observer design mainly include the following:

1. Asynchronous and heterogeneous communication events at unknown times:
the time instances at which agents receive information are not synchronized,
meaning that each agent may receive information at different time instances.
Furthermore, the amount of ordinary time elapsed between communication
events for each agent can be different; for instance, an agent can receive
information at a much faster rate than others. In addition, the exact event

times are not known a priori.

2. Lack of full information to reconstruct the state at each agent and at the same
time: information is not available continuously, but rather, at isolated time
instances. Furthermore, none of the agents may have enough information
to fully reconstruct x alone. In fact, in the nominal case, (H;, A) may not
necessarily be detectable for any 7. This suggests that information must
be shared among agents, but, even then, the needed information to fully
reconstruct z may be available at different time instances (see item 1), which,
in particular, makes detectability of ((Hy, Hs, ..., Hy), A) not very useful

when solving the nominal problem.
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3. Perturbations in the dynamics, parameters, and measurements: the lack
of knowledge of the actual perturbation {m;}Y, (or, for that matter, a
Lipschitzness assumption) precludes from fully compensating for their ef-
fect. Furthermore, perturbations on the parameters T} and Tj could lead
to diverging estimates when the estimation algorithm has little margin of

robustness to such parameters.

This motivates the work in Chapter [1, where the overall system is modeled via
a hybrid system framework presented in Chapter 2l Comprehensive analysis and

efficient design methods are also established.

1.4 A brief overview of Kalman filter

It is well known that the Kalman-Bucy filter is the optimal observer that
minimizes the mean square estimation error [72] under certain assumptions. For
the plant (L)) (with € R™), it is given by (L3)), where & € R™ and ¢t — K (t) is
the time-varying gain. Recall that the estimation error is e = & — z, the resulting

error system for the optimal observer/Kalman-Bucy filter is

If (L3)) is initialized with z(0) = o := E{x(0)}, where E denotes the expected
value function, then, according to [12, Theorem 4.5], for any positive definite
symmetric weighting matrix function ¢ — W (t), the gain that minimizes the
objective function E{e(t)"W (t)e(t)} for all t > 0 is K. (t) = Qt)H 'V, '(¢),

where ¢ +— (Q)(t) is the solution of

Q(t) = AQ(t) + QAT — QM) H TV () HQ(), (1.25)
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from the initial condition Q(0) := E{(z(0) — Zo)(z(0) — Zo) '}, where t — Vy(t) is
the (positive definite for each ¢t > 0) covariance matrix of the measurement noise
m. While the expected value of the (weighted) norm of e is minimized, the same
trade off pointed out in Section [Tl for Luenberger observers plays a key role in
the design of (L24)). In fact, as [12] page 346] correctly points out, “The optimal
observer provides a compromise between the speed of state reconstruction and the
immunity to observation noise.”

Moreover, the design of (L24]) does not permit incorporating other perfor-
mance indexes in order to preserve optimality, such as the rate of convergence.
Because of this nature, in the circumstance where one wants to prioritize con-
vergence rate or to enforce extra robustness index at the same time, designing
an observer based on Kalman filter might be problematic. In this thesis, we will
focus on designing observers with static gains and as we will show in next section,
by generating more than one copy of Luenberger and couping them, it leads to a

way to formulate and solve the aforementioned problem.

1.5 Contributions and organization

In this dissertation, a generic framework of /N interconnected observers design
for LTI systems with static gains are proposed. Moreover, the following funda-

mental aspects of this class of observers are addressed:

1. Optimization in terms of LMIs for the synthesis of H., gain from measure-
ment noise to estimation error subject to convergence rate constraints and
maintaining the zero estimation error set uniformly globally asymptotically

stable;

2. Generating estimates that converge to the state of a plant in finite-time while
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preserving robustness to small perturbations. Moreover, such finite-time
convergence property is preserved under piece-wise constant measurement

noises;

. Designing consensus algorithms that enable each agent in a distributed state
observer setting to have access to the global average of all local estimates
across a communication network. Moreover, separated /joint design methods

are developed for the distributed state observer and their consensus;

. In distributed state observer setting with only asynchronous intermittent in-
formation and without local detectability, generating estimates that globally
exponentially converge to the plant’s state and rendering robustness with
respect to measurement and communication noise, unmodeled dynamics and
generic perturbations. Constructive LMIs are formulated for the design of

parameters.

The contents of this thesis are organized into following chapters.

Chapter 2: Preliminaries

In this chapter, graph theory is briefly discussed which is essential for the

modeling and analysis of interconnected observers. Moreover, a hybrid system

framework and its basic properties are presented and will be used throughout the

thesis.

Chapter 3: Pair of Coupled Observers for Improved Per-

formance and Robustness

In this chapter, a pair of interconnected Luenberger observers is proposed and

thoroughly discussed. Its unique advantages when comparing to standard Luen-
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berger observer is proved analytically and validated numerically. In particular,
the configuration and its basic properties are developed in ([B]). The design of
parameters are formulated in LMIs based on rate of convergence constraint (3.2.1])
and H., gain from measurement noise to estimation error (82:2)). Furthermore,

such constructive setting enables the synthesis design in (3:2.3)).

Chapter 4: Finite-time Convergent Observer

In this chapter, a hybrid observer consists of two interconnected Luenberger
that evolve continuously with impulsive and periodic updates is proposed. The
problem is modeled via a hybrid system framework (AI]). Even when measure-
ment noise is present (constant or piece-wise constants), the proposed observer is
robust to small perturbations and is capable of making estimates converge to the
plant’s state in finite-time (4.2]). Numerical simulations confirm its properties and

demonstrate its applicability (E3).

Chapter 5: Distributed Estimation with Continuous Infor-

mation Transmission

In this chapter, a generalization of the observer previous chapters is estab-
lished. In particular, the modeling of N interconnected observer is accomplished
via using directed graphs (B.]). Sufficient conditions that guarantee the uniform
global asymptotic stability of zero estimation error set are presented (5.2)). More-
over, the design of parameters are characterized in term of LMIs (5.3]). Further-
more, it’s shown analytically that such observers outperform standard Luenberger
observer (54 under certain conditions. The last section (B.3) of this chapter
briefly introduces a consensus algorithm to enable each agent has access to the

global average of all local estimates.
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Chapter 6: Dynamic Consensus for Distributed Estimation

In this chapter, a consensus algorithm is proposed to generate a global average
of all (time-varying) local estimates from distributed state observers in the previ-
ous chapter, under communication and measurement noise in the local and global
estimates. The underlying idea is illustrated in a motivational example (G.I]).
Characterizations of its performance and robustness in terms of KL bounds are
established ([6.2]). Constructive LMIs are developed to synthesize the distributed
observer and the consensus algorithm using H,, theory and optimization tech-
niques in (€30 and ([€3.2]). The designs using these tools guarantee that the each
agent agrees on the global average of all local (time-varying) estimates, asymp-

totically and robustly with respect to communication and measurement noise.

Chapter 7: Distributed Estimation with Intermittent In-

formation Transmission

In this chapter, a hybrid distributed estimation framework is proposed when
information is available asynchronously and intermittently over a network ({Z.I]).
Sufficient conditions are developed to guarantee global exponential stability of
the zero estimation error set when information is transmitted at highly nonuni-
form fashion and when the agents lack local detectability (Z3]). Constructive
linear matrix inequalities (LMIs) are established to efficiently determine parame-
ters (Z34]). An in-depth robustness analysis with respect to perturbations from
unmodeled dynamics, skewed clocks, measurement and communication noise is
performed (Z4). In particular, ISS property with respect to measurement and
communication noise is quantified by a class-CL function (T.4.2) and the case

when random packet dropouts occur is also studied (Z.4.4).
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Chapter 8: Conclusion and Future Directions

In this chapter, the results in this thesis are summarized and several potential
future directions are briefly discussed.

A list of publications related to this dissertation is in Appendix [Al
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Chapter 2

Preliminaries

2.1 Graph and Networks

In this work, we use directed graph to model the connectivity property for
the overall system. In particular, a directed graph (digraph) is defined as I' =
(V,E,G). The set of nodes of the digraph are indexed by the elements of V =
{1,2,..., N}, and the edges are the pairs in the set £ C V x V. Each edge directly
links two nodes, i.e., an edge from k to i, denoted by (i, k), implies that agent
1 can receive information from agent k. The adjacency matrix of the digraph
[ is denoted by G = (gix) € RN where g = 1 if (i,k) € &, and gz = 0
otherwise. A digraph is undirected if g, = g; for all i,k € V. The in-degree
and out-degree of agent 7 are defined by d™(i) = Zsz1 gix and d°¥ (i) = ijvzl i
A digraph is weight-balanced if, for each node 7 € V, the in-degree and out-
degree coincide. The out-degree matrix D, is the diagonal matrix with the i-th
diagonal entry d°“(i), for all « € V. Similarly, The in-degree matrix D;, is the
diagonal matrix with the i-th diagonal entry d™ (i), for all i € V. The Laplacian
matrix of the graph I', denoted by L, is defined as £ = D°“* — G. The Laplacian

has the property that L1y = 0. Therefore, 0 is an eigenvalue of the matrix L.
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Furthermore, the rest of the eigenvalues of £ have nonnegative real parts. The set
of indices corresponding to the neighbors that can send information to the i-th

agent is denoted by N (i) :={k €V : (i,k) € £}.

2.2 Hybrid Systems

In this paper, a hybrid system #H has data (C, f, D, g) and is defined by

2= f(z,u) z€C, 21)

+:

2t =g(z,u) z€D,

where z € R" is the state, u € RP is the input, f defines the flow map which
captures the continuous dynamics and C' defines the flow set on which f is effective.
The map g defines the jump map and models the discrete behavior, while D
defines the jump set, from which discrete dynamics are allowed. Given an input
u, a solution to H is given by the pair (z, ), which is parametrized by (¢, 7), where
t denotes ordinary time and j denotes the jump time. (When the system has no
input or its input is zero, its solution will be given by z.) Hybrid time domains
are subsets £ of R>o x N that, for each (7, J) € E, EN([0,7] x {0,1,...J}) can
be written in the form U}’z_ol(l ;,J) for some finite sequence of times 0 = ¢, < #; <
ty < --- < ty, where I, := [t;, t;+1]. The t;’s define the time instants when the
state of the hybrid system jumps and j counts the time of jumps. A solution to
‘H is called maximal if it cannot be extended, i.e., it is not a truncated version of
another solution, and it is called complete if its domain is unbounded. A solution
is called Zeno if it is complete and its domain is bounded in the ¢ direction. Two

solutions are said to be (7', ¢)-close if they satisfy the following property.
Definition 2.2.1 ((7,¢)-closeness of solutions [73, Definition 5.23]) Givent', e >
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0, two solutions ¢1 and ¢o to H are (7', ¢)-close if

(a) forall(t,j) € dom ¢y witht+j < 7' there exists s such that (s, j) € dom ¢o,
|t - S| <g, and |¢1(t>])_¢2(8a])| <g;
(b) forall(t,j) € dom ¢y witht+7j < 7' there exists s such that (s, j) € dom ¢q,

|t —s|<e, and |pa(t, j)—oi1(s,j)|<e.

A hybrid system H with (C, f, D, g) is said to satisfy the hybrid basic condi-
tions [73, Assumption 6.5] if the following hold.

Definition 2.2.2 A hybrid system H = (C, f, D, g) is said to satisfy the hybrid

basic conditions if
(a) the sets C' and D are closed;

(b) the functions f: R™ — R™ and g : R™ — R"™ are continuous.

For the analysis of robustness to noise, an exogenous signal m defining measure-
ment noise will play the role of u. A mapping m is admissible if dom m is a hybrid
time domain and, for each j € N, the function I; > t — m(t,j) is measurable.

Two hybrid arcs are said to be (T, J, £)-close if they satisfy the following definition.

Definition 2.2.3 ((T), J,¢)-closeness of hybrid arcs) Given ¢ > 0, two hybrid arcs
o1 and ¢ are (T, J, €)-close if

1. for all (t,j) € dom ¢y with t < T,j < J there exists s such that (s,j) €

dom ¢o, |t —s| <€, and

‘¢1(t7j) - ¢2(Sv.j>| <ég,
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2. for all (t,j) € dom ¢o with t < T,j < J there exists s such that (s,j) €

dom ¢y, |t —s| < e, and

|p2(t,7) — P1(s,7)| <e.

In this dissertation, we will focus on the following stability notions.

Definition 2.2.4 ([73, Definition 3.6]) Consider a hybrid system H on R"™. Let
A CR" be closed. The set A is said to be

1. uniformly globally stable (UGS) for H if there exists a class-Ky function
a such that any solution ¢ to H satisfies |d(t,7)|a < a(|6(0,0)|4) for all
(t,5) € dom ¢;

2. uniformly globally attractive (UGA) for H if for each ¢ > 0 and r > 0 there
exists T > 0 such that, every mazimal solution ¢ to H is complete and if

|6(0,0)|a <7, (t,j) € dom ¢ and t + j > T then |p(t,j)|a < &;

3. uniformly globally asymptotically stable (UGAS) for H if it is both uniformly

globally stable and uniformly globally attractive.

The definition of global exponential stability of a closed set for H is given as

follows.

Definition 2.2.5 Consider a hybrid system H on R™. The closed set A C R™ 1is
said to be globally exponentially stable (GES) for H if there exist K, > 0 such

that every ¢ € Sy is complete and satisfies

9(t, §)].a < ke *F|$(0,0)] 4

for each (t,j) € dom ¢.
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A sufficient condition to guarantee UGAS property of a closed set A is as

follows.

Theorem 2.2.6 ([73, Proposition 3.27]) Consider a hybrid system H = (C, f, D, G)
and let A C R"™ be closed. Suppose V' is a Lyapunov function candidatﬂ for H

and there exist ay, an € Ky, and a continuous p € PD such that

ar(|z|a) S V(z) < as(|z|a) Ve e CUDUG(D) (2.2a)
(VV(z), f(2)) < =p(lz]a) Ve el (2.2b)
V(g)—V(z) <0 Ve e D,ge G(x) (2.2¢)

and every mazximal solution to H is complete. If, for each r > 0, there exists
Y € Kooy, N > 0 such that for every solution ¢ to H, |¢(0,0)|4 € (0,7],(t,7) €
dom ¢, t+j > T impliest > ~,.(T)—N,, then A is uniformly globally asymptotically
stable (UGAS) for H.

We refer the reader to [73] for more details on this hybrid systems framework.

'A function V : domV — R is said to be a Lyapunov function candidate for H if cu
D Ug(D) C domV and V is continuously differentiable on an open set containing C'; see [73]
Definition 3.16].
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Chapter 3

Pair of Coupled Observers for
Improved Performance and

Robustness

Motivated from the analysis Section [[L2] this chapter generalize the coupled

pair of observers for a generic LTI plant with form (LTI

3.1 Configuration and basic properties

For the plant in (II]), to generalize the idea discussed in Section [[L2] consider
an observer consists of a coupled pair of Luenberger observers with output given b
the average between the states of the individual observers, as shown in Figure 3. lllj

The two coupled observers for system ([LT]) can be formulated as

!More general linear combinations are possible.
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observer with internal coupled pair of sub-observers

observer 2

lant observer 1
plant >
&= Az Y L iz
| J ! N
y=Hzx+m
! L

Figure 3.1: Block diagram of the coupled pair of Luenberger observers.

i’l = Az, — Kn(ﬁl - y) - Klz(ﬂz - y),
f2 = A2y — K22(?32 - y) - K21@1 - y), (3-1)

. . R . 1, .
= HZy, U= Hio, $:§($1+$2)7

where K1, K19, K91, Ko are gain matrices to be designed and Z is the estimate

of x. Defining e; := #; — x, the error dynamics can be written as

é1 = (A— KnH)e, — KigHey + (Kyy + Ki2)m,

(3.2)
ég = —K21H61 + (A — KQQH)€2 + (K21 + Kgg)m.
Putting it in matrix form, we define e = (e, €2) and obtain
¢ = Ae+ l~(m, (3.3)

where

i A—-—KnH —KpH 7 % Ky + Ky
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Under a detectability condition, the following asymptotic stability property holds

for the error system (B.3]).

Proposition 3.1.1 (Asymptotic stability): For the case of m = 0, if the pair
(H, A) of the plant defined in (1) is detectable, then there exist gains K1, K,
Ks1, Koy such that the origin of the error dynamics for coupled pair observers as

in B3) is asymptotically stable.

Proof For plant in (1)), since the pair (H, A) is detectable, there exists a matrix
K such that A — K H is Hurwitz. Therefore, by choosing K11 = Ky = K, and
K13 = K5 = 0, then readily we have that Ain B3) is Hurwitz. Hence, the error

dynamics ([B3) has its origin asymptotically stable. [

The performance and measurement noise effect of the observers are charac-
terized in terms of input-to-state-stability-like bounds. More precisely, given an

observer with estimation error e, we are interested in bounds of the form

le()] < B(le(0)],1) +7(Imls) VL= 0,

where [ is a class-KL function and v is a class-K, function. For the particular
Luenberger observer in (L3)), it is well known that, when A; is Hurwitz with
distinct eigenvalues and XL is decomposed as AVL =X LJL)?gl, the estimation

error ey, satisfies [74]

lec ()] < Br(lec(0)], 1) +7u(lmle)  VE=0

with, for example, for all s € R>y and ¢t € Ry,

Br(s,t) =k (EL) exp (X (/TL) t) s, yL(s) = P <~ )S- (3.4)
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To establish and compare this property with that of the proposed observer,
the next result guarantees that the upper bounds on the rate of convergence and
the steady-state error due to the proposed coupled pair of observers outperform

those due to a standard Luenberger observer.

Lemma 3.1.2 Consider the plant ([I1l), the Luenberger observer (L3]) with es-

timation error (L4), and the coupled pair observers [BIl) with error dynamics

B3). Suppose that

a) Ay is dissipative, i.e., for some @y, >0
Av—lL— + ZL < —Q&Ll; (35>

b) 3 Ky, Ky, Ly, Ly such that A s dissipative, i.e., for some @ > 0

AT+ A< —2al; (3.6)

¢) each of Ay, and A has distinct eigenvalues and N(A) < X(AL): (3.7)
K| |KL

d) — < o, (3.8)

Then, there exists a class-KCL function 5 and a class-Ko function v such that the

error e in ([B3) satisfies the following:
a) le(t)] < B(le(0)], 1) +v(Iml)  VE=0;

b) Given nonzero e(0) and ey (0), It* > 0 such that 5(|e(0)|,t) < Br(ler(0)],1)
vVt > t*;

c) v(s) < vL(s), for all s # 0 and s € Rxy.
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Proof Following [75], Section 3.2], for a dissipative matrix /T, we have the following

properties:
P2.1 A+ AT < 2u(A)I;

P2.2 |exp(At)| < exp(u(A)t) for all ¢t > 0;

P2.3 Let ®(t) = exp(At) for t> 0, then [|@[|; < 1o

P2.4 ‘exp@t)‘ < w(A) exp(a(A)t) for all ¢ > 0.
Then, the solution of system (B.3)), given by

t
e(t) = exp(At)e(0) + / exp(A(t — 7)) Km(T)dr,
0
can be bounded for all ¢t > 0 as

le(t)] < | exp(At)] e(0)] + /0 exp(A(t — 7)) Km(r)dr|. (3.9)

Let |6(6)] = |y exp(A(t = 7)) Km(r)dr|, then, o(t)] < |K1]|®]|s [mlw. There-

fore, by using properties P2.3 and P2.4, inequality (3.9) can be simplified as,

e k(A) exp(A(A)1) |e(0 — Moo 3.10
le(t)] < K(A) p(()t)l()|+w(A)‘| | (3.10)

For each s € R>y and ¢t € R, define

B(s,t) = r(A) exp(A(A v(s) = Kl (3.11)

>|
—
=

~
S—
\'Cn

It follows that item 1) holds.
Considering that the performance of interest is characterized by class-KCL

functions  and fp, under condition (B.7), item b) is equivalent to the existence
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of t* satisfying
B(le(0)], %) = Br(leL(0)], 7).

Then, using (311 and (34, we obtain the condition
w(A) exp(N(A)")[e(0)] = w(AL) exp(N(AL)t")]er (0)]-

For |e(0)] # 0 and |e,(0)] # 0, since by [B7) we have A(A) < N(AL), it follows
that

||€6L((O(3)|| - Z((AZL)) exp((N(AL) — X(A)t),
which leads to
p L sA)e()

Then,
B(e(0)].t) < Br(lec(0)].1),
for all t > t* := max{ = L — In mgg)\e(O)\ , 0}. This establishes item
a(AL) —a(4)  k(AL)[eL(0)]
2).

Item 3) follows from BX), B4) and @II) with @ = u(A) and @y, = u(AL).
|

A Lyapunov-based set of conditions for rate of convergence and robustness

improvement is given next.

Lemma 3.1.3 Consider the plant (1), the Luenberger observer (L3]) with es-

timation error (L)), and a coupled pair of observers [BIl) with error dynamics

B3). Suppose that
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a) the measurement noise m is bounded;

b) 3 P/ = Py > 0 such that for some @y, > 0
JZQPL + P A, < —2a,P; (3.12)

¢) 3Ky, Ky, Ly, Ly and P" = P > 0 such that for some @ > 0

AP+ PA< —2aP; (3.13)
Y m%iiﬁi <a§§§;; (3.14)
o) APIE] _ (M(P))| K
) AP 2E = AP)2fanl” (3.15)

Then, there exists a class-ICL function B and a class-Ko, function v such that the

error e in ([B3) resulting from the coupled pair of observers satisfies the following:
a) le(t)] < Br(lec(0)], 1) +y(lml) — VEZ0;
b) le(t)| < B(le(0)].1) +~(Imlo)  VE=0;

¢) Given nonzero e(0) and e (0), It* > 0 such that

Ble(0)],t) < Br(lec(0)|,t) Vvt =%

d) v(s) <L(s), for all s # 0 and s € Rxy.
Proof Consider the Lyapunov function V (e) = e Pe. Under the assumptions, V
has the following properties:
P3.1 M(P)le[> < V(e) < A(P)|e|*
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P3.2 (VV(e), Ae) < —2aA(P)le|?;
P3.3 |[VV(e)| < 2A(P)[el.

Using properties P3.2 and P3.3 as well as Cauchy-Schwarz inequality, we get
V(e(t)) < —2aA(P)|e(t)|? + 2M(P)|e(t)| ‘f{‘ m(t)] vt > 0.
Then, by a comparison lemma (see [74, Lemma 3.4]), for all ¢ > 0,

[A(P) \(P)|K|
le(t)| < A(P)|e(0)|exp(—at) + NG o (3.16)

For every s € R>o and ¢ € R, define

>|

A(P) (P)| K|

B(s,t) = exp(—at)s, ~(s) = s, (3.17)
AP) A(P)]al
it follows that item 2) holds.
Likewise, it can be verified that item 1) holds with a; = aiégff) and

Br(s,t) = iEiLi exp(—art)s Vs, t € Rsg
VAL (3.18)
_ AP K
vo(8) = APy)las) s, Vs € Rxg.

Considering that the performance of interest is characterized by class-ICL
functions 5 and f, under condition (BI4]), item 3) is equivalent to the existence
of t* satisfying

B(le(0)],£*) = Br(le(0)], 7).
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Then, using (BI7) and (3.18)), we obtain the condition

282; exp(—at)|e(0)] = ,/igi exp(—art)|es(0)]

; — AP _ arA(Pr)
For |e(0)| # 0 and |er(0)] # 0, since a = 5P and a; = §(PL§ , by (B14) we

have —a < —ay, it follows that

PP e
MPE Jen(0)] ~ SXPUe —an)), = = oo

Then, we have

B(le(0)],t) < Br(lec(0)], ),

for all

t>t" = max{ 1 ln( X(P)%(PL) le(0)
A(P)A

a — ay,
This establishes item 3).
Item 4) follows from ([B.13)), (BIT) and (BI8]). [

Remark 3.1.4 Note that Lemma [31.2 is a special case of Lemma with

matrices P =1 and Py, = 1.

Note that the boundedness property in item 2) of Proposition B.I.2land that in
item 3) of Proposition B.I.3]guarantee that the rate of convergence of the proposed
observer is faster or equal than that of the nominal observer. In particular, without
measurement noise, the estimation error of the proposed observer will get closer
to zero than the nominal observer. On the other hand, the boundedness property
in item 3) of Proposition and that in item 4) of Proposition guarantee
a robustness property, namely, that, with zero initial estimation error and under

the effect of measurement noise for the proposed observer, the upper bound of
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the estimation error for proposed observer is smaller or equal than that of the

nominal observer.

Lemmas [3.1.21 to [3.1.3 establish boundedness properties from noise m to error
e for the proposed observer. A property from m to the estimation error € is

established next.

Theorem 3.1.5 For the plant (IL1l) with the Luenberger observer (L3)) and the
coupled pair of observers [Bl), suppose the measurement noise m is bounded.
If there exist matrices Ky, K1, K2, Ko, Koo such that B.3)-BI) or BI2)-
BI5), then there exists a class-KCL function B and a class-Ko function 5 such
that the estimation error € resulting from the coupled pair of observers satisfies
the following:

a) le(t)] < B(le(0)],1) +7(Imle) vt > 0,

b) Given nonzero e(0) and er(0), It* > 0 such that

Ble(0)]t) < Brller(0)]. ) vt >t

c) 7(s) < vL(s), for all s # 0, s € Rxy.

Proof Recalling that 2(t) = 1(e1(t) + e2(t)) for all ¢ > 0, then, by using 2uv <

u? +v? for u,v € R,

S5

_ 2
[e(®)] < <-le(t)].

Under assumptions (33) to ([B.8]), by inequality (BI0),



For every s € R and t € R, define

B(s,t) = gg(ﬁ) exp(a(A)t)s, 7(s) = g m'([}')'s, (3.19)

it follows that item 1) holds.
Considering that the performance of interest is characterized by class-ICL
functions B and g, under condition (3.7), item 2) is equivalent to showing that

there exists t* satisfying

B(le(0)],*) = Br(ler(0), £).

Then, using (3.4) and (3.19), we obtain the condition

gﬁ@ exp(a(A)t) e(0)] = r(Ar) exp(a(AL)t")]es(0)].

For |e(0)| # 0 and |ey,(0)] # 0, since by @) we have a(A) < a(AyL), it follows

that
) = VI e(o(A) o)),
which leads to
S S, <Q (A)e(0)] )
a(Ap) —a(A) \ 2 K(AL)les(0)

> o= 1 (@ K(A)le(0)] ) }
Then, for all t > ¢ max {a(AL)—a(A) In (5 rAlen 1) 0¢,

B(le0)],t) < Br(lec(0)],1).
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This establishes item 2).

Item 3) follows from ([B.4]), (B.8) and (B.19I).
In a similar way, the properties established above hold when (BI2)-(BI5)

holds. In fact, by inequality (B.16),

IRV N BONS! A(P)|K|
le(t)| < 5 3P le(0)] exp(—at) + W|m|m Vit > 0.

For every s € R and t € R, define

B(s,t) = gw / 282; exp(—at)s, 7J(s) = %S, (3.20)

it follows that item 1) holds.

Similarly, with the proof for item 2) above, t* under assumption ([B.I4]) can be

verified as

a — ay,

t* = max{ ! In < X(P>%(PL) \/5‘6(0)‘> 5 0} y
A(P)X

this establishes item 2).
Item 3) can be verified by using (34), (B15) and (B20). [ |

3.2 Design of coupled pair of observers

The design of the proposed observer can be described as an optimization prob-
lem, particularly, under the constraints of pole placement and of minimizing the
H, gain of the transfer function from noise m to the output € of the system (31I).

To formulate such an optimization problem following [76], the error dynamics for
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B can be rewritten as

¢ = A.e + Bou,
Ye = Cee -+ Dem’ (321)
Zoo = Ut

where

A0 H 0
Ae - > Be = I2n><2na Ce - - s
0 A 0 H
T 1
D, = [ [pxp [po ] ?COO - 5 |: Lnxn  Inxn ]

and the “input” w is assigned via v = M,y. with

K1 Kip
M, =
Ky Koy
Moreover, z,, denotes the estimation error of the proposed observer, i.e., z,, = €.

In frequency domain, the transfer function from m to z., for ([B:2I]) can be written

as

1

Tmzoo (8) = Ccl(S[ - Acl)_ Bcl + Dcl; (322)

where Acl: Ae + MuCe, Bcl = MuDe, Ccl = Cooa Dcl =0.
Within this setting, the optimization problem for the proposed observer are

formulated in the following two subsections.
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3.2.1 Rate of convergence as an inequality constraint

To guarantee a rate of convergence requirement, we are interested in placing
the poles in a particular region such as that one achieved by a Luenberger observer,
i.e., all poles locates at left of vertical line —o* in the complex plane. Following
[77], the system (B2I]) has all poles located at left of —o* in the complex plane if

and only if there exists a symmetric positive definite matrix Pp such that

AL Py + PpAg + 20" Pp < 0. (3.23)

It is worth to note that, for system (B2II), the above inequality constraint is
nonlinear because of the appearance of the cross term PpM,. The following

theorem provides an equivalent linear formulation and a sufficient condition for
B.23).
Proposition 3.2.1 The inequality [B.23)) is satisfied if

a) and only if there exist Pp and M, such that

AlPp+ PpA.+ C/ M) + M,C. + 20*Pp <0,

Pp =P} >0,

i which case M, = PglMp.
b) there exists hy, hy € R such that the following hold:

b]) hl + hg 2 O'*,'
b.2) Pi= P >0, for each i € {1,2}

2hy Py —(Ko H)"Py — PLK 1o H
b.4) < 0.
—(K12H) P, — P,KyyH 2hsP
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Proof Considering (3.23)), and letting M,, = PpM,,, then use the definition of A,

inequality ([B.23]) can be written as
Al Pp+ PpA.+ C/ M) + M,C. +20*Pp <0,

with Pp = P} > 0. This proves item a).
Now assuming b.1)-b.3) with hy, hy € R, note that the inequalities in b.3)

could be rewritten as

Ql 0 2h1P1 0
+
0 Q- 0 2hy Py

<0, (3.24)

with Q; = (A—K;C)" P+ Pi(A—Ky) for each i € {1,2}. Since inequalities (3.24)
and b.4) are symmetric, by definition of negativeness of symmetric matrices, it is

indicated that

Q1 S n 2(h1 + hg)Pl 0
ST Q@ 0 2(h1 + ho) Py

<0, (3.25)

with S = —(LyH)" P, — PyL1H. Since hy + hy > o*, ([3.23)) is satisfied with
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3.2.2 Bound of H, gain as an inequality constraint

We are interested in minimizing the bound of the transfer function 7,,,.__, i.e.,
find the minimum ~ > 0 such that |T},..(jw)| < v for all w € R. H The following

result follows from [76].

Lemma 3.2.2 For the system ([B.22) defined by (A, B, Ce, Do), the following

statements are equivalent.

a) The system is stable and the Hy, gain of the system is less than v for some

v >0, de, || T lloo <7,
b) There exists Py = Py, > 0 such that
ALPy + PyAy PyB, C)

B} Py —~I DI | <O, (3.26)
Ccl Dcl _7]

Remark 3.2.3 The condition in item b) is the so-called Bounded Real Lemma
condition; see, e.g., [79, [80)].

Proof To show the sufficiency of item b) to item a), define the Lyapunov function
V(e) = e Pe, where matrix P = P > 0. Then the following is a sufficient

condition for item a):

<vv(€)7 €> < _ZooTZoo + ”yzme. (327)

?Such a bound guarantees that [, |20 (£)[2dt < 72 [~ |m(t)|?dt, and 7 is the L5 gain, where
m € Lo, the so-called Hy gain [78]. Lemma B.22lshows equivalent conditions for this.
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To see this, simply integrate above equation from 0 to 7" with the assumption

e(0) = 0. Then

T

T
V(e(T)) +/ Zoo | Zoo — 72/ m mdt <0 VT > 0.
L L

Considering the case V(e(T')) > 0 by definition, it is implied that

T T
/ Zoo 2o < 72/ mTm dt.
L L

Therefore, the H,, gain of the closed loop system is less than 7. Under the real-
ization (Ay, Be, Cq, D) of the transfer function 7, , (B27) can be evaluated

as

e (AP +PA,+CLCye+ e (PBy+ ClDy)m

+m"(ByP+ D}Cy)e+m" (—y*I + D} Dg)m < 0.
Let vector ¢ = [ m']T, the above inequality can be rewritten as

A;;P + PA, + Cc—ll—Ccl PB., + Cc—ll—Dcl

T ¢ <0.
BJP+ D/}Cy, —~2I + D} D,

This inequality is true if

ALP+ PA,+ClC, PBy+ClDy

BlP+ D}C, —v2I + D} D
It can be written as

ALP+ PA, PBy C)

+ [Ccl Dcl] <0.

BlP —2I D},
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Furthermore, letting Py = %P, then,

ALPy+ PyAa PuBa| 1 |C]
+ — |:Ccl Dcl:| <0.
Bl Py —~1 7 |DT

cl

By Schur complement, it is equivalent to

AL Py + PyAy PyB, C)
B Py —~I D} < 0. (3.28)
Ccl Dc[ —’y[

Moreover, [3.28) implies A, Py + Py Ay < 0 with Py = P, > 0. Therefore, (3.28)
indicates stability of closed-loop system. This proves the sufficiency.

The proof of necessity can be found in [76] and [81]. [ |

3.2.3 Minimization of the H,, norm under a rate of con-

vergence constraint
Using the formulations in terms of inequality constraints and LMIs in Sec-

tion 321l and Section B.2.2] we formulate optimization problems to minimize the

H,, norm from m to € under constraints imposing an specific rate of convergence.

Theorem 3.2.4 Given o* > 0, the poles of system ([B.21)) are located in the region
D ={seC: Re(s) <—0*}, and the Hy, gain is less or equal than v if and only

if there exist M,, Pp, and Py such that the following optimization problem is
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feasible:

min y
s.t.: A;PD + PDAcl + QU*PD S O,
AL Py + PyAy PyBg C)

Bl Py I 0 <0,

(3.29)

Ocl 0 —’}/I

Py =Py >0, Ppb=P)} >0.

Note that the optimization problem (3.29)) is not jointly convex over the vari-
ables (Pp, Py, M,). Moreover, it is nonlinear because of the existence of cross
terms Py M, and PpM,,. In order to remove the nonlinearities and make the two
constraints jointly convex, following [76], we reformulate the problem by seeking

common solutions of Pp and Pp, and changing variables to M, := PM,,.

Theorem 3.2.5 Given o* > 0, the poles of system [B21I) are located in region
D ={s e C: Re(s) < —0c*}, and the Hy, gain is less or equal than ~ if there

exists M, and P such that the following optimization problem (LMI) is feasible.

min -y

st.: AP+ PA.+CI M) + M,C, +20*P <0,
ATP + PA, +CI M, + M C, M,D, C},
DIM] I 0 | <0,
Cu 0 —~1

P=PrP">0.

Proof Note that the inequalities in (329) can be linearized by letting Pp =
Py = P and M, = PpM,. Then, the proof follows from Theorem [B.2.4] and
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Proposition B2.1] [ |

Remark 3.2.6 The resulting observer gain matriz from Theorem is given
by M, = P~'M,. By making the optimization problem linear and convex, a global
optimizer is guaranteed. However, asking for Py = Pp may eliminate a better

feasible solution to the original optimization in (3.29)).

The following result assures that the performance and robustness of the pro-

posed observer are no worse than those of a Luenberger observer.

Theorem 3.2.7 Given o* > 0, the poles of error dynamics (L4) of the Luen-
berger observer ([L3l) for the plant ([L1l) are located in the region D = {s € C :
Re(s) < —o*}, and the Hy, gain from m to ey is less or equal than v* > 0 if and
only if there exist Ky, Xp and Xy such that the following optimization problem

is feasible:

min y*
s.t.: EIXD + XDAVL + QU*XD S 0,
AT Xy + XpyA, XuK, I
LA+ XA XgKp (3.30)
K] Xy I 0 <0,
I 0 —~*I

Xy=X5>0, Xp=X,>0.
Moreover, if such K;, Xp and Xy exist, then the optimization problem in The-

orem on Pp, Py and M, is feasible, and its solution vy has the property

v <

For simplicity, we do not linearize (32) but that is possible following the approach
in Theorem [3.2.5]
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Proof The proof for the first part of v* follows from the proof of ([3.23) in [77]
and Lemma [3.2.2] For the second part on +*, first we show that the optimization
problem on Pp, Py and M, is feasible. Let K11 = Ky = K and K15 = K91 = 0,
then

K;p 0

M, = (3.31)

0 K
is a feasible solution to (B.29) with v = ~*. Since this is a particular solution, the
optimal « from (B:29) has the property that v < ~*. [

3.3 Summary

In this chapter, we show that the idea illustrated in Section can be gen-
eralized for the linear time-invariant plant (LI]). Note that the idea discussed in
this chapter can be thought in two ways. One can define a single observer with
two coupled internal sub-observers. Another way is that there are two distributed
agents/sensors, each takes its own measurements and they can share information
with others via communication, the interconnection between them can be mod-
eled as a coupled pair of observers. The advantage of such structure is evident
from simulation results when comparing Luenberger observers. In Chapter [
we will generalize idea further by coupling N observers and modeling the overall
system by using directed graphs, and provide sufficient conditions to guarantee

performance and robustness simultaneously.
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Chapter 4

Finite-time Convergent Observer

When faster rate of convergence is a prioritized design specification, a finite-
time convergent observer can be employed. In this chapter, a robust finite-time
hybrid observer is studied. It consists of two coupled observers, each observer
evolves continuously and individually. In addition, when a timer expires period-
ically, a communication between them is triggered and they both make updates
to their local estimates simultaneously. It will be shown that the proposed ob-
server is robust to generic small perturbations and resilient to piece-wise constant

measurement noises.

4.1 Nominal Finite-time Convergence

For a linear time-invariant system defined in ([LT]), consider the finite-time

convergent observer proposed in [27] without noise (m = 0, y = Hz), which is
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observer 1

Y

plant

T = Ax Yy

y=Hzx

observer 2 1

Figure 4.1: Block diagram of the finite-time convergent observers.

defined asH for each i € {1, 2},

Ti(t) = Az (t) — Li(Hi;(t) — y(t)) YVt £ ko ke {1,2,3,...},

N (4.1)
£) = Kii(k)ar(t) + Koa(k)ia(t) YVt =ko ke {1,2,3,...},

where z; € R"; 6 > 0; F; =A— L;H, and L; € R"*P;
Ko,(1) = (I — exp(Fy6) exp(—F16)) "

and Ky,;(1) = I — Ky;(1); Ky11(k) = I,Ky1(k) = 0 for each k € {2,3,4,...};
Kio(k) = 0, Koo(k) = I for each k € {2,3,4,...}; see [27, 28] for more details.
The parameter ¢ defines the time that e; (§) = 0 fori € {1,2}, where the ¢;’s define
the estimation error, i.e., ¢; := &; — . Based on [27| 28], finite-time convergence
occurs (at t = §) when & (0) = #,(0) if Ky ,;(1) and K,;(1) are well defined, which
is guaranteed when parameters Ly, Lo, and ¢ are chosen to satisfy the following

conditions:

L35 (t) := limyp 4 24(¢) for all i € {1,2}, where t € [0,00) is a time instant at which a jump
occurs. At times we write £7.
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Assumption 4.1.1

The parameters Ly, Ly € R"™P and 6 > 0 are such that
Al. F; is Hurwitz for each i € {1,2}.

A2. The matriz I — exp(Fy0) exp(—F10) is invertible.

A block diagram of this observer is shown in Figure [Z.Jl However, such structure
subjects to the tradeoff between rate of convergence and robustness to measure-
ment noise, as shown in Figure [4.2(a)l In particular, (£1]) is used for the scalar
plant & = ax, y = x+m. For constant noise m, the z-axis of the plot denotes the
time when the estimate is reset and the y-axis denotes the corresponding error
after the reset; in particular, it shows |e]| at t = §. Note that e; = e;. It can be
seen that the sooner the observer jumps (4 small), the larger the effect of measure-
ment noise after the reset would be. This trend can be justified analytically by
studying (4.1]) with measurement noise. Because of the presence of noise, at the
reset time 0, the estimate 2, 5 initialized at Z;(0) = #5(0) will not be mapped

to . Instead, the error after the jump is given by, for each i € {1, 2}

el (0) = exp(agd) — exp(ad)

X (é—ll exp(azd) (exp(ad) — 1) —é—j exp(ai0)(exp(azd) — 1)) ,

(4.2)

where a; = a— L; and m is considered constant for the time being. The evaluation
of ([A2) leads to the plot in Figure [1.2(a)]

Figure illustrates the said tradeoff by comparing a trajectory of (Tl
with the one of the Luenberger observer in (L6l with gain kg = 0.02. The red
dash line denotes the evolution of the scalar plant, the black solid line denotes the
trajectory of the Luenberger observer, while the blue dash-dot line denotes the

estimation from observer (41]), namely, #; (Z3 has similar behavior) with § = 2.
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(a) Tradeoff between the rate of convergence
and the effect of measurement noise (con-
stant) for a scalar plant.

2.5F

(b) Performance of the finite-time conver-
gent observer compared to a Luenberger ob-
server with z(0) = 0.

Figure 4.2: Effect of noise m on the finite-time convergent observer in (A1l with
m =0.2, a=—-0.05, L1 = 0.01 and L, = 0.02.

Due to the jump, the estimation from observer (L1]) approaches zero much faster

than that of the Luenberger observer.

The effect of measurement noise pointed out above is generic. In fact, for a

general bounded (measurable) noise signal ¢t — m(t), e;

F(8) can be upper bounded

7

by €7 (0) = ey (§) < T'(d), where the function § — T'() is defined as

exp (62(5) |L1‘

exp (625) — exXp (615) |61|

r() =

t€[0,6

sup |m(t)| +

]

95

| Lo
exp (ad) — exp (a10) | |as]

exp (a10)

te[0,0]

sup |m(t)].



Without loss of generality, let Ly > L; > 0. Then, it follows that

| Ly

— Mo

|ay |
|L2|‘
|as|

exp (az0)
exp (a20) — exp (a19)
exp (a10)
exp (a20) — exp (a19)
exp (az0)
exp (a20) — exp (a19)
exp (a10)
exp (a20) — exp (a1d)|’

lim I'(§) = lim

6—0t 6—0t

B

+ lim

6—0t

_

s
—0t

|au]

|Lo|
—|m| lim
|as| 50+

exp (_(L2 — L1)5> ‘

exXp (—(Lg — Ll)é) —1
1

exp (—(Lg — Ll)é) —1 ’

_l_

Ly .
= ~—|m ) hm
|a | 50+

| Lo

|as| 50+

Similarly, it can be shown that

exp (—(Ly — L1)0)

L
lim I'(0) = — li
Jun O = il eXp(—(L2—L1)5)—1‘
| Lo| , 1
+ = |M|xo lim )
|a2|| | 0—+00 exp( (L2 —Ll)(;) —1
[

Moreover, it can be evaluated that for all 6 > 0

dF( 5) = |L1|| B (Ly — Ly)exp (az0) exp (a19)
do |a | (exp (a10) — exp (a20))?
| Lo| im) (Ly — Ly) exp (a20) exp (a19)
G| T (exp (@160) — exp (a20))?

_(@ M) |, x (2= L) exp @d)exp @d) _

‘61‘ |62| (exp (615) — exXp (625))2

Therefore, the function I' is strictly decreasing. The upper bound (though it is

conservative) implies the same tradeoff between the error after reset and the reset
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time.
For the rest of the chapter, we show a way to preserve partial finite-time

convergence when measurement noise is piece-wise constant.

4.2 Robust finite-time convergent hybrid observer

This section presents our hybrid observer and its main properties. Motivated
by the fact that the estimate of (.1l) is not able to converge in finite time under
any nonzero noise, we propose a finite-time convergent hybrid observer for the
plant in (LI]) with piecewise-constant noise. Before that, a simpler case where
the noise is constant is discussed to illustrate the idea, the associated observer H..
has state

Cc - (j17i2>€1>€27ma77 Q) € Xc =R" x [Oaé] X {07 1}7
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where r=2n+(2n+1)p. Its flow map and jump map are

Ai’l — Ll(Hi’l — y) — Ll’ﬁ’L
Ali'g - L2(H{i’2 - y) - Lgm
diag, (A — LiH)& + Ly

feCery)= | diag,(A — LoH)& + Ly : (4.3)
0
l—q
0

gc(CCv y) =

where, for all i € {1, 2}H,

P
R(Z1,29) = K1y + Koy, L;= ZI]:—Livku

k=1

p p
T(&1,&) = K1 Y Tl + K2 Y Ty,
k=1 k=1

Whel"GH 7, € R™" contains p sub-matrices of dimension n x n , and the only
nonzero sub-matrix among them is an identity I, at the k-th entry. The flow set

is defined by C, := X, and the jump set is given by D, := {(. € X, : 7 = d,q = 0}.

2For simplicity, the arguments in 7" and R are dropped in {@3)), and (4.
3L; is a vector generated by the columns of the matrix L. Y 7_; Tr&1v) pulls each k-th
“piece” of &; and put it in the k-th column of the resulting matrix, where & € R"P.

58



The gains K, and K, are given by K| = [ — Ky, Ky = (I —exp(Fy0) exp(—F1d)) L.

These definitions of C,. and D, ensure that H. jumps only once.

Theorem 4.2.1 For the interconnectioﬂ between H. and the plant (L) with
state z. = (x,(.), assume the noise m is constant. Moreover, suppose Assump-
tion [{.1.1) holds and that HT (&(0,0),£2(0,0)) — I is nonsingular. Then, for any
initial condition z.(0,0) € S. == {z. € R" x X, : &1 = 19, = & = 0,7 =
0,q = 0}, the states &1 and &y converge to x in finite time 6 and one jump, i.e.,

T1(t,g) = 2a2(t, ) = (t, j) for all (t,5) € {(t,j) € dom z. : £ > 4,j > 1}.

Note that the invertibility of HT'(£1(0,0),&2(0,0)) — I can be checked offline
since the &; trajectories have analytical expressions.
Proof For initial condition z.(0,0) € S, and each (¢, j) € dom =z, it follows from

the definition of flow map that for 0 <t <9, 7 =0,
t
ei(t,0) = exp((A — L;H)t)e;(0,0) + / exp((A — L;H)(t — 7)) L;i(m — m)dr,
0

and &(t,0) = [} diag,(exp((A — L;H)(t — 7)))Lidr. Using the definitions of &,

and K, and the fact that z; = e; + 2 and m and m are constant over [0 J], we get

R(5,0) = 2(6,0)+ 3" K, /0 exp((A — LiH)(t — 7)) Lidr(m — i),
)

T(8,0) = Z K, / exp((A — L;H)(6 — 7)) Lidr,

4The hybrid observer H. interconnected with the plant (III) defines a hybrid system H =
(C, f,D,g) with state z. = (2,(.),C = R" x C¢, f(z2.) = (Az, f.({,y)), D = R" x D, and
9(2zc) = (2, 9c(Ce))-
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where we denote R(Z1(0,0),22(0,0)) and T'(£(6,0),&2(9,0)) by R(6,0) and T'(6,0)

respectively. Then, at the jump which occurs when 7 = ¢, we have

m(6,1) =m(6,0) + (HT(5,0) — I)"H(HR(5,0) — (y(6,0) —1m(6,0)))

=m(4,0).

which implies that #1(5,1) = Z2(0,1) = x(4,0) + R(6,0) — T(6,0)(m(6,0) —
m(0,0)) = x(0,0). and since z(d,1) = x(0,0), we have finite time convergence
of e;’s to zero. [ |

The proposed observer, denoted H, and with data (C,, f,, D,, g,), has state
Co = (21,89,81,&2,m,7) € X, := R" x R" x R™ x R"™ x RP x [0, ] and input
y € RP. The first five components of the flow map f, coincide with those of f,.

and the sixth is equal to one. The first five components of jump map g, is equal

to the first five components of g., and the sixth is equal to zero. The flow map
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and jump map are given by

Ali'l - Ll(HZi'l - y) - le
Ali'g - L2(H{i’2 - y) - Lgm
diag, (F})& + Ly
fo(Cory)= ) g ~ ) (4.5a)
diag,(F3)&2 + Lo

0

1

>

- R(21,22) — T'(&1, &)Y (&1, &) (HR(2y, 22) — (y — m))
R(Z1,22) — T(&1, &2)0 (61, &) (HR(21, 22) — (y — m))

0
go(<o>y): 0 R (45b)

m A+ (&, &) (HR(2y, 22) — (y —m))
0

respectively, where, for each i € {1, 2},
. p
Li= ZII:—LiUk, R(#y,49) = K1y + K2y, F;=A— L;H,
k=1

p p
(&1, 6) = (HT(&1,6) — )7, T(6,&) = K4 szflvl;r + Ko szfwz;r,
k=1 k=1
Ki=1—Ks, Ks=(I—exp(F:d)exp(—Fid))"
with Z, € R™" defined by p matrices of dimension n x n in a row, of which the
only nonzero sub-matrix among them is the identity matrix I,,., located at the

k-th entry, e.g.,

Ik = [Onxn Onxn ce 0n><n Inxn Onxn]
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for K = p — 1. The flow set is defined by C, := X, and the jump set is given by
D, :={(, € X, : 7 = 0}. These definitions of C, and D, ensure that (possibly
after the first jump) the system jumps periodically.

The hybrid observer H, interconnected with the plant (IT) defines a hybrid
system H = (C, f, D, g) with state z = (z,(,), input m, C = R" x C,, f(z,m) =
(Az, fo(Coyy)), D =R"x D, and g(z,m) = (x, go({,,y)). For this interconnection,

we have the following nominal property.

Theorem 4.2.2 For the interconnection between H, and the plant (I1) with z :=
(x,¢,), suppose Assumption [{.1.1] holds and the measurement noise m is zero.

Moreover, suppose HY - K; fO(S exp(F;T) Lidr — I is nonsingular. Let
A:{ZeRnXXOZI:i’lzi’g}.

Then, each solution to the interconnection from z(0,0) € S = {z € R" x A, :

T1 =139, =& =0,7=0,m =0} satisfies

(Q)

2’LU2

20t )|a < 205) Z—j|z<o,o>|,4exp( t) V(tj)edom=  (46)

with p(0) = 1 and p(j) = 0 for each j € N\ {0}, w1 = min{a(F),a(R,)},
wy = max{a(P),a(P)}, for any P, = P' >0, P, =P, >0 such that

He(Fl,Pl) 0
Q= <0. (4.7)
0 He(Fg,Pg)

Proof To show the KL-like bound in (4.6]), consider a Lyapunov candidate

(z — ;)" P — &),

=

Ny

!
gl
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where, for each i € {1,2}, P, € R™" is a symmetric positive definite matrix.

Then, it satisfies the property

w1|z|?4 <V(z) < w2|z|?4 Ve CuUuDUg(D),

where w; = min{a(P,), a(P,)} and wy = max{a(P;), a@(FPs)}.

For each z € C' and m = 0:

(VV(2), f(2)) = | (z—2)T (z—2)7 | €@ ,

with @ defined in (A.1).
The time derivative of the Lyapunov function is negative definite since by [AT]

in Assumption [Tl the matrix @ is negative definite. Then, we have

(VV(2), f(2)) <@(Q)|z/4 ¥z € C and i = 0. (4.8)

Now, consider the change of V' at jumps. For each maximal solution z to the
interconnection from z(0,0) € S, and each (¢,j) € dom z such that (t,j7 + 1) €

dom z, by using the definitions of K; and K5, we obtain that

V(g(=(t,))) = V(2(t,§)) = =V (2(t, ) < —wilz(t, )% (4.9)

and that g(z(¢t,j + 1)) € S. Then, by direct integration and using bounds (4.8
and ({3), for any solution of the system initialized at z(0,0) € S, we have ([L0).
|

Remark 4.2.3 The explicit KL bound in (LG provides a useful estimate on the

overshoot during transient. Moreover, the interconnection between H, and the
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plant (L)) is such that every mazimal solution is complete and the invertibility
property ofHZ?:l K; f05 exp(F;7)L;dT — I can be checked offlind. Furthermore,
when z(0,0) is not restricted to S, i.e., 2(0,0) € R" x &, the bound in (L0) can
be extended to capture the transient due to initial conditions not in S, in which

case, to avoid singularity, one could replace ¢ by

(HT(&1,&) —1)7! if |det(HT (&,&) = I)| > M
V(€1,6) =14 0 if |[det(HT(&1,6) —I)| < M (4.10)
{0,(HT(§1,&) — )7} if [det(HT (&1, 6) — )| = M

for each &,& € R™, where M > 0 is a small parameter such that
5 —_
> M.

0

2
det (H > K / exp(Fyr)Lidr — 1)
=1

Then, the following result can be verified for the nominal case and will be

used for proving the main convergence property.

Lemma 4.2.4 For the interconnection between H, and the plant (1)), assume
the noise m : [0,T) — RP is constant where T € (0,00]. Moreover, suppose
Assumption[{.1.1 holds and H Zle K; f05 exp(F;7)L;dT — I is nonsingular. Then,
for any initial condition z(0,0) € S* with S* = {2z e R"x X, : & =& = 0,7 = 0},
the states &1 and Ty converge to x within finite time 0, i.e., &1(t,7) = Z2(t,5) =

x(t,g) for all (t,5) € {(t,j) €edom z:t € [6,T),5 > 1}.

°For a scalar plant (H = 1), H 2521 K; f06 exp(F;7)L;dr—1I reduces to 1 (1_6)1(;(?(%?_622)5)) +

1—exp(F29) : _ L _ L _ 1—exp(f16)
Vg—l_exp((zlfh)é) — 1 with v; = —% and v, = —3. Let (00) = n (l—exp(—(lel—Lg)ls)) +
1/2—1701);6(’((2(1}122)6) — 1 for § € R>¢. Then, it can be shown that lims_oX(J) = 0 and

lims_yoo X(0) = vo — 1 where 0 < v < 1 for @ < 0 and Ly > 0. Moreover, ¥ : R>g — R
is continuous and monotonically decreasing. Therefore, 3(4) is invertible for any ¢ > 0.
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Proof From the initial condition 2z(0,0) € S*, by definition of the flow map, we

have for
ei(t,0) = exp(Fit)e; (6, 0) +/0 exp(F5(t — 7)) Li(m —m)dr V(. j) € [0,6] x {0},

and &;(t,0) = f(f diag,(exp((A — L;H)(t — 7)))Lidr. When ¢ = 6 and j = 1, using
the definitions of K; and K5, and the fact that z; = e¢; + x and m and m are

constant over [0,4], we get
m(0,1) = 1m(6,0) + (HT(6,0) — 1) ' (HR(6,0) — (y(5,0) — 1(6,0))) = m(5,0).

which implies that #1(d,1) = Z2(0,1) = z(,1). Since x(d,1) = x(9,0), we have
finite time convergence of e;’s to zero.

The following result establishes the main convergence property induced by
‘H, when piecewise-constant measurement noise is present. In the following, for
a given a set B C R™, the indicator function yp : R® — {0,1} is defined as

xg(z) :=0if x ¢ B, and xp(z) :=1if z € B.

Theorem 4.2.5 For the interconnection between the observer H, and the plant
() with z = (x,(,), assume the measurement noise m is a piecewise-constant

function defined as
m(t) =Y Gxp(t)  Vte0 00) (4.11)
k

where, for integers k > 1, ¢, € RP, By, := [Jk_l,gk) with 0 < dj_, < Jk, d finite
or infinite, and UP By, = [0,00). Moreover, suppose Assumption [{.1.1] holds, 0 <
0 < %minke{mw}{cﬁ —Jk_l}, and HZ?:I K; f06 exp(F;7)LiydT — I is nonsingular.
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Then, each solution z to the interconnection with z(0,0) € S* == {z e R" x &, :
& =& = 0,7 = 0}, is such that, for each I; x {j} with j > 1, there exists
E C (I; U Lj41) with nonempty interior such that ;(t,j) = x(t, ) for each t € E
and each i € {1,2}.

Proof Consider the first two intervals Iy, I; of a solution z to the interconnection
from z(0,0) € S*. Under the assumption that 0 < § < %minke{mw}{gk — élvk_l},
the measurement noise m is constant for all ¢ € [y U I; (Note we can rewrite
m in (LI as a function on dom z; see [82]). Applying the jump map (45D,
we obtain #1(0,1) = 22(0,1) after the first jump. Recall that the measurement
noise m is constant for each ¢t € I;. Applying Lemma [£.2.4] it follows that there
exists a nonempty sub-interval of Iy such that @4 (¢,7) = Z2(t,7) = x(¢,7) for all ¢
belonging to that sub-interval. For any two general consecutive intervals I; U ;44

for 5 > 2,

o if 1(j0,7) = 22(jo,j) = x(jd, j), and the noise m does not change at t = j9,
then, using the assumption that 0 < § < %minke{l,zm}{gk — Jk_l}, there
exists a nonempty sub-interval of /; such that m is constant on this interval,

and z1(t,7) = @o(t, 7) = z(t, j) for all ¢ in that sub-interval;

o if 71(jd,j) = 22(jd,j) = x(jd,j), and the noise m changes at t = jo, it
will keep constant for ¢t € I; U I;;4, then it follows from an application of

Lemma [L.22.4] as above that (¢, ) = Z2(t, j) = x(t, ) for all t € I;4;

o if 71(j0,j) = ©2(j6,j) # x(jo,j), it is implied that the noise m changed
once in /;_; and it will keep constant for ¢ € I;. Therefore, there exists a
nonempty sub-interval of 1,1 such that (¢, j+1) = Z2(¢, j+1) = x(¢, j+1)

for all ¢ belongs to that sub-interval.

The claim holds by combining the arguments above. [ |
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The existence of the interval f] for each 5 > 1 guaranteed by Theorem [£.2.5]
implies that whenever the noise changes, the proposed observer estimates the new

value of the piecewise-constant noise in finite time (within 30).

Remark 4.2.6 A special case of Theorem[{.2.5, which follows from Lemmal[{.2.,
18 that, if the measurement noise m is constant and H Z?:l K; f05 exp(F;7)Lidr—1
is nonsingular, then, for each initial condition z(0,0) € S* for the interconnection

between the observer H, and the plant (1), &1 and &9 converge to x within 26.

To analyze the robustness property to generic measurement noise m of the in-
terconnection between the observer H, and the plant ([I.T]), given m and m with
dom m = dom r, define [m — ;) = supeisg [m(s, ) — m(jé, j)|, for each
(t,7) € dom m (since m does not change over flows, m(s,j) = m(jo,j)) for each

s € [76,t] and |m — |, = 0 for each (,7) ¢ dom m.

Theorem 4.2.7 For the interconnection between the observer H, and the plant
(CI) with z = (z,(,) and an admissible measurement noise m, suppose a(Fy) <
a(Fy) and@(Fy) < 0. Furthermore, suppose Fy and Fy are dissipative and fi( Fy) <
w(Fy), and

1 ) )
HY K /0 exp(Fyr) Lydr — 1
=1

is nonsingular. Then, each solution z to the interconnection from z(0,0) € S** :=
{zeR"X X, 21 =39 =0,& =& = 0,7 = 0} satisfies, for each i € {1,2} and

for all (t,7) € dom z,

lei(t, 7)< p(j) exp(f(Fi)t)]e: (0, 0)]|
+((1—=p(4))cexp(f(F;)(t—70)) +d;)| max{|m—1m|gs -1y, [m—1|w},
(4.12)
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where e; = &; —x, p(j) =1 if j =0 and p(j) = 0 for each j € N\ {0}, d;, = \ﬁ|(LI;J)|’

c=c+cea(|H|ep + 1),
2

| L]
Cl1 = KZ — s
1= 2 il

1=1

o = (HZK/ exp FT)LdT—[>_ .

Proof Consider the interval [0, d] x {0} over which no jump occurs. By solving

for the solution to the interconnection during flows, we obtain

| Li]

lei(t,0)| < exp(R(Fi)t)ei(0,0)] + T(E)]

|m—7’h|(t,0) vt € [0, 4],

where we use bounds in [75, Section 3.2]. At the first jump, when ¢ = §, recalling
the jump map defined in (E5D), we have

‘R(jl(év 0)7 i2(67 0)) - l’(é, 1)| < Cl|m - m|(570)’

which follows from the definition of Kj;, the facts that #,(0,0) = 22(0,0) and
x(6,1) = x(9,0), and straightforward bound on ¢;(d,0), and also that

|e:(0, 1)] < [R(21(6,0), £2(6,0)) — (5, 1)]
+ |T(£1(57 O)7£2(57 O))| W(&((Sa 0)752(57 O))|
X (|H[|R(£1(6,0), £2(6,0)) — (0, 1)| + [m — | (50))-

Note that

1¥(£1(6,0),&2(9,0)) HZK / exp(Fym)Lidr — I)™*
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since £1(0,0) = £(0,0) = 0 and 7(0,0) = 0. These bounds lead to |e;(d,1)] <
c|m —m(0,0)|s0). Then, it follows that for each ¢ € [9, 2],

_ A | L]
ei(t,1)] <exp((F;)(t —9))clm — m|so) + =
lei(t, 1)] (R(F)(t = 0))] l60) ()|

| Li]

< (CeXP(H(E)(t - 5)) + |ﬂ(Fz)|) max {‘m - m‘(a,o), |m B m|(t,l)} :

|m — m|(t71)

Following the same procedure for j > 1, the bound on |e;(jo, j)| at the j-th jump
is independent from the bound on |e;(t,j — 1)| for each ¢t € [(j — 1)d, jd], and is
given by |e;(j6,7)| < ¢lm — m|¢s-1). Over the flow interval [jd, (j + 1)d] x {j},

we obtain

~

. _ . ) L;
les(ts )| < expEE) (¢ — 16))elm — 1l a1y + 2 |m — 1

[ (F5)]
| Li

S (cexp(ﬂ(F,)(t - j(S)) + |ﬁ(F)|) max {|m - m|(j57j—l)a |m - m|(t,j)} :

|(t.)

Therefore, we can unify the bounds for any (¢, j) € dom e;, to obtain ([A12). N

In addition to the above results for piecewise-constant noise (Theorem [£.2.5))
and to general noise (Theorem 2.7, the fact that the interconnection between
the observer H, and the plant (ILT]) satisfies the hybrid basic conditions, as stated

next, enables us to establish a general robustness result.

Proposition 4.2.8 Suppose[Ad in Assumption[].1.1] holds and the measurement
noise is zero. Moreover, assume HY » | K; f(f exp(F;7)Lidr — I is nonsingular.
Then, the interconnection between H, and the plant satisfies the hybrid basic con-

ditions.
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Next, we consider the effect of general measurement noise and unmodeled

dynamics on the plant. In such a setting, the plant in (I.I]) becomes

T = (A4 AA)x,
(4.13)
y=(H+ AH)x + m.

The proposed observer uses A and H, namely, AA and AH are not known to the
observer. Due to this, the hybrid observer H, interconnected with the perturbed
plant (I3) defines a hybrid system H = (C, f, D, §) with state 2 = (z,(,), input

m, flow map and jump map given by

f(z,m) = f(z,m)+ (AAz, LiyAHz, LoAHz,0,0,0,0), (4.14)
g(z,m) = g(z,m)

+ (07 T(gla £2>¢(£17 52)AH‘7;7 T(glv 52)¢(£1, 52)AH‘7;7 07 07 _w(glv 52)AHxv 0)
(4.15)

The following robustness result relates, over a finite horizon, the solutions z to the
system 7:2, which includes unmodeled dynamics, to the solutions z to H, which is
the hybrid system resulting from the interconnection between H, and the plant
(LI)). Since to establish it we use tools from [73] for autonomous hybrid systems,
we assume that the measurement noise is generated by an exosystem. Let M > 0
and Q2 C RP be compact. Then, we generate the measurement noise from the

differential inclusion with constraints
m € MB m € §, (4.16)

where, with some abuse of notation, m is treated as a state vector. Every possible

solution to (AI6]) is bounded and Lipschitz continuous, but not necessarily differ-
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entiable, which allows not only for the generation of the piecewise constant noise
signals in Theorem but also much richer admissible noise signals. Below,
given a set L C R™ and 7/ > 0, R%/(K) denotes the reachable set of & = Az from
K up to t = 7/ while RS,(0) denotes the reachable set of & = diag,(F1)&1 + Ly,

&y = diag,(F2)& + L from 0 also up to t = 7.

Theorem 4.2.9 Suppose Assumption[f.1.1 holds and that H Z?Zl K; fO(S exp(F;7)Lidr—
I is nonsingular. For each compact sets K C R™ and Kz C RP, each € > 0, and

each 7 > 0 there exists ¢ > 0 such that if AA and AH satisfy

max{|AA|, |AH|} max )|x| <

S
eR?, (K p

with

p=max{l,|Li|,[La|, max {[T(&,&)0(&, &) (&, &)}
(£1,62)€RE, (0)

then the following property holds: for every solution % to H with (E(O, 0) € XeNS*

there exists a solution z to H with 2(0,0) € Xe NS* such that z and z are (177, ¢)-

close, where X = K x K x K X R"™ x R"™ x ICps, x [0, 0].

Proof To establish the (77, ¢)-close property, we apply [73, Proposition 6.34]. To
this end, note that under Assumption EI.1l Proposition implies that H
satisfies the hybrid basic conditions listed in (B1)-(B2) of Section 222l Denote by
H.,. the interconnection between the plant in (ILT]) and the noise model in (410,
in which, at jumps of H, m is mapped by the identity. This interconnection is
autonomous and satisfies [73, Assumption 6.5] (which is the version of the hybrid
basic conditions for the case of f and g being set valued). It follows from [73]

Theorem 6.30] that H., is well posed; see [73, Definition 6.27] for a definition of
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well posedness.

Now, as we show next, every maximal solution (z,m) to H., is complete, i.e.,
it is pre-forward complete [73, Definition 6.12]. First, every maximal solution m
to the exosystem (4I€]) is bounded and complete. Moreover, m enters additively
and linearly in f and g, in which the factors multiplying it are bounded. Since,
at most after the first jump, the time between jumps is equal to ¢§, solutions to
‘H from S* do not escape to infinity in finite time when the measurement noise
m is bounded. Denote by T (z) the tangent cone of C' at z. Then, for each
2(0,0) € C'\ D and m(0,0) € Q,

TC(Z(Ov 0)) N f(Z(O, O)v m(ov 0)) 7£ @

and g(D, m) C C for each m € Q. Combining the above arguments it follows that
only item (a) in [73], Proposition 6.10] holds, which, in turn, implies that every
maximal solution to H., is complete.

Then, invoking [73, Proposition 6.34], there exists ¢ > 0 such that for every
solution 2z, from X N S* to an outer perturbation of H,, there exists a solution
Ze t0 H,, from Xe N S* such that 25 and z,, are (7/,¢)-close. Since the mismatch
between fand f in (@I4) and the mismatch between g and ¢ in (AI3]) are upper
bounded by

AA[|AH
pmax{|AALIAH]} max |z,

we have that if [AA| and |AH]| are such that

max{|AA|,[AH|} max |z <2,
xERf,(IC) p

6See [73, Definition 6.27).
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the claim follows by relating the solutions to H., to H and those to the outer

perturbation of H., to H. [ |

In simple terms, the above result establishes that the solutions resulting with
AA and AH small enough do not differ much from those without such unmod-
eled dynamics. In particular, for piecewise constant measurement noise as in
Theorem and 7" > 0, the recurrent finite time convergence property in The-

orem [.2.5] is practically preserved up to t = 7.

4.3 Simulation results

Simulations illustrating the results in Section are given next.

4.3.1 Piecewise-constant noise with unmodeled dynamics

For the plant in (1) with

0 1 1 2
-1 0 ’ 2 1 ’
and parameters § = 1,
—-1.67  3.33 —2.67  5.33
1= ) 2 = )
3.33 —1.67 5.33 —2.67

then the invertibility of H 3.7, K f(f exp(F;7)L;dT — I can be verified as

2 s
det (HZ KZ-/ exp(F,r) Lydr — 1) ~ 0.01.
i=1 0
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Moreover, L; and Lo are such that F; and F, are Hurwitz. Hence, Assump-
tion .11l holds. We perform simulations of the interconnection between the ob-
server H, and the plant with measurement noise m(t) = ¢y x g, (tHC2X B, (EHC3 X B4 (1)
with ¢ =(0.3,0.2), c2=(0.4,0.4), ¢3=(0.2,0.3), By = [0,2.5), By = [2.5,4.5), and
Bs = [4.5,00), and from initial conditions z(0,0)=(0.3,0.4), £,(0,0) =22(0,0) =

20(0,0) =0, £(0,0) = &(0,0) = 0, and m(0,0) = 0. Figures 4.3(a)| and {4.3(b)|

show the estimation errors of the proposed observer (solid) and measurement noise
with no unmodeled dynamics as well as those of Luenberger observer (dashed).
Since the initial condition is in the set S, after the jump at t = 1 the estimation
error of the proposed observer for each state component is zero. This illustrates
Theorem [4.2.20 The noise changes at ¢t = 2.5, which generates an increase of the
error immediately. But once ¢t = 4 (within 39 after the first jump), the estimation

error is again zero. This illustrates Theorem EZF, indicating that I, = [1,2.5).

Figures [4.3(c)| and [4.3(d)| show the estimation errors and measurement noise

with unmodeled dynamics

0.01 0.01
AA=AA*:= ,

0.01 0

0.002 0.015
AH=AH":=

0.011 0.003

Although the finite-time convergence property is no longer preserved, the perfor-

mance of the proposed observer is better than that of the Luenberger observer.

4.3.2 General noise with recursive jumps

Consider the same plant as defined in Section E.3.1] with the hybrid observer

H, under the general measurement noise m(t) =¢1xp, (t)+Caxp,(t)+C3xp,(t) +
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(a) Estimation error for first state component
(AA=0and AH =0).

0.5

€11
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0. ——mmly
—a—my
0. 2pacnneced
01 |
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t

(¢) Estimation error for first state component
with nonzero unmodeled dynamics (AA =
AA* and AH=AH").

€12
0.4 L €02f]
——my
0.3 A
—A—My
0. 2000000000

5 10 15 20
t

(b) Estimation error for second state compo-
nent (AA =0 and AH=0).

0.5

0.4

é lb £5 20

t
(d) Estimation error for second state com-
ponent with nonzero unmodeled dynamics

(AA=AA* and AH=AH*).

Figure 4.3: State estimates (27 = (%11, Z12)), measurement noise (m = (mq,ms))
and estimation error of the proposed observer (e; = (e11,€12) = &1 — x). (a) and
(b) show the situation without unmodeled dynamics, while (¢) and d are with
unmodeled dynamics.

0.05[sin(t) cos(t)]". Using the same gains L;, Ly, Ly = Lo, and § = 1 as in
Section [137], a simulation result is shown in Figure [£4] with initial conditions

[L’(O, 0) = (03> 04)7 12'1(0, O) = :i'2(07 O) - :i'O(Oa O) = Oa Sl(oa O) = SZ(Oa O) = 07 and

m(0,0) = 0. In Figure |4.4(a)| and [4.4(b)|, black solid lines denote the estimation

errors of the states from the proposed observer, blue dot-dashed lines denote es-

timate errors resulting from the Luenberger observer. As the figure shows, the
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proposed observer provides better estimates. This is also confirmed from Fig-

ure [4.4(c)| and [4.4(d)|, where nonzero unmodeled dynamics are considered. Esti-

mation errors of the proposed observer are closer to zero comparing to that of a

Luenberger observer.

0.5 T T T 0.5 T T T
€11 €12
0.4 €01 0.4 c €02
+m,1$x —Nfﬁll%
031 —a—my] 03] —a—my]
4 4 L

0.2

0.2 q

5 10 15 20 ) 5 10 15 20

(a) Estimation error for first state component  (b) Estimation error for second state compo-
(AA=0and AH =0). nent (AA =0 and AH=0).

0.5 T T T 0.5

5 10 15 20 o 5 10 15 20

(c) Estimation error for first state component  (d) Estimation error for second state com-
with nonzero unmodeled dynamics (AA =  ponent with nonzero unmodeled dynamics
AA* and AH = AH™). (AA=AA* and AH = AH™).

Figure 4.4: State estimates (Z; = (Z11,212)), measurement noise (m = (my, ms))

and estimation error (e; = (ej1,e12) = @1 — x). (a) and (b) show the situation
without unmodeled dynamics, while (¢) and d are with unmodeled dynamics.
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4.3.3 An application to a mass-spring system

Example 4.3.1 In this example, we consider a mechanical system which includes
two masses that are connected by two springs as shown in Figure [{.5, where M
and My are the masses, and they are considered as point masses that are located at
positions x1 and xy respectively. Moreover, the stiffness of the springs are denoted
by k1 and ko, respectively. The viscous friction coefficient between the masses and
the ground is assumed to be c. It is also assumed that the position of mass My can
be measured by a device with measurement noise m. The objective is to design an

finite-time convergent observer to estimate the position of mass Ms.

o X2

|

J\/\/\_ M, J\/\/\_ M,
QO QO

Figure 4.5: Mass-spring system

Consider the following parameters where My =1, My = 0.5, ky =1, ko = 1,

¢ =1.5. Then, the state space realizationt] of the mass-spring system is given by

T = Ax + Bu

y=Hx+m,

"See [83] [31] for more details on the modeling and derivation.

77



where v = (x1, T, &1, T2) and

- A roo - 7 1
0 0 1 0 0 1
0 O 0 1 0 0
A — , B e , H = s (417)
-2 1 =15 0 1 0
2 =2 0 =3 0 0

where u denotes the impulsive forces applied on the mass My. To focus on the
observer design, we assume that u = 0 for the rest of this example.

Now, we consider an observer with the form in (LX). Based on Theorem[].2.5,

we can design parameters as follows:

0.5 21.5
—0.3 480
6 = 27 Ll = ) L2 -
—14 145.75
2.6024 —118

Then, a simulation is shown in Figure [{.6. The initial conditions are x(0,0) =

10 10
9 9
8 8
7 7
6 6
lex|sf | 1 lex]sf [
at } at }
3t 1 3t 1
|
2t } 2t |
|
1} 1 1t w
| |
0 ‘ 0 e
0 2 4 6 8 10 0 2 4 6 8 10
t t
(a) Without measurement noise. (b) With piece-wise constant measurement
noise.

Figure 4.6: Finite-time convergent observer for a spring-mass system, where e; =
2%1 — .
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(3,4,5,6), £1(0,0) = 22(0,0) = 0, £(0,0) = £,(0,0) = 0, m(0,0) = 0, 7(0,0) = 0.
The corresponding measurement noise is given by m(t) = ¢ixp, (t)+cax, (t)+
Caxn () with & = 0.4, & = 0.2, & = 04, By = [0,2.2), By = [2.2,4.5), and
B3 = [4.5,00). A

4.4 Summary

In this chapter, a robust finite-time hybrid observer consists of two intercon-
nected sub-observers with impulsive behavior is discussed. When the measure-
ment noise is an unknown piecewise-constant signal (time-varying bias, coarsely
quantized noise, etc.), finite-time convergence is guaranteed under certain condi-
tions. Furthermore, for generic measurement noise, the estimation error satisfies
ICL-like bounds. Numerical results confirm the finite-time convergence and ro-

bustness of this observer.
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Chapter 5

Distributed Estimation with
Continuous Information

Transmission

Motivated by the need of observers that are both robust to disturbances and
guarantee fast convergence to zero of the estimation error, we propose an observer
for linear time-invariant systems with noisy output that consists of the combina-
tion of N coupled observers over a connectivity graph. At each node of the graph,
the output of these interconnected observers is defined as the average of the esti-
mates obtained using local information. The convergence rate and the robustness
to measurement noise of the proposed observer’s output are characterized in terms
of ICL bounds. Several optimization problems are formulated to design the pro-
posed observer so as to satisfy a given rate of convergence specification while
minimizing the H,, gain from noise to estimates or the size of the connectivity
graph. It is shown that that the interconnected observers relax the well-known

tradeoff between rate of convergence and noise amplification, which is a prop-
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erty attributed to the proposed innovation term that, over the graph, couples the
estimates between the individual observers. Sufficient conditions involving infor-
mation of the plant only, assuring that the estimate obtained at each node of the
graph outperforms the one obtained with a single, standard Luenberger observer

are given. The results are illustrated in several examples throughout this chapter.

5.1 Observer structure and basic properties

Consider linear time-invariant systems in the form (I.T]), the idea discussed in
Section can be generalized as follows. In particular, the general form of the
proposed observer consists of N interconnected observers with output given by the
average over a graph of the states of the individual observers Specifically, con-
sider a network of N agents defined by a graph I' = (V, £, G). For the estimation
of the plant’s state, a local state observer using information from its neighbors is
attached to each agent. More precisely, for each ¢ € V), the agent ¢ runs a local

state observer given by

&= Ak — Kl — ) — Y Kulie — yr). (5.1)
keN (i)
1
Ui = Hi%i, T=——F7 Ty, (5.2)
card(N (7)) s

where Z; denotes the state variable of the observer, z; is the local estimate of the
plant’s state x, and y; denotes the measurement of y in (LI]) taken by the i-th
agent under measurement noise m;, that is y; = Hx + m;. The information that
the i-th agent obtains from its neighbors are the values of z;’s and y;’s for each

k € N (i). The collection of local state observers in (6.11]) connected via the graph

'More general linear combinations defining Z; are possible, i.e., T; = Y ke NG) NeZTr with
N € R for all k£ and ZkGN(i) e = 1.
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I' defines the proposed interconnected observer.

To analyze the properties of interconnected observers, define for each ¢ € V,

e; := &; — x and the associated vector e := (ey,...,ey). Furthermore, define
the local estimation error e; := z; — x, the global estimation error vector e :=
(é1,...,€n), and the noise vector m := (myq,...,my). Then, it follows that

¢; = Ae; — K He; — Z KixHey, + Kym; + Z Kigmy,
keN (i) keN (i)

1 Z (5.3)
€ = ———— 7~ €ks
card(N (7)) W
which can be rewritten in the compact form
¢ = (IN®A— (K, xG)H,)e+(K,xG)m, 5.0
5.
¢ = (D ®6)(G®1In)e,
where G is the adjacency matrix, D;, is the in-degree matrix,
Kun Ky -+ Ky
K, - Koy Ky -+ Koy ’ (5.5)
Knyi Kn2 -+ Ky

G=1Iy+G, Hy= Iy ® H, and the Khatri-Rao product K, * G is such that K, is

treated as N x N block matrices with K;;’s as blocks. Define

A=Iy®A—(K,*G)H,,
B:=K,x*G, (5.6)

C:=(D;'®I,)(G® I,).
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Then, the transfer functionH from measurement noise m to error € is given by
T(s) = C(sI — A)~'B. For the purpose of designing the proposed interconnected
observer, each agent is self-connected, i.e., (i,7) € £. Therefore, we have tr(D;,) >

N.

Remark 5.1.1 The matriz Iy ® A is a block diagonal matriz with matriz A in
each of the N diagonal blocks (of dimensionn xn). The matriz K,*G defines the
gain matriz for the graph, while (D' ®1,)(G®1,) generates the estimation matriz

for each agent by averaging the local estimates obtained from its neighbors.

It can be verified that, under a detectability condition, interconnected observers
can be designed so that the origin of the error system in (6.14]) is (exponentially)

stable.

Proposition 5.1.2 For the plant (1)) with measurement noise m; = 0 for each
agent i, if the pair (H, A) is detectable, then, for any N € N, there exists a digraph
I' with adjacency matriz G and a gain K, such that the matriz A is Hurwitz and

the resulting system (614]) has its origin exponentially stable.

Proof For any N € N, consider G = Iy. Then it follows that ¢; = (A— K;; H )e; for
each i € V. Under the assumption that the pair (H, A) is detectable, immediately
we know that, for each ¢ € V), there exists K;; such that A — K;; H is Hurwitz.

Therefore, the resulting A is Hurwitz. [ |

2The transfer function T is called stable if all its poles have negative real part, the dominant
pole for a stable transfer function is the pole with largest real part, the rate of convergence of a
closed-loop system with stable transfer function is defined by the absolute value of real part of
the dominant pole.
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5.2 KL characterization of performance and ro-
bustness

In this section, the performance and robustness properties of observers are
characterized in terms of JCL bounds. More precisely, given an observer with

estimation error e, we are interested in bounds of the form

le()] < B(le(0)],1) + ¢(Iml)  VE20,

where t — e(t) is a solution to the error system, [ is a class-KCL function, and
p is a class-K, function. To establish and compare this property with that
of the interconnected observers, the next result characterizes such bounds for
the proposed observer so that it can be designed to outperform those due to a

Luenberger observers.

Proposition 5.2.1 For the plant (L)), assume the pair (H, A) is detectable. Let
N € N and a digraph T' = (V,E,G) be given. If there exists a gain K, such that

at least one of the following conditions are satisfied:
1) The matriz A is Hurwitz with distinct eigenvalues;
2) The matriz A is dissipative, i.e., for some @ >0, AT + A < —2al;
3) There exists P = P" > 0 such that He(A, P) < —2aP for some a > 0;

then, there exist a class-KCL function B : Rsg X Rsg — Rso and a class-K
function ¢ : Rsg — Rsq such that the solution € of ([GI4) from any e(0) € R™N

satisfies

[e(t)] < B(le(0)],) + ¢(lmlee) Vi € Rxo. (5.7)
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In particular, the functions B and ¢ can be chosen, for all s,t > 0, as follows: if

1) holds, then,

_ _ o niBlicl
B(s,t)=r(A)[Clexp(a(A))s, ¢($)—K(A)|Q(A)|87 (5.8)
if 2) holds, then,
_ _ IBJ¢l .
B(s,t) = [Clexp(u(A)t)s, @(s) = A (5.9)
if 3) holds, then,
B(s,t) = /cp|Clexp(=At)s, ¢(s) = cp%s, (5.10)

; — &)\min(P) — Amax(P)
with A = e () and ¢, = e (P

Proof For a Hurwitz matrix A4 with distinct eigenvalues, we have the following
properties [75]:

P2.1 |exp(At)| < k(A)exp(a(A)t), Vt > 0;

P2.2 Let ®(t) = exp(At) for all £ € Rs, then ||®]]; < £

la(A)"

Then, the solution of system (G.I4), given by
t
e(t) = exp(At)e(0) + / exp(A(t — 7))Bm(1)dr,
0
can be bounded for all t > 0 as

le(t)| < |exp(At)||e(0)H+ /Oexp(A(t—T))Bm(T)dT. (5.11)
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Let [o(1)] = ‘ S exp(A(t — 7))Bm(r)dr|, then

@@ <IB|| |exp(A(t — 7)) dT [m]o
0 (5.12)

Therefore, by using properties P2.1 and P2.2, inequality (B.I1]) can be simplified

as

B
le(t)| <k (A) exp(a(A)t)e(0)[+r(A) |a(A)\| |oo- (5.13)
Furthermore,
P B|[C]
e()] = [Ce(@)] < [Clle(t)] < w(A)|C] exp(a(A)t) |e(0)] + '{(A)|a(,4)| Moo

Pick for s, t € Ry,

B(s,t) = w(A)|Clexp(a(A)t)s, ¢(s) = r(A)

It follows that (5.7) holds.
When A is dissipative such that A" + A < —2al for some a > 0, following
[75], Section 3.2], we have

P23 A+ AT <2u(A)I;
P2.4 |exp(At)| < exp(u(A)t) for all t > 0;

P2.5 Let ®(t) = exp(.At) for all ¢t > 0. Then, ||P|[|; < \u(lA)\'
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Using properties P2.4 and P2.5, inequality (5.11)) can be simplified as

8
e(t)] < exp(a(A)1) e(0)] + i b

Then, if follows that

&) = [Ce(t)] < [Clle()] < IC] exp(u(A)f) |e(0)] + %ww
For each s € R5y and t € R>, define
B(s.1) = [Clexp(u(A))s, ls) = %

It follows that (5.7) holds. When there exists P = PT > 0 such that AT P+ PA <
—2aP for some a > 0, consider the Lyapunov function V(e) = e' Pe. Then, V

has the following properties:

P2.6 Auin(P)le]? < V(e) < Amax(P)|e|%:
P2.7 (VV(e), Ae) < —2a\min(P)|e|?;
P2.8 |VV(e)| < 2 max(P)le].

Moreover, the derivative of the function V(e) = e Pe with respect to time is, for

each e € R",

V(e) = (VV(e), Ae) + (VV(e), Bm). (5.14)

Using properties P2.7 and P2.8 as well as the Cauchy-Schwarz inequality, we get

that for each solution t — e(t) to (6.14]) and each t — m(t)

V(e(t)) < —20hmin(P)[e(t)? + 2 (P)|e(®)]|B|m(t)] (5.15)
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for all t > 0. To claim the desired bound on e(t) from (IBJEI) using similar steps
as those in the proof of [74, Theorem 5.1], we define W (t) = /V . It can be

shown that, for all values of V' (e(t)),

Oé)\min(P)W(t>+ max( )‘B‘

DI < =P Ao ()

m(1)].

Then, by a comparison lemma (see, e.g., [74 Lemma 3.4]), for all ¢ > 0, W(t)

satisfies the inequality

P t
W (t) <exp(—At)IW(0) + M/exp(—)\(t — 7)) |m(7)|dr,
V )\min(P) 0
where \ = % .Using property P2.6 and W (t) = /V (e(t)), it follows that
for all t > 0,
)\max P maX(P)|B|
. 5.16
oD | )|exp(=At)+ mln(P)|)\| Im|oo (5.16)

Then, it follows that

le(t)] = [Ce(®)] < [Clle(?)]

5.17)
AP A P) BC] (
< C exp(-At) + —————— M o
NP 1OV PEN T ™

For every s, t € R, define

Amax (P) (P)|Bl[C]

C|lexp(—At)s, s) = —s

)\min(P)| |exp(=At)s, o(s) o (P

Then, (B.7) holds. [

Theorem 5.2.2 For the plant (LIl) with the Luenberger observer (L3)) and the
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interconnected observers (6.11)), if there exists a matriz K, such that at least one
of the items 1)—3) of Proposition[5.2.1 holds, then there ezists a class-ICL function
B and a class-Ks function B such that the estimation error € resulting from the

interconnected observers satisfy
1) [e(t)] < B(le(0)],t) + B(Iml) ¥Vt =0;

2) Given nonzero e(0) and er(0), there exists t* > 0 such that

Ble(0)],t) < Br(lec(0)],t) vt >t

3) @(s) < @ol(s), forall s #0, s € Rsy.

Proof Recalling from (6.14]) that € = Ce, if follows that,

where we have used the triangle inequality and properties of vector norms. With
this property and Proposition 211 items 1)-3) are verified with 3(s,t) = \/—Nﬁﬁ(s, t)
and ¢(s) = \/—Nﬁcp(s) for all s,t > 0, where functions  and ¢ are defined accord-

ingly as in Proposition (.21l under associated assumptions. |

Remark 5.2.3 Note that the boundedness property in item 2) in Theorem [5.2.2
guarantees that the rate of convergence of the interconnected observers is faster
or equal than that of a Luenberger observer by comparing the KL estimates they
induce (which is a reasonable measure of performance when the ICL functions are

derived using similar bounding techniques).

The KL bounds established in Proposition[B.2.T]characterize a worse case property

of the estimation error of the proposed observer, which can be compared to that
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of a Luenberger observer via Theorem [(.2.21 The following example illustrates

this point.

Ty = Ty = 5(1 + &2)

Figure 5.1: Two agents connected as a direct graph.

Example 5.2.4 Consider the scalar example in (L), an interconnected observer
with N = 2 with an all-to-all graph as shown in Figure [ In particular, the

proposed observer takes the form

iél =ar; — Kll@l - y) - Klz(ﬂz - y),

f2 = aly — K22(?32 - y) - Kzl@l - y)v (5-18)

. . R R _ _ 1+ To
Y1 =1, Y2 = T2, IT1=T2= .

2

It should be noted that averaging the estimates of two uncoupled single Luenberger
observers (one at each agent) does not lead to both faster convergence rate and
smaller steady state error. Consider the case when two agents are experiencing
common noises my = my = m. The transfer functions from m to ey and from

m to € (global) are given bid Tp(s) = —2L— and T(s) = C(sI — A)"'B. The

s—a+Ki,

following result can be verified.

Proposition 5.2.5 Given a, K; € R such that a # 0 and a— Ky < 0, then there
exist Kq1, Koo, K129, K91 € R such that the rate of convergence of the observer
([©IT)) is no smaller than that of the one induced by the Luenberger observer and

the Hy, norm of T is smaller than the Ho, norm of Ty, i.e., ||T||co < ||TL||o0-

3For the particular choice of parameters K11 = Koy = K1 and Kio = Ko = 0, ||T]|ee =
1T |oc-
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It should be noted that averaging the estimates of two uncoupled single Luenberger
observers (one at each agent) does not lead to both faster convergence rate and
smaller steady state error. To perform a numerical comparison, we consider the
case where a = —0.5 and m : Ryy — R is a continuous bounded function. A
Luenberger observer is designed to achieve 0 = 2.5 and vy, = 0.8, which leads
to K = 2. The interconnected observers are designed with error system (6.14)).

Using Theorem[5.2.3, conditions 2) and 3) can be rewritten as

a(A) <a-— Ky,

@ \/(Kn + K12)? 4+ (Koo + K21)? -
2 u(A)|

. (5.19)

CL—KL '

From solving (5.19), we pick parameters K3 = 1.7896, Koy = 2.2278, Ky =
0.0538, Ky = —1.1633. It can be verified that the eigenvalues of A according to
this set of parameters are —2.5087 & 0.1208i. Moreover, u(A) = —1.9123.

Now we perform simulations using these parameters and different measure-
ment noises. With initial conditions x(0) = 3, T1(0) = T2(0) = T(0) = 5, the
first simulation is run for measurement noise m(t) = 0 and the resulting tra-
jectories are shown in Figure . This figure shows that the interconnected
observers converge at a faster rate compared to the Luenberger observer. In fact,
item 2) of Theorem [5.2.2 holds with t* ~ 6.7s.

Simulation results for m(t) = 0.3 are shown in Figure[5.2(b) The behavior
of the interconnected observers with constant noise is similar to that of with zero
noise. It is worth to note that there is an improvement of the steady-state error
by the interconnected observers since € = 0.2272, while the Luenberger observer
gives ej = 0.2400. As shown in Figure|5.2(b), at around t ~ 2s, € becomes closer

to 0 than €y, thereafter. To further explore the performance of the interconnected

observers, we also consider measurement noise with different frequencies, i.e., a
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05 . . . .
0 5 6 7 8 9 10
t[s]

(a) m(t) =0.

Figure 5.2: Comparisons of estimation errors of the proposed observer and that
of a Luenberger observer for different measurement noises with N = 2.

low frequency noise m(t) = 0.3 + 0.3sin(20t) and a high frequency noise m(t) =
0.3 + 0.3sin(200t). The advantage of the interconnected observers lies on the
properties of damped oscillatory behavior and smaller mean value of estimation
error. Specifically, a numerical comparison of the estimation errors after transient
is reported in the first two columns of Table[5 1, which confirm the improvements
guaranteed by the interconnected observers. A

Table 5.1: Comparison of estimation error (€) of the observers with measurement
noise of different frequencies.

low freq. noise high freq. noise Hoo from m to €
observer type

mean é std e mean é std e Thm. Thm.
Luenberger’s 0.24191]0.0211 10.2395(0.0022 | 0.8000 0.8000
Interconnected | 0.2286 | 0.0154 | 0.2268 | 0.0016 | 0.7572 | 0.4953
Improved (%) | 5.5 27.0 5.3 27.3 5.4 38.1

5.3 Design via feasibility /optimization problems

The interconnected observers in ([G.IT]) can be designed by solving feasibility

and optimization problems that minimize the H,, gain of the transfer function
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from measurement noise m to estimation error € (global) or ¢; (local) under the
rate of convergence constraint. To formulate such problems, following [76], the

error system in (€14 is rewritten as

e=Ace+u, y.=Ce+m, z,=4Xe, (5.20)

where A, = IN® A, C. = —Iy ® H, and the “input” u is assigned via u = M,y,
with M, = K, «G. Note that 2., denotes the overall estimation error (or the local
estimation error) of the interconnected observers, i.e., zo, = € with X = C (or

Zoo = €; with X = ;). In the s-domain, the transfer function from m to z., for

(E20) can be written as
T(s) = X(sI — A)"'B+D, (5.21)

where A = A, + M,C.,B = M,, and D = 0. Within this setting, feasibility
(i.e., inequalities) and optimization problems associated with the design of the

interconnected observers are formulated in the following sections.

5.3.1 Rate of convergence and H,, gain in terms of matrix
inequalities

To guarantee that the rate of convergence of the interconnected observers is
better (or no worse) than than that of a Luenberger observer, the eigenvalues of
the error system in (6.I4]) will be assigned to the left of the vertical line at —o
in the s-plane, where o is the rate of convergence for the Luenberger observer.

Following [77], the error system (6.14]) has all eigenvalues located at the left of —o
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in the s-plane if and only if there exists a matrix Pg such that

He(A, Ps) + 20Ps <0, Py = Pg > 0. (5.22)

Note that (5:22) is nonlinear because of the cross term Pgs(K, * G) obtained when
expanding Ps.A. The following theorem provides an equivalent linear formulation

and a sufficient condition for (5.22)).

Proposition 5.3.1 Condition (5.22)) is satisfied if

a) and only if He(A, Ps) + C’Z]WpT + M,C, +20Ps <0, Ps = PJ >0, in which
case M, = P5' M,;

b) the graph is all-to-all connected and there exists hy,hy € R such that the fol-
lowing conditions hold:
b]) hl —l—hg 2 o,
b.2) Pi=P' >0 for eachi €V

b.3) He((A — K;C), P;) 4+ 2h1P; < 0 for each i € V;

2h2P1 512 e SlN
Sl 2hePp --- S
bg)| BT o <o
S;—N S;—N c 2h2PN

where Szk = —(K]ﬂH)TPk - RszH

Proof Letting M, = PsM,, and using the definition of A, inequality (5.22]) can

be written as

He(A., Ps) + C M) + M,C, + 20Ps <0,
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with Pg = P4 > 0. This proves item a). Now, assuming b.1)-b.3) with hy, hy € R,

note that the inequalities in b.3) can be rewritten as

diag(Ql, e QN) + diag(2h1P1, cey 2hNPN) < O, (523)

with Q; = He((A—K;H), P;) for each i € V. By b.2), symmetry of the inequalities
(523) and b.4), and the definition of negative symmetric matrices, the sum of the
left terms of (5.23) and b.4) satisfies

Q1 Si2 - Sin 2hP, 0 - 0

ST .. S 0 2nP,--- 0

" Q2 Tl T <o, (5.24)
STy Shy -+ Qu 0 0 .- 2hPy

with Six = —(KpH) P, — PKyH for i,k € V and k # 4 and h = hy + hy. Since
hi + hy > o, (B22) is satisfied with Pp = diag(P, ..., Py). [ |

Proposition 5.3.2 Conditions b.1)-b.4) in Proposition [5.31 hold if and only if
there exist hy, ho,€ R, Y;, Wi, P; fori,k € {1,2,...,N} and k # i such that:
a) hl + hg 2 g,

b) P,= P >0, for eachi €V,

¢) He(A, P,) — H'Y," — Y;H + 2h, P, < 0, for each i € V,

2h2P1 ng o RlN
Ryi Rne2 -+ 2hoPn

where Ry, = —H W, — Wy H.
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The conditions b.3)-b.4) in Proposition [5.31 hold with Ky = P, Y; and Ky, =
P "Wy, forik €V, j #1i.

Proof Let Y; = P,K;; and Wy, = P,Ky;, for i,k € V and k # i, then, b.3)-b.4) in

Proposition 531 can be rewritten as

He(A,P) — H'Y," —Y;H +2h P, <0

for each 7 € {1,2,--- N} and

2haPy Ry -+ Ry
Ryy  2hoP -++ Roy
<0,
RNl RNQ e 2h2PN
respectively. Therefore, ¢) and d) of Proposition 5321 hold. [

5.3.2 Minimization of H,, norm under rate of convergence

constraint with fixed connectivity graph

In this section, we consider the design of interconnected observer over a fixed
digraph T' = (V,€,G). The design specifications of our interest are the rate of
convergence and the H., gain from noise m to estimation errors € or e;, i.e., the Lo
gain. In particular, to guarantee that the rate of convergence of the system (6.14))
is better (or no worse) than that of a single Luenberger observer as in (3]), the
eigenvalues of the error system (6.I4]) will be assigned to the left of the vertical
line at —o in the s-plane, where o is the convergence rate for the Luenberger

observer.
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Theorem 5.3.3 Given a plant as in (1)) and a digraph T, the rate of conver-
gence is larger than or equal to o and the global H., gain (respectively, the local
Ho gain) fromm to estimation error e in (©I4) (respectively, é; in [€13])) is min-
imized if and only if there exist matrices Ky, Ps, and Py such that the following

optimization problem has a solution:

inf ~y (5.25a)
s.t. He(A, Ps) + 20 Pg < 0, (5.25b)

He(.A, PH) PHB XT

B'Py  —yI 0 <0, (5.25¢)
X 0 —I
Ps= P4 >0, Py =Py >0, (5.25d)

where X = C (respectively, X = C; and C; is the sub-matriz of C from the (in —
n + 1)-th row to the (in)-th row).

Proof From [80, Theorem 2.41], the H,, gain for a system from input to output
with realization Ty(s) = Cy(sI — A;)71 By is less than or equal to v if and only if

there exists some Py = Pj, > 0 such that

He(Al,PH) PHBl C;—
B[Py  —I 0 | <0, (5.26)
Cl 0 —’}/I

Then, for system (6.14]) with T'(s) = C(sI — A)~'B, we have that the global H,
gain from m to € is less than or equal to ~ if and only if (5.26]) holds with A; = A,
By = B and €} = C, which leads to (6.1I9d) with & = C. The same argument
applies for Tj(s) = C;(sI — A)~'B which leads to (6.I9d) with X = C;. Then, the
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proof finishes by adding constraint (5.22)). [

Remark 5.3.4 For a fized connectivity graph, the optimization problem in (6.19)
can be solved offline. Moreover, due to the form of the observer at each mode
as in (@IT)), the information needed by each agent is what the neighbors provide
through the connectivity graph. Therefore, the resulting observers for each agent

are decentralized.

Note that the optimization problem (GI9) is not jointly convex over the vari-
ables (Ps, Py, M,). Moreover, it is nonlinear because of the existence of cross
terms Py M, and PsM,. In order to remove the nonlinearities and make the two
constraints jointly convex, following [76], we reformulate the problem by seeking
common solutions of Ps and Py, and changing variables to M, := PM,. Using
item a) of Proposition [.3.1] to rewrite the terms He(A, Ps) and He(A, Py) in
(6.19), we have the following result.

Theorem 5.3.5 Given a plant as in (L)) and a graph T, the rate of convergence
is larger than or equal to o and the global H., gain (respectively, the local Hy, gain)
from m to estimation error e in (GI4) (respectively, e; in ([GI3)) is minimized
if there exist M, and P such that the following optimization problem (LMI) is
feasible:

inf ~y
s.t.: He(A, P) + C/ M| + M,C. + 20P <0,
He(A.,P)+C/ M, + M C. M,D. X'
DIM) —I 0 <0,
X 0 —vI

P=P" >0,
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where X = C (respectively, X = C; and C; is the sub-matriz of C from the (in —
n + 1)-th row to the (in)-th row).

Remark 5.3.6 The resulting observer gain matrix from Theorem [5.3.0 is given
by M, = P~'M,. By making the optimization problem linear and convex, a global
optimizer is guaranteed. However, asking for common solution of Py = Pp may

eliminate a better feasible solution to the original optimization problem in (6.19]).

Following [84] [85], it is possible to formulate an equivalent convex optimization

problem to the one in Theorem [B.3.5] but with noncommon Pp and Py matrices.

Proposition 5.3.7 Given o > 0, the rate of convergence of error system (B.20)
1s greater than or equal to o and the H., gain from m to € is less than or equal to
v if there exist real matrices Ps, Py, Qp, Qg and real numbers rp >0, ry > 0

such that the following optimization problem (LMI) is feasible:

inf

He(A, +20Pg Ps— QL +rpAT
s.t. (4, @p) s Bs=QptroAd o, (5.27a)

| Ps—Qp+ rpQpA —rp(Qp + Qp)

He(A, Qn) Ps—Qp+ryA"Qu QB CT
Ps— Qu +raQiA —ru(Qu + Q) ruQuB 0

< 0,
BT Qu ruBTQu =1 0
C 0 0 -
(5.27b)
Ps= Py >0, Py = Py > 0. (5.27¢)
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Proof The proof follows from [86, Theorem 1 and Theorem 2|, see also [84, [85].
|

Next, we provide an example to illustrate the results above.

Example 5.3.8 We revisit the Example[5.2.]] To further indicate the improve-
ment obtained by the proposed observer, we choose K11 = Koo = K = 2, and
Koy = —0.5K;, = —1. The resulting local Hy, gain from m to e, is 0.55, which
is smaller than that of the Luenberger observer, which is 0.8. If instead the con-
nectivity graph in Figure [5. 1] is considered, we can further optimize the param-
eters by solving the optimization problem (619]). Feasible parameters for (6.19)
are found using the solver PENBMI [87]. For K3 ~ —6.7215, Ky ~ 10.7215,
Ky ~ —13.2202, Ky =~ 5.7537, the resulting global H, gain is =~ 0.5051, which
is &~ 36.86% smaller than that of Luenberger observer (which is 0.8 with K = 2).
This improvement and the improvement obtained when using Theorem [5.2.2 are
listed in the last two columns of Table [Z 1l

In fact, when the rate of convergence specification is o = 2.5, and the H,, gain
fromm to € is restricted to be less than or equal to 0.8, then, by letting K11 = 2 and
Koy = 2, we can find the feasible region for K13 and Koy as shown in Figure|5.3(a).
Moreover, if the rate of convergence is required to be o = 3.0 with the same H
constraint, then, by letting K11 = 2.5 and Ko = 2.5, we obtain the feasible region
for Ky and Ks1 as shown in Figure . As the figure suggests, faster rate of
convergence leads to a smaller feasible region for the observer parameters. More
importantly, for a single Luenberger observer, there is no feasible solution for rate
of convergence larger than or equal to 3.0 and global Hy, gain less than 0.8.

Now, for the same plant, consider digraphs with 6 agents where the edges
are defined as in Figure [54. In all cases, each agent is self connected. Let M,

denote the number of non-self edges for agent 1, e.g., when My = 0 as shown in
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Figure 5.3: Feasible regions for observer parameters subject to different rate of
convergence specification and global H,, gain less than 0.8.

v ° % o
T SRACE ey
® O @ ° o ° o o
My =0 M =1 My =2 M, =3 M, =4 M, =5

Figure 5.4: Different graph structures for agent 1 with N = 6.

Table 5.2: Comparison of local H., norms from noise m to é; with different number
of incoming edges for agent 1.

number of non-self edges (M)
0 1 2 3 4 d
local H 0.80]0.45(0.34]0.28 | 0.25 | 0.22
fmprov. (%) | 0.00 | 43.8 | 57.5|65.0 | 68.8 | 72.5

0

Figure[5]), it is implied that G = I, while when My =5, G = s g = [11]]

92
and go = [0 I5]. Let the rate of convergence specification be o = 2.5. Then, the

local Hy, mnorms from noise m = (myq, ..., mg) to estimation error €, at agent 1 for
the cases in Figure[5.4) are shown in Table[52.2. From case My = 0 to case My =1,

the improvement is significant; in fact, when an incoming edge is added to agent
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1, the local Hy, is improved by 43.8% when compared to the case where a single
Luenberger observer is used at agent 1. When two agents provide information to
agent 1 (My = 2), the improvement is approzimately 57.5%, while when three and
four agents communicate to agent 1, the improvement grows to approzimately 65%

and 69% (M, = 4), respectively. A

Example 5.3.9 (second order plant) First, we consider a second-order plant

given as in (L)) with

—-5/2 1/10
A= /21 , H= [ 1 2 } .
4/100 -3
For a given Luenberger observer with K, = [1.5  —0.16]", its rate of convergence

is —3.34 and its Hy norm from measurement noise m to estimation error ey,
1s equal 0.34. With the interconnected observers for N = 2 connected via an
all-to-all connectivity graph, we obtain that the optimal global H., norm from
measurement noise m to estimation error € is approrimately 0.05 and the optimal
local Hy, morm from m to €, (or é3) is 0.03 with M, = [v; vs], where vy =
[10.3834 —1.6019 —10.7581 1.5963]" and vy = [7.1992 —1.2410 —7.3028 1.2426] .
This is ~ 85.29% smaller than that of Luenberger observers.

Then, we consider a second-order plant with oscillatory behavior given as in

(LI with

For a given Luenberger observer with K; = [2 0], its rate of convergence

is —1 and its Hy, morm from measurement noise m to estimation error ey is
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equal 2. With the interconnected observers with N = 2 connected via an all-
to-all connectivity graph, by formulating the problem according to (5.20), the
optimization problem in Theorem is solved and the gain matriz is found
as M, = [v; vs], where v; = [7.9503 — 9.9554 — 5.9424 9.0014]" and v, =
[—5.9324 9.1143 7.9605 — 9.8426]". Its corresponding global Hy, norm from m
to € is~1.4142 and its local Hy, norm from m to €, (or éy) is =~ 1. Comparing
to the Luenberger observer, the global Hy, norm is decreased by=29.3% and the
local Hy, norm is decreased by ~50.0%. A

The improvements on the local H,, gain guaranteed by the proposed intercon-
nected observers in the examples above are justified by the fact that the sufficient
condition given in the upcoming Section [5.4] are satisfied; see Theorem [£.4.1] and

below it, where these examples are revisited.

5.3.3 Minimization of H,, norm under rate of convergence

constraint with optimized connectivity graph

For interconnected observers whose digraph has not yet been specified, a natu-
ral question to ask is whether there exists a digraph that minimizes the number of
links between agents for the given specifications. In applications, such minimiza-
tions could potentially lower the cost of a distributed system as it could reduce
the number of agents and communication links. The following result provides a

sufficient and necessary condition for such optimization problem.

Theorem 5.3.10 For the error system (614)), the rate of convergence is larger
than or equal to o and the global Hy, norm (respectively, the local H,, norm) from
noise m to estimation error € in (6.14) (respectively, €; in ([GI3))) is less than or

equal to v* over a digraph I' with minimized number of edges if and only if there
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exist matrices Ky, G, Ps, and Py such that the following optimization problem

has a solution:

inf tr(D;,) (5.28a)
s.t. He(A, Pg) 4+ 20 Ps < 0, (5.28b)

HG(A, PH) PHB XT

B'Py  —1 0 <0, (5.28c¢)
X 0 —y*I
Ps= Py >0, Py =P} >0, (5.28d)

where X = C (respectively, X = C;).

Proof Following the proof of Theorem [6.3.3] the global H., gain over a digraph
[ is less than or equal to «* if and only if (5.26) holds with A; = A, B; = B,
Cy=C,v=~"and Py = P, > 0. The same argument applies to the local H,,
gain. Moreover, the rate of convergence condition is satisfied if and only if (£.28D)
holds. Since tr(Dy,) = vazl Zivzl gik, Where g;;, = 1 indicates there is an edge
from node £ to node i, then the number of edges of the graph is minimized if and

only if tr(D;,) is minimized. |

The constraints in (5.28D) and (5.28d) are nonlinear and not jointly convex. By
changing variables, the nonlinear constraints in (5.28D) and (5.28d) can be lin-

earized as a function of () and P.

Theorem 5.3.11 For the error system (GI4]), the rate of convergence is larger
than or equal to o and the global Hy, norm (respectively, the local H, norm) from
noise m to estimation error € in (GI4) (respectively, e; in (613])) is less than or

equal to v* over a digraph I with minimized number of communication links if
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there exist matrices K,, G, and P such that the following optimization problem is

feasible:

inf tr(D;p)
st. He(Iy @ A,P) — Z +20P <0,

He(Iy®@ A, P)—Z Q@ AT

QT —*I 0 <0,
X 0 —y*I
P=P" >0,

(5.29a)

(5.29b)

(5.29¢)

(5.29d)

where Q = P(K,%G), Z = —Q(In®H)—(In@H)"Q", and X = C (respectively,

Proof Let K,, G and P be solutions of the optimization problem (G.29). Since

the matrix K, * G is such that Q = P(K,*G), using P = P and the definition

of Ain (6.I5), we have

He(Iy ® A, P) — Q(Iy @ H) — (Iy @ H)' Q"

=(In®A)"P+P(Iy®A)

—(In@ H) (K, +G)'P"T — P(K,*G)(Iy ® H)

= He(A, P).

Then, K,, G, Ps = P and Py = P satisfy (5.25).

Remark 5.3.12 The results above define the graph via the resulting G. The re-

sulting K, and G from (5.29) satisfies K,*G = P~1Q, which may not be unique.
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Example 5.3.13 Consider the scalar plant in (1) with a = —0.5 as in Exam-
ple[5.3.8, and suppose that the rate of convergence specification is o = 2.5. When
using the graph that is all-to-all as shown in Figure|5.5(a), it is natural to ask the
effect that the number of agents has on the improvement of the global H., norm.
As shown in Figure the resulting global H, gain is reduced as the number
of agents N grows. These results are obtained following Theorem [5.3.10. The

improvement is summarized in Table[2.3.  Note that the improvement is less sig-

. N=1 N=5 1
0.9r
—=eo 08
0.7
9
N=6  0.6f
N=3 .
0.5¢
big improvement
0.4r 4
A A A
. 0.3 little improvement T
N=4 :
0'21 2 3 N 4 5 6 7
(a) Graph structures with all to all connec-  (b) The global Hy norm from noise m to
tions (self connection links are not shown). estimation error € with respect to the number
of agents.

Figure 5.5: The influence of the number of agents on the H., gain from noise m
to estimation error e.

Table 5.3: Comparison of global H,, norms from noise m to € with different
number of agents under all-to-all connection.

number of agents (V)
1 2 3 4 D 6 7
global H,, [0.80]0.54{0.40]0.34|0.33]0.32{0.31
improv. (%)]0.00|32.5]50.0|57.5]58.8|60.0(61.3
local Hy 0.80(0.38(0.24/0.23|0.21]0.20]0.19
improv. (%)]0.00{52.5|70.0{71.3|73.8|75.0|76.3

nificant for N > 6. In particular, the table indicates that if the global H., gain is
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required to be less than or equal to 0.40, then, as shown in Figure the least
number of agents needed is three H For the same scalar plant with three intercon-
nected observers, according to Theorem[2.3.10, we establish a relationship between
tr(D;,) and the global Hy, gain from m to estimation error € in Table[57. In par-
ticular, for tr(Dy,) smaller than siz, there is no improvement in the Ho, gain when
compared to that of Luenberger observers. Moreover, the table indicates that, with
three interconnected observers, if the global Hy, gain is required to be less than or
equal to 0.6, then the minimum number of links required in the connectivity graph
I' is seven. A

Table 5.4: Comparison of global H,, norms from noise m to e with different
connectivity graph with N = 3.

6 7 8 9
global H,, |0.64]0.53]0.43(0.40
improv. (%)]20.0|33.8[46.350.0

5.4 A sufficient condition guaranteeing smaller
local H,, gain

In this section, we are interested in conditions on the plant (1) for which it is
possible to design interconnected observers that, for a given rate of convergence o,
have local H,, gains smaller than when a single Luenberger observer is used at each
agent. Note that the local H,, gain affects the quality of the estimates obtained
at each node. These estimates can be computed efficiently and in a decentralized
manner using local information, while computing the global estimate requires

additional algorithms. The following result provides one such condition.

4The optimization problem related to the examples shown in this paper are solved by
PENBMI [87].
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Theorem 5.4.1 Given o > 0, suppose Ky, is such that the eigenvalues of the
error system (L4) of the Luenberger observer (L3l for the plant (1)) are located
in the region D = {s € Cy : Re(s) < —c}, and the Hy gain from m to ey is

L > 0. If there exist @ € R and P = PT > 0 such that

He(A—K,H,P) PK,H  —al,
HK]P ~I, (1+a)l, | <0, (5.30)
—al, A+, —I,

then, for every N € N, N > 1, there exist a digraph I and a gain K, for N inter-
connected observers in ([GI1]) such that the error system (614]) has its eigenvalues
in D and the local Hy, gain from m to associated €; for all agents are less than
or equal to vr,. Moreover, for at least N — 1 agents, the local Hy, gain from m to

associated e; is strictly less than vy .
Proof For any N > 1, let the digraph I" have adjacency matrix such that

_ 10
Gy = . (5.31)

Ino1 Inoa

This choice of G indicates that agent 1 can share information with all other agents.
Moreover, for each i € V, let T; be the transfer function from m to e;. Take N = 2

and K1 = Ko = K, K15 = 0, and Ky to be determined later. Then, the

interconnected observers in (6.11]) reduce to

Ty = Ay — K (1 —v1),

532:14562 - KL(Q2 - yz)—Km@l—yl), (5-32)

. JOR . L B o
hW=Hy, §p=HZo, T1=1I1, To= 5
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with associated error system as in (6.14) with

Ao A—- KL H 0 B K, 0

~KnH A-K/H Ky Kp
If Ky, is such that (L3 has its eigenvalues in D={s€C(, : Re(s)<—oc}, then, due
to the block matrix form of A, the eigenvalues of A are also in D. Now, suppose
(530) holds with « € R and P = P > 0. Then, if (530) is treated as an H,,

constraint, equivalently, we have
H—d(s[ A TUKLH + (14 d)]H <1 (5.33)

Therefore, the transfer function Th(s) = Cy(sI — A)~'B satisfies

-1
1 sl —A, 0 K, O
o=l ~
Kng sl — AL K21 KL

By using the inversion identity for a block matrix (inversion lemma), it follows

that

—1

sI-A;, 0 (sI—Ap)™* 0

Y

Ky H sI— A F (sI—-Ap)™*

where F' = —(sI — AL)_lKng(s[ — flL)_l Then, by assigning Ko = aKp, Ts

can be simplified as

Ty =| T, — 36T HTy + 36T, 5T |

| 2 2
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where T} (s) = (sI — A;)"' K. Therefore, we obtain

1 N B 1
| T3]0 < 5 I[(1+ &)1y — aT HTL||, + §||TL||oo-

Using (B33)), it follows that ||73||c < ||TL|lcc = 7. Now consider for any N >
1,N € N, with digraph whose adjacency matrix is such that G + Iy = Gy, it
follows that the transfer function 7; from noise m to €; satisfies T; = T, for all

i € V,i1 # 1. Therefore, ||T;|| < 71 for all i € Vi # 1. [ |

Note that condition (5.30) is a property on the plant for a given K ; basically,
an H,, inequality as in (6.19d). Next, we illustrate this condition in the examples

throughout the paper.

Example 5.4.2 For the scalar plant (LB with the Luenberger observer (L3)), the

K

m . Slnce

transfer function in the s-domain from m to ey, is given by Ty (s) =
E30) is an LMI with respect to P and &, its feasibility can be easily verified, e.g.,
for a = —0.5 and K, = 2, P = 047 and & = —0.5 solve (B.30). Therefore, for
the plant (LH), there exist interconnected observers such that at least N — 1 local

H, gains are smaller than vy = 0.8 with K1, = 2. This justifies the improvement

shown in the motivational example as in Table 21 A

Example 5.4.3 We revisit the systems in Example [L.3.9. For the first system
discussed in Example[0.3.3, the improvement is justified by the fact that condition
(.30 in Theorem [5.4.1] holds with & = —0.3241 and P = 0.11. While for the
other second-order plant with oscillatory behavior, the improvement is justified
by the fact that condition ([B.30) in Theorem [5.4.1] holds with & = 0.8631 and
P = [w; wy] with w; = [0.1839 0.0117]" and wy = [0.0117 0.1722] . A
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5.5 Consensus of the estimates in the nominal
case

The results in the previous section enable the design of interconnected ob-
servers as in (6.11]) that meet specifications involving the rate of convergence, H,
gains, and connectivity graphs. The local estimate could further be employed to
determine a global estimate over the connectivity graph. Such an estimate can be
obtained using consensus algorithms, in which case it will consists of a consensus
problem of time-varying signals. When measurement noise is zero, the algorithm
in [43] can already be employed when generalized to the case of vector inputs. To
this end, we attach to each agent an agreement vector & and employ the follow-
ing distributed algorithm to guarantee that each &; asymptotically approaches the

average of the local estimates, namely, + Z;VZI z;(t):

N
€= P& — @) = B2 ) Lyl —of + i,
. = (5.34)
0= BBy S Lt

J=1

fori € V, 1 <k < n, where & = (&),...,&F ... M); 2;’s are the estimates
generated by agent ¢ using the local observer in (G.I1), v; is the auxiliary variable,
and /;;’s are elements of the Laplacian £ associated with the digraph I'. The
constants (1, 8 € R are parameters to be determined.

To analyze the convergence and stability of algorithm (612), following [43],

it is rewritten as

0= =B — oL ® 1,)6 — w,

W= P1fa(L.RI,)0 — HnN(:.?} + 5@)7

(5.35)
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where § = (31,02,...,0n), 6; = & — £ 30 @50 € V, w = v — My (@ + i),
and IL,xy = I,ny — ﬁlanzN. Following [43, Lemma 4.3], we obtain the following

property.

Lemma 5.5.1 For the plant in (LT)), assume the digraph T is strongly connected
and weight balanced, where T; has the dynamics given in (GII)) with m; = 0.
Moreover, assume there exists K, in ([615) such that A is Hurwitz. Then, for any
2(0),;(0),&(0) € R*, By > 0, By > 0, and v;(0) € R such that S v;(0) = 0,
we have

lim <@-<t> - %Z@-(t)) =0

forallieV.

Proof Consider the k-th element of Z; as &F with the algorithm in (G.I12). Let

ok = (6K, 6k ... 6k, wk = (wF,wk . wk), o = (WF 0k k) and 2F =
(zk, 25 ... 2%). We can rewrite ([G.12)) as
oF = —B16% — BoLL6* — wh, (5.36)
Wt = BB L8 — Ty (2" + Brat), (5.37)
where

N
1
j=1

wk = of — Ty (2% + B12").
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Then, we obtain

5k ok 0
— A, — : (5.38)

where

—Bily — Bl —I
A, = Biln — B2 N . (5.39)

B182L 0

Applying [43] Lemma 4.3], we have

- k RS ~k
tlggo fz(t)_ﬁz%(t) =0

for all i € V. Furthermore, this is true for all k € {1,2,...,n}. Therefore, the

lemma is proved. [ |

When the measurement noise m is not zero, due to the linear dynamics, we con-
jecture that the algorithm in (GI2) has an ISS like property with respect to m,
similar to the L bound in (B.7). Along with Theorem [E.4.1], such a property
could potentially be used to characterize the improvement of the global H., guar-

anteed by the interconnected observers.

5.6 Summary

While it may be possible to get further improvement by designing the gains of
the interconnected observers as in the design of Kalman filters, it should be noted

that the tradeoff between performance and robustness affects general Kalman
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filters. In contrast to standard observers for linear time-invariant systems, in-
terconnected observers have the capability of attaining fast rate of convergence
rate without necessarily jeopardizing robustness to measurement noise in the H.,
sense. The comparison between L bounds between interconnected and Luen-
berger observers leads to checkable conditions that can be used for design — though
potentially conservative. When solved for specific systems, the stated feasibility
and optimization problems lead to significant improvements, when compared to
single Luenberger observers. Such improvement is guaranteed by the satisfaction
of an LMI condition. While the optimization of the number of internal observers
and the connectivity graph are not necessarily linear and convex, numerical re-
sults for a particular plant indicate that the improvement obtained in robustness

is significant only up to a finite number of such internal observers.
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Chapter 6

Dynamic Consensus for

Distributed Estimation

Motivated by the design of distributed observers with good performance and
robustness to measurement and communication noise, the problem of obtaining a
global estimate, over a graph, of a common process is considered. In this chap-
ter, we propose a global consensus algorithm that satisfies a pre-specified rate of
convergence and has optimized robustness to both communication and measure-
ment noise. At each node of the graph, a local (linear) observer and a consensus
variable are updated employing information received from neighbors. The con-
vergence rate and the robustness to communication and measurement noise of
the proposed consensus algorithm are characterized in terms of KL bounds as
well as in terms of (nonlinear and linear) optimization problems. The stability
and robustness properties of the proposed algorithm are shown analytically and

validated numerically.
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6.1 A motivational example

Consider the plant in (LH). It is shown in previous chapter that a distributed
state observer can be designed to satisfy a pre-specified rate of convergence con-
straint and have an optimized H,, gain from measurement noise to estimation
error. In this example, we consider two connected agents are such that agent 1
can transmit information to agent 2, but agent 2 cannot send data to agent 1, as

shown in Figure Following [88], a distributed state observer takes the for

Ty = aty — K () — v1),

Ty = a®z — Koa(fo — y2) — Ko (2] — y7),

Y1=21, Yo=2T9, y1=a+mi, Y2=21a+ma, (6.1)
] =& +ou, Yy =y + o,

B . B 1

T = T, x2:§(i‘1+§;2),

where, for each i € {1,2}, Z; is a state associated to agent i, y; is the output
of agent ¢, 27 is the corrupted version of Z; due to communication noise that is
received at agent 2, m; is the measurement noise when agent 7 takes measurements

of the plant’s state x, and o1, 012 are the communication noises that affect 2, and

In @), the terms a; — K (9; — vy;) follow from the definitions of injection terms for
Luenberger observers. The term —Ko1(2] — y¢) is an innovative injection term that utilizes
information of agent 1 and dynamically couples the first and second equation in (G.1]).

® ®
oe——0
Ty =& Ty = 5(&1 + d)

Figure 6.1: Graph connectivity of two agents, self link is not shown.
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013

Figure 6.2: Information over the network under the effect of communication noise.

11, respectively, as shown in Figure[6.2l Variables 71, Z5 provide local estimates at
agent 1 and 2, respectively. The gains K1, K1, K99 are to be determined. Note
that m;’s are assumed to be independent. As agent 1 sends information of Z, 1
to agent 2, the information is also influenced by communication noise, namely,
agent 2 receives the corrupted version of #; and y;, given by 2 = &; + 011 and
Yy = y1 + 012, respectively.

By defining e; = 2; — x, é; = T; — x, for each i € {1,2}, m = (my, my),

€ = (é1,62) and e = (eq, e3), we can rewrite system (6.I) in the form

. 011
€:Ae€+Blm—|—BQ s

e =Cee,
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where

a — Kll 0 1 0
Ae = ) Ce = ’
i —Kgl CL—K22 1/2 1/2
Ky 0 0 0
B = ) By, =
i K21 K22 _K21 K21

The quantity %(:Z’l + Z9) provides a global estimate of x, namely, the average of
the estimate at each agent. However, not every agent in the network can compute
this quantity. In the particular example considered, agent 1 is not capable of
computing it since it does not receive .

In this chapter, a decentralized consensus algorithm is proposed to guarantee
a pre-specified rate of convergence constraint as well as robustness to measurement
and communication noise. For the particular distributed state observer leading to

(E2), our consensus algorithm is given by

&1 =31 — (& — &), (6.3a)
o=@y — (& — &) —wn (& — &) — O (82 — ), (6.3b)
§1 =& + o3, (6.3¢)

where & and & are consensus variables attached to agent 1 and agent 2, respec-
tively, and aq, ag,woq, s are parameters to be designed. The transmission of
information &; is also corrupted by communication noise which is denoted by o3,

i.e., the signal £7 shown in Figure By defining &; = & — 2(&1 + @») for each
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i € {1,2}, we can rewrite (€3] as

: 1 ..
51 = —04151 + —oq(el — 62) + —(61 — 62),

2 2
: 1
52 = —(Oéz + w21)52 -+ w2151+ (5042—921) (62 — 61) (64)
1. .
+ 5(62 — é1) + wa1013 + B21011.

Let 6 = (d1,d2) and 0 = (011, 012, 013). To see the effect of noises m and o, assume
m and o are constant, i.e., m; = my = m* and 017 = 012 = 013 = ¢*. Then, the

steady state of ([6.2)) and (6.4)) is given by

0 ¢
S I i B (6.5)
g + Woy €2
Kll
* a — Kll *
e = K21G+K22(CL— Ku) m, (66)

(a— Ki)(a — Ko)
where

_a(Ky + Ky — K1)
2(Ky1 —a)(Ky —a)’

a(og — wy — 2091) (K11 — Ko — Ka)
2(ag + woy) (K11 — a)(Ka — a)

(6.7)

(6.8)

Cy =

Suppose K17 and Ko are fixed in order to satisfy a rate of convergence constraintH,
i.e., K11 = Kyy. Then, by choosing Ky = M, we have e} = 0. To make

the steady state error (0*,e*) corresponding to measurement noise m* zero, we
) )

2Note that since A, is a lower triangular matrix, the eigenvalues of A, are given by a — K1,
and a — Koo.
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pick
g — Wa1 — 2921 = 0. (69)

A simulation of this scenario is shown in Figure [6.3(a)} where the effect of mea-
surement noise is shown. On the other hand, to make the steady-state error

corresponding to communication noise o* zero, we pick
Wop + 921 =0. (610)

A simulation of this scenario is shown in Figure where the effect of mea-
surement noise is depicted. However, note that if equalities (6.9) and (6.I0) are
simultaneously satisfied, then ay=—ws;. In this case, the system in (6.4]) has an
eigenvalue at zero, which does not lead to an exponentially convergent (to zero)
state 0. In fact, this dilemma is generic and similar to the typical tradeoff between
convergence rate and robustness to measurement noise for an observer, see, e.g.,
[22] 211 24]. The idea behind the proposed consensus algorithm illustrated in the
example above generalizes to the case where N agents can measure the plant’s

output over a graph. The purpose of the next two sections is making this precise.

6.2 A dynamic consensus algorithm for distributed

state observers

6.2.1 Problem statement

Our goal is to design a consensus algorithm such that each agent achieves

consensus on the average of all local estimates provided by a distributed state
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0.5
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0.5} o5l
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t
(a) Parameters are such that as — wa1 —  (b) Parameters are such that we;+62; = 0, in
2651 = 0, in particular, oy = as = 2.5, particular, a3 = as = 2.5, wo; = 1.5, Oo1 =
w91 = 1.5, 6‘21 =0.5. —1.5.

Figure 6.3: Comparison of steady state error according to different design strate-
gies. Parameters are a = —0.5, K} = Ko = 2, Ky = M, m; = mg =
011 = 012 = 013 = 0.5.

observer under communication and measurement noise. For this purpose, we
adapt the distributed state observer from [88], for the plant in (I.I]) and over a
network of N agents connected via a digraph I, in which each agent has a local
state observer that uses measurements of the plant and of its neighbors. After
adding communication noise, which is particular to the problem studied in this

paper, for each ¢ € V, the agent ¢ runs a local state observer given by

= A% — K9 — yi) — ZgikKik(HkiZ — %), (6.11a)
key

7 =i +oa, Y =Yt O, (6.11Db)

Ti= 17 dm Zgzwk, yi = Hz; (6.11c)

where z; denotes the state variable of the observer, z; denotes the local estimate of

x at agent ¢, K;;’s are estimation gains to be designed, y; denotes the measurement
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of y in (L)) taken by the i-th agent with measurement noise m;, that is,
Y, = HZ:L'—G—m, - Rpi,

where p; is the dimension of the measurement taken at the i-th agent. The infor-
mation that the i-th agent obtains from its neighbors is given by 27 and yj for
each k € N (i), which correspond to the values of &, and y,, corrupted by commu-
nication noise o;; and o;9, respectively. The collection of local state observers in
(611D connected via the digraph I' defines a distributed state observer [8§].
While convergence of the local estimates was characterized in [8§], the algo-
rithm therein does not provide a mechanism to obtain a globally agreed quantity
of the estimate of = (neither for the nominal case nor when noise in the measure-

ments are present). Unless the graph is all-to-all connected, not every agent can

N N

1 1
compute N ; Zr(t). To make the quantity N ; Ty (t) accessible to each agent,
a possible solution is to use a dynamic consensus algorithm: obtain information
from neighbors and make an internal state of each agent approach the quantity

N
1 . . . .
N E 21 (t) asymptotically. Note that this quantity converges to zero when A is
k=1

Hurwitz, the observers are convergent, and noise signals are zero.

6.2.2 Distributed consensus algorithm

In this paper, we propose a distributed consensus algorithm for the local esti-

mates Z;. Following ([6.3]), the algorithm is given by

& =2 — oy(& — &) — Zgikwik(& — &) — Zgikeik(fi — 7)), (6.12a)

key key

& =& + o, (6.12b)
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where, for each 1 € V, & € R" is the consensus variable attached to agent ¢;
a;, Wik, Oy are constant gains; and & is the communication noise (o;3) corrupted
value of &. Note that the algorithm uses information of ;, & as well as information
received from its neighbors, ie., £, &7 for each £ € N(i). In particular, &7
is defined in (6I1]), and the transmissions of &; are corrupted by communication
noise 0;3, where z;’s are the estimates generated by agent ¢ using the local observer
in (@ITal). For each i,k € V, the gains o, wi, Oix € R are design parameters.

To analyze the interconnection between (6.I11]) and (6.12)), for each ¢ € V,

define e; := &; — = and the associated vector e := (ey,...,ey), and & = T; — x
N
1
and the associated vector € := (€1, ..., éy). Furthermore, define §; = &;— N Z T,
k=1

and 0 = (01, ,dy), the measurement noise vector m := (mq,...,my), and the
communication noise vector ¢ = (011,...,0N1,012,+--,0N2,013, - --,0n3). LThen,

it follows that

€ = Ae; — K;;Hie; — ZgikKikaek + Kym; + ZgikKikmk - ZgikKikaakl

keV keV keV
(6.13a)
+ ) g Kinoa,
=
: 1 .
0; = —0; — Z gikwir(0; — Ox) + N Z(ei — e+ aile; —ey)) — Zgikeik(ei —ep)
= keV =

(6.13b)

+ Z Gir(Wikoks + Oikor1),
keV
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which can be rewritten in the compact form

where

and gains

¢ = A.e + Bym + Bsyo, (6.14a)
0 = As0 + A.e + Bsm + Byo, (6.14b)
e = Cee, (6.14c)

A, = INn®A—(K+G)H,, C.=(D;'*G)® I,,
B =K«G, G=G+1Iy, Hy=Iy®I,,
By = | —(K«xG)H, K*G Opnxnn|>

As = —(diag(a)+L,)®1,, Di, = Dy + Iy,
A. =y (Atdiagl)®1,) — Ly @ I,,
By=IyNBi, Gy=G*06, G,=GxQ,

By =NBe+ |Gy @ I, Opnsxny Go ® In] ;

L, = diag(Guly)—G,, Ly= diag(Geln)—Gs,

Hg = dia‘g(HlvH27 T 7HN)7

K= {Kik}NxNa Q= {Wik}NxNa 0= {Hik}NxNu

where G is the adjacency matrix, D, is the in-degree matrix, the Khatri-Rao

product C * G is such that IC is treated as N x N block matrices with K;;’s as
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blocks. By defining

A, 0O By By
A= , By= , Byi= : (6.15)
Ac A(5 B3 B4

and the total error € = (e, d), the interconnection in (614 can be written as

é: Aé+81m+15’20. (616)

Remark 6.2.1 Iy®A defines a block diagonal matriz with matriz A in each of
the N blocks (of dimension nxn). The matriz K*G defines the gain matrix for the
graph, while C, = (D' % G) ® I,, generates the estimation matriz for each agent
by averaging the local estimates obtained from its neighbors. When the estimation
algorithm in (©I3) is properly designed, A. is Hurwitz and e converges to zero
asymptotically. It further implies that, due to the property of As, the steady state

of § in (6.140) depends on the supremum of “inputs” e, o and m.

6.3 Design using optimization formulation

6.3.1 Decoupled design

The design of the closed-loop system in (G.I0) can be decomposed into two
steps. The distributed state observer in (G.11]) can be designed first, while the dis-
tributed consensus algorithm in (6.12)) is designed after. In this section, we discuss
several particular optimization problems for such decoupled design procedure.

For the distributed consensus in (G.I2]), the design specifications of interest

are the rate of convergence and the H,, gain from communication noise ¢ and
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from measurement noise m to the consensus error ¢. In particular, to guarantee a
particular rate of convergence of system (G.14]), the eigenvalues of the error system
([E14) will be assigned to the left of the vertical line at —h in the s-plane, where
h > 0 is the convergence rate specification. Following [77], the eigenvalues of the
matrix Ay are located in the region R := {s € C : Re(s) < —h} if and only if

there exists a matrix Ps = P4 > 0 such that

A} Pg + PgAs +2hPs < 0. (6.17)

Recall from the motivational example in Section that there is a tradeoff when
choosing parameters to reduce the effect of measurement noise and communication
noise simultaneously. To determine the performance of our distributed consensus
algorithm (6.12)), we introduce the criterion of global H, gain from noise vector
(m, o) to consensus error vector ¢. Recall that finding the H., gain of a transfer
function T'(s) = C(sI — A)B+D is equivalent to the feasibility of a certain matrix
inequality.

Then, we can establish the following optimization problem for the design of
the distributed consensus algorithm according to a pre-specified global H,, gain

from (m, o) to 9.

Proposition 6.3.1 Given a plant as in (LT)) and a digraph T, the global H, gain
of the transfer function from (m, o) to § in ([GI6) is less than or equal to v if and

only if the following inequality is feasible for some Py = Pj, > 0:

HG(A, PH) PHB CT
BTP; -~ 0 | <0, (6.18)
C 0 —l
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where B := [By By, and C :=1[0 1] ® I,n.

Proof The proof follows using Lemma[3.2.2 where the transfer function of interest
is C(sI — A)7'B. [ |

Remark 6.3.2 The global H,, gain from (m,o) to § determines the overall effect
of the total noise (m, o) on the distributed consensus of local estimates provided
by [©I12). To determine the effect of the noise (m, o) on the local estimate d;, the
Ho, gain from (m, o) to 0; can also be characterized in ([GI8) by replacing C with
Ci, where C; is the sub-matriz of C from the in—n+N+1)-th row to the (in+ N)-th

row.

Then, by combining the rate of convergence constraint in (6.17) and the H,
constraint in (EI8]), we can perform the synthesis of the distributed consensus

algorithm of global estimates in (6.12) using the following result.

Theorem 6.3.3 For the plant in (1) with distributed state observer (G11) and
distributed consensus algorithm ([612)), given a digraph T', and a gain K such that
A is Hurwitz, the rate of convergence of (G14) is larger than or equal to h > 0
and the Ho, gain from (m, o) to ¢ in (@I4]) is minimized if and only if there exist
matrices o, O, ), Ps, and Py such that the following optimization problem is

feasible:

min (6.19a)
s.t. He(A5, Ps) + 2hPg < 0, (619b)

He(A, Py) PyB CT

BT Py —~I 0 <0, (6.19¢)
C 0 —I
Ps= P4 >0, Py =Py >0. (6.19d)
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Proof The proof follows using ([6.17) and Proposition [6.31] [ |

Remark 6.3.4 The problem in ([6.19) can be solved offline by using, e.g., [87],
and the resulting observers along with the consensus algorithm are decentralized.
Note that the two constraints in (619D) and (6I9d) are nonlinear due to the
fact that Q in As is multiplied by Ps and Py in the operation of He(As, Ps) and
He(A, Py), respectively. Moreover, if the local Hy, gain from noise (m, o) to d; at
agent i is of interest, then, the matriz C in ([6I9d) can be replaced by C;. When
the effect of communication noise (measurement noise, respectively) is of magjor

concern, the matriz B in (6I9) can be replaced by By (Bi, respectively).

Next, we provide an example to illustrate the results above.

Example 6.3.5 Consider the plant in (L3) with a = —0.5, and the motivational
example with two agents connected as in Figure[G 1. Suppose that the distributed
state observers in (6.2) is designed to satisfy a rate of convergence equal to 2.5 with
parameters Ky, = Koy = 2, K15 = 0 and Ky = —4.7. Then, we can design the
distributed consensus algorithm of local estimates by solving ([€I9). The resulting

gains are

0 0 0 0
a = (7.14,14.24), Q = , 0=

0.52 0 -3.6 0

The resulting Hy, gain from (m,o) to 0 is approzimately 3.17. If instead, these

two agents are all-to-all connected, then, by solving ([619), the resulting gains are

0 —0.88 0 0.79
a = (3.5,2.5), Q= , 0=

0.28 0 0.06 O
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and the resulting Ho, gain from (m, o) to ¢ is approximately 1.65. A

6.3.2 Joint observer-consensus design

As shown in Example .33 when K1, Ko, K99 for the distributed state ob-
server are fixed, the effect of measurement and communication noise on the es-
timation error e are fixed. In such a case, we can only tune the performance of
the distributed consensus algorithm. On the other hand, we can simultaneously
design the consensus algorithm in (612 and the estimation algorithm in (G11]).
In particular, for a fixed graph I', we can design IC, «, ©, €2 simultaneously.

For such a design, note that A is a lower block triangular matrix, so its eigen-
values consist of the eigenvalues of A, and of As. Imposing a rate of convergence
on A is equivalent to imposing it on both As; and A.. In other words, the eigen-
values of a matrix A are located in the region D := {s € C: Re(s) < —h} if and

only if there exist matrices P, = P,' > 0 and P, = P, > 0 such that

He(As, P1) +2hP <0, (6.20a)

He(A., Py) + 2hP; < 0. (6.20b)

Then, we can establish the following result for a joint observer-consensus design.

Theorem 6.3.6 For the plant in (L)) with the distributed state observer ([6.11)
and the distributed consensus algorithm (612), given a digraph T', the rate of
convergence of (GIQ) is larger than or equal to h and the H,, gain from o to

consensus error ¢ in ([©I4) is minimized if and only if there exist matrices IC, «,
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O, Q, P, P, and Py such that the following optimization problem is feasible:

min y
s.t. He(As, P1) + 2hP; <0, (6.21a)
He(A., Py) +2hP, < 0, (6.21Db)

He(A, Pg) PgBy ([01]® Ly)"

B) Py —~I 0 <0, (6.21c)
01® Ly 0 —I
P=P' >0, P,=P) >0, Py =P} >0. (6.21d)

Proof The proof follows using (6.20)) and Lemma[B.2.2] where the transfer function
of interest for (G.21d) is (I,ny ® [0 1])(sI — A) "' Bs. [ |

Example 6.3.7 Consider Examplel6. 3.9 with a = —0.5 and a rate of convergence
constraint equal to 2.5. Now, we let K be the gain to be chosen. By solving ([G.21)),

we obtain

0 0
a=(2.50,4.22), Q= :
1.35 0
0 0 2 0
0= , K=
0.35 0 0.55 2

The resulting Hy, gain from (m, o) to 0 is approximately 0.82, which is a signif-
icant improvement over a gain equal to 3.17 obtained in Example[6.3.5. On the

other hand, consider the same plant with two agents that are all-to-all connected,
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then, by solving ([6.21)), the resulting gains are

0 1.32
a=(10.98,10.98), Q= ,
1.32 0
0 3.31 2.95 0.95
@ = 5 ’C — 5
3.31 0 0.95 2.95

the resulting Hy, gain from (m, o) to 0 is approzimately 0.32, and the resulting

H,, gain from m to é is approximately 0.88. A

Recall from the motivational example that when measurement noise is as-
sumed to be zero, the optimal strategy to reduce the effect of communication
noise is to not communicate at all. However, such a strategy also eliminates the
possibility of reducing the effect of measurement noise, which is a key capability
of distributed state observers. The following result provides one way to formulate

a design with a pre-specified H,, gain from m to e.

Theorem 6.3.8 For the plant in (1) with estimation system in (GI1]) and con-
sensus algorithm in (GI2), given a digraph T, the rate of convergence of (G.16l)
is larger than or equal to h, the Hy, gain from m to estimation error é in (614
is no larger than +* and the Hy, gain from o to consensus error § in (6.14) is

minimized if and only if there exist matrices IC, o, ©, ), P, Py, Py, and P. such
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that the following optimization problem is feasible:

min vy
s.t. He(As, P1) + 2hP, <0, (6.22a)
He(Ae, Py) + 2hP, < 0, (6.22b)

[ He(A, Py) PuBs ([01]® Iy)"
B, Py —~1 0 <0, (6.22¢)
01®Ly 0 i

[ He(A.,P.) P.B, CJ

B[P, —I 0 | <0, (6.22d)

- C 0 1
P =P >0, P,=P, >0, (6.22¢)
Py =Py >0, P,=P >0. (6.22f)

Proof The proof follows using (6.20]) and Lemma [3.2:2] where (6.22d) corresponds
to transfer function (1,5 ®[0 1])(sI —.A)~'By and ([6.22d) corresponds to transfer
function (C, @ [1 0])(sI — A)~'B;. [ |

Remark 6.3.9 Note that the constraints defined in ([6.22al) and ([6.22d) are non-
linear due to the fact that Q) in As is multiplied with Py, Py in the operation of
He(As, Py) and He(A, Py), respectively. The constraints defined in (6.22D) and
©.22d) are also nonlinear and not jointly convex due to the products PoKC and P.K.
With the structure of the distributed state observer in (GI1), the Hy, gain v* from

m to estimation error € can be chosen much smaller than that of a Luenberger

observer as in [8§)].
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Example 6.3.10 Consider the plant in (L3) with a = —0.5, and a distributed
state observer with two agents connected via an all-to-all connectivity graph. The
specifications of interest are convergence rate greater than or equal to 2.5 and

Ho, gain from m to € no larger than 0.6 (which is smaller than 0.88 obtained in

Example[6.3.7). By solving ([6.22)), we obtain

0 852
a = (13.75,93.80), Q= )
034 0
0 1.55 1.11 =5.77
0= . K=
796 0 0.14 2.90

The resulting Hy gain from o to d is approximately 1.52, and the resulting H,

gain from (m,o) to 0 is approzimately 2.34. A

6.4 Summary

The proposed distributed consensus algorithm for distributed state observers
has the capability of attaining fast rate of convergence without necessarily jeop-
ardizing robustness to measurement and communication noise in the H,, sense.
An optimization-based design method is proposed to separately and jointly deter-
mine the parameters of distributed state observer and the proposed distributed
consensus algorithm. Furthermore, the resulting distributed consensus algorithm

is exponentially stable and robust to measurement and communication noise.
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Chapter 7

Distributed Estimation with
Intermittent Information

Transmission

In this chapter, the problem of robustly estimating the state = of a continuous-
time plant from intermittent measurements of functions of its output over a net-
work of N agents is considered. The nominal model governing the state x is given

by a linear time-invariant system, which, under perturbations, assumes the form
&= Ax + 0(z,1t) (7.1)

where 0 is an unknown function and ¢ > 0 denotes ordinary time. The i-th agent
in the network receives a measurement y; at time instances ti, s € {1,2,...},
defining the incoming information events for that agent. The nominal model for

y; is a linear function of the state, while the perturbed case takes the form
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where ¢; is an unknown function. The event times t’ are independently defined
for each agent; the only restriction imposed on communication times is that they

must satisfy
-t elLT) Vse{l2..) (73

where T} and Ty are nominal parameters that define the lower and upper bounds,
respectively, of the time allowed to elapse between consecutive communication
events and are such that T4 > T > 0. Hence, the event times ¢’ can potentially
be determined by a random variable taking values in the interval [T}, Ts]. The
parameters T} and T are assumed to be known but are not necessarily the same

for each agent. Furthermore, these parameters may be further perturbed.

7.1 Observer configuration

We propose a distributed hybrid observer that is capable of asymptotically
reconstructing the state of the plant x locally, at each agent, with stability and by
only exchanging information from the plant and its neighbors at communication
events as introduced above. In the nominal case, the algorithm guarantees the
estimates of x to globally converge with an exponential rate. In the presence of
unknown perturbations, the algorithm guarantees that such property is preserved,
semiglobally and practically, when the perturbations are small enough, while when
bounds on certain perturbations are known, the said global exponential stability
is fully recovered. Our distributed hybrid observer assures such properties by
running a decentralized algorithm that, at the ¢-th agent, generates an estimate
of the state x, which is denoted z;, and an information fusion quantity, which

is denoted 7;. These state variables are continuously updated by a differential
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equation, which takes the general form

Ti = A& +; (7.4)

i = foi(Zi, 1) (7.5)

when no information is received, while when information is received, the states z;

and 7; are updated according to

B = & (7.6)
772+ = ZglkGﬁz(i‘lui‘kvylvyk> (77)

key

where V := {1,2,..., N} defines the set of all agents; g; defines a connectivity
graph, namely, g;z = 1 if the k-th agent can share information to agent i and
gir. = 0 otherwise; the map f,; defines the continuous evolution of the information
fusion state and the map G¥, defines the impulsive update law when new informa-
tion is collected from the plant and the k-th neighborﬂ The information fusion
state n; is injected into the continuous dynamics of the local estimate z; and, at
communication events, injects new information impulsively — the right-hand side
of (C1) is the “innovation term” of the proposed observer. The continuous and
discrete dynamics in (4] and (T.7), respectively, along with a proper autonomous
model triggering the communication events, define a hybrid observer at each agent
as well as hybrid dynamical system modeling the entire networked system.

The nondeterministic time-invariant hybrid system model of the network in
((L.88D)) conveniently captures the event times in [6I], 89, 68], which lead to a time-
varying system and make analysis more difficult. Similar hybrid models were

used in [69]. When f,; = 0 for all i € V, the hybrid information fusion strategy

!The actual forms of f,; and G¥; are discussed in next two sections.
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in ((C.89)-(7.90) falls into the category of zero-order sample-and-hold control; see,
e.g., [90] and [91]. Note that the work in [90] and [91] pertain to single-agent

systems and that robustness properties of the observer therein are not studied.

7.2 Synchronous communication events
In this section, we look at a simpler case where all timers 7;’s are synchronous.

Moreover, T} = T} and Ty = T, for all i € V.

7.2.1 Hybrid modeling

When all timers 7;’s are synchronous, i.e., each agents are receiving informa-
tion in a global fashion, the communication events among all agents are triggered

by a common timer 7, whose dynamics are given by

Te = —1 75 € [0, T3], (7.8a)

7—s—"— S [T17T2] Ts = 0. (78b)

For each 7 € V, denote the local estimation error e; = z; — x, it follows that the

continuous dynamics of e; and 7; are given by

1, = hini, (7-10)
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for each 7, € [0,73], and, when 75, = 0, the discrete dynamics are

+_

;" :KiiHi€i+Z GirKixHyep+7y Z gir(ei — ex).
kev key

e=(e1,e9, - ,ex)and n = (N1, m2, -+ ,Nn), it follows that

6:(IN®A)€+7],

77 = HT]n7
for each 74 € [0, T3], while when 7, = 0,

e =e,

77+ = (KgHg *(In +G)+7L® I)e,

(7.11)

(7.12)

(7.13)

(7.14)

Then, in the (e,n) coordinates, the closed-loop system can be written as a hybrid

system H, = (Cy, fs, Ds, G) with state xs = (0,7) € X, := R"™W x R™W x [0, T3]

with 0 = (e, n), and data given by

fs(xs) == (Ajo, —1) Vxs € Cs

Gs(Xs) = (Ago-u [Th T2]) VXS S DS7
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where C, := X,, D, := R™ x R™Y x {0},

[ Iv®A I,

Ap= | 0 M (7.17)
0,
[ I, 0

Ay = N , (7.18)
_KgHg*(]N+g)+7£®In 0

and H, = diag(hy, ho, ..., hy) ® I,. In this case, the set of interest is

A ={0,n} x {0,n} x [0, T3]. (7.19)

Remark 7.2.1 Due to the jumps being triggered by the timer T with dynamics
([Z8) reaching zero, the hybrid time domain of any mazximal solution to Hs satisfies
the following property. For any given ¢ € Sy,, Th <tji1—t; <T5 for all j > 1 and

0 S tl S Tg, and
G-Dh<t<(j+1)L Vji>1 (7.20)

for all (t,7) € dom ¢. O

The following result provides a sufficient condition for uniform global asymptotic

stability of A.

Theorem 7.2.2 Let 0 < Ty < T5 be given. Suppose there exist matrices K, €

R™W*r gnd P € R*"N>*2N sych that P = PT > 0 and
A; exp(AJIV)P exp(A;v)A, — P <0 (7.21)

for all v € [11,T5]. Then, the set A in ([[I9) is UGAS for the hybrid system H.
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Proof Consider the Lyapunov function candidate V' : Xy — R given by
Vixs) =o' eXp(A}—TS)P exp(As7g)o (7.22)

By using the property that |xs|% = |o|?, it follows that

CY1|X5|_?4 < V(XS) < O‘2|X8|?4 (7'23)

for all y, € C§, where
o = Vg&]i’r%z]g (exp(A}y)P exp(Ayr)), (7.24)
ay = ug[loé%]x (exp(Afv)Pexp(Asv)), (7.25)

Since the gradient of V' is given by
VVi(xs) = (2 exp(A]TTs)P exp(AsTs)o, ol exp(A]TTs)He(Af, P)exp(Ass)o),

for each y € C, we have

(VV(Xs), fs(xs)) = 20" exp(Aj7,) Pexp(As7s) Aso
—o' exp(A]TTs)He(Af, P)exp(Asrs)o (7.26)

=0,

where we used the property exp(A;75)A; = Ayexp(Af7s). Moreover, for each
Xs € Ds, by using the data in (ZI6) and condition (Z.21]), for each § € Gy(xs)
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where g = (A o,v) and v € [11, T3],

V) Vi) = AT exp(AT 0 PesplA Ay o P
=o' (A;— eXp(A}—V)P exp(Asv)A, — P) o (7.27)

< 0.

Note that every solution ¢ € Sy, is complete and for each (t,j) € dom ¢, using

([C20)), we have that for any 7" > 0, t + 7 > T implies

J>T—t>T—(j+ 1)

Therefore, t+j > T implies j > ﬁ — Tgil. Then, from the inequalities in (7.20])

and (Z.27), by using [73 Proposition 3.24], we have that the set A is UGAS for
Hs. |

Remark 7.2.3 Note that when condition ([T21)) holds, Theorem[7.2.9 guarantees
that e and n converges to zero asymptotically. Recalling that e; = x; — x, this
implies that x; converges to x asymptotically for all i € V. Furthermore, due to
the multiplication of the parameters v, P, and K, in the first term of (L21)), it
might be difficult to efficiently check ((21)) numerically. In the next section, we
develop constructive LMI-like conditions for the design of parameters to guarantee
this condition. It is worth pointing out that condition (L21)) is satisfied if, for all

v € [T1, Ty, the eigenvalues of exp(Asv)A, are contained in the unit circle. O

Note that the pair (H;, A) is not explicitly assumed to be detectable in this work.
In fact, as we will show in the following example, even when (H;, A) are not

detectable for each i € V, we can still guarantee UGAS of A by satisfying (Z21)).
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Example 7.2.4 Consider an oscillatory plant as in (T1]) with

. (7.28)
1 0

Let the measurements of x at agent 1 be

y1 = Hyx, H;=][1 0]

and the measurements at agent 2 be
Y2 = HQZIZ', H2 = [0 ]_]

Let Ty = 0.5 and Ty = 1. By solving inequalitﬂ [21)) in Theorem [T.2.3, we
obtain the following parameters:

Y

T T
Ky = [ —0.5 —0.2 ] , K= [ —-0.2 —-0.2 ]

T T
Ko = [ 0.2 0.3 } , Koo = [ —-0.1 —-0.5 }

2Note that the inequality in (Z2I)) is not linear. The tool developed in [87] provides a way

Y

to solve it.
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(a) Phase plots of z, &1, %2 from initial condi- (b) Estimation error, where x = (z1, z2), &; =

tions that are denoted by .

(Zi1, Ti2), €i1 = &i1 — X1, €2 = Tijp — X2, for

ie{1,2}.

Figure 7.1: Phase plots of z,2; and 2, as well as estimation errors e; and es
for two all-to-all connected agents using the observer in Example [[.2.4] Initial
conditions are z(0,0) = (2,2), #1(0,0) = (5,5), 22(0,0) = (=1,0), 71(0,0) =
(1,1), 72(0,0) = (—1,-1), 7(0,0) = 0.2.

with v = —0.1. An appropriate choice of P is

24.84
—4.57
0.08
0.44
1.17
0.89
—0.80
—1.90

—4.57 0.08
23.11 291
291 24.07
—-1.20 3.17
—2.48 1.55
—-0.38 0.73
1.13 —0.07
0.53  0.67

0.43
—1.20
3.17
21.79
1.63
0.62
—0.48
1.35

1.17
—2.48
1.55
1.63
14.01
—1.17
1.33
0.46

0.89
—0.38
0.73
0.62
—-1.17
16.77
0.44
0.14

—0.80
1.16
—0.07
—0.47
1.33
0.44
16.49
—0.95

—1.90
0.53
0.67
1.35
0.46
0.14

—0.95

14.36

A simulation with these parameters is shown in Figure[7.1 The estimates &,

and &y converge to x asymptotically as guaranteed by Theorem [7.2.3

3Code at https://github.com/HybridSystemsLab/0bsSyncTimes2nd
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(a) Phase plots of z, 1,22 from initial condi- (b) Estimation errors for both components.
tions that are denoted by .

Figure 7.2: Phase plots and estimation errors for the observer in Example [[.2.4]
The gain used is 7 = —0.4 while the rest of the parameters are the same as those
used for the simulations in Figure [[.1]

More interestingly, consider the scenario where agent 1 loses the capability of
receiving measurements, i.e., Hy = 0. A simulation with same initial conditions
and gains as those in Figure [7.1] is shown in Figure [7.60 As suggested from the
simulation, it can be seen that even though the agent has measurement y; = 0,
through the consensus-like term (the third term in ([Z90) ), the components &1 and
Ty reach consensus first and then converge to x asymptotically. This highlights
further a benefit of the third term in the dynamics of n in ([L90). In fact, the
third term enforces consensus between the estimates T, and To. Another benefit of

using this term will be seen in the next example. A

Next, we consider a scenario with two connected agents, where, if communication
between these two agent is not possible, they cannot estimate the state of the
plant individually. However, when the information is shared between them, our
observer guarantees that the state of each agent converges to the state of the plant

asymptotically.
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(a) Phase plots of z, &1, 22 from initial condi- (b) Estimation error for the third state com-
tions that are denoted by . ponent.

Figure 7.3: Phase portrait and estimation errors for the third state component
for the system in Example [[25, where = = (x1,29,23), T; = (T4, Ti2, Ti3),
eix = Ty — xp, for i € {1,2},k € {1,2,3}. Initial conditions are z(0,0) =
(1,1,1), 1(0,0) = (1,0,6), 711(0,0) = (1,1,1), 22(0,0) = (=1,0,3.5), 12(0,0) =
(—=1,—-1,-1), 7(0,0) = 0.2.

Example 7.2.5 Consider a plant in R® with oscillatory dynamics for (x1,x2) and

trivial dynamics for s, i.e.,

(7.29)

o o O

Consider the case of two agents that are all-to-all connected and measure x ac-

cording to (L2) with

Hy=1[0 01, Hy=[1 1 0]

Since the pairs (Hy, A) and (Ho, A) are not detectable, neither agent can estimate
the full state of the plant by running an observer that does not use information

from the other agent. However, when communication between agents is allowed,
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our observer would be able to reconstruct x. In fact, given T} = 0.2 and 15 = 0.4,

by solving condition (L.21]), we obtain the following parameters:

T T
Ky = [ —-0.5 —-0.2 -0.1 ] ) Ky = [ —-0.2 —-0.2 —-0.5 } )

T T
Ko = [0.2 0.3 0.3] ) Koy = [ —-0.1 —-0.5 0.2 ] )

and gain v = —0.4. The simulation shown in Figure [7.7 indicates that the esti-
mates &1 and Ty converge to x asymptotically. Figure|7.7(a) shows the trajectory
OfLU = (.]71, T, LU3), and the observer states .fi’l (SL’H, 12, 1’13) 2 929, Igg

Figure|7.7(b) shows their third components, denoted x5, T13 and To3. H

Similarly, by defining the variable

0; = ZgikGlgi(ii, Ths Yir Yi) — i
keV

and 0 = (01,05, ...,0y), the system in coordinates e and € can be written as a
hybrid system Ho = (Cy, fo, Do, Gg) with state xy = (09, 7) € X5, 09 = (e,6), and
data given by

fo(xe) == (Ase09, —1)

for each xg € Cp := R™ x R™ x [0, T3], and

Go(xo) = (Ago00, [T1, T3))

4Code at https://github.com/HybridSystemsLab/0bsSyncTimes3rd,
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when xy € Dy :=R™ x R™™ x {0}, where Ay is given in (.94]) and

I,n O
Ag=| " . (7.30)

0 0
Since the state e denotes the estimation error, the variable € denotes the
difference between the current information fusion state (n) and the new value of
the fusion state (n7), we are also interested in guaranteeing asymptotic stability

of the set A defined in (ZI9). In these new coordinates, we establish the following

result.

Theorem 7.2.6 Let0 < T} <15 be given. Suppose there exist 6 > 0 and matrices
K, e RMNV>? P Qe RPNV satisfying P = PT >0, Q =Q" >0, and

He(Ag, P)  —P +exp(0v)AjKTQ
* —exp(dv)(0Q) + He(K, Q))

<0 (7.31)

for all v € [0,Ty]. Then, the set A in [((I9) is UGAS for the hybrid system Hg.

Proof Consider the Lyapunov function candidate V' : Xy — R given by

V(xs) = €' Pe+exp(67)0" Q0), (7.32)

it follows that

a1 xel < Vixe) < azlxol (7.33)
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for all yy € Cy, where

ar = min{A(P), A(Q)}, (7.34)
g = max{\(P),exp(6T5)NQ)}. (7.35)

Since the gradient of V' is given by

VV (xg) = (2Pe, 2exp(67)Q0, § exp(07)0" QF),

for each yy € Cy, we have

(VV(x0), fo(xs)) = €TH6(A9, Pe — 2¢" PO+ 2 exp(éT)HTQICAge

—exp(07)0  He (K, Q)0 — s exp(67)0" QO

e He(Ay, P) —P +exp(d7)AJKTQ e
ol | P+ exp(67)QKAs — exp(67)(6Q + He(K5, Q) | 6]
(7.36)
Therefore, by using ([Z.31]), we have
(VV(xe), fo(xs)) <0 Vxg € Cy\ A (7.37)
Moreover, for each yy € Dy, for each g € Gy(xo),
VI(g) —Vixe) =—0"Q0 <0 (7.38)
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Note that every solution ¢ € Sy, is complete and for (¢,7) € dom¢, by using
([C20)), we have that for any 7" > 0, t + 7 > T implies

Ty Ty

t> T .
1+T 1+T

From the inequalities in (T.37) and (Z.38)), by using [73, Proposition 3.27], we have
that the set A is UGAS for Hy. [ |

Remark 7.2.7 Note that the condition in (T31)) is different than the condition

in ([L9H), the latter requires the matrix @(V) to be block diagonal, while the former

does not.

Note that the condition in (7.3I]) needs to be checked over a closed interval

[0, T3], which is a difficult task. The following result relaxes this requirement.

Proposition 7.2.8 Let Ty > 0 be given. The inequality in (L31)) holds for each
v € [0, Ty] if there exist & > 0 and matrices P,Q € R™W*"N satisfying P = PT >0,
Q=Q" >0,

[ He(Ag, P) —P+ ATKT
B = o(4o, P) k@ 0, (7.39)
* —6Q) — He(K, Q)

_ TiT
B, — He(Ay, P) P +exp(0T3) A, K7 Q <. (7.40)
* —exp(073)(0Q + He(K, Q))

Proof Given T, > 0 and 6 > 0, define the function r : [0, 73] — [0, 1] as

_exp(d73) — exp(dv)
 exp(6Ty) — 1

r(v)
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for all v € [0, T3]. Then, it can be verified that for each v € [0, 5]

exp(dv) =r(v) + (1 — r(v)) exp(d1s). (7.41)

Then, by using this relationship, the matrix function in (Z.3I]) can be written as

He(4g, P) —P +exp(dv)AJKTQ
* —exp(dv)(0Q) + He(K, Q))

=r(v)E1+ (1 —r(v))Ey (7.42)

for each v € [0, T3], where E} is given in (.39) and Ej is given in (Z40). Therefore,
it follows that when (Z.39) and (Z40) hold, (Z.3T]) is satisfied. [ |

Example 7.2.9 Consider the network estimation problem in Evample[7.2.4. Us-
ing the same parameters Ki1, K19, Ko1, Koo and vy therein, it can be verified that

(C39) and ([TAQ) hold for 6 = 10 and a mazimum value of Ty ~ 0.4. As expected,
replacing condition (T31) by (T39) and (TAQ), which is a relazation of (31,

the largest Ty allowed becomes smaller. A

Remark 7.2.10 Note that the matrices Ey and Es involve the multiplication of
QK Ay, which contains cross terms involving @), K4, and . The presence of
these terms makes the problem nonlinear and difficult to solve numerically. This

difficulty motivates the LMI conditions established in the next section. U

7.2.2 Design of parameters via LMIs

Since the conditions established in Theorem [[.2.2] and in Theorem [7.2.6] are
nonlinear and need to be checked for infinitely many points, they are potentially
difficult to be solved numerically. In this section, we develop constructive condi-

tions that can efficiently be checked numerically.
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Following the idea in [92], condition (7.2I]) can be relaxed as shown in the

following result.

Proposition 7.2.11 Let 0 < T3 < T, I' = (V,&,G) and v € R be given. The
matrices K, and P = P" > 0 satisfy condition (T21)) for each v € [Ty, Ts) if there

exist matrices Fi, Fo € RN sych that, for each v € [Ty, Ty,

Fi 0
—He(F,I) o exp(Ajv)P
FoL+FH, 0
e <0, (7.43)
* —-P 0
* * —-P

where Ay is gwen in ([1T), H, = diag(Hy,Hs,...,Hy), Fo = FoK,, F =
diag(Fy, o), L =L@ I, and Hy = Hy * (Iy + G).

Proof Let
exp(Afv)Pexp(Asr) 0 A 0
x = |GPUrPexp(dg) Ny = |7 Ny =] (7.44)
0 —P I 1
Then, condition (Z.2I)) can be written as
Ny XNy <0 (7.45)

while the positive definiteness requirement for P is equivalent to

Ny XNy < 0. (7.46)
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Note that the columns of Ny form the basis of the null space of
Y = [_1 Ag} , (7.47)
and the columns of Ny form the basis of the null space of
Z = [1 0] . (7.48)

Thus, by using the projection lemma [03], inequalities (745 and (T40]) are satis-

fied if and only if there exists a matrix F € R*™*"N guch that

exp(Ajv)Pexp(Apr) — He(F, 1) j-:Ag

Y'FZ+Z'F'Y +X = <0.
* —P
Moreover, we have
exp(Ajv)Pexp(Apv) — He(F, 1) ./%Ag
* —-P
_ B T
—He(F,I) FA, N exp(Ajv) . exp(Ajv)
* —-P 0 0
Using Schur complement, we further have
~He(F,I) FA, exp(Ajv)
* —-P 0 < 0. (7.49)

* * —p!
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Then, by pre and post multiplying by diag(/, I, P), we have

~He(F,I) FA, exp(Ajv)P
* -P 0 < 0. (7.50)

* * -P

Recall A, from (ZI8), by choosing F = diag(Fy, F), we have

= Fi 0 TN 0
FA, =
Fi 0
| FoKgHyx (In +G) + 7P L@ I, 0
Fi 0
_”Y]:zz + fQﬁg 0
Then the result follows. [ |

Remark 7.2.12 Note that for fized v and v, condition ([T43) is a LMI with
respect to the parameters Fy, Fo and Fo. In fact, the feasibility problem (.43
can be solved efficiently by applying the polytopic embedding approach, see, e.g.,
[92, Corollary 1]. In particular, the embedding approach provides a way to handle
the term exp(Aysv) and only requires to check condition ([.43)) over a discrete and

bounded set, i.e., a finite number of inequalities. U

Next, we propose design methods based on the conditions in Proposition [7.2.8

First, note that the matrix Ay in (Z.30) can be written in the form Ay = /L/L,
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where

~ I 0 ~ Ay —1,
Al - 5 Ag - ’ N . (751)
K I 0 0

We have the following result.

Proposition 7.2.13 Let T > 0 be given. The positive definite symmetric ma-
trices P,QQ € R"™W*"W “the constants § > 0, v € R, and the matriz K, € R"™V*P
satisfy conditionﬂ (C39) and ([CAQ) if and only if there exist matrices O;,T; €

RVxnN 5 e N, 1 <7 <6, such that

He (). I, 0, P
(21, Lonw) o <0, (7.52)

* Y + He(Qg,IgnN)_

He(A,, I, At B
(A, foniv) e <0, (7.53)

* A + He(Ag,[QnN)_

where

Py = diag(P,Q), Z = diag(0,y, —0 exp(073)Q), )
7.54
P, = diag(P, exp(6T2)Q), Y = diag(0ny, —3Q),

5For simplicity, H, =0.

154



and

0, +KTO, —0,+KTO

0= v ’ (7.55)
o o,
(0T 4y — O3+ KTO; —OT

Q= | 170 ¢ (7.56)
074, -0 —oJ
ATO, 0

Q= 0" (7.57)
|05 0
LK T KT

Ay = (7.58)
T T
(774 - T+ KT T,

Ap= |10 °©on (7.59)
I ETAG _ ’Tﬁ _7;'
(Al 0

Ay = (7.60)
| =75 0

Proof Let

Al ~ |0 A| -
NW: 10 ,y: ~1 >Z:
I *x Y

Then, inequality (Z39) can be written as

0 152} H
SNy = . (7.61)
*x 7 I

By = NyYNy <0, NyYNy <0, (7.62)
and inequality (Z40) can be written as

By = NyyZNy <0, Ny ZNy < 0. (7.63)
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Moreover, the columns of Ny (respectively, Ny) form the basis of the null space

of W (respectively, )), where W and ) are given by

. - —-I 0 Ay —ILw
W = [_Al—l AQ} = ) (7.64)
K -1 0 0
and
]nN OnN OnN OnN
y: OnN [nN OnN OnN : (765)

Oy Opn ]nN Onn

Then, using the projection lemma [93], inequalities (Z.62)) and (Z.63)) are equivalent

to the existence of two matrices O, 7T € R?*V*3"N gych that

YV+WTOY+YT0™TW <0, (7.66)
Z+WITY+Y'TTW <. (7.67)
Therefore, by letting
O, 0, O T To T3
o=|" "7 7 T=|" "7, (7.68)
Oy O5 Og T Ts Te
we have
~ He(Qy, 1 Oy + P
Wiy + yow 3= | N (7.69)
* Y + He($3,1)
which leads to (52)). The proof of (53] follows similarly. |

By the transformation in Proposition [7.2.13] it can be seen that in the new
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set of inequalities (7.52]) and (7Z.53]), the cross term KK from the multiplication
of LAy in ((39) and (T40) vanishes. In fact, the conditions (T.52]) and (Z.53)

lead to several designs by choosing the matrices O;, T; € R™™*"¥ properly. The
following result illustrates one particular such design when the graph is all-to-all

connected.

Corollary 7.2.14 Let Ts > 0 be given. The set A is UGAS for Hy if there
exist 6 > 0, v € R and positive definite symmetric matrices P,Q € RMV*nN

Q e R"™W*P gnd R € R™*"N such that

He(Z,, Iy, Z,+ P

(21, Lnw) S <0, (7.70)
| * Y + He(Zg,IgnN)_
(He(Z,, I, zZ,+P |

(21, Lanw) S <0, (7.71)
i * A —+ He(Zg,[QnN)_

where Py, Py, Y, Z are in ({54), and

R+ HIQ+LR HJQ+L'R

Z, = , (7.72)
_ R R
(RTA+He(Q.H,)+He(R.L)—R —R

. (O, H,) + He(R, £) | -
_ R 0
(ATR+HIQ+LTR 0

Z, = , (7.74)
R 0

A=Iy®A L=2L&D ], K] = QR

Proof When the graph is all-to-all connected, we have (K H,)*(In+G) = K,H,,.
By choosing O1 =03 =0, =05 =0 =R and Ty =T5=T, =T =Ty =R,
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and K] =R™'Q, Oy =T, =0, conditions (T52) and (Z53) reduce to (Z70) and

(T7T), respectively. [ |

Example 7.2.15 For the system in Example[7.2.7] and for given Ty = 0.4, it can
be verified that the inequalities (T1Q) and ([TZ1)) can be solved by choosing 6 = 10

and v = —0.2, the resulting gain s

~ |11 —043 —041 —0.09
Kg

~
~

0.09 -041 043 -—-1.11

Note that ([T10) and (7)) are LMIs that can be solved efficiently. JAN

7.2.3 Robustness to measurement and communication noise

In this section, we investigate the scenario when the measurements y;’s are
noisy, i.e., for each i € V, y; = y; + m;, where m; : R5y — R denotes the
measurement noise on the information received by agent 7. Moreover, when agent
i receives information (including #y, yx,) from agent k (k € N (7)), it is also affected
by channel noise, i.e., i = Zj, + ¢ and gi = g + ¢/, where ¢; = (¢, ¢?) : Rsg —
R™?i is the channel noise when agent i receives information from its neighbors.

Then, according to the design in ([Z.89)-(7.90), the noise is injected through the

update law of 7;, that is,
ni =0 (7.75)
when 7 € [0, T3], and

= KiHiei + ) gin( K Hyex+ei—ex) + (7.76)
keVy
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when 7 = 0, where

G =—Kym; + Zgz’kKik(Hka - —my) — VZgikC?‘

key key
= K;m; — ZgikKikmk + Zgik(Kika —~I)ef — ZgikKikC?iJ-
kev key key

Then, the closed-loop system in (Z15) and (ZI6) with added noise can be written

in the following compact form:

X = fs(X) = (Afg> _1) x € C, (777)

X" € Gu(x. Q) = (Ayo + ¢, [T1, T)) X € D, (7.78)
where Ay and A, are given in (Z.I7) and (7.I8)), respectively,

C: (O>Kmm+KcC)>
K, =—-K;*(I+G),

K= |(K,H, —~I) %G —Kg*g] ;

m = (my,ma,...,my),c=(c"c¥), " = (cf,c5,...,c%),and ¥ = (¥, 3, .. .,CZ]/V)H

For this perturbed hybrid system, we have the following result.

Theorem 7.2.16 Let 0 < Ty < 15 be given. Suppose there exist matrices K, €
R™W>XP gnd P € R2N>2N gych that P = PT > 0 and condition (T2I)) holds.

Then, the set A is ISS with respect to measurement noise and communication

®Note that the Khatri-Rao product —K, (I + G) is such that the (i, k)-th entry K;;, of K,
is multiplied by the (7, k)-th scalar entry of the matrix I + G for all i,k € V.
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noise, i.e., each ¢ € Sy, satisfies, for any (t,j) € dom ¢,

6(t,7)|4 < max {, /23—in/2|¢<0,o>|A,a“m<j>|m|ooﬁc<j>|c|oo} . (179)

J

where A = 1= 2 + ¢ € (0,1), Fm(j) = 2/ L1534 K, 7)) = 20/ £ 15

a_l 1—>\d (5] 1—>\d

D= iwljtwg, €€ (0,;’;>, IIaS (0,min{a2,—3}>,

| K|,

a = Vg[&%]g (eXp(A}—V)P exp(Asv)),

= A Ajv)Pexp(A
a Vlg[loa}i]/\(exp( jV)Pexp(Agv))

wy = max |exp(Alv)Pexp(Ar)A,l%,
1 VE[TLT2]| p( b ) p(Arv)A,|

wy = max |exp(Ajv)Pexp(A)l,
2 VE[T17T2]| p( f ) p(Av)|

~

f= max X(exp(él/)AgT exp(AJTI/)P exp(A)A, — P).

VE[Tl,TQ}
Proof Consider the Lyapunov function candidate V' : Xs — R given by
V(x)=o0" exp(A;7)Pexp(Asr)o (7.80)

where § > 0 and PT = P > 0. Following the proof of Theorem [.2.2] it follows

that

X% < V(X) < aalx% (7.81)

for all x € C,, where a; and ay are given by (Z24) and (Z.25). Then, during

flows, we have
(VV(x), fs(x)) =0 Vx € (s (7.82)
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Moreover, for each y € D\ A, by using ([.144)) and ([7.I43]), for each g € G(x;, ()
where § = (Ay0 + (,v) and v € [11, T3],

V(Gs(x)) = V(x) = (A0 + )" exp(Aj ) Pexp(Av)(Ago +¢) — o' Po
= (AgT eXp(A}rl/)P exp(Apv)A, — P)o
+¢7 exp(A}y)Pexp(Afl/)(

+2¢" exp(Ajv)Pexp(Agv)Ayo.
Using Young’s inequality, we have

2¢" exp(Afv)Pexp(Apv)Ago =2 (A exp(Ajv)P exp(Afl/)C)T o

1
< p— |A] exp(Ajv)P eXp(Afl/)C‘2 + eaq|o)?.
1
Therefore,

V(Gs(x)) = V(x) < —po'o +eao’o+ (" eXp(AJII/)P exp(Asv)C

1
+ ECT eXp(A}rl/)P eXp(Afl/)AgA;— eXp(A}rl/)P exp(Asv)(
1

< - (ﬂ - ) V) +CT¢

(D)

where

e (O, min {0@, — max A (AQT exp(AJTI/)P exp(Afv)A, — P) }) ,

ve(T1,Ts]
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€

€€ (O,O%),p: L w; + wy and

wy = VEIFT?}%Q |exp( A v)Pexp(Av) g} (7.83)
T
wy = V$?§2 |exp(Afv)Pexp(Apv)| . (7.84)

Note that by the choice of i and e,

0<1-t 1ec
Qg

Then, given a solution ¢ € Sy., we have that for all (¢,j) € dom ¢ such that

t € [ty til,
V(o(t, 7)) = V(e(t;, 7)) (7.85)
and
V((tjr1,7 + 1)) < AV ((tj+1, 7)) + pIC|% (7.86)

where \y = 1 — a% + € € (0,1). Therefore, by recursively applying the above two

inequalities, we have, for each (¢, j) € dom ¢,

Pl Ay

ot )% < j—jA§ 16(0,0)% + |<|2 (7.87)

Since |2, < 2|K,,|2|m|% + 2| K.|*|c|%,, it follows that, for each (¢,5) € dom ¢,

|¢(t7j)|ASmaX{\/QO‘QVﬂW(O 0) 20/ 2125 K 2/ 2 225 s, ||c\oo}
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(a) Noise magnitude a = 0.2. (b) Noise magnitude a = 0.4.

_4 L L L L J _5 L L L |
0 5 10 15 20 0 5 10 15 20

(¢) Noise magnitude a = 0.6. (d) Noise magnitude a = 0.8.

Figure 7.4: Effect of measurement and communication noise for the system in

Example 217

Example 7.2.17 To show the effect of communication noise and measurement
noise, we revisit Example[7.2.]. Moreover, we consider the communication noise
and measurement noise is generated randomly and with values in [0, a], where a €
R>. With the same set of parameters, four simulations are shown in Figure[7.).
It can be seen that the steady-state estimation error increases with the size of the

measurement and communication noises. A

Remark 7.2.18 Since the hybrid system H, satisfies the hybrid basic conditions
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and, under the conditions in Theorem[7.2.3, the compact set A is UGAS for H.s,
it follows from [73, Lemma 7.20] that the stability of A is robust to general small

perturbations. O

7.3 Asynchronous and heterogeneous communi-

cation events

7.3.1 Hybrid modeling

Consider N agents that are connected via a directed graph and where each
agent runs a local observer of the state x of the linear time-invariant plant in (Z.1]).
Each local observer uses its own measurement and information received from its
neighbors. Due to the impulsive nature of such communication mechanism, the
communication events are triggered by a decreasing timer 7;. Namely, 7; decreases
and upon reaching zero it is reset to a point in [T}, 7%]. Such dynamics of 7; at

agent ¢ can be modeled by a hybrid system given by

=1 7 € [0, T3], (7.88a)

T € [T, T3 7 = 0. (7.88)

This hybrid system generates any possible sequence of time instances {t}52, at
which events occur and satisfy (Z.3]). Note that 7} and T3 may not be equal for
each 7 € V, in this way the intervals which observer can update their estimates
may be vastly different. Consider the case of N = 2, then, at jumps, the timer
states 11,7y are reset by 7 € [T}, T}] when 7y = 0 and 7,7 € [T},27;] when

79 = 0, for such a jump map, 7 could potentially jump twice as fast as 7.
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In this paper, we consider the following dynamics for 7; defining a specific

hybrid information fusion strategy:
Joi(Zi, ni) = ham; (7.89)
for all (z;,m;) € R™ x R", and, for all (Z;, Zx, yi, yx) € R” x R" x RPi x RPk,

Gy (&4, Tk, yis i) = %KiinyrKikyiﬂW(i"i — &) (7.90)
where, for each 7,k € V, y¢ = H;z; — y;, K, € R"P* and v € R are the gain
matrices for the i-th agent. Note that due to the specific update law in (90) and
the definition of g, the second term in (Z.90]) uses the output error of each k-th
agent that is a neighborhood of the i-th agent, and the third term in (Z.90) uses
the difference between the estimates z; and Z;. These are the quantities that are
transmitted at communication events. For simplicity, for the rest of the section,
we will assume that 6 = 0 and ¢; = 0 for all ¢ € V, the scenario when they are

nonzero are discussed in Section [7.4]

Remark 7.3.1 When h; = 0 for all i € V, the hybrid information fusion strat-
egy proposed in ([(89)-([C90) falls into the category of zero-order sample-and-hold
control; see, e.g., [90] and [91]. Note that the work in [90] and [91] pertain
to single-agent systems and that robustness to measurement and communication

noise s not studied. O

Remark 7.3.2 Note that the maps f,; and G,; enable a rich choices of dynamics
for the variable n;, although not pursued in this paper due to space limitation, one

can potentially choose a sliding mode-like dynamics, for example, see [9]).
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Inspired by the idea in [95], let ¢; = Z; — z and e = (e, -+ ,en), 0 =

(01, -+ ,0N), 7= (11, -+ ,7n), and
0, = Kiiyf+z gikKiky2+WZgik(€i —ep) — ;. (7.91)
key key

Then, the resulting closed-loop system is given by the interconnection between
the plant in (Z1l), all local observers and the dynamics of the information fusion
state in (T.4)-(77). In particular, the resulting system in coordinates e, # and 7
can be written as a hybrid system H = (C, f, D, G) with state x = (0,7) € X' :=
R™ x R™W x Ty, where Ty = [0, T3] x - - - x [0, T'], o = (e, ), and has data given
by

f(x) = (Agpo, —1x) (7.92)
for each y € C' = &', and
G(x) ={Gi(x): x € D;,i € V} (7.93)

when x € D = J,., Ds, D; = {x € C : 7; = 0},

e
GZ(X): (91a92a"' aei—laoaei-i-l?"' aeN) ’
(T17T27 oy Ti—1, [TIZ7 Té]vTi+17 o 7TN)
where
A —in
A= 0 ™, (7.94)
KAy —K
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A= IN®A+K, Ay = Ag—H,, K = K,Hy(Iy+G)+~7L &I, and K = K — H,,
the matrices H, = diag(Hy, Ho, ..., Hy) and H, = diag(hi1,, hol,, ..., hn1,) are
block diagonal and K, € R™*? is a N x N block matrix with the (i, k)-th entry
given by Ky, € R™P for all 4,k € V with p = .., p;. Note that the operation
“x” denotes the Khatri-Rao product, where the matrix K ,H, is treated as a N x N
block matrix. As the objective of each agent is to estimate the state x of the plant,
i.e., for each ¢ € V, make Z; converge to x asymptotically, and since rn; approaches

zero as e; approaches zero, the set of interest is defined as A = {0,n5} X {0,n} X To.

Remark 7.3.3 The dynamics in ([L90) requires the transmission of measure-
ments y;’s and estimates Z;’s through the network. As we will show later (Ez-
ample [7.3.9), the transmission of &;’s are essential as when certain agents does
not have enough information directly from measurements, the consensus term
v(&; — Tx) enables the reconstruction of state x. Similar arqguments apply to the

transmission of y;’s.

Remark 7.3.4 Note that the flow set C' and the jump set D are closed. More-
over, the flow map f is continuous and the jump map and the jump map G is
outer semicontinuous H Therefore, the hybrid system H satisfies the hybrid basic
conditions. Note that satisfying the hybrid basic conditions implies that the hybrid
system H is well-posed and, with asymptotic stability of a compact set, leads to

robustness to small enough perturbations; see Section[7.4.1] for more information.

7.3.2 Properties of solutions

As mentioned in Section [T.]], solutions to general hybrid systems H can evolve

continuously and/or discretely depending on the continuous and discrete dynamics

A set-valued mapping G : R” = R" is outer semicontinuous if its graph {(z,y) : z € R", y €
G(x)} is closed; see [73] Lemma 5.10].
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and the sets where those dynamics apply. We treat the number of jumps as an
independent variable j and the time of flow by the independent variable .

Due to the fact that the timer variables being zero is the only trigger of the
jump map, properties on the domain of solutions can be characterized in the

following results.

Lemma 7.3.5 Given 0 < T} < T3 for alli € V. Every ¢ € Sy satisfies the

following:
1. ¢ is complete, i.e., dom ¢ is unbounded in both t and j directions;

2. for each (t,j) € dom ¢, s& miney T <t < L max;ey T3,

Proof For any given ¢ € Sy, for any (¢,7) € dom ¢, note that within min;cy T}

window, at most all of the NV timers can be triggered twice, therefore, ﬁ min;ey 77 <
t. Similarly, within max;cy 7y window, all N timers jump at least once, then,
t < % max;ey Ty. To see the completeness of maximal solutions to #, note that
for any x € C'\ D, we have Teap(x) N f(x) # 0. H Moreover, when x € C'N D,
solutions cannot be extended via flow. Furthermore, G(D) C C' U D. Therefore,

according to |73 Proposition 6.10], the maximal solution ¢ is complete. [ |

7.3.3 Sufficient conditions for global exponential stability

In this section, we establish sufficient conditions that guarantee the GES prop-

erty of the set A for H. Then, we have the following result.

Theorem 7.3.6 Let 0 < T} < Ti be given for all i € V. Suppose N agents

are connected via a digraph I' = (V,E,G). Moreover, suppose there exist 6 > 0

8T(x) denotes the tangent cone to the set C'\ D at , see [73 Definition 5.12].
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and matrices K, € R"™W>*? P e RN, € R™™" satisfying P = PT > 0,

Q;=Q] >0 foralieV, and

He(Ag, P) —P+AJKTQ(v)

- o <0 (7.95)
x —6Q(v) — He(K,Q(v))

forallv = (v, vs, ..., vx) € Ty, where Q(v) = diag (@1(1/1), Qa(1), - - - ,@N(VN)>
and Q;(v;) = exp(01;)Q; for each i € V. Then, the set A is GES for the hybrid
system H.

Proof Consider the Lyapunov function candidate V' : X — R given by

V(x)=e' Pe+0"Q(r)0. (7.96)
It follows that
arlx[% < V(x) < azlxli (7.97)
for all x € C, where
oy =min {A(P),A(Q(0)) }. (7.98)
y = max {X(P),X (Q(Tz))} . (7.99)

Since the gradient of V' is given by

VV(x) = <2P6, 20(r)8, 8 diag(8)Q(7) diag(@)lN) ,
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where diag(f) = diag(6;,0s, ...,0y). Then, for each xy € C, we have

(VV(X), fa(x)) = ¢ He(Ag, P)e — 2¢" PO + 207 Q(7)K Age

—0THe(K,Q(1))0 — 00" Q(7)0
e : He(Ay, P) —P+ AJKTQ(1) e
ol |-P+ QKA —60(r) —He(K,0() | 0|
Therefore, by using ([Z.95]), we have

(VV(X), f(X)) < =BIx% YxeC\A, (7.100)
where 3 = —A\(M) and

He(Ay, P P+ AJKTQ(r

M= UnP) — ~PrAL Q0 (7.101)
—P+Q(1)KAy —3Q(7) — He(K,Q(7))

Moreover, for each x = (e,0,7) € D and for each g € G(x), there exists at least

one component of 7, say, the i-th component, such that 7, = 0. Then, at jumps

we have
V(g) = V(x) <=6/ Q:0; <0 (7.102)

Then, for a given ¢ € Sy, for any (¢,7) € dom¢ and let 0 = ¢5 < t; < -+ <
tjt1 <t satisfy
J

dom (Y10, 5] % {0, j1) = (It teer] x {5},

s=0
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For each s € {0,...,7} and almost all r € [ts,ts11], ¢(r,i) € C. Then, (93]

implies that, for each s € {0,..., 7} and for almost all r € [t;, ts11],

LV(9(r1)) < ~Blo0 ) < ~L V(o0 (7.103)

Integrating both sides of this inequality yields

V(¢(t8+la S)) S exXp <_aﬁ(t8+l - ts)) V(¢(t5, S)) Vs € {07 s a]} (7104)

2

Similarly, for each s € {1,...,7}, ¢(ts,s — 1) € D, and thus
V(p(ts,s)) — Vi(p(ts,s —1)) <0 Vse{l,...,j}. (7.105)
The last two displayed inequalities imply that

V(6(t,5)) < exp (—ﬁt) V(6(0,0)). (7.106)

Qo

Therefore, by using ([7.97)), for any (¢, j) € dom ¢,

ot j) < \/j: exp (—2%) 16(0,0)L. (7.107)

From Lemma [Z.3.3] we have that ¢ > %7 which implies that

o(t,j) < \/jj exp (—2%) 16(0,0)L
< \/Zi exp (_% (%t + f—NJ)) 16(0,0).4
< \/jijexp <_4%mm{1, f—;,} <t+j>) 16(0,0)\.
Furthermore, the set A is GES for H. [ |
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Note that condition (7.95]) needs to be checked over a closed set Ty, which might

be a difficult task. The following result relaxes this requirement.

Proposition 7.3.7 Let Ty > 0 be given for each i € V. The inequality in (Z.95)
holds if there exists § > 0 and matrices K, € R™>*? p e RN (), ¢ R™"

satisfying P = PT >0, Q; = Q] >0 for all i € V such that

He(Ag, P) —P+AJKTQ | I 08
« —Q-He(K,Q)|
He(Ag, P)  —P+AJKTEQ 0 (7.109)
s —(OBQ+He(KEQ)| |

where Q = diag(Qy, ...,Qy) and E = diag(exp(6T}),...,exp(6T)) @ I,,.

Proof Given Tj > 0 for all i € V and § > 0, for each i € V, define a function
ri [0, T5] — [0,1] as
i) = exp(dy;) — exp(ﬁTf)

1 —exp(dT3)

for all v; € [0,T4]. Then, it can be verified that, for any ¢ € V and for any
v € [O>T2Z]>

exp(6v;) = ri(vi) + (1 — () exp(6T3). (7.110)

Therefore, for each v € T,

Q(v) = R(v)Q(0) + (I = R(1))Q(T>), (7.111)
where v = (v, vy, ,vy), To = (T4, ...,TY) and
F(l/) = diag(rl(yl), cee ,’I“N(VN)) X [n (7112)
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Then, inequality (7.93]) can be rewritten as

He(Ay, P) —P+ AJKTQ(v)

_ _ } = R(V)E, + (I — R(v))Es,
—PQW)KA, —0Q(v) — He(K, Q(v)

where
B, — He(ile, P) ) —NP + AJICTNQ(E)) (7.113)
—P+QO)KA, —5GQ(0) — He(K, Q(0))
e | T eam |
—P + Q(T2)KAy —(6Q(T2) + He(K,Q(T2)))
Bi(v) = diag <\/7’1(V1)7 \/7’2(V2), SRV TN(VN)) ® I, (7.115)

B, (v) = diag (\/1 )T — 1) /T rN(I/N)) ®1I,. (7.116)

By using (ZI08) and (ZI109), £; < 0 and E < 0 and (Z.95)) holds for each v € Tj.
|

Example 7.3.8 Consider an oscillatory plant with data given by

o
A= . (7.117)
10
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(a) Phase plots of x, &1, &2 from initial con- (b) Estimation error and timer states, where
ditions that are denoted by *. x = (z1,m2), & = (Zi1,842), €1 = &1 — 21,
€0 = iig — T2, for ¢ € {1,2}.
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Figure 7.5: Phase plots of z,2; and 2, as well as estimation errors e; and es
for two all-to-all connected agents using the observer in Example [[.3.8 Initial
conditions are z(0,0) = (2,2), #1(0,0) = (5,5), 22(0,0) = (=1,0), 71(0,0) =
(1,1), 72(0,0) = (=1,—=1), 71(0,0) = 0.1 and 72(0,0) = 0.25.

Let the measurements of x at agent 1 be

y1 = Hix, H; =11 0
and the measurements at agent 2 be

yo = Hox, Hy =10 1].

By solving inequalities@ (CI08) and (CIN9) in Proposition [7.3.11), we obtain the

following parameters:

T T
Ky = [ —0.5 —0.2 ] , K= [ —0.2 —-0.2 ] )

T T
Ky = [ 0.2 0.3 } , Koy = [ —0.1 —-0.5 } )

9Note that the inequality in (ZI08)) and (ZI09) are not linear. The tool developed in [87]
provides a way to solve it.
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ditions that are denoted by . and two timer states.

Figure 7.6: Phase plots and estimation errors for the observer in Example [7.3.8
The gain used is 7 = —0.4 while the rest of the parameters are the same as those
used for the simulations in Figure [Z.5

with hy = hy = 0, v = —0.1, T¢ = T2 = 0.2, 6 = 10. A simulation with
these parameters is shown in Figure[7.5. The estimates &, and T2 converge to x
asymptotically as guaranteed by Proposition [7.3. T

More interestingly, consider the scenario where agent 1 loses the capability of
receiving measurements, i.e., Hy = 0. A simulation with same initial conditions
and gains as those in Figure [7.9 is shown in Figure [7.6. As suggested from the
simulation, it can be seen that even though the agent has measurement y; = 0,
through the consensus-like term (the third term in ([L90)), the components &1 and
Ty reach consensus first and then converge to x asymptotically. This highlights
further a benefit of the third term in the dynamics of n in ((90). In fact, the
third term enforces consensus between the estimates T, and To. Another benefit of

using this term will be seen in the next example. A

Next, we consider a situation with two connected agents, where, if communica-

tion between them is not possible, they cannot estimate the state of the plant

0Code at https://github.com/HybridSystemsLab/0ObsSyncTimes2ndAsynl
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(a) Phase plots of x, &1, &2 from initial condi- (b) Estimation error for the third state compo-
tions that are denoted by . nent.

Figure 7.7: Phase portrait and estimation errors for the third state component
for the system in Example [[.3.9, where = = (x1,29,23), & = (T4, Ti2, Ti3),
eix = Ty — xp, for i € {1,2},k € {1,2,3}. Initial conditions are z(0,0) =
(1,1,1), 1(0,0) = (1,0,6), 11(0,0) = (1,1,1), 22(0,0) = (=1,0,3.5), 12(0,0) =
(—=1,—-1,-1), 71(0,0) = 0.2 and 72(0,0) = 0.

individually. However, when the information is shared between them, our ob-
server guarantees that the state of each agent converges to the state of the plant

asymptotically.

Example 7.3.9 Consider a plant with state v = (11,2, x3) € R® that has oscil-

latory dynamics for (xq,x2) and trivial dynamics for x3, in particular,

0 -1

A=11 0 (7.118)
0

o o O

Consider the case of two agents that are all-to-all connected and measure x ac-

cording to ([L2) with

Hi=[0 01, H=[ 1 0.
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Since the pairs (Hy, A) and (Ho, A) are not detectable, neither agent can estimate
the full state of the plant by running an observer that does not use information
from the other agent. However, when communication between agents is allowed,
our observer would be able to reconstruct x. In fact, given Ty = 0.2 and T, = 0.4,

by solving conditions in ((I08)) and (CI09), we obtain the following parameters:

T T
Ky = [ —-0.5 —-0.2 -0.1 ] ) Ky = [ —-0.2 —-0.2 —-0.5 } )

T T
Ko = [0.2 0.3 0.3] ) Koy = [ —-0.1 —-0.5 0.2 ] )

hy = hy =0, 06 = 10, and gain v = —0.4. The simulation shown in Figure [7.7]
indicates that the estimates &1 and & converge to x asymptotically. Figure|7.7(a)
shows the trajectory of x = (x1, xa,x3), and the observer states &1 = (&11, T12, T13),
To = (To1,To9, To3). Figure [7.7(b) shows their third components, denoted xs3, T13
and To3. !2 Note that even though the data in this example would satisfy the
conditions in [50], in our setting the information is arriving at different times,

which makes the reconstruction of the state not possible with the results therein.

A

Example 7.3.10 Consider a plant with state x = (x1,z2,z3) € R? that has un-

stable dynamics, in particular,

01 0 0
A=1 0 01 0 |- (7.119)
0 0 0.1

1 Code at https://github.com/HybridSystemsLab/0ObsSyncTimes3rdAsyn
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Figure 7.8: Trajectories for Example [[3.10, for ¢ € {1,2,3}, the estimate &; =
(Zi1, Tio, T43), and the estimation error e; = (e;1, €9, €;3) = T; — ;.

Consider the case of three agents that are circularly connected with

010
g=10 0 1
100

and measure x according to ([T2) with
mzhoﬂ,%zhlﬂ,%zhoﬂ.

Since the pairs (H;, A)’s are not detectable for alli € V, neither agent can estimate
the full state of the plant by running an observer that does not use information
from the other agent. Note that, even though agent 1 can access both y, and iy
when 11 = 0, the combination of measurements (Hy+ Ho, A) is also not detectable.
However, when communication between agents is allowed over the network with

adjacency matriz G, each agent would be able to reconstruct x. In fact, given

TE =03, T = 0.6 and T¢ = 0.5, by solving conditions in (TI08) and (TI09),

178



20 ' ' ' ' T T T '
—€ 05¢ — 1
ol > = =
20 : i ‘ —ca 0 \\\\\\\\\\W\\\\N\\\N\\\\
0 1 2 3 4 5 0 5
t
28 b\ ' —en 05¢ \ \ p—a R
r —C22
-20 ‘ | | — 0 \ \\ \\
0 1 2 3 4 5 0 5
t
20 ' ' ' T—e 05} ' ' ' ' :
—] o
of — NN \\ AN !
 @as | | | N | | | | | NN
-20 ‘ ‘ | =—ess o NN\ \\ \ NN
0 1 2 3 4 5 0 1 2 3 4 5
t
(a) Estimation error for each components. (b) Trajectories of timer states.

Figure 7.9: Trajectories for Example [[3.10, for ¢ € {1,2,3}, the estimate &; =
(Zi1, Tio, T43), and the estimation error e; = (e;1, €9, €;3) = T; — ;.

we obtain the following parameters:

- T _ _l_
Kin=|-15 —-03 0} , Kia=|0 —-02 —0.2} ,

: T : -
Kyy=10 —-15 1.2] , Kys=102 —-03 0] ,

i T ] T
K31 =1-02 0 —0.3] ; Kss=|-11 0 —1.2] ;

hi = =22 hy = =2.1,hg = —2.1, 0 = 10, and gain v = —0.8. The simulation
shown in Figure[7.8 indicates that the estimates &;’s converge to x asymptotically.
Note that even though the data in this example would satisfy the conditions in
[56], in our setting the information is arriving at different times, which makes the
reconstruction of the state not possible with the results therein.

More interestingly, for i € {1,2,3}, when a timer 7; = 0, if the information
yr 15 not available anymore for k € N (i), then the second term in ([L.90) vanishes,
namely, Ky, =0 for k € N(i). It can be verified that the same set of parameters
with K19 = Ko = K31 = 0 also satisfies the conditions in ((108]) and ([CI109). A
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simulation of this scenario is in Figure[7.9 A

We can further relax the conditions in Proposition [.3.11] as follows.

Proposition 7.3.11 Let T3 > 0 be given for eachi € V. The inequality in (T.95)
holds if there exists § > 0 and matrices K, € R™N>*? p e RN (), ¢ R™"

satisfying P = P >0, Q; = Q] >0 for alli € V such that

He(Ag, P) —P—F}I;—ICTQ - <0 (7 120)
* —6Q — He(K, Q)] |

He(Ag, P)  —P+exp(dT3)AJKTQ - ~ 0 (7.121)
* — eXp((STQmaX)((SQﬂLHe(’Ea Q))_ |

where @ = diag(Q1, ..., Qn) and Ty"> = max;cy Ty.

Proof First, note that if the inequality in (.95]) holds for all v = (v, 19, ..., vN) €
[0, T3]V " it holds for all v = (v4, vy, ...,vy) € To. Then, the result follows by

applying Proposition [Z.3.11] [

Remark 7.3.12 In practice, one may want to search for parameters to mazximize
the allowable value for Ty** that satisfies ([12])). By doing so, information is al-
lowed to be transmitted at low frequency which in turn reduce the energy consumed,

but may take longer for the estimates to converge to the plant dynamics.

7.3.4 Nominal design of parameters via LMIs

Motivated by the fact that the conditions in (Z.I08) and (Z.I09]) are nonlinear,

in this section, we propose design methods in terms of LMIs. Below, we will use
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the fact that the matrix As in (7.94) can be written in the form Ay = /L/L,

where

~ I 0 ~ AG —InN
Al - ; A2 = . (7122)
K I ~KH, H,

We have the following result.

Proposition 7.3.13 Let Ty > 0 be given. The positive definite symmetric ma-
trices P,Q € R"™*"N the constants 6 > 0, v € R, and the matrices H, and
K, € R™"™WXP satisfy conditions (TI08) and ([TI09) if and only if there exist ma-

trices O;, T, € RMV>nN 4 ¢ N, 1 < i < 6, such that

He(Q, I, Qo+ P
(& QN)/V S <0, (7.123)
* Y + He(Q3, IQnN)_
He(A;, I, A+ By
(A, L) o <0, (7.124)
* A + He(Ag, IQnN)_

where

P, = diag(P,Q), Z = diag(0,n, —0EQ),
B B B (7.125)
P, = diag(P, EQ), Y = diag(0,n,—0Q),
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and

0 0, +KT0; —0,+KT0;
1 pr—
| O —0s
0 O] 4 — 03 +K"0Os — O/KH, —O] +0/H,
g =
| 0,4 - 0s — O KH, -0) + OJ H,
o |40 HIKTO 0
g =
| 0+ H,0; 0
A T +K'"Ts T +K'T;
1 pu—
T —Ts
n_ | T AT+ KT = T KH, —Ti' + T, H,
g =
| RA-T-TKH, =T+ TH,
N (AJ T — HIK™T; 0
3 — .
| T+ H)T7s 0
Proof Let
Al ~ [0 | ~ [0 P, T
NW = >y - ~ | &= = ~ ,Ny = [OnN Onn Onn Iny
I * Y * 7
(7.126)
Then, inequality (ZI08) can be written as
By = Ny YNyw <0, Ny YNy <0, (7.127)
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and inequality (7.109) can be written as
Ey = NyyZNy <0, Ny, ZNy < 0. (7.128)

Moreover, the columns of Ny (respectively, Ny) form the basis of the null space

of W (respectively, )), where W and ) are given by

~ ~ -1 0 A0 —in
W = [—Al_l AQ] — M (7.129)
K -1 —KH, H,

and

[nN OnN OnN OnN

y = OnN [nN OnN OnN : (7130)

Oy Opn ]nN Onn

Then, using the projection lemma [93], inequalities (Z127) and (TI2]) are equiv-

alent to the existence of two matrices O, T € R2"V>*3nN gquch that

Y+WIOY+YT0™W <0, (7.131)
Z+WITY+Y'TTW <. (7.132)
Therefore, by letting
O, 0O, O i Ta Ts
0= b , T = b , (7.133)
Oy Os Os To Ts To
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we have

_ |He(, I Q + P
WOy + y oW 3= | D e (7.134)
* Y + He(Q23,1)

which leads to (ZIOR)). The proof of (ZI03)) follows similarly. [ ]

By the transformation in Proposition [[.3.13] it can be seen that in the new
set of inequalities (T123)) and (7.124]), the cross term ICIC from the multiplication
of KAy in (T.I08)) and (Z.I09) vanishes. In fact, the conditions (7.123) and (Z.124))
lead to several designs by choosing the matrices O;, T; € R™*"¥ properly. The
following result illustrates one particular such design when the graph is all-to-all

connected.

Corollary 7.3.14 Let Ti > 0 be given. The set A is GES for H if there exist
§ >0, v € R and positive definite symmetric matrices P € R™W*"N (. ¢ R™"

foralli €V, Q € R™N*P gnd R € R*"™W*"N sych that

(He(Z,. I, zZ,+P

(21, L) 2 <0, (7.135)
i * Y —+ He(Z3, [QnN)_
(He(Z,. I, Z,4+D5 |

(21, Lanw) 2 <0, (7.136)
i * A + He(Z3, [QnN)_
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where Q = diag(Q1, ..., Q) and Py, P5,Y, Z are in (T129), and

R+ HIQ+ LR HIQ+LTR
Z = , (7.137)
~R ~R

(RTA 1 He(Q,H,) + He(R. L)~ R — Q"H,H, — RTLH, —R"(I—H,)

Z, = _
i ~R—Q"H,H, —R"LH, RTH,
(7.138)
ATR+H]Q+ LR~ H,H]Q—~H,L'R 0
Zy = , (7.139)

~R+ H,R 0
A=IN®A L=7L®I,, K] = QR .

Proof By choosing Oy =035 =0, =0; =0s =Rand Ty =T33 =T, =T; =
To=R,and K] =R'Q, Oy =T; = 0, conditions (TI23) and (TI24) reduce to
((CI35) and (ZI34), respectively. ]

Example 7.3.15 For the system in Ezxample [7.3.§ and for given T, = 0.4, it
can be verified that the inequalities (T135]) and ([LI36) can be solved by choosing

hy =hy =0, § =10 and v = —0.2, the resulting gain is

—1.11 —-043 —-0.41 -0.09
KT ~
g

0.09 -041 043 -—-1.11

Note that (TI38) and (TI36) are LMIs that can be solved efficiently. JAN

Remark 7.3.16 The inequalities in (LI120) and (TI21) can be transformed into
LMIs similarly as done in Proposition [7.3.15 and Corollary[7.3.14)
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7.4 Robustness properties and design

In this section, we consider the effect of general perturbations and unmodeled
dynamics on the plant. In such a setting, the perturbed plant is given in (7))
and the measurements taken by agent i is given by (.2]), where the functions
0 : R" xRsp — R" and ¢; : R" x Ryyp — RP are unknown functions that
captures the unmodeled dynamics and measurement noises. Moreover, when agent
i receives information (including 2y, yx) from agent k (k € N (7)), it is also affected
by channel noise, i.e., T}, = ) + ¢ and §; = yi + ¢/, where ¢; = (¢f,¢?) : Rsg —

R™?i is the channel noise when agent i receives information from its neighbors.

Furthermore, we consider a skew on the rate of the timers, i.e.,

m=—1+4¢ 7, € [0, T3 + ¥i(1)], (7.140a)

7€ [0 = 0i(7), To + 0i(7i)] 7 =0. (7.140D)

where ¢; : R>g — (—00, 1) is the skew on the timer dynamics for 7; and ¥; : Ry —

[%,T 1) perturb the threshold values of 7;. Then, according to the design in
((C.R9)-([Z90), the perturbed dynamics of 7; is,

when 7; € [0, Ty + 9;(7;)], and
nt = K He; +Zgik(Kika6k+76i_'Vek)+<i

hev (7.142)

— Kiipi(z,t) — ZgikKikwk(fEa t)
key
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when 7; = 0, where

Gla,t) = —Kipi(.t) + Y ganFx(Hcf — ¢! — oi(,1) =7 Y gincy.
key key

Then, by letting

0; = KiHie: + Y _gin(Kix Hyex+yei—vex) — i,
keVy

the resulting hybrid system H = (C, f, D, é) with state x = (0,7) = (e,0,7) is
given by
f(X) = f(X) + (_1N5(x7 t>7 _ElNé(xvt)v §)

when y € C := R™ x R"™ x T, where
T: [O,TQ +’l91(7'1)] X [O,TQ +’l92(’7')] X o X [0,T2+19N(’7'N)],

and ¢ = (1,62, ..., Sn). Moreover, when x € D := J,cy, Dais Doi ={x €C:7; =
0},
Gp(x; Q) = {Gi(x,¢) : x € Diyi € V}

and

e
Gai(X, C) = (917927' o 791'—17 _Ci(xvt)79i+17 e 79]\7) )
(7_1’7_27 sy Ti—1, [Tll - ﬁz(Tz)aTQZ +/l9i(7-i)]a7_i+l> Tt aTN)
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where C(l’,t) = (Cl(xat)a e '>CN($at))> gO(l’,t) = (‘Pl(zat)> - -a¢N($at)) and

((x,t) = Kpo(z,t) + K,
K, =—-K,*(I+G),

K. = [(KgHg —vI)x G —Kg*g] )

m = (my,ma,...,my),c=(c",c¥),c" = (cf,c,...,cx),and & = (¥, c5,...,c%)

7.4.1 Robustness properties with respect to small pertur-

bations

Motivated by Remark [[.3.4] in this section, we focus on the generic robustness
property to small perturbations. Below, given a set S, C R™, R*(S,) denotes the

reachable set of © = Ax from S.. Then, we can establish the following result.

Theorem 7.4.1 Given Ty > T} > 0, suppose the gains K,, v, h; for alli € V are
chosen such that the set A is GES for the unperturbed hybrid system H. Then,
A is semiglobally practically robustly KL asymptotically stabl for H, i.e., there
exists B € KL such that for every compact set S. C X and every ¢ > 0, there

exists p* € (0,00) such that if
I?E%X {ﬁlup% |C|007 |g‘00} < p*v (7143)

where pl - maX:cERf”(Sc),teRZo |90(x> t)|; p2 - maX:cERf”(Sc),tERZo |5($a t)|7 then; every
¢ € S(Se) satisfies [(t, j)|a < B(|¢(0,0)]4,t + j) + € for all (¢,j) € dom ¢.

2Note that the Khatri-Rao product —K, x (I + G) is such that the (i, k)-th entry K;; of K,
is multiplied by the (7, k)-th scalar entry of the matrix I + G for all i,k € V.
13See [73] Definition 7.18] for a definition.
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Proof Consider the hybrid system #H and a continuous function p : R™Y x R™ x

T — R, the p-perturbation of H, denoted H,, is the hybrid system

XECp XGFP(X)
xeD, x'eG,(x)

where

Co={xeX:(x+px)B)NC # 0},
F,(x) =conf((x + p(x)B) N C) + p(x)B Vx € X,
D,={xeX:(x+px)B)ND#0},

Gy(x)={veX:veg+p(gB,geG((x+p(x)B)ND)} Vxei.

Since the set A is GES for H, it is also UGAS for H. Moreover, since the hybrid
system H satisfies the hybrid basic conditions, by [73| Theorem 6.8] #, is nomi-
nally well-posed and, moreover, by [73, Proposition 6.28] is well-posed. Then, [73]
Theorem 7.20] implies that A is semiglobally practically robustly L asymptoti-
cally stable for H. Namely, for every compact S. C X and every € > 0, there exists
p € (0,1) such that every ¢ € Sy, (S.) satisfies |p(t, )[4 < B(|6(0,0)|a,t+j) +¢
for all (¢,7) € dom ¢. Then, the results follow by picking p* > 0 such that

max{1, | K| + | K|, K1y} < 7

and relating solutions to H and solutions to Hzp- [ |

In simple terms, the above result establishes that the solutions resulting hy-
brid system (ﬁ) with small enough perturbations do not differ much from the

unperturbed system ().
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(a) Estimation error for the first state compo- (b) Estimation error for the second state com-
nent ponent.

Figure 7.10: Estimation error under different choice of perturbation ¢*.

Remark 7.4.2 In general, though not pursued here, the result in Theorem [7.4.1]]
18 also applicable to the case when the measurement and communication noise have
specific statistical properties, such as Gaussian noise. Furthermore, if the proposed
observer includes an estimate of nonlinear term ¢, which is possible by adding
6(&) to the right hand side of equation (T4), then under the usual assumptions in

the literature [89], precisely, the one in Lemma 2.1, we can bound the difference

between & and & by
0(z) — d(x + a*)| < L|a*| + Lo

for all x,xz* € R", where L, Ly € R>q. Moreover, for such robustified observer, a
result following the lines of the proofs in Theorem [7.5.6 guaranteeing asymptotic

stability of the zero estimation error holds.

The following examples illustrates a particular perturbation from skewed clock.

Example 7.4.3 Consider the system in Example with same set of param-
eters.  Furthermore, we consider a particular perturbation where 0(x,t) = 0,

o1(z,t) = ooz, t) = 0, 9(r;) = 0 for all 7; € [0,T3] and ¢ = & = ¢* where
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(a) Estimation error for the first state compo- (b) Estimation error for the second state com-
nent ponent.

Figure 7.11: Estimation error under different choice of perturbation ¢*.

¢* € (—o0,1) is a constant. From the Figure [7.10, we can see that with larger
and larger perturbations of <*, the estimation error becomes larger and larger, this
further motivates a particular robustness analysis when each agent has its own

Ty and Ty thresholds due to different perturbations. More details can be found in

Section [7.4.3 A

Example 7.4.4 Consider the system in Example [7.3.9 with same set of param-
eters. Furthermore, we consider a particular perturbation where 6(x,t) = 0,
o1(z,t) = ooz, t) = 0, 94(r;) = 0 for all 7; € [0,T3] and ¢ = ¢ = ¢* where
¢* € (—o0,1) is a constant. From the Figure [7.11, we can see that with larger
and larger perturbations of ¢*, the estimation error becomes larger and larger, this
further motivates a particular robustness analysis when each agent has its own

Ty and Ty thresholds due to different perturbations. More details can be found in

Section [74.3 A
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7.4.2 Robustness to measurement and communication noise

In this section, we consider the hybrid system H where only the communica-
tion noise and channel noise are present. Namely, 6 = 0, ¢; = 0, 9J; = 0, for all
i € V, and the function ¢; reduces to a function m;, i.e., m;(t) = ¢;(x,t) for all
t € R>(. Therefore, the closed-loop system H with added noise can be written in

the following compact form:

X = f(x) = (Ao, —1x) x € C, (7.144)

xT e G(x, ) ={Gi(x,¢): x € Dy,i € V} XED (7.145)
where C':=R™ x R"™ x [0, T3], D = ;e Dai» Di = {x € C : 7; = 0},

e
Gi(x,¢) = (61,02, ,0i—1,—Ci, i1, -+ ,ON) )

(TlaTQa o, Ti—1, [TlaTQ]aTi-i-l) Tt aTN)

where ¢ = ((1,...,Cy) and

C - Kmm + KcC>
K, =—-K,*(I+G),

Ke= |(K,H, —~I) G —Kg*g] ;

v = (C“’f,cg,...,cfv),andcy:(c?{,cg,...,c?v)

m = (my,mg,...,my),c=(c*, ), c
For a given hybrid system H, we are interested in set A being input to state
stable with respect to measurement and communication noise, which is defined,

in general, as follows:

Note that the Khatri-Rao product —Kj, * (I + G) is such that the (i, k)-th entry K;; of K,
is multiplied by the (7, k)-th scalar entry of the matrix I + G for all i,k € V.
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Definition 7.4.5 Given a compact set A. The hybrid system H = (C, f, D, Q)

with state x and input u and data given by

= f(x,u) Y(x,u) el (7.146)

" e G(z,u) V(r,u) €D (7.147)

is input-to-state stable (1SS) with respect to A if there exist f € KL and v € K

such that, for each ¢(0,0) € R™, every solution pair (¢,u) € Sy satisfies

0t J)a < max{B([|¢(0,0) |4t + 7),7(|ulx)}
for each (t,j) € dom ¢.

Before we present the ISS result, we first establish the following property

which will be used to prove the ISS result.

Proposition 7.4.6 Consider a hybrid system H = (C, f, D, G) with state xz € R™.

Suppose there exists a continuous function V : R" — Rs( such that

<V(:£),f> < —adV(z) VeeC, fe f(x) (7.148)

V(g) <V(x)+b Ve e D, ge Gz) (7.149)

where a,b > 0. Moreover, suppose there exist scalars 0 < Ty < T, and N € Z>,

such that each ¢ € Sy satisfies

t(j-l—l)N — th € [Tl, TQ] (7150)

for all j € N such that (t(j11)n, (j + 1)N), (tjn, jN) € dom ¢, then, the function
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V' satisfies

V($(t,5)) < eV (6(0,0)) + Nb Y e, (7.151)

s=0

for all (t,j) € dom ¢, where j = [%J

Proof Given a ¢ € Sy, pick any (£,j) € dom¢p andlet 0 =1ty <t; <--- <t;44 <
t satisfy
J
dom & [)([0,241] x {0, 7}) = ([, tra] x {s}.

s=0
For each s € {0,...,j} and almost all r € [t ts41], ¢(r,i) € C. Then, (793
implies that, for each s € {0,...,j} and for almost all r € [t,, ts1], from (TI4S)

we have that

d

2.V (@(r0) < =Ble(r, D)% < —aV(g(r, ). (7.152)

while integrating both sides leads to

V($(tsr1,8) < (e 780 V(g(t, 5)) (7.153)

for each s € {0,...,j}. Similarly, for each s € {1,...,7}, ¢(ts,s — 1) € D, and

thus
V(p(ts, s)) < V(p(ts,s — 1)) +b. (7.154)

Due to the last two displayed inequalities, we have, for each (t,j) € dom ¢ with
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t > t;, that

V(6(t,§)) < e ™V (5(0,0)) + by et

J
< eV (9(0,0) + by e BT,

Due to the increasing sequence of times t; < t5 < t3 < --- < t;, we have

70

that there must exist a integer j which defines the maximum multiple of N, i.e.,

j = |%]. Then, we can group the sum > 7_, e~o(ti~t

s) as follows:

j  —

N
E e—CL t'—t — § e t'_tsN+k _'_ § t'—tk

s=1 s=0 k=1 k=jN+1

—_

i
o

Note that for each s € {0,...,7 — 1}, we have

N N
max E e~ —tsnk) — E e~ lti—ts+N) — Ne_a(tj_t(erl)N)’
N-1}

ts 7k€ 17"'7 -
sNk-kE{ Pt

which corresponds to the maximizer satisfying t,y 1, = t(s41)n forallk € {1,..., N—

1}. Therefore, it follows that

J Jj—1
(bESH,(tj,j)Edom(;ﬁ s—1 ¢€SH,(tj,j)€domd) s—=0 SNJrk’ke{l’ “N— 1}
J
+ sup e~alti=te)
¢€SH7(tj 7])€d0m¢ ksz—‘rl
j—1

< sup Z Ne—a(tj—t(s+1)N) + ]\77

¢€57-L 7(tj 7j)6d0m ¢ s=0

j—1
< sup ZNe—a(th—t(sﬂ)N) + N,
¢ESH7(tj7j)edom¢ s=0
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where we used the property that j—jN < N. From the assumption on the hybrid
time domain in (.I50), it follows that

tsryn — tsy € [T1, T3],

for all (tsn, sN), (ts41)n, (s + 1)N) € dom ¢ with ¢ € Sy, which implies that for
each s € {0,1,...,5 — 1},

tiy —tav € [(J = 5)Th, (7 — s)T3).

Therefore,

7j—1

J J
Sup NZ e_a(th_t(SH)N) +N< Z e@sTh + N = NZ T
¢€SH7(tj7j)€d0m¢ s=0 s=1 s=0

where j = | £]. Therefore, for each (t,;) € dom ¢, V satisfies

V(6(t,5)) < eV (¢(0,0)) + Nb Y _ e~

s=0
for j = L%J which concludes the proof. [ |
For this perturbed hybrid system, we have the following result.
Theorem 7.4.7 Let 0 < T} < Ty be given. Suppose there exist matrices K, €

R"™™*P and P € R*N*2N gych that P = PT > 0 and condition ([T95) holds.

Then, the set A is ISS with respect to measurement noise and communication

noise, i.e., there exists E; > 0 such that for each ¢ € Sy, and for any (t,j) €
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dom ¢,

, a 1~ ~ -
ott.)la < mac{ 2% exp (~ 35 6(0.0)L vm|m|oo,%|c|oo} )
whereﬁzo% and&'—lexp(ﬁ, Vi = \/ Q)| Kml, e =2 (Q)|Kc|7

Ej =N (%)’
a1 = min {A(P),A (@’(O))} . Qs = max {X(P),X (@@))} .
Proof Consider the Lyapunov function candidate V' : X — R given by
V(x)=e Pe+0"Q(r)0. (7.156)
Following the proof of Theorem [[.3.6] it follows that
arlxli < VIX) < anfxli (7.157)

for all x € C, where oy and ay are given by (Z.98) and (7Z.99). Then, as similar
in the proof in the proof of Theorem [[.3.6] during flows, by using (7.93]), we have

(VV(Xa); fa(Xa)) < _6|Xa|?4> VXa € Ca \ Aq, (7.158)
where 3 = —A\(M) and

_ AT T A
M He(Ay, P) P+ AJKTQ(7) | (7.159)

~P+Q(nKAy —6Q(r) — He(K.Q(r))

Moreover, for each x, = (e,0,7) € D, and for each g, € G,(x4), there exists at
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least one component of 7, say, the i-th component, such that 7; = 0. Then, at

jumps we have

V(ga) — V(Xa) < _HZTQiei + CZTQzQ

<('Qc.

Then, from Proposition [[.4.0] with a = a% and b = A\(Q), we have that
V((t.) < oxp (=2t ) VI60,0) + QN T eIk
s=1

a —an . a —aT: ¥
note that the Y 1 e T = (%) Defining E; = N (%)
and with (ZI57), we have that

1_
ot < e (~20) WO.OR + L XQBGE

Since [¢]%, < 2|K,,[2m|% + 2|K.|*|c|%, it follows that, for each (¢, j) € dom ¢,

0t )l < max {222 exp (=3 24) [6(0,0) L 2/ Z M@ Kol lmlc, 20/ ZAQ) el }-

7.4.3 Robustness properties with respect to 7} and T% per-

turbations

In a real world application, the bounds on update communication times may
not be explicitly known. Moreover, these update times may not be unique for
each agent as is assumed in the previous section. Therefore, we consider the affect

of perturbations on to the parameters T} and T} for the time sequences in (Z.3)).
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In this section, we consider the case of H with § = 0, ; =0 and ¢; = 0 and when
¥; is a known skew of timer states, i.e., ¥; € [J1;,0%]. With these assumptions,

we have that the timer dynamics of H are given by

7LZ' = -1 T; € [O,TQZ +792i]7

70 € [T + V14, Ty + Doy 7, = 0.

Then, we have the following results.

Corollary 7.4.8 Let 0 < T} < Ti be given for each i € V. Suppose N agents
are connect via a digraph I' = (V,E,G). The set {0,n} x {0y} X T is GES for
the hybrid system Hy if there exists § > 0 and matrices K, € R"N*P P = PT ¢
RN 0, = Q) € R™" for each i € V and

He(Ag, P) —P+AJKTQ(v)

B Y <0 (7.160)
s —00() - He(K, QW)
holds for each v € T .
Proof The proof follows from applying Proposition [Z.3.6] [

From Corollary [[L4.8, we have that the nominal system # is robust to some
perturbation on the maximum update time parameter. Furthermore, if we have a
solution for H that satisfies the conditions in Theorem [7.3.6]for A to be GES, then
a solution to Proposition [[.3.11]is also known. Using the boundary condition idea
in Proposition [[.3.17] we can use the following corollary to check the condition in

Corollary [[.4.§ over a larger interval. Namely, we have the following:

Corollary 7.4.9 Let 0 < T} < Ti be given for alli € V. Suppose the assumptions
in Proposition [7.3.11) hold. The inequality in (TI60) holds if there exists 6 > 0
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(a) Phase plots of x, &1, 5 from initial condi- (b) Estimation error and timer states, where
tions that are denoted by *. Tr = (Il,Ig), jz = (iil,.fig), €1 — jil — I,

€io = T — T2, for i € {1,2}.

Figure 7.12: Phase plots of =, 2, and 5 as well as estimation errors e; and e
for two all-to-all connected agents using the observer in Example Initial
conditions are x(0,0) = (2,2), 21(0,0) = (15,5), 22(0,0) = (—1,0), 71(0,0) =
(1,1), 12(0,0) = (—=1,—1), 74(0,0) = 0 7»(0,0) = 0.3.

and matrices K, € R*N*? p = pT ¢ RMVN Q. = QI € R™" for each i € V

and

B < AT T
He(do ) =P+ expn)ATKTQ ] (7.161)
N —exp(61)(0Q + He(K, Q))

where Q = diag(Q1,Qa, ...,Qn) and v € {0, Ty"™ + max;ecy U2 }.

Proof The proof follows from applying Proposition [.3.111 [

Example 7.4.10 From Example[7.3.8 we can extend the reset times of the agents
by letting ¥1; = 0 for each i and 95, = 0.1 and ¥4 = .05. Which effectively
adjusts the upper boundary of reset times for each agent to be unique, namely
7 € [0,0.3] and 7 € [0,0.25]. Since the parameters found in Example[7.3.§ satisfy
Proposition [7.3.11] and with condition (TIGIl) begin satisfied for v = 0.3, then
Corollary[74.9 is satisfied. JAN
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Figure 7.13: The relationship between the dropout rate d, and the corresponding
average estimation error |e| for 20 solutions and projected onto the flow time ¢.

7.4.4 Robustness to information dropout

In this section, we consider the robustness property with respect to informa-
tion dropping during transmission over the network. In particular, we assume the

package dropping satisfies the following assumption.

Assumption 7.4.11 (The Independent and Identically Distributed (I1.1.D) Bernoulli
model) A Bernoulli random variable by indicates whether the packet with index k

1s recewwed correctly. If it goes through the network successfully, then b, = 1, oth-
erwise, by = 0. For any value of k € Z>1, by, is I.I.D with probability distribution
P(b. =1)=d, and P(by =0) =1 — d,, where d, € [0,1].

Note that this model is one of the simplest and often used model for packet
dropping in large-scale networks, see, e.g. [96]. A simulation of the proposed
observer subject this model of package dropping is discussed in the following

example.

Example 7.4.12 Consider the system in Example[7.3.9 with same set of param-
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eters. Twenty simulations of the relationship between the dropout rate and the
corresponding estimation error |e| is shown in Figure[7.13 Note that with higher
and higher value of d,., the estimation error fails to converge to zero over the

stmulation window. A

On the other hand, if further information of the package dropping can be
obtained, for example, if one knows that for the overall network, at most k*
packages could be dropped consecutively, then, we can use the following result to

justify the design of parameters.

Corollary 7.4.13 Let 0 < T} < T3i be given for all i € V. Moreover, suppose at
most k* packages could be dropped consecutively. Then, the set A is GES if there
exists & > 0 and matrices K, € R"W*r P = PT ¢ R"WxN Q, = Q] € R
for each i € V such that if there exists § > 0 and matrices K, € R"W*P P ¢

RNVnN Q€ R satisfying P = PT >0, Q; = Q) > 0 for all i € V such that

He(Ap, P) —P+ATKTQ |
(4o, ) o @ 0, (7.162)

* —0Q — He(K, Q) |

He(Ap, P)  —P+exp(SkT™™ATKTQ |
(40.P) pETEaKTe |

£ —exp(RTE Q-+ He(K, Q)

where @ = diag(Q1, ..., Q) and Ty3"™> = max;cy Ty.

Proof The proof follows from applying Proposition [[.3. 111 |

7.5 Summary

In this chapter, we provided a complete solutions to the state estimation a

distributed state observer under intermittent information communication is pro-
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posed. In contrast to classic observers for linear time-invariant systems, a node
with enough information from its neighbors can estimate the plant state even
without detectability or even taking measurements of the plant output. Suffi-
cient conditions that guarantee global exponential stability of the convergence of
estimation error to zero are presented. Moreover, design methods via LMI-like
conditions are also proposed, enabling the design of parameters numerically. Fur-
thermore, a rigorous robustness analysis and design was performed of the stability
under certain conditions with respect to communication and measurement noises

are studied in terms of ISS.
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Chapter 8

Conclusion and Future Directions

In this thesis, the problem of designing distributed state observers with con-
stant gains to guarantee the rate of convergence and robustness was addressed.
Three main fundamental aspects are considered. One relies on continuous infor-
mation transmission and guarantees the zero estimation error set to be uniformly
asymptotically stable. The second one generates estimates that converge to the
plant’s state in finite-time even under piece-wise constant noises. The last one
addresses the design of distributed state observers when measurements and infor-
mation are only available asynchronously and intermittently over networks.

When information is available continuously, unique advantages of intercon-
nected observers over Luenberger observer is shown analytically and numerically.
Moreover, optimization problem based on LMIs are formulated for synthesis to
corporate multi-objectives designs including rate of convergence, H., and etc. In
addition, a consensus algorithm is designed to enable each agent to compute the
global average of all local estimates.

When rate of convergence is prioritized in the design specifications, a robust
finite-time observer consists of two coupled Luenberger observers is developed.

It generates estimates that converge to the plant’s state in a preset finite-time
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regardless of initial conditions. Such finite-time convergence property is preserved
when the measurement noise is piece-wise constant.

When information over the network is transmitted in an intermittent fashion,
the design methods and tools in continuous-time or discrete-time domain do not
apply directly. A hybrid distributed estimation frame work is proposed. Suffi-
cient conditions to guarantee GES of the zero estimation error set are given by
constructive LMIs, which grants efficient design of parameters. Furthermore, a
comprehensive study on robustness with respect to unmodeled dynamics, mea-
surement noise, skewed clock rates, and perturbations on event thresholds are
carried.

Regarding future research directions, many extensions of the generic estima-
tion framework presented in this dissertation consists of /N interconnected local
observers are promising and can be considered. With significant advantages un-
der this structure shown throughout the thesis, one direction lies on relaxation
of constant gains and parameters to time-varying ones. In particular, one could
consider Kalman-like updating laws for each individual observer, demonstrations
of such design are available in literatures, see, e.g., [39]. In fact, multi-objective
synthesis with time-varying gains is still a challenging and open question. Another
interesting extension originates from the need of finite-time stability in network
systems. When the plant is LTI, sliding-mode like techniques can be employed,
e.g., [97]. Moreover, when information transmission over networks are restricted,
the analog version of these problems are also subjected to further development.
Note that in this work, new information is used through an information fusion
state 1. One could consider updating the local estimates 2;’s directly when new
information arrives via networks.

On the other hand, as two communication graphs (continuous and intermit-
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tent) are considered, other type of communication graphs or realistic graphs for
certain applications could be considered. Note that for the intermittent intercon-
nected observers within this work, each agent is collecting information from all
neighbors intermittently. One can consider a “dual” problem where each agent
broadcasts its local information whenever accessible, see, e.g., [98] which employs
such model in consensus design of multi-agent systems. More interestingly, one
may consider event-based communication protocol in the sense that an agent
only communicate with its connected neighbors when necessary (determined by
the event functions). Evaluation of the performance and robustness properties
of designed observers over various communication networks/protocols would be
essential for applications.

In addition, generalizing the framework for more complicated plants also ex-
tends its applicability. The challenge appears when the plant or each node in the
network exhibits both continuous and discrete behavior (hybrid systems). In this
scenario, a comprehensive studied notation itself is still an open question. A pre-
liminary work of defining such stability notion for hybrid systems and its analysis
is presented in [99]. Furthermore, due to the potential mismatch of domains of
definition for solutions, see. e.g., [100], one may consider other stability notions
like incremental stability as to characterize the overall behavior of the networks

and to design observers.
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