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Abstract

We construct an example of a group G = Z? x Gy for a finite abelian group Gy, a
subset E of G, and two finite subsets F, F> of G, such that it is undecidable in ZFC
whether Z? x E can be tiled by translations of Fy, F». In particular, this implies that
this tiling problem is aperiodic, in the sense that (in the standard universe of ZFC) there
exist translational tilings of E by the tiles F, F3, but no periodic tilings. Previously,
such aperiodic or undecidable translational tilings were only constructed for sets of
eleven or more tiles (mostly in Z?). A similar construction also applies for G = Z4
for sufficiently large d. If one allows the group Gy to be non-abelian, a variant of the
construction produces an undecidable translational tiling with only one tile F. The
argument proceeds by first observing that a single tiling equation is able to encode an
arbitrary system of tiling equations, which in turn can encode an arbitrary system of
certain functional equations once one has two or more tiles. In particular, one can use
two tiles to encode tiling problems for an arbitrary number of tiles.
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1 Introduction
1.1 A Note on Set-Theoretic Foundations

In this paper we will be discussing questions of decidability in the Zermelo—Frankel—
Choice (ZFC) axiom system of set theory. As such,we will sometimes have to make
distinctions between the standard universe' $1 of ZFC, in which for instance the natural
numbers N = Ny are the standard natural numbers {0, 1, 2, .. .}, the integers Z = Zg
are the standard integers {0, =1, £2, .. .}, and so forth, and also nonstandard universes
$* of ZFC, in which the model N¢« of the natural numbers may possibly admit some
nonstandard elements not contained in the standard natural numbers Ny, and similarly
for the model Zg+ of the integers in this universe. However, every standard natural
numbern = ny € Nwill have a well-defined counterpartng+ € Ny in suchuniverses,
which by abuse of notation we shall usually identify with n; similarly for standard
integers.

If S is a first-order sentence in ZFC, we say that S is (logically) undecidable (or
independent of ZFC) if it cannot be proven within the axiom system of ZFC. By the
Godel completeness theorem, this is equivalent to S being true in some universes of
ZFC while being false in others. For instance, if S is a undecidable sentence that
involves the group Z¢ for some standard natural number d, it could be that S holds
for the standard model Z¢ = Zﬂ of this group, but fails for some non-standard model
fo* of the group.

Remark 1.1 In the literature the closely related concept of algorithmic undecidability
from computability theory is often used. By a problem S(x), x € X, we mean a
sentence S(x) involving a parameter x in some range X that can be encoded as a
binary string. Such a problem is algorithmically undecidable if there is no Turing
machine 7 which, when given x € X (encoded as a binary string) as input, computes
the truth value of S(x) (in the standard universe) in finite time. One relation between
the two concepts is that if the problem S(x), x € X, is algorithmically undecidable
then there must be at least one instance S(xp) of this problem with xo € X that is
logically undecidable, since otherwise one could evaluate the truth value of a sentence
S(x) for any x € X by running an algorithm to search for proofs or disproofs of
S(x). Our main results on logical undecidability can also be modified to give (slightly
stronger) algorithmic undecidability results; see Remark 1.12 below. However, we
have chosen to use the language of logical undecidability here rather than algorithmic
undecidability, as the former concept can be meaningfully applied to individual tiling
equations, rather than a tiling problem involving one or more parameters x.

In order to describe various mathematical assertions as first-order sentences in ZFC,
it will be necessary to have the various parameters of these assertions presented in
a suitably “explicit” or “definable” fashion. In this paper, this will be a particular
issue with regards to finitely generated abelian groups G = (G, +). Define an explicit

! Here we of course make the metamathematical assumption that the standard universe exists, so that in
particular ZFC is consistent. By the second Godel incompleteness theorem, this latter claim, if true, cannot
be proven within ZFC itself.
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finitely generated abelian group to be a group of the form
74 X Ty, x - x Ly, (1.1

for some (standard) natural numbers d, m and (standard) positive integers Ny, ..., Ny,
where we use Zy :=7Z/NZ to denote the standard cyclic group of order N. For
instance, Z* x Z%? is an explicit finitely generated abelian group. We define the notion
of an explicit finite abelian group similarly by omitting the Z¢ factor. From the classi-
fication of finitely generated abelian groups, we know that (in the standard universe L
of ZFC) every finitely generated abelian group is (abstractly) isomorphic to an explicit
finitely generated abelian group, but the advantage of working with explicit finitely
generated abelian groups is that such groups G are definable in ZFC, and in particular
have counterparts Gy in all universes {* of ZFC, not just the standard universe 1.

1.2 Tilings by a Single Tile

If G is an abelian group and A, F are subsets of G, we define the set A @ F to be
the set of all sums a + f witha € A, f € F if all these sums are distinct, and
leave A @ F undefined if the sums are not distinct. Note that from our conventions we
have A @ F = () whenever one of A, F is empty. Given two sets F, E in G, we let
Tile(F; E) denote the tiling equation®

X®F=E, (1.2)

where we view the tile F' and the set E to be tiled as given data and the indeterminate
variable X denotes an unknown subset of G. We will be interested in the question of
whether this tiling equation Tile (F; E) admits solutions X = A, and more generally
what the space

Tile(F; E)y:={ACG:A®F = E)}

of solutions to Tile(F'; E) looks like. Later on we will generalize this situation by
considering systems of tiling equations rather than just a single tiling equation, and
also allow for multiple tiles Fi, ..., F; rather than a single tile F.

We will focus on tiling equations in which G is a finitely generated abelian group,
F is afinite subset of G, and F is a subset of G which is periodic, by which we mean’
that E is a finite union of cosets of some finite index subgroup of G. In order to be able

2 In this paper we use tiling to refer exclusively to translational tilings, thus we do not permit rotations or
reflections of the tile F'. Also, we adopt the convention that an equation such as (1.2) is automatically false
if one or more of the terms in that equation is undefined.

3 We caution that in some literature, the term “periodic” instead refers to sets that are unions of cosets of
some non-trivial cyclic subgroup of G; in our notation, we would refer to such sets as being one-periodic. For
instance, if G = 72 and A was an arbitrary subset of Z, then A x Z would be one-periodic, but not necessarily
periodic in the sense adopted in this paper. The notion of an aperiodic tiling is similarly modified in some
of the literature, and the notion of aperiodicity used here (see Definition 1.2 (ii)) is sometimes referred to
as “weak aperiodicity”.
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to talk about the decidability of such tiling problems we will need to restrict further
by requiring that G is an explicit finitely generated abelian group in the sense (1.1)
discussed previously. The finite set F can then be described explicitly in terms of a
finite number of standard integers; for instance, if F is a finite subset of 72 x 7, ~, then
one can write it as

F ={(a1,by,cy mod N), ..., (a, b, cxy mod N)}

for some standard natural number k and some standard integers ay, . . ., ax, b1, . .., b,
€1, ..., ck. Thus F is now a definable set in ZFC and has counterparts Fy(+ in every
universe * of ZFC. Similarly, a periodic subset E of an explicit finitely generated
abelian group Z¢ x Zy, x --- x Zy, can be written as

E=S®((rZ2%) x Ly, x --- x Ly,)

for some standard natural number » and some finite subset S of G; thus E is also
definable and has counterparts E+ in every universe 4* of ZFC. One can now consider
the solution space

Tile(F; E)» :={A C Gy» : A® Fy» = Eg+}

to Tile(F; E) in any universe {* of ZFC.
We now consider the following two properties of the tiling equation Tile (F; E).

Definition 1.2 (undecidability and aperiodicity) Let G be an (explicit) finitely gen-
erated abelian group, F a finite subset of G, and E a periodic subset of G.

(1) We say that the tiling equation Tile (F'; E) is undecidable if the assertion that there
exists a solution A C G to Tile(F; E), when phrased as a first-order sentence in
ZFC, is not provable within the axiom system of ZFC. By the Godel completeness
theorem, this is equivalent to the assertion that Tile (F'; E)g+ is empty for some?
universes $* of ZFC, but non-empty for some other universes. We say that the
tiling equation Tile (F'; E) is decidable if it is not undecidable.

(i) We say that the tiling equation Tile (F'; E) is aperiodic if, when working within the
standard universe il of ZFC, the equation Tile (F'; E') admits a solution A C G, but
that none of these solutions are periodic. That is to say, Tile (F'; E)( is non-empty
but contains no periodic sets.

Example 1.3 Let G be the explicit finitely generated abelian group G :=Z72, let
F:={0, 1}?, and let E := Z?. The tiling equation Tile (F; E) has multiple solutions
in the standard universe 4 of ZFC; for instance, given any (standard) function
a: Z — {0, 1}, the set

A:={(n,a(n) +m) :n,m e 27}

4 Infact, in the specific context of undecidable tiling equations, one can show that Tile (F; E)g( is non-empty
for the standard universe ; see Appendix A.
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solves the tiling equation Tile (F'; E) and is thus an element of Tile (F; E)g. Most of
these solutions will not be periodic, but for instance if one selects the function a = 0
(so that A = (27)?) then one obtains a periodic tiling. This latter tiling is definable
and thus has a counterpart in every universe * of ZFC, and we conclude that in this
case the tiling equation Tile (F'; E) is decidable and not aperiodic.

Remark 1.4 The notion of aperiodicity of a tiling equation Tile(F'; E) is only inter-
esting when E is itself periodic, since if A @ F = E and A is periodic then E must
necessarily be periodic also.

A well-known argument of Wang (see [4, 30]) shows that if a tiling equation Tile (F'; E)
is not aperiodic, then it is decidable; contrapositively, if a tiling equation is undecid-
able, then it must also be aperiodic. From this we see that any undecidable tiling
equation must admit (necessarily non-periodic) solutions in the standard universe of
ZFC (because the tiling equation is aperiodic), but (by the completeness theorem) will
not admit solutions at all in some other (nonstandard) universes of ZFC. For the conve-
nience of the reader we review the proof of this assertion (generalized to multiple tiles,
and to arbitrary periodic subsets E of explicit finitely generated abelian groups G) in
Appendix A.

1.3 The Periodic Tiling Conjecture

The following conjecture was proposed in the case® E = G = Z¢ by Lagarias and
Wang [23] and also previously appears implicitly in [14, p.23]:

Conjecture 1.5 (periodic tiling conjecture) Let G be an explicit finitely generated
abelian group, let F be a finite non-empty subset of G, and let E be a periodic subset
of G. Then Tile(F; E) is not aperiodic.

By the previous discussion, Conjecture 1.5 implies that the tiling equation Tile (F; E)
isdecidable forevery F, E, G obeying the hypotheses of the conjecture. The following
progress is known towards the periodic tiling conjecture:

e Conjecture 1.5 is trivial when G is a finite abelian group, since in this case all
subsets of G are periodic.

e When E = G = Z, Conjecture 1.5 was established by Newman [25] as a conse-
quence of the pigeonhole principle. In fact, the argument shows that every set in
Tile(F; Z)y is periodic. As we shall review in Sect. 2 below, the argument also
extends to the case G = Z x Gy for an (explicit) finite abelian group Go, and
to an arbitrary periodic subset £ of G. See also the results in Sect. 10 for some
additional properties of one-dimensional tilings.

e When E = G = 72, Conjecture 1.5 was established by Bhattacharya [5] using
ergodic theory methods (viewing Tile(F; Z?)y as a dynamical system using the
translation action of Z?). In our previous paper [13] we gave an alternative proof
of this result, and generalized it to the case E is a periodic subset of G = Z2. In

5 Strictly speaking, Lagarias and Wang posed an analogue of this conjecture for E = G = RY, see
Sect. 12.2.
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fact, we strengthen the previous result of Bhattacharya, by showing that every set
in Tile (F, E)y( is weakly periodic (a disjoint union of finitely many one-periodic
sets). In the case of polyominoes (where F is viewed as a union of unit squares
whose boundary is a simple closed curve), the conjecture was previously estab-
lished in [2, 9]° and decidability was established even earlier in [36].

The conjecture remains open in other cases; for instance, the case E = G = Z> or the
case E=G=7%>x7 n for an arbitrary natural number N, are currently unresolved,
although we hope to report on some results in these cases in forthcoming work. In [33]
it was shown that Conjecture 1.5 for E = G = Z? was true whenever the cardinality
|F| of F was prime, or less than or equal to four.

1.4 Tilings by Multiple Tiles

It is natural to ask if Conjecture 1.5 extends to tilings by multiple tiles. Given subsets
Fi,...,Fj, E of a group G, we use Tile(Fy,..., Fj; E) = Tile((Fj)‘;zl; E) to
denote the tiling equation’

J
W x;eF =E, (1.3)
j=1

where A W B denotes the disjoint union of A and B (equal to A U B when A, B are
disjoint, and undefined otherwise). As before we view Fi, ..., Fj, E as given data
for this equation, and X1, ..., X are indeterminate variables representing unknown
tiling sets in G. If G is an explicit finitely generated group, Fi, ..., F; are finite
subsets of G, and E is a periodic subset of G, we can define the solution set

J
Tile(Fl,...,F];E)uZZ (Al,...,AJ)ZAl,...,AJCG; E—JAJ‘GBFJ‘ZE
Jj=1

and more generally for any other universe U* of ZFC we have

J
Tile(Fi, ..., Fy; E)yus =4 (A1,...,A;) : Al,..., A C Gy |4 Aj @ (Fj)ur = Ege
j=1

We extend Definition 1.2 to multiple tilings in the natural fashion:

Definition 1.6 (undecidability and aperiodicity for multiple tiles) Let G be an explicit
finitely generated abelian group, F1, ..., F; be finite subsets of G for some standard
natural number J, and E a periodic subset of G.

6 In fact, they showed that when F' is a polyomino, every set in Tile (F'; Zz)u is one-periodic.

7 See Sect. 1.7 for our conventions on precedence of operations such as @ and . In the language of
convolutions, one can also write this tiling equation as Ix, * 1p +---+1x, *1p, = 1g, where we
use 1 4 to denote the indicator function of A.
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(i) We say that the tiling equation Tile (F1, ..., Fy; E) is undecidable if the asser-
tion that there exist subsets A1, ..., Ay C G solving Tile (Fy, ..., Fy; E), when
phrased as a first-order sentence in ZFC, is not provable within the axiom system
of ZFC. By the Godel completeness theorem, this is equivalent to the assertion that
Tile (Fi, ..., Fj; E)y~ is non-empty for some universes 4* of ZFC, but empty for
some other universes. We say that Tile (F1, ..., Fy; E) is decidable if it is not
undecidable.

(ii) We say that the tiling equation Tile (Fy, ..., Fy; E) is aperiodic if, when work-
ing within the standard universe il of ZFC, the equation Tile(Fy, ..., Fy; E)
admits a solution Ay, ..., Ay C G, but there are no solutions for which all of the
Ay, ..., Ay are periodic. That is to say, Tile (Fy, ..., Fj; E)y is non-empty but
contains no tuples of periodic sets.

As in the single tile case, undecidability implies aperiodicity; see Appendix A. The
argument of Newman that resolves the one-dimensional case of Conjecture 1.5 also
shows that for (explicit) one-dimensional groups G = Z x Gy, every tiling equation
Tile (Fy, ..., Fy; E) is not aperiodic (and thus also decidable); see Sect. 2.
However, in marked contrast to what Conjecture 1.5 predicts to be the case for
single tiles, it is known that a tiling equation Tile (F1, ..., F;; E) can be aperiodic
or even undecidable when J is large enough. In the model case E = G = Z?, an
aperiodic tiling equation Tile (Fy, ..., Fy; Z*) was famously constructed® by Berger
[4] with J = 20426, and an undecidable tiling was also constructed by a modification
of the method with an unspecified value of J. A simplified proof of this latter fact
was given by Robinson [30], who also constructed a collection of J = 36 tiles was
constructed in which a related completion problem was shown to be undecidable. The
value of J for either undecidable examples or aperiodic examples has been steadily
lowered over time; see Table 1 for a partial list. We refer the reader to the recent survey
[17] for more details of these results. To our knowledge, the smallest known value of
J for an aperiodic tiling equation Tile (F1, ..., Fy; 73 is J =8, by Ammann et al.
[1]. The smallest known value of J for a tiling equation Tile (1, ..., Fy; Z2) that was
explicitly constructed and shown to be undecidable is J = 11, due to Ollinger [27].

Remark 1.7 As Table 1 demonstrates, many of these constructions were based on a
variant of a tile set in Z2 known as a set of Wang tiles, but in [16] it was shown
that Wang tile constructions cannot create aperiodic (or undecidable) tile sets for any
J < 11.

Analogous constructions in higher dimensions were obtained for E = G = Z> (or
more precisely R3) in [7, 8, 31] and for E = G = Z" (or more precisely R"), n > 3,
in [12].

8 Strictly speaking, Berger’s construction was for the closely related domino problem (or Wang tiling prob-
lem), but it was shown by Golomb [10] shortly afterwards that this construction also implies undecidability
for the translational tiling problem. Similar considerations apply to several of the other constructions listed
in Table 1.
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Table 1 Selected constructions of aperiodic or undecidable tiling equations

J Author Type

20426 Berger [4] aperiodic [undecidable] (W)
104 Robinson [29] aperiodic (W)

104 Ollinger [26] aperiodic [undecidable] (W)
103 Berger [3] aperiodic (W)

86 Knuth [22] aperiodic (W)

56 Robinson [30] aperiodic (W)

52 Robinson [28] aperiodic (W)

40 Lauchli [35] aperiodic (W)

36 Robinson [30] completion-undecidable (W)
32 Robinson [14] aperiodic (W)

24 Griinbaum—Shephard [14] aperiodic (W)

24 Robinson [14] aperiodic (W)

16 Ammann et al. [1] aperiodic (W)

16 Goodman—Strauss [11] aperiodic

14 Kari [19] aperiodic (W)

13 Culik [6] aperiodic (W)

12 Socolar—Taylor [32] aperiodic

11 Jeandel-Rao [16] aperiodic (W)

11 Ollinger [27] undecidable

8 Ammann et al. [1] aperiodic

2% Theorems 1.8, 1.9 undecidable

1 Theorem 11.2 undecidable

This list is primarily adapted from [16], and incorporates from that reference some corrections to the values
of J in several lines of this table. Constructions labeled (W) arise from a Wang tile construction. The
constructions marked “aperiodic [undecidable]” give aperiodic tilings for the specified value of J, and an
undecidable tiling for an unspecified value of J. The asterisk for our results in Theorems 1.8 and 1.9 denotes
the fact that we are replacing 72 by 7% x E( for some subset Eq of an explicit finite abelian group Gy,
or by a periodic subset of some high-dimensional lattice 74 . The double asterisk indicates that the tiling
is nonabelian. For some other notable constructions of aperiodic or undecidable tiling equations (but with
values of J that are either not explicitly stated, or larger than other contemporary constructions), see [11,
16, 17]

1.5 Main Results

Our first main result is that one can in fact obtain undecidable (and hence aperiodic)
tiling equations for J as small as 2, at the cost of enlarging E from Z? to Z> x E for
some subset Eq of an (explicit) finite abelian group Gy.

Theorem 1.8 (undecidable tiling equation with two tiles in Z? x Go) There exists
an explicit finite abelian group G, a subset Ey of G, and finite non-empty subsets
F, F on2 X G such that the tiling equation Tile (Fy, F2; 72 x Ey) is undecidable
(and hence aperiodic).
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The proof of Theorem 1.8 goes on throughout Sects. 3—8. In Sect. 9, by “pulling back”
the proof of Theorem 1.8, we prove the following analogue in Z¢.

Theorem 1.9 (undecidable tiling equation with two tiles in Z¢) There exists an explicit
d > 1, a periodic subset E of Z¢, and finite non-empty subsets Fy, F> of Z¢ such that
the tiling equation Tile (F1, F»; E) is undecidable (and hence aperiodic).

Remark 1.10 One can further extend our construction in Theorem 1.9 to the Euclidean
space R4, as follows. First, replace each tile F; C 74, j = 1,2, with a finite union
F ' of unit cubes centered in F;, and similarly replace £ C 74 with a periodic set
E C R?. Next, in order to make the construction rigid in the Euclidean space, add
“bumps” on the sides (as in the proof of Lemma 9.3). When one does so, the only
tilings of E by the F}, F> arise from tilings of E by Fy, F», possibly after applying a
translation, and hence the undecidability of the former tiling problem is equivalent to
that of the latter.

Our construction can in principle give a completely explicit description of the sets
Go, Eo, F1, F>, but they are quite complicated (and the group Gy is large), and we
have not attempted to optimize the size and complexity of these sets in order to keep
the argument as conceptual as possible.

Remark 1.11 Our argument establishes an encoding for any tiling problem Tile (Fi, . ..
Fy; Z?) with arbitrary number of tiles in Z? as a tiling problem with two tiles in
7? x G(. However, in order to prove Theorem 1.8 we only need to be able to encode
Wang tilings.

Remark 1.12 A slight modification of the proof of Theorem 1.8 also establishes the
slightly stronger claim that the decision problem of whether the tiling equation
Tile (Fy, F»; Z* x Ey) is solvable for a given finite abelian group G, given finite
non-empty subsets Fi, F>» C 72 x Gy and Ey C G, is algorithmically undecidable.
Similarly for Theorems 1.9 and 11.2 below. This is basically because the original
undecidability result of Berger [4] that we rely on is also phrased in the language
of algorithmic undecidability; see footnote 11 in Sect. 8. We leave the details of the
appropriate modification of the arguments in the context of algorithmic decidability
to the interested reader.

Theorem 1.8 supports the belief” that the tiling problem is considerably less well
behaved for J > 2 than it is for / = 1. As another instance of this belief, the J = 1
tilings enjoy a dilation symmetry (see [5, Prop. 3.1],[13, Lem. 3.1], and [34]) that have
no known analogue for J > 2. We present a further distinction between the J = 1
and J > 2 situations in Sect. 10 below, where we show that in one dimension the
J = 1 tilings exhibit a certain partial rigidity property that is not present in the J > 2
setting, and makes any attempt to extend our methods of proof of Theorem 1.8 to the
J = 1 case difficult. On the other hand, if one allows the group G to be nonabelian,
then we can reduce the two tiles in Theorem 1.8 to a single tile: see Sect. 11.

9 Asa dissenting view, it was conjectured in [9] that the translational tiling problem for 7% with J = 21is
(algorithmically) decidable and not aperiodic.
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[2]

b

Thm. 1.20
b
Thm. 7.1
ls7
g w119
L s
Thm. 11.2 Thmﬂl.IS
§5 §9
Thm. 1.17 Thm. 9.5
ﬂ4‘1 ﬂ9.4
Thm. 1.16 Thm. 9.2
ﬂl.ls ﬂ9.1
Thm. 1.8 Thm. 1.9

Fig. 1 The logical dependencies between the undecidability results in this paper (and in [4]). For each
implication, there is listed either the section where the implication is proven, or the number of the key
proposition or lemma that facilitates the implication. We also remark that Proposition 9.4 is proven using
Lemma 9.3, while Proposition 11.6 is proven using Corollary 11.5, which in turn follows from Lemma 11.4

1.6 Overview of Proof

We now discuss the proof of Theorem 1.8; the proofs of Theorems 1.9 and 11.2 are
proven by modifications of the method and are discussed in Sects. 9 and 11 respectively.
The arguments proceed by a series of reductions in which we successively replace the
tiling equation (1.2) by a more tractable system of equations; see Fig. 1.

We first extend Definition 1.6 to systems of tiling equations.

Definition 1.13 (undecidability and aperiodicity for systems of tiling equations with
multiple tiles) Let G be an explicit finitely generated abelian group, J, M > 1 be
standard natural numbers, and foreachm = 1,..., M, let F l(m), e, F}m) be finite
subsets of G, and let E™ be a periodic subset of G.

(i) We say that the system Tile (F{", ..., F\"; E?), m = 1,..., M, is undecid-
able if the assertion that there exist subsets A1, ..., Ay C G that simultaneously
solve Tile (Fl(m), e, Fj(m); E(”’)) forallm =1, ..., M, when phrased as a first-
order sentence in ZFC, is not provable within the axiom system of ZFC. That is to
say, the solution set

M
() Tile(F™, ... Fy™ E™)y

m=1

is non-empty in some universes 4* of ZFC, and empty in others. We say that the
system is decidable if it is not undecidable.

(ii) We say that the system Tile(Fl(m), e Fj(m); EM™). m =1,..., M,is aperiodic
if, when working within the standard universe 4{ of ZFC, this system admits a solu-
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tion Ay, ..., Ay C G, but there are no solutions for which all of the Ay, ..., Ay
are periodic. That is to say, the solution set

M
() Tile (7™, ... Fy™: E™)y

m=1
is non-empty but contains no tuples of periodic sets.

Example 1.14 Let G be an explicit finitely generated abelian group, and let G be an
explicit finite abelian group. The solutions A to the tiling equation Tile ({0} x Gyo;
G x Gy) are precisely those sets which are graphs

A={@n, f(n)):n e G} (1.4)

for an arbitrary function f: G — Gy. Itis possible to impose additional conditions on
f by adding more tiling equations to this “base” tiling equation Tile ({0} x G¢; G x Gy).
For instance, if in addition H is a subgroup of Go and y 4+ H is a coset of H in Gy,
solutions A to the system of tiling equations

Tile ({0} x Go; G x Go), Tile({0} x H; G x (y + H))

are precisely sets A of the form (1.4) where the function f obeys the additional'®
constraint f(n) € y + H for all n € G. As a further example, if —yp, y are distinct
elements of G, and £ is a non-zero element of G, then solutions A to the system of
tiling equations

Tile ({0} x Go; G x Gg), Tile({0, —h} x {0}; G x {—y0, yo})

are precisely sets A of the form (1.4) where the function f takes values in {—yy, yo}
and obeys the additional constraint f(n+h) = — f(n) foralln € G.In all three cases
one can verify that the system of tiling equations is decidable and not aperiodic.

We then have

Theorem 1.15 (combining multiple tiling equations into a single equation) Let J, M
> 1, let G = Z% x Gg be an explicit finitely generated abelian group for some
explicit finite abelian group Gy. Let Zy be a cyclic group with N > M, and for each
m=1,...,Mlet Fl(m), cee Fj(m) be finite non-empty subsets of G and E(()m) a subset
of Go. Define the finite sets F1, ..., F; C G x Zy and the set Eq C Go x Zy by

M
Fi= 4 F}’”) x {m), (1.5)
m=1

10 1n this particular case, the former tiling equation is redundant, being a consequence of the latter. However,
we choose to retain the former equation in this example to illustrate the principle of imposing additional
constraints on the function f by the insertion of additional tiling equations.
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M
Eo:=H EJ" x {m). (1.6)

m=1

(1) The system Tile(Fl(m), R F}m); 74 x E(()m)), m=1,..., M, oftiling equations is
aperiodic if and only if the tiling equation Tile (Fy, . . ., Fj; 7% x Eg) is aperiodic.

(ii) The system Tile(Fl(m), R F}m); 74 x E(()m)), m=1,. = M, 0f~tiling equcztions
is undecidable if and only if the tiling equation Tile (Fy, ..., F;; Z¢ x Ey) is
undecidable.

Theorem 1.15 can be established by easy elementary considerations; see Sect. 3. In
view of this theorem, Theorem 1.8 now reduces to the following statement.

Theorem 1.16 (undecidable system of tiling equations with two tiles in Z> x Gg)
There exists an explicit finite abelian group G, a standard natural number M, and
foreachm = 1, ..., M there exist finite non-empty sets Fl(m), Fz(m) C 7% x Go and
E(()m) C Gy such that the system of tiling equations Tile(Fl(m), Fz(m); 7% x E(()m)),
m=1,..., M, is undecidable.

The ability to now impose an arbitrary number of tiling equations grants us a substantial
amount of flexibility. In Sect. 4 we will take advantage of this flexibility to replace
the system of tiling equations with a system of functional equations, basically by
generalizing the constructions provided in Example 1.14. Specifically, we will reduce
Theorem 1.16 to the following statement.

Theorem 1.17 (undecidable system of functional equations) There exists an explicit
finite abelian group G, a standard integer M > 1, and for eachm = 1, ..., M there
exist (possibly empty) finite subsets H 1(m)7 Hz(m) of Z* x 7 and (possibly empty sets)
Fl(m), Fz(m), E™ © Go form = 1,..., M such that the question of whether there
exist functions f1, f>: Z* x Zn — G that solve the system of functional equations

H E™+ A+ e H EP+ ho+h) = E™ (1)
hleHl('”) thHz(m)

foralln € 72 xZyandm = 1, ..., M is undecidable (when expressed as a first-order
sentence in ZFC).

In the above theorem, the functions f, f> can range freely in the finite group G. By
taking advantage of the Z factor in the domain, we can restrict fj, f> to range instead
in a Hamming cube {—1, l}D C ZP . which will be more convenient for us to work
with, at the cost of introducing an additional sign in the functional equation (1.7).
More precisely, in Sect. 5 we reduce Theorem 1.17 to

Theorem 1.18 (undecidable system of functional equations in the Hamming cube)
There exists standard integers N > 2 and D, M > 1, and for eachm = 1,.... M

there exist shifts h(lm), h(zm) € 72 and (possibly empty sets) Fl(m), Fz(m), E™ ¢ Zﬁf()r
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m =1, ..., M such that the question of whether there exist functions fi, f>: 7> —
{—1, 1}P that solve the system of functional equations

(F{" + e fin+ "N W (F" + € fon + h§™)) = E™ (1.8)

foralln € 7% m = 1,..., M, and € = %1 is undecidable (when expressed as a
first-order sentence in ZFC).

The next step is to replace the functional equations (1.8) with linear equations on
Boolean functions f; 4: 7Z? — {—1, 1} (where we now view {—1, 1} as a subset of
the integers). More precisely, in Sect. 6 we reduce Theorem 1.18 to

Theorem 1.19 (undecidable system of linear equations for Boolean functions) There
exists standard integers D > Do > 1 and M|, M> > 1, integer coefficients ay’"t} el
forj=1,2d=1,....,D,m=1,...,M;, and shifts hg € Z* ford = 1, ..., Dy
such that the question of whether there exist functions fj q: 7* — {—1,1} C Zfor

j=1,2andd =1, ..., D that solve the system of linear functional equations
D
> a") fia(m) =0 (1.9)
d=1
foralln € 72, j=1,2andm =1,..., Mj, aswell as the system of linear functional
equations
fra(n+hg) = — f1.a(n) (1.10)
foralln € 72 and d = 1, ..., Do, is undecidable (when expressed as a first-order

sentence in ZFC).

Now that we are working with linear equations for Boolean functions, we can encode
a powerful class of constraints, namely all local Boolean constraints. In Sect. 7 we
will reduce Theorem 1.19 to

Theorem 1.20 (undecidable local Boolean constraint) There exist standard integers
D, L > 1, shifts hy, ..., hy € 72, and a set Q C {—1, I}DL such that the question

of whether there exist functions fy: 7% — {—=1,1}, d = 1,..., D, that solve the
constraint
(fa(n +h))a=1,..p0 € Q2 (1.11)
[=1,....L

for all n € 7? is undecidable (when expressed as a first-order sentence in ZFC).

Finally, in Sect. 8 we use the previously established existence of undecidable transla-
tional tile sets to prove Theorem 1.20, and thus Theorem 1.8.
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1.7 Notation

Given a subset A C G of an abelian group G and a shift 4 € G, we define A +h =
h+A={a+h:aeA},A—h:={a—h:ae A},and —A:={—a :a € A}. The
unary operator — is understood to take precedence over the binary operator x, which
in turn takes precedence over the binary operator @, which takes precedence over the
binary operator &. Thus for instance

AX—-B®-CxDWE=((Ax(—B)® (—C)x D))YE.

By slight abuse of notation, any set of integers will be identified with the corresponding
set of residue classes in a cyclic group Zy, if these classes are distinct. For instance, if
M < N,weidentify {1, ..., M} with the residue classes {l mod N, ..., M mod N} C
Zn,and if N > 2, we identify {—1, 1} with the set {—1 mod N, Imod N} C Zy.

2 Periodic Tiling Conjecture in One Dimension

In this section we adapt the pigeonholing argument of Newman [25] to establish

Theorem 2.1 (one-dimensional case of periodic tiling conjecture) Let G = Z x Gy
for some explicit finite abelian group Gy, let J > 1 be a standard integer, Fy, ..., Fy
be finite subsets of G, and let E be a periodic subset of G. Then the tiling equation
Tile(Fy, ..., Fy; E) is not aperiodic (and hence also decidable).

We remark that the same argument also applies to systems of tiling equations in
one-dimensional groups Z x Gy; this also follows from the above theorem and The-
orem 1.15.

Proof Suppose one has a solution (A, ..., Ay) € Tile(Fy, ..., Fy; E)y to the tiling
equation Tile (Fy, ..., Fy; E). To establish the theorem it will suffice to construct a
periodic solution A/, ..., A", € Tile(F1, ..., Fy; E)y to the same equation.

We abbreviate the “thickened interval” {n € Z : a < n < b} x Gy as [[a, b]] for
any integers a < b. Since the F1, ..., F; are finite, there exists a natural number L
such that Fy, ..., Fy C [[—L, L]]. Since E is periodic, there exists a natural number
r such that E 4+ (n,0) = E for all n € rZ, where we view (n, 0) as an element of
Z x Go. We can assign each n € rZ a “color”, defined as the tuple

((Aj = (0, 0) N [=L, LI

This is a tuple of J subsets of the finite set [[—L, L]], and thus there are only finitely
many possible colors. By the pigeonhole principle, one can thus find a pair of integers
ng, no + D € rZ with D > L that have the same color, thus

(Aj —(no+D,0)N[[-L, L]l = (Aj — (no, 0)) N [[-L, L]]
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or, equivalently,

AjNllno+D—L,no+ D+ LIl =(A;N[lno—L,no+ LID+ (D,0) (2.1)
forj=1,...,J.

We now define the sets A’j for j =1,..., J by taking the portion A; N [[no, no +
D — 1]] of A; and extending periodically by DZ x {0}, thus

A’j :=(A; N[[no,no + D —1]]) ® DZ x {0}.
Clearly we have the agreement
A’ N [no,no + D — 111 = A;j Nlng, no + D —1]]

of Aj, A’j on [[ng, no + D — 1]], but from (2.1) we also have

A Nllng — L.ng — 111= (A; N[[ng+ D — L,ng+ D — 1]]) — (D, 0)
= AjN[lno — L,ng — 11]

and similarly

A’ N[lno + D, no + D + L1 = (A; N [[no, no + L11) + (D, 0)
=A;N[[ng+ D,no+ D+ L]],

and thus A, A/j in fact agree on a larger region:
AN [lno — L,ng+ D+ L]l = AjN[lno — L,no + D + L]l (2.2)
It will now suffice to show that A’, ..., A’; solve the tiling equation
Tile(Fy, ..., Fj; E),
that is to say that
Ao FY---WA, @ F; =E.

Since both sides of this equation are periodic with respect to translations by DZ x {0},
it suffices to establish this claim within [[ng, no + D — 1]], that is to say

(A @ F))Nllno,no+ D — 1) = EN[lng.no + D — 1] (23)

-

J

However, since Fi,..., Fj are contained in [[—L, L]], so the only portions of
A, ..., A’ that are relevant for (2.3) are those in [[ng — L,no + D + L — 1]].
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But from (2.2) we may replace each A/j in (2.3) by Aj. Since Ay, ..., A solve the
tiling equation Tile (Fy, ..., Fy; E), the claim follows. O

Remark 2.2 An inspection of the argument reveals that the hypothesis that G was
abelian was not used anywhere in the proof, thus Theorem 2.1 is also valid for non-
abelian G (with suitable extensions to the notation). This generalization will be used
in Sect. 11.

3 Combining Multiple Tiling Equations into a Single Equation

In this section we establish Theorem 1.15. For the rest of the section we use the notation
and hypotheses of that theorem.

Remark 3.1 The reader may wish to first consider the special case M = 2, J = 1,
N = 3 in what follows to simplify the notation. In this case, part (ii) of the theorem
asserts that the system of tiling equations

Tile (FV, 24 x E"), Tile(F®, 24 x E?)
in Z? x Gy is undecidable if and only if the single tiling equation
Tile (FO x {1} W F® x (2}, 24 x (E" x (1w EY x {2}))

in Z4 x Go x Zs is undecidable.

We begin with part (ii). Suppose we have a solution

M
(Ar,....Ap e (Tile(F™, ... F{" 24 < Ef)y

m=1
in G to the system of tiling equations Tile(Fl(m), ...,Fj(m); 74 x E(()m)), m =
1,..., M, thus
A@eF"w...wA e F™ =74 x E{™ 3.1
forallm =1, ..., M. If we then define the sets
Aj:=A; x{0}C G xZy
for j =1,..., J, then from construction of the F 7 we have

M
Ao F; = L‘lj(AjEBF;m)) x {m}

m=1
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forany j=1,...,Jandm =1, ..., M, and hence by (3.1)

ARy .. WiA;eF"™ = U(Zd x ES™) x {m}).

m=1

But by (1.6), the right-hand side here is ~Zd x Ej. Thus we see that Al,..., Ay solve
the single tiling equation Tile (F1, ..., Fy; 74 x Ey).

Conversely, suppose that we have a solution
(Al,...,Ay) €Tile(Fy, ..., F;; Z% x Ep)g
in G x Zy to the tiling equation Tile(Fl, e, FJ; 74 x Eo); thus
ARy WA e F\"™ =79 x E. (3.2)

We claim that A i C Gx{0}forall j =1, ..., J.Forif this were not the case, then there
would exist j = 1, ..., J and an element (g n) of A withn € Zy \ {0}. On the other
hand, forany 1 <m < M, the set F ™) is non- empty, hence F contains an element of

the form ( f;,,, m) for somejm e G. By (3.2), we then have (g+ fi, n+m) € 74 x EO,
hence by construction of Ey we have

n+mefl,..., M}
forallm = 1,..., M, or equivalently
n+A{l,...,M}C{l,..., M}.

But since N > M, this is inconsistent with n being a non-zero element of Zy. Thus
we have A; C G x {0} as desired, and we may write

Aj=Aj x {0}

for some A; C G. By considering the intersection (or “slice”) of (3.2) with G x {m},
we see that

A F™ Y. WAy ®F™ =7 x E"™

forallm =1,..., M, thatistosay Ay, ..., Ay solves the system of tiling equations
Tile(Fl(m), e F;m); 74 x E(()m)), m = 1, ..., M. We have thus demonstrated that
the equation Tile(Fl, R F 7 74 x Eo) admits a solution if and only if the system

Tile (F, (m) . F (), 7d E(()m)) m =1,..., M, does. This argument is also valid
in any other universe il* of ZFC, which glves (11) An inspection of the argument also
reveals that the equation Tile (F 1y .. F 73 74 x Eo) admits a periodic solution if and
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only if the system Tile(Fl(m), e Fj(m); 74 x E(()m)), m = 1,..., M, does, which
gives (i).

As noted in the introduction, in view of Theorem 1.15 we see that to prove Theo-
rem 1.8 it suffices to prove Theorem 1.16. This is the objective of the next five sections
of the paper.

Remark 3.2 For future reference we remark that the abelian nature of Gy was not
used in the above argument, thus Theorem 1.15 is also valid for nonabelian G (with
suitable extensions to the notation).

4 From Tiling to Functions

In this section we reduce Theorems 1.16 to 1.17, by means of the following general
proposition.

Proposition 4.1 (equivalence of tiling equations and functional equations) Let G be
an explicit finitely generated abelian group, let G be an explicit finite abelian group,
let J,M > 1 and N > J be standard natural numbers, and suppose that for each
j=1,...,Jandm = 1,..., M one is given a (possibly empty) finite subset H}m)
of G and a (possibly empty) subset F;m) of Gy. Foreachm =1, ..., M, assume also
that we are given a subset E™™ of G 1. We adopt the abbreviations

[la]]:={a} x Gy C ZNn x G,
[la,b]l:={ne€eZ:a<n<b}xG) CZyxGy,

for integers a < b. Then the following are equivalent:

(1) The system of tiling equations

. nd
Tlle((—H}’m x {0} x F{™ {0} x (1) G x ({0} x E™ WLl J]]))
.1
forallm =1, ..., M, together with the tiling equations
. N
Tile ({0} x [lo (M) 7_y: G x [11, /7)) 4.2)
forevery permutationo : {1,...,J} = {1,..., J}of{l, ..., J}, admitasolution.
(ii) There exist fj: G — Gy for j = 1,...,J that obey the system of functional
equations
J
W W E+ s+ h)) =E™ 4.3)

i=1 (m)
j h,EH]’”
foralln e Gandm =1,..., M.
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Remark 4.2 The reason why we work with {0} x F(m) W[[]] instead of just {0} x F(m)

in (4.1) is in order to ensure that one is working w1th a non-empty tile (as is requlred

(m)

in Theorem 1.16), even when the original tile F is empty.

Remark 4.3 The reader may wish to first consider the specialcase M = J = 1, N =2

in what follows to simplify the notation. In this case, the theorem asserts that for any
finite H C G, and F, E C G, the system of tiling equations

A® ((—H x {0} x F) W ({0} x {1} x G1)) = G x ({0} x EW{I} x Gy),
AP0} x {1} x G =G x {1} x G

admits a solution A C G x Zy x G if and only if there is a function f: G — G
obeying the equation

HE+fm+m)=E

heH

for all n € G. The relationship between the set A and the function f will be given by
the graphing relation

A={(n,0, f(n)):n e G}.

Proof Let us first show that (ii) implies (i). If fi, ..., f; obey the system (4.3), we

define the sets Ay,..., Ay C G x Zy x G to be the graphs of fi, ..., f; in the
sense that
Aj:={n,0, fi(n) :n € G}. “4.4)
Forany j =1,...,J and permutationo: {1,...,J} — {1,..., J}, we have
Aj® {0} x [[o(HI] =G x [[o(HII, 4.5)
which gives the tiling equation (4.2) for any permutation o. Next, for j = 1,...,J
andm =1,..., M, we have

Aj@—H" x {0} x F" = [Hin} x |4 (0} x F"™ + fi(n+hy))
neG h,eH(-m)
E J

4.6)
and (as a special case of (4.5))

Aj @ {0} x [[jIl =G x[[j]]
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so that the tiling equation (4.1) then follows from (4.3). This shows that (ii) implies (i).

Now assume conversely that (i) holds, thus we have sets Ay, ..., Ay C GxZy x G
obeying the system of tiling equations

J
[ As @ (—H" < (0) x F{™ w0} x [[j1D) = G x (0} x E™ W[ J]])
j=1
4.7)

forallm=1,..., M, and

J
lH Aj @ (0} x [lo (NI = G x [11, 1] (4.8)
j=1

for all permutations o : {1,...,J} — {1,..., J}. We first adapt an argument from
Sect. 3 to claim that each A; is contained in G x [[0]]. For if this were not the case,
there would exist j = 1, ..., J and an element (g, n, go) of A; withn € Zy \ {0}.
The left-hand side of the tiling equation (4.8) would then contain (g, n + o (j), go),
and thus we would have

n+o(j)ell,...,J}
for all permutations o, thus
n+{l,....J}C{l,..., J}.
But this is inconsistent with n being a non-zero element of Zy. Thus each A; is

contained in G x [[0]] as claimed.

If one considers the intersection (or “slice”) of (4.8) with G x [[o (j)]], we conclude
that

Aj {0} x [[o(NN] =G x [[o(H]

forany j = 1,..., J and permutation . This implies that for each n € G there is a
unique f;(n) € G such that (n, 0, f;(n)) € Aj, thus the A; are of the form (4.4) for
some functions f;. The identity (4.6) then holds, and so from inspecting the G x [[0]]
“slice” of (4.7) we obtain the equation (4.3). This shows that (i) implies (ii). m]

The proof of Proposition 4.1 is valid in every universe 44* of ZFC, thus the solvability
question in Proposition 4.1 (i) is decidable if and only if the solvability question in
Proposition 4.1 (ii) is. Applying this fact for J = 2, we see that Theorem 1.17 implies
Theorem 1.16. It now remains to establish Theorem 1.17. This is the objective of the
next four sections of the paper.
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5 Reduction to the Hamming Cube

In this section we show how Theorem 1.18 implies Theorem 1.17.Let N, D, M, hgm),
hgm), Fl(m), Fz(m), E be as in Theorem 1.18. Ford = 1, ..., D, let my: Zg — 7N
denote the d™ coordinate projection, thus

y=(@®),...,7p()) 5.1

forall y € ZJL\),. We write elements of Z2 x Z, as (n, t) withn € Z* and t € Z,. Fora
pair of functions fi, f>: Z? x Zy — Z2, consider the system of functional equations

(7O + fim, D) W (' AOD + fi(m, e + D) =, (=1, 1) (5.2)
for (n,t) € 72 x Zp,d=1,...,D,and j = 1, 2, as well as the equations
(FI™ + fi(n, 1) + B, 00) & (B + fal(n, 1) + (BY,0))) = E™ (5.3)

for (n,t) € Z>xZyandm = 1, ..., M.Note that this system is of the form (1.7) (with

f; replaced by £;, and for suitable choices of M, F l(m), Fz(m) , E()_ Tt will therefore
suffice to establish (using an argument formalizable in ZFC) the equivalence of the
following two claims:

(i) There exist functions fl, fz: 72 x 7y — ZIL\)] solving the system (5.2) and (5.3).
(ii) There exist fi, f>: Z* — {—1, 1}P solving the system (1.8).

Remark 5.1 As a simplified version of this equivalence, the reader may wish to take
M = 1, D = 2, and only work with a single function f (or f ) instead of a pair
fi. f> (or fi1, f>) of functions. The claim is then that the following two statements are
equivalent for any F, E C Z%]:

(i") There exists f 2P X 7P — Z?V obeying the equations:

{0} x Zy + f(n, 1)) W ({0} x Zy + f(n,t + 1)) = (=1, 1} x Zy,
(Zn x {0} + f(n, 1)) W (Zy x {0} + f(n,t 4+ 1)) = Zy x {—1, 1},
and F + f(n,t) = E forall (n, 1) € Z? x Z.

(ii") There exists f: Z*> — {—1, 1}? obeying the equation F + ¢ f(n) = E for all
neZ*ande = +1.

The relation between (i’) and (ii’) shall basically arise from the ansatz f (n,t) =

(=D f(n).

We first show tyat gii) implies (i). Given solutions fi, f> to the system (1.8), we define
the functions fi, f>: 72 x Ty — Zﬁ by the formula

fi(n, 1) = (=1)" f;(n)
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forj=1,2,n € 72, andr € Z», with the conventions (—1)0 :=1and (—1)1 = —1.
The equations (1.8) then imply (5.3), while the fact that the f; takes valuesin {—1, 1 P
implies (5.2) (the key pointhereisthat{—1, 1} = {x}W{—x}ifandonlyifx € {—1, 1}).
This proves that (ii) implies (i).

Now we prove (i) implies (ii). Let fl, fz: 72 x 7y — Zﬁ be solutions to
(5.2) &(5.3). From (5.2) we see (on applying the projection ;) that

{ra (fin, DY@ {rra(fi(n, 1+ 1)} = (=1, 1)

forall j =1,2,d=1,...,D,and (n,t) € 7% x Zs, or equivalently that

ma(fin, 1) € {=1,1} and 7a(fj(n, 1 + 1) = —ma(f(n, 1))
forall j =1,2,d=1,...,D,and (n,t) € 72 x Zy. From (5.1), we thus have

fim,0)e{=1,14P and fi(n,t+1)=—Ffn,1)
forall j = 1,2 and (n,t) € Z* x Z,. Thus we may write
Fitn, 0y = (=)' fi(m)

for some functions f;: Z? — {—1,1}P. The system (5.3) is then equivalent to the
system of equations (1.8). This shows that (i) implies (ii). These arguments are valid in
every universe U* of ZFC, thus Theorem 1.18 implies Theorem 1.17. It now remains
to establish Theorem 1.18. This is the objective of the next three sections of the paper.

6 Reduction to Systems of Linear Equations on Boolean Functions

In this section we show how Theorem 1.19 implies Theorem 1.18. Let D, Do, M1, M>,
a%z)’ hg be as in Theorem 1.19. We let N be a sufficiently large integer. For each

j=12andm=1,..., M;, we consider the subgroup Hj(m) of ZX defined by

D
H;m):z{(yl,...,yp)eZﬁ:Zaﬁ-’Zi)yj:O} (6.1)
d=1

and let 7 : le\), — Zy ford = 1,..., D be the coordinate projections as in the
previous section. For some unknown functions f1, f2: 72 — (-1, 1} ¢ Zﬁ we
consider the system of functional equations
(m) . _ pgg(m)
Hj —+—ef,(n)_Hj (6.2)
foralln e Zz,j =1,2,m=1,...,Mj,and € = £1, as well as the system

('O + e fim) W (' HOY + € oln + ha)) = 7w, (=1, 1)) (6.3)
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foralln e 22,d = 1,..., Dy, and € = +1. Note that this system (6.2) & (6.3) is
of the form required for Theorem 1.18. It will suffice to establish (using an argument
valid in every universe of ZFC) the equivalence of the following two claims:

(i) There exist functions fi, f>: Z* — Zl[\’, solving the system (6.2) & (6.3).
(ii) There exist functions fj 4: 72 - (1,1} solving the system (1.9) & (1.10).

Remark 6.1 To understand this equivalence, the reader may wish to begin by verify-
ing two simplified special cases of this equivalence. Firstly, the two (trivially true)
statements

(i) There exist a function f: Z?> — {—1, 1}? solving the equation
H+ef(n)=H

foralln € Z? and € = %1, where H := {(y1, y2) € Z3 : y1 + y» = 0}.
(ii") There exist functions fi, f>: 7% - {—1, 1} solving the equation

Si(m) + fo(n) =0

forall n € Z2.

can be easily seen to be equivalent after making the substitution f(n) = (f1(n), f>(n)).
Secondly, for any i € Z?, the two (trivially true) statements

(i) There exist a functions fi, f>: Z*> — {—1, 1} solving the equation
({0} + e f1(n)) W ({0} + € fa(n + h)) = {—1, 1}

foralln € Z? and € = +1.
(ii””) There exist functions fi, f>: Z> — {—1, 1} solving the equation

faln+h) = —fi(n)

forall n € Z2.

are also easily seen to be equivalent (the solution sets (f, f2) for (i”) and (ii”) are
identical).

Returning to the general case, we first show that (ii) implies (i). Let fj 4: 7? —
{—1, 1} be solutions to (1.9) & (1.10). We let f;: Z*> — {—1, 1}” be the function

fim):=(fj1(m), ..., fjpn) (6.4)
forn € Z? and j = 1,2, where we now view the Hamming cube {—1, 1} as lying
in Zﬁ. Forany j =1,2,m=1,...,M,n € 72, and € = +1, we see from (1.9) and
(6.1) that

)
efjm)ye H"
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and hence (6.2) holds. Similarly, foranyd = 1,..., Do, n € 72, and € = +1 we
have from (1.10) that

({0} + € fr.a(n) W ({0} + € fo.a(n + ha)) = {—1, 1},

which implies (6.3). This shows that (ii) implies (i).

Now we show that (i) implies (ii). Let f1, f> be asolution to the system (6.2) & (6.3).
We may express f; in components as (6.4), where the f; 4 are functions from 72 to
{—1, 1}. From (6.2) we see that

(fia(n),.... fipn)) € H;’”)

foralln € 74, j=12,m=1,..., M; (viewing the tuple as an element of ZIL\),), or
equivalently that

D
Za;'fgf,',d(n) =0 mod N.
d=1

The left-hand side is an integer that does not exceed ZO?: 1 |a§md) | in magnitude, so for
N large enough we have

D
Y al" fiam) =0,
d=1

that is to say (1.8) holds. Similarly, from (6.3) we see that

{fLa} W{fra(n+ha)} ={-1,1}

foralln € Z>andd = 1, ..., Dy, which gives (1.9). This proves that (i) implies (ii).
These arguments are valid in every universe of ZFC, thus Theorem 1.19 implies The-
orem 1.18. It now remains to establish Theorem 1.19. This is the objective of the next
two sections of the paper.

7 Reduction to a Local Boolean Constraint

In this section we show how Theorem 1.20 implies Theorem 1.19. (One can also
easily establish the converse implication, but we will not need that implication here.)
We begin with some preliminary reductions. We first claim that Theorem 1.20 implies
a strengthening of itself in which the set 2 can be taken to be symmetric: 2 = —;
also, we can take D > 2. To see this, suppose that we can find D, L, hy, ..., hp, Q
obeying the conclusions of Theorem 1.20. We then introduce the symmetric set Q' C
{—1, 1}(D+1)L to be the collection of all tuples (wg.1)d=1,....D+1:i1=1,.... obeying the

.....
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constraints

wpt1,1 = ... =wps1,. and (wq,0py1,1)d=1,...p € L.
=1

Clearly Q' is symmetric. If f1, ..., fp: Z*> — {—1, 1} obeys the constraint (1.11),
then by setting fp1: Z> — {—1, 1} to be the constant function fp,{(n) = 1 then
we see from construction that

(fa(n + hl))d?l ..... p+1 €Q (7.1)
=1,...L
for all n € 72 Conversely, if there was a solution f, ..., fp41: 72 — {—1,1}
to (7.1), then we must have
forin+h) =...= fpyri(n+hy)
and
(fa(n + hy) fp+1(n + hl))dlzl ..... p € Q,
=1...L

and then the functions f;fpi1: Z*> — {—1,1} ford = 1,..., D would form

a solution to (1.11). As these arguments are formalizable in ZFC, we see that
Theorem 1.20 for the specified choice of D, L, hy, ..., hr, Q2 implies Theorem 1.20
for D+ 1,L,hy,..., hy, 2, giving the claim.

Now consider the system (1.11) forsome D, L, hy, ..., hp, Qwith D > 2and Q2 C
{—1, 1}PL symmetric, and some unknown functions fi,..., fp: Z*> — {—1,1}.
The constraint (1.11) involves multiple functions as well as multiple shifts. We now
“decouple” this constraint into an equivalent system of simpler constraints, which
either involve just two functions, or do not involve any shifts at all. Namely, we
introduce a variant system involving some other unknown functions f; 4;: 7 —
(=1, 1} with j = 1,2,d =1,...,D,l = 1,..., L, consisting of the symmetric
Boolean constraint

(fl,a1(n))a=1,..p € Q (7.2)
=1,

for all n € Z?, the additional symmetric Boolean constraints

fa1(n) =...= frarn) (7.3)
foralln € ZZandd = 1, ..., D, and the shifted constraints
fra1(m~+hp) = —f1.a:(0n) (7.4)
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foralln e Z2,d=1,...,D,and [ = 1,..., L. Observe thatif fi,..., fp: 72 —
{—1, 1} solve (1.11), then the functions f; 4;: 77 — {—1, 1} defined by

Srai(m):=fagmn+hy) and frq4:(n):= — fq(n)

obey the system (7.2)—~(7.4); conversely, if f; 4: 7% — {—1, 1} solve (7.2)—(7.4),
then from (7.3) we have f> 4,;(n) = — fg(n) foralld =1,...,D,l=1,...,L,and
some functions f1, ..., fp: 7% — {—1, 1}, and then from (7.2) and (7.4) we see that
f1, ..., fp solve (1.11). These arguments are formalizable in ZFC, so we conclude
that the question of whether the system (7.2)—(7.4) admits solutions is undecidable.

A symmetric set @ C {—1, 1}PL can be viewed as the Hamming cube {—1, 1}P%
with a finite number of pairs of antipodal points {¢, —e} removed. The constraint
(7.3) is constraining the tuple (f2,4.1(n))g=1,...p:i=1....L t0 a symmetric subset of
{—1, 1}PL, which can thus also be viewed in this fashion. Relabeling fj a7 as fja
ford =1,..., Dg:= DL, and assigning the shifts 41, ..., hy to these labels appro-
priately, we conclude the following consequence of Theorem 1.20:

Theorem 7.1 (undecidable system of antipode-avoiding constraints) There exist stan-
dard integers Dy > 2 and M1, My > 1, shifts hy,...,hp, € 72, and vectors
ej(.m) e {—1, I}Dforj =1,2andm =1, ..., M; such that the question of whether
there exist functions fj 4: 7% — {—=1,1}, for j =1,2andd =1, ..., Dy, that solve
the constraints

(fj.ama=1....py & (—€™, ™) (7.5)

foralln € 72, j=12m=1,...,Mj, as well as the constraints
faan+ha) = —fira(n) (7.6)
foralln € 72 andd =1, ..., Dy, is undecidable (when expressed as a first-order

sentence in ZFC).

This is already quite close to Theorem 1.19, except that the linear constraints (1.9)
have been replaced by antipode-avoiding constraints (7.5). To conclude the proof
of Theorem 1.19, we will show that each antipode-avoiding constraint (7.5) can be
encoded as a linear constraint of the form (1.9) after adding some more functions.
To simplify the notation we will assume that My = M, = M, which one can
(m)

assume without loss of generality by repeating the vectors € j asnecessary. The key

observation is the following. If € = (€1, ...,€p,) € {—1, l}DO and y1,...,yp, €
{—1, l}DO, then the following claims are equivalent:

@ i,---, YD) ¢ {—€, €}
(b) e1y1+---+€pyyp, €{—Do+2,—Do+4,..., Dy —4, Dyp —2}.
(c) There exist y|, ..., Yy, _, € {—1, 1} such that €yy +---+€p,yp, + ¥ +---+

y’DO_2 =0.
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Indeed, it is easy to see from the triangle inequality and parity considerations (and the
hypothesis Do > 2) that (a) and (b) are equivalent, and that (b) and (c) are equivalent.
The point is that the antipode-avoiding constraint (a) has been converted into a linear
constraint (c) via the addition of some additional variables.

Example 7.2 As a simple example of this equivalence (with Dg =4 ande; = ... =
€4 = 1), given a triple (y1, y2, ¥3, ya) € {—1, 1}4, we see that the following claims
are equivalent:

(a/) (yl’ y27 y37 y4) ¢ {(_17 _19 _15 _1)9 (+17 +15 +1’ +1)}‘
() y1+y2+y3+ys€{-2,0,+2}.
(c") There exist ys, yg € {—1, 1} such that y; + y» + y3 + y4 + ys5 + y¢ = 0.

We now set D := Dy + M (Do — 2) and consider the question of whether there exist
functions f; 4: 7% — {—1,1}, for j = 1,2, d = 1,..., D, that solve the linear
system of equations

Dy Dop—2
D€l fra) + Y i Dprin—1Dy-214d(n) =0 77
d=1 d=1

forj=1,2,m=1,...,M,n € 72, as well as the linear system (7.1) for j = 1, 2,
neZ?andd =1,..., Dy.Inview of the equivalence of (a) and (c) (and the fact that
foreach j =1,2,m =1,..., M, and n € Z?, the variables f; py+um—1)(Dy—2)+d (1)
appear in precisely one constraint, namely the equation (7.7) for the indicated values
of j, m, n) we see that this system of equations (7.6) & (7.1) admits a solution if and
only if the system of equations (7.5) & (7.6) admits a solution. This argument is valid in
every universe of ZFC, hence the solvability of the system (7.6) & (7.1) is undecidable.
This completes the derivation of Theorem 1.19 from Theorem 1.20. It now remains to
establish Theorem 1.20. This is the objective of the next section of the paper.

8 Undecidability of Local Boolean Constraints

In this section we prove Theorem 1.20, which by the preceding reductions also estab-
lishes Theorem 1.8. Our starting point is the existence of an undecidable tiling equation

Tile(F\, ..., F;; Z%) (8.1)

for some standard J and some finite Fy, ..., Fj C Z2. This was first shown'! in [4]
(after applying the reduction in [10]), with many subsequent proofs; see for instance

1 Berger’s construction is able to encode any instance of the halting problem for Turing machines (with
empty input) as a (Wang) tiling problem; since the consistency of ZFC is an undecidable statement equiv-
alent to the non-halting of a certain Turing machine with empty input, this gives the required claim of
undecidability.
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[17] for a survey. One can for instance take the tile set in [27], which has J = 11,
though the exact value of J will not be of importance here.

Note that to any solution
(A1, ...,Ay) €Tile(Fi, ..., Fr; Z%)g

in Z? of the tiling equation (8.1), one can associate a coloring function ¢: Z*> — C
taking values in the finite set

J
C::ti—J{j}ij

j=1
by defining
claj+hj):=(j,hj)
whenever j =1,...,J,a; € Aj,and h; € F;. The tiling equation (8.1) ensures that

the coloring functron c is well defined. Furthermore from construction we see that ¢
obeys the constraint

c(n)=(j.hj) => ctn—hj+h))=(j.h}) (8.2)

forall n € 72, j=1,...,J,and hj, h’] € F;. Conversely, suppose that c: 72— C
is a function obeying (8.2). Then if we define A foreach j =1, ..., J to be the set of
those a; € 72 such that c(aj+hj) = (j, hj)forsome h; € F;, from (8.2) we have
claj+ ) =(, fpforallj=1,....,J,a; € Aj, and f] € F;, which implies that
Ay, ..., Ay solve the tiling equation (8.1). Thus the solvability of (8.1) is equivalent
to the solvability of the equation (8.2); as the former is undecidable in ZFC, the latter
is also, since the above arguments are valid in every universe of ZFC.

Since the set C = Lﬂjj-zl {j} x F; is finite, one can establish an explicit bijection
11 C — € between this set and some subset Q of {—1, 1}? for some D. Com-
posing ¢ with this bijection, we see that the question of locating Boolean functions
fi,..., fp: 72 — {—1, 1} obeying the constraints

(i), ..., fp(n)) € @, (8.3)

(fim), ..., fp() =1(j, hj) = "

forall n € 72, Jj=1,...,J,and hj, h’j € Fj, is undecidable in ZFC. However, this
set of constraints is of the type considered in Theorem 1.20 (after enumerating the set
of differences {h; — h’ j=1,...,J; h],h’ € Fj}ashy,...,hy forsome L, and
combining the various constrarnts in (8 3) and (8. 4)) and the clalm follows.
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9 Proof of Theorem 1.9

In this section we modify the ingredients of the proof of Theorem 1.8 to establish
Theorem 1.9. The proofs of both theorems proceed along similar lines, and in fact are
both deduced from a common result in Theorem 1.18; see Fig. 1. We begin by proving
the following analogue of Theorem 1.15.

Theorem 9.1 (combining multiple tiling equations into a single equation) Let
J,M,d > 1and N > M be standard natural numbers. For eachm = 1,..., M,

let Fl(m), ey F;m) be finite non-empty subsets of Z¢, and let E™ be a periodic sub-
set ond. Define the finite sets I:], R Fj c 74 x {1,..., M} and the periodic set
E CZx Zby
M
Fi= 4 F]f"“ x {m}), ©.1)
m=1
M
E:= @ E™ x (NZ + m). 9.2)
m=1

(1) The system Tile(Fl(m), e, F;m); E(’")), m = 1,..., M, of tiling equations is
aperiodic if and only if the tiling equation Tile (Fy, . .., Fy; E) is aperiodic.

(ii) The system Tile(Fl(m), e, Fl(m); E(’")), m = 1,..., M, of tiling equations is
undecidable if and only if the tiling equation Tile (F\, ..., Fy; E) is undecidable.

Proof We will just prove (i); the proof of (ii) is similar and is left to the reader.

The argument will be a “pullback” of the corresponding proof of Theorem 1.15(i).
First, suppose that the system Tile(Fl(m), e, F;m); E(’")), m=1,..., M, of tiling

equations has a periodic solution Ay, ..., Ay C 74, thus
A@F™y.. Ay F™ = E™ 9.3)
form =1, ..., M. If we then introduce the periodic sets

Aji:AjXNZCZdXZ, j=1,...,J,

then we have
M
AjoFj =4 @0 F") x (NZ+m)
m=1

forall j =1,..., J, and hence by (9.3) and (9.2) we have
A]@Flw---WAJGBFj:E. 9.4)
Thus we have a periodic solution for the system Tile (F I F 7 E ).
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_ Conversely, suppose that the system Tile (F1, I F; E) admits a periodic solution
Ay, ..., Ay, sothat (9.4) holds. Observe thatif A; C 74 xNZforeachj=1,...,J,
then the “slices”

Aj={aeZ: @0 ed;}, j=1,...J,

would be periodic and obey the equation (9.3) forevery m = 1, ..., M, thus giving a
periodic solution to the system of tiling equations

Tile (F{", ..., F\"; E™), m=1,..., M.

Now, suppose to the contrary that there is jo = 1, ..., J such that there exists (g, u) €
Ajo where n € Z\ NZ. From (9.4) we see that for every (f, m) € 17";(:") # (), we have

(g+ f.u+m)ekE.

Thus u +m € {1,..., M} & NZ for every m = 1,..., M. This is only possible if
u € NZ, a contradiction. Therefore, we have A; C 74 x N7, for every j=1,...,J
as needed. O

As in the proof of Theorem 1.8, Theorem 9.1 allows one to reduce the proof of
Theorem 1.9 to proving the following statement.

Theorem 9.2 (undecidable system of tiling equations with two tiles in Z¢) There
exist standard natural numbers d, M, and for each m = 1, ..., M there exist finite
non-empty sets F 1('"), Fz(m) C Z% and periodic sets E™ C 74 such that the system

of tiling equations Tile(Fl(m), F2(m); E(’”)), m=1,..., M, is undecidable.

We will show that Theorem 1.18 implies Theorem 9.2. In order for the arguments from
Sect. 4 to be effectively pulled back, we will first need to construct a rigid tile that can
encode a finite group Z* /A as the solution set to a tiling equation.

Lemma 9.3 (rigid tile) Let Ny, ..., Ny > 5, and let A < ZF be the lattice
A:=N\Z x --- x NiZ.

Then there exists a finite subset R of 7K with the property that the solution set

Tile(R; ZF)y of the tiling equation Tile (R; ZX) consists precisely of the cosets h + A

of A, that is to say

Tile(R; ZF)gy = Z¥/A.

Proof As a first guess, one could take R to be the rectangle
Ro:={0,...,N; — 1} x --- x{0,..., Ny — 1}.
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L m L m L
M M

5 G atR 4
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a’+R
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Fig.2 A tiling by the rigid tile R constructed in Lemma 9.3

For this choice of R we certainly have that that every coset 4 + A solves the tiling
equation Tile (Rp; /¥

(h+ A) & Ry = Z*.

However, the tiling A @ Ry = ZF is not rigid, and it is possible to “slide” portions of
this tiling to create additional tilings (cf. Example 1.3). To fix this we need to add!?
and remove some “bumps” to the sides of Ry to prevent sliding. There are many ways
to achieve this; we give one such way as follows. Foreach j = 1,...,k, letn; be an
integer with 2 < n; < N; — 3 (the bounds here are in order to keep the “bumps” and
“holes” we shall create from touching each other). We form R from Ry by deleting
the elements

(ny,...,nj—1,0,n41,...,n5)
from Ry foreach j =1, ..., k, and then adding the points
(nl,...,nj_l,Nj,njH,...,nk)

back to compensate. Because R was formed from R by shifting some elements of
Ro by elements of the lattice A, we see that A @ R = A @ Ry = ZF. By translation
invariance, we thus have the inclusion

Z¥/A C Tile(R; Z5)g.

It remains to prove the converse inclusion. Suppose that A € Tile(R; ZF)y, thus
AcCZFand A® R =7F Thenforanya € Aand 1 < j < k, the point

a+(n1,...,nj_l,O,nj+1,...,nk)

fails to lie in @ + R and thus must lie in some other translate a’ + R of R for some
a’ € A such that @’ + R is disjoint from a + R. From the construction of R it can

12 This basic idea of using bumps to create rigidity goes back to Golomb [10].
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be shown after some case analysis (and is also visually obvious, see Fig. 2) that the
only possible choice fora’ isa’ = a — Njej, where ey, ..., e are the standard basis
of Z¥. Thus the set A is closed under shifts by negative integer linear combinations of
Niei, ..., Nreg. If two elements a, a’ of A lie in different cosets of A, then A would
contain the set

{a,a"y ® {—c|Niey — -+ —cxNieg tc1, ..., cr € N},

which has density strictly greater than 1/(Ng ... Nx) = 1/|R] in the lower left quad-
rant. This contradicts the tiling equation A @ R = ZF. Thus A must lie in a single
coset y + A of A. Since we have (y + A) ® R = Z¥ = A & R, we must then have
A =y + A, giving the desired inclusion. O

Now we can prove the following analogue of Proposition 4.1.

Proposition 9.4 (equivalence of tiling equations in G x Z¥ and functional equations)
Let G be an explicitly finitely generated abelian group, and G| = Zy, X --- X Zy,
be an explicit finite abelian group with Ny, ..., Ny > 5. Let J, M > 1 be standard
natural numbers, and A, R be as in Lemma 9.3. Suppose that for each j = 1,...,J
andm = 1,..., M one is given a (possibly empty) finite subset H;m) of G and a
(possibly empty) subset F;m) of Z¥. For eachm = 1, ..., M, assume also that we are
given a subset E{m) of Gi and let E™ := n*](Efm)), where 7. ZK — G is the
quotient homomorphism (with kernel A\). We adopt the abbreviations

[[a]]:={a} x R, [[a,b]]::{neZ:aSngb}xRCZka

forintegers a < b. Let N > J. Then the following are equivalent:

(1) The system of tiling equations

. . J ~
Tile ((-H}"’) x {0} x F;"” W {0} x [[/11) E(’")) 9.5)
forallm =1, ..., M, together with the tiling equations
Tile (((0) x o (DI)T_y; G x (L1, JT1& NZ x A)) 9.6)
for every permutation o : {1,...,J} — {1,..., J} admit a solution, where

EM =G x (NZx E™W[[1,J]]® NZ x A).

(ii) There exist fj: G — Gy for j = 1,...,J that obey the system of functional
equations
J
W W E ) =B ©7)
J=1 hjeH;m)
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foralln e Gandm =1, ..., M.

Proof The proof of the direction (ii) implies (i) is similar to the proof of this direction
of Proposition 4.1, with the only difference that the solution defined there should be
pulled back, i.e., one should set

Aj= |} x NZx 27" ({fj(m)}) € G x NZ x Z*

neG
for j = 1,..., J to construct the desired solution to the system (9.5) & (9.6).
We turn to prove (i) implies (ii). Let Ay, ..., Ay C G X Z X 7K be a solution to

the systems (9.5) & (9.6). As in the proof of Proposition 4.1, by adapting the argument
from the proof of Theorem 9.1 once again, one can show that A; C G x NZ x ZF. For
anyn € Gand j =1, ..., J,if we then define the slice A; , C Vi by the formula

Ajni={ye zk (n,0,y) € Aj}
we conclude from (9.6) that

which from Lemma 9.3 implies that A ,, is a coset of A, or equivalently that

Ajn =7 (f;(n))

for some f;(n) € G1.If one now inspects the G x {0} x ZF slice of (4.1), we see that
foranym =1, ..., M one has

J
W Apa, @ P = B
j=1 hjEH.;m)

which gives (9.7) upon applying 7. This completes the derivation of (ii) from (i). O

The proof of Proposition 9.4 is valid in every universe $* of ZFC, so in particular the
problem in Proposition 9.4 (i) is undecidable if and only if the one in Proposition 9.4 (ii)
is. Hence, to prove Theorem 9.2, it will suffice to establish the following analogue of
Theorem 1.17, in which Z? x Z, is pulled back to Z> x Z.

Theorem 9.5 (undecidable system of functional equations in Z? x Z) There exists an
explicit finite abelian group G, a standard integer M > 1, and foreachm =1, ..., M
there exist (possibly empty) finite subsets H l(m), Hz(m) of Z* x 7. and (possibly empty
sets) Fl(m), Fz(m), E™ < Go,m =1, ..., M, that the question of whether there exist
functions g1, g2: 7* x Z — G that solve the system of functional equations

I F" +g+m)w |4 (B +gm+h)) = E™ (98
heH™ hyeHY
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foralln € Z* x Zoandm = 1, ..., M is undecidable (when expressed as a first-order
sentence in ZFC).

We can now prove this theorem, and hence Theorem 1.9, using Theorem 1.18:

Proof We repeat the arguments from Sect.5.Let N, D, M, hgm), hém), Fl(m), Fz(m), Em
be as in Theorem 1.18. We recall the systems (5.2) and (5.3) of functional equations,
introduced in Sect. 5.

As before, foreachd = 1,..., D, let w;: Z]l\), — Znx denote the d™ coordinate
projection. We write elements of 72 x 7y as (n, r) withn € Z2 andt € Z, and elements
of Z>xZas (n, z) withn € Z? andz € Z.Forapairof functions g, g»: Z*xZ — Z%,
consider the system of functional equations

(7, 0D + g5, ) W (' (0D + g,z + D) =, (=1, 1) (9.9)

ford =1,...,Dand j = 1, 2, as well as the equations

(A" +g1((1, 2 + (0", 00) W (Fy" + g2((n, ) + (5", 0) = E™ (9.10)
form =1, ..., M.Itwill suffice to establish (using an argument valid in every universe
of ZFC) the equivalence of the following two claims:

(i) There exist functions ﬂ fz: 72 x 7y — Zg solving the systems (5.2) and (5.3).
(ii) There exist functions g1, g2: Z> x Z — Zﬁ solving the systems (9.9) and (9.10).

Indeed, if (i) is equivalent to (ii), by Sect. 5, (ii) is equivalent to the existence of

functions fi, f2: Z> — {—1, 1}? solving the system (1.8). Hence Theorem 1.18

implies Theorem 9.5. It therefore remains to show that (i) and (ii) are equivalent.
Suppose first that fl fz: 72 x Zp — ZJL\), solve the systems (5.2) and (5.3). Then

we can define g1, g»: Z* x Z — ZR

gj(n,2) = fi(n,zmod2), j=1,2,

which solve systems (9.9) and (9.10). Conversely, if g1, g2: Z> x Z — Z% solve the
systems (9.9) and (9.10), then the functions f1, f>: Z? x Z, — Z& defined by

fin, ) = (=1)"g;jn,0)

solve the systems (5.2) and (5.3). The claim therefore follows. O

10 Single Tile Versus Multiple Tiles

In this section we continue the comparison between tiling equations for a single tile
J =1, and for multiple tiles J > 1. In the introduction we have already mentioned
the “dilation lemma” [5, Prop. 3.1], [13, Lem. 3.1], [34], that is a feature of tilings of
a single tile F that has no analogue for tilings of multiple tiles Fi, ..., F;. Another

@ Springer



1686 Discrete & Computational Geometry (2023) 70:1652-1706

distinction can be seen by taking the Fourier transform. For simplicity let us consider
a tiling equation of the form Tile (Fy, ..., Fy; ZD). In terms of convolutions, this
equation can be written as

]lA] *]1F1+"'+]1A1*]1F1 =1.

Taking distributional Fourier transforms, one obtains (formally, at least)

where § is the Dirac distribution. When J > 1, this equation reveals little about the
support properties of the distributions 14;. But when J = 1, the above equation
becomes

Ta1lr =5,

which now provides significant structural information about the Fourier transform of
1 4; in particular this Fourier transform is supported in the union of {0} and the zero
set of 15 (which is a trigonometric polynomial). Such information is consistent with
the known structural theorems about tiling sets arising from a single tile; see e.g., [13,
Rem. 1.8]. Such a rich structural theory does not seem to be present when J > 2.

Now we present a further structural property of tilings of one tile that is not present
for tilings of two or more tiles, which we call a “swapping property”. We will only
state and prove this property for one-dimensional tilings, but it is conceivable that
analogues of this result exist in higher dimensions.

Theorem 10.1 (swapping property) Let Go be a finite abelian group, and for any
integers a, b we write

[lall:=={a} x Go CZ x Gy and
[la,bll:={neZ:a <n<b}x Gy CZx Gy.

Let AQ, AWY be subsets of 7. x Gy which agree on the left in the sense that
AQ ()] = AV N (]

whenever n < —ny for some ng. Suppose also that there is a finite subset F of Z x G
such that

AV F=aDgF. (10.1)
Then we also have
AV F=A9gF
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for any function w: 7 — {0, 1}, where

A@ = U AT A\ [[n]] (10.2)

nez
is a subset of 7. x G formed by mixing together the fibers of A and AW,

Proof Foranyn € Zand j = 0, 1, we define the slices Af,j ), F, C G by the formulae
AY = (x € Go:(n,x) € AV} and F,:={x € Go: (n,x) € F}.

By inspecting the intersection (or “slice”) of (10.1) at [[n]] for some integer n, we see
that

WAl er =4al e F.
leZ leZ

(Note that all but finitely many of the terms in these disjoint unions are empty.) In
terms of convolutions on the finite abelian group Gy, this becomes

Z]IAS),)Z * 1 () = ZﬂALI,)l *1n(x)

leZ leZ

foralln € Z and x € Gy. If one now introduces the functions f,: Go — Cforn € Z
by the formula

foi= ﬂA’(ll) - ]lAflo)
then by hypothesis f; vanishes for n < ng, and also

> harxlp(x) =0 (10.3)

leZ

foreveryn € Zand x € G.

To analyze this equation we perform Fourier analysis on the finite abelian group
Go. Let G be the Pontryagin dual of Gy, that is to say the group of homomorphisms
§: x > & x from Go to R/Z. For any function f: Go — C, we define the Fourier
transform f &): Go — C by the formula

fe):= Z fx)e 2T,

xeGy

Applying this Fourier transform to (10.3), we conclude that

Y Fact®1RE) =0 (10.4)

leZ
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foralln € Z and & € Go. Suppose & € Go is such that iF; (&) is non-zero for at least
one integer [. Let [ be the smallest integer with 1 F, (&) # 0, then we can rearrange
(10.4) as

© 15,6

) =- Z mfn—l(é)

=1

for all integers n. Since ﬁ(é) vanishes for all n < ng, we conclude from induction
that fAn(é) in fact vanishes for all n.

To summarize so far, for any & € Go, either ip, (&) vanishes for all /, or else f’,; &)
vanishes for all n. In either case, we see that we can generalize (10.4) to

S 0 =0 ot ()15 E =0

leZ

foralln € Z and £ € G,. Inverting the Fourier transform, this is equivalent to

Y@ =D fuix1p(x) =0

IeZ

forall n € Z and x € G, which is in turn equivalent to

D140 * 1R = 1,00 * 15 ()

€7 leZ
and hence
WA ern=4a""enR
leZ leZ
for all n € Z. This gives (10.2) as desired. O

Example 10.2 Let Go = Z;, F = {0} x Z;, and let

AV :={(n,aV (n)) : n € 7}
for j = 0, 1, where a® a7 - Z, are two functions that agree at negative
integers. Then we have AQ @ F = AV @ F = Z x Gy. Furthermore, for any
w: 7. — {0, 1}, the set

A ={(n,a () :n e )

satisfies the same tiling equation:

A2 F=A0pF =AY @ F =17 x G,.
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Example 10.3 Let Gy = Zo, F = {(0, 0), (1, 1)}, and let
AV ={(n, j):ne)

for j = 0, 1. Then, as in the previous example, wehave AQ @ F = AV F = Zx Go.
But for any non-constant function w: Z — {0, 1}, the set

A ={(n,a(n)) :n €7}
will not obey the same tiling equation:
A F £A0 g F =A@ F =7 x G,.

The problem here is that A®, A(D do not agree to the left. Thus we see that this
hypothesis is necessary for the theorem to hold.

Informally, Theorem 10.1 asserts that if E C Z x Gy for a finite abelian group G
and F is a finite subset of Z x Gy, then the solution space Tile(F'; E)y to the tiling
equation Tile (F'; E) has the following “swapping property”: any two solutions in this
space that agree on one side can interchange their fibers arbitrarily and remain in
the space. This is quite a strong property that is not shared by many other types of
equations. Consider for instance the simple equation

faln+1) = = fi(n) (10.5)

constraining two Boolean functions f, fo: Z — {—1, 1}; this is a specific case of the
equation (1.10). We observe that this equation does not obey the swapping property.
Indeed, consider the two solutions ( fl(o), 2(0)), ( fl(l), 2(1)) to (10.5) given the formula

) = (=Dl

fori =0, 1 and j = 1, 2. These two solutions agree on the left, but for a given function
w: Z — {0, 1}, the swapped functions

F19 ) = (= 1lros

only obeys (10.5) when w(1) = w(2). Because of this, unless the equations (10.5) are
either trivial or do not admit any two different solutions that agree on one side, it does
not seem possible to encode individual constraints such as (10.5) inside tiling equations
Tile(F; E) involving a single tile F, at least in one dimension. As such constraints
are an important component of our arguments, it does not seem particularly easy to
adapt our methods to construct undecidable or aperiodic tiling equations for a single
tile. We remark that in the very special case of deterministic tiling equations, such
as the aperiodic tiling equations that encode the construction of Kari in [19], this
obstruction is not present, for then if two solutions to (10.5) agree on one side, they
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must agree everywhere!>. So it may still be possible to encode such equations inside
tiling equations that consist of one tile.

However, as was shown in the previous sections, we can encode any system of
equations of the type (10.5) in a system of tiling equations involving more than one
tile.

Example 10.4 In the group Z X Z4, the solutions to the system of tiling equations

Tile ({(0, 0), (0,2)}, {(0, 1), (0,3)}; Z x Z),
Tile ({(0, 0)}, {(—1,0)}; Z x {—1, 1))

can be shown to be given precisely by sets A1, Ay C Z x Z4 of the form

Aj=A{(n, fi(n) :n € Z}

for j = 1,2 and functions f1, f>: Z — {—1, 1} solving (10.5). The above discus-
sion then provides a counterexample that demonstrates that Theorem 10.1 fails when
working with a pair of tiles Fj, F; rather than a single tile.

The obstruction provided by Theorem 10.1 relies crucially on the abelian nature of G
(in order to utilize the Fourier transform), suggesting that this obstruction is not present
in the nonabelian setting. This suggestion is validated by the results in Sect. 11 below.

11 A Nonabelian Analogue

In this section we give an analogue of Theorem 1.8 in which we are able to use just
one tile instead of two, at the cost of making the group G somewhat nonabelian. The
argument will share several features in common with the proof of Theorem 1.8, in
particular both arguments will rely on Theorem 1.19 as a source of undecidability (see
Fig. 1).

In order to maintain compatibility with the notation of the rest of the paper we
will continue to write nonabelian groups G in additive notation G = (G, +). Thus,
we caution that in this section the addition operation + (or &) is not necessarily
commutative.

Example 11.1 (nonabelian additive notation for permutations) Consider the finite
group SZ% = Si¢, the group of permutations « : Zi — Zﬁ on the order 16 abelian

group Zﬁ; this group will play a key role in the constructions of this section. With our
additive notation for groups, we have

a+pB=aop

fora, B € Szi’ with 0 denoting the identity permutation, ma denoting the composition
of m copies of o, and —« denoting the inverse of «.

13 For extensive studies of deterministic configurations see [18, 20, 24]. We thank Jarkko Kari for providing
us with these references.
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The notion of a periodic set continues to make sense for subsets of nonabelian groups
(note that every finite index subgroup of G contains a finite index normal subgroup),
as does the notation of a tiling equation Tile (F'; E). Our main result is

Theorem 11.2 (undecidable nonabelian tiling with one tile) There exists a group G of
the form G = 7? x SZD2 x G for some standard natural number D and explicit finite
7\

abelian group Gy, a finite non-empty subset F of G, and a finite non-empty subset E
of ng x Gy, such that the nonabelian tiling equation Tile (F; Z* x E) is undecidable.
4

We will derive this result from Theorem 1.19 and some additional preparatory results.
The main new idea is to encode the Hamming cube {—1, 1}? as the solution to a
system of tiling equations involving only a single tile in SZ%' The use of this group SZ%

is ultimately in order to be able to access the reflection permutation p € Z2, which
will play a crucial role in encoding the equation (1.10) using only one tile rather than
two. We first need some additional notation, which we summarize in Fig. 3.

Definition 11.3 (notation relating to Szﬁ and Zi)

(1) Weletp € SZﬁ denote the reflection permutation p(y1, y2) := (2, y1)-
(i) We define the regular representation t: Zi — Szﬁ by t(h)(x) := x — h for

h,x € Z3.
(iii)) We define the coordinate function 7 : SZ% — Zi by 7 («) :=a1(0,0), and
observe that

w(@+p) =B (w(@) (1L.1)

fora, B € SZ%' In particular we have
m(a+t(h) =n(a)+h (11.2)

forall & € S and h € Z.

(iv) We view the Hamming cube {—1, 1}2 as a coset of the subgroup (27Z4)? in
Zﬁ, where 274 = {0 mod 4, 2 mod 4} is the order two subgroup of Z4. We let
B C SZ% denote the set

B:=n"'({-1,1}%), (11.3)

and let K be the order two subgroup of (27Z4)?* defined by K :={(0, 0), (0, 2)}.
(v) A cycleinthe permutation group SZﬁ isapermutationo : Zﬁ — Zi such that there

is an enumeration @, ..., &g oni suchthato (¢;) = o4 foralli =1,...,16
(with the periodic convention 17 = «1). Note that any such cycle generates a
cyclic subgroup {0, o, 20, ..., 150} of SZﬁ of order 16.

(vi) We let Stab({—1, 1}?) = S» denote the stabilizer group of {—1, 1)2, that is to
say the subgroup of SZ% consisting of those permutations that act trivially on the

Hamming cube {—1, 1}%.
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P
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BT {—1,1}?
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P o i !

N D) 4 -

K Q) s T} T Sy B I
| 5

Stab({— 1, 1}?)
Fig.3 Maps between various subgroups (or subsets) of S,2 and Zi. Solid arrows denote group homomor-
4

phisms; hooked arrows denote injections; double-headed arrows denote surjections; and unlabeled hooked
arrows denote inclusions

We can now state our preliminary encoding lemma.

Lemma 11.4 (encoding {—1, 1}? as a system of tiling equations in Szi) Let A be a
subset of SZZ' Then the following are equivalent:

(1) A is of the form

A=n"l () ={e e Sp 1 m(@) = y)

11.4)
for some y € {—1, 1},
(ii) A obeys the tiling equation
Tile (z((2Z4)%); B) (11.5)
as well as the tiling equations
Tile ({¢, 0, 20, ..., 150}; Szi) (11.6)

for every cycle o € Szﬁ and every ¢ € Stab({—1, 1}%).
Proof Suppose that (i) holds, thus A = 7~ ({y}) for some ¥ € {—1, 1}*>. From (11.2)
we then have

A+th)y=a""{y+h})

for every h € (2Z4)2, and hence

A @ 1((2Z4)%) = B;

that is to say, (11.5) holds. Similarly, from (11.1) we have

At+to=n"do'OMhH =7""yh
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for every ¢ € Stab({—1, 1}2), and
A+ko =" (fo* (D)

foranyk =1, ..., 15andeverycycleo € SZ%;sincetheorbity, a‘l(y), el U‘ls(y)

traverses Zﬁ, we conclude that
A®{p,0,20,...,150} = SZ?’

giving (11.6). Thus (i) implies (ii).

Now suppose conversely that (ii) holds. Then from (11.5) we have A C B, and
moreover for each § € B there exists a unique element of the coset § + 7((2Z4)%)
that lies in A.

If ¢ is an arbitrary element of Stab({—1, 1}?) and o € SZ% is an arbitrary cycle, we
see from two applications of (11.6) that

A {p,0,20,...,15¢} = A®{0,0,20,...,150},

which on cancelling the terms involving o gives A @ {¢} = A & {0}. That is to say,
the set A is invariant with respect to the right action of the group Stab({—1, 1}?).

If ¢ € A, then ¢ € B, and hence a({—1, 1}2) must contain the origin (0, 0). Let
a,a’ € Abesuchthattheimagesa ({—1, 1}2),a’({—1, 1}?) intersect only at the origin.
We claim that this implies that 7 («) = 7 («’). Indeed, suppose for contradiction that
() # m(a’). Then the map og: a({—1, 1}?) — o’ ({—1, 1}?) defined by

oo(a(y)) ==a'(y)
contains no fixed points (the only possible fixed point would be at the origin, but the
assumption 7 (a) # (') prohibits this). Since the domain a ({—1, 1}2) and range
o' ({—1, 1}?) of this map only intersect at one point, o also contains no cycles, and thus
one can complete og to a cycle 7 : Zi — Zﬁ of ZZ. By construction, the permutations
& 4+« and o’ agree on {—1, 1}2, thus
ct+a=a +¢
for some ¢ € Stab({—1, 1}?). Defining
o=(—a)+06+a«a
to be the conjugate of & by «, we see that o is a cycle with
at+o=d+9,
but this contradicts the tiling equation (11.6). Thus 7 («) = 7 (') as claimed.

Now suppose let &, @’ be arbitrary elements of A, dropping the requirement that
a({—1, 1}%),a'({—1, 1}?) intersect only at the origin. The cardinality of o ({—1, 1}>)U
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o' ({—1, 1}2) is at most seven; since Zﬁ has order 16, we can then certainly find a four-
element subset X oni thatintersects o ({—1, 1}?)Ua’({—1, 1}?) only at the origin. We
can then find B € B such that 8({—1, 1}?) only intersects o ({—1, 1}*) Ua/({—1, 1}?)
at the origin. Since the coset 8 + 7((2Z4)?) intersects A, we conclude that there
exists &’ € A in this coset such that «”({—1, 1}?) = B({—1, 1}?) only intersects
a({—=1, }>)Ua’({~1, 1}?) at the origin. By the previous discussion, we have 7 («) =
w(a”yand w(a’) = (), hence 7 () = m (o). We conclude that 7 is constanton A,
thus there exists y € {—1, 1}? such that

AC{ae SZ}; ‘(o) =y}
Observe that the right-hand side has cardinality 15!, while from (11.6) A must have

cardinality exactly 16!/16 = 15! Thus we must have equality here, giving (i) as
claimed. O

We lift this lemma from SZ% to the slightly larger group Szi X Zi, to make the encoding
of {—1, 1}? more visible:

Corollary 11.5 (encoding {—1, 1}? as a system of tiling equations in Szi X Zi) Let A
be a subset of SZ% X Zi. Then the following are equivalent:

(1) A is of the form
A=a" (D) x v} =l y) ra € Sy, (@) =) (1.7)

for some y € {—1, 1}2.
(i) A obeys the tiling equation

Tile ({(t(h), h) : h € QZ)Y: {(a, 1(@)) : o € B}) (11.8)
as well as the tiling equations
Tile ({¢, 0, 20, ..., 150} x Z3; Szz x Z3) (11.9)
for every cycle o € SZ?; and every ¢ € Stab({—1, 1}%).
Proof If (i) holds, then from (11.2) we have
A+ (), hy =7~ ({y + h}) x {y +h)
for all & € (2Z4)2, which gives (11.8), while from (11.1) one has
A® (¢} x 2i ="' () x Z
for all ¢ € Stab({—1, 1}?) and

A® ko) x 25 =7 ({o * () x 72
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for any cycle o € SZ% and k =1, ..., 15, which gives (11.9) much as in the proof of
the previous lemma. Thus (i) implies (ii).

Now suppose conversely that (ii) holds. From (11.8) we see that A is contained in
the set on the right-hand side of (11.8); in particular A is a graph

A={(a, (@) :aec A}

for some A’ C Szﬁ- Since A satisfies the tiling equations (11.8) and (11.9), A’ satisfies
the tiling equations

{(@+th), 7@ +h) :aecA, he(2Zs)*} = {(a, 7(@)) : a« € B}
and (A’ @ ($,0,20,...,150)) x Z3 = Szz x 72,

We conclude that A’ must obey the tiling equations (11.5) and (11.6). Applying
Lemma 11.4, we see that A is of the form (11.4) for some y € {—1, 1}?, and we
obtain (i) as required. m]

We enumerate the system (11.8) & (11.9) as the system of tiling equations
Tile(F¢; E¢), £=1,...,L, (11.10)

for some explicit collection Fy, ..., Fr, Eq, ..., E of subsets of SZ% X Zﬁ (indeed

one has L = 14 15! 12!). Thus the sets (11.7) are precisely the solutions to the tiling
system (11.10):

L
() Tile(Fe; Eow = {7 (y) x Iy} - y € (=1, 1)) (11.11)
=1

Thus we have successfully encoded the Himming cube {—1, 1}? as a system of tiling
equations, in a manner that allows the reflection map p € SZ% to interact with this
encoding.

We now use the above corollary to encode the solvability question appearing in
Theorem 1.19.

Proposition 11.6 (encoding linear equations) Let D > Do > 1 and My, M> > 1 be

natural numbers, and let a%; € Z be integer coefficients for j = 1,2, d =1, ..., D,

m=1,..., M;, and shifts hy € szord =1,..., Dg. Let N be a multiple of 4 that is
sufficiently large depending on all previous data. We define the coordinate projections

/ /. 2\D 2

Ty, (L))" — Ly,
" " . D
n],...,nD.(Szi) _’Szﬁv

7" ", rm2
i,y Ly — L,
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in the obvious fashion, while also letting T1: Z%V — Zi be the reduction mod 4
map, which is a homomorphism with kernel (AZy)?; see Fig. 4. Then the following
statements are equivalent:

(i) There exist functions fj 4: 72 — (1,1} C Z for j=1,2andd =1, ..., D,
that solve the system of linear functional equations (1.9) foralln € 72, j = 1,2,
andm =1, ..., Mj, as well as the system of linear functional equations (1.10)
foralln € Z*> andd =1, ..., Dy.

(ii) There exists a set A C 7> x Zn x (Z?\,)D X (Szﬁ)D that simultaneously solves the

following systems of nonabelian tiling equations:

e The tiling equations

Tile ({((0, 0).0)) x H™ x Co: 7% x Tp x H™ x SZDZ) (11.12)
7l

Jorall j = 1,2andm = 1,..., M;, and cycles o € SZ%’ where H;m) <
(Z%V)D is the subgroup

H"™ = {()’ld y2.a)i-1 € (Z3)" Za(m)y]d—O} (11.13)

and Cy C SZD2 is the set
4
1 _ D—1
Co :=(n{)" ({0, 0, 150})—{0,0,...,150}><SZ2 .
4

e The tiling equations

Tile ({(0, 0)} x Zy x (n}” o)) {0} x Cy;

11.14
72 x 7y x ("o )N (=1, 1)) x 5221) ( :

foralld =1,...,D, j =1,2, and cycles 0 € SZ%'
e The tiling equations

Tile ((Ty W T)); Z* x Zs x (Z3)" x (x))~'(B)) (11.15)
foralld =1, ..., Dy, where

Tq:={((0,0), 00} x (Z3)" x ()~ (x(K)),
Tj:={(=ha, 0)} x (Z3)” x (x]) "' (p + T(K)).

e The tiling equations

Tile ({((0, 0), 0)} x Fp.q; Z% x Zy x Eq.4) (11.16)
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H;m) CU
f r
{=1,13°P s (Z3)P (572)P
e iﬂé s
(CL1PR s 23 — 0y 22 e T,
I PR %
iﬂj/// lﬂjm ////’ } \\\\
¥ o J .
{(-1,1} «--—--- > Ly T(K) p+ t(K) B

Fig.4 Some of the sets and maps mentioned in Proposition 11.6. (The notation is the same as in Fig. 3.)

foralld =1,...,Dand{ =1, ..., L, where
Frai={(.0) € @})P x S (T (©), Mg () € R,
Ecai={0.0) € @P x Sh : (1 ©). Merj () € Ee}.
and Fy, Eq are the sets from (11.10).
Proof Suppose that (i) holds. The sets
77 {y) = e € Sy i m@) = y)
have the same cardinality 15! for all y € {—1, 1}, so we may arbitrarily enumerate

N ) = ey, ay s

for each y € {—1, 1} and some distinct permutations ayy fory € {1, 1%,k =
1,...,15! We then let A denote the set of all elements of Z2 x Z, x -1, 1}2)D X
(SZ%)D of the form

D D
(.1, OV @308 )

for (n,t) € Z* x Zrand k = 1, ..., 15!, where

Ynrd = (=" fram), (1) fra(m)) € {=1, 1}, (11.17)

We now verify the tiling equations (11.12), (11.14), (11.15), and (11.16). For any
(n,t) € 2% x 7, and any cycle o € SZ‘%, we see from Lemma 11.4 that

{(ayn.,,d,k)fl’:] k=0,..., 15!] ®C, =S
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and thus foranyd = 1,..., D, j = 1,2, o, one has

AB(0.0.0)x H" xCy = ) (000} x (Omrafey + H™) x 8B,
(n,1)eZ*x 7y

From (11.13), (11.17), and (1.9) we have
Ontd)gey + H"™ = H™
and the equation (11.12) then follows. In a similar vein, the set
A®{0,0)} x Zy x (n}’ o)) ({0} x Cq
foragivend =1,...,D, j=1,2,0,isequal to

W x Zo x| [ @ oy ™' G | x S

neZ? teZy

From (11.17) we have

) im0} AT Onaa)) = (—1.1)

and the equation (11.14) then follows. Turning now to (11.15), we see from the defi-
nitions of A, Ty, T)) that the set A & (T & T) is equal to

(.0} x @Z3)P x ) (Ania ® T(K) W Ayinga @ (p + T(K))),
(n,t)eZ?xZy

where A, ;.q C SZ% is the set

Anrai={oy, ok i k=1,...,150 =77 {ynr.ad).
From (11.2) we have that

Anta ®T(K) =77 Qna + K)

and similarly from (11.1) and (11.2) (and the involutive nature of p) that

Anthgtd ® (p+ 1K) =77 (0OGnngra) + K.
On the other hand, from the equation (1.10) we have

Ontd + KV (pOnsngra) + K) = (=1, 1)
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and hence

ASMWT) = |H (0} x @ZHP x @H ™ @ (=1, 11%).
(n,t)eZ?xZy

Since 71 ({—1, 1}?) = B, this gives (11.15).
Finally we verify (11.16). Suppose that (1, ¢, y,¢) € 72 X Zp x (Z%,)D X S% is
an element of

A®{((0,0),0)} x Fpq.
By the definition of A and Fy 4, we thus have
(. t,3.0) = (n.t, Gura)iey + ¥ @y, , 00051 +¢')

forsome k = 1,..., 15!,y € (Z3)P, ¢' € SP, obeying (z/(¢"), (7} (y))) € Fy.
In particular, we have

Ny () = M(ynra) + My (y)) and 75(0) = ay,, .k + 74"
and hence by definition of A, 4, F¢ and (11.11) (or Corollary 11.5)
(] (), My (y)) € Ant.a X {TT(Ynr.a)} ® Fe = Eg (11.18)

(note from (11.11) that all the sums in the right-hand side of (11.18) are distinct).
Conversely, if (n, ¢, y, ¢) obeys the constraint (11.18), we can reverse the above argu-
ments and represent (7, ¢, y, {) uniquely as an element of A @ {((0, 0), 0)} x F¢ 4.
We conclude that

{(n,t,9,8) € Z* x Zn x (Z3)P x s;i () (), I (») € Ee},

and (11.16) follows. This concludes the derivation of (ii) from (i).

Now suppose conversely that (i) holds. For any (n,1) € Z? x Zs, let A,; C
(Z3)P x ng be the fiber
71

Ane={(y.0) € Z3)" x S5 - (n. 1.y, ) € A}.
4

From the tiling equation (11.16) we have foreveryd = 1,...,Dand ¢ =1,...,L
that

A®{((0,0),0)) x Fpq="7>x7 x Egq
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and hence (on restricting to {(n, 1)} x (Z3)? x (SZE)D ) we have
Ant ® Foa=Ea

for every (n,t) € 7% x 7. By the definition of Fy 4, E¢ 4, this implies that the map
(y,¢) = (] (¢), (7} (y))) is injective on A, ;, and that the image

A g =@ T () (7.2) € Ana) C Sp2 x Z§
obeys the tiling equations
A:z,t,d @ Fg = E(

forall ¢ = 1,..., L. Applying (11.11) (or Corollary 11.5), we conclude that there
exists y,.r.a € {—1, 1}2 such that

nid =1 € Szz 1 m(@) = ynra} X (Ynr.al (11.19)

In particular A/ , , has cardinality 15!, hence A, ; has cardinality 15! as well. From
(11.19) and the definition of A;’t’d, we see that for any (y, {) € Ay.;, we have

My (») = 7(74 () = Yn,r.a (11.20)

foralld =1,..., D.

Next, from (11.14) we have in particular that
ACTZ? xZy x (] om)) ' ({—1.1}) x S%
and hence
7 o mh(y) € (—1,1)
whenever (n,t) € 72 x Zo, (y, )€ Apys, j=1,2,andd =1, ..., D. In particular,
né(y) e {—1, 1}2, which when combined with (11.20) gives ng’,(y) = Yn.r.da (Where

by abuse of notation we view {—1, 1}2 as embedded in both ZZ and Z%\,). Thus we
have

Y= Onrd)i (11.21)

whenever (y, ) € A .

From (11.12) we have
ACT? %7y x H™ x 8P,
j z;
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which when combined with (11.21) implies that
)iy € H™

forj =1,2andm =1,...,M;, and (n,1) € 7% x Z,. If we now introduce the
boolean functions f; 4: 72— (1,1} by the formula

(fr.a(), f2,a(®M)) = Yn.0.d (11.22)

forn € Z*andd = 1, ..., D, we conclude that

(fram), fram)i_ € H;m)

or equivalently that
D
> aﬁ.f"; fj.a(n) = 0mod N
d=1

foralln € Z?, j =1,2,andm =1, ..., M. For N large enough, we may drop the
reduction modulo N as the left-hand side is bounded independently of N, thus

D
>_afy fiam =0
d=1
in the integers. This gives (1.9).
Next, from (11.15) we have

Ant ® (Z3)P x (@) @(K) W Apsngr ® (Z3)P x ()N p + T(K))
= (Z3)P x (x))~"(B)

for any (n,1) € Z*> x Zy andd = 1, ..., Dy. Applying the projection ] followed
by (11.19), we conclude that

lo € S22 (@) = ynr.a} © T(K)
Wia € Sz2 1 (@) = Yutngr,a} © (p+T(K)) = B.

Applying (11.1), (11.2), and (11.3), this is equivalent to

Onid + K) W (0Oningra) + K) = {—1, 1}%,

Specializing to t = 0 and using (11.22), we obtain
{fLam} W {fraln+ha)} ={-1,1}
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which is (1.10). This establishes (i). O

By Theorem 1.19, there exist choices of D, Dy, M1, M>, “;’,1:1)’ hg such that the prob-
lem in Proposition 11.6 (i) is undecidable in ZFC. As the proof of this proposition is
valid in every universe {* of ZFC, we conclude that for N a sufficiently large (stan-
dard) multiple of 4, the problem in Proposition 11.6 (ii) is undecidable in ZFC. Thus,
we can find an undecidable system of nonabelian tiling equations

Tile(Fp; Z> x Ep), €¢=1,...,L,

for some non-empty subsets £y, ..., F; of Z? x Zs x (Z%)P x (Szﬁ)D and subsets
Ei, ..., EZ of Zy x (Z%V)D X (Szj)q Applying Theorem 1.15 (and Remark 3.2), we
obtain Theorem 11.2 as desired.

12 Open Problems and Remarks
12.1

Recall that Conjecture 1.5 is open in dimensions d > 2 (see Sect. 1.3 for further
discussion and known results). The following question then naturally arises.

Problem 12.1 Let G be a non-trivial finitely generated abelian group. Are there any
finite set F C 7* x G and periodic set E C 7> x G such that the tiling equation
Tile(F, E) is aperiodic?

We hope to address this problem in a future work.

12.2

Conjecture 1.5 was originally formulated in [23] for G = R?. It is an interesting
question to determine the precise relationship between the Z¢ and R? formulations of
the conjecture.

Problem 12.2 Let d > 1. What can be said about Conjecture 1.5 for G = R%, given
that the conjecture holds in 7.4 ?

In the one dimensional case, the two formulations are equivalent (see [23]). In the
two dimensional case the precise relationship between the discrete and continuous
formulations of the periodic tiling conjecture is not known. In [21] Kenyon extended
the result in [9] and proved that the periodic tiling conjecture holds for topological
discs in R2. In [13] we proved that for any finite F C Z? and periodic E C Z2, all
the solutions to the equation Tile(F, E) are weakly periodic. This implies a similar
result for some special types of tile F in R?, by using the construction in Remark 1.10.
We hope to extend this class of tiles and consider the higher dimensional case of
Problem 12.2 in a future work.
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12.3

We suggest several possible improvements of our construction.
e Itmightbe possible to modify our argument to allow E( in Theorem 1.8 to equal Gy.

Problem 12.3 Is there any finite abelian group G for which there exist finite non-
empty sets Fy, Fp C 7% x Gy such that the tiling equation Tile (F1, F»; 7% x Go) is
undecidable?

e In[11]aconstruction of two tiles Fj, F> in R2is given in which the tiling equation
is aperiodic if one is allowed to apply arbitrary isometries (not just translations) to
the tiles Fi, F»; each tile ends up lying in eight translation classes, so in our notation
this is actually an aperiodic construction with J = 2 - 8 = 16. Similarly for the
“Ammann A2” construction in [1] (with J = 2 -4 = 8). The aperiodic tiling of R?
(or the hexagonal lattice) construction in [32] involves a class of twelve tiles that are
all isometric to a single tile (twelve being the order of the symmetry group of the
hexagon).

It may be possible to adapt the construction used to prove Theorem 1.8 so that the
tiles F1, F> are isometric to each other. On the other hand, we note a remarkable result
of Gruslys et al. [15] that asserts that for any non-empty finite subset F of Z¢, there
exists a tiling of Z" for some n > d by isometric copies of F.

Problem 12.4 Does our construction provide an example of a finite abelian group Gy,
a subset Eq C G, and two finite sets F1, Fy C Z2 x G which are isometric to each
other, such that the tiling equation

Tile (Fy, Fp; Z* x Eg)

is undecidable?

e The finite abelian group G in Theorem 1.8 obtained from our construction is quite
large. It would be interesting to optimize the size of Gy.

Problem 12.5 Find the smallest finite abelian group G for which there exist finite
non-empty sets Fi, F, C 7% x Go, and Ey C Gy such that the tiling equation
Tile (F1, Fa; Z* x Ey) is undecidable.

e It might be possible to reduce the dimension d in Theorem 1.9 by “folding” more
efficiently the finite construction of G¢ in Theorem 1.8, into a lower dimensional
infinite space.

Problem 12.6 Let Gy = ]_[flzl Zy;,. Suppose that there exist Fi, F» C 72 x Gy and
Eoy C Go such that the tiling equation Tile (F, F3; 7% x Eo) is undecidable. Does
this imply the existence of d' < 2+ d such that there are finite sets F|, Fy C Z¢ and

a periodic set E C v/ for which the tiling equation Tile (F|, F3; E) is undecidable?

e In Remark 1.12 we discuss the algorithmic undecidable tiling problem which our
argument establishes. In this tiling problem, the finite abelian group Gq is one of
the inputs. It might be that a slight modification of our construction would imply the
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existence algorithmic undecidable tiling problem with two tiles in Z2 x Gy, for a fixed
finite abelian group Gy.

Problem 12.7 Is there any finite abelian group G such that the decision problem
of whether the tiling equation Tile (Fy, F»; Z*> x Eg) is solvable for any given finite
subsets Fi, Fy C 7* x Go and Ey C Gy, is algorithmically undecidable?
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Appendix A: Undecidability and Aperiodicity

In this section we give a well-known argument of Wang (see [4, 30]) that undecidability
implies aperiodicity (which in particular implies that undecidable tiling equations
admit tilings in the standard universe). The argument is usually phrased in the language
of algorithmic undecidability, but can be adapted without difficulty to the logical notion
of undecidability discussed here.

Theorem A.1 (undecidability implies aperiodicity) Let G be an explicit finitely
generated abelian group, J, M > 1 be standard natural numbers, and for each
m=1,...,M, let Fl(m), e, Fl(m) be finite subsets of G, and let E™ pe g peri-
odic subset of G. If the system Tile(Fl(m), e, F}m); E(’”)) form = 1,...,M is
undecidable, then it is aperiodic.

Proof We will establish the contrapositive: if the system Tile (F fm), e F;m); E(m))
form = 1,..., M fails to be aperiodic, then it must be decidable. By definition of
aperiodicity, one of the following two statements must hold:

(i) The standard solution set (), Tile (F 1('"), s Fl(m); E) is empty.
(i1) The standard solution set ﬂf::l Tile (F ](m), R F;m); E (’”)) ¢( contains a periodic
tuple (Aq, ..., Ay).

In case (ii), since periodic sets are definable, we have a solution to the system
Tile(Fl('"), ...,F}m); E™) m = 1,...,M, in every universe 4* of ZFC, and
hence by the Godel completeness theorem the solvability question is decidable (in
the positive). Now suppose that we are in case (i). By the compactness theorem
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in logic'4, there must therefore exist a finite subset S of G such that the system
Tile(Fl(m), e F;m); EMY m =1,..., M, is not satisfiable in S, in the sense that
there does not exist Ay, ..., Ay C G such that

(A @ F™)NSHU---UA; ®@F")nS)=E™NS

forall m = 1,..., M. This latter assertion can be viewed as unsatisfiable boolean
sentence involving the finite number of propositions (n € Aj) for j = 1,...,J,
m=1,...,M,and n € S — F™_ The unsatisfiability of this sentence can be

proven in ZFC (simply by exhausting a truth table), and it implies the unsolvability of
Tile(F](m), e Fﬁm); E™) m =1,..., M, in every universe of ZFC. By the Godel
completeness theorem, we thus see that the solvability of this system is decidable (in
the negative). The claim follows. O
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