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ON T UNIQUENESS OF
OF FLETE

DING WAVES

Paul (Za acus
Lawrence Radiation Laboraltory
University of Callf ¥ria
Berkeley, California

March 7, 1963

e:gbu» sh & Keller %heir

‘me-:if;’mbd for finding the higher ovder effects for @wa«mwenmo al fiaite-

: 7%

:;mp litude standing gravity waves is comm“cma,.. The cemdi‘?: G, wLicr @x-
cludes certaia fluid depths w shown to be unzcceptable b@ca@@e it iz
rmpogsible to satisly in practice, &vAm*:f::;ai on of the condition is @‘amae@@wﬂ
which retzins the vaimzﬁy of the other aspects of the method. The reviecion v_
aleo pertains to the forms of the wiiquencas conmtm prener e:i oy other
&uﬁ:}z@és in extending the p;ef;ime:i_m t’fxc soiw ti@n of more complex sf;m:cﬁmg

wave pz*o?;hcmw,
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QN T:Ib UNI QUENE-}S Oﬁ C}..I. TAIN STANDING WAVES
OF FINITE AMPLITUD&

Paul Concus :

Lawrence Radiation La.bora.to:' v
o+ University of California
- Berkeley, California

. Margh 7.;'. 1963

| 1; INTRODUCTION

- vina recent paper. Tadubakhsh & Kener (1960) mtroduced a. uaeful |
'matnematxcal method for ﬁnding the higher order effecta for two-dimenszonal
. ;' standmg gravxty wa.ves of ﬁnite amplitude in an inviacid incompresexb};e flmd

: of arhxtraxy depth. Experimental reaults of Fultz (1962) are essent'ally in )
agreement thh the theoretxcal resulta obtained by Tadjba.khsh & xi@der.
.‘ T’hexr method ha.s been extended by Verma & Keuer (1964 to sowe ‘the s:«.zrzm
'-'"'»',.-";'problem for a tbree-d:.mensional wave and by Concus (1962) to solve the prob;
v "‘_f-lem for a two-dimensionai wave includmg the effects of auriace tenswn. The
E Fmetnod wtxlwes a umqueness condition which requires that the ﬂ.md dep&h |
"%_»:‘aaﬁxsfy a certam rela.tionship in order that the 8olution obtamed "be unwue ard R B
?_'that cextam resonances be avoided. : A aimilar uniqueness condxuon also .‘

appears in the general discuasxon of ﬁ.nite-amplitude wavee pre@emeﬂ bY : SO
. . . . . ’.r.!..f";"i‘v D ool : ’

! 'Molseyev (1958),

The uniqueness conditzon is investiga.ted here, and it 19 ahown thaﬁ: tne :

e i.’:-‘.conoxmon is an mappropriate one beca.use it is impossible to sf..tzsfy in. practzce. »
A revxsion of the condxtion is suggeated along the lines of the one. used by Penney
- & Prxce (1952) and later by Ma,ck (l962) m their studxes of fimxe -amphtude |

atanaxng waves. The revtaion does not limit the essential valuh Y- of the m e*hod

. ner doea it alter the form of the solu&iona_h previouai obﬁained Ly the me&hod
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2, UNIOUENESS CONDITION |
Th@ éim?ﬁ@at form of the tmiquen@ss condition is the one for _éwm
umenewnm wavc.s without ahrfu.ce tension, - as gwe:a by Tadj oal&‘ rmzz ?: Bei?

as @18} m \.,hezr paper. 1& is .

n tanh nh s .. L2 ] o S o
S pe ¥ Umteger)® @m=2,3009. (D)

where h is ehe mean depth of the fluid, The rcle ’;ti* ¢ the COZ&d&mO’i »t»la,ys in
the development of the sommc«n can be studied | Ly consme*”mg &he ve&oc.mj
po&emial &b

The rvcneraﬂ solt ution for &He velocity po@eaﬁzd subject to &E‘c u.,seww 331

b@méa;ry' cohdition, which ie the solution to their (1) amé (4),, can be Wi ﬁci:en

. as

& {3, y,ﬂ = Z . Aﬁ({ﬂ cos nx cesh nly+h),
o n=0 o _ B ' R

where the An(ﬁ:) are function of time to be determined from the other boundary

 conditions and from the periodicity requirememnt that

, < A fe ' 3
Agere=am. oo

An e.aspan on for ¢ in terms of a small ‘Barameﬁer ¢ about « = ¢ is gought
where ¢ is a measure of the a.m":ahwde of ﬁne linvarized wave motion,

expansion is given‘by Tac@jb@khs;h and Keﬂe'x as {41}, which is
+ 1/2 e & 2y G{r p,

1

2re the eapersc;xpus on ¢ denote ’.’:he orders of tho @3 cpanmon terms, In

€ :,.w"zce, such an @ mu.zasw'l cor;espon&a to an e:»zpansmn of the A ”t) as

‘ ) 2 3 2 a4
;Anm:c%f €3+ <“a m z/.a‘ A&(t})fﬁé_&‘ 13 : M



given by Tadjbakhsh & Keller as {7) and (B} in theixr paper - - the one consisting

cand - » wa =

T . UTRL-10716
where, agaﬁ.n, the sup@&vscripﬁ:s on An«w denote the orders of the expangion -

terms am}i n@& eg:;on@*x?:u.

: E&ch atage in the permrba@icn sa)iu;.ian consists of finding and solving
" the linear d.z,ffe ntial equations satisfied by the appro iate ord@r off Aﬁé@:}sg «

For the jth order these equations area of the fozsm

o d n@ﬁmh*a ™ . .
Sy adey + BRI Al = d me0,1,5000) (4)
as- -7 @y N

where wp  is the frequency of the lincarized oy zero crder wave and the fﬁf.(:ﬁ)

are functions of time calculated from the lower order solutions. The relation-

ship
P ey =0 formzmj o+ 2
R
‘always holds. (See Tadjbakboh & Kelle?'s @ai) ur»r@ugn (Z-") sz the form which

" the equations take for § = 1.)

 For =0 the equations are homogenceous of the form

& ‘ . tank 2, » a '
B Aty BEERER s0wy i0 (m=0,1,2,000). (5}
b3 & e . .

d& Wy . . .

Of the zero-order waves which satisfy (5) and the three other z-equireﬂ‘conéi’ziomw

' whmb are ﬁ:he periodicity condition (2) and the phase and a: ﬁpil tude conditions

Bl

&

purely of the fundamental mode is the one of interest. Faz" this wave

s qﬁycﬁ,wse; Al@)=0 forn£1, {6}

h& /“

e,
G‘%‘

where A is deter mm,d by the am .y&h»uc@e condit 502’1.
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,0:&@:@ wp 18 determined by (6}, the periodicity condition can then be
sau fied only by th@i::@ s@lu‘.’:mus of Q‘%} for n 22 that oaeiﬁmﬂ'c with frequencies
that are integral m\ﬂ‘c:apleo of the fun damewtai frecmcncy. Arbitrary ar*?owi’:,m'

of f;?:ae:se i ghe r harmonice may na add@d to A cos t. and the seiuﬁmn for (:

esulting wave wxn mn satisiy the phase and w.mphi.vd@ conditions, To rmake

T
the ¢ pure I.Liuﬁmi"“i@ﬂ@&i the only aolmmn of the .:..ero ordes -oblem, Cf.he Lmquﬂm.ss

» Q@ﬂdiﬁ?iﬁn (}i}ia imposem thus ensuring ’e:h&ﬁ no nonzero solution of {(8) for n 22 . -

can alsc a&isfy (2}
'E‘n@ umqaeness condition aa s d in a similar mannez: f@* the higher
ov m:' equ.:q.ﬁ,'i ons {v,a ensui'e @h f;he cmly 8@1\2&10'@.@ to f.h@ bamoweﬁ@om equations

(]

c»f MB for nz 2 are

"

o o R
,} o ' I .ﬁ.’;('&) 0,

ﬁms making f;i‘z}c—: pgrtur sation solﬁ&imn unique at each s’» ge. For the t‘nree«
dimezﬁéion&l problem and the @wo~éimen5ign&l pzsbi@méa;c%uéin suriace te neioen,
'ﬁche umceuene@u conditions are slmnuiy MOre COmy w“, but they ap@réfge in cw:sea -
tially the same manver to make the sclution unique. |

The uniqu@nea nditicn wlrso purfcr*”m s another &,u:xcfuem wh ich is bz'mz%%h?: .
out move clearly in the low-ozder stage. of the solu i@"z foz %e YW - mmezmic*z |

k]

:’;L.:,.(,mw corresponds o f;z ) in {4)
As .

'{'}

blem mcluw ing surface tension, The
being of the fozrm

g @) = ""‘E gin mt + By cos mt, ' {7}

where, m 18 an integer that is cven if n is even and odd if n is odd, and

n tank nh m?:_, (8)
L AR e~ § 4 : e
tanh h *

in this case a ?‘esammce COL:.&&LZDH wouid be present and *a.h@ solution obtained

o _.q; (i) would com'_.m secular terms whoumwc.. in thme and would pot satisfy

oK



- Sinca tanh'h y < ganh 1;2 a:zd ﬁami* prte

“se . ucnneteni

rs .

the p eri omc:&ﬂ.’v cond wdition,  In genezol, 2 () consists of %erﬁm of the form {‘2’}

o

Fakd

however, the ’m‘aiqmmess? c:@m'f;iticwn, in prouibiting (8) from ever being satiefied,

ensures that ¢ e c@* re apam:lmfv rc,wanaz:@: conditions are exaclné@d.' e

3. ﬁNSU"ETABI ITY OF ""E‘ﬁ?“) *E’Q‘Et 5 CONDITION

it is now shown that the uniﬁguemss cam.% tion “is: not rnathe a.wmvig;

At

'af:r'egwbie., Congider the uniqueness Qﬂﬁd&it:”i for the two-dimen mc;w& ;: voblem

o o ey

wzﬁmuﬁsuxf&ce tensiom given by (i}, For a‘my Fed >2 \the ratio tank nhftanh &
iz continuous and decreases moenotonically from nto 1 as h increases from

G to e, Thus, for cach n fshera are ampmmvr’*cly n MJ n distis net va:,mqae: of

the fiuid depth e luded by QR) T’he totality of ail such eﬁz&l&.wﬂed dep 5 obtained
- by letting n run through: its range of positive integers wm\ form a ‘.ﬂcamm«. erably

infinite set of points ranging over the positive real line (G,wﬁ.

-

’i{: is nent ghown that this set ig densely dstributed over {0, ). Lt h,

and ha b@ amy two values of h  such that 0 < hl < hz, and ccmsmez:' the interval

{hl, h;,). Ae: h increases through all the values in @b.}, 3:13) the rati
- . ‘ Tt ‘

[

o tanh :m/‘ztavzh i decreases through all the values in the interval

n tanh nhi

tanh n ¢ tans hl

- Conaider the interval

tank ah 2 tank :’3}\;3 .

éfsamh h, ° tanl By
Lo

< 1, and since an N can be found such

Thke author iz indebled to Dr. G. Noone 'y £ {or suL«~fnJiizz hig and other features
¢ S o o



*ca;;.;m‘v»_xsf‘:g

E'{

for an n N. ..Then (9)_; :: BN

-'_contams the rational number np/q. Chooso n Nz pq. ';‘hen n ta.nh nn/tanh h

y zb
Pence. a.ny such interval (hl‘ 2) conzaiaa at Ieast ona value of h exciadezd I.ry {1) ,:L.‘ i

ﬁ:akes on the value of the perfeet square Nz 2 for somo h in the intez'val (h

: Becauae the set ot‘ excluded values o£ h is ‘:nse. it ia imposmble to '
sagisfy ( 1) in practzce. _ .'When one moasuraa a ﬂuid depth, he does noﬁ do so »
exactly. but he speciizea some small interval in which the depth is known to Iie.v
;However. any auch interval contains an inﬁnity o£ points excluded by (1). makiné |

-it xmpossible to determine that the meaaured ﬁuid depth ia an a.uowed oxm. R '." '

In ehe same wa.y it can 'be shown that the forma of the \miqueness cenditmn -

gwen £or three—dimensional waves and two-dimensional wa.ves includmg surface
:";tension a.re also impossible to aatiafy in practice. One xa thers,.ore lem no chozce'“_'f t

but to abandon the uniquenese crite:lon as it io given and to devise a rapimemenﬁ

. i \ or reviaion.

o mscvssmN S
: The fact that (1) cannot be aatisfied impliea that the fundamenzal solutmn c

;_' w. in actualxty. ‘never the unique soluﬁon oi the posed mathematical problem. S :
There must always be some other independent solutiona of (4) and (S) ea(cisiying 7‘

the periodicity conditions no matter what ﬂuid depth is chosen. One can never

exclude tbem an However. it ia poasible to define a. procedure foz- choa.aing a

partxcular solution and to éiacard all other solutions which are independenz cf

‘the one of mterest. The poaaible exiatence of solutions other than the chosen

_one 1§ not deniad, but they a 3

ignored because they d" not affect the partxcular L
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission"” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








