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1~ INTRODUCTION . . . ~ : 

·. In a recent paper. Tadjbakhsh it Keller (1960) introduced\ a: useful 
·~ . ' ·' . · .. 

'.'._. i 

-~j : :.· -~ 
_ _; . ~' 

1 ' ' ' .t/ .'· 

' math~ma~ical method !or .finding" the higher order effects lor ~a-dimensional 

. standing gr~vity wave~ o.£ finite amplitude in an inviscid incompre~sible fluid 

·~ : > ,/ f of arbi~ra1·y depth. Experitt1ental results of Fultz (1962) a~~ esaentiu.Uy in 
/ l .':· 

1 
•• ,, • , '/; ,, f .. agreement-with the theoretical results obtained by Tadjbakhsb tlr Keller. ..,7 c ·· '~ , 

: . . . . 

.-_·.·,.-··:. 
Th~ir method has. been extended by. Verm~ & Keller . ( 1962) to. solye the same 

.. ·:· · . 
. ',' '.;. p 

. ! 

•• -~l- . 

' 

i l 
.; "'--. 
:1 . 

., problem !o~ a three-dimensional wave and by Concus (196Z) to s~lve 'the prob-
... - .· ·. ·--:" ·.'" .': ·_. ,· :• ' . .'--~- ~- '• • '. ,' .•• • •!, .' . _:· --~-.-. ~ .• -~ · ..• ·::· . .-·-·· . 

·. lem £or ·a two-dimensionai· wave including the effects oi ;lUr!ace tension. The 

; . m:ethod ~'ilizes 'a 'WU:qu~nesa conditi~n which req~res that the fluld depth , .·. ' 

·,, ., , satisfy a certain' relationship in orde~ _that the solution ~btain~d be ~ique ·an~d 

: ' · · •. ·~··.that ce1~·tain ~e's~nan'c~s ·~~ a~oided. A similar uniquenes~ conditi~n also . 

. .. · ~ppe~rs i~- the gen~~afdi~~uasion of:fi~lt~~a:Mplitud~'~:av~~ present~d· by 
,\ .. .. l ' .. ,_:; :. ·:: ·. .. .·· ., 

. t' .--.~ . : .· ' :_'; '. ) 

.... .' 

:_ The u~quene~s coridition is inve~tigated here, 'and it is shown that the 
. . .... , . 

; . : co~dition i!J an inappropriate one because it is impossible to s"atisfy in praCtice~ -~ 

· . A revisi~:m of the condition is suggested along the .lines o£ the one used by P~nney 

& .. Price ( 19SZ) arid late~ by .Mack (196~) in their :studie~ of finite-an~plitude 
.·_; ·, 

standlng waves. The revtaion· does not Hmit th~'.esaential yalidity o£ the r:nethod 

·•·. nor d~es it alter. the.for~,~~-~e,sol~ti~~~:·:pr:~~~:ly.~,~~in~d by- the method. . 

.. ;'. 

.·.. .. . . . . ,, .. ; , . .. : ,}:~""E,,w~.:: . . ...... ··• . ··.· . . . .·· .. . 
; . ~. . ::: .: . ',. . ' : · .. •·. ,.. . ·"' . 

'·. ~-

. ~ ·.: 

. ·." ' 
' ... 
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;.z~ UNiOUENESS CONDITION 

T.he simplest form of the uniqueness condition i~ the one foJ: two .. 

clhnensional wa.~es without su:rface t~;msicn. · as given by Tadjbakhl!lh f,,, Kellel' 

as (10) in their pa.pel". Xt is 

0) 

where h is the m~an depth of the fluid •. The role that the condi~ion playa in 

the development o£ the solution can be studied by co~;.sidering the velocity 

po~ent~al q. •. 

The general solution for 'B:he velocity potential subject to the ·fixed-wall 

«< 

(;>(.::~ y, t) ·= ~ An(t) cos m~ cosh n(y+h)p 

n::::O 

where the A (t) al·e XUllCtion of time to be determin0d from the other boundaxy 
n 

conditions and irom the pe:dodici'2:y requirement that 

A (t + 2-rr) = A (i). 
il In. 

(2} 

.. ·-· 
-.;vhe:~:e E is a measure of the an'lplitude of ihe linea:d:aed \vave r.:-Aotion. The 

expansion is given by Tadjba.khsh and Kclle1· as (41)~ which ie 

c::; ,cncs~ such an e::<!panaion corresponds to <~n eJ.tpa.nsion of the A ~t) ae n 
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. I ~ 

Each stage in the perturbation solution coneiat:12 o.f findi:~;"!g zu1d solving 

For the j~h order thefJe equations are of the forn1. 

(4) 

are .functions of time ealculatscl i"-"Oltl the lowel' orcle:r solutions~ The relatticm-

ehip 

f~ ... (t) ==·o . for n ~j + z 
.L.&;. 

· always. holds. (See 'l'adjb..··.khsh .3,, Kelle:t s (21) through (2.4) for the for;:m which 

the equations take for j = l. ) 
For j = 0 the equations are hort~ogeneous of the form 

{5) 

Of. the zero-order \=;aves which so.tisfy ~5) and the th:ree other z·equired conclitio:ns--

which are the periodicity condiUon (2.) and the phase and amplitude co~1.ditions 

Ar; 11 '1:~ ra 0 for n :/:. 1 )::!. .. j I . g 



-~· 

satisfied o1fi..ly by those solutions of (5) fO'i.' n.~2 tha~ oscillate \Vitl·.: frequc:n:'i'.cief.l 
' 

of these high.sr hw.1·monics rnay bra added to A cos t. and the solu.ticm for the 

resulting wave· will still satisfy th.e phase and a.rnplitudG conditiot.'ls. To rnak<i'! 

condition (1) is imposed. thus enen~:ting that no nonzero solution of. {5} for n ~2. 

can u.lso aa~isfy (2). 

'l'he uniqueness condition is used in. a similar manner for the higher 

of (4) !or .n ~ 2 are 

thus malting the per~urhation solution unique. at each stage. Fer the th:ree-

dimensional problem and the two-dirnensional problem htcluding s1..tefacc tension. 

the uniqueness conditions are slightly more complex~ but they opera'i:;e i:o. essen-

tially the srune mannezo to mal;;;e the solution unique. 
. . 

The uniqueness cor:clitio.-.'1 also r.terfo:rms a:~oeher. functio1.1 \;1hich is brmtghi 

out more clearly in the low -order s~age. o£ the solution for: the ~wo ~ditneZt.siona1 · 

problem including sudace ~e:.'lsion. 

being o£ the f.cn:rn 

' ... 
~ rn ·~ 

In this caeH~ a :resonance coudition. would be p~·eser&t ~nd t:hra solutio~1. obta9.aed 

fer;: }'.) (t) 1ii?<;;ui.d contain secular t~"::A'n'ls u.."!bounded in tLn~~ and ;,vould n.o" satisfy 
l!.'l 



· ...... 5~ 

the periodicity condition. 

3. UNSU!TABXLli'rY OF UJ.\i'1QlJENJ£SS CONDI'l~ION 

(hp h 2). As h increases through aU tho values in (h1p h..,) the ~ath} 
" 

n tanh nh/tanh h decreas(;}S through all Che valuco in the interval 

Consider the inij;ervaJ. 

tat'll1 nh
2 

<tanh h). 
!.. 

n ~o.:nh nh1 
'· '\':'-,-} 
tal!li.l; n

1 

) . 

Since . tau1h."h 
1 

< tar ..... "'l h
2 

ar1.d ta.,.,.:h, nh2 < 19 and sh1.ce an N can. be ".ioua-1.d such 
... 

thatY 

t The a.uthoJ: ia inck:bted to Dr. G. Noonr::y 1m: suc;gesting this &liV.:l o·tho:a: fer:.t;.:l:t'Gs 
o£ the proof. 
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. .· . . .: . . l "<:.ci;:sJ~~(J.;;i . . 
.. I J . . .. ... ...... ·6·t. / , ·.s~;rt:t:.;~··'fB~-~07 •. 6 s 
·,·.the im_erval (10) contains the am.alle:r interval~- ·,·:.:'·:' ·· ·. ·· , .. , ., · · 

. ' ~ ... . . ·. . . . ··_~, . . . . ·. • . . . _. t . . .. 

·. < 

' · .. i-

. "t ._.-'t f! .. _:.· ... ' .. · 
. . ·- ~ 

. -... . !'·' _. 
· .... ~ 

:;:.. ·for aU n ~N. Choose a ;attonal number ''p/~ in thls interv~l. ::;~en (9) . :·,.·. 

· .... ,·· . 

... . ·. ~. , "-• . contains the rational n~bO~ ·, np/ q.~ · Cho~se .' .ri ~ Nz pq.' l'han ·: n 'tanh nh/ta.nh h:.' 

. ' ) - ta!toa on the value o~ t;,. J!"rfact .·;.\a~: Nz i far eonla \; ill u:a interval lh 
1
, h~). 

· He11ce.;. ~ny su~h ~,nteJ;y~ (h1• h2) co~~~~:~~ ~e.ast_·o~:~alu(t of ·~ .e~~~~dedJ;y (1). _ ·. 

.;·· . 

. _., 

, .. 

. · :Because the set of excluded val~~ .o£ .·h. is ~~ns~~: it is .impo~sible to._, :, { .. :. · 
. .. . ; ; : ·. ' ~~ •·.'. :. :. ; ' . . . . : '·. } ·. . ·. - . "· . 

. satisfy (1) in ·practice~ · .. When one 'meainwfiia·a. £bud dePth, he does not do so ::·• 

·.:- .. 

· ~ · ~ :. ·. ; . ·r · 1 

:exactly. but he specifies some small interVal in which ·the. depth is known to lie .. · , ' • .. · " 

:--,:: 

~ However, any such interval contains an infinity ~i~~t~ ·e~ci~d.~d by (1), making 
• ", ·, ; ir· ; .... 

,. ·<. it impossible to determlne.~t. the measured fluid depth ls an allowed one. 
. . ' . . ' ' . ' . . . . : •·.. ~ l : • - : 1 ' • • • .. . 

. ;>'' ... In the same ,way. it ~an .~. sho~ tha.t ~he .tor rna o£ the uniqueness condition 
. • • ' : ' . • . l. " ' ; ; •' • ' ' • . ; >,, ' ' : ~- ', '~· ' ·, • • ·. . • ' • ., :: ·. . I ' ~ ; . • . • -~ ;. • ._' . o ' 

·.''. ~:-. 

· given for th~ee-dimens1onal wa,ree .. and two-dimensional waves including surface 
~ ' • ' ~ I ' ' : ' I r: "' " ~ ' ' ' '• ; 4 <' 

,. . <), r ~tension are also impOssible to. satisfy. ill practice. One:•• therefore.lelt no choice· 
:; · . .- .::--\:-·· ~ ..... · .·. ·, _ ..... :,. ·_· , ..... ·· . ' .· ; :':. -:.. ' . . .· ' ._.-··, ·. ·,_ -.... ·~<"'; _:·. --~ '> ., __ .. _:· _: .. "··,..-,<.:'· ;· · .. _ •" ....... ··· ·. 

' .· : i ... : but to abandon the uni(J.uenes• crite;olon as it is given and to devise a replacement· 
'' . • - . • . • ' ' ~· • • ; ' • -;: ".' ' • ' . • • : ·1, • ': . ~ • • .:. • ~ ·:' •'. ' i ~ l .~ . ' . . : . -

"\ .. 

.. , . ·. or revision.:· ~- :· .. ·' 
. •.. ' . • 'I, 

. [. ' .. > .·: ~~! :···.1 ; " '. ' ., 

·,'.• 
' ~: . . . ' .. 

.·. ;· .. ' '. ~- '·. ::·· 

~ ! . . • <"! ; ~ • 

- .·' '· .-

,, .• • I 

':"'.'• 
1:~~> DISCUSSION: •-· .. ·. 

·: ( 
.' .;·.-.·' 

:·_.,.·· 1_. 

-_:: _ _.\:: Th~ tact that (t) cannot be sat:ts!i~a:impuei that the £\11l<UUnentat sot~tion 

. ·~ .. 
' 

. ·.·' 

' .· '."?; l. 
There 'tt'iust always be some. other ind~pe~d~nt solUtion~ .of (4) and (S) satisfying. ·'i. ·• • 

"p ;-

r ' • 
the p~riodi~ity. condiUons no matter what auld dePth 't~. Chosen.: . • O~e ~an. neve_r .: . · , .. 

', .·' .' ',.·· . . ·, .: '. . ' .- . . .'··· 
. , ·r 

. exclude them all. · However, it ia possible to define a procedure. for choosing a. 
·::. ' : 

··\~···•< particular solution and to ctiecard all other solutions 'which are independent of· · 

· the one of interest.· The pcnleible exist~nc'e oi ~olution~ ·oth~r. than the choaen · ; · .: 
. . .· . : . . . -- . . . . '· . 

~ 'J,'(. '·. ·_,. ,_'"· ... 1: 

. 'one is not denied, but they al'e ignored because they clo n6t a!!ect the particular : 

;••·sol~:n ~e; st7, :~:,~;~,~~t;c01"l~iii,:1~~~~$Itff~,~(:";·: .·.. . ;·. ·. . ·.. . ...• · ·~ .. . . . .. 
I . 

:.\ .. 



;:~.ppxo;>riti!.1te selection procQdu:;·e fo:r replad4'1g 0) is to r.;;quire t.h:r:l..t th0 G<)lu:i;bn 
. . . l . 

. . ' . 

'!'h;~t is, · (6) is d:;osen to be the fsolu.Cion o£ (5}, aud ~?-!l 

k 
1·· 

· f ....... [A. (~) 
.. n L: 



I. 
I 
I 
[ ".;; 

p:ro·cel;h.tJ:c io not: a si.:~itabh~ one fc;l' finding th¢ desirtSd pez.·iodJ.c rn-.~eb.:l.. 
! 

:;.~. solution to thic dHf:i.ct1H:y Hoa in. the /l'eali~ad.on thaG: the po."'obJcn:t~ is 
·. : 

!;:1At1~1.tll;:1tecl in. te~x1~s o! t:J1e·la;ri~1~na~l.~ i~:l7lisci<l tl}~.:o::y ~-: .-\~1.t.: ?.l~.e lov~t~~r fl~eq.llEr,n.ci.eG. 

,. 

"';' 

. ,, ,.,, 

:ft:t;J-

1_·,·· 
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