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ABSTRACT 

( iii) 

THE USE OF THE STATISTICAL MODEL IN HEAVY-ION 
REACTION STUDIES 

Robert Stokstad 

Nuclear Science Division 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, CA 94720 

LBL-12636 

The stati sti cal rrode 1 s of nuc lear structure and nuclear react ions 

receive wide application in the analysis of heavy-ion reaction data. This 

article reviews the use of statistical rrodels to describe nuclear level 

densities and the decay of equilibrated nuclei. Applications are 

illustrated with examples of gamma-ray decay, the emission of light 

particles and heavier clusters of nucleons, and fission. In addition to 

the compound nucleus, the treatment of equilibrated fragments formed in 

binary reactions is discussed. The statistical model is shown to be an 

important tool for the identification of products from nonequi1ibrium 

decay. 

To be published in Heavy Ion Science (D. Allan Bromley, ed.), Plenum, 

New York (1982). 
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1 • INTRODUCTION 

Statistical concepts and models have been used to understand the 

nucleus and its reactions with other nuclei since the beginning of nuclear 

science. The reason for this is simple. The nucleus is a many body, 

complex system which,if given even a rather small amount of excitation 

energy, may experience many different configurations. That is to say, the 

density of quantum-mechanical states increases rapidly with excitation 

energy and soon becomes very large. Even at the lowest bombarding 

energies at which nuclear reactions can be initiated with charged 

particles, there are many states available for the compound nucleus and, 

often, many different ways in which it can decay. Given this complexity, 

statistical methods are not only appropriate, they are essential for the 

comprehension and prediction of many nuclear phenomena. 

The "statistical model", unlike, e.g., the optical model, is not a 

preCisely defined term. There is a statistical model for the average 

properties of nuclei having a given eXCitation, energy, and angular 

momentum. This model is of importance because it predicts the density of 

levels, something which must be known in order to apply another 

statistical model, that for the decay of an equilibrated nucleus. This 

second statistical model, and the one with which we are mainly concerned, 

assumes that all possibilities for decay are, intrinsically, equally 

likely and are thus governed by factors such as the denSity of final 

states and barrier penetration factors. The probability for a particular 

decay to occur is thus inversely proportional to the total number of 

possible decays. This statistical assumption, when combined with 
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conservation laws and the principle of detailed balance, leads to a 

statistical model for average cross sections. 

Nuclear physics began with neutron and light-ion probes. Thus, the 

early development of the statistical model was influenced strongly by the 

type of experimental data characteristic of neutron- and proton-induced 

reactions. This development proceeded along the two distinct but not 

unrelated tracks noted above, the studies of nuclear structure and of 

nuclear reactions. The study of nuclear structure involved the 

characterization of the many levels near the neutron separation energy in 

terms of the distribution of their spacings (the Wigner distribution) and 

widths (the Porter-Thomas distribution). The variation with excitation 

energy of the density of levels was described by the properties of a gas 

of noninteracting Fermions. The systematic exploration of these 

statistical properties throughout the periodic table revealed, of course, 

many aspects of nuclear structure outside the realm of the gas model. 

Nuclear reaction studies concerned the analysis of cross-section data 

in terms of the statistical model for the formation and decay of the 

compound nucleus. The early models developed by Bethe, Weisskopf and 

Ewing (1937-1940) were very successful in explaining a large body of 

experimental data, acquired in the following two decades, on average 

neutron cross sect ions and the evaporat ion of protons, neutrons and alpha 

particles. These models, based on Bohr's independence hypothesis for the 

format ion and decay of the compoundnuc 1 eus nevertheless neg lected a 

direct consideration of angular momentum and parity. These defects were 

remedied in 1952 by Hauser and Feshbach. 

The advent of heavy-ion beams in the late 1950s brought with it new 

phenomena and a need for new applications of the statistical model. The 

1r 
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introduction of large amounts of angular momentum associated with the 

large mass of the projectile had many consequences. Processes which can 

effectively dissipate angular momentum--the emission of a particles, 

heavier clusters, and fission--gained importance. Not only the compound 

nucleus, but also the heavy residue which remained after evaporation was 

complete, was now a rapidly spinning object. Thus, new questions could be 

asked about the behavior of the nucleus under the stress of centrifugal 

forces and how its nuclear structure would be reflected in the products of 

its decay. 

With the incorporation of angular momentum in the nuclear level 

density and in the theory of compound nuclear reactions, the statistical 

model was in a form suitable for the analysis of heavy-ion induced 

reactions. The decade beginning in 1960 saw the first applications of 

compound nuc leus theory! to evaporation from compound nuclei formed by the 

fusion of heavy ions. The results were not only encouraging, they were 

surprisingly good, considering one of the basic approximations made in the 

derivation of the Hauser-Feshbach formula was violated by the strongly 

absorbing nature of heavy ions. 

The many channels populated in heavy-ion reactions required the 

development of major computer programs for the prediction and analysis of 

the various products of compound nucleus data. Gamma-ray emission and 

fission were included as competing processes. The study of angular 

momentum effects on the multiplicity of gamma rays and on the probability 

for fission became a significant enterprise in the late 1960s and 

continues as such today. Indeed, the period between approximately 1965 

and 1975 was one in which many comparisons of the statistical models of 



-4-

nuclear structure and nuclear reactions were made with experimental data. 

These comparisons spurred refinements in the techniques of statistical 

model calculations and brought us to the point where the model became as 

much an analytical tool as an object of study for its own sake. It can 

now be used to verify the reaction mechanism, to aid in the identification 

of compound nucleus formation and decay, to determine angular momenta, and 

to search for nonstatistical aspects of nuclear structure at high 

excitation energies and high angular momentum. 

Today the statistical model finds wide application outsid~ the area 

for which it was originally developed, compound nucleus formation and 

decay. The products emerging from a heavy-ion reaction can include two 

heavy fragments, one reminiscent of the projectile and the other of the 

target, which carry excitation energy and angular momentum. Each fragment 

will, in general, reach equilibrium and therefore qualify for a 

statistical treatment of its decay. The application of the statistical 

model to such binary, noncompound reactions makes possible a determination 

of the properties of the fragment before it decayed and this renders the 

primary reaction accessible for study. In such a comparison between 

experiment and an equilibrium model, it also becomes possible to identify 

the reaction products which originate with nonequilibrium processes and 

which may probe the early stages of the reaction. Rapid progress has been 

made in the last few years in the development and application of Monte 

Carlo statistical model codes for this purpose. 

The purpose of this review is to describe the application of the 

statistical model to the analysis of heavy-ion reaction data. 

emphasis is on how the model is used and how useful it may be. 

Thus, the 

In this 
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practical approach, the theoretical foundations of the model are 

necessarily slighted, but this is perhaps excusable given the existence of 

. comprehensive articles on the subject (Er 60, Fe 60, Vo 68, Bo 70) and the 

recent review by Mahaux and WeidenmUller (Ma 79) • 

The present article has three main sections which deal with the 

subjects of level densities, the decay of an equilibrated nucleus, and 

applications. The density of levels enters into all statistical model 

calculations. Therefore, section 2 discusses this subject at some length 

and attempts to show how nuclear structure enters into the density of 

levels. 

Whatever form the particular expression used in a statistical model 

calculation may take, it can be related to the equations governing the 

decay of an equilibrated nucleus. Section 3 presents these equations for 

gamma-ray decay, particle evaporation, and fission. Following a brief 

discussion of the relationship between the evaporation of large clusters 

and fission, the methods used in practical calculations are mentioned. 

Illustrative examples of the use of the statistical model are given 

in section 4. The discussion of compound nucleus reactions is organized 

according to the principal modes of decay. Light nuclei are discussed 

first. In this case, proton, neutron and a-particle emission are the main 

competitors. In heavier nuclei, it is the competition between fission and 

evaporation and then between neutron and gamma-ray emission which is of 

import an ce • 

The experience gained from the study and successful analysis of 

compound nuclear reactions provides a solid basis for the application of 

the statistical model to reactions which do not proceed via compound 
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nucleus formation. Here, the emission of gamma rays and light particles 

and fission are again encountered, but the source is assumed to be a fully 

accelerated and equilibrated fragment emerging from the nuclear 

collision. The modeling of such post-reaction effects and the associated 

comparison with coincidence experiments has recently become quite 

sophisticated and holds considerable potential for the study of 

nonequilibrium phenomena in heavy-ion induced reactions. 

The three sections are intended to be reasonably self contained; 

while it is logical to read them in the order in which they are presented, 

it is not essential. 

It may be valuable to say what this review does not attempt. Fusion, 

the reaction mechanism responsible for the formation of a compound 

nucleus, is not discussed per se but is the subject of a separate chapter 

by U. Mosel. Similarly, deep inelastic scattering, a mechanism by which 

equilibrated fragments are produced, and the systematics of fission are 

not covered here but are reviewed by J.R. Huizenga and H.J. Specht, 

respectively. 

There is an important aspect of the statistical model which, 

regrettably, it has not been possible to include: the energy dependence 

of the reaction cross section, i.e., fluctuation phenomena. The 

statistical model which predicts average cross sections can also predict 

the width of the distribution of cross sections about this average. 

Particularly in light nuclei, statistical analyses of the narrow structure 

often seen in excitation functions for heavy-ion induced reactions have 

provided important clues to the nature of the reaction mechanism and the 

properties of the compound nucleus. 
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2. THE NUCLEAR LEVEL DENSITY 

2.1. Introduction 

A glance at any compilation of nuclear level schemes shows that the 

density of levels increases rapidly with increasing excitation energy. It 

is also readily apparent that the density of levels near the ground state 

varies markedly depending on an odd or even number of neutrons and protons, 

the vicinity of a closed shell, and the spherical or deformed nature of the 

nucleus. The accurate calculation of the decay products of an excited 

nucleus requires the ability to describe not only these variations in level 

t density at low excitation but also to extrapolate the level density into 
t 

regions of excitation energy, angular momentum, and nuclear shape for which 

~ we have little direct experimental knowledge. Thus, characterization of the 

level density will have to be in large part phenomenological. A basic and 

",simple theoretical model will provide the energy and angular momentum 

dependence in terms of parameters which can be adjusted to provide agreement 

with known level densities. 

Apart from our rather practical needs, the theoretical study of the 

nuclear level density provides a fundamental insight into an important 

average property of nuclei and how it is affected by the microscopic, i.e. 

shell-related, aspects of nucleonic motion. 

The literature on nuclear level densities is extensive, and there are a 

number of review articles and conference proceedings available for the 

interested reader (Er 60, Ga 72, Hu 72, Hu 72a, Da 80). 
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After mention of the theoretical methods used to obtain the level 

density, the results of the simplest model will be discussed. The various 

effects of shell structure and residual interactions are then described and 

experimental determinations of the level density and comparisons with theory 

overviewed. A partial list of compilations of nuclear level-density 

parameters will be given at the end of this section. 

2.2. Methods for Obtaining the Level Density 

The calculation of a nuclear level density amounts to determining the 

number of different ways in which individual nucleons can be placed in the 

various single-particle orbitals such that the excitation energy lies in the 

range E to E + dE. It is thus a combinatorial problem in which the physics 

is contained in the specification of the single particle orbitals if the 

nucleons are noninteracting and requires specification of the residual 

interaction if they do interact. 

There are three main methods of obtaining the level density from the 

single particle levels. The first and oldest method, which might be called 

the thermodynamic approach, uses the mathematical techniques of statistical 

mechanics (Be 36). A grand partition function, which contains the essential 

statistical information, is written down in terms of the single-particle 

levels. When the single-particle level densities have certain simple 

properties, the solution is analytic. The second method relies on a large 

computer to determine all the combinations and sort them according to 

excitation energy and angular momentum for a restricted number of excited 

nucleons and available orbitals (Gr 67, Hi 69, Wi 72, Hi 74). These two 

methods start from the same basis (the single particle levels) and differ 

only in the mathematical methods used to obtain the level density. The 

';0 
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combinatorial approach is more accurate when the level density is low, i.e. 

near the Yrast line. The third and most recently introduced method, that of 

spectral distributions, uses the observation that shell-model state 

.'" densities are very pearly Gaussian and only the lowest moments of the 

nuclear Hamiltonian are needed to describe them (Ch 71, Gi 73, Ay 74, Gi 75). 

2.3. The Equidistant-Level Model 

The simplest possible single-particle level distribution is that of 

equally spaced levels separated by an energy g-l MeV. (See Fig. la.) 

This represents ane.xcellent approximation to a system of noninteracting 

particles, i.e., a Fefmi gas, in which the single-particle level spacing 

decreases with the square root of energy (Hu 72). The density of statest 

for a gas of two compo~ents .in this equidistant model is 

(E) - In- exp 2/aE" 
w - 12" E5~~ a 1/4 

(2. 1 ) 

2 ::' .. . 
where a = ¥ and g is the sum of the neutron and proton single particle 

level densities of a Fermigas, evaluated at the Fermi surface (Hu 72). 

Expressions of the type (2.1) are thus referred to as the Fermi-gas level 

density. 

Bohr and Mottelson have given a very useful exposition of the approxima­

tions made in the derivation of this formula and the physical meaning of the 

tA level of total angular momentum J has 2J + 1 degenerate magnetic states M. 

The state density w thus counts all states (J,M), whereas the level density 

p counts only states of different J. w(E,J) = (2J + l)p(E,J). 
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quantities involved (Bo 69). Summarizing their discussion: Eq. (2.1) is 

val id over the range EF/A « E « EFA 1/3 where EF = Fermi energy (~ 37 MeV) 

and A = Z + N = the total number of nucleons. The nuclear temperature T 

defined by 

1 d .Q.nw 
T dE (2.2) 

is given by 

i=/f -it (2.3) 

and is the region around the Fermi energy in which the average occupation 

number of an orbital differs substantially from 1 or 0 (see Fig. la). Also, 

T is (roughly) the average energy per excited nucleon. In addition to the 

nuclear temperature T, a statistical or thermodynamic temperature t can be 

d f · d b h 1· - dS h S· th t I th 1· . t f e 1ne y t e re at10n t = dE were 1S e en ropy. n e 1m1 0 

large excitation energies, gE » 1, the thermodynamic temperature t =1. and 

T become equal. The average number of nucleons removed from ground state 

orbits is nex ~ gT. Table I gives values of these quantities for several 

typical cases. The rapid increase of w(E) with E and the degenerate nature 

of the Fermi gas, in that only relatively few nucleons are excited even at 

high excitation energies, are illustrated there. 

Since a ~~, the argument of the exponential (which is the main factor 

governing the energy dependence of w) is proportional to f. It turns out 

that the experimental low energy level density is often well described by 

the expression 

p(E) E = C exp r , 

in which T is a comstant. Equation (2.4), thus, is referred to as the 

constant temperature formula. Its application for the case of 20Ne is 

illustrated in Fig. 2. 

(2.4) 

. . , 
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In general, the densities of positive and negative parity states are 

assumed to be equal. 

In most statistical model calculations, and certainly in those involving 

heavy-ion reactions, it is the density of.,leve1s for a given angular 

momentum which must be known. Bohr and Motte1son (Bo 69) deseribe the 

derivation (Be 36) of the level density formula for a given angular momentum 

and both parities, ±TI: 

21+1 (-n2)3/2 1·{ } P(E,I) = -rz- I.a ~ ·2 exp 2l!a(E - Erot ) 
(E -Erot) . 

(2.5) 

,,"2 
where Erot = N 1(1+ 1). The rigid body moment of inertia, , is related to 

. :::: s 

the average of the squares of the single-pa~ticle angular momentum 
.,' 

projections, <m2>, by.J = g<m2>. Often the'sPin distribution is 

expressed in terms of a spin cutoff factor 02. = Jt. 
.: h 2 

The obvious interpretation of eq. (2.5) is that energy in the form of 

rotation is unavailable for the random or thermodynamic excitation of the 

system and therefore does not contribute to what might be called the 

"intrinsicU level density. 

The formula (2.5) differs in one respect from that used by others (La 

65, Gi 70, Hu 72) in that the rotational energy is subtracted from the 

excitation energy appearing in the denominator as well as in the argument of 

the exponential. However, eq. (2.5) is only val id for E « Erot so the 

two expressions are equivalent in their region of validity. With this 

limitation, E « Erot ' the approximation 

exp 2ia( E - Erot ) ~ exp 21af exp (-E~ot) 

= exp 21af exp -1(1+1) 
202 

(2.6) 
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is frequently used. Note that the often-encountered formula 

p( E) ex: exp ( 2vaE) 
E2 

corresponds to the density of levels with spin O. 

Formulae for the density of levels as a function of isospin can be 

derived in complete analogy with the treatment of angular momentum (Hu 72, 

Ki 73). As is the case with parity, isospin is generally not given specific 

consideration in practical statistical model calculations involving heavy 

ions (see Sect. 2.5). 

2.4. Shell Effects and Residual Interactions 

2.4.1. Non-Uniform Single-Particle Spacings 

In Sec. 2.3 it was shown that only a relatively few single-particle 

levels in the vicinity of the Fermi surface contribute to the level 

dens ity. Thus, the major shell effect we may expect at moderate exc itation 

energies is a variation of the parameter g (or a) as nucleons are added and 

the location of the Fermi surface EF moves from regions of low single 

particle density at magic numbers to regions of high single-particle density 

at mid-shell nuclei. The transition from a uniform to a nonuniform spacing 

as given by the shell model (Ma 55) is illustrated schematically in Figs. la 

and lb). On the average, "a" will vary as the number of nucleons A but will 

show large deviations from this average near closed shells. 

Figure 3 illustrates directly in terms of an experiment how dramatic an 

effect on the level density is had by the closure of a major shell (Mi 80). 

Resonances observed in (p,p) elastic scattering are shown for three targets, 
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44 42 40 Ca, Ca, and Ca. Note the reduction in the density of resonances 

the fewer the number of nucleons outside the double closed shell at Z = N = 

20. Values of the level density parameter as obtained from an analysis of 

--- 265 nuclei are shown in Fig. 4 (Ho 76, Wo 80). The rapid decrease of "a" 

near shell closures is evident. The straight line, which approximates the 

average trend, corresponds to a = A/g. 

Given a particular nucleus A, with Fermi surface EF, the spacing of 

single particle levels will no longer be uniform and thus the energy 

dependence of p(E) should no longer be given by expressions of the type 

(2.1) or (2.4). Certain types of nonuniform spacings, viz those which are 

periodic, produce an energy dependence like eq. (2.1) at high excHation 
I ~ 

energies, except that the excitation energy E is replaced by an erfective 

excitation energy E* = E - t:. (Ka 66). The value of t:. is positive for a 

nucleus with its ground state near a closed shell and is negative for a 

mid-shell nucleus. Thus, if a and t:. are regarded as parameters which may be 

adjusted for a given nucleus, it may be possible to reproduce appr~ximately 

the energy dependence of w for actual nuclei exhibiting quite different 

shell structures. The values of "a" shown in Fig. 4 were obtained by 

fitting the density of levels near the ground state and at the neutron 

threshold with eq. (2.1) and E* = E - t:. (Ho 76). Allowing for an energy 

dependence a + a(E), corresponding to the washing out of shell effects at 

~ high excitation energies would, of course, introduce even greater 

flexibility in reproducing shell effects over a wide range of energy. 

2.4.2. Pairing 

Up to now we have considered cases in which the nucleons occupying the 

different single-particle levels of a spherical potential do not interact 
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with each other. Residual interactions will alter the energy dependence of 

the density of levels, the most visible of these interactions being the 

pairing interaction. The effect of pairing is to (partially) block levels 

near the Fermi surface such that unpaired nucleons cannot occupy them, thus 

reducing the density of levels. The effects of pairing are weakened, 

however, by temperature and angular momentum. Moretto (Mo 72) has 

calculated the critical temperature Tc and angular momentum Mc for which 

pairing effects vanish and the energy dependence of P reverts back to the 

Fermi-gas formula. Again, above these critical values, an effective 

excitation energy E* = E - ~p is used where ~p = 1/2 g ~~ is 

related to the energy gap ~O associated with the pairing correlation in 

the ground state (Mo 72). The critical temperature and angular momentum are 

given by 

2 Tc ~ ~ ~O (M = 0) 
and 

Mc ~ g ~olml (T = 0) 

where Iml is the average angular momentum projection of the single-particle 

levels. Increased angular momentum lowers Tc below the above estimate 

and, also, it appears that pairing effects are small by the time the neutron 

threshold is reached (La 63). 

2.4.3. Deformation 

The spacing and order of single-particle levels depend on the shape of 

the nuclear potential. That deformation is a shell effect may be seen quite 

vividly by comparing the sequence of single-particle levels for a spherical 

nucleus (Fig. 1b) with those for a nucleus with varying deformation (Fig. 

1c) (Bo 75). In the case of a deformed nucleus, large gaps in the spacing 
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of single particle levels occur for certain ratios of the major and minor 

axes. Thus, the density of intrinsic single-particle levels at the Fermi 

surface depends on the deformation. The excitation energy available for 

distributing nucleons among the available single particle orbitals is 

measured with respect to the ground state of the deformed system • 

The relationship of nuclear shape, potential energy of deformation, and 

energy of rotation for a hypothetical cold nucleus with uniformly spaced 

intrinsic single particle levels (i .e. with no shell effects) is given by 

the rotating liquid drop model (Co 74). Microscopic calculations of the 

single-particle levels and their associated level densities for deformed 

nuclei have been reported by several workers (Mo 70, Ra 70, Mo 72c, Va 72, 

Wi 72). These calculations are of particular importance in the 

understanding of fission, a process governed in large part by the density of 

levels at the saddle point. The saddle point represents the maximum 

deformation energy of a nuclear system along its path to fission and thus 

shell effects can be expected to playa particularly important role. 

Recently, Bertsch has examined the change in the density of states as a 

function of the deformation (Be 80). 

Another consequence of deformation for the level density in addition to 

its effect on the single-particle spacing is the introduction of levels 

associated with collective degrees of freedom, i.e. rotational levels. For 

small collective rotational energies, Erot « E, the levels of the 

rotational bands built on the intrinsic states should be included to obtain 

the total level density (Er 58). [However, if the rotational energy becomes 

a large fraction of E, the intrinsic level density will have an energy 

dependence governed by E - Erot as in Eq. (2.5).J 
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The specification of the level density for an axially symmetric nucleus 

now involves two moments of inertia:.JI II , the moment of inertia about an axis 

parallel to the s)111metry axis, and ~1' the moment about the perpendicular 

axis. The level density is obtained by summing over all intrinsic states 

with an angular momentum projection K on the s)111metry axis for which IKI ~ J 

(Er 58, Bo 75). Assuming a normal distribution of states with respect to K 
_ Il 2 

and defining oK -'-.YII T/11 , 

1 _K2 
p,"ntr(E,K) = -- exp -- p (E) 2noK 2o 2 intr 

K 

(2.7) 

and I 

p(E,I) =i L 
K=-I 

Thus, 

p(E,I) = 

I 

x L exp {- i(<£)(I + 1) +(~~I -iJ K2} (2.8) 

K=-I 

For not-too-large angular momenta, it may be shown (Hu 74, Hu 74a) there is 

an enhancement of p by a factor of =.J1 T/h2 over the intrinsic density 

for an equivalent spherical nucleus at the same excitation. This factor, 

which is of the order of the number of rotational levels with rotational 

energy < T, is significant, ranging from 35 to 65 for nuclei with A-values 
'V 

ranging from 150 to 250, assuming rigid-body moments of inertia and 

excitation energies at the neutron binding energy. 
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Microscopic calculations of level densities for deformed (Hu 74, D~ 74) 

and spherical nuclei (Hu 74a) and comparison with experimental level 

densities from neutron resonances indicate the need for including the 

collective levels. Grimes has emphasized that the effect of deformation 

(indeed of all shell effects) is to redistribute the level density, not to 

create new levels which would otherwise not appear (somewhere) in the 

spectrum of a noninteracting Fermi gas (Gr 80). Thus, the collective levels 

must exist at the expense of higher-lying intrinsic excitations. However, 

it appears that the error made in neglecting the contribution of collective 

levels at low excitation energies would be more serious for most practical 

statistical model calculations than the inclusion of spurious extra levels 

at high excitation. 

Deformation itself is a collective degree of freedom which can couple 

to, and be excited by, the intrinsic thermal excitations. This effect, 

studied by Moretto (Mo 72a), causes a reduction in the average deformation 

at high intrinsic excitation energies. Thus, intrinsic thermal motion 

washes out the shell effects producing deformation. For a number of cases 

considered between A = 170 and 200, the shell effects (defined as a high 

probability of finding the nucleus in a narrow region of deformation) 

vanished by the time the excitation energy reached 50 MeV~ 

Calculations by Mosel et ~. (Mo 74) using a temperature-dependent 

Hartree-Fock formalism have also shown this tendency of a deformed nucleus 

to become spherical as the temperature increases. 

~ 2.4.4. Effective Residual Interactions 

The density of levels is determined exactly if the energy eigenvalues of 

all possible levels are calculated individually. This is feasible by 

combinatorial methods for the case of noninteracting particles (Gr 67, Hi 69, 
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Wi 72, Hi 74) but requires (with the exception of the pairing interaction) 

the diagona1ization of the two-body residual interaction in the space of the 

single-particle Hamiltonian when nucleons are allowed to interact. Such 

calculations have shown, however, that the spectrum of eigenvalues for a 

given number of valence particles in a restricted space of single-particle 

levels has a Gaussian distribution. From this has developed the method of 

spectral distributions in which only the lowest moments of the eigenvalue 

distribution are calculated from averages and moments of the appropriate 

operators. This can be done for any desired residual interaction [e.g., 

those of Kuo and Brown (Ku 68) or of Kahana et ~. (Ka 69)J, without 

diagona1izing the Hamiltonian. The method is tested by comparison with 

1 arge-sca 1e exact shell-mode 1 cal cu1 ations, and the agreement is 

remarkable. Such a comparison is shown in Fig. 5 (Gi 75). While this 

method enjoys accuracy and the abi1 ity to incorporate sophisticated residual 

interactions, it is limited to relatively low excitation energies because 

the level density of a real nucleus never reaches a maximum as does a 

Gaussian distribution for a finite subspace of orbitals. For obvious 

reasons, it is also best applied where the number of valence nucleons is 

large enough to give good statistics but small enough to yield a manageable 

calculation. Most calculations done so far are for A < 70 (Gi 73, Ay 74, Gi 

75) • 

2.5. Measurements of Level Densities and Comparison with Theory 

The most straightforward method of determining a level density is to 

count individual levels. This is possible at low excitation energies where 
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the levels are well spaced and easily resolved by a variety of techniques 

including y-ray and charged particle spectroscopy. A narrow region of 

energy at the neutron threshold is accessed by neutron resonance 

spectroscopy. Levels spaced by only a few eV can be resolved this way, and 

there is a systematic body of data for hundreds of nuclei. More recently, 

proton resonance scattering has been done with sufficiently high resolution 

(",300 eV) to reveal individual compound nuclear reson_ances in nuclei with A 

~ 70 (Bi 76, Mi 80) (See Fig. 3.) These types of measurements have played 

the major role in revealing shell effects (see Fig. 4). 

Level densities of nuclei at excitation ~nergies well above the neutron 

or proton separation energy, however, can only be studied ,through less 

direct approaches which involve models for the formation ana decay of the 

compound nucleus. The spectra of protons, neutrons and alpha particles 

evaporated by a compound nucleus, as we shall see in the following sections, 

are sensitive to the density of levels in the residual nucleus. The average 

widths r of overlapping levels in a compound nucleus can~e~determined 

through an analysis of fluctuations in the energy dependence of cross 

section populating individual final states. Provided the total number of 

open channels, N, can be calculated accurately, the densjty of levels in the 

compound nucleus may be obtained from the statistical model relation 

_ N 
p - ;;::::'T;" 

~7Tr 

The determination of N, however, requires the knowledge of the level density 

in the residual nuclei reached by the decay. The quantity rp, or 

equivalently riD, can also be determined from experiment by measuring the 

energy averaged compound nucleus cross section for the population of an 



-20-

isolated level of known spin and parity and by comparing this with the 

Hauser-Feshbach expression (Sec. 3). The latter depends basically on 

transmission coefficients and N. Thus, a measurement of a fluctuation width 

and an average cross section can determine the density of levels in the 

compound nucleus. 

Comparisons of theoretical and experimental level densities are shown in. 

Fig. 6 for the nucleus 56Fe • The experimental data are derived at low 

energies from counting levels, at high energies from fluctuation 

measurements (i.e., measurements of r and riO), and at other energies from 

fitting the spectra of evaporated charged particles (Lu 72). Figure 6a 

shows a theoretical calculation by Hillman and Grover in which the 

single-particle levels were taken from Seeger (Se 57) and pairing was 

included. Level densities obtained from the single-particle levels 

calculated by Seeger (Se 57) and also by Nix (Bo 72) are shown in Fig. 6b, 

with pairing included in both cases. In Fig. 6a, the mathematical technique 

used was combinatorial; in Fig. 6b, statistical mechanical. In the former 

case, structure appears at low energies, while the latter case necessarily 

shows a smooth energy dependence. The results are similar and in both cases 

the agreement with experiment is excellent. The solid line in Fig. 6b also 

represents the Fermi-gas level density with a = 6.2 Mev- l , ~ = 1.0 MeV, 

and a rigid-body moment of inertia. Thus, the Fermi-gas formula is able 

(both in this case and in general) to reproduce the energy dependence 

predicted by microscopic calculations provided a, ~, and a2 are adjustable 

parameters. 
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The density of levels as a function of angular momentum, expressed in 

terms of the spin cutoff factor cr [Eq. (2.6)J, is perhaps a more difficult 

quantity to determine experimentally because it involves, implicitly, a 

measurement of angular momentum. Information on cr is obtained through 

measurements of angular distributions of particles evaporated by a compound 

nucleus, and isomer ratio measurements (Hu 72). Examples of experiments in 

which the level density parameters !J. (the energy shift), a and cr2 are 

determined by fitting compound nucleus reaction data (i.e., yields, energy 

spectra, angular distributions and fluctuation widths) are found in refs (Lu 

72, Go 76). The determination of cr2 for nuclei ~ear mass 60 yielded 

values consistent with.J= 2/5 mR2 and R = 1.2 A1/3. fm. In much lighter 

nuclei, at high excitation energy, a larger moment of inertia with R ~ 
1/3 1.4A seems to be preferred (Go 76). A value of rO = 1.4 is much 

larger than the half-density radius of a spherical nucleus, which suggests 

that a significant deformation of the compound nucleus may be involved. 

Microscopic calculations of cr2 at neutron capture excitation energies also 

indicate a sensitivity to shell structure effects (Hu 74a) and particularly 

to the pairing energy (Lu 72). 

The relative widths for neutron emission and fission are governed by the 

relative densities of levels at two different deformations, that 

corresponding to the minimum potential energy and that corresponding to the 

.~ saddle point. These can in turn be expressed in terms of the ratio of 

single particle densities af/an• In the absence of shell effects 

aflan -+ 1.0, i.e. the nucleus is described by a Fermi gas with constant 

level spacing independent of deformation. Microscopic calculations (Wi 72) 

have shown some success in explaining the deviations from unity of values of 

aflan deduced from experiment (Va 73). 
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Spin cutoff factors have been calculated with the spectral distribution 

method for a number of light nuclei (Ay 74) and compared with values used in 

Hauser-Feshbach analyses of compound nuclear reactions in that mass region 

(Ha 74). This comparison is shown in Fig. 7a,b (Ay 74). With the exception 

of 28Si , the spin cutoff factors calculated microscopically are even 

larger than the rigid body values calculated with a radius parameter r = o 
1.4-1.5 fm. (This does not mean, however, that the shell model predicts 

anomalously large moments of inertia.) The variation among the level 

densities calculated with the KLS interaction [with s-d and f7/2 orbits 

(Ka 69)J, the Kuo interaction (s-d orbits only (Ku 68)J, and empirical 

Fermi-gas parameters (Fa 68) is quite large. 

The effects of the isospin dependence of the nuclear level density can 

be observed in a number of ways (Lu 72, Gr 72, Va 72a, Ro 73, Ro 75, Ay 74, 

St 74). They are more pronounced for light-ion induced reactions and have 

indeed been studied by comparing reactions for (a,al)(p,pl)(a,p) and (p,a) 

(Lu 71, Mi 72, Va 72a). The formalism for the formation and decay of a 

compound nucleus can also be extended to include isospin (Gr 72, Ro 73, Ro 

75, Ha 77), in order to examine the importance of isospin conservation or 

isospin mixing (Ha 77). There are indications that isospin is conserved in 

compound reactions involving complex projectiles and light targets (Ru 72, 

St 74) ,and this can have important consequences for isospin forbidden 

transitions. Another case of possible importance concerns the use of 

empirically determined level densities. Those obtained from proton-induced 
t resonance reactions can contain T> and T< states, whereas those from slow 

t The rotation T< and T> refers to state of i sospi n with T = T z and T = 

Tz + 1, respectively. 
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reaction resonance reactions will contain only T< states. If the compound 

nucleus reaction under study permits population of T = a states only, then 

only the T< states (in nuclei reached by a emission) should be counted in 

determining the number of open channels. 

In heavy nuclei, which have a large neutron excess,the levels of 

residual nuclei populated in heavy ion x-n reactions and in slow neutron 

resonance reactions will have the same isospin. Thus, the neglect of 

isospin selection rules will not have serious consequences. Grover (Gr 77a) 

has pointed out that population of T> states by neutron decay could lead to 

a situation in which isospin selection rules would then favor proton decay. 

However, the probability for this to occur is reduced by a factor of 

p(T»/p(T<) and there does not seem to be any evidence that this effect is 

of practical importance in heavy-ion reactions. 

Thus, even though level densities do depend on isospin and isospin 

appears to be conserved in heavy-ion induced compound reactions, isospin 

generally is not considered explicitly in statistical model analyses. 

Isospin certainly does not have the importance of angular momentum. Except 

for a few special cases mentioned above, neglect of isospin is a reasonable 

procedure. 

2.6. Compilations of Level-density Parameters 

The sy~tematic synthesis and analysis of level-density information for a 

wide range of nuclei serves several purposes. It reveals the effects of 

nuclear structure on continuum properties, provides experimental values 

against which theoretical predictions may be compared, enables the 
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determination of unmeasured level-density parameters through interpolation, 

and, perhaps most important, provides a convenient source of essential 

parameters for use in calculations of the statistical decay of an 

equilibrated nucleus. For each of the compilations briefly described below, 

we give the mass range covered, the type of experimental data included, the 

level-density formula used to fit the data, and the treatments of the energy 

shift and spin cut-off factor. 

2.6.1. Gilbert and Cameron (Gi 65, Gi 65a) and Reffo (Re 80) 

Masses from ",25 to ",230 are considered. Individual levels are counted 

at low excitation (from decay schemes) and near the first particle threshold 

(from neutron and proton resonances). A composite level density formula is 

used. At excitation energies below a value Ex' a constant temperature 

formula 

1 E-E 
P1 = T exp -r (2.9) 

is applied. This formula matches at E = Ex the Fermi-gas formula for the 

density of levels of all J and both parities, 

(2.10) 

The effective excitation energy U is defined by U = E - P(N) - P(Z) where 

the pairing corrections are determined from odd-even mass differences. The 

spin cutoff factor, i = 0.0888 vau- A2/3, corresponds to a rigid body 

moment of inertia with ro ~ 1.1 fm if A/a = 8. The spin distribution for 

both parities is given by 
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p(U,J) = p(U) 2J;1 exp[-(J + 1/2)2/02J 
20 

_ 2J+1 r.:;-(h2.\3/2 exp(21aU ) -(J + 1/2)2 
- 12 va ?;p) 2 exp 2 

U 20 
(2.11) 

Reffo (Re 80) has incorporated recent data and updated the analysis of 

Gilbert and Cameron. 

2.6.2. Gadio1i and Zetta (Ga 68) 

Slow neutron resonances, statistical reaction spectra, and fluctuation 

widths were analyzed for nuclei with A ~ 70. The formula used here was 

derived by Lang (La 63) and Lang and LeCouteur (La 54), 

3/2 
p{U,J) = 2J+1 ra(h2) exp(21aU) exp-[J{J+1 )J 

12 \~ (U+t) 2 202 . 

and is identical to eq. (2.11) except for the factor (U + t) in the 

(2.12) 

denominator and the relationship of the effective excitation energy U and 

thermodynamic temperature t which,for eq. (2.12), becomes U = at2 - t. A 

discussion of the relative merits and correctness of eqs. (2.11 and 2.12) is 

found in Ga 68 and Gi 65. In brief, Eq. (2.11) is correct, but eq. (2.12) 

seems to fit the data better at lower excitation energies. The pairing 

energies of Gilbert and Cameron were used, with the addition of a slowly 

varying "backshift", U = E - /j, + ~ev, and the moment of inertia was 

calculated assuming ro = 1.25 fm. 

2.6.3. Facchini et a1. (Fa 68, Fa 68a) 

A similar range of nuclei as in Gilbert and Cameron was considered, and 

the same formula, eq. (2.11), and pairing energies were used. The main 

difference is that statistical reaction spectra at high energies were 

considered, and low-lying levels near the ground state were not. 
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Furthermore, the spin-cutoff factor used was about a factor 1.6 larger than 

that of Gilbert and Cameron. 

2.6.4. 0 il g et ~. ( 0 i 73) 

Whereas Gilbert and Cameron fixed the energy shift b,. to .be the pairing 

energy obtained from ground state mass differences, Dilg et~. leave this 

quantity, along with the parameter II a" , as a parameter for each nucleus. 

This procedure is referred to as the back-shifted Fermi:"gas model. The 

result is that densities at energies near the ground state and at the 

neutron separation energy can be fit with one formula [eq. (2.12)]. The 

masses for which b,. and II a" are compi 1 ed extend from mass 40 to mass 240, and 

2 
the radius parameter for cr was 1.25 fm. 

2.6.5. Holmes (Ho 76a) 

A back-shifted Fermi-gas analysis similar to that :of Oi1g et ~. has 

been carried out for a larger number of nuclei (265 vs220) by J.A. Homes 

(Ho 76, Ho 76a) (see Fig. 4). Differences with the analysis of Oi1g et~. 

include the use of eq. (2.11) instead of eq. (2.12) and semiempirica1 

express ions for the Nand Z dependence of "a" and b,.. 

2.6.6. Beckerman (Be 77) 

Beckerman has analyzed low-lying individual levels, neutron and charged 

particle resonance reactions, and particle transfer expriments to determine 

level densities for nuclei with 23 ~ A ~ 40. A simplified Fermi-gas formula 

for the density of levels of all J, 

p(E) = C exp 2iat 

was used, effectively absorbing the energy dependent denominator U
2 

or (U 

+ t)2 into the constants C and a. The spin cutoff factor employed ro = 

1.2 fm. 
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2.7. Summary 

Our first-hand knowledge of the density of levels is confined to a 

.6 rather small region of excitation energy and angular momentum. For 

excitation energies not too far above the first particle-decay threshold, a 

param~terization in terms of the Fermi-gas formula, which is fit to 

experimentally-determined levels, provides a rather accurate representation 

of the level density. The various nuclear structure effects present at low 

excitation energies--pairing, shell closures, deformation, etc.,--are 

contained in the phenomenological mass dependence of the parameters "a", 11 

and cr. Our understanding of these variations in terms of microscopic 

nuclear structure is good. Calculations of level densities employing 

realistic spherical or deformed shell roo de 1 single-particle levels, and 

residual interactions have been successful in reproducing experimental data 

on level densities. Mathematical tecnniques have been developed which 

enable the calculation of the level density for effective residual 

interactions without diagonalizing the Hamiltonian. In some cases, these 

microscopic theories provide more detailed dependences of, e.g., spin-cutoff 

factors on mass and excitation energy than can be determined independently 

in an experiment. 

The concepts of single particle rootion, the nuclear shape degrees of 

/ freedom, angular momentum, and pairing are all interdependent in their 

determination of the level density. All these various shell effects are 

predicted to decrease and then vanish at sufficiently high intrinsic 

excitation energies. [These qualitative considerations are illustrated 

schematically in Fig. 8 (Vi 80).J In this limit, the independent particle 
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Fermi -gas model, with a ex: A, shoul d become val id. The 1 imit of 1 arge 

angular momentum has different consequences than the limit of high 

excitation energy. While decreasing the pairing interaction, it cools the 

nucleus by placing energy in a collective form which is unavailable for 

intrinsic or thermal excitation. Thus, a rapidly rotating nucleus can be 

quite sensitive to shell effects (variations in the local single particle 

density) which can change rapidly with angular momentum and deformation. 

The potential energy associated with these shell effects must also be known 

in order to establish the zero energy reference point for the intrinsic 

excitation. All these effects, or uncertainties, are present in the 

phenomenon of fission in which the density of levels in a highly deformed 

and, often, rapidly rotating system governs the fate of the nucleus. 

in these limits, excitation energy and angular momentum, that our 

experimental knowledge is very limited. 

Since the density of levels plays an important role in determining 

It is t' 
~p . 

statistical decay, it is possible to convert some of this ~ priori ignoran~~~:;' 

into ~ posteriori knowledge if one accepts the models and methods which are 

thought to describe the decay of an equilibrated nucleus. These models and 

methods are the subject of Sec. 3. 
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3. THE DECAY OF AN EQUILIBRATED NUCLEUS 

3.1. Introduction 

It is possible in many situations involving the interaction of heavy 

~, ions to consider one stage of a reaction independently of other stages 

except for the conservation of total energy, total angular momentum and 

parity. The classic example of this factorization is, of course, the 

compound nucleus for which Niels Bohr hypothesized that the decay was 

independent of formation. In the case of compound nuclear reactions, there 

is a theory for the entire reaction, i.e., for both initial and final 

stages. In other cases this independence may be only an approximation made 

either for convenience or out of necessity. The model of statistical decay 

is now being used in applications other than compound nucleus reactions and 

in cases where a detailed reaction theory may not exist. In fact, any 

nuclear reaction which produces, or is thought to produce, a nucleus in the 

exit channel which reaches a degree of equilibrium by the time it decays is 

a candidate for application of the statistical model. We therefore assume 

for the following discussion that we are presented with a nucleus in 

statistical equilibrium having a specified excitation energy Ei and total 

angular momentum J .• Parity and isospin will be ignored in the formalism 
1 

with the realization that the extension of the theory to keep track of these 

quantities is strai'ghtforward and can be done in those cases where it might 

have a recognizable effect. 

The statistical model, which follows on the assumption of equilibrium, 

rests on the premise that all decay channels which are "open" are, .2.!!. the 

average, equally likely to be populated. By an open channel we mean a 

particular final state, specified by all quantum numbers including the 
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magnetic quantum number, which can be reached from the initial state without 

the hindrance of barrier penetration. (If a centrifugal, Coulomb or other 

type of potential barrier is present, the probability of the population of 

that channel is simply reduced by the barrier-penetration probability.) The 

statistical model thus says that the probability of decay to a particular 

channel (or group of channels n) is just liN (or n/N) where N is the total 

number of open channels. In any given measurement at a specific bombarding 

E ± 6E, individual channels will not exhibit the same cross section or 

probability of population; rather, the cross sections will be distributed 

about a mean value. The width of this distribution will narrow as the 

energy averaging interval 6E increases. The important point to keep in mind 

is that the statistical model described below predicts only the mean of a 

distributed quantity. 

The procedure will be to first consider for each mode of decay the 

transition rate from the initial state of specifiedE. and J. to the 
1 1 

final state of the emitted particle and residual nucleus having the 

specified values, Ef , j. This will serve to illustrate the basic features 

of the statistical model. Practical calculations will involve distributed 

values of E. and J. in the initial state and summations over all the 
1 1 

final states of interest. The following represents but one of a variety of 

ways of presenting the statistical model. Other articles which the reader 

may find interesting and helpful are (Er 60, Fe 60, Th 68, Vo 68, Ma 79). 
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3.2. Modes of Decay 

The roodes of decay are labeled by the type of radiation emitted or type 

of products produced. We consider y-ray decay, the emission of nucleons 

(p,n) and clusters of nucleons (d,t,a,etc.), and fission. It is convenient 

to consider initially the partial rates of decay (i .e. decays per second) 

for the different channels and modes. These rates can then be converted to 

normalized probabilities once the total decay rate or total number of open 

channels has been obtained. 

The connection of the decay of an equilibrated nucleus to its mode of 

formation (compound nucleus, quasielastic reaction, deep inelastic scatter-

ing, etc.) will be considered in the illustrative examples in Section 4. 

3.2.1 Gamma-Ray Decay 

The average rate at which an ensemble of nuclei with initial excitation 

energies in the range E. to E. + dE, angular momentum J. and level , , 1 

density p (E., J.) emits gamma radiation of energy E and multipolarity A , , 
to produce nuclei with final state energies Ef to Ef + dE and angular 

momenta j may be written (Sa 67, Gr 67a) 

R (Ei,J i ; Ef,j(dE) 

= [CAt O)t [iA+~J~:::~;)ldE 
Qualitatively, these factors may be explained as follows: Factor A 

( 3. 1 ) 

represents an average squared intrinsic matrix element which may have some 

dependence on E;;;; Ei - Ef . The next factor, B, arises from the long 
A 

wavelength limit R y »1 which causes the rate of emission to increase 
Nuc 

rapidly with the y-ray energy, Ey. (The nucleus is a poor antenna for 
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electromagnetic radiation in the y-ray spectrum!) The third factor 

represents the phase-space ratio of the initial and final densities of 

levels which is associated with reciprocity. The angular momenta J. and j 
1 

-+ -+ -+ 
are related by J i = A + j. 

The factor C has also been derived by considering the one-body nature of 

the electromagnetic operator (B1 52) which requires the wavefunction of the 

initial state to differ from that of the final state in the coordinates of 

only one particle. The one-particle component in the initial (higher 

energy) state will be diluted proportionately to the density of neighboring 
-1 levels, whence R ex: P (Ei ) • 

An energy dependence of CA(£ ) can arise if the distribution of 
. y 

radiative strength (for a given mu1tipo1e) is not uniform. The giant dipole 

and giant quadrupole resonances represent a concentration of radiative 

strength which introduces an energy dependence into CA(£y).· Statistical 

gamma radiation begins to compete with particle emission only for excitation 

energies below those where the giant resonance reaches its maximum 

strength. Thus, as the energy of the y-ray transition increases, the 

greater the fraction of the dipole (or quadrupole) strength it is likely to 

have. One way of incorporating this is to write (Sa 72) 

-1/3 where Ed ~ 32A MeV is the energy of the giant dipole resonance, r is 

its width, and C, represents an energy-independent average matrix 

element. Another formulation, which has been derived using a Fermi-gas 

model for the distribution of single particle levels leads to (Li 78) 

(3.2) 
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The absolute normalization of eq. (3.1) can be stated in terms of a 

~~ single particle proton transition rate (Mo 64) and a hindrance factor H 

which is the factor by which the transition rate is reduced below the single­

particle estimate (Sa 72). 

C (E) = ~ x 10 15 G(Ey) decays/sec 
El y HEl (3.3) 

1.8 x 10 10 = decays/sec 
HE2 

(3.4) 

where G(Ey) is defined byeq. (3.2) and Ey is in MeV. If these rates are 

converted 

radi a tion 

to widths, the above numerical factors 
10-5 

and -H-'- eV for quadrupole radiation. 
E2 

1 ev are IV H:::"" for di po 1 e 
E1 

The absolute normalization can in principle be obtained by measuring 

either the cross section for photonuclear absorption and invoking 

reciprocity or from a knowledge of the radiative widths of slow neutron 

resonances which decay by a known and unique multi polarity. In practice 

these latter widths are mainly of dipole character. Given that the 

hindrance factors 'are large and can be different for El and Ml radiation, it 

becomes difficult to obtain a reliability much better than a factor of 10. 
2 In general, dipole radiation tends to be hindered by a factor of from 10 

to 103 below the single-particle estimate. Electric quadrupole widths on 

the other hand tend to be enhanced by similar factors when the transitions 

arise from collective quadrupole motion such as rotation or vibration. 

Quadrupole transitions of a statistical nature (i.e., proceeding via a 

fragmented single-particle strength rather than via a change in a collective 

coordinate) presumably exist with hindrances similar to those for El 
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transitions. In practice, therefore, the absolute normalizations of the 

different types of y radiation (statistical dipole, statistical quadrupole, 

and collective quadrupole) need to be determined by comparison with the 

results of the experiments one is attempting to analyze. Through this, a 

systematic empirical determination of these strengths can be gained which 

enables predictions for other cases. Average electromagnetic transition 

rates for A ~ 40 have been compiled by Skorka et al. (Sk 66). 

The angular distribution of the radiation can be calculated provided the 

distribution of magnetic quantum numbers, i.e., the orientation of J i , is 

known. The expressions for the angular distributions are particularly simple 

when the emitting nucleus is produced with and maintains full alignment. 

If, as is the case for compound nucleus formation, all angular momenta are 

aligned perpendicular to the beam axis, the angular distributions for 

stretched transitions, j = J. - A in the limit J» A are (Da 80a) 
1 

W(8) = ~ (2 + sin2e) A = 

W(8) = * (1 - ~ sin
4

e) ,A = 2 

where 8 is the polar angle with respect to the beam axis. 

(3.5) 

In the case of complete alignment along an axis perpendicular to the 

reaction plane, 

5 W(a)=if(l 

A = 

for stretched transitions and large spin (Wo 78). 

(3.6) 
-.-
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The importance of considering Y~ray emission in heavy-ion reactions 

arises from several factors. There is usually a large amount of angular 

momentum which has to be dissipated as well as excitation energy. Emission 

of a-particles, which accomplishes this so well in light nuclei, is 

inhibited by the Coulomb barrier when A ~ 150. Neutrons are not very 

effective in removing angular momentum and thus sequential quadrupole 

emission becomes an efficient decay mode, especially for deformed nuclei. 

The competition between neutron or particle emission, statistical E1, 

collective E2 radiation can be treated in the statistical model; this brings 

us to the consideration of particle decay. 

3.2.2 Emission of Nucleons and Clusters 

Consider an ensemble of nuclei in equilibrium with energies E. to E. 
1 1 

+ dE. and angular momenta J. which emits particles 11 with kinetic energy 
1 1 

1::, spin s, orbital angular momentum 2, and leaving the residual or daughter 

nuclei with excitation energies Ef to Ef + dE and spin j. The average 

rate of emission, summed over orb ita1 angular momentum, is (Th 64) 

R 11( E . , J . ; 
1 1 

Ef,j,s)dE 

j+s j.+S 
1 P(Ef,j) 1 L L (3.7) - 11 T£(I::) p(E.,J.)dE 

s=lj-s I £ = I J. -S I 11 

1 

-+ -+ -+ 
where S = j + S is the channel spin. (Spin orbit coupling (Sa 67) is 

neglected here.) The energies Ei and Ef are related by Ei = Ef + S11 

+ 1::, where Sl1 is the separation energy for particle type11. T£(I::) is the 

optical model transmission coefficient for formation of ~ compound nucleus 

in a time reversed reaction of the emitted particle and the residual nucleus 
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with excitation energy Ef and angular momentum j. In practice, the 

transmission coefficient is computed for Ef = 0, j = O. Similarly, the 

level density p(Ef,j) is taken to be that of the residual nucleus when the 

emitted particle is at infinite separation. 

The quantity T£ incorporates the effects of Coulomb, Vc' and centrifugal 

barriers, V£, and the nuclear potential, VN, on the probability for a 

particle to be emitted. If, at the nucleon surface, Vc + V£ + VN ;ts , 

then T£ ~ 1/2; for s ~ignificant1y above the barrier, T£ + 1. The double 

sum in eq. (3.7) in this case is thus of order J. Comparing eq. (3.7) with 

eqs. (3.1 and 3.3), we see that particle emission is favored over 

(unhindered) dipole emission by a factor of ~107. Thus, y-ray emission 

will be important only in the later stages of decay in which thresholds, 

centrifugal barriers or Coulomb barriers severely inhibit particle emission. 

A complete discussion of the reciprocity relation and inverse cross 

sections has been given by Thomas (Th 64). The transmission coefficients 

governing the decay rate also determine, as noted above, the cross section 

for the inverse reaction, 0f.(E.,J.) which is for the formation of a compound 
1 1 1 

nucleus with excitation energy Ei and total angular momentum J i . Thus, 

and 

R(E.J.; Ef,j,s)dE 
1 1 

j+s J.+S 
~. ~ 
L....J ~ T£(s) 

s=lj-s! £= IJ.-s! 
1 

(3.8) 

(3.9) 

. "' 
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-

The angular distribution of particles emitted by a nucleus depends on 

the spin and orientation of the nucleus before decay. In general, the 

angular distribution may be written as 

W(~) :: 2: (2A + l)p Aq AA VA (~) 
A,q q 

(3.10) 

where n is the direction with respect to some axis of quantization, p~ is a 

tensor describing the orientation of the initial nucleus, and AA is an 

angular momentum recoupling coefficient (St 71). The YAq are the spherical 

harmonics. If we take the axis of quantization to be along the direction of 

the initial angular momentum J i and MJ :: J i then eq. (3.10) becomes 

where 

and 

W(v) ::2: AAB APA(COS v) 

A 

BA :: 2(2J. + 1) 1/2< JJJ-JIAO) 
1 

(3.11) 

(3.12) 

The symbols PA, < I> and ~ denote the Legendre polynomials, C1ebsch-Gordan 

coefficients, and Racah coefficients, respectively, and v is the polar angle 

of the emitted particle with respect to the polar axis (see Fig. 9). The 

summation over A extends to the smaller of 2£ or 21J i - j I. 

When large angular momenta are involved, a semi-classical approximation 

to eq. (3.11) is useful. Defining b,:: IJ i - S I, 

W(y):: ~~~~r IP~(cosv)12 (3.13) 
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where P~ is the associated Legendre polynomial. For an extensive discussion 

of a semi-classical treatment of the angular distribution of evaporated 

particles with respect to the initial angular momentum, see Catchan et al. 

(Ca 80). 

Classically, the direction in which a particle is emitted must be 

perpendicular to its orbital angular momentum. Ericson and Strutinsky (Er 

58a) have derived an expression for the angular distribution of particles 

+ in which vt is the polar angle of the orbital angular momentum t. This angle 
+ + + 

is defined by the triangle J i = j + t (see Fig. 9). Note that this 

classical approximation neglects the intrinsic spin s of the emitted particle 

as well as the quantum mechan ical aspects of angul ar momentum coupl ing. 

In the case of compound nucleus formation, the initial direction of the 

total angular momentum is perpendicular to the direction of the beam 

provided the ground-state spins of projectile and target are small compared 

with the orbital angular momentum. This is nearly always a good 

approximation in heavy-ion reactions. In the classical limit, particles are 

emitted in a plane perpendicular to J. (the flywheel effect) and are thus , 
focused at 00 and 1800 with respect to the beam. The angul ar 

distribution in this case becomes 

2 -1 W(e) = (2TI sine) (3.15) 

where e is the polar angle with respect to the beam. Comparing expression 

3.15 with 3.13, we see that the (sine)-l approximation will be valid only 

for angles e~TI/(mi n J i , t). Express ion 3.15 works quite well for heavy 

emitted particles which carry large orbital angular momenta. 
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The angular correlation of two particles evaporated in succession has 

been discussed by Kuang-Hsi et a1. (Ku 79). The coincidence rate Rc for 

particles emitted in a plane perpendicular to the beam depends on the 

correlation angle 8c between them, and R (8 ) turns out to be quite c c 

sensitive to the distribution of angular momenta in the compound nucleus. 

3.2.3 Fission 

In apparent contrast to the decay modes considered so far, the decay 

rate for fission does not depend on the densities of levels or other 

statistical properties of the residual nuclei, which are the fission 

fragments at infinite separation. Rather, it depends (Bo 39) on the 

properties of the compound nucleus at the point where the nucleus becomes 

committed to fission. This point, called a transition state, is the saddle 

point configuration. Here the angular-momentum-dependent potential energy 

associated with the shape of the nucleus EB(J i ) has reached a maximum. 

The fissioning nuclear system thus passes through a transition state where 

most of the energy has gone into deformation and the energy available for 

intrinsic excitation and the density of intrinsic levels may be quite small 

(Bo 56). This is illustrated schematically in Fig. 10. Thus, fission is 

treated in a manner almost analogous to light particle decay if in Eq. (3.7) 

we understand the final state whose energy is denoted by Ef to be one of 

the transition states. Similarly, in evaluating the intrinsic or thermal 

excitation energy which determines the density of states, it is the kinetic 

energy at the transition state or saddle point, E
S

, and not the asymptotic 

relative kinetic energy, E, which must be considered. 

The transmission coefficients are taken to be unity if the total 

available energy is in excess of the fission barrier and zero otherwise. 



-40-

This generally is a good approximation in heavy~on induced fusion-fission 

reactions.* Thus 

(3.16) 

and 

(3.17) 

ES(J i ) is the fission barrier or saddle point energy, which now depends 

explicitly on the angular momentum. The factor 2J i + 1 arises from a sum­

mation over the transmission coefficients which we have set equal to 0 or 1. 

We should emphasize the importance of the angular momentum j of the 

transition-state levels and in particular, the enhancement of the level 

density because of low-lying collective rotations. [Recall the discussion in 

Section 2.4.3 and eq. (2.8).J The moments of inertia required in eq. (2.8) 

[and the fission barrier ES (Ji)J may be taken from the rotating liquid 

drop model (Co 74). Practical aspects of the introduction of these 

collective enhancements in the calculation of fission widths have been 

discussed by Vigdor (Vi 80). 

The direction of the fission fragments is assumed to lie along the 

symmetry axis of the nucleus in its prolate saddle-point configuration (Fig. 

11). Furthermore, the assumption is made that the projection K of the total 

*If penetration of the fission barrier is important, it may be included by 

adding a factor 1 + exp(-i~ Ef) in the denominator of eq. (3.16). Here, 

hw is the characteristic energy of a harmonic oscillator with the same 

curvature as the barrier. 

. 
>. 
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angular momentum J. onto the nuclear symmetry axis is a constant of the 
1 

motion once the nucleus has passed through the saddle point. The angular 

distribution of the fission fragments is expressed in terms of the 

rotational wave functions by 

and the axis of quantization in compound nucleus reactions is customarily 

taken along the direction of the beam. The projection K is defined only for 

a deformed nucleus, so that it is clearly a quantum number which Ideve1 0ps " 

with the evolution of the nucleus from an initial (and possibly spherical) 

shape to its saddle-point shape. While J. and M. are determined by the 
·11 

reaction mechanism which produces the nucleus, K is a property of the 

fissioning nuclear system. If all the initial orbital angular momentum of 

the projectile and target is converted into orbital angular momentum of the 

fragments, then K = O. It is also clear from Fig. 11 that K = 0 corresponds 

to the minimum of rotational energy sinceJl > JII • For fixed values of E, t 

and J. the statistical distribution of levels with projections K is (Va 73) 
1 

p(K) oc exp [ h~~!(jll _ ~)] 
2 J. ·d t 

We may define, in analogy to 0 = rl~; , 

0 2 = "efft 
K h 2 

where Jeff 
= .J1 JII 

Jl-~I 

(3.18) 
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_K2 
and p(K) = exp 20"2 ,K ~ J. 

K 1 

0 ,K > J. 
1 

The angular momentum of fission fragments can thus be expressed in terms of 
2 two parameters J i and O"K. Under the approximation that projectile 

and target spins can be neglected and Mi = 0, the angular distribution of 

fragments emitted in a compound nucleus reaction is 

where Jo is the zero-order Bessel function with imaginary argument and e is 

the angle with respect to the beam (Va 73). As is the case with particle 

emission, for large angular momenta (relative to O"K) the angular distribu-
-1 tion is well approximated by (sin e) over most of the angular range. The 

value of O"~ is determined by the anisotropy, W(180o)/W(90o). 

The angular correlation -of fission fragments from a nucleus fully aligned 

with respect to an axis of quantization has been treated in detail by Back 

and Bjornho1m (Ba 78). Such situations are encountered in the deep inelastic 

scattering of heavy nuclei, in which case the nucleus before fission can 

have an angular momentum aligned perpendicular to the reaction plane (Dy 77). 

3.2.4 The Total Decay Rate 

The average total rate R(Ei,Ji)dE at which levels (Ei,J i ) decay 

is the sum of the rates for all possible transitions which depopulate the 

levels. These may be summed for each mode of decay as follows. 

,--
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RydE R, (E.,J.; E.- E, j)d E , 
1\ 1 1 1 

Thus, 

The probability that any given channel, x, will be populated, 

P(E.,J.;x) is just 
1 1 

R(E.J.;x) 
(

11 P E.J. ;x) = ----
1 1 R(E.J.) 

1 1 

The cross section for the population of a given channel may be written 

a (X) = La (E., J.) P( E., J .; x) 
J. 1 1 1 1 

1 

where a (E., J.) is the cross sect ion for product ion of an equil i brated 
1 1 

nucleus with excitation energy and angul ar momentum Ei and J i , 

respectively. 

Equations (3.20)-(3.25) are the basis for the statistical model of 

nuclear decay and represent the fundamental hypothesis that all open 

channels are equally likely to be populated. The important physical 

quantities in these equations are the level densities and transmission 

coeff icients. 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 
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3.3. The Hauser-Feshbach Formulae 

Since many of the applications of the statistical model involve compound 

nucleus formation and decay, it is useful to give the formulae which pertain 

specifically to this case. For a recent review of the theory of compound 

nucleus formation, see the article by Mahaux and WeidenmU11er (Ma 79). 

Let all quantum numbers which specify the colliding nuclei and the two 

nuclei in the exit channel be denoted by a and ai, respectively. Similarly, 
-+ -+ -+ -+ -+ -+ -+ -+ -+ -+ -+ 
1 + S = J = 11 + SI, S = 1+ i and 51 = II + it denote the angular momentum 

coupling for orbital angular momentum 1, channel spin 5 and intrinsic 

angular momenta I and i. We have then (Vo 68) 

for the ang 1e integrated cross section and 

d °tl.a I = L -1\.2 L 1 
dn L"4 J (2I+1)(2i+1) 

(3.26) 

(3.27) 

for the differential cross section. T
1

denotes the optical model transmission 

coefficient and Z is an angular momentum coupling coefficient (Fe 60). 

Equation (3.26) may be obtained from eqs. (3.8) and (3.25). The 

inclusion of angular momentum recoupling coefficients [Eq. (3.10)J to give 

the differential cross section Ceq. (3.27)J is straightforward. The 

fundamental difference between the Hauser-Feshbach theory (Ha 52) and the 

". 
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earlier Weiskopf-Ewing (We 40) theory of compound nucleus formation and 

decay is the neglect of proper angular momentum coupling in the latter. 

This difference is crucial for heavy-ion induced reactions. 

Although eqs. (3.26) and (3.27) are written in terms of a single final 

state, application to problems involving the continuum are made simply by 

multiplying by the density of levels and performing the appropriate 

i ntegrati on. 

These equations may also be derived from the theory of resonance 

reactions. The requirements for a rigorous derivation are not always met, 

especially in heavy ion reactions (Ma 79). Nevertheless, these formulae 

"work" well even though the criteria governing their derivation are not 

completely satisfied (M064a, Mo 75a). 

Useful statistical model relations encountered in the derivation of eq. 

(3.26) are as fo llows. 

TSt(a) = 2n (6~tSIJ)) (3.28) 

where r(atSiJ) is the partial width for a transition from the entrance 

channel a,t,S to the compound nucleus of spin J. OJ is the average spacing 

between levels of angular momentum J. This is valid provided Tst(a)« l. 

In the R-matrix theory of nuclear reactions, <r(atsiJ» =<y2pt>, where 

Pt is a penetrability and y2 is the reduced width for decay into channel 

a,t,S. The statistical model has as one of its basic assumptions that the 

~. individual Yi for each resonance i are randomly distributed with a most 

probable value of O. Thus, the transmission coefficient is more than just a 

probability of barrier penetration, it is a probability for compound nucleus 
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formation which, itself, is the product of a barrier penetrability times an 

average reduced width. 

The total number of open channels is given by 

( 3.29) 

where r is the average width of level s in the compound nucleus. In most 

cases invol ving heavy ion reactions, riD J > > 1, in which case the 

derivation, of eq. (3.28) is no longer justified (Fe 60, Bo 70). 

3.4. A Consistent Treatment of Fission and Evaporation 

In principle, the treatments of the evaporation of light particles and 

fi~sion given in the preceding sections are inconsistent. This is because 

the only difference between fission and evaporation is in the relative size 

of the emitted particle and the residual nucleus. A straightforward 

extens ion of the Hauser-Feshbach formula to heavier and heavier lIevaporatedll 

particles leads ultimately to a situation in which the rate of fission into 

equal mass fragments would be determined not by the density of levels at the 

saddle point but rather by the densities of levels of the residual fission 

fragments at infinite separation. This is clearly inappropriate for the 

fission of a heavy nucleus. 

Another approximation customarily made in the application of the 

Hauser-Feshbach formula also fails in the limit of fission, viz. the 

assumption that the transmission coefficient may be calculated by the 

optical model for spherical nuclei in their ground states. (The principle 

of detailed balance would require the T.Q, to be calculated for deformed 

fragments colliding to form a system at a saddle-point configuration.) On 
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the other hand, the transition-state method (Bo 39) and Hauser-Feshbach 

formul~ (Ha 52) give the same result for neutron evaporation. This is 

because the transition state in the latter case consists of the neutron just 

..I' outside the (spherical) residual nucleus and the "fission-barrier" energy 

may be identified with the neutron separation energy [see eqs. (3.21) and 

(3.22)J. 

Moretto (Mo 72b, Mo 75) has pointed out and discussed the inconsistency 

described above and has proposed that evaporation be treated in the same 

manner as fission. Swiatecki has also discussed this problem (Sw 80) from a 

slightly different point of view and has come to the same conclusion. A 

self-consistent treatment of statistical decay would involve the following 

ingredients which we may express schematically as follows 

S p(Et,jt) 
R ( E . J . ) a: P (£ ) (E J) , , p., . , , (3.30) 

in which the thermal excitation energy of the transition state is given by 
S Et = Ei - EB(J i ) - £ where, as usual, EB(J i ) is the energy required to 

bring the system from the ground state into the transition-state configura­

tion. The quantity £S is the energy associated with the translational 

kinetic energy of the separation coordinate at the transition state configu­

ration. p(Et,j) is the corresponding density of levels for the nuclear 

system in this configuration. The probability that the system will in fact 

separate when approaching the transition state or saddle point is denoted by 

~ P(£S). For energies £S < 0, P(£S) < 1/2 and barrier penetration is 

necessary, where for £S » 0, P(£S) -+ 1.0. This is in direct analogy to 
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the behavior of the transmission coefficient, evaluated at energies below, 

at, and above the barrier. (The kinetic energy at infinite separation ise:.) 

For neutron emission, we have to good approximation EB(J i ) = Sn' 

e: S = e:, and the saddle-point configuration consists of a residual nucleus 

having the same shape as the compound nucleus. Thus, 

For an alpha particle, we may approximate the transition state as an alpha 

particle just touching the surface of the residual nucleus, such that the 

separation of centers is R. In this case, 

where the last three terms represent a centrifugal, nuclear and Coulomb 

potential, respectively. However, the saddle-point and asymptotic kinetic 

energies are related approximately by 

(3.31) 

and thus, Et ::::::: Ei - Sa - e:. To the extent that 

(i) an a-particle, when just outside the nuclear surface, does not 

strongly polarize or deform the shape of the adjacent residual nucleus 

and 

(ii) dissipative effects, which convert potential and rotational energy 

at the saddle point into heat rather than kinetic energy, as given by 

eq. (3.31), are small, 
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then the Hauser-Feshbach and trans ition state methods give identi cal 

results. This is probably why the Hauser-Feshbach method works so well for 

the evaporation of particles as heavy as hel ium. 

It is apparent that the practical (as opposed to conceptual) differences 

between the transition-state method and the Hauser-Feshbach method lie 

partly in how well the saddle-point-configuration can be approximated by 

touching spheres having an effective moment of inertia \j(R)~ ~ R2, where ~ 

is the "reduced mass for the touching-sphere configuration, which interact 

through a nuclear potential V(R) arising from tangential surface contact. 

These differences, therefore, are contained in the formation of a neck, 

deformation of the nuclei in contact, shell effects on the level density 

associated with these shape changes, and dissipation of kinetic energy 

between the saddle point and scission. 

It will be interesting in the illustrative examples to see whether the 

above effects, neglected in nearly all statistical model treatments of 

light-particle emission, might be important. 

3.5. Practical calculations, computer codes 

There are many different quantities which can be measured in those 

heavy-ion induced reactions which produce equilibrated nuclei. First of all 

there are the different decay products, y rays, light particles, heavy 

residual nuclei, and fission products. In each of these cases relative 

yields as a function of charge and mass, continuous energy spectra, and 

angular distributions may be observed. Sometimes it will be the differential 

cross section to a resolved, low-lying state in a residual nucleus which is 

of interest. Reactions not proceeding through a compound nucleus but which 
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nevertheless are thought to produce fragments which do reach equilibrium 

before decay also present a variety of observables for study, including the 

effect of particle evaporation on the spin (magnitude and direction) of a 

fragment before it begins to emit Y rays. These examples are mentioned to 

show why a variety of computer codes have been developed over the years. 

The types of calculation and computer code may be classified as follows. 

1) Single step (SS) calculations. Either the excited nucleus has energy 

sufficient for one decay only or it is only the emission of the first 

particle which is of interest. In the case of compound nucleus formation 

and decay, eqs. (3.26) and (3.27) then determine angle-integrated cross 

sections and differential cross sections, i.e., angular distributions, 

respectively. Eqs. (3.22)-(3.25) would be used for fission. 

2) Multi-step (MS) calculations. In this case the spectra of y rays and 

light particles contain contributions from successive decays, and the 

distribution of heavy residues is arrived at through several or many 

successive decays. This problem is treated in two ways. The first method 

involves the construction of a grid in Z and A and, for each nucleus, a 

population distribution over a two-dimensional grid in excitation energy and 

angular momentum. Given the initial distribution of E and J for the 

compound nucleus, the populations of the various daughter nuclei are 

calculated. The size of the grid in Z and A continues to expand for 

successive daughter nuclei until further decay is energetically forbidden. 

The advantage of the grid calculation is that the yields of very weakly 

populated residual nuclei may be calculated with precision. A disadvantage is 

that such codes generally do not to calculate angular distributions of emit­

ted particles or residues. This multi-step, gridded method will be denoted 
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MSGR. The second method (MSMC) follows the decay of individual compound 

nuclei in an initial ensemble by Monte Carlo techniques until the residual 

nucleus can no longer decay. In this case, the accuracy with which any 

given quantity can be predicted will depend on how likely that quantity is 

to occur and how many cases or events, i.e., compound nuclei, are 

calculated. Thus, the yields of infrequently populated residues are 

calculated less accurately. The great advantage of the Monte Carlo method 

is that it can predict energy spectra, angular distributions and 

multi-particle correlations, in the laboratory system. 

The vast majority of all applications of the statistical model to 

experimental data requiresa numerical calculation, and either a computer code 

must be written for the specific case at hand or, if possible, an existing 

code may be used. Many codes have been developed and circulated among the 

practitioners of statistical analyses and among nonpractitioners who wish 

only to estimate a production cross section for some isotope of interest. 

These codes are frequently referred to by name in the literature. However, 

of necessity, they are frequently modified, improved and sometimes renamed 

by users having specific needs. Nevertheless, it may be useful for some 

readers to have a list of the more frequently encountered codes, which 

quantitites they calculate, and references where more detailed information 

can be found. 

The list of computer codes is contained in Table 2 along with the type, 

authors, references and an indication whether the code includes y-ray 

competition, fission, and whether angular momentum coupling is neglected 

(W.E. denotes Weisskopf-Ewing), or included (H.F. denotes Hauser-Feshbach). 
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All codes calculate fission barrier heights with the rotating liquid drop 

model (RLDM). 

One of the important features of any code will be its treatment of the 

level density of the residual nuclei. Since this is subject to frequent 

modification, it, as well as other features, is not included in the list but 

is left for the interested reader to glean from the accompanying references. 

One important fact to keep in mind with respect to the use of 

statistical model computer codes is that they are merely vehicles for 

converting input information (in terms of initial population distributions, 

transmission coefficients, and level densities of residual nuclei) into 

cross sections. The old adage, "garbage in, garbage out" applies here. 

Furthermore, referring to a code simply by name does not specify the 

calculation; the input parameters must be stated explicitly when 

quantitative comparisons with data or with other codes are made. 

3.6. Summary 

The basic problem in the application of the statistical model to cases 

of practical interest is to calculate the distribution of products (their 

charges, masses, energies and angular momenta) obtained from the decay of an 

ensemble of identical excited nuclei in equilibrium having a known 

excitation energy and angular momentum. Given the statistical model 

hypothesis that all open channels are equally likely to be populated, 

expressions for the rates of decay by y-ray emission, evaporation of light 

parti c 1 es and fi S5 ion were obtained. These express ions depend on 

transmission coefficients (or analogous quantities) and on the densities of 

levels in the residual or transition nuclei. Expressions for the angular 
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distribution of the products were given. The total decay rate is the sum of 

all individual decay rates and is simply related to the total number of open 

channels. Probabilities or cross sections for the population of individual 

channels are obtained as branching ratios Ceq. (3.24)J or as cross sections 

for the production of a distribution of equilibrated nuclei multiplied by an 

appropriate branching ratio Ceq. (3.25)J. For the case of compound nucleus 

formation and decay by evaporation of light particles, the Hauser-Feshbach 

formula is widely used. It may also be derived from a general theory of 

nuclear reactions, albeit within certain approximations which are not valid 

for heavy ions. There is a conceptual difference between the 

Hauser-Feshbach theory for evaporation and the transition state theory for 

fission which is evident when the former is used to calculate the 

"evaporation" of heavy particles. Practically, the two methods give 

equivalent results when applied to the evaporation of neutrons or other 

particles which are small compared to the emitting nucleus. The agreement 

between the two formalisms in any particular case should depend on the 

actual shape of the transition state (deformed nuclei or touching spheres) 

and on the nature of the descent from saddle point to scission (i.e., on the 

presence of dissipative processes). Finally, the different types of 

computer codes used in practical applications were categorized and listed. 
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In sections 2 and 3 we have presented the statistical model for the 

decay of equilibrated nuclei. We now wish to apply this tool to the 

analysis of heavy-ion reactions. The emphasis here will be on how well 

this model works and on what we can learn from those cases in which it 

appears to be valid. 

In the early days of the statistical model and its application to 

heavy-ion reactions, the questions were centered around the elucidation of 

the basic reaction mechanism. Most all applications of the statistical 

model were therefore of intrinsic interest. We shall see that this stage 

has been passed, except in cases where extremes of bombarding energy and 

angular momentum are encountered. The success of the statistical model in 

many applications has thus changed it from an object of study to a 

valuable tool for investigating the properties of nuclei (or nuclear 

systems) produced through the collision of complex nuclei. 

Characteristically different features are encountered in the decay of 

equilibrated nuclei depending on their mass and charge and the amount of 

angular momentum they possess. In light nuclei the Coulomb barrier, 

which otherwise inhibits the evaporation of charged particles, is small. 

Thus protons and a particles compete favorably with neutrons and, if the 

angular momentum of the nucleus is high, the lower centrifugal barrier 

seen by a particles may make them the favored mode of decay. Gamma-ray 

emission will only take place when the available excitation energy (or the 

centrifugal barrier) prevents particle emission, i.e., near and below the 
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lowest particle separation energy. Fission is generally inhibited because 

the surface energy is large compared to the small Coulomb energy. 

All three rrodes of decay can be important in medium weight nuclei. 

Fission may compete with neutron decay when the angular momentum is high. 

-"'" Charged particle emission, while inhibited by the Coulomb barrier, is not 

altogether absent, especially for those neutron-deficient nuclei which can 

have quite low proton or a-particle separation energies. For nuclei which 

survive fission, neutrons first remove excitation energy but little 

angular momentum. Quadrupole gamma radiation then becomes the only 

effective way to remove the remaining angular momentum. 

.~ 

Heavy nuclei are characterized by high fissility and low fission 

barriers. Since the emission of light charged particles is now strongly 

hindered, only neutron emission and fission compete. With little 

additional angular momentum, a heavy nucleus can have a fission barrier 

less than the neutron separation energy, and fission becomes the dominant 

decay mode. Gamma-ray decay will occur only in the post-scission 

deexcitation of the fission fragments. 

This section on applications is organized along the following lines. 

The decay of nuclei produced in compound nucleus reactions will be 

considered first, beginning with light nuclei and following with the 

neutron-gamma and fiss ion-evaporation competition found in medium-wei ght 

and heavy nuclei. Examples of the application of the statistical model to 

,'" non-compound reactions and a summary are given in the last two subsections. 

4.2. Compound Nucleus Reactions 

Reactions in which a compound nucleus is formed are the simplest 

cases for the application of the statistical model. This is true not only 
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in the sense that the term compound nucleus implies equilibration and 

therefore the applicability of statistical methods, but for the reason 

that the charge, mass, and excitation energy of the compound nucleus are 

known. Within reasonable assumptions, the distribution of angular momenta 

is also known. In the case of non-compound reactions, the charge, mass, 

and excitation energies of primary fragments are distributed quantities, 

and more assumptions must be made about them and the distribution of 

angular momenta before a statistical calculation can be made. 

4.2.1. The Oecay of Light Compound Nuclei 

Heavy-ion reactions among light nuclei (e.g., p and s-d shell nuclei) 

which proceed via formation and decay of a compound nucleus are studied 

for a number of reasons. The cross section for compound nucleus 

formation, crf ,and how it depends on the mass and charge of the us 
projectile and target and on the bombarding energy, is itself of general 

interest. Contained in these cross sections is information on the 

maximum, or limiting, angular momentum with which a compound nucleus can 

be formed. This limit in turn may depend on properties of the compound 

nucleus at high excitation energy and high angular momentum (the yrast 

line) or on dynamical aspects of the entrance channel. In the latter 

case, crf may depend on the shell structure of the target and projectile us 

nuclei. The distribution in charge and mass of the evaporation residues 

contains information on the distribution of angular momentum in the 

entrance channel leading to fusion. 

The residual nuclei produced after further particle decay is no 

longer possible are often in high spin states, a fact that opens up a 

whole area of spectroscopy. In some cases it is possible to place 



-57-

quantitative limits on the spins of the states by comparison of measured 

cross sections with the Hauser-Feshbach theory. 

The statistical model is used in pursuit of "'all the above studies 

(St 74). In the following, we organize examples of its application in a 

practical manner according to the type of radiation detected rather than 

b~ the motivation for a given experiment. 

It is not possible (or even desirable) to give the details of each of 

the statistical model calculations which will be mentioned in the 

following discussion. In general, they make use of equations (3.26) and 

(3.27) (the Hauser-Feshbach expressions) and Fermi-gas level densities 

with corrections for pairing. The more precise calculations, which are 

generally those done after 1970, use level densities obtained from one of 

the compilations discussed in section 2.6 .. The spin cutoff factor or 

moment of inertia which determines the spin dependence of the level 

density is sometimes an adjustable parameter with ro varying between 1.2 

and 1.5 fm. Transmission coefficients are usually taken from optical 

model calculations with parameters based on fits to elastic scattering. 

4.2.1a Gamma-Ray Decay 

Gamma-ray decay in the extreme, i.e. heavy-ion radiative capture, is 

an extremely weak process, with cross sections in the nano-barn range (Fe 

69). High-energy y-decay i~ cases such as 12C(12C,y)24Mg , may also 

be of collective rather than statistical character (Sa 78). 

:" Searches for statistical y-ray decay, unaccompanied by particle 
. . 14 12 14 30. 14 27 decay, 1n the fus10n of N + C, N + Sl and N + Al 

have yielded upper limits of ~.5 ~b (Vi 79). Studies of 160 + 27Al 

and 160 + 93 Nb have also produced only upper limits for pure radiative 
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decay (Br 78) and these have been shown to be consistent with statistical 

model estimates using the formulation given in section 3.2.1. 

Gamma-ray decay which is preceded by particle emission and which 

occurs at the end of the decay process is, in contrast, quite intense. 

Geoffrey et al. have studied the multiplicity of y-radiation from residues 

produced in the fusion of 107, 155 and 197 MeV 12C with Al and Ni 

targets (Ge 78). The average multiplicities were 2.7 ± 0.2 and 9.3 ± 0.9 

y-rays per residue for the A1 and Ni targets, respectively. Only~6 and 

~13 MeV of energy were removed by y-ray emission in these respective 

cases, and the multiplicity was found to be insensitive to the range of 

bombarding energies used in the experiment. This indicates again that 

particle emission is by far the dominant mechanism for the removal of 

excitation energy and angular momentum in the decay of light compound 

nuclei. The observed properties of the continuum radiation, average 

multiplicity, average energy, and energy spectra were reproduced rather 

well by a statistical model calculation of the type developed by Grover 

and Gilat (Gr 67a) and described in section 3.2.1. 

Gamma radiation between resolved levels can serve as an 

identification of the heavy residual nucleus and will be discussed in 

section 4.2.1.e. 

4.2.1b Light-Particle Emission 

The emission of protons, neutrons and a-particles forms the dominant 

mode of decay for light compound nuclei. Consequently, there are many 

examples in the literature where statistical model calculations are 

compared with measurements of light-particle yields. 
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One of the earliest detailed comparisons was made by Vogt for the 

12C + 12C reaction (Vo 68). Because of the low bombarding energy (A1 

64) and tightly bound reactants, the number of open channels is small and 

most of these channels are levels of known excitation and spin in the 

- residual nuclei. Thus, the calculation was not very dependent on 

.~. 

assumptions about level densities. The agreement between theory and 

experiment was quite good and presaged many similar comparisons (Sh 69, Gr 

72a, Gr 75). 

The angular distributions of protons to discrete low-lying states 

observed in the reaction 12C(14 N,p)25Mg* are shown in Fig. 12 for 

two bombarding energies (01 74). The quantities entering into the 

calculation have not been adjusted to fit the data. The agreement 

obtained here is not atypical; on the average the theoretical predictions 

agree with the data to within about 50%. Note that the angular 

distributions display only an average symmetry about 900 c.m. If the 

data were averaged over bombarding energy, the observed asymmetries would 

be damped. The states with higher spin show larger cross sections 

corresponding to their 2J + 1 magnetic substates. Deuterons were observed 

in the same experiment. Levels of comparable spin in 24 Na , populated by 

deuteron emission, showed angular distributions of similar shape and 

magnitude. This reflects the fact that discrete states of the same or 

comparable spins constitute the same number of open channels. 

One of the most extensively studied reactions is 12C( 160,cq24Mg. 

Greenwood et a1. (Gr 72a) extended earlier measurements by Halbert et a1. 

(Ha 67) to higher energies and made absolute comparisons with statistical 

model cross sections. The angular distributions of a particles, summed 
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over a large humber of excited states in 24Mg , are shown in Fig. 13. 

Note the steeper rise of dcr/d~ at forward angles as compared with Fig. 12. 

Because of the larger angular momenta carried in by 12C + 160 at these 

. d t b rv + 24M d to 12C(14N,P)25Mg*, the 1 energles ~ ou y u. g, compare angu ar 

distributions may be approximated by a 1/sin8 function over an angular 

range extendi ng much c·10ser to 00 and to 1800 than in the case shown in 

Fig. 12. [Recall that eq. (3.15) is valid over angles 8~ 'IT /(min J.,.Q,).J 
. 1 

The total yield of a particles shown in Fig. 13 agrees to within about 15% 

with the Hauser-Feshbach prediction using independently determined level 

dens it ies and transmi ss ion coeffi c ients. Energy-averaged angul ar 

distributions for discrete, low-lying states in 24Mg are also well 

reproduced (Mi 79). 

4.2.1c Emission of Heavy Clusters 

Clusters heavier than a particles are also observed (Ru 72), and it 

is interesting to see whether their emission can reasonably be interpreted 

in terms of an evaporative process. Typically, the yields of these 

clusters represent only a few percent of all particles evaporated (St 

74). An interesting comparison of the evaporation of complex particles by 

nuclei and of molecules by water droplets has been made by Cohen (Co 60). 

The importance of statistical degeneracy in the nuclear case as the cause 

of cluster emission is pointed out. 

Both the reactions 10B(160,6Li)20Ne and 12C( l4N,6Li)20Ne 

have been investigated over a wide range of energies and can be compared 

not only with statistical model predictions but with measured yields of 

light clusters (a particles, deuterons, etc.). The angular distributions 
6 20 of Li particles populating discrete states in Ne show symmetry 
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about 90° (Be 73a) and agree in magnitude with absolute statistical 

model calculations as shown in Fig. 14 (Ha 74). Comparisons of deuteron 

yields and 6Li yields produced in the 12C + 14N reaction (K1 74) and 

of a-pa!'tic1e and 6Li yields (Go 74, Fo 74, Lo 76) all show good 

agreement with the Hauser-Feshbach theory. 

The above results are not peculiar to 6Li but extend to similar 

heavy clusters such as 7Be • Figure 15 compares the yields 7Be with 

those of protons, neutrons and a particles (in terms of the associated 

residues)(Ho 73). The solid lines correspond to the same Hauser-Feshbach 

calculation (Ha 74) which reproduces the yields of 6Li . 

The probability that a relatively massive particle will be emitted 

depends sensitively on the maximum angular momentum with which the compound 

nucleus is formed. It was found that a critical angular momentum for 

fusion, Jc' which is less than the grazing angular momentum in the 

entrance channel, must be introduced, in order to obtain agreement with 

experiment for the 6Li yield. If one assumes ~ priori that 6Li 

emission can be described by the Hauser-Feshbach theory, then this becomes 

a means for determining the magnitude and energy dependence of Jc (St 74, 

K1 75). On the other hand, Jc can be determined independently and, it is 

found, is of the right size to produce the agreement indicated in Figs. 14 

and 15. This fact can be used to justify the application of the 

Hauser-Feshbach method. 

Thus, the Hauser-Feshbach treatment of the evaporation of clusters 

such as a particles, 6Li and 7Be nuclei works remarkably well, at 

least for not-too-high bombarding energies (St 77). 
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Several reactions have been studied in which the mass of the emitted 

cluster approaches or is equal to half the mass of the compound nucleus 

(La 63a, Va 67, Ru 72, Wi 74). In these cases, which are more 

appropriately named IIfission ll
, it would seem that the transition state 

theory would be required and that the Hauser-Feshbach description should 

be inappropriate. 

Rudy et a1. (Ru 72) studied a number of reactions induced by 42 MeV a 

particles on 12C and 160 targets. While they found strong direct 

reaction components in the forward angle yields of 6Li , 7Li , and 
7 
Be, which is not surprising, the large-angle yields were generally 

within the upper and lower 1 imits of a Hauser-Feshbach calculation. Two 

cases in which no direct reaction component is to be expected are the 

reactions 20 Ne (a, 12C) 12C and 28Si(a, 160) 160, observed by 

Lassen (La 63a) and by Vandenbosch et al. (Va 67), respectively. 

Comparison of the measured differential cross section (at only one 

bombarding energy) with the Hauser-Feshbach theory in the latter case 

showed an agreement within a factor of two. The former reaction, for 

which an excitation function exists, shows large compound-nucleus 

fluctuations (see Fig. 16) and an energy-averaged cross section which 

agrees within typically 30% with a statistical model calculation that also 

reproduces the yields of a particles. 

Compound elastic scattering, viz. when the compound nucleus decays 

back to the entrance channel in which it was originally formed, represents 

another form of heavy cluster emission. In this case, however, there will 

be a large direct reaction component from potential scattering. The 

component which proceeds via the compound nucleus can be identified and 
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its average strength determined by an analysis of the fluctuations in the 

energy dependence of the cross section. The l2C + 12C system is one 

of the few systems whcere the total number of open channels is small enough 

that the effects of compound elastic scattering are easily seen. Analysis 

by Bondorf (Bo 73) of the scattering at lower energies 7~ E ~14 c.m. 

MeV and by Shapira et al. (Sh 74) at higher energies 13.5~ Ec •m• ~37.5 

MeV have shown the magnitude of compound elastic scattering deduced from 

fluctuation analysis of the narrow (-100-300 MeV wide) structure in dcr(E) 
dD 

and the predictions of the Hauser-Feshbach theory to be consistent. 

We are thus led to the conclusion that, for light compound nuclei, 

the Hauser-Feshbach treatment of the emission of heavy clusters agrees 

with experiment. That is to say, it gives the right answer for the 

fission of light nuclei. A probable explanation for this is found in the 

discussion in section 3.4 and in the rotating liquid-drop model 

calculations of Cohen, Plasil and Swiatecki (Co 74). The nuclei 

undergoing fission here have angular momenta which are significantly lower 

than that for which the fission barrier vanishes. Thus, their saddle 

point configurations very nearly approximate those of two touching 

spheres. In this case, the phase space available for the decay of the 

compound system into fission mode is the same (see section 3.4) in the 

transition state theory as in the Hauser-Feshbach theory. 

4.2.1d. High-spin Selectivity 

Most heavy-ion compound nuclear reactions show a selective population 

of high spin states. [The few exceptions occur in cases like 14N + 

l4N + 24Mg + a (Mi 70) where there is a large positive Q-value which 

drastically increases the excitation energy in the compound nucleus and 
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the number of open channels (Gr 72a).J A typical spectrum of a particles 

from such a selective reaction, 10B(160,a)22 Na , is shown in Fig. 17 

(Go 74). The angular distributions for these particle groups, together 

with the statistical model predictions, are given in Fig. 18. When the 

parameters entering into the Hauser-Feshbach calculation are fixed, the 

predicted cross sections for the high spin states are sufficiently 

sensitive to the spin of the residual level that an assignment can be 

made. When uncertai nties in these parameters, especi ally the spin cutoff 

factor, are taken into account, an error of ± 1 h is typical. In the yrast 

region, however, where the high spin states are well spaced, this is often 

sufficient to identify a member of a band. 

Comparisons such as these, especially when taken together with the 

results of shell model calculations, have enabled the identification of a 

number of rotational bands in s-d shell nuclei with levels having spins up 

to 10 h. The rotational band structure of 22Na as seen in the 
10 16 22 . . B( O,a) Na reactlon (Go 74) and as compared with shell model 

calculations (Ha 71) is shown in Fig. 19. This powerful technique has 

been exploited widely and further examples may be found in refs. (Fo 74, 

Kl 74, Co 75, Go 75, Kl 75a, Sz 78, Sc 79, Sz 79, Kl 80). 

4.2.1e. Evaporation Residues 

The heavy residues remaining after particle emission has ceased are 

distributed in mass and atomic number in a manner reflecting the different 

types of light particles (p,n,a,etc.) emitted. Furthermore, their 

energies and angles in the laboratory system represent a folding of recoil 

velocities imparted to the residue at each stage of the evaporation. 

Thus, information complementary to that given by light particle emission 
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can be obtained from the observation of evaporation residues. If it is 

mainly the fusion cross section which is of interest, evaporation residues 

have the distinct advantage of there being exactly one residue per 

compound nucleus formed (unless, of course, the compound nucleus fissions). 

Evaporation residues may be detected either indirectly through 

characteristic Y rays (and/or x rays in heavier nuclei) or by direct 

observation and counting of the residues. The gamma-ray method is 

appropriate when knowledge of the mass alone is sufficient to determine 

that the nucleus in question is an evaporation residue. At lower 

bombarding energies, where the number of open channels is much smaller, 

the yield is concentrated in a smaller number of different residues and 

the gamma-ray method provides a quick and sensitive way to obtain an 

angle-integrated cross section. The statistical model enters into the 

analysis of the data because the population of levels below the particle 

threshold (and the gamma-ray branching ratios) must be known in order to 

obtain the number of residues from the type and number of discrete 

gamma-ray lines. Many measurements and analyses have been made using this 

technique, a few examples of which are found in refs. (01 74, Sp 74, Cu 

76, Da 76, Ko 76, Sw 76, Ko 77, Sw 77). 

The direct observation of residues using ~E-E counter telescopes to 

determine Z and time-of-flight techniques to determine A has become the 

most frequently used method for measuring fusion cross sections for light 

~' nuclei at energies above the Coulomb barrier. The fusion of a heavy-ion 

projectile with a target of comparable mass imparts a sUbstantial velocity 

to the compound nucleus. The recoil momenta accompanying the emission of 
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protons, neutrons and alpha particles are sufficient to deflect the 

residue to relatively large angles, making them easy to detect. 

The interpretation of mass distributions of evaporation residues 

formed in heavy-ion fusion reactions has been described by PUhlhofer (Pu 

77). In particular, he has analyzed the mass distributions of residues 
. . 19 12 19 27 16 27 formed ln the reactlons F + C, F + Al and 0 + Al 

with the Hauser-Feshbach formula and a multi-step, grid calculation. A 

careful treatment of the level densities, particularly at low excitation, 

is the main ingredient responsible for the overall good agreement between 

calculated and measured mass distributions. 

The calculations provide an insight into the distribution of decay 

modes in the excitation energy, angular momentum plane. Figure 20 

illustrates the regions in which a mode of decay corresponds to more than 

half of the total decay probability for the case of 44Sc (Pu 77). The 

characteristic features of statistical decay in light nuclei are evident 

here: the predominance of a-particle emission for states of high angular 

momentum and the importance of y decay mainly at and below particle 

thresholds. (There is a small extension of y-decay probability in the 

region along the yrast line which is more significant for heavier 

nuclei.) The decay chains typical for each region of angular momentum are 

also indicated. A more precise indication of the dependence of the final 

mass distribution on the initial angular momentum of the compound nucleus 

is given in Fig. 21. Here again one notes the predominance of nucleon 

emission for low angular momenta. When the distributions for different 

initial angular momenta are appropriately weighted and combined, a 

distribution in good agreement with experiment is obtained. 
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An examination of the sensitivity of the predicted mass distributions 

to various assumptions made on the level densities in the region of high 

excitation (>15 MeV) showed that the retention of the shell effects, 

present at low excitation, in the region of high excitation had little 

observable effect (Pu 77). Thus, values of a{E ) in the range A/9 ~ a ~ 
x 

A/7 for Ex > 15 MeV all gave equivalently good fits. On the other hand, 

unreasonable values such as A/12 did not fit the data. The value of the 

moment of inertia used in determining the spin cutoff factor, expressed in 

terms of the rigid-body radius parameter, corresponded to ro = 1.2 fm in 

the region 4 < E < 10 MeV and to ",1.29(1 + 5 x 10-4 i)1/2 fm 
x 1 

at higher excitations. This parameter is important in determining the 

re1 ati ve amounts of nucleon and a-parti c1 e emi ss ion; the parametri zation . 

employed by PUh1hofer at high excitation energies corresponds to a 

liquid-drop model prediction (Co 74). The importance of allowing for 

nuclear deformation at large angular momenta was also borne out in a 

comparison of statistical model calculations using shell model level 
. 56 . 

densities with experimental data on the decay of Ni (Ca 79). The 
. 32 24 compound nucleus was formed in the reactlon S + Mg. 

The sensitivity of the predicted mass distribution to the initial 

di stribution of angul ar momentum has been used to search for a parti cu1 ar 

effect in heavy-ion fusion predicted by the time-dependent Hartree-Fock 

(TDHF) theory (Bo 78). This effect, referred to as the "low-.R, window", is 

t.' a predicted absence of fusion for central collisions, that is, for partial 

waves below a critical .R, value. Analyses of mass distributions for 160 

+ 160 by Kox et a1. (Ko 80) and for 28Si + 27A1 by Barrette et a1. 

(Ba 80a) have indicated that a low-.R, window, if present at all, is much 

smaller than predicted by the TDHF. 
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A comparison of the energies and angular distributions of the 

evaporation residues with statistical model predictions is often important 

in establishing that complete fusion occurred and that the observed 

products have properties consistent with the decay of an equilibrated 

nucleus. For this purpose, Monte Carlo calculations are necessary (Ei 77, 

Go 79, Co 80, Ga 80, Go 80a). These properties can be predicted rather 

well, as is evidenced in Figs. 22 and 23 (Co 80). Shown here are measured 

energy spectra for residues of the reaction 20 Ne + 12C (Fig. 22) and 

angular distributions from two different reactions which populate the same 

compound nucleus, 32S (Fig. 23). The effect of a emission on the energy 

spectrum of 27Si (a,n emission) is dramatic when compared with the spectrum 

of 29Si (2p,n emission). Note also in Fig. 22 how the two separate 

kinematic peaks, corresponding to a emission in the forward and backward 

directions, are joined as additional nucleon emission increases the number 

of recoil impulses received by the residue. The predictions of the statis­

tical rrode1 (solid lines) reproduce these features very well. Similar good 

agreement is found in the comparison with the angular distributions. Note 

in particular the broad angular distribution for 24Mg , which is produced 

by the emission of two a particles. 

The foregoing illustrations have involved reactions in which the 

bombarding energy is low enough that the lightest residues are still 

heavier than either projecti 1e or target. Gomez et a1. have studied the 

reactions of 14N with 12C and 160 with lOB up to energies for 

which the masses of the residues are comparable to or less than that of 

the projectile or target. In cases such as these, a comparison with a 

Monte Carlo statistical model calculation can provide guidance in the 

methods used to identify the evaporation residues. 

...... 
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The problem encountered at high energies is illustrated in Fig. 24 

(Go 79) which shows two-dimens iona1 !J. E-E spectra obtained at two different 

bombarding energies, 44 MeV and 178 MeV. At the lower bombarding energy, 

the residues are well separated from the projectile, while this is no 

.... longer true at 178 MeV. The right-hand panel of Fig. 25 shows energy 

spectra for reaction products with Z = 6, 7 and 8. There are two 

components present, one with an energy corresponding closely to the 

velocity of the projectile. The lower energy component has a mean 

velocity equal to that of the compound nucleus. The histograms are the 

results of Monte Carlo calculations and show quite clearly that the lower 

velocity group has the mean velocity and width expected for residues. The 

left-hand panel shows the angular distributions of the lower energy 

products identified as residues. The histogram is the statistical model 

calculation. The properties of the residues from the reactions 12C + 

14N and lOB + 160 agree quite well with Hauser-Feshbach Monte Carlo 

calculations over a range of bombarding energy extending from ~20 to ~115 

MeV c.m. (Go 79, Go 79a). This suggests that complete fusion and the 

formation of a compound nucleus which attains a measure of equilibration 

occur in light nuclei at bombarding energies approaching 20 MeV/A. 

The generally good agreement between experimental charge and mass 

distributions of residues and the statistical model predictions, as 

indicated in this subsection, is typical of comparisons with data using 

r codes (see sect. 3.5) such as GROGI (We 76, Fe 78), CASCADE (Co 77, Ko 77 a, 

He 81), JULIAN (Ei 77, Ts 78), LILITA (Go 78, He 81) and LANCELOT (Co 80). 

The following two points must be borne in mind, however, in discussing this 

agreement. (i) There is always some room for reasonable adjustment of 

parameters in these analyses, even when every effort is made to establish 
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~ priori the input parameters from independent information. While such 

adjustment of parameters is legitimate, it should not be concluded that 

calculations done ~ advance of the acquisition of experimental data will 

necessarily show as good agreement as can be found in post facto analyses 

described in the literature. (ii) As a part of their analysis of evapo­

ration residues from the l3C + 48Ti reaction, Dumont et al. (Du 80) 

conducted the following interesting "experiment". The attempted, insofar 

~ possible, to give the same input quantities to several different evapo­

ration codes (ALICE, JULIAN (various versions), CASCADE, and LILITA). The 

results showed agreement in overall trends, but the discrepancies were 

nevertheless surprising. This comparison demonstrates that the use of 

different level-density formulae, different parameterizations for 

transmission coefficients, and different numerical approximations in the 

calculations has important consequences. The differences among the 

various predictions need to be understood and, if possible, remedied. The 

authors (Du 80) are pursuing this. In the meantime, one should not 

conclude that statistical model calculations are a matter of routine! 

4.2.lf. Two-Particle Correlations 

The angular correlation between light particles emitted in an 

evaporation cascade is a more sensitive indicator of the compound nucleus 

angular momentum than is the singles angular distribution (Ku 79). In the 

latter case, angular distributions for continuum a particles tend to 

l/sine as soon as the angular momentum in the compound nucleus becomes 

appreciable (the "flywheel effect"). Two-particle correlations, even 

among a particles in the continuum, show a degree of anisotropy which 

reflects directly the maximum angular momentum in the compound nucleus. 
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The measurement of such correlations has also been proposed as a method to 

look for the presence of a 10w-Q, fusion window (Ba 80). 

Measurements and calculations of light particle, light particle 

correlations (pp, pa,aa) have been made by Kuang-Hsi et a1. for the 

reactions 160 + 27A1 ; 40Ca , 58Ni (Ku 79). The measured correlations 
16 27 . 

for 0 + A1 are shown in Fig. 26. Both particles are detected in a 

. laboratory plane perpendicular to the beam (81 = 8 2 = 900) and <1>1 - <1>2 

denotes the azimuthal angle between the two detectors. Since a particles 

are preferentially emitted by the higher spin states of the compound 

nucleus, and since they carry away more angular momentum than protons, one 

··expects to see a concentration in the reaction plane (<1>1 - <1>2 = 1800) 

~hich is more pronounced for a particles than for protons. This is the 

classical flywheel effect, again, and its presence is borne out in Fig. 26. 

A comparison of the measured a-a correlation with the predicions of the 

statistical model is given in Fig. 27. The value of J max = 47/2 agrees o 

with the value deduced from the measured fusion cross section using the 

sharp cutoff approximation (Ku 79). 

At moderate and high bombarding energies, there are several reaction 

mechanisms which can produce light particles and which do not involve 

fusion-evaporation. The existence of several mechanisms can complicate 

the interpretation of yields of light particles if they are observed in 

inclusive experiments. (This problem has been discussed in connection 

.J' with Li and Be yields in ref. (St 77).) Coincidence experiments enable the 

study of the light particles most likely originating with compound nuclei 

(that is, in coincidence with evaporation residues) and make possible 

either a more stringent verification of the compound nucleus mechanism or 

identification of noncompound processes. 
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The prediction of correlations between emitted light particles and 

residues requires Monte Carlo techniques when multiple decay is possible. 

Several experimental studies and comparisons with statistical model 

predictions have been reported for residue, light-particle correlations 

(Go 80, Go 80a, Ho 80, Os 80, Na 81). As an example, we consider recent 

work by Namboodiri et a1. on the reaction 20 Ne + 27A1 at E(20Ne ) = 

120 MeV (Na 81). Alpha particles and protons were detected in plane and 

out-of-p1ane in coincidence with heavy residues (Z ~ 15) at e = 150 and 

e = 200
• Comparisons of their experimental results and the 

Hauser-Feshbach Monte Carlo predictions are shown in Figs. 28-30~ The 

energy spectra of a particles at a forward angle and a backward angle are 

presented in Fig. 28. The solid curve is the statistical model 

prediction. This comparison shows that the higher energy particles 

observed at the more forward angle are associated with a kinematic 

effect--the addition of velocities of the moving compound nucleus and the 

evaporated a particle. Nonequi1ibrium or preequi1ibrium emission of a 

particles is thus not required as an explanation for the emergence of 

beam-velocity a particles at forward angles in this reaction. 

Experiments at higher bombarding energies and with lighter projectiles can 

show such nonequi1ibrium effects, however (Ho 80, Go 80). 

The in-plane angular correlations, shown in Fig. 29, are also well 

reproduced by the statistical model calculation. These correlations peak 

on the side of the beam opposite (negative angle) to that on which the 

heavy-ion detector is placed (positive angle). Again, this is a simple 

kinematic effect: in order for the residue to emerge at a finite angle 

with respect to the beam direction, it must emit an a particle or series 

of particles with a net momentum in the opposite direction. 
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A particularly graphic comparison of the experimental data and the 

calculation is made in the velocity contour plot of Fig. 30. The velocity 

vector VFR denotes the direction of the fusion residue while the 

straight lines indicate angles at which coincident a particles were 

,~ observed. A ridge, corresponding to the emission of a particles with 

energies at the centrifugal-plus-Coulomb barrier, is evident in both the 

experimental data (Fig. 30a) and in the calculation (Fig. 30b). The 

overall agreement shown here in Fig. 30 and also found in several other 

comparisons of measured and calculated correlations between light 

particles and evaporation residues (Os 80) shows the power of Monte Carlo 

techniques in the analysis of heavy-ion reaction data. Indeed, such an 

analysis is a prerequisite to the demonstration of any non-equilibrium 

phenomena. 
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4.2.2 Neutron-Gamma Competition 

There are two important differences between the phenomena encountered 

in the decay of light and medium-heavy compound nuclei. The first is the 

appearance in medium-weight nuclei of large neutron andy-ray mu1tip1 ici-

ties. Neutron emission dominates charged particle emission because of the 

increased Coulomb barrier, and y-ray emission at the later stages of the 

decay is enhanced because of the large nuclear charge, possibilities for 

collective transitions, and need to dissipate large amounts of angular 

momentum. The second difference, to be considered in section 4.2.3, is 

the emerging importance of fission. 

4.2.2a General Features 

There have been many measurements of (HI,xn) cross sections and of 

y-ray multiplicities since the papers of Sarantites (Sa 67, 67a,b) and of 

Grover and Gi1at (Gr 67a,b,c) laid down the modern computational basis for 

the analysis of these data. The sa1iant features of typical energy spectra 

in this mass region are illustrated in Fig. 31 (Gr 67a). This calculation 
. . 140 1 6 1 56 - X is for a speclflc example, Ce( O,xn) Oy at E16 = 90 MeV, and 

o 
shows the dominance of neutron emission, the statistical and collective 

regions of y-ray emission, and the protons and alpha particles emerging at 

energies above their respective Coulomb barriers. (The small peak at 

Ea = 7.5 MeV corresponds to a predicted, but not generally observed, 

emission of a particles from occasional Yrast levels having strongly 

hindered radiative transitions.) 

The neutron spectrum arises from an ensemble of compound nuclei 

emitting different numbers, x, of neutrons. The observed x-n distribution 

as a function of bombarding energy is compared in Fig. 32 with a 

.. 
1 
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statistical model calculation for the 140Ce (T60,xn) reaction (Gi 73a). 

The solid lines represent experimental results while the two calculations, 

shown as dashed lines, correspond to two different normalizations of the 
.'. 

dipole strength [see eq. (3.3)J. Case (a) has a constant normalization 

factor equal to 10
2 

times the value deduced from slow neutron radiative 

captive widths, while case (b) has a factor 2J + 1 multiplying this 

width. 2 Gi1at et a1. caution against taking this factor of 10 , which 

was necessary to fit the xn distributions, too 1 iterally as the gamma-ray 

competition depends on other quantities and assumptions in the calculation 

as well (Gi 73a). 

The effect of the dipole normalization factor on the neutron-gamma 

competition is illustrated in another way in Fig. 33. Here are shown the 

boundary lines in the Ex - J plane, at which the respective 

probabilities, kn' k ,k for neutron, alpha-particle and y-ray emission a y 

are equal to 0.5. Note how the increase of the dipole strength by a 

factor of 102 in case (b) increases the region in which y rays compete 

with neutron and a-particle emission. The onset of a emission near the 

Yrast line is often termed "a-pinch off" and is an effect which arises 

when the Yrast energy exceeds the Coulomb barrier for a decay. Alpha 

particles emitted from this region of the Ex - J plane are responsible 

for the shoulder in the a spectrum (Fig. 31) at Ea = 12 MeV. 

4.2.2b Gamma-Ray Multiplicity 

More information about the decay of the compound nucleus can be 

obtained by measuring the average number of y rays emitted, or average 

gamma-ray mu lti p 1 i city, < My>. The quantity < My> can be measured as a func­

tion of several variables: (i) the particular xn channel which originated 
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the cascade, (ii) the average gamma-ray energy, and (iii) the total y-ray 

energy emitted. The interest in measuring not only <My> but also the 

width and higher moments of the multiplicity distribution stems from the 

strong correlation between the initial angular momentum and the number of 

y rays emitted. Thus, it is possible to infer, among other things, the 

distribution of angular momentum in the initial compound nucleus. 

Some of the above considerations are illustrated in the study of the 

reactions of the tin isotopes with argon ions (Hi 79). The landscape of 

compound nucleus decay for this reaction is presented in Fig. 34 which 

shows the results of a statistical model calculation performed for the 

initial distribution of angular momenta shown at the top. This 

distribution is ultimately limited at high angular momenta by fission 

decay. The distribution of excitation energy and angular momentum after 

the emission of one to five neutrons is indicated. The intensity within a 

given boundary is shown by the projections onto the abscissa and 

ordinate. Thus, the 4n channel is predicted to be the most intense, is 

most strongly populated by an initial angu1 ar momentum of "'23 h, and tends 

to produce a residual nucleus with ",14 MeV of excitation. The shaded 

regions in the 3n, 4n and 5n zones denote where y-ray emi ss ion competes 

with the emission of an additional neutron. 

Measurements were made at a series of bombarding energies (Hi 79) for 

which <My> and the width of the distribution 0y were determined. From 

these quantities (and from fits to the m-fo1d coincidence distributions) a 

series of skewed-Gaussian distributions for My were determined. These are 

shown in Fig. 35 (solid lines) along with corresponding statistical model 

calculations (broken lines). The agreement for the three lower bombarding 

.. ~ 
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energies is seen to be quite good whereas sizeable discrepancies arise at 

the highest energy. The origin of these discrepancies is thought to lie 

in noncompound processes (preequilibrium emission or incomplete fusion) 

rather than in the failure of the statistical model to describe properly 

the decay of an equilibrated nucleus. Related nonstatistical behavior has 

also been seen in other reactions as well (Sa 78a, Sa 78b, We 78) when the 

bombarding energy is high (see section 4.3). 

The statistical rrodel also provides a valuable check on the empirical 

relation between <M > and the average angular momentum. The formula used y 

to place an angular momentum scale on the top of Fig. 35 was Q, = 

2(M - 4). Note that the compound nucleus angular momentum (for 
y 

non-fissioning nuclei) does not exceed ~O-65 h for either 40Ar + 

l22Sn or for 86Kr + 76 Ge , a result which is consistent with the 

rotating liquid-drop model. 

In contrast to the analysis of the x-n data from the reaction l40Ce 

(160,xn) (Gi 73a), the dipole strength was not enhanced over the value 

deduced from radiative neutron capture reactions. In fact, inclusion of a 

2J + 1 factor in the dipole normalization, which would remedy the 

discrepancy at high bombarding energies, would destroy the agreement 

obtained at lower energies. There does not appear to be any satisfactory 

and universal systematics for the normalization of gamma widths used in 

statistical rrodel calculations. Each comparison with experimental data 

seems to be ad hoc • To establish such systematics for highly excited 

compound nuclei would require self-consistent and detailed analyses of a 

wide range of experimental data. The enormity of such an undertaking may 

be the reason why it has yet to be done. 
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4.2.2cThe Gamma-Ray Continuum 

The detailed nature of the path by which y-ray deexcitation takes 

place is of interest. It was clear from the shape of the y-ray continuum 

spectrum that stati sti cal trans it ions were associ ated with the hi gher 

energy yrays whose intensity decreased exponentially with increasing 

y-ray energy (Si 77). Collective transitions were evident in the large 

"quadrupo1e bump" which extended from'V0.5 MeV to'V1.5 MeV (see Fig. 36). 

However, it was not known whether, for example, all the statistical E1 y 

rays were emitted first or whether they were interspersed with quadrupole 

transitions within bands. Several studies of this question have been made 

within the framework of the statistical model (L i 78, Wa 78). Provided 

one makes' the natural assumption that there are many collective rotational 

bands lying approximately parallel to the Yrast line, the results of the 

stati sti cal model indi cate that the path to the Yras t 1 i ne is not a di rect 

one. Rather, dipole transitions between bands are intermingled with E2 

trans itions within a band. 

The above examples (Gi 73a, Hi 79) were used to illustrate a 

comparison of statistical model predictions to experimental data for y-ray 

multiplicities. Each of these articles contains a discussion of the 

sensitivity of predicted quantities to variations in the input 

parameters. There are a number of other cases in the literature with 

which the interested reader may wish to become acquainted (Si 77a, Tj 78, 

Wa 78, Ga 80, Si 81). 

-. 
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4.2.3 Fission-Evaporation Competition 

The choice between fission or the evaporation of a light particle is 

governed by the relative density of levels available for these two 

processes (see section 3.2.4). For evaporation of a neutron (the main 

mode of evaporative decay when A ~ 100), this level density depends on the 

thermal energy available in the ground state configuration and on the 

density of single-particle levels. The available thermal energy is 

determined in part by the neutron separation energy (Fig. 10). For 

fission, it is the level density at the transition state which is 

important. Here, the thermal energy is influenced by the fission barrier 

height. The single-particle level density parameter af may be different 

from that for the ground state configuration, an' because of the 

different shape of the saddle point. Thus, the competiton between fission 

and evaporation will be governed in the main by the ratio of the single 

particle level densities af/an and by the difference between the 

neutron binding energy and the fission barrier height, Sn - EB• 

4.2.3a Results for Light Ions 

Measurements of rf/rn, the relative width for fission and neutron 

evaporation, have been made with a variety of light probes and have pro­

duced systematic values of af/an and EB (Va 73). The observed mass 

dependence of these values is understood in terms of the liquid drop model 

and shell corrections associated with closed shells and with nuclear defor-

mation (Va 73, Mo 74a). The fact that af/an is generally larger than 

unity is explained in terms of the interrelationship of deformation and 

the density of single particle levels at the Fermi surface (Fig. lc). An 

equilibrium configuration (minimum potential energy) is produced when the 
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density of single-particle levels is lo~: a high density of levels is 

associated with shapes inbetween stable quadrupole deformations. Since 

the saddle point is a point of maximum potential energy along the path to 

fission, it has a higher density of levels associated with it (Va 73). 

There is also a macroscopic effect, based on the changing (with 

deformation) ratio of surface to volume, which causes af/an to exceed 

unity (Bi 72, Mo 74a, Be 78, Vi 80). 

4.2.3b High Angular Momentum 

The new dimension added by the use of heavy projectiles is the 

introduction of large amounts of angular momentum and the resulting 

production of a rapidly rotating compound nucleus. This affects the 
:~ 

fission competition in two ways. First, the cent~ifugal forces favor 

fission by reducing the difference in the effective thresholds for neutron 

emission and fission. Second, the shapes of both the rotating ground state 

and the rotating saddle point chang;~ with increasing angular momentum. 

The deformation of the former increases while that of the latter decreases 

(Co 74). Associated with these shape changes will be variations in 

af/an (recall Fig. lc). At some critical angular momentum, Jc' the 

shapes of the rotating ground state and of the saddle point will merge. 

In this limit, af/an + 1 and EB(Jc) + O. The macroscopic aspects 

of the shape changes as calculated with the rotating liquid drop model, 

RLDM (Co 74), are illustrated in Fig. 37 for the compound nucleus l49Tb 

(P175). The critical angular momentum Jc is ~ 90 h in this case. 

Not all the energy brought into a collision by a heavy ion will appear 

as rotational energy. Thus, rapid rotation will also be accompanied by 

high thermal excitation as well. This in turn may have an effect on af/an 

by tending to wash out the shell effects predicted for cold nuclei. 
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4.2.3c Fission-Barrier Heights 

The analysis of heavy-ion induced fission with the statistical model 

relies on the use of the RLDM to predict the angular momentum dependence of 

the fission barrier and moments of inertia. Within the context of this 

very model-dependent procedure, the results of a particular analysis can 

be expressed in terms of EB(J = 0), the fission barrier predicted by the 

RLDM for a nonrotating nucleus. In order to fit experimental data, the 

distribution of angular momentum in the initial compound nucleus must be 

known as well. This implies a measurement of the fusion cross section 

Gfus = GER + Gfis in order to obtain the maximum angular momentum 

contributing to fusion, J~ax ~ Gfus/(TI~2). Given the initial 

angular momentum distribution (at each bombarding energy), two parameters, 

af/an and a normalization constant k defined by EB(J) = kEB(RLDM), 

are adjusted to fit a measured excitation function for Gfis • 

A recent example of such an analysis concerns the fission of the 

compound nucleus 153Tb produced in the reactions 20Ne + 133Cs and 

12C + 141pr (Pl 80). The fission excitation functions are shown in 

Fig. 38 together with statistical model fits to both sets of data for 

af/an = 1.08 and k = 0.83 (or EB(O) = 28.5 MeV). The sensitivity of 

the prediction to the fission barrier height is shown in Fig. 39 where 

af/an and k have been adjusted in each case to reproduce the data 

point at the lowest excitation energy (Pl 80). 

The above value of EB(O) = 0.83 EB(RLDM) is in agreement with other 

measurements and analyses in this general mass region (Va 73, p. 236) and 

with the experience that deduced fission barriers lie in the range 0.8-1.3 

times the liquid drop value. Recent analyses by Beckerman, Blann, et al. 

(Be 77b, Be 78, Bi 77) of data with heavier projectiles have yielded 
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significantly lower fission barriers, i.e. k ~ 0.5-0.65. It has been 

suggested (P1 80) that these low barriers arise from the experimental 

difficulty of excluding the products of strongly damped collisions from 

fusion-fission for heavier projectiles. However, part of this apparent 

discrepancy may arise from the manner in which the RLDM fission barriers 

are adjusted to fit the experimental data: the particular choice of an 

angu1ar-momentum-independent scaling factor, k, is not unique (Be 78a), 

and k might be expected to have a mass dependence (Kr 74). 

Delagrange et al. (De 77) have analyzed fusion-fission excitation 

functions for 12C + 182W, 175Lu , l74Yb and find values of k ~ 1.0 

and values of af/an ranging from 1.1 to 1.2. This article gives an 

extensive discussion of the sensitivity of various predicted quantities to 

variations in the input parameters. The fusion-fission of 160 + 181Ta 

and 160 + 208pb has been studied by Videbaek et a1. (Vi 77). The 

respective compound nuclei 197T1 and 224Th are quite different in that 

EB{O) (the s-wave barrier for fission) is well above the particle 

evaporation threshold in the former case and comparable to it in the 

latter case. Thus, the excitation function for fission of 197T1 is much 

more sensitive to angular momentum effects on the fission bariier. 

Analyses of these data yield fission barriers which agree with the RLDM 

(13.8 MeV for af/an = 0.97) but which disagree with analyses of 

r n/r f obtained from other measurements (19-23 MeV for af/an = 

1.10-1.35) and with microscopic theoretical predictions (Mo 71). The 

origins of this discrepancy are not known. 

The above analyses have all assumed that af/an is independent of 

angular momentum. Beckerman (Be 78a) has pointed out that this is not 

consistent with the fact that the shape of the nucleus is changing with 
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angular momentum. Indeed we expect af and an both to vary with (J) 

but in such a way that af{J)/an{J) -+ 1.0 as J -+ Jc{EB = 0). The 

spin independent parameters deduced from an excitation function thus 

represent effective values averaged over a range of angular momenta. 

Furthermore, measurements done with lighter ions (i.e. at low angular 

momenta) and at lower energies will be more sensitive to the differences 

in shape and level density between the ground and saddle point 

configurations of a nucleus (Mo 74a). On the other hand, heavy ions and a 

range of bombarding energies are required if one is to study the angul ar 

momentum dependence of EB• 

The above examples show that the statistical model can reproduce the 

main features of heavy-ion fusion-fission reactions. The level density 

parameters and fi ss ion barrier hei ghts wh ich are deduced through these 

analyses conform to our general expectations based on independent 

experimental information and theoretical understanding. However, there 

can be sizeable errors on some of the deduced quantities; ambiguities 

(especially when insufficient experimental data are available to constrain 

the statistical model calculation) are present in the analysis and results 

occasionally are in conflict. The subject of fission barrier heights is 

hardly a closed book. 

4.2.3d A Search for Shell Effects in Hot, High Spin Nuclei 

One of the basic questions which one might hope to answer through a 

statistical model analysis is whether shell effects (in general) persist 

at the excitation energies and angular momenta which accompany heavy-ion 

fusion. This is a difficult question which requires a degree of 

experimental information and analytical sophistication generally not found 

in previous studies. Recently, Vigdor, Karwowski, et ale have reported an 

extensive series of measurements of 6Li-induced fusion and a detailed 
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statistical analysis specifically designed to address this question (Vi 

80). Their experimental data include measurements at three bombarding 
. 181 208 energies on each of five targets ranglng from Ta to Pb. The 

cross sections for fission, a-particle and proton emission, x-n evapora-

tion, angular distribution for fission fragments and representative energy 

spectra for protons and alpha particles were measured. Figure 40 shows the 

distribution of the yields following compound nucleus formation for the 

five different targets at each of two bombarding energies~ Note how the 

fission cross section increases with increasing fissi1ity of the compound 

nucleus. Another indication of the distribution of the total flux in the 

total reaction cross section, oR' is given in Fig. 41. Over half of 

OR is in quasie1astic or direct reactions. The distribution over impact 

parameter given in Fig. 41 is that predicted by the statistical model. 

An example of the dependence of the fission fragment angular 

distribution on the angular momentum of the compound nucleus is shown in 

Fig. 42. As the angular momentum increases, so does the anisotropy. The 

formula shown in the figure is empirical and used only for fitting the 

angular distribution to obtain a cross section and an anisotropy defined 

as Yf . = W ( 170° jW ( 90° ) • 
lSS 

The modifications made by Vigdor et a1. to the usual statistical 

model calculation included the addition of collective rotational levels in 

the saddle-point 1eve-1 density (eqs. 2.7 and 2.8) with moments of inertia 

taken from the RLOM (Hage1und and Jensen have also included these effects, 

Ha 77a). They also included the expression eq. (3.19) for the angular 

distribution of the fission fragments in a summation over compound nucleus 

angular momentum and over all fissioning nuclei (i.e. over multiple chance 

". 



-85-

fission). All moments of inertia in all aspects of the calculation 

(including the Yrast level density) were treated in a consistent way using 

the RLDM. 

Perhaps the most significant departure from previous analyses has 

been the philosophy to predict the experimental observables without 

parameter variation by using a completely macroscopic calculation. That 

is, all shell effects were consistently eliminated from the calculation. 

All ground-state masses (except those of the projectile and target which 

are cold nuclei) were taken from liquid drop model calculations. This is 

because variations in experimental masses themselves represent shell 

effects. Pairing was omitted in the Fermi-gas level-density formula, and 

af/an was taken to have the value 1.0 plus a correction based on the 

predicted dependence of "a" on the ratio of surface to volume. 

The result of a comparison of this calculation, with all parameters 

fixed ~ priori, to all the experimental data was a remarkably good 

agreement. A portion of this comparison is shown in Fig. 43. Vigdor et 

al. concluded there was no evidence for the persistence of shell effects. 

That is, the rotating liquid drop model and the noninteracting Fermi gas 

are an adequate description of the collective and single-particle aspects 

of nuclear structure at the excitation energies and angular momenta 

encountered in their experiments. To observe shell effects, nuclei must 

be relatively cold. 

The above discussion has emphasized the competition between fission 

and light-particle evaporation in the medium to heavy mass region. Studies 

of yields, evaporati on spectra, angu1 ar di stributions of protons and ex. 

particles have also been made and can provide significant information on 
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the angular momentum distribution of the compound nucleus. Excellent 

examples of this are found in the series of papers by Galin et al. (Ga 74, 

Ga 74a) and in the work of Reedy et al. (Re 69) and Logan et al. (Lo 80a). 

4.2.3e Open Questions 

There are still a number of fundamental open questions concerning the 

use of the statistical model. These pertain in the main to the choice of 

transmission coefficients. Often transmission coefficients are taken from 

optical model calculations which describe elastic scattering and, 

therefore, the total reaction cross section. Emphasizing the fact that 

the transmission coefficient is related to the inverse cross section, 

i.e., is related to fusion, McMahan and Alexander (Ma 80) have analyzed 

fusion excitation functions for protons and a particles in order to 

determine the appropriate transmission coefficients. It is argued that 

this represents a closer approximation to the true inverse cross section, 

even though the target nucleus is in its ground state rather than in an 

excited (and probably deformed) state corresponding to the residual 

nucleus after particle emission. Others (Vi 80) have suggested that the 

optical model values should be used because an excited target nucleus 

would have a higher fusion cross section because of the weakening or 

absence of the Pauli exclusion principle. 

A comparison of measured a-particle evaporation spectra and 

statistical calculations employing both methods of determining transmission 

coefficients is shown in Fig. 44. Neither the calculations based on fusion 

transmission coefficients (labeled HW) nor the optical model calculations 

reproduces the large number of subbarrier a particles and protons. 

"'. 
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A possible explanation for the above discrepancy concerns nuclear 

deformation. Moretto points out that the emission of an a particle (or 

nucleon) can cause a shape polarization of the two fragments such that the 

distance between the centroids of the two charge distributions exceeds 

~ that of two touching spheres. As mentioned in section 3.4, this effect is 

in direct analogy to fission, where the final kinetic energy is well below 

the Coulomb energy of touching spheres and is treated naturally in the 

transition state method (Mo 75). 

Another possible origin of a lowered Coulomb barrier arises from a 

shape polarization or deformation caused by rapid rotation of a nucleus. 

Beckerman and Blann (Be 79, B1 80) have pointed out (Be 79) the 

consequences of emission of a charged particle from the tip of a prolate 

nucleus and have made detailed calculations (B1 80) of the consequences of 

the associated enhancement of a-particle emission on the competition for 

fission. This is illustrated in Fig. 45 for a nucleus of mass ~150 with 

v~rious amounts of angular momenta. The effects are enormous,but only 

once rather high angu1 ar momenta are reached. The a parti c1es emitted 

from such a rapidly rotating nucleus would not contribute to the 

subbarrier a particle yield shown in Fig. 44 but rather would have 

sUbstantial kinetic energies associated with the angular momentum they 

would remove. Blann points out a number of experimental features which 

are consistent with this enhanced a-particle emission but suggests that 

f"" additional experiments shou1 d be performed to verify it. It is known that 

deformation influences the barrier for fusion (St 78, St 81) and therefore 

it must have consequences for evaporation as well. The question is 

whether the consequences are as drastic as indicated by the calculations 



-88-

shown in Fig. 45 (Bl 80). It seems that the incorporation of light 

particle emission into a transition theory in which all barriers are 

angular momentum dependent and calculated within the context of a rotating 

liquid drop model would be a worthwhile goal. 



4.3 Noncompound Reactions 

4w3.1 Introduction 
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The use of the statistical model is not confined to fusion or 

compound nucleus reactions. Indeed, the model can be applied to the decay 

of all equilibrated nuclei, independently of how they were formed. One 

need only know the initial distribution of nuclei (Z,N) and their 

distribution of excitation energy and angular momenta. Thus, increasing 

use has been made of statistical model calculations applied to the 

individual fragments produced in direct reactions, with deep inelastic 

scattering comprising the main example. 

There are several reasons for making use of the statistical model in 

the analysis of noncompound reactions. The first is that it provides a 

means of estimating the effects of postcollision light-particle emission 

on the properties of the secondary fragments observed by detectors. Thus 

the distribution of charge, mass, and excitation energy in the primary 

collision can be deduced from the measured properties of the secondary 

fragments (Bl 79, Go 79b). Another type of application uses the light 

particles evaporated by the excited primary fragment to deduce the 

excitation energy, angular momentum, or al ignment of the fragment. 

Finally, the statistical model is used to attack the question whether the 

high energy light particles observed in coincidence with various fragments 

are consistent with postcollision evaporation or whether nonequilibrium 

:L' processes must be invoked in order to explain their presence. 

In the following subsections we will consider examples of these 

different applications. 
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4.3.2 Primary and Secondary Distributions 

Two examples will suffice to illustrate the role of evaporation on 

the energy distribution of secondary products. In the case of a heavy 

t 84K 124S ' t . d d Q 1 sys em, r + n, 1 was estlmate that the secon ary -va ue 

distribution was broadened by about 10% over the primary distribution when 

the bombarding energy was 440 MeV and by about 30% at the higher 

bombardi ng energy, 720 MeV (B 1 79). In contrast, the energy di stribut ion 

of C ions observed in the deep inelastic scattering of 168 MeV 20 Ne by 

63Cu was shown to be broadened by a factor of two over the primary 

distribution. This and the effect of particle evaporation on the observed 

charge distributions are illustrated in Figs. 46 and 47 (Go 79b). 

4.3.3 Measurements of Spin and Alignment 

Since the angular correlations of light particles, fission fragments, 

and gamma rays depend on the direction and magnitude of the angular 

momentum of the emitting nucleus, measurements of the former can be used 

to deduce the latter. The experience and understanding which have been 

gained in the study of compound nuclear reactions can be brought to bear 

on the excited fragments produced in deep inelastic collisions. 

The magnitude of the angular momentum transferred in the deep 

inelastic scattering of very heavy ions has been measured by observing the 

out-of-p1ane angular correlation of fragments from the fission decay of the 

target-like nucleus (Oy 77, Wo 78, Oy 79, Ha 79, Pu 79, Ra 79). The 

anisotropy of the angular correlation increases with the angular momentum 

of the fissioning nucleus and thus becomes a measure of the transferred 

angular momentum. The angular correlation of fission fragments in the 

reaction plane should be isotropic if the angular momentum transferred is 
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completely aligned perpendicular to the reaction plane. Thus, a measure of 

the alignment can also be obtained. Figure 48 from Dyer et al. presents 

results from the application of this method to the reaction Kr + Bi. 

The measurement of y-rayangular distributions has also been used to 

make inferences about the alignment of the angular momentum transferred in 

deep inelastic collisions (Da 79, Da 80a, Pu 79a, Pu 80,_ Wo 80a, La 81). 

In lighter nuclei complications may arise because of the effects of 

preceding particle emission and mixed multipolarity (quadrupole/dipole) in 

the y decay [see eqs. (3.5) and {3.6)J Careful statistical-model 

calculations can be used to estimate the former effects, however, and 

detailed correlations can place limits on the quadrupole/dipole mixing 

ratio such that useful information may be extracted from the continuum 

y-ray angular correlations. With heavier nuclei, these corrections are 

less of a problem (Pu 80, Wo 80a, La 81). 

Catchen et al. (Ca 80) have presented a semiempirical method for 

estimating fragment spins which is based on proton and a-particle emission 

(Re 69, Ga 74, Ga 74a, Lo 80a). Both the out-of-plane correlations and 

the ratio of hydrogen to helium emission can be used independently to 

deduce a fragment spin. An assumption made in this procedure is that the 

emitting fragment is aligned perpendicular to the reaction plane. Babinet 

et al. (Ba 80b) have used these methods in a study of the deep inelastic 

scattering of 40Ar by 58Ni . They find that the energy spectra of the 

.l. 

.# . a particles from each fragment i and the out-of-plane anisotropies are 

t The kinematics of the reaction enables an identification of the origin of 

the emitted particle. 
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consistent with the deformed dinuc1ear complex attaining thermal 

equilibrium and reaching a sticking configuration before separating. 

The question of the alignment of the fragments produced in deep 

inelastic collisions is of wide interest. The effect of an incomplete 

alignment, or random angular momentum, on an out-of-p1ane angular correla­

tion is illustrated in Fig. 49 for the reaction 20 Ne + 63Cu (Go 79b). 

It was found that y-ray multiplicity measurements (Da 79, Da 80a) and a, 

p-heavy ion coincidence results could only be reconciled by having a 

component of randomly oriented angular momentum which was comparable to 

the aligned component (Go 79b, Da 81). 

An experimental demonstration of the sensitivity of the out-of-p1ane 

angular distributions to the angular momentum of the emitting fragment is 

given in Fig. 50 (So 81). In this study of the 84Kr + Ag reaction, the 

y-mu1tip1icity was recorded simultaneously with a-particle, heavy ion 

coincidences. The left and right sides of Fig. 50 show the correlations 

observed without and with a y-mu1tip1icity requirement. Note that the 

anisotropies increase as events involving larger angular momenta (higher y 

multiplicities) and heavier masses are selected. The analysis of the 

a-particle angular correlations shown here was done with the transition 

state formalism of Moretto (Mo 75). By deducing the spin of one fragment 

(y multiplicity gives the algebraic sum of the spins of both fragments) 

and its dependence on fragment mass, rigid rotation of the Kr + Ag 

dinuc1ear complex could be demonstrated. 

Moretto et a1. have derived analytical formulae for the calculation 

of angular momentum misalignment (Mo 80) in deep inelastic reactions and 
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the resulting angular correlations of emitted particles and y rays (Mo 80a, 

B181). The simplicity of the expressions obtained stems from the use of 

semiclassical models and the assumption of Gaussian distributions for 

angular momentum components. This offers a certain advantage over the use 

of Monte Carlo calculations to accomplish the same task. While the latter 

involve fewer approximations and therefore are more precise, the semi-

classical expressions (Ca 80, Mo 80a, B1 81) give a complementary insight 

into the physical processes and, of course, are less expensive to evaluate. 

In general, the heavier the emitting nucleus, the more appropriate the use 

of semiclassical theories. For light systems such as Ne + Cu (Go 79b) a 

Monte Carlo treatment of the Hauser-Feshbach formula is useful and 

provides a check on the appropriateness of the semiclassical methods. 

4.3.4 Energy Equilibration and the Emission of Fast Particles 

4.3.4a Nucleon emission 

The deep inelastic collisions of very heavy ions produce fragments 

which, having survived fission, decay mainly by neutron emission. The 

observation of these neutrons in coincidence with a heavy fragment consti-

tutes a method for determining the distribution of excitation energy among 

the fragments and, possibly, for probing the early stages of the collision. 

Measurements of neutrons emitted in deep inelastic collisions have 

been made for 86Kr + 166Er (Ey 80), 56Fe + 165Ho (Hi 79a), Cu + Au 

(Ta 79) and Xe + Au (Go 80b). Statistical analyses of the energy spectra 

and multiplicity of neutrons observed in these reactions were consistent 

with a sharing of excitation energy according to the respective masses of 

the fragments and to evaporation from fully accelerated fragments. In 

particular, no evidence was found for nonequi1ibrium emission of neutrons. 
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The situation is different if lighter projectiles are used. Evidence 

has been obtained for the emission of fast, nonequilibrium neutrons in the 

fusion of 12.7 MeV/A 12C + 15BGd but not from B.B MeV/A 20 Ne + 

150Nd (We 7B). Only very recently have measurements been done which 

indicate similar effects in deep inelastic reactions. These experiments 
16 93 16 used 12.7 MeV/A 0 on a Nb target (Ga Bl) and 6 MeV/A 0 + 

5BNi (Ge BO). As an example of the type of experimental data and 

analysis which suggest nonequilibrium emission, Figs. 51 and 52 show the 

results of Gavron et al. (Ga Bl). The neutron energy spectra obtained at 

angles indicated in the inset and in coincidence with projectile-like deep 

inelastic fragments with Z = 6,7,B are shown as letters corresponding to 

each neutron detector. The solid curves, each similarly labeled with a 

letter, are the results of Monte Carlo statistical model calculations 

which assume emission from fully accelerated fragments with excitation 

energies shared according to their masses. Note the underestimate of the 

yields in counters C and 0 at forward angles and in A and B on the side of 

the beam opposite the heavy-ion detector. On the othet hand, the neutrons 

observed at a large angle (F) are accounted for by this calculation. The 

calculations in Fig. 52 include, in addition to the neutrons from the 

fully accelerated fragments, the existence of an additional source of 

neutrons, postulated to have a temperature of 1.5 MeV and to be moving 

along the beam axis with a velocity equal to the average of the projectile­

like fragments. It is the direction of this source along the beam which 

now accounts for the fast neutrons in the detectors on the side of the 

beam opposite the heavy-ion telescope. The normalization is such that the 

equilibrated sources and the new source produce equal numbers of neutrons. 
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. 63 20 . 
The react10n Cu( Ne, H.I., p) has been studied by Schmitt et 

al. (Sc 81) at the same energy/nucleon (12.7 MeV/A) as the above reaction 

of 160 + 93 Nb . Their results are shown in Fig. 53. The dashed line is 

a semiclassical, transition-state calculation (Mo 75, B1 81) which assumes 

fragments each having a single excitation energy equal to its respective 

share of the average energy loss. The solid lines, however, assume a 

spread in excitation energies which are assumed to arise from thermal 

fluctuations in the division of the excitation energy. The agreement with 

experiment is quite good in this case. Since thermal fluctuations are an 

expected part of an equ i 1j brated sys tem, the conc 1 us ion is that these data 

do not require the presence of nonequi1ibrated source of nucleons. It 

seems indeed remarkable that the emission of single nucleon (protons or 

neutrons) in reactions induced by similar projectiles (160, 20 Ne ) at 

the same velocity (12.7 MeV/A) should require a nonequi1ibrium source in 

one case and not in the other (Gavron et a1. say that the results for 

160 + 93 Nb can not be fit by varying the temperature of the P.L.F.) It 

would be valuable to check the equivalence of the two methods of analysis. 

4.3.4b Alpha-Particle Emission 

The emission of a particles in coincidence with heavy, residue-like 

fragments and with projectile-like fragments has been studied by Gonthier 

et a1. and by Ho et a1. in the reaction of 20 MeV/A 160 with Ti (Go 80, 

Ho 80). In each of these cases they observe a strong component of 

~. a-particle emission which they cannot account for on the basis of 

evaporation from an equilibrated compound nucleus or from fully 

accelerated fragments. Monte Carlo Hauser-Feshbach calculations were the 

basis for comparison of experiment and statistical theory. 
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The coincidences with heavy residues (Z > 16) revealed an excess of 

high-energy a particles which was present at angles less than 40° and 

absent at larger angles (Fig. 54). The multiplicities of this 

nonequi1ibrium component were large, being 0.4 ± 0.1 for a particles in 

coincidence with heavy recoil particles at 20° and 1.1 ± 0.2 for recoils 

detected at 40°. 

Experiments in which fast a particles have been detected in 

coincidence with heavy residues using a different experimental technique 

have shown a similar phenomenon (In 77, Zo 78, Si 79). In these cases the 

experimental technique (observation of discrete y rays in coincidence with 

the a particles) allows one to establish that a portion of the projectile 

did indeed transfer to and fuse with the target. (Hence, the equivalent 

names "massive transfer" and "incomp1ete fusion" for these processes.) 

There seems little doubt that these experiments of Gonthier, Inamura, 

Zolnowski and K. Siwek-Wi1czynska et a1. are dealing with the same 

phenomenon, the emission of energetic a particles at an early stage of the 

collision. 

Turning again to the coincidence of light particles with projecti1e­

like fragments, Fig. 55 shows measured a_ 12C coincidences for the 

reaction 160 + Ti at 310 MeV (Ho 80). Here, a phenomenon occurs similar 

to that observed for the neutrons from 204 MeV 160 + 93Nb (Ga 81), 

viz, there is an excess (relative to an equilibrium calculation) of 

measured a particles on the side of the beam opposite the heavy-ion 

detector. Presumably this excess could be accounted for in large part by 

an additional source of a particles moving along the beam direction. 

A similar analysis of the 20 Ne + 63Cu reaction at 8.4 MeV/A 
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(Go 79b) has also indicated an excess of high energy, forward-peaked a 

particles in coincidence with projectile-like fragments. 

The a particles in coincidence with projectile-like fragments in the 

react~6n 204 MeV 160 + 93 Nb , on the other hand, have been accounted 

for (Yo 80) on the basis of an equilibrium Monte Carlo calculation 

identical to that used in the analysis of the neutrons emitted in the same 

reaction (Go 81), and no evidence is found for a nonequilibrium 

component. Young et al. also analyzed the reaction 96MeV 160 + 58Ni 

measured by Ho et al. (Ho 77). The latter authors had concluded there was 

evidence in their experimental results for 12C + a coincidences .for 

formation and decay of a IIhot spotll. The Monte Carlo calculations of 

Young et al., which include all kinematic effects associated with the 

emission of a particles from moving fragments, showed that the high energy 

a particles could be explained by evaporation from fully accelerated, 

equilibrated fragments. This example illustrates the value of first 

predicting the features expected on the basis of equilibrium before 

invoking nonequilibrium processes. 

Light charged-particle emission from reactions induced by40Ar ions 

bombarding a variety of targets Sn-Au has been studied systematically by 

Delagrange et al. and Logan et al. (De 79, Lo 80, Lo80a) at energies up to 

8.5 MeV/A. Their results can be summarized as follows. Alpha particles 

and protons observed at backward angles in coincidence with evaporation 

residue or deep inelastic fragments have evaporation ~ectra with a low 

temperature characteristic of the usual equilibrium processes. At forward 

angles there is a high temperature component which cannot be accounted for 

by equilibrium models. This component is present in coincidence with 
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fission fragments as well. The characteristics of these spectra, 

including the ratio of proton to a-particle emission indicate that the 

fast particles precede fission and precede the decay of the rotating 

dinuclear system (in the case of deep inelastic scattering). 

4.3.4c Summary of Results 

The current picture with regard to the nonequilibrium emission of 

light parttcles in heavy ion reactions is thus, at best, complicated. 

There seems to be quite clear evidence for the process of incomplete 

fusion. Yet the analysis of deep inelastic reactions (i.e., light 

particles in coincidence with projectile-like fragments) suggests, if all 

cases are taken at face value, that the presence or absence of 

nonequilibrium emission depends on the bombarding energy, the projectile 

type, and the type of particle emitted in a manner which currently seems 

to defy a simple, systematic explanation. The current situation is 

summarized (very crudely) in Table 3. The possibility that protons, 

neutrons, and a particles might be emitted at different stages and times 

of a heavy ion collision, and therefore may carry different information 

about the path toward equilibrium, is reflected in the results shown in 

Table 3. Before definitive conclusions about systematic behavior (or the 

lack thereof) can be drawn, however, further work and effort must be 

devoted to refining and standardizing the methods used to determine what 

constitutes equilibrium behavior. In the next years, we may hope to see a 

consistent and adequate picture of nonequilibrium phenomena emerge. 
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4.4 Summary 

The purpose of section 4 has been to illustrate the various ways in 

which the statistical model is used in the analysis of heavy-ion 

reactions. These ways may be summarized as follows: 

(i) The verification of the reaction mechanism. 

The statistical model provides a quantitative description of the 

products of compound nucleus formation and decay, and of the decay of any 

equilibrated nucleus. All the (average) characteristics of these 

produ cts--mass, charge, k ineti c enegy, momentum, exc itat ion energy, and 

angular momentum--can be predicted. By comparison of these predictions to 

the experimental data, one can identify which products of the reaction 

were produced as a result of equilibrium decay and which products were 

not. Given the propensity of complex nuclei to reach equilibrium sooner 

or later, this application of the statistical model--the identification of 

nonequilibrium processes--is of crucial importance in the study of 

heavy-ion reactions. 

(ii) Deduction of the primary distribution. 

The primary distribution refers to the properties of the primary 

fragments which have emerged in an excited state from the collision region 

but which have not yet undergone deexcitation. The experimental apparatus 

invariably observes secondary products whose mass, charge and kinetic 

energy have been altered by the deexcitation process. By modeling the 

decay process, the stati sti cal mode 1 can be used to IIwork backward ll from 

the measured properties of the secondary fragments to deduce those of the 

primary products. (This is often done in relativistic heavy ion 

reactions.) 
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(iii) Quantitative analysis of high spin phenomena 

Because high angular momentum is one of the distinguishing features 

of heavy-ion reactions, the use of the statistical model becomes of 

paramount importance to analyze and understand a wealth of high spin 

phenomena. The deduction of spins of selectively populated high-spin 

states and the measurement of spin distributions in compound nuclei and of 

the angular momentum (magnitude and direction) of heavy fragments in 

binary collisions fall in this category. One may refer to much of this 

activity as "probing the Yrast region", first through analysis of light 

particle decay and then through the properties of the y-ray continuum. 

Changes of the fission barrier and the shape of the nucleus with angular 

momentum are studied by incorporating the rotating liquid drop model into 

the statistical model. 

(iv) Shell effects 

The statistical model enables us to address the question of shell 

effects--nuclear structure not described by a noninteracting Fermi gas--in 

nuclei at high excitation and angular momentum. By including (or leaving 

out) in a calculation the shell effects known from the study of level 

densities at low excitation, one is able to assess the durability of shell 

effects as the temperature and shape of the nuclear environment are varied. 

(v) Predi ction 

This is an important aspect of the statistical model which because of 

its very nature has not been illustrated. Heavy-ion reactions are one 

means by which exotic nuclei, far from stability, are produced. The 

statistical model enables an experimenter to estimate in advance what the 

yield of a given isotope will be and, therefore, to optimize the conditions 
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for its production. The major applications of the statistical model in the 

anal ysi s of heavy-ion react ions fa 11 into the above general categor ies. 

We expect that new applications will be found in the future as the variety 

of phenomena produced in heavy-ion reactions continues to expand. 
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Tab le 1 

Statistical properties of a Fermi gas with A = 50 and a uniform 
-1 -1 single-particle level density g = 3.8 MeV (a = A/8 MeV). 

w( E)~eV-l) 
'''"'! .. , 

E(MeV) E(Mev) T(Mev) nex 

3 0.69 1.0 4 1.4 x 102 

10 1.3 1.5 6 3.9 x 104 

30 2.2 2.4 9 4.8 x 109 

100 4.0 4.2 16 1.5 x 1018 



"~ '. , "t :, 

Tab le2 - '.-' :~~. 

Statistical Model Computer Codes 

Angular 
Name of Code Type Y Emission n,p,a Evap. Fission Distributions Author(s) References 

ALICE MSGR no W.E.* yes no M. Bl ann and Bl 66, Bl 72, Pl 78 
F. P 1 as il 

CASCADE MSGR yes H.F. no no F. PUhlhofer Pu 77 

OFF MSMC no W.E. no no I. Dos trovsky, Do 59 
Z. Fraenke 1 and 
G. Friedlander 

GROGI MSGR yes H.F. no no J.R. Grover and Gr 67a 
J. Gilat 

HELGA SS no H.F. no yes S.K. Penney Go 74 

ICARUS"!" MSMC yes H.F. no no M. Wakai and Wa 78 
A. Faessler 

JULIAN MSMC yes H.F. no yes M. Hillman and Ei 77 
Y. Eya 1 

LANCELOT MSMC yes H.F. no yes A.J. Cole Co 80, Ko 80 

LILITA MSMC no** H.F. no yes J. Gomez del St 76, Go 79, Go 81 
Campo and R.G. Stokstad 

MB-IItt MSGR no H.F. yes no M. Beckerman and Be 78 
M. Blann 

PACE ttt MSMC yes H.F. yes yes A. Gavron Ga 80 

ROULETTE MSMC yes H.F. no no D.G. Sarantites Sa 67, Wa 78 
and B.D. Pate 

STATISttttss no H.F. no yes R.G. Stokstad Ha 74, 01 74, Da 76 

I 
--' 
N 
--' 
I 



*Although the use of the Weisskopf-Ewing formulation precludes a proper treatment of angular 
momentum, provision is made in ALICE to assign predetermined and fixed amounts of angular momentum 
removed with the evaporation of a proton and neutron or alpha particle. 
**Gamma-ray competition is not included in the manner described in Sect. 3.2.1. Provision is 

made for an effective y-ray competition at the last stage of the evaporation sequence. 
tBased on the code ROULETTE 

ttA subsequent version of MBII, called ALERT, includes y-ray emission and particle angular 
distributions (M. Blann, private communication). 
tttA version of JULIAN, modified to include fission competition and a quantum mechanical coupling 

of angular momentum. 
ttttA later version of this code, STAT-II (Da 76) has been extended to calculate the number of 
effective channels contributing to a fluctuating cross section. 

, 
" 

, { ~ ~ 

--' 
N 
N 
I 



" " j \ ; 

Table 3 
Non-equilibrium Emission of Light Particles 

Deduction of 
Project ile Target E1ab 

E_B a) Heavy ion Coi.ncident Nonequil ibrium Reference 

(MeV/A) (MeV/A) Detected Particle Component 

12C 158Gd 12.7 8.2 ER(Y) n,a YES We 78 

12C 160Gd 8-17 . 3.5. TLF(y) a yes Si 79 
\;.j">, 

14N 159Tb 
",-

6.8 2.3 TLF (y) a yes In 77 

lOB_2ONe 152Sm ,159Tb 6-9 1.6-4.5 TLF(y) a yes Zo 78 

160 Ti 19.4 17.0 TLF a yes Go 80 
I ...... 

160 
N 

Ti 19.4 17 .0 PLF yes Ho 80 w a I 

160 58Ni 6 3.2 PLF n yes Ge 80 

160 93Nb 12.8 9.4 PLF a no Yo 80 

160 93 Nb 12.8 9.4 PLF n yes Ga 81 

20 Ne 63Cu 8.4 5.5 PLF a yes Go 79b 

20 Ne 63Cu 12.6 9.7 PLF P no Sc 81 

20 Ne 150Nd 8.8 4.5 ER(y) n,a no We 78 

32S 27A1 4.2,5.9 1.9,3.6 TLF PLF no Pe 81 



325 Au 11.7 

40Ar 5BNi 7 

40Ar sn-Au 5.5-B.5 

56 Fe 165Ho 8.5 

63Cu Au 6.3 

84Kr Ag 7.9 

86Kr l66Er 7.0 

l32se Au 7.5 

a) ro = 1.44 fm 

ER = Evaporation Residue 
TLF = Target-Like Fragment 
PLF = Projectile-Like Fragment 

FF = Fission Fragment 

" 
} 

" 

6.6 PLF ex yes Ga 79 

4 PLF p,ex no Ba BOb 

0.9-4.B ER,FF p,ex yes De 79, Lo 80, 
Lo BOa 

4.0 PLF n no Hi 79a 

1.4 PLF n no Ta 79 

4.0 PLF ex no So B1 

2.6 PLF n no Ey BO 
I 

--' 
N 

2.5 PLF n no Go BOb ~ 
I 

ER{y) = indirect observation of residue by characteristic 
y-ray emi ss ion 

TLF{y) = indirect observation of TLF by characteristic 
y-ray emission 

)t f 
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FIGURE CAPTIONS 

1. a) A uniform spacing of single particle levels. The occupation of 

levels up to the Fermi energy EF for zero and for finite 

temperatures is indicated. 

b) Single-particle levels in the harmonic oscillator shell model 

without (left) and with (right) a spin-orbit interaction (Ma 55). The 

figure is taken from M.G. Mayer and J.H.D. Jensen, Elementary Theory 

of Nuclear Shell Structure, Wiley, N.Y. (1955). 

c) Single-particle spectrum for axially symmetric harmonic oscillator 

potentials (Bo 75). The eigenvalues are measured in units ofw = (2wl 

+ w3)/3, which is the deformation parameter 6 • The arrows mark osc 
the deformations corresponding to the indicated rational ratios of 

f.: 

oscillator frequencies w1 :w3. The figure is~taken from A. Bohr and 

B. Mottelson, Nuclear Structure, Vol. II, Benjamin, NY (1975). 

2. The total number of levels and the level density as a function of 

excitation energy in 20 Ne • The constant temperature formula is 
, 

shown as the straight line. The Fermi-gas expression is the curved 

line (Bo 63). 

3. Differential cross sections at 1600 for elastic scattering of protons 

from three isotopes of Ca. There are 5 resonances for 40Ca , 120 

resonances for 42Ca , and 429 resonances for 44Ca . The line 

through the data is a fit with a multilevel R-matrix program (Mi 80). 

4. The level density parameter "a" defined in Eq. (2.1) plotted as a 

function of atomic mass number for 265 nuclei as given by Holmes (Ho 

76). Note marked local decreases in "a" in the vicinity of shell 

closures. There is a rough systematic trend of "a" to increase 

linearly with atomic mass and is given by the line a = A/9 (Wo 80). 
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5. The density of M = 1/2 states in 63Cu • The dots are the numbers of 

exact shell model eigenvalues counted in 1 MeV intervals. The dashed 

curve is the Gaussian approximation. The solid curve includes the 

third and fourth moments (Gi 75). 

6. a) Level density of 56Fe ; the jagged curve is the level density 

calculated with a combinatorial method (Hi 69); the circles are the 

experimental points. 

b) Comparison of the experimental level density of 56Fe with a 

microscopic theory including the pairing interaction (Be 73). The 

theoretical calculations were performed with the single particle 

levels of Seeger et ale (Se 57) and Nix et ale (Bo 72). 

7. Spin cutoff factors (Ay 74). The spin-cutoff factors for the nuclei 

23 Na_23Mg , 24Mg , 26Al and 28S are presented up to 30 MeV 

excitation. Curves B are the results of calculations in the (s, d, 

f 7/ 2) shell with the KLS interaction, whereas curves C are the 

results of the calculations in the s-d shell with the Kuo interaction. 

The spin-cutoff factors, which correspond to the Fermi distribution, 

are also plotted. The two Fermi-gas curves correspond to two 

different rigid-body radii, ro = 1.4 and 1.5 fm. 

8. Schematic illustration of the dependence of shell effects and pairing 

on excitation energy and angular momentum. The energy of rotation for 

the ground-state (Yrast) and saddle point configurations are indicated 

(Vi 80). 

9. The angular momentum coupling scheme for emission of a spinless 
~ ~ 

particle in the direction Q with orbital angular momentum £ leaving 
~ 

the residual nuc 1euswith angular momentum j. 
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10. The spectrum of intrinsic states at the equilibrium and at the fission 

saddle-point deformations for an even-odd nucleus, and in the residual 

nucleus following neutron emission. (The figure is taken from R. 

Vandenbosch and J.R. Huizenga, Nuclear Fission, Academic Press, NY 

(1973) and is used with permission of the North Holland Publishing Co.) 

11. The angular momentum coupling scheme for fission of an axially 
-7-

symmetric nucleus with total angular momentum J i , projection K on 

the axis of symmetry and projection M on the axis of quantization. 

12. Angular distributions for excited states in 25Mg from the 

12C( 14N,p)25Mg reaction at bombarding energies of 20 and 25 MeV. 

The solid lines are Hauser-Feshbach predictions (01 74). 

13. Total a angular distributions for E = 13.5-17.5 MeV in 24Mg for 
x 

incident energies of 48, 49, and 49.5 MeV. The dashed lines are 

least-squares fits to the function l/sine (Gr 72a). 

14. Absolute Hauser-Feshbach statistical model calculations compared with 

experimental angul ar di stri butions from (Be 73a) for low-lyi ng states 

in 20 Ne populated by the 12C(14N,6Li)20Ne reaction at 

E = 36 MeV (Ha 74). c.m. 
15. Absolute statistical model calculations (Ha 74) compared with 

. 12 14 experimental integrated yields for varlOUS C + N reaction 

products (Ho 73). The abscissa is the energy of the 14N beam. The 

24Na yield has been calculated assuming the successive emission of 

two protons . 
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Comparison of the 20Ne (a, 12C) 12C reaction at e = 90° from c.m. 
(La 63a) and the predictions of the Hauser-Feshbach statistical 

(Wi 74). The calculations, performed at 1-MeV intervals, are 

connected by a full-drawn line. The energy average of the 

experimental cross section is given by the dotted line. 

theory 

10 16 22 17. A typical B( O,a) Na spectrum measured at a bombarding 

energy of 44 MeV and a laboratory angle of 7° (Go 74). 

18. Angular distributions for some of the excited states in 22Na measured 

at a bombarding energy of 46 MeV. The solid lines are the results of 

Hauser-Feshbach calculations (Go 74). 

19. A plot of the K = 3+, K = 0+, and K = 1-, rotational bands in 

22Na (Go 74). The dots represent the experimentally observed states 

and the crosses are the result of the large basis shell-model 

calculations of McGrory (see Ha 71). 
44 20. Dominant decay modes (partial width> 50%) for the nucleus Sc (Pu 

77). In the right-hand part of the figure, the most likely decay 

chains in the reaction 76 MeV 19F + 27A1 a"re indicated for 

different angular momenta of the compound nucleus 46Ti • Heavy 

arrows are for a emission, thin ones are for nucleons. 

21. Decomposition of the calculated evaporation residue mass distribution 

into contributions from different compound nucleus spins formed in the 

reaction of 76 MeV 19F with 27A1 (normalized to 1000 mb) (Pu 77). 

The sum of these distributions weighted by the partial formation cross 

sections (0:: 2 R.+ 1) gives the result shown at the bottom. 
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22. Energy spectra for evaporation residues for the reaction 20 Ne + l2C 

at E(20 Ne ) = 66.5 MeV. The histograms represent the experimental 

data and the smooth curve is the result of a Monte Carlo statistical 

model calculation (Co BO). 

23. Angular distributions (cross section per unit radian) for the reactions 
16 16 12 20 . o + 0 and C + Ne at bombardlng energies leading to the 

32 compound nucleus S at EX "" 44 MeV. The theoreti cal curves are 

each independently normalized to the data. Absolute normalizations 

agree with experiment to within ",,15% for the strongest yields (Co BO). 

24. a) !J. E vs. E array for the reaction products of 14N + 12C at 

E14N = 43.9 MeV and ~ab = 10°. The curves around the contours 

of constant Z are used to obtain projections along the E axis. 
14 12 b) !J.E v~ E array for the reaction products of N + C at 

E14 = 17B.1 MeV and ~ab = 6°. Note the increased yield for 
N 

lighter elements relative to the data shown in (a) (Go 79). 

25. Energy and angular distributions for reaction products from 0 to C for 

the reaction 14N + 12C at E(14 N) = 145.5 MeV (Go 79). The 

energy distributions for carbon ions, plotted on the right side, show 

components characteristic of evaporation residues (the lower energy 

component) and of direct reactions (the higher energy component). The 

dashed lines indicate the way these two components were unfolded. The 

histograms are the results of Monte Carlo Hauser-Feshbach calculations. 

26. Angular correlations for protons and a particles following the 

reaction 160 + 27A1 at E(160) = 50 MeV. The detector telescopes 

are placed in the plane perpendicular to the beam. The error bars are 

statistical only and the curves are drawn to guide the eye (Ku 79). 
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43 27. Calculated angular correlations for aa decay from Sc are given for 

different limiting angular momenta. Here Jo(max) = 47/2 h 

corresponds to the measured fusion cross section. The experimental 

correlation from Fig. 26 is given for comparison (Ku 79). 

28. Energy spectra of a particles measured in coincidence with evaporation 

residues (Z = 14-21) formed in the reaction of 120 MeV 20 Ne + 27Al. 

The solid lines are the result of a Monte Carlo statistical model 

calculation (Na 81). 

29. In-plane a-particle angular correlations measured in coincidence with 

specified evaporation residues from 20Ne + 27A1 . A negative angle 

means the a-particle detector was on the opposite side of the beam 

from the heavy-ion detector. The ordinate is the differential 

multiplicity integrated over the energies of both the evaporation 

residues and the detected a particles (Na 81). The solid curves are 

from the same statistical model calculation shown in Fig. 28. 

30. a) Linear contour plot of the cross section d30/dv~ as a function 

of the velocity of a particles in coincidence with fusion residues at 

20°. The numbers on the contours represent the cross section in units 
3 -+-+ 

of mb/(cm/ns) . The vectors VCM and VFR represent the mean 

velocities of the center of mass and of the fusion residues, 

respectively. The velocity of the beam is indicated by VBEAM and 

the straight lines indicate the angles at which a particles were 

detected. 

b) Statistical model calculation of the quantities shown in (a) 

(Na 81). 
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31. Calculated spectra of y rays, neutrons, protons and alpha particles 

emitted in the fusion of 90 MeV 160 with 140Ce (Gr 67a). 

32. Experimental (solid lines) and calculated (dashed lines) results for 

the reactions 140Ce (160,xn) 156-x oy . Product cross sections 

relative to afus and the average total photon energy Tyare shown as 

a function of the center-of-mass bombarding energy. Calculated values 

of Ty at various energies are indicated by points. In (a) and (b), 

the normalizations of the dipole strength are a factor of 100 and a 

factor of 2J + 1 times the strength deduced from neutron radiative 

capture experiments (Gi 73a). 

33. The locations of the y-cascade band and the a band in 1500y for two 

values of the dipole strength factor. The reaction is the same as in 

Fig. 32. In (b), this factor is 100 times larger than in (a). The 

dotted line in (b) corresponds to a (2J + 1) normalization factor. 

The solid lines are the boundaries at which the indicated probability 

of emission is 0.5 (Gi 73a). 
164 34. Statistical model predictions for the decay of the Er compound 

system formed at an excitation energy of 54 MeV with 147 MeV 40Ar 

ions incident on 124Sn (Hi 79). The assumed population of the 
164 Er compound system is given as a function of angular momentum in 

* the top portion of the figure. The calculated populations a(t,E ) 

are indicated as a function of the excitation energy and angular 

momentum for the system after the emission of 1-5 neutrons. The shaded 

region of 3n-5n population shows the portion in which y-ray emission 

competes. The entry populations for the 3n-5n evaporation residues 

are indicated as a function of angular momentum and excitation energy 
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at the bottom and to the left side of the figure. The predicted entry 

line (Tj 74) is shown for each y-ray emitting region. 

35. Comparison of the deduced multiplicity distributions (solid curves) 

with statistical model predictions (broken curves) for the 

124Sn (40Ar ,xn) 164-xEr reaction at E(40Ar ) = 161, 182, 190, 209 

and 236 MeV. The My scale (bottom of figure) for the multiplicity 

distributions and the £ scale (top of figure) for the predicted 

distributions are related by £ = 2(M - 4). The predicted distribution 

for the 6n channel at 236 MeV has been increased a factor of 10. 

36. Comparison of experimental and unfolded 12.7 x 15.2 cm NaI y-ray 
124 40 160 . energy spectra for the Sn( Ar,4n) Er reactlon at E(Ar) = 

161 MeV (Hi 79). Above Ey ~ 1.5 MeV, only the statistical El gamma 

rays appear. Between 0.5 and 1.5 MeV, collective quadrupole 

transitions form a bump. 

37. Liquid drop energies for l49Tb nuclei according to the rotating drop 

model. The ordinate is energy in MeV versus angular momentum on the 

abscissa. The liquid drop fission barrier (Bf) is shown as the 

difference between the saddle-point energy of the rotating drop 

(E~ad) and the rotational energy of the rotating drop at 

equilibrium deformation (E~in). For comparison, the rotational 

energy of a spherical rigid rotor (E~) is also shown (Pl 75). 

38. Excitation functions for the fission of the 153Tb compound nucleus 

produced in reactions of 12C with l41 pr and 20Ne with 133Cs . 

The circles indicate experimental results. The curves are 

statistical-model fits to both sets of data with aflan = 1.08 and 

EB(O) = 28.5 MeV (Pl 80). 
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39. The effect of varying the fission barrier height on statistical model 
12 141 . fits to the fission excitation function for the C + Pr reactlon. 

The numbers for each curve give the value of the scaling parameter k 

defined by Ea(J) = kEa(RLDM). The corresponding values of af/an 
vary from 0.985 for k = 0.7 to 1.245 for k = 1.0 (P1 80). 

40. The components of the fission cross section for 6Li induced 

reactions on five targets (Vi 80). The larger (dashed) error bars 

inc 1ude an. addttiona 1 systemati c uncertai nty associated with the 

measurement of a
xn 

by an x-ray technique. The indicated values of 

the total reaction cross section are from optical model calculations. 

41. The angu1 ar momentum di stributions for the total cross sect ions for 

the various types of reactions (Vi 80). The magnitude and shape of 

the curve for areac are given by optical model calculations. In the 

case of af the' shape is assumed and the area underneath the curve us 
is fixed by the measured value of afus . The shape and area of the 

.,i.-

curve for afiss are given by a statistical model calculation. 

42. Representative fission fragment angular distributions. The solid 

curves are a fit of the indicated formula which is empirical only. For 

comparison a curve corresponding to (sine)-l is also shown (Vi 80). 

43. A comparison of measured and calculated anisotropies and fission cross 

sections (Vi 80). The calculations are based solely on the liquid 

drop and Fermi gas models and thus contain no shell effects. The 

error bars on the calculated values arise from uncertainties in the 

measured fusion cross sections. The dashed lines connect the 

calculated values and are to guide the eye. 
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44. Calculated (Ma 80) and measured (Mi 78) evaporation spectra for 
194· * particles and protons from Hg (E = 98 MeV, i max = 46). Each 

calculated curve is arbitrarily normalized. Solid line, transmission 

coefficients from fusion measurements; dashed line, optical model; 

solid points and dash-dot curve, experimental data for a particles and 

protons, respectively (Ma 80). 

45. Calculated branching ratios for the deexcitation of l49Tb at 120 MeV 

of excitation versus initial angular momentum. The open circles near 

the abscissa represent the values of compound nucleus angular momenta 

for which results were calculated. Smooth curves were drawn through 

these points. Fission curves (f) represent total fission, whereas n, 

p, and a curves represent only first chance emission. Curves are for 

spherical (solid lines) and deformed nuclei (dashed lines) (B1 80). 

46. Angle-integrated Z distributions for the deep inelastic (Dr) 

components of 20 Ne + 63Cu at E(20Ne ) = 168 MeV. The dotted 

histogram represents the primary fragment distribution while the solid 

one corresponds to the secondary distributions predicted by the Monte 

Carlo evaporation calculations. The solid rectangles are the 

experimental Dr yields integrated from 81ab = 20°-45° (Go 79b). 

47. Singles experimental energy spectra (dots) of projectile-like 

fragments from Z = 6-8 observed at 81ab = 20° for the reaction 168 

MeV 20 Ne + 63Cu . The histograms are the secondary energy 

spectra predicted by the Monte Carlo calculations. The dashed curve 

drawn for Z = 6 (multiplied by a factor 10 for plotting purposes) is 

the primary distribution for Z = 6 (Go 79b, Da 81). 

-", 
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48. Fission angular correlations for the target-like fragment measured in 

49. 

and out of the reaction plane in the collision of 610 MeV Kr with 

209 Bi . The family of solid curves are calculated for the 

out-of-p 1 ane case with M = J, K~ = 132.: The dashed curve is with 

J. = 18 J = 58, and with contributions from M ~J (Oy 77). ml n 'max r 

Out-of-plane a-carbon correlation for the reaction 168 MeV 20Ne + 
63 Cu The solid and dotted histograms are Monte Carlo calculations 

for two values of the ratio (R = If/I
O
)of fluctuating to aligned 

components of the transferred angular momentum. The value of 0.9 is 

favored by comparing to the experimental correlation (dots). This 

result, calculated using the quantum mechanical expression (eq. 3.11), 

has also been compared to a classical tre~tment (eq. 3.14) and they 

were found to agree to within ~20% (Go 79b). 

50. Alpha-particle angular distributions as a function of out-of-plane 

angle for several Z-bins in the reaction of 664 MeV 84 Kr with Ag. 

Each bin is three Z-units wide and is labeled by the median Z value 

and the value of W(00)/W(900). The distributions without any 

coincident y-ray requirement, (a), are expressed in units of 

differential multiplicity. The distributions with two or more 

coincident y rays, (b), are normalized to those in (a) at 90° for the 

same Z-bin (So 81). 
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51. Neutron spectra in detectors A, B, C, 0, F, and H in coincidence with 

the heavy-ion telescope. The reaction is 204 MeV 160 + 93 Nb . The 

deployment of detectors is indicated in the insert, and the letters 

used to indicate individual data points denote the detector from which 

they originate~ Spectra from detectors E and G were omitted to 

maintain the- clarity of the figure. The neutron spectra have had-the 

calculated contribution of neutrons evaporated from the target-like 

fragment subtracted. The lines (labeled with script letters) are 

results of simulation calculations assuming the residual spectra to 

result from evaporation by the projectile-like fragment. There is a 

correspondence between the script letters labeling the calculated 

curves and the capital letters depicting the data points (for example, 

the curve labeled c should be compared with data points C). Above 10 

MeV, some data points have been redistributed in larger bins to 

facilitate the comparison (Ga 81). 

52. Same as Fig. 51. The simulation calculation contains an additional 

source of neutrons which is moving along the beam axis with a velocity 

of 3.3 cm/ns and having a temperature of 1.5 MeV (Ga 81). 

53. Proton energy spectra detected in a colinear geometry with 

projectile-like fragments of Z = 6-7 (circles) and Z = 8-9 (squares). 

The reaction is 12.6 MeV/A 20 Ne + Cu. The curves are the spectra 

predicted by a simple evaporation model with (solid lines) and without 

(dashed lines) thermal fluctuations in the division of the excitation 

energy between the two fragments (Sc 81). 
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54. Energy spectra of a. particles detected in coincidence with products 

having Z ~ 16. The reaction is 310 MeV 160 + Ti. Experimental 

spectra are indicated by solid lines; calculated spectra by dashed 

lines. Heavy products were detected at (a) +200 and (b) +400 (Go 80). 

55. Contour plots of the cross section, d3cr/dv~, as a function of the 

velocity of a. particles in coincidence with C ions detected at +200
• 

The reaction is 310 MeV 160 + Ti. The contours are expressed in 

units of 2 ~b/(cm/ns)3. The velocity vectors are indicated for the 

primary beam, the center of mass, mean velocity and the variance of 

the mean velocity of the detected C ions. (a) For quaSi-elastic C 

ions (Q > -170 MeV). (b) For deep-inelastic C ions (-170 ~ Q ~ -230 

MeV). The solid circles represent the thresholds of the alpha 

detectors. The dashed circles indicate the ridges corresponding to 

the most probable emission from the target-like and projectile-like 

fragments (Ho 80). 
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