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In a recent paper, Taylor discussed lov-pressure, equilibrium: ' 
, 

I" . . I; . .. ' . solutiono of the hydromagnetic equations 
", " , 

. . ~'. 

•. !. • 
j )C B = V·p - - ".. 

' .. ,.: . 
' . ...... ' '. 

41fj = V )C B '- - ~ . 

and 

(3)' .:': .... ' 

.... 

J, 

n is :th.e - " is the idem tensor and 

unit vector along the 'magnetic field. lle showed that if P.L . and, . P\\are 

I, func~ions'of the magnitude B of the field and also satisfy the condition 

(dPII IdB) -~II -.P~V B) = 0 , the equations are satisfied at low pressure 

r 

. '* ,'! •• 

. ~. , 
" i. 

, t 
! ,. 
i , 
i 
I 
I 
I 

, 
" 

0' ~. ". • , • t, Work ,done under the auspices of the U. S. Atomic Energy Commission. 

• '" "1 . " 
• t· 

" .' 

~ , . 
, . , 

, . -. ' 

, . ' , , . 
. ' . 

. '. 
,.." ..•. 

Permanent address: United Kingdom Atomic Energy' Authority, Culham 

Laboratory, Berkshire, England. 
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This latter is the condition that the parallel comp~nen~'.'::· ':-:: : ~ • J • . . , 
'." , · ~,,~ 

• J. 
(that is, low tlatl ). 

" 
. " \: 
~,(, tl 

'. , 
~ ~ . . , 

of the right-hand side of Eq. (1) vanish • A property of these solutions is 
0',. i •••. .:-,,~. 

,~<.> ... :'" '.' . that '.1 ... , ' the component of current parallel to !, vanishes everyvhere.· 
:;.: ( . ..:. ", • t. • 

';"" ' : .. ' :, ' . Since vacuum fields with closed: surfaces of constant B exist (so-called . '. ',- '. , ... ::: ..... :: "<,::/: "minimum-D fields,,2), con~ained 10w-6 equilibria can be found. 
. : " . 

~" .:. 

~ .. 
,', . 

. .~ . , 
, . .... " 

t' , • "0 ~ 

.' 
" '" ~ 

In general, static' plasma contBinment is one'of two types: (a), the 

.·plasma is tied to field lines an9. these field lines are contained within 

;.', 5 ':":", 
, ': a closed volume, (this means that the .plasma surface is also a magnetic ' 

'." . . 

!;-

. ;. 
I ~ .' 

• ''!' 

. ~ . 
• < f' .. 

•••• I 

'\.' . 
.. ' "'l • 

: " 

" . . 
" 

: .:.~; "';':;' :;:' .,.:,'., surf~ce which will'be of toroidal shape ;if !. is nowhere zero)', or (b) ,the' " 
.' I' • •... :.:,." 
': .... 
':,' .: I 

2+ .' -!. • ~ • 
• l., 

, .' , ' <': plasma is tied to field lines, but these leave the plasma volume and ;', .. 

..... 
1 ' q .' , . 

"': .. > .. '. ','; containment is achieved by the mirror effect. Taylor confined his remarks ' .' " . . ' \, .. ':' 

" 

':;",' ':.' 1 ' 
". :' :. :':< '.,i.,. to mirror-type fields of class (b), and in the following the same restriction .. ' ) 

I ~'.' : • _ •••• " 

.: ~', . . ',' ~ 

· .' ;. 

\. I ~ ,,' .• ,,'. 

9 ;' ........ . 

, ..... ' 
'. ,' ... :' ' of 
- , .: .- ;':~ ... 

B 

.' .. ; " 

Fi8ure 1 shows schematically how such an equilibrium might appear. .:' 

In this letter we show that solutions with .and 

are also vAlid at high' 6 
, I 

and retain the property that 

P.L functions .' . ( 
.' 

must 

,.' ; . '. 
, : '. : .. ::: be everyvhere zero. These high-6 solutions are studied first b~.vay of :. 0, • ." 

" ~' .. ," . .' , •• "4 

, , 
.... ,. .. 

. : ~'! , 

" ~. 

.... ',., ,'.:\ ~ . the moment equations, and the~' by the general' theory of adiabat'ic particle ';'-":' 
.' .,. .. ' ',I ' .. : \ . ' • : .... ;. '~ ... 

, ' .. :.{ ... .' .... :.motion. By the latter method, more general high-a equilibria. are found,.",' .. ,:~,:,.' 
,0', ':: ro 

• ' .. f .. ' 

.~ ~ I. ~\~. 
" f'. - -, 

-'\ ~.~ ~ •• ' ."!. .~ •• ' • 
- • l,~' ( I.· " ~ :' 

• and those where are recognized as and are ':functions of 'B PJ,. 
, . 
" , ... '" 

, " 

. . , . 
\ ~ •• I • • ~ • 

'. ':.:' . 
: \. " 

For these, .the particle density is also a function of B. 

.... , " 

'., .' .. 
•• J 0,. 

• of •••• 

, ....... 
" '. l 

,~ 'r' 
.: " . 

" ....... ' .. 

, , 

' .. 

" 
: .' .' '. 

.' 

.J? 
. " " .,1. .. , ..... "J',::, :~~: .. ;' . 

t" .,.; ~ • o{':;',< .. " 
" ".\",'. ~ ... " '. ' :,:,: ,'; .7~·,:: .,~:'};: ':', :1 

• .•. "( "_"'~""" "",\t.'·h~·\{~~:,j·, 

. • ' •• !,' ':,'. :- ,'. ,.,.,.,' t I~. ." ~: '; \ ': .. " " ... ; • t :' ~ I 
• \' to', f. \", • 

• ,'"'' ,., • ~. '. I 

• ',' :,~ • ' •.• '{,'.'" '. '.' I ~~ i.".' ".'(0 ,~t.'; "";"".' ... . ~ 
.' " ",' ,,'" ",~".: " . ! 

, . \ ."". '. ~ ,: .' : \ :', ., , . .' ~... ~ ..:... .~ .'~ 
.: •• ' ~ ~ 1 ~. , ' ... : :,: .{, '~:, .... • ~, . 

., ',,' I., ~ ... • " 

•• " ,,'. :." .~ -: ,I., •.•.••• .;::--

• ;'., • ~I • .:\~ ...... ,~,.,.I.~ *4 " I~ .,\~ • 

.. • ',1. 

,,' . 
' ... " . 

." ., t ' •• '.' 
~ • I· ' • . .... ~. .' ~ 
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·Equati~ns. (i)' and (2) can be trans.formed to ," 

... = and It is.apparent 

.';.. :' .. : ... '.:,." assumption that ::. = ~(B) for finite 

.'>j;,,.. .1, '<" :--.; 'equilibrium equations.' With P = PCB). Eq~ (4) becomes' . 
. " ' .. ,". . - """ 

~.' ";,,'.~: " 

j ~, 0' • :., .:, .... : . 
."' \: i'" 

1 .~B)(V)( "..If _ " B = 
- dB' 

.---.'.---.---

.'. 

' .. , . 

" " 
': "". 

.' " . 
• : :.~' • • ~~. ::, • r • :,: • . "" ". 

nov that ·the . .','. " I .' 

_.":' :', , . 
,:' :.': .:' ;. :.:' (' 5) .:.<.;:.' '::'.<'~' . 

';:' " 
. ..... ' ",";.. . '. '.' ": . ~ ;, ... ' : . 

, <" •• :. i ,','\.; ," '. i . 

"',','." ';'. ,. , :\' 

,; i:,; '~; >,:':' so that 81 ther B' V B = O. or dP II (B) /'<!ll ~ ~B '" 0 '~hl!t1r.t leadst~ 

. ', [dPIf(B) 

" . ,-,':' 
:.~.:' " " . ~. 

" .. 
. . ';, .;~,.~ ' ..... " 

··;~.:"'::·i • '.:' .' ... trivial solutions such as fields w1th compined azimuthal and cylindrical ., .. ' .':"'.:.' .' 

;+'/:,-:/::':sYDUftetry, The second leads to ! x (V x " lV = 0 ; or V x ~ !!.= k!.~here";:" 
i,: ::":.':': :.':, .. ~. ;,.k . is a scalar' such that . !. Vk = o· •. Then ve have ) . ." .' .. .. '::',:::-'::.':~; .: ::'( 

.~. ;. . 

-= V )( B = _ ! V ,,)( B +. £ B' • 
I _ " - ,,-

'.1 . ~ .. :. 

····rr·:::: .. :':··.,: ~' . .'). 
• ' : I ~ ~'. i ",.. 

41rj 
. ,.: 

. '... ~ •. ' • ~. c, ." . . :' ~ , '':: ,'. "',' . 
. . '. " ~, '. 
1.:;. : ~'~. f, '<' ". 

' •• _ ~',"'t ' , 

<,";" ". :' , • < 

Tne surface of the plasma is the constant-B surface at which. Pi. and ,<>. 
; . 

>f. ': '. -:,r. 
, : ~ : .. '·i~':?':-:'·:.":<:f:::; PI; vanish. The cUrrent density normal to this surfa.ce'must vanish.' (Only' 

:\i·::':<",:·,·.::.·. -: contin~ously varying pressures are consid.ered. so t~at ther~. are no', surface' 
.' ... :' . 

(' .. .' .: 

• : t~ ". 

'~,'> ;,1 ... , ,' ... currents on the bounding surface. Discontinuous derivatives of the pressures:··.' ... ' 
. . :. "" ',,;. ~ ... '.;- . 

'. '.' ," . .. , .' 

. ' '.' 

~ '. '. ' '~ :" . . are permitted however, 'so that j ma.y be non zero at the surface.) . Since -',I .. : ," "'~-';.: ~' • .' •• ;' 

': .. ';"~.' Vv 
~'", " .... ; .. >./ ... is normal to the boundary, the component of j - normal to the boundary is" 

'. ," f '.} :>" ,,::' .... k times the normal component of B. Thus 
~'.:.f < .. ~.... : ,:~.:.'. . .' . -
. ,:,.:;<.\.,'",,<.,; .. and ,inside the plasma also, since B·Vk = 0 • . ..... ". -
" { . .:'" ~: ' 

. .~'.. . 
, ;' • '~. l' ....... • .... : ~: • \ '" 

k .must vanish at the bound~. 
... 

Then we have 

.' " . 

,,', .' " 
,f " t'., 

" . / 
.••• ,t 

• '0 " •• 

" ", .. 

.. 
," :'," < 

" r:"L"" ,',,.,,:, 

; .. 
. ~ ~ . 



.':'\ ,~il/:~l ~,),;~.,~ ,.l,\':.I' 't;;"·""'. 
• ' ), , '~~ l,. 'I I ~ ,; .' I i + I, I .' I 

, , 

, I \ ,I ._ .......... ~ ... ;...~ ...... . ~ ___ · ......... _""ti ..... · _-.:_-'--:.........:.. ___________ .:..-__________________________ ____ 

': t' ' 

..... 
~", . , .. ~ . , , 

~ , '.. . 
... 

) 

" 

' . .. 4-
" 

v(p 1. + P II ) X B -

, , ' 
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" , 

I 
, . ' 

~ .,' 

". ~ .. ," 

" ., " .~ . 
.. '< .. ~ ',' 

• • ~. ' • 'r 

" 
: ,j = -------- • 'J 

(7) ',:,,~. 

. , 
.. ~ 

,,' 

, ·r . 
, j/, 

" ' ~ 

f.' .':. " 

' .. ' . , " " 

. ~ 
: ~. 

. "'~ 

'At the plasma boundary we have 
1 

. " , I 
'" 

,'t oI, ': 

I" ., 

: "t··, , 

t ". 
I ,'. 

,t " 

't ..... 
.. , , 

" , 
, . 

,.' . 
! ' . .: ... 

. • i 
" , 

. " ,': 

~ ".~ .', 

'. 

,',. t" ,'. ; . " 
~ ~6.. '. I , ..... ~ • 

l ~:' • . . ~ . ': . " 
j'. .," . /... ' , . ~ 

since 

density 

\ 

" , 
, 

, " 
' .. (8) '. ' .. ~. " 

, ' 

" -,' 
~ ~. ,t, I ~ •• 

, . 
"", .,tt, 

vanishes there via dP II /dB - ~B = 0 , with The current .',', 
, " 

is perpendicular'to B therefore, and lies in the surface of 
-" · ;;' ": 

constant ,.~ , both at the plasma boundary and within the plasma. Thus even 
,j • 

though ! is not nor:nal to the constant-B surface,. j I', and the~ component of, \ , 

· '/ 

normal to the surface vanish simultaneously. If B happens to be, normal \" ' ;, : 
lOlA 

the constant-B surface at some point within the plasma or on its boundary, 

j - is zero there. For a configuration such as.-in Fig. 1, which has 

spheroidal surfaces, there is a line along which j vanishes. -

, ., .. .. 

.' .. 

,',. I •• ,,:· .. · l ' 

To summarize the moment equation approach, we find high-B minimum-B ", , 
, 01' -." 

~ .. 
, • I I "'.' 

'."/'~ .... ~ ,: : '" ' equilibria 
:"~~" ,:~,::: ,,:'\: 

as solutions of • i.' 
,--',' , 

.. ".' I, 

",' .t,. . _, ... 
,'t ,. 

, \ 

• • ,~~ .. ~. ? • ':. 

.i ,,:' . 

:: I ...... 

, , 

" ",with 
. '\ ;". " 

V'x vB' 11,0 , -, 
v '= ,v(n) , 

• '.I::, :', ' " " " : everywhere. 
• t" ~ ,... ... 

~''' .... ; I ,I.. ' ••. ~ 

:- " r' 

',:;' : 
, .... ' / .. , , 

" , -, , 

.. ' 
" .. .. ~, .' . : ....... 

,', 

" 

• 's' 

(9) .' · , , 
, ' 

and these solutions have. the property t.hat vanfshes 

", 

. . . . 
... " 

, I 

,~ . 

, " 

.. , '. , ..' :' 
~L \., .. . " . 

, ; i ' 
, :1 

" 

. ~! 

.;. ", ':. j. ' •• ~'~ 

, ."~'~",:~ II,' '.' 

.... 
" 

. ,~ " • ' 1." 
, . . : . 

:.,.E .;'" : ' . . ~. ' '; , , .... 

· " 

\ r(' ,. 

, ' , 

'. ,. ~ . 
,'. t., . , .... 

" 

, . 
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• • 't ", 

. i , 
.' . 

, '(10) .' . .' 
" , 

~;~ :.:, t 

'c ...... 

.. .':.', '. ., 
JI , ... 

~ •• ~, ~ , .J' • 

,:,~ I,;:' { :: . 
• "J':-" :~ :' j~. ;'~r I where no is the (lowest order) density of guiding centers, corresponding" ', . 

.i ··i .. ~:" .,.J . , w: • 

".i ... ,.; ,:J' .... ' . to' particles with mnenetic moment 1-1 and energy K; VII '. is' the zero'Yl.- ,: .! 

:;;'; 1('1:::-'·': 2 1/2 0 

>/<~.'" ',' order parallel velocity. given by [iii ~K - ~m) ] ~and Q :is the n~~er 
, " :>;:::'~:: ~~,: ',:{ ~. ',:, of guiding centers per uni~ magnetic flux for particles of ma8netic moment ",'. 

: "l>~/' ":":;,};M and longitudinal invariant J K is .. function of J, M, and the': " 

,'." '"" ,.;. :';:-:' . field line. It was also 'proven in reference 3 that Q ,depends on ·.pos! tion :', , 
"'" •• -(. f • " " .. ' ~ ~ .i 

. " f- t ;: '" : ;'#. 'I, , :"' ... ' ~:, ~:~ . 

. \\~/.; ... ,"'~~;:i:':~:<. only through the spatial dependence of K for a given J and 1-1. There- ",. 

;' :,:;,;f' .':::', ::: ,': .. fore in Eq. (10) Q is shown as a function of (K. J, M). Eq. (10) is the" 
,. >;"~,~( '.~: ~. t .... ~ .~_.:':~. ~ •.••• ~'.. 

,.', ~~:.; ;:':::'.~<\::': ·;·condition Ithat the current of guiding centers vanish. However, the 
;,1 ::;:;). !."', " • 

. ; ,:,t.: ",~:::,' ,! 'divergence of the total current vanishes under the same conditions. since 
, "J' t ~!... .",' :, i.. .., • ~ e • 
, . :': Ij\ ,:'. ::" ~,.;< ."; . 

. ,il, ( .. ,', ;';' . "'j: :,.,'~ne two cur~ents differ by the curl of the magnetism. 
, ,ijll .",', .:' '., •. ,', 

, ~.:.~~.!: ~ !:, ~(~ I .' ...... ' 

" J ,,~:. 
"', _,:0 ... 

The guiding-center density and pressure tensor written .in'.terms of 
~ ~! , . 

.' Q are 
, t·,,' ';', . ,', I, " .' 1 

N a JJ nO elK elM =R ff elK elMQ(K, J, H) [: (K-MB) ] - 2' 
'.. "1 

P
J
, a ff:."o M B dK dl4 a B2 ff elK elM M Q[~ '(K-MBi] - '2 . (11) 

,.~: . ' "1· 

.",:', .,", " P II a JT nO l~ ~I !dK elM amB JI elK elM ~1~ (K-:MB) ]" '2 ... ', .. ~: :, .•.. 

::;:,;.il!i~,,~, :',::.r': ::; /' ,:'.. " · .,:, . ' . ',""",; ;, " 
.. ', •• ,., ,..: ••• + 

• ,',;"" : ~, ., '~ ',', ' " ," ~..,: I. 
, - • , . I ., '0' • .~ 

, . 
: . : .. ~ .. 

\.~ . 

:'. , 

.... ' . .. '. 

" 
, , ' t " 

, , 

, , 

, .. 
:'" I 

) '. ~ . ' ....... ~:.'. 
.'. 

, . '" '; 

\ " ", " 

'", '. ' ~ 0: ..... 
~: \ ;,' . . 
~ :" .' . 

" ' 

. ' .. 
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. 'I: ... , 
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, ". , 

,', ;. ' .. ~ '. 

", . ~.>: ';',". 
• ,,~. • ',' ~.: ' 'f ' 

.1, .• ',! '.< " 
, ;,,'.: J • ,. 

", " 
.'~: " 

~, " ' , ' 
~' " " '. 

~ .,.. '). 

" ',' ~ ,~ ;) ,: '. ~: 

.' "., t· 

," " . , ..... ' 

"'.' 

~. '; 
',' , 

, ~" .' 

·'r.:, 

, , 
" 

. ". " , 

;, ", 

,:" 
,,~"." -". ,.------~,- '-,- - .-- --------.->--------

'UCRL:-:11356 
I, 

-6- ',,'" 
, '.,' ',. ,I; 

", " , 

where J is to be taken as a function ofK,M , and the field line. The' ':'\,/',',:,', ::,', 
, ' , 

. " 
I • '. 

parallel equilibriwn condition from Eq.' (1) ,'that 'n.V·P = Ois satisfied:',::>;" 
#1M ... . " -.-----. 

'" by Eq. (11). 

n, Pol' and 

If 'Q is chosen independent of J', the only 'dependence of 

p " on pod tion is throuBh B • 'These are 'the' solutions' 

',' ". . . ;:. 
" .< 

• • ~ f " 
" , 

,obtained in the moment-equa.tion section and by Taylor for the low-a case. ,,>,':: 
'. , . ,'~,,~,', ' , . ;: . 

'In summary, we have obtained by the particle approach more general: ',\': 
. ,) ," .,' 

", 

, ,high-B equ~libria. arid have also shown that if constant-B surfaces' are \', ',\ 

',constant~pressi1re surfaces, they are also surfaces of constant guiding-, ' 

, .. 

," ;'.' 
" ,' •• !. ' " ~ :: 

", ' ~ 

," center dens! ty. " :,. 

,.: . 
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FIGURE CAPTION 

Minimum-Bfield configuration. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com~ 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the ~ccuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, metho~i or process disclosed in this report 
may not infringe privately owned rights; or 

8. Assumes any liabilities with respect to the use of, 
or f~r damages resulting from the tise of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






