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WHERE PROCESS-  AND MEASUREMENT MODELS MEET: 

Evaluatio n o f  state s i n proble m solvin q 

Jan Drosler ,  Universita t  Regensburq ,  Germany . 

Summary: 

Any process model of problem solving trying 

t o captur e goa l  directe d progres s need s a n 

evaluatio n functio n o f  th e states .  Maxima -

tio n o f  it s  gradien t  a t  eac h ste p serve s a s 

a decisio n rul e i n chosin g amon g differen t 

legall y possibl e moves .  Th e presen t  analysi s 

qive s sufficien t  condition s fo r  th e existen -

ce o f  a n evaluatio n o f  state s whic h i s appli -

cabl e t o customar y laborator y problem s i n 

th e stud y o f  proble m solving .  Th e evalua -

tion ,  moreover ,  i s  show n t o establis h a 

foundatio n fo r  th e measuremen t  o f  "Insight" , 

th e anticipator y aspec t  o f  huma n proble m 

solvin g capacity . 

Representatio n o f  state s 

In this study, the sets of states occuring 

i n a  proble m solvin g tas k ar e represente d b y 

a linea r  modul e ove r  a  ring .  Thi s reduce s 

th e se t  o f  state s t o b e discusse d t o those , 

whic h ca n b e represente d b y vectors .  I n th e 

stud y o f  proble m so l  in g thi s happen s mor e 

ofte n tha n not .  Luchins '  water-ja r  task ,  de -

fine s state s b y triple s o f  numbers ,  th e com -

ponent s o f  whic h stan d fo r  th e filling s i n 

thre e jars .  Th e missionary-canniba l  tas k re -

present s it s state s a s triples ,  containin g 

th e number s o f  missionaries ,  o f  cannibals , 

and o f  th e boat' s disposal .  Fo r  othe r  task s 

i n us e lik e th e "Towe r  o f  Hanoi "  numerica l 

codin g i s no t  standard ,  bu t  easil y achiev -

able .  Thi s eve n hold s fo r  proo f  problem s 

fro m th e propositiona l  calculus . 

Vectorial coding only makes sense if it 

serve s a  psychologica l  purpos e lik e per -

mittin g computatio n o f  som e sort .  Th e mos t 

simpl e calculatio n i s addition .  Thi s raise s 

th e question ,  whethe r  representatio n o f  sta -

te s b y vector s make s vecto r  additio n a 

meaningfu l  operation ,  th e resul t  o f  whic h 

reflect s empirica l  facts .  A t  firs t  sigh t 

i t  doe s no t  loo k tha t  way ;  I f  i n th e con-

tex t  o f  th e Luchin s water-ja r  tas k fil -

lin g i s interprete d a s addition ,  the n 

th e jar s ar e likel y t o ru n over .  Wate r 

i s spille d an d proble m solvin g withi n th e 

rule s ye t  t o b e discusse d appear s t o b e 

impossible .  Likewis e wit h th e missionary -

canniba l  tas k additio n ca n lea d t o a n un -

controlle d Increas e o f  th e numbe r  o f  mis -

sionarie s o r  cannibal s destroyin g th e prob -

le m setting .  Th e sam e appear s t o hol d fo r 

othe r  tasks . 

Withi n th e presen t  stud y thes e risk s ar e 

abolishe d b y a  simpl e device :  I t  consist s i n 

a representatio n o f  state s b y finit e sets . 

Thes e are ,  e.g. ,  wit h th e Luchin s water-ja r 

tas k th e integer s {O ,  1 ,  2 ,  3 ,  4 ,  5 )  o r  wit h 

th e missionary-canniba l  tas k th e integer s 

{O,  1 ,  2 ) .  wit h th e proo f  problem s th e In -

teqer s {O ,  1) .  Thi s confinemen t  ha s tw o de -

cisiv e effect s fo r  th e analysi s o f  proble m 

solvin g tasks .  Fo r  onc e i n th e finit e cas e 

anythin g tha t  ca n happe n may b e analyzed . 

On th e othe r  hand ,  a n additio n o f  state s 

can b e introduce d a s a  meaningfu l  repre -

sentatio n a s soo n a s a  boundar y conditio n 

i s introduced .  I t  consist s i n identifyin g 

th e larges t  intege r  wit h zero .  I t  i s  agree d 

upon ,  that ,  e.g. ,  an y thre e missionarie s 

meetin g waiv e th e crossing ,  an d tha t  a  ja r 

fille d wit h si x unit s o f  liqui d trigger s a 

mechanis m whic h automaticall y emptie s th e 

jar .  Unde r  thes e condition s th e finit e se t 

of  integer s assume s th e structur e o f  a  re -

sidua l  classe s ring ,  whic h i s th e minima l 

structur e necessar y fo r  th e introductio n 

of  vectors . 

Rule s a s equation s an d Inequalitie s 

The definitions given above further the ana-

lysi s o f  th e proble m solvin g tas k becaus e 

th e drawin g rule s whic h ar e usuall y onl y 

give n verbally ,  no w ca n b e formulate d a s 

equation s o r  inequalities .  Thi s possibilit y 

i s  neve r  qive n a  priori ,  hu t  presuppose s 

structura l  foundation s lik e thos e discussed . 
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The proposition ,  callin g fo r  a  constan t  su m 

of  fillin g level s i n th e Luchin s water-ja r 

tas k onl y make s sense ,  afte r  a t  leas t  a  li -

nea r  modul e ha s bee n defined .  The n fillin q 

can b e represente d b y vecto r  addition :  An y 

fillin g i s give n b y th e vecto r  differenc e 

of  tw o state s represente d b y th e vector s 

of  thei r  triple s o f  fillin q levels .  Suc h 

vecto r  differenc e exist s fo r  an y tw o states , 

eve n i f  the y ar e no t  transformabl e int o on e 

anothe r  b y th e rules .  I t  i s  a  syste m o f  equa -

tions ,  whic h define s th e lega l  move s an d 

differentiate s the m fro m th e illega l  ones . 

I t  ca n b e shown ,  fo r  th e task s mentioned,tha t 

thi s i s alway s possible ,  eve n fo r  th e proo f 

tas k fro m th e prepositiona l  calculus ,  al -

gebraizatio n o f  whic h wa s introduce d b y 

Ston e (1936) .  Additio n represent s fillin g 

wit h th e water-ja r  task ,  crossin g wit h 

th e missionary-canniba l  tas k an d th e lo -

gica l  exclusiv e "or "  wit h th e proo f  prob -

lems . 

Because of the finite set of states, for 

any equatio n representin g a  drawin g rul e 

th e solutio n se t  o f  state s fulfillin g thi s 

equatio n ca n b e found .  Thi s se t  comprise s 

Sj..'.-'l e states ,  e.g. ,  fo r  on e rul e i n th e 

Luchin s tas k thos e whic h hav e a  constan t 

sum o f  fillin g levels .  I t  may compris e 

pair s o f  states ,  th e secon d member  o f  whic h 

can b e reache d fro m th e firs t  i n on e mov e 

unde r  th e rul e i n question . 

The purpos e serve d b y algebraizatio n o f  th e 

tas k i s two-fold :  Fo r  onc e th e discours e i s 

no lonae r  confine d t o a  certain ,  e.o. ,  water -

ja r  tas k bu t  rathe r  t o th e unlimite d se t  o f 

possibl e task s o f  thi s kind .  Th e realizations , 

presentl y use d i n th e proble m solvin a labora -

tory ,  ar e the n specia l  case s wit h certai n pa -

rameters .  Anothe r  purpose ,  however ,  i s  reflec -

te d b y th e fact ,  tha t  th e solutio n set s o f 

state s fulfillin g th e individua l  rule s agai n 

allo w computatio n o f  usefu l  results . 

The calculu s o f  relation s 

Any binary relation can be represented by a 

matri x ove r  a  Boolea n ring .  I n th e presen t 

cas e th e row s (a s wel l  a s th e columns )  stan d 

fo r  th e finit e se t  o f  states .  Entrie s o f 

"one "  i n an y cel l  means ,  tha t  th e ro w stat e 

can b e transforme d int o th e colum n stat e i n 

one mov e accordin g t o th e rul e unde r  study . 

Somewhat  modifyin g a  matri x calculu s intro -

duce d b y Copilowish  (191B )  permit s alge -

brai c manipulatio n o f  suc h matrices .  An y 

tw o relations ,  eac h representin g a  rule , 

thu s lea d t o a  ne w relation .  I t  represents , 

what  i s qive n i f  bot h rule s ar e obeyed .  Th e 

resultin g relation ,  e.g. ,  wit h th e Luchin s 

water-ja r  task ,  characterize s transforma -

tio n o f  ro w stat e int o colum n stat e I n si -

multaneou s accordanc e wit h al l  rules .  I n 

thi s connectio n th e unitar y relation s firs t 

hav e t o b e transforme d int o binar y relation s 

by logica l  product .  If ,  e.g. ,  both ,  th e gi -

vin g an d th e receivin g vesse l  hav e t o confor m 

t o th e conditio n o f  constan t  su m o f  fillin g 

levels . 

Reachabilit y  o f  state s 

Analysis now turns to the question whether 

any colum n stat e ca n b e reache d b y th e give n 

ro w stat e i n a  certai n numbe r  o f  lega l  moves . 

Thi s amount s t o logica l  analysi s whethe r  th e 

stat e ca n b e reache d i n on e o r  i n two ,  etc . 

lega l  moves .  Th e representatio n chose n her e 

permit s thi s analysi s t o b e performe d alge -

braicall y fo r  arbitraril y  larg e matrices . 

The resul t  i s  foun d ou t  fo r  an y qive n numbe r 

of  step s which ,  however ,  nee d no t  b e large r 

tha n th e numbe r  o f  state s minu s one .  Th e 

resultin g binar y matrice s contai n entrie s 

"one "  i f  th e colum n stat e i s reachabl e fro m 

th e ro w stat e i n s o an d s o many lega l  step s 

as wer e analyze d i n tha t  matrix .  Th e fina l 

ste p o f  th e tas k analysi s consist s i n com -

binin g thes e matrice s int o a  singl e on e th e 

cell s o f  whic h tell ,  i n a t  leas t  ho w many 

step s a  ro w stat e ca n b e transforme d int o 

th e colum n state .  Thi s i s don e b y pairwis e 

compariso n o f  successiv e matrice s o f  th e 

firs t  kind .  I f  th e matri x o f  n- 1 step s doe s 

not  ye t  sho w transformabilit y  o f  th e ro w 

stat e int o th e colum n stat e bu t  th e matri x 

i n n  step s a t  tha t  cel l  carrie s a  "one" , 

the n thi s n  i s identifie d a s th e minima l 

number  o f  lega l  step s i n question .  Th e evalua -

tio n o f  eac h stat e wit h respec t  t o an y goa l 

stat e ca n b e rea d of f  thi s "reachabilit y  ma-

tri x i n n  steps "  a s th e entrie s o f  th e colum n 

vecto r  associate d wit h th e qoa l  state .  Thi s 

complete s analysi s o f  sufficien t  condition s 

fo r  th e existenc e o f  a  stat e evaluatio n func -

tio n fo r  arbitrar y qoa l  state s i n a  proble m 

solvin q tas k suc h a s the y ar e use d i n th e 
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psychologica l  laboratory .  Fig .  1  give s a n 

exampl e fo r  a  missionary-canniba l  tas k wit h 

firs t  componen t  i n th e tripl e designatin g 

th e numbe r  o f  missionaries ,  th e secon d th e 

number  o f  cannibals ,  an d th e third ,  i f  1 , 

availabilit y  o f  th e boat ,  al l  a t  th e lef t 

bank .  Ther e ar e 2  missionaries ,  2  canni -

bal s an d a  boa t  capacit y o f  2 .  Th e compu -

tatio n o f  th e combine d drawin g rul e elimi -

nate s 6  o f  th e 3-3« 2 =  1 8 state s a s no t 

reachable . 
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Flq .  1 .  Symmetri c reachabilit y  matri x i n n 

step s fo r  (2,2,2 )  missionary-canniba l  prob -

le m compute d fro m th e rule s withi n th e mo-

dul e representation .  Entrie s giv e minima l  num-

ber  o f  step s fro m ro w t o colum n state . 

The measuremen t  o f  "insight " 

For each qoal, the evaluations establish a 

binar y relatio n ove r  th e se t  o f  states .  I t 

can b e interprete d a s ".. .  close r  t o th e 

goal  tha n ... "  an d i s connecte d an d tran -

sitive .  T t  is ,  therefore ,  a  wea k orderin g 

relatio n whic h play s a  centra l  rol e i n 

measurement  theor y (cf .  Krant z e t  al. , 

1971) .  Th e wea k orderin g toqethe r  wit h som e 

othe r  postulate s permit s measuremen t  i n th e 

technica l  sens e o f  goa l  distance .  Now,  thi s 

magnitud e i s no t  i n nee d o f  measuremen t  be -

caus e I t  ca n b e calculate d unde r  th e con -

dition s specified .  Stil l  th e cu e ca n b e 

take n u p fo r  th e analysi s o f  psycholoql -

cal  dat a whic h consis t  o f  sequence s o f  th e 

state s actuall y visite d i n th e cours e o f 

an experimen t  i n proble m solvinq .  Eac h 

ste p ca n b e interprete d a s th e resul t  o f 

a preferenc e reactio n ove r  th e leqa l 

step s possibl e a t  tha t  choic e point .  Thi s 

opens u p th e possibilit y  o f  scalin q th e 

subjectiv e evaluatio n b y moan s o f  a  mea -

suremen t  model ,  e.g. ,  o f  ordina l  measure -

ment .  Variatio n o f  th e parametrlzatio n o f 

a tas k create s problem s o f  differin g bu t 

controlle d complexity .  Th e proble m sol -

ver' s "insight "  i s  th e amoun t  o f  com -

plexity ,  expresse d a s give n minima l  lengt h 

of  solutio n path ,  th e laborator y dat a o f 

whic h d o no t  invalidat e th e assumption s 

at  th e bas e o f  th e measuremen t  scalin g 

procedur e used .  Empirica l  wor k b y Sydo w (1970 ) 

wit h th e "Towe r  o f  Hanoi "  shows ,  tha t  th e sub -

jectiv e evaluatio n i s a  functio n o f  bot h goa l 

distanc e a s wel l  a s distanc e fro m th e startin g 

point . 

References : 

COPILOwrSH, I.M. Matrix development of the 

calculu s o f  relations .  J .  Symb .  Logic , 

1948 ,  n ,  193-203 . 

KRANTZ,  D.H. ,  LUCE,  R.D. ,  SUPPES,  P. ,  & 

TVERSKY,  A .  Foundation s o f  measurement . 

Vol .  1 .  Ne w York :  Academi c Press ,  1971 . 

LUCHINS,  A.S .  Mechanizatio n i n Proble m Sol -

ving .  Psychologica l  Monographs ,  1942 , 

54 (whol e nr .  248 )  ,  1-95 . 

STONE,  M.H .  Th e representatio n theore m fo r 

Boolea n algebra .  Trans .  Am.  Math .  Soc .  , 

1936 ,  40 ,  37-111 . 

SYDOW,  H .  Zu r  metrische n Erfassun g vo n sub-

jektive n Problemzustande n un d z u dere n Ver -

anderun g i m DenkprozeB .  Z .  Psychol. ,  1970 , 

177,  145-198 ;  178 ,  1-50 . 

209 


	cogsci_1981_207-209



