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University of California
Berkeley, California 94720

ABSTRACT

Numerical studies of laminar natural convection at high Ra
numbers in shallow enclosures are reported. In these studies the
working fluid is allowed to interact with the horizontal walls. It
is shown that even a small amount of heat loss from these walls can
lead to a flow structure qualitatively different from the more com­
monly studied situation where the horizontal walls are adiabatic.
This is particularly important in applications where the mass
transfer and flow structure are of interest. The results highlight
the difficulty in practice of both approximating the adiabatic hor­
izontal wall condition, and interpreting experimental data.

IIHRODUCTION

Previous work on steady laminar natural convection in shallow
enclosures has concentrated on flows bounded by adiabatic horizontal
walls [1,2]. In practice, however, it is difficult to obtain ideal
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#Gautam Shiralkar was a graduate student at the University of Cali­
fornia, Berkeley, at the time this research was done and is
presently employed at Sohio Petroleum Company, San Francisco, CA
94111.
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insulation conditions, and some heat transfer to the horizontal
walls will generally occur. When the horizontal walls are adia­
batic, their surface temperature is determined by the convection
process (in the absence of radiation). If the horizontal walls are
made from highly conducting material, or if the end walls have high
radiant emissivity, the surface temperature along the horizontal
walls is a linear function of distance. Such thermal boundary con­
ditions are encountered in the slots of superconducting rotating
electric machines [3], and also in solar flat-plate collectors hav­
ing rectangular honeycombs for suppression of convective heat losses
[4]. If the horizontal walls are constructed of a material that
cannot be approximated by either a perfect conductor or a perfect
insulator, and some thermal interaction with the external environ­
ment will occur. This is a common situation; for example, the cir­
culation in the Red Sea and thermal flows in estuaries have been
analyzed by comparing them with convection in shallow horizontal
enclosures [5,6,7]. Some thermal interaction at the (upper) hor­
izontal surfaces of the fluid would be likely to occur in both these
cases. Crystal growth [1,8] is another situation in which the hor­
izontal walls of the apparatus cannot be considered adiabatic. As a
final example, the thermal boundary conditions considered in this
paper are important in the study of convective heat transfer in a
plenum space shared by two building zones at different temperatures.

Most laboratory tests with shallow enclosure convection bounded
by insulated horizontal walls also involve some heat transfer across
the horizontal walls. The purpose of the study reported here is to
examine the effect of this heat transfer on the convection process
in the enclosure. The end walls of the shallow enclosure [A =
0(0.1)] are assumed to be isothermal and at different temperatures;
two kinds of thermal boundary conditions for the horizontal walls
have been examined:

• Case I: Horizontal walls having a linear temperature profile
(Fig. 1a).

• Case II: Horizontal walls allowing thermal interaction with the
external environment specified by a heat transfer coefficient
(Fig. 1b).

Case I has been studied analytically in the limit of low Ra (or
lo~ A), and has been studied numerically at high Ra values(Ra<
10 )a Case II has been numerically studied at a high Ra number (Ra =
3x10) for various values of heat transfer coefficients. Signifi­
cant qualitative differences are found in the temperature and flow
fields under these conditions when compared to the flow bounded by
adiabatic horizontal walls. Correlations for heat transfer rates
for both horizontal and vertical walls are presented for Case I.
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GOVERNING EQUATIONS AND NUMERICAL PROCEDURE

(1)

(2)

(Figs. 1a and 1b)
number. The governing

o
-+ -+ r<

= IJ 2 V - IJp + Grej

-+ -+
IJ . V =

-+ -+-+
(V . IJ)VMomentum:

The two-dimensional rectangular enclosure
contains a Boussinesq fluid of unit Prandtl
steady-state equations are:

Conti nuity:

Energy: (3)

nondimensionalized,
kinematic viscosity,

-+
where V and e denote velocity and temperature,
using scales 6T, v, and H, for the temperature,
and length respectively.

The thermal boundary condi ti ons for the vertical (end )wall s
are:

x = 0 ~ e = -0.5

x 1
IS. e = 0.5

. (4a)

For the horizontal walls two sets of boundary conditions have been
examined. They are (1) linear temperature profile:

Y = O}
Y = 1

e = (AX-0.5) (4b)

or (2) a specified interaction with the environment:

Y = 0 ~ de = h(e - e )
de env

Y = 1 de
de = h(eenv - e)

(4c)

Numerical soluti~ns to Eqs. (1-4) were obtained at low Ra
numbers (Ra = 0(10)) using the finite difference code, FIRE1,
described in [9]. The simulations used the vorticity-stream func­
tion formulation on an evenly spaced 17 X 41 grid at an aspect ratio
of 0.1.

Numerical solutions at high Ra numbers (106 ,;;; Ra ,;;; 3 x 109)
were obtained using a finite difference code based on the Patankar­
Spalding finite difference scheme, described in detail in [10].
Predictions from this code for high Ra convection in enclosures have
yielded good agreement with experiment and analysis [11, 12, 13J.
These simulations used a variable-spaced grid of 31 X 37 nodes with



-5-

a high density of grid lines near the solid boundar~ies, and rela­
tively sparse spacing away from the walls. The smallest grid spacing
(dimensionless) was 0.002, resulting in excellent resolution of the
boundary layers on all the solid boundaries. Typically each simula­
tion required 700 seconds of execution time on a CDC 7600 installa­
tion, and the s~mulations were terminated when the field residues
were less than 10- .

HORIZONTAL WALLS WITH A LINEAR TEMPERATURE PROFILE (CASE I)

Experimental investigations of fluid flow in shallow enclosures
with experimental boundary conditions approximating Case I have been
reported by Ostrach, et al. [8J, and by Boyak and Kearney [14J.
Numerical studies have been reported by Cormack, et al. [15,16J, by
Wirtz and Tseng [17], and Klosse and Ullersma [18J at moderate
values of Ra. The present work uses analytic techniques [9] to
examine the low Rayleigh number regime, in the limit Ra ~ O. At
high Rayleigh numbers, boundary layers are formed lining both the
vertical and horizontal walls; in some cases this flow changes from
the usual unicellular structure to a tricellular structure. In this
region, numerical techniques have been used to study the flow. In
order to check the consistency of the analytic and numerical tech­
niques, comparisons have been made between their predictions at
small Rayleigh numbers.

Low A or Low Ra Regime (Case I)

For very shallow enclosures in the limit A ~ 0, or alterna­
tively with Ra ~ 0, the flow will be similar to that studied by
Cormack, et al., [15, 16], and by Imberger [7], who found that the
temperature was distributed linearly along the adiabatic horizontal
walls. The flow in the core (i.e., away from the end walls) of the
enclosure under these conditions will be a parallel counterflow,
with the end walls acting chiefly to turn the flow around.

The following asymptotic expansion is made in powers of the
aspect ratio, A, for the flow in the core:

U(X,Y)

V(X,Y)

8(X,Y)

2
= UO(X,Y) + AU1(X,Y) + A U2(X,Y) +

2VO(X,Y) + AV,(X,Y) + A V2(X,Y) +

280 (X,Y) + A8,(X,Y) + A 82(X,Y) +

(5 )

Using this expansion, a solution is obtained to Eqs. (1-4)



-6-

which is valid for all powers of A:

U(X,Y) = (1/12) A Ra Y (2Y-I) (y -1 )

V(X,Y) = 0

e(x,Y) = X + (1/720) A Ra Y (y -1 ) (2Y-1) (3Y 2-3Y-1)

where

(6a)

(6b)

(6c)

x = A X - 0.5

The flow profile (Eqs. 6a and 6b) is found to be identical to that
obtained in [16] for the case of adiabatic walls, but the tempera­
ture profile, Eq. (6c), is different because it allows for heat
exchange with the horizontal walls. The Nusselt number for vertical
heat transfer, Nuv' (i.e., the average Nusselt number in the core on
the horizontal walls) can now be determined:

l/A
Nu v = AJ -~ dxo oy y=o

l/A
= AJ ae dx

o dV Y=l
(7)

The Nusselt number, NUh, for horizontal heat transfer is:

1

Nu = J (ue -~) dY =
hOaX

1 A3R 2
1209600 a + A (8)

This is considerably smaller than the Nusselt number for the adia­
batic horizontal walls case, which is [19]:

Equations (6a-c) can also be derived for Ra + 0 by formulating the
asymptotic expansion in powers of Ra.

The temperature profile from Eq. (6c) is compared with a numer­
ically obtained temperature profile in Fig. 2a; the velocity pro­
file, Eq. (6a), is c~pared in Fig. 2b. The comparisons are shown
for flow at Ra = 10 , A = 0.1, and Pr = 1.0. The agreement is very
good.

High Ra ~ime (Case 1)

If the enclosure is shallow enough, viscous effects will pro­
duce a fully developed, inertia-free, S-shaped velocity profile
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[Eqs. (6a, b)] in the core. As Ra is increased to high enough
values, boundary layers will appear on the horizontal walls as well,
persisting throughout the core region of the enclosure. This is
similar to the situation studied earlier for adiabatic walls [12,
19]; there are, however, significant qualitative differences, par­
ticularly in the flow structure. Specifically, at high values of
Ra, flow reversal can occur in the center of the enclosure. This
has not been previously predicted numerically -- probably because
numerical investigations at such high values of Ra have only
recently become possible -- but has been demonstrated in experiments
in which the thermal boundary conditions on the horizontal walls
were not perfectly adiabatic (e.g., [20]). This flow reversal is
caused by the heat transfer at the horizontal walls. For the same
aspect ratio and Rayleigh number, Case I is found to have a lower
thermal stratification in the midcore, and substantially higher
velocities than the adiabatic walls case. In fact, the peak horizon­
tal velocity in the core was found to differ by about a factor of
two between the two cases.

Numerically predicted velocity P70filgS in the enclosure center
are presented for A = 0.2, Ra = 10 , 10 , and 199 in Fig. 3. For
comparison, a velocity profile for flow at Ra = 10 bounded by adia­
batic horizontal walls is also shown. The boundary layer structure
is evident. The horizontal boundary layers in Case I have a substan­
tially larger amount of buoyancy (Ra ae/aX = Ra A) driving them than
the adiabatic walls case where (ae/aX) is almost equal to zero in
the core. In the situation where the walls are adiabatic, the velo­
cities near the midheight of the core are not very small, and iner­
tia effects are important almost all the way to the center. In the
present case, the velocities are attenuated much faster as one moves
towards the midheight. As Ra is increased still further, a flow
reversal occurs in the enclosure.

The corresponding temperature profiles at Ra = 108 are shown in
Fig. 4, together with the temperature profile for flow with adia­
batic horizontal walls. The Case I temperature profiles show a
smaller degree of stratification in the core. Owing to heat
transfer at the horizontal boundaries, a strong temperature inver­
sion arises in the boundary layers near the horizontal walls. As
the Rayleigh number is increased for a fixed aspect ratio, flow
velocities in the horizontal boundary layers increase, and the tem­
perature inversion becomes more pronounced. On the other hand, as
the aspect ratio is decreased for a fixed value of Ra, the tempera­
ture gradient along the horizontal walls decreases and the tempera­
ture inversion becomes less pronounced. This temperature inversion
is responsible for the change in the flow pattern.

The temperature inversion at the horizontal walls is "con­
vected" into the vertical boundary layer before its dissipation by
diffusion in the core. This results in a very strong temperature
inversion at each of the vertical walls (Fig. Sa), and produces a
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strong opposite vorticity within the vertical boundary layer,
thereby causing the vertical flow to reverse (Fig. 5b). In a study
of convectign in shallow enclosures at a much lower Ra number, Ra =
1.25 x 10 , Wirtz and Tseng [17] also report a small flow reversal
at the end walls. At that value of Ra, there was no flow reversal
in the core and the tricellular structure of Fig. 6a was not
observed. The present simulations indicate that at A = 0.2, the
fl9w reversal occurs in the core only at Ra values exceeding 3 x
10. (For adiabatic walls, too, a temperature inversion in the
vertical boundary layers is produced, but this inversion is not as
strong as that caused by the heat transfer to the horizontal walls,
and does not cause flow reversal in the core.) This reversed flow
from the outer edge of the vertical boundary layer continues back
into the core of the enclosure, wheY'e it loses its momentum and
becomes entrained into the approaching horizontal wall boundary
layer flow. Streamlines for this flow are shown in Fig. 6a. The
corresponding isotherms are shown in Fig. 6b.

Al-Homoud and Bejan [20] experimentally investigated natural
convection in a shallow enclosure with A = 0.0625, Pr = 6.3, for 2 x
108 ~ Ra ~ 2 x 109 • They showed velocity boundary layers in the core
on the horizontal walls getting rapidly attenuated towards the
midheight and reversing direction in the core (see their Fig. 02).
The authors report that heat transfer did occur at both horizontal
walls, the net heat loss from their apparatus to the ambient air
being about 12 percent. This experiment provides strong support for
our numerical predictions of a qualitatively new core flow structure
under conditions of heat transfer to the horizontal boundaries.

In the boundary layer, the following equations may be written
using standard boundary layer approximation. The length scale in
the x direction is

x = o(})
and in the y direction is

y = 0(8)

\'ihere
core.
write
tions

<s is the thi ckness of the hori zontal boundary layer in the
The seal e for U is set equal to r. ThZn from Eq. (1) one can

V = O(rOA), and from Eq. (3) A = 0(1/8). Using these rela-
in Eq. (2) with e = 0(1) and Pr = 0(1), one gets

O(RaA)

Sol vi ng for rand 0 one obtai ns:
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and

The heat loss from the horizontal wall can be estimated as

(9)

The Nusse1t number on the horizontal walls, obtained from the numer­
ical simulations, is shown plotted as a function of Ra for two
values of A in Fig. 7, and fits the following single equation:

(10)

The calculated values of NUh are plotted against Rayleigh
numbers in Fig. 8. The log Nu-10g Ra curves show a continuous
decrease in slope, with the slope tending to 0.25 at high values of
Rayleigh number. This is similar to the situation where the hor­
izontal walls are adiabatic, where the change in slope to an asymp­
totic value of 0.25 arises from the increasing independence of the
vertical wall boundary layers from the core [12]. The Nusse1t
numbers of Case I are lower than those of the case of adiabatic
walls mainly due to the preheating and precooling of the fluid as it
approaches the hot and cold end walls. Smart, et a1., [4] experi­
mentally, and Wirtz and Tseng [17] numerically, have also demon­
strated this effect at lower Ra.

The heat transfer results, Fig. 8, from the present simulations
were correlated as follows:

where

A = 0.1 ~ p = 0.25 -.53 Ra-· 1385

and

A = 0.2 ~ P = 0.25 -.484 Ra-· 1450

Equations (11-13) fit all the data to within 5 percent.

(11 )

(12 )

(13 )
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HORIZONTAL WALLS WITH SPECIFIED INTERACTION
WITH ENVIRONMENT (CASE II)

In most laboratory studies seeking to simulate adiabatic hor­
izontal walls for high Ra number convection in shallow enclosures,
the experimenter must contend with some heat loss at the horizontal
boundaries. Though a few experiments [21, 22] with very low losses
have been reported, wall losses of about 25% are commonly reported
[23]. Since, as shown below, even a small amount of heat transfer
across the horizontal walls can qualitatively change the flow
features, heat transfer results from such experiments must be inter­
preted with caution.

In order to gauge the impact of thermal interaction with the
environment, numerical simulations were carried out at a fixed Ra
number of 3.0 x 10tl for two values of aspect ratio (0.1 and 0.2)
with Pr = 1.0. The heat transfer coefficient [Eq. (4b)] between the
horizontal wall and the external environment was varied over a wide
range. The temperature of the external environment was taken to be
the mean of the end wall temperatures.

The numerical simulations determined both the wall temperature
profile and the wall heat flux profile consistent with Eq. (4b). At
very small values of h, the horizontal walls are almost adiabatic
since, from Eq. (4b), (dB/dY) -+ a as h -+ O.

Temperature profiles on the top horizontal wall for various
values of h are displayed in Fig. 9 for A = 0.1. The corresponding
velocity and temperature profiles along the vertical midsection are
shown in Figs. lOa and lab. The changes in the flow structure and
the temperature profile are evident as the horizontal walls become
more "lossy" (i.e., as h increases). As in Case I, the heat
transfer to the horizontal walls produces both a temperature inver­
sion in the horizontal boundary layers (which can result in flow
inversion), and precooling/preheating of the flow approaching the
cold/hot end walls (which results in a reduced NUh).

Figure 11 shows (Nuv/A), the total heat transfer across the
horizontal walls, as a function of NUh. Also shown is the heat
transfer to the vertical walls expressed as a percentage of the heat
transfer to the end walls (100 NUv/A NUh) against the horizontal
heat transfer as a ~ercentage of the neat transfer with adiabatic
wa 11 s (100 NUh/Nuh). The two curves for A = 0.1 and A = 0.2 fall
quite close together. If one knows the ratio of horizontal to vert­
ical heat transfer in an experiment (Case II), this figure can be
used to obtain the approximate deviation of horizontal heat transfer
from that which would be obtained if the walls were adiabatic. Data
points with core flow reversals are indicated in the figure with
solid symbols.
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NOMENCLATURE

A = H/L, aspect ratio

g = acceleration due to gravity

Gr = SllT gH3I v 2, Grashof number

H = enclosure height

h = heat transfer coefficient on the outside of horizontal wall,
Eq. (4b)

k = thermal conductivity

L = enclosure length

NUh = Nussel t number for horizontal heat trans fe r

Nuv = Nusselt number for vertical heat transfer

* = Nussel t number for adiabatic hori zontal wall s caseNUh

Pr = via, Prandtl number

Ra = StJgH3Pr/v 2, Rayleigh number

T temperature
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I C = temperature of cold end wall

Th = temperature of hot end wall

t = time

u = horizontal component of fluid velocity

-+

V = fluid velocity vector

v = vertical component of fluid velocity

x = horizontal distance (dimensionless)

x = horizontal distance (dimensional)

Y = vertical distance (dimensionless)

y = vertical distance (dimensional)

Greek symbols

ex. = thennal diffusivity

6 = coefficient of thermal expansion

r = velocity scale for horizontal boundary layer

o thickness of horizontal boundary layer

8 dimensionless temperature, (T - (T H+TC)/2)/6T

8env = environment temperature (dimensionless)

w = vortici ty

v = ki nematic vi scos i ty
-+

\j = (a/ax t + a/ aY3), the gradient operator in X and Y

6 2 (a 2/dx 2 + a2 /ay2), the Laplacian operator in X and Y




